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This paper investigates the structure and fundamental properties of
fuzzy n-normed linear spaces. We begin by extending the classical
concept of n-normed spaces into the fuzzy setting and introduce the

notions of convergence and Cauchy sequences in such spaces. Special

attention 1s devoted to the study of completeness, where sufficient
conditions for a fuzzy n-normed linear space to be complete are
established .

Furthermore, we explore different types of boundedness in fuzzy
normed spaces, including bounded, fuzzy bounded, and totally bounded
sets, and analyze the relationships among these concepts. Several
illustrative examples are provided to clarify the distinctions between
these notions. The results presented in this work contribute to a deeper
understanding of the interplay between fuzzy structures and functional
analysis, and they open the door to further applications in areas such as

fuzzy topology and applied mathematics.




Introduction

Fuzzy set theory has become an essential tool in modern mathematical
analysis for handling uncertainty and imprecision. In recent years, its
integration with functional analysis has led to the development of fuzzy
normed linear spaces and their various generalizations, which provide a
flexible framework for studying convergence, topology, and structure in
abstract spaces [1], [6] .

The concept of n-normed linear spaces, originally introduced to extend
classical normed spaces, has been further generalized into fuzzy n-normed
linear spaces. These spaces combine the geometric structure of n-norms
with the uncertainty modeling of fuzzy theory, making them particularly
useful in both theoretical and applied contexts. Recent research has
focused on understanding their analytical properties, especially
convergence behavior and completeness [2], [3].

In this paper, we investigate the notion of convergence and Cauchy
sequences in fuzzy n-normed linear spaces and study the conditions under
which such spaces are complete. These concepts play a fundamental role in
functional analysis, as completeness ensures the stability of limits and the
well-posedness of many problems [3], [5].

Furthermore, different types of boundedness in fuzzy normed spaces have
been introduced and studied by various researchers. These include bounded
sets, fuzzy bounded sets, and fuzzy totally bounded sets, each reflecting a
different aspect of size and control within the space. The relationships
between these notions remain an important topic of investigation [5], [6].

The organization of this paper is as follows. In Section 1, we present the

basic definitions and preliminary concepts related to n-normed and fuzzy
n-normed linear spaces. Section 2 is devoted to the study of completeness
and the behavior of Cauchy and convergent sequences. In Section 3, we
discuss different notions of boundedness and their properties in fuzzy
normed spaces. Finally, Section 4 provides further results and comparisons
between these types of boundedness, along with illustrative examples.




Section one
Important definitions :
Definition 1.1:

Let n € N (natural numbers) and X be a real linear space of dimension
d = n. (Here we allow d to be infinite). A real valued function
[|,....,e]] on XXXXXXX...XxX (ntimes) = X" satisfying the
following four properties:

(1) || x1,%X2,---,X || = 0 if any only if x4,X,,...,X,, are linearly
dependent

(2) || x1,X2,...,X, ||1s invariant under any permutation of

X1,X2, .-+, Xp
) [ X1, %2, xp || = [c| || X1, Xz,...,Xp ||, for any real

(D %1, %2, -0, Xn-1, Y + 2|, = X, X200, X, ¥ {1 F [1X0, X2, Xng, 2

is called an n-norm on X and the pair (X, |*,...,*|| ) is called an n- normecd
linear space.

Definition 1.2 A sequence {xX,} in an n-normed linear space

X, || ®-...,2]|) 1s said to converge to an x € X (in the n-norm)
whenever limy o0 ||X1,X2, ..., Xp-1,Xn — Xk || = 0.

Definition 1.3 A sequence {x,} in an n-normed linear space (X, || e,...,* ||

is called a Cauchy sequence if lli(m ||1X1, X2, .-, Xpn—1,Xnp — Xk || = 0
n,k—oo

Definition 1.4 An n-normed linear space is said to be complete if
every Cauchy sequence 1n it is convergent.




Definition 1.5 Let X be a linear space over a real field F. A fuzzy
subset N of X™ X R (R-set of real numbers) is called a fuzzy n-norm
on X if and only if:

(N1) Forallt € Rwitht < 0, N (x4,X5,...,Xp,t) = 0.

(N2) For all t € R with t > 0, N (xq,X5,...,X5,t) = 1 if and only if
Xq,Xy, ..., Xy are linearly dependent.

(N3) N (xq,X3,...,Xp,t) 1s invariant under any permutation of
X1, X2, ) X

(N4) For all t € Rwith t > 0,

N (X1,%X5,...,Xp,t) = N (X1, X5,...,Xp, t/|c]) if c = 0, c €F.

(N5) For all s,t € R,

N (X1, X5, .+, Xp + X', s + 1) = min{N(xy, X3,...,Xp, S), N(X1, X5, ..., X n, O }.

(N6) N(xq,X5y,...,Xn,t) 1s a non-decreasing function of t € R and

tlimN(>(1,X2,...,xn,t) = 1. Then (X, N) is called a fuzzy n-normed

linear space or in short f-n-NLS.

Definition 1.6 A binary operation *: [0,1] x [0,1]— [0,1] is called a
continuous t-norm if * satisfies the following conditions:

(1) * 1s commutative and associative

(2) * is continuous

(3) a*l=a foralla = [0,1]

(4)a*b < c*dwhenevera <candb < danda,b,c,d € [0,1].

Section Two .




Section two
Complete Fuzzy n-normed linear space

In this section we first redefine the notion of fuzzy n-normed linear
space using t-norm.

Definition 2.1 Let X be a linear space over a real field F. A fuzzy
subset N of X" X [0, o) is called a fuzzy n-norm on X if and only if :

(N1") N (x4, %5,...,%,,t) > 0.

(N2") N (x4,%X,...,X5,t) = 1 if and only if xq,x,,...,x,, are linearly
dependent.

(N3") N(xq,xX3,...,%Xp,t) is invariant under any permutation of

X1,X9,..,Xp
(N4") N(xq,X3,...,c X, t) = N(xq,%3,..., %, t/|c]) if ¢ # 0, ¢ € F(field).
(N5") N(x,, %, X, S)¥*N(xq, X5, ..., X', ).
(N6") N(xq,x5,...,X%,, 1) is left continuous and non-decreasing function

such that limN(xy, x,,...,x,,t) = 1.

t—>o0

Then (X, N) is called a fuzzy n-normed linear space or in short f-n-
NLS.

To strengthen the above definition, we present the following example.
Example 2.2 Let ( X, | »,..., || ) be an n-normed linear space.

Define a * b = min {a, b} and N (x,,x,

Then (X, N) is a f-n-NLS.

Proof :

(N1") Clearly N (X4, X5,...,Xp,t) >0

(N2") N (x4,X2,...,Xp,0) = 1




St/ |[x, Xz, X0]]) =1

S |[X1, X9, X = 0

& Xq,Xa,..., Xy are linearly dependent.
(N3) N(X1,X2, .+, Xn 1)

=t/(t+ [|x1, Xz, ..., Xn] )

=t/ (t + [|x, X2+, Xny X1 )
= N(X1,X2,--+,Xp, Xp—1,t).

It follows similarly for the rest.
(N4") N(xq,X3,...,Xp, t/|c])

= (t/lcD/Ct/|c| + [|x1, X2, Xnl] )
=t/(t+ [c] [|x1,X2,..., %n]])

= t/(t+ [[x1, Xz, Xn])

= N(X1,X3,...,CXp, D).

(N5") Without loss of generality assume that N(xq,X,,...

N(x4,X5,...,CXy,S). Then
t/(t + |1 X0, %2, X0 |1) < s/(s + | X1,%z, .00, Xy

= t(s+ |[x, Xz, Xn||) S s (t+ [ X, Xp, .., X ]

=t ||X1,X2,...,Xn|| < (s/V)||x1, X2, -+, Xpnl|

Therefore,
” X1;X2;---;Xn|| + ” XerZI""X’n”
< /O XXz, Xl |+ [ X1, X2, 0, X g

< (s/t + D||x1,%X9,...,X 4]

!
Xt

)

<




= (s + 0/ [ X1, Xz,..., X'n]]

But,

|1%1, X2, -, Xn + X'n ||

< ||, X2, - Xpl| + |1X1, X2, -+, X 5]

< (+0/0 [ %1, %2, ., X

= ([[x1, X2, Xy +X'n) /(s + 1) < ([Ix1, %2, X" 0|/t

= 14 (|| XX, 0, Xy T X'p[D/(s+8) < 1 + (]I x1, X2, .., X'n)/t
(s +0) + [1X1, Xz, e, Xn + X0 /(5 + 1) < (t+ [Ix1, %5, ., X' |)

= (s+)/(|x1, X2, e, Xn FX'nl| +s+) =t/ (t+ || X4, X2, o, X 1)

= N(Xq, X2, o, Xy + X', s + 1) = min {N(xq,X5, ..., Xp, ), N(Xq, X5, oo, X', D}
(N6') Clearly N(x4, X5, ..., Xp, t) 1s a left continuous function.
Suppose that t, > t; > 0 with t;,t, = [0, ) then,

to/(t2 + |1%1, X2, o, Xn|]) =/t1 (t1 + ||X1, %, oo, Xn )

= ||x1, X3, o, Xn|| (€2 — 1)/ ((t5 + ||X1, X2, -, Xnl] ) (&1 + ||X1, X2, -, Xnl] ) ) =0,
for all (x4,X5, ..., X,) € X"

=t/ (t2 + || X1, X2, oo, Xn|| 2 / 1/ (61 + [[X1, X2, o0, Xn|])

= N (Xq,X3, ..., Xp, t2) = N (X1, X3, ..., Xp, t1)-

Thus N(x4, X5, ..., Xp, t) 1s @ non-decreasing function of t € [0, o).
Also,

lim N(xq, X5, ..., Xp, t)
t—oo

}1_)1'1;) t/(t + ||X1; X2, '--an”)

lim t/t(1 + 1/t|[%1, Xz, .., Xn])




Thus, (X, N) is a f-n-NLS.

Definition 2.3 A sequence {x,} in a f-n-NLS (X,N) is said to
converge to x if given

r>0,t>0, 0<r<1, there exists an integer noe N such that
N(X1,X2, v, Xp—1,Xn — X,t) > 1 —r for all n = n,.

Theorem 2.4 In a f-n-NLS (X, N) a sequence {x} converges to x if and
only if N(Xq,X5, ...,Xp_1,Xp — X, t) = 1l asn— o,

Proof.

Fix t > 0. Suppose {x,} converges to x.

Then for a given r, 0 <r < 1, there exists an integer x, € N such that
N(x1,X2, o) Xp—1, Xp — X, 1) >1—r.

Thus 1 —N(xq,Xp, 0, Xp—1,Xp — X, 0) <T and hence
N(xq,X3, o) Xp—1,Xp — X, ) > 1 asn - oo,

Conversely, if for each t > 0, N(X4, X5, ..., Xp—1,Xnp — X, t) = 1as

n — oo, then for every r, 0 <r < 1, there exists an integer no such that
1 — N(X1,X9, ., Xp—1,Xp — X, t) <rforalln > n,.

Thus N(X1, X5, «., Xp—1,Xn — X, t) > 1 —rforalln > n,.
Hence {x} converges to x in (X, N).

Definition 2.5. A sequence {x} in a f-n-NLS (X,N) is said to be
Cauchy sequence if given € > 0 with 0 < e < 1,t > 0, there exists
an integer no N such that N(x4, X5, ..., Xp_1,Xp — Xk, t) > 1 — € for all
nk > n,.

Theorem 2.6. In a f-n-NLS (X,N) every convergent sequence is a
Cauchy sequence.




Proof. Let {x,} be a convergent sequence in (X,N). Suppose {x,}
converges to X.

Lett > 0and € = (0,1). Choose r = (0,1) such that

1I-nN*x1-nr>l—-¢

Since {x} converges to X, we have an integer no such that
N(X1,X, o, Xp—1,Xp — X, t/2) > 1 —.

Now, N (x1,X2, -+, Xn_1,Xp — Xk, t)
= N (X1,X2, e, Xp—1,Xp — X+ X — X, 1)

= N (X1,Xg2, -, Xp—1,Xn — X, t/2) * N (Xq1,X3, ..., Xp_1,X — X, t/2)

> (1-=1r)* (1 —r)foralln k> n,
>1—c¢foralln k >n,.
Therefore {x,} is a Cauchy sequence in (X, N).

Definition 2.7. A f-n-NLS is said to be complete if every Cauchy
sequence in it is convergent.

The following example shows that there may exist Cauchy sequence
in a f-n-NLS which is not convergent.

Example 2. 8. Let (X,|| ¢, ...,» ||) be an n-normed linear space and
define a * b = min {a, b} for all a,b € [0,1] and N (x4, X5, ..., Xp, t) =
t/(t+ || X1,X3, ..., Xnl]). Then (X, N) is shown to be a f-n-NLS.

Let {x,} be a sequence in f-n-NLS, then

(a) {x,}is a Cauchy sequence in (X, || »,...,* ||) if and only if {x,}is a
Cauchy sequence in (X, N).

(b) {x,}is a convergent sequence in (X, ||*,...,*||) if and only if {x} is a




convergent sequence in ( X, N).
Proof.
(a) {x}is a Cauchy sequence in ( X, || *,..., *||)

Lot 11m ||X1,X2, ...,Xn_l, Xn—l; Xn - Xk|| = 0
n,k—oo

< lim (X, X, e, Xn_1,Xp — Xk, ) =0
n,k—oo

= lm t/(t + X1, Xz, -, Xn-1, Xn = X |[) = 1

< N (Xq,X9, e, Xp—1,Xp — Xk ,t) 1 as n—- o

< N (Xq,X9, 0, Xp—1,Xg — X, ) > 1 —r,foralln,k>0.
{x,} is a Cauchy sequence in (X, N).

(b) {x,} is a convergent sequence in ( X, || *,..., *|| )

< lim ||X1,X2, vy Xn—1,Xn—1,Xn — X|| =0

n—-oo

© lim N (%4,X, o, Xp—1,Xn — Xg , t)

n —oo

= lim N (X4,X5, ..., Xp—-1,Xp — Xi , 1)

n—oo
N(X{, X5, ooy Xp—1,Xg —X,t) > 1 as n > o

& N(xq,X5, e, Xp_1,Xg — X,t) >1—r, foralln=n,.
{x,} is a convergent sequence in (X, N).

Thus if there exists an n-normed linear space ( X, || °...., ¢||) which is
not complete, then the fuzzy n-norm induced by such a crisp n-norm
||*,...,¢|| on an incomplete n-normed linear space X is an incomplete
fuzzy n- normed linear space.




Theorem 2.9 A f-n-NLS (X, N) in which every Cauchy sequence has
a convergent subsequence is complete.

Proof.

Let {x,} be a Cauchy sequence in (X, N) and {xnk} be a subsequence
of {x,} that converges to x. We prove that {x,} converges to x. Let
t >0 and € = (0,1). Choose r € (0,1) suchthat (1 —r)*(1—r) >
1 — €. Since {x,} is a Cauchy sequence, there exists an integer noe N
such that N(xq,X5,...,Xp-1,Xy —X,t/2) > 1 —r for all n,k = n,.
Since {xn k} converges to x, there is a positive integer iy > ng such
that N(xq, Xp, .., Xn_1,Xj, —X,t/2) > 1 —r.

Now,
N(XlJXZJ vy Xpn-1,Xp — X, t/2)
N(X1,X2, ) Xn—1,Xn — Xj, + X, — X, t/2 +t/2)

t

t
N (Xl, Xo, ey X1, Xn — Xik,z) * N (Xl, X2y oo Xn—1, Xip — X, —)

2
1-r)*A-1)
>1—c¢€.

Therefore {x,,} converges to x in (X, N) and hence it is complete.




Section Three
Different type of boundedness in fuzzy normed spaces
Definition 3 . 1. A binary operation

x: [0,1] x [0,1] = [0,1]

is called triangular norm (t-norm) if it satisfies the following
condition:

l.axb=b xa,(¥)a,b€[0,1];

2.ax 1 = a,(V)a €[0,1];

3.(ax b) xc = a* (b* c),(V)a,b,c €[0,1];

4.Ifa <candb <d, witha,b,c,d €[0,1], thena *x b < c*d.

Remark 3.2 Three basic examples of continuous t-norms are A, .,* L,
which are defined by a Ab = min{a, b} (the minimum t-norm) ,
a.b = ab (usual multiplication in [0,1]) and a*b = max{fa+b —

1,0} (the Lukasiewicz t-norm). Our basic reference for fuzzy metric

spaces and related structures is , while for t-norms, is .

Definition 3.3 . A t-norm * is strictly monotonic if
Mxe01),y <z=ox*xy<x=*z

A t-norm is strict if it is continuous and strictly monotonic.

Remark 3.4 We note that the usual multiplication is a strict t-norm
but the minimum t-norm is continuous but not strictly monotonic. This
remark leads us to the following more general definition.

Definition 3.5 . A t-norm is called almost strictly monotonic if
Mx,y € (0,1) =xx*y > 0.

A t-norm is called almost strict if it is continuous and almost strictly
monotonic.




Remark 3.6 The usual multiplication and the minimum t-norm N\ are
almost strict.

Definition 3.7 .The triple (X, M, *) is said to be a fuzzy metric space
if X is an arbitrary set, * is a continuous t-norm and M is a fuzzy set
in X X X X [0, 00) satisfying the following conditions:

M) M(x,y,0) = 0,(V)x,y = X

M2) V)x,y€EX,x = yifandonlyifM(x,y,t) = 1forallt > 0,
(M3) M(x,y,t) = M(y,x,t),(V)x,y € X,(V)t > 0;

(M4) M(x,z,t +s) = M(x,y,t) *M(y,z5), (V) x,y,z € X,(V)t,s > 0;
M5) (V)x,y € X, M(x,y,”) : [0,0) = [0,1] is left continuous and
}i_)r?oM(x, y, t) = 1.

Definition 3.8 . Let (X, M,*) be a fuzzy metric space. A subset A of X
is said to be F-bounded if

(a € (0,1), @)t > Osuchthat M(x,y,t) >1 —a,(V)x,yEA.

Definition 3.9 . Let X be a vector space over a field K (where Kis R
or C) and * be a continuous t-norm. A fuzzy set N in X X [0, ) is
called a fuzzy norm on X if it satisfies:

(NI) N(x,0) = 0,(V)x€X;
(N2) [N(x,t) = 1,(¥)t> 0] ifand only if x = 0;

(N3) N(Ax,t) = N (x, ﬁ) (V) x €X,(V)t =0, (V)1 € K*;

(N N(x+y,t + s)=N(xt)*=N(y,s), (V)x,y €X (V)t,s = 0;
(N5) (V) x € X,N(x,.) is left continuous and tlimN(x, t) = 1.

The triple (X, N,*) will be called fuzzy normed linear space (briefly
FNL space).




Example 3.10 . Let (X, || - ||) be a normed linear space. Let N: X X
[0,00) = [0,1] defined by

t
_— A t>0
N(xt) =t + [|x]] 2
0 if t=0

Then (X,N,A) is a FNL space.
Theorem 3.11 . Let (X, N,*) be a FNL space.

1. We define M: X X X X [0,00) = [0,1] by M(x,y,t) = N(x — y, t).
Then M is a fuzzy metric on X .
2. Forx € X, a € (0,1),t > 0 we define the open ball

B(x,a,t) ;== {y eX:N(x — y,t) >1—a}.

Then
Ty={TcX: xeTiff(A)t>0,(3) a € (0,1): B(x,a,t) c T}

is a topology on X and (X,Ty) is a metrizable topological vector
space.

Recall that considering (X;,Nq,*), (X;,N,,*) two FNL spaces, the
application

N:X; XX, X [0,00) = [0,1]
N((x1,%2),t) = N1 (x4, t) * Na(Xp, 1), (V) (X1, X2) € X3 X X, (V)t >0

is a fuzzy norm on the Carthesian product X; X X,, named the fuzzy
product norm.

We denote by pr; the projection function from X; X X, onto X1,
defined by p,,(x1,x;) = x; ; fori € {1,2}.

The next result deals with the Carthesian product of fuzzy normed
linear spaces.




Theorem 3.12 . Let (X1, Nq,*),(X,, N,,x) be FNL spaces with the
topologies Ty, and Ty,, respectively. If N is the fuzzy product norm,
then Tyis the product topology on X X X,.

Definition 3.13 . Let (X, N,*) be a FNL space and (x,,) be a sequence
in X. The sequence (x,,) is said to be convergent if (3)x € X such that
lim N(x, —x,t) =1, (V)t > 0. In this case, x is called the limit of

the sequence (xn) and we denote lim x,, = x or x,, = x.
n—->0oo

Definition 3.14 . Let (X,N,*) be a FNL space. A subset B of X is
called the closure of the subset A of X if for any x € B, (3)(x,) € A
such that x,, — x . We denote the set B by A.

A subset A of X is called closed if A = A.

Remark 3.15 As any FNL space is a fuzzy metric space, the notion of
F-bounded set can be used in the context of FNL spaces. More
precisely, a subset A of a FNL space X will be called F-bounded if

(a € (0,1), (@)t > 0 such that N(x —y,t) > 1 —a, (V)x,y € A.

We will denote by FB(X) the family of all F-bounded subset of X.

Definition 3.16 . A subset A of a FNL space X is said to be bounded
if

(a € (0,1), (@)t > 0 such that N(x,t) > 1 —a,(V)x € A.
We will denote by B(X) the family of all bounded subset of X.

Definition 3.17 . A subset A of a FNL space X is called fuzzy
bounded if

(VM)a € (0,1), (A)t, > 0 such that N(x,ty,) > 1 — a, (V)x € A.
We will denote by fB(X) the family of all fuzzy bounded subset of X.




Definition 3.18 . A subset A of a FNL space X is called fuzzy totally
bounded if

(W) € (0,1), (3){xy, Xy, o, X1} € X: A C U(xi + B(0,a,a))
i=1

We will denote by ftB(X) the family of all fuzzy totally bounded subsets
of X.




Section four
Fuzzy Bounded Sets

One might think by looking at the concepts of boundedness
presented above, that there is still one concept missing, namely the
one in which the boundedness of a set A is defined as follows:

(Ma € (0,1), A)t, > O0suchthat N(x —y,t,) >1—a,(V)x,y € A.

In fact it is not missing because it coincides with one above, as
the following theorem shows. 411

Theorem 4.1 Let (X, N,*) be a FNL space. A subset A of X is fuzzy
bounded if and only if

(Ma € (0,1), A)t, > O0suchthat N(x —y,t,) >1—a,(V)x,y € A.
Proof. " = "Let

a € (0,1). Then there exists § € (0,1) such that (1 =) * (1 —p) >
1 — a. Since A is fuzzy bounded, for f € (0,1) there exists tg > 0
such that N(x,tg) > 1 — tg,(V)x € A. Let x,y € A and t, = 2tp.
We have that

N(x—y,ty) = N(x, tg) *N(y,t5) = (1 - x 1-p)>1—a.
"<" Let a € (0,1). Using Lemma 3.6 we obtain that there exist

¥, 8 € (0,1) such that 1 —% = (1 —y) *6.

Let x, € A be fixed. As tlim N(xy,t) = 1, we have that there exits

t; > 0 such that N(xg,t;) > 6. From our hypothesis, for y € (0,1)
there exists t; > 0 such that N(x —xg,t;) >1—y,(V)x €
A.Lett = t; + t,. Then, for all x € A, we have

1)
N(x,t) = N(x — xo,t;) * N(xg,t;) =2 (1 —y) 8§ = 1—§> l1—«a




Remark 4.2 One can observe that a subset A of a topological linear
space X is called bounded if for each neighbourhood V of 0x, there
exists a positive number k such that A € kV.

Theorem 4.3 Let (X, N,*) be a FNL space. A subset A of X is fuzzy
bounded if and only if A is bounded in topology TN.

Proof. " = "Let V be a neighbourhood of 0,. Then there exist
a € (0,1),t > 0 such that B(0,a,t) S V. Since A is fuzzy bounded,
for a € (0,1),(3)t, > 0 such that N(x,t,) >1—a,(V)x € A. Let

k = %“ We have that N(x,tk) = N(x,t,) > 1 — a,(V)x € A. Thus

AcB(0,atk) = kB(0,a,t) C kV.

"« "Let a € (0,1). Since B(0, «, 1) is a neighbourhood of 0, , there
exists k > 0 such that A € kB (0,a,1) = B(0,a, k). Thus N(x, k) >
1 —a,(V)x € A. Hence A is fuzzy bounded.

Remark 4.4 Previous result was mentioned by Sadeqi and Kia the
context of FNL spaces of type (X, N,A)

Corollary 4.5 . Let (X, N,*) be a FNL space. Then:

1. If A, B are fuzzy bounded, then AUB and A + B are fuzzy
bounded;
2. If A is fuzzy bounded, then 4 is fuzzy bounded.

Corollary 4.6 Let (X;,N;,*),i = {1,2}, be two FNL spaces. Then
A € fB(X; X X,) if and only if pr;(4) € fB(X;),i € {1,2}.

Proposition 4.7 Let (X,N,*) be a FNL space and {An}, -, be fuzzy
bounded subsets of X. Then there exist {t,} =1,t, >0,(V)n €N”
such that Uj -, t, 4, thAn is a fuzzy bounded subset of X.

Proof. Let p be the metric of X. Let ¢ € (0,1) and ¢ > 0. Since
B(0, a, t) is a neighbourhood of 0,

there exists A > 0 such that




S(A) = {xeX:p(x,0) < A} cB(0,a,t).

As {An},’_, are fuzzy bounded subsets of X , there exists s, > 0 such
that A, € s5,S(1) . Let ¢, = Si then

USy tndy € S(1) = 17151 € 17'B(0,0,t) = B(0,a,%)
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