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This research investigates the application of power series for 
solving linear second-order ordinary differential equations, with 
a particular emphasis on their behavior around singular points. 
While standard series methods are applicable at ordinary points, 
this study primarily employs the Method of Frobenius to 
construct valid linearly independent solutions near regular 
singular points. A significant portion of the work is dedicated to 
analyzing the asymptotic behavior of these equations for very 
large values of the independent variable ݔ (the point at infinity). 
This is effectively achieved by introducing the transformation 
= ݓ  ,which maps the infinity point back to the origin ,ݔ/1 
thereby allowing the rigorous application of series techniques. 
Furthermore, the research comprehensively examines the 
analytical structure of solutions based on the roots of the indicial 
equation, categorizing them into three distinct cases: roots not 
differing by an integer, repeated roots requiring a logarithmic 
term, and roots differing by an integer. Through detailed 
mathematical derivations and illustrative examples, the study 
demonstrates the efficacy of recurrence relations and harmonic 
numbers in obtaining systematic, exact solutions for complex 
differential equations where traditional closed-form methods fall 
short. 
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The study of linear differential equations has been a central 
theme in mathematics for centuries, driven by the need to model 
physical phenomena. While standard methods existed for 
solving equations with constant coefficients, variable-coefficient 
equations posed significant challenges. The Method of 
Frobenius is named after the German mathematician Ferdinand 
Georg Frobenius (1849–1917), who made substantial 
contributions to the theory of differential equations and group 
theory. In the late 19th century, Frobenius formalized a 
systematic approach to finding infinite series solutions for 
second-order differential equations around regular singular 
points. His method extended the utility of power series, allowing 
mathematicians and physicists to solve complex equations—
such as Bessel’s and Legendre’s equations—that appear 
frequently in mathematical physics.  
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Chapter One 
Partial Differential 

Equations 
 



١ 

1.1 Introduction 
Differential equations are important in solving many scientific and technical 
problems with high efficiency. 
There are several different methods and types of (differential equations). 
So, it is necessary to identify the properties of the equations to facilitate the 
solution of scientific problems. 
 
1.2 Definition: Differential Equation (DE) 
Is equation that contains a function and one or more of its derivatives. 
Example: 
 ݕᇱᇱ + ᇱݕ =  ݕ3
 ݂ᇱᇱ(ݔ) + 2݂ᇱ(ݔ) =  (ݔ)3݂
 ௗమ௬

ௗ௫మ + 2 ௗ௬
ௗ௫ =  ݕ3

 
1.3 Definitions: Partial differential equation (PDE) 
Is a Partial differential equation that contains more than one variable. 
Example: 
 பమ௭

ப௫మ + பమ௭
ப௬మ = ݁௫ 

 
The order is = 2 
1.4 Definition: Order of partial the differential equation 
The Order of the differential equation is the order of the highest partial derivative 
present in the equation. 
Example: 

݀ଷݕ
ଷݔ݀ + 2 ቆ݀ଶݕ

ଶቇݔ݀
ଶ

+ 5 ݕ݀
ݔ݀ + ݕ7 = 0 

The degree is = 2 
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1.5 Definitions: Degree of Partial Differential Equation 
The degree of differential equation is the degree of the highest order derivative 
present in the equation it must be a positive integer. 
Example: 

݀ଷݕ
ଷݔ݀ + 2 ቆ݀ଶݕ

ଶቇݔ݀
ଶ

+ 5 ݕ݀
ݔ݀ + ݕ7 = 0 

 
1.6 Definitions: Homogeneous partial differential equation  
A homogeneous partial differential equation is called homogeneous if right - hand 
side is identically zero. 
If right - hand side is not identically zero, then the equation is called non - 
homogeneous. 
Example:  

1. ப௨
ப௫ + ப௨

ப௬ = 0 
2. பమ௩

ப௫మ − 4 ப௩
ப௬ + ݒ3 = 0 

 
1. ப௨

ப௫ − 2 ப௨
ப௬ =  ଶݔ

2. பమ௩
ப௫మ + பమ௩

ப௬మ = sin(x) 
 
1.7 Definitions: Partial differential equations with constant coefficients 
A partial differential equation is said to have constant coefficients if all the 
coefficients of the unknown function and its partial derivatives are real constants. 
 
Example: 

3 ∂ଶݑ
ଶݔ∂ + 4 ∂ଶݑ

ଶݕ∂ − ݑ2 = 0 
 

Homogeneous -Non 

Homogeneous 
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1.8 Definitions: Partial differential equations with variable coefficients 
A partial differential equation is said to have variable coefficients if at least one of 
the coefficients of the unknown function or its partial derivatives is a function of 
the independent variables. 
Example: 

ଶݔ ∂ଶݑ
ଶݔ∂ + ݕ ݑ∂

ݕ∂ = 0 
 

 
 



 

 
 

 
 
 

Chapter Two 
Series Solution of Second Order 

Differential Equations  
(Frobenius Method) 



٤ 

2.1 Introduction 
This chapter addresses the solution of linear second-order differential equations 
using power series, with a particular focus on the Method of Frobenius at regular 
singular points.  
 
2.2 Power Series and Their Limitations 
Before discussing Frobenius's method, it is essential to review the standard Power 
Series Method. For a linear second-order differential equation of the form: 

P(ݔ)ݕᇱᇱ + Q(ݔ)ݕᇱ + R(ݔ)y = 0  .  .  .  (2.1) 
If the point ݔ଴ is an ordinary point (where P(ݔ଴) ≠ 0), the solution can be 
successfully represented as a Taylor series: 

y(ݔ) = ∑ ܽ௡(ݔ − ଴)௡ஶ௡ୀ଴ݔ  .  .  .  (2.2) 
 
This method is powerful and sufficient for many problems. However, this standard 
power series approach fails when dealing with singular points (where P(ݔ଴) = 0). 
Near a singular point, the coefficients of the differential equation may become 
unbounded, and a simple power series solution may not exist or may fail to capture 
the general solution. According to Mahaffy (2019), solutions near a singular point 
often exhibit behavior different from standard power series, potentially involving 
terms like ln(ݔ) or negative powers ିݔ௡ . Consequently, a more generalized 
approach was required to handle these singularities, leading to the adoption of the 
Method of Frobenius. [5] 
2.٣ Classification of Points 
We consider the general homogeneous second-order linear differential equation 
(2.1) 
 
where P(ݔ), Q(ݔ), and R(ݔ) are functions of the independent variable x. 
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2.3.1 Ordinary Points [5] 
A point x଴ is defined as an ordinary point of Equation (2.1) if the coefficient of the 
highest derivative P(x଴)  ≠  0. Mathematically, this ensures that the functions: 

p(x)  =   Q(x)
P(x)    and   q(x)  =   R(x)

P(x) 
 
are analytic at x଴. Analyticity implies that these functions can be represented by a 
Taylor series convergent in  x଴. 
Theorem (Existence of Power Series Solution): 
If x଴ is an ordinary point, then every solution of Equation (2.1) can be represented 
by a power series of the form: 

y(x)  =   ෍ ܽ௡ (ݔ  − ଴)௡ݔ 
ஶ

୬ୀ଴
  

 
Example:  
Find the solution of the differential equation: 

yᇱᇱ  +  y  =  0 
 
 
Solution: 

yᇱ  =   ෍ ݊ ܽ௡ ݔ௡ିଵ
ஶ

୬ୀଵ
 ,    

 yᇱᇱ  =   ෍ ݊(݊ − 1)
ஶ

୬ୀଶ
  a୬ x୬ିଶ 

Substituting into the differential equation: 

෍ ݊(݊ − 1)
ஶ

୬ୀଶ
  a୬ x୬ିଶ  +   ෍ ܽ௡ ݔ௡

ஶ

୬ୀ଴
   =  0 
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Shifting the index of the first summation by letting (݇ =  ݊ − 2) so  (݊ =  ݇ +
2), we obtain: 

෍(݇ + 2)(݇ + 1)
ஶ

୩ୀ଴
  a୩ାଶ x୩  +   ෍ ܽ௞ ௞ݔ 

ஶ

୩ୀ଴
   =  0 

Combining the series gives the recurrence relation: 
(k + 2)(k + 1) a୩ାଶ  +  a୩  =  0  →  a୩ାଶ  =   −a୩(k + 2)(k + 1) 

By iterating this relation, we find two linearly independent solutions 
(corresponding to even and odd powers), which represent the Maclaurin series for 
cos(x)  and  sin(x): 

y(x)  =  a଴  ቆ 1  −   xଶ
2!   +   xସ

4!   −   …  ቇ   +  aଵ  ቆ x  −   xଷ
3!   +   xହ

5!   −   …  ቇ 
This confirms that standard power series methods are effective at ordinary 
points.[3] 
 
2.3.2 Singular Points 
If ݔ଴ is not an ordinary point (i.e., ܲ(ݔ଴) = 0), it is classified as a singular point. 
At such points, the standard power series method often fails because the solution 
may not be analytic (e.g., it may become unbounded or involve fractional powers). 
To determine the appropriate method of solution, singular points are classified into 
two types based on the behavior of the coefficient functions near ݔ଴.[5] 
2.٣.2.1 (Regular and Irregular Singular Points): 
A singular point ݔ଴ is said to be a regular singular point if both of the following 
limits exist and are finite: 

lim௫→௫బ
ݔ) − (଴ݔ (ݔ)ܳ

(ݔ)ܲ  and  lim௫→௫బ
ݔ) − ଴)ଶݔ (ݔ)ܴ

 (ݔ)ܲ
If either of these limits does not exist or is infinite, the point is classified as an 
irregular singular point. 
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Example:  

ᇱᇱݕݔ4 + ᇱݕ2 + ݕ = 0 
Here, P(ݔ)  = ଵ

ଶ௫  ,  Q(ݔ)  = ଵ
ସ௫  ,   

We apply the limits test to classify this singularity: 
lim௫→଴ ݔ (ݔ)ܳ

(ݔ)ܲ = lim௫→଴ ݔ 2
ݔ4 = lim௫→଴

1
2 = 1

2 (Finite) 

lim௫→଴ ଶݔ (ݔ)ܴ
(ݔ)ܲ = lim௫→଴ ଶݔ 1

ݔ4 = lim௫→଴
ݔ
4 = 0 (Finite) 

Since both limits are finite, a regular singular point. 
 
2.٤ The Method of Frobenius 
The Method of Frobenius is applied to solve the differential equation near a regular 
singular point. Without loss of generality, we assume the regular singular point is at 
଴ݔ = 0. 
This implies that xQ(ݔ)/P(ݔ) = p(ݔ) and ݔଶR(ݔ)/P(ݔ) = q(ݔ) are analytic at 
x = 0, allowing the equation to be written in the form: 

ᇱᇱݕଶݔ + xp(ݔ)ݕᇱ + q(ݔ)y = 0 …(2.3) 
where p(ݔ) and q(ݔ) have convergent power series expansions.[5] 
2.٤.1 The Frobenius Series Solution 
We seek a solution of the form: 

y(ݔ) = ௥ݔ ∑ ௔೙௫೙ಮ೙సబ = ෍ ܽ௡ݔ௡ା௥
ஶ

௡ୀ଴
 (ܽ଴ ≠ 0) …(2.4) 

where r is an exponent to be determined. 
2.٤.2 The Indicial Equation 
By substituting the series solution into Equation (2.2) and examining the 
coefficient of the lowest power of x (where n = 0), we obtain the quadratic 
Indicial Equation: 

r(ݎ − 1) + ଴r݌ + ଴ݍ = 0 …(2.5) 
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Here, ݌଴ and ݍ଴ are the leading terms of the power series for p(ݔ) and q(ݔ), 
equivalent to the limits: 

଴݌ = lim௫→଴
(ݔ)ܳݔ
(ݔ)ܲ  and ݍ଴ = lim௫→଴

(ݔ)ଶܴݔ
(ݔ)ܲ  

2.٥ Classification of Solutions (The Three Cases) 
The roots of the indicial equation, denoted by ݎଵ and ݎଶ (where Re(ݎଵ) ≥ Re(ݎଶ)), 
determine the form of the general solution. The Method of Frobenius distinguishes 
three cases.[5] 
Case 1: This case occurs when the roots of the indicial equation ࢘૚ and ࢘૛) are 
distinct and their difference is not an integer (࢘૚ − ࢘૛ ≠  In this scenario, the .(ࡺ
Method of Frobenius yields two linearly independent solutions in the form of 
standard power series. 
Example: 
Find the solution to the differential equation: 

ᇱᇱݕݔ2 + ݔ) + ᇱݕ(1 + ݕ3 = 0 
Solution: 
First, we analyze the point ݔ = 0. 
We evaluate the limits: 

lim௫→଴
ݔ) + ݔ(1

ݔ2 = 1
2 ,  lim௫→଴

ଶݔ3
ݔ2 = 0 

Since both limits are finite, the point ݔ = 0 is a regular singular point. 
We assume the solution is of the form: 

ݕ = ෍ ܿ௡ݔ௡ା௥
ஶ

௡ୀ଴
 

ᇱݕ = ෍ ܿ௡(݊ + ௡ା௥ିଵݔ(ݎ
ஶ

௡ୀ଴
 

ᇱᇱݕ = ෍ ܿ௡(݊ + ݊)(ݎ + ݎ − ௡ା௥ିଶݔ(1
ஶ

௡ୀ଴
 

Substituting these into the given differential equation, we obtain: 
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෍ 2ܿ௡(݊ + ݊)(ݎ + ݎ − ௡ା௥ିଵݔ(1
ஶ

௡ୀ଴
+ ෍ ܿ௡(݊ + ௡ା௥ݔ(ݎ

ஶ

௡ୀ଴
+ ෍ ܿ௡(݊ + ௡ା௥ିଵݔ(ݎ

ஶ

௡ୀ଴

+ ෍ 3ܿ௡ݔ௡ା௥
ஶ

௡ୀ଴
= 0 

Equating the coefficient of the lowest power of ݔ (which is ݔ௡ା௥ିଵ) to zero yields 
the Indicial Equation: 
ܿ଴ሾ2ݎ)ݎ − 1) + ሿݎ = ܿ଴ሾ2ݎଶ − ݎ2 + ሿݎ = ܿ଴(2ݎଶ − (ݎ = 0  
Since ܿ଴ ≠ 0, we have: 
ݎ2)ݎ − 1) = 0  
The roots are: 

ଵݎ = 1
2 ଶݎ , = 0 

The difference ݎଵ − ଶݎ = 1/2 is not an integer. 
The Recurrence Relation: 
Equating the coefficient of ݔ௡ା௥ିଵ to zero gives the recurrence relation: 

ܿ௡(݊ + 2݊)(ݎ + ݎ2 − 1) + ܿ௡ିଵ(݊ + ݎ + 2) = 0 
ܿ௡ = −(݊ + ݎ + 2)

(݊ + 2݊)(ݎ + ݎ2 − 1) ܿ௡ିଵ,  ݊ ≥ 1 
 
= ݎ  0 

∴ ௡ܥ = −(݊ + 2)
݊(2݊ − 1) ,௡ିଵܥ  ݊ ≥ 1 

∴ ଵܥ = −3
1(1) ଴ܥ =  ଴ܥ3−

ଶܥ = −4
2(3) ଵܥ = (−4)(−3)

(2)(3) ଴ܥ =  ଴ܥ2

ଷܥ = −5
(3)(5) ଶܥ = (−5)(2)

(3)(5) ଴ܥ = −2
3  ଴ܥ
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= ݎ  1/2 
௡ܥ = −(݊ + 5/2)

(݊ + 1/2)  ௡ିଵܥ

or ܥ௡ = −(2݊ + 5)
2݊(2݊ + 1) ,௡ିଵܥ  ݊ ≥ 1 

 
ଵܥ = −7

2(3) ଴ܥ = −7
6  ଴ܥ

ଶܥ = −9
(4)(5) ଵܥ = 9(7)

(4)(5)(6) ଴ܥ = 21
40  ଴ܥ

ଷܥ = −11
(6)(7) ଶܥ = (11)(21)

(6)(7)(40) ଴ܥ = −11
80  ଴ܥ

 
General Solution 
Assuming ܿ଴ = 1, the general solution is 

ݕ = ଵܣ ෍ ௡ା଴ݔ௡ܥ
ஶ

௡ୀ଴
+ ଶܣ ෍ ௡ାଵଶݔ௡ܥ

ஶ

௡ୀ଴
 

∴ ݕ = ଵܣ ൤1 − ݔ3 + ଶݔ2 − 2
3 ଷݔ + ⋯ ൨ + ଶܣ ൤1 − 7

6 ݔ + 21
40 ଶݔ − 11

80 ଷݔ + ⋯ ൨  ଵ/ଶݔ
 
Case 2: This case arises when the indicial equation yields two identical roots  
ଵݎ) =  ଶ). While the first solution is a standard Frobenius series, the second linearlyݎ
independent solution must inevitably include a logarithmic term (ln  to satisfy (ݔ
the differential equation. 
Example: 
Solve the differential equation: 

ᇱᇱݕଶݔ + ᇱݕݔ3 + (1 − ݕ(ݔ2 = 0 
Solution: 
The point ݔ = 0 is a regular singular point because the limits are finite: 
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lim௫→଴
ݔ3
ଶݔ = 3,  lim௫→଴

(1 − ଶݔ(ݔ2
ଶݔ = 1 

We assume the solution is: 

ݕ = ෍ ௡ା௥ݔ௡ܥ
ஶ

௡ୀ଴
 

∴ ᇱݕ = ෍ ݊)௡ܥ + ௡ା௥ିଵݔ(ݎ
ஶ

௡ୀ଴
 

ᇱᇱݕ = ෍ ݊)௡ܥ + ݊)(ݎ + ݎ − ௡ା௥ିଶݔ(1
ஶ

௡ୀ଴
 

Substituting into the differential equation, we obtain: 

∴ ෍ ݊)௡ܥ + ݊)(ݎ + ݎ − ௡ା௥ݔ(1
ஶ

௡ୀ଴
+ ෍ ݊)௡ܥ3 + ௡ା௥ݔ(ݎ

ஶ

௡ୀ଴
 

+ ෍ ௡ା௥ݔ௡ܥ
ஶ

௡ୀ଴
− ෍ ௡ା௥ାଵݔ௡ܥ2

ஶ

௡ୀ଴
= 0 

 
Indicial Equation 
Equating the coefficient of the lowest power ݔ௡ା௥  
 

∴ ݊)௡ܥ + ݊)(ݎ + ݎ − 1) + ݊)௡ܥ3 + (ݎ + ௡ܥ − ௡ିଵܥ2 = 0 
∴ ݊)௡ሾܥ + ݊)(ݎ + ݎ + 2) + 1ሿ =  ௡ିଵܥ2
∴ ݊)௡ሾܥ + ݎ + 1)ଶሿ = ௡ିଵܥ2  … (2.6) 

For ݊ = 0 
ݎ)଴ܥ + 1)ଶ = ଵିܥ2 = 0  

(Since ିܥଵ = 0) 
∴ = ݎ  −1, −1 

From (2.6), the recurrence relation is 
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௡ܥ = 2
(݊ + ݎ + 1)ଶ ,௡ିଵܥ  ݊ ≥ 1 

We determine the coefϐicients ܥଵ, ,ଶܥ ,ଷܥ …  in terms of ݎ 
 

∴ ଵܥ = 2
ݎ) + 2)ଶ  ଴ܥ

ଶܥ = 2
ݎ) + 3)ଶ ଵܥ = 2ଶ

ሾ(ݎ + ݎ)(2 + 3)ሿଶ  ଴ܥ
 

௡ܥ = 2௡
ሾ(ݎ + ݎ)(2 + ݎ)(3 + 4) … ݎ) + ݊ + 1)ሿଶ  ଴ܥ

Assuming ܥ଴ = 1 (arbitrary), the ϐirst solution is: 
ݔ > ,ݔ)ଵݕ ,0 (ݎ = ௥ݔ + ෍ ௡ା௥ݔ(ݎ)௡ܥ

ஶ

௡ୀଵ
 

where ܥ௡(ݎ) = 2௡
ሾ(ݎ + ݎ)(2 + 3) … ݎ) + ݊ + 1)ሿଶ ,  ݊ ≥ 1 

,ݔ)ଵݕ (ݎ = ௥ݔ ቈ1 + 2
ݎ) + 2)ଶ + 2ଶ

ݎ) + 2)ଶ(ݎ + 3)ଶ ଶݔ + 2ଷ
ݎ) + 2)ଶ(ݎ + 3)ଶ(ݎ + 4)ଶ቉ 

 
,ݔ)ଵݕ −1) = ൤1 + ݔ2 + ଶݔ + 2

9 ଷݔ + ⋯ ൨ 
Also 
,ݔ)ଵݕ∂ (ݎ

ݎ∂ = ቈ1 + 2
ݎ) + 2)ଶ ݔ + 2ଶ

ݎ) + 2)ଶ(ݎ + 3) ଶݔ + ⋯ ቉
+ ௥ݔ ቈ −4

ݎ) + 2)ଷ ݔ − 4 ቈ 2ଶ
ݎ) + 2)ଶ(ݎ + 3) + 2ଶ

ݎ) + 2)ଶ(ݎ + 3)ଷ቉ ଶݔ + ⋯ ሿ 
 

,ݔ)ଵݕ −1) = ,ݔ)ଵݕ∂ (ݎ
∂r |௥ୀିଵ 

= ଵିݔ ln(ݔ) ൤1 + ݔ2 + ଶݔ + 2
9 ଷݔ + ⋯ ൨ + ଵିݔ ൤−4ݔ − 4 ൬2

4 + 2
8൰ ଶݔ + ⋯ ൨ 
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The general solution is 
∴ ݕ = ܣ) + ܤ ln ଵିݔ(ݔ ൤1 + ݔ2 + ଶݔ + 2

9 ଷݔ + ⋯ ൨ 
ݔଵሾ4ିݔܤ− + ଶݔ3 + ⋯ ሿ 

 
Case 3: This case is identified when the difference between the distinct roots is a 
positive integer (ݎଵ − ଶݎ = ܰ). The solution corresponding to the larger root is a 
standard series, whereas the second solution (associated with the smaller root) 
typically requires a logarithmic term and involves modified coefficients to avoid 
singularities. 
Example: 
Solve the differential equation 

ᇱᇱݕݔ − ᇱݕ3 + ݕݔ = 0 
Solution: 
Checking singularity at ݔ = 0  

lim௫→଴ ݔ ൬−3ݔ
ݔ ൰ = −3, lim௫→଴

ଷݔ
ݔ = 0 

It is a regular singular point. 
Indicial Equation: 
Substituting the series leads to the indicial equation 

ݕ = ෍ ௡ା௥ݔ௡ܥ
ஶ

௡ୀ଴
ᇱݕ , = ෍ ݊)௡ܥ + ௡ା௥ିଵݔ(ݎ

ஶ

௡ୀ଴
 

ᇱᇱݕ = ෍ ݊)௡ܥ + ݊)(ݎ + ݎ − ௡ା௥ିଶݔ(1
ஶ

௡ୀ଴
 

Substituting into the differential equation: 
෍ ݊)௡ܥ + ݊)(ݎ + ݎ − ௡ା௥ିଵݔ(1

ஶ

௡ୀ଴
 

− ෍ ݊)௡ܥ3 + ௡ା௥ିଵݔ(ݎ
ஶ

௡ୀ଴
+ ෍ ௡ା௥ାଵݔ௡ܥ

ஶ

௡ୀ଴
= 0 
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Equating the coefϐicient of ݔ௡ା௥ିଵ to zero, we obtain 
݊)௡ܥ + ݊)(ݎ + ݎ − 4) + ௡ିଶܥ = 0 .  .  .  (2.7) 

 
For ݊ = 0, the equation becomes: 

ݎ)ݎ଴ܥ − 4) + ଶିܥ = 0 
Since ିܥଶ = 0 and ܥ଴ ≠ 0 (arbitrary) 
∴ The indicial equation is 

ݎ)ݎ − 4) = 0   ⟹ ଵݎ      = ଶݎ ,0 = 4 
Note that ݎଶ − ଵݎ = 4 (a positive integer). 
The recurrence relation from (2.7) is 

௡ܥ = −1
(݊ + ݊)(ݎ + ݎ − 4) ,௡ିଶܥ  ݊ ≥ 2 

It is clear that for ݊ = 1, ଵܥ = 0. Thus, ܥଶ௡ାଵ = 0 (all odd coefϐicients vanish). 
 

ଶܥ = − 1
ݎ) + ݎ)(2 − 2)  ଴ܥ

ସܥ = − 1
ݎ)ݎ + 4) ଶܥ = −1ଶ

ݎ) − ݎ)ݎ(2 + ݎ)(2 + 4)  ,଴ܥ

଺ܥ = − 1
ݎ) + ݎ)(6 + 2)  ସܥ

= −1
ݎ) − ݎ)ݎ(2 + 2)ଶ(ݎ + ݎ)(4 + 6)  ଴ܥ

Thus, the solution in terms of ݎ is 
y(x, r,  (଴ܥ = ௥ݔ଴ ܥ  ൤1 − 1

ݎ) − ݎ)(2 + 2) ଶݔ + 1
ݎ) − ݎ)ݎ(2 + ݎ)(2 + 4) ସݔ

− 1
ݎ) − ݎ)ݎ(2 + 2)ଶ(ݎ + ݎ)(4 + 6)  ଺ݔ   +   … ൨ 

 
We observe that for ݎ = 4, all coefϐicients are deϐined. 
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However, for ݎ = 0 the coefficients starting from ݔସ become indeterminate. 
Therefore, we set: 

଴ܥ = ܾ଴ݎ ⟸ ଴ܥ = ܾ଴(ݎ − 0) 
We obtain 

ഥ ݕ =  ܾ଴rݔ௥   ൤ݎ − ݎ
ݎ) − ݎ)(2 + 2) ଶݔ + 1

ݎ) − ݎ)(2 + ݎ)(2 + 4) ସݔ

− 1
ݎ) − ݎ)(2 + 2)ଶ(ݎ + ݎ)(4 + 6)  ଺ݔ  +   … ൨ 

 
First Solution ݕଵ 

ଵݕ =  ത|௥ୀ଴ݕ
= ܾ଴ ൤− 1

16 ସݔ + 1
192 ଺ݔ − ⋯ ൨ 

 
തݕ∂
ݎ∂ = തݕ ln(ݔ) 

+ ܾ଴ݔ௥   ൤1 − ൬ 1
ݎ) − ݎ)(2 + 2) − ݎ

ݎ) − 2)ଶ(ݎ + 2) − ݎ
ݎ) − ݎ)(2 + 2)ଶ൰ ଶݔ

− ൬ 1
ݎ) − 2)ଶ(ݎ + ݎ)(2 + 4) + 1

ݎ) − ݎ)(2 + 2)ଶ(ݎ + 4)
+ 1

ݎ) − ݎ)(2 + ݎ)(2 + 4)൰  ସݔ + ⋯ ൨ 
 
The second solution is found by differentiating with respect to ݎ: 

ଶݕ = തݕ∂
ݎ∂ |௥ୀ଴ 
 

= ଵݕ ln(ݔ) 
 

+ܾ଴ ൤1 − ൬−1
4 ൰ ଶݔ − ൬ 1

32 + −1
32 + −1

64൰ ସݔ + ⋯ ൨ 
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= ଵݕ ln(ݔ) + ܾ଴ ൬1 + 1
4 ଶݔ + 1

64 ସݔ + ⋯ ൰ 
 
General Solution: 

ݕ = ଵݕܣ +  ଶݕܤ
ݕ = ܣ) + ܤ ln(ݔ)) ቆ−ݔସ

16 + ଺ݔ
192 − ⋯ ቇ + ܤ ቆ1 + ଶݔ

4 + ସݔ
64 + ⋯ ቇ 

where ܣ and ܤ are arbitrary constant



 

 
 
 
 
 
 
 
 
 

Chapter Three 
Finding the Solution of the 

Differential Equation in Power 
Series for Very Large Values of  



١٧ 

3.1 Introduction 
In this chapter study the solving the differential equation using power series when 
ݔ is very large, especially if the point ݔ = 0 is an irregular singular point. 
Therefore, we use the transformation ݓ = ଵ

௫ . If ݓ = 0 is an ordinary point or a 
regular singular point, we can find a solution around it, which yields a valid 
solution for large values of ݔ. 
Example: Find the solution of the differential equation valid for very large values 
of ݕݔ .ݔᇱᇱ + ݔ3) − ᇱݕ(1 + ݕ = 0  … (3.1) 
Solution: 
Since ݔ = 0 is a singular point 

lim௫→଴
ݔ3) − 1)

ݔ = −∞ 
That is, ݔ = 0 is an irregular singular point. 
 
To find solutions in terms of very large ݔ, we set 
 

ݓ = 1
ݔ ⇒ ݔ = 1

 ݓ
ݕ݀
ݔ݀ = ݕ݀

ݓ݀
ݓ݀
ݔ݀ = −1

ଶݔ
ݕ݀
ݓ݀ = ଶݓ− ݕ݀

 ݓ݀
݀ଶݕ
ଶݔ݀ = ݀

ݓ݀ ൤−ݓଶ ݕ݀
൨ݓ݀ ݓ݀

ݔ݀ = −1
ଶݔ ቈ−ݓଶ ݀ଶݕ

ଶݓ݀ − ݓ2 ݕ݀
 ቉ݓ݀

= ସݓ ݀ଶݕ
ଶݓ݀ + ଷݓ2 ݕ݀

 ݓ݀
Substituting into the given differential equation 

∴ 1
ଶݓ ቈݓସ ݀ଶݕ

ଶݓ݀ + ଷݓ2 ݕ݀
቉ݓ݀ + ൤ 3

ݓ − 1൨ ൬−ݓଶ ݕ݀
൰ݓ݀ + ݕ = 0 

Or 
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ଶݓ ݀ଶݕ
ଶݓ݀ − 1)ݓ − (ݓ ݕ݀

ݓ݀ + ݕ = 0  … (3.2) 
 
Thus, ݓ = 0 is a regular singular point for equation (3.2). 
Consequently, the point at infinity is a regular singular point for equation (3.1). 
We assume that ݕ = ∑ ௡ା௥ஶ௡ୀ଴ݓ௡ܥ  is a solution for equation (3.2). 
Substituting into (3.2), we obtain 
 

෍ ݊)௡ܥ + ݊)(ݎ + ݎ − ௡ା௥ݓ(1 − ෍ ݊)௡ܥ +  ௡ା௥ݓ(ݎ

+ ෍ ݊)௡ܥ + ௡ା௥ାଵݓ(ݎ + ෍ ௡ା௥ݓ௡ܥ = 0 
Equating the sum of coefficients of ݓ௡ା௥ (the lowest power in the equation) to 
zero 

݊)௡ܥ + ݊)(ݎ + ݎ − 1) − ݊)௡ܥ + (ݎ + ௡ܥ + ݊)௡ିଵܥ + ݎ − 1) = 0 
݊)௡ܥ + ݎ − 1)ଶ + ݊)௡ିଵܥ + ݎ − 1) = 0  … (3.3) 

When ݊ = 0 
 ∴ ݎ)଴ܥ − 1)ଶ + ݎ)ଵିܥ − 1) = 0 
Where ିܥଵ = 0 and ܥ଴ ≠ 0 is arbitrary. (ݎ − 1)ଶ = 0 
∴Thus, the indicial equation is ∴ ݎ = 1,1 
From equation (3.3), the recurrence relation is obtained 

௡ܥ = 1
݊ + ݎ − 1 ,௡ିଵܥ ݊ ≥ 1 

∴ ଵܥ = 1
ݎ  ଴ܥ

ଶܥ = −1
ݎ + 1 ଵܥ = (−1)ଶ

ݎ)ݎ + 1)  ଴ܥ
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ଷܥ = −1
ݎ + 2 ଶܥ = (−1)ଷ

ݎ)ݎ + ݎ)(1 + 3) ,଴ܥ … 
By choosing ܥ଴ = 1 ،we obtain 
 

,ݓ)ଵݕ (ݎ = ௥ݓ ቈ1 − 1
ݎ ݓ + (−1)ଶ

ݎ)ݎ + 1) ଶݓ + (−1)ଷ
ݎ)ݎ + ݎ)(1 + 3) ଷݓ + ⋯ ቉ 

,ݓ)ଵݕ 1) = ݓ ቈ1 − (−1)ଶݓଶ
2! + (−1)ଷݓଷ

3! + ⋯ ቉ 

= ݓ ෍ (−1)௡
݊!

ஶ

௡ୀ଴
 ௡ݓ

To obtain the second solution, we find ߲ݕଵ(ݓ, (ݎ
ݎ߲   = ,ݓ)ଵݕ   ݓln (ݎ

+ ௥ݓ    ൤ 1
ଶݎ ݓ − 1

ݎ)ݎ + 1) ൬1
ݎ + 1

ݎ + 1൰ ଶݓ

+ 1
ݎ)ݎ + ݎ)(1 + 2) ൬1

ݎ + 1
ݎ + 1 + 1

ݎ + 2൰ ଷݓ … ൨ 
,ݓ)ଵݕ߲ (ݎ

ݎ߲ |௥ୀଵ = ଵݕ ln ݓ + ݓ ቈݓଶ
2! ൬1 + 1

2൰ + ଷݓ
3! ൬1 + 1

2 + 1
3൰ + ⋯ ቉ 

Letting ܪ௡ = ∑ ଵ
௞

௡௞ୀଵ , then 

ଶݕ = ଵݕ ln ݓ + ଶݓ ቈܪଵ − ݓ
2! ଶܪ + ଶݓ

3! ଷܪ − ⋯ ቉ 

= ଵݕ ln ݓ + ଶݓ ෍ (−1)௡ିଵݓ௡ିଵ
݊!

ஶ

௡ୀଵ
 ௡ܪ

Thus, the solution to equation (3.2) is 
ݕ = ܣ) + ܤ ln (ݓ ෍ (−1)௡

݊!
ஶ

௡ୀଵ
௡ାଵݓ − ܤ ෍ (−1)௡

݊!
ஶ

௡ୀଵ
 ௡ାଵݓ௡ܪ

Where ܣ, ௡ܪ are arbitrary constants and ܤ = ∑ ଵ
௞

௡௞ୀଵ . 
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ݕ = ൥ܣ + ܤ ln ൬1
൰ݔ ෍ (−1)௡ିݔ௡ିଵ

݊!
ஶ

௡ୀଵ
ܤ ෍ (−1)௡ܪ௡ିݔ௡ିଵ

݊!
ஶ

௡ୀଵ
൩ 

Example: 
Solve the equation 4ݔଷݕᇱᇱ + ᇱݕଶݔ6 + ݕ = 0 for very large values of ݔ. 
Solution: 
We see that ݔ = 0 is a singular point. 

lim௫→଴
ଶݔ6
ଷݔ4 ݔ = 6

4 = 3
2 

lim௫→଴
ݔ)1 − 0)ଶ

ଷݔ4 = lim௫→଴
1

ݔ4 = ∞ 
That is, ݔ = 0 is an irregular singular point. 
Thus, ݓ = ଵ

௫ ܽ݊݀ℎ݁݊ܿ݁ ݔ = ଵ
௪. 

ݕ݀
ݔ݀ = ݕ݀

ݓ݀ . ݓ݀
ݔ݀ = −1

ଶݔ
ݕ݀
ݓ݀ = ଶݓ− ݕ݀

 ݓ݀
݀ଶݕ
ଶݔ݀ = ݀

ݓ݀ ൬−ݓଶ ݕ݀
൰ݓ݀ ݓ݀

ݔ݀ = −1
ଶݔ ቆ−ݓଶ ݀ଶݕ

ଶݔ݀ − ݓ2 ݕ݀
 ቇݓ݀

= ସݓ ݀ଶݕ
ଶݓ݀ + ଷݓ2 ݕ݀

 ݓ݀

∴ 4
ଷݓ ቆݓସ ݀ଶݕ

ଶݓ݀ + ଷݓ2 ݕ݀
ቇݓ݀ + 6

ଶݓ ൬−2ݓ ݕ݀
൰ݓ݀ + ݕ = 0 

ݓ4 ݀ଶݕ
ଶݓ݀ + 2 ݕ݀

ݓ݀ + ݕ = 0 
We observe that ݓ = 0 is a regular singular point. 
We assume the solution is 

ݕ = ෍ ௡ା௥ݔ௡ܥ
ஶ

௡ୀ଴
௡ܥ , ≠ 0 

ᇱݕ = ෍ ݊)௡ܥ +  ௡ା௥ݓ(ݎ
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ᇱᇱݕ = ෍ ݊)௡ܥ + ݊)(ݎ + ݎ −  ௡ା௥ݓ(1

∴ 4 ෍ ݊)௡ܥ + ݊)(ݎ + ݎ − ௡ା௥ିଵݓ(1 + 2 ෍ ݊)௡ܥ + ௡ା௥ିଵݓ(ݎ + ෍ ௡ା௥ݓ௡ܥ
= 0 
∴ ݊)௡ሾ4ܥ + ݊)(ݎ + ݎ − 1) + 2(݊ + ሿ(ݎ + ௡ିଵܥ = 0 

݊)௡ሾܥ + 4݊)(ݎ + ݎ4 − 2)ሿ + ௡ିଵܥ = 0  … (3.4) 
Where ିܥଵ = 0 and ܥ଴ ≠ 0,  
By setting ݊ = 0 

ݎ4)(ݎ)଴ܥ − 2) = 0 ⇒ ݎ = 0, ݎ = 1
2 

From the recurrence relation (3.4), we obtain 
௡ܥ = −1

(݊ + 4݊)(ݎ + ݎ4 − 2) ,௡ିଵܥ ݊ ≥ 1 
Substituting into the recurrence relation 
࢘ =  ૙ 

௡ܥ = −1
(݊)(4݊ − 2) ௡ିଵܥ = −1

2݊(2݊ − 1)  ௡ିଵܥ

ଵܥ = −1
2.1 ଶܥ ,଴ܥ = −1

3.4 ଵܥ = (−1)ଶ
4!  ଴ܥ

ଷܥ = −1
6.5 ଶܥ = (−1)ଶ

6.54! ,଴ܥ … 
And the solution is 

,ݓ)ଵݕ 0) = ଴ܥ ቈ1 − ݓ
2! + ଶݓ

4! − ଷݓ
6! + ⋯ ቉ 

࢘ = ૚
૛ 

௡ܥ = −1
ቀ݊ + 12ቁ ቀ4݊ + 4. 12 − 2ቁ ,௡ିଵܥ  ݊ ≥ 1 
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= −1
(2݊ + 1)(2݊)  ௡ିଵܥ

ଵܥ = −1
2 ⋅ 3 ଶܥ ,଴ܥ = −1

4 ⋅ 5 ଵܥ = (−1)ଶ
5!  ଴ܥ

ଷܥ = −1
6 ⋅ 7 ଶܥ = (−1)ଶ

7!  ଴ܥ
The second solution is 

ଶݕ = ଵଶݓ଴ܥ ቈ1 − ݓ
3! + ଶݓ

5! − ଷݓ
7! + ⋯ ቉ 

Taking ܥ଴ = 1, the solution to the original equation is 
ݕ = ଵݕܣ +  ଶݕܤ

= ܣ ቈ1 − ଵିݔ
2! + ଶିݔ

4! − ଷିݔ
6! + ⋯ ቉ + ଵଶିݔܤ ቈ+1 − ଵିݔ

3! + ଶିݔ
5! − ଷିݔ

7! + ⋯ ቉ 

Where ܣ,  .are two arbitrary constants ܤ
Example:  

(1 − ᇱᇱݕ(ଶݔ − ᇱݕݔ2 + ݕ6 = 0 .  .  .  (3.5) 
In power series about ݔ =  ∞. 
Solution: 

(1 − ᇱᇱݕ(ଶݔ − ᇱݕݔ2 + ݕ6 = 0  
By setting 

ݔ = 1
ݐ  

∴ ݐ = 1
ݔ ,  ݐ݀

ݔ݀ = −1
ଶݔ   

ݕ݀
ݔ݀ = ଶݐ− ݕ݀

ݐ݀  
݀ଶݕ
ଶݔ݀ = ଶݐ ቆ2ݐ ݕ݀

ݐ݀ + ଶݐ ݀ଶݕ
ଶݐ݀ ቇ  
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Substituting into (3.5), we obtain 

ଶݐ)ଶݐ − 1) ݀ଶݕ
ଶݐ݀ + ଷݐ2 ݕ݀

ݐ݀ + ݕ6 = 0  
We see that ݐ = 0 is a regular singular point (check this?), and based on that we 
assume the solution of equation (5) is of the form 

ݕ = ෍ ௡ା௥ݐ௡ܥ
ஶ

௡ୀ଴
଴ܥ , ≠ 0  

Substituting into the equation and equating the coefficient of the lowest power of ݐ 
to zero, we obtain the recurrence relation 

(݊ + ݎ − 3)(݊ + ݎ + ௡ܥ(2 − (݊ + ݎ − 2)(݊ + ݎ − ௡ିଶܥ(1 = 0 
And by setting ݊ = 0, we obtain the indicial equation 

ݎ)଴ܥ − ݎ)(3 + 2) = 0 
∴ = ݎ  3, = ݎ   −2 

The roots are distinct and the difference between them is an integer. 
From the recurrence relation we find 

௡ܥ = (݊ + ݎ − 2)(݊ + ݎ − 1)
(݊ + ݎ − 3)(݊ + ݎ + 2) ,௡ିଶܥ  ݊ ≥ 2 

From this we see that 
ଵܥ = ଷܥ = ହܥ = ⋯ = 0 

ଶܥ = ݎ)ݎ + 1)
ݎ) − ݎ)(1 + 4)  ଴ܥ

ସܥ = ݎ)ݎ + ݎ)(1 + ݎ)(2 + 3)
ݎ) − ݎ)(1 + ݎ)(1 + ݎ)(4 + 6)  ଴ܥ

= ݎ)ݎ + ݎ)(2 + 3)
ݎ) − ݎ)(1 + ݎ)(4 + 6)  ଴ܥ

Thus, the solution is of the form 
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ݕ = ଴ܥ௥ݐ ቈ1 + ݎ)ݎ + 1)
ݎ) − ݎ)(1 + 4) ଶݐ + ݎ)ݎ + ݎ)(2 + 3)

ݎ) − ݎ)(1 + ݎ)(4 + 6) ସݐ + ⋯ ቉  

By setting ݎ = 3, we obtain the first solution 

ଵݕ = ଷݐ ൤1 + 3 ⋅ 4
2 ⋅ 7 ଶݐ + 3 ⋅ 5 ⋅ 6

2 ⋅ 7 ⋅ 9 ସݐ + ⋯ ൨ 
By setting ݎ = −2, we obtain the second solution 

ଶݕ = ଶିݐ ቈ1 − ଶݐ
3 ቉ 

And the general solution for equation is 
ݕ = ଵݕܣ +  ଶݕܤ

ଷݐܣ ൤1 + 3 ⋅ 4
2 ⋅ 7 ଶݐ + 3 ⋅ 5 ⋅ 6

2 ⋅ 7 ⋅ 9 ସ൨ݐ + ܤ
ଶݐ ቈ1 − ଶݐ

3 ቉ 

That is 

ݕ = ܣ
ଷݔ ൤1 + 3 ⋅ 4

2 ⋅ ଶݔ7 + 3 ⋅ 5 ⋅ 6
2 ⋅ 7 ⋅ ସ൨ݔ9 + ଶݔܤ ൤1 − 1

 ଶ൨ݔ3
Where ܣ,  .are arbitrary constants ܤ
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