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Abstract

This research investigates the application of power series for
solving linear second-order ordinary differential equations, with
a particular emphasis on their behavior around singular points.
While standard series methods are applicable at ordinary points,
this study primarily employs the Method of Frobenius to
construct valid linearly independent solutions near regular
singular points. A significant portion of the work is dedicated to
analyzing the asymptotic behavior of these equations for very
large values of the independent variable x (the point at infinity).
This 1s effectively achieved by introducing the transformation
w = 1/x, which maps the infinity point back to the origin,
thereby allowing the rigorous application of series techniques.
Furthermore, the research comprehensively examines the
analytical structure of solutions based on the roots of the indicial
equation, categorizing them into three distinct cases: roots not
differing by an integer, repeated roots requiring a logarithmic
term, and roots differing by an integer. Through detailed
mathematical derivations and illustrative examples, the study
demonstrates the efficacy of recurrence relations and harmonic
numbers in obtaining systematic, exact solutions for complex
differential equations where traditional closed-form methods fall
short.
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Introduction

The study of linear differential equations has been a central
theme in mathematics for centuries, driven by the need to model
physical phenomena. While standard methods existed for
solving equations with constant coefficients, variable-coefficient
equations posed significant challenges. The Method of
Frobenius is named after the German mathematician Ferdinand
Georg Frobenius (1849-1917), who made substantial
contributions to the theory of differential equations and group
theory. In the late 19th century, Frobenius formalized a
systematic approach to finding infinite series solutions for
second-order differential equations around regular singular
points. His method extended the utility of power series, allowing
mathematicians and physicists to solve complex equations—
such as Bessel’s and Legendre’s equations—that appear
frequently in mathematical physics.
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Chapter One

Partial Differential
Equations




1.1 Introduction

Differential equations are important in solving many scientific and technical
problems with high efficiency.

There are several different methods and types of (differential equations).

So, it is necessary to identify the properties of the equations to facilitate the
solution of scientific problems.

1.2 Definition: Differential Equation (DE)
Is equation that contains a function and one or more of its derivatives.
Example:

y'+y' =3y

) +2f'(x) = 3f(x)

d?y dy
—4+2—==3
dx? dx y

1.3 Definitions: Partial differential equation (PDE)
Is a Partial differential equation that contains more than one variable.

Example:

9%z = 0%z x
J— —=e
dx2  0y?

The order is =2
1.4 Definition: Order of partial the differential equation

The Order of the differential equation is the order of the highest partial derivative
present in the equation.

Example:

d3y d?y 2 dy
—2+2(—=) +5=+7y=0
dx3+ (dx2> + dx+ Y

The degree is =2




1.5 Definitions: Degree of Partial Differential Equation

The degree of differential equation is the degree of the highest order derivative
present in the equation it must be a positive integer.

Example:

d3y d2y\* _dy
—Z42(=—=) 452 +7y=0
dx3+ (dx2> + dx+ Y

1.6 Definitions: Homogeneous partial differential equation

A homogeneous partial differential equation is called homogeneous if right - hand
side is identically zero.

If right - hand side is not identically zero, then the equation is called non -
homogeneous.

Example:
u u
1. 6_ + 6_ = O
x Homogeneous
0%v ov
2. ——4—+3v=0
0x2 dy +
u ou
1. a - 26_ = x2
Y Non- Homogeneous
0%v | 0%v .
2. m + ﬁ = sm(x)

1.7 Definitions: Partial differential equations with constant coefficients

A partial differential equation is said to have constant coefficients if all the
coefficients of the unknown function and its partial derivatives are real constants.

Example:

3 otu + 4 Ou 2u =
0x? dy? =




1.8 Definitions: Partial differential equations with variable coefficients

A partial differential equation is said to have variable coefficients if at least one of
the coefficients of the unknown function or its partial derivatives is a function of
the independent variables.
Example:

d*u  du

2 — =0
x 6x2+y6y




Chapter Two

Series Solution of Second Order
Differential Equations

(Frobenius Method)




2.1 Introduction

This chapter addresses the solution of linear second-order differential equations
using power series, with a particular focus on the Method of Frobenius at regular
singular points.

2.2 Power Series and Their Limitations

Before discussing Frobenius's method, it is essential to review the standard Power
Series Method. For a linear second-order differential equation of the form:

P(x)y" +Qx)y' + R(x)y =0 ... (20)

If the point x, is an ordinary point (where P(x,) # 0), the solution can be
successfully represented as a Taylor series:

y(x) = Znmoan(x —x)" ... (22)

This method is powerful and sufficient for many problems. However, this standard
power series approach fails when dealing with singular points (where P(x,) = 0).
Near a singular point, the coefficients of the differential equation may become
unbounded, and a simple power series solution may not exist or may fail to capture
the general solution. According to Mahafty (2019), solutions near a singular point
often exhibit behavior different from standard power series, potentially involving

n

terms like In(x) or negative powers x~" . Consequently, a more generalized

approach was required to handle these singularities, leading to the adoption of the
Method of Frobenius. [5]

2.Y Classification of Points

We consider the general homogeneous second-order linear differential equation

2.1)

where P(x), Q(x), and R(x) are functions of the independent variable x.




2.3.1 Ordinary Points [5]

A point X, is defined as an ordinary point of Equation (2.1) if the coefficient of the
highest derivative P(x,) # 0. Mathematically, this ensures that the functions:

R
P = gy and a®) = pod

are analytic at x,. Analyticity implies that these functions can be represented by a
Taylor series convergent in X,.

Theorem (Existence of Power Series Solution):

If X, is an ordinary point, then every solution of Equation (2.1) can be represented
by a power series of the form:

[0¢]

Y = ) an (x = xo)"

n=0

Example:
Find the solution of the differential equation:

y'+y =0

Solution:

n—1) a, x"?

g "

Substituting into the differential equation:

[0¢]

Zn(n—l) a, x"7?% + Zanx” =0
n=0

n=2




Shifting the index of the first summation by letting (k = n—2)so (n = k +
2), we obtain:

Z(k+2)(k+1) Apy XK+ Zakxk -0
k=0

k=0
Combining the series gives the recurrence relation:

(kt+2k+Dage +ac =0 = awe = G505

By iterating this relation, we find two linearly independent solutions
(corresponding to even and odd powers), which represent the Maclaurin series for
cos(x) and sin(x):

x2 x4 x3  x°
y(x)=ao<1—§+z—...>+a1<x—§+§—...>

This confirms that standard power series methods are effective at ordinary
points.[3]

2.3.2 Singular Points

If x, is not an ordinary point (i.e., P(x,) = 0), it is classified as a singular point.
At such points, the standard power series method often fails because the solution
may not be analytic (e.g., it may become unbounded or involve fractional powers).
To determine the appropriate method of solution, singular points are classified into
two types based on the behavior of the coefficient functions near x.[5]

2.¥.2.1 (Regular and Irregular Singular Points):

A singular point x, is said to be a regular singular point if both of the following
limits exist and are finite:

I gy and i G

If either of these limits does not exist or is infinite, the point is classified as an
irregular singular point.




Example:
4xy" +2y"+y =0
1 1
Here, P(x) = il Qx) = o

We apply the limits test to classify this singularity:

y Q(x)_l. 2 imi Yl R

MYPe T m T d%z Tz (e
R(x) X

. 2 1= 2 — 1 Z .

}Clir(l)x PG )lclir(l)x v }CII)% 2 0 (Finite)

Since both limits are finite, a regular singular point.

2.¢ The Method of Frobenius

The Method of Frobenius is applied to solve the differential equation near a regular
singular point. Without loss of generality, we assume the regular singular point is at
Xog = 0.

This implies that xQ(x)/P(x) = p(x) and x%?R(x)/P(x) = q(x) are analytic at
x = 0, allowing the equation to be written in the form:

x?y" +xp(x)y' +q(x)y=0 ..(2.3)
where p(x) and q(x) have convergent power series expansions.[5]
2.£.1 The Frobenius Series Solution

We seek a solution of the form:

y(x) = x" Zn=0anx" = z a,x™"  (a, #0) ..(2.4)
n=0

where r is an exponent to be determined.
2.%£.2 The Indicial Equation

By substituting the series solution into Equation (2.2) and examining the
coefficient of the lowest power of x (where n = 0), we obtain the quadratic
Indicial Equation:

r(T — 1) + Dol + do = 0 (25)

\




Here, p, and q, are the leading terms of the power series for p(x) and q(x),
equivalent to the limits:

2.° Classification of Solutions (The Three Cases)

The roots of the indicial equation, denoted by r; and r, (where Re(r;) = Re(r,)),
determine the form of the general solution. The Method of Frobenius distinguishes
three cases.[5]

Case 1: This case occurs when the roots of the indicial equation 7y and r,) are
distinct and their difference is not an integer (ry — r, # N). In this scenario, the
Method of Frobenius yields two linearly independent solutions in the form of
standard power series.

Example:

Find the solution to the differential equation:
2xy"+(x+ 1)y +3y=0

Solution:

First, we analyze the point x = 0.

We evaluate the limits:

. (x+Dx 1 . 3x2_0
xl—r>r(1) 2x _E, xlir(l)g_

Since both limits are finite, the point x = 0 is a regular singular point.

We assume the solution is of the form:

(00]
y= e

n=0

(o]

y' = Z Cp(n+r)x™tr1

n=0
y" = Z c(n+r)(n+r—1)x™"2
n=0

Substituting these into the given differential equation, we obtain:




Z 2c,(n+r)(n+r—Dx""1 4+ Z c,(n+r)x™" + Z c,(n +r)x"r-1
n=0 n=0 n=0

+ Z 3¢, x™T =0
n=0

Equating the coefficient of the lowest power of x (which is x™*"~1) to zero yields
the Indicial Equation:

col2r(r—1) +71] =c¢ol2r? =2r+71] =¢c,(2r2 —7r) =0
Since ¢y # 0, we have:
r2r—1)=0

The roots are:

The difference r; — r, = 1/2 is not an integer.
The Recurrence Relation:
Equating the coefficient of x™*"~1 to zero gives the recurrence relation:

c,(n+r)Cn+2r—1)+c,.(in+r+2)=0

—(n+7r+2)
‘= mrrnentaz—por "=l
r=0
"Gy = ﬁco = -3¢,
cF% 1=%Co=zc0
= B® % = BE =3O




r=1/2
_—(n+5/2)
" (m+172) Mt

c _—(2n+5)C -
o mn+p v 'S

¢ =—c=""¢
1_2(3) 0_? 0
f 9 9 2
27 @G) T @G)6) 40
~11 (11)(21) 11
Cs

~©)(7 2 (6)(7)(40) ° 80 °

General Solution

Assuming ¢, = 1, the general solution is

oo [00] 1
y =4, Z Cox™0 + 4, Z C,x" "2
n=0 n=0
2 7 21 11
ny=A;[1—3x+2x2 —§x3 + ] + 4, [1 —Ex+Ex2 —%x3 + e [ 212

Case 2: This case arises when the indicial equation yields two identical roots

(1 = 7). While the first solution is a standard Frobenius series, the second linearly
independent solution must inevitably include a logarithmic term (Inx) to satisfy
the differential equation.

Example:
Solve the differential equation:

x2y" +3xy'+ (1=2x)y =0
Solution:

The point x = 0 is a regular singular point because the limits are finite:




3x (1 =2x0)x*

hm—2 =3, lim >
x—=0 X x—0 X

We assume the solution is:

y — Z Cnxn+r

n=0

||M8

Substituting into the differential equation, we obtain:

+ Z Cnxn+r _ Z ZCnxn+r+1 — O
n=0 n=0

Indicial Equation

Equating the coefficient of the lowest power x™*"

(n + T.)xn+r—1

Z C,n+7r)(n+r—1)x"t"2
n:

Z C,n+r)yY(n+r—1x™" + Z 3C,(n +r)x™t"
= n=0

~C,n+rin+r—-1)+3C,(n+r)+C, —

S Culn+r)(n+r+2)+1] =2C,_4

C,ln+r+1)? =2C,_,
Forn=10
Cor+1)2=2C_,=0
(Since C_; = 0)
~r =-1,-1

From (2.6), the recurrence relation is

R




2

Cn:mcn_l, nZ 1

We determine the coefficients C;, C,, C5, ... in terms of r

2
C; =———C
1 (r+2)2 0

2 22

A A VAt Bl [ oy YA

2Tl
T D)0 +8) G tnt D

Assuming C, = 1 (arbitrary), the first solution is:

x>0, y,(x,7r)=x"+ Z C,(r)x™"
n=1

21’1
where Ca(n) = Fr e T e rnr D "2 0

22 23
torz oo S tor i s G T A

yi(x,r) =x"|1

2
yi(x,—1) = [1 + 2x + x? +§x3 + ]

Also
dy1 (x,7) 2 22
T_[ (r+2)2x+(r+2)2(r+3)x2+m]
[ -4 22 22 ,
MR e e R (r+2)2(r+3)+(r+2)2(r+3)3]x o]

dy,(x,1)
i —1) ="

2 2 2
=x"tIn(x) 1+2x+x2+§x3+---] +x71 [—4x—4<z+§)x2+---]

VY




The general solution is
2
y=(A+Blnx)x™? [1 + 2x + x2 +§x3 + ]

—Bx " 4x + 3x% + -]

Case 3: This case is identified when the difference between the distinct roots is a
positive integer (r; — 1, = N). The solution corresponding to the larger root is a
standard series, whereas the second solution (associated with the smaller root)
typically requires a logarithmic term and involves modified coefficients to avoid
singularities.

Example:
Solve the differential equation
xy" =3y +xy=0
Solution:
Checking singularity at x = 0
lim x (_—3)6) = -3, limx— =0
x—0 x x—=0 X
It is a regular singular point.

Indicial Equation:

Substituting the series leads to the indicial equation

y — Z Cn TL+T' Z (n + r)xn+r 1
n=0 n=0

Z C,n+7r)(n+r—1)x"t"2
n=0
Substituting into the differential equation:

C,in+r)(n+r—1)x™"1

||M8

Z 3C (n+r)xn+7‘ 1+ZC xn+r+1 =0

n=0

VY




Equating the coefficient of x™*"~1 to zero, we obtain

C,in+r)((n+r—4)+C,_, =0 ... 27

For n = 0, the equation becomes:
Cor(r—4)+C_, =0
Since C_, = 0 and C, # 0 (arbitrary)
~ The indicial equation is
rr—-4)=0 = nrn =0, nrn==4
Note that , — r; = 4 (a positive integer).

The recurrence relation from (2.7) is

-1
C, = C,_-, >2
" (n+r)(n+r—4) "2 n

Itis clear that forn = 1, C; = 0. Thus, C,,+; = 0 (all odd coefficients vanish).

1
e
€ =——t ¢ = —1 C
YT+ T r=Drr+2)(r+4) "
1
C="tror+rn™
-1

= C
r—2r(r+2)20r+4)@+6) °
Thus, the solution in terms of r is

1 1

N R R L O ED R
1

=21 +2)2(r +4)( +6)

4

y(x,1,Cp) = Cox" [1

x4+ ..

We observe that for r = 4, all coefficients are defined.

V¢




However, for r = 0 the coefficients starting from x* become indeterminate.
Therefore, we set:

CO = bor — CO = bo(T_O)

We obtain
y = borx" |r — . x% + 1 x*
(r—-2)(r+2) r—-2)r+2)(r+4)
1
NP DR ]

First Solution y,

Y1 = Vlr=o
1 1
_ 4 6 ...
=bo|=76* T 192* ]
0y  _
a—yln(x)
+h r[l ( 1 r r ) )
0¥ G—20r+2) r-220+2) -—20r+22)"

1 1
- ((r S+ )0+ =D+ 22+ D

1
DRI 4))x4 T ]

The second solution is found by differentiating with respect to 7:

+ho[1- ()2~ (5 + 3+ 5) =+
0 ¥ \32732 76/

Vo




General Solution:

_xt 6 2
y=(A+Bln(x))<—+——--->+B<1+—+—+---

=y, In(x) + b (1+1 2+1 *+
= y; In(x 0 4x 64x
y = Ay, + By,

16 192 4

where A and B are arbitrary constant

1

)

x4—

64

)




Chapter Three

Finding the Solution of the
Differential Equation in Power
Series for Very Large Values of x




3.1 Introduction

In this chapter study the solving the differential equation using power series when
x is very large, especially if the point x = 0 is an irregular singular point.

. 1 . . .
Therefore, we use the transformation w = pE If w = 0 is an ordinary point or a

regular singular point, we can find a solution around it, which yields a valid
solution for large values of x.

Example: Find the solution of the differential equation valid for very large values
of x.

xy"+Bx—-1)y'"+y=0 ..(3.1)
Solution:

Since x = 0 is a singular point
. (Bx—1)
lim——==

x—0 X

That is, x = 0 is an irregular singular point.

To find solutions in terms of very large x, we set

1 1
wW=—2x=—
X w
dy dydw —ldy , ay
dx dwdx x2dw dw
d’y d dyldw -1 d?y dy
—=—[—w2— — = —|—w?—=—-2w—=
dx? dw dwl dx  x? dw? dw
d*y dy
— 1,4 37
=w 2 + 2 I

Or

A4




d?y dy
2__ 7 — - —
we o w(l—-w) dw+y 0 ..(3.2)

Thus, w = 0 is a regular singular point for equation (3.2).
Consequently, the point at infinity is a regular singular point for equation (3.1).

n+r

We assume that y = Y2, C,w™ ™" is a solution for equation (3.2).

Substituting into (3.2), we obtain

Z Cn(Tl + r)(n +r—- 1)Wn+7‘ — Z Cn(n + T‘)Wn"'r

+ Z C,(n+r)w™trtt 4 Z C,w™" =0

Equating the sum of coefficients of w™*" (the lowest power in the equation) to
Zero

c,in+ryin+r—-1)-C,(n+r)+C,+C,_y(n+r—1)=0
C,in+r—12+C,_i(n+r—1)=0 ..(3.3)

Whenn =0

2 Cr—1)*+C(r—1)=0

Where C_; = 0 and C, # 0 is arbitrary.

r—172%=0
~Thus, the indicial equation is
~r=11
From equation (3.3), the recurrence relation is obtained
1
Cn = an_l,n >1
C,=-C
1= bo
-1 —1)?
c, (-1)




~1 (-1)?
_CZ = Co,...
r+2 r(r+ 1)+ 3)

C3=

By choosing €, = 1 <we obtain

(w,r) =w" 1—lw+—(_1)2 w? + St w4+ -

YW, r r(r+1) r(r+ 1)(r+3)
(—1)2W2 (—1)3W3

yi1(w, 1) =W[1— T + T + -
(o) _1 n
_ Wz( ') o

=

To obtain the second solution, we find

W) ) law
or YW,

1 1
r|l—
tw [rz r(r+1)< r+1)w

+r(r+1;(r+2)<%+r+1 r+ Z)W ]

oy, (w,7) w? 1 w3 1 1
—ar |T' 1—y111’1W+W ?(1"‘2) 3'(1+2+3)+ *

Letting H, = Yp—4 %, then

WZ
y2:3’11nW+W2[H1_5H2 3[ H3_"']

e —1 n—1Wn—1
=y11nw+wzz( )n' H,

Thus, the solution to equation (3 2)is
_1\n o —1)n
—(A+Blnw)z L ”“—BZ:%H,IW”+1
n=1

: 1
Where A, B are arbitrary constants and H, = Y7, e

14




y:

A+Bln (%) i (—UZT‘”‘I 5 i (—1)”1:!135‘"—1]

n=1 n=1
Example:

Solve the equation 4x3y" + 6x2y’ +y = 0 for very large values of x.
Solution:

We see that x = 0 is a singular point.

o6 63
0dx3Y T4 2
1 =02 _ 1

= — = 0
x-0  4x3 xl—r>% 4x

That is, x = 0 is an irregular singular point.

Thus, w = %andhence X = %
dy dy dw —ldy , dy

dx dw'dx x2dw dw
d’y d dyydw -1 d?y dy
—=—(—W2—)—=— w2 Y
dx? dw dw/) dx  x? dx? dw
d*y dy
— 1,4 37
=w Wz+2 I
4 d?y dy 6 dy
_ 4 37 —_ — — =
..W3<W 5+ 2w dw>+ 2( ZWdW)+y 0
2
y . dy B
4WdW2+ZE+y—O

We observe that w = 0 is a regular singular point.

We assume the solution is

y=ZCnx"+r, C,+0

n=0

y' = Z C,(n+ r)wn*"




y" = Z C,in+r)((n+r— 1w
42 Co(n+r)(n+7r— w142 Z Co(n+ w1 4 Z Cow™
=0
L Cldn+r)(n+r—-1D)+2n+1r)]+C-1 =0
Coiin+r)dn+4r—-2)]+C,.;, =0 ..(3.4)
Where C_; = 0 and C, # 0,

By settingn = 0
1
Co(r)(@Ar—-2)=0=>r=0,r =5
From the recurrence relation (3.4), we obtain

-1

C, = C,_,m=>1
" (m+r)@dn+4r—2) "1

n

Substituting into the recurrence relation

r=20
T m@n-2) "' 2n@n-1) M
1 -1 (—1)?
Cl_ﬂco, Cz_ﬁcl_TCO
_1 (_1)2
Cs =55 = g5ar b0
And the solution is
w? w3
y,(w,0) = C, [1_5+F_E+'"]
_ 1
=2
-1
Cn = C‘n—l; n > 1




-1
= Gnt Dzn)

! -1 (-1)?
=530 G=rsh="—7F G
-1 —1)2
Cy = C _&D C

6-7 2 71 0

The second solution is
1 3
Vo = Cowi [1 -t 4+ "']

Taking C, = 1, the solution to the original equation is

y = Ay; + By,
x 1 x7?2 x73 1 x™1 x72 x73
=Al gt T +'"]+Bx_§[+1_ 3T T T T
Where A, B are two arbitrary constants.
Example:
(1—x2)y" —2xy"+6y=0 ... (3.5

In power series about x = oo.

Solution:
(1—x?)y" —2xy"+6y =0
By setting
1
X =-
t
. 1 dt -1
x’ dx x?
d_y = —t2 d_y
dx dt
d’y dy ,d%
— =t 2t—+t*—=
dx? ( ac U ae




Substituting into (3.5), we obtain

d?y dy
t?(t? —1)—=+2t3—=—+6y=0
( )dt2+ dt+ Y

We see that t = 0 is a regular singular point (check this?), and based on that we
assume the solution of equation (5) is of the form

y = Z Cot"™", Co#0
n=0
Substituting into the equation and equating the coefficient of the lowest power of t
to zero, we obtain the recurrence relation
n+r—-3)n+r+2)C,—(n+r—-2)(n+r—-1)C,_, =0
And by setting n = 0, we obtain the indicial equation

Co(r—3)(r+2)=0

The roots are distinct and the difference between them is an integer.
From the recurrence relation we find

n+r-2)(n+r—-1)
n = n-2» nz=2
n+r—-3)(n+r+2)

From this we see that

o r(r+1) c
T r-Dr+4)°

C;

B rr+ 1) +2)(r+3) c
T r-Dr+Dr+4)r+6)°

Ca

_ r(r+2)(r+3)
T -+ +6)°

Thus, the solution is of the form

Yy




y=tC [1+ r(r+1) 5 r(r+2)(r +3) . ]
- 0

r—D+4) r—1Dr+4)(@+6)

By setting r = 3, we obtain the first solution

—t3[1+3'4t2+3'5'6t4+ ]
= 27" 7279
By setting r = —2, we obtain the second solution

t2
=t7?[1——
Y2 [ 3]

And the general solution for equation is

y = Ay; + By,

At3[1 —t2 —|1—-——=
+2-7 +2-7-9 +t2 3

3:4 3-5-64] B[ t2
t
That is

3-4 4 3-5:6
2-7x2 2-7-9x%

A , 1
y=ialt [+Bet[1-5

Where A, B are arbitrary constants.

Y¢
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