Ministry of Higher Education

And Scientific Research

University of Babylon

College of Education for Pure Sciences

Mathematics Department

Uniform Convergence and Dini’s Theorem for Sequences
of Continuous Functions

A Research Project
Submitted to the Mathematics Department
College of Education for Pure Sciences
University of Babylon

In Partial Fulfilment of

the Requirements for the Degree of Bachelor In
Mathematics

By

Ramla Ali Jaber

Supervised By
Dr. Rehab Amer Kamel

1447 A.-H 2026 A.D




O RS T T

5‘{4 \'J‘c d-b J:éﬁjf

askiall ) A Gaca

[V) ¢ :db]

II

——
—




ol g S

2l slally 3l (e e e oSl 530l 5 calay ol L Gl ale il Al 3 4 deall”
"_JL_\:J\

Ll of el s Cand sl (el oy il 3 53 Y 5l a1 (S Al (A aledl ) guliall 124 Hlia
(S8 zlail g 8 ja Al b S agd OIS el S8l il

G 7 peall 138 (il drals 8 4 puall o glall Dy i) K Balee ) el 5 SN () e
Gl 138 & sl 35SV B Qi) oy s A8 dilgpa sl (IS5 ¢ K0 ddle 545 (e Sinie G2
Al

(aand [ seai 3 yaa G alalld €' all DLl Ui ) gus pe cpdll Sl §Y Aala i 48 5 (ol (Lia
Ol A pmall jag alal el i dla 5 oo aall O iale (e JSISSE 0l Jie 5 ot 7 58
Shall alls 8 Z8sbiall bl 35 Y LS el 003G Y claualy ) 8 8 )

s o e ks Lo sy Le 1 sla o pdll el sl and 8 e Jal) S3lul ) (5 S48 siey LS
Lebaglea Vol ) alile g ol cllaal dagdy JeuilSsyle i Aal Sailu e JS

P R R

Jaghall alall 3 yla 84S jlae 5 sdad g cdadls A5 Jaall 138 Jaay of Al JLad lalia

III

——
—




s)aay)

calall & Al S O ale (ga () e el any 585 (0 sinal) AlalS 38 53 ol (3 a0 )
G 5 Y o clle LS agde 5551 Al ) Tty i€ b 1,88 Jraall o) deal s #ladll o
oAb IS U el agaal g o amd 0 5Ss o J il SlalaS 5 58 s Canll 1aa | 3108 L gy IS ]
ol 358 el oy o ) e daa) el il

dpaall |z sl Aaplada s )Y daa )

oy (s i€ S T K Aalaal) ol 091 ) i gl se 0 s ) shad Sausd Ll shoa cilS 3
Oe el JaV1 J aes 3 & giall GBS B e st alSEH o 3 Al Jall Canl e (5 y00a
Aol s ga JaiY) 13gd ¢ pa

Ssals il e Y @A) gai Sse )

Uapal) agilal€y 3 gmandy il Laila | 53S () clag son 5 Blall s agae &S 5L cpdl) )
Al g la 8 aSasa s 5 echlal YT 5 Gl Lk e (53885 23K Y T K ddalal)
Sadal) ai) oS5 S A lail) e aSooal | Juadd) Laily o &Y ,8Y)

Ll agle s o2 sl

Sl 3mlad | alall 5 )l s s Li) 4355 )

Ala )l 158 i ) st M8 e slra sl g g e D glag ol codll (N5 i s iale e US )
Gl 3 e Gyl e lanad selia JiaS W oSl 5 calall Jai 8 2S5LY 5 oS ) g2
u\ﬂéédcﬁ\dujcﬁdsﬂ\}e\PY\dS@Aeﬁdm‘\J@Cﬁg;\;h&)w@@)}

5 small il | A 8 AalSD) 4 jlaal) )

S e (g o] A Jaall g bl el s b o ) s G il Can ) 13 gon
b g (San s sl Gl il 5 cpmaall g lall O a8 ) s g agaal | el 5 Canll

Cla gl sai sl 55l 2 yne s il 138 (5S of lo gl aale s alais Jiial sl 3o bl
Lol ain Y aMaly S

s JSAghy aleay s daall 138 3 &l of oy e (sl Al ¢ x50 50l L eW 58 US Y

1A%

——
—




CONTANTS

ABSTRACT VI
1- INTRODUCTION 1
2- UNIFORM CONVERGENCE OF A SEQUENCE OF FUNCTIONS 23
ON A SET

3- UNIFORM CONVERGENCE OF A SEQUENCE OF 4-10

CONTINUOUS FUNCTIONS ON A COMPACT SET

4- SOME APPLICATIONS

11-14

REFERENCE

15




Abstract

Motivated by the foundational principles of Dini's Theorem, this mathematical
analysis research by Wu (2020) provides a comprehensive framework for
characterizing the uniform convergence of function sequences. The study
demonstrates that the uniform convergence of a sequence f,, — 0 is equivalent to
the existence of a bounding, decreasing auxiliary sequence g, that also converges
uniformly to zero. This core equivalence is rigorously extended to sequences of
continuous functions defined on compact metric spaces and sequences of Riemann
integrable functions, where the uniform convergence of the sequence ensures the
uniform convergence of its integrals. Furthermore, the paper successfully applies
these theoretical characterizations to establish the uniform convergence of series of
functions and to derive conditions for the existence of fixed points for continuous

mappings within metric spaces.
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1. INTRODUCTION

Uniform convergence of a sequence of functions is an important concept in
studying the continuity, differentiability, and integrability of its limit function. It is
known that a sequence {f,,} of real-valued functions converges uniformly to a

function f on a set A if and only if lim,,_, ;. M,, = 0, where
M, = sup{|f,,(x) — f(x)|:x € A} forn € N.

Dini’s Theorem [ ] states that a pointwise convergent sequence {f,,} of functions

is also uniformly convergent on A if the following conditions are satisfied:
(DI) A is a compact set in a metric space (X, d);

(D2) each f,, is continuous on A forn € N;

(D3) {f,} is decreasing: 0 < f,41(x) < f,(x) foralln € N and all x € A.

The theorem provides a sufficient condition for f,, = 0 uniformly. Even though a
uniformly convergent sequence of functions is not necessary to satisfy all
conditions (D1) — (D3), Dini’s Theorem motivates us to discuss the following

questions:

« Is the uniform convergence of a sequence of functions on A determined by

that of another sequence of functions satisfying condition (D3)?

« Can we characterize the uniform convergence of a sequence of continuous
functions on a compact set in terms of another pointwise convergent

sequence of functions satisfying conditions (D2) — (D3)?

o What will happen to a uniformly convergent sequence of measurable
functions? Especially to a uniformly convergent sequence of Riemann

integrable functions.




2. UNIFORM CONVERGENCE OF A SEQUENCE OF FUNCTIONS ON A
SET

In this section we begin with characterizing the uniform convergence of a sequence
of functions defined on a set in terms of that of another sequence of functions

satisfying (D3).

Theorem 2.1. Let {f,,} be a sequence of real-valued functions defined on a set 4 in

a metric space (X, d). Then the following statements are equivalent:
(1) f, = 0 uniformly on A.

(i1) There exists a sequence {g,} of functions on A such that g, — 0 uniformly,

|/, (0)] < gn(x), and gy 11 (x) < gp(x) foralln € N and all x € A.

(ii1) There exist a sequence {g,} of functions on A and a sequence {M,} of real
numbers such that limy_, ;o My =0, [f(X)| < gn(x) < My, gni1(x) < gn(x),
and M,,,; < M, foralln € N and all x € A.

(iv) There exists a sequence {M,} of real numbers such that lim,,_, ., M, =0,

|fn(x)| <M, and M,,,; < M, foralln € N and all x € A.
Proof. Since the implications (iii) = (iv) = (i) are obvious, it suffices to show
(i) = (ii) = (iii).
(i) = (ii): Let (i) be true. Then for each € > 0 there exists n. € N such that
|fn(x)] <€ foralln=n.,q.1x € A.
For eachn € N, taking
In(x) =sup{|fn(x):n <me N} forx €A,

we have

()] < gn(x) and g1 (x) < gn(x) foralln € N and all x € A.
In addition, 0 < g, (x) < foralln = n, and all x € A. Thus (ii) follows.

To prove (ii) = (iii), let {g,} be the sequence in (ii). For eachn € N, define

( 1
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M, = sup{|gm(x)in <m € N,x € A}.
Then
()| < gn(x) <M, and M,,,; < M,, foralln € N and all x € A.
For each € > 0, by the uniform convergence g,, — 0, there exists n, € N such that
|lgn(x)| <€ foralln =n_ 421 % € 4.

From this we obtain M,, < for all n > n, and hence lim,,_,, , M,, = 0. So (iii) is

valid.

Corollary 2.2. Let {f,,} be a sequence of measurable real-valued functions on a

closed interval [a, b]. Then the following statements are equivalent:
(i) fn = 0 uniformly on [a, b].

(ii) There exists a sequence {g,} of Lebesgue integrable functions on [a, b] such
that g, — 0 uniformly on [a, b], |f,,(x)| < g,(x), and g,,1(x) < g,(x) for all
n € N and all x € [a, b].




3. UNIFORM CONVERGENCE OF A SEQUENCE OF CONTINUOUS
FUNCTIONS ON A COMPACT SET

To characterize the uniform convergence of a sequence of continuous functions on
a compact set, it is useful to study one property of a uniformly convergent
sequence of functions on a set A. For a uniformly convergent sequence {f,,} on A,

under certain conditions, it can be extended to a uniformly convergent sequence on

the closure AofA.

Lemma 3.1. Suppose that f,, = f uniformly on a set 4 in a metric space (X, d) and

that for each limit point x of A there exists lim.,, f;,, (t), denoted by f,(x), for

eachn € N. Then {f,,} is uniformly convergent on A.

Proof. For any given € > 0, by the uniform convergence of {f,}, there exists

n. € N such that

|fn(®) — fn(®)| < e forallmn=n_,,qat €A

For each x € A \ 4, by taking t — x in the above inequality, we have
() — fn(x)| <€ forallm,n = n,.

This implies that {f,,(x)} is Cauchy and hence converges to a point, denoted by

f(x). Letting m — o0 in the above two inequalities gives
) —f(t)|<e foralln=n_,,qt € A.

This shows that f, = f uniformly on A.

Theorem 3.2. Let {f,} be a sequence of real-valued continuous functions on a

compact set A in a metric space (X,d). Then the following statements are

equivalent:

(1) fn = 0 uniformly on A.

(ii) £, = 0 uniformly on 4.




(iii) There exists a sequence {g,,} of continuous functions on A such that, for each
X €A, 1My i gn (X) =0, /()] < ga(x), and gnys(x) < gn(x) for all

n €N.

(iv) There exists a sequence {g,} of continuous functions on A such that gn— 0

uniformly on 4, |f,(x)| < g,(x), and g,.1(x) < g,(x) for all n € N and all

x EA.

(v) There exists a sequence {g,} of continuous functions on A such that g,, = 0

uniformly, |f,,(x)| < g,(x), and g, 41 (x) < g,,(x) foralln € N and all x € A.

(vi) There exist a sequence {g,} of continuous functions on A and a sequence {M,, }
of real numbers such that lim,_, ., M, =0, |f,(x)| < g,(x) <M, gpt1(x) <
gn(x),and M,,,; < M,, foralln € N and all x € A.

Proof. Since (i) = (ii) is immediate from Lemma 3.1 and the implications
(iv) = (v) and (vi) = (i) are obvious while (v) = (vi) can be obtained as

(ii) = (iii) in Theorem 2.1, we only need to show (ii) = (iii) = (iv).
(ii) = (iii): Let (ii) be true. Then for each € > 0 there exists n. € N such that
If,(x)] <€ foralln > ng 4. % € A.
For eachn € N, taking
gn(x) = sup{ |[fn(x):n <m €N} forx€A4,

we have |f,,(x)] < g,(x) < and g,,,1(x) < g,(x) foralln>n and all x € A.

Thus lim,,_, 4 gn (x) = 0 for x € A.

Next, we prove that each g,, is continuous on A. Let ¢ € A. Then g,(c) = 0. If
gn(c) =0, then g,,(c) = 0 and hence |f;,,(c)| = 0 for all m = n. As we stated

above, for each € > 0 there exists n, = n such that

Ifn(x)] <€ forallx € Aandallm > n..




For each n < m < n,, f,, is continuous at c, so there exists §. > 0 such that
1 OO < Ifn(0)| +e=€ forallx € Awith d(x,c) < 8¢ angan < M < N
Hence
0 < gm(x) — gm(c) < e forallx € Awithd(x,c) <8 _ nqam = n

This shows that g,,, is continuous at ¢ foreachn <m € N.

If g, (c) > 0, then for €, := g”T(C) there exists n, > n such that

Ifn(x)| <€, forallx € Aandalln, <m € N.
From this it follows that g,, (x) < €, for all x € A and all n, < m € N. Thus

gn(c) = max{ |fm(c)|:n =m<n..

Denote I(n) = {m € N: |f,,(c)| = g,(c),n <m < n_.}. Then there exists 5, > 0
such that

2¢; = (O] = € S fn | < |fin(O)] + €. = 4e
for all x € A with d(x, ¢) < &, and all m € I(n). This shows that
In(x) = max{|f,,(x)in<m<n.}forallx € A with d(x,c) < 8,.
Now, for each € € (0, €.), by the continuity of f,,, there exists § € (0, 5.) such that
|fm (O] =€ < |fin (O] < |fin ()] +
for all x € A with d(x,c) <andalln < m < n,. Thus
gn(©) —€ < g,(x) < g,(c) + € forallx € Awithd(x,c) < 8.
This proves that g,, is continuous at c.

(iii) = (iv): Suppose that (iii) is true. For eachn € N, by the continuity of g,, on

the compact set 4, there exists x,, € A such that

Jn (x,) = max{ g, (x): x € A}.




For x € A, since {g,,(x)} is nonincreasing,

gn(xn) = gn(xn+1) = gn+1(xn+1) = 0.

In addition, we must have g,(x,) > 0 as n — +oo0. Otherwise, suppose that
gn(xn) # 0 as n — +oo. Then there exists € > 0 and a subsequence {x, } of

{x,,} such that

€ < gnk(xnk) forallk € N.

Since A is compact, there exists a subsequence {xn, } of {xy,,} and a point x € A
l

such that

Now, since each g, is continuous on 4,

gnk(f) = il—ig-noo Iny (xnki) = liminfi_ ;e gnki (xnkl.) = €.

This contradicts limy_, o gn, (x) = 0. Therefore g, (x,) — 0, which implies

Jn — 0 uniformly on A, and hence (iv) follows.

Example 3.3. Consider the functions f,,(x) = x" on A = (0,1) forn € N.
Since

sup{x™:x € (0,1),n<meN}=1 foralln€eN,
(vi) in Theorem 3.2 is not satisfied, {f;,} is not uniformly convergent on A.

Example 3.4. Recall that, for a Lebesgue integrable function f on [a,b], the

function

F(x) == fxf dt




is continuous on [a, b] [ ]. For a sequence {f,,} of real-valued Lebesgue integrable
functions on [a, b], the uniform convergence of the sequence of functions f;l fal =
0 on [a, b] can be characterized based on Theorem 3.2 just by replacing |f,, (x)]| in

it with f;l fnl. In particular, if also 0 < f;,,,(x) < f,(x) for all n € N and all

x € [a,b], then [ f, - 0 uniformly on [a, b] if [ f, — 0 for each x € [a, b].

Example 3.5. Note that a sequence {f,,} converges uniformly to a function f on A
if and only if (f,, — f) — 0 uniformly on A. If each f,, is continuous on a compact

set, then f is also continuous on it. So, Theorem 3.2 can equivalently be stated by
replacing f,, with f,, — f.

From the proof of (ii) = (iii) in Theorem 3.2 we see that if f,, = 0 uniformly on
[a,b] and all functions f,, are continuous at c¢ € [a, b], then each function g, is
continuous at ¢ € [a, b]. So, if each f,, is Riemann integrable on [a, b], then f,, is
continuous almost everywhere in [a, b] and hence g,, is Riemann integrable since
it is measurable and continuous almost everywhere in [a, b]. Thus, the following

result 1s valid.

Theorem 3.6. Let {f,,} be a sequence of real-valued Riemann integrable functions

on [a, b]. Then the following statements are equivalent:
(1) {fn} converges uniformly to a function f on [a, b].

(ii) There exist a Riemann integrable function f on [a, b] and a sequence {g,,} of
real-valued Riemann integrable functions on [a, b] such that g,, = 0 uniformly on

[a,b], |(fn = )| < gn(x), and gpyq(x) < gp(x) for all n €N and all
x € [a, b].

(iii) There exist a Riemann integrable function f on [a, b], a sequence {g,,} of real-
valued Riemann integrable functions on [a,b], and a sequence {M,} of real
numbers such that lim,_ M, =0, |(f, — )| < gn(x) < M,, gns1(x) <
In(x), and M,, ., < M,, foralln € N and all x € [a, b].




Proof. Since the implication (ii) = (iii) is immediate from Theorem 2.1 and

(iii) = (i) is trivial, it suffices to show (i) = (ii).
(i) = (ii): Foreachn € N, let
D, = {x € [a, b]: f,, — f is not continuous at x}.

As we know, (i) implies that the function f is Riemann integrable on [a, b], so
fn — f is Riemann integrable on [a, b] and hence D,, has measure zero. Thus the

union U, ¢y D, has measure zero.
For each € > 0, by the uniform convergence f,, — f, there exists n. € N such that
|(fn — )(x)| <€ foralln=ng uqa1x € [a, b].
For eachn € N, taking
In(x) = sup{|(f,, — H(xX)|:n <m € N} for x € [a, b],
we have
|(fu = )X)] < gp(x) and g1 (x) < gn(x) < eforalln > n_, 4.1 * € [a,b].

From this we see that g, — 0 uniformly. By definition, the above inequalities
(without €) are also valid for all n < n, and x € [a, b]. In addition, each g,, is
continuous in [a, b] \ (U,ey D) and hence is Riemann integrable on [a, b]. So we
obtain (ii).

For a sequence {f,,} of real-valued Riemann integrable functions on [a,b], if
fn = 0 uniformly on [a, b], then le f| = 0 uniformly on [a, b]. Therefore the

following statements are valid.

Corollary 3.7. Let {f,,} be a sequence of real-valued Riemann integrable functions

on [a, b]. If f, = 0 uniformly on [a, b], then there hold

(i) f;l f»] = 0 uniformly on [a, b];




(i) there exists a sequence {g,} of Riemann integrable functions on [a, b] such

that, for each x € [a, b], lim,,_, ;o fz Ggn = 0,

X X
j ful < j Gn»and gnar (6) < gn(x) foralln € N;
a a

(iii) there exist a sequence {g,} of Riemann integrable functions on [a, b] and a

sequence {M,,} of real numbers such that lim,,_,, ., M,, = 0,

X X
f Ifl < f G < My — @), grsr () < gn(x),and My < M,
a a

foralln € N and all x € [a, b].




4. SOME APPLICATIONS

As the limit function of a sequence of partial sums of functions, the uniform
convergence of a series of functions can similarly be discussed. For a series of
continuous functions on a compact set, we can apply Theorem 3.2 to derive the

following result:

Theorem 4.1. Let {f,,} be a sequence of real-valued continuous functions on a
compact set A in a metric space (X,d). Then the following statements are

equivalent:
(1) X r=1lfx| is uniformly convergent to a function f on A.

(i1) There exists a continuous function f on A such that, for each x € A,

DIl = fGo.
k=1

If also there holds |f,,+1(x)| < |f,,(x)| for all n € N and all x € A, then (i) is

equivalent to
(iii) Forany 1 < q € N and each x € A the series Y vy g | f qk(X)| converges.

Furthermore, if there exists some 1 < g € N such that

lim |fqn+1(x)| < 1

n—-+o |fqn(x)| 5'

then };°_|fi| is uniformly convergent on A.

Proof. Statement (i) is valid if and only if there exists a continuous function f on

A such that g, == f — X2—;|fx| = 0 uniformly on A. It is easy to see that
0 < gns1(x) < g,(x) foralln € N andall x € A.

Thus, by Theorem 3.2, g,, = 0 uniformly on A if and only if, for each x € A,

lim,, 0 gn (x) = 0, that is, (ii) is true.

()




Next, if also there holds |f,41(x)| < |f,,(x)| foralln € N and all x € A, then, by
[ ], (ii) © (iii) and hence (i) & (iii).

Finally, if for some 1 < g € N there holds

lim Vo] <L

n—+oo |fqn(x)| q'

then, by [4, Theorem 3], Y., |fx(x)| is convergent at each x € A. So Y .7~ |fk| is

uniformly convergent to a function f on A.

Example 4.2. Consider the series

(o] (o]
Z fr(x) = Z a,x" forx e [-1,1],
n=1 n=1
where a,, = a,,,1 > 0 for alln € N. If there exists some 1 < g € N such that
_ Agn+1 1
lim < -,
n-+o dgn
then
. |aqn+1an+1| . aqn+1|x|q |x|q 1
lim —— = lim < <- forxe€e[-1,1],
n—+oo |aqnxq | n-o+o  dgn q q

it follows from Theorem 4.1 that Y7, a,,|x|™ is convergent for each x € [—1,1].
By Theorem 4.1, Y7_; a,|x|™ is uniformly convergent on [—1,1]. Therefore

Yome1 Ay x™ is uniformly convergent on [—1,1].

Theorem 4.3. Let A be a subset in a metric space (X,d) andlet f: A —» X be a

continuous mapping. For x € A, denote

fl) =f), ) =f(f"(®), and f,0x0) =d(f"x), " (%))
provided that f*(x) € A forn € N. Then the following statements are equivalent:

(1) There exists a € A such that f(a) = a.




(i1) There exists a nonempty compact set C S A such that f(C) € C and for each

x € C there exists n,, such that (n + 1) f,,41(x) < nf,,(x) foralln = n,.

(iii) There exists a nonempty compact set C S A such that f(C) S C and for each
x € C there exists a strictly increasing nonnegative function g on N such that

lim,,_, ;o g (n) = and for some n, € N there holds

g(n + 1)fn+1(x) = g(n)fn(x) foralln = Ny

(iv) There exists a nonempty compact set C < A such that f(C) € C and f,, = 0

uniformly on C.

(v) There exist a nonempty compact set C S A and a nonincreasing sequence {g,}
of continuous functions on C such that f(C) € C, f,,(x) < g,(x) foralln €N,

and lim,,_,, ,, g, (x) = 0 for each x € C.

(vi) There exist a compact set C S A such that f(C) S C and lim,,_ ;o f;, (x) =0

for some point x in C.

(vii) There exists a compact set C S A such that f(C) S C and for each x € C
with d(x, f (x)) > 0 there exists X € C satisfying d(x, f(x)) < d(x, f(x)).

Proof. The implication (i) = (ii) is immediate by taking C := {a}, (ii) = (iii)
and (v) = (vi) are obvious, and (iv) = (v) is direct from Theorem 3.2, so it

suffices to show that (iii) = (iv), (v) = (vii) = (i), and (vi) = (i).

To show (iii) = (iv), we suppose that (iii) is true. Then, for the compact set C in

(iii) and each x € C, the function g in (iii) satisfies

9 () f, (%)

g(n) and fr1(x) < f(x) foralln =n,.

fa(x) <

It follows that lim,,_, ;o f;, (x) = 0 for x € C. By Theorem 3.2, (iv) is valid.

Next, to prove the implications (v) = (vii) = (i), we suppose that (v) is true.

Then, for each x € C with d(x, f (x)) > 0, there exists n,, € N such that




fu(®) < gn(x) < d(x,f(x)) foralln = n,.

Taking n = n, and X = f™(x), we have d(x, f(x)) = f,(x) < d(x, f(x)), that is,

(vii) is valid.

Now, let (vii) be true. Since the function d(x, f (x)) is continuous on the compact
set C, it attains its minimum at a point a in C. By (vii), we must have

d(a,f(a)) = 0, that is, (i) is true. Therefore (vii) = (i).

Finally, for the compact set C, x € C, and the function f in (vi), we have f™(x) €
C for all n € N, so there exists a subsequence {f™(x)} of {f™(x)} converging to

some a € C. From this we obtain

d(a,f(@) = lim d (™G0, f(f™@)) = Jim fr, () =0.

Thus (vi) = (i) follows.
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