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ABSTRACT

This file provides a comprehensive systematic study of vector geometry in
Euclidean space (E3), starting with the definition of vectors and their basic
algebraic operations such as addition, dot and cross products, linear dependence,
and the determination of bases and components. The content then transitions to
the analytical aspect by studying 'Vector-Valued Functions,' explaining the
concepts of limits, continuity, and differentiation for these functions, supported
by mathematical theorems and practical examples that bridge the gap between

vector algebra and the foundations of differential geometry."



INTRODUCTION

. Mathematics serves as the fundamental language for formulating physical and
engineering laws. At the heart of this language, "vectors" emerge as an
indispensable tool for describing quantities that are only fully defined by both
magnitude and direction. The study of vectors is not merely a branch of algebra;
it is the cornerstone of quantum mechanics, relativity, and advanced analytical
geometry, allowing us to represent complex spaces and simplify calculations in
multiple dimensions. This research aims to present a sequential analytical study,
starting from the algebraic roots of vectors and leading to the differential
analysis of vector-valued functions. To achieve this objective, the research is
divided into two main chapters:

Chapter One: Focuses on "Vector Algebra in Euclidean Space,"” where
fundamental concepts are reviewed, including the definition of a vector, addition
and subtraction operations, and both dot and cross products. This chapter also
addresses the concepts of linear independence and the construction of bases that
form the structural framework of vector space.

Chapter Two: Shifts the research from the static aspect of vectors to the
dynamic and analytical perspective through the study of "Vector-Valued
Functions." This chapter explores how vectors change relative to scalar
variables, with a focus on limits, continuity, and the rules of vector
differentiation. This chapter serves as the primary gateway to differential
geometry, where these functions are used to describe curves and paths in space

with high mathematical precision






1. Introduction
Vector algebra serves as the fundamental pillar for most modern
mathematical and physical applications. A vector is not merely a
numerical value but a mathematical entity that combines magnitude and
direction, making it the ideal tool for describing the space we inhabit. This
chapter focuses on the study of the algebraic structure of vectors in three-
dimensional Euclidean space (E3), beginning with the definition of a
vector and its basic properties, such as length (magnitude) and direction. It
also covers essential algebraic operations including addition, dot product,
and cross product, while reviewing the laws governing these operations.
Furthermore, the concepts of linear independence and bases will be
explored, which allow us to represent any vector as a linear combination,
paving the way for a deeper understanding of geometric and physical

transformations.

Definition 1.1[2] : A vector a is the vector ( —a) defined by: _a =

(alr a,, a3)

The zero vector: 0 = (0,0,0). The length or magnitude of a vector:

a = (ay,ay, as) is the real number:|a| = \/a? + a + a2
Clearly |a] = Oand |a| = Oifandonlyif a = 0
Definition 1.2 [1 ] : Given two vectors a = (aq,a,,az)and b =
(b1, b3, b3)
in E3, their sum a + b is the vector defined by :
a + b = (a; + by,a, + by, a3b3) The difference of two vectors a and

b is the vector: a_b = a + (—b) . The vector addition satisfies:
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Example (1)[3]:Let a =(1,2,0)and b = (0,1,1). Then a + b =
(1,-1,1)

—a = (-1,2,0) ,b—a=(-1,3,1), |al] = V5

Definition1.3 [ ] : The product ka is called multiplication of a vector by a
scalar. The multiplication of vectors by scalars satisfies:

[B;1K,(K,a) = (K1K,)a = K Kya (ki + kz)a = kia + kaa

[B,] k(a + b) = ka + kb (Distributive Laws)

[B3]1la = a

Fina“y, ifa = (al, a, a3),then

|ka| = J(kal)z + (ka2)? + (kas)? = VK3 a2 + a2? + a5’

Thus for all kand a, |ka| = |k| |a]
Example (2)[ 3 ]: In the triangle OAB shown in Fig.( 1-1), leta = OA and
b = OB and let M be the midpoint of side AB. Then the vector MO can

be expressed in terms of a and b as follows:

OM =a+ AM = a + 5 AB 4
1 11 1 op\

1
—a+E(b—a)—a+Eb—§a=§a+§b b
Fig.(1-1)
Definition 1.4.[5]: The vectors uq, Uy, ... , u, are said to be linearly

dependent if there exist scalars ky, K, ... not all zero such that



kiuy + kou, + ... + kyu, = 0 The vectors uq, Uy, ..., u, are said to be
linearly independent if they are not linearly dependent. That is, uq, Uy, ...,
u, are linearly independent if (1.3) implies all k; = k, = ... = k, =
0.
Note that a set of vectors which includes the zero vector is dependent; for
we can always write

10 + Ou; + ... + Ou, = O
Example(3)[5]: The wvectors a = (1,—-1,0), b = (0,2,—-1),c =
(2,0,—1)
are linearly dependent, since 2a + b — ¢ = 0.
Theorem 1.5 [ 4]:If a vector is expressed as a linear function of
independent vectors, then it is expressed so uniquely. That is, if uq, u,, ...,
u, are independent, and if
u = kyu, + kou, + ... + kyu, =k’;u; +k'>up, + ..+ Khun
thenk, = k'y,k, = k'5, ... ,kn = k'
Definition 1.6.[5]: The three vectors e; = (1,0,0),e, = (0,1,0),e5 =
(0,0,1)are independent. For
kiei + kie, + kzes = (kq, k3, k3) and so if
kiei + ke, + kzes = 0,thenk; = k, = k; = 0. Also any vector
a = (a1, ay az) can be written as a = a,e; + aze, + asesas a linear
combination of e, e, and ez, and by Theorem 1.1 this representation is
unique. In general we call a set of vectors B a basis for E® if
(i) Every vector in E3can be written as a linear combination of the vectors
in B,

(if) B is a linearly independent set of vectors.



Theorem 1.2[5]: Any three linearly independent vectors form a basis
in E3. Conversely, every basis in E* consists of three linearly
independent vectors.
Proof:
Let uq, Uy, U3 be a basis in space and let a = a;u; + a,u, + asus.The
scalars a4, a,, as, for short a;, 1 = 1, 2, 3, are called the components of a
with respect to the basis u4, uU,, us. It follows from Theorem 1.1 that the
components of a vector with respect to a given basis are unique.
However, note that the components of a vector depend upon the basis
chosen and in general the components will change if there is a change in
basis. An exception is the vector 0 whose components are always 0, 0, 0.
In general we shall denote the components of vectors a, b, X, y, u, with
respect to some prescribed basis by
ai, bi, Xi, yi, Ui
Example(3) [1] : Let u4, U,, Uz be a basis and let
a = 2u; — Uy, b = u, —2u3z, ¢ = 3u; + us.
We will show that a, b, c are linearly independent and hance also from
abasis. for, suppose
kia + kb + ksc = (2kg + 3k3)ug + (kg + Kp)u, + (—2k; + k3)uz = 0.
Since the u; are independent, it follows that

2ky + 3k; = 0,,—k; + k, =0,—2k, + k3 = 0.

This is a system of three homogeneous linear equations in k4, k3, K.

2 1 0
Since the determinant of the coefficients det :<0 1 2) =8+0
2 0 1



the only solutionis k; = k, = k; = 0.Hence the vectors a, b, c are
independent. Observe that the components of a, b, ¢ appear as the
columns in the above determinant.

As suggested in the above example, we have in general.

Definition 1.7.[ 1]: The dot or scalar product of two vectors

a = (ay,aza3) and b = (b4, by, b3) is the real number

a - b = aiby + azb, + asb; In particular, for a = b we have the
formulaa - a = |al?

The scalar multiplication satisfies

[C1]a - b = b - a(Symmetric Law)

[C2] (ka) - b = k(a - b)(k =scalar)

[C3]la - (b + ¢c)= a - b + a - c(Distributive Law)

[C.] Scalar multiplication is positive definite; that is,

(i)a - a = 0foralla

(ii)a - a = Oifandonlyifa = 0

Clearly, from the definition,a - 0 = 0 for all a. Also, ifa - b

0 for all a, then

b - b = 0and hence from C,(ii),b = 0.

Example (4)[2] : Leta = (—2,1,0)and b = (2,1,1). Thena - b =

—3anda - a =5 = |a|%

Definition 1.8.[ 2]: Two vectors a and b are said to be orthogonal, written

albifa - b = 0. Inother words aand b are orthogonal if and only if
n

eithera = O,b = 0,0rezé_(a’b):_

>
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Example (5)[4]: Let a and b be linearly independent and let
¢ = a — Py(a).Then cis a nonzero vector orthogonal to b.

For suppose ¢ = 0; then from equation (1.6), 0 = 1a — Py(a) = la —

kb, where k = (Tb'lf) which is impossible since a and b are independent.
Hence ¢ # 0.Finally, ¢ - b = (a — %) - b
a-b)b-b
cap |)b(|2 ),

= (a - b) — (a- b)=0.
Thus ¢ L b.

Definition 1.9.[ 4]: Let ey, e,, e5 be three mutually orthogonal unit
vectors as shown in Fig. 1-2. These vectors are independent; for if
kie, + kye, + kzez = 0,then0 = ¢;- 0= ¢; - (kie1 + koe, +
kze3)=e; - k;e; =kiork; = 0foreachi.

Therefore they form a basis called an orthonormal basis.

We observe that e4, e, e3is an orthonormal basis if and only if

e1 e, = e, - e; = ez - ez = 1(Unit vectors)

e1 e, = e, - e3 = e, - e3 = 0(Mutually orthogonal)
or,inshort,e; - ¢ = &y ={1,ifj =1

{0,if j # i (i,j = 1,2,3)The quantity §jis called the Kronecker

symbol and will be used repeatedly.

Fig(1-2)



Theorem 1.3[ 4] :Let e4, e,, e3 be an orthonormal basis and let
a=ae+ae,+ azes,b = bie; + bye, + bzes

(|)a - b = a1b1 + azbz + a3b3 = Zil aibi

(ii)|a] = Va - a = Jai® + a,® + ai® = /2;{1 a;’

(iia; = a e, (i = 1,2,3).
Definition 1.10[ 5]: Let (e4, e, e3) and (g1, g2, g3) be ordered

orthonormal bases and imagine that the triad (g1, g2, g3) is rotated to
make g, and g, coincide with e, and e, respectively.

Then gswill either coincide with e3, in which case we say that

(91, 92, g3 ) has the same orientation as (eq, e,,e3),0r gswill point in
the direction opposite to es,

in which case the bases are said to have opposite orientation.

To formulate this concept of orientation in a precise manner, not only for
orthonormal bases but for arbitrary bases, we proceed as follows:

Let (uq, uy, u3) and (v4, v, v3) be ordered bases and

let v = ?=1 = lai]- U;.

Then (v4, v3, v3) has the same as (uq, uz, us) if det(a;;) > 0.

This defines an equivalence relation of all ordered bases in E*. This
relation partitions the bases into exactly two equivalence classes. Ordered
bases in the same class have the same orientation and ordered bases in

different classes have opposite orientation.



Definition 1.11[5 ]: Let (e4, €2, e3) be a right-handed orthonormal basis
and

Leta = a,e; + aye, + azesand b = b,e; + b,e, + bses.The
cross or vector product of a and b, denoted by a x b, is the vecto

a X b = (ayb;— azby)e; + (az by — a; bz )e; + (a1b; —
a,b;)esAs an aid in computing the above, we observe that it can be

obtained as the expansion of the determinant

eq a; by
a X b = det(ez a, b2>

e; dz bs
=e1det(Z§ Zi)—ezdet<zz Z;)
(s 3)
+ e’det
a, b,

= (az b3 — azb3) e; + (a3 by — a; b3)e;

+ (a; b, — a; by ez

Example(6)[5]:
Leta = e; — e;,b = e, + 2e3,¢c = —2e; — e3.
Then
eq. 10
axX b = det(ez —1 1) = —2e, — 2e, + es;.
ez 02

Theorem 1.4[1] :

(i)la X b| = |a]||b| sin 8,where 8 = A(a,b).
(id)a - (a X b)Laand(a X b)Lb

b.Ifa X b #

0,then (a,b,a X b)is aright —

handed linearly independent triplet.



Since |a||b|sin 8 = 0if and only if
la| = 0,or |b| = 0,080 = 0,0r 6

= m,we have from (i) above a form of the Schwarz inequality

(la - b| = |a||blif and only if a and b are linearly dependent).

Example(7)[2]:

For an orthonormal basis (g1, g2, g3)shown in, it follows from Theorem
1.5 that

gix g1 =0 g2 X g1 = —93 gz X g1 = 9>
g1 X g2 = —9s3 g2 X g, =0 g3 X g2 = —g1
g1 X gz = —92 g2 X gz = —0g1 gz X gz =20

In Problem 1.29 we prove that the vector product satisfies

[Ei]a X b = —(b X a) (Anticommutative Law)

[E;]Ja X (b+c)=aXb+aXc

(Distributive Law)

[E3] (ka) X b = k(a X b) (k = scalar)

[E Ja X a = 0

Note that the vector product is not only not commutative but also not
associative; that is, in general

aX (b X c)# (a X b) X c.For as shown in Example 1.20,
g1 X g» = —gsz,Where as

(g1 X g1) X g2 = 0 %X g2 =0

Definition 1.12[ 3 ]:The product a - b X cis called the mixed or triple

scalar product. Parentheses are not required, for this can only mean



a - (b X c),the scalar product of the vector a and the vector b X c.
This product is also conveniently given in terms of a determinant. For let
a = a131+ azez‘l‘ a333,b= b181+ b232+ b383,C

= clel 4+ c2%e?2 4+ (363,

Then

ey b1
a- (b Xxc) = (ae1 + aze, + azes) - det (ez b, c2>
e3 bz c3

= a4 (byc3 — bzcy ) — ax(bics — bzcq) + as(bicy — bacy)
a; by ¢
det = <a2 b, c2>
as; b; c;
It follows from properties of the determinant that
abXxc=caXxb=b.cxa=_b.axc)=_(c.bxa)=_(a.cXDb)
In particular,it follows thata - b X ¢ = a X b - c¢. Thus we can drop
the dot and cross in the notation of the triple scalar product and use instead
[abc] = a - (b X ¢) = (a X b) - c.as an immediate consequence of
Theorem 1.3 and equation (1.8) we have
Theorem 1.5[2 ]:
[abc] = 0if and only if a, b, care linearly dependent.
a number of useful identities relate vector and products of vectors. a basic

identity, which is derived in Problem 1.35, is

10



Example(8)[3]:
S1 / 100(5) on E3is the set of numbers x satisfying

1
|lx — 5| <—
100

Or

5 — ﬁ < x <5+ %.Note that S1 / 100(5) is the open interval of

length 5—10 centered about 5.

Definition 1.13[4 ]: The assignment of vector f(t)to each real numbert

of aset of real a numbers S defines a vector function f of the single var
as in the case of scalar functions of a real variable, the set S is called the

domain of definition of

f; and the set of assigned vectors,denoted by f(S),is called the image of

Example (9)[5]:
Let a, b, c be fixed vectors in space. The equation
F(t) = a — 2th + t’¢c, -2 <t
< 2defines a vector function of t with domain — 2
<t < 2

A table of some assigned vectors is

f | -1 0 1 :

L) At +de st H+te N a~h+e =+ de

11



Definition 1.14[ 5]:A function f (t)is said to be bounded on the
interval | if there exists a scalar M > 0Osuch that
|f ()] < Mfortinl.Observe in Fig.1-3 that ifx = f(t), then f(t) is
bounded on I if there exists a sphere of radius M about the origin such that

the point xis in the sphere for tin I.

Fei3 Pel-4

Iéxample(lO)[6] :

The curve traced by

X = te; + (tant)e,on —g <t < gls shown in Fig. 1-
Observe that |x|becomes arbitrarily large for t close to

g.Thus x is not bounded on —g < t< g

Note, however, that x is bounded on the interval

[ [
—§+ e<t <E_ efor any € > 0.For these t,

x| = |te; + (tane;| < |tey| + |(tant)e,| < |t| + |tan < M,
Where

T A
M =, ¢ +tan(g—e).
a function f(t)is said to be bounded at t = tCif there exists e > 0

such that f(t)is bounded for t in Se(t°); or, equivalently, f(t)

12



is bounded at t, if there existsan M > 0 and an € > 0 such that

If ()] < M for |t — to| < e.Clearly,if

f(t) is defined and bounded on an interval I, then it is bounded at each ty
However, the converse is not true, as shown by the example above,

where f(t) is bounded at each t, in

g <t< % but not on the whole interval

13






2.1 Lines and planes
Definition2.1[1]: Let a and u be vectors iNnE*withM #0 € a =
(aq,a,,a3),u = (uq,u,,uz) By the Straight line through aparallel to u,
we can be represented by
X=ku+a o<k<o.. lor
In Component from, X = (x4, x5, x3)
X, = kuy +aq,X, = ku, +a,, X3 =
kus; + a5 ... 2 The equation 1 or 2 are called the
Parametric equations of the line. And the point x generates the line
As the parameter K varies over the real line
Example(11): Let a = e; + 2e, and u = e; — ez be two vectors
then the parametric equation of the line through a parallel to 4 is x
=ku+a
X:k(eqy —e3) +(eq + 2e,) = ke —ke; + e, + e,
= (k+1)e; +2e2 _kejorx; =k+1,x,=2,x3=k
Example (12)[2]:
Leta= (1,-3,4),b = (=5,1,7) are distinct point, on aline.If a be
apoint in the line and b, be avector parallel to the ling..The
parametric equation of the line is
OrX =k(b_a)+a
X, =k(by—a;) +a,X, =k(b, —a,)+a,, X5 =k(b;—a3) +a;—
X, =16k X, =344k X; =4+ 3k
Definition2.1.2[ 3 ]: The plane through apant a parallel to two
independent Vectors u and v we mean the set of xin E* which can be
represented by

X=hu+kv+a, o<k<ow..1

15



Or equating Components,

X, = huy + kv, + a4

X, = hu, + kv, +a,

X3

= hu; + kvs

+ a5 ... 2 The equations (1)and (2)are called the parametric equations of t
plan

Definition2.1.3[3 ]: A vector will be said to be parallel to the plane if it is
linerly dependent upon U and V

Definition2.1.4[4 ]: A vector will be said to be normal to the plane if it is
orthogonal to both u and v

Definition2.1.5[ 5 ]: If n is anonzero vector normal to the plane X =
hu+ kv +a

Then x lies on the plane if f (x_a).n =0

Example(13)[5]: The parametric equation of the plane through a =
e, parallel to

U=e, andV = —e; + e, is

X=hu+ku+a

X= (h—k)e,+e, + ke

Or

Xi=(h—k), X, =1,X; =k

2.2 Neighborhood

Local properties of functions are Conveniently described in terms of the

Concept of a spherical neighborhood.

16



Definition2.2.1[5 ]:The € —opensphere or ( € —spherical
neighborhood of avectora denoted by Sc(a) is the set of all points whose d
€E(—e)lx—al<e
Example(14)[5]: The geometric representation of this neighborhood
varies based on the spatial € (a)is an open interval of length 2 €
with the point a at its center.It Can be expressed as( ac, a+€)
dimension (E™)
1-In one-dimensional space E":
Theneighborhoodde Scis an open interval of length2 €
with the point a at its center — It can be expressed as(a_ €,a+€)
2- In two-dimensional space (E*)! The
neighborhood Sc(a) is the interior of a circle (often called an open
disk) with raduis and Center a.
3-In three-dimensional space (E®): The neighborhood Sc(a) is the
interior of a sphere (offen called an often bell) with vaduis € and Center a
Definition2.2.2[4 ]: The € -deleted spherical neighborhood of a point (or
vector) a denoteel by S'c(a), is defined as the set of all pornits xthat
belong to the spherical
neighborhood Sc(a)excluding the Center a Hself .
(j — e)this following nequality 0 < |x_a| <€
Notes:

1- The Condition |x — a| <€ ensures the point lies within the sphere
2- The aaddition of theCondition o < |x — a|

ensures the exclusion of the Center a, Since the distance is Zero if f

17



xX=a
Example(15)[4]: Lete= 1—10 be spherical neighborhood of the the vector
a= e +2e, + 3e;
Let the vector x=x_1e_ 1+ x,e, +x3e3 satisfying |x_a| =
[x; —1)2+(x, — 2)% + (x3 — 3)*] Y2 < 1/10
Or (x; — 1)% + (3 — 2)* + (a3 — 3)* < —
Definition2.2.3[1 ]:
A Vector Functione & of asingle real Variable t is a vule that assigns a uni
The set
S is called the domain of definition of f; and the set of assigned
vectors denoted by f(S5), is called
The Image of f

Example(16)[2]:
If the vector function defined asf(t) = a — 2tb + t*c, and the Constant
vectors are given by a = e; + e3
b= e, —e; and c = e; — e, Then by substituting and grouping terms
We can express the vector function in terms of its Components as follows:
f@®) = (1+t?e; +(2—2t)e, + (2t —t?)e; Consequently, the three
scalar functions representing these components are:

F)=1+t3 () =2+ 2t% f5(t) =2 + t2
Definition2.2.4[ 4 |: Let x = f(t),then as varies the point x will trace

out a curve. The equation x = f(t) or, Componentwise,

18



The three scalar equations x; = f;(t), x, = f; (t), x3 = f(t) will be called
a parametric representation

Of the curve, and the variable t will be the parameter

Example(17)[4]: The equation X = a(Cost)e; + a (sint)e,its parametric
representation of the curve

X1 = acCost

X, = asint

Wherea > Oand 0 <t <2t and the cirel is traceal in a Counter
cluckwise direction

Definition 2.5.5[ 3]: A function f(t)is said to be bounded on the interval |
If there existsa

scaler M > o such that |f(t)| < M In geometrical terms,if X =

f (D), then

f(t) is bounded on I if f there exists asphere of radius M about the

origin such

Example(18)[3]: The Curve Traced by. X = te;, + (tan t)e; on> < t <
g such that f,(t) =t f,(¢t) = Tant
Then |x| = |tey, +( tant)e,|

< |t|ley | + [tant||e; | < |t]| + (tant)| < M Where M = —g_ =

+ Tan (g E)

2.3 LIMTS
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Definition 2.3.1] 3] : A vector function f(t) has a limit L as t approaches
to,written limt - t, f(t) =Lor f(t) » Last — ty,if for every €>
0,one can finda S > 0,depending on €,

such that the vectors f(t) arein Sc(L) for tin Sg(t,). Observe in
Fig.1-5

Fig (1.5)

—M—
(R W | K+

Example (19)[3]:

Let f(t) = a = constant.Then for any t0,limt — t,f(t) =a

For f(t) =a isinevery S € (a) for all Ss(ty )all t,

Now, we recall thatla scalar function g(t) » 0ast — t,if for every €
> Othere exists
a3 > 0suchthat|g (t)| <€ fortinS'(ty).If we let g(t) =

|f(t) —L|,then |g (t)| = |f(t) — L| <€ if and only if f(t)isin S €
(L). Thus we have the important

Limt - t, f(t) = L
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Orf(t) > L ast » tOif for every € > 0,onecan finda S > 0,

depending on €, such that the vectors f(t) arein S €
(L) fort Ss'(ty)

Theorem2.3.2[2]:f(t) = Last =ty iff |f(t) — L] = 0ast — ¢,

Example(20)[2]-

Limt - 1(t?e; — (t + 1)ey) =e; — 2e, ,since limIf(t) —
Li=limt- 1|(t>?=1De;_(t—De, | = limt > 1 [(12 1)2+1(t _ 1)2]%
= 0 Finally, suppose f(t) » Last — t0 Then for an arbitrary €<
0,exists there S > 0Osuchthat |f(t) — L| <€

fortinSs' (t,) Hence fort inSs(ty),|f(t)] = |f(t) — L + L] <
lf(&) — LI + L] = M

Where M = Max(€,|f(ty) — L|) + |L|thus we hav

Theorem 2.3.3[ 4]
If f(t)has a limit ast — t,, then f(t)is bounded at t,.
Proof:
suppose f(t) has a limit then f(t) — Last —
to So for an arbitrary €>0,35>0¢€ |f(t)_L| €
FortinS's (t,)
Fort S; (t,)We have
F@O1 = If ()L +LI < |f(O)LI+ L] <M
Then f(t)is bounded at t,
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2.4 PROPERTIES OF LIMITS
Suppose lim fi(t) = Li,i = 1,23thenlim[f; (t)e; + f, ()e, +
fs (Dez)=Lie; + Lye; + Lzes

Forlet f(t) = fi()e, + fo(t)e, + f5 (t)e; and L = Lie; + Lye, +

L; es; thenlim(t) — L | = lim (fy(t)e; + fo(D)ex + f3(Des) —

(Liey + Lye, + Lyes) =limt — to[(fi(t) — L)*+ (fa(t) — L)% +
(fs(t) — L3)*] % =0

Theorem 2.4.1[3 ]:

The function f(t) = f; (t)e, + fo(t)e, + f3 (t)es has alimitast to if
and only if f(t),I = 1,2,3 have limits ast — t,, in which case =
limt - to f(£) = (limt > tof,())e; + (limt > t,f5(6) e, +

(limt - tof3(t))es

Example (21)[3]:
Limt — 0 (sint)e; + (cost)e, + te;) = (limt — 0 sint)

+ (limt — 0 cost)e, + (limt t - 0)e; = e,

Example(22)[3]:

Let f(t) = t?e; + te,.then

Limh - sz limh- 0=1Ilim h-> 0((2+ h)?
E; +(2+ h)e,)_(4e_1+ 2e,)/h

2
((2+h)3)es N hez] — 4e, + ¢,

Lim h - 0] ” ”
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Theorem 2.4.2[5] :

If f(t) > Last -ty then|f(t)| = |Llast - ¢,

Proof:

Let = fi(t)e; + fo(t)e, + f3(t)e; and Let L = Lie; + Lye, +

Lses then Iim t - to|f (£)| = limt — ¢y |fy(D)er + f(D)e; + f3(Des]

=timt = 1 [(50) + (0D + (BO)’

i \/“mt = i) + L)+ f3(0)?2 \/Li + L5 + L%

= |L]|

Theorem2.4.3[5]:Iflimt - t, f(t) = L,limt, g(t) = M and
limt - ty h(t) = N,then
[Hi]limt - ¢, (f(©) + g(©) =limt -t f(£) + limt >ty g(¢)
=L+ M
[H,]limt -t (R(D)g (1)) = limt - ty h(t)limt > tog(t) = NM

[H3] If N # 0, then limt)/h(t)) = limt - t, ﬁ — %
0

[Hylimt - to(f(£).g(®) = limty f(t).limt >ty g(t) = L.M
[Hs]lim (f(t)x(t)) = limt - tyf (t)x limt - t, g(t) = L X M.
[He] If limt - tyf (t) = f(ty )and lim@ - hO =t, lim06 — 6, hO
= fto
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Example(23)[5]:
Letlimt - ty f(t) = L, limt - t, g(t) =M
limt -ty h(t) = N.Thenlimt - t, f(t)g(t)h(t) =limt
> to (fFR)g@RE) = limt - to f(). lim¢t
>ty (g(Oh(t))limt
- tof(t).limt - tyg(t) X limt — tyh(t))
= limt >t f(t).limt - t, g(t) X limt - ty h(t)
= [LMN]
2.5 CONTINUITY
Definition2.16[]: Avector functionf (t)defined at t, is continuous at to
if
foreverye > 0 there exists a 3 > 0,depending on €
,such that f(t)is in Sc(f (to) )foralltin
Ss(to)(ty)or, equivalently, f (t)is continuous at t, if lim t —
to f(t) = f(to)
The functionf (t) is said to be continuous on I if it is continuous at allt =
to inl f(t) is continuous if and only if its components fi(t) [ =
1, 2, 3 are continuous. The sum, product, and scalar and vector products of
continuous functions are continuous and that a continuous function of a
continuous function is continuous.
limt->ty (f(t) _f(ty)) =0 or,if welet h=t_t,,
Limh - 0(f(to+ h) — f(ty)) = 0
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Example (24)[2]:
Let f(t) = a + bt + ct*witha,b,c = constants.Then lim t
>ty f(t) = limt -ty (a + bt + ct?)
= a + bt_ 0+ ct*0 = f(ty)

Hence f (t) is continuous for all t.

2.6 DIFFERENT IATION

(F(O)- f(to)).
~— —if
(t —to)

exists,defines the derivativeof f (t)att = t, If f' (t, )exists,
we say f(t)is differentiable at to. Observe that if we substitutet = t, +

Definition2.6.1[3]:The limit f'(t,) = lim¢,

At in the above,the derivative at to is also given as

f(to +At) _f(to)
At

F,(to) == llm A_) to

Example(25)[3]:

Letf(t) = a + bt + ct?witha, b,c constants.Then f'(t, ) =

(la+b(to+At)+c (to+At)3])_(a+bto+ct?0))
(At) B

f(to +At)—(fty)
At

((bAt+2ct0 +c(At)2))
(At)

limt -0 =limt —» 0 (b + 2ct0 + cAt) = b + 2ct,

Thus f(t) is differentiable at tO with derivative f'(t,) = b + 2ct,
Now, if f(t) = f1(t) e1 + f, (t) ea + f5(t)es, then it follows
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Theorem2.6.2[5].Afunction (f(t) = f;(t)e; + fL(t)e, + f3(t)es

is dif ferentiable at to if and only if each component fi(t),i =
1,2,3, is differentiable at to

Proof:

Let f(t) = fi(t)e; + f2(t)e, + f3(t)es by th.(2.3) we have

f'(to)limt -» t, — O—f(tZ‘{(tO)
-to

— <(f1(t)_f1(to)) > (2 ©) — f2(to) )
= lum e ]+ e,

t_to t_to

4 (f3 (£) — f3(to) ) o

t_to

(f1 (®) — f1(to)) e,

t_to

3=

Limt -t ( ) e, + [limt

" ((fz (t) — f2(t) )
— Lo

e, + [limt

" ((fs () — f3(to) ))
— T €3

t_to

= f1(to) + f3(tg)ey + f5(ty)esThus we have

Example(26)[5]:
Ifu = (t% + 2t)e; + (sint) + etes, then
, du d d |
u' = i E(t + 2t)eq %(sm t)e,

d
+ E(et) es

= (3t? + 2)e; + (cos t)e, + etes
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gy d (du d d d
u'’ = E(E) = - (3t%2 + 2)e; + m(cos(t)ez + E(et)e3 =

6te;(sint)e, + ete;

no_ a d’u
dat dt?

6e,;_(cost)e, + ele3

_ 4 _ 4 _ A2y, —
= — (6t)eq — ( sint)e, — (e%)es =

Theorem 2.6.3[ 5].1f f(t)is dif ferentiable at ty, then f(t)is continuous

at t,

DIFFERENTIATION FORMULAS 2.6.4[5]:
If u, v,h are differentiable functions of t on I, then
[J1lu + vis dif ferentiable on I and% (u +v)= % + %

du

[J2]hu is dif ferentiable on I and % (hu) = h "

dh
+ E u
[J3]u.vis dif ferentiable on I and % (u.v) = u.% + %.v

[J4lu X v is dif ferentiable on I and%(u XVv)=u X % + % X v

Finally we have the chain rule:

[J5]1If u = f(t)isdif ferentiable onl,and t = h(0)is dif
ferentiable on It,where the image h (I, )contained in Itthen

u = g(0) = f(h(0)is dif ferentible on I, and

du _ du dt
do ~ dt de
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Example(27)[5]:
u=(a(cost)e; — a(sint)e,,8 = (1 +t2)%,t > 0.

Then

du _dudt .. asin(t)e; —a(cost)e; -~ ,

0 " aras - (T T @/t) (L + )% ((sin(t)e; +
(cos t)e,

Where we used the fact that for scalar functions & = h(t)such that% +*

dt 1
0 we have 7 (t) = §.
t

Therom 2.6.5[6 ]:
If u is a unit vector function, then% in orthogonal to uThis theorem

is an important result which will be used often.
Proof:

Let u is aunit vector functionthen |u|l =1 - u.u =

1,and dif ferentiating we obtain% (u.u) = u.% + u.z—? =0+0=0
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