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Abstract

Graph theory is a fundamental area of discrete mathematics with
extensive applications in computer science, network analysis, and
engineering. One of the most powerful approaches to studying graphs is
through algebraic graph theory, which translates structural properties of
graphs into matrix operations. This research provides a comprehensive
study of various matrix representations specifically for undirected graphs.
The study systematically defines and explores six essential matrices: the
Adjacency Matrix, Incidence Matrix, Cycle Matrix, Path Matrix, Degree
Matrix, and the Laplacian Matrix. For each of these matrices, the research
examines its mathematical formulation, core properties, and structural
implications. By analyzing and comparing these algebraic tools, this
project highlights how they facilitate the extraction of crucial graph
characteristics, such as connectivity, node relationships, cycle detection,
and overall network topology. Ultimately, this research serves as a
foundational guide demonstrating the effectiveness of matrix theory in
modeling, analyzing, and solving complex problems within undirected

networks.




e [ntroduction

Graph Theory has gradually established itself as one of the most
influential and versatile branches of modern mathematics, not only
because of its theoretical elegance but also due to its remarkable ability to
describe relationships that exist in real-world systems. At its most basic
level, a graph consists of a collection of vertices (or nodes) connected by
edges, forming a structure that may appear simple at first glance. Yet, this
simplicity often conceals a deep capacity for representing highly complex
interactions, whether they occur in communication networks,
transportation systems, social connections, or even within biological and
computational environments. What makes graph theory particularly
compelling is this balance between simplicity and expressive strength,
allowing researchers to model reality in a way that is both structured and
meaningful.

However, as graphs grow in size and complexity, relying solely on visual
representation or descriptive analysis becomes increasingly insufficient. It
Is no longer practical to track relationships or extract patterns through
diagrams alone, especially when dealing with large-scale networks. At
this point, the need for a more systematic and computationally efficient
approach becomes evident. This is where matrix representations emerge
not merely as a convenience, but as a necessity. By translating graphs into
matrices, we effectively convert structural relationships into numerical
forms that can be manipulated, analyzed, and interpreted using the tools
of linear algebra. This shift from visual intuition to algebraic formulation
marks a significant step in deepening our understanding of graph
structures.

From a computational perspective, matrices offer a level of precision and
efficiency that is essential in modern applications. Many fundamental
problems—such as determining the shortest path between nodes,
identifying cycles, or analyzing connectivity—can be addressed more
effectively when graphs are expressed in matrix form. The ability to
perform operations algorithmically on matrices makes them particularly
valuable in computer science and engineering, where large datasets and
complex networks are common. In this sense, matrices do not simply
represent graphs; they enable their practical use in solving real-world
problems.




It is also important to recognize that there is no single matrix
representation that captures all aspects of a graph. Instead, multiple forms
exist, each highlighting different structural properties. Some matrices
emphasize direct connections between vertices, while others reveal
deeper characteristics such as flow, balance, or resistance within the
network. Understanding these distinctions is not merely a technical
requirement, but a conceptual one, as it allows the researcher to select the
most appropriate representation depending on the problem at hand.

Furthermore, matrix representations create a meaningful bridge between
discrete mathematics and continuous methods. Through this connection,
advanced concepts such as eigenvalues and eigenvectors can be applied
to graphs, opening the door to more sophisticated areas like spectral
graph theory. These approaches have proven to be highly relevant in
contemporary fields such as data science, machine learning, and network
analysis, where uncovering hidden patterns and structures is of central
importance.

In this research, the focus will be placed on exploring these matrix
representations in a gradual and structured manner. Beginning with
fundamental concepts such as the adjacency matrix, the discussion will
extend toward more advanced forms, including the Laplacian matrix and
related constructs. The aim is not only to present definitions and
properties, but also to develop an intuitive and practical understanding of
how these mathematical tools can be used to analyze and interpret graph-
based systems.




Basic Definitions

A graph: [1]
A graph G is defined by an ordered pair (V(G), E(G)), where V(G) anonempty is set
whose elements are called points or vertices and E(G) is a set of unordered pairs of

distinct elements of V(G) ,<|E(G)| < (lV(ZG)I))‘ The elements of E(G) are called lines

or edges of the graph G. Each edge has a set of one or two vertices associated to it,
which are called its endpoints. An edge is said to join its endpoints.

2. Loop :[3] A loop is an edge that connects a vertex to itself.

3. Multiple Edges :[3] Multiple edges are two or more edges that
connect the same pair of vertices.

4. Simple Graph :[3] A simple graph is a graph that has no loops and no
multiple edges between any pair of vertices.

5. Pseudograph :[3] A non-simple graph is a graph that may contain
loops and/or multiple edges between the same pair of vertices.

6. Symmetry :[2] A matrix is symmetric if it is equal to its transpose,
meaning a;; = a; for all i and j.

7. Size :[3] The size of a graph is the number of edges it contains,
usually denoted by |E|.

8. Order :[3] The order of a graph is the number of vertices it contains,
usually denoted by |V/|.

9. Matrix :[2] A matrix is a rectangular arrangement of numbers or
elements organized in rows and columns.

10. Main Diagonal :[2] The main diagonal of a matrix consists of
elements where the row index equals the column index (as).

11. Off-Diagonal Elements:[2] Off-diagonal elements are all elements in
a matrix that are not on the main diagonal (a; where i # j).

12. Isolated Vertex :[3] An isolated vertex is a vertex that has no edges
connected to it (its degree is zero).

13. [1]"The degree of a vertex v in a graph G, denoted by \deg(v), is
defined as the number of edges incident with that vertex. It represents the
local connectivity of a vertex within the graph structure."
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1. Adjacency Matrix (A) [4]

The adjacency matrix is one of the most important and widely used
representations in graph theory because it provides a clear numerical
description of how vertices are connected within a graph. Suppose we
have a graph G = (V, E) consisting of a set of vertices V and a set of
edges E. If the graph contains n vertices, then the adjacency matrix A is
defined as a square matrix of size n x n.

Each element in the matrix is denoted by aj;, where the indices i and j
represent vertices v; and v;. The value of each entry is defined as follows:

e ;=1 if there is an edge between v; and v;
e ;=0 if there is no edge between v; and v;

This representation makes it very easy to determine whether two vertices
are connected. It also allows graphs to be stored in a structured way that
Is suitable for computer processing and algorithm design.

Properties:

1. In undirected graphs, since edges have no direction, the connection
between vertices is mutual, so:

e ;= a; (the matrix is symmetric)

2. For simple graphs (graphs without loops), no vertex is connected to
itself, so:

e g;=0foralli

3. Ingraphs that allow loops or multiple edges:

e a; can be greater than 1 if there are multiple edges between two
vertices

e a; will be nonzero if a vertex has a loop

The adjacency matrix is very useful in many applications, especially in
computer science. It is used in algorithms for graph traversal, shortest
path problems, and network analysis. Also, powers of the adjacency
matrix can be used to count the number of paths between vertices.
Despite its advantages, one limitation is that it requires n2 storage space,
which may not be efficient for very large graphs. Nevertheless, it remains
a fundamental concept in graph theory:.
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Examples

Example 1: Simple Graph

s ‘1 o2 Vi V2 V3 V4
Vif[0 11 0
: vl1011
5 e 3 e =
. v A31101
V.al0 1 10
V3 €s Vs
Example 2: Graph with Multiple Edges and Loop
Adjacency Matrix:
€
N\, vy V2 V3 V4
1 V2 v [0 2 1 1
212 0 1 0
G: ¢ e; v3{1 1 0 1
011

Example 3: Example: Converting an Adjacency Matrix to a Graph
The matrix A' represents a simple undirected graph with 5 vertices.

Since it is a simple graph, the main diagonal consists of zeros (a; = 0),
which indicates that there are no loops in the graph. This means no vertex
IS connected to itself.

The matrix is symmetric (A = AT), which confirms that the edges have no
specific direction. In other words, if there is a connection between v; and
vj, then the same connection exists between vj and vi.

Each entry with value 1 in the matrix represents a direct edge between
two vertices, while each entry with value 0 indicates that there is no
connection between those vertices.




| V; V) V3 V4 Vs

01101

‘ (10110

G: 11001

01000

\ 51 0100
Example 4:

The provided figure illustrates graph G and its corresponding adjacency
matrix A. This graph consists of four vertices {vi, vz, v3, va} and includes
multiple edges as well as a loop.

Multiple Edges:

Vertices vi and vz are connected by two edges (e, e2), and vertices vi and
va are also connected by two edges (es, €s). This is reflected in the
adjacency matrix by the value 2 at the positions corresponding to (vi, v2)
and (vi, va), indicating more than one edge between these vertices.

Self-Loops:

There is a loop at vertex vz, which is represented in the matrix by the
value 1 at the diagonal entry (v2, v2). This indicates that the vertex is
connected to itself.

Symmetry:
Since the graph is undirected, the adjacency matrix is symmetric.

This means that a;; = a; for all i and j, reflecting that the relationship
between vertices is mutual and has no direction.

Vi V2 V3 V4

Vil0 2 0 2

G: 22110
v;/0 1 0 1

al2z 0 1 0
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2. Incidence Matrix (B) [5]

The incidence matrix is another fundamental representation in graph
theory that focuses on the relationship between vertices and edges rather
than connections between vertices directly. Given a graph G = (V, E)
with n vertices and m edges, the incidence matrix B is defined as a
rectangular matrix of size n x m. Each row corresponds to a vertex, and
each column corresponds to an edge.

Each element of the matrix is denoted by b;;, where i represents a vertex v;
and j represents an edge ¢;. The value of b;; is defined as follows:

e D;j=1if vertex v; is incident (connected) to edge e;
e b; =0 otherwise

This means that each column of the matrix describes which vertices are
connected by a particular edge. In the case of a simple undirected graph,
each edge connects exactly two distinct vertices. Therefore, each column
in the incidence matrix contains exactly two entries equal to 1, while all
other entries are 0.

Properties:

1. The incidence matrix provides a clear representation of how edges
are distributed across vertices.

2. Unlike the adjacency matrix, which focuses on vertex-to-vertex
relationships, the incidence matrix emphasizes vertex-to-edge
relationships.

3. Ingraphs that include loops, a column corresponding to a loop may
contain a single nonzero entry (depending on the convention used).

4. In some definitions, a loop is represented by placing a value of 2 in

the corresponding row, since the edge is incident to the same

vertex twice.

The incidence matrix can represent a wide range of graph types.

It is useful in algebraic graph theory for constructing other

Important matrices, such as the Laplacian matrix.

7. It provides insight into properties like connectivity and can be used
to analyze the structure of complex networks

i

One important aspect of the incidence matrix is that it makes it especially
useful in applications such as network flow problems, electrical circuit
analysis, and combinatorial optimization.

11




Examples

Example 1: The Graph (G"): A simple pentagon-shaped graph with 5
vertices (vy to vs) and 5 edges (e; to ey).

It contains no loops because every edge connects two distinct vertices.

Example:
Graph G": v, Incidence Matrix M’ =

es eq €1 €z €3 €4 €g
v v |1 O O O 1
8 * |1 1. 0 0 O
o ey M =v3]0 1 1 0 O
72/0 O 1 1 O
= vs|l0 0 0 1 1

Va4 3 V3

Example 2: Graph Including a Loop (Incidence Matrix)
Loop (es):

A self-loop is represented in the matrix by the value 2 in the row
corresponding to vertex vi. This indicates that the edge both starts and
ends at the same vertex, so it is counted twice in the incidence
representation.

Multiple Edges (es, €7):

These edges are represented by identical columns in the matrix, showing
that both edges connect the same pair of vertices, namely va and ve. This
reflects the presence of more than one edge between the same two
vertices.

Isolated Vertex (vs):

This vertex is represented by a row consisting entirely of zeros, indicating
that it is not incident to any edge in the graph. In other words, vs has no
connections with any other vertex.

12




Example: Graph to Incidence Matrix Conversion
(vith loops and multiple edges)
Graph G’ with multiple

Incidence Matrix M = edges and a loop
€1 €2 €3 €4 €5 eg ey ] | V2

»vw|/1 O O 1 2 0 O
v2|1L 1. O 0 0O 0O O
v3|O 0 1. 1 O 0 0
v, /O O 1 1 0 1 1
vs|/O O O O O O O Vi e
6|0 O O 0O O 1 1 7

Example 3: Matrix to Graph: Converting an Incidence Matrix to a Simple
Graph

This example demonstrates the mapping of an incidence matrix into a
simple graph.

In this matrix, each column represents an edge (e,) and contains exactly
two entries equal to 1. These two values indicate the two vertices (v,) that
the edge connects.

The absence of any row containing the value 2 confirms that there are no
loops in the graph. Additionally, the absence of any column containing
only a single value of 1 indicates that every edge connects exactly two
distinct vertices.

These properties confirm that the graph is simple, meaning it contains no
loops and no irregular edge structures.

Example: Converting an Incidence Matrix to a Simple Graph

Incidence Matrix B =
€, e3 e,

W

|

<

w
COORRSD
OQORRO
OR KOO
== QOO0
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Example 4: Graph to Matrix

This example illustrates the conversion of an incidence matrix M into a
graph G. In this representation, each column corresponds to an edge,
while each row corresponds to a vertex.

The Loop Representation (es):

In an incidence matrix, a self-loop can be identified when a column
contains a single value of 1 (or sometimes the value 2 depending on the
convention) in one row, while all other entries in that column are zero.

Incidence Matrix

€e1 ez e3 é4 és z1 €1 vz
|1 1 0 0 O
_v2/1 01 0 O] g: e, 2
M=rio1111 =
4]0 O O 1 O
€4 Vs

€s

3. Cycle Matrix (B(G)) [6]

The cycle matrix is an important representation in graph theory that
focuses on cycles within a graph rather than just connections between
vertices or edges. A cycle in a graph is a closed path in which no vertices
(except the starting and ending vertex) are repeated. The cycle matrix
provides a structured way to represent all such cycles in a graph using a
matrix form.

Given a graph G with m edges and g independent cycles, the cycle matrix
B(G) is defined as a matrix of size g x m. Each row corresponds to a
cycle, and each column corresponds to an edge in the graph. Each entry
In the matrix is denoted by b;;, where i represents the i-th cycle and j
represents the j-th edge.

The values of the matrix are defined as follows:

e Db =1 ifthe j-th edge is part of the i-th cycle
e Db;; =0 if the j-th edge is not part of the i-th cycle

14




This means that each row describes which edges are included in a
particular cycle.

Properties:

1. The cycle matrix is especially useful in studying the internal
structure ofgraphs, particularly in identifying independent cycles
and understanding how they are formed.

2. If a column consists entirely of zeros, then the corresponding edge
does not belong to any cycle.

3. Such edges are typically called bridges or cut-edges, meaning their
removal would increase the number of connected components of
the graph.

4. The cycle matrix helps distinguish between edges that are part of
cycles and those that are not.

5. Itis widely used in applications such as electrical network analysis,
where cycles correspond to loops in circuits.

6. Itis also useful in topology and combinatorics for studying graph
connectivity and structure.

7. The number of independent cycles in a graph is related to its
structure and can be determined using known formulas involving

the number of vertices and edges.

Examples
Example 1:

The figure illustrates the transformation of a graph into its corresponding
cycle matrix. In this representation, the rows correspond to the graph's
cycles (C), and the columns represent its edges (e). A matrix entry is 1 if
the edge belongs to the specific cycle, and 0 otherwise. This matrix is
essential for analyzing the structural properties of the graph.”

Transforming a Graph into a Cycle Matrix

€1 €2 €3 €4 €5
G ORS00
G| 0 1 i ©® @
Clo 1 0 1 1
Cil0 0 1 1 1

15




Example 2:

This figure demonstrates the mapping between a cycle matrix and its
corresponding undirected graph. The rows of the matrix represent the
fundamental cycles (C4, C,, C3), while the columns correspond to the
graph's edges (e; to es). A binary value of 1 indicates the presence of a
specific edge within a given cycle, whereas a 0 indicates its absence. This
conversion highlights the direct relationship between algebraic graph
representations and their geometric visual structures.

Cacle, Matyix to GrraPh Conversion

Edaes: = — v

Cdr_les: e e e; e, eg
Gy 2 1 ©. o 1
€3
C2lo o 1 1 1 :> e
Sollt it 10

Vo €2 V3

(v = vertex, ej =edge)

4. Path Matrix (P(u, v)) [7]

The path matrix is a specialized matrix in graph theory that focuses on
representing all possible paths between two specific vertices in a graph.
Unlike other matrices such as the adjacency or incidence matrix, which
describe global relationships in the graph, the path matrix is defined with
respect to a particular pair of vertices, usually denoted as u and v. This
makes it a more focused and analytical tool for studying connectivity and
path structures between selected nodes.

Given a graph G = (V, E), suppose we are interested in all possible paths
between two vertices u and v. Let there be k distinct paths between these
two vertices. The path matrix P(u, v) is then defined as a matrix of size k
x m, where m is the number of edges in the graph. Each row corresponds
to a specific path from u to v, and each column corresponds to an edge in
the graph.

16




Each entry in the matrix is denoted by p;;, where:

I represents the i-th path between u and v

J represents the j-th edge in the graph

The value of each entry is defined as:

pii = 1 if the edge e; is included in the i-th path
pi; = 0 otherwise

This means that each row describes which edges are used in a particular
path from u to v. By examining the matrix, we can easily compare
different paths and identify common or distinct edges among them.

Properties:

1. If a column in the matrix contains only ones, the corresponding
edge is present in every possible path between u and v.

2. Such an edge is critical because its removal would disconnect u
from v (similar to bridges or cut edges).

3. The path matrix depends on the choice of vertices u and v, so
different vertex pairs produce different path matrices.

4. It is particularly useful in network analysis, reliability studies, and
optimization problems.

5. It can identify critical connections in communication networks to
ensure connectivity between nodes.

6. Itis also useful in transportation and routing problems, where
multiple paths between two points need to be analyzed and
compared.

7. The matrix allows easy comparison of different paths to identify
common or distinct edges.

Unlike global matrices, the path matrix is flexible and powerful for
localized analysis within a graph.

e Example : Construction of an Edge-Path Matrix

The figure illustrates the method of representing paths between two
specific vertices in an undirected graph using a Path Matrix.

In this example, the objective is to identify all simple paths between
vertex v and vertex v,.

Three distinct paths were identified: p;, p2, and ps, each consisting of a
specific set of edges.

17




The different paths between the vertices v; and v; are
P les. es}. p> {eg. e7. e3} and ps3 {es. €6, €4, €3}.
The path matrix for vs, v4 is given by

€] ¢

1
»

p 0O 0 0O 01 0 0 1
P(v3, va p O 01 0 0 O 1 1
Ps3 0O 0 1 1 0 1 0 1

5. Degree Matrix (D) [8]

The degree matrix is a fundamental concept in graph theory that captures
the degree of each vertex in a graph in a structured matrix form. The
degree of a vertex is defined as the number of edges incident to it. For a
graph G = (V, E) with n vertices, the degree matrix D is an n x n diagonal
matrix, meaning all off-diagonal elements are zero. Each diagonal
element d; corresponds to the degree of vertex vi.

Formally, the entries of the degree matrix are defined as:

e D; =deg(vi), where deg(Vv;) represents the degree of vertex v;
e Djj=0foralli#j

This structure provides a compact representation of vertex degrees, which
Is crucial for many computations in graph theory, particularly when
combined with other matrices like the adjacency matrix to form the
Laplacian matrix.

Properties:

1. The sum of all diagonal entries equals twice the number of edges in
the graph: ) dii = 2|E]

2. This is consistent with the handshaking lemma, which states that
the sum of the degrees of all vertices in a graph is twice the total
number of edges

18




3. The degree matrix plays an essential role in spectral graph theory,
where it is used in eigenvalue computations to study connectivity,
graph partitions, and network robustness

In practice, the degree matrix is very simple to construct, especially when
the adjacency matrix is known. For undirected graphs without loops, the
degree of a vertex v; can be computed as the sum of the entries in the
corresponding row (or column) of the adjacency matrix. In graphs with
loops, each loop contributes 2 to the degree of the corresponding vertex.
This allows the degree matrix to accurately reflect the connectivity of
vertices in any type of graph.

The degree matrix is widely used in combination with the adjacency
matrix to form other important matrices that reveal deeper graph
properties. For example, the Laplacian matrix L, which is fundamental in
network analysis, is defined as L = D — A. The diagonal form of the
degree matrix ensures that the resulting Laplacian captures both vertex

connectivity and edge structure simultaneously.
Examples

Example 1:
Degree Matrix of a Simple Graph

This figure represents a simple undirected graph G without loops or
multiple edges. It illustrates the construction of the Degree Matrix D,
where:

*The diagonal elements represent the degree of each vertex (the number
of incident edges).

*All other elements are zeros.

Simple graph G: Degres matrix D:
41 e V2 Vi Vz V3 Vy
vi[2 0 0 0
V210 2 0 0
(%) €3 D=
v;[0 0 3 0
1].4 e A Vy 0 0 0 1
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Example 2:
Degree Matrix for Graphs with Loops and Multiple Edges

This example illustrates the construction of the Degree Matrix D for an
undirected graph G that includes loops and multiple edges. In graph
theory, the degree of a vertex is determined by the number of edges
incident to it.

Key rules applied in this example:

Loops: In an undirected graph, a loop (an edge connecting a vertex to
itself) is counted as two towards the degree of that vertex.

Multiple Edges: Each edge between the same pair of vertices is counted
individually.

Matrix Structure: The Degree Matrix D is a diagonal matrix where each
diagonal entry dgiy represents the degree of vertex v;, while all off-
diagonal entries are zero.

Undirected graph G: Degree matrix D:
e V1 €2,€3 V2 Vi V2 V3 V4
! es vi[5 0 0 O
V210 3 0 ©
v;[0 0 3 0
1:1, > 4 vyl0O O O 1

Example 3: Graph to Matrix

The figure illustrates the degree matrix D for a graph containing multiple
edges. In graph theory, the degree matrix is a diagonal matrix that
contains the degree of each vertex, meaning the number of edges incident

to it.
As shown in the graph, there are four vertices (vi to va):

Vertex vi has a degree of 4 because it is connected to v2 by two edges (e,
e2), to vs by €3, and to va by ea.

The other vertices follow the same logic, where d(v2) = 3, d(vs) = 3, and
d(va) = 2.

20




In the matrix D, these values are placed along the main diagonal as d;;,
while all off-diagonal elements are equal to zero. This matrix is essential
for calculating the Laplacian matrix, where L=D — A, which is a
fundamental tool in algebraic graph theory and network analysis.

Degree matrix D: Graph with Multiple Edges

Vi V2 V3 V4 VT €1 vy |
vi[4 0 0 0 dv))=4 e —@d(vy)=2
V2f[0 3 0 © esf o |es
R WARANS
Va dv)=2  ©  d(pm)e3

6. Laplacian Matrix (L=D — A) [9]

The Laplacian matrix is one of the most important matrices in graph
theory, providing a bridge between algebraic methods and structural
properties of graphs. For a graph G = (V, E) with n vertices, the
Laplacian matrix L is defined as the difference between the degree matrix
D and the adjacency matrix A:

‘L=D-A

Here, D is the diagonal degree matrix, where each diagonal element d;
represents the degree of vertex v;, and A is the adjacency matrix
representing the connections between vertices. The Laplacian matrix
captures both the degree of each vertex and the connectivity between
vertices in a single structure, making it a powerful tool for analyzing
graphs.

Each entry of L can be described as follows:

e [; = deg(vi), the degree of vertex v;
e [;=—1 if vertices v; and vj are adjacent
Iij

e [;=0if vertices v; and vj are not adjacent and i # j

21




Properties:

=

The sum of each row and each column of L equals zero.

2. The Laplacian matrix reveals fundamental graph characteristics
such as connectivity, the number of spanning trees, and the
behavior of network flows.

3. The smallest eigenvalue of L is always zero, and its multiplicity
corresponds to the number of connected components in the graph.

4. The second smallest eigenvalue, called the algebraic connectivity,
indicates how well connected the graph is.

5. Using Kirchhoff’s Matrix-Tree Theorem, the determinant of a
reduced Laplacian matrix gives the total number of spanning trees.

6. L is a crucial tool in combinatorial optimization, network
reliability, and electrical network analysis.

7. By combining information about degrees and adjacency in a single
matrix, the Laplacian allows for efficient computational analysis.

8. It forms the foundation for many algorithms in graph theory,

physics, and computer science.

Examples

Example 1:

The example shows a simple undirected graph G with four vertices vi, vz,
V3, Vi,

The degrees are d(vi) = 3, d(v2) =2, d(v3) = 2, and d(v4) = 1.
The graph has four edges:
€1 = (V1, Vz), C2 = (V1, V3), €3 = (V1, V4), and es = (Vz, V3).

Its Laplacian matrix L is a 4 x 4 matrix where each diagonal entry equals
the degree of the corresponding vertex, and each off-diagonal entry is —1
if the vertices are adjacent, and 0 otherwise.

The matrix shown satisfies L-1 = 0, where 1 is a vector of ones, and it is
symmetric positive semidefinite, which are standard properties of a
Laplacian matrix.

22




Simple, Un-oriented Graph G:  Laplacian matrix L:

d(171)=3v1 2 vzd(vZ)=2 V1 ‘;1 1121 -‘-Ii i,‘h

€4 L:E . 2 88 0

V3 -1-12 0

- V3 =1 0 0 1,
d(vg)=1 d(v3)=2

Example 2:

This example presents a multigraph G with multiple edges.

The graph has four vertices, where two parallel edges connect vi and vs,
while the remaining edges are simple.

The degree of each vertex is computed by counting each parallel edge
individually.

The Laplacian matrix L is then constructed as follows: each diagonal
entry L(i,i) equals the degree of vertex v;, and each off-diagonal entry
L(i,)) equals the negative of the number of edges between v; and v;.

This illustration clearly shows how the Laplacian matrix extends
naturally to multigraphs without relying on loops.

Multigraph with Loops and Multiple Edges G:  Laplacian Matrix L:

v Vi V2 V3 Vs
" V2 d(vy) =1 V; 3 -1 -2
'6‘3/ \Multiple L = . 1 0 0
% Multiple = Vs _2 O 3 _1
dog=1 7' dws)=3 wl0 0 -1 1

The Laplacian matrix L calculation: Diagonal element L(i,i) = degree d(v;); Off-diagonal element L(i,j) = - (number of edges betwean
v;and vj). Note: Loop contributes to degree; Multiple edges sum together in off-diagonal cells. e.g., L(1,3) = {2 edges) = -2.
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Example 3: Graph to Matrix

This figure demonstrates the construction of a multigraph G' from its
representation matrix L.

The diagonal elements (highlighted in yellow) represent the degree of
each vertex d(vi), which is the total number of edges connected to that
vertex.

The off-diagonal elements (highlighted in blue) indicate the negative
count of edges between two distinct vertices. For example, the value —2
between vi and vz represents a multi-edge (two parallel edges connecting
the same vertices).

This example effectively shows how complex graph properties, such as
loops and multiple connections, are encoded within a matrix structure.

Input Multigraph Representation L":  Output Multigraph G’ with Multi-Edges:

Multi-Edge: 2
Vi V2 V3 Vg

vify =2 -1 -1
Construct the Graph

vV Edge: 1
Ll =2 _2 3 -10 from Degrees, Loops,
-1 =1 2 0 and Multi-Edges

41 V2
d(v1)=h d(v2)=3

Edge: 1

0 0 1

Vg V3
d(vy)=1 d(v3)=2
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e Conclusion

graph theory provides a powerful and flexible mathematical framework
for analyzing relationships and structures across a wide range of systems.
The use of matrix representations transforms abstract graphs into
structured numerical forms that can be easily processed, analyzed, and
applied in both theoretical and practical contexts. Through matrices such
as the adjacency matrix, incidence matrix, cycle matrix, path matrix,
degree matrix, and Laplacian matrix, complex relationships between
vertices and edges can be expressed in a clear and systematic way.

These matrix forms not only simplify the representation of graphs but
also enable deeper analysis of their properties. Concepts such as
connectivity, paths, cycles, and vertex degrees become more accessible
when expressed through matrices. In particular, the Laplacian matrix
plays a central role in understanding graph structure, revealing important
information about connectivity, spanning trees, and network behavior.
Similarly, specialized matrices like the path and cycle matrices provide
insight into specific structural features, allowing for more focused
analysis.

Beyond theoretical importance, these representations have significant
practical applications. They are widely used in computer science, network
design, electrical engineering, transportation systems, and data analysis.
By converting graphs into matrices, many real-world problems can be
approached using linear algebra techniques, making it possible to develop
efficient algorithms and computational solutions.

Overall, matrix representations of graphs serve as a bridge between
discrete mathematics and applied sciences. They provide both clarity and
computational power, making them essential tools for understanding and
solving complex problems involving networks and interconnected
systems.
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