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Abstract

Rather, the aim of my research is the process of calculating all the
topologies on the three-point group, and then calculating the upper and
lower probability of all the groups within the IP(x) corresponding to those
topologies, by the help of the interior points and closure on the one side,
and on the other side, calculating the interior points and closure of the
harmonic sets Pre —Open

Vi



Introduction

What is the science of topology? A question asked by mathematicians
themselves. Some of them 1magine that it is a science that has reached the
top of abstraction and perfection,while its applications invaded multiple
branches such as medicine, engineering and urban planning, in addition to
all branches of mathematics.The beginning history of this science back to
1860 when the german mathematician(WeierStrass) analyzed The concept
of the aim of regular applications and in the context of this analysis
reconstructed the space of real numbers and highlighted their properties,
which are called, the properties of the topology

In the context of this, in 1873(Cantor) introduced a new language
characterized by generality and accuracy, and in expressing these
characteristics, and he called it groups. This helped each of (Ascoli),
(Volterra), and (Arzela) to pave the way for (Fre ¢het)in 1906 to discover
what is called today metric spaces



Chapter One

Topologies on The Sets Containing Three Elements



Chapter One

In this chapter, we will show set of basic definitions on which our works are based,
to a set of questions that we worked on through three elements, which are (a,b,c),
where we made 29 topologies and extracted interiors and closures of aR-open at
the end of the research ,we studied the probabilities that are (upper and lower) on
the topologies that we knew, in addition to the probabilities on topologies for the
aR-open set.

Definition 1.1 [1]

Let X be a nonempty set and T be a family of subsets of X(i.e. ,t € IP(X)). we say T is
a topology on X satisfy the following conditions:

1.X, DET
2.1f U,V @ € 1, then UNE v € T the finite intersection of elements from T

3.IfUaE€T;a €A, thenUy,, U, €ET ¥a €A the arbitrary (finite or infinite Junion
of element of T is again an element of .

Definition 1.2 [2]

Let (X ,T) be a topological space.the subset of X belonging to t are called open sets
in the space

If A € xand A€ T then A open set



Definition 1.3 [2]

The subset of X is colled set in the space x if its complement X/A is open set we will
denofed the family of closed sets

if A€ x and A € Fthen A closed set
Definition 1.4 [3]

Let (X, T) be a topological space and let A € X .A point X €A is called an interior
point of A iff there exists an open set u € T containing X such that X € u € A. the
set of all interior points of A is called the interior of A and is denoted by A° or Int
(A)i.e
A°={x€A:3 U € t;xeUcC A}
XE A° < JU € 1 ; x€eUCA

Definition ).°

Let (X, T) be a topological space and let A be a subset of X . then the intersection of
all T-closed containing the set A is called the closure of A and denoted by A or C A
or cl(A).i.e

cl(A) =N {F : Fis closed , ASF}

Definition 1.6

A subset A of a space X is said to be Pre-open if A= int (cl(int(A))). And the
complement Pre-open is called Pre-closed set. And the complement A= cl(int(cl(A)) .



Definition 1.7 [4]

Let (X, T) be a topological space and let AC X . A point XEA is called an pre- interior point
of A iff there exists an pre-open set u € T containing X such that xEUCA . the set of all pre-
interior point of A is called the pre-interior of A and is denoted by pre- A° or pre-Int(A) i.e

Pre-A°={x€A :3 U € T;xeUC A}
XE pre- A° «— JU € T; xeUCA

Definition 1.8 [4]

Let (X, T) be a topological space and let A be a subset of X . then the intersection of
all pre-closed containing the set A is called the pre-closure of A and denoted by
pre- A or pre- CA or pre-cl(A).i.e

Pre-cl(A) =N {F : F is closed , ASF}

Definition 1.9

number element of A°

p(A)=p (In((A)) =

number element of X

number element of A

p(A) = p(cl(A)) =

number element of X

number element of Pre—int (A)

p(Pre (A%)) =

number element of X

number element of Pre—cl(A)

p(Pre (A)) =

number element of X



T, = {0 X}
Tf = {9 X}

Pre.1, (x) = {x0},{a},{b}.{c}.{a b} {a,c} {b.c}

Pre.1 (x) = {9:x}.{b.c} {a,c} {a,b}.{c} .{b},{d}

Ty {a} {b} {c} {a b} {a,c} {bc}
P(A%) 0 0 0 0 0 0
- 3 3 3 3 3 3
3 3 3 3 3 3
P(A) 3 3 3 3 3
P(Pre (A°) )| = 1 1 2 2 2
3 3 3 3
= — 1 2 2 2
P(Pre (A = z z z z 2
(Pre (4) ) . : : >




T, = {X‘Q),{a}}
T = {0<X,{b,c}}

Pre.T,.(x) = {X‘(D,{a},{a,b} ,{a,c},{b,c}}
Pre.15 (x) = {o:x,{b,c} {c} {pb}}

T, {a} {b} {c} {a ,b} {a,c} {b,c}
P(A°) 1 0 0 1 1 0
- 3 3 3 3 3 3
E 2 2 E 3 2
PA) | 3 3 3 3 3 3
P(Pre (&) )| 1 0 0 2 2 0
3 3 3 3 3
P(Pre A) 3 1 l 3 E E
( ( ) ) 3 3 3 3 3 3




T, = {Xeci,{b}}
TS = {0<X,{a,c}}

Pre.T;.(x) = {x<0,{b}{a,b} ,{b.}}
Pre.15 (x) = {0x,{a,c} {c} .{a}}

T, {a} {b} { {aby | {a,c} | b,
P(4%) 0 1 0 1 0 1
- 3 3 3 3 3 3
2 3 2 E 2 3
A 3| 3 3 3 | 3
P(Pre (A) )| ° 1 0 2 0 2
3 3 3 3
P(Pre (4) 1 3 1 3 2 3
(Pre (4) ) : B




T, = {XsQ),{c}}
Tf = {0<X,{b,a}}

Pre.7,.(x) = {X‘(D,{c},{a,c} ,{b,c}}
Pre.15 (x) = {6<x,{a,b}{b},{a}}

Ty {a} {b} {c} {a b} {a,c} {b,c}
P(A°) 0 0 1 0 1 1
— 3 3 3 3 3 3
2 3 3 E 2 3
30) 3 3 3 3 3
P(Pre (4°) )| 2 0 1 9 0 2
3 3 3 3 3
5 TN 1 3 2 3 3
P(Pre (4 - Z z - z z
( ( ) ) 3 3 3 3 3




Ts = {x:0,{a}}.{a,b)
Té = {9« X, {b.c}{c}}

Pre.T..(x) = {X‘(D,{a},{a,b} ,{a,c}}
Pre.15 (x) = {0x,{b,c} {c}, {b}}

Ty {a} {b} {c} {a b} {a,c} {bc}
P(A°) 1 0 0 2 1 0
3 3 3 3 3 3
3 2 1 3 3 2
P(A) 3 3 3 3 3
P(Pre (A°) )| = 0 0 2 2 0
3 3 3 3 3
— — 3 3 2
P(Pre (A d z - e 2 z
(Pre (4) ) ’ ’ >

10




T6 = {X‘Q:{a}:{a'b} }
T6C = {@‘X: {b,C}, {b} }

Pre.1,.(x) = {x0,{a}{a,b}{a,c}}
Pre.1é (x) = {o:x,{b,c} {c} . {p}}

T, {a} {b} { {aby | {a,c} | b,
P(4%) 1 0 0 1 2 0
- 3 3 3 3 3 3
3 1 2 E 3 2
P(A) 3 3 3 3 3
P(Pre (A°) )| 2 0 0 2 2 0
3 3 3 3 3
P(Pre (4) 3 1 1 3 3 2
(Pre (4) ) 3 BT

11



T, = (X8 {a},{a, b}, {a,c} }
T = (X, {b.ch{c}, (b} }

Pre.T,.(x) = {x<¢,{a} {a,b},{a,c}}
Pre.15 (x) = {6:x,{b,a}{c}.{p}}

Ty {a} {b} {c} {a ,b} {a,c} {bc}
P(A°) 1 0 0 2 2 0
3 3 3 3 3 3
3 1 1 3 3 2
10) 3 3 3 3 3
P(Pre (A°) )| 2 0 0 2 2 0
3 3 3 3 3
= — 1 3 3 2
P(Pre (A d z z e 2 2
(Pre (4) ) . ’ ’ >

12




Ty = (X8 {a),{a,b},{a,c} }
T = (X, {b.ch{c}, (b} }

Pre.1g.(x) = {x0,{a}{a,b}{a,c}}
Pre.15 (x) = {6:x,{b,a} {c}.{p}}

T, {a} {b} () {aby | {a,c} | b,
P(4%) 0 1 0 2 0 1
- 3 3 3 3 3 3
2 3 1 E 2 3
A 3| 3 3 3| 3
P(Pre (A) )| 2 1 0 2 0 2
3 3 3 3
P(Pre (4) 1 3 1 3 2 3
(Pre (4) ) : B

13




T9= {X‘(b,{a},{a,b},{a,c}}
TS = {9X, {b.ch{c} (b} )

Pre.1,.(x) = {x0,{a}{a,b}{a,c}}
Pre.15 (x) = {6:x,{b,a} {c}.{p}}

T, {a} {b} { {aby | {a,c} | b,
P(4%) 0 1 0 2 0 1
- 3 3 3 3 3 3
2 3 1 E 2 3
P 3| 3 3 3 | 3
P(Pre (A°) )| ©° 1 0 2 0 2
3 3 3 3
P(Pre (4) 1 3 1 3 2 3
(Pre (4) ) : B

14




T10 = {X‘(b,{b},{a,b},{b,c}}
TS = {8:X, {a,c}, {c},{a}}

Pre.1,,.(x) = {x0,{b}{a,b},{b,c}}
Pre .15, (x) = {o<Xx,{a,c}{c} {a}}

T, {a} {b} { {aby | {a,c} | b,
P(4%) 0 1 0 2 0 2
- 3 3 3 3 3 3
1 3 1 3 2 3
P 3| 3 3 3 | 3
P(Pre (A°) )| ©° 1 0 2 0 2
3 3 3 3
P(Pre (4) 1 3 1 3 2 3
(Pre (4) ) : B

15




Ti1 = {X‘@,{C},{Q,C}}
Tlcl = {@‘X: {a'b}:{b} }

Pre.1,,.(x) = {x0,{c}{ac}{b.c}}

Pre .15, () = {9<x,{a,b} {b} {a}}

Ty {a} {b} {c} {a ,b} {a,c} {b c}
P(A°) 0 0 1 0 2 1
- 3 3 3 3 3 3
2 1 3 2 3 3
20 3 3 3 3 3
P(Pre (A°) )| 2 0 1 0 2 2
3 3 3 3
= N 3 2 3 3
P(Pre (A = z 2 z 2 2
(Pre (4) ) ’ : ’ ’

16




T, = {X‘Q:{C}: {b,C}}
TS, = {9<X, {a,b},{a}}

Pre.1,.(x) = {x0,{c}. {b,c}f{a,c}}

Pre .75, (x) = {9<x,{a b} {a}, {p}}

Ty {a} {b} {c} {a ,b} {a,c} {b c}
P(A°) 0 0 1 0 1 2
- 3 3 3 3 3 3
1 2 3 2 3 3
B () 3 3 3 3 3
P(Pre (A°) )| 2 0 1 0 2 2
3 3 3 3
= N 3 2 2 3
P(Pre (A = z 2 z z 2
(Pre (4) ) ’ : : ’

17




T13 = {X&@,{C},{a,C},{b,C}}
T = {0X, {a b}, {b},{a} }

Pre.T,;.(x) = {x0,{c}{ac}{p,c}}

Pre.715; () = {9<x,{a,b} {b} {a}}

Ty {a} {b} {c} {a b} {a,c} {b c}
P(4%) 0 0 1 0 2 1
— 3 3 3 3 3 3
1 1 3 2 3 3
B 3 3 3 3 3
P(Pre (A°) )| 2 0 1 0 2 2
3 3 3 3 3
= N 1 3 2 3 3
P(Pre (A4 - Z z - z z
(Pre(4) ) . . ; . .

18



Tis = {X<®,{a,b}}
Tlc4- = {(D‘X' {C}}

Pre.1,,.(x) = {x0,{a},{b} . {a,b}{a,c},{b.c}}

Pre .15, (xX) = {o<x,{a b} {a}, {p}}

Ty {a} {b} {c} {a ,b} {a,c} {b c}
P(A°) 0 0 0 2 0 0
- 3 3 3 3 3 3
3 3 1 3 3 3
20 3 3 3 3 3
P(Pre (A°) )| = 1 0 2 2 2
3 3 3 3 3
— — 0 2 2
P(Pre (A = z - b z 2
(Pre (4) ) 0 : >

19




Tys = {X® ,{b,c}}
TS = {X @, {a} }

Pre.1,..(x) = {x0{p}.{c}{ac}{b,c}}
Pre.Tis (x) = {o-x,{b} {c}, {ab}{a,c}{b,c}}

Ty {a} {b} {c} {a ,b} {a,c} {b c}
P(A%) 0 0 0 0 0 2
- 3 3 3 3 3 3
1 3 3 3 3 3
(A 3| 3 3 3| 3
P(Pre (A°) )| 2 1 1 2 2 2
3 3 3 3
= — 1 2 2 3
P(Pre (A = z z z z 2
(Pre (4) ) . : : ’

20




Tie = {X<0,{a,c}}
TIC6 = {®‘X:{b}}

Pre.7,.(X) = {X<9,{a}.{c} {a,b}{a,c}{b,c}}
Pre.15s (%) = {0-x {b.c}.{a b} {c}{b} {a}}

T, {a} {b} {c} faby | {a,c} | b,
P(Ao) 0 0 0 0 2 0
- 3 3 3 3 3 3
3 1 3 3 3 3
A 3 | 3 | 3 | 3 | 3
P(Pre (A°) )| 2 0 1 2 2 2
3 3 3 3 3
P(Pre (4) 1 1 1 2 3 2
(Pre(®) ) 3 2 2] 2

21




T17 = {X‘ @ !{a}:{b}' {a:b}}
T, = (X8, {b,c), {achic})

Pre.1,,.(x) = {x<¢ {a} {b} {a.b}}

Pre.15, (x) = {o<x,{b,c} {a,c}.{c}}

Ty {a} {b} {c} {a ,b} {a,c} {b.c}
P(A°) 1 1 0 2 1 1
— 3 3 3 3 3 3
2 2 1 E 2 2
P(A) 3 3 3 3 3
P(Pre (A°) )| = 1 0 2 1 1
3 3 3 3 3
D N 2 3 2 2
P(P A z z Z e z z
(Pre (4) ) - . . .

22




T18 = {X‘ @ :{a}: {C}: {a ’ C} }
Tfy = {9<X, {b,c}{a, b}, (b} }

Pre.T\g.(x) = {x0,{a}.{c} {a,c}}

Pre.1$y (x) = {0x,{b.c} {a b}, {b}}

T, {a} {b} { {aby | {a,c} | b,
P(4%) 1 0 1 1 2 1
- 3 3 3 3 3 3
2 1 2 E 3 2
P 3 | 3 3 3| 3
P(Pre (A°) )| 2 0 1 1 2 1
3 3 3 3
P(Pre (4) 2 1 2 2 3 2
(Pre(4) ) . . e : :

23




T19 = {X‘ ® ,{b},{C}, {b ’ C} }
TS = (X0, {a,c} {a.b},{a})}

Pre.T,,.(x) = {x-0{b} {c}{b.c}}
Pre .1, (x) = {6<x,{a,} {a,b} {a}}

Ty {a} {b} {c} {a b} {a,c} {b,c}
P(A°) 0 1 1 1 1 2
— 3 3 3 3 3 3
1 2 2 E 2 3
P(A) 3 3 3 3 3
P(Pre (A°) )| 2 1 1 1 1 2
3 3 3 3
P(Pre(d)) | 1 2 2 2 2 3
(Pre(4) ) : . e : :

24




Tzo = {X‘ Q :{a}: {b}: {a f b} ) {b ) C}}

TS = {o:X, (b, c)fa, ch e} , {a}}

Pre.Ty.(x) = {x:0,{a}, {0} {a,b} . {b,c}}

Pre.15, (x) = {o<x.{b.c}.{ac} {c} {d}}

Ty {a} {b} {c} {a ,b} {a,c} {b c}
P(A°) 1 1 0 2 1 2
- 3 3 3 3 3 3
1 2 1 3 2 3
10 3| 3 3 5| 3
P(Pre (A°) )| = 1 0 2 1 2
3 3 3 3
= — 2 3 2 3
P(Pre (A = z z e z 2
(Pre (4) ) > ’ : ’

25




T21 = {X‘ Q ,{a},{c} ) {a :C} ’ {b ’ C} }

TS = {X®, {b,c}, {a,b},{b}{a}}
Pre.T, .(x) = {x<0.{a} {c}.{a,c} {b.c}}
Pre.15; (x) = {o<x,{b,c}, {a b}, {b}{a} }

T, {a} {b} () {aby | {a,c} | b,
P(4%) 1 0 1 1 2 2
- 3 3 3 3 3 3
1 1 2 2 3 2
P 3 | 3 3 3| 3
P(Pre (A) )| = 0 1 1 2 2
3 3 3 3
P(Pre (4) 1 1 2 2 3 2
(Pre(4) ) . . e : :

26




Tzz = {X‘ Q :{b}: {C}: {b ’ C} ’ {a ’ C} }
15, = {9:X, {a,c)fa, b, (a} , (b))

Pre.Ty.(x) = {x<0.{b}{c}.{b.c} . {a,c}}
Pre .15, (X) = {6:x,{a,c}{a,b},{a}, {b}}

Ty {a} {b} {c} {a ,b} {a,c} {b c}
P(A°) 0 1 1 1 2 2
- 3 3 3 3 3 3
1 1 2 2 2 3
P(A) 3 3 3 3 3 3
P(Pre (A )| ¢ 1 1 1 2 2
3 3 3 3
= TN 1 1 2 2 2 3
P(Pre (4 Z Z z z z z
( ( ) ) 3 3 3 3 3 3

27




T23: {X‘® ,{a},{b,C}}
TS = {X<0, {b,c}{a}}

Pre.Ty.(x) = {x-0.{a} {bhic} lab}, {a,c} {b.c}}
Pre.13; (x) = {0<x.{b,c}, {a,c}, {a,b}{c},{b}.{a} }

Ty {a} {b} {c} {a b} {a,c} {b,c}
P(A°) 1 0 0 1 1 2
3 3 3 3 3 3
1 2 2 E 2 3
P(A) 3 3 3 3 3
P(Pre (A°) )| = 1 1 2 2 2
3 3 3 3
D TN 1 2 2 2
P(Pre (A - Z Z - z z
(Pre (4) ) = - . .

28




Toy = {X‘® ,{b},{a,c}}
TS, = {X®, {a,c}{b}}

Pre.Ty . (x) = {x-0.{a} {bhic} lab}, {a,c} {b.c}}
Pre.15, (%) = {0-x,{b,c}, {a,c} {ab}ic},{b}.{a} }

Ty {a} {b} {c} {a ,b} {a,c} {b,c}
P(A°) 0 1 0 1 2 1
- 3 3 3 3 3 3
2 1 2 3 2 3
B () 3 3 3 3 3 3
P(Pre (A) )| 1 1 1 2 2 2
3 3 3 3
) AN 1 1 2 2 2
P(Pre (4 Z Z Z z z z
( ( ) ) 3 3 3 3 3

29




T25= {X‘® ,{c},{a,c}}
T$s = {X @, {a,b}{b}}

Pre.T,..(x) = {x0.{c}{a,c}{b.c}}

Pre .15 (x) = {9<x,{a,b}{p},{a} }

Ty {a} {b} {c} {a ,b} {a,c} {bc}
P(A°) 0 0 1 0 2 1
- 3 3 3 3 3 3
2 2 3 2 3 3
10) 3 3 3 3 3
P(Pre (A°) )| 2 0 1 0 2 2
3 3 3 3
= - 1 2 2 3 3
P(Pre (A = z 2 z 2 2
(Pre (4) ) . . ; . .

30




T25 = {X‘ Q :{a}:{b}: {a 'b}: {a: C}}
IS = (X0, {a,c} (b))

Pre.T,s.(x) = {9 {a} ,{b}{c} . {a b} {ac}}

Pre.75 (X) = {0-x,{b,c}, {a.c}{c} {p}}

Ty {a} {b} {c} {a ,b} {a,c} {bc}
P(A°) 1 1 0 2 2 1
- 3 3 3 3 3 3
2 1 1 3 2 2
B 3 3 3 3 3 3
P(Pre (A )| 1 1 0 2 2 1
3 3 3 3 3
= TN 2 1 3 2 2
P(Pre (4 z Z Z z z z
( ( ) ) 3 3 3 3 3

31




Ty, = {X<0 {a}f{c}{a,c},{a,b}}

TS = {X@,(b,c}, {a,b}, (b}ic})
Pre.T,.(x) = {x<0 {a}{c}{a,c}.{a b}}
Pre.t15;, (x) = {ox,{b,c}, {a, b} {p}{c} }

Ty {a} {b} {c} {a b} {a,c} {b.c}
P(A°) 1 0 1 2 2 1
— 3 3 3 3 3 3
2 1 3 E 3 2
B (A 3 3 3 3 3
P(Pre (A°) )| = 0 1 2 2 1
3 3 3 3 3
= - 1 2 2 3 2
P(Pre (A z Z z - z z
(Pre (4) ) . . ; . .

32




ng = {X‘ Q ,{b},{C}, {b 'C}' {a ’ b}}
Tss = {X @, {a,c}{a,b}{a}{c}}

Pre .T,g.(x) = {x<0 {b}{c}, {b.c}{a,c}}
Pre .15, (X) = {6<x,{a,c}{a,b}{a}{b} }

Ty {a} {b} {c} {a ,b} {a,c} {bc}
P(A°) 0 1 1 2 1 2
- 3 3 3 3 3 3
1 2 1 2 2 3
B 3 3 3 3 3 3
P(Pre (A )| O 1 1 2 1 2
3 3 3 3
= TN 1 2 2 2 3
P(Pre (4 Z z Z z z z
( ( ) ) 3 3 3 3 3

33




T29 = {X‘ (0] ,{b},{c},{a ’ b}: {a ’ C}: {b :C} }
Tzcg = {X ) ) {b 'C}' {a ’ C} ’ {a ’ C} :{a ’ b},{a},{c} }

Pre.Ty.(x) = {x-0 {a}{b} {c}la, b} {a c} {b.c}}

Pre 'TZC9 (X) = {X‘®r {b ,C}, {a,C},{a,C} ,{a,b},{a},{C}}

Ty {a} {b} {c} {a,b} {a,c} {bc}
P(A°) 1 1 1 2 2 2
- 3 3 3 3 3 3
1 1 1 2 2 2
P(A) 3 3 3 3 3 3
P(Pre (A) )| 1 1 1 2 2 2
3 3 3 3 3
) AN 1 2 2 2
P(Pre (A Z Z Z l l z
( ( ) ) 3 3 3 3

34
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