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Abstract

ABSTRACT

Neural networks are tools for parallel computation with several
variables. It is a linear computation of non- linear functions that we
call activation function. We deal with one hidden layer feed forward
neural network. We approximate any bounded function from L,, for
p <1 by a forward neural network, and we find that the degree of
the best approximation by this neural network using the k —th
order of smoothness. Then, we connect neuron numbers and the
degree of the best approximation.

Many articles studied best approximation, and many researchers
worked on the neural networks approximation by one hidden layer.
But little work on multilayers neural networks by 2-hidden layers
with sigmoid activation function. We approximate a multivariate
real valued functions in L, quasi normed space by neural networks.
We relate the trigonometric approximation, and approximation by
periodic networks in L,[-m, m]. We relate the best polynomial
approximation neural network approximation that we shall

introduce in our work have.
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Chapter One

Approximation by Neural Networks



Chapter One
Approximation by Neural Networks
1. Introduction

Neural networks are tools for parallel computations of functions with
several variables. It is a linear computation of non-linear functions
that we are call activation functions. In our thesis, we deal with one
hidden layer feed forward neural network.

We have two problems with neural networks approximation, the first
is the density problem concerns with the condition for the
approximated function to approximate by the neural networks.

In previous work on approximation using neural networks, the
weights are different for each input. The degree of best
approximation of function in L,[a, b], using neural networks defined

by

En(f)p = infanPn“f_Pn”p- [1]



To estimate the degree of best approximation of function in L,[a, b],

using neural networks, we use the k'th order modulus of smoothness

defined by [2]

6 =0.

wie(f,8)p = supi<s||Ar (F, O,

Wi (f, 8o = suppniss|A (f,8)], 0<p< oo,
where

k

B = () e+ -1

=0

The Lebesgue space is [3]

Ly(R) = {f:R = R:||f]l < oo},

where

11l = ( jR FloOPdor  1<p<o,



1.1. Artificial Neural Network [4]

Artificial neural network was created as a programmable system that
imitates how human networks work, it is a part of artificial
intelligence system. Any neural network consists of a collection of
computational parts based on biological human neural networks
which consists of a collection of neurons connected with each other to
pass or update signals sent between them. These neurons are

attached on layers like input, hidden and output layer.

1.1.1. Definition of Artificial Neural Network|2]

The term "Artificial Neural Network" is a similar construct of
biological neural network that structure of a human brain. Human
brain consists of a large number of neurons interconnected to each
other in similar way we can say artificial neural networks also
consists of neurons that are interconnected to one another in various

layers of the networks.




Figure 1.1. Illustrates the Typical Diagram of Biological Neural Network

Synapse

If we want to compare artificial neural network with biological
neural network, we can say that the cell nucleus represents nodes, the

synapse acts as weights, and axon represents output.

Input1 X a Nodes

wil

2
Input2  Xa —— —> Y Output

Input n Xn

Figure 1.2. The Typical Artificial Neural Network

Table (1.1) shows the relationship between biological neural network

and artificial neural network:




Table 1.1. Relationship between Biological Neural Network and Artificial Neural Network

Biological Neural Network | Artificial Neural Network
Dendrites Inputs
Cell nucleus Nodes
Synapse Weights
Axon Output

Artificial neural network is a field of Artificial intelligence where we
try to let computers to think and act like human brain does. So the
network can understand the working flow and makes decisions. It is
a behavioral system how interconnected cells in brain works.

There are around 1000 billion neurons in the human brain. Each
neuron has an association point somewhere in the range of 1,000 and
100,000. The human brain stores data as a distributed system and
each cell has a part of this data. When we need to recover it then each
cell sends a part of it to be collected so that it is a parallel processing
system.

On the other hand, if we want to compare with ANN and BNN, we
can take an example which consists of two inputs and one output, we
need both inputs the be “one” to let the gate to fire “one” on the

output else it fires “oft”. This is a static system and not like how




human brain works as we know that the data is changing or as we

call “learning”.

1.1.2. The Architecture of an Artificial Neural Network [4]

Any ANN consists of a large number of neurons connected (or not
connected) to each other arranged in a structure of layers. Figure (1.3)
shows various types of layers available in an artificial neural

network.

Input Layer
Hidden Layer 1
Hidden Layer 2

Output Layer

Figure 1.3. Layers of a Neural Network

The main three layers in any ANN are:

Input layer

This layer is the first layer and has to accept all the data entered by
the programmer, this data may be of any type and form, binary data

or float or integer...etc.



Hidden layer
It has the job of connecting between the inputs and the outputs, all
the calculations the neural network does are in this layer so it can

change weights and learn the pattern or the features of the inputs.

Output layer

The last part of the ANN which has the job of resulting the output
depending on the hidden layer calculations.

The artificial neural network takes input and computes the weighted
sum of the inputs and includes a bias. This computation is

represented in the form of a transfer function.

n
ZWi*Xi+b
i=1

It determines weighted total is passed as an input to an activation
function to produce the output. Activation functions choose whether
a node should fire or not. Only those who are fired make it to the
output layer. There are distinctive activation functions available that

can be applied upon the sort of task we are performing.




1.1.3. How Do Artificial Neural Networks Work? [6]

When we study any ANN we can look for it as a weighted directed
graph, so as example we have a collection of nodes (neurons)
connected together by edges, any edge has a weight associated with
it and keep changing while training the network. The training task
starts from inputs when we feed the network with data from external
source which can be a data series or sound or image which converted
into vector to satisfy the network input.

After entering inputs, each input will multiplied with its
corresponding weight, this weights may change or not corresponding
to the activity of the neuron and the relation with other neurons.
These networks need a bias factor to keep the weighted sum not zero,
so it is added to each neuron calculation task. Bias can scale up the
system response. Usually, the bias weight is equal to 1 and inputs of
the network can vary from 0 to positive infinity. Then the output of

this stage is passed to activation function.




Figure 1.4. Working Manner of a Neural Network

Activation function is a type of transfer function that controls the
network to get the desired output. Activation functions may be linear
or non-linear. The most used transfer functions are binary, linear, and
tan hyperbolic sigmoidal activation functions.

In binary function, the output has just two values, 0 or 1, we get this
value by using a threshold value. Any value above this threshold will
be 1 else it will be 0.

The Sigmoidal Hyperbola function is one of the must used functions
and has a shape of curved "S". Here the tan hyperbolic function is
used to approximate output from the actual net input. The function is

defined as:



F(x) = (1/1+e™%),
where a is considered the steepness parameter.

1.1.4. Types of Artificial Neural Networks [6]

There are several types of artificial neural networks as the tasks
required of these networks to do. We have the perceptron neural
network, Adaline and Madeline neural networks and the most recent
up to date conventional neural networks and recurrent neural
networks. Whatever the type of the ANN they are classified in to two
main classes which are:

1. Feedback ANN: this type of network uses the output computed
to generate an error signal to verify how the ANN works so the
network will give us the best results. This network first created
by university of Massachusetts and used to solve the
optimization problems for atmospheric research

2. Feed-Forward ANN: this is the classical neural network which
consists of an input layer and an output layer and at least one
hidden layer, this type of networks suited to work fine with

pattern recognition systems with high accuracy results.

10



1.1.5. Activation Function [7]

The activation function is a transfer function tells the neuron what is
the required output, like true or false, yes or no. this activation
function maps the output of the neural network between 0 and 1 or
between -1 and 1 ...etc.
The Activation Functions can be basically divided into 2 types:

1. Linear Activation Function

2. Non-linear Activation Functions
In linear or ldentity Activation Function the function is linear as shown in
Figure (1-5) and can be between any values. It is defined as a function
f(x) = x and ranged [—oo, o0]. This function has a poor response and
do not give the required output specially in complex pattern

recognition.

Linear Function

linear(x)

18 ~6 ) =2 0 2 1 6 8
X

Figure 1.5. Linear Activation Function

11



The Nonlinear Activation Functions are the most used activation
functions. Nonlinearity helps to makes the graph look something like

Fig. (1.6).

Nonlinear Data
30

0 15 30 45 60
Figure 1.6. Non-Linear Activation Function

This function can adapt to work with various types of data to give an
accurate result. This transfer function uses differential equations so
change in y-axis w.r.t. change in x-axis. It is also known as slope. This
activation function uses monotonic functions which is either entirely
non-increasing or non-decreasing.

The Nonlinear Activation Functions are mainly divided on the basis
of their range or curves to:

1. Sigmoid or Logistic Activation Function [8]

The Sigmoid Function curve looks like a S-shape.

12



0.0

Figure 1.7. Sigmoid Function

Sigmoid function is ranged between [0,1] so it can used for prediction
of probability, we can find the slope of the sigmoid between any two
points, this function is monotonic but the derivative of it is not. This
function has a type logistic sigmoid which has a problem of getting

stocked when searching for the optimum value for a long time.

2. Tanh or hyperbolic tangent Activation Function [8]
Tanh is also like logistic sigmoid but better. The range of the tanh
function is [—1,1]. tanh is also sigmoidal (s - shaped). The advantage
is that the negative inputs will be mapped strongly negative and the
zero inputs will be mapped near zero in the tanh graph.

e The function is differentiable.

13



e The function is monotonic while its derivative is not
monotonic.

e The tanh function is mainly used classification between two
classes.

e Both tanh and logistic sigmoid activation functions are used in

feed-forward nets.

f(x)

Figure 1.8. Tanh v/s Logistic Sigmoid

3. ReLU (Rectified Linear Unit) Activation Function [9]
The most used activation function in all recent studies. Since, it is
used in almost all the convolutional neural networks or deep

learning.

14



sigmoid " RelLU

. R(z) =max(0, z)

Figure 1.9. ReLU v/s Logistic Sigmoid

The range of this function is [0, o] and:

(0, ifz<0
f(2) = {z, ifz>0

The function and its derivative both are monotonic.
4. Leaky ReLU [9]

It is an attempt to solve the dying ReLU problem

VAR F»1

£6)=0 y

Figure 1.10. ReLU v/s leaky ReLU

This function helps to solve the ReLU function problem so it keeps
the value of a as 0.01, if not then it is called ranodomized ReLU, the

range of Leaky ReLU is [, o], Both Leaky and Randomized ReLU

15



functions are monotonic in nature. Also, their derivatives also

monotonic in nature.

Table 1.2. Types of Activation Function[7]

Name Plot Function
Identity 174 f(x)=x
L
. 0,forx <0
Binary step flx) = { 1,;01” x>0

Logistic (a, k, a soft

fx) =

step) 1+e™*
TanH 1 f(x) = tanh(x) = - 1
x) = tanh(x) = To—=
ArcTan / f(x) =tanh™1x

Rectified Linear Unit
(ReLU)

_(0,forx <0
f(x)_{x,forx >0

Parametric Rectified
Linear Unit (PReLU)

[5]

ax, forx <0

f(x):{x ,forx =0

Exponential Linear
Unit (ELU) [6]

_(a(e*—=1),forx<0
f(x)_{x ,forx =0

SoftPlus

f(x) = loge(1+e”)

16




1.2. Literature Review

In this section, the literature related to the subject is provided. Define
the terms and scope of the topics. Outline the current situation.
Evaluate current situation. State the order of our chapters. The
authors in [1, 9-17] studied the approximation of a continuous
function defined on compact set in R, using neural network with
sigmodal activation function. In [13] and [32], Funhashi and Cybenko
find if f is a continuous function its domain is compact set in R®, then
we can approximate f by a forward neural network. This neural
network has an infinite number of neurons. In [12], Chui and Li
demonstrated that the sigmodal activation function defined on
compact subset of R.

In [9], T. Chen and H.Chen improved the results of Funhashi and
Cybenko who showed that any continuous function on compact
subset in R® can be approximated by a feed forward neural network
with a bounded sigmodal and need not be continuous. In the articles

[9, 12, 13, 15, 18, 19] weights are variant in the neural network

17



approximation (each x has weight), for different inputs this makes
engineering applications very difficult.

In chapter two, any bounded function in L, forp<1 is
approximated by a forward neural network and find that the degree
of the best approximation by this neural network using k'th order of
smoothness. Then, we find a relation between the number of neurons
and the degree of the best approximation.

In [20], we can find many mathematical models of neural networks.
The researchers in [21] and [22] can find many applications such as
pattern recognition and shown the mechanism of human information
processing by use these models.

In [21] the authors introduced the algorithm of back propagation
(generalized delta rule) and learing rule for multilayer networks. The
authors in [21] introduced little theoretical research of multilayer
networks. Lippmann in [23], showed that the arbitrary complex
decision regions that contain con cave regions can using 4-hidden

layer networks. The researchers in [24], introduced an example of 3-

18



layers networks with thresholding units which partition a space into
con cave subset.

In [23], the researchers showed in pattern recognition application, can
form several complex decision regions that 3-layers networks by
simulation. Sejnowski and Rosenberg in [22], showed that the
application of multilayer networks for forming mappings such as
Net. The authors in [18, 25-27], introduced solutions of Hilbert's
thirteen problem and prove on estimate for the approximation of
continuous functions using 4-layers neural networks.

In [28] and [29], the authors pointed for a problem that the unit of the
neural network approximation is not sigmodal function. in [30], the
authors used 3-layers neural networks for approximation. The
condition of absolute integrability must satisfy the output function
B(x), so it is not sigmodal function. In [31], the researchers showed
by a multilayer network, it has been known that any piecewise-linear
decision region can be realized. There is different point from ref
model and which using output function of units and the reason why

it is learing algorithm for multilayer networks.

19



In chapter three, multilayer neural networks by 2-hidden layers with
sigmoid function output is approximated.

In [20] and [21], the researchers studied the mathematical models of
neural networks. In [23] the author used argument in harmonic
analysis and already established such a possibility provided that all
scaling a € R® and translates b € R are used.

In [32] and [33], the author worked on one variable but we generalize
his work to multivariable, so our result is different from the work in
[13] and [32]. In [13], the author used the integral formula of [30].

In chapter four, we approximate any function in L,(R) for 0 <p <1
by neural networks with one hidden layer.

In chapter five, we relate the trigonometric approximation and
approximation by periodic networks in L,[—m, ].

In chapter six, include some basic concepts on which the work like
trigonometric polynomial, from polynomial to neural networks,

approximation on [-H, H]", for H > 0.

Let us summarize all our results in the form of the following table to

have a closer look on our work.

20



Chapter Two: L, Approximation by Fixed Weight Neural Network

p<l1
Let 0 be a bounded function of sigmodal typ, defined on | Theorem
R, if f € L,(R) with [[f][, — 0,asx — o, then there exista | 2.2.1
constant ¢;, ¢c; € R and positive integer K, N such that
If =B, < CPIWi(f,6)p
Where
N
BUG) = ) o (K.x+ ).
i=1
If f e L,(R), then Lemma
NGk = = fll, <wi(f,8)p, d > 0. 222
Let f € L,(R), if 0 bounded and measurable function on | Theorem
R, then we can find ¢;,¢; € R, and K, N € Z satisfy 223

If —BOll, < C(PYWk(f,6),
Where

N

B(f(x)) = ZCiG (K.x+¢), a<x<b

i=1

21



Chapter Three: Neural Networks by Two Hidden Layers L,

Approximation
p<l1
Any f(x) € L,(R"),f(xq,...,x,) € R" for several | Theorem 3.2.1
variables defined on I™(n > 2) can be represented in | (Kolmogorov)
the form [26]
fx) =X % (B, i ().
Where x;,1;; € L,(R™) with one variable and v;; are
sigmoid function which are not dependent on f.
For each integer n > 2, there exist a real function | Theorem 3.2.2
B(x),B([0,1]) = [0,1], dependent on n and having | (Sprecher)
the following property: [27]

For each § > 0 there is a rational number Wy, 0 <
Wk < 6, such that every function of n variables f(x),

defined on I™, can be represented as

2n+1

fo)= ) x

j=1

n

ZxB(xi+WK(i—1))+j—1.

i=1

Where the function x € L,(R") and  is an

22



independent constant of f.

Hecht-Nielsen (1987) pointed out that this theorem
means that any mapping f:x € [" -

(fi(x),..., fn(x) € R™) is represented by a form of 4-
layer neural networks with hidden units whose
output function are ¥, x;(1 = 1,...,m), where ¢ is
used for the first hidden layer, x; is given by
Sprecher's theorem of f;(x) and x;(i = 1,...,m) are

used for the second hidden layer.

Let B(x) be a non-constant function. Let K be a
constant subset of R™ and f(x;,...,x,) be real valued
function in L,(K). Then, there exist an integer M €
Z* and real constants b;,c;(i=1,...,M),W;;(i=

1,...,D,j =1,...,n) such that

M n
frxg,..oxn) = z c;B (Z Wijxj — bi)-
=1 i=1

L

Satisfies

1fCxrsnns ) = f7 (e 2l < CPYWL (S, )y

Theorem

3.23

23



Let f(x) € L,(R) and B(x) is sigmoid function, for
an arbitrary compact subset K of R and an arbitrary
Wi (f,8), > 0, there exist an integer M € Z* and real

constants a;, b;, c;(i = 1,..., M) such that

Hold on compact subset of K.

M

)= ) eiBagx +b)

=1

< CPYWi (S, 6),.

p

Proposition

324

Chapter Four: Neural Networks Multivariate L,, Approximation

p<l1

Let o0 € L,(R) be any sigmodial function and K any | Theorem

compact subset in R", then the linear span
Bs(0) = span{o(<-,b > +K):b € Z°,K € 7}

Is dense in L, (K).

421

Let o € L,(R) be any sigmodial function and S = 1. Assume | Theorem

that E C RS is so chosen that TE has the interpolation 4.2.2

property relative to w571, then
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K
F0) =) fi(<xe>)|| < CPW(fih)
=1

p

Chapter Five: Trigonometric Approximation and 2m — Periodic

Neural Network Approximation

For f € L,[—m, 7], w, is a bounded operator Lemma
1 (" 5.1.1
() =5 [ fa= oW @ de
) o
E;n—z(f)p < ”f - W;”p Lemma
< 2P7'E; (), 51.2
Let @ € Ly[-m, ] and C;(®) # 0, then for any integer | Proposition
N>1, 5.2.1
2N
- 1 2ikm B — 2k - m2pP~1 (0
¢ (2N+1)Cf(®)kZ_OeXP(ZN+1) C=ons?| ey @
- 14
Lets,n,N = 1 be integers and T € Y, ;, then Theorem
. Cn+D2END) 522
IT = My (@, 7|, < —ITI;.

|C1(D)]
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Let C, be a set of distinct points in {—m,7}* and n > 1 be | Theorem
an integer such that 523
Sco <"/(2 = 35%4 )
And there exist number {h} cec where |hg| < cn”5, € €
C, then T, ; defined by
TislF, 0 = ) hefEWis(x =), fel
$€Co
And
T,s(T)=T, foreveryT €Y,
Also, for f € C;, T, s(f) € Y2,_15 and we have
IO, < Clifi:.
Esn-15(F) < If = Tas (O
< CEs(f) -
For f € L,[—m, ], we have wy (f) € Y5,,_; and Lemma
Ezn-1(f) < lIf —wally 5.2.4
< CE,(f).
Let ¢ € Ly)[—m, ] and C; (@) # 0. Let s,n = 1, then for any | Theorem
f € Ly[—m, ] and N = 1, we have 5.2.5
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" 5/2 1’(]
If = Mans s @ TN < € {Eii(f) AGLIC) ||f||:}.

1C1 (@)
Let@(x) = (1+e ™)L, Lemma
B(x)=(1+e- Gyt 1 __ 5.2.6
14+ el™>
Then
1 (R .
B, < —J B(x)e™dx  #0.
2m ) _g
Let@(x) = (1+e ™)L, Lemma
B = (146 0+0) 2 527
1+el™x
Then
Slsal(x) = Z B(x — 2mk).
keZ
Let r = 1 be an integer, for integer n > 1 and f € L;, we | Lemma
have E;, o (f) < C ¥5-4||D] f||; [8] 5.2.8
p-77 Example
529

Chapter Six: From Trigonometric Polynomials Approximation to

27



Algebric Polynomial Approximation

Let @ have infinitely many times derivatives on an open | Proposition
interval /] € R in L, (J) and there exist a point a € J, such 6.2.1
that
0®(@)#0, k=-12,..
For a given € > 0 and for ¢ > 0, we define
Byr(x) = m > (:) (~D)*p(t(2h— k) - x + a).
"0<hsk
There exist §(¢, k,, ) > 0 such that for x € [-3,3]° and
0<t<é(ok,,c¢),
||x* - Bk,t(x)”p <e.
p- 90 Theorem
6.2.2
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Chapter Two
L, Approximation by Fixed Weighted Neural Networks

Neural networks are tools for parallel computations of functions with
several variables, it is a linear computation of non-linear functions
that we are call activation functions. In our thesis on chapter we deal
with one hidden layer feed forward neural network [2].

We have two problems with neural networks approximation, the first
is the density problem concerns. With the condition for the
approximated function to approximate by the neural networks. In
previous works on approximation using neural networks, the
weights are different for each input. This makes engineering
applications very difficult [1].

In this chapter, any bounded function in L,, for p<1 is

b/
approximated by a forward neural network and find that the degree
of the best approximation by this neural network using the k-th order

of smoothness. Then we are connected neurons number and the

degree of the best approximation.
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Chapter Two L,, Approximation by Fixed Weighted Neural Networks
2.1. Introduction

Firstly, let us introduce some basic notations and definitions that we

need in our work begin with the best approximation to f from Y is f*

satisfy
If = f7ll <infyeyllf =Y.
Define [3]
Ly(R) = {f:R > R:[Ifll, < o},
where

1
Ifl, = (| IFPd?  1<p<e
R
the k — th order ordinary modulus of smoothness define as [2]
wi(f,8)p = supjn<sllAE(f, Ol 6 20,

Wi (f, 8)oo = SUP|yi<s|AFi (f, 8)| for 0<p < oo,

where

k
BECF,8) = ) (H)f (x4 ) (=D
i=0
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Chapter Two L,, Approximation by Fixed Weighted Neural Networks
The degree of the best approximation of f € L,(R) from the

subspace G is

En(f)p = infgeqllf — gllp [1]
In general, we can define the neural network mathematically as

N

B(f(0) = ) cioK.x+ D),

i=1
where, o is the activation function with one variable

x, k € R?® are weights and c; are thresholds and ¢; € R.

Let us now recall some examples [7] of activation functions
og(x) = (1+e™)"! [the squashing function].
o(x) = (1 +x2)% [generalized multiquadrics].
where a € Z.
o(x) = |x|?9~1 [thin plate splines] q € N.
The sigmodal function can be defined as [2]

lim o(x) =1,

X— 00
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Chapter Two L,, Approximation by Fixed Weighted Neural Networks

lim o(x)=0.

X——00

The complexity is analogue with the problem of the best
approximation.

In[1, 9, 12, 13, 15, 17-19], the authors studied the approximation of a
continuous function defined on compact set in R, using neural
network with sigmodal activation function.

In [13] and [32], Funhashi and Cybenko found if f is continuous
function it is domain is compact set in R®, then we can approximate
f by a forward neural network. This neural network has an infinite

number of neurons.

In [12], Chui and Li demonstrated that the sigmodal activation
functions can contain integer weights and that the threshold can be
an approximation to any continuous function defined on a compact
subset of R.

In [9], T.Chen and H.Chen improved the results of Funhashi and
Cybenko who showed that any continuous function on compact
subset in R® can be approximated by a feedforward neural network

with a bounded sigmodal function and need not be continuous.
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Chapter Two L,, Approximation by Fixed Weighted Neural Networks

In the articles [3, 9, 12, 13, 15, 34], weights are variant in the neural
network approximation (each x has a weight), for different inputs,
this makes engineering applications very difficult.

In this chapter, any bounded function on L, forp<1 is
approximated by a forward neural network and find that the degree
of the best approximation by this neural network using the k-th order
of smoothness. Then we find a relation between the number of

neurons and the degree of the best approximation.

2.2. The Main Results

In this section, a neural network polynomial has fixed weights can be
defined, then we prove it is the best approximation of functions in
L,(R), 0 <p <1, in terms of the first and the k-th usual models of

smoothness.

Theorem 2.2.1
o is a bounded function of sigmoidal type, defined on R , if f €
L,(R) with [[f(x)]l, = 0 as x - oo, then there exists constants ¢;, C; €

R and positive integer K, N such that
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Chapter Two L,, Approximation by Fixed Weighted Neural Networks

If — BN, < C(p) wi(f, 6)p,
where

N

BU()) = ) co(K.x+ ).

i=1

Proof
Let us divide [—N,N] as 2N? intervals, since o is a sigmoidal

function, then there existr € R

1
loGOlly < 5 -

and

1
loGll, <775 -

Where x € (—1,71)

Choose K € Z* so there exist, % > 7.

Now let us write our neural network

B(f) = i

GOEDR T fx +j)a(K(x — 9)).
j=1
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Chapter Two L,, Approximation by Fixed Weighted Neural Networks
If x<—-N = K(x—¢;)<-rand hence ||f(x)|]l, >0 asx — o, we

can find [l € N as

”f(x)”p < Wk(f! 6)p < CWk(f, 5)19 Vx € L. 2.1

Where c is the absolute constant, then

2N? K
IBECDI, =D > GO+ o - o) 22
i=1 j=1

p

Since

lim o(x) =1,
X— 00
lim o(x) =0.
X——00

So ¢ is bounded and

2N?2

IBGDI, < c@ Y | |

i=1 R

K
> DI,
j=1
p 1/p
+1| 1oK@ = @) P dx
1
< ¢ PIN? 175 wi(£,8),
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Chapter Two L,, Approximation by Fixed Weighted Neural Networks

So

£ () = BUEEDp < @) (If1l, + 1BAOI,) < ¢ @wi( f, 8.

If x € [-N,N] then x € [x;, — 1,x;,], for some iy, with 1 < i, < 2N?2.

Note that
Kix—@)=r, i=1,.,ij—1,
and
Kx—¢@)<-r, i=iy+1,..2N?
Then from the fact
Z G*f e+ iR (=1)* Lo (k(x — )
= Z GO+ i) (Do (ke — 9) — 1) = f (g = 1) + £ (xo).
We have
1fGO) = B @l = IIf () = i i G*IDR I (o + )oK (x = )l
= o
Using 2.1 and 2.2, we get:
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Chapter Two L,, Approximation by Fixed Weighted Neural Networks

If =By < c@IIfll, + 11Bll, < c@wi(f,8)p-

If x = N, then k(x — ¢;) = r and hence

1
lo(k(x— @) —1ll, < fori=1,..2N?

N_Z;
Then
If = BUOII
2N? K
=1fG =) D (DT +jma(K(x = @) — 1
i=1 j=1
2N? K
£ GOED I+l
i=1 j=1

< cIF@lp + IF Ml + I1f =Ml

k
+ GO+ DR o (ke = ) = 1l
j=1

< c @)(lIfllp + 1BUOIL)-

Then using 2.1 and 2.2 to get:

If = BNy < c@Iwi(f,8),. m
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Chapter Two L,, Approximation by Fixed Weighted Neural Networks
The convolution of two functions f and g defined on R, can be

defined as

(fx9) )= [, fONg (x—y) dy.

For x € R, we define [5]

G(x) =f(x) = {W%—", iflx] <1 2.3
0, if|x| =1

where a > 0 and ¢ is chosen so that ng G(x)dx =1 then all the

derivatives of G are in L, (R). For each positive integer k, we define

Gr(x) = kG (kx). 24

Then
j Gr(x)dx = 1 and Gy € L,(R).
R

For any positive integer k.
G x f = f.

Gy * f = fllp = 0.
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Chapter Two L,, Approximation by Fixed Weighted Neural Networks
Lemma 2.2.2

If f € L,(R) then

G * f = fllp <wi(f,8)p ,  6>0.

Proof

Let f € L, (R)

p

1 1
_f (kG (ky)(F Cx — y)dy — F())dy| dx)P

-1

H%*f—ﬂb=(f

=(L

p 1
dx)P

jil kG(ky)(fo——y)dy-—j; kG (y)f () dy

= <j kG(ky)(f(x —y) — f(x))dx>-

Letky = z,dz = k.dy,y =£

H%*f—ﬂb=<£ Liﬂ@

< c(Iw1(f,8)p -

p

1/p
-9 -re [ az)

We shall use the convolution to prove the sufficiency of the

boundedness fixed weight sigmoidal function with the
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Chapter Two L,, Approximation by Fixed Weighted Neural Networks
approximation by neural network for f € L, , 0 <p < 1 on compact

set .

Theorem 2.2.3

Let f € L,(R) , if 0 a bounded and measurable function on R, then

we can find ¢;,¢c; € Rand k,N € Z satisty:

If =By < c@Iwi(f, )y,
where

B(f(x)) = 2 co(Kx+¢), a<x<b.

i=1
Proof

Let ¢ and G, be the same as in 2.3 and 2.4, then let us define
f € Ly(R) such that f = f on [a,b] and f = 0 outside of [a — 1,b + 1].

By Lemma 2.2.2, we get:

Gp*f - f onla,b].

Since
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Chapter Two L,, Approximation by Fixed Weighted Neural Networks

f Gr(x —y)f(y) dy < o, for each positive integer k,
R

Gy * f is approximated by a Riemann sum.

For any k € Z*, we can find P, € Z and real constants y;,¢; fori=

1,..,P, satisfies
Py
1Gef) =) G (x=FODI
i=1

1
<c @) P () wif (19,

wherey;, ER, i=1....,P
Since Gy € L,(R), by Theorem 221, there exist

@, Bjx € Rand positive integer h such that

Gr(x —y;) — z Bixo (h(x—y;) +ajy)

j)k

< C(p)Wk (fr 6)p

25

constants

2.6

Now, using Lemma 2.2.2, we choose a positive integer k satisfies

If = (G * @], < c@IW1(f,8), x ER.

41
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Chapter Two L,, Approximation by Fixed Weighted Neural Networks

From 2.6 and 2.7, we have:

Pg
FE) =D @00 B olh(x =y + )
i=1 Jj.k p
Py
<|lF@ = (G = DN + || (G D@ = 6elx = y)F )
i=1 P
Py
D b= yfo)
i=1
Pk
— 2 cif ) Z Bixo(h (x —y) + aji
i =1 J.k

p

< wi(f,8)p + wi(f, 8)p + wi(f, &)y

=< C(p) (Wk(f' 6)19 + Wl(fi 6)19) u
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Chapter Three

Neural Networks by Two - Hidden Layers L,, Approximation
Many researchers work on the approximation by the one hidden
layer neural network. But little work on multilayers neural networks
approximation. Here we approximate multilayer neural networks by
2-hidden layers with sigmoid function output. That what we shall

introduce in our work have.

3.1. Introduction

Firstly, let us introduce the algorithm of back propagation is
modified weights and thresholds by gradient descent method. So, the
error is minimized between the signal of the network and the desired
output. In general, let us define B(x) is the output function. The

sigmoid function f(x) is

T =T5e

And the Fourier transform F(w) (w= wx,...... , Wn ) of f(x) is a real

analytic functions.
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Chapter Three Neural Networks by Two Hidden Layers L,, Approximation

In [20], we can find many mathematical models of neural networks.
The researchers in [21] and [22], can find many applications such as
Pattern recognition, and shown the mechanism of human
information processing by use these models. In [21] the authors
introduced the algorithm of back propagation algorithm (generalized
delta rule) and learning rule for multilayer networks.

The authors in [21], introduced little theoretical research of multilayer
networks. Lippmann in [23], showed that the arbitrary complex
decision regions that contain concave regions, can using 4-hidden
layers networks. The researchers in [24] introduced an example of 3 -
layers networks with thresholding units which Partition a space into
concave subset. In [23], the researchers showed in Pattern recognition
application, can form several complex decision regions that 3-layers
networks by simulations. The author in [35], proposed based as
generalized delta rule on the same principle. Sejnowski and
Rosenberg in [22], the application of multilayer networks for forming

mappings, such as Net.
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Chapter Three Neural Networks by Two Hidden Layers L,, Approximation

The authors in [18, 19, 25-27], introduced solutions of Hilbert's
thirteenth Problem and prove an estimate for the approximation of

continuous function using 4-layers neural networks.

In [28] and [29], the authors pointed for a problem that the unit of the
neural network approximation is not sigmoid function. In [30], the
authors used 3-layers neural networks approximation. The condition
of absolute integrability must satisfy the output function B(x) , so is
not sigmoid function. In [31], the researchers showed by a multilayer
network, any piecewise - linear decision region can be realized.

There is a different point from [20] model and which using output
function of units and the reason why it is learning algorithm for
multilayer networks. In this work, we started from [31], the integral
formula and proved the approximate realization of mappings in L,
spaces 3- layers networks are sigmoid function whose output
function for hidden layers and output function for input. We
approximate multilayer neural networks in L, by two - hidden layers.

we use Kolmogorov and Sprecher theorem to prove our results here.
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Chapter Three Neural Networks by Two Hidden Layers L,, Approximation

For a real valued function f: K ¢ R" - R, we can use the following

norm

S~

”f”Lp(K) = (f |f(x1; x2;---:xn)|pdx1r---:dxn> '
k
And
Ly(K) = {f:K = R: Ifll, ) < oo}

3.2. Multilayer Neural Networks

In general, the networks have input layer, hidden layer and output
layer. Each layer consist of computation units. The relationship
between the input-output is through by connection w; weights,

threshold b, inputs x;, output Y and differentiable function B as

follows

k
Y=B (Z WiX; — b)
i=1

The algorithm of back Propagation is the learning rule of this
networks in [21]. The relationship between the input units r and

output units s for multilayer networks defines a continuous mapping
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Chapter Three Neural Networks by Two Hidden Layers L,, Approximation
from r- dimensional Euclidean space to s - dimensional Euclidean
space. This mapping called input-output mapping of the network.
For the study of mappings B(x) of network whose output functions
for hidden layer and whose output functions for input - output layers
defined by multilayer networks to consider are linear.

Let Points for r —dimensional Euclidean space R" be denoted by

X = (x4, X5,...,x,) and the norm of x defined by ||x|| = (Z;O xlz) 2
Theorem 3.2.1 (Kolmogorov) [26]
Any f € L, (R"),f(xy,x5,%3,...,%,) € R" defined on I" (n=2) of

several variables, we can represented by

2n+1 n
fo =) xl-< b, () )
i=1

j=1
where x;  ;; € L, (R™) with one variable and v;; is sigmoid function

which are not dependent on f.

Theorem 3.2.2 (Sprecher) [27]
For each integer (n > 2), there exist a real function B(x),B([0,1]) =

[0,1] dependent on n and having the property.
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If § > 0, there exist a rational number w, 0 < wy < §, every function

f (x) of n variable defined on I", we can be represented by

2n+1

fo=) x

J=1

n

)LB(xi+Wk(i—1))+j—1.
1

i
where

A and the function X € L, (R") is an independent constant of f.

In [25], the mapping f:x € I" = (f; (%),..., fm(x)) € R™ is 4-layers
neural networks with hidden units whose output function are
Yx;(i=1,...m),

Where x; is given in theorem [27] for f;(x), x;(i = 1,...,m) are used
for the 2- hidden layers, and W is used for the one hidden layer.

In this work, we prove the following theorems

Theorem 3.2.3

Let K be a compact subset of R", Let B(x) be a non constant function
and f(xy, %3, x3,...,Xx,) be real valued function in L, (k). Then there
exist M € Z*, and real constants b; ,c; (i = 1,...,M),Wl-]- (i=1,...,D,

j=1,...,n) such that:
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M n
f*(x1 ,...,Xn) = 2 Ci B (Z WUX] _bi)'
i=1 i=1

Satisfies
”f(xl ;---;xn) _f*(xl ;---;xn)”p < C(p) W‘U (fl 6)}9
Proof
We can find H > 0and we define Iy (x1,...,Xn), lo g (X1 ,..., %), and

Ju (x1,...,x,) a@s

Iy (%1 ,..., %) =f2f21,[) (Zn:xiwi— W0>,
a a i=1

where

X

Y(x) € L, —topology is defined by y(x) =B (—) —B (L) for

S+ §—x

some § and a.
By the Paley - Wiener theorem in [5], the real analytic is the Fourier

transform F(w) (w = (wy,..., Wn)) of f(x), such that:

k
”Ioo,H (xl J""xn) _f (xl J""xn)”p < WV(f'E )p' 3.1

By finite integrals on k, we will approximate I, .
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Ijeg (x1,...,%5)

n

=.f_2f_i[f:l/) (;xiwi —W0>XmF(W1'---JWn)

X exp(iwg)dwy ] dwy, ..., dwy,.

We can take H* > 0 so that

k
||IH*,H (X1,..0,%0) — Iy (xl,...,xn)”p < Wv(f,a )p- 3.2

By using the following equation from [26]:

n

H*
Wi — Wo)d
j_H*tp (wa WO) exp(iwy)dw,

i=1
Z{Ll xiwi+H*

:f Y(t) exp(it)dt. exp (i xiwl-),
=1

n AT . LT %
izlxlwl H i

From F(x) € L, topology and compactness of [—H, H] ",

We can take H* on K , so

n

,[_I:l’b (Zn: XiWi — Wy ) exp(iwg) dwy — f_o;z/) (Z XiW; — Wy )eXp(iWO) dw,

<

Y <Z X;W; — Wy ) exp(iwg) dwy — ¢ (Z X;W; — W ) exp(iwy) dwy,

1
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wy(f.2) 2™ Ip(Dlly

H H
< O [ L PG

Since ¥ and F belong to finite dimensional space, then

(f E) @ P,
27 T NFEN, dx + 1)

||F||,,
TN f f IFGOIl,

—00"

| Z | ZnF(x)ul

”I—H*,H (xl yer "xn) - Ioo,H (xl ,e "lxn)”p

< () <[ [ e, ax
TS NFG, dx + 1) i p

<c@ws (£.5).

n

From 3.1 and 3.2, we get for any H, H* > 0,
”f (xl ,...,Xn) - IH*,H (xl J""xn)”p < C(p) Wy (f' 6)p

So, we can approximate f(x) by the finite integrals Iy, (x) on K,
f can be represented by the Riemann sum and by two-layers

networks.
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Then f(x) can be represented approximately by two-layers networks
m.

Proposition 3.2.4
Let f € Lp (R) and Let B(x) is sigmoid function, for an arbitrary

compact subset K of R and an arbitrary wy (f,6), > 0, there exist M €
Z* and real constant a;, b;, ¢; (i = 1,..., M) such that
|f ) — ¥, ¢ B(aX + bi)”p <c()Wi (f,8)p , hold on compact

subset K.

Proof
We suppose that K = [0,1]", and we apply Sprecher's theorem to

gp(x) (p =1,..N) and represent g, (x) by the form

2m+1

gp(x): Exp[Zhitp(xi+t(i—1))+j—1 ,(p=1,..N).

where h, t are constants. We can approximate the functions by using

a sigmoid function B and apply our proposition to function Yy, .

LetK; j = 1,..2m + 1) be theimages of [ 0,1 ]" by mappings
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Aj:x%zhi1/J(xl-+t(/'—1))+j—1,(/'=1,2,...,2m+1)
i=1

We can take ks of § neighbourhood of K, f(x) € L, (R):

M
3.3
You(X) = Z Cim B(ajyXx + b;y).

=1

So,

[, C0) = Yo |, < c@@) wie (f,6)y. 3.4

We can approximate 4; on [0,1]" by 4;, S so that

12;G0) = 4 S|, < min(r, 6). 3.5
where r sufficiently small, and we can approximate (x) by

S

YS(x) = Z c; B(a;X + b}). 3.6

=1

On ¢ neighbourhood of [0,1] and set
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Ajs(x) = z Rs(x;+t(G— 1) +j— 1. 3.7
i=1

So, 3.5 is satisfied.

By using transformation

2m+1 2m+1

> w@] Z Vo [ (0)]
i=1
2m+1 2m+1 2m+1
Z o [4,00] - Z Voun [1,00] + Z Yo [4 (0]
2m+1
- Z yp,M[ (x)]
j=1
Then, we get g,(x)(p=1,......N), are approximated by

Y Yy m [4s(0] (e = 1,...N) on [0,1]"
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Chapter Four
Neural Networks Multivariate L, Approximation

Many researchers workwd on the approximation by neural networks
with one variable. But little work on multivariate neural networks
approximation. Here we approximate a multivariate real valued
functions in L, quasi normed spaces by neural networks of several

variables.

4.1. Introduction

First, let us introduce the configuration of an infinite set E of vectors
in R®, s €N, for which the closure with respect to L,(k) of the
algebraic span of {f(<e,.>:e €E),f € L, (R)isall of L, (k)} [13].
Where k is any compact set in R®.

In general, we can define the neural networks with one hidden layer

mathematically as

S

S(x) = Ec(i,k)a Z <w,x;>+k|,

ies j=1

x = (x1,%5, e, Xg),
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= (ili iz, 'I’S)

where, k € Z, c(i,k) € Rand i € Z°.
The inner product in R® denoted by <.,.>.

The set E is
E = {(x{,%;,...,x5) € E:x; # 0},

And

TE = {(xz/xl, ...,xs/xl): (x4, %3, .., Xs) € E, x; # 0}.

and 7571, be denotes the space of polynomials in s — 1 variables, s €
N.

Let f be any function as:

fiR*>R,d €N,

In [8] and [13], the researchers studied the mathematical models of
neural networks. Many mathematical problems of neural networks
remain unsolved. One of the difficult problem is designing a neural
network with one hidden layer, by using a single but arbitrary

sigmoidal function o(x), can be uniformly approximated within a
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preassigned to lerance. While it remain no constructive solution to
this problem, the objective of this section is to prove that such a
design is always possible for any sigmoidal function o (x).

By using integral scaling and translations in approximating function
in L, (k). In [32],the author used argument in harmonic analysis and
already established such possibility provided that all scaling a € R®
and translates b € R are used . Our approach is different from that
in [32] Cybenko instead of using argument in harmonic analysis, it
establishes a density result on ridge function. The idea of this section
is from the work of the author in [32] and [33].

In [32, 33], the research worked on one variable but we generalize
his work to multivariable. So, our result is different from the work in

[13] and from the work in [32]. In [13], the author used the integral
formula of [30].

In this work, we approximate any function in L, (R), for 0 <p < 1by

a neural networks with one hidden layer.
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4.2. Auxiliary Results

Using the same lines of theorem 2.1 in [32], we get
Theorem 4.2.1
Let o € L,(R) be any sigmoidal function and K any compact subset in
R®. Then the linear span
B;(0) = span{o(<.,b > +k):b € Z°,k € 7}
dense in L, (k).
Theorem 4.2.2

Let 0 € L,(R) be any sigmoidal function and s = 1. assume that
E € RS is so chosen that TE has the interpolation property relative to

571, then

k
=) fi(<xg )| <c@wilf = xl),
j=1

p

Proof
By Theorem 4.2.1, we assume, without loss of generality that K = D*®.

Let f € L,(D®). There exist function f; € L,(R) such that
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k
FE) =D fi(<xe>+0)| < c@wifhy),
j=1

p

where

w1(f,8) = supp<sllf (x +h) = fFCO Il

and
h = mini,]- EN{hji}'
k
ej = (ejl, ejz, ey ejs),
x = (xq,%9, ., Xg),
X] = (le,XjZ, ,x]S)

k k s
F0 =) fi<xe >+l = [[F@ =D FO (nen) +
j=1 j=1 i=1

p p

For some ej;, €j5, ...,€js € E

[aj,bj] = {< X, e >:X € DS}I.
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Chapter Five
Trigonometric Approximation and 2m — Periodic Neural
Network Approximation

Many articles studied best trigonometric approximation and many
researchers worked on the neural network approximation, but no one
related the best trigonometric approximation to neural network

approximation. That what we shall introduce in our work have.

5.1. Introduction

Firstly, let us introduce some basic notations and defines that we

need in our work. Begin with T is the best approximation of f, where
[:R*" - R

E; the degree of approximation of f from Y, is defined as [36]:
Ex(f)p = inflf =Tl ,n=12,..
TEY,

The norm of f define as [8]:

1

11l = (f [f(x)P’dx)p: (f f 1 Geas 2, %) P ity doxs ---dxm)p.

and
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L, [—m, ] is the space of all 2 — periodic functions in L,[—m, 7t].
The class of all trigonometric polynomials of order at most n denoted

by Y, and [37]

G, = {f:f(r) € Ly [-m, ] }, r > 0.

IO @+ = O @,
11l = — .

where
p =1+ a,
r>0,a € (0,1)
f € G,.

The class of all trigonometric polynomials in s variables is denoted by

Y, s and [29]
Ens(f) = inf |If —TIls.

TEYy

and

1 (7 .
G () = 5 | e 30
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and [33]
C; (0) = %f P(t)e!™D gt
1 Vs
wy, (f, x) = f_ f(x—1t) dt W (t)dt.
o n(®) sn ()
Wi ()= n sin? (E) .
2
and

Li[—m,m]® is the space of all 2m — periodic functions in Ls[—m, ],
when s > 1.

For f € Li[—m, ] and j € Z5,

f f(x)e‘ij'x dx.

1
G () = Gy

s (@ f,) = (2N+1)C* ©) Z Z G &) eXp( sz;kn1)®(j'x_2;nf1)'

-n<jsn

The function mty ,, 5 (@, f) € Sy(2N + 1)(2n +1)%, forN,n = 1
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The neural network here has 3-layers: input layer, hidden layer and
output layer.

In general, we can define the neural network mathematically as

S(D,N,S (X) = legzl ay @ (Wk.x + bk)! with ag, bk € R,Wk € RS, 1<k<
N.
where @ is the activation functionand @ : R — R.

Let us now recall example of activation function

d(x) = (1+ e *)"![the squashing function].

We can define the sigmodal functions as:

1, ifx=0
0, otherwise’

o) ={
In this work we relate the trigonometric approximation and
approximation by periodic networks in L,[—m, 7] .
We write ex(x) = e (ik.x),k € Z°, The parseval identity is

Iy = | IfGPdx = 20 Y IGal,

[—TE,TE] n=—oo

where C,, is the Fourier coefficients of f are given by
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C, f(x)e™™* dx,

2T [—m,77]

Whitney extension theorem in L,, [38]

Ifll, = D IDifFeoll, < ¢ D [IDfeoll, -

ljl<k ljl<k

where D/ is the differentiable of functions.
Lemmab5.1.1

For f € Li[—m, n], w, is bounded operator, where:

1 T
wo (f3) = > f flc— ) WDt
Proof

. 1" sin(nt/2) sin(3nt/2)
Wi = o | fe-n TS

1 (" sin(nt/2) sin(3nt/2)
b 70, = [z | ree -0 T

[y

1 (" sin(nt/2) sin(3nt/2)
Ej_nf -0 Gy

([, o)

. . nt . 3nt .t 2t
Since |51n 7| and |51n T| are bounded and sin> bounded below by —.-.
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Thus
||wn<f,x>||ps<f < [ i thl t) dx)
= ([ ([ s iree-orarany
< (| (| gmreonorany
T o2 1
< (| G=If@Drdnp
-z reorany
= ifll, m
Lemma 5.1.2

Let f € L;[—m, ], then:

Eznea(D)p S IIf = walDllp < 2P En(H)y 5.1

E,(f) = inflf —wlp = E,(f) < |If —wllp
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Proof

Using definition of E,,_;(f),, the first part of the pnality is clear,

then the second part of 5.1.2, we have:
Let T be a best approximation of f:
If =waOllp = IIF =T) =wn(f =Dl
< 2P = Tllp + lwn (f = D)

Then using Lemma 5.1.1, we get:

If = wllp < 2272f = Tllp + 57— 1 = D)

<m2P7(If = TIIf)
= 2P E, (f), W
5.2. The Main Results

In this section, we relate trigonometric approximation and 2m —

Periodic neural network approximation in L,[—m, 7], and

N
H@,N,s = {Zk_lak@(wk ' (') + bk): ak,bk € R, Wy € Zs; 1 < k < N}
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Proposition 5.2.1

It @ € L,[—m, ] and 61 (@) # 0, then for any integer N > 1, then

27’1

i 1 2N 2ikm 2k E
He _(2N+1)cj(¢)z ST 2N+1)H 7 (@).

Proof

By the definition of C; (@), we get for x € [, 7],

el — j Q)(t)el(x Odt
2nC, ((25)

= — (@)j B(x — t)eldt

Now, forany N > 1,
Vs ] Vs '
j O(x — t)e'tdt = J w,i (@, x — t)e'ldt.
-1 -

As a function of t, w;;(@,x — t)e' € Y,,, we evaluate the last integral

by using

! ZZNT 2 1fnTtdt T €Y, [18]
n+1ZLay= (n+1)_2n _n() ’ n

We get
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x . 1 (" :
ix _ it
Ci(D)e™ = o f_n(b(x t)etdt

B 1 ZZN <2ink> i @( 2nk>
= N+ 120 P o) (O T a) )

Now, by using Lemma 5.1.1 and Lemma 5.1.2, we get

IwHllp < Cllfllp, Esn—1 () < NIf =wDll, < m2P7EZ(f).

We obtain for all x € [—m, 7]

|| 1 zZN 2ikt (6 2km
IN 1L PG WO &~ )

1 ZZN 2ikm s 2km ”
IN 1L PO P~y 7 ,

<m2P1E; (0) W

Theorem 5.2.2

Let s,n, N = 1 be integers numbers , and T € Y,, , then

n + 1)°2E; ()
()]

1T =Ty ns(@ D), < IT1l5.

Proof

By Proposition 5.2.1, we get for —n < k < n,
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« m2PT1EN(0)
lex = Tvns (@ e, < RO 5.2

We note that

[len,, =2 60l |ew,

Hence, by 5.2, we get

m2P1EN ()
|C1* (Q))l —v<k=<v

1T = TTvws (@D, < 1C ().

Now, we recall the Parseval’s identity, which states that

1
J
" 1
Q. 1GmPh =G [ R ax

[_T['T[]S

Since T is polynomial, so

Z_nsksnw;:(T)IZ: ((271T)s>1/p( j (|T(X)|pdx)1/p.

[_T[!T[]S

Using the well-known inequality:

For g > p, we have [5]:
> (TInYa< Y Ty,
K K
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We obtain

] Y
|’}

2—nSkSTLlC}z(T)l = (Zn * 1)S/p {Z—TLSRSTI.

Then using [18], we obtain:

1
o
> Gl = el [ 1o ax
—n<ksn k (2m)* |

[-m,m

<Cn+D7|T|. =

Theorem 5.2.3
Let C, be a set of distinct points in [—m,]°, and n = 1 be an integer

such that

Sco < T[/(Z _ 3S+4n) '
And there exist numbers {hg} £ec,

where |h5| <cn~%, ¢ € C, then T, ; be defined by

TislF ) = ) he fOWsx =), fELy 53

$€EC,

T,s(T) =T, forevery T €Y, .
Also, for f € C;, T s(f) € Yzn-1, and we have
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ITasON. < ClIFI. 5.4
Esn1s(F) < |[f~Ts(DI[, < CE:5(F). 55
Proof
Trs(f) = ; he f(E)wi(x = ©).
€Co
7Ol < ) hef©wise = O,
Letf($) = ¢

sin(—nxz_ 1) Sin(—3nx2— ";)
Dt hef )

nsin? )

By using Lemma 5.1.1, we obtain

RG] W L]
Let

X—=§=y,

§=x-Y,
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dé = dx.
Since hg < is,s > 1, so
n

T

Tas(Oll, < C=—IIfll,.

ninm

where C is a positive constant.

By using the same lines of Lemma 5.1.2, we get the Lemma 5.2.4

Esn-1s(f) S |If = Tns(D|. < CERs(f) W

Lemma 5.2.4:

For f € Ly[—m, m], we have w,, € Y,_; and

Ezn-15s(f) S If =wn(Dlp

< CE;(f).
Proof

Since w;: (f) € Y,,_4, it is clear that
Ern-1s(F) < If =wn (Dl
IfT €Y, then w,(T) =T and

If =wan(Ollp = IfF =T) =wa(f =Dl
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<|f =T"llp + llwa (f = Dllp
<[cF =D, m

Theorem 5.2.5

Let @ €Ly[-mn] and C;(@)#0. Let s,n=>1, then for any

f € Ly[-m,m]and N > 1, we have:

(5/2) E; (0)

* n
”f - HN,Zn—l,s(QJ Tn,s(f)”p < C {En,s(f) + |C1*(®)| ”f”s}

Proof

By using Proposition 5.2.1 and Theorem 5.2.3, we get:

If = T onss@ Tas O, < IF~Tis(OIl +

-] eno|.
By using Lemma 5.2.4

4(4n — 1)°2E} (0) |
1C; (D)

”f - HN,Zn—l,s(Q T;s(f)”p < CEr*Ls(f) + Trfs(f)

o
By using Theorem 5.2.3, we get

Cl2E; (0)

n
“f - HN,Zn—l,s(Qi Tn,s(f)”p < C{En,s(f) + |Cl*(®)| ”f”s} L
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Lemma 5.2.6

Let 9(x) = (1+e7)7,

1

_ -1
IB(X) = (1 +e (x+1)) — m

Then

1 R
1B, < o f B(x) e*dx £ 0.
-R

Proof

i 1 i ix
18N, = ||lim o [ By edx
-R

p

Sf % fﬁ(x) e¥dx| dx.
“R

C

R
B 1 Ly
1B (x)| = > J(1+8_(x+1)_1+81_x)e x
-R
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\;U

| 1 1

1
S —_ —_
2w ) 11+ e+ 1 4el*

=)

R

1 1
f |1 +e- (D) 1 4 el-x
“R

|ei"|dx

1

-1
_ 1 1
- f |1 +e-(tD) 1 4el-x

“R

R
|eix|dx+ | ! -
1+e () 1 4el-x
21

|eix|dx

= Il +12

-1

1 1
_[ |1 +e-(+D) 1 4 l-x

—-R

le™*| dx

IA

]1(1+1)|eix|dx
2 2
-R

-1
= j le™*|dx
“R

-1

= j |cosx + isinx|dx
-R

-1

< f\/coszx+sin2xdx
“R

= —1+R=R—-1.
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R

_ 1 1
f ‘1 fe (D) 14 el-x
1

|eix|dx

IA

f(—l +—1)|eix|dx
2 2
-1

R
= j|eix|dx
1

R

= jlcosx + isinx|dx

-1

R

< j\/coszx + sin?xdx = R+ 1.
-1

R

1 1 .
_ ix
j 14+e G+ 1 4 el-x |e |dx =L +1,
“R
<R-14+R+1=2RN
Lemma 5.2.7

Let 3(x) = (1 +e™)7!, and:

1

-1
Bl = (1+e ) " ————.
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Then

Slsal(x) = Z B(x — 2mk).

KeZ

Proof

Let € > 0, then

z B(x — 2mk) — Z B(x — 21k)
D

<2 <2

2 B(x — 21k)

K€EZ

KeZ |K|<H P

Since Y xez f(x — 2mk) is uniformly convergent series, so

<eE.

stsal — Z B(x — 21k)

K€eZ p

Fora givene > 0 .

Before we introduce our example, we need the following Lemma
from [8].

Lemma 5.2.8 [8]

Let r =1 be an integer, for integer n > 1 and f € L;, we have

Ens(f) < CZ5l|D] AL

Example 5.2.9
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Let@(x) = (1 +e™)1,

1

-1
B(x) = (1 + e_(x+1)) 14 elx

Then S is integrable. The Fourier transform of  can be computed by

Contour integration, which clear that

1 ‘ .
B(1) = > jﬁ(x)elxdx, * 0.
“R

We construct a periodization of by

Sba() = ) Bx - 2mhk), 5.6

K€EZ

Since ||B(X)Il, < (e —e™")e ¥, for x € R, the series in 5.6 converge
uniformly in compact subsets of R and the function S5 is clearly

2m —Periodic, one can compute easily that C; (S [saly = f(1) # 0. There

exist @ > 0 such that

Ey(sbdy<e N, N=12,...,

Now, let f € L,[—m, w]*, f: [-1,1]° - R.
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According to Whitney extension theorem, there exist an extension of

f,g:[—4,4]° - R, such that

> Ipig@l, <c ) pirel .

0<j<s 0<j<s

Now, let¥ € L,[—m, 7]°, such that

1, if x € [-1,1]°
P = {0, if x outside [— ”/2,”/2 ]S

Then, the function ¥, has the properties that ¥ (x)g(x) = f(x), for x €

[—1,1]° and

Y i@, <c ) Ipirell,

0<j<s 0<jss

Further, since ¥(x)g(x) = 0 outside [— T/, ]S, we may extend
¥, as a function on RS that is 2 —Periodic in each of its variables.

Denoting this extension by f*, f*(x) = f(x), x € [-1,1]° and

S
S osr
=1

By using Theorem 5.2.4 and Lemma 5.2.7.

<o il o<dp<t
Jj=0

And taking
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(r+s)/

_ 2

E=—Flogn
a

We obtain that

1f GO = Brzn-1,sS5 s FN. x|, S MIf* = Brzn-1,s(S5H, Ts (f *))||:;I

S/zE* S[SCI]

Ny ey g P YERN .|+

< C@ +n’2e=™) Y DI,

0<js<s

<Ccns z [D7F L, 5.7

0<js<s

We observe that

Slsal () — Z Bx —2mk)|| < ce2lti-kh,  yeRr

|K|zH p

If we choose H=2n and replace each ocurrence of Slsal (j.x —

(an)/(ZN + 1)) in l_[N,zn_l,s(S[SQ],Tﬁ,s(f*),x) by its partial sum, we

get a network V(f) having cn**! neurons.

Using the proof of Theorem 5.2.2, we can proof that
My 2n-1,s S50, T (), 0) = V()| < cn’l2e’In < ¢ e=Com,

Thus, 5.7 leads to a network V (f) with n5*! neurons such that
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£ =Vl < En7s Y |IDIFCO] .

0<j<s
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Chapter Six
From Trigonometric Polynomials Approximation to

Algebric Polynomial Approximation

Many articles studied best polynomial approximation and many
researchers worked on the neural network approximation, but no one
related the best polynomial approximation to neural network

approximation. That what we will introduce in our work have.

6.1. Introduction

Firstly, let us introduce some basic notations and defines that we

need in our work. Begin with the norm of f is defined as [3]:

1/p

b
11l = f FEOP dx

Where

fila,b] » R

And defines an even periodic function as [39]:

f&x) = f(=x).
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f(cos®) = g(0), 6 € R.

where g: R — R is 2m — periodic function.

L,[a, b] is the space of all functions defined on the interval [a, b] with

b
Ifll, [a,b] = ( j FOIP dio)o.

And L}, [a, b] is the space of all polynomial functions in L,[a, b].
Define [37]:
G- = {f:f™ € L,labl}r>0.

with

r
1l = D IF9 .
k=0

The class of all r times 2w — periodic functions on R denoted by G;.
T,, is a polynomial of degreen,n = 1,2, ......
H, is the class of polynomials of degree at most n.
P* is an even trigonometric polynomial, P* € Y,,, given by [8]:
P*(6) = P cos(6).
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where

Y,, is the class of all trigonometric polynomials of order at most ,n =
1,2,..

Conversely, if P* € Y,, is an even trigonometric polynomial, then there
exist P € T,, given by

P(cos 8) = P*(0).
E, is the degree of approximation of f from H,, defined as [32]:
En(f)p = ianEHn“f - P“p' n=12..
Let us recall the theorem says “if f € L,, for integersn = 1,2,.., and
if r > 1is an integer, E;,(f) < cn™" ||[f™ ||; [40], we get the following
corollary
Ex(f) < en”TIf117j210)-
Define [13]:

wy(f, cos0) = wy(g, 6).

Then w,(p) = p, for every p € H,,w,(f) € H,,—, and by using

Lemma 5.2.4, we get the corollary
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En—l(f)p = “f - Wn(f)”p

< CE,(f).

where C is a positive constant, and [33]

1 b
wa(f,) = 5= | = O e

sin(nt/z) sin(3nt/2)
nsinz(t/z) '

|/ (t) =

We adopt the following notations in the multivariats case,

L,(R) is the space of all polynomial functions on R, for a rectangle
R € R? where R® is Eucledian space.

G,(R) of s dimension is the class of all polynomials having partial

derivatives in r variables and defined

T
I, = > IIDFIL.
k=0

The correspondence f < f* is given by

f(cosb,,...,cos6,) = f*(04,...,05).
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H, ; is the class of all algebraic polynomials in s variables having
coorelinatewise degree at most n.

We write

S
T,(x) = HT"j(xj)' X = Xq,...,Xs, n=ny,..., N
j=1

The set {Tx}o<k<n is a basis for H, ; and we have the correspondence

p < p*,p € H, ;s and even polynomial P* € Y, ¢ is given by

p(cosb,,...,cos8;) = p*(684,...,6,).

Let

En,s(f) = ianeHn,s”f - p”fp;

Then

En,s(f) = Er*zs(f*)

By using the following inequality from [41], we have

Eis() < 35 ) 19771, [41]
j=1
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where f € L}, . andr,n = 1.
We get the corollary
Ens(f) <en™lIfll7p,  f€Lp[-11)°.

It f€L,[-1,1]° if and only if f* € Ly, f € L,,[—1,1]° if and only if

f* € Ly s and we have

S
11 = D IDF £ < cliflz,
j=1

By using Lemma 5.2.4, we get
wys(p) = P, forall P € Hy,.

Wy s(f) € Hyp_qs.

And

Exn_1s(f) < ”f - Wn,s(f)”;

< CEpns(f).
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6.2. From Polynomials to Neural Networks [8]

Let ¢: R — R be infinitely differentiable for many times on an open

interval /| € R. There exists a point a € J such that

e®@) # 0, k=01,2,..

Let us recall the Baire category theorem says “if space S is either a
complete metric space or locally compact T, — space, then the
intersection of every countable collection of dense open subset of S is
necessarily dense in S”.

To prove this condition, it is always satisfied if ¢ is not a polynomial
in any interval.

D, is the operation of partial derivative with respect to v.

If v is sufficiently close to 0, i.e <v.x > +a €], for every x €

[—3,3]%,then

Dko(w.x + a) = x*o*l((v.x) + a),x € [-3,3]°.

Where in this work we using [—3,3]° in place of [-1,1]°.

S
MH=ZM, k = ki k... ke
i=1
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Hence

xk = ;D’%p((v x) +a),x € [-3,3]°
oD (q) v $HY: : =1

For a function f of s variables and m > 0, we will approximate the

partial derivative with divided difference. We write
i = fO, e Xicy, Xive Xivrs -0 Xs),
I—t,i = f(x1; XL X~ Xt XS),

A f(X) = (e — 1)), k=12, [42]

Where f(x) = f(x;, %51, ..., Xs)

AL f () = f(x).

And fork € Z5,k > 0.

a4 feo = | |akireo.

We will write

%)

(:f) - (fi) k! = Dki!
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To verity that
Akf(v) = (:) (~D*Hf(v + (2h - k).

By using Taylor’s theorem if f has sufficiently many derivatives in a

neighborhood of v, then for sufficiently t > 0,

Aff () — D*f(v)

< Cr(f)p- t2.

|k|
H(th) k! .

As a corollary of Proposition 5.2.1 in section 5, we obtain the
following results.
Proposition 6.2.1
If ¢ have infinitely many times derivatives on an open interval

J € Rin L,(J) and there exist a point a € J, such that

<p(k)(a) + 0, k=0,12,..

For a given € > 0 and for t > 0, we define

1 k
B = o > () D eceh- 0.2 + @),

0<h<|k|
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There exist (@, k,€) >0 such that for x € [-3,3]° and 0<t<

6(p, k,€),

||x* — Bye (%) ||p < e.

In particular if P € H,, ; and
P(x) = Z b, X*.
0<k=n

Then by a different value of €, we get that there exist §(¢,n,€) >0,

such that

P_ z kak,t

0<sksn

<e€llPllyj11y 0 <t <&(p,ne).m

p[_3)3]

Theorem 6.2.2
Let ¢:R = R on an interval / € R and it has infinitely many times

differentiable and there exist a point a € J such that

e®@#0, k=01,2,..

is satisfied.

Let f € L}[—1,1]° and
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VKLs(frx) = :E: bk(f)xk.

0sks2n-1
Then, there exists § = §(@, n) such that

S
< cn7"||fll;, forallt € (0,6).

p

Hf— PRGLY

0<k=<2n-1

We note that the weights of the network }<x<zn—1bx(f)Bg, all
belong to set {(2h —k)t:0 < h,k < 2n — 1} having at most (6n)°

elements. So the construction of a neural network is

Hf— > (DB

0<sks2n-1

S

< enTIf 17

p

That provides the best approximation to target function in

L, »[—1,1]°.
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Conclusions

New types of neural networks are defined such as: trigonometric
neural networks, algebraic networks with one or two hidden layers.
Then they are used to approximate functions in L, quasi normed
spaces for 0 < p < 1. These approximations all with the moduli of the
smoothness with the same orders. This leads to that our

approximation in all these neural networks are all strong.
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Future Work

Define a multilayer type neural network, then we study its
approximation for functions in Ly[a, b]¢. In terms of k-multivariate

modulus of smoothness.
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