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1. Introduction

A graph consists of a set of vertices and set of edges, each joining two
vertices.

Usually an object is represented by a vertex and a relationship between two
objects is represented by an edge. Thus a graph may be used to represent any
information that can be modeled as objects and relationships between those
objects. Graph theory deals with study of graphs. The foundation stone of graph
theory was laid by Euler in 1736 by solving a puzzle called Konigsberg seven-
bridge problem . Konigsberg is an old city in Eastern Prussia lies on the Pregel
River. The Pregel River surrounds an island called Kneiphof and separates into
two branches where four land areas are created: the island a, two river banks b
and c, and the land d between two branches. Seven bridges connect the four
land areas of the city. It is said that the people of Konigsberg used to entertain
themselves by trying to devise a walk around the city which would cross each of
the seven bridges just once. Since their attempts had always failed, many of
them believed that the task was impossible, but there was no proof until 1736.
In that year, one of the leading mathematicians of that time, Leonhard Euler
published a solution to the problem that no such walk is possible. He not only
dealt with this particular problem, but also gave a general method for other
problems of the same type. Euler constructed a mathematical model for the
problem in which each of the four lands a, b, ¢ and d is represented by a point
and each of the seven bridges is represented by a curve or a line segment The
problem can now be stated as follows: Beginning at one of the points a, b, ¢ and
d, is it possible to trace the figure without traversing the same edge twice? The
mathematical model constructed for the problem is known as a graph model of
the problem. The points a, b, ¢ and d are called vertices, the line segments are
called edges, and the whole diagram is called a graph. , we need to know some
terminologies. A graph G is a tuple (V, E) which consists of a finite set V of
vertices and a finite set E of edges; each edge is an unordered pair of vertices.
The two vertices associated with an edge e are called the end-vertices of e. We
oftendenote by (u, v), an edge between two vertices u and v. We also denote the
set of vertices of a graph G by V(G) and the set of edges of G by
E(G)..dominating set of a graph G = (V, E) is any subset D of V such that every
vertex not in D is adjacent to at least one member of D. The minimum
cardinality of all dominating sets of G is called the domination number of G and
is denoted by y(G). This parameter has been extensively studied in the literature
and there are hundreds of papers concerned with domination. concept of
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domination and related invariants have been generalized in many ways. The
corona product G ° H of two graphs G and H is defined as the graph obtained by
taking one copy of G and |V (G)| copies of H and joining the i-th vertex of G to
every vertex in the i-th copy of H. A set D € V (G) is a strong dominating set of
G, if for every vertex x € V (G) \ D there is a vertex y € D with xy € E(G) and
deg(x) < deg(y). The strong domination number yst(G) is defined as the
minimum cardinality of a strong dominating set. A strong dominating set with
cardinality yst(G) is called a yst-set. a set D € V is a weak dominating set of G
if every vertex v € V \ S is adjacent to a vertex u € D such that deg(v) > deg(u).

1.1.Graph:[1]

A graph is an ordered triplet G = {v(G), E(G «(IG) Where V (G) is a non-
empty set. E(G) is a set disjoined from V (G) and lo is an incident map that
associates with each element of E(G (unordered pair of elements of V (G).V
(G) i1s the vertex set and E(G) is the edge set.

1.2.0rder: [2]
of a graph is the number of vertices in the graph.
1.3.Degree [3]:

of a vertex is the number of edges falling on it . It tells as how many other
vertices are adjacent to that vertex.

1.4. Maximum and Minimum Degree
1.4.1. Maximum Degree

The maximum degree of a graph G, denoted by Delta(G) is the maximum value
among the degrees of all the vertices of G, i.e., Delta(G)=max v \in V(G) deg(v)
. Similarly, we define

1.4.2 Minimum Degree

the minimum degree of a graph G and denote it by delta(G) i.e.,
delta(G)=min v \in V(G) deg(v).

1.5. Size :
of a graph is the number of edges in the graph.
1.6.path

a path of length n—1 denoted by P, is a sequence of distinct edges
V1V, V0,0, — 1y,



1.7. A cycle:

is one that is obtained by joining the two end-vertices of a path graph
Thus, the degree of each vertex of a cycle graph is two. a cycle graph with n
vertices is often denoted by C,.

1.8. wheel:

with n vertices, denoted by W, is obtained from a cycle graph C,, — 1 with
n — 1 vertices by adding a new vertex w and joining an edge from w to each
vertex of C,, — 1.

1.9. Null

Thus the null graph is a regular graph of degree zero. Some authors exclude KO
from consideration as a graph (either by definition, or more simply as a matter
of convenience). Whether including K, as a valid graph is useful depends on
context. On the positive side, KO follows naturally from the usual set-theoretic
definitions of a graph (it is the ordered pair (V, E) for which the vertex and edge
sets, V and E, are both empty),

1.10.Star

Star graph is a special type of graph in which n-1 vertices have degree 1
and a single vertex have degree n — 1. This looks like n — 1 vertex is connected
to a single central vertex. A star graph with total n — vertex is termed as S,.

1.11.Complete

A graph in which each pair of distinct vertices are adjacent is called a
complete graph. A complete graph with n vertices is denoted by Kn. It is trivial
to see that K, contains n(n — 1)/2 edges. Any graph is a sub graph of the
complete graph with the same number of vertices and thus the number of edges
in a graph with n vertices is at most n(n—1)/2

1.12.Complete bipartite

If the vertices set of a graph G can be partitioned into two sets V; and V,
such that any edge of G joins one vertex in V, to one vertex in V, then G is
called a bipartite graph having bipartite(V, V,).

1.13.Fan
The fan F), is defined to be the graph P, + K1



1.14.Double fan
The double fan is defined to be the graph P, +K2
1.15.Corona

. Let G; and G, be two disjoint graph. The Corona C,, © C,, Corona G2
of two graphs G1 and G, is the graph obtained by taking one copy of G; (which
has P, vertices) and P, copies of G, and then joining the j™ vertex of G, to
every vertex in the j copy of G..

1.16.Ccomplement

The complement of a graph G = (V, E) is another graph G = (V, E) with
the same vertex set such that for any pair of distinct vertices u,v € V,(u,v) €
E.

1.17.Dominating set

A set S € V of vertices in a graph G = (V, E) is called a dominating set if
every vertex v € V is either an element of S or is adjacent to an element of S.

1.18. Domination number

Definition. A minimum dominating set in a graph G is a dominating set of
minimum cardinality. The cardinality of minimum dominating set is called the
domination number of G and is denoted by y(G).The minimum dominating set
is called y set.

Inverse Dominating set: If V-D contains a dominating set say D ' of G, then D
"1s called an inverse dominating set with respect to D.

Inverse Domination number: The inverse domination number v ' (G) of G is
the order of a smallest inverse dominating set of G

1.19. Strong domination number

A set D c V(G) is a strong dominating set of G, if for every vertex x €
V(G) \ D there is a vertex y € D with xy € E(G) and deg (x) < deg(y).
The strong domination number Y4 (G) is defined as the minimum cardinality of
a strong dominating set.

1.20. Weak domination number

set D € V is a weak dominating set of G if every vertex v € V\ S is
adjacent to a vertex u € D such that deg(v) > deg(u) The minimum cardinality
of a weak dominating set of G is denoted by v,,(G).
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2. Strong Domination.

Theorem 2.1:

Let P, be a path graph of order n, then:
EianO(mod3)
ys(Pn) = n3
%] if n = 1,2(mod 3)

Ex: Find the strong domination number of P

Vio

Vi Vv, Vi V4 Vs Vs
o ‘o . . o °
n = 0 (mod 3)
n 6
¥s(Pe) = 3= §=2
Ex: Find the strong domination number of P
Vi Vv, V; \/ Vs Vs Vv, Vs Vy
@+ o & o
n =1 (mod 3)
n 10
¥s(Pro) = [g] = [?] =4
Theorem 2.2:
Let C, be a cycle graph of order n then:
n
§ifn50(mod3)
Vs(Cn) =93Ym
[5] if n=1,2(mod 3)
Ex: Find the strong domination number of Cg
Vi
V6 ‘]2
V5 V3
V,

ifn=0(mod3) =y, (C) === 2=2



Ex: Find the strong domination number of C;

n =1 (mod 3)

Ys(Ci3) = [g] = [? =5

Theorem 2.3:
Let S, be a star graph of order n then:

Vs (Sn) =1
Ex: Find the strong domination number of Ss

v,

Vz V3 V4 VS

VS(SS) =1

Theorem 2.4:
Let K, be a complete graph of order n then:

Vs (Kn) =1

-10 -



Ex: Find the strong domination number of K,

Vl V2
V3 V4
Vs (K4) =1
Theorem 2.5:
Let K, ) be a complete Bipartite graph of order n + m then:
nifn <m
Vs(Knm) =4 mifm<n

normifn=m

Ex: Find the strong domination number of K> 3

Vl H1

V.
2 M3

Vs (Kz,s) =2

Ex: Find the strong domination number of K3 3

Vl up
Vz u
V3 usz

Vs (K3,3) =2

-11 -



Theorem 2.6:
Let N, be a null graph of order n then:

ys(Nn) =n

Ex: Find the strong domination number of N;

Vi A A
®© ® ®
Vs (N 3) =3
Theorem 2.7:
Let W, be a wheel graph of order n then:
Vs (Wn) =1

Ex: Find the domination number of W,

Ca

N\ /

V2

Vs (W4) =1

Theorem 2.8:
Let E, = P, + K; be a fan graph of order n then:

Yw (Pn + kl) =1
Ex: Find the strong domination number of Ps+K;

Vi

Vv, V; Vv, Vs Vs \%

Ys(Ps + k1) =1

-12 -



Theorem 2.9:

Let P, + K, be a double fan graph of order n then:

— lifn=3
]/S(Pn+K2) ={2 lfn24‘}

Ex: Find the strong domination number of P; + K,

Vl V2

V3 V4 VS

vs(Ps+ko) =1

3. Weak Domination:

Theorem 3.1 :
Let P, be a path graph of order n then:
( M lifn= \
3 + 1if n = 0(mod3)
n
Yw(P) = 4 [§] if n = 1(mod3) \
2|+ 207 [2] + 1if n = 2(mod3

\l§J+ 0T[§]+ ifn = (mo )J

Ex: Find the strong domination number of Py

Vi A\ V; \2 A\ A\ \%} Vs V,
® . ° ® ° ‘® . ®
n = 0(mod3)

n 9
VW(P9)=§+1=§+1=3+1=4

-13 -



Ex: Find the weak domination number of P,

Vi A\ V3 Vv, Vs Vs \%i Vs Vy Vi
® ° (® ° ‘o ° ®
n = 1(mod3)
n 10
Yw(Pro) = [gl = [? =4
Ex: Find the weak domination number of P;;
Vi Vv, V; A\ Vs Vs V; Vs Vo Vie Vi
® ° . ‘o ° ® ° ® ° D)
n = 2(mod3)

n 11
Yw(P11) = l§J+2=[?J+2=3+2=5

Theorem 3.2:
Let C, be a cycle graph of order n then:
n
3 if n=0(mod3)

V() = [5] if n = 1.20m0d3)

Ex: Find the weak domination number of Cj

Vi

Vs

Vs
V4

n = 0(mod3)

=2

w| o

n
]/W(C6) = § =

-14 -



Ex: Find the weak domination number of Cj,

n = 1(mod3)

n 10
Yw(C1o) = [g] = [? =4
Theorem 3.3:

Let S, be a star graph of order n then:

Yw (Sn) =n—1
Ex: Find the weak domination number of S

v,

V: Vs \Z Vs Vs
Yw(Sg)=n—-1=6-1=5

Theorem 3.4:
Let K, be a complete graph of order n then:

Yw(Kn) =1

-15 -



Ex: Find the weak domination number of K,

Vl V2
V3 V4
]/W(K4) =1
Theorem 3.5:
Let K, ) be a complete Bipartite graph of order nm then:
nifn>m
Yw(Knm) =3 mifm >n

normifn=m

Ex: Find the weak domination number of K ;

Vl 1
Ha
\Z!
2%}
Vw(K2,3) =3
Theorem 3.6:
Let N, be a null graph of order n then:
yw(Nn) =n

Ex: Find the weak domination number of N,
Vi V, V; V,
®© ®©® @ ®
VW(N4-) =4

Theorem 3.7:
Let W, be a wheel graph of order of n then:

YwWo) = v (Gr) = [g]

-16 -



Ex: Find the weak domination number of Wi

Vs
V,

\2 V3

r W) = (6 = [3] = [2] = 2

Theorem 3.8:
Let E, = P, + K; be a fan graph of order n then:

%+ lif n = 0(mod3)
Vo (Fn) = iy (Ba) = [3] if n = 1mod3)
kEJ + 2or E] +1ifn = 2(mod3) |

Ex: Find the domination number of P;+K;

v,

N\
vV, Vs V4 \L Vs

n 5
yW(P5+K1)=yW(P5)=[§]+1=[§]+1=2+1=3

Theorem 3.9:
Let (P, + K,) be a double fan graph of order n then:
( §+ lif n = 0(mod3) ]
— nl .. _
P+ KD =y =1 [2] if n=10mod3)

|
J

2| + 207 [2] + 167 n = 2(moas)

-17 -



Ex: Find the weak domination number of P; +K,

Vi Vv,

V3 V4 V5 V6

- n
V(P + ) = 7 () = [3]

[

4.Inverse Strong Domination Number

Theorem4.1:
A path has no inverse strong domination number .

Theorem4.2:
A star has no inverse strong domination number.

Theorem4.3:
Inverse strong domination number of wheel if n=4 then

]/S_l (W4) = 1:
but has no inverse strong domination number ifn > 5

Theorem4.4:
Inverse strong domination number of fan if n=3 then

]/S_l(F‘l-) = 11
but has no inverse strong domination number if n > 3

Theorem4.5:
Inverse strong domination number of double fan if n=4 then

]/S_l(Pll- + K_Z) = 2,

but has no inverse strong domination number ifn =3 andn > 5

-18 -



Theorem4.6:
Inverse strong domination number for complete Bipartite if n=m then

-1 —
vs ' (Ks3) =2,
but has no inverse strong domination number if n < m or n >m
Theorem4.7:
A cycle has inverse then

n
3 if n=0(mod3)

¥s 1(Cp) = [g] if n = 1,2(mod3)

Ex: Find the inverse strong domination number of Cg

Vi
Vs A\
V4
n = 0(mod3)
1 n 6
¥s (C6):§:§:2

Ex: Find the inverse strong domination number of Cj

Vi

V.
9 Vv,

Vs Vi

\Z

\(

n = 1(mod3) = y-1(Cyo) = [g] = [% =4

-19 -



Theorem 4.8:
A complete has inverse then:

vs T(Ky) =1
Ex: Find the inverse strong domination number of K,

\% 1 V2

V4 V3

ys_l (K4) =1

5. Inverse weak domination number

Theorem 5.1:
A Path has no inverse weak domination number .

Theorem 5.2 :
A star has no inverse weak domination number.

Theorem 5.3:

A wheel has inverse ,Then y;*(wn) = y;1(cn) = E]

Ex: Find the inverse weak domination number of ws

W5

vt wd) =yt (ed) = [1] = E] !

Theorem 5.4:
A fan has no inverse weak domination number.

-20 -



Theorem 5.5:
Inverse weak domination number for double fan if n = 3 then

ys_l(Pn + K_Z) = 2,
but has no inverse weak domination number fan if n >4

Theorem 5.6:
Inverse weak domination number for complete Bipartite if n = m then

-1 —
Yw (P 3,3) =2,
but has no inverse weak domination number if n > m or n <m

Theorem 5.7:
A cycle has inverse weak domination then
n
3 if n =0(mod3)
-1
Vs (Cn) =4
o [5] if n =1,2(mod3)

Theorem 5.8:
A complete has inverse weak domination number then

Vl;l(Kn) =1

6. Strong Domination of the operation Corona

Theorem 6.1:
Let G = P, O B, be a graph of order (nm+n) then

Vs(Fe © Bp) = n
Ex: Find the strong domination number of P; O P,

-21 -



11

223

Vi
M3
Ha
H
K2
V,
2%}
M4
H
K2
V;

13

M4
]/S(P3 ®P4) =3

Theorem 6.2:
Let G = C,, O C,, be a corona cycle of order nm-+n then

¥s(Crn © Cp) =
Ex: Find the inverse strong domination number of (C, © C,)

Vi V,

A\ V;

VS(C4 0 C4) =4

-22 -



Theorem 6.3:
Let G = N,, © N, be a corona null of order nm+n then

ys(Nn © Nm) =n

7. Weak Domination of the operation Corona

Theorem 7.1:
Let G = P, © By, be a corona path of order nm+n then

Ex: Find the inverse weak domination number of (P3; © Ps)

11

| 25)

Vi M3
Ha

Hs

M1

H2

\E: M3
M4

Ms

M

5]

Vs M3

M
Hs
Yw(P3 © Ps) =¥y (Ps).n
=(3).3
=9
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Theorem 7.2:
Let G = C,, © C,, be a corona cycle of order nm+n then

yw(Cn ©, Cm) = yw(Cm)-n

Ex: Find the inverse weak domination number of (C, © C3)

Vi V,

V4 V3

]/W(C4- © C3) = ]/W(CB)-n
=(1).4
=4

Theorem 7.3:
Let G = N,, © N, be a corona null of order nm+n then

Vw(Nn © Nm) = ]/W(Nm).n =mXn
Ex: Find the inverse weak domination number of (N3 © N,)

Vi

V2

V3

Vw(N3®N2)=mn=2x3=6

-4 -



8. Inversa strong domination number of the operation Corona

Theorem 8.1:

Let G = B, O PB,, be a graph of order nm+n then G has no inverse strong
domination.

Theorem 8.2:

Let G = C,, © C,, be a graph of order nm+n then G no inverse strong
domination.

Theorem 8.3:

Let G = N,, © N,, be a graph of order nm+n then G no inverse strong
domination.

9.Inversa Weak domination number of the operation Corona

Theorem 9.1:
a corona path strong has inverse if m=2, but has no inverse if m > 3

Theorem 9.2:
A corona cycle strong has inverse weak domination then:
]/s_l(cn ©, Cm) = ys_l(Cn) -n

Theorem 9.3:

Let G = N,, © N,, be a graph of order nm+n then G no inverse weak
domination.

10. Complement of the strong

Theorem 10.1:
Let P_nbe a complement path of order n, then:
2ifn=2
has no strong domintionif n =3

vs(P) = 2ifn >4

Ex: Find the complement strong domination number of P,
Vl V2 V3 V4

-25 -



ys(P) = 2

Theorem 10.2:

Let C,be a complement cycle of order n, then:
— 3ifn=3
vs(Cn) = {2 ifn > 4}
Ex: Find the complement strong domination number of C,

A\ V,

V4 \Y 3

Vs (C_4) =2
Theorem 10.3:

Let gbe a complement star of order n, then:

ys(§)={ 3ifn=3 }

has no strongdomination number if n = 4

11. Complement of the. Theorem 11.1:
Let P_nbe a complement path of order n, then:

Yw(Pr) = {22 5;2;32}

Ex: Find the complement weak domination number of P;

Vi \A Vs
\y
Yw (P_S) =2

Theorem 11.2:

Let Cybe a complement cycle of order n, then:
— _ (3ifn=3
Yw(Ca) = {2 ifn> 4}
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Ex: Find the complement weak domination number of C;

O

Vi

yw(C3) =3 o v ®

Theorem 11.3:

Let gbe a complement star of order n, then:

Yw(Sn) ={2if n >3}

Ex: Find the complement weak domination number of S,

Vi
m
V, V3 V4

-27 -
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