B T T T T T T T T T T T T

Ministry of Higher Education
And scientific Research
University of Babylon

College of Education For pure sciences

Aboodh Transform

and linking it to some effective integral Transformations

A Research Submitted to the Mathematic Department, College
of Education for Pure Science, University of Babylon as
Partial Fulfillment of the Requirement for the
degree of Bachelor of Education / Mathematics

Preparation:
Reyaam Mohammed Hussein
Supervised by
Asst.Lect.Ali Hasan Abdul Khaleq

2024 A.D 1446 A.H

N N N N N N N N N e e e e e N N N N N N N N e e e e e e e e e e e e e e e e e e e e e e e e e T T T T

T T T T T T T T N T NN

NN NNONONONONONONONONONONONONONONMONONMONMONMONMONMONMONMONMONMONMOMONMONMONMONMONMOMOMOMOM MM MMM MM UMM M MMM OM MMM OM UMM UM OM UMMM OM MM OMOM MMM MMM NN NN NN NN N NN



A N N N N T e e T T T T T T T Tt T

P

\%
Alaladll)

Ly

(V)

B
2
S,
»y(

e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e R T R O R O R T R T R T T T T O R T R T L Y e e

B T T T T T T T T T T T T

T T T T T N T T



B T T T T T T T T T T T T

JoaN)

—_——

Si3adl @hla Olisels y3eds Camedl 1 udT clialy y58 SO
3989 Wl hhany J desls Lsls 38 4l

ceudaall HlaaYld (Gadmd (pe CuSed ¢e3lWl egarxily egu> Jurdy
3945l (3,23 Y (a1 ddall 0gusld) eslyeYI ol ]

cdally Jab (353 wsbal @l Al 0g>9,)s

08 S (a9 el (e measS Jaadl 14 (S

ot O e SIS dslas 8 § po Lasls

N N N N N N N N N e e e e e N N N N N N N N e e e e e e e e e e e e e e e e e e e e e e e e e T T T T
T T T T T T T T N T NN

NN NNONONONONONONONONONONONONONONMONONMONMONMONMONMONMONMONMONMONMOMONMONMONMONMONMOMOMOMOM MM MMM MM UMM M MMM OM MMM OM UMM UM OM UMMM OM MM OMOM MMM MMM NN NN NN NN N NN



B T T T T T T T T T T T T

ugu\lﬂb UEDAJ\

(I dse > A pup ¢ G i) paanlly Sl pallsy pail colinely y5b S
el 13 plail 3T hos and J desng ailasy dilolinyl Juads s U!

() ool Jlel e el il (hles skl (3 el oo

ol Blast 0 0,8l

(A3 BYI alry NS Bl A3yandl (35Sl ol JILT S il § &I LS
J =59 plg] Huas 1936 Lald

Tlidls el 920 (Rugig oed § Batnally Biladdl 023987 o nz 02,5l

N N N N N N N N N e e e e e N N N N N N N N e e e e e e e e e e e e e e e e e e e e e e e e e T T T T
T T T T T T T T N T NN

NN NNONONONONONONONONONONONONONONMONONMONMONMONMONMONMONMONMONMONMOMONMONMONMONMONMOMOMOMOM MM MMM MM UMM M MMM OM MMM OM UMM UM OM UMMM OM MM OMOM MMM MMM NN NN NN NN N NN



T T T T T T T

Abstract:

In this research, we studied the Aboodh transformation, where we
presented its transformations and the inverse of the transformation, in
addition to clarifying how it is applied to differential equations, as it can
be used to solve some initial value problems in ordinary differential
equations, while presenting a group of examples of that, and linking it to
some effective integral Transformations.
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Introduction

This conversion has been applied in various fields of science,
engineering, and technology [1],[2]. Ordinary linear differential
equations with a fixed coefficient and a variable coefficient can be
easily solved using the Abudha transform method without finding
the general and arbitrary constant solution. Differential equations
arising in scientific and engineering problems are usually solved:
Laplace transform, convolution method, calculus method, Zaki
transform, residuals, mahgoub transform, mohand transform,
sumudu transform... In this research, the Abudha transformation
technique is presented for analyzing simultaneous differential
equations with boundary conditions. It explains how to apply it to
solve equations, in addition to linking it to some of the famous
integral transformations.
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1.1 Introduction to Aboodh Transform

Aboodh Transform is derived from the classical Fourier integral. Based on the
mathematical simplicity of the Aboodh transform and its fundamental
properties

Aboodh transform was introduced by Khalid Aboodh to facilitate the process
of solving ordinary and partial differential equations in the time domain.

Typically, Fourier, Laplace, Elzaki and Sumudu transforms are the convenient
mathematical tools for solving differential equations.

Also Aboodh transform and some of its fundamental properties are used to
solve differential equations. [2]

Aboodh Transform [1] was introduced by Khalid Suliman Aboodh in 2013, in
Omdurman Islamic University to facilitate the process of solving ordinary and
partial differential equations in the time domain.

This transformation has deeper connection with the Laplace Transform.
Introduced a comparative study of Laplace and Aboodh transform and applied
both transforms to solve system of differential equations to see the differences
and similarities. The result shows that Laplace and Aboodh transform are
closely related.

1..Y Definition of Aboodh Transformation [2]

A new transform called the Aboodh transform defined for function of
exponential order we consider functions in the set A defined by

A={f(®):IM, ki, k, > 0,|f(t)] <Me™*] ...(0)

For a given function in the set A, the constant M must be finite number k4, k,
may be finite or infinite.

The Aboodh transform denoted by the operator A (.) Defined by the

v
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integral equations

1 (0]
Alf®)] = K() =;J fMe™dt t=0,kl<v<k? ..(2)
0

The variable v in this transform is used to factor the variable in the argument
of the function f. This transform has deeper Connection with the Laplace and
Elzaki transform. We also present many different of properties of this new
transform and Sumudu. Elzaki transforms, few properties exptent.

The purpose of this study is to show the applicability of this interesting new
transform and its efficiency in solving the linear differential equation. [2]

1.3. Linearity Property:

A Linearity Property of Aboodh Transform: If Aboodh transform of functions
F1(t) and F,(t) are K,(v) and K,(v) respectively.

then Aboodh transform of [aF; (t) + b F»(t)] is given by [a K;(v) + b K,(v)],
where a and b are arbitrary constants and mathematically:

A[aFy(t) + bF5(8)] = aA [F1(6)] + bA [F2(0)]

=aK,(v) + bK,(v)

1.4. Aboodh Transform of the Some Functions:

For any function f(t), we assume that the integral equation (2) exists.
The Sufficient Conditions for the existence of Aboodh transform are that
f(t) fort = 0 be piecewise continuous and of exponential order. Otherwise
Aboodh transform may or may not exist.

In this section we find Aboodh transform of simple functions
Dletf(t) = 1,

then
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Proof:

2) let f(t) = t.

then

Proof:

Integrating by parts to find that: A [t] = v—13

3) let f(t) = t"

then

Alt"] =

vn+2

Proof
1 (o]
Alt"] = ;J th eVt dt
0

Integrating by parts to find that:

A[t"] = n!

pnt2
Substitution n = 0,1,2,3, ..., n is an Integer numbers,n > 0.
n=0,4 (% = A[1]
0! 1

'U0+2 172

n=1-A(tY) = A[t]

)
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T pltz T 3
n=2-A(t?) = A(t?)
g 2! 2

. — 2tz ph

2 n!

: So Alt"] = 5

/ 4) Let f(t) = e%,

Then

’ at) — 1

’ A [ € ] v2—qv
Proof:

2 at] = 1 (® Jat ,-vt
: A e*] vfo et eVt dt
/ o

g — lj eat—vt dt

’ L

y 0

: _ lf o@Dt gy
Vo

y oo

; Y -
’ L

5 1 -1 (®

g = — f —(v—a)e” WDt gt
. vv—al,

/ = (0-1

. v? —av ( )

1

vz —aqu

5) Let f(t) = sin at,

then

/ a

. Alsinat] = ——
g [ | v(v? + a?)
f 1
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Proof:

1 r® eiat _ e—iat
A [sin at] = —j eVt —)dt
vJy 20

— 1 e(ia—v)t _ e(—ia—v)t dt
2iv ),
1 ” —(v—ia)t —(ia+v)t
= — e —e dt
2iv ),

17 1 1

2iviv—ia v+ial
1 [v—ia—v+ia

20 v v2 + a2

a
-~ v(v? + a?)

V) Let f(t) = cos at.

then
A t !
cos at] = ———=
[ ] (v? + a?)
Proof:
1r® eiat + e—iat
A [cosat] = —J e V| ——— | dt
vJy 2i
1 e . .
= — e(la—v)t + e(—La—v)t dt
2iv ),
1 . .
= — e—(v—la)t + e—(la+v)t dt
2iv ),
17 1 1 7
; —+ ;
2iviv—ia v+ial

1 w—ia+v—ia
vZ +a?
\%
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1
(v? + a?)

Y) Let f(t) = sinh at,

then

A [Sinh at] = m

Proof:

. 1r® ot eat_e—at
A[smat]=—f e V| ————|dt
vy 2

[ s pavr gy
2v),

1 (00

_ e—(v—a)t _ e—(a+v)t dt
2v),

_ 1 [ 1 1 ]
" 2iviv—ia v+ia

B 1 [v —a—v+ a]
2ivl v?+4a?
B a
-~ v(v? —a?)
M) Let f(t) = cosh at
then

1

A [COSh Clt] = m

Proof:

1 et + g7t
A[cosat] = —f e V| —— | dt
v, 2

_ L J o@Dt | g(-a-v)t g
2v),

- e—(v—a)t + e—(a+v)t dt
2v),
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1 v—a+v—a

2vl v?2-—a?

1

1.5. The invers Aboodh Transform[3]

If A{f(t)} = K(v) then F(t) is called the inverse Aboodh transform of H (v)
and mathematically it is defined as

F(t) = AT{H(W)}
Where A™1 is the inverse Aboodh transform operator.

The integral equation of the inverse Aboodh transform Defined as

w+ioco

A Y KW)) = f(t) = Zim ve ""K(w)dv, w=0

f(®) Alf(O] = K@) | f(©) = AT {K()}

1 1 1 1

2 t 1 t

3 t? 2! t2

4 t", n>0 n! t"

5 pat 1 pat

6 sin at sin at

7 cos at 1 cos at

8 sinh at a sinh at

9 cosh at 1 cosh at
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Chapter Two
Applications of Aboodh transformation
and linking it

to some effective integral transformations
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2.1. Application of Aboodh T: 1ary Differential Equations

the Aboodh transform can be used as an effective tool. For analyzing the basic
characteristics of a linear system governed by the differential equation in
response to initial data. The following examples illustrate the use of the Aboodh
transform in solving certain initial value problems described by ordinary

differential equations.

2.2.Consider the first-order ordinary differential equation[2].

dy _ 0
a+py = f(t), t>0 ...(¥)

With the initial Condition.

y(0)=a

Where p and a are constants and f(t) is an external input function so that its
Aboodh transform exists.

Applying Aboodh transform of the equation (*) we have
Ay + pyv = f(v)
£(0)

vk(v) ———+ pyv =f()

0 _
o) - 22 4 pyw = )

7 @) [v+p] = =+ Fv)

_ . _a+ vf(v)
y (v) - v(v + p)
The inverse Aboodh transform leads to the solution. The second order

linear ordinary differential equation has the general form

d2y+Y dy+ = f(t),t>0
dx? " Pldx v = 10,

The initial conditions are
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y (0) = a, dx(O)—b

Where pa and b are constants. Applications of Aboodh transforms to general
initial value problem gives

y(0) 2py(0)

vey() ===~ y(0) + 2pvy(v) — +ay(v) = f(v)

_ b 2pa
y) [v? + 2pv+4q] = fw)+-+a+ %

vf(v) + b+ av + 2pa
(v + 2pv + q)

yw) =

W+ b+ 2pa
(W2 +2pv+q)  v(v?2+2pv+q)

y(w)
The inverse Aboodh transform gives the solution.

Example (2.2.1)

y'+y =1 y(0)=0,y'(0) =0

Solution: take Aboodh transform to this equation gives:
AW +AQy) = AD

0 1
VZKW)—#—AI(O) + KV) =3

0 1
VEK(WV) = =0+ K(V) =3
VZK(V) + K(V) = %

K(W)[V? + 1] _ 1

V2
K 1 1
_ 1.
vz VZ41
KV)=—>—>——
W)=y

The invers Aboodh transform of this equation is simply obtained as

'Y
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1 AV+B CV+D
= + (**)
VZWZ+1)  VZ | (VZ+1)

KW) =

_ (AV +B)(V®+ 1) + (CV + D)V?
B V2(V2z +1)

1 AV3 + AV + BV2+ B+ DV? +CV3

k) = VZVZ+1) VZ(VZ + 1)

wAVR4CV3=0 5A+CH+0
BV?24+DV?2=0 ->B+D=0

AV =0 -A=0

ButA = 0,B=1,C=0,D =—-1 in(**)we get:
0+1+ -1
V2 Vz+1

1 1
KW=y -y

KW) =

By using Inverse of Aboodh transform
y(t) =1—cost

Example (2.2.2).

y+y=0
With the initial condition y(0) = y'(0) = 1
Solution:
take Aboodh transform of both sides

Ay} + Aly} = A{0}

VZK(V)—&VO)—y(O) + KWV) =0

By using initial condition

N N N N N N N N N e N e e N e e e e e e e e e e e e e e e e e e e e e et et e e T Tt Tt e A

T T T T T T T T N T NN

NN NNONONONONONONONONONONONONONONMONONMONMONMONMONMONMONMONMONMONMOMONMONMONMONMONMOMOMOMOM MM MMM MM UMM M MMM OM MMM OM UMM UM OM UMMM OM MM OMOM MMM MMM NN NN NN NN N NN



B T T T T T T T T T T T T

N N N N N N N N N e e e e e N N N N N N N N e e e e e e e e e e e e e e e e e e e e e e e e e T T T T

T T T T T N T T

1
VZK(V)—V—l + K(V) =0

1
[VZ + 11K (V) :V+1
1+V 1
%
vV o VZ+1

1+V
Vivz+ 1)

1 |4

K(W) =

K(WV) =

“VI+ D) voEE D)

1 1
VW24 1) T (V2 + 1)

By take the inverse of Aboodh transform

y(t) = sint + cost

N N N
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2.3.Connection Between Aboodh Transform and Some Effective
Integral Transforms.

2.3.1. Laplace Transform[5]

The Laplace transform of the function Z(y), y =20 is

(00]

LZG)} = fo Z(e™® dy = B(e)

Table-I: Some typical functions with their Laplace
transform
S.N. Z(y) A{Z(y)} =J(e) L{Z(y)} = B(e)

b, 1 1 1
g2 €
2. 14 1 1
e3 €?
3] V2 2 2!
et €3
4. y"' n! n!
neN €n+2 6n+l
5. v, Tn+ 1) T(n+ 1)
n> -1 ent2 entl

6. e | 1

7. sinay a e
€(€? + a?) (€2 + a?)
8. cosay 1 €
(€2 + a?) (e? +a?)
9. sinhay ¢ i B

10. coshay 1 &

2.3.2. Kamal Transform.[5]

Kamal transform of the function Z(y), y 20 is
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Kz = |

0

(0.0)

-y
Z(y)ee dy = C(e), 0 <k; <€ < k2

Table-II: Some typical functions with their Kamal
transform

S.N. Z(y) A{Z(y)} =](e) K{Z(y)} = C(e)
1. 1 1 €

62

e3

P
4. ! n! nlet*l
neN en+2

5. r" F(n+1) [(n+ 1)e™*!

6. e 1 e
e(e —a) (1 —ae)

7. sinay a ae’

e(e? + a?) (1 + a?e?)

8. cosay 1 e
(62 + az) (1 + azez)

a a€2

9. sinhay
e(e? — a?) (1 — a?e?)

10. coshay 1 L
(€2 — a?) (1 —a%e?)

2.3.3. Elzaki Transform[4]

Elzaki transform of the function Z(y), y 20 is
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0
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w4
Z(y)ee dy = D(e), 0 <k;<e<k2

transform

Table-III: Some typical functions with their Elzaki

S.N.

Z(y)

A{Z()} =J(e)

E{Z(y)} = D(e)

1. | 1 €?
€?

2 % 1 €3
€3

o ¥ 2! 21¢
et

4. y",nE€N n! n! en+2
6n+2

y*.n> -1

F'(n+ 1)e*?

6n+2

6. e 1 €?

ele—a) (1 — ae)
T sinay a ae?

e(e? + a?) (1 + a2e?)
8. cosay 1 €2

(€2 + a?) (1 + a%€?)
9. sinhay a ae?

(1 — a?€?)

10.

coshay

(1 — a?%€?)

N N N N N N N N N e N e e N e e e e e e e e e e e e e e e e e e e e e et et e e T Tt Tt e A

2.3.4 Sumudu Transform|[5]

Sumudu transform of the function Z(y), y 20
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; o0

/ S{Z(y)} = f [ Z(ey)e™¥dy = F(e), 0 <k; <€ < k2
; 0

/ Table-IV: Some typical functions with their Sumudu
’ transform

/ S.N. Z(y) A{Z(} =J(e) S{Z(y)} = F(e)
’ k. 1 1 1

/ €?

f 2 % ¢

’ €3

’ 3 y? 2! 2! €2

/ et

f 4 Yy n€N n! n'e”

: 6n+2

/ 5. e, F(n+ 1) T(n+ De”
f n>—1 en+z

2 6. ey 1 1

e(e —a) (1 — ae)

p i sinay __& i
€(e? + a?) (1 + a?€?)

8. cosay 1 1

(€2 + a?) (1 + a?€?)
9. sinhay " GE

e(e? — a?) (1 — a?€?)
10. coshay 1 1

y (& —18%) (1 —a%e?)

f 2.3.5. Mahgoub Transform|[6]

f A
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Mahgoub (Laplace-Carson) transform of the function Z(y), y 20 is
MAZO)} = €[ Z()e ¥ dy = G(e), 0 <ki < € < k2
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Table-V: Some typical functions with their Mahgoub
(Laplace — Carson) transform
S.N. Z(y) A{Z(y)} =J(e) MAZ(y)} = G(e)

=

4. y*, n €N n! n!

5. y,n>-—1 '(n+1) I'(n+1)

7. sinay

8. cosay 1 €

9. sinhay

10. coshay 1 €

2.3.6. Mohand Transform[7]

Mohand transform of the function Z(y), y 20 is

(0]

M{Z(y)} = EZJ Z(y)e¥¢dy = H(e), 0 <ki<e<k2
0
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transform
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Table-VI: Some typical functions with their Mohand

S.N.

Z(y)

A{Z(y)} =J(e)

M{Z(y)} = H(e)

1

1
€2

m

€

1

63
3. v? 2! 21
et €
4. y*,n€N n! n!
€n+2 6"—1

r:*.n> -1

'nh+1)

e(e? + a?)

€n+2 en—l
6. e 1 €?
e(e — a) (e —a)
7. sinay a ae’

cosay

1
(2 + a?)

N N N N N N N N N e N e e N e e e e e e e e e e e e e e e e e e e e e et et e e T Tt Tt e A

9. sinhay a ae’
e(e? — a?) (€2 — a?)
10. coshay 1 e3
(€2 — a?) (e2 — a?)
Y\
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