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كر وتقديرشُ   
"الحمد Ϳ الذي علم بالقلم، علم الإنسان ما لم يعلم، والصلاة والسلام على خير من نطق بالضاد وأرشد 

 العباد."
أجد من الواجب والوفاء أن أخط  في ختام هذا المشوار العلمي الذي لم يكن ليتم لولا توفيق الله وتسديده،

 كلمات الشكر لمن كان لهم أثر في استقامة حرفي وإنضاج فكري.
أتقدم بجزيل الشكر والتقدير إلى عمادة كلية التربية للعلوم الصرفة في جامعة بابل، هذا الصرح الذي 

عامر كامل  احتضن طموحي وصقل مواهبي. كما أخص بالشكر والامتنان أستاذي المشرف الفاضل رحاب
الذي منحني من وقته وعلمه الكثير، وكان لتوجيهاته الدقيقة وصبره النبيل الأثر الأكبر في بلوغ هذا البحث 

 تمامه.
وهنا، أقف وقفة تقدير خاصة لأولئك الذين غرسوا فينا "أمانة الحرف"؛ فالعلم ليس مجرد نصوص تجمع، 

أن البحث هو رحلة تواضع أمام بحر المعرفة، وأن  شكرا لكل من علمني يحُرّر.بل هو روح تبنى، وعقل 
 الصادقة في طلب العلا. النياتالرقم في الرياضيات لا يكذب، تماماً كما لا تكذب 

كما يمتد شكري إلى أساتذتي الأجلاء في قسم الرياضيات، الذين لم يبخلوا علينا يوماً بفيض معرفتهم. وإلى 
لي وقوداً في لحظات الفتور، وإلى عائلتي التي لولا دعاؤها ما  كل من ساندني بكلمة تشجيع عابرة كانت

 ثبتت لي قدم.
  ختاماً، أسأل الله أن يجعل هذا العمل لبنة نافعة، وخطوة مباركة في طريق العلم الطويل
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 الإهداء
 إلى منبع الفخر وعمود البيت.. والدي الغالي

لتأمين مستقبلي، إلى من علمني أن الكرامة في العلم، إلى الرجل الذي لم ترهق كاهله السنون وهو يسعى 
وأن النجاح هو أجمل رد للجميل. شكراً لأنك كنت دائماً السند الذي أرتكز عليه كلما مالت بي الأيام، ولأنك 

لم تشكك يوماً في قدراتي. هذا البحث هو ثمرة كفاحك أنت قبل أن يكون تعبي، وأهديه لك وأنا كلي فخر 
 .، راجية من الله أن يديمك تاجاً فوق رأسيبأنني ابنتك

 إلى جنة الأرض وطمأنينة الروح.. أمي الحبيبة
إلى التي كانت صلواتها تسبق خطواتي ودعواتها تفتح لي الأبواب المغلقة. شكراً لأنك كنت تشعرين بضيق 

لي الأمل. إليك يا من صدري من تعب الدراسة قبل أن أتكلم، وتمسحين على قلبي بكلماتك الحنونة التي تعيد 
سهرت بجانبي، وتحملت قلقي وتوتري أهدي هذا النجاح لقلبك الطاهر، وأسأل الله أن يجازيك عني كل 

 .خير، فهذا الإنجاز هو هديتي البسيطة لك
 إلى عزوتي وسندي الذي لا يميل.. إخوتي وأخواتي

 ً بجانبي يشجعونني بكلماتهم البسيطة  إلى الذين تشاركت معهم ضجيج الحياة وهدوءها، الذين كانوا دائما
الصادقة. شكراً لأنكم كنتم تخففون عني ضغط البحوث والالتزامات، ولأن وجودكم في حياتي هو الدافع 

 الأكبر لأكون دائماً الأفضل. أهديكم هذا النجاح لكونكم السند الحقيقي
 ً  .والكتف الذي أستند عليه دائما

 أساتذتي الأفاضل إلى ورثة الأنبياء ومنارة العلم..
إلى كل من علمني حرفاً، وإلى الذين لم يبخلوا علي بتوجيه أو معلومة خلال سنوات دراستي. شكرًا لرحابة 

صدوركم، ولأمانتكم في نقل العلم، ولإيمانكم بنا كجيل صاعد. خصيصاً إلى من أشرف على هذا البحث 
ترام والتقدير، وجعل الله علمكم في ميزان ووجهني بصبر وحكمة حتى خرج بهذا الشكل لكم مني كل الاح

 .حسناتكم
 إلى المحاربة الكامنة في داخلي.. نفسي الصبورة

أهدي هذا البحث لنفسي، لتلك الفتاة التي لم تستسلم رغم لحظات اليأس، وللعقل الذي لم يتوقف عن التفكير 
ن الوصول ممكن مهما طال والبحث والسهر. أهديه لروحي التي قاومت كل الظروف الصعبة، وآمنت بأ

الطريق. اليوم أحتفل بنجاحي وأعاهد نفسي على أن يكون هذا البحث هو مجرد خطوة أولى نحو طموحات 
 .أكبر وأحلام لا سقف لها

 .إلى كل هؤلاء.. أهدي ثمرة تعبي، سائلة المولى عز وجل أن يبارك في هذا العمل ويجعله بداية لكل خير
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Motivated by the foundational principles of Dini's Theorem, this mathematical 
analysis research by Wu (2020) provides a comprehensive framework for 
characterizing the uniform convergence of function sequences. The study 
demonstrates that the uniform convergence of a sequence ௡݂ ⟶ 0 is equivalent to 
the existence of a bounding, decreasing auxiliary sequence ݃௡ that also converges 
uniformly to zero. This core equivalence is rigorously extended to sequences of 
continuous functions defined on compact metric spaces and sequences of Riemann 
integrable functions, where the uniform convergence of the sequence ensures the 
uniform convergence of its integrals. Furthermore, the paper successfully applies 
these theoretical characterizations to establish the uniform convergence of series of 
functions and to derive conditions for the existence of fixed points for continuous 
mappings within metric spaces. 
 
 

Abstract 
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1. INTRODUCTION 
Uniform convergence of a sequence of functions is an important concept in 
studying the continuity, differentiability, and integrability of its limit function. It is 
known that a sequence { ௡݂} of real-valued functions converges uniformly to a 
function ݂ on a set ܣ if and only if lim௡→ାஶ ௡ܯ = 0, where 

௡ܯ ≔ sup{ | ௡݂ሺݔሻ − ݂ሺݔሻ|: ݔ ∈ ݊ for {ܣ ∈ ܰ. 
Dini’s Theorem [    ] states that a pointwise convergent sequence { ௡݂} of functions 
is also uniformly convergent on ܣ if the following conditions are satisfied: 
(D1) ܣ is a compact set in a metric space ሺܺ, ݀ሻ; 
(D2) each ௡݂ is continuous on ܣ for ݊ ∈ ܰ; 
(D3) { ௡݂} is decreasing: 0 ≤ ௡݂ାଵሺݔሻ ≤ ௡݂ሺݔሻ for all ݊ ∈ ܰ and all ݔ ∈  .ܣ
The theorem provides a sufficient condition for ௡݂ → 0 uniformly. Even though a 
uniformly convergent sequence of functions is not necessary to satisfy all 
conditions ሺ1ܦሻ − ሺ3ܦሻ, Dini’s Theorem motivates us to discuss the following 
questions: 

 Is the uniform convergence of a sequence of functions on ܣ determined by 
that of another sequence of functions satisfying condition ሺ3ܦሻ? 

 Can we characterize the uniform convergence of a sequence of continuous 
functions on a compact set in terms of another pointwise convergent 
sequence of functions satisfying conditions ሺ2ܦሻ − ሺ3ܦሻ? 

 What will happen to a uniformly convergent sequence of measurable 
functions? Especially to a uniformly convergent sequence of Riemann 
integrable functions. 
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2. UNIFORM CONVERGENCE OF A SEQUENCE OF FUNCTIONS ON A 
SET 
In this section we begin with characterizing the uniform convergence of a sequence 
of functions defined on a set in terms of that of another sequence of functions 
satisfying ሺ3ܦሻ. 
Theorem 2.1. Let { ௡݂} be a sequence of real-valued functions defined on a set ܣ in 
a metric space ሺܺ, ݀ሻ. Then the following statements are equivalent: 
(i) ௡݂ → 0 uniformly on ܣ. 
(ii) There exists a sequence {݃௡} of functions on ܣ such that ݃௡ → 0 uniformly, 
| ௡݂ሺݔሻ| ≤ ݃௡ሺݔሻ, and ݃௡ାଵሺݔሻ ≤ ݃௡ሺݔሻ for all ݊ ∈ ܰ and all ݔ ∈  .ܣ
(iii) There exist a sequence {݃௡} of functions on ܣ and a sequence {ܯ௡} of real 
numbers such that lim௡→ାஶ ௡ܯ = 0, | ௡݂ሺݔሻ| ≤ ݃௡ሺݔሻ ≤ ሻݔ௡, ݃௡ାଵሺܯ ≤ ݃௡ሺݔሻ, 
and ܯ௡ାଵ ≤ ∋ ݊ ௡ for allܯ ܰ and all ݔ ∈  .ܣ
(iv) There exists a sequence {ܯ௡} of real numbers such that lim௡→ାஶ ௡ܯ = 0, 
| ௡݂ሺݔሻ| ≤ ௡ାଵܯ ௡, andܯ ≤ ∋ ݊ ௡ for allܯ ܰ and all ݔ ∈  .ܣ
Proof. Since the implications ሺ݅݅݅ሻ ⇒ ሺ݅ݒሻ ⇒ ሺ݅ሻ are obvious, it suffices to show 
ሺ݅ሻ ⇒ ሺ݅݅ሻ ⇒ ሺ݅݅݅ሻ. 
ሺ݅ሻ ⇒ ሺ݅݅ሻ: Let ሺ݅ሻ be true. Then for each ϵ >  0 there exists ݊஫ ∈ ܰ such that 

| ௡݂ሺݔሻ| ≤ ϵ for all ݊ ≥ ݊஫ and all ݔ ∈  .ܣ
For each ݊ ∈ ܰ, taking 

݃௡ሺݔሻ ≔ sup{ | ௠݂ሺݔሻ|: ݊ ≤ ݉ ∈ ܰ} for ݔ ∈  ,ܣ
we have 

| ௡݂ሺݔሻ| ≤ ݃௡ሺݔሻ and ݃௡ାଵሺݔሻ ≤ ݃௡ሺݔሻ for all ݊ ∈ ܰ and all ݔ ∈  .ܣ
In addition, 0 ≤ ݃௡ሺݔሻ ≤ for all ݊ ≥ ݊ఢ and all ݔ ∈  .Thus ሺ݅݅ሻ follows .ܣ
To prove ሺ݅݅ሻ ⇒ ሺ݅݅݅ሻ, let {݃௡} be the sequence in ሺ݅݅ሻ. For each ݊ ∈ ܰ, define 
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௡ܯ ≔ sup{ |݃௠ሺݔሻ|: ݊ ≤ ݉ ∈ ܰ, ݔ ∈  .{ܣ
Then 

| ௡݂ሺݔሻ| ≤ ݃௡ሺݔሻ ≤ ௡ାଵܯ ௡ andܯ ≤ ݊ ௡ for allܯ ∈ ܰ and all ݔ ∈  .ܣ
For each ϵ >  0, by the uniform convergence ݃௡ → 0, there exists ݊஫ ∈ ܰ such that 

|݃௡ሺݔሻ| ≤ ϵ for all ݊ ≥ ݊஫ and all ݔ ∈  .ܣ
From this we obtain ܯ௡ ≤ for all ݊ ≥ ݊ఢ and hence lim௡→ାஶ ௡ܯ = 0. So ሺ݅݅݅ሻ is 
valid.  
Corollary 2.2. Let { ௡݂} be a sequence of measurable real-valued functions on a 
closed interval ሾܽ, ܾሿ. Then the following statements are equivalent: 
(i) ௡݂ → 0 uniformly on ሾܽ, ܾሿ. 
(ii) There exists a sequence {݃௡} of Lebesgue integrable functions on ሾܽ, ܾሿ such 
that ݃௡ → 0 uniformly on ሾܽ, ܾሿ, | ௡݂ሺݔሻ| ≤ ݃௡ሺݔሻ, and ݃௡ାଵሺݔሻ ≤ ݃௡ሺݔሻ for all 
݊ ∈ ܰ and all ݔ ∈ ሾܽ, ܾሿ. 
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3. UNIFORM CONVERGENCE OF A SEQUENCE OF CONTINUOUS 
FUNCTIONS ON A COMPACT SET 
To characterize the uniform convergence of a sequence of continuous functions on 
a compact set, it is useful to study one property of a uniformly convergent 
sequence of functions on a set ܣ. For a uniformly convergent sequence { ௡݂} on ܣ, 
under certain conditions, it can be extended to a uniformly convergent sequence on 
the closure ܣ݂݋ܣ. 
Lemma 3.1. Suppose that ௡݂ → ݂ uniformly on a set ܣ in a metric space ሺܺ, ݀ሻ and 
that for each limit point ݔ of ܣ there exists lim௧→௫ ௡݂ ሺݐሻ, denoted by ௡݂ሺݔሻ, for 
each ݊ ∈ ܰ. Then { ௡݂} is uniformly convergent on ܣ. 
Proof. For any given ϵ >  0, by the uniform convergence of { ௡݂}, there exists 
݊஫ ∈ ܰ such that 

| ௡݂ሺݐሻ − ௠݂ሺݐሻ| ≤ ϵ for all ݉, ݊ ≥ ݊஫ and all ݐ ∈  .ܣ
For each ݔ ∈ ܣ ∖ → ݐ by taking ,ܣ  in the above inequality, we have ݔ

| ௡݂ሺݔሻ − ௠݂ሺݔሻ| ≤ ϵ for all ݉, ݊ ≥ ݊஫. 
This implies that { ௡݂ሺݔሻ} is Cauchy and hence converges to a point, denoted by 
݂ሺݔሻ. Letting ݉ → +∞ in the above two inequalities gives 

| ௡݂ሺݐሻ − ݂ሺݐሻ| ≤ ϵ for all ݊ ≥ ݊஫ and ݐ ∈  .ܣ
This shows that ௡݂ → ݂ uniformly on ܣ.  
Theorem 3.2. Let { ௡݂} be a sequence of real-valued continuous functions on a 
compact set ܣ in a metric space ሺܺ, ݀ሻ. Then the following statements are 
equivalent: 
(i) ௡݂ → 0 uniformly on ܣ. 
(ii) ௡݂ → 0 uniformly on ܣ. 
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(iii) There exists a sequence {݃௡} of continuous functions on ܣ such that, for each 
ݔ ∈ lim௡→ାஶ ,ܣ ݃௡ ሺݔሻ = 0, | ௡݂ሺݔሻ| ≤ ݃௡ሺݔሻ, and ݃௡ାଵሺݔሻ ≤ ݃௡ሺݔሻ for all 
݊ ∈ ܰ. 
(iv) There exists a sequence {݃௡} of continuous functions on ܣ such that ݃௡ → 0 
uniformly on ܣ, | ௡݂ሺݔሻ| ≤ ݃௡ሺݔሻ, and ݃௡ାଵሺݔሻ ≤ ݃௡ሺݔሻ for all ݊ ∈ ܰ and all 
ݔ ∈  .ܣ
(v) There exists a sequence {݃௡} of continuous functions on ܣ such that ݃௡ → 0 
uniformly, | ௡݂ሺݔሻ| ≤ ݃௡ሺݔሻ, and ݃௡ାଵሺݔሻ ≤ ݃௡ሺݔሻ for all ݊ ∈ ܰ and all ݔ ∈  .ܣ
(vi) There exist a sequence {݃௡} of continuous functions on ܣ and a sequence {ܯ௡} 
of real numbers such that lim௡→ାஶ ௡ܯ = 0, | ௡݂ሺݔሻ| ≤ ݃௡ሺݔሻ ≤ ሻݔ௡, ݃௡ାଵሺܯ ≤
݃௡ሺݔሻ, and ܯ௡ାଵ ≤ ∋ ݊ ௡ for allܯ ܰ and all ݔ ∈  .ܣ
Proof. Since ሺ݅ሻ ⇒ ሺ݅݅ሻ is immediate from Lemma 3.1 and the implications 
ሺ݅ݒሻ ⇒ ሺݒሻ and ሺ݅ݒሻ ⇒ ሺ݅ሻ are obvious while ሺݒሻ ⇒ ሺ݅ݒሻ can be obtained as 
ሺ݅݅ሻ ⇒ ሺ݅݅݅ሻ in Theorem 2.1, we only need to show ሺ݅݅ሻ ⇒ ሺ݅݅݅ሻ ⇒ ሺ݅ݒሻ. 
ሺ݅݅ሻ ⇒ ሺ݅݅݅ሻ: Let ሺ݅݅ሻ be true. Then for each ϵ >  0 there exists ݊஫ ∈ ܰ such that 

| ௡݂ሺݔሻ| ≤ ϵ for all ݊ ≥ ݊஫ and all ݔ ∈  .ܣ
For each ݊ ∈ ܰ, taking 

݃௡ሺݔሻ ≔ sup{ | ௠݂ሺݔሻ|: ݊ ≤ ݉ ∈ ܰ} for ݔ ∈  ,ܣ
we have | ௡݂ሺݔሻ| ≤ ݃௡ሺݔሻ ≤ and ݃௡ାଵሺݔሻ ≤ ݃௡ሺݔሻ for all ݊ ≥ ݊  and all ݔ ∈  .ܣ
Thus lim௡→ାஶ ݃௡ ሺݔሻ = 0 for ݔ ∈  .ܣ
Next, we prove that each ݃௡ is continuous on ܣ. Let ܿ ∈ Then ݃௡ሺܿሻ .ܣ ≥ 0. If 
݃௡ሺܿሻ = 0, then ݃௠ሺܿሻ = 0 and hence | ௠݂ሺܿሻ| = 0 for all ݉ ≥ ݊. As we stated 
above, for each ϵ >  0 there exists ݊஫ ≥ ݊ such that 

| ௠݂ሺݔሻ| ≤ ϵ for all ݔ ∈ ݉ and all ܣ ≥ ݊஫. 
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For each ݊ ≤ ݉ < ݊ఢ, ௠݂ is continuous at ܿ, so there exists δ஫ > 0 such that 
| ௠݂ሺݔሻ| ≤ | ௠݂ሺܿሻ| + ϵ = ϵ for all ݔ ∈ ,ݔwith ݀ሺ ܣ ܿሻ < δ஫ and all ݊ ≤ ݉ < ݊஫. 

Hence 
0 ≤ ݃௠ሺݔሻ − ݃௠ሺܿሻ ≤ ϵ for all ݔ ∈ ,ݔwith ݀ሺ ܣ ܿሻ < δ஫ and all ݉ ≥ ݊. 

This shows that ݃௠ is continuous at ܿ for each ݊ ≤ ݉ ∈ ܰ. 
If ݃௡ሺܿሻ > 0, then for ϵ௖ ≔ ௚೙ሺ௖ሻ

ଷ  there exists  ݊௖ > ݊  such that 
| ௠݂ሺݔሻ| ≤ ϵ௖ for all ݔ ∈ and all ݊௖ ܣ ≤ ݉ ∈ ܰ. 

From this it follows that ݃௠ሺݔሻ ≤ ϵ௖ for all ݔ ∈ and all ݊௖ ܣ ≤ ݉ ∈ ܰ. Thus 
݃௡ሺܿሻ = max{ | ௠݂ሺܿሻ|: ݊ ≤ ݉ < ݊௖}. 

Denote ܫሺ݊ሻ = {݉ ∈ ܰ: | ௠݂ሺܿሻ| = ݃௡ሺܿሻ, ݊ ≤ ݉ < ݊௖}. Then there exists δ௖ > 0 
such that 

2ϵ௖ = | ௠݂ሺܿሻ| − ϵ௖ ≤ | ௠݂ሺݔሻ| ≤ | ௠݂ሺܿሻ| + ϵ௖ = 4ϵ௖ 
for all ݔ ∈ ,ݔwith ݀ሺ ܣ ܿሻ < δ௖ and all ݉ ∈  ሺ݊ሻ. This shows thatܫ

݃௡ሺݔሻ = max{ | ௠݂ሺݔሻ|: ݊ ≤ ݉ < ݊௖} for all ݔ ∈ ,ݔwith ݀ሺ ܣ ܿሻ < δ௖ . 
Now, for each ϵ ∈ ሺ0, ϵ௖ሻ, by the continuity of ௠݂, there exists δ ∈ ሺ0, δ௖ሻ such that 

| ௠݂ሺܿሻ| − ϵ ≤ | ௠݂ሺݔሻ| ≤ | ௠݂ሺܿሻ| + 
for all ݔ ∈ ,ݔwith ݀ሺ ܣ ܿሻ < and all ݊ ≤ ݉ < ݊௖. Thus 

݃௡ሺܿሻ − ϵ ≤ ݃௡ሺݔሻ ≤ ݃௡ሺܿሻ + ϵ for all ݔ ∈ ,ݔwith ݀ሺ ܣ ܿሻ < δ. 
This proves that ݃௡ is continuous at ܿ. 
ሺ݅݅݅ሻ ⇒ ሺ݅ݒሻ: Suppose that ሺ݅݅݅ሻ is true. For each ݊ ∈ ܰ, by the continuity of ݃௡ on 
the compact set ܣ, there exists ݔ௡ ∈  such that ܣ

݃௡ሺݔ௡ሻ = max{ ݃௡ሺݔሻ: ݔ ∈  .{ܣ
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For ݔ ∈  ,is nonincreasing {ሻݔ௡ሺ݃} since ,ܣ
݃௡ሺݔ௡ሻ ≥ ݃௡ሺݔ௡ାଵሻ ≥ ݃௡ାଵሺݔ௡ାଵሻ ≥ 0. 

In addition, we must have ݃௡ሺݔ௡ሻ → 0 as ݊ → +∞. Otherwise, suppose that 
݃௡ሺݔ௡ሻ ↛ 0 as ݊ → +∞. Then there exists ϵ଴ > 0 and a subsequence {ݔ௡ೖ} of 
 such that {௡ݔ}

ϵ଴ < ݃௡ೖ൫ݔ௡ೖ൯ for all ݇ ∈ ܰ. 
Since ܣ is compact, there exists a subsequence {ݔ௡ೖ೔ } of {ݔ௡ೖ} and a point ݔ ∈  ܣ
such that 

lim௜→ାஶ ௡ೖ೔ݔ =  .ݔ
Now, since each ݃௡ೖ is continuous on ܣ, 

݃௡ೖሺݔሻ = lim௜→ାஶ ݃௡ೖ ቀݔ௡ೖ೔ ቁ ≥ ݈݅݉ ݅݊ ௜݂→ାஶ ݃௡ೖ೔ ቀݔ௡ೖ೔ቁ ≥ ϵ଴. 
This contradicts lim௞→ାஶ ݃௡ೖ ሺݔሻ = 0. Therefore ݃௡ሺݔ௡ሻ → 0, which implies 
݃௡ → 0 uniformly on ܣ, and hence ሺ݅ݒሻ follows.  
 
Example 3.3. Consider the functions ௡݂ሺݔሻ = ܣ ௡ onݔ = ሺ0,1ሻ for ݊ ∈ ܰ. 
Since 

sup{ :௠ݔ ݔ ∈ ሺ0,1ሻ, ݊ ≤ ݉ ∈ ܰ} = 1 for all ݊ ∈ ܰ, 
ሺ݅ݒሻ in Theorem 3.2 is not satisfied, { ௡݂} is not uniformly convergent on ܣ. 
Example 3.4. Recall that, for a Lebesgue integrable function ݂ on ሾܽ, ܾሿ, the 
function 

ሻݔሺܨ ≔ න ݂௫
௔

 ݐ݀ 
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is continuous on ሾܽ, ܾሿ [   ]. For a sequence { ௡݂} of real-valued Lebesgue integrable 
functions on ሾܽ, ܾሿ, the uniform convergence of the sequence of functions ׬ | ௡݂|௫

௔ →
0 on ሾܽ, ܾሿ can be characterized based on Theorem 3.2 just by replacing | ௡݂ሺݔሻ| in 
it with ׬ | ௡݂|௫

௔ . In particular, if also 0 ≤ ௡݂ାଵሺݔሻ ≤ ௡݂ሺݔሻ for all ݊ ∈ ܰ and all 
ݔ ∈ ሾܽ, ܾሿ, then ׬ ௡݂௫

௔ → 0 uniformly on ሾܽ, ܾሿ if ׬ ௡݂௫
௔ → 0 for each ݔ ∈ ሾܽ, ܾሿ. 

Example 3.5. Note that a sequence { ௡݂} converges uniformly to a function ݂ on ܣ 
if and only if ሺ ௡݂ − ݂ሻ → 0 uniformly on ܣ. If each ௡݂ is continuous on a compact 
set, then ݂ is also continuous on it. So, Theorem 3.2 can equivalently be stated by 
replacing ௡݂ with ௡݂ − ݂. 
From the proof of ሺ݅݅ሻ ⇒ ሺ݅݅݅ሻ in Theorem 3.2 we see that if ௡݂ → 0 uniformly on 
ሾܽ, ܾሿ and all functions ௡݂ are continuous at ܿ ∈ ሾܽ, ܾሿ, then each function ݃௡ is 
continuous at ܿ ∈ ሾܽ, ܾሿ. So, if each ௡݂ is Riemann integrable on ሾܽ, ܾሿ, then ௡݂ is 
continuous almost everywhere in ሾܽ, ܾሿ and hence ݃௡ is Riemann integrable since 
it is measurable and continuous almost everywhere in ሾܽ, ܾሿ. Thus, the following 
result is valid. 
Theorem 3.6. Let { ௡݂} be a sequence of real-valued Riemann integrable functions 
on ሾܽ, ܾሿ. Then the following statements are equivalent: 
(i) { ௡݂} converges uniformly to a function ݂ on ሾܽ, ܾሿ. 
(ii) There exist a Riemann integrable function ݂ on ሾܽ, ܾሿ and a sequence {݃௡} of 
real-valued Riemann integrable functions on ሾܽ, ܾሿ such that ݃௡ → 0 uniformly on 
ሾܽ, ܾሿ, |ሺ ௡݂ − ݂ሻሺݔሻ| ≤ ݃௡ሺݔሻ, and ݃௡ାଵሺݔሻ ≤ ݃௡ሺݔሻ for all ݊ ∈ ܰ and all 
ݔ ∈ ሾܽ, ܾሿ. 
(iii) There exist a Riemann integrable function ݂ on ሾܽ, ܾሿ, a sequence {݃௡} of real-
valued Riemann integrable functions on ሾܽ, ܾሿ, and a sequence {ܯ௡} of real 
numbers such that lim௡→ାஶ ௡ܯ = 0, |ሺ ௡݂ − ݂ሻሺݔሻ| ≤ ݃௡ሺݔሻ ≤ ሻݔ௡, ݃௡ାଵሺܯ ≤
݃௡ሺݔሻ, and ܯ௡ାଵ ≤ ∋ ݊ ௡ for allܯ ܰ and all ݔ ∈ ሾܽ, ܾሿ. 
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Proof. Since the implication ሺ݅݅ሻ ⇒ ሺ݅݅݅ሻ is immediate from Theorem 2.1 and 
ሺ݅݅݅ሻ ⇒ ሺ݅ሻ is trivial, it suffices to show ሺ݅ሻ ⇒ ሺ݅݅ሻ. 
ሺ݅ሻ ⇒ ሺ݅݅ሻ: For each ݊ ∈ ܰ, let 

௡ܦ ≔ ݔ} ∈ ሾܽ, ܾሿ: ௡݂ − ݂ is not continuous at ݔ}. 
As we know, ሺ݅ሻ implies that the function ݂ is Riemann integrable on ሾܽ, ܾሿ, so 

௡݂ − ݂ is Riemann integrable on ሾܽ, ܾሿ and hence ܦ௡ has measure zero. Thus the 
union ∪௡∈ே  .௡ has measure zeroܦ
For each ϵ >  0, by the uniform convergence ௡݂ → ݂, there exists ݊஫ ∈ ܰ such that 

|ሺ ௡݂ − ݂ሻሺݔሻ| ≤ ϵ for all ݊ ≥ ݊஫ and all ݔ ∈ ሾܽ, ܾሿ. 
For each ݊ ∈ ܰ, taking 

݃௡ሺݔሻ ≔ sup{ |ሺ ௠݂ − ݂ሻሺݔሻ|: ݊ ≤ ݉ ∈ ܰ} for ݔ ∈ ሾܽ, ܾሿ, 
we have 
|ሺ ௡݂ − ݂ሻሺݔሻ| ≤ ݃௡ሺݔሻ and ݃௡ାଵሺݔሻ ≤ ݃௡ሺݔሻ ≤ ϵ for all ݊ ≥ ݊஫ and all ݔ ∈ ሾܽ, ܾሿ. 
From this we see that ݃௡ → 0 uniformly. By definition, the above inequalities 
(without ϵ) are also valid for all ݊ < ݊ఢ  and ݔ ∈ ሾܽ, ܾሿ. In addition, each ݃௡ is 
continuous in ሾܽ, ܾሿ ∖ ሺ∪௡∈ே ,௡ሻ and hence is Riemann integrable on ሾܽܦ ܾሿ. So we 
obtain ሺ݅݅ሻ.  
For a sequence { ௡݂} of real-valued Riemann integrable functions on ሾܽ, ܾሿ, if 

௡݂ → 0 uniformly on ሾܽ, ܾሿ, then ׬ | ௡݂|௫
௔ → 0 uniformly on ሾܽ, ܾሿ. Therefore the 

following statements are valid. 
Corollary 3.7. Let { ௡݂} be a sequence of real-valued Riemann integrable functions 
on ሾܽ, ܾሿ. If ௡݂ → 0 uniformly on ሾܽ, ܾሿ, then there hold 
(i) ׬ | ௡݂|௫

௔ → 0 uniformly on ሾܽ, ܾሿ; 
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(ii) there exists a sequence {݃௡} of Riemann integrable functions on ሾܽ, ܾሿ such 
that, for each ݔ ∈ ሾܽ, ܾሿ, lim௡→ାஶ ׬ ݃௡௫

௔ = 0, 

න | ௡݂|௫
௔

≤ න ݃௡
௫

௔
, and ݃௡ାଵሺݔሻ ≤ ݃௡ሺݔሻ for all ݊ ∈ ܰ; 

(iii) there exist a sequence {݃௡} of Riemann integrable functions on ሾܽ, ܾሿ and a 
sequence {ܯ௡} of real numbers such that lim௡→ାஶ ௡ܯ = 0, 

න | ௡݂|௫
௔

≤ න ݃௡
௫

௔
≤ ݔ௡ሺܯ − ܽሻ, ݃௡ାଵሺݔሻ ≤ ݃௡ሺݔሻ,and ܯ௡ାଵ ≤  ௡ܯ

for all ݊ ∈ ܰ and all ݔ ∈ ሾܽ, ܾሿ. 
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4. SOME APPLICATIONS 
As the limit function of a sequence of partial sums of functions, the uniform 
convergence of a series of functions can similarly be discussed. For a series of 
continuous functions on a compact set, we can apply Theorem 3.2 to derive the 
following result: 
Theorem 4.1. Let { ௡݂} be a sequence of real-valued continuous functions on a 
compact set ܣ in a metric space ሺܺ, ݀ሻ. Then the following statements are 
equivalent: 
(i) ∑ | ௞݂|ஶ௞ୀଵ  is uniformly convergent to a function ݂ on ܣ. 
(ii) There exists a continuous function ݂ on ܣ such that, for each ݔ ∈  ,ܣ

෍| ௞݂ሺݔሻ|
ஶ

௞ୀଵ
= ݂ሺݔሻ. 

If also there holds | ௡݂ାଵሺݔሻ| ≤ | ௡݂ሺݔሻ| for all ݊ ∈ ܰ and all ݔ ∈  then (i) is ,ܣ
equivalent to 
(iii) For any 1 < ∋ ݍ  ܰ and each ݔ ∈ ∑ the series ܣ ሻหஶ௞ୀଵݔ௞ห݂௤ೖሺݍ  converges. 
Furthermore, if there exists some 1 < ∋ ݍ  ܰ such that 

lim௡→ାஶ
ห݂௤೙శభሺݔሻห

ห ௤݂೙ሺݔሻห < 1
 ,ݍ

then ∑ | ௞݂|ஶ௞ୀଵ  is uniformly convergent on ܣ. 
 
Proof. Statement ሺ݅ሻ is valid if and only if there exists a continuous function ݂ on 
such that ݃௡ ܣ ≔ ݂ − ∑ | ௞݂|௡௞ୀଵ → 0 uniformly on ܣ. It is easy to see that 

0 ≤ ݃௡ାଵሺݔሻ ≤ ݃௡ሺݔሻ for all ݊ ∈ ܰ and all ݔ ∈  .ܣ
Thus, by Theorem 3.2, ݃௡ → 0 uniformly on ܣ if and only if, for each ݔ ∈  ,ܣ
lim௡→ାஶ ݃௡ ሺݔሻ = 0, that is, ሺ݅݅ሻ is true. 
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Next, if also there holds | ௡݂ାଵሺݔሻ| ≤ | ௡݂ሺݔሻ| for all ݊ ∈ ܰ and all ݔ ∈  then, by ,ܣ
[    ], ሺ݅݅ሻ ⇔ ሺ݅݅݅ሻ and hence ሺ݅ሻ ⇔ ሺ݅݅݅ሻ. 
Finally, if for some 1 < ∋ ݍ  ܰ there holds 

lim௡→ାஶ
ห݂௤೙శభሺݔሻห

ห ௤݂೙ሺݔሻห < 1
 ,ݍ

then, by [4, Theorem 3], ∑ | ௞݂ሺݔሻ|ஶ௞ୀଵ  is convergent at each ݔ ∈ ∑ So .ܣ | ௞݂|ஶ௞ୀଵ  is 
uniformly convergent to a function ݂ on ܣ. 
Example 4.2. Consider the series 

෍ ௡݂ሺݔሻ
ஶ

௡ୀଵ
= ෍ ܽ௡ݔ௡

ஶ

௡ୀଵ
 for ݔ ∈ ሾ−1,1ሿ, 

where ܽ௡ ≥ ܽ௡ାଵ > 0 for all ݊ ∈ ܰ. If there exists some 1 < ∋ ݍ  ܰ such that 

lim௡→ାஶ
ܽ௤೙శభ
ܽ௤೙ < 1

 ,ݍ

then 

lim௡→ାஶ
หܽ௤೙శభݔ௤೙శభห

หܽ௤೙ݔ௤೙ห = lim௡→ାஶ
ܽ௤೙శభ|ݔ|௤

ܽ௤೙ < ௤|ݔ|
ݍ ≤ 1

ݍ  for ݔ ∈ ሾ−1,1ሿ, 

it follows from Theorem 4.1 that ∑ ܽ௡|ݔ|௡ஶ௡ୀଵ  is convergent for each ݔ ∈ ሾ−1,1ሿ. 
By Theorem 4.1, ∑ ܽ௡|ݔ|௡ஶ௡ୀଵ  is uniformly convergent on ሾ−1,1ሿ. Therefore 
∑ ܽ௡ݔ௡ஶ௡ୀଵ  is uniformly convergent on ሾ−1,1ሿ. 
Theorem 4.3. Let ܣ be a subset in a metric space ሺܺ, ݀ሻ and let ݂ ∶ → ܣ  ܺ be a 
continuous mapping. For ݔ ∈  denote ,ܣ

݂ଵሺݔሻ ≔ ݂ሺݔሻ, ݂௡ାଵሺݔሻ ≔ ݂൫݂௡ሺݔሻ൯,  and  ௡݂ሺݔሻ ≔ ݀൫݂௡ሺݔሻ, ݂௡ାଵሺݔሻ൯ 
provided that ݂௡ሺݔሻ ∈ ∋ ݊ for ܣ ܰ. Then the following statements are equivalent: 
(i) There exists ܽ ∈ such that ݂ሺܽሻ ܣ = ܽ. 
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(ii) There exists a nonempty compact set ܥ ⊆ ሻܥsuch that ݂ሺ ܣ ⊆  and for each ܥ
∋ ݔ there exists ݊௫ such that ሺ݊ ܥ + 1ሻ ௡݂ାଵሺݔሻ ≤ ݊ ௡݂ሺݔሻ for all ݊ ≥ ݊௫. 
(iii) There exists a nonempty compact set ܥ ⊆ ሻܥsuch that ݂ሺ ܣ ⊆  and for each ܥ
∋ ݔ  there exists a strictly increasing nonnegative function ݃ on ܰ such that ܥ
lim௡→ାஶ ݃ ሺ݊ሻ = and for some ݊௫ ∈ ܰ there holds 

݃ሺ݊ + 1ሻ ௡݂ାଵሺݔሻ ≤ ݃ሺ݊ሻ ௡݂ሺݔሻ for all ݊ ≥ ݊௫ . 
(iv) There exists a nonempty compact set ܥ ⊆ ሻܥsuch that ݂ሺ ܣ ⊆ and ௡݂ ܥ → 0 
uniformly on ܥ. 
(v) There exist a nonempty compact set ܥ ⊆  and a nonincreasing sequence {݃௡} ܣ
of continuous functions on ܥ such that ݂ሺܥሻ ⊆ ሻݔ௡݂ሺ ,ܥ ≤ ݃௡ሺݔሻ for all ݊ ∈ ܰ, 
and lim௡→ାஶ ݃௡ ሺݔሻ = 0 for each ݔ ∈  .ܥ
(vi) There exist a compact set ܥ ⊆ ሻܥsuch that ݂ሺ ܣ ⊆ and lim௡→ାஶ ܥ ௡݂ ሺݔሻ = 0 
for some point ݔ in ܥ. 
(vii) There exists a compact set ܥ ⊆ ሻܥsuch that ݂ሺ ܣ ⊆ ∋ ݔ and for each ܥ  ܥ
with ݀൫ݔ, ݂ሺݔሻ൯ > 0 there exists ݔ ∈ ,ݔsatisfying ݀൫ ܥ ݂ሺݔሻ൯ < ݀൫ݔ, ݂ሺݔሻ൯. 
Proof. The implication ሺ݅ሻ ⇒ ሺ݅݅ሻ is immediate by taking ܥ ≔  {ܽ}, ሺ݅݅ሻ ⇒ ሺ݅݅݅ሻ 
and ሺݒሻ ⇒ ሺ݅ݒሻ are obvious, and ሺ݅ݒሻ ⇒ ሺݒሻ is direct from Theorem 3.2, so it 
suffices to show that ሺ݅݅݅ሻ ⇒ ሺ݅ݒሻ, ሺݒሻ ⇒ ሺ݅݅ݒሻ ⇒ ሺ݅ሻ, and ሺ݅ݒሻ ⇒ ሺ݅ሻ. 
To show ሺ݅݅݅ሻ ⇒ ሺ݅ݒሻ, we suppose that ሺ݅݅݅ሻ is true. Then, for the compact set ܥ in 
ሺ݅݅݅ሻ and each ݔ ∈  the function ݃ in ሺ݅݅݅ሻ satisfies ,ܥ

௡݂ሺݔሻ ≤ ݃ሺ݊௫ሻ ௡݂ೣሺݔሻ
݃ሺ݊ሻ  and  ௡݂ାଵሺݔሻ ≤ ௡݂ሺݔሻ for all ݊ ≥ ݊௫ . 

It follows that lim௡→ାஶ ௡݂ ሺݔሻ = 0 for ݔ ∈  .ሻ is validݒBy Theorem 3.2, ሺ݅ .ܥ
Next, to prove the implications ሺݒሻ ⇒ ሺ݅݅ݒሻ ⇒ ሺ݅ሻ, we suppose that ሺݒሻ is true. 
Then, for each ݔ ∈ ,ݔwith ݀൫ ܥ ݂ሺݔሻ൯ > 0, there exists ݊௫ ∈ ܰ such that 
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௡݂ሺݔሻ ≤ ݃௡ሺݔሻ < ݀൫ݔ, ݂ሺݔሻ൯ for all ݊ ≥ ݊௫ . 
Taking ݊ = ݊௫ and ݔ = ݂௡ሺݔሻ, we have ݀൫ݔ, ݂ሺݔሻ൯ = ௡݂ሺݔሻ < ݀൫ݔ, ݂ሺݔሻ൯, that is, 
ሺ݅݅ݒሻ is valid. 
Now, let ሺ݅݅ݒሻ be true. Since the function ݀൫ݔ, ݂ሺݔሻ൯ is continuous on the compact 
set ܥ, it attains its minimum at a point ܽ in ܥ. By ሺ݅݅ݒሻ, we must have 
݀൫ܽ, ݂ሺܽሻ൯ = 0, that is, ሺ݅ሻ is true. Therefore ሺ݅݅ݒሻ ⇒ ሺ݅ሻ. 
Finally, for the compact set ݔ ,ܥ ∈ ሻݔሻ, we have ݂௡ሺ݅ݒand the function ݂ in ሺ ,ܥ ∈
∋ ݊ for all ܥ ܰ, so there exists a subsequence {݂௡ೖሺݔሻ} of {݂௡ሺݔሻ} converging to 
some ܽ ∈  From this we obtain .ܥ

݀൫ܽ, ݂ሺܽሻ൯ = lim௞→ାஶ ݀ ቀ݂௡ೖሺݔሻ, ݂൫݂௡ೖሺݔሻ൯ቁ = lim௞→ାஶ ௡݂ೖ ሺݔሻ = 0. 
Thus ሺ݅ݒሻ ⇒ ሺ݅ሻ follows.  
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