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Abstract.

Rather, the aim of my research is the process of calculating all
the topologies on the three-point group, and then calculating the upper
and lower probability of all the groups within the [P(x) corresponding
to those topologies, by the help of the interior points and closure on
the one side, and on the other side, calculating the interior points and

closure of the harmonic sets aR -Open.
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Introduction.

The science of topology extends its roots to the era of the Greek
civilization, where the Greeks studied the concept of continuous, but the science
of topology did not appear in its current state until the beginning of this century
when Frechet published in 1906 his thesis that dealt with the function of
distance and relationship There is a difference between it and the concept of
continuity, but the two scholars Ries, Haus, and Dorff [1] later showed that
there is no need for this conjunction, and continuity can be studied without
referring to the distance coupling, and with this, what is called general topology
appeared. In general, any group whose elements fulfill some hypotheses
constitutes a mathematical system that is consistent (consistent if its arguments,
results, and hypotheses are not contradictory (this method was born in the past
in the subject of Euclidean geometry). In recent years, mathematics has
developed rapidly after the group theory was known at the beginning of the
twentieth century. Whereas, any group whose elements fulfill certain
hypotheses is called a mathematical sentence that fulfills the hypotheses, and in
this case there is more than one mathematical system such as groups, rings,
Euclidean geometry, metric spaces, topological spaces. (topological spaces) [2].
Topology i1s a word translated from the English word topology, and the word
topology is divided into two syllables, the first syllable (Topo) which is of
Greek origin to topo's (which means “place”), and the second syllable is (logy).
Which is of Greek origin (Logos) which means "study", if we make the process
of linking the meanings in the word, we find that topology is modern
engineering in the study of all the structures and components of the different
spaces. I began to study the subject of topology on the set of real numbers and

then on the Euclidean level.






In this chapter, we will show set of basic definitions on which
our works are based, to a set of questions that we worked on through
three elements, which are {a,b,c}, where we made 29 topologies and
extracted (interiors and closures ) of aR-open at the end of the
research ,we studied the probabilities that are (upper and lower) on
the topologies that we knew, in addition to the probabilities on

topologies for the aR-open set.

Definition 1.1 [1]

Let X be a nonempty set and 7 be a family of subsets of X(i.e.,t € IP(X)) . we

say T is atopology on X satisfy the following conditions:

1. X,0 et
2. If U,V @ € 1,then UN v € 7 the finite intersection of elements from T
3.If U,€ t;a €N, thenUy, U, € TVa EA the arbitrary (finite or

infinite Junion of element of T is again an element of 7 .
Definition 1.2 [2]

Let (X,7) be a topological space .The subsets of X belonging to 7 are called

open set in the space X.i.e.,

If Ac Xand A € T then A open set

Definition 1.3 [2]



Let (X,7) be a topological space. The subset of X is called closed set in the

space X if its complement X \ A is open set. We will denoted the family of
closed sets by [.i.e.,

If AC X and A € [] then A closed set

Definition 1.4 [3]

Let (X,1) be a topological space and let ASX. A point XEA is called an interior
point of A iff there exists an open set UET containing x such that xEUCSA.The

set of all interior points of A is called the interior of A and is denoted by A° or

Int(A) 1.e,.
A°={x€A:3U€ET;xeUcA}
xeA°oJUet;xelUcA

Definition 1.5 [3]
Let (X,7) be a topological space and let A be a subset of X . Then the

intersection of all 7-closed containing the set A is called the closure of A and

denoted by Aor c(A)or cl(A). i.ecl(Ay=N{F: F is closed,A € F}.
Definition 1.6

A subset A of a space X is said to be aR-open if A= int (cl(int(A))). And the
complement aR-open is called aR-closed set. And the complement

A=cl(int(cl(A))).

Definition 1.7 [4]



Let (X,1) be a topological space and let ASX. A point XEA is called an aR-
interior point of A iff there exists an aR-open set UET containing x such that
xEUCA .The set of all aR-interior point of A is called the aR-interior of A and
is denoted by aR-A° or aR-Int(A) i.e,.

aR-A°={x € A:qU et;x e Uc A}
xeaR-A°o3JUet;xelUcA
Definition 1.8 [4]

Let (X,7) be a topological space and let A be a subset of X . Then the

intersection of all aR-closed containing the set A is called the aR-closure of A

and denoted by aR-A or aR-c(A) or aR-cl(A). ie aR-
cl(A=N{F:F is closed,A € F}.

Definition 1.9

number elements of A°

o p(4%) = p (int(4)) =

number elements of X

. ﬁ( Z) _ ﬁ(CI(A)) _ number elements of A

number elements of X

number elements of aR.int(A)

e aR.p(A°) = p(aR.int(4)) =

number elements of X

. (ZR.ﬁ( Z) _ ,[_)(((ZR. Cl(A)) _ number elements of aR.cl(A)

number elements of X



T1={x, 0}
Tf = {x, 0}

aR.T;(x) = {x, 8}
aR.T{ (x) = {x, 0}

Tl {a} {b} {C} {aab} {a,C} {b,C}

p(A°) 0 0 0 0 0 0

B 3 3 3 3 3 3
5(2) 3 3 3 3 3 3

3 3 3 3 3 3

p(aR(A°)) 9 9 9 9 9 9
B 3 3 3 3 3 3
paR(A) | 3 3 3 3 3 3
3 3 3 3 3 3




TZZ{xr (D! {a}}
T; = {x,0,{b, c}}

aR.T,(x) = {x, 0}
aR.T; (x) = {x, 0}

TZ {a} {b} {C} {aab} {a,c} {b,C}
2 T S N A A S R
B 3 3 3 3 3 3
5(]) 3 2 2 3 3 2

3 3 3 3 3 3
p(aR(A°)) 9 9 9 9 9 9
B 3 3 3 3 3 3
plaR(A) | 3 3 3 3 3 3
3 3 3 3 3 3




T3:{xr @, {b}}
Ts = {x,0,{a,c}}

aR.T;(x) = {x, 0}
aR.T§ (x) = {x, 0}

T3 {a} {b} {C} {aab} {a,c} {b,C}
p(A°) 0 1 0 1 0 1
B 3 3 3 3 3 3
ﬁ(Z) 2 3 2 3 2 3

3 3 3 3 3 3
p@R(@A))| 0 0 0 0 0 9
B 3 3 3 3 3 3
p(aR(A)) 3 3 3 3 3 3
3 3 3 3 3 3




T4:{x' Q: {C}}
Ty = {x,9,{a,b}}

aR.Ty(x) = {x, B}
aR.Ti (x) = {x, 0}

T, {a} {b} {c} {a,b} {a,c} {b,c}
pad |00 L0 L
B 3 3 3 3 3 3
5(2) 2 2 3 2 3 3

3 3 3 3 3 3
p@r@A))| 0 0 0 0 9 2
B 3 3 3 3 3 3
p(aR(A)) 3 3 3 3 3 3
3 3 3 3 3 3




T5={x, @; {a}r {a' b}}
Ts = {x,0,{b,c},{c}}

aR.Ts(x) = {x, 0}
aR.TE(x) = {x, 0}

Ts {a} {b} {c} {a,b} {a,c} {b,c}
pa) | 1|0 |0 fz 00
B 3 3 3 3 3 3
5(A) 3 2 1 3 3 2

3 3 3 3 3 3
p@R(@A))| 0 0 0 0 0 9
B 3 3 3 3 3 3
p(aR(A)) 3 3 3 3 3 3
3 3 3 3 3 3

Te={x,0,{a},{a,c}}

10




TS = {x,8,{b,c}, {b}}

aR.Tg(x) = {x, 0}
aR.T¢(x) = {x, 8}

T {a} {b} {c} {a,b} {a,c} {b,c}
pay | 1|0 f 01z )0
B 3 3 3 3 3 3
5(A) 3 1 2 3 3 2

3 3 3 3 3 3
p(aR(A°)) 9 9 9 9 9 9
B 3 3 3 3 3 3
p(aR(A)) 3 3 3 3 3 3
3 3 3 3 3 3

T,={x,0,{a},{a, b}, {a, c}}
T7 ={x,0,{b, c},{c}, {b}}

11




(XR' T7(.X') = {xr ®}
aR.T7 (x) = {x, 0}

T; {a} {b} {c} {a,b} {a,c} {b,c}
pa | 1|0 )0z 2z )0
B 3 3 3 3 3 3
5(A) 3 1 1 3 3 2

3 3 3 3 3 3
p(aR(A°)) 9 9 9 9 9 9
B 3 3 3 3 3 3
p(aR(A)) 3 3 3 3 3 3
3 3 3 3 3 3

Tg={x,®,{b},{a, b}, }
Tg = {x,9,{a,c},{c}}

12




aR.Ty(x) = {x, 0}
aR.T§(x) = {x,0)

Tg {a} {b} {c} {a,b} {a,c} {b,c}
p) | 0 |10z 0
B 3 3 3 3 3 3
5(]) 2 3 1 3 2 3

3 3 3 3 3 3
p(aR(A°)) 9 9 9 9 9 9
B 3 3 3 3 3 3
p(aR(A)) 3 3 3 3 3 3
3 3 3 3 3 3

ng{x, @, {b}; {b, C}}
Ts = {x,0,{a,c},{a}}

aR. Tg(X) = {X, ®}

13




aR.T§ (x) = {x, 0}

T9 {a} {b} {C} {aab} {a,c} {b,C}

p(A°) 0 1 0 1 0 2

B 3 3 3 3 3 3
5(A) 1 3 2 3 2 3

3 3 3 3 3 3

p(aR(A°)) 9 9 9 9 9 9
B 3 3 3 3 3 3
p(aR(A)) 3 3 3 3 3 3
3 3 3 3 3 3

TlO:{x' @, {b}r {ar b}: {b: C}}
T1C0 = {.X', @, {ar C}, {C}! {a}}

aR.Tio(x) = {x, 0}

14




aR.T{(x) = {x, 0}

TlO {a} {b} {C} {aab} {a,c} {b,C}

p(A°) 0 1 0 2 0 2

B 3 3 3 3 3 3
5(4) 1 3 1 3 2 3

3 3 3 3 3 3

p(aR(A°)) 9 9 9 9 9 9
B 3 3 3 3 3 3
p(aR(A) | 3 3 3 3 3 3
3 3 3 3 3 3

Tllz{x' Qr {C}) {a) C}}
Tf = {x,0,{a, b}, {b}}

aR. Ty (x) = {x, B}
aR. TS (x) = {x, 0}

15




T11 {a} {b} {C} {aab} {a,c} {b,C}
p(A°) 0 0 1 0 2 1
B 3 3 3 3 3 3
5(]) 2 1 3 2 3 3
3 3 3 3 3 3
p@R(@A))| 0 0 0 0 0 9
B 3 3 3 3 3 3
o(aR(A
PaR(4) 3 3 3 3 3 3
3 3 3 3 3 3

T12={x, ®,{c}, {b,c}}
TS, = {x,0,{a, b}, {a}}

aR. T (x) = {x, D}
aR. T (x) = {x, 0}

16




T12 {a} {b} {C} {aab} {a,c} {b,C}
25 T R R S O O
B 3 3 3 3 3 3
5(]) 1 2 3 2 3 3

3 3 3 3 3 3
p(aR(A%)| O 0 0 0 0 0
B 3 3 3 3 3 3
p(aR(A)) 3 3 3 3 3 3
3 3 3 3 3 3

T13:{x' @, {C}! {Cl, C}! {b, C}}
T163 = {X, (Z)' {Cl, b}, {b}r {a}}

aR.Ti5(x) = {x, B}
aR.Ti5(x) = {x, B}

17




T13 {a} {b} {C} {aab} {a,c} {b,C}

p(A°) 0 0 1 0 2 2

B 3 3 3 3 3 3
5(2) 1 1 3 2 3 3

3 3 3 3 3 3

p@R(@A))| 0 0 0 0 0 9
B 3 3 3 3 3 3
p(aR(A)) 3 3 3 3 3 3
3 3 3 3 3 3

T14={x,D,{a, b}}
T1C4 = {X, @, {C}}

aR. T14_(.X') = {X, ®}
aR. Ty (x) = {x, D}

18




T14- {a} {b} {C} {aab} {a,c} {b,C}

p(A°) 0 0 0 2 0 0

B 3 3 3 3 3 3
5(]) 3 3 1 3 3 3

3 3 3 3 3 3

p(arR(@4?))| 0 0 0 0 9 2
B 3 3 3 3 3 3
p(aR(A)) 3 3 3 3 3 3
3 3 3 3 3 3

T15={x, D, {b, c}}
T1C5 = {.X', ®! {a}}

aR.Ty5(x) = {x, 0}
aR. T (x) = {x, 0}

19




T15 {a} {b} {C} {aab} {a,c} {b,C}

p(A°) 0 0 0 0 0 2

B 3 3 3 3 3 3
5(]) 1 3 3 3 3 3

3 3 3 3 3 3

p(aR(A°)) 9 9 9 9 9 9
B 3 3 3 3 3 3
p(aR(A)) 3 3 3 3 3 3
3 3 3 3 3 3

T16={x, D,{a, c}}
Tis = {x,0,{b}}

aR.Ti6(x) = {x, ®}
aR.T{s(x) = {x, 0}

20




T16 {a} {b} {C} {aab} {a,c} {b,C}

p(A°) 0 0 0 0 2 0

B 3 3 3 3 3 3
5(]) 3 1 3 3 3 3

3 3 3 3 3 3

p@R(@A))| 0 0 0 0 0 9
B 3 3 3 3 3 3
p(aR(A)) 3 3 3 3 3 3
3 3 3 3 3 3

T17:{x' @, {Cl}, {Cl, b}r {b}}

TS, = {x,0,{b,c},{c},{a c}}

aR. Ty, (x) = {x,0,{a}, {b}}
aR.T5(x) = {x,0,{b, c}, {a,c}}

21




T17 {a} {b} {C} {aab} {a,c} {b,C}

p(A°) 1 1 0 2 1 1

B 3 3 3 3 3 3
5(]) 3 2 1 3 2 2

3 3 3 3 3 3

p(aR(A?)| 1 1 0 1 1 1
B 3 3 3 3 3 3
p(aR(A)) 2 2 3 3 2 2
3 3 3 3 3 3

T18:{x' @, {b}r {C}! {b! C}}

Tf = {x,0,{a, c},{a, b}, {a}}

aR.T;g(x) = {x,®,{b},{b, c}}
aR.T5H5(x) = {x,0,{a,c}, {a}}

22




T18 {a} {b} {C} {aab} {a,c} {b,C}
23 I R S S O O
B 3 3 3 3 3 3
5(]) 2 1 2 2 3 2

3 3 3 3 3 3
p(arR(@4?))| 0 1 0 L 9 2
B 3 3 3 3 3 3
p(aR(A)) 1 3 2 3 2 3
3 3 3 3 3 3

T19:{x' @, {a}! {C}r {ar C}}

TS = {x,®,{b, c}, {a, b}, {b}}

aR.Ti9(x) = {x,?,{a},{a,c}}
aR. TS (x) = {x,®,{b, c}, {b}}

23




T19 {a} {b} {C} {aab} {a,c} {b,C}

p(A°) 1 0 1 1 2 2

B 3 3 3 3 3 3
5(]) 1 2 2 2 2 3

3 3 3 3 3 3

paR(A?)| 1 0 0 1 2 0
B 3 3 3 3 3 3
p(aR(A)) 3 1 2 3 0 3
3 3 3 3 3 3

T0={x, ®,{a}, {b},{a, b}, {a, c},{b,c}}
T3 = {x,0,{b,c},{a, c},{c}, {b}, {a}}

aR.Tyo(x) = {x,0,{a}, {b,c}}
aR.T$y(x) = {x,8,{b, c},{a}}

24




TZO {a} {b} {C} {aab} {a,c} {b,C}

p(A°) 1 1 0 2 1 2

B 3 3 3 3 3 3
5(]) 1 2 1 3 2 2

3 3 3 3 3 3

p@R@A))| 1 0 0 L 1 z
B 3 3 3 3 3 3
p(aR(A)) 1 2 2 3 3 2
3 3 3 3 3 3

T1={x, 9,{a}, {c}, {a, c}, {b, c}}

T, = {x,0,{b, c},{a, b}, (b}, {a}}

aR. Ty, (x) = {x,0,{a}, {b,c}}
aR. TS (x) = {x,®,{b, c}, {a}}

25




T21 {a} {b} {C} {aab} {a,c} {b,C}

p(A°) 1 0 1 1 2 2

B 3 3 3 3 3 3
5(2) 1 1 2 2 2 2

3 3 3 3 3 3

p(aR(A°)) l 9 9 l 1 E
B 3 3 3 3 3 3
p(aR(A)) 1 2 2 3 3 2
3 3 3 3 3 3

Tyo={x, ®,{b}, {c},{b,c},{a, c}}

TS, = {x,0,{a,c},{a, b}, {a}, {b}}

aR. Ty, (x) = {x,0,{b},{a,c}}
aR.T5(x) = {x,8,{a,c}, {b}}

26




TZZ {a} {b} {C} {aab} {a,c} {b,C}

p(A°) 0 1 1 1 2 2

B 3 3 3 3 3 3
5(]) 1 1 2 2 2 3

3 3 3 3 3 3

p(@rR(@4?))| 0 1 0 L z :
B 3 3 3 3 3 3
p(aR(A)) 2 1 2 3 2 3
3 3 3 3 3 3

T23:{X, @, {a}, {b, C}}
T2C3 = {x, (D: {a}r {b' C}}

aR.T,3(x) = {x,®,{a}, {b, c}}
aR.T5(x) = {x,0,{b,c},{a}}

27




T23 {a} {b} {C} {aab} {a,c} {b,C}
2 T S R T O O
B 3 3 3 3 3 3
5(]) 1 2 2 3 3 2

3 3 3 3 3 3
par(@4?))| 1 0 0 L 1 2
B 3 3 3 3 3 3
p(aR(A)) 1 2 2 3 3 2
3 3 3 3 3 3

To4={x, ®,{b},{a, c}}
Ty, = {x,0,{a,c},{b}}

aR.To,(x) = {x,0,{b},{a,c}}
aR. TS, (x) = {x,0,{a,c},{b}}

28




T24 {a} {b} {C} {aab} {a,c} {b,C}
pad | 0 1012l
B 3 3 3 3 3 3
5(]) 2 1 2 3 2 3

3 3 3 3 3 3
p@R(@A))| 0 1 0 L 2 z
B 3 3 3 3 3 3
paR(4) | 2 1 2 3 2 3
3 3 3 3 3 3

T25:{X, @, {C}; {Cl, C}}
75, = (5,0, (a, b}, (b}}

aR.T,s(x) = {x, B}
aR. Ty (x) = {x, 8}

29




T25 {a} {b} {C} {aab} {a,c} {b,C}
p) | 0 |0 )02 )
B 3 3 3 3 3 3
5(]) 2 1 3 2 3 3

3 3 3 3 3 3
p@R(@A))| 0 0 0 0 0 9
B 3 3 3 3 3 3
p(aR(A)) 3 3 3 3 3 3
3 3 3 3 3 3

T26:{x! @, {a}! {b}r {a, b}r {a' C}}
T2C6 = {x, @, {br C}, {Cl, C}, {C}' {b}}

aR.Tre(x) = {x,0,{a,c},{b}}
aR. TS (x) = {x,0,{b},{a,c})

30




T26 {a} {b} {C} {aab} {a,c} {b,C}

p(A°) 1 1 0 2 2 1

B 3 3 3 3 3 3
5(]) 2 1 1 3 2 2

3 3 3 3 3 3

p(aR(A%)| O 1 0 1 2 1
B 3 3 3 3 3 3
p(aR(A)) 1 1 2 3 2 3
3 3 3 3 3 3

T7={x, ®,{a}, {c},{a, c},{a, b}}

TS, = {x,0,{b, c},{a, b}, (b}, {c}}

aR.Ty;(x) = {x,0,{a, b}, {c}}
aR. TS (x) = {x,0,{c},{a, b}}

31




T27 {a} {b} {C} {a’b} {a,c} {b,C}
p(A°) 1 0 1 2 2 1
B 3 3 3 3 3 3
ﬁ(Z) 1 1 1 2 3 2

3 3 3 3 3 3
p@R()| 0 | 0 | 1 |z 11
B 3 3 3 3 3 3
p(aR(@A) | 2 2 1 2 3 3
3 3 3 3 3 3

Te={x, @, {b}, {c}, b, c},{a, b}}
T3 = {x,0,{a,c}{a b}, {a},{c}}

aR.Ty5(x) = {x,0,{a, b}, {c}}
aR. TS (x) = {x,0,{c},{a, b}}

32




T28 {a} {b} {C} {aab} {a,c} {b,C}

p(A°) 0 1 1 2 1 2

B 3 3 3 3 3 3
5(]) 1 2 1 2 2 3

3 3 3 3 3 3

p(arR(@4?))| 0 0 L 2 1 :
B 3 3 3 3 3 3
p(aR(A)) 2 2 1 2 3 3
3 3 3 3 3 3

To={x, @, {a}, {b}, {c},{a, b}.{a, c},{b,c}}
T39 = {x,8,{b, c},{a, c},{a, b}, {c}, {b}, {a}}

aR.Tyo(x) = {x,0,{a}, {b},{c}, {a, b}, {a,c},{b,c}}
aR.T5o(x) = {x,8,{b, c},{a, b}, {a, b}, {c}, {b},{a}}

33




T29 {a} {b} {C} {aab} {a,c} {b,C}

p(A°) 1 1 1 2 2 2

- 3 3 3 3 3 3

5(]) 1 1 1 2 2 2

3 3 3 3 3 3

p@R@A))| 1 1 1 2 2 z

B 3 3 3 3

p(aR(A)) 1 1 1 2 2 3

3 3 3 3
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