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INTRODUCTION:

The study of mathematical spaces is considered one of the
fundamental pillars in many branches of modern mathematics, as
it provides the general framework wupon which various
mathematical concepts and structures are built, such as
continuity,convergence,separation, and other essential properties.
Among the most important elements studied within these spaces
are points, due to their central role in determining the nature of

the space and in understanding its internal structure.

The classification of points in different spaces represents a
rich and multifaceted topic, as the types of points vary according
to the nature of the space under consideration, whether it is a
metric space, a topological space, or more abstract spaces. For
instance, there are interior points, boundary points, accumulation
points, isolated points, fixed points, periodic points, eventually
fixed points, and other classifications that contribute to analyzing

the fine structure of a space.

The importance of this topic stems from its contribution to

deepening the theoretical understanding of mathematical spaces,
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as well as its wide applications in various fields such as
mathematical analysis, topology, and function theory.
Accordingly, the study of types of points is not limited to the
theoretical aspect alone, but also extends to support numerous

scientific and engineering applications.

This research aims to achieve several scientific objectives,
including:

o

. To provide a systematic and precise presentation of the

concept of points in different mathematical spaces.

2. To classity the types of points in various spaces, such as metric

and topological spaces.

8. To study the fundamental properties of each type of point and

analyze the relationships between them.

4. To highlight the essential differences in the classification of

points depending on the nature of the space.

Un

To support the study with illustrative examples and
theoretical results that enhance a deeper mathematical

understanding of the topic.
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In light of these objectives, this research seeks to present a
rigorous and well-structured treatment of the topic “Types of
Points in Different Spaces,” thereby contributing to the
enrichment of the mathematical literature in this field and

opening avenues for more specialized future studies.
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Inthis section , we introduce on the spaces of dimension noe

the elementries which we need then wonq our work .

1.1 Definition :
Let fbe a function and let x, and f(x,) be in the domain of f.
Then f(x,) =the first iterate of x, for
f(f(x0)) = the second iterate of x, for f.

fr(x) = fF(f(...(f(x)..) = the n — th iterate of x, for f 1"

1.2 Definition :

The orbit O(x,) of apoint x, €R is defined to be the set of points
0(xo) = {xo, f (x0), f*(x0), f?(x0), ... }
Where
f% = fof,

f3 = fofof



f*=fofo..of
1.3 Definition :

Let p be in the domain of f. Then p is a fixed point of f if

flp)=p.

1.4 From Figure we might conjecture that the orgin is the only

point at which the graph of sinx and the line y=x touch each

other . 2
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We will prove that this is true . In the proof we will use the mean

value theorem, which says that if f is continuose on [a,b] and

differentiable on (a,b) such that

__f®-f@
flo==10F

, or equivalently, f(b)-f(a)=f (c)(b-a) .

1.5 Example ;

Let f(x)=sin x .We prove that x=0 is the unique fixed point of f.

Solve.
To begin, we observe that f(x)#x if [x[>1,

since |sin x|<1 for all x . Next,



it 0<x<1, then the mean value theorem implies the existence of z

between 0 and x such that

sin x=sin x-sin 0=f"(z)(x-0) =cos z
Since 0<cos z<1 for such z,

it follows that 0<sin x =x cos z<x,
true for all x>0.

The fact that f(-x)=-f(x) implies that x<sine x<0 for all x<0 . Finally,

sin 0=0, so we conclude that 0 is the unique fixed point of f.

1.6 Example:

To find the fixed point of f(x)=1+x— % x”2 the fixed point of f(x)

is at (x,X) .
Solve.

S)=x



=I+x— %x’\Z
T+x— = x"2=X
1--x"2=0
2-x"2=0
x"N2 =2
x=FV2 fixed point :(¥2,42) and (-V2,-V2).
1.5 Definition:

The point p is attracting fixed point of f provided that there is

an interval(p-¢,p+e) containing p such that if x is in the domain of

f and in (p-¢,p+e) ,then fn (x)—p as n—oo 13!

1.6 Definition :



The point p is a repelling fixed point of f provided that there is

an interval (p-¢,p+¢) containing p ,Such that there if x is in the

domain of f and in (p-¢,pte) but x#p then |f(x)-pI>Ix-p|-¥

1.7 Theorem

Suppose that f'is differentiable at a fixed point p .
a.Ift|f (p)I<1, then p is attracting .
b.If If (p)!>1, then p is repelling.
cIf [f(p)|=1, then p can be attracting ,repelling or neither.
Proot:
To begin our proof of (a),

we notice that since |f (p)I<1 ,the definition of derivative implies

there is a positive constant A<l and an open interval
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J=(p-¢,pte) such that if x is in ] and x#p,

then| L2~/ (’2:;; @) <A

Therefor |f(x)-f(p)I<A IX-P| for all xin |

For each such x ,this means that
|f(x)-pl=1fx)-f(p)I<Alx-p] (1)
So that f(x) is in ] because 0<A<1l and xisin] .
If"(x) » p|< A™|x —p| foralln=1 (2)

By(1),the inequality holds for n=1 ,Next we assume that (2) holds

for agiven n>1.

Then f*n (x)is in J since 0 < A”n < A <1 .Therefor by(1) with f*n (x)
sub stituted for x ,and then by(2),we find that
| (n+1) (x)-pl=If (f\n (x)-pl<Al f*'n (x)-pl<A(A™ |x-pl)=A"n+1)

lx-pl.
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By the law of induction we deduce that (2) holds for all integers

n>1. Since A”n—0 as increases with out
bunded,it follows that f*n—p for every xin J.
Thus (a) is proved

To begin our proof of (b),

we notice that since |f(p)|>1 ,the definition of derivative implies

that there is apositive constant A>1 and an open interval

J=(p-¢,p+e) such that if x € J and x#p, then

f&) - f)
X—Pp

>A>1

| f(x)-f(p) | > x-pl

p is a repelling fixed point .Thus (b) is proved.



1.8 Example:

To find the repelling fixed point of f(x)=x"2 xéR f:R—R

Solve .

XER fiR->R

flx)=x

x"\2=x

x(x-1)=0

x=0 and x=1,

f(x)=2x 1f(0)1=0<1

x=0 is attracting fixed point

If 1£(1)1=2>1 ,x=1 is repeling fixed point



1.9 Example :

Let fR—R be a fuction such that

f(x)= _?1 x x€R .To find the attracting fixed point .

Solve.
flx)=x

-1

—Xx =x

2

x=0
The derivative of fis f(x)= _?196
f(0)1=—x <1

Since the abslute value of the derivative at the fixed point x=0 is

an attracting fixed point x_0€R

Frix
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In this section , me study the fixed point one the spaces of

high dimension .
2.1 Definition:

The function L:R?>—R? is linear if L(bv+cw)=bL(v)+cL(w), for all
v and w in R? , and real numbers b and c .A linear function is also

called a linear map"#

2.2 Theorem
A 2x2 matrix A has an inverse if and only if det A#0.

2.3 Theorem

Let A=(Ccl Z) For appropriate real numbur A,u,f,and Y, the

matrix A is similar to one of the normal forms, (:)1 2) if A has

two distinct real eigenvalues A,

A



(o

0 /1) it A has one real eigenvalue A

(%

) if A has two complex eigenvalues,
p+1Y and B-17.

2.4 Theorem

Let A=(CCL Z) be any 2x2 matrix . Suppose that

Xn

Vo= :(yn

)x ni+ynj forn=1.2,..., and

that 'n—0. Then Avn—0.

2.5 Theorem

Let L: R25R? have the property that A_L has distinct real

eigenvalues A and y, with |AI<l and |ul<1.
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Then for every v in R? ,L» (v)—0 .Therefor 0Ois an attracting fixed

point of L,and R"2 is the basin of attraction of 0.

Proof:

Let v be arbitrary in R2.Since L"(v) = (4;,)"™v, by (), we need

only show that (4;)"v — 0. Now let B = (g

2) By theorem?2.3

A; = B,so that there is an invertible matrix E such that A; = By then

in 2.2 implies that (4,)" =~ (Bg)",so that (4,)" = E"1B"E,
and hence

(A))™v = E71B"Ev = E"1(B"Ev)

The proof will be complete if we show that E~1(B™ Ev) - 0.

From we know that

AT 0 X
n _— —
B" = ( 0 Iin)' Next let Ev = (y) Then

AT 0 /X Ax
rsv=(g ) ()= ()

A



since |A| < 1and |ul <1 by hypothesis ,we find that ||[B"Ev| =

uty
as n increases with out bound .Therefore (8) and

by Theorem 2.4 with v, replaced by B™Ev, tell us that L"(v) =

(A)"v = E"Y(B"Ev) - 0

Since v is an arbitrary vector in R?, it follows that not only is 0 an
attracting fixed point of L, but also the basin of attracting of 0 is

R? itself . This completes the proof.

2.6 Corollary :

Let L: R? — R? be a linear function with a single eigenvalue A
,with |A] < 1, or two complex eigenvalues 8 + t4 and 8 — (4, where 8
and A are real numbers and 8% + A% < 1. Then L™*(n) — 0 for each v in
R? Therefor 0 is an attracting fixed point whose basin of attraction is

R?.



Proof:

By Theorem 2.5 proves the result if A and u are real and distinct. The

cases in which L has one real eigenvalue, or complex eigenvalues since
in all cases the eigenvalues satisfy the condition for stability ,it follows

that
lim,,_,o, L"(v) = 0 forevery v € RZ.

This confirms that 0 is an attracting fixed point and its basin of

attraction is entir space R?.

2.6 Example :

LtL—(x)—(x/z)Sh that 0 is an attracting fixed point wh
e = y = y/4 . ow ad IS an attracting rixed point wnose

basin of attraction is R?. Also show that for any number r # 0, the

parabola y = rx? is invariant under L.
Solve .

We find that



L (;) = (162 124) (;)

So that the eigenvalues of L are 1/2 and 1/4 Theorem 2.5 impliesthat

0 is an attracting fixed point whose basin of attracting is R?.

If y = rx? with r # 0 then

/2 /2
()10 - () (20

The latter point lies on the parabola y = rx?, so it is invarint under L




1. Introduction to the Figure: As shown in Figure 3.1, which is
called a portrait of L , we describe the dynamics of a linear
function. Generally, when a linear function L has two real
eigenvalues whose absolute values are less than 1 , the portrait

of L follows the general form where trajectories converge toward

the origin'[5]

2. Mathematical Proof (The Core): To support this claim, let

L (;) = (Z;) . SO that

a 0 :
AL(O d).Assumlnga>0andd>0,

we determine a value of a for which the graph C of y = rx% is

X
invariant under L . If (y) lies on C , then:

£(3) = ()
Ind

This point lies on C only if drx® = r(ax)® , which leads to: a = —

As a result, curves of the form y = rx% are invariant under L .

A



3. Generalization (The Conclusion): "Now suppose that the two
eigenvalues of L satisfy [A| <1 and |u| < 1, but the associated
matrix is not necessarily diagonal. This is where similar matrices
play a decisive role. The reason is that if M corresponds to a

diagonal matrix such that L ~ M,, , and if C is a set that is invariant

under M , then
(PLP~1)(C) = M(C) € C ,so that L(P~1(C)) € P71(0)

This means that P~1(C) is the adjusted curve ,and is invariant

under L .

2.7 theorem

If A = B, then A and B have identical eigenvalues.



2.8 Example:

1/2 1/8

Let4, = (1/2 1/2

) . Analyze the dynamics of L .

Solve.

We observe that the eigenvalues of 4, are 1/, and 3/,,

since det(4;, — AI) = A2 — A +1i6 =0 ifA=1/4or3/4.

You can calculate that corresponding eigenvectors for

(_12) and (%) Next ,

if Ay = (164 32 4), Then by Theorem 2.3 and 2.7 . A, ~ Ay,

and also A4; and A, have the same eigenvalues. Using(9), we
calculate that with respect to M, iterates of points converge to 0

along

curves C of the form y = rx%* , where x > 0 and

e



_In(3/4) In3-1In4 . In3
“TIn(1/49) Inl—In4 = In4d

If P is a linear function such that L =~ M, then from the remarks

preceding the example ,P~1(C) is invariant under L .



Abstract

In discrete dynamical systems, the classification of points provides a
fundamental framework for understanding the global behavior of a
system. A point is considered a fixed point if it remains unchanged
under the mapping, representing an equilibrium state whose stability
depends on the magnitude of the derivative. When the absolute value
of the derivative is less than one, the point is attracting, whereas values
greater than one indicate instability. Beyond fixed points, periodic
points play a central role, as they return to their initial position after a
finite number of iterations. The presence and density of such periodic
orbits reveal an underlying structure even in systems that appear

irregular.

As system parameters vary, a transition from regular to complex
behavior often occurs through a sequence of bifurcations, most notably
period-doubling, which leads progressively to chaotic dynamics. In this

regime, points exhibit sensitive dependence on initial conditions,
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meaning that arbitrarily close starting values can generate significantly
different trajectories over time. Despite this apparent randomness,
chaotic systems retain an intrinsic order characterized by the
coexistence of infinitely many periodic points and intricate geometric

structures.

The concept of attractors further refines this understanding, as each
point in the space evolves toward a specific long-term behavior
determined by its basin of attraction. These basins partition the space
into regions with distinct dynamical outcomes, explaining how identical
systems can produce varied responses depending on initial conditions.
In higher-dimensional spaces, the dynamics become more complex,
giving rise to structures such as strange attractors, where trajectories

follow non-repeating yet bounded patterns.

Moreover, the geometric nature of these systems is often fractal,
indicating that the distribution of points is neither random nor smooth

but follows self-similar patterns with non-integer dimensions. This

A



connection between dynamical behavior and fractal geometry
highlights that chaos is not a lack of order, but rather a sophisticated

form of organization governed by precise mathematical laws.
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