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Introduction

Polynomials are incredibly useful mathematical tools as they are
simply defined, can be calculated quickly on computer systems and
represent a tremendous variety of functions. They can be differentiated and
integrated easily, and can be pieced together to form spline curves that can

approximate any function to any accuracy desired.

Bernstein polynomial basis is started to review the historical progress
together with contemporary state of theory, algorithms and applying the
method of polynomials for f inite domains. Initially introduced by S.N.
Bernstein to ease a useful proof of the Weierstrass Approximation Theorem,
the slow convergence rate of Bernstein polynomial approximations to
continuous functions results in them to fade in obscurity, till the arrival of

digital computers.

The Bernstein form started to enjoy common use as a multifaceted means of
intuitively creating and working on geometric shapes. At the same time,
inciting further development of basic theory, identification of its excellent
numerical stability properties and an increasingly variegation of its
repertoire of applications, simple and efficient recur Sive algorithms, with

the wish for utilizing power of computers for geometric design applications.

Karl Weierstrass gave the first proof of his (fundamental) theorem on
approximation by algebraic and trigonometric polynomials, in 1885. This
was important for development of Approximation Theory. It was a long and
complicated proof and leaded a kind of mathematicians to find simpler and
more useful proofs. In 1912, the Russian mathematician Sergei N.
Bernstein formulated a sequence of polynomials namely the Bernstein

Polynomials. [1]
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Definition 1.1(Bernstein polynomial)[2]

A Bernstein polynomial of degree n is defined on the interval [0- 1] as:

n

Bin(®) = (; ) ¥ (1 = £)"~* (1)

Fork = 0,1, = ,n

ny n!
(k) kl(n — k)!
Example 1.2]2]

The Bernstein polynomials of degree 1 are
Bo.(t) = (1—1), Bia(t) =t

and canbe plotted 0 <t < 1as

Boalt) 1" . By (f)

Figure 1.1. By ; and B, ;



1.2. Properties of Bernstein Polynomials

Property 2.1.1(Bernstein Polynomials Recursive Definition) [3]

The Bernstein Polynomial of degree n can be introduced by combining two
(n — 1)st degree Bernstein polynomials with each other. That is, the kth

nth- degree Bernstein polynomial can be formulated by
By (t) = (1 =)Bp_1x(t) + tBp_1-1(t) (2)
Proof.

To prove this, we will use the Definition 1.1 of the Bernstein polynomials
)
(1 —=t)Byp-1(t) + tBy_qpn_1(t)

n

-1
tk=1 (1 — pyn—k—(k-1)
(o)t a0

=(1-1) (n ; 1) thk(1—t)r 1% + t(
= (e A - or (e - o
= ((H+GD) ra-om*

= () k- oy

= Bk,n(t) .

Property 1.2.2(Non-negative Bernstein Polynomials) [3]

Bernstein polynomial is a non-negative function over the closed interval

[0,1]if f (t) = Ofort € [0,1].
Proof.

To prove this, we use the mathematical induction with the recursive

property 1.2.1 of Bernstein polynomials (2).

4



1. It is shown that the functions
BO,l(t) == 1 —t and Bl,l(t) =t
are both non-negative over the interval [0,1].

2. If we suppose that all Bernstein polynomials of degree less than k are
non-negative, the other case we can use the recursive definition of the

Bernstein polynomial (2) and it is written by:

Bux(t) = (1 =t)Byi—1 (t) + tBp_q-1(t)

and prove that B, ;(t) is also non-negative over the interval [0,1].

Definition 1.2.3.(Partition Unity) [3]

If the summation of all values of t is one, then f,,(t) is a called a partition

unity.

Property 1.2.4 (Partition of Unity) [3]

The kth-degree k + 1 Bernstein polynomials for a partition of unity in that

they all sum to one.
Proof.

If we assume that this is true, it is easy to show an undistinguished different
fact: for each k, the sum of the k + 1 of degree k is equal to the sum of the
k Bernstein polynomial so f degree k — 1.That is,

n n-—1
Z Bn,k (t) = Z Bn,k—] (t)
k=0 k=0



This computation is clear, using the recursive definition of Bernstein

polynomial and rearranging the sums:

D Buc(® =) [(1 = OBnis () + By s (O]
k=0 k=0

k
= (1-0) 6] D Busps (0 + Boypa (©
n=1

k-1
D Buia © + Brer (©
n=20

k-1 k
=(1=0 ) Buges (0 + £ ) Buy s (0)
n=0 n=1

k-1 k-1
= (10 ) B (® + ¢ ) By gra ®
n=20 n=0

k-1
= Z Bn,k—l (t)
n=0

where we have utilized By, 1 (t) = B_1,-1(t) = 0

Once we have established this equality, it is simple to write

k k-1 k-2 1
Z Bn,k—l (t) = Z Bn,k—l (t) = Z Bn k=2 (t) == Z Bn,l (t)
n=0 n=0 n=0 n=0

=1-0+t=1

Property 1.2.4 (Degree Raising) [3]

In this case, any (n — 1)th-degree Bernstein polynomial can be written as a

linear combination of nth-degree Bernstein polynomials.
Proof.

Firstly, we note that



n n
tByn () = (k) th+1(1—t)n—k = (k) th+1(] — )+ 1) - (k+1)

n
( ) (n+1)tk+1(1_t)(n+1)—(k+1)

n+iy
a1 k+ 1

n
r(z+)1 Briin+1 ()
k+1

k+ 1

= nrl Briin+1 (1)

And

(1 —=1t)By, (t) = (Z) th (1 —¢)nti-k
() (n+

= m kl)tk(l_t)n—k
_ W
(n+1)

n—k+1

= n+1 Bk,n+1(t)

Bkn+1 (t)

And finally

1 1
7y Bien (6 + 7y B ) =th(I—"* 4 th+1(1 —n- D
k+1

()
= tF@A-0" T (L - t) + t)

— tk(]_—t)n_k_l
= Bkn 1(t)

("‘1)

Using this final equation, it can be written as



— 1
Bk,n—l (t) n [(n) Bkn (t) + ( ) Bk+1n (t)
k+1

- (5 ")Bm@ + (5

Which expresses a Bernstein polynomial of degree n — 1 in terms of a

1) Byi1n ()

linear combination of Bernstein polynomials of degree n.

Property2.1.5 (Power Basis) [3]

Any nth degree Bernstein polynomial can be written innermost the power

basis which is expressed by { 1,¢,t2,...,t" }.
Proof.

This can be directly computed by using the definition of the Bernstein

polynomials (1) and the binomial theorem, as follows:

Bn(t) = (Z)tk (1—t)n=k = (’:)t Z (—1)* ("’ . i)tk
k=0

n-—i

- 2 O e

k=0



Property 1.2.7 (Matrix Representation) [3]

The Matrix Representation of Bernstein polynomials A matrix
representation 1is useful for the Bernstein polynomials. The linear

combination of Bernstein basis functions for a given polynomial is given by
B(t) = coBox (t) + 1By i (t) + - +Cp By i (1)

It is easy to write this as a dot product of two vectors

_CO_
1
B(t) = [Bo,k(t) Bip(t) - Bk,k(t)]
-Ck-
We can trans form this to
_bOO O 0 O T CO-
bl 0 bl,l 0 O C1
byo by bz,z 0 €2
B)=[1t t? - t¥] :
[bro br1 brz 0 byl Ck-

Where the b, , are the coefficients of the power basis that are used to
determine the respective Bernstein polynomials. We note that the matrix in

this case in lower triangular matrix.

Example

If we want to give an example, we can give the quadratic case (n = 2) with

the matix expression



1 0 0][C%
Bt)=[1 t tz][—z 2 0] [Cll
1 -2 1114

Previously, we define the Bernstein polynomials in equation (1) for each
positive integer. It will be shown that if f is continuous over the
interval[0,1],its sequence of Bernstein polynomials converges uniformly to
f over thein terval[0,1], thus giving a useful proof of Weier strass’
stheorem. For the proof of Weierstrass Theorem, Bernstein composed
incoming polynomials in place of the known polynomials. For instance,
Taylor polynomials are not useful for all continuous functions, it can be

applicable only infinitely differentiable functions.
It is clear from equation (1) that foralln > 1..

B,(f,0) = f(0)and B,(f,1) = f (1) (3)

so that a Bernstein polynomial of f interpolates f at both endpoints of the
interval [0,1].

Besides, from the binomial expansion it follows that

Bu(150) = ) (1)x*( = 20"k = (x + (1= 1)@
k=0

Thus, the Bernstein polynomial of the constant function 1 is also 1. In
addition, the Bernstein polynomial of the function f (t) = t is x. In fact,

since

(0 =(_1)

for 1 <k <n, the Bernstein polynomial of the function t is

B,(t:x) = ;Zo

S|

(Z) xk(l — x)n -k

10



= n—1
— k-1 _ n—-k
_XZ(k—l)x (-2
k=1

=x¥0_, ("I D)xS@A—0)" "8 =x (5)

The Bernstein operator B, maps a function f,defined over the interval
[0,1] to B,f, which is the function B, f computed at x represented by
B, (f;x). The Bernstein oper ator is clearly linear, since it comes from

equation (1.0.1) that
B,(Af +ug) =ABnf +uBng (6)
For all functions f and g defined over the interval [0,1] and all real A and p.

B, is a monotone operator from the equation (1), then it follows from the

monotonicity of B,, and equation (2) that
p<fx)<Pxel01]=p<B,(fix) <Pxe€[01] (7)
In this case, letting p = 0 in equation (7), we get

f(x) = 0,x € [0,1] = B,(f,x) > 0,x € [0,1](8).

1.3. Bernstein polynomials Derivatives
Property 1.3.1 (Derivatives Polynomial) [3]

Derivatives Polynomial of degree n — 1 are derivatives of the nth degree of
the Bernstein polynomials. Also, these derivatives can be written as a linear
combination of Bernstein polynomials using the definition of Bernstein

polynomials. In this case,

d
7z Bin(0) =1 (Bign-1(6) = Bin-1(6) )

11



Proof.

For 0 < i < n.This can be written by direct differentiation

dB t—dntil t)n-t
ZBa®=—(,)f -0

in! i ney (m—10Dnl . .
BEICE T T TR
_ nn — 1)! i i nn — 1)! ; .
T G- Ditm - Ha-0 _i!(n—i—l)!t(l_t) 1
_ (n — 1) i O (Lt ) LI PR
_n<(i—1)!(n—i)!t ‘-0 Tm—i-1nt &Y 1)

=1 (Bi-1n-1(8) = Binoa(®))

Theorem 1.3.2(Bernstein polynomial Derivative Formulation) [3]

The Bernstein polynomial can be written in the following form

n

Bu(fim)= ) (L) 8@k )

k=0

Where A is the forward difference operator, shown as

Af(x) =f(xe1) = f(x) = f( + h) = f(x) (10)
with step size h = .

Proof.

Beginning with equation (1) and extending the term (1 — x)™ %, we have

n

=3 1) (e Yoo ()
5=0

k=0

12



Letus putt = k + s. We might write

Also, we have

n\m — k ny /t
W) =)
And so, we might write the double summation as

n

S0 Y ()1 = 3 Owron

n
t=0 =0 t=0

On using the expansion fora higher-order for ward difference.

Theorem 1.3.3. (Bernstein polynomial Derivative) [3]

The derivative of the Bernstein polynomial B, (f,x) can be written in the

following form

B = (n+ D) Y af () () (1 - 0m =k an)
k=0

Forn > 0, where 4 is applied with step size h = (n_-lu) Otherwise, if f is

monotonically increasing or monotonically decreasing over the interval

[0, 1], so are all its Bernstein polynomials.

Theorem 1.3.4( Bernstein polynomial m™ derivative) [3]

For any integer m > 0, the m™ derivative of B,,,,,(f,x) can be expressed

in terms of m™ differences of f as

13



B = TS

k=0

— m) (:)xk(l — )"k (12)

1
(n+k)

Foralln > 0. Here A is applied with step size h =

Proof:

We write

n+m

Bpim(f,x) = Z f(n _llf m)(n -Il; m)xk(l — x)ntm-k

k=0

And differentiate m times to get

n+m

B (f,x) = Z f(n JI: m) (n Z m)P(x)(13)

k=0

where

m

P(x) = d—x"(l — x)ntm-k

Now, we use the Leibniz rule which is

m
m m—k

d
—— (f)g() = Z o)

To differentiate the product of x* and (1 — x)™®*™~* _First, we find that

k!
d* - k-s _
dxsxk= (k_s)|x , k s=>0
0, k—s <0

And

14



m-—sSs

s (1 _ x)n+m—k

S+ m - k)
(n+s—k)!
0, k—s >n

(1 —x)"*t™m=S k—s <n

(D™~

Accordingly, the m™ derivative of x¥(1 — x)** ™~k ig

mes (M k! (m+m-—-K! ,
P(")=Z(_1) (s)(k—s)!(n+s—k)! AN

_ x)n+s—k (14)

Where the last summation is overalls from 0 to m, with the limitations

0 < k — s < n. Now, were place [ with k — s, such that

n+m

> Yo Y as

We also note that

n+m k! m+m-—-k)! m+m) n
( k )(k—s)! (n+s—-k)  nl (k—s) (16)

It then follows form equations that the m™ derivative of Bj,,,,(f,x) is

n n-k
o 2 2o (D) ) (et - o

1=0s=0

Finally, we note that

n—-k
o (M () = i)

where the operator A is applied with step size h = ﬁ .Whence the result.

15



Theorem 1.3.5.[3]

Let f € C™[0,1] for some m = 0 then
p<fM(x)<P,x€[01] = cpnp<B™ (f;%) < cpP,Vx € [0,1],

foralln > m, where ¢, =¢; =1

— 1__1 1_2 w1 =
en == === )
Proof.

The former relation in the theorem can also be seen in equation (7) if we let
m = 0. For m > 1 we begin with equation (12) and replace n by n—m.

Then, using

AP (xo)

500 = F®)(§), where § € (x0,%p ), X = Xo + Ph

) 1 .
with h = —,we write

AM f(s ) = TRIC) (17)

nm
where & < & < K™ Thus
m n
n—-m
BIV(f) = ) enf ™ (ExF(1 = xyn ok
k=0

and the theorem follows easily from the latter equation.

1.4. Uniform Convergence of Bernstein polynomials

Theorem 1.4.1 (Convergence of Bernstein polynomials) [4]

If f € C[0,1] and € > 0 is arbitrary, then there exists an integer N such that

16



| f(x) =B, (f,x)I<e 0<x<1,
forallm > N.
Proof.

We start with the identity

k 2k k ,
o] = 2o
n n n
Multiply each term by (%) x*(1 — x)™ ¥ and sum from k = 0 to n, to give
n
k 2 n
— k _ n -k
z(n x) (k)x (1=
k=0
= B, (t%; x) — 2xB,(t; x) + x*B,,(1; x).
It then follows from equations (4), (5), and
1
B,(t%x) = x% + ;x(l —x)
that
k 2 _ 1
oo =) (X (1 = 0" F =121 -0.8)

For any fixedx €[0,1], let us approximate the sum of the

polynomials p,, . (x) over all values of k for which % 1s not close to x.

To make this notation exact, we take a number 6 > 0 and let Sg indicate the

set of all values of k satisfying | % —x | = 6. For such k, we have

= (= —x)2 > 1 (19)

652 n

Then, using equation (19), we obtain

17



S (oot = Y (E ) (et o
keS

s k€ESs

The last-mentioned sum is not greater than the sum of the same expression

over all k. Using equation (18), we have
1 k > n x(1—x)
_ . k _ n—-k__» "7
52 Z (n x) PESCEE) no?
kESs

Since0 < x(1 —x) < i on [0,1], we have

Z (Z)x"(l —n k< 47352 (20)

kE€Ss

Let us write
n
Yoo Fr Y
k =0 k€ESs k¢&Ss

) ) k
where the last-mentioned sum is therefore-over all k such that | ——X < 6.

Having separated the summation into two parts, which depend on a choice
of § that we still have to make. Now we are ready to approximate the
difference between f(x) and its Bernstein polynomial. Using equation (2),

we have

F0) = Bu(fix) = ) (f(x) —f(f)) (7) %1 = xm
k =0

And hence

fx) = Bp(f;x) = Z (f(x) ~f (S)) (Z) xk(1 = x)nk

kE€Ss

18



+ ) (f(x)—f(f)) () x*ct = om

ké&Ss

Thus we obtain the inequality

PG ~Bufiol < . [rGo—r ()| () e — ot
KESg
+ ) |f(x)‘f(§)| ()x 1 = o =+,
K&ss

Since f € C[0,1], it is bounded over [0-1] and | f(x) I< M for some M >

0. Hence, we can denote

IA

k
— 2M
n

feo-r(2)

Forallkandallx € [0,1], and thus

k\| m n
— _ k _ n—k k _ n—k
Z |f(x) f(n)|(k)x (1—x) < 2M Z (k)x (1—x)" ",
k€Ss keSs
Using equation (2+), we obtain

5 oo r(B[(a-sms 2 e

k€ESs

Since f is continuous, it is also uniformly continuous over the interval
[0,1]. Hence, for any choice of & > 0there exists a number § >

0 depending on € and f such that
| x—x' 1< 8= f(x) — f(x) 1<

for all x,x" € [0,1]. Hence, for some k & Sg, we have

¥ o) Q-0 <33 ()<t

ké&Ss ké&Ss

19



<§i (Z)xk(l — )"k,
k=0

Using equation (2) once more, we find that

> fro-r(Z)| (xci-wr k<5 @

k€&Ss

On combining the equations (21) and (22) , we get

&
FG) = BalFi)| < 55 +

It follows from the above that if we select N > g% , then

[f(x) = Bo(f;0)| < ¢

for all n = N, and hence the result.

Theorem 1.4.2. (Convergence of mth Bernstein polynomials’ Derivatives) [4]

Iff € C™[0,1] for some integerm = 0, then B,(lm) (f; x) converges

uniformly to £ (x) on [0- 1].
Proof.

The case m = 0 holds by Theorem (14). Form > 1, we begin with the

expression for ngTr)n (f; x) given in equation (12) and write
n+m (n + m)t
Where —— < & < ktm
n+m n+m

As we do computations in equation (17). We then approximate f ™ (&,) by
writing

20



Where

And

FE) = £ (5) + () - Fes) )

n!(n+m)mB(m) (f, x) = Sl(X) + SZ(X), (23)

(n+m)! ~—ntm

n

S (x) = Z Fm (nf) (Z) xk(1 — x)nk

k=0

5,00 = ) (f“”)(fk) — fom (n5)> (7)< 1 -
k=0

In S,(x), we can ensure | &, — S | < 6 forall k , for any chosen § > 0,

by taking n sufficiently large. Thus, given any € > 0,

we can select 8§ > 0 such that, by the uniform continuity of ™ | we have

| FM(E) — £ (f) | < & forall k.

Hence S,(x) — 0 Suniformlyover [0,1] asn — oo.

We can justify similarly that asn — oo, and from Theorem (14)

with £ in place of f, S;(x) converges uniformly to £ ™ (x) over [0,1].

Note also that

nl(n+m)™
(n+m)!

— las n— oo,

21



Chapter Two
BERNSTEIN
POLYNOMIALS Curves
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2.1. Bernstein Polynomials Curves
In the following figures, we show curves of Bernstein Polynomials for

n =1,2,34,5.

Bemstein Polynomials for n =1

Bm(x)
B, 4(x)

09r

08

0.7

06

05

04r

03

02r

017

Figure2.1. Bernstein Polynomials forn =1
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Bn k(x)

Bemstein Polynomials for n =2

Figure2.2. Bernstein Polynomials for n = 2

Bemstein Polynomials forn=3

1
B (X)/
0.9 f B""
31
08 P— B3'2(x)
B;4(X)
0.7r1
06
=05
04 N
03r /
02
011
0 t . | | | )
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

X

Figure2.3. Bernstein Polynomials forn = 3
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Bn'k(x)

Bn'k(x)

Bemstein Polynomials for n =4

Figure2.4. Bernstein Polynomials for n = 4

Bemstein Polynomials forn =5

Figure2.5. Bernstein Polynomials forn =5

25



2.2. Bernstein Polynomials Convergence
In the following figures, we show curves of Bernstein Polynomials that

converges to continuous functions for n = 3,5,10,20.

Convergence of Bemstein Polynomials to f(x)=x3

1r
— ) 3
08| s
n=5
06 ——n=10
n=20
04r
> Ok
0.2r
04y
06
08

1 I 1 1 I I 1 I I 1 1]

-1 08 06 -04 -02 0 0.2 0.4 0.6 0.8 1
X

Figure2.6. Bernstein Polynomials Convergence of f(x) = x3
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Convergence of Bemstein Polynomials to f(x)=e*

25r1
_f(x)=e"
n=3
n=5
20r n=10
n=20
15
107
5 -
0 ; i ; : ; : I ;
-2 -1.5 -1 0.5 0 0.5 1 1.5 2 25 3
X
Figure2.7. Bernstein Polynomials Convergence of f(x) = e*
Convergence of Bemstein Polynomials to f(x)=sinx
15
1
0.5
0
>-0.5

-1

Figure2.8. Bernstein Polynomials Convergence of f(x) = sinx
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