
   

 
 Republic of Iraq 
Ministry of Higher Education and Scientific 
Research 
University of Babylon 
College of Education for Pure Sciences 

 
 

 
 Inner Product Spaces and Hilbert Space 

 
 Research Submitted to university of Babylon /college of Education for Pure 

Sciences/Mathematic Department as part of The Requirements for the Degree 
of B.Sc. in mathematical science 

 By 
 

Ahmed Salam Abdul Reda 
 Supervised by 
 

Mayada Ali Kareem  
 
 
 2022 - 2023   

 



   

 
 

    
          

   
     

     
 
 
 
 



   

 
 

Dedication 
 This Work is Dedicated To all my beloved family 
Thank for your endless love, sacrifices, prayers 

supports and advice 
 
 

Ahmed 

 
 
 
 



   

 
Acknowledgments 

 
   First of all, I would like to thank Allah, whom I must thank for everything great 
in my life. 
My supervisor, Assistant Professor Mayada ali, for her generous help and her 
encouragement and guidance through the process of writing this graduation 
reasearch.  
   My great thanks are addressed to the Dean of the College of Pure Science and 
Head of the Department of Mathematics for their help and assistance. 
      Last but not least, I would like to thank all members of my family and all my 
respected friends for their outstanding assistance, motivation, and love. I would not 
have made it without them all. 
 

Ahmed 
 
 
 
 
 



1  

 
Abstract 

 
We study a special class of Banach spaces, namely Hilbert spaces, in 
which the presence of a so-called "inner product" allows us to define 
angles between elements. In particular, we can introduce the 
geometric concept of orthogonality. This has far-reaching 
consequences 
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Introduction 
In the preceding chapters, we discussed normed linear spaces and Banach spaces. These 
spaces has linear properties as well as metric properties. Although the norm on a 
linear space generalizes the elementary concept of the length of a vector, but the main 
geometric concept other than the length of a vector is the angle between two vectors, In 
this chapter, we take the opportunity to study linear spaces having an inner product, a 
generalization of the usual dot product on finite dimensional linear spaces. The concept 
of an inner product in a linear space leads to an inner product space and a complete 
inner product space which is called a Hilbert space. The theory of Hilbert Spaces does 
not deal with angles in general. Most interestingly, it helps us to introduce an idea of 
perpendicularity for two vectors and the geometry deals in various fundamental aspects 
with Euclidean geometry. 

The basics of the theory of Hilbert spaces was given by in 1912 by the work of 
German mathematician D. Hilbert (1862 -1943) on integral equations. However, an 
axiomatic basis of the theory was given by famous mathematician J. Von Neumann 
(1903 -1957). However, Hilbert spaces are the simplest type of infinite dimensional 
Banach spaces to tackle a remarkable role in functional analysis. 
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1.Inner Product Spaces 
Definition 1.1 : Let, ܺ be a linear space over a field of complex numbers. If for 
every pair (ݔ, (ݕ ∈ ܺ × ܺ there corresponds a scalar denoted by ⟨ݔ,  called inner ⟨ݕ
product of ݔ and ݕ of ܺ such that the following properties hold. 
(IP.1) ⟨ݔ, ⟨ݕ = ,ݕ⟩ ,ݔ) തതതതതതത where⟨ݔ (ݕ ∈ ܺ × ܺ and denotes the conjugate of the 
complex number. 
(IP.2) for all ߙ ∈ ℂ, 

,ݔߙ⟩ ⟨ݕ = ,ݔ⟩ߙ ,⟨ݕ ,ݔ)∀ (ݕ ∈ ܺ × ܺ. 
(IP.3) for all ݔ, ,ݕ ݖ ∈ ܺ 

ݔ⟩ + ,ݕ ⟨ݖ = ,ݔ⟩ ⟨ݖ + ,ݕ⟩  .⟨ݖ
(IP.4) ⟨ݔ, ⟨ݔ ≥ 0 and ⟨ݔ, ⟨ݔ = 0 iff ݔ =  .ߠ
Then (ܺ, ݁ݎ݌ݎ݋݁ܿܽ݌ݏݐܿݑ݀݋ݎ݌ݎ݈݈݁݊݊݅݊ܽ݀݁ܽܿݏ݅(.⟨⟩ −  .݁ܿܽ݌ݏݐݎܾ݈݁݅ܪ
Remark 1.2: The following properties hold in an inner product space. 
Let ܺ be an inner product space then, 
(i) for all ߙ, ߚ ∈ ℂ, ݔߙ⟩ + ,ݕߚ (ݖ = ,ݔ⟩ߙ ⟨ݖ + ,ݕ⟩ߚ ,ݔ∀ ⟨ݖ ,ݕ ݖ ∈ ܺ. 
(ii) for all ߙ ∈ ℂ⟨ݔ, ⟨ݕߙ = ,ݔ⟩‾ߙ ,ݔ∀ ⟨ݕ ݕ ∈ ܺ 
(iii) for all ߙ, ߚ ∈ ℂ ∀ݔ, ,ݕ ݖ ∈ ܺ. 

,ݔ⟩ ݕߙ + ⟨ݖߚ = ,ݔ⟩‾ߙ ⟨ݕ + ,ݔ⟩‾ߚ  .⟨ݖ
Remark 1.3: Inner product induces a norm. For this we proceed as follows: 
Proof: Let ܺ be an inner product space. Take ݔ ∈ ܺ 
Define ∥ ݔ ∥= +ඥ⟨ݔ,  ⟨ݔ
Now, ∥ ݔ ∥≥ 0 as ⟨ݔ, ⟨ݔ ≥ 0 by (IP.4). 
Also, ∥ ݔ ∥= 0 iff ݔ =  by (IP.4) ߠ
Take ߙ ∈ ℂ so, 

∥ ݔߙ ∥ଶ  = ,ݔߙ⟩ ,⟨ݔߙ ߙ ∈ ܺ
 = ,ݔ⟩‾ߙߙ ,⟨ݔ ݔ ∈ ܺ
 = ଶ|ߙ| ∥ ݔ ∥ଶ, ݔ  ∈ ܺ

 so ∥ ݔߙ ∥  == |ߙ| ∥ ݔ ∥, ݔ  ∈ ܺ
 

 

(1) 
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2. Cauchy Schwarz Inequality  
To prove the triangle inequality we first state and prove Cauchy Schwarz Inequality 

,ݔ⟩| |⟨ݕ ≤∥ ݔ ∥∥ ݕ ∥ ,ݔ∀  ݕ ∈ ܺ 
Proof: If ݕ =  .௑ then the result follows triviallyߠ
Let ݕ ≠ ߣ ௑. Then for every scalarsߠ ∈ ℂ, 

ݔ⟩  + ,ݕߣ ݔ + ⟨ݕߣ ≥ 0
 ⟹ ,ݔ⟩  ⟨ݔ + ,ݔ⟩ ⟨ݕߣ + ,ݕߣ⟩ ⟨ݔ + ,ݕߣ⟩ ⟨ݕߣ ≥ 0  (By (IP.3)) 
 ⟹ ,ݔ⟩  ⟨ݔ + ,ݔ⟩‾ߣ ⟨ݕ + ,ݕ⟩ߣ ∥+⟨ݔ ݕߣ ∥ଶ≥ 0
 ⟹  ∥ ݔ ∥ଶ+ ,ݔ⟩‾ߣ ⟨ݕ + ,ݔ⟩ߣ ⟨തതതതതݕ + ଶ|ߣ| ∥ ݕ ∥ଶ≥ 0
 Take  ߣ = − ,ݔ⟩ ⟨ݕ

,ݕ⟩ ⟨ݕ
 So,  ∥ ݔ ∥ଶ− ,ݔ⟩ ,ݔ⟩⟨തതതതതݕ ⟨ݕ

∥ ݕ ∥ଶ − ,ݔ⟩ ,ݔ⟩⟨ݕ ⟨തതതതതݕ
∥ ݕ ∥ଶ + ,ݔ⟩| ଶ|⟨ݕ

∥ ݕ ∥ସ ∥ ݕ ∥ଶ≥ 0. 
 So,  ∥ ݔ ∥ଶ− ,ݔ⟩| ଶ|⟨ݕ

∥ ݕ ∥ଶ − ,ݔ⟩| ଶ|⟨ݕ
∥ ݕ ∥ଶ + ,ݔ⟩| ଶ|⟨ݕ

∥ ݕ ∥ଶ ≥ 0

 

 So ∥ ݔ ∥ଶ− ,ݔ⟩| ଶ|⟨ݕ
∥ ݕ ∥ଶ ≥ 0

⟹ ∥ ݔ ∥ଶ∥ ݕ ∥ଶ≥ ,ݔ⟩| ଶ|⟨ݕ
⟹ ∥ ݔ ∥∥ ݕ ∥≥ ,ݔ⟩| |⟨ݕ

 

 
Sometimes this inequality is abbreviated as C-S inequality. We see that equality 
sign will hold if and only if in above derivation ⟨ݔ + ,ݕߣ ݔ + ⟨ݕߣ = 0 ⟹∥ ݔ +
ݕߣ ∥ଶ= 0 ⟹ ݔ + ݕߣ =  .are linearly dependent ݕ and ݔ ௑, i.eߠ
We shall now prove triangle inequality for norm. Now ∀ݔ, ݕ ∈ ܺ. 

(2) 
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 Now, ∥ ݔ + ݕ ∥ଶ= ݔ⟩ + ,ݕ ݔ + ⟨ݕ
 = ,ݔ⟩ ⟨ݔ + ,ݔ⟩ ⟨ݕ + ,ݕ⟩ ⟨ݔ + ,ݕ⟩ ⟨ݕ
 =∥ ݔ ∥ଶ +∥ ݕ ∥ଶ+ ,ݔ⟩ ⟨ݕ + ,ݕ⟩ ⟨ݔ
 So, ∥ ݔ + ݕ ∥ଶ= |∥ ݔ ∥ଶ +∥ ݕ ∥ଶ+ ,ݔ⟩ ⟨ݕ + ,ݕ⟩ |⟨ݔ
 ≤∥ ݔ ∥ଶ +∥ ݕ ∥ଶ+ ,ݔ⟩| ⟨ݕ + ,ݕ⟩ |⟨ݔ
 ≤∥ ݔ ∥ଶ +∥ ݕ ∥ଶ+ 2 ∥ ݔ ∥∥ ݕ ∥
 = (∥ ݔ ∥ +∥ ݕ ∥)ଶ

 

So, ∥ ݔ + ݕ ∥≤∥ ݔ ∥ +∥ ݕ ∥. 
Hence, inner product induces a norm and consequently every inner product space 
is a normed linear space. 
Remark 2.1 : So every inner product space is a metric space and the metric 
induced by inner product is defined as follows: for all ݔ, ݕ ∈ ܺ define ݀: ܺ × ܺ →
ℝ by 
,ݔ)݀                           (ݕ =∥ ݔ − ݕ ∥= +ඥ⟨ݔ − ,ݕ ݔ −     ⟨ݕ
Theorem 2.2: Every inner product function is a continuous function. 
(Equivalently, if ݂: ܺ × ܺ → ℂ defined by ݂(ݔ, (ݕ = ,ݔ⟩ ,⟨ݕ ,ݔ∀ ݕ ∈ ܺ then ݂ is 
continuous). 
Proof: 
 Let ܺ be an inner product space. Define ݂: ܺ × ܺ → ℂ by (ݔ, (ݕ ,ݔ⟩ = ,⟨ݕ ,ݔ∀  ݕ ∈
ܺ. Now take {ݔ௡} and {ݕ௡} be a sequence in ܺ such that ݔ௡ →  as ݔ
݊ → ∞ and ݕ௡ → ݊ as ݕ → ∞ 
So, ∥∥ݔ௡ − ∥∥ݔ → 0 as ݊ → ∞ and ∥∥ݕ௡ − ∥∥ݕ → 0 as ݊ → ∞. 
As, ݔ௡ → ݊ as ݔ → ∞ then, ∥∥ݔ௡∥∥ →∥ ݔ ∥ as ݊ → ∞. 
So, {∥∥ݔ௡∥∥} are bounded. So, there exists a constant ܯ > 0 such that ∥∥ݔ௡∥∥ ≤ ,ܯ  ∀݊ 
Now,  |⟨ݔ௡, ⟨௡ݕ − ,ݔ⟩  |⟨ݕ

       (3) 
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 = ,௡ݔ⟩| ⟨௡ݕ − ,௡ݔ⟩ ⟨ݕ + ,௡ݔ⟩ ⟨ݕ − ,ݔ⟩ |⟨ݕ
 = ,௡ݔ⟩| ௡ݕ − ⟨ݕ + ௡ݔ⟩ − ,ݔ |⟨ݕ
 ≤ ,௡ݔ⟩| ௡ݕ − ∣+|⟨ݕ ௡ݔ⟩ − ,ݔ ⟨ݕ
 ≤ ௡ݕ∥∥∥∥௡ݔ∥∥ − ∥∥ݕ + ௡ݔ∥∥ − ∥∥ݔ ∥ ݕ ∥   [By C-S inequality( 2)] 
 ≤ ௡ݕ∥∥ܯ − ∥∥ݕ + ௡ݔ∥∥ − ∥∥ݔ ∥ ݕ ∥
 → 0 as ݊ → ∞

 

i.e ⟨ݔ௡, ⟨௡ݕ → ,ݔ⟩ ݊ as ⟨ݕ → ∞, implying that ݂(ݔ௡, (௡ݕ → ,ݔ)݂ ݊ as (ݕ → ∞. So, ݂ 
is continuous. 
Theorem 2.3: (Parallelogram Law): Let ܺ be an inner product space and let 
,ݔ ݕ ∈ ܺ. Then, 

∥ ݔ + ݕ ∥ଶ +∥ ݔ − ݕ ∥ଶ= 2(∥ ݔ ∥ଶ +∥ ݕ ∥ଶ) 
Proof: 

∥ ݔ + ݕ ∥ଶ  = ݔ⟩ + ,ݕ ݔ + ⟨ݕ = ,ݔ⟩ ⟨ݔ + ,ݔ⟩ ⟨ݕ + ,ݕ⟩ ⟨ݔ + ,ݕ⟩ ⟨ݕ
 =∥ ݔ ∥ଶ +∥ ݕ ∥ଶ+ ,ݔ⟩ ⟨ݕ + ,ݕ⟩ ⟨ݔ

 and ∥ ݔ − ݕ ∥ଶ  = ݔ⟩ − ,ݕ ݔ − ⟨ݕ = ,ݔ⟩ ⟨ݔ + ,ݔ⟩ ⟨ݕ− + ,ݕ−⟩ ⟨ݔ + ,ݕ−⟩ ⟨ݕ−
 =∥ ݔ ∥ଶ +∥ ݕ ∥ଶ− ,ݔ⟩ ⟨ݕ − ,ݕ⟩ ⟨ݔ

 

Adding (4) and (5) we get 
∥ ݔ + ݕ ∥ଶ +∥ ݔ − ݕ ∥ଶ= 2(∥ ݔ ∥ଶ +∥ ݕ ∥ଶ) 

Theorem2.4  (Polarization Identity): Let ܺ be an inner product space, let ݔ, ݕ ∈ 
ܺ. Then 
,ݔ⟩ ⟨ݕ = ଵ

ସ [∥ ݔ + ݕ ∥ଶ −∥ ݔ − ݕ ∥ଶ+ ݅ ∥ ݔ − ݕ݅ ∥ଶ− ݅ ∥ ݔ − ݕ݅ ∥ଶ] 
Proof: 
Now, ∥ ݔ + ݕ ∥ଶ=∥ ݔ ∥ଶ +∥ ݕ ∥ଶ+ ,ݔ⟩ ⟨ݕ + ,ݕ⟩  ⟨ݔ

∥ ݔ − ݕ ∥ଶ=∥ ݔ ∥ଶ +∥ ݕ ∥ଶ− ,ݔ⟩ ⟨ݕ − ,ݕ⟩  ⟨ݔ
 
Replacing ݕ by ݅ݕ in (7) and (8) 

(4) 

(5) 

(6) 

(7) 

(8) 
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∥ ݔ + ݕ݅ ∥ଶ  =∥ ݔ ∥ଶ +∥ ݕ݅ ∥ଶ+ ,ݔ⟩ ⟨ݕ݅ + ,ݕ݅⟩ ⟨ݔ
 =∥ ݔ ∥ଶ +∥ ݕ ∥ଶ− ,ݔ⟩݅ ⟨ݕ + ,ݕ⟩݅ ⟨ݔ

∥ ݔ − ݕ݅ ∥ଶ  =∥ ݔ ∥ଶ +∥ ݕ݅ ∥ଶ− ,ݔ⟩ ⟨ݕ݅ − ,ݕ݅⟩ ⟨ݔ
 =∥ ݔ ∥ଶ +∥ ݕ ∥ଶ+ ,ݔ⟩݅ ⟨ݕ − ,ݕ⟩݅ ⟨ݔ

 

(7) − (8) + ݅(9) − ݅(10), we get (6). Hence the result 
Theorem ٢.٥ : Let ܺ be an inner product space. Then 
(i) Every Cauchy sequence is bounded 
(ii) If {ݔ௡} and {ݕ௡} are two Cauchy sequences in ܺ then {⟨ݔ௡,  ௡⟩} is also aݕ
Cauchy sequence in ℂ and hence convergence in ℂ. 
Proof: 
 (i) Let, {ݔ௡} be a Cauchy sequences in ܺ. Then for ߝ = 1 there exists a positive 
integer ܰ such that, ∥∥ݔ௡ − ∥∥௠ݔ < 1, whenever, ݊, ݉ ≥ ܰ. In particular, ∥∥ݔ௡ −
∥∥ேݔ < 1, whenever ݊ ≥ ܰ. 
Now, ∥∥ݔ௡∥∥ ≤ ௡ݔ∥∥ − ∥∥ேݔ + ∥∥ேݔ∥∥ < 1 + ݊∀∥∥ேݔ∥∥ ≥ ܰ. 
Let, ܯ = max{∥∥ݔଵ∥∥, ,∥∥ଶݔ∥∥ ⋯ , ,∥∥ேିଵݔ∥∥ ∥∥ேݔ∥∥ + 1} so, ∥∥ݔ௡∥∥ ≤  is {௡ݔ} ,so ݊∀ ܯ
bounded. 
(ii) Let {ݔ௡},  .ܺ be two Cauchy sequences in {௡ݕ}
So, ∥∥ݔ௡ − ∥∥௠ݔ → 0 as ݊, ݉ → ∞ and ∥∥ݕ௡ − ∥∥௠ݕ → 0 as ݊, ݉ → ∞. 
Also, by (i) ∥∥ݔ௡∥∥ ≤ ܯ for all ݊ and for some ܯ > 0. Similarly ∥∥ݕ௡∥∥ ≤  for some ,ܭ
ܭ > 0 and ∀݊. 

 Now, 
,௡ݔ⟩| ⟨௡ݕ − ,௠ݔ⟩ |⟨௠ݕ

= ,௡ݔ⟩| ⟨௡ݕ − ,௡ݔ⟩ ⟨௠ݕ + ,௡ݔ⟩ ⟨௠ݕ − ,௠ݔ⟩ |⟨௠ݕ
= ,௡ݔ⟩| ௡ݕ − ⟨௠ݕ + ௡ݔ⟩ − ,௠ݔ |⟨௠ݕ
≤ ,௡ݔ⟩| ௡ݕ − |⟨௠ݕ + ௡ݔ⟩| − ,௠ݔ |⟨௡ݕ

 

≤ ௡ݕ∥∥∥∥௡ݔ∥∥ − ∥∥௠ݕ + ௡ݔ∥∥ −  ௡∥∥ (By C-S inequality)ݕ∥∥∥∥௠ݔ
≤ ௡ݕ∥∥ܯ − ∥∥௠ݕ + ௡ݔ∥∥ܭ + ∥∥௠ݔ

 → 0  as ݊, ݉ → ∞
 

So, {⟨ݔ௡, ,௡ݔ⟩} ,௡⟩} is a Cauchy sequences of scalars in ℂ. As ℂ is completeݕ  ௡⟩} isݕ
convergent in ℂ. 
 
 

(9) 

(10) 
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3. Hilbert space  
Definition 3.1: A complete inner product space is called a Hilbert space i.e. an 
inner product space ܺ which is complete with respect to a metric ݀: ܺ × ܺ → ℝ 
induced by the inner product ⟨,⟩ܺ݊݋ ×  i.e. ݀(ݔ, (ݕ = ݔ⟩ − ,ݕ ݔ − ,ݔ∀ଵ/ଶ⟨ݕ ݕ ∈
ܺ. 
Theorem 3.2 : A Banach space ܺ is a Hilbert space if and only if parallelogram 
law holds in it. 
Proof: 
 We know that every Hilbert space ܺ is a Banach space where parallelogram law 
holds in it. 
Conversely suppose that ܺ is a Banach space where parallelogram law holds. 
Without loss of generality we can assume a function ⟨,⟩ݏ݅݁݃݊ܽݎ݁ݏ݋݄ݓ . For all 
,ݔ ݕ ∈ ܺ. 
Define ⟨⟩: , ܺ × ܺ → ℝ by 

,ݔ⟩ ⟨ݕ = 1
4 [∥ ݔ + ݕ ∥ଶ −∥ ݔ − ݕ ∥ଶ] 

i.e. for real inner product space we start with (9.1.11) and sometimes we write 
,ݔ⟩ܴ ⟨ݕ = ଵସ [∥ ݔ + ݕ ∥ଶ −∥ ݔ − ݕ ∥ଶ], ,ݔ∀  ݕ ∈ ܺ. Clearly ⟨ݔ, ⟨ݕ = ,ݕ⟩ ,ݔ⟩ തതതതത⟩ asݔ  ⟨ݕ
is real. Also ⟨ݔ, ⟨ݔ ≥ ݔ∀ 0 ∈ ܺ and ⟨ݔ, ⟨ݔ = 0 iff ݔ = 0. So, (IP.1) and (IP.4) 
holds. 
Now, for ݑ, ,ݒ ݓ ∈ ܺ 

 ∥ ݑ + ݒ + ݓ ∥ଶ +∥ ݑ + ݒ − ݓ ∥ଶ= 2(∥ ݑ + ݒ ∥ଶ +∥ ݓ ∥ଶ)
 ∥ ݑ − ݒ + ݓ ∥ଶ +∥ ݑ − ݒ − ݓ ∥ଶ= 2(∥ ݑ − ݒ ∥ଶ +∥ ݓ ∥ଶ) 

By (12) − (13) we get 
∥ ݑ + ݒ + ݓ ∥ଶ +∥ ݑ + ݒ − ݓ ∥ଶ −∥ ݑ − ݒ + ݓ ∥ଶ +∥ ݑ − ݒ − ݓ ∥ଶ
= 2(∥ ݑ + ݒ ∥ଶ −∥ ݑ − ݒ ∥ଶ)

⟹ ݑ⟩]4  + ,ݓ ⟨ݒ + ݑ⟩ − ,ݓ [⟨ݒ = ,ݑ⟩2.4 ⟨ݒ
⟹ ݑ⟩  + ,ݓ ⟨ݒ + ݑ⟩ − ,ݓ ⟨ݒ = ,ݑ⟩2 ⟨ݒ
 Put,  ݑ = ݓ

,ݑ2⟩ ⟨ݒ = ,ݑ⟩2 ⟨ݒ

 

(11) 

(13) 
(12)

(14)

(15)
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Again put, ݔଵ = ݑ + ,ݓ ଶݔ = ݑ − ,ݓ ଷݔ =  then from (14) we get ݒ
,ଵݔ⟩ ⟨ଷݔ + ,ଶݔ⟩ ⟨ଷݔ  = ,ݑ⟩2 ⟨ݒ = ,ݑ2⟩ (by (15) ) ⟨ݒ

 = ଵݔ⟩ + ,ଶݔ ⟨ଷݔ  

So, (IP.3) holds. 
From (16) for ݔଵ, ,ଶݔ ,ଷݔ ସݔ ∈ ܺ, 

ଵݔ⟩ + ଶݔ + ,ଷݔ ⟨ସݔ = ଵݔ⟩ + ,ଶݔ ⟨ସݔ + ,ଷݔ⟩ ⟨ସݔ = ,ଵݔ⟩ ⟨ସݔ + ,ଶݔ⟩ ⟨ସݔ + ,ଷݔ⟩  ⟨ସݔ
Put ݔଵ = ଶݔ = ଷݔ = ,ݔ ସݔ = ,ݔi.e. ⟨3 ݕ ⟨ݕ = ,ݔ⟩3  .⟨ݕ
So, by Principle of Mathematical Induction for any positive integer ݊ 
,ݔ݊⟩ ⟨ݕ = ,ݔ⟩݊ ,ݔ∀ ⟨ݕ ݕ ∈ ܺ 

 Now, ⟨−ݔ, ⟨ݕ  = ଵ
ସ [∥ ݔ− + ݕ ∥ଶ −∥ ݔ− − ݕ ∥ଶ]

 = ଵ
ସ [−∥ ݔ + ݕ ∥ଶ +∥ ݕ − ݔ ∥ଶ] = ,ݔ⟩−  ⟨ݕ

Take, ݊ = −݉(݉ > 0) 
,ݔ݊⟩ ⟨ݕ = ⟨−݉ , ⟨ݕ  = ,(ݔ−)݉⟩ ⟨ݕ

 = ,ݔ−⟩݉ (by (9.1.17) ) ⟨ݕ
 = ,ݔ⟩݉−  (by (9.1.18) ) ⟨ݕ
 = ,ݔ⟩݊ ⟨ݕ

 

So (17) is also true for any negative integer. Thus ⟨ݔߣ, ⟨ݕ = ,ݔ⟩ߣ  is ߣ when ,⟨ݕ
either positive integer or a negative integer. 
Take ߣ = ݍ/݌ = a rational number where, gcd (݌, (ݍ = 1 and ݌ and ݍ are integer. 
           Now ⟨ݔߣ, ⟨ݕ  = ർ௣

௤ ,ݔ ඀ݕ
 So ݔߣ⟩ݍ, ⟨ݕ  = ݍ ർ௣

௤ ,ݔ ඀ݕ = ݌⟩ , ⟨ݕ = ,ݔ⟩݌ ⟨ݕ
⟹ ,ݔߣ⟩ ⟨ݕ  = ௣

௤ ,ݔ⟩ ⟨ݕ
⟹ ർ௣

௤ ,ݔ ඀ݕ  = ௣
௤ ,ݔ⟩ ⟨ݕ

 

Let, ߣ be any real. So there exists a sequence of rationals {ݎ௡} such that ݎ௡ →  as ߣ
݊ → ∞. So, ⟨ݎ௡ݔ, ⟨ݕ = ,ݔ⟩௡ݎ ⟨ݕ → .ݔ⟩ߣ ݊ as ⟨ݕ → ∞ 

(16)

(17)

(18)

(19)
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Now,  |⟨ݎ௡ݔ, ⟨ݕ − ,ݔߣ⟩  |⟨ݕ
= ௡ݎ)⟩| − ,ݔ(ߣ |⟨ݕ ≤ ௡ݎ)∥∥ − ∥∥ݔ(ߣ ∥ ݕ ∥ (by C-S inequality (2)) 
= ௡ݎ| − |ߣ ∥ ݔ ∥∥ ݕ ∥→ 0 as ݊ → ∞ 
,ݔ௡ݎ⟩ ⟨ݕ → ,௫ߣ⟩ ݊ as ⟨ݕ → ∞. So, ⟨ߣ௫, ⟨ݕ = ,ݔ⟩ߣ ,ݔ∀⟨ݕ ݕ ∈ ܺ. So, (IP.2) holds. 
So, ܺ is an inner product space with respect to (11) consequently, ܺ is a Hilbert 
space. 
Note: For a complete inner product space we start with ܴ݈⟨ݔ, ⟨ݕ = ଵ

ସ [∥ ݔ + ݕ ∥ଶ −∥
ݔ − ݕ ∥ଶ], Im ⟨ݔ, ⟨ݕ = ଵ

ସ [∥ ݔ + ݕ݅ ∥ଶ −∥ ݔ − ݕ݅ ∥ଶ], ,ݔ∀ ݕ ∈ ܺ and the proof is 
similar to the proof of real inner product space. (Readers can verify it) 
 
Example 3.3: The Euclidean space ℝ௡ is a Hilbert space. 
Solution: Let ݔ = ,ଵߞ) ,ଶߞ ⋯ , ݕ ௡) andߞ = ,ଵߟ) ,ଶߟ ⋯ ,  .௡) be two element of ℝ௡ߟ
We define the inner product of ݔ and ݕ by (ݔ, (ݕ = ଵߟଵߞ + ଶߟଶߞ + ⋯ +  ௡. Thenߟ௡ߞ
∥ ݔ ∥= ඥ⟨ݔ, ⟨ݔ = ଵଶߞ) + ଶଶߞ + ⋯ + ௡ଶ)భߞ

మ. It may be easily verified that all the inner 
product axioms are satisfied in ℝ௡ and the Euclidean metric ݀ is obtained by 
,ݔ) (ݕ = ∥ ݔ − ݕ ∥= ݔ⟩ − ,ݕ ݔ − భ⟨ݕ

మ = ඥ∑௜ୀଵ௡ ௜ߞ)  −  ௜)ଶ. With respect to thisߟ
metric we can at once see that ℝ௡ is complete so as to make ℝ௡, a Hilbert space. 
 
Example 3.4: The Euclidean space ℂ௡ is a Hilbert space. 
Solution: Let ݔ = ,ଵߞ) ,ଶߞ ⋯ , ݕ ௡) andߞ = ,ଵߟ) ,ଶߟ ⋯ ,  .௡) be two elements of ℂ௡ߟ
We define the inner product of ݔ and ݕ by 

,ݔ⟩ ⟨ݕ = ଵതതതߟଵߞ + ଶതതതߟଶߞ + ⋯ +  .௡തതതߟ௡ߞ
Then ∥ ݔ ∥= ඥ⟨ݔ, ⟨ݔ = ଵ|ଶߞ|) + ଶ|ଶߞ| + ⋯ + ௡|ଶ)భߞ|

మ. It may be easily verified that 
all the inner product axioms are satisfied in ℂ௡ and the Euclidean metric ݀ is 
obtained by ݀(ݔ, (ݕ =∥ ݔ − ݕ ∥= ݔ⟩ − ,ݕ ݔ − భ⟨ݕ

మ = ඥ∑௜ୀଵ௡ ௜ߞ)  −  ௜)ଶ. Withߟ
respect to this metric we can at once see that ℂ௡ is complete so as to make ℂ௡, a 
Hilbert space. 
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Example 3.5: The space ݈ଶ is a Hilbert space. 
Solution: Let ݔ = ݕ and {௜ߞ} =  be elements of ݈ଶ. We define the inner product {௜ߟ}
of ݔ and ݕ by ⟨ݔ, ⟨ݕ = ∑௜ୀଵஶ పഥߟ௜ߞ   convergence of the series on the right hand side 
follows from the fact that ݔ ∈ ݈ଶ and |ߞ௜ߟపഥ | ≤ |఍೔|మ

ଶ + |ఎ೔|మ
ଶ . 

Then ∥ ݔ ∥= ඥ⟨ݔ, ⟨ݔ = (∑௜ୀଵஶ ௜)భߞ 
మ. It can be easily shown that all the inner product 

axioms (IP.1) -(IP.4) are satisfied in ݈ଶ. The metric ݀ of ݈ଶ is defined by (ݔ, (ݕ = 
∥ ݔ − ݕ ∥= ݔ⟩ − ,ݕ ݔ − భ⟨ݕ

మ = (∑௜ୀଵ௡ ௜ߞ|  − ௜|ଶ)భߟ
మ. With respect to this metric we 

can at once see that ݈ଶ is complete so as to make ݈ଶ a Hilbert space. 
But for 1 ≤ ݌ < ∞,  ݈௣(݌ ≠ 2 is not a Hilbert space. It can be shown by the 
following example. 
Example 3.6: For 1 ≤ ݌ < ∞, ݈௣(݌ ≠ 2) is not an inner product space and hence 
not a Hilbert space. 
Solution: Let ݔ = (1,1,0,0, ⋯ ) ∈ ݈௣ and ݕ = (1, −1,0,0, ⋯ ) ∈ ݈௣. Then ∥ ݔ ∥= 
∥ ݕ ∥= 2భ

೛ and ∥ ݔ + ݕ ∥=∥ ݔ − ݕ ∥= 2. Now we see that if ݌ ≠ 2, the 
parallelogram law does not hold. 
Hence 1 ≤ ݌ < ∞ ݈௣(݌ ≠ 2) is not an inner product space and consequently it is 
not a Hilbert space. 
Example 3.7 : The space ܿ[ܽ, ܾ] of all real valued continuous in the closed interval 
[ܽ, ܾ] is not an inner product space with respect to sup norm and hence not a 
Hilbert space. 
Solution: Here the norm defined by ∥ ݔ ∥= sup௔ஸ௧ஸ௕ (ݐ)ݔ Take .|(ݐ)ݔ|  = 1, ݐ∀ ∈
[ܽ, ܾ] and (ݐ)ݕ = ௧ି௔

௕ି௔ , ݐ∀ ∈ [ܽ, ܾ]. Then ∥ ݔ ∥= 1, ∥ ݕ ∥= 1, ∥ ݔ + ݕ ∥= 2, ∥ ݔ −
ݕ ∥= 1. By simple calculations we see that parallelogram law does not hold in it. 
Hence ܿ[ܽ, ܾ] is not a Hilbert space. 
 
Example 3.8 : The space ܮଶ[ܽ, ܾ], the space of all square integrable functions over 
[ܽ, ܾ] is a Hilbert space. 
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Solution: Define the inner product on ܮଶ[ܽ, ܾ] by 
,ݔ⟩ ⟨ݕ = ∫௔

௕ ,ݐ݀|തതതതതത(ݐ)ݕ(ݐ)ݔ|  ,ݔ∀ ݕ ,ܽ]ଶܮ ∋ ܾ] and the norm on ܮଶ[ܽ, ܾ] is given by 
∥ ݔ ∥= ට∫௭

௕  Also with respect .ݐଶ݀|(ݐ)ݔ| 
to this norm it can be shown that ܮଶ[ܽ, ܾ] is complete with respect to a metric 
defined by 

,ݔ)݀ (ݕ = ቈන  ௕
௔

  (ݐ)ݔ| − ቉ݐଶ݀|(ݐ)ݕ
ଵଶ 

So ܮଶ[ܽ, ܾ] is a Hilbert space. 
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4. Orthogonal Projection 
Lemma 4.1: Let ܺ be an inner product space. Then (.|.) : X×X K is continuous. 
Proof. Let ݔ௡ → ௡ݕ and ݔ → :ܯ Then .ݕ = sup௡∈ℕ ∥∥௡ݔ∥∥  < ∞. By the Cauchy-
Schwarz inequality, 

௡ݔ)| ∣ (௡ݕ − ݔ) ∣ |(ݕ  ≤ ௡ݔ)| ∣ ௡ݕ − |(ݕ + ௡ݔ)| − ݔ ∣ |(ݕ
 ≤ ௡ݕ∥∥ܯ − ∥+∥∥ݕ ݕ ∥ ௡ݔ∥∥ − ∥∥ݔ → 0 

In this section we show that in a Hilbert space one can project onto any closed 
subspace. In other words, for any point there exists a unique best approximation in 
any given closed subspace. For this the geometric properties arising from the inner 
product are crucial. 
Definition 4.2: Let (ܺ, (⋅∣⋅)) be an inner product space. We say that two vectors 
,ݔ ݕ ∈ ܺ are orthogonal (and write ⊥ ݔ) if ( ݕ ∣ (ݕ = 0. Given a subset ܵ ⊂ ܺ, the 
annihilator ܵୄ of ܵ is defined by 

ܵୄ: = ݕ} ∈ ܺ: ݕ ⊥ ݔ for all ݔ ∈ ܵ} 
If ܵ is a subspace, then ܵୄ is also called the orthogonal complement of ܵ. 
In an inner product space the following fundamental and classic geometric identity 
holds. 
Lemma 4.3 (Pythagoras): Let ܺ be an inner product space. If ݔ ⊥  then ,ݕ

∥ ݔ + ݕ ∥ଶ=∥ ݔ ∥ଶ +∥ ݕ ∥ଶ 
Proof. 

∥ ݔ + ݕ ∥ଶ=∥ ݔ ∥ଶ+ 2Re (ݔ ∣ ∥+(ݕ ݕ ∥ଶ=∥ ݔ ∥ଶ +∥ ݕ ∥ଶ. 
 
Proposition 4.4: Let ܺ be an inner product space and ܵ ⊂ ܺ. 
(a) ܵୄ is a closed, linear subspace of ܺ. 
(b) spanതതതതതതܵ ⊂ (ܵୄ)ୄ. 
(c) spanതതതതതതܵ ∩ ܵୄ = {0}. 
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Proof: 
 (a) If ݔ, ݕ ∈ ܵୄ and ߣ ∈ ॶ, then, for ݖ ∈ ܵ, we have (ݔߣ + ݕ ∣ (ݖ ݔ)ߣ = ∣ (ݖ +
ݕ) ∣ (ݖ = 0, hence ݔߣ + ݕ ∈ ܵୄ. This shows that ܵୄ is a linear subspace. If (ݔ௡) is 
a sequence in ܵୄ which converges to ݔ, then we infer from Lemma 4.1 that 
ݔ) ∣ (ݖ = lim(ݔ௡ ∣ (ݖ = 0 for all ݖ ∈ ܵ. 
(b) By (a), (ܵୄ)ୄ is a closed linear subspace which contains ܵ. Thus spanതതതതതതܵ ⊂
(ܵୄ)ୄ 
(c) If ݔ ∈ spanതതതതതതܵ ∩ ܵୄ, then, by (b), ݔ ∈ ܵୄ ∩ (ܵୄ)ୄ and hence ݔ ⊥  But this .ݔ
means (ݔ ∣ (ݔ = 0. By (IP1) it follows that ݔ = 0. 
We now come to the main result of this section. 
 
Theorem 4.5: Let (ܺ, (⋅∣⋅)) be a Hilbert space and ܭ ⊂ ܺ be a closed linear 
subspace. Then for every ݔ ∈ ܺ, there exists a unique element ௄ܲݔ of ܭ such that 

∥∥ ௄ܲݔ − ∥∥ݔ = min{∥ ݕ − ݔ ∥: ݕ ∈  {ܭ
Proof: 
 Let ݀: = inf{∥ ݕ − ݔ ∥: ݕ ∈  By the definition of the infimum, there exists a .{ܭ
sequence (ݕ௡) in ܭ with ∥∥ݕ௡ − ∥∥ݔ → ݀. Applying the parallelogram identity 4.8 to 
the vectors ݔ − ݔ ௡ andݕ −  ௠, we obtainݕ

2൫∥∥ݔ − ௡∥∥ଶݕ + ݔ∥∥ − ௠∥∥ଶ൯ݕ
 = ݔ)∥∥ − (௡ݕ + ݔ) − ௠)∥∥ଶݕ + ݔ∥∥ − ௡ݕ − ݔ) − ௠)∥∥ଶݕ
 = ݔ2∥∥ − ௡ݕ − ௠∥∥ଶݕ + ௡ݕ∥∥ − ௠∥∥ଶݕ

 = 4 ݔ∥∥∥ − 1
2 ௡ݕ) + ∥∥∥(௠ݕ

ଶ
+ ௡ݕ∥∥ − .௠∥∥ଶݕ

 

Since ݖ௡௠: = ଵ
ଶ ௡ݕ) + (௠ݕ ∈ ݔ∥∥ we have ,ܭ − ௡௠∥∥ଶݖ ≥ ݀ଶ and thus 

௡ݕ∥∥ − ௠∥∥ଶݕ ≤ 2൫∥∥ݔ − ௡∥∥ଶݕ + ݔ∥∥ − ௠∥∥ଶ൯ݕ − 4݀ଶ 
By the choice of the sequence (ݕ௡), the right-hand side of this equation converges 
to 0 as ݊, ݉ → ∞, proving that (ݕ௡) is a Cauchy sequence. Since ܺ is complete, 
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ݔis closed, ௄ܲ ܭ Since .ݔconverges to some vector ௄ܲ (௡ݕ) ∈  We have thus .ܭ
proved existence. 
As for uniqueness, if ∥ ݖ − ݔ ∥= min{∥ ݕ − ݔ ∥: ݕ ∈  then, by the ,{ܭ
parallelogram identity, 

ݔ∥∥2 − ௄ܲݔ∥∥ଶ + 2 ∥ ݔ − ݖ ∥ଶ= 4 ݔ∥∥∥ − 1
2 ( ௄ܲݔ + ∥∥∥(ݖ

ଶ
+ ݖ∥∥ − ௄ܲݔ∥∥ଶ 

and thus 

4݀ଶ = 4 ݔ∥∥∥ − 1
2 ( ௄ܲݔ + ∥∥∥(ݖ

ଶ
+ ∥∥ ௄ܲݔ − ଶ∥∥ݖ ≥ 4݀ଶ + ∥∥ ௄ܲݔ −  ଶ∥∥ݖ

proving that ∥∥ ௄ܲݔ − ∥∥ݖ = 0; hence ௄ܲݔ =  .ݖ
Definition 4.6: The map ௄ܲ: ܺ → ܺ from Theorem 4.5 is called the orthogonal 
projection onto ܭ. 
We now collect some properties of ௄ܲ. 
Proposition 4.7: Let ܺ be a Hilbert space, ܭ be a closed subspace of ܺ and ௄ܲ be 
the orthogonal projection onto ܭ. 
(a) For all ݔ, ݕ ∈ ܺ, we have ௄ܲݔ = ݕ if and only if ݕ ∈ ݔ and ܭ − ݕ ∈  .ୄܭ
(b) ௄ܲ is a bounded linear operator on ܺ. 
(c) ௄ܲଶ = ௄ܲ and ( ௄ܲݔ ∣ (ݕ = ݔ) ∣ ௄ܲݕ) for all ݔ, ݕ ∈ ܺ. 
 
Proof: 
 
 (a) If ݕ ∈ ݔ and ܭ − ݕ ∈ ݖ then for every ,ୄܭ ∈ ݕ we have ܭ − ݖ ∈  and ܭ
thus ݔ − ݕ ⊥ ݕ −  ,By Pythagoras .ݖ

∥ ݔ − ݖ ∥ଶ=∥ ݔ − ݕ ∥ଶ +∥ ݕ − ݖ ∥ଶ≥∥ ݔ − ݕ ∥ଶ. 
Thus ∥ ݔ − ݕ ∥= min{∥ ݔ − ݖ ∥: ݖ ∈ ݔproving that ௄ܲ ,{ܭ =  .ݕ
Conversely, if ௄ܲݔ = ݕ then clearly ,ݕ ∈ ݔ Assume that .ܭ − ݕ ∉  Then .ୄܭ
there exists ݖ ∈ ܭ ∖ {0} with (ݔ − ݕ ∣ (ݖ ≠ 0. We may assume that (ݔ − ݕ ∣
(ݖ = 1 (otherwise, we divide ݖ by (ݔ − ݕ ∣ ߣ തതതതതതതതതതതതതത). Then, for(ݖ ∈ ℝ, 

∥ ݔ − ݕ − ݖߣ ∥ଶ  =∥ ݔ − ݕ ∥ଶ− 2Re ݔ)ߣ − ݕ ∣ (ݖ + ଶߣ ∥ ݖ ∥ଶ
 =∥ ݔ − ݕ ∥ଶ− ߣ2 + ଶߣ ∥ ݖ ∥ଶ  
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The latter is strictly less than ∥ ݔ − ݕ ∥ଶ for small ߣ > 0, for example if 
ଶߣ ∥ ݖ ∥ଶ< ߣ .i.e ,ߣ2 < 2 ∥ ݖ ∥ିଶ. Hence we find an element in ܭ, namely 
∥+ݕ ݖ ∥ିଶ ݕ But then .ݕ than to ݔ for example, which is closer to ,ݖ ≠ ௄ܲݔ. 
 
(b) Let ݔ, ݕ ∈ ܺ and ߣ ∈ ॶ. By (a), ݔ − ௄ܲݔ, ݕ − ௄ܲݕ ∈  is a ୄܭ Since .ୄܭ
subspace by Proposition 4.4, ݔߣ − ߣ ௄ܲݔ + ݕ − ௄ܲ௬ = ݔߣ) (ݕ + −
ߣ) ௄ܲݔ + ௄ܲݕ) ∈ ߣ Since .ୄܭ ௄ܲݔ + ௄ܲݕ ∈ ݔߣ)it follows from (a) that ௄ܲ ,ܭ +
(ݕ = ߣ ௄ܲݔ + ௄ܲݕ, i.e. ௄ܲ is linear. As for the boundedness, observe that 
ݔ = ௄ܲݔ + ݔ) − ௄ܲݔ) where ௄ܲݔ ⊥ ݔ − ௄ܲݔ by (a). Thus, by Pythagoras, 

∥ ݔ ∥ଶ= ∥∥ ௄ܲݔ∥∥ଶ + ݔ∥∥ − ௄ܲݔ∥∥ଶ ≥ ∥∥ ௄ܲݔ∥∥ଶ, 
proving the boundedness of ௄ܲ. 
(c) ௄ܲݔ ∈ and 0 ܭ = ݔ௄݌ − ௄ܲݔ ∈ Hence, by (a), ௄ܲ .ୄܭ ௄ܲݔ = ௄ܲݔ. 
For the second part, observe that 

( ௄ܲݔ ∣ (ݕ = ( ௄ܲݔ ∣ ௄ܲݕ) + ( ௄ܲݔ ∣ ݕ − ௄ܲݕ) = ( ௄ܲݔ ∣ ௄ܲݕ) 
since ݕ − ௄ܲݕ ∈ ݔand ௄ܲ ୄܭ ∈ ݔ) by (a). Similarly, one sees that ܭ ∣ ௄ܲݕ) = 
( ௄ܲݔ ∣ ௄ܲݕ) 
We can now refine Proposition 4.4 for linear subspaces. 
 
Corollary 4.8: If ܺ is a Hilbert space and ܭ is a linear subspace of ܺ then 
‾ܭ =  ୄ(ୄܭ)
Proof:  
We have seen already that ܭ‾ ⊂ ݕ Now let .ୄ(ୄܭ) ∈ ݕ Then .ୄ(ୄܭ) = ௄ܲݕ +
ܫ) − ௄ܲ)ݕ =: ଵݕ + ଶ∥∥ଶݕ∥∥ ଶ. Thusݕ = ଶݕ) ∣ (ଶݕ = ଶݕ) ∣ (ݕ ଶݕ) − ∣ (ଵݕ = 0, since 
ଶݕ ∈ ‾ܭ ୄ = ݕ and ୄܭ ∈ ଵݕ and ୄ(ୄܭ) ∈ ‾ܭ . It follows that ݕଶ = 0, hence 
ݕ = ଵݕ ∈ ‾ܭ . This shows (ୄܭ)ୄ ⊂ ‾ܭ . 
An important consequence of Theorem 4.5 is the following result, which shows 
that in a Hilbert space all bounded linear functionals can be expressed in a specific 
way in terms of the inner product. 
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Theorem 4.9 (Fréchet-Riesz): Let ܺ be a Hilbert space. Then ߮ ∈ ܺ∗ if and only 
if there exists a ݕ ∈ ܺ such that ߮(ݔ) = ݔ) ∣ ݔ for all (ݕ ∈ ܺ. 
Proof: 
If ߮(ݔ) = ݔ) ∣  .then ߮ is continuous as a consequence of Lemma 4.1 ,(ݕ
Conversely, let ߮ ∈ ܺ∗ be given. Then ܭ: = ker ߮  is a closed subspace of ܺ. If 
ܭ = ܺ, pick ݕ = 0. If ܭ ≠ ܺ, there exists an ݔ଴ ∈ ܺ with ߮(ݔ଴) ≠ 0. Put ݖ =
଴ݔ − ௄ܲݔ଴. Since ݔ଴ ∉ ݖ we have ,ܭ ≠ 0 and may thus define ݓ =∥ ݖ ∥ିଵ  Then .ݖ
∥ ݓ ∥= 1 and ݓ ∈ (ݓ)߮ ,In particular .ୄܭ ≠ 0. 
Now for ݔ ∈ ܺ, we have ߮(ݔ) = థ(௫)

థ(௪) :ߣ Define .(ݓ)߮ = ఝ(௫)
ఝ(௪). Then, by linearity, 

ݔ)߮ − (ݓߣ = 0 and thus ݔ − ݓߣ ∈ :ݕ Put .ܭ =  Then .ݓതതതതതതത(ݓ)߮
ݔ) ∣ (ݕ  = ݔ)(ݓ)߮ ∣ (ݓ

 = ݔ))(ݓ)߮ − ݓߣ ∣ (ݓ + ݓߣ) ∣ ((ݓ
 = ߣ(ݓ)߮ ∥ ݓ ∥ଶ= .(ݔ)߮
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