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Conclusion

Digital topology studies geometric and topological properties
of digital images arising in many areas of science including fluid
dynamics, geoscience, neuroscience and medical imaging. In
particular, integrating geometric and topological constraints
into discretization schemes in order to generate geometrically
and topologically correct digital models of anatomical
structures is critical for many clinical and research applications.
Although many clinical and research applications require
accurate segmentations, only a few techniques have been
proposed to achieve accurate and geometrically and
topologically correct segmentations. Discretization schemes
preserving geometry and topology of the object of interest
were introduced in These schemes enable to obtain more
detailed geometric and topological information about the
specific regions of the object. The shape and the size of
individual elements can be arbitrary within the framework of
the proposed scheme that allows representing objects with fine
anatomical details. Another feature is that the digital model of
a 2-dimensional continuous object is necessarily a digital 2-
surface preserving the topology of the object. The approach
studied in this paper is based on locally centered lump (LCL)
discretization of n-dimensional objects
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Digital topology
1. introduction

digital topology studies geometric and topological properties of
digital images arising in many areas of science including fluid
dynamics, geoscience, neuroscience and medical imaging. In
particular, integrating geometric and topological constraints
into discretization schemes in order to generate geometrically
and topologically correct digital models of anatomical
structures is critical for many clinical and research .

definition 1.1 : topology or topological space [1]

let X is a non-empty set and T is a family of subsets of X such
that T if satisfy the following condition :-

1-X,0€T
2-ifUVET ,thenUNVET

(the finite intersection of elements from T is a gain an element
of T.

3-1fU, €T :-Z €N , then Ua T V, &\

Example:- let X = {a,b,C} T1= { XI @ ;{a}} T2={X; Ql{alc}} T3={X; @

I{alb}} T4={XI @,{a},{a,C}} T5={Xl{a}l{b}l{alb}}
is T1,T,,T3,T4,Ts topologyon X ?

Sol :- Note that T, and T, is topology on X since is satisfy the
three conditions of topology

T3 is not topology on X since {a,b}N{a,c}={a} & T;
T4 is not topology on X since {a}U{b}={a,b} & T,

Ts is not topology on X since @ € Ts



Definition 1.2 : open set and close set [2]

Let (x,T) be a topological space the subsets of X belongingto T
are called “ open set” in space X

If Ac X 5 AET=A open set

Let (X ,T ) and F be closed set if X / A is open set we will
denoted the family of closed set "

If AcX sA € F=Aclosed set

Definition 1.3 : continuous topology [3]

The concept of continuous arose when defining true coupling in
the subject of calculus so we will touch on this subject using
this concept

Let R—> R true coupling the basic condition that the coupling in
order for it to be continuous at a point

Let it be (a) , is for every X € R must be number f(x) and must
be close the number f(a) by an amount proportional to the
proximity of the point X from point( a ) that is approach of two
points f(x) and f(a)

Remark: let R—>R be associated the( f) function (f) is called
continuous at pointa € R if and only if for every positive real
number there € is real number “0”

|f(x)-f(a)|<€that mean |x-a|< O that called coupling
continuity in all points



Definition 1.4:- Homeomorphism [4]

Let f: (x,T1)—>(y,T») function of topological spas (x,T;) to
spas(y,T,) that called f is homeomorphism or topological
function since f satisfy following

1- F one-sided symmetry function
2- F Continuous function
3- X —> Y :F! Continuous function

At that time, it is said that the two spaces are equivalent
(homeomorphism) and this is symbolized by the symbol. From
this definition it becomes clear to us that an equivalence
relationship can be defined on the family of topological spaces.

Definition1.5:- intrinsic topology|[5]

Let Y be the set of isolated points of X, and for each finite
subset F of Y, let CF = {/ G G: PC Z(f)}. Now take the ideals of the
form Cf as a base for the neighborhood system of the zero
element in C(X). Clearly C with this topology is a topological ring
(not necessarily Hausdor fT). Since every Cp is a finite
intersection of isolated maximal ideals, this topology coincides
with the intrinsic topology introduced by Goldman [6] for
arbitrary rings. From now on we call it the In-topology on C(X).
We denote the intersection of the isolated maximal ideals by
Jo.So Jo =G if Y — 0. The next result relates the density of the
isolated points in X to some algebraic properties of C(X).



Definitionl.6 interior point and exterior point [6]

let A be a subset of space (X,T) the point p € Ais called an
(interior point) of set A if and only if there is an open set
UE T suchthatPeUc A

It is denoted by a A°

PEA°emw JUET,PEU St PEUCA

Let A be a subset of space(X,T) a point (P € X) is called an
external point of set A if and only if there isan opensetUET
It is denoted by A

PeUC A =X—-A And read externally. The sum of all the
external points of set A

PEA“em JUET ,PEU St PeUCAS
Definition1.7 : locally centered lump
Let W={D4,D,,... } be a collection of n-tiles, n=1, 2.

e W is called a locally centered collection (LC collection) if from
condition Di(k) NDi(m) #J, mzk, m, k=1,2,...s, it follows that
Di(1)NDi(2)...Di(s) #2.

e W is called a locally lump collection (LL collection) if any
nonempty intersection of s distinct n-tiles is an (n-s+1)-tile:
Di(1)NDi(2)...Di(s) =0Di(1)NoDi(2)...0Di(s)= Dn-s+1 .

e W is called a locally centered lump collection (LCL collection)
if Wis a locally centered collection and a locally lump collection
at the same time
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Two



Definition: 2.1

eif Cis a circle and D is a 1-cell contained in C then C-IntD is a
1-cell.

e Let C1 and C2 be 1-cells such that C1nC2=0C1"oC2=v is an
endpoint of C1 and C2. Then C1UC2=E is a 1-cell.

e Let D1 and D2 be 2-cells such that D1nD2=0D1"¢D2=C is a 1-
cell. Then D1uUD2=B is a 2- cell

Definition 2.2

Let W={X1,...Xs} be a collection of sets. W is called a locally
centered collection (LC collection) if for all m,k Q, from
condition XkmXm=d, m=k, it follows that Xk : k Q}zJ. In
topology, this property is often called Helly’s property. In
application to digital topology, collections of sets with similar
properties were studied in a number of works. Definition 2.2 1.
Let W={C1,C2,... } be a collection of 1-cells. W is called a locally
lump collection (LL collection) if: a) From condition CknCm %=,
mzKk, it follows that CkmCm=0CkNoCm=v is a point. b) The
intersection of any three distinct 1-cells is empty. 2 . W is called
a locally centered lump collection (LCL collection) if W is a
locally centered collection and a locally lump collection at the
same time (fig. 1)
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Figure 1. Collections of 1-cells. (@)-(¢) are LCL collections. (d)-(f) are not LCL collections.

. Collections of 1-cells are shown in fig. 1. Collections (a)-(c) are
LCL collections. (d) is not an LCL collection because
CsNCyNCs=D. (e) is not an LL collection because
CsNCs#0C4NOCs. (f) is not an LL collection because
C1NCy={vy,V,}. (g) is not an LCL collection because
CiNC,NC3=W. Clearly, any subcollection of an LCL collection of
1- cells is an LCL collection.

Definition 2.3

Let W={D4,D,,... } be a collection of 2-cells. W is called a locally
lump collection (LL collection) if: a) From condition Dy"D#D,
m=Kk, it follows that Dy"\Dw=0DxODm=Cky, is a 1-cell. b) From
condition DDy Dp#D , mzk, m=p, p=k, it follows that
DkDmMDp=0Dx 0D mMADp=CkmMCkpy=0CkmMOCky=Vv is a point.
c) The intersection of any four distinct 2-cells is empty. 2. W is
called a locally centered lump collection (LCL collection) if W is
a locally centered collection and a locally lump collection at the
same time (fig. 2). LCL collections of 1- and 2-cells were defined
and studied. Collections of 2-cells are depicted in fig. 2.
Collection (a) is not an LCL collection, because D;\Ds and



D,MD,4 are not 1-cells. Collection (b) is not an LCL collection
because D1N\D,#J, D1ND3#J, D,ND3#J but D;ND,ND3=J.
Collections (c)-(e) are LCL collections of 2-cells. Obviously, any
subcollection of an LCL collection of 2-cells is an LCL collection.
In paper, a locally centered collection is called continuous and
it is shown that for a given object, the intersection graphs of all
continuous, regular and contractible covers are homotopy
equivalent to each other, a normal set W of convex
nongenerate polygons (intersection of any two of them is an
edge, a vertex, or empty) is called strongly normal (SN) if for all
P, P4,...P, (n>0)eW, if each Pi intersects P and I=P1N...NP, is
nonempty, then | intersects, extended basic results about
strong normality to collections of polyhedra in Rn . There are
obvious differences between SN collections of polygons and LCL
collections. For example, elements of an SN collection are
convex sets whereas any 2-cell in an LCL collection can be of an
arbitrary shape and size. Let us remind the definition of
isomorphic sets. A collection W={Ay,A,,...} of sets is isomorphic
to a collection V={Bg,B,...} of sets, if there exists one-one onto
correspondence f: W—V such that Ain...Akn...ApzdJ if and only
if f(Ai)N...f(A)N...f(As)2D. The following assertion was proven
in=

A DO

(b) (c) (d) (e)

Figure. 2. (a)-(b) are not LCL collections. (c)-(e) are LCL collections of 2-cells.



Proposition :

Let W={Dg,D1,...} be an LCL collection of 2-cells, U={D1,D5,...Ds}
be a collection of all 2-cells intersecting DO, and V={C4,C,,...Cs}
be the collection of 1-cells C=Dy\Di#d, i=1,...s. Then: e V is an
LCL collection. e Collections U and V are isomorphic, and f:
U—V, f(D;)=C;, i=1,...s, is an isomorphism

Definition 2.4

Let M be a circle, W(M)={C,,C4,C,,...,Cn} be an LCL cover of M=C,
U ...C, by 1-cells, and G(W(M))={xo,X1,X2,...,Xn} be the
intersection graph of W(M). Then G(W(M)) is called the digital
model of M in regard to W(M). In fig 7, W1, W,, W3 are LCL
covers of a circle C, Gy, G,, G3 are the corresponding digital
models of C. Obviously, G4, G,, Gz are digital 1-spheres. The
following theorem was proven in

Theorem 2.4.1

Let M be a circle, and W(M)={Co,Cj,...,C,} be an LCL cover of M
by 1-cells. Then the digital model G(W(M)) of M is a digital 1-
sphere. Remark 1 Suppose that D is a 2-cell in Euclidean space
E, . Divide E; into a set V={uy,u,,...} of closed squares with edge
length L, and vertex coordinates equal to nL. Vis a cover of E, .
Pick out the family V(D)={uy,...us} of squares intersecting D.
V(D) is a cover of D. Then build the intersection graph G(V(D))
of V(D). Since D is a topological closed 2-disk then for small
enough L, the union E=ul ...us is a 2-cell, and the intersection
graph G(V(D))={x1,...xs} of V(D) is contractible.
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