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 بسم الله الزحمه الزحيم
 

ضلِْهِ ويَسَْتَبشْزِوُنَ  }
 مِه فَ

بِالَّذيِهَ لَمْ يلَحْقَىُا بهِِم مِّهْ خلَفْهِِمْ ألَََّّ فَزحِيِنَ بمَِا آتَاهُمُ اللَّهُ
 خىَْفٌ علََيْهِمْ ولَََّ هُمْ يحَزَْوُىنَ{

 

 

 

 صدق الله العظيم

 [071سىرة آل عمزان: ]
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 الَّهداء
 

  إنى يٍ قال:

ضغَ فٍّ إلا ٔػاءَ انؼهىِ فئَّ ٌرَّسِغ» ُٔ  «.كمُّ ٔػاءٍ ٌضٍقُ تًا 

ٍِ أتً … انؼهى، ٔيُاسِ انثلاغح، ٔيلارِ انساػٍٍ إنى انحقٍقحإنى تابِ يذٌُحِ  ِ ت ًّ أيٍشِ انًؤيٍٍُ ػه

 طانة )ػهٍّ انسلاو(.

 أُْذي ثًشجَ ْزا انجٓذِ انًرٕاضغ؛ ٔيٍ تؼذِ إنى يٍ ساسٔا ػهى َٓجّ فً انؼطاء:

 ٔانذَيَّ انؼضٌضٌٍ، ٔأساذزذً الأفاضم
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  الشكز والتقديز

 

 

 فً انسًأاخِ ٔيا فً الأسض، ْٕٔ انحكٍىُ انخثٍش.انحًذُ للهِ انزي نّ يا 

 ٔانصلاجُ ٔانسلاوُ ػهى َثٍُا يحًذٍ )صلى الله عليه وسلم(، ٔػهى آنّ ٔصحثّ أجًؼٍٍ.

ٌِ ٔانرقذٌش، أُْذي ْزا انؼًم إنى:  ٔتكمِّ يشاػشِ الايرُا

 …إنى انزٌٍ أَاسٔا ػقٕلَ اَخشٌٍ تؼهًٓى

 …حإنى انزٌٍ أضاءٔا دستً تانؼهىِ ٔانحكً

ّٓذٔا نً انطشٌق  …إنى انزٌٍ ي

 …إنى انزٌٍ غشسٕا فً َفسً سٔحَ انًثادسج

 )ػائهرً، ٔإخٕذً، ٔأخٕاذً، ٔأقاستً(

ذقذٌشًا نفضهٓى، ٔػشفاَاً تجًٍهٓى، ٔيغ خراو ْزا انؼًم، لا ٌسؼًُ إلا أٌ أذقذو تأسًى آٌاخ انشكش ٔانؼشفاٌ 

نرٕجٍٓاذٓا فً اخرٍاس ْزا انًٕضٕع، ٔنسخائٓا إنى يششفرً ٔأسرارذً انفاضهح )أسٍم سايً(، يًرًُّا 

 انؼهًً، ٔيلاحظاذٓا انقًٍّح، ٔإسشاداذٓا انثُاّءج انرً كاٌ نٓا الأثش انكثٍش فً إثشاء ْزا انثحث.

كًا أذقذو تجضٌم انشكش ٔانرقذٌش إنى أساذزذً انكشاو فً قسى انشٌاضٍاخ، كهٍح انرشتٍح نهؼهٕو انصشفح، انزٌٍ 

 أٌذٌٓى ٔالاَرًاء إنٍٓى. ذششفد تانرؼهى ػهى

ٔفً انخراو، أذٕجّ تخانص انشكش ٔػظٍى الايرُاٌ نكم يٍ أسٓى فً إَجاص ْزا انثحث، ٔنكم صيلائً يٍ 

أتُاء يذٌُرً ٔصيلائً انطهثح، سائلًا الله ذؼانى أٌ ٌجضٌٓى خٍش انجضاء، ٔأٌ ٌجؼم نٓى َصٍثاً فً أػهى 

 .دسجاخ انجُح

 

 

 



V 

 

 انفٓشط

II  الاٌح انقشاٍَح 

III الاْذاء 

IV  انشكش ٔانرقذٌش 

V انفٓشط 

VI Abstract 

VII Introduction 

1-4 Chapter One 

5-8 Chapter Two 

9-12 Chapter Three 

13 Conclusion 

14 References 

 

 

 

 

 

 

 

 

 

 

 

 



VI 

 

Abstract 

Bessel functions are among the most important special functions in 

applied mathematics and engineering. They arise naturally as solutions to 

Bessel's differential equation, which appears in many physical systems 

exhibiting cylindrical or spherical symmetry. These functions are widely 

used in various fields including electrical engineering, mechanical 

engineering, heat transfer, signal processing, and wave propagation. 

The importance of Bessel functions lies in their ability to model real-

world physical phenomena such as heat conduction in cylindrical objects, 

electromagnetic wave propagation in circular waveguides, vibration 

analysis of circular membranes, and solutions to Laplace's equation in 

cylindrical coordinates. 
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Introduction 

            In mathematics and engineering, differential equations are used to 

describe many physical systems. Some of the most important differential 

equations lead to special functions, such as exponential functions, 

trigonometric functions, and Bessel functions. 

Bessel functions were first introduced by the German mathematician 

Friedrich Wilhelm Bessel in 1824. He studied these functions while 

analyzing planetary motion. Later, scientists discovered that Bessel 

functions appear naturally in many engineering applications, especially 

when solving problems involving cylindrical symmetry. 

For example, when analyzing heat transfer in cylindrical pipes, vibrations 

in circular drums, or electromagnetic waves in cylindrical conductors, the 

governing equations lead to Bessel’s differential equation. 

The general form of Bessel's differential equation is: 

x² (d²y/dx²) + x (dy/dx) + (x² − n²) y = 0 

The solutions to this equation are called Bessel functions. 

These functions are extremely important because many engineering 

systems cannot be solved using elementary functions alone. Instead, 

Bessel functions provide exact and accurate solutions. 

This research focuses on explaining Bessel functions in detail, their 

properties, and their applications in real engineering problems 
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Mathematical 

Foundations of Bessel 

Function 
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1-1 Definition of Bessel Functions ]1[ 

 

 

Bessel functions are solutions of the differential equatio: 

x² (d²y/dx²) + x (dy/dx) + (x² − n²) y = 0 

This equation is called Bessel’s equation. 

The solutions of this equation are called: 

Bessel Functions 

 

They are denoted as: 

Jₙ(x) 

 

Where: 

J = Bessel function 

n = order of the function 

x = variable 

 

 

1-2 Standard Form of Bessel Equation ]1[ 

 
The standard form is: 

d²y/dx² + (1/x) dy/dx + (1 − n²/x²) y = 0 

This equation appears when solving physical problems in cylindrical 

coordinates. 
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1-3 Origin of Bessel Equation ]2[ 

Bessel’s equation appears when solving Laplace's equation in cylindrical 

coordinates. 

Laplace’s equation is :²   V = 0 

In cylindrical coordinates: 

∂² V/∂r² + (1/r)(∂V/∂r) + (1/r²)(∂²V/∂θ²) + ∂²V/∂z² = 0 

When solving using separation of variables, we obtain Bessel’s equation. 

 

1-4 Series Solution of Bessel Functions]2[ 

 

The Bessel function of the first kind is given by: 

 

 

Where: 

Σ = summation 

Γ = gamma function 

This series provides exact solutions 

 

1-5 Bessel Function of the First Kind]2[ 
 

It is denoted by: 

Jₙ(x( 

It is finite at x = 0 

It is the most commonly used Bessel function. 

Examples:    J₀(x(           J₁(x)                 J₂(x) 
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.1-6  Physical Meaning of Bessel Functions]3[ 

 

Bessel functions describe: 

  Heat flow 

 Vibrations 

 Wave motion 

 Electromagnetic fields 

They are essential in engineering analysis 

 

1-6 Graphical Behavior]3[ 

 
Bessel functions behave like oscillating waves. 

Similar to sine and cosine but with decreasing amplitude. 

Example:     J₀(x) 

Starts at 1 when x = 0 

Then oscillates 

 

1-7 Importance in Engineering]3[ 
 

Bessel functions are used in: 

Electrical Engineering 

Mechanical Engineering 

Civil Engineering 

Signal Processing 

Communication Systems 

They provide accurate solutions. 
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Chapter Two 

 Types of 

Bessel  
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2-1 Bessel Functions of the First Kind]4[ 

 

Bessel functions of the first kind are the most common solutions to 

Bessel’s differential equation. They are denoted by:  Jₙ(x) 

where n represents the order of the function. 

These functions are finite at x = 0 when n ≥ 0. They are obtained using 

the power series method. 

The general series form is: Jₙ(x) = 

  

These functions are widely used in engineering applications. 

Examples include:   J₀(x)           J₁(x)        J₂(x) 

Each function has unique oscillatory behavior. 

 

2-2 Bessel Functions of the Second Kind]4] 

These are denoted as:    Yₙ(x) 

They are also called Neumann functions. 

Unlike Jₙ(x), these functions are infinite at x = 0. 

They are used in physical systems where singular behavior exists. 

The general solution of Bessel's equation is: y(x) = A Jₙ(x) + B Yₙ(x) 

Where A and B are constants. 

2-3Modified Bessel Functions]5] 

Modified Bessel functions are used when solving exponential-type 

problems. 

They are denoted as:   Iₙ(x) and Kₙ(x( 

These appear in heat transfer and diffusion problems. 

Modified Bessel equation:  x² y'' + x y' − (x² + n²)y = 0 

These functions grow or decay exponentially 
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2-4 Spherical Bessel Functions]5[ 

 

These functions appear in spherical coordinate systems. 

They are denoted as:  jₙ(x) and yₙ(x) 

Used in wave equations and quantum mechanics. 

2-5  Recurrence Relations]5[ 

 

Bessel functions follow recurrence relations. 

Example : Jₙ₋₁(x) + Jₙ₊₁(x) = (2n/x) Jₙ(x) 

This helps compute higher-order functions. 

2-6 Orthogonality Property]5[ 

 

Bessel functions are orthogonal. 

This means   :  0∫  x Jₙ(ax) Jₙ(bx) dx = 0 if a ≠ b 

This property is useful in solving boundary value problems. 

 

2-7 Zeros of Bessel Functions]6[ 

Bessel functions have infinite zeros. 

Example: 

J₀(x) = 0 at:     2.404    5.520     8.654 

These zeros are important in vibration analysis. 
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2-8 Asymptotic Behavior 

For large x: Jₙ(x) ≈ √(2/πx) cos(x − nπ/2 − π/4) 

This shows oscillatory behavior 

 

2-9 Graphical Representation]6[ 

Bessel functions oscillate like sine waves. 

But amplitude decreases over time. 

Important in wave analysis. 
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Chapter Three 

Applications 

 of  

Bessel 
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Bessel functions have many engineering applications 

 

3-1 Application in Electrical Engineering ]7[ 

 

Bessel functions are used in: 

  Antenna analysis 

 Waveguides 

 Electromagnetic fields 

Example: 

Electric field in cylindrical waveguide:   E(r) = J₀ (kr) 

 

3-2 Heat Transfer Applications]7 

Heat conduction in cylindrical rods: 

Temperature equation leads to Bessel function. 

Example:  T(r,t) = J₀ (r) 

Used in thermal engineering. 

 

3-3 Mechanical Engineering Applications]7[ 

 

Used in vibration analysis. 

Example: 

Vibration of circular drum:   Solution involves Bessel function 
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3-4 Signal Processing Applications]7[ 

 

Used in filter design. 

Bessel filters provide smooth response. 

Advantages: 

  No signal distortion 

  Accurate signal transmission 

 

3-5Electromagnetic Wave Applications]7[ 

 

Maxwell’s equations lead to Bessel functions. 

Used in: 

Radar systems 

Communication systems 

3-6 Acoustics Applications]7[ 

 

Used in sound wave analysis. 

Example:    Sound propagation in cylindrical tubes 

 

3-7 Quantum Mechanics Applications]7[ 

 

Used in solving Schrödinger equation.  

Important in physics. 
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3-8 Series Expansion Method ]8[ 

 

Most accurate method. 

Used in computers. 

3-9 Recurrence Method ]8[ 

 

Used to calculate higher order functions 

. 

3-10 Software Applications ]8[ 

Programs that use Bessel functions: 

MATLAB 

Python 

Mathematica 

Example MATLAB code: 

besselj(0,x) 

Discussion 

Bessel functions play an essential role in solving engineering problems. 

They provide exact mathematical models for cylindrical systems. 

They help engineers design systems accurately. 

They are essential in electrical engineering. 

They improve system analysis. 
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Conclusion 

 

This research studied Bessel functions and their applications. 

Bessel functions are solutions of Bessel differential equation. 

They are important in engineering and physics. 

They are used in heat transfer, electrical engineering, and signal 

processing. 

They provide accurate solutions. 

Understanding Bessel functions helps engineers solve complex problems. 

They are essential tools in modern engineering 
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