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Abstract 
This research studies some kinds of domination in graph theory. Domination is 
an important concept that deals with selecting a subset of vertices so that every 
vertex in the graph is either selected or adjacent to a selected vertex. The 
research explains the basic concepts of graph theory, including vertices, edges, 
paths, cycles, degree, complete graphs, connected graphs, and bipartite graphs. 
The study also discusses several types of domination, such as domination, total 
domination, independent domination, and connected domination. It shows the 
differences between these types according to the conditions imposed on the 
dominating set. In addition, the research presents solved examples for special 
graphs such as complete graphs, path graphs, cycle graphs, and complete 
bipartite graphs. 
The results show that domination numbers depend strongly on the structure of 
the graph and the way its vertices are connected. The research also highlights 
the importance of domination in practical applications, especially in 
communication networks, sensor networks, monitoring systems, and 
optimization problems. 
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Introduction 
Graph theory is an important branch of discrete mathematics that studies the 
relationships between objects by representing them as vertices and edges. The 
vertices represent the objects, while the edges represent the connections or 
relationships between them. Because of this simple and effective structure, 
graph theory has become a useful mathematical tool in many fields, including 
computer science, communication networks, engineering, optimization, 
transportation systems, and social sciences. 
One of the fundamental concepts in graph theory is domination. A dominating 
set is a subset of vertices chosen so that every vertex in the graph is either a 
member of this subset or adjacent to at least one vertex in it. This concept is 
important because it provides a mathematical way to study coverage, control, 
monitoring, and influence within different types of networks. 
Over the years, several kinds of domination have been introduced according to 
different conditions imposed on the dominating set. These include total 
domination, independent domination, and connected domination. Each type has 
its own definition, properties, and applications, which makes the study of 
domination a rich and important topic in graph theory. 
Therefore, this research aims to study some kinds of domination in graphs, 
explain their basic concepts, present suitable examples, and show their 
importance in both theoretical and practical applications. 
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Problem Statement 
The problem of this research lies in the fact that determining the smallest 
dominating set, total dominating set, or independent dominating set in a graph is 
not always simple. It mainly depends on the structure of the graph, the number 
of vertices and edges, and the way in which the vertices are connected. 
Moreover, some domination problems are considered computationally difficult, 
which makes their study important from both theoretical and practical 
perspectives. 
Research Objectives 
This research aims to: 

1. Study the concept of domination in graphs.  
2. Explain some important kinds of domination in graph theory.  
3. Clarify the differences between domination, total domination, 

independent domination, and connected domination.  
4. Illustrate domination numbers for some special graphs such as Kn , Pn , Cn 

, and K m,n .  
5. Highlight the practical applications of domination concepts in networks, 

communication systems, and computer systems.  
Research Importance 
The importance of this research comes from the fact that domination in graphs 
is one of the significant topics in graph theory. It has wide applications in 
network design, monitoring systems, sensor networks, communication systems, 
and social network modeling. In addition, studying different kinds of 
domination helps in understanding how complete coverage can be achieved by 
using the minimum possible number of vertices. 
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Chapter One 

Basic Concepts in Graph Theory 
1.1 Introduction to Graph Theory [5] 
Graph theory is a fundamental branch of discrete mathematics concerned with 
the study of graphs as mathematical structures used to represent relationships 
among objects. In a graph, objects are represented by vertices, while the 
relationships or connections between these objects are represented by edges. 
This simple structure gives graph theory a powerful ability to model many real-
world systems in a clear and organized mathematical form. 
The importance of graph theory appears in its wide range of applications. It is 
used in computer science, communication networks, transportation systems, 
electrical circuits, social networks, and optimization problems. For example, in 
a communication network, devices may be represented as vertices and 
communication links as edges. Similarly, in a social network, people can be 
represented as vertices, while friendships or interactions are represented as 
edges.[2] 
In this research, graph theory represents the main theoretical foundation for 
studying domination and its different kinds. Since domination depends mainly 
on adjacency and relationships between vertices, it is necessary to understand 
the basic concepts of graphs before discussing dominating sets, total 
domination, independent domination, and connected domination. Therefore, this 
chapter prepares the reader for the later chapters and supports the main aim of 
the research, which is to study some kinds of domination in graphs. 
1.2 Basic Elements of Graphs: Vertices and Edges [15] 
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The two essential elements of any graph are vertices and edges. A graph is 
usually denoted by 

G = (V , E) 
where V is the set of vertices and E is the set of edges. The vertices represent 
the objects or points in the graph, while the edges represent the connections 
between pairs of vertices. Without vertices and edges, the structure of a graph 
cannot be formed. 
If two vertices are connected by an edge, they are called adjacent vertices. This 
concept is one of the most important ideas in graph theory because many other 
definitions depend on it. For instance, the degree of a vertex, paths, cycles, 
connectedness, and domination are all based on the way vertices are joined by 
edges. 
Adjacency is particularly important in domination theory. A vertex is 
considered dominated if it belongs to the dominating set or is adjacent to at least 
one vertex in that set. Therefore, the relation between vertices and edges is not 
merely a basic definition, but it is also the main condition for understanding 
domination. This makes the study of vertices and edges necessary for achieving 
the research objective related to explaining the concept of domination and its 
main types.[4] 
 
 
 
 
 

Figure (1.١): Vertices and Edges in a Graph 
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1.3 Types of Graphs: Simple, Complete, Connected, and Bipartite Graphs 
[3] 
Graphs can be classified into different types according to their structure and the 
nature of their edges. A simple graph is a graph that contains no loops and no 
multiple edges between the same pair of vertices. This type is commonly used 
in most theoretical studies of domination because it provides a clear and 
standard graph structure. 
A complete graph, denoted by Kn , is a graph in which every pair of distinct 
vertices is connected by an edge. Complete graphs are important because they 
represent the highest possible level of connectivity among vertices. In 
domination theory, this high connectivity often leads to smaller domination 
numbers, since one vertex may be adjacent to many or all other vertices. 
A connected graph is a graph in which there exists a path between every pair of 
vertices. This means that all vertices belong to one connected structure. 
Connected graphs are especially important when studying connected 
domination, where the selected dominating set must dominate the graph and 
also form a connected subgraph.[11] 
A bipartite graph is a graph whose vertex set can be divided into two disjoint 
subsets such that every edge connects a vertex from one subset to a vertex from 
the other. A complete bipartite graph is denoted by Km,n , where each vertex in 
the first part is adjacent to every vertex in the second part. These graphs are 
useful in studying relationships between two different groups and are important 
in applications such as matching problems, scheduling, and network design. 
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Studying these types of graphs is necessary in this research because domination 
numbers and domination properties depend strongly on the structure of the 
graph. This section therefore supports the objective of illustrating domination in 
special graphs such as Kn , Pn , Cn , and Km,n .[11] 
 
 
 
 
 
 

Figure (1.٢): Example of a Simple Graph 
1.4 Paths, Cycles, Degree, and Isolated Vertices [1] 
A path in a graph is a sequence of vertices in which each consecutive pair of 
vertices is joined by an edge. Paths are important because they describe how 
movement, communication, or influence can pass from one vertex to another 
within a graph. A path graph, usually denoted by Pn , is one of the basic graph 
families used in domination studies. 
A cycle is a closed path that starts and ends at the same vertex, with no repeated 
vertices except the first and last one. Cycle graphs, denoted by Cn , are also 
important in graph theory because they represent circular structures. Such 
structures appear in communication rings, circular routes, and cyclic networks. 
The degree of a vertex is the number of edges incident with that vertex. It 
measures how many direct connections the vertex has with other vertices. A 
vertex with a high degree may play an important role in domination because it 
can dominate or influence several adjacent vertices. On the other hand, a vertex 
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with degree zero is called an isolated vertex, meaning that it has no connection 
with any other vertex.[6] 
Isolated vertices are highly significant in total domination. In a total dominating 
set, every vertex must be adjacent to at least one vertex in the set. Therefore, if a 
graph contains an isolated vertex, total domination cannot be achieved. This 
explains why the study of degree and isolated vertices is essential for 
understanding the difference between ordinary domination and total 
domination.[8] 
1.5 Minimal and Minimum Sets in Graph Theory [10] 
The concepts of minimal and minimum sets are very important in graph theory, 
especially in the study of domination. Although these two terms may seem 
similar, they have different mathematical meanings. 
A set is called minimal with respect to a certain property if no element can be 
removed from the set without losing that property. In this sense, every element 
of a minimal set is necessary. For example, a minimal dominating set is a 
dominating set in which removing any vertex causes the set to stop being 
dominating. 
On the other hand, a set is called minimum if it has the smallest possible 
cardinality among all sets satisfying the same property. Thus, a minimum 
dominating set is a dominating set with the least possible number of vertices. 
The size of such a set is called the domination number of the graph. 
This distinction is essential because a graph may have several minimal 
dominating sets with different sizes, but the minimum dominating set has the 
smallest size among them. Therefore, every minimum set is minimal, but not 
every minimal set is minimum.[14] 
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Understanding this difference is necessary for the later chapters of this research, 
especially when studying domination number, total domination number, 
independent domination number, and connected domination number. It also 
supports the research objective related to finding or explaining the smallest 
possible dominating sets in special graphs. 

Chapter Two 
Domination and Its Main Types 

2.1 Dominating Set and Domination Number [10] 
Domination is one of the most important concepts in graph theory. It is mainly 
concerned with selecting a subset of vertices that can cover or control all 
vertices of a graph through adjacency. Let G = (V , E) be a graph. A subset 
D⊆V(G) is called a dominating set if every vertex not belonging to D is 
adjacent to at least one vertex in D. In other words, every vertex in the graph is 
either selected in the set D or is directly connected to a selected vertex. 
The domination number of a graph G, denoted by γ(G), is the minimum 
cardinality of a dominating set in G. This number represents the smallest 
possible number of vertices needed to dominate the whole graph. Therefore, 
domination number is an important parameter because it measures how 
efficiently a graph can be covered using selected vertices. 
This concept is closely related to many practical problems. For example, in a 
communication network, selected vertices may represent control stations, and 
all other vertices must be connected to at least one of these stations. Thus, 
domination provides a mathematical model for monitoring, coverage, and 
resource allocation. This section supports the research objective of studying the 
basic concept of domination in graphs.[13] 
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Figure (2.1): Example of a Dominating Set in a Graph 
2.2 Minimal and Minimum Dominating Sets [9] 
In domination theory, it is necessary to distinguish between minimal dominating 
sets and minimum dominating sets. A dominating set D is called minimal if no 
proper subset of D is also a dominating set. This means that each vertex in D is 
necessary to preserve the domination property. If any vertex is removed from a 
minimal dominating set, the remaining set will no longer dominate the graph. 
On the other hand, a minimum dominating set is a dominating set with the 
smallest possible number of vertices among all dominating sets of the graph. 
The cardinality of a minimum dominating set is equal to the domination number 
γ(G). Thus, the term minimal refers to the necessity of elements, while the term 
minimum refers to the smallest possible size. 
This distinction is important because a graph may have several minimal 
dominating sets with different cardinalities, but the minimum dominating set 
has the least size among them. Every minimum dominating set is minimal, but 
not every minimal dominating set is minimum. Understanding this difference is 
essential for studying domination numbers and comparing different domination 
parameters in special graphs.[7] 
2.3 Total Domination and Total Domination Number [11] 
Total domination is an important variation of ordinary domination. Let G be a 
graph with no isolated vertices. A subset T⊆V(G) is called a total dominating 
set if every vertex of G is adjacent to at least one vertex in T. Unlike ordinary 
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domination, a vertex in the set T cannot dominate itself; it must have a neighbor 
in T. 
The total domination number of a graph G, denoted by γt(G), is the minimum 
cardinality of a total dominating set in G. This means that γt(G) represents the 
smallest number of vertices required so that every vertex in the graph has a 
neighbor in the selected set. The condition that the graph has no isolated 
vertices is very important, because an isolated vertex has no adjacent vertex and 
therefore cannot be totally dominated. 
Total domination is stronger than ordinary domination because it requires all 
vertices, including the selected vertices, to be dominated by adjacency. This 
property makes it useful in systems where every active node must be supported, 
monitored, or connected to another active node. For this reason, total 
domination has important applications in communication networks, sensor 
networks, and monitoring systems. 
2.4 Independent Domination and Independent Domination Number [1] 
Independent domination combines two concepts: domination and independence. 
A subset D⊆V(G) is called an independent dominating set if it satisfies two 
conditions. First, it is a dominating set, meaning that every vertex outside D is 
adjacent to at least one vertex in D. Second, it is an independent set, meaning 
that no two vertices in D are adjacent to each other. 
The independent domination number of a graph G, denoted by i(G), is the 
minimum cardinality of an independent dominating set in G. This number 
measures the smallest number of non-adjacent vertices needed to dominate the 
whole graph. Therefore, independent domination adds an important restriction 
to ordinary domination by preventing direct connections among the selected 
vertices. 
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This concept is useful in applications where selected vertices must not interfere 
with one another. For example, in wireless networks, selected stations may need 
to be separated to avoid signal conflict while still covering all other points. 
Similarly, in scheduling and resource allocation problems, independent 
domination can represent a set of non-conflicting choices that still cover the 
whole system. This section supports the research objective of explaining 
important types of domination and distinguishing them from ordinary 
domination.[12] 
2.5 Connected Domination and Connected Domination Number [6] 
Connected domination is another significant type of domination in graph theory. 
A subset D⊆V(G) is called a connected dominating set if it is a dominating set 
and the subgraph induced by D, denoted by G[D], is connected. This means that 
the selected vertices must dominate the whole graph and, at the same time, form 
a connected structure among themselves. 
The connected domination number of a graph G, denoted by γc(G), is the 
minimum cardinality of a connected dominating set in G. This parameter is 
important because it combines coverage with connectivity. In ordinary 
domination, the selected vertices may be disconnected, but in connected 
domination they must remain linked through paths within the selected subgraph. 
Connected domination has important applications in network design and 
communication systems. For example, in a wireless or computer network, 
selected vertices may represent backbone nodes that cover all other nodes while 
maintaining communication among themselves. Thus, connected domination is 
useful for designing reliable and efficient networks.[8] 
This chapter shows that domination has several important forms. Ordinary 
domination focuses on coverage, total domination requires adjacency for every 
vertex, independent domination adds a non-adjacency condition among selected 
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vertices, and connected domination requires the selected vertices to form a 
connected subgraph. These concepts directly support the objectives of this 
research by clarifying the main kinds of domination and explaining their 
importance in both theory and applications. 
 

Chapter Three 
Applied Analytical Examples of Domination in Graphs 

Example 3.1: Domination Number of the Complete Graph ܭହ [3] 
(ହܭ)ߛ = 1 

Solution: 
Let ܩ =  ହ be a complete graph with vertex setܭ

(ܩ)ܸ = ሼݒଵ, ,ଶݒ ,ଷݒ ,ସݒ  .ହሽݒ
Since G is complete, every vertex is adjacent to all other vertices. Consider the 
set 

ܦ = ሼݒଵሽ 
Then every vertex in ܸ(ܩ) − ,ଶݒ namely ,ܦ ,ଷݒ ,ସݒ  ,ହ, , is adjacent to v1. Henceݒ
every vertex of G is either in D or adjacent to a vertex in D. Therefore, D is a 
dominating set of K5. 
Since no dominating set can have cardinality less than one, it follows that 

(ହܭ)ߛ = 
Example 3.2: Total Domination Number of the Complete Graph K4 [11] 

(ସܭ)௧ߛ = 2 
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Solution: 
Let G = K4 be a complete graph with vertex set 

(ܩ)ܸ = ሼݒଵ, ,ଶݒ ,ଷݒ  ସሽݒ
In total domination, every vertex must be adjacent to a vertex in the total 
dominating set. A single vertex cannot form a total dominating set, because it 
has no neighbor inside the set. 
Consider 

ܶ = ሼݒଵ,  ଶሽݒ
Since K4 is complete, v1 is adjacent to v2, and v2 is adjacent to v1. Also, v3 and 
v4 are adjacent to both v1 and v2. Therefore, every vertex of K4 has at least one 
neighbor in T. 
Thus, T is a total dominating set. Since no one-vertex set can be a total 
dominating set, 

(ସܭ)௧ߛ = 2. 
Example 3.3: Domination Number of the Path Graph P6 [2] 

)ߛ ଺ܲ) = 2 
Solution: 
Let G=P6 be the path graph 

ଵݒ − ଶݒ − ଷݒ − ସݒ − ହݒ −  ଺ݒ
Consider the set 

ܦ = ሼݒଶ,  ହሽݒ
The vertex v1 is adjacent to v2, v2∈ D, and v3 is adjacent to v2. Similarly, v4 is 
adjacent to v5, v5∈ D, and v6 is adjacent to v5. Hence, every vertex of P6 is either 
in D or adjacent to a vertex in D. 
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Therefore, D is a dominating set of P6. Since one vertex can dominate at most 
three consecutive vertices in a path, two vertices are necessary to dominate six 
vertices. Thus, 

)ߛ ଺ܲ) = 2. 
 
 
Example 3.4: Domination Number of the Cycle Graph C6 [13] 

(଺ܥ)ߛ = 2 
Solution: 
Let G = C6  be the cycle graph with vertices 

(ܩ)ܸ = ሼݒଵ, ,ଶݒ ,ଷݒ ,ସݒ ,ହݒ  ଺ሽݒ
Consider the set 

ܦ = ሼݒଶ,  ହሽݒ
The vertices v1 and v3 are adjacent to v2, while v4 and v6 are adjacent to v5. 
Also, v2 and v5 belong to D. Therefore, every vertex of C6 is dominated by D. 
Thus, D is a dominating set of C6. Since one vertex can dominate at most three 
vertices in a cycle, at least two vertices are required. Hence, 

(଺ܥ)ߛ = 2. 
Example 3.5: Independent Domination Number of a Graph G [1] 

(ܩ)݅ = 2 
Solution: 
Let G be a graph with vertex set 

(ܩ)ܸ = ሼݒଵ, ,ଶݒ ,ଷݒ  ସሽݒ
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and edge set 
(ܩ)ܧ = ሼݒଵݒଶ, ,ଷݒଵݒ  ସሽݒଶݒ

Consider the set 
ܦ = ሼݒଶ,  ଷሽݒ

First, v2 and v3 are not adjacent, so D is an independent set. Second, v1 is 
adjacent to both v2 and v3, while v4 is adjacent to v2. Also, v2 and v3 are in D. 
Hence, every vertex of G is either in D or adjacent to a vertex in D. 
Therefore, D is an independent dominating set. Since no single vertex can 
satisfy both domination and independence for this graph, 

(ܩ)݅ = 2. 
Example 3.6: Connected Domination Number of the Path Graph P4 [6] 

)௖ߛ ସܲ) = 2 
Solution: 
Let G = P4  be the path graph 

ଵݒ − ଶݒ − ଷݒ −  ସݒ
Consider the set 

ܦ = ሼݒଶ,  ଷሽݒ
The vertex v1 is adjacent to v2, and v4 is adjacent to v3. Also, v2 and v3 belong to 
D. Thus, D is a dominating set of P4. 
Moreover, the subgraph induced by D, denoted by G[D], contains the edge v2v3 
. Therefore, G[D] is connected. Hence, D is a connected dominating set. 
Since no one-vertex set can dominate P4, it follows that 

)௖ߛ ସܲ) = 2 
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Conclusion 
In conclusion, this research presented a study of some kinds of domination in 
graph theory. The study began with the basic concepts of graph theory, such as 
vertices, edges, paths, cycles, degree, connected graphs, complete graphs, and 
bipartite graphs. These concepts provided the necessary foundation for 
understanding domination and its different forms. 
The research discussed domination, total domination, independent domination, 
and connected domination. It showed that each type has its own conditions and 
importance. Ordinary domination focuses on covering all vertices, total 
domination requires every vertex to be adjacent to a selected vertex, 
independent domination requires the selected vertices to be non-adjacent, and 
connected domination requires the selected vertices to form a connected 
subgraph. 
The study also showed that domination numbers depend strongly on the 
structure of the graph. For example, complete graphs have small domination 
numbers because of their high connectivity, while path and cycle graphs require 
more careful selection of vertices. Moreover, domination has important practical 
applications in communication networks, sensor networks, monitoring systems, 
and optimization problems. 
Therefore, domination remains an important topic in graph theory because it 
connects theoretical mathematical concepts with practical applications. It 
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provides useful methods for studying coverage, control, and efficiency in 
different types of networks. 
 
 
 
 
Results 

1. Domination is a fundamental concept in graph theory, as it provides a 
mathematical method for studying coverage, control, and monitoring in 
graphs.  

2. The domination number depends strongly on the structure of the graph, 
especially the number of vertices, edges, and adjacency relations.  

3. In complete graphs Kn , the domination number is small because every 
vertex is adjacent to all other vertices, where γ(Kn)=1.  

4. Total domination is stronger than ordinary domination because every 
vertex must be adjacent to a vertex in the total dominating set, including 
the selected vertices themselves.  

5. Independent domination and connected domination add extra conditions 
to ordinary domination, making them useful in applications such as 
communication networks, sensor networks, and optimization problems.  

Recommendations 
1. Future studies should examine other types of domination, such as Roman 

domination, restrained domination, and signed domination.  
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2. It is recommended to study domination in more complex graphs, such as 
weighted graphs, directed graphs, fuzzy graphs, and dynamic graphs.  

3. Researchers should give more attention to computational methods and 
algorithms for finding minimum dominating sets in large graphs.  

4. Future research should connect domination theory with practical 
applications in communication networks, sensor systems, and resource 
allocation. 
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