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Abstract

The ELzaki transform of partial differential equation is derived, and its applicability
demonstrated using four different partial differential equations. In this research we
find the particular solutions of those equations.

Keywords: ELzaki Transform-Partial Differential Equations.




INTRODUCTION

The term "differential equations" was proposed in 1676 by G. Leibniz. The first studies
of these equations were carried out in the late 17th century in the context of certain
problems in mechanics and geometry. Ordinary and partial differential equations have
important applications and are a powerful tool in the study of many problems in the
natural sciences and in technology; they are extensively employed in mechanics,
astronomy, physics, and in many problems of chemistry and biology. The reason for this
1s the fact that objective laws governing certain phenomena (processes) can be written as
ordinary and partial differential equations, so that the equations themselves are a
quantitative expression of these laws. In physics and engineering, there are many partial
differential equations such as Heat Equation, Wave Equation, Laplace Equation and
Telegrapher's Equation etc. These equations are quite useful and applicable in
engineering, physics and science. In the last few decades, researchers have paid their
attention to find the solution of ordinary, partial, linear, nonlinear, homogeneous and non-
homogeneous differential equations by using various integral transform, see [1-10]. One
of such transforms known as ELzaki transform, introduced by Tarig M. ELzaki in 2011,
1s also very useful for solving ordinary and partial differential equations in the time
domain, see [11-14]. In this paper, we apply ELzaki transform in solving various useful
partial differential equations such as Heat Equation, Wave Equation, Laplace Equation
and Telegrapher's Equation.




CHAPTER ONE

The ELzaki Transform




Chapter One

1.1. Introduction

ELzaki transform which is a modified general Laplace and Sumudu transforms, has
been shown to solve effectively, easily and accurately a large Class of linear
differential equations. ELzaki transform was successfully applied to integral
equations, partial differential equations, ordinary differential equations with variable
coefficients and system of all these equations.

1.2. Definition and Derivations the ELzaki Transform of Derivatives
The ELzaki Transform of the function f(t) is defined as

E[fO] =Tw) =v [ f()e” /vdt, t >0, vE (—ky, k)

To obtain the ELzaki transform of partial derivatives we use integration by
parts as follows:

2] 222y 0

G_f] _ dT(xv)
| Ot dx
(92 f T(x, of

| =22 £x,0) - vL (x,0)

[ 0t2

“tof
[ (x t)] f v—evdt—él_)rgfpvevgdt

p

= gil‘c}o{[”e%tf(x' t)]g —Ofe%tf(x, t)dt }

_ T(x,v) o (x,0)
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AR e

. [ag(x, t)] _E [g(? Ol _ vg(x,0)

at

: 1 0
= FT(JC’U) —f(x,O) _va_{(xyo)

We can easily extend this result to the nth partial derivative by using
mathematical induction.

1.3. ELzaki Transform for some functions

In this section we will find ELzaki transform of some functions ¢

L fi) =1

EIf (D] =T(w) = v j fF()eTdt =1

—t
=vj l.ev dt

0

-t

v O) (using Tabular Integration)

—® 0
= —v?lew —eV]
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Evan=Tuo=vjfak?dt
0

-t
=vft87dt
0

-t -t
=v|-vtev — vzev]oo

o (using Tabular Integration)

—® —® 0 0
=v [—vooe v — ve v +v(0)ev + viev

=v(v?) = v

EU@M=T@)=vjf@k?m
0

(0]
-t
= vj tev dt
0
-t -t -t —t] o0
=v [—vtne —v2nt"lev —v3in(n— DtV 2ev — - —n! v*e v] 0
—® —® ) —®
=v [(—vtne v —v?noo™le v —v3n(n— 1) 2e v —. . —nl v*tlew )
0 0 0 0
- (—vO”ev —v2n0" tev — v3n(n — 1)0" 2%ev—.. —n! v"+1ev>]

= v[0 — n!v"*1]

=nl Un+2

Andsoon...
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1.4. ELzaki Transform table for some functions ©®:

F(t) E[f(t)] =T(v)
1 v?
t 1%
t" n'v
ra—1

['(a)

at

3

n+1

a+1

e

teat

tn—leat

(n—1)!
=1,2,3..

yn

sin at

cosat

sinh at -
1—a?v?
av?
1—a?v?
bv3
(1—av)? + b?v?
(1 — av)v?
e“cosbt | (1—av)? + b2v?
2av*
1+ a?v?
2
Jo(at) —_—
° v1+ cflvz

H(t —a) view
—a

6(t—a) ve v

cosh at

e sin bt

t sinat
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1.5. The Inverse of ELzaki Transform @

Definition: Let the functionsf (u) = E{f} is the ELzaki transform of the
function £(t), then f(t) called the inverse transform of the function f(u) and
we will write it as:

f© = EH{fw)}

Remark: The inverse transform has the linear combination property, i.e.

E™! {i Ay fk(u)} = i ax EH{f (W)}

k=1 k=1

1.6. Solution of Partial Differential Equations

In this section we solve first order Partial differential Equations and Second order partial
differential equation, wave equation, heat equation, Laplace's and Telegraphers equation
which are known as four.

Fundamental equations in mathematical physics and occur in many branches of
physics, in applied mathematics as well as in engineering.

Example 1:

Find the solution of the first order initial value problem:

ay ay
ox Cax TV

y(x,0) = 6e73% and y is bounded for x > 0, t > 0.

Sol: Let Y be the ELzaki transform of y. then, taking the ELzaki transform of y(x,0) we
have

dY (x,v)
dx

This is the linear ordinary differential equation

2
(; + 1) Y(x,v) = —12ve™3*

The integration factor is p = exp ( - (% + 1) dx) = e_(
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Therefore

e 3% 4 cve(%“)x

1202

Y(x,v) =
(x,v) 2+ 4v
Since Y is bounded, ¢ should be zero. Taking the inverse ELzaki transform we have:

y(x,t) = 6e72t e73% = g 2t73x

Example 2:
Consider the Laplace Equation:

Uy + U = 0, u(x,0) =0, u;(x,0) = cosx, x,t>0 (1)

Sol: Let T(v) be the ELzaki transform of u . Then,

T(x,v) y

R u(x,0) —vu,(x,0)+ T"(x,v) =0
v2T" (x,v) + T(x,v) = v3cosx

This is the second order differential equation have the particular solution in the form:

v3cosx B v3cosx
v2D2+1 1 -— p2 (2)

T(x,v) =

d2
Wh D2 =—
ere dx2

If we take the inverse ELzaki transform for Eq. (2), we obtain solution of Eq. (1) in
the form:

u(x,t) = cosx sinht
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Example 3:
Solve the wave equation:

U — dUy, = 0, u(x,0) = sinmx, u;(x,0) =0, x,t>0 (3)

Sol: Taking the ELzaki transform for Eq (3) and making use of Conditions we
obtain.

4v2T" (x,v) — T(x,v) = —v?sinmx

v?sinmx v?sinmx

T = — =
V) = —ipr =1~ T+ G’

Now we take the Inverse ELzaki transform to find the particular solution of Eq (3)
in the form:

u(x,t) = sinmx cos 2mt

Example 4:

Consider the homogeneous heat equation in one dimension in a normalized form:

_ —sint 4
4 U = Uy, u(x,O)—smzx, x,t>0

Sol: By using the ELzaki transform for Eq (4)

We can obtain

i
vT"(x,v) — 4T (x,v) = —4v? sinzx

Solve for T (x,v) we find that the particular solution is

v? sin % x

= 5

T(x,v) LT (5)
16

And similarly, if we take the inverse ELzaki transform for Eq (5), we obtain the

solution of Eq (4) in the form:

-n? s
u(x,t) = e'16 tsinzx
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Example S:
Consider the telegraphers equation:
Uee (%, 1) + 20u,(x, t) = a?u,,(x, t), 0<x<1,t>0
With the initial conditions:
u(x,0) = cosx, u(x,0)=0

Sol:
Take ELzaki transform for Eq (6) we get:

()
12

T(v)
—u(x,0) —vu'(x,0) + ZaT — 2avu(x, 0) = a?T" (v)

Substituting Eq (7) into Eq (8) we have:
a’v’T"(v) — (1 + 2av)T(w) = —(2av® + v?) cos x

—(2av® +v*)cosx _ cosx (2av® + v?)
a?v?D?2 — (1 + 2av) (1 + av)?

Which is the particular solution of (6).

or T(v)=

We take the inverse of ELzaki transform we find that:

2av3 v2

+ =cosx [2ate @t 4 e~ @t
1+ av)? 1+ av [ ]

u=-cosxT™ 1

= (1+ 2at)e * cosx




CHAPTER TWO

Application of ELzaki Transform to Partial Differential Equation




2.1. Introduction

In this section we solve partial differential equations such as Heat Equation, Wave
Equation. Laplace Equation and Telegrapher's Equation which are known as four
fundamental equations in mathematical physics and occur in many branches of
physics, in applied mathematics as well as in engineering.

2.2. Heat Conduction Equation (¥

The most important physical phenomenon of conduction in a metallic rod of finite
length can explicitly be described by using the partial differential equation.

Let u(x, t) be the temperature distribution in a rod at any distance 'x' measured from
initial point and at any time 't' then the event is governed by the following PDF

ou d%u

=

ot ot?

Where k = %; K = Thermal Conductivity, ¢ = Specific Heat of meta

and p is density (mass per unit volume).
Various types of boundary conditions can be imposed to solve this equation.

For illustration.
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Example 1: Consider the heat equation in one dimension:
du 0*u
at  otz’

Solution: Given PDF is an example of heat conduction equation in a metallic rod of

unit length. Taking ELzaki transform on both sides of given equation and making use
of conditions, we get

u(x,0) = sin2mx,u(0,t) = 0,u(1,t) =0,0<x < 1,t > 0.

T(x,t) d?T(x,v)
% u(x, 0) = 7

d’T(x,v) T(x,v)
: —_

= —vSin2nx
dx? v

This is the linear differential equation of second order, therefore solution of (1)

172

_I_ _—
(14 4m?v)

X —X

T(x,v) =cev+cev sin 2mx

Using boundary conditions, we get ¢; = ¢, =0

v? _ (2)
= E[U,(X, t)] = T(X, ’U) = mSln 21X

If we take the inverse ELzaki transform of (2), we obtain solution of PDF, an given
in example 1

= u(x, t) = e 4"t sin 2mx

Figure-1: Graph of u(x,t) = e 4"’ tsin2nx,t >0and 0 < x < 1.
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2.3. Wave Equation ()

Yet another important physical phenomenon of vibrations in tightly stretched string
refers to wave motion. The small transverse vibrations of a flexible string are
governed by one-dimensional wave equation expressed as

0%u o 0%u

ez~ ax?

Where u(x, t) denotes the displacement of any point of the string at any time z. The

T . . : . : :
constant ¢? = 518 described as the ratio of Tension 7 in the string to the mass per

unit length of the string which is supposed to be uniform. Various types of boundary
conditions can be imposed to solve this equation. For illustration,

Example 2: Consider the wave equation:

d0%u d0%u

TS =9 axz; u(x,0) = 20sin 2mx — 10 sin 57x, u:(x,0) =0,u(0,t) =0,

u(2,t) =0, 0<x<2, t <O.

Solution: Given PDF is an example of wave equation. Taking ELzaki transform on
both sides of given equation and making use of conditions, we get

T(x,v) d?T(x,v)
. u(x,0) —vu,(x,0) = 97

2

= Elu(x,t)] =T(x,v) = G;Tzv)sm 27X

This is linear differential equation of second order, therefor solution of (5)
—x 2072 10v? 4)

X
T(x,v) = c,e3v + c,e3v + in 27mx — in5
(x,v) = c,e3v + c,e3v 11 360209 sin 2mx 1 220209 sin 5mx

If we take the inverse ELzaki transform of (4), we obtain solution of PDF, as given in
example 2 = u(x,t) = 20 sin 2mx cos 6mt — 10 sin 5mx cos 157t
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Figure-2: Graph of u(x,t) = 20 sin 2mx cos 6mt — 10 sin 5mx cos 157t ,t > 0and 0 < x < 2.

2.4. Laplace Equation

We want to study the steady-state temperature distribution in a thin, flat, rectangular
plat. Without any loss of generality.

let the boundaries of the plate be x = 0,x = a,y = 0and y = b.

The differential equation modeling the steady-state temperature distribution is given
by the Laplace equation.

0°u 0%u

ﬁ‘l‘a—}}z:(), 0<x<a, O<y<b.

Various types of boundary conditions can be imposed to solve this equation. For
illustration,

Example 3: Consider the Laplace 's equation:

0*u 0*u . L »
Stz = 0, which statisfies the conditions
ox ot

nmw - Nmx

u(0,t) =0 =u(l,t),u(x,0) =0,ulx,a) = Tsin—,ut(x, 0)

l
nm nma . nmx
=Tcosech TsmT, O<x<l, 0<t<a.
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Solution: Given PDF is an example of Laplace 's equation. Taking ELzaki transform
on both sides of given equation and making use of conditions, we get
d?T(x,v) N T(x,v)
dx? V2
d?T(x,v) T(x,v) nm nmwa  Nux
= + = v—cosech——sin——
dx? v? [ l l

This is linear differential equation of second order, therefor solution of (5)

—u(x,0) —vu(x,v) =0 5)

X v3 nm nma  nmx

X
T(x,v) = ¢, cos—+ ¢, sin—+ —————cosech——sin—
’ 7y 7 27y nn? , 1 l !

Using boundary conditions, we get ¢; = ¢, = 0,

nm nwa _ nmx v3 (6)
E[u(x,t)] = T(x,v) = —cosech sin
l l l nn?
1- 7V

If we take the inverse ELzaki transform of (8), we obtain solution of PDF, as given
in example 3
nm nma . nmx nmt

= u(x,t) = T cosech e sin - sinh e

8\

=<

4 \\
2\
\,)(/ =1
0

0 X

Caii ;).5

Figure-3: Graph of u(x,t) = nl—”cosechgsingsinh%m, t>0and 0<x<1l=5n=2,a=1.
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2.5. Telegrapher 's Equation ¥

Telegrapher equation is generally used to describe electrical phenomenon in a more
practical approach by using short segments of an electrical system. For analysis of
distributed electrical parameters of any electrical system, Telegrapher equation is
being used because analysis of electrical parameters in lumped form is very difficult.
Various types of boundary conditions can be imposed to solve this equation. For
illustration.

Example 4: Consider the Telegrapher 's Equation:

0%u ou 0%u _ o N
—+ 20— =a?’—,0 < x < 1,t > 0 whith the initial conditions:
ot? ot 0x?

u(x,0) = cosx, u;(x,0) = 0.

Solution: Given PDF is an example of Telegrapher 's Equation. Taking ELzaki
transform to both sides of given equation and making use of conditions, we get

T(x,v) T(x,v) , d°T(x,v)
2 —u(x,0) —vu/(x,0) + 2a . 2avu(x,0) =«a BT

, d°T(x,v)
v ———————————————
dx?

2 (7)

= a — (1 + 2av)T(x,v) = —(2av?® + v?) cosx

This is a linear differential equation of second order, therefor solution of (9)

2

—Qav® +v?) cosx 5
where D~ =

= Eu 0] = Tlxv) = a?v2D?2 — (1 + 2av)’ dx?

cosx (2av® + v?) (8)
(1+ av)?

= Elulx,t)] =T(x,v) =

(8) 1s particular solution of (7).
If we take the inverse ELzaki transform of (8), we obtain solution of PDF, as given
in example 4

2av3 v?

(1+ av)? + 1+ 2av)

u(x,t) = cosx E~1

= u(x, t) = [2ate™* + e~ %] cos x.
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Figure-4: Graph of u(x, t) = [2ate™* + e %] cosx, t >0and 0<x<1,a=0.2




CONCLUSION

In this paper, we apply interesting new transform "ELzaki transform" in solving
various useful partial differential equations such as Heat Equation, Wave Equation,
Laplace Equation and Telegrapher's Equation. Our purpose here is to show the
applicability of this interesting new transform.
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