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abstract

This study examines the concepts of graph coloring and the Four-
Color Theorem, which are fundamental topics in graph theory. The
study focuses on the process of assigning colors to elements of a
graph—either vertices or edges—under specific constraints. In
particular, it emphasizes proper coloring, where adjacent vertices or
edges are assigned different colors to avoid conflicts. Furthermore,
the research highlights the significance of the Four-Color Theorem,
which states that any planar graph can be colored using no more than
four colors such that no two adjacent regions share the same color.
These concepts have important applications in areas such as

scheduling, map coloring, and network design.

\




1- Introduction

Graph theory is considered one of the most important topics in modern
mathematics, which has great credit for exploring methods of proof in
mathematics. It appeared at the beginning of the eighteenth century, and credit
for its appearance goes to Swiss scientist Leonhard Euler, through his famous
problem (the Seven Bridges Problem), which is known as the oldest document

researched in graph theory in 1936.

After that, graph theory witnessed great development and this development
expanded in the past thirty years, as this development was embodied in many
fields, whether scientific or economic fields, through graphs, and because the
verbal graph indicates the structure of Specific mathematics can be expressed in
the form of a diagram (such as a diagram) that contains points connected by
lines. These points may indicate chemical atoms, cities, electrical limbs, or

anything that can be described as pairs.

The lines may represent chemical bonds, roads, or wires. There are theoretical
applications for graph theory in communications, structures, mechanisms,
electrical networks, transportation systems, computer science, as well as
psychology because it describes relationships between individuals or common

characteristics.

A graph G has a collection of vertices, denoted by the finite, non-empty set
V(G), of elements. Unordered pairs of vertices from the set V(G) that are not
necessarily distinct are also part of the graph G and make up what is termed the
graph family. Graphs may be described in terms of the ordered pair of vertices
and the set of edges using the notation G= (V, E), where V is the set of vertices
and E is the set of edges. Gary, others (2016)




Previous Studies

Graph theory is a topic rich in information and concepts. Therefore, several
previous studies have been conducted, and we will mention whatever is

available, as follows:

In the study Robin (1998) presented a historical overview of the origin of the
four-color theorem and its developments at that time. He stated that coloring the
countries of a planar map using four colors such that areas with common
borders are colored in a different color from the other, meaning that it is not just
a point only, as such a result resisted. The evidence lasted for a century and a
quarter of a century and also provided some generalizations related to this

theorem.

In the study Sarah (2020) addressed in her study some problems related to
chromatic polynomials and talked about coloring graphs and the greedy
algorithm. She also presented colors for split vertices of the graph, presented an
application to the tabulation problem, and gave an application about coloring

maps.
1-1 Some basic concepts in graph theory

Definition (1-1-1):- If G=(V, E) is a graph that has an edge with two identical
ends, then this edge is called a loop[6].

Definition (1-1-2):- If G=(V, E) is a graph in which two or more edges are
identical at both ends, then these edges are called multiple edges[3].

Definition (1-1-3):- If G=(V, E) is a graph without loops and multiple edges
then G is called a simple graph. Ali (1983).




Definition (1-1-4):- If G=(V, E) is a graph and the set of edges E is empty, then
G is called a null graph and is denoted by Nn. Rami & Suhail (2011)

Definition (1-1-5):- If G=(V, E) is a graph, then it is called a bipartite graph if it
is possible to divide the set of vertices V into two separate subsets X and Y such

that every edge in the graph connects a vertex of X and vertex in Y . Robin

(1996)

Note(1-1-1):- The number of edges passing through the vertex is called the
degree of the vertex denoted by deg (v). Duglas (2002)

Definition (1-1-6):- If G=(V, E) is a graph of the degrees of its vertices that are
equal, then G is called a regular graph. That is, if every vertex in G has a degree

of r, then the graph G is called a regular graph of degree r, or r-regular. Frank
(1971)

Definition (1-1-7):- If G=(V, E) is a graph, then it is called a graph G is called a
connected graph if and only if there exists a route between every pair of vertices

in G. Otherwise, the graph is called disconnected. Robin (1996)

Definition (1-1-8):- If G=(V, E) is a connected and regular graph of degree 2,
then G is called a circle, and the circle of order n is symbolized by the
symbolCn. Robin(1996)

Definition (1-1-9):- If G=(V, E) is a connected graph that does not contain a
circle, then G is called tree with n vertices is symbolized byTn. In the tree, there

is only one path between each pair of vertices. SUDEV NADUVATH (2017)

Definition (1-1-10):- If G=(V, E) is a graph that can be obtained from a circle
after deleting one of its edges, the path is a tree consisting of a single path
through all vertices and the path of order n is symbolized by the symbol Pn.
Robin (1996)




Definition (1-1-11):- If G=(V, E), a graph is formed by adding a vertex to the
circle Cn and n>3 and connecting that vertex with all the vertices of Cn with

new edges. The wheel G, which has the number of vertices n, is symbolized by

Wn. Robin (1996)

Definition (1-1-12):- If G=(V,E) is a simple graph, then L(G) is called a line
graph for G if the set of vertices of the L(G) represents the set of edges of G,
that is, V(L(G))=E(G) Two vertices of L(G) are adjacent if and only if their
corresponding edges in G share a vertex.John M (2008)

1-2 Coloring Graph

Coloring graph is a special case of graph naming, that is, assigning labels
traditionally called colors, to graph elements that are subject to certain
restrictions. Its purpose is to improve the graph by coloring its vertices so that
no two adjacent vertices share the same color. This is called vertex coloring.
Through Planer duality, the vertices are colored and in this way, they are
generalized to all graphs in mathematical and computer representations.
Coloring graph has several practical applications, including the famous puzzle
game Sudoku and the graph coloring game a graph coloring game played by
two players one player tries to complete the graph, while the other tries to

prevent him from achieving that.

1-2-1 Vertices coloring

Vertex coloring represents the main gateway to the concept of coloring and its
types because it is considered one of the most important problems in graph
theory. After all, certain conditions are required to be relied upon when

coloring.

If G=(V,E) is a graph without loops and a is a positive integer, coloring a is a

function from the set of vertices to the set of positive integers that are less than
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or equal to a. This means that a:V(G)—{1,2,3,...,a} and {1,2,3,..., a} is a set

of colors and that a is one color for each vertex. Gary, others (2016)

Definition (1-2-1-1):- The coloring a of a vertex is the assignment of colors
1,2,3,..., a to the vertices of the graph G, and that coloring is called (proper
coloring) if every two adjacent vertices in G do not share the same color.

This means that if u, v €V are adjacent, then a (v) # o (u), meaning they have a
different color. Gary, others (2016)

Note (1-2-1-1): - The proper coloring of the vertex a in the graph with loops is
the partitioning of the vertices v1, v2,..., va into a independent sets. J.A&
U.S(1976)

Definition (1-2-1-2): The subset of vertices that are assigned the same color is
called color classes. Gary, others(2016)

Example (1-2-1-1): - If G=(V,E) is a graph and V={v1,v2,v3,v4,v5 } and the
color class is {1,2,3} then

a(v1)=o(v3)=1 color class 1

a(v2)=o(v3)=1 color class 2

a(v5)=3 color class 3

2v, l v;

Figure (1) G is colored by 3 colors
We note that the set of vertices is divided into 3 independent sets
Definition (1-2-1-3):- If G is a simple graph, then it is said to be a graph that
can be a colorable for vertices. If G has a proper coloring a for vertices, that is,

G can be a colorable of different colors if its vertices can be divided into




independent sets that include a of independent subsets. For ease, we will denote
the graph as to color a the vertices with a chromatic. J. A& U.S(1976)

Note (1-2-1-2):- If G=(V, E) is a colorable but not (a-1) colorable then G is
called a chromatic. Robin (1996)

Example (1-2-1-2):- If G = C5 then G can be colored in 3 colors, but not in 2

o

1
3 2
2

Figure (2) G is a 3-chromatic graph

colors as in the following figure

Definition (1-2-1-4):- If G is a graph, then the chromatic number is the smallest
number of colors that is sufficient to color the graph. Rinhard (2017)
Example (1-2-1-3):- If G is a graph as shown in the following figure then

o
o
O

2 ® , @ 9,
c

G

Figure(3) G is colored by 3 colors

X(G)=3and a graph G can be called the Crown graph.

Theorem (1-1):- If G=, then the chromatic number X (G)={2 when n is an even
number 3 when n is an odd number. J.A& U.S(1976)

Below is a set of notes that can be proven:

Notes (1-2-1-3):

1. If X(G) =o then G is called o chromatic.

2.  X(G)=1 if and only if G is an empty graph.

3.  X(G)=2if and only if G is a bipartite graph.




4. For any graph of order n then X(G)<n. J.A& U.S(1976)

5. If G is a complete graph then X (G)=n. Gary, others(2016)

6. If G is a wheel with n vertices then X (G)={ 4 when n is an even number
3 when n is an odd number.

Proof:(1)

Let G=(V, E) be a graph and let X (G)=0 we must prove that G is a chromatic
graph

Since X (G)= a then the least number of colors needed to color the graph G is

equal to a. Therefore, G is the a

colorable and cannot be colored with a-1 color From notes (1-2-1-2), we find
that G is a chromatic m

(1)— Let G=(V, E) be a graph and let X(G)= a we must prove that G is a null
graph.

Since X(G)= a then G contains either one or n vertices that are not connected by
edges, because if they are connected by edges, then X(G) #1 both cases, G is a
null graphm

(2)<— Let G be a null graph we must prove that X(G)=1. Since G is a null graph,
the number of its vertices is either one or n vertices. It is possible to color the
vertices with a color. In both cases, the least number of colors needed to proper
coloring the graph is one color, and therefore X(G)=1 then the proof is
complete.

(3)— Let G=(V.E) be a graph and let X(G))=2. We must prove that G is a non-
empty bipartite graph. Since X(G)=2, G contains at least two vertices connected
by an edge, and therefore G is a bipartite graphm

(4)<— Let G be a bipartite graph. We must prove that X (G)=2

Since G is a bipartite graph, the set of vertices can be divided into two sets, each

set colored in a different color from the other. Therefore, the minimum number




of colors needed to color graph G is two colors, and therefore X (G)= 2 then the
proof is complete m

(5) Let G be a complete graph with n vertices. We must prove that the
chromatic number of the graph is n Since G is a complete graph, all the vertices
are adjacent to each other, and therefore the minimum number of colors needed
for proper coloring of the graph is exactly n. Therefore, X(G)= n, and thus the
proof is completedm

(6) Let G=(V,E) be a wheel with n vertices and n >4. We will prove, using
mathematical induction on the number of vertices n.

When n=4 then W4=K4 so X(K4) = X(W4)=4

When n = 5, the central vertex in the wheel will be colored 1, while the
remaining vertices represent a circle with the number of vertices 4. Therefore,
from the theorem (1-1), X(C4) = 2, and therefore X(G) =3

Now we assume that n = k, where k is an even number, so the central vertex of
the wheel is the first color or 1. As for the remaining vertices of the circle Ck—1,
the number of colors is Ck—1=3 and thus X(Wk) = 4 the proof is completem
Definition (1-2-1-6): - If G=(V, E) is a graph, then the clique number is the
order of the largest complete subgraph of the graph G, and the set number is
symbolized by the symbol o(G). John M (2008)

Theorem (1-2):- If G=(V,E) is a graph, then X (G)>»(G). J. A& U.S(1976)
Above theorem help us to find the chromatic number in the graph which contain
clique.

Example (1-2-4): If G=(V,E) be a graph as follows:

Figure (4) G contains two complete sub-graph

Where (G) contains (H1) and (H2) two complete sub-graphs.




o 0
. ‘ .

Hy H,

Then X (G)=4 , o(G)=4, X (H1)=4 and X (H2)=3.

Definition (1-2-1-7): - If G=(V, E) is a graph and X (G)= a then G is said to be
a critical graph if a vertex is deleted from G, then G has a lower chromatic

number. John M (2008)

Example (1-2-5):- If G is a graph as follows then G is a critical graph

G G- Vi
Figure (5) G is a critical graph
Because X (G)=3 and X (G-v1)=2 in this case G is called 3 critical graph.

1-2-2 Edges coloring

If it is a graph without loops and a is a positive integer, then the coloring a of
the edges represents a function from the set of edges E to the set of positive
integers that are less than or equal to a. This means that C: E — {1,2,...,a}
where {1, 2,...,a } a set of colors for edges such that each edge in the graph has
only one color. Rinhard(2017)

Definition (1-2-2-1): - If G is a graph, then the graph is called a edge coloring if
its edges can be colored with a colors such that each two adjacent edges have a
different color from the other. Robin (1996)

Example (1-2-2-1): - If G=(V,E) is a line graph for G in figure (1)




e 1, .

Figure (6) G is 3 colored edges
So, G is a graph with 3 colored edges because the graph G has its edges colored
with 3 colors.
Definition (1-2-2-2): - If G is colored edge graph but not (a-1) colored edge
graph, then the chromatic index of G is a and is symbolized by " X (G) = a.
Robin (1996)
Example (1-2-2-2): - If G=(V,E) is a line graph as in the following figure:

e e, &
—/ o ®
& 0,0 0
5 6 7 8
G

Figure (7) G is a line graph
Then " X (G)=4
Notes (1-2-2-1)
1. If G=(V, E) is a null graph, then " X (G)=0.
2 If G=(V, E) is a circle, then " X (G)= X (Cn).
3 If G=(V, E) is a path, then " X (G)=n-1.
4. If G=(V, E) is a star, then " X (G)=X ( Kn).
5 If G=(V, E) is a complete graph then (G)= {n when n is an odd number
n—1 when n is an even number. Blakrishnan & Rananathan (2012)

The following is one of the important topics in graph theory
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1-2-3 Map coloring

Historically, the issue of colouring maps with just four colours arose; now, we
would wonder how many colours would be needed to colour a map such that no
two nations or areas sharing a border would be coloured the same. This
seemingly straightforward issue has emerged, although it is same in nature. The
assertion that any map may be coloured in four colours is a staple of four-color
theory and a solution to the four-color conjecture, one of the most difficult and
well-known issues in graph theory. Robin (1996)

Francis Guthrie, when colouring a map of English counties, theorised that a
globe map might be coloured with only four colours while yet allowing for clear
distinction between neighbouring nations. In 1852, his sibling De Morgen
spread this hypothesis. To say that every plane graph can satisfy Guthrie's
hypothesis is similar to saying that any plane graph Every flat graph may be
coloured with four vertices, according to a hypothesis proved by colouring it
with four faces. Bennett & others(2008)

Many researchers have laboured over a solution to this question since its first
publication in 1852. Numerous formula equivalents were discovered throughout
the course of proving this hypothesis. Algebra, number theory, and finite
geometry were only some of the areas of mathematics that were drawn upon. In
1976, three mathematicians from the University of Illinois used computers to
verify this theorem. The proof required an incredible 1,200 hours of processing
time on the fastest computers of the day. Blakrishnan & Rananathan (2012)
Before delving into how to color the faces of a graph (or maps), we must know
what is a map. Robin (1996) defined a map as a planar graph that is 3-
connected, meaning that the map does not contain a group of pieces from one or
two edges, that is, in other words, it does not contain a vertex of degree 1 or 2,
and John M (2008)] A map is defined as a plane graph that can be created by
representing each region or country with a vertex and connecting each two

vertices with an edge.

11




Definition (1-2-3-1):- Let G=(V,E) be a plane graph which drawing in the

surface without crossing), then the

dual graph of G, which is symbolized by the symbol G*=(V*[E*), can be
formed by placing a new vertex inside each face of G and connecting these
vertices. The new vertices to form the vertices of the graph G*, and for each
edge e in the graph, we connect the two new vertices on the adjacent faces with
e to an edge e* and cut the edge e. If the edge e is adjacent to one face, then we
node e* to the new vertex on that face again through the edge. Rinhard (2017)
Definition(1-2-3-2):-Face coloring of a graph G is the colouring of edges in a
planar graph G such that no two adjacent faces share a border and a single edge
is coloured the same. Colouring the faces of a graph G is equivalent to coloring
the vertices of a dual graph G*. Robin(1996)

Definition (1-2-3-3):-If G=(V, E) is a plane graph, then G is called an a-colored
graph for faces if it is possible to color the faces with an a color such that any
two faces that have the same common edges have a different color from the
other. Robin(1996)

Definition(1-2-3-4):-If G = (V, E) is a plane graph, then the face chromatic
number is the smallest number of colors needed to color the faces of the graph
and 1s symbolized by the symbol " X * (G) = a. Robin(1996)

Example (1-2-3-1): - Let G=(V, E) be a graph and G* be a dual graph for G as

in the following figure

(o]
V3. fs 5 fs
o & 2@ o o o
vy Vo Va f4_ Vg fl f4
f3 ®
Ve f3
G G

Figure (8) G is a 3-chromatic graph for vertices and G* is a 3-chromatic graph for faces
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That is, X (G)=3 and X *(G*)=3.
Notes (1-2-3-1)
l. If G= Nnthen X * (G)=1.
2 If G=Cn then X * (G)=2.
3. If G=Tn then X ** (G)=1.
4 If G= K4 then X ** (G)=4.

Theorem (1-3): If G=(V, E) is a map, then a graph is 2 chromatic if and only if
G 1s Euler’s graph. Robin(1996)
By relying on the above theorem, it is possible to test the graph whether

2chromatic graph is colored for faces or not.

Example(1-2-3-2):-1f G=(V,E) is a graph as in the following figure:

A

v VG“ Vg \'%4
® @0 o

Figure (9) Euler's graph and a 2-colored graph for the faces

G satisfies the above theorem.
Below is one of the most important theorems of the graph theory, which is the
four-color theorem

Theorem (1-4): - Each map can be colored in at least

The four-color theorem can be applied to the map of Iraq, as it can be colored

with at least four colors so that no two neighboring regions have the same color.

13




Muthanna

Figure (10) Map of Iraq to which the four-color theorem has been applied

The map of Iraq can be converted into a plane graph, as in the following figure

blow:-

Ninawa;// //,"" Erbil
/ /
/

//»;’) .‘ Sulaymaniyah

Figure (11) Show the map of Iraq after it was converted into a graph
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We can conclude from above that every flat map of regions or countries can be
colored using at least four colors so that each two adjacent regions on the map
has a different color from the other. The map is a 4-colored graph for the faces,

and after converting it to a 4-colored graph for the vertices.

2- CONCLUSIONS
1. The chromatic number was obtained for some graphs, such as the null
graph, the complete graph, the bipartite graph, the wheel, the regular of degree

r, and the crown graph.

2. The chromatic index was obtained for the null graph, circle, path, and
tree.

3. The face chromatic number was obtained for the null graph, circle, tree,
and K4.

4. Use the four-color theorem and apply it to the map of Iraq and transform

the map of Iraq into a graph.

3- Future Works

Future research will focus on determining key coloring parameters for special
cog-graphs and their dual graphs. In particular, this includes finding the
chromatic number, chromatic index, and face chromatic number under various
structural conditions. Further investigation may also explore efficient
algorithms for computing these parameters and analyzing how graph

transformations affect their coloring properties.
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