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ِ رَبِّ  لْحَمْدُ ٱ أنَِ  دَعْوَاهُمْ  ﴿وَآخِرُ  َّ๡ِلْعَالمَِينَ ٱ ﴾  

الحمدُ Ϳِ الذي بفضله تشرق شموسُ العلمِ والمعرفة، وبتوفيقه تثُمر الجهود وتكُلَّل المساعي 
 Ϳ ُأولاً بالنجاح. الحمد Ϳ ُعدد ما خلق، وعدد ما جرى به القلم، وعدد ما دار به الفكر. الحمد

وآخرًا، الذي وفقّني لإتمام هذا الجهد المتواضع. الحمدُ Ϳ الذي وهبني نعمة العقل لينير لي 
  .الطريق، ووفقني بمشيئته وقدرته لإتمام هذا البحث

  .بلّغني هذا الإنجاز أصبح عنائي اليوم قرّةً للعين، فالحمدُ Ϳ الذي
أهدي هذا النجاح أولاً إلى نفسي الطموحة جداً؛ فقد ظننتُ يومًا أنني لا أستطيع، ولكن من 

نالها. اللهم لا تجعله آخر الطريق بل بدايةً لطريقٍ أعظم، فاللهم لك الحمد إذا ” أنا لها“قال 
  .رضيت ولك الحمد بعد الرضا

  ا إلى والديّ العزيزين؛وبكل حب أهدي ثمرة تخرّجي ونجاحي هذ
إلى والدي العزيز، الذي لا ينفصل اسمه عن اسمي، والذي لطالما عاهدته بهذا النجاح، وها 

  .أنا اليوم أتممتُ وعدي وأهديته إليك. رحمةُ الله عليك، وأسكنك فسيح جناته
في  وإلى أمي، نبراس ووهج حياتي، إلى التي ظلت دعواتها ترافقني، وإلى التي أفنت عمرها

سبيل تحقيق طموحي، وإلى من جعل الله الجنة تحت قدميها. إليكِ أهدي هذا الجهد المتواضع 
  .الذي ما كان ليُكتب لولا صبركِ ودعمكِ وسهركِ 

مهما كتبتُ لن أوفيكِ حقكِ، ومهما قلتُ سيبقى الكلام عاجزًا أمام عظمتكِ. أسأل الله … أمي
فخركِ وسعادتكِ. أمي الغالية، حفظها الله لي. لكِ أن يحفظكِ لي، ويجعلني دائمًا سببًا في 

  .وحدكِ كل الحب والامتنان
وإلى إخوتي وعائلتي جميعاً، الذين مدوني بالقوة والتشجيع، وآمنوا بي في الأوقات الصعبة؛ 
لولا وجودهم ما كنت ما أنا عليه الآن. عائلتي رفقاء دربي، كنتم موضع اتكاء في كل 

الآمن في متاهات التعب. هذا الإنجاز وإن حمل اسمي، فهو يحمل في  تعثراتي، وكنتم السند
  .طياته أثر دعمكم الذي لا يغيب عني لحظةً واحدة

وإلى ورثة الأنبياء ومنارة العلم، أساتذتي الأفاضل، وإلى كل من علمّني حرفًا، وإلى الذين لم 
بة صدوركم وأمانتكم في يبخلوا عليَّ بتوجيه أو معلومة خلال سنوات دراستي، شكراً لرحا

نقل العلم والمعرفة، وإلى من أشرف على هذا البحث خصوصًا ووجّهني بصبرٍ وحكمة. لكم 
  .مني كل الاحترام والتقدير، وجعل الله علمكم في ميزان حسناتكم

  .وإلى كل هؤلاء أهدي ثمرة تعبي، فالحمدُ Ϳ حمداً كثيرًا
  
  

 الاهداء
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وشѧѧѧѧѧكرًا وتقѧѧѧѧѧديرًا وامتنانѧѧѧѧѧًا. مѧѧѧѧѧا كنѧѧѧѧѧتُ لأفعلѧѧѧѧѧَه لѧѧѧѧѧولا فضѧѧѧѧѧلُ الله، فالحمѧѧѧѧѧدُ حمѧѧѧѧѧدُ Ϳِ حُبѧѧѧѧѧ̒ا 

  Ϳ عند البدء والحمدُ Ϳ عند الختام.
أرى أن مرحلѧѧѧѧѧѧѧة البكѧѧѧѧѧѧѧالوريوس قѧѧѧѧѧѧѧد شѧѧѧѧѧѧѧارفت علѧѧѧѧѧѧѧى الانتهѧѧѧѧѧѧѧاء بعѧѧѧѧѧѧѧد جهѧѧѧѧѧѧѧدٍ وصѧѧѧѧѧѧѧبرٍ 

  طويل، وأسألُ الله تعالى أن يوفقني ويجعلها خيرًا لي.
  العلق –لَّذِي خَلَقَ﴾ قال تعالى: ﴿اقْرَأْ بِاسْمِ رَبكَِّ ا

الحمѧѧѧѧѧѧدُ Ϳ الѧѧѧѧѧѧذي وفقّنѧѧѧѧѧѧي لإتمѧѧѧѧѧѧام هѧѧѧѧѧѧذا البحѧѧѧѧѧѧث بهѧѧѧѧѧѧذه الصѧѧѧѧѧѧورة، ويѧѧѧѧѧѧدعوني واجѧѧѧѧѧѧبُ 
العرفѧѧѧѧѧѧѧѧان والوفѧѧѧѧѧѧѧѧاء إلѧѧѧѧѧѧѧѧى أن أتقѧѧѧѧѧѧѧѧدم بخѧѧѧѧѧѧѧѧالص الشѧѧѧѧѧѧѧѧكر والتقѧѧѧѧѧѧѧѧدير إلѧѧѧѧѧѧѧѧى الѧѧѧѧѧѧѧѧدكتورة 
المشѧѧѧѧѧѧرفة القѧѧѧѧѧѧديرة (رحѧѧѧѧѧѧاب عѧѧѧѧѧѧامر كامѧѧѧѧѧѧل)؛ وذلѧѧѧѧѧѧك لحسѧѧѧѧѧѧن إشѧѧѧѧѧѧرافها علѧѧѧѧѧѧى البحѧѧѧѧѧѧث 

  ها خير الجزاء.وتقديم يد العون. أسألُ الله تعالى أن يجزي
أتوجѧѧѧѧѧѧه إليهѧѧѧѧѧѧا بالشѧѧѧѧѧѧكر لأجѧѧѧѧѧѧل كѧѧѧѧѧѧل نصѧѧѧѧѧѧيحة قѧѧѧѧѧѧدمتها، وكѧѧѧѧѧѧل مسѧѧѧѧѧѧاعدة كانѧѧѧѧѧѧت كفيلѧѧѧѧѧѧة 

  بنجاح هذا العمل.
كѧѧѧѧѧѧل الشѧѧѧѧѧѧكر وعظѧѧѧѧѧѧيم الامتنѧѧѧѧѧѧان للمشѧѧѧѧѧѧرفة الفاضѧѧѧѧѧѧلة لمѧѧѧѧѧѧا قدمتѧѧѧѧѧѧه مѧѧѧѧѧѧن دعѧѧѧѧѧѧمٍ كѧѧѧѧѧѧريم 
وتوجيهѧѧѧѧѧات علميѧѧѧѧѧة رصѧѧѧѧѧينة ومتابعѧѧѧѧѧة دقيقѧѧѧѧѧة كѧѧѧѧѧان لهѧѧѧѧѧا الأثѧѧѧѧѧر البѧѧѧѧѧالغ فѧѧѧѧѧي إنجѧѧѧѧѧاح هѧѧѧѧѧذا 

  في التفاني، وفقها الله. البحث، وكانت مثالاً يحُتذى به
كمѧѧѧѧѧѧѧѧا أتقѧѧѧѧѧѧѧѧدم بجزيѧѧѧѧѧѧѧѧل الشѧѧѧѧѧѧѧѧكر والتقѧѧѧѧѧѧѧѧدير إلѧѧѧѧѧѧѧѧى السѧѧѧѧѧѧѧѧادة أعضѧѧѧѧѧѧѧѧاء لجنѧѧѧѧѧѧѧѧة المناقشѧѧѧѧѧѧѧѧة 
المحتѧѧѧѧѧѧѧѧرمين بتفضѧѧѧѧѧѧѧѧلهم بقبѧѧѧѧѧѧѧѧول مناقشѧѧѧѧѧѧѧѧة هѧѧѧѧѧѧѧѧذا البحѧѧѧѧѧѧѧѧث، ولمѧѧѧѧѧѧѧѧا سѧѧѧѧѧѧѧѧيقدمونه مѧѧѧѧѧѧѧѧѧن 

  ملاحظات علمية وآراء تسُهم في تطويره والارتقاء بمستواه العلمي.
جѧѧѧѧѧѧلاء الѧѧѧѧѧѧذين زرعѧѧѧѧѧѧوا وأتقѧѧѧѧѧѧدم بأسѧѧѧѧѧѧمى آيѧѧѧѧѧѧات الشѧѧѧѧѧѧكر والاحتѧѧѧѧѧѧرام إلѧѧѧѧѧѧى أسѧѧѧѧѧѧاتذتي الأ

فينѧѧѧѧѧا شѧѧѧѧѧغف البحѧѧѧѧѧث والمعرفѧѧѧѧѧة، فمѧѧѧѧѧا كѧѧѧѧѧان لهѧѧѧѧѧذا الجهѧѧѧѧѧد أن يكتمѧѧѧѧѧل لѧѧѧѧѧولا توجيهѧѧѧѧѧاتهم 
  وإرشاداتهم، فجزاهم الله خير الجزاء.

أسѧѧѧѧѧѧألُ الله تعѧѧѧѧѧѧالى أن يجعѧѧѧѧѧѧل هѧѧѧѧѧѧذا العمѧѧѧѧѧѧل نافعѧѧѧѧѧѧًا، وإن أخطѧѧѧѧѧѧأتُ فحسѧѧѧѧѧѧبُ الإنسѧѧѧѧѧѧان أنѧѧѧѧѧѧه 
  اجتهد وسعى.

 ونعم المصير. ختامًا، أسألُ الله تعالى أن يوفقني، وهو نعم المولى
 
 
 
 
 

 الشكر والتقدير
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This paper investigates the structure and fundamental properties of 
fuzzy n-normed linear spaces. We begin by extending the classical 
concept of n-normed spaces into the fuzzy setting and introduce the 
notions of convergence and Cauchy sequences in such spaces. Special 
attention is devoted to the study of completeness, where sufficient 
conditions for a fuzzy n-normed linear space to be complete are 
established . 
Furthermore, we explore different types of boundedness in fuzzy 
normed spaces, including bounded, fuzzy bounded, and totally bounded 
sets, and analyze the relationships among these concepts. Several 
illustrative examples are provided to clarify the distinctions between 
these notions. The results presented in this work contribute to a deeper 
understanding of the interplay between fuzzy structures and functional 
analysis, and they open the door to further applications in areas such as 
fuzzy topology and applied mathematics. 
 
 
 
 
 
 
 
 

Abstract 
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Fuzzy set theory has become an essential tool in modern mathematical 
analysis for handling uncertainty and imprecision. In recent years, its 
integration with functional analysis has led to the development of fuzzy 
normed linear spaces and their various generalizations, which provide a 
flexible framework for studying convergence, topology, and structure in 
abstract spaces [1], [6] . 
The concept of n-normed linear spaces, originally introduced to extend 
classical normed spaces, has been further generalized into fuzzy n-normed 
linear spaces. These spaces combine the geometric structure of n-norms 
with the uncertainty modeling of fuzzy theory, making them particularly 
useful in both theoretical and applied contexts. Recent research has 
focused on understanding their analytical properties, especially 
convergence behavior and completeness [2], [3]. 
In this paper, we investigate the notion of convergence and Cauchy 
sequences in fuzzy n-normed linear spaces and study the conditions under 
which such spaces are complete. These concepts play a fundamental role in 
functional analysis, as completeness ensures the stability of limits and the 
well-posedness of many problems [3], [5]. 
Furthermore, different types of boundedness in fuzzy normed spaces have 
been introduced and studied by various researchers. These include bounded 
sets, fuzzy bounded sets, and fuzzy totally bounded sets, each reflecting a 
different aspect of size and control within the space. The relationships 
between these notions remain an important topic of investigation [5], [6]. 
The organization of this paper is as follows. In Section 1, we present the 
basic definitions and preliminary concepts related to n-normed and fuzzy 
n-normed linear spaces. Section 2 is devoted to the study of completeness 
and the behavior of Cauchy and convergent sequences. In Section 3, we 
discuss different notions of boundedness and their properties in fuzzy 
normed spaces. Finally, Section 4 provides further results and comparisons 
between these types of boundedness, along with illustrative examples. 
 

Introduction
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Section one  
Important definitions :  
Definition 1.1:  
Let n ∈ N (natural numbers) and X be a real linear space of dimension 
d ≥ n. (Here we allow d to be infinite). A real valued function 
|| • , … ,• ||  on X × X × X × X. . .×X (n times) = X௡ satisfying the 
following four properties: 
(1) || xଵ, xଶ, . . . , x୬ || = 0 if any only if xଵ, xଶ, . . . , x୬ , are linearly 
dependent 
(2) || xଵ, xଶ, . . . , x୬ || is invariant under any permutation of 
 xଵ, xଶ, . . . , x୬ 
(3) || xଵ, xଶ, . . . , cx୬ ||  =  |ܿ| || xଵ, xଶ, . . . , x୬ ||, for any real c 
(4) ||xଵ, xଶ, . . . , x୬ିଵ, y + z || , ≤  ||xଵ, xଶ, . . . , x୬ିଵ, y ||+ ||xଵ, xଶ, . . . , x୬ିଵ, z || 
is called an n-norm on X and the pair (X, ||•,...,•|| ) is called an n- normed 
linear space. 
 
Definition 1.2 A sequence {x୬} in an n-normed linear space  
(X, || •, . . . ,• || ) is said to converge to an x ∈ X (in the n-norm) 
whenever lim୬,୩→ஶ ||xଵ, xଶ, . . . , x୬ିଵ, x୬ − x୩ || = 0 . 
Definition 1.3 A sequence {x୬} in an n-normed linear space (X, || •, . . . ,• || ) 
is called a Cauchy sequence if lim୬,୩→ஶ||xଵ, xଶ, . . . , x୬ିଵ, x୬ − x୩ ||  =  0 
Definition 1.4 An n-normed linear space is said to be complete if 
every Cauchy sequence in it is convergent. 
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Definition 1.5 Let X be a linear space over a real field F. A fuzzy 
subset N of X௡ × R (R-set of real numbers) is called a fuzzy n-norm 
on X if and only if: 
(N1) For all t ∈ R with ݐ ≤ 0, N (xଵ, xଶ, . . . , x୬, t) = 0. 
(N2) For all t ∈ R with ݐ > 0, N (xଵ, xଶ, . . . , x୬, t) = 1 if and only if 
xଵ, xଶ, . . . , x୬ are linearly dependent. 
(N3) N (xଵ, xଶ, . . . , x୬, t) is invariant under any permutation of 
xଵ, xଶ, . . . , x୬. 
(N4) For all t ∈ R with ݐ > 0, 
N (xଵ, xଶ, . . . , x୬, t) = N (xଵ, xଶ, . . . , x୬, t/|c|) if c ≠ 0, c ∈ F. 
(N5) For all ݏ, t ∈ R, 
N (xଵ, xଶ, . . . , x୬ + xᇱ୬, s + t) ≥ min{N(xଵ, xଶ, . . . , x୬, s), N(xଵ, xଶ, . . . , x′୬, t)}. 
(N6) N(xଵ, xଶ, . . . , x୬, t) is a non-decreasing function of t ∈ R and 
lim୲→ஶN(xଵ, xଶ, . . . , x୬, t) = 1. Then (X, N) is called a fuzzy n-normed 
linear space or in short f-n-NLS. 
Definition 1.6 A binary operation *: [0,1] × [0,1]→ [0,1] is called a 
continuous t-norm if * satisfies the following conditions: 
 (1) * is commutative and associative 
(2) * is continuous 
(3) a*1=a for all a = [0,1] 
(4) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤  d and a, b, c, d ∈ [0,1]. 
Section Two . 
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Section two  
 Complete Fuzzy n-normed linear space 
In this section we first redefine the notion of fuzzy n-normed linear 
space using t-norm. 
Definition 2.1 Let X be a linear space over a real field F. A fuzzy 
subset N of X௡ × [0, ∞) is called a fuzzy n-norm on X if and only if : 
(N1ᇱ) N (x1, x2, . . . , xn, t)  >  0. 
(N2ᇱ) N (xଵ, xଶ, . . . , x୬,t) = 1 if and only if xଵ, xଶ, . . . , x୬, are linearly 
dependent. 
(N3ᇱ) N(xଵ, xଶ, . . . , x୬,t) is invariant under any permutation of 
xଵ, xଶ, . . . , x୬ · 
(N4ᇱ) N(xଵ, xଶ, . . . , c x୬, t) = N(xଵ , xଶ, . . . , x୬, t/|c|) if c ≠ 0, c ∈ F(field). 
(N5ᇱ) N(x1, x2, . . . , xn + x′n, s + t) ≥  N(x1, x2, . . . , xn, s)*N(x1, x2, . . . , x′n, t). 
(N6ᇱ) N(x1, x2, . . . , xn, t) is left continuous and non-decreasing function 
such that lim୲→ஶN(x1, x2, . . . , xn, t) = 1. 
Then (X, N) is called a fuzzy n-normed linear space or in short f-n-
NLS. 
To strengthen the above definition, we present the following example. 
Example 2.2 Let ( X, || •,..., •|| ) be an n-normed linear space. 
Define a ∗ b = min {a, b} and N (x1, x2, . . . , xn, t) = t/(t +  || x1, x2, . . . , xn || ). 
Then (X, N) is a f-n-NLS. 
Proof : 
(N1ᇱ) Clearly N (xଵ, xଶ, . . . , x୬, t) > 0 
(N2ᇱ) N (xଵ, xଶ, . . . , x୬, t)  =  1 



٥  

⇔ t/(t + ||xଵ, xଶ, . . . , x୬|| )  = 1 
⇔ ||xଵ, xଶ, . . . , x୬||  =  0 
⇔ xଵ, xଶ, . . . , x୬ are linearly dependent. 
(N3ᇱ) N(xଵ, xଶ, . . . , x୬ ,t) 
= t/(t + ||xଵ, xଶ, . . . , x୬|| ) 
=  t / (t +  ||xଵ, xଶ, . . . , x୬, x୬ିଵ|| ) 
=  N(xଵ, xଶ, . . . , x୬, x୬ିଵ, t ). 
It follows similarly for the rest. 
(N4ᇱ) N(xଵ, xଶ, . . . , x୬, t/|c|) 
= (t/|c|)/(t/|c| + ||xଵ, xଶ, . . . , x୬|| ) 
= t/(t + |c| ||xଵ, xଶ, . . . , x୬||) 
= t/(t + ||xଵ, xଶ, . . . , x୬||) 
=  N(xଵ, xଶ, . . . , cx୬, t). 
(N5ᇱ) Without loss of generality assume that N(xଵ, xଶ, . . . , x′୬, t) ≤
 N(xଵ, xଶ, . . . , cx୬, s). Then 
t/(t + || xଵ, xଶ, . . . , xᇱ୬ || ) ≤  s/(s + || xଵ, xଶ, . . . , x୬|| 
⇒ t (s + ||xଵ, xଶ, . . . , x୬|| ) ≤ s (t + || xଵ, xଶ, . . . , x′୬|| 
⇒ t ห|xଵ, xଶ, . . . , x୬|ห ≤ (s/t)||xଵ, xଶ, . . . , x୬|| 
Therefore, 
|| xଵ, xଶ, . . . , x୬||  +  || xଵ, xଶ, . . . , x′୬|| 
≤ (s/t) || xଵ, xଶ, . . . , x′୬|| + || xଵ, xଶ, . . . , x′୬|| 
≤ (s/t +  1)|| xଵ, xଶ, . . . , x′୬|| 
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=  ((s + t)/t) || xଵ, xଶ, . . . , x′୬|| 
But, 
||xଵ, xଶ, . . . , x୬ + x′୬ || 
≤ ||xଵ, xଶ, . . . , x୬||  + ||xଵ, xଶ, . . . , x′୬|| 
≤  ((s + t)/t) || xଵ, xଶ, . . . , x′୬|| 
⇒ (||xଵ, xଶ, . . . , x୬ + xᇱ୬)/(s + t ) ≤  ( ||xଵ, xଶ, . . . , xᇱ୬)||/t 
⇒  1 + (|| xଵ, xଶ, … , x୬ + xᇱ୬||)/(s + t)  ≤  1 +  ( || xଵ, xଶ, … , xᇱ୬)/t  
((s + t) + ||xଵ, xଶ, … , x୬ + xᇱ୬||)/(s + t)  ≤ ൫t + ห|xଵ, xଶ, … , xᇱ୬|ห൯ 
⇒ (s + t)/(||xଵ, xଶ, … , x୬ + xᇱ୬|| + s + t) ≥ t/ (t + || xଵ, xଶ, … , xᇱ୬) 
⇒ N(xଵ, xଶ, … , x୬ + xᇱ୬, s + t) ≥  min {N(xଵ, xଶ, … , x୬, s), N(xଵ, xଶ, … , x′୬, t)}. 
(N6') Clearly N(xଵ, xଶ, … , x୬, t) is a left continuous function. 
Suppose that ݐଶ > ଵݐ > 0 with ݐଵ, ଶݐ =  [0, ∞) then, 
ଶݐ)/ଶݐ + ||xଵ, xଶ, … , x୬||) ଵݐ) ଵݐ/−  + ห|xଵ, xଶ, … , x୬|ห)  
=  ||xଵ, xଶ, … , x୬|| (ݐଶ − ଶݐ))/(ଵݐ + ||xଵ, xଶ, … , x୬|| ) (ݐଵ  + ||xଵ, xଶ, … , x୬|| ) ) ≥ 0, 
for all (xଵ, xଶ, … , x୬) ∈ X୬ 
⇒ tଶ/(tଶ + || xଵ, xଶ, … , x୬|| ≥ / tଵ/ (tଵ + ||xଵ, xଶ, … , x୬|| ) 
⇒ N ( xଵ, xଶ, … , x୬, tଶ)  ≥ N (xଵ, xଶ, … , x୬, tଵ). 
Thus N(xଵ, xଶ, … , x୬, t) is a non-decreasing function of t ∈ [0, ∞). 
Also,  
lim௧→ஶ N(xଵ, xଶ, … , x୬, t) 
lim௧→ஶ t/(ݐ + ||xଵ, xଶ, … , x୬||) 
lim௧→ஶ t/t(1 + ,xଵ||ݐ/1 xଶ, … , x୬||) 
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= 1 . 
Thus, (X, N) is a f-n-NLS. 
Definition 2.3 A sequence {ݔ௡} in a f-n-NLS (X, N) is said to 
converge to x if given 
r > 0, t > 0  , 0 < r < 1 , there exists an integer noe N such that 
N(xଵ, xଶ, … , x୬ିଵ, x୬ − x , t) > 1 − r for all n ≥ n଴. 
Theorem 2.4 In a f-n-NLS (X, N) a sequence {x} converges to x if and 
only if  N(xଵ, xଶ, … , x୬ିଵ, x୬ − x, t)  → 1 as n→ ∞. 
Proof. 
Fix ݐ > 0 . Suppose {x୬} converges to x. 
Then for a given r, 0 < r < 1, there exists an integer x଴ ∈ N such that 
N(xଵ, xଶ, … , x୬ିଵ, x୬ − x, t)  > 1 − r.  
Thus 1 − N(xଵ, xଶ, … , x୬ିଵ, x୬ − x, t) < r and hence 
N(xଵ, xଶ, … , x୬ିଵ, x୬ − x, t) → 1 as n → ∞. 
Conversely, if for each ݐ > 0, N(xଵ, xଶ, … , x୬ିଵ, x୬ − x, t)  →  1 as 
n → ∞, then for every r, 0 < r < 1, there exists an integer no such that 
1 −  N(xଵ, xଶ, … , x୬ିଵ, x୬ − x, t) < r for all n ≥  n଴. 
Thus N(xଵ, xଶ, … , x୬ିଵ, x୬ − x, t) > 1 − r for all n ≥  n଴. 
Hence {x} converges to x in (X, N). 
Definition 2.5. A sequence {x} in a f-n-NLS (X, N) is said to be 
Cauchy sequence if given ɛ > 0 with 0 < > ߝ  1, ݐ >  0, there exists 
an integer no N such that N(xଵ, xଶ, … , x୬ିଵ, x୬ − x୩ , t) > 1 − ɛ for all 
n‚k ≥ n଴. 
Theorem 2.6. In a f-n-NLS (X, N) every convergent sequence is a 
Cauchy sequence. 
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Proof. Let {x୬} be a convergent sequence in (X, N). Suppose {x୬} 
converges to x. 
Let t >  0 and ߝ = (0,1). Choose r = (0,1) such that 
(1 − r) ∗ (1 −  r) > l − ɛ. 
Since {x} converges to x, we have an integer no such that 
N(xଵ, xଶ, … , x୬ିଵ, x୬ − x, t/2) > 1 − r. 
Now, N (xଵ, xଶ, … , x୬ିଵ, x୬ − x୩ , t) 
=  N (xଵ, xଶ, … , x୬ିଵ, x୬ − x + x − x௞ , t) 
= N (xଵ, xଶ, … , x୬ିଵ, x୬ − x, t/2)  ∗  N (xଵ, xଶ, … , x୬ିଵ, x − x௞ , t/2) 
 
 ≥  (1 − r) ∗  (1 − r) for all n, k > ݊଴ 
> 1 − ɛ for all n, k > ݊଴ . 
Therefore {x୬} is a Cauchy sequence in (X, N). 
Definition 2.7. A f-n-NLS is said to be complete if every Cauchy 
sequence in it is convergent. 
The following example shows that there may exist Cauchy sequence 
in a f-n-NLS which is not convergent. 
Example 2. 8. Let (X, || • , … ,• ||) be an n-normed linear space and 
define a ∗ b =  min {a, b} for all a, b ∈ [0,1] and N (xଵ, xଶ, … , x୬, t) =
 t/(t +  || xଵ, xଶ, … , x୬||). Then (X, N) is shown to be a f-n-NLS. 
Let {x୬} be a sequence in f-n-NLS, then 
(a) {x୬}is a Cauchy sequence in (X, || •, . . . ,• ||) if and only if {x୬} is a 
Cauchy sequence in (X, N).  
(b) {x୬}is a convergent sequence in (X, ||•,...,•||) if and only if {x} is a 
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convergent sequence in ( X, N). 
Proof. 
(a) {x}is a Cauchy sequence in ( X, || •,..., •||) 
⟺  lim௡ ,௞→ஶ ห|xଵ, xଶ, … , x୬ିଵ, x୬ିଵ, x୬ − x௞|ห = 0 
⟺  lim௡ ,௞→ஶ (xଵ, xଶ, … , x୬ିଵ, x୬ − x௞ , t) = 0 
= lim௡ ,௞→ஶ ݐ)/ݐ + ||xଵ, xଶ, … , x୬ିଵ, x୬ − x௞  ||) = 1 
⟺  N (xଵ, xଶ, … , x୬ିଵ, x୬ − x௞ , t) → 1    as   n → ∞ 
⟺  N (xଵ, xଶ, … , x୬ିଵ, x୬ − x௞ , t) > 1 − r , for all n , k ≥ 0 .  
{x୬} is a Cauchy sequence in (X, N). 
 (b) {x୬} is a convergent sequence in ( X, || •,..., •|| ) 
⇔  lim௡→ஶห|xଵ, xଶ, … , x୬ିଵ, x୬ିଵ, x୬ − x|ห = 0 
⇔  lim௡ →ஶN (xଵ, xଶ, … , x୬ିଵ, x୬ − x௞  , t) 
= lim௡→ஶN (xଵ, xଶ, … , x୬ିଵ, x୬ − x௞  , t) 
N(xଵ, xଶ, … , x୬ିଵ, x୬ − x , t) →  1  as   n → ∞ 
⇔  N(xଵ, xଶ, … , x୬ିଵ, x୬ − x , t) > 1 − r  ,    for all n ≥ ݊଴ . 
{x୬} is a convergent sequence in (X, N). 
Thus if there exists an n-normed linear space ( X, || •,..., •||) which is 
not complete, then the fuzzy n-norm induced by such a crisp n-norm   
||•,...,•||  on an incomplete n-normed linear space X is an incomplete 
fuzzy n- normed linear space. 
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Theorem 2.9  A f-n-NLS (X, N) in which every Cauchy sequence has 
a convergent subsequence is complete. 
Proof. 
Let {x୬} be a Cauchy sequence in (X, N) and ൛x୬௞ൟ be a subsequence 
of {x୬} that converges to x. We prove that {x୬} converges to x. Let 
ݐ > 0 and ߝ = (0,1). Choose r ∈ (0,1) such that (1 − r) ∗ (1 −  r) >
1 − ɛ . Since {x୬} is a Cauchy sequence, there exists an integer noe N 
such that N(xଵ, xଶ, … , x୬ିଵ, x୬ − x , t/2) > 1 − r for all n, k ≥ n଴. 
Since ൛x୬௞ൟ converges to x, there is a positive integer i୩ > ݊଴ such 
that N(xଵ, xଶ, … , x୬ିଵ, x୧௞ − x , t/2) > 1 − r. 
Now, 
N(xଵ, xଶ, … , x୬ିଵ, x୬ − x , t/2) 
=  N(xଵ, xଶ, … , x୬ିଵ, x୬ − x୧௞ + x୧௞ − x , t/2 + t/2) 
≥  N ൬xଵ, xଶ, … , x୬ିଵ, x୬ − x୧௞, t

2൰ ∗  N ൬xଵ, xଶ, … , x୬ିଵ, x୧௞ − x, t
2൰ 

> (1 − r)  ∗  (1 − r) 
> 1 − ɛ . 
Therefore {x୬} converges to x in (X, N) and hence it is complete. 
 
 
 
 
 
 
 



١١  

Section Three  
Different type of boundedness in fuzzy normed spaces  
Definition 3 . 1 . A binary operation 

∗ ∶  [0,1]  × [0, 1]  →  [0,1] 
is called triangular norm (t-norm) if it satisfies the following 
condition: 
1. ܽ ∗ ܾ =  ܾ ∗ ܽ, (∀) ܽ , ܾ ∈ [0,1] ; 
2. ܽ ∗  1 =  ܽ, (∀)ܽ ∈ [0,1]; 
3. (ܽ ∗  ܾ)  ∗  ܿ =  ܽ ∗  (ܾ ∗  ܿ), (∀)ܽ, ܾ, ܿ ∈ [0,1]; 
4. If ܽ ≤ ܿ and ܾ ≤ ݀, with ܽ, ܾ, ܿ, ݀ ∈ [0, 1], then ܽ ∗  ܾ ≤  ܿ ∗ ݀. 
Remark 3.2  Three basic examples of continuous t-norms are ∧ , . ,∗ L, 
which are defined by a ∧ b = min{a, b} (the minimum t-norm) , 
a. b = ab (usual multiplication in [0,1]) and a ∗ b = max{a + b −
1,0} (the Lukasiewicz t-norm). Our basic reference for fuzzy metric 
spaces and related structures is , while for t-norms, is . 
Definition 3.3 . A t-norm * is strictly monotonic if 

ݔ(∀) ∈ (0,1), > ݕ ݖ ⇒ ݔ ∗ ݕ < ݔ ∗  .ݖ
A t-norm is strict if it is continuous and strictly monotonic. 
Remark 3.4 We note that the usual multiplication is a strict t-norm 
but the minimum t-norm is continuous but not strictly monotonic. This 
remark leads us to the following more general definition. 
Definition 3.5 . A t-norm is called almost strictly monotonic if 

,ݔ(∀) ݕ ∈ (0,1) = ݔ ∗ ݕ > 0. 
A t-norm is called almost strict if it is continuous and almost strictly 
monotonic. 
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Remark 3.6 The usual multiplication and the minimum t-norm ∧ are 
almost strict. 
Definition 3.7 .The triple (X, M, *) is said to be a fuzzy metric space 
if X is an arbitrary set, *  is a continuous t-norm and M is a fuzzy set 
in X × X × [0, ∞) satisfying the following conditions: 
(M1) M(x, y, 0)  =  0, (V)x, y =  X; 
(M2) (∀)ݔ, ,Є X ݕ = ݔ ,ݔ)if and only if M ݕ  ,ݕ (ݐ  =  1 for all ݐ >  0; 
(M3) M(ݔ, ,ݕ (ݐ  = M(ݕ, ,ݔ ,(ݐ ,ݔ(∀) ∋ ݕ ܺ, < ݐ(∀)  0; 
(M4) M(ݔ, ,ݖ ݐ + (ݏ ≥ M(ݔ, ,ݕ (ݐ  ∗ M(ݕ, ,ݖ ,(ݏ ,ݔ (∀) ,ݕ ∋ ݖ  ܺ, ,ݐ(∀) ݏ > 0; 
(M5) (∀)ݔ, ∋ ݕ X, M(ݔ, (·,ݕ ∶ [0, ∞) → [0, 1] is left continuous and 
lim௧→ஶM(ݔ, ,ݕ (ݐ = 1. 
Definition 3.8 . Let (ܺ,  be a fuzzy metric space. A subset A of X (∗,ܯ
is said to be F-bounded if 
ߙ(∃)  ∈ (0,1), < ݐ(∃)  0 such that ݔ)ܯ, ,ݕ (ݐ > 1 − ,ߙ ,ݔ(∀) ݕ ∈  . ܣ
Definition 3.9 .  Let X be a vector space over a field K (where K is ℝ 
or ℂ) and ∗ be a continuous t-norm. A fuzzy set ܰ in X × [0, ∞) is 
called a fuzzy norm on X if it satisfies: 
(N1) N(x, 0)  =  0, (∀)x ∈ X; 
(N2) [N(x, t)  =  1, (∀)t > 0] if and only if x = 0; 
(N3) ܰ(ݔߣ, (ݐ =  ܰ ቀݔ, ௧

|ఒ|ቁ , ݔ (∀) ∈ ܺ, ݐ(∀) ≥ 0, ∋ ߣ(∀) K∗; 
(N4) N(x + y, t +  s) ≥ N(x, t) ∗ N(y, s), (∀)x, y ∈ X, (∀)t, s ≥ 0; 
(N5) (∀) ݔ ∈ X, N(ݔ, . ) is left continuous and lim௧→ஶܰ(ݔ, (ݐ  =  1. 
The triple (X, N,*) will be called fuzzy normed linear space (briefly 
FNL space). 
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Example 3.10 . Let (X, || · ||) be a normed linear space. Let N: X ×
 [0, ∞) → [0,1] defined by 

N(x, t)  = ቐ
ݐ

ݐ + ||ݔ|| ݐ   ݂݅                   > 0 
ݐ   ݂݅                                0 = 0

 

Then (X, N,∧) is a FNL space. 
Theorem 3.11 . Let (X, N,∗) be a FNL space. 

1. We define ܯ: ܺ × ܺ × [0, ∞) → [0,1] by M(x, y, t) = N(x − y, t). 
Then M is a fuzzy metric on X . 

2. For ݔ ∈ ܺ, ܽ ∈ (0,1), ݐ > 0 we define the open ball 
,ݔ)ܤ ,ߙ (ݐ ∶= ݕ}  ∈ X: N(ݔ − ,ݕ  (ݐ > 1 −  .{ߙ

Then 
ே࣮ =  {T ⊂ X ∶  x ∈ T iff (∃)t > 0, (∃) α ∈ (0,1): B(x, α , t) ⊂ T} 

is a topology on X and (ܺ, ே࣮) is a metrizable topological vector 
space. 
Recall that considering (Xଵ, Nଵ,∗), (Xଶ, Nଶ,∗) two FNL spaces, the 
application 

ܰ: Xଵ × Xଶ × [0, ∞)  →  [0,1] 
ܰ((xଵ, xଶ), (ݐ = Nଵ(xଵ, (ݐ ∗ Nଶ(xଶ, ,(ݐ (∀)(xଵ, xଶ) ∈ Xଵ × Xଶ, ݐ(∀) > 0 

is a fuzzy norm on the Carthesian product Xଵ × Xଶ, named the fuzzy 
product norm. 

We denote by pri the projection function from Xଵ × Xଶ onto X1, 
defined by ݌௥೔(x1, x2) = x௜  ;  for ݅ ∈ {1,2}. 
The next result deals with the Carthesian product of fuzzy normed 
linear spaces. 
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Theorem 3.12 . Let (Xଵ, Nଵ,∗), (Xଶ, Nଶ,∗) be FNL spaces with the 
topologies ே࣮భ and ே࣮మ, respectively. If N is the fuzzy product norm, 
then ே࣮is the product topology on Xଵ × Xଶ. 
Definition 3.13 . Let (X, N,∗) be a FNL space and (ݔ௡) be a sequence 
in X. The sequence (ݔ௡) is said to be convergent if (∃)x ∈ X such that 
lim ܰ(ݔ௡ − ,ݔ (ݐ = ݐ(∀) ,1 > 0. In this case, x is called the limit of 
the sequence (xn) and we denote lim௡→ஶݔ௡ = ௡ݔ or ݔ →  .ݔ
Definition 3.14 . Let (X, N,∗) be a FNL space. A subset B of X is 
called the closure of the subset A of X if for any ݔ ∈ (௡ݔ)(∃) ,ܤ ⊂  ܣ
such that ݔ௡ →  .We denote the set B by A . ݔ

A subset A of  X is called closed if ܣ =  .ܣ̅
Remark 3.15 As any FNL space is a fuzzy metric space, the notion of 
F-bounded set can be used in the context of FNL spaces. More 
precisely, a subset A of a FNL space X will be called F-bounded if 

ߙ(∃) ∈ (0,1), ݐ(∃) > 0 such that ܰ(ݔ − ,ݕ (ݐ > 1 − ,ߙ ,ݔ(∀) ݕ ∈  .ܣ
We will denote by FB(X) the family of all F-bounded subset of X. 

Definition 3.16 . A subset A of a FNL space X is said to be bounded 
if 

ߙ(∃) ∈ (0,1), ݐ(∃) > 0 such that ܰ(ݔ, (ݐ > 1 − ,ߙ ݔ(∀) ∈  .ܣ
We will denote by B(X) the family of all bounded subset of X. 

Definition 3.17 . A subset A of a FNL space X is called fuzzy 
bounded if 

 
ߙ(∀) ∈ (0,1), ఈݐ(∃) > 0 such that ܰ(ݔ, (ߙݐ > 1 − ,ߙ ݔ(∀) ∈  .ܣ

We will denote by fB(X) the family of all fuzzy bounded subset of X. 
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Definition 3.18 . A subset A of a FNL space X is called fuzzy totally 
bounded if 

ߙ(∀) ∈ (0,1), (∃){xଵ, xଶ, … , x୬} ⊂ ܺ: ܣ ⊂ ራ(ݔ௜ + ,0)ܤ ,ߙ ((ߙ
௡

௜ୀଵ
 

We will denote by ftB(X) the family of all fuzzy totally bounded subsets 
of X. 
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Section four  
Fuzzy Bounded Sets 

One might think by looking at the concepts of boundedness 
presented above, that there is still one concept missing, namely the 
one in which the boundedness of a set A is defined as follows: 

ߙ(∀) ∈ (0,1), ఈݐ(∃) > ݔ)ܰ ݐℎܽݐ ℎܿݑݏ 0 − ,ݕ (ఈݐ  > 1 − ,ߙ ,ݔ(∀) ݕ ∈  .ܣ
In fact it is not missing because it coincides with one above, as 

the following theorem shows. 411 
Theorem 4.1 Let (X, N,∗) be a FNL space. A subset A of X is fuzzy 
bounded if and only if 

ߙ(∀) ∈ (0,1), ఈݐ(∃) > ݔ)ܰ ݐℎܽݐ ℎܿݑݏ 0 − ,ݕ (ఈݐ  > 1 − ,ߙ ,ݔ(∀) ݕ ∈  .ܣ
Proof.  " ⟹ "Let 
ߙ ∈ (0,1). Then there exists ߚ ∈ (0,1) such that (1 − (ߚ ∗ (1 − (݌ >
1 − ߚ Since A is fuzzy bounded, for .ߙ ∈ (0,1) there exists ݐఉ > 0 
such that ܰ൫ݔ, ఉ൯ݐ > 1 − ఉݐ   , ݔ(∀) ∈ ,ݔ Let .ܣ ݕ ∈ ఈݐ and ܣ =  .ఉݐ2
We have that 
ݔ)ܰ − ,ݕ (ఈݐ ≥  ܰ൫ݔ, ఉ൯ݐ ∗ ܰ൫ݕ, ఉ൯ݐ ≥ (1 − (ߚ ×  (1 − (ߚ > 1 −  .ߙ

" ⟸ " Let ߙ ∈ (0,1). Using Lemma 3.6 we obtain that there exist 
,ߛ ߜ ∈ (0,1) such that 1 − ఈ

ଶ = (1 − (ߛ ∗  .ߜ
Let ݔ଴ ∈ A be fixed. As lim௧→ஶܰ(ݔ଴, (ݐ = 1, we have that there exits 
ଵݐ > 0 such that ܰ(ݔ଴, (ଵݐ > ߛ From our hypothesis, for .ߜ ∈ (0,1) 
there exists ݐଵ >  0 such that ܰ(ݔ − ,଴ݔ (ଶݐ > 1 − ,ߛ  ݔ(∀) ∈
.ܣ ݐ ݐ݁ܮ = ଵݐ + ݔ ଶ. Then, for allݐ ∈  we have ,ܣ
,ݔ)ܰ (ݐ ≥ − ݔ)ܰ ,଴ݔ  (ଶݐ ∗ ,଴ݔ)ܰ (ଵݐ ≥ (1 − (ߛ ∗ ߜ = 1 − ߜ

2 > 1 −  ߙ
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Remark 4.2 One can observe that a subset A of a topological linear 
space X is called bounded if for each neighbourhood V of 0x, there 
exists a positive number k such that A ⊆ kV. 
Theorem 4.3 Let (X, N,∗) be a FNL space. A subset A of X is fuzzy 
bounded if and only if A is bounded in topology TN. 
Proof. " ⟹ "Let V be a neighbourhood of 0௫. Then there exist 
ߙ ∈ (0,1), ݐ > 0 such that 0)ܤ, , ߙ (ݐ ⊆ ܸ. Since A is fuzzy bounded, 
for ߙ ∈ (0,1), ఈݐ(∃) > 0 such that ܰ(ݔ, (ఈݐ > 1 − ,ߙ ݔ(∀) ∈  Let .ܣ
݇ = ௧ഀ

௧  We have that ܰ(ݔ, (݇ݐ = ,ݔ)ܰ (ఈݐ > 1 − ,ߙ ݔ(∀) ∈  Thus .ܣ
ܣ ⊂ ,0)ܤ ,ߙ (݇ݐ  = ,0)ܤ݇  ,ߙ (ݐ ⊆ ܸ݇. 

" ⟸ "Let ܽ ∈ (0,1). Since 0)ܤ, ,ߙ 1) is a neighbourhood of 0௫  , there 
exists ݇ > 0 such that ܣ ⊆ ,0) ܤ݇ ,ߙ 1) = ,0)ܤ ,ߙ ݇). Thus ܰ(ݔ, ݇) >
 1 − ,ߙ ݔ(∀) ∈  .Hence A is fuzzy bounded .ܣ
Remark 4.4 Previous result was mentioned by Sadeqi and Kia the 
context of FNL spaces of type (ܺ, ܰ,∧) 
Corollary 4.5 . Let (X, N,∗) be a FNL space. Then: 

1. If A, B are fuzzy bounded, then ܤܷܣ and ܣ +  are fuzzy ܤ
bounded; 

2. If A is fuzzy bounded, then ̅ܣ is fuzzy bounded. 
Corollary 4.6 Let ( ௜ܺ , ௜ܰ ,∗), ݅ =  {1,2}, be two FNL spaces. Then 
ܣ ∈ ƒܤ(Xଵ × Xଶ) if and only if ݎ݌௜(ܣ) ∈ ƒܤ(X௜), ݅ ∈ {1,2}. 
Proposition 4.7 Let (X, N,∗) be a FNL space and {݊ܣ}௡ୀଵஶ  be fuzzy 
bounded subsets of X. Then there exist {ݐ௡} = 1, ௡ݐ > 0, (∀)݊ ∈ ܰ∗ 
such that ⋃ ௡ஶ௡ୀଵܣ௡ݐ  tnAn is a fuzzy bounded subset of X. 
Proof. Let ߩ be the metric of X. Let ߙ ∈ (0,1) and ݐ >  0. Since 
,0)ܤ ,ߙ  ,is a neighbourhood of 0௫ (ݐ
there exists ߣ >  0 such that 
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(ߣ)ܵ = ݔ}  ∈ ,ݔ)ߩ :ܺ 0) < {ߣ  ⊂ ,0)ܤ ,ߙ  .(ݐ
As {݊ܣ}௡ୀଵஶ  are fuzzy bounded subsets of X , there exists ݏ௡ > 0 such 
that ܣ௡ ⊆ ௡ݐ ௡ܵ(1) . Letݏ = ଵ

௦೙ .  then  
⋃ ௡ஶ௡ୀଵܣ௡ݐ ⊆ ܵ(1) = (ߣ)ଵܵିߣ ⊆ ,0)ܤଵିߣ ,ߙ (ݐ = ܤ ቀ0, ,ߙ ௧

ఒቁ  
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