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  إهداء
إلѧѧى منѧѧارة حيѧѧاتي وسѧѧرّ وجѧѧودي..  إلى من لولاهما لما وطئت قدماي هذا الطريѧѧق،

إلى والدي العزيز، صاحب القلب الكبير واليد التي لѧѧم تنفѧѧك عѧѧن مسѧѧاندتي، إليѧѧك يѧѧا 
  من علمتني أن الطموح لا سقف له، وأن الصبر مفتاح كل نجاح.

إلى نبع الحنان الذي لا ينضب، إلى دعوات الفجر التي كانت تحرسѧѧني فѧѧي غربتѧѧي 
ѧѧتقبلاً، وبين دفات كتبي.. إلى والѧѧي مسѧѧا لتهبنѧѧن راحتهѧѧت مѧѧي اقتطعѧѧة، التѧѧدتي الغالي

  إليكِ يا من أرى الدنيا من خلال رضاكِ، أهدي ثمرة هذا الجهد المتواضع.
إلѧѧى إخѧѧوتي وعѧѧائلتي، سѧѧندي وعزوتѧѧي فѧѧي الشѧѧدائد، مѧѧن شѧѧاركوني لحظѧѧات القلѧѧق 

  وبثوا في نفسي الأمل كلما خبت شعلتي.
وحملѧѧة مشѧѧاعل التنѧѧوير، الѧѧذين غرسѧѧوا فѧѧي  إلѧѧى أسѧѧاتذتي الأفاضѧѧل، ورثѧѧة الأنبيѧѧاء

  عقولنا بذور المعرفة، فأنبتت فكراً وعملاً. ولكم مني أسمى آيات الشكر والتقدير
  قدمتموه من توجيه وعلم.  وعلى ما

  والى (م. م. فاطمة علي عبد الحسين) 
ة أتقدم لكِ بوافر الشكر والتقدير على إشرافكِ المتميز ودعمكِ اللامحدود طوال فتر

إعѧѧداد هѧѧذا البحѧѧث. شѧѧكرًا لكونѧѧكِ قѧѧدوة يحتѧѧذى بهѧѧا فѧѧي الأمانѧѧة العلميѧѧة والعطѧѧاء 
الأكاديمي لقد كانت نعم العون والسѧѧند بفضѧѧل سѧѧعة صѧѧدرها وحرصѧѧها الѧѧدائم علѧѧى 

  الدقة العلمية، فجزاها الله عني وعن العلم خير الجزاء."
عرفѧѧة، وإلѧѧى كѧѧل إلى كل زميل ورفيق درب، تقاسمنا معاً عناء الدراسة وحلاوة الم

  من آمن بقدراتي بكلمة طيبة أو تشجيع صادق..
  الصرح الشامخ جامعة بابل.  والعلماء الىالى منارة العلم 

  
أهѧѧديكم جميعѧѧاً هѧѧذا البحѧѧث، ليكѧѧون بصѧѧمة فخѧѧر فѧѧي مسѧѧيرة بѧѧدأت بكѧѧم، وتسѧѧتمر 

  .بدعواتكم وحبكم
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Introduction 
Interest in stochastic processes began in the 17th century when 
Pascal and Fermat laid the foundations of probability theory to 
analyze games of chance, but the major shift occurred in 1827 
when botanist Robert Brown observed the random motion of 
pollen particles (Brownian motion). This was followed in 1906 by 
Russian mathematician Andrei Markov, who introduced 
"Markov chains" based on the property that the future depends 
only on the present. Around the same time, in 1905, Albert 
Einstein provided the first mathematical model for Brownian 
motion. In the 1920s, Norbert Wiener rigorously formalized this 
model, which became known as the "Wiener process," while in 
the 1930s, Andrey Kolmogorov established the modern axiomatic 
foundations of probability and linked stochastic processes to 
differential equations. The 1940s and 1950s saw the development 
of "martingale theory" by Paul Lévy and Joseph Doob to model 
fair games. A true revolution came when Kiyoshi Itô invented 
stochastic calculus in the 1940s, allowing integration with respect 
to random processes. Finally, the most famous practical 
application emerged in the 1970s when Black, Scholes, and 
Merton used these ideas to price financial options. Thus, 
stochastic processes evolved from a simple observation of drifting 
pollen to a fundamental mathematical tool behind modern 
finance, artificial intelligence, and quantum physics. 
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Chapter One 
 1-Definition and General Properties 
Let T be an index set, (Ω,F,P) be a probability space, 
and let (S,  )be a measurable space. 
Definition  )١.١(  
A function X: Ω×T       S is called S-valued stochastic 
process, if for each t , the function        X (t, ) is 
an S-valued random variable, i.e. {  :X(t, ) A}  A 
for every A  . 
Remarks 
The set  will always be a subset of the extended of real 
numbers R, and T is often called the parameter space or 
the index set of the process. 
T= {1,2,…},    T{0,  ,1, 2,….}, T ={t :t  0}=[0, ∞) 

T={t :- ∞<t < ∞}= (-∞,∞)=R, T=[-∞,∞] =R  
• For a fixed sample  Ω, the function t→ X(t,∞) 
from T into S is the (the sample) pat (or, trajectory or 
realization) of the S-valued stochastic process X 
associated with  . 
The totality of all sample paths is called an ensemble. 
• Let S be a topological space .An S-valued stochastic 
process X is said to be a 
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1. continuous (resp. a right continuous, resp. a left 
continuous) when its paths are continuous (resp. a right 
continuous, resp. a left continuous) 
2. cad lag when its paths are right continuous with left 
limits. 
3.cad lag when its paths are left continuous with right 
limits. 
 
Definition (1.2) 
Consider a stochastic process {X1}1 T For a fixed 
time ଵ , Xt1=X1  is a random variable, and its 
distribution function FX ( ଵ; ଵ) is defined as 

FX ( ଵ; ଵ) = P {X t1  ଵ} 
FX ( ଵ; ଵ) is known as the first ordered distribution of X1 
.similarly, given ଵ, and ௧ଶ= ଶ represent two random 
variables. Their joint distribution is known as the 
second order distribution of X, and is given by 

Fx( ଵ, ଶ; ଵ, ଶ)=P{ ௧ଵ ଵ, ௧ଶ ଶ } 
In general, we define the nth order distribution of Xt by 
Fx(ݔଵ, ݔଶ,……ݔ௡; ݐଵ, ݐଶ, ……ݐ௡)=P{ܺ௧ଵ ≤ ଵ, ܺ௧ଶݔ ≤ ଶ ,……, ܺ௧௡ݔ ≤  {௡ݔ
• If Xt is a discrete time process, then Xt is specified by 
a collection of p.d.f: 
Fx(ݔଵ, ݔଶ,……ݔ௡; ݐଵ, ݐଶ, ……ݐ௡)=P {Xt1=ݔଵ, Xt2=ݔଶ,…., Xtn=ݔ௡} 
If X, is a continuous time process, then X is specified 
by a collection of p.d.f: 
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Fx(ݔଵ, ݔଶ,……ݔ௡; ݐଵ, ݐଶ, ……ݐ௡)=డ೙୊୶(௫భ,௫మ,……௫೙; ௧భ,௧మ,……௧೙)
డ௫భ డ௫మ……..డ௫భ೙  

Definition(1.3) 
Let ௧ ୲ஹ଴  be a stochastic process 
1.The mean of ௧ is defined by ௑(t) = E( ௧) where ௧ 
is treated a random variable for a fixed value of t .In 
general ௑(t)is a function of time, and it is often called 
the  ensemble average of ଵ 
2.The characteristic function ௫( ଵ, ଶ,…, ௡)of ௧ is 
defined by 

௫( ଵ, ଶ,…, ௡)    =E( ௜ ∑ ఒభ೙ೖసభ ௞) 
3. A measure of dependence among the random 
variables of Xt, is provided by its autocorrelation 
function, defined by Rx (t,s) = E(X1Xs) and Rx ( ) = 
E(X1,X1+ )  
Note that Rx (t,s) = Rx (s, t) and Rx (t,t) = E( ଵଶ) 
4. The auto covariance function of X, is defined by 
Kx (t,s)=Cov (X1,Xs) = E ((X1 − μx (t)) (Xs — μx (s))) = Rx (t,s)- μx (t) μx (s) 
It is clear that if the mean of X1 is zero, then Kx  
(t,s)= Rx (t,s) 
 
Theorem (1.1) 
Let (X1)t<0 be a stochastic process 
1. Rx (− ) = Rx ( )      
2. |Rx ( )|≤Rx (0) (3) Rx (0) = E ( ଵଶ) ≥ 0 
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Example(1.6) 
Consider a stochastic process (Xt)t<0 defined by Xt = 
U cost λt , t≥0 where λ is a constant and U is a uniform 
random variable over (0,1). 
Solution : 
Since U ~u(0,1)  ƒ (x)=1, 0<x <1  E(U)=ଵ

ଶ , E(U2)=ଵ
ଷ 

Thus: 
E(ܺ௧)=E(U cos λt) = E(U) cos λt=ଵ

ଶ cos λt 
Rx(t,s)=E(X1Xs)=E((U cos λt)(U cos λs)) = E(U2 cos λt cos λs)= E(U2) 
cos λt cos λs=ଵ

ଷcos λt cosλs 
Kx (t,s)=Rx(t,s)-E(X1) E(Xs)=ଵ

ଷ cos λt cos λs-(ଵ
ଶ cos λt) (ଵ

ଶ cos λs)= ଵଷ 
cos λt cos λs - ଵସ cos λt cos λs= ଵ

ଵଶ cos λt cos  
Definition(1.4) 
The cross correlation of two stochastic processes (X1)t<0  and (Yt) t<0  is defined by  
RXY( ) = RXY (t,t + ) = E ( ଵ ௧ାఛ) 
Two stochastic processes (Xt)t<0  and (Yt) t<0  is called 
(mutually) orthogonal if 
RXY( ) = 0 for all  
 
Theorem (1.2) 
Let (Xt)t<0  and (Yt) t<0   be two stochastic processes 
1. Rxy (− ) = Ryx ( ) _  2. |RXY ( )|≤  
3. \RXY ( )|≤ ଵଶ(Rx (0)+Ry (0)) 
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Definition(1.5) 
• A stochastic process ௧ ௧∈்er is said to be stationary 
or strict sense stationary if, for all n and for every set of 
time of time instants {t1  T :i =1,2,···,n}, 
Fx (x1, x2,…., xn ; t1, t2,…., tn) = Fx (x1, x2,…., xn ; t1+ , 
t21+ ,….., tn+ )        (1) 
For any . Hence, the distribution of a stationary 
process will be unaffected by a shift in the time origin, 
and Xt and ௧ାఛ  will have the same distribution for any 
. Thus, for the first order distribution. 

Fx (x ;t) = Fx (x;t + )= Fx(x) and fx (x;t) = fx (x) 
Then  
μx (t ) = E (Xt) = μ and Var(Xt) =σ2 
Where μ and σ2 are constants. Similarly, for the second 
order distribution, 
Fx (x1,x2;t1,t2) = Fx (x1,x2;t - t2) and ƒx (x1,x2;t1,t2) =      ƒx  (x1,x2;t - t2)  
Nornstationary processes are characterized by 
distribution depending on the points t1, t2,…., tn 

 A stochastic process ௧ ௧∈்is said to be stationary to 
order k, if stationary 
condition (1) not hold for all n but holds for n≤k. 
• A stochastic process (Xt), er is said to be wide sense 
stationary (WSS) or weak stationary if ௧ ௧∈்is 
stationary to order 2 
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Remark 
If ௧ ௧∈்is WSS stochastic process, then we have 
1. E(Xt) = μ (constant) 
2. Rx (t,s) = E(XtXs) = Rx (s −t) 
Note that a strict sense stationary process is also a wss 
process, but, in general, the 
converse is not true. 
Example (1.2) 
Let {Xn,n ≥0} be a sequence of independent and 
identically distributed random variables with mean zero 
and variance 1. show that {Xn,n>0} is a WSS process. 
solution : 
Since E(Xn)=0 (constant) for all n 
Rx (n,n+k) = E(XnXn+k) = ா൫௑೙మ൯,                   ୩ஷ଴

ா (௑௡)ா(௑೙శೖ),୩ஷ଴ which depends on k . 
Thus {X} is WSS 
Definition(1.6) 
A stochastic process (X1)t<0  is called independent 
stochastic process if ௧భ, ௧మ,…. ௧೙, are 
independent random variables for n = 2,3,..., i.e. if  
Fx (x1, x2,···‚xn;t1,12,···,tn) = ∏௡௜ିଵ Fx (xi,ti) 
Thus, a first order distribution is sufficient to 
characterize an independent stochastic process Xi. 
Theorem (1.3) 
If {Xn} is a sequence of independent random variables 
and Sn = ௞௡௞ୀଵ X, then 

ௌ೙( ଵ, ଶ,…, ௡) = ௑೙
௡௞ୀଵ  ( ௞)   
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Definition(1.7) 
A stochastic process (Xt)t<0 is said to have 

(1) Independent increments if for n≥ 1 and time points 
0≤t0, <t1 <···<tn, the increments : 
௧భ- ௧బ, ௧మ- ௧భ ,…, ௧೙- ௧೙షభ  are independent 

random variables.  
(2) Stationary independent increment if 

௧ ௧ஹ଴independent increments and X1 – Xs has the 
same distribution as ௧ା௛- ௦ା௛. for all s, t, h ≥ 0 , s <t 
Theorem(1.4) 
Let ௧ ୲ஹ଴ be a stochastic process with stationary 
independent increment and assume that X0 = 0.  
Show that 
1. E(Xt) = μ1t    2. Var(Xt)=ߪଵଶ 3. V ar(X1 -Xs)= ߪଵଶ (t−s), t>s 4. Kx(t,s) 
 ଵଶ  =Vare (Xt)ߪ ଵଶ  min{t,s}, where μ1 = E(X1) andߪ =
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Chapter Tow 
Some Special Stochastic Processes 
In this section we introduce some special stochastic 
process, Markov process, Bernoulli process, random 
walk, counting processes, Poisson processes, normal 
process, and Winer process. 
1. Markov Process 
A stochastic process ( ௧ ௧∈் is said to be a Marko 
process if 
P{ܺ௧೙శభ ≤ ܺ௡ାଵ  X0 =x0 , X1= x1,…, Xnt =xn}= P{ܺ௧೙శభ ≤         ௡}     (1)ݔ=௡ାଵ  ܺ௧೙ݔ
Whenever t1 <t2 < · ·.· <tn <tn+1 • 
A discrete state Markov Process is called a Markov 
chain. For a discrete parameter Markov chain {Xn,n≥ 0}, 
we have for every n 
P{ܺ௧೙శభ ≤ ܺ௡ାଵ  X0 =x0 , X1= x1,…, Xn =xn}= P{ܺ௧೙శభ ≤                {௡ݔ=௡ାଵ  ܺ௧೙ݔ
Equation (1) or equation (2) is referred to as the Markov 
property (which is also known as the memoryless 
property). This property of a Markov process states that 
the future state of the process depends only on the 
present state and not on the past history. Cleary, any 
process with independent increments is a Markov 
process. 
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Example (2.1) 
Using the Markov property, the nth-order distribution of 
a Markov process X1 can be expressed as 
 Fx (x1, x2,···‚xn;t1,t2,···,tn)= Fx (x1,t1)∏ ܲ௡௞ୀଶ  {ܺ௧ೖ ≤xk ܺ௧ೖషభ=xk-1} 
Thus, all finite order distribution of a Markov Process 
can be expressed in terms of the second order 
distributions. 
2. Bernoulli Process 
A stochastic process {Xn ,n≥ 1} is called a Bernoulli 
process if X1,X2,... are independent Bernoulli random 
variables with p{Xn = 1}=p and p{Xn=0}=q, where q = 1-p 
Thus 
The Bernoulli process {X1,n≥1} is a discrete time, 
discrete state process and the state space is E = {0,1}, 
and the index set is T = {1,2,...} 
3. Random Walk 
A stochastic process (Xn,n > 0} is called the simple 
random walk process if X0 = 0, 
Xn = ௞௡௞ୀଵ  Where Y1,Y2,…are independent 
identically distribution random variables with 
P{ Yn =1}=p, P{ Yn =-1}=1-p for all n. 
Thus. The simple random walk process {Xn , n 0} 
Is a discrete time discrerete state process and the state 
space is E={…,-2, -1, 0, 1, 2,…} and the index set 
T={0, 1, 2,….}   
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Theorem (2.7) 
Let {Xn,n≥0} be a simple random walk. Then 
1. E(Xn) = n(p−q), q=1-p 
2. Var (Xn) = 4npq, q=1-p 
3. Rx (n,m) = ଶ

ଶ  
Definition(2.1)  
Counting Processes 
Let t represent a time variable. Suppose an experiment 
begins at t = 0. Events of a particular kind occur 
randomly, the first at T1, the second at T2, and so on. 
The random variable T, denotes the time at which ith 
event occurs, and the values t1 of Ti, i = 1,2,... are called 
points of occurrence. 
Definition (2.2) 
A stochastic process ௧ ௧ஹ଴is said to be a counting 
process if X1 represents the total number of "events" 
that have occurred in the interval (0,1). 
From its definition, we see that for a counting process, 
X, must satisfy the following conditions  
1. Xt ≥0 and X0 =0 
2. X, is integer valued 
3. Xs Xt if s <t 
4. Xt - Xs equals the number of events that occurred on 
the interval (s,t) 
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Theorem (2. 2) 
A counting process { ௧ ௧ஹ଴is a Poisson process with 
rate (intensity) λ (>0) if  
1. X0 = 0 
2. Xt has independent and stationary increments 
3. f ( ௧ା∆௧ -X1 = 1) = λ t +0( t) 
4. f ( ௧ା∆௧ -X1 1)  =0( t) 
Where 0(A) is a function of At which goes to zero 
faster than does t, i.e. ∆୲→଴ ଴(∆୲)

∆୲ =0. 
Example (2.2) 
The autocorrelation function Rx (t,s) and the 
autocovariance function Kx (t,s) of a Poisson process Xt with rate λ are given by Rx (t,s) = λ min{t,s}+ ଶts and 
Ks (t,s) = λ min{t,s} 
Definition (2.3) 
A stochastic process ௧ ௧∈்is said to be a normal(or 
Gaussian) process if for any integer n and any subset  
{ t1,t2,···,tn } of T, then the random variables ௧భ- 

௧మ , ௧೙- are jointly normally distributed in the 
sense that their joint characteristic function is given 
߮ܺ௧భ, ܺ௧మ,… . , ܺ௧೙(λଵ, λଶ,….,λ௡)= E(exp(i∑ λଵ௡௞ୀଵ ܺ௧௞))= 
exp(i∑ λଵ௡௞ୀଵ ଵ-(௧௞ܺ)ܧ

ଶ ∑ ) 
Example(2.3) 
Let B, be a Brownian motion with drift 0. Then for any 
level x > 0 and any time t>0, 
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Chapter Three 
Limiting Distributions 
In this section we introduce laws of large numbers, 
convergence in distribution and the central limit 
theorem. First we prove some results from real analysis 
that will be needed.  
Theorem (3.1) 
Let A=[aij] be an infinite matrix of real numbers such 
that anj →0 for each fixed j, and that for some non-
negative real number c, ௡௝ஶ௝ୀ  c for all n. If {xn} is a 
bounded sequence of real numbers, define 
  
Yn = ௡௝ ௫ೕ

ஶ௝ୀ , n = 1, 2, ..... 
Then 
1. If xn → 0, then yn →0 
2. If ௡௝ஶ௝ୀ →1 and xn →x, x  R, then yn →x 
Theorem (3.2) Toeplitz Lemma 
Let{an} be a sequence of non-negative real numbers, 
and let bn = ௝௡௝ୀଵ  assume b„>0 for all n, and b→ ∞ as 
n→ ∞. If {xn} is a sequence of real numbers such that   
xn →x, x ∈R, then ଵ

௕೙ ∑ ௝ܽ௡௝ୀଵ  .∞ →௝→ x as nݔ
heorem(3.3) Kronceker Lemma 
Let {bn} be an increasing sequence of positive real 
numbers with bn →∞, and let{xx} be a sequence of real 
numbers with ௡௡௝ୀଵ = x, (finite), then 
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Theorem (3.4) Kolmogorov's Inequality 
Let X1, X2,..., Xn be independent random variables with 
finite expectation, and let 
Sk = ௜௞௜ୀଵ  Then for any ɛ > 0 
P{ ௝E( ௝) } ௩௔௥(ௌ೙)

ఌమ , 1=1,2,……,n 
Theorem (3.5) 
Let X1,X2,....be independent random variables with 
finite expectation. If ஶ௡ୀଵ  (Xn) < ∞ then                                                                                                                             

௡ ௡ஶ௡ୀଵ  converges a.e. 
 
Theorem(3.6) Kolmogorov Strong law of large 
numbers. 
Let X1,X2,...be independent random variables with finite 
expectation and variance, and let{bn} be an increasing 
sequence of positive real numbers with bn →∞. 
If∑ ௏௔௥(௑೙)

௕೙మ
ஶ௡ୀଵ , then ௌ೙షಶ(ೄ೙)

௕೙         0 a.e. where ܵ௡=∑ ଵܺ௡௜ୀଵ  
 
Theorem (3.7) 
If Y is a nonnegative random variable, then 

ஶ௡ୀଵ {Y ≥n}<E(Y)≤1+ ஶ௡ୀଵ  {Y ≥n} 
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Remark 
Recall that, the random variables Xn are called 
identically distributed if all have same distribution. The 
phrase " independent and identically distributed' will be 
abbreviated i.i.d.  
Theorem (3.8)  
Kolmogorov Strong law of large numbers, i.i.d. case. 
If X1,X2,... are i.i.d. random variables with finite 
expectation μ, then 
ଵ
௡Sn →μ a.e. where Sn = ଵஶ௜ୀଵ  
Remark 
If E(Xi) exists but is not necessarily finite in above 
theorem, the result still holds. To see this, first assume 
that the Xi, are nonnegative, with infinite expectation. 
If M > 0 and ௡ଵ = ௜௡௜ୀଵ {௑೔ஸெ},then almost 
everywhere, 
lim inf௡→ஶ ௌ೙

௡ ≥ lim inf௡→ஶ ௌ೙
௡ = )ܧ ଵܺܫ{௑భஸெ})) = → ܧ( ଵܺ)=∞ as 

M → ∞ 
Therefore ିଵS →∞ a.e. .The general case is handled 
by splitting the random variables 
X, into positive and negative parts. 
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Definition (3.1) 
Let μ, μ1, μ2be finite measures on (R), weak 
convergence of μn to μ means that b ோ  d μn→ ோ  d μ 
for every bounded continuous function ƒ : R→R. 
If corresponding (bounded) distribution functions are F, 
F1,F2, the equivalent condition is that Fn (a,b]→ F(a,b] 
at all continuity points of F. 
 
The Central Limit Theorem 
Let X1,X2 be independent random variables, with each 
Xk having finite mean ௞ and finite variance 

௞ଶ. Let ௡= ଵ௡௜ୀଵ  and ௡ଶ = Var( ௡), n=1,2 then 
E( ௡)= ௜௡௜ୀଵ  and ௡ଶ = Var( ௡  = ଵଶ௡௜ୀଵ   

We consider the normalized sum Tn=ௌ೙ିா(ௌ೙)
௖೙  which has 

mean 0 and variance 1. 
If X* is a random variable having normal distribution 
with mean 0 and variance 1; i.e. X*~N (0,1), so that the 
distribution function of X*is 
F* (x) = ଵ

√ଶగ భ
మ೟మ௫

ିஶ  dt 
We ask for condition under which Tn converges in 
distribution to X* 
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Theorem (3.9) Lindeberg's Theorem 
Let X1,X,2 be independent random variables, each Xk with finite expectation k and finite variance ௞ଶ. Let 
Tn = ௌ೙షಶ(ೄ೙)

௖೙  where ௡ଶ =Var  ௡  ௡= ௜௡௜ୀଵ  and let 
Fk be the distribution function of X. If for every ɛ>0, 

 ଵ
௖೙మ ௞ ଶ{௫:௫ି ఓೖ ஹఌ௖೙}௡௞ୀଵ dFk (x)       0 as n         
Then Tn   ௗ  X* that is normal with mean 0 and 
variance 1  (N (0,1)) 
 
Theorem (3.11) 
Let X1,X2, be independent random variables, with each 
Xk having finite mean ௞ and finite variance ௞ଶ. Then 
the Lindeberg condition 

 ଵ
௖೙మ ௞ ଶ{௫:௫ି ఓೖ ஹఌ௖೙}௡௞ୀଵ dFk (x)       0 for all 

ɛ>0 holds iff Tn
ௗ X* and the ௑ೖିఓೖ

௖೙  are uniform 
asymptotic negligibility 
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