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Abstract 

ABSTRACT 

Neural networks are tools for parallel computation with several 

variables. It is a linear computation of non- linear functions that we  

call activation function. We deal with one hidden layer feed forward 

neural network. We approximate any bounded function from 𝐿𝑝, for 

𝑝 < 1 by a forward neural network, and we find that the degree of 

the best approximation by this neural network using the 𝑘 − 𝑡ℎ 

order of smoothness. Then, we connect neuron numbers and the 

degree of the best approximation.  

Many articles studied best approximation, and many researchers 

worked on the neural networks approximation by one hidden layer. 

But little work on multilayers neural networks by 2-hidden layers 

with sigmoid activation function. We approximate a multivariate 

real valued functions in 𝐿𝑝 quasi normed space by neural networks. 

We relate the trigonometric approximation, and approximation by 

periodic networks in 𝐿𝑝[−𝜋, 𝜋]. We relate the best polynomial 

approximation neural network approximation that we shall 

introduce in our work have.  
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Chapter One 

Approximation by Neural Networks 

1. Introduction 

Neural networks are tools for parallel computations of functions with 

several variables. It is a linear computation of non-linear functions 

that we are call activation functions. In our thesis, we deal with one 

hidden layer feed forward neural network. 

We have two problems with neural networks approximation, the first 

is the density problem concerns with the condition for the 

approximated function to approximate by the neural networks.  

In previous work on approximation using neural networks, the 

weights are different for each input. The degree of best 

approximation of function in 𝐿𝑝[𝑎, 𝑏], using neural networks defined 

by 

𝐸𝑛(𝑓)𝑝  =  inf𝑝𝑛∈𝑃𝑛
‖𝑓 − 𝑃𝑛‖𝑝 .   [1] 
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To estimate the degree of best approximation of function in 𝐿𝑝[𝑎, 𝑏], 

using neural networks, we use the 𝑘′𝑡ℎ order modulus of smoothness 

defined by [2] 

𝑤𝑘(𝑓, 𝛿)𝑝  =  sup|ℎ|≤𝛿‖∆ℎ
𝑘  (𝑓, 𝛿)‖

𝑝
, 𝛿 ≥ 0. 

𝑤𝑘(𝑓, 𝛿)∞  = sup|ℎ|≤𝛿|∆ℎ
𝑘  (𝑓, 𝛿)|, 0 ≤ 𝑝 ≤ ∞. 

where  

∆ℎ
𝑘  (𝑓, 𝛿) =  ∑ (

𝑘

𝑖
)

𝑘

𝑖=0

𝑓(𝑥 + 𝑖ℎ)(−1)𝑘−𝑖 . 

The Lebesgue space is [3] 

𝐿𝑝(ℝ) = {𝑓: ℝ → ℝ: ‖𝑓‖𝑝 < ∞}, 

where  

‖𝑓‖𝑝 = (∫ 𝑓
 

𝑅

|(𝑥)|𝑝𝑑𝑥)
1
𝑝           1 ≤ 𝑝 < ∞. 
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1.1. Artificial Neural Network [4] 

Artificial neural network was created as a programmable system that 

imitates how human networks work, it is a part of artificial 

intelligence system. Any neural network consists of a collection of 

computational parts based on biological human neural networks 

which consists of a collection of neurons connected with each other to 

pass or update signals sent between them. These neurons are 

attached on layers like input, hidden and output layer.  

1.1.1. Definition of Artificial Neural Network[2]  

The term "Artificial Neural Network" is a similar construct of 

biological neural network that structure of a human brain. Human 

brain consists of a large number of neurons interconnected to each 

other in similar way we can say artificial neural networks also 

consists of neurons that are interconnected to one another in various 

layers of the networks.  
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Figure 1.1. Illustrates the Typical Diagram of Biological Neural Network 

If we want to compare artificial neural network with biological 

neural network, we can say that the cell nucleus represents nodes, the 

synapse acts as weights, and axon represents output.  

 

Figure 1.2. The Typical Artificial Neural Network 

Table (1.1) shows the relationship between biological neural network 

and artificial neural network: 
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Table 1.1. Relationship between Biological Neural Network and Artificial Neural Network 

Biological Neural Network Artificial Neural Network 

Dendrites Inputs 

Cell nucleus Nodes 

Synapse Weights 

Axon Output 

 

Artificial neural network is a field of Artificial intelligence where we 

try to let computers to think and act like human brain does. So the 

network can understand the working flow and makes decisions. It is 

a behavioral system how interconnected cells in brain works.  

There are around 1000 billion neurons in the human brain. Each 

neuron has an association point somewhere in the range of 1,000 and 

100,000. The human brain stores data as a distributed system and 

each cell has a part of this data. When we need to recover it then each 

cell sends a part of it to be collected so that it is a parallel processing 

system.  

On the other hand, if we want to compare with ANN and BNN, we 

can take an example which consists of two inputs and one output, we 

need both inputs the be “one” to let the gate to fire “one” on the 

output else it fires “off”. This is a static system and not like how 



 

 
6 

 

human brain works as we know that the data is changing or as we 

call “learning”. 

1.1.2. The Architecture of an Artificial Neural Network [4]  

Any ANN consists of a large number of neurons connected (or not 

connected) to each other arranged in a structure of layers. Figure (1.3) 

shows various types of layers available in an artificial neural 

network.  

 

Figure 1.3. Layers of a Neural Network 

The main three layers in any ANN are: 

Input layer  

This layer is the first layer and has to accept all the data entered by 

the programmer, this data may be of any type and form, binary data 

or float or integer…etc. 
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Hidden layer 

It has the job of connecting between the inputs and the outputs, all 

the calculations the neural network does are in this layer so it can 

change weights and learn the pattern or the features of the inputs. 

Output layer 

The last part of the ANN which has the job of resulting the output 

depending on the hidden layer calculations. 

The artificial neural network takes input and computes the weighted 

sum of the inputs and includes a bias. This computation is 

represented in the form of a transfer function.  

∑ 𝑊𝑖 ∗ 𝑋𝑖 + 𝑏

𝑛

𝑖=1

 

It determines weighted total is passed as an input to an activation 

function to produce the output. Activation functions choose whether 

a node should fire or not. Only those who are fired make it to the 

output layer. There are distinctive activation functions available that 

can be applied upon the sort of task we are performing. 
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1.1.3. How Do Artificial Neural Networks Work? [6] 

When we study any ANN we can look for it as a weighted directed 

graph, so as example we have a collection of nodes (neurons) 

connected together by edges, any edge has a weight associated with 

it and keep changing while training the network. The training task 

starts from inputs when we feed the network with data from external 

source which can be a data series or sound or image which converted 

into vector to satisfy the network input. 

After entering inputs, each input will multiplied with its 

corresponding weight, this weights may change or not corresponding 

to the activity of the neuron and the relation with other neurons. 

These networks need a bias factor to keep the weighted sum not zero, 

so it is added to each neuron calculation task. Bias can scale up the 

system response. Usually, the bias weight is equal to 1 and inputs of 

the network can vary from 0 to positive infinity. Then the output of 

this stage is passed to activation function. 
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Figure 1.4. Working Manner of a Neural Network 

Activation function is a type of transfer function that controls the 

network to get the desired output. Activation functions may be linear 

or non-linear. The most used transfer functions are binary, linear, and 

tan hyperbolic sigmoidal activation functions. 

In binary function, the output has just two values, 0 or 1, we get this 

value by using a threshold value. Any value above this threshold will 

be 1 else it will be 0. 

The Sigmoidal Hyperbola function is one of the must used functions 

and has a shape of curved "S". Here the tan hyperbolic function is 

used to approximate output from the actual net input. The function is 

defined as: 
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𝐹(𝑥)  =  (1/1 + 𝑒−𝑎𝑥), 

where 𝑎 is considered the steepness parameter. 

1.1.4. Types of Artificial Neural Networks [6] 

There are several types of artificial neural networks as the tasks 

required of these networks to do. We have the perceptron neural 

network, Adaline and Madeline neural networks and the most recent 

up to date conventional neural networks and recurrent neural 

networks. Whatever the type of the ANN they are classified in to two 

main classes which are:   

1. Feedback ANN: this type of network uses the output computed 

to generate an error signal to verify how the ANN works so the 

network will give us the best results. This network first created 

by university of Massachusetts and used to solve the 

optimization problems for atmospheric research   

2. Feed-Forward ANN: this is the classical neural network which 

consists of an input layer and an output layer and at least one 

hidden layer, this type of networks suited to work fine with 

pattern recognition systems with high accuracy results. 
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1.1.5. Activation Function [7] 

The activation function is a transfer function tells the neuron what is 

the required output, like true or false, yes or no. this activation 

function maps the output of the neural network between 0 and 1 or 

between -1 and 1 …etc. 

The Activation Functions can be basically divided into 2 types: 

1. Linear Activation Function 

2. Non-linear Activation Functions 

In linear or Identity Activation Function the function is linear as shown in 

Figure (1-5) and can be between any values. It is defined as a function 

𝑓(𝑥)  =  𝑥 and ranged [−∞, ∞]. This function has a poor response and 

do not give the required output specially in complex pattern 

recognition. 

 
Figure 1.5. Linear Activation Function 
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The Nonlinear Activation Functions are the most used activation 

functions. Nonlinearity helps to makes the graph look something like 

Fig. (1.6). 

 

Figure 1.6. Non-Linear Activation Function 

This function can adapt to work with various types of data to give an 

accurate result. This transfer function uses differential equations so 

change in y-axis w.r.t. change in x-axis. It is also known as slope. This 

activation function uses monotonic functions which is either entirely 

non-increasing or non-decreasing. 

The Nonlinear Activation Functions are mainly divided on the basis 

of their range or curves to: 

1. Sigmoid or Logistic Activation Function [8] 

The Sigmoid Function curve looks like a S-shape. 
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Figure 1.7. Sigmoid Function 

Sigmoid function is ranged between [0,1] so it can used for prediction 

of probability, we can find the slope of the sigmoid between any two 

points, this function is monotonic but the derivative of it is not. This 

function has a type logistic sigmoid which has a problem of getting 

stocked when searching for the optimum value for a long time.  

2. Tanh or hyperbolic tangent Activation Function [8] 

Tanh is also like logistic sigmoid but better. The range of the tanh 

function is [−1,1]. tanh is also sigmoidal (s - shaped). The advantage 

is that the negative inputs will be mapped strongly negative and the 

zero inputs will be mapped near zero in the tanh graph. 

• The function is differentiable. 
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• The function is monotonic while its derivative is not 

monotonic. 

• The tanh function is mainly used classification between two 

classes. 

• Both tanh and logistic sigmoid activation functions are used in 

feed-forward nets. 

 

Figure 1.8. Tanh 𝒗/𝒔 Logistic Sigmoid 

3. ReLU (Rectified Linear Unit) Activation Function [9] 

The most used activation function in all recent studies. Since, it is 

used in almost all the convolutional neural networks or deep 

learning. 



 

 
15 

 

 

Figure 1.9. ReLU 𝒗/𝒔 Logistic Sigmoid 

The range of this function is [0, ∞] and: 

𝑓(𝑧)  =  {
0,   𝑖𝑓 𝑧 < 0
𝑧,   𝑖𝑓 𝑧 ≥ 0

 

The function and its derivative both are monotonic. 

4. Leaky ReLU [9] 

It is an attempt to solve the dying ReLU problem 

 

Figure 1.10. ReLU 𝒗/𝒔 leaky ReLU 

This function helps to solve the ReLU function problem so it keeps 

the value of a as 0.01, if not then it is called ranodomized ReLU, the 

range of Leaky ReLU is [−∞, ∞], Both Leaky and Randomized ReLU 
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functions are monotonic in nature. Also, their derivatives also 

monotonic in nature. 

Table 1.2. Types of Activation Function[7] 

Name Plot Function 

Identity 

 

𝑓(𝑥) = 𝑥 

Binary step 

 

𝑓(𝑥) = {
0, 𝑓𝑜𝑟 𝑥 < 0
1, 𝑓𝑜𝑟 𝑥 ≥ 0

 

Logistic (𝑎, 𝑘, a soft 
step) 

 

𝑓(𝑥) =
1

1 + 𝑒−𝑥
 

TanH 

 

𝑓(𝑥) = 𝑡𝑎𝑛ℎ(𝑥) =
2

1 + 𝑒−2𝑥
− 1 

ArcTan 

 

𝑓(𝑥) = 𝑡𝑎𝑛ℎ−1 𝑥 

Rectified Linear Unit 
(ReLU) 

 

𝑓(𝑥) = {
0, 𝑓𝑜𝑟 𝑥 < 0
𝑥, 𝑓𝑜𝑟 𝑥 ≥ 0

 

Parametric Rectified 
Linear Unit (PReLU) 

[5] 

 

𝑓(𝑥) = {
𝛼𝑥, 𝑓𝑜𝑟 𝑥 < 0
𝑥   , 𝑓𝑜𝑟 𝑥 ≥ 0

 

Exponential Linear 
Unit (ELU) [6] 

 

𝑓(𝑥) = {
𝛼(𝑒𝑥 − 1), 𝑓𝑜𝑟 𝑥 < 0

𝑥                , 𝑓𝑜𝑟 𝑥 ≥ 0
 

SoftPlus 

 

𝑓(𝑥) = 𝑙𝑜𝑔𝑒(1 + 𝑒𝑥) 
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1.2. Literature Review 

In this section, the literature related to the subject is provided. Define 

the terms and scope of the topics. Outline the current situation. 

Evaluate current situation. State the order of our chapters. The 

authors in [1, 9-17] studied the approximation of a continuous 

function defined on compact set in ℝ, using neural network with 

sigmodal activation function. In [13] and [32], Funhashi and Cybenko 

find if 𝑓 is a continuous function its domain is compact set in ℝ𝑠, then 

we can approximate 𝑓 by a forward neural network. This neural 

network has an infinite number of neurons. In [12], Chui and Li 

demonstrated that the sigmodal activation function defined on 

compact subset of ℝ. 

In [9], T. Chen and H.Chen improved the results of Funhashi and 

Cybenko who showed that any continuous function on compact 

subset in ℝ𝑠 can be approximated by a feed forward neural network 

with a bounded sigmodal and need not be continuous. In the articles 

[9, 12, 13, 15, 18, 19] weights are variant in the neural network 
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approximation (each 𝑥 has weight), for different inputs this makes 

engineering applications very difficult.   

In chapter two, any bounded function in 𝐿𝑝, for 𝑝 < 1 is 

approximated by a forward neural network and find that the degree 

of the best approximation by this neural network using 𝑘′𝑡ℎ order of 

smoothness. Then, we find a relation between the number of neurons 

and the degree of the best approximation.  

In [20], we can find many mathematical models of neural networks. 

The researchers in [21] and [22] can find many applications such as 

pattern recognition and shown the mechanism of human information 

processing by use these models.  

In [21] the authors introduced the algorithm of back propagation 

(generalized delta rule) and learing rule for multilayer networks. The 

authors in [21] introduced little theoretical research of multilayer 

networks. Lippmann in [23], showed that the arbitrary complex 

decision regions that contain con cave regions can using 4-hidden 

layer networks. The researchers in [24], introduced an example of 3-
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layers networks with thresholding units which partition a space into 

con cave subset.  

In [23], the researchers showed in pattern recognition application, can 

form several complex decision regions that 3-layers networks by 

simulation. Sejnowski and Rosenberg in [22], showed that the 

application of multilayer networks for forming mappings such as 

Net. The authors in [18, 25-27], introduced solutions of Hilbert's 

thirteen problem and prove on estimate for the approximation of 

continuous functions using 4-layers neural networks.  

In [28] and [29], the authors pointed for a problem that the unit of the 

neural network approximation is not sigmodal function. in [30], the 

authors used 3-layers neural networks for approximation. The 

condition of absolute integrability must satisfy the output function 

𝐵(𝑥), so it is not sigmodal function. In [31], the researchers showed 

by a multilayer network, it has been known that any piecewise-linear 

decision region can be realized. There is different point from ref 

model and which using output function of units and the reason why 

it is learing algorithm for multilayer networks.      
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In chapter three, multilayer neural networks by 2-hidden layers with 

sigmoid function output is approximated.  

In [20] and [21], the researchers studied the mathematical models of 

neural networks. In [23] the author used argument in harmonic 

analysis and already established such a possibility provided that all 

scaling 𝑎 ∈ ℝ𝑠 and translates 𝑏 ∈ ℝ are used. 

In [32] and [33], the author worked on one variable but we generalize 

his work to multivariable, so our result is different from the work in 

[13] and [32]. In [13], the author used the integral formula of [30]. 

In chapter four, we approximate any function in 𝐿𝑝(ℝ) for 0 < 𝑝 < 1 

by  neural networks with one hidden layer. 

In chapter five, we relate the trigonometric approximation and 

approximation by periodic networks in 𝐿𝑝[−𝜋, 𝜋]. 

In chapter six, include some basic concepts on which the work like 

trigonometric polynomial, from polynomial to neural networks, 

approximation on [−𝐻, 𝐻]𝑛, 𝑓𝑜𝑟 𝐻 > 0.  

Let us summarize all our results in the form of the following table to 

have a closer look on our work.  
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Chapter Two: 𝐿𝑝 Approximation by Fixed Weight Neural Network 

𝑝 < 1 

Let 𝜎 be a bounded function of sigmodal typ, defined on 

ℝ, if 𝑓 ∈ 𝐿𝑝(ℝ) with ‖𝑓‖𝑝 → 0, 𝑎𝑠𝑥 → ∞, then there exist a 

constant 𝜑𝑖 , 𝑐𝑖 ∈ ℝ and positive integer 𝐾, 𝑁 such that 

‖𝑓 − 𝐵(𝑓)‖𝑝 < 𝐶(𝑃)𝑊𝑘(𝑓, 𝛿)𝑝 

Where  

𝐵(𝑓(𝑥)) = ∑ 𝑐𝑖𝜎 (𝐾. 𝑥 + 𝜑𝑖).

𝑁

𝑖=1

 

Theorem 

2.2.1 

 

If 𝑓 ∈ 𝐿𝑝(ℝ), then 

‖𝐺𝐾 ∗ 𝑓 − 𝑓‖𝑝 < 𝑤𝑖(𝑓, 𝛿)𝑝, 𝛿 > 0. 

Lemma 

2.2.2 

Let 𝑓 ∈ 𝐿𝑝(ℝ), if 𝜎 bounded and measurable function on 

ℝ, then we can find 𝜑𝑖 , 𝑐𝑖 ∈ ℝ, and 𝐾, 𝑁 ∈ ℤ satisfy  

‖𝑓 − 𝐵(𝑓)‖𝑝 < 𝐶(𝑃)𝑊𝐾(𝑓, 𝛿)𝑝 

Where 

𝐵(𝑓(𝑥)) = ∑ 𝑐𝑖𝜎 (𝐾. 𝑥 + 𝜑𝑖)

𝑁

𝑖=1

, 𝑎 ≤ 𝑥 ≤ 𝑏. 

Theorem 

2.2.3 
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Chapter Three: Neural Networks by Two Hidden Layers 𝐿𝑝 

Approximation 

𝑝 < 1 

Any 𝑓(𝑥) ∈ 𝐿𝑝(ℝ𝑛), 𝑓(𝑥1, . . . , 𝑥𝑛) ∈ ℝ𝑛 for several 

variables defined on 𝐼𝑛(𝑛 ≥ 2) can be represented in 

the form  

𝑓(𝑥) = ∑ 𝑥𝑖
2𝑛+1
𝑗=1 (∑ 𝜓𝑖𝑗(𝑥𝑖)𝑛

𝑖=1 ). 

Where 𝑥𝑖 , 𝜓𝑖𝑗 ∈ 𝐿𝑝(ℝ𝑛) with one variable and 𝜓𝑖𝑗 are 

sigmoid function which are not dependent on 𝑓.  

Theorem 3.2.1 

(Kolmogorov)  

[26] 

For each integer 𝑛 ≥ 2, there exist a real function 

𝐵(𝑥), 𝐵([0,1]) = [0,1], dependent on 𝑛 and having 

the following property: 

For each 𝛿 > 0 there is a rational number 𝑊𝐾 , 0 <

𝑊𝐾 < 𝛿, such that every function of 𝑛 variables 𝑓(𝑥), 

defined on 𝐼𝑛, can be represented as 

𝑓(𝑥) = ∑ 𝑥 [∑⋋ 𝐵(𝑥𝑖 + 𝑊𝐾(𝑗 − 1)) + 𝑗 − 1

𝑛

𝑖=1

]

2𝑛+1

𝑗=1

. 

Where the function 𝑥 ∈ 𝐿𝑝(ℝ𝑛) and ⋋ is an 

Theorem 3.2.2 

(Sprecher)  

[27] 
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independent constant of 𝑓. 

Hecht-Nielsen (1987) pointed out that this theorem 

means that any mapping 𝑓: 𝑥 ∈ 𝐼𝑛 →

(𝑓1(𝑥), . . . , 𝑓𝑛(𝑥) ∈ ℝ𝑛) is represented by a form of 4-

layer neural networks with hidden units whose 

output function are 𝜓, 𝑥𝑖(1 = 1, . . . , 𝑚), where 𝜓 is 

used for the first hidden layer, 𝑥𝑖 is given by 

Sprecher's theorem of 𝑓𝑖(𝑥) and 𝑥𝑖(𝑖 = 1, . . . , 𝑚) are 

used for the second hidden layer. 

Let 𝐵(𝑥) be a non-constant function. Let 𝐾 be a 

constant subset of ℝ𝑛 and 𝑓(𝑥1, . . . , 𝑥𝑛) be real valued 

function in 𝐿𝑝(𝐾). Then, there exist an integer 𝑀 ∈

ℤ+ and real constants 𝑏𝑖 , 𝑐𝑖(𝑖 = 1, . . . , 𝑀), 𝑊𝑖𝑗(𝑖 =

1, . . . , 𝐷, 𝑗 = 1, . . . , 𝑛) such that 

𝑓∗(𝑥1, . . . , 𝑥𝑛) = ∑ 𝑐𝑖

𝑀

𝑖=1

𝐵 (∑ 𝑊𝑖𝑗𝑥𝑗 − 𝑏𝑖

𝑛

𝑖=1

). 

Satisfies  

‖𝑓(𝑥1, . . . , 𝑥𝑛) − 𝑓∗(𝑥1, . . . , 𝑥𝑛)‖𝑝 < 𝐶(𝑃)𝑊𝑣(𝑓, 𝛿)𝑝 

Theorem 

3.2.3 
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Let 𝑓(𝑥) ∈ 𝐿𝑝(ℝ) and 𝐵(𝑥) is sigmoid function, for 

an arbitrary compact subset 𝐾 𝑜𝑓 ℝ and an arbitrary 

𝑊𝑘(𝑓, 𝛿)𝑝 > 0, there exist an integer 𝑀 ∈ ℤ+ and real 

constants 𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖(𝑖 = 1, . . . , 𝑀) such that 

‖𝑓(𝑥) − ∑ 𝑐𝑖𝐵(𝑎𝑖𝑥 + 𝑏𝑖)

𝑀

𝑖=1

‖

𝑝

< 𝐶(𝑃)𝑊𝑘(𝑓, 𝛿)𝑝. 

Hold on compact subset of 𝐾. 

Proposition 

3.2.4 

 

 

Chapter Four: Neural Networks Multivariate 𝐿𝑝 Approximation 

𝑝 < 1 

Let 𝜎 ∈ 𝐿𝑝(ℝ) be any sigmodial function and 𝐾 any 

compact subset in ℝ𝑛, then the linear span 

𝐵𝑠(𝜎) = 𝑠𝑝𝑎𝑛{𝜎(<∙, 𝑏 > +𝐾): 𝑏 ∈ ℤ𝑠, 𝐾 ∈ ℤ} 

Is dense in 𝐿𝑝(𝐾). 

Theorem 

4.2.1 

 

Let 𝜎 ∈ 𝐿𝑝(ℝ) be any sigmodial function and 𝑆 ≥ 1. Assume 

that 𝐸 ⊆ ℝ𝑠 is so chosen that 𝜏𝐸̅ has the interpolation 

property relative to 𝜋𝑠−1, then 

Theorem 

4.2.2 
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‖𝑓(𝑥) − ∑ 𝑓𝑗

𝐾

𝑗=1

(< 𝑥, 𝑒𝑗 >)‖

𝑝

< 𝐶(𝑃)𝑊1(𝑓, ℎ𝑗𝑖)
𝑝

. 

 

Chapter Five: Trigonometric Approximation and 2𝜋 − Periodic 

Neural Network Approximation 

For 𝑓 ∈ 𝐿𝑝[−𝜋, 𝜋], 𝑤𝑛 is a bounded operator   

𝑤𝑛(𝑓, 𝑥) =
1

2𝜋
∫ 𝑓(𝑥 − 𝑡)𝑊𝑛

∗(𝑡)
𝜋

−𝜋

𝑑𝑡. 

Lemma 

5.1.1 

 

𝐸2𝑛−2
∗ (𝑓)𝑝 ≤ ‖𝑓 − 𝑤𝑛

∗‖𝑝 

                       ≤ 2𝑝−1𝐸𝑛
∗(𝑓)𝑝 

Lemma 

5.1.2 

 

Let ∅ ∈ 𝐿𝑝
∗ [−𝜋, 𝜋] and 𝐶1

∗(∅) ≠ 0, then for any integer   

𝑁 ≥ 1,  

‖𝑒𝑖 −
1

(2𝑁 + 1)𝐶1
∗(∅)

∑ 𝑒𝑥𝑝(
2𝑖𝑘𝜋

2𝑁 + 1
)∅(∙ −

2𝜋𝑘

2𝑁 + 1
)

2𝑁

𝑘=0

‖

𝑝

≤
𝜋2𝑝−1

|𝐶1
∗(∅)|

𝐸𝑛
∗(∅) 

Proposition 

5.2.1 

 

Let 𝑠, 𝑛, 𝑁 ≥ 1 be integers and 𝑇 ∈ 𝑌𝑛,𝑠, then 

‖𝑇 − 𝛱𝑁,𝑛,𝑠(∅, 𝑇)‖
𝑠

∗
≤

(2𝑛 + 1)
𝑠

2⁄  𝐸𝑁
∗ (∅)

|𝐶1
∗(∅)|

‖𝑇‖𝑠
∗. 

Theorem 

5.2.2 
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Let 𝐶𝑜 be a set of distinct points in {−𝜋, 𝜋}𝑠 𝑎𝑛𝑑 𝑛 ≥ 1 be 

an integer such that  

𝑆𝐶𝑜
< 𝜋

(2 − 3𝑠+4 𝑛)⁄  

And there exist number {ℎ𝜉}
𝜉∈𝐶𝑜

 where |ℎ𝜉| ≤ 𝑐𝑛−𝑠, 𝜉 ∈

𝐶𝑜 𝑡ℎ𝑒𝑛 𝑇𝑛,𝑠
∗  defined by 

𝑇𝑛,𝑠
∗ (𝑓, 𝑥) = ∑ ℎ𝜉𝑓(𝜉)𝑊𝑛,𝑠

∗ (𝑥 − 𝜉)

𝜉∈𝐶𝑜

, 𝑓 ∈ 𝐿𝑠
∗ .  

 And 

𝑇𝑛,𝑠
∗ (𝑇) = 𝑇, 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑇 ∈ 𝑌𝑛.𝑠 

Also, for 𝑓 ∈ 𝐶𝑠
∗, 𝑇𝑛,𝑠

∗ (𝑓) ∈ 𝑌2𝑛−1,𝑠 and we have  

‖𝑇𝑛,𝑠
∗ (𝑓)‖

𝑠

∗
 ≤ 𝐶‖𝑓‖𝑠

∗.  

        𝐸2𝑛−1,𝑠
∗ (𝑓) ≤ ‖𝑓 − 𝑇𝑛,𝑠

∗ (𝑓)‖
𝑠

∗
 

                                 ≤ 𝐶𝐸𝑛,𝑠
∗ (𝑓) .  

 

Theorem 

5.2.3 

 

For 𝑓 ∈ 𝐿𝑝
∗ [−𝜋, 𝜋], we have 𝑤𝑛

∗(𝑓) ∈ 𝑌2𝑛−1 and 

𝐸2𝑛−1
∗ (𝑓) ≤ ‖𝑓 − 𝑤𝑛

∗‖𝑝
∗  

              ≤ 𝐶𝐸𝑛
∗(𝑓). 

Lemma 

5.2.4 

 

Let ∅ ∈ 𝐿𝑝
∗ [−𝜋, 𝜋] 𝑎𝑛𝑑 𝐶1

∗(∅) ≠ 0. Let 𝑠, 𝑛 ≥ 1, then for any 

𝑓 ∈ 𝐿𝑝
∗ [−𝜋, 𝜋] and 𝑁 ≥ 1, we have 

Theorem 

5.2.5 
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‖𝑓 − 𝛱𝑁,2𝑛−1,𝑠(∅, 𝑇𝑛,𝑠
∗ (𝑓))‖

𝑠

∗
≤ 𝐶 {𝐸𝑛

∗(𝑓) +
𝑛

𝑠
2⁄  𝐸𝑁

∗ (∅)

|𝐶1
∗(∅)|

‖𝑓‖𝑠
∗}. 

 

Let ∅(𝑥) = (1 + 𝑒−𝑥)−1,  

𝐵(𝑥) = (1 + 𝑒−(𝑥+1))−1 −
1

1 + 𝑒1−𝑥
 

Then  

‖𝐵(𝑥)‖𝑝 ≤
1

2𝜋
∫ 𝐵(𝑥)𝑒𝑖𝑥𝑑𝑥

𝑅

−𝑅

      ≠ 0. 

Lemma 

5.2.6 

 

Let ∅(𝑥) = (1 + 𝑒−𝑥)−1, 

𝐵(𝑥) = (1 + 𝑒−(𝑥+1))
−1

−
1

1 + 𝑒1−𝑥
 

Then 

𝑆[𝑠𝑞](𝑥) = ∑ 𝐵(𝑥 − 2𝜋𝑘).

𝑘∈ℤ

 

Lemma 

5.2.7 

 

Let 𝑟 ≥ 1 be an integer, for integer 𝑛 ≥ 1 and 𝑓 ∈ 𝐿𝑠
∗ , we 

have 𝐸𝑛,𝑠
∗ (𝑓) ≤ 𝐶 ∑ ‖𝐷𝑗

𝑟𝑓‖
𝑞

∗𝑠
𝐽=1 [8] 

Lemma 

5.2.8 

p.77 Example 

5.2.9 

 

Chapter Six: From Trigonometric Polynomials Approximation to 
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Algebric Polynomial Approximation 

Let ∅ have infinitely many times derivatives on an open 

interval 𝐽 ⊆ ℝ in 𝐿𝑝(𝐽) and there exist a point 𝑎 ∈ 𝐽, such 

that 

∅(𝑘)(𝑎) ≠ 0, 𝑘 = −, 1, 2, . .. 

   For a given 𝜀 > 0 and for 𝑡 > 0, we define 

𝐵𝒌.𝑡(𝑥) =
1

(2𝑡)|𝑘| 𝒌!
∑ (

𝒌

𝒉
)

0≤ℎ≤𝑘

(−1)𝒌−𝒉𝜑(𝑡(2𝒉 − 𝒌) ∙ 𝒙 + 𝑎). 

There exist 𝛿(𝜑, 𝒌, , 𝜀) > 0 such that for 𝑥 ∈ [−3,3]𝑠 and 

0 < 𝑡 < 𝛿(𝜑, 𝒌, , 𝜀), 

‖𝑥𝒌 − 𝐵𝒌,𝑡(𝑥)‖
𝑝

≤ 𝜀. 

Proposition 

6.2.1 

 

p. 90 Theorem 

6.2.2 
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𝑳𝒑 Approximation by Fixed Weighted 

Neural Networks 
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Chapter Two 𝐿𝑝 Approximation by Fixed Weighted Neural Networks  

Chapter Two 

𝑳𝒑 Approximation by Fixed Weighted Neural Networks 

Neural networks are tools for parallel computations of functions with 

several variables, it is a linear computation of non-linear functions 

that we are call activation functions. In our thesis on chapter we deal 

with one hidden layer feed forward neural network [2]. 

We have two problems with neural networks approximation, the first 

is the density problem concerns. With the condition for the 

approximated function to approximate by the neural networks. In 

previous works on approximation using neural networks, the 

weights are different for each input. This makes engineering 

applications very difficult [1]. 

In this chapter, any bounded function in 𝐿𝑝 , for 𝑝 < 1 is 

approximated by a forward neural network and find that the degree 

of the best approximation by this neural network using the k-th order 

of smoothness. Then we are connected neurons number and the 

degree of the best approximation. 
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Chapter Two 𝐿𝑝 Approximation by Fixed Weighted Neural Networks  

2.1. Introduction 

Firstly, let us introduce some basic notations and definitions that we 

need in our work begin with the best approximation to 𝑓 from 𝑌 is 𝑓∗ 

satisfy 

‖𝑓 − 𝑓∗‖ < inf𝑦∈𝑌‖𝑓 − 𝛶‖. 

Define [3] 

𝐿𝑝(ℝ) = {𝑓: ℝ → ℝ: ‖𝑓‖𝑝 < ∞}, 

where 

‖𝑓‖𝑝 = (∫ |𝑓(𝑥)|𝑝
 

𝑅

𝑑𝑥)
1
𝑝           1 ≤ 𝑝 < ∞, 

the 𝑘 − 𝑡ℎ order ordinary modulus of smoothness define as [2] 

𝑤𝑘(𝑓, 𝛿)𝑝 = sup|ℎ|≤𝛿‖∆ℎ
𝑘(𝑓, 𝛿)‖𝑝      , 𝛿 ≥ 0. 

𝑤𝑘(𝑓, 𝛿)∞ = sup|ℎ|≤𝛿|∆ℎ
𝑘(𝑓, 𝛿)|

 
   𝑓𝑜𝑟    0 < 𝑝 ≤ ∞. 

where 

∆ℎ
𝑘(𝑓, 𝛿) = ∑( 𝑖𝑘 )𝑓 (𝑥 + 𝑖ℎ)(−1)𝑘−𝑖 .

𝑘

𝑖=0

 



 

 
31 

 

Chapter Two 𝐿𝑝 Approximation by Fixed Weighted Neural Networks  

The degree of the best approximation of  𝑓 ∈ 𝐿𝑝(ℝ) from the 

subspace 𝐺 is 

𝐸𝑛(𝑓)𝑝 = inf𝑔∈𝐺‖𝑓 − 𝑔‖𝑝  [1] 

In general, we can define the neural network mathematically as 

𝐵(𝑓(𝑥)) =  ∑ 𝑐𝑖𝜎(𝐾. 𝑥 + 𝜑𝑖)

𝑁

𝑖=1

, 

where, 𝜎 is the activation function with one variable 

 x, 𝑘 ∈  ℝ𝑠 are weights and 𝑐𝑖 are thresholds and 𝜑𝑖 ∈  ℝ. 

Let us now recall some examples [7] of activation functions 

𝜎(𝑥) = (1 + 𝑒−𝑥)−1   [the squashing function]. 

 𝜎(𝑥) = (1 + 𝑥2)𝛼    [generalized multiquadrics]. 

where 𝛼 ∈ ℤ. 

 𝜎(𝑥) = |𝑥|2𝑞−1     [thin plate splines] 𝑞 ∈ ℕ. 

The sigmodal function can be defined as [2] 

lim
𝑥→∞

 𝜎(𝑥) = 1, 
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Chapter Two 𝐿𝑝 Approximation by Fixed Weighted Neural Networks  

lim
𝑥→−∞

 𝜎(𝑥) = 0 . 

The complexity is analogue with the problem of the best 

approximation. 

In [1, 9, 12, 13, 15, 17-19], the authors studied the approximation of a 

continuous function defined on compact set in ℝ , using neural 

network with sigmodal activation function. 

In [13] and [32], Funhashi and Cybenko found if f is continuous 

function it is  domain is  compact set in ℝ𝑠, then we can approximate 

f by a forward neural network. This neural network has an infinite 

number of neurons. 

In [12], Chui and Li demonstrated that the sigmodal activation 

functions can contain integer weights and that the threshold can be 

an approximation to any continuous function defined on a compact 

subset of ℝ. 

In [9], T.Chen and H.Chen improved the results of Funhashi and 

Cybenko who showed that any continuous function on compact   

subset in ℝs can be approximated by a feedforward neural network 

with a bounded sigmodal function and need not be continuous. 
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In the articles [3, 9, 12, 13, 15, 34], weights are variant in the neural 

network approximation (each 𝑥 has a weight), for different inputs, 

this makes engineering applications very difficult. 

In this chapter, any bounded function on 𝐿𝑝 𝑓𝑜𝑟 𝑝 < 1 is 

approximated by a forward neural network and find that the degree 

of the best approximation by this neural network using the k-th order 

of smoothness. Then we find a relation between the number of 

neurons and the degree of the best approximation. 

2.2. The Main Results 

In this section, a neural network polynomial has fixed weights can be 

defined, then we prove it is the best approximation of functions in 

𝐿𝑝(ℝ), 0 < 𝑝 < 1, in terms of the first and the k-th usual models of 

smoothness. 

Theorem 2.2.1 

𝜎 is a bounded function of sigmoidal type, defined on ℝ , if 𝑓 ∈

𝐿𝑝(ℝ)  with ‖𝑓(𝑥)‖𝑝 → 0 as 𝑥 → ∞, then there exists constants 𝜑𝑖 , 𝐶𝑖 ∈

ℝ and positive integer 𝐾, 𝑁 such that 
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‖𝑓 − 𝐵(𝑓)‖𝑝 < 𝐶(𝑝) 𝑤𝑘(𝑓, 𝛿)𝑝, 

where 

𝐵(𝑓(𝑥)) = ∑ 𝑐𝑖𝜎(𝐾. 𝑥 + 𝜑𝑖)

𝑁

𝑖=1

. 

Proof 

Let us divide  [−𝑁, 𝑁] as 2𝑁2 intervals, since 𝜎 is a sigmoidal 

function, then there exist r ∈ ℝ 

  ‖𝜎(𝑥)‖𝑝 <
1

𝑁2
  .    

and  

‖𝜎(𝑥)‖𝑝 <
1

𝑁2
  .   

Where x ∈ (−𝑟, 𝑟) 

Choose  𝐾 ∈  𝑍 +, so there exist, 
𝐾

 (2𝑁)
 > 𝑟. 

Now let us write our neural network 

𝐵(𝑓) =  ∑  

2𝑁2

𝑖=1

∑  

𝐾

𝑗=1

(𝑗𝑘)(−1)𝐾−𝑗𝑓(𝑥 + 𝑗ℎ)𝜎(𝐾( 𝑥 − 𝜑𝑖  )). 
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If 𝑥 ≤ −𝑁   ⇒ 𝐾(𝑥 − 𝜑𝑖) ≤ −𝑟 and hence ‖𝑓(𝑥)‖𝑝 → 0   𝑎𝑠 𝑥 → ∞, we 

can find 𝑙 ∈ ℕ as 

‖𝑓(𝑥)‖𝑝 <  𝑤𝑘(𝑓, 𝛿)𝑝  ≤ 𝑐𝑤𝑘(𝑓, 𝛿)𝑝   ∀𝑥 ∈ 𝑙. 2.1 

Where 𝑐 is the absolute constant, then 

‖𝐵(𝑓(𝑥))‖𝑝 = ‖∑  

2𝑁2

𝑖=1

∑  

𝐾

𝑗=1

(𝑗𝑘 )(−1)𝐾−𝑗𝑓(𝑥 + 𝑗ℎ)𝜎(𝐾(𝑥 − 𝜑𝑖))‖

𝑝

 2.2 

Since 

lim
𝑥→∞

 𝜎(𝑥) = 1, 

lim
𝑥→−∞

 𝜎(𝑥) = 0. 

So 𝜎 is bounded and 

‖𝐵(𝑓(𝑥))‖𝑝 ≤ 𝑐(𝑝) ∑  

2𝑁2

𝑖=1

(∫  
  

𝑅

|∑  

𝐾

𝑗=1

(𝑗𝑘 ) (−1)𝐾−𝑗𝑓(𝑥0

+ 𝑗ℎ)|

𝑝

|𝜎(𝐾(𝑥 − 𝜑𝑖)  |𝑝 𝑑𝑥)

1/𝑝

 

≤ 𝑐 (𝑝)𝑁2
1

𝑁2
 𝑤𝑘(𝑓, 𝛿)𝑝.                                                     
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So 

‖𝑓(𝑥) − 𝐵(𝑓(𝑥))‖𝑝 ≤ 𝑐(𝑝) (‖𝑓‖𝑝 + ‖𝐵(𝑓)‖𝑝) ≤ 𝑐 (𝑝)𝑤𝑘( 𝑓, 𝛿)𝑝. 

If 𝑥 ∈ [−𝑁, 𝑁] then 𝑥 ∈ [𝑥𝑖𝑜 − 1, 𝑥𝑖𝑜], for some 𝑖0, with 1 < 𝑖0 < 2𝑁2.   

Note that 

𝐾(𝑥 − 𝜑𝑖) ≥ 𝑟 ,     𝑖 = 1, … , 𝑖0 − 1, 

and 

𝐾(𝑥 − 𝜑𝑖) ≤ −𝑟 ,     𝑖 = 𝑖0 + 1, … ,2𝑁2. 

Then from the fact 

∑  

𝑖0−1

𝑖=1

(𝑗𝑘 )𝑓(𝑥 + 𝑖ℎ)(−1)𝑘−𝑖𝜎(𝑘(𝑥 − 𝜑𝑖))

= ∑  

𝑖0−1

𝑖=1

(𝑗𝑘 )𝑓(𝑥 + 𝑖ℎ)(−1)𝑘−𝑖𝜎(𝑘(𝑥 − 𝜑𝑖) − 1) − 𝑓(𝑥𝑖0 − 1) + 𝑓(𝑥0). 

We have 

‖𝑓(𝑥) − 𝐵(𝑓(𝑥))‖𝑝 = ‖𝑓(𝑥) − ∑  

2𝑁2

𝑖=1

∑  

𝐾

𝑗=1

(𝑗𝑘 )(−1)𝐾−𝑗𝑓(𝑥0 + 𝑗ℎ)𝜎(𝐾(𝑥 − 𝜑𝑗))‖𝑝, 

Using 2.1 and 2.2, we get: 
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‖𝑓 − 𝐵(𝑓)‖𝑝 ≤ 𝑐(𝑝)‖𝑓‖𝑝 + ‖𝐵‖𝑝 ≤ 𝑐(𝑝)𝑤𝑘(𝑓, 𝛿)𝑝 . 

If 𝑥 ≥ 𝑁, then 𝑘(𝑥 − 𝜑𝑖) ≥ 𝑟 and hence 

‖𝜎(𝑘(𝑥 − 𝜑𝑖)) − 1‖𝑝 ≤
1

𝑁2 
, 𝑓𝑜𝑟 𝑖 = 1, … ,2𝑁2 

Then 

‖𝑓 − 𝐵(𝑓)‖𝑝

= ‖𝑓(𝑥) − ∑  

2𝑁2

𝑖=1

∑  

𝐾

𝑗=1

(𝑗𝑘)(−1)𝐾−𝑗𝑓(𝑥 + 𝑗ℎ)𝜎(𝐾(𝑥 − 𝜑𝑖)) − 1

+ ∑  

2𝑁2

𝑖=1

∑  

𝐾

𝑗=1

(𝑗𝑘 )(−1)𝐾−𝑗𝑓(𝑥 + 𝑗ℎ)‖𝑝

 

 

≤ 𝑐(𝑝)‖𝑓(𝑥)‖𝑝 + ‖𝑓(𝑁)‖𝑝 + ‖𝑓(−𝑁)‖𝑝

+ ∑  

𝑘

𝑗=1

‖(𝑗𝑘)𝑓(𝑥 + 𝑗ℎ)(−1)𝑘−𝑗𝜎(𝑘(𝑥 − 𝜑𝑖)) − 1‖𝑝 

≤ 𝑐 (𝑝)(‖𝑓‖𝑝 + ‖𝐵(𝑓)‖𝑝). 

Then using 2.1 and 2.2 to get: 

‖𝑓 − 𝐵(𝑓)‖𝑝 ≤ 𝑐(𝑝)𝑤𝑘(𝑓, 𝛿)𝑝. ∎ 
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The convolution of two functions 𝑓 and 𝑔 defined on ℝ, can be 

defined as 

(𝑓 ∗ 𝑔) (𝑥) ≔  ∫  
 

𝑅
𝑓(𝑦)𝑔 (𝑥 − 𝑦)  𝑑𝑦. 

For  𝑥 ∈  ℝ, we define [5] 

𝐺(𝑥) = 𝑓(𝑥) = {𝑐𝑎
3

√1−𝑥, 𝑖𝑓|𝑥| < 1

0, 𝑖𝑓|𝑥| ≥ 1
  , 2.3 

where 𝑎 > 0 and 𝑐 is chosen so that ∫  
3 

𝑅
𝐺(𝑥)𝑑𝑥 = 1 then all the 

derivatives of 𝐺 are in 𝐿𝑝(ℝ). For each positive integer 𝑘, we define 

𝐺𝑘(𝑥) = 𝑘𝐺(𝑘𝑥). 2.4 

Then 

∫  
 

𝑅

𝐺𝑘(𝑥)𝑑𝑥 = 1 𝑎𝑛𝑑 𝐺𝑘 ∈ 𝐿𝑝(ℝ). 

For any positive integer 𝑘. 

𝐺𝑘 ∗ 𝑓 → 𝑓. 

‖𝐺𝑘 ∗ 𝑓 − 𝑓‖𝑝 → 0. 
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Lemma 2.2.2 

If 𝑓 ∈ 𝐿𝑝(ℝ) then 

‖𝐺𝑘 ∗ 𝑓 − 𝑓‖𝑝 < 𝑤1(𝑓, 𝛿)𝑝  , 𝛿 > 0. 

Proof 

Let 𝑓 ∈ 𝐿𝑝 (ℝ) 

‖𝐺𝑘 ∗ 𝑓 − 𝑓‖𝑝 = (∫  
 

𝑅

|∫  (
1 

−1 

𝑘𝐺(𝑘𝑦)(𝑓(𝑥 − 𝑦)𝑑𝑦 − 𝑓(𝑥))𝑑𝑦|

𝑝

𝑑𝑥)
1
𝑝 

= (∫  
 

𝑅

|∫  
1 

−1 

𝑘𝐺(𝑘𝑦)(𝑓(𝑥 − 𝑦)𝑑𝑦 − ∫  
1 

−1 

𝑘𝐺(𝑘𝑦)𝑓(𝑥)𝑑𝑦|

𝑝

𝑑𝑥)
1
𝑝 

           = (∫  
 

𝑅

𝑘𝐺(𝑘𝑦)(𝑓(𝑥 − 𝑦) − 𝑓(𝑥))𝑑𝑥). 

Let 𝑘𝑦 =  𝑧, 𝑑𝑧 =  𝑘. 𝑑𝑦, 𝑦 =
𝑧

𝑘
  

‖𝐺𝑘 ∗ 𝑓 − 𝑓‖𝑝 = (∫  
 

𝑅

|∫  
1

−1

𝐺(𝑧)  |

𝑝

  |𝑓 (𝑥 −
𝑧

𝑘
) − 𝑓(𝑥)  |

𝑝

𝑑𝑧)

1/𝑝

 

≤ 𝑐(𝑝)𝑤1(𝑓, 𝛿)𝑝 .                                

We shall use the convolution to prove the sufficiency of the 

boundedness fixed weight sigmoidal function with the 
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approximation by neural network for f ∈ 𝐿𝑝 , 0 < 𝑝 < 1 on compact 

set . 

Theorem 2.2.3 

Let 𝑓 ∈ 𝐿𝑝(ℝ) , if 𝜎 a bounded and measurable function on ℝ, then 

we can find  𝜑𝑖 , 𝑐𝑖 ∈ ℝ and 𝑘, 𝑁 ∈  ℤ  satisfy: 

‖𝑓 − 𝐵(𝑓)‖𝑝 < 𝑐(𝑝)𝑤𝑘(𝑓, 𝛿)𝑝, 

where 

𝐵(𝑓(𝑥)) = ∑  

𝑁

𝑖=1

𝑐𝑖𝜎(𝐾𝑥 + 𝜑𝑖)  ,         𝑎 ≤ 𝑥 ≤ 𝑏. 

Proof 

Let 𝐺 and 𝐺𝑘 be the same as in 2.3 and 2.4, then let us define             

𝑓̅ ∈ 𝐿𝑝(ℝ) such that 𝑓̅ = 𝑓 on [𝑎, 𝑏] and 𝑓̅ = 0 outside of [𝑎 − 1, 𝑏 + 1]. 

By Lemma 2.2.2, we get: 

𝐺𝑘 ∗ 𝑓̅ → 𝑓 ̅   𝑜𝑛 [𝑎, 𝑏]. 

Since 
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∫  
 

𝑅

𝐺𝑘(𝑥 − 𝑦)𝑓(̅𝑦) 𝑑𝑦 < ∞ , for each positive integer 𝑘, 

𝐺𝑘 ∗ 𝑓 ̅is approximated by a Riemann sum. 

For any 𝑘 ∈ ℤ+, we can find  𝑃𝑘 ∈ 𝑍 and real constants  𝑦𝑖 , 𝑐𝑖     𝑓𝑜𝑟 𝑖 =

1, … , 𝑃𝑘    satisfies 

‖(𝐺𝑘 ∗ 𝑓)̅  (𝑥) − ∑  

𝑃𝑘

𝑖=1

𝑐𝑖𝐺𝑘  (𝑥 − 𝑦)𝑓(̅𝑦𝑖)‖𝑝 

≤ 𝑐  (𝑝) 𝑃𝑘 (
1

𝑃𝑘
)  𝑤1 𝑓  (𝑓, 𝛿)𝑝. 2.5 

where 𝑦𝑖 ∈ ℝ ,   𝑖 = 1 … . . , 𝑃𝑘 

Since 𝐺𝑘 ∈  𝐿𝑝(ℝ), by Theorem 2.2.1, there exist constants       

𝛼𝑗,𝑘 , 𝛽𝑗,𝑘  ∈ ℝ and positive integer ℎ such that  

‖𝐺𝑘(𝑥 − 𝑦𝑖) − ∑  

 

𝑗,𝑘

𝛽𝑗,𝑘 𝜎 (ℎ(𝑥 − 𝑦𝑖) + 𝛼𝑗,𝑘  ) ‖

𝑝

 

≤ 𝑐(𝑝)𝑤𝑘(𝑓, 𝛿)𝑝. 2.6 

Now, using Lemma 2.2.2, we choose a positive integer 𝑘 satisfies 

‖𝑓 − (𝐺𝑘 ∗ 𝑓)̅(𝑥)‖
𝑝

≤ 𝑐(𝑝)𝑤1(𝑓, 𝛿)𝑝 ,   𝑥 ∈ ℝ. 2.7 
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From 2.6 and 2.7, we have: 

‖𝑓(𝑥) − ∑  

𝑃𝑘

𝑖=1

𝑐𝑖𝑓(̅𝑦𝑖) ∑  

 

𝑗,𝑘

𝛽𝑗,𝑘  𝜎(ℎ(𝑥 − 𝑦𝑖) + 𝛼𝑗,𝑘)‖

𝑝

 

≤ ‖𝑓(𝑥) − (𝐺𝑘 ∗ 𝑓)̅(𝑥)‖
𝑝

+ ‖(𝐺𝑘 ∗ 𝑓)̅(𝑥) − ∑  

𝑃𝑘

𝑖=1

𝑐𝑖𝐺𝑘(𝑥 − 𝑦𝑖)𝑓(̅𝑦)‖

𝑝

+ ‖∑  

𝑃𝑘

𝑖=  1

𝑐𝑖𝐺𝑘(𝑥 − 𝑦𝑖)𝑓(̅𝑦)

− ∑  

𝑃𝑘

𝑖  =1

𝑐𝑖𝑓(̅𝑦𝑖)  ∑  

𝑗,𝑘

𝛽𝑗,𝑘𝜎(ℎ (𝑥 − 𝑦𝑖) + 𝛼𝑗,𝑘‖

𝑝

 

≤ 𝑤1(𝑓, 𝛿)𝑝 + 𝑤1(𝑓, 𝛿)𝑝 + 𝑤𝑘(𝑓, 𝛿)𝑝 

≤ 𝑐(𝑝) (𝑤𝑘(𝑓, 𝛿)𝑝 + 𝑤1(𝑓, 𝛿)𝑝) ■       
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Chapter Three 

Neural Networks by Two - Hidden Layers 𝑳𝒑 Approximation 

Many researchers work on the approximation by the one hidden 

layer neural network. But little work on multilayers neural networks 

approximation. Here we approximate multilayer neural networks by 

2-hidden layers with sigmoid function output. That what we shall 

introduce in our work have. 

3.1. Introduction 

Firstly, let us introduce the algorithm of back propagation is 

modified weights and thresholds by gradient descent method. So, the 

error is minimized between the signal of the network and the desired 

output. In general, let us define 𝐵(𝑥) is the output function. The 

sigmoid function 𝑓(𝑥) is 

𝑓(𝑥) =
1

(1 + 𝑒−𝑥)
. 

And the Fourier transform F(w) (w= w1,……, wn ) of f(x) is a real 

analytic functions. 
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   In [20], we can find many mathematical models of neural networks. 

The researchers in [21] and [22], can find many applications such as 

Pattern recognition, and shown the mechanism of human 

information processing by use these models. In [21] the authors 

introduced the algorithm of back propagation algorithm (generalized 

delta rule) and learning rule for multilayer networks.  

The authors in [21], introduced little theoretical research of multilayer 

networks. Lippmann in [23], showed that the arbitrary complex 

decision regions that contain concave regions, can using 4-hidden 

layers networks. The researchers in [24] introduced an example of  3 - 

layers networks with thresholding units which Partition a space into 

concave subset. In [23], the researchers showed in Pattern recognition 

application, can form several complex decision regions that 3-layers 

networks by simulations. The author in [35], proposed based as 

generalized delta rule on the same principle. Sejnowski and 

Rosenberg in [22], the application of multilayer networks for forming 

mappings, such as Net. 
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The authors in [18, 19, 25-27], introduced solutions of Hilbert's 

thirteenth Problem and prove an estimate for the approximation of 

continuous function using 4-layers neural networks.  

In [28] and [29], the authors pointed for a problem that the unit of the 

neural network approximation is not sigmoid function. In [30], the 

authors used 3-layers neural networks approximation. The condition 

of absolute integrability must satisfy the output function 𝐵(𝑥) , so is 

not sigmoid function. In [31], the researchers showed by a multilayer 

network, any piecewise - linear decision region can be realized.  

There is a different point from [20] model and which using output 

function of units and the reason why it is learning algorithm for 

multilayer networks. In this work, we started from [31], the integral 

formula and proved the approximate realization of mappings in 𝐿𝑝 

spaces 3- layers networks are sigmoid function whose output 

function for hidden layers and output function for input. We 

approximate multilayer neural networks in 𝐿𝑝 by two - hidden layers. 

we use Kolmogorov and Sprecher theorem to prove our results here. 
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For a real valued function 𝑓: 𝐾 ⊂ ℝ𝑛 →  ℝ, we can use the following 

norm 

‖𝑓‖𝐿𝑝(𝐾) = (∫ |𝑓(𝑥1, 𝑥2, . . . , 𝑥𝑛)|𝑝𝑑𝑥1, . . . , 𝑑𝑥𝑛

 

𝑘

)

1
𝑝

. 

And  

𝐿𝑝(𝐾) = {𝑓: 𝐾 → ℝ: ‖𝑓‖𝐿𝑝(𝐾) < ∞}. 

3.2. Multilayer Neural Networks 

In general, the networks have input layer, hidden layer and output 

layer. Each layer consist of computation units. The relationship 

between the input-output is through by connection 𝑤𝑖 weights, 

threshold 𝑏, inputs 𝑥𝑖, output 𝑌 and differentiable function 𝐵 as 

follows 

𝑌 = 𝐵 (∑ 𝑤𝑖𝑥𝑖 − 𝑏

𝑘

𝑖=1

).  

The algorithm of back Propagation is the learning rule of this 

networks in [21]. The relationship between the input units 𝑟 and 

output units 𝑠 for multilayer networks defines a continuous mapping 
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from 𝑟- dimensional Euclidean space to 𝑠 - dimensional Euclidean 

space. This mapping called input-output mapping of the network. 

For the study of mappings 𝐵(𝑥)  of network whose output functions 

for hidden layer and whose output functions for input - output layers 

defined by multilayer networks to consider are linear.  

Let Points for 𝑟 −dimensional Euclidean space ℝ𝑟 be denoted by      

𝑋 = (𝑥1, 𝑥2, . . . , 𝑥𝑛)  and the norm of 𝑥 defined by ‖𝑥‖ = (∑ 𝑥𝑖
2𝑟

𝑖=0
) 

1

2  

Theorem 3.2.1 (Kolmogorov) [26] 

Any 𝑓 ∈  𝐿𝑝 (ℝ𝑛), 𝑓(𝑥1, 𝑥2, 𝑥3, . . . , 𝑥𝑛) ∈ ℝ𝑛 defined on 𝐼𝑛 (𝑛 ≥ 2) of 

several variables, we can represented by   

𝑓(𝑥) = ∑ 𝑥𝑖

2𝑛+1  

𝑗=1

( ∑ 𝜓
𝑖𝑗

(𝑥𝑖) 

𝑛

𝑖=1

). 

where 𝑥𝑖  , 𝜓𝑖𝑗 ∈ 𝐿𝑝 (ℝ𝑛) with one variable and 𝜓𝑖𝑗 is sigmoid function 

which are not dependent on 𝑓. 

Theorem 3.2.2 (Sprecher) [27] 

For each integer (𝑛 ≥ 2), there exist a real function 𝐵(𝑥), 𝐵([0,1]) =

[0,1] dependent on n and having the property.  
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If 𝛿 > 0, there exist  a rational number 𝑤𝑘 , 0 < 𝑤𝑘 <  𝛿, every function 

𝑓(𝑥) of 𝑛 variable defined on 𝐼𝑛, we can be represented by 

𝑓(𝑥) = ∑ 𝑋

2𝑛+1

𝑗=1

[∑ 𝜆 𝐵(𝑥𝑖 + 𝑤𝑘 (𝑗 − 1)) + 𝑗 − 1

𝑛

𝑖=1

]. 

where 

𝜆 and the function  𝑋 ∈ 𝐿𝑝 (ℝ𝑛) is an independent constant of 𝑓. 

In [25], the mapping 𝑓: 𝑥 ∈ 𝐼𝑛
 

→ (𝑓1 (𝑥), . . . , 𝑓𝑚(𝑥)) ∈ ℝ𝑚 is 4-layers 

neural networks with hidden units whose output function are 

Ψ, 𝑥𝑖(𝑖 = 1, … . 𝑚), 

Where 𝑥𝑖 is given in theorem [27] for 𝑓𝑖(𝑥) , 𝑥𝑖(𝑖 = 1, . . . , 𝑚) are used 

for the 2- hidden layers, and Ψ is used for the one hidden layer.  

In this work, we prove the following theorems 

Theorem 3.2.3 

Let  𝐾 be a compact subset of ℝ𝑛, 𝐿𝑒𝑡 𝐵(𝑥) be a non constant function 

and 𝑓(𝑥1, 𝑥2, 𝑥3, . . . , 𝑥𝑛) be real valued function in 𝐿𝑝(𝑘). Then there 

exist 𝑀 ∈  ℤ+, and real constants 𝑏𝑖  , 𝑐𝑖  (𝑖 =  1, . . . , 𝑀), 𝑤𝑖𝑗  (𝑖 =  1, . . . , 𝐷,

𝑗 = 1, . . . , 𝑛 ) such that: 
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𝑓∗(𝑥1 , . . . , 𝑥𝑛) = ∑ 𝐶𝑖

𝑀

𝑖=1

 𝐵 (∑ 𝑤𝑖𝑗𝑥𝑗 −𝑏𝑖

𝑛

𝑖=1

). 

Satisfies 

‖𝑓(𝑥1 , . . . , 𝑥𝑛)  − 𝑓∗(𝑥1 , . . . , 𝑥𝑛)‖𝑝 <  𝑐(𝑝) 𝑤𝑣 (𝑓, 𝛿)𝑝.  

Proof  

We can find 𝐻 >  0 and we define 𝐼𝐻
 (𝑥1 , . . . , 𝑥𝑛), 𝐼∞,𝐻

 (𝑥1 , . . . , 𝑥𝑛), and 

𝐽𝐻
 (𝑥1 , . . . , 𝑥𝑛) as 

𝐼𝐻
 (𝑥1 , . . . , 𝑥𝑛) = ∫ … ∫ 𝜓 (∑ 𝑥𝑖 𝑤𝑖 − 𝑤0

𝑛

𝑖=1

) 
𝐻

−𝐻

𝐻

−𝐻

, 

where 

𝜓(𝑥) ∈ 𝐿𝑝 −topology is defined by 𝜓(𝑥) = 𝐵 (
𝑥

𝛿+∝
) − 𝐵 (

𝑥

𝛿−∝
) for 

some 𝛿 and 𝛼. 

By the Paley - Wiener theorem in [5], the real analytic is the Fourier 

transform 𝐹(𝑤)(𝑤 = (𝑤1 , . . . , 𝑤𝑛)) of 𝑓(𝑥), such that: 

‖𝐼∞,𝐻
 (𝑥1 , . . . , 𝑥𝑛) − 𝑓  (𝑥1 , . . . , 𝑥𝑛)‖

𝑝
<  𝑤𝑣(𝑓,

𝑘

𝑛
 )𝑝. 3.1 

By finite integrals on 𝑘, we will approximate 𝐼∞,𝐻. 
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𝐼𝐻∗,𝐻  
 (𝑥1 , . . . , 𝑥𝑛)

= ∫ …
𝐻

−𝐻

∫ [∫ 𝜓  (∑ 𝑥𝑖𝑤𝑖  − 𝑤0

𝑛

𝑖=1

) ×
1

(2Π)𝑛 𝜓(1)
𝐹(𝑤1, . . . , 𝑤𝑛  )

𝐻∗

−𝐻∗

𝐻

−𝐻

×  exp(𝑖𝑤0)𝑑𝑤0 ] 𝑑𝑤1, . . . , 𝑑𝑤𝑛. 

We can take 𝐻∗ > 0  so that  

‖𝐼𝐻∗,𝐻
 (𝑥1 , . . . , 𝑥𝑛)  − 𝐼∞,𝐻 (𝑥1 , . . . , 𝑥𝑛)‖

𝑝
 <  𝑤𝑣(𝑓,

𝑘

𝑛
 )𝑝. 3.2 

By using the following equation from [26]: 

∫ 𝜓  (∑ 𝑥𝑖𝑤𝑖  − 𝑤0

𝑛

𝑖=1

) 𝑒𝑥𝑝(𝑖𝑤0)𝑑𝑤0 
𝐻∗

−𝐻∗

= ∫ 𝜓(𝑡)
∑ 𝑥𝑖𝑤𝑖+𝐻∗𝑛

𝑖=1

∑ 𝑥𝑖𝑤𝑖−𝐻∗𝑛
𝑖=1

exp(𝑖𝑡)𝑑𝑡.  exp (𝑖 ∑ 𝑥𝑖𝑤𝑖

𝑛

𝑖=1

) ,     

From 𝐹(𝑥) ∈ 𝐿p  topology and compactness of [−H, H] 𝑛, 

We can take 𝐻∗ 𝑜𝑛 𝐾 , so 

∫ 𝜓
𝐻∗

−𝐻∗

(∑ 𝑥𝑖𝑤𝑖 − 𝑤0 

𝑛

𝑖=1

) exp(𝑖𝑤0) 𝑑𝑤0 − ∫ 𝜓
∞

−∞∗

(∑ 𝑥𝑖𝑤𝑖 − 𝑤0 

𝑛

𝑖=1

) exp(𝑖𝑤0) 𝑑𝑤0 

≤ ‖𝜓 (∑ 𝑥𝑖𝑤𝑖 − 𝑤0   

𝑛

𝑖=1

)  exp(𝑖𝑤0) 𝑑𝑤0 −  𝜓 (∑ 𝑥𝑖𝑤𝑖 − 𝑤0 

𝑛

𝑖=1

) exp(𝑖𝑤0) 𝑑𝑤0‖

1
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≤
𝑤𝑣(𝑓,

𝑘

𝑛
)(2Π)𝑛 ‖𝜓(1)‖1

(2 ∫ …
∞

−∞ ∫ ‖𝐹(𝑥)‖1
∞

−∞
𝑑𝑥+1)

× ∫ …
𝐻

−𝐻
∫ ‖𝐹(𝑥)‖1

𝐻

−𝐻
𝑑𝑥. 

Since 𝜓 and 𝐹  belong to finite dimensional space, then 

‖
𝑤𝑣 (𝑓 ,

𝑘
𝑛) (2Π)𝑛‖𝜓(1)‖1

(2 ∫ …
∞

−∞
∫ ‖𝐹(𝑥)‖1

∞

−∞
𝑑𝑥 + 1)

‖

𝑝

≤
‖𝐹‖𝑝

∫ …
∞

−∞
∫ ‖𝐹(𝑥)‖𝑝

∞

−∞

× ∫ . . . ∫ ‖𝐹(𝑥)‖𝑝 

∞

−∞

∞

−∞

  

   

∫ …
∞

−∞

∫ ‖𝐹(𝑥)‖1

∞

−∞

 

‖𝐼−𝐻∗,𝐻
 (𝑥1 , . . . , 𝑥𝑛) − 𝐼∞,𝐻

 (𝑥1 , . . . , 𝑥𝑛)‖
𝑝

≤
𝑤𝑣 (𝑓 ,

𝑘
𝑛)

(2 ∫ …
∞

−∞ ∫  ‖𝐹(𝑥)‖𝑝
∞

−∞
𝑑𝑥 + 1)

× ∫ …
𝐻

−𝐻

∫ ‖𝐹(𝑥)‖𝑝

𝐻

−𝐻

𝑑𝑥 

< 𝑐(𝑝) 𝑤𝑣  (𝑓,
𝑘

𝑛
). 

From 3.1 and 3.2, we get for any 𝐻, 𝐻∗ > 0, 

‖𝑓  (𝑥1 , . . . , 𝑥𝑛) − 𝐼𝐻∗,𝐻
 (𝑥1 , . . . , 𝑥𝑛)‖

𝑝
< 𝑐(𝑝) 𝑤𝑣 (𝑓, 𝛿)𝑝. 

So, we can approximate 𝑓(𝑥) by the finite integrals 𝐼𝐻∗,𝐻, (𝑥) on 𝐾,     

𝑓 can be represented by the Riemann sum and by two-layers 

networks.  
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Then 𝑓(𝑥) can be represented approximately by two-layers networks 

■.  

Proposition 3.2.4 

Let 𝑓 ∈  𝐿𝑝 (ℝ) and Let 𝐵(𝑥) is sigmoid function, for an arbitrary 

compact subset 𝐾 of ℝ and an arbitrary 𝑤𝑘  (𝑓, 𝛿)𝑝 > 0, there exist 𝑀 ∈

 ℤ+ and real constant 𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖  (𝑖 = 1, . . . , 𝑀) , such that 

‖𝑓(𝑥) − ∑  𝑐𝑖  𝐵 𝑀
𝑖=1 (𝑎𝑖𝑋 

+ 𝑏𝑖)‖
𝑝

< 𝑐(𝑝)𝑤𝑘 ( 𝑓, δ )𝑝 , hold on compact 

subset 𝐾. 

 

Proof 

 We suppose that 𝐾 =  [0,1]𝑛, and we apply Sprecher's theorem to 

𝑔𝑝(𝑥)  (𝑝 = 1, … 𝑁) and represent 𝑔𝑝(𝑥) by the form 

𝑔𝑝(𝑥) = ∑ 𝑥𝑝 [∑ ℎ𝑖  𝜓 (𝑥𝑖 + 𝑡  (𝑗 − 1)) + 𝑗 − 1 

𝑚

𝑖=1

] , (𝑝 = 1, … 𝑁)

2𝑚+1  

𝑖=1

. 

where ℎ, 𝑡 are constants. We can approximate the functions by using 

a sigmoid function 𝐵 and apply our proposition to function 𝑌𝑝, 𝜓. 

Let 𝐾𝑗  (𝑗 =  1 , . . 2𝑚 + 1 )  be the images of [ 0,1 ]𝑛 by mappings  
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𝜆𝑗 : 𝑥 → ∑ ℎ𝑖 

𝑚

𝑖=1

𝜓 (𝑥𝑖 + 𝑡(𝑗 − 1)) +  𝑗 − 1, (𝑗 = 1,2, … ,2𝑚 + 1) 

We can take 𝑘𝛿 of 𝛿  neighbourhood of 𝐾, 𝑓(𝑥) ∈  𝐿𝑝 (ℝ):  

𝑌𝑝,𝑀( 𝑋 ) =  ∑ 𝐶𝑖,𝑀 𝐵(

𝑀

𝑖=1  

𝑎𝑖,𝑀x + 𝑏𝑖,𝑀). 3.3 

So, 

‖𝑌𝑝(𝑥) − 𝑌𝑝,𝑀(𝑥)‖
𝑝

<  𝑐(𝑝) 𝑤𝑘   (𝑓, 𝛿)𝑝. 3.4 

We can approximate 𝜆𝑗   on [0,1]𝑛 by 𝜆𝑗 , 𝑆  so that  

‖𝜆𝑗(𝑥) − 𝜆𝑗  𝑆(𝑥)‖
𝑝

< min(𝑟, 𝛿). 3.5 

where r sufficiently small, and we can approximate 𝜓(𝑥) by 

𝜓𝑆(𝑥) = ∑ 𝑐𝑖
∗

𝑠

𝑖=1

𝐵(𝑎𝑖
∗𝑋 + 𝑏𝑖

∗). 3.6 

On ℓ neighbourhood of [0,1] and set  



 

 
54 

 

Chapter Three Neural Networks by Two Hidden Layers 𝐿𝑝 Approximation 

𝜆𝑗,𝑠(𝑥) =  ∑ ℎ𝑖

𝑚

𝑖=1

𝜓𝑠(𝑥𝑖 + 𝑡(𝑗 − 1)) + 𝑗 − 1. 3.7 

So,  3.5 is satisfied. 

By using transformation  

∑ 𝑦𝑝

2𝑚+1

𝑖=1

[𝜆𝑗(𝑥)]  − ∑ 𝑦𝑝,𝑀

2𝑚+1

𝑗=1

[𝜆𝑗,𝑠(𝑥)]

= ∑ 𝑦𝑝

2𝑚+1

𝑖=1

[𝜆𝑗(𝑥)] − ∑ 𝑦𝑝,𝑀

2𝑚+1

𝑗=1

[𝜆𝑗(𝑥)] + ∑ 𝑦𝑝,𝑀

2𝑚+1

𝑗=1

[𝜆𝑗(𝑥)]

− ∑ 𝑦𝑝,𝑀

2𝑚+1

𝑗=1

[𝜆𝑗,𝑠(𝑥)]. 

Then, we get 𝑔𝑝(𝑥)(𝑝 = 1, … … . . 𝑁), are approximated by 

∑ 𝑌𝑝,𝑀
2𝑚+1
𝑗=1 [𝜆𝑗,𝑠(𝑥)] (𝑝 = 1, . . . 𝑁) on [0,1]𝑛 ■.     
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Chapter Four 

Neural Networks Multivariate 𝑳𝒑 Approximation 

Many researchers workwd on the approximation by neural networks 

with one variable. But little work on multivariate neural networks 

approximation. Here we approximate a multivariate real valued 

functions in 𝐿𝑝 quasi normed spaces by neural networks of several 

variables. 

4.1. Introduction  

First, let us introduce the configuration of an infinite set 𝐸 of vectors 

in ℝ𝑠, 𝑠 ∈ ℕ, for which the closure with respect to 𝐿𝑝(𝑘) of the 

algebraic span of {𝑓(< 𝑒, . >: 𝑒 ∈ 𝐸), 𝑓 ∈ 𝐿𝑝 (ℝ) is all of 𝐿𝑝(𝑘)} [13]. 

Where 𝑘 is any compact set in ℝ𝑠. 

In general, we can define the neural networks with one hidden layer 

mathematically as 

𝑆(𝑥) = ∑ 𝑐(𝑖, 𝑘)𝜎 (∑ < 𝑤𝑖 , 𝑥𝑗 >

𝑠

𝑗=1

+ 𝑘) ,

 

𝑖 ∈𝑆

 

𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑠), 



 

 
56 

 

Chapter Four Neural Networks Multivariate 𝐿𝑝 Approximation 

𝑖 = (𝑖1, 𝑖2, … , 𝑖𝑠). 

where, 𝑘 ∈ ℤ, 𝑐(𝑖, 𝑘) ∈ ℝ and 𝑖 ∈ ℤ𝑠. 

The inner product in ℝ𝑠 denoted by <. , . >. 

The set 𝐸̅ is 

𝐸̅ ≔ {(𝑥1, 𝑥2, … , 𝑥𝑠) ∈ 𝐸: 𝑥1 ≠ 0}, 

And 

𝜏𝐸̅ ≔ {(
𝑥2

𝑥1
⁄ , … ,

𝑥𝑠
𝑥1

⁄ ): (𝑥1, 𝑥2, … , 𝑥𝑠) ∈ 𝐸, 𝑥1 ≠ 0}. 

and 𝜋𝑠−1 , be denotes the space of polynomials in 𝑠 − 1 variables, 𝑠 ∈

ℕ. 

Let 𝑓 be any function as: 

𝑓: ℝ𝑑 → ℝ, 𝑑 ∈ ℕ. 

In [8] and [13], the researchers studied the mathematical models of 

neural networks. Many mathematical problems of neural networks 

remain unsolved. One of the difficult problem is designing a neural 

network with one hidden layer, by using a single but arbitrary 

sigmoidal function 𝜎(𝑥), can be uniformly approximated within a 
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preassigned to lerance. While it remain no constructive solution to 

this problem, the objective of this section is to prove that such a 

design is always possible for any sigmoidal function 𝜎(𝑥). 

By using integral scaling and translations in approximating function 

in 𝐿𝑝(𝑘). In [32],the author used argument in harmonic analysis and 

already established such  possibility  provided that all scaling 𝑎 ∈ ℝ𝑠 

and translates 𝑏 ∈ ℝ  are used . Our  approach is different from that 

in [32] Cybenko instead of using argument in harmonic analysis, it 

establishes a density result on ridge function. The idea of this section 

is from the work of the author in [32] and [33]. 

In [32, 33], the research  worked   on one variable but we generalize 

his work to multivariable. So, our result is different from the work in 

[13] and from the work in [32]. In [13], the author  used the integral 

formula of [30]. 

In this work, we approximate any function in 𝐿𝑝(ℝ), for 0 < 𝑝 < 1 by 

a neural networks with one hidden layer. 
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4.2. Auxiliary Results 

Using the same lines of theorem 2.1 in [32], we get 

Theorem 4.2.1  

Let 𝜎 ∈ 𝐿𝑝(ℝ) be any sigmoidal function and 𝐾 any compact subset in 

ℝ𝑠. Then the linear span  

𝐵𝑠(𝜎) = 𝑠𝑝𝑎𝑛{𝜎(<. , 𝑏 > +𝑘): 𝑏 ∈ ℤ𝑠, 𝑘 ∈ ℤ} 

dense in 𝐿𝑝(𝑘). 

Theorem 4.2.2 

Let 𝜎 ⊆ 𝐿𝑝(ℝ) be any sigmoidal function and 𝑠 ≥ 1. assume that     

𝐸 ⊆ ℝ𝑠 is so chosen that 𝜏𝐸̅ has the interpolation property relative to 

𝜋𝑠−1. then 

‖𝑓(𝑥) − ∑ 𝑓𝑗(< 𝑥, 𝑒𝑗 >)

𝑘

𝑗=1

‖

𝑝

< 𝑐(𝑝)𝑤1(𝑓, |𝑥 − 𝑥𝑗|)
𝑝

. 

Proof 

 By Theorem 4.2.1, we assume, without loss of generality that 𝐾 = 𝐷𝑠. 

Let 𝑓 ∈ 𝐿𝑝(𝐷𝑠). There exist function 𝑓𝑗 ∈ 𝐿𝑝(ℝ) such that 
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‖𝑓(𝑥) − ∑ 𝑓𝑗(< 𝑥, 𝑒𝑗 > +𝑘)

𝑘

𝑗=1

‖

𝑝

≤ 𝑐(𝑝)𝑤1(𝑓, ℎ𝑗𝑖)
𝑝

,               

where 

𝑤1(𝑓, 𝛿) =  𝑠𝑢𝑝|ℎ|<𝛿‖𝑓(𝑥 + ℎ) − 𝑓(𝑥)‖𝑝. 

and 

ℎ = 𝑚𝑖𝑛𝑖,𝑗 ∈ℕ{ℎ𝑗𝑖}. 

let {𝑒𝑗}𝑗,𝑖
𝑘  ∁ 𝐸 

𝑒𝑗 = (𝑒𝑗1, 𝑒𝑗2, … , 𝑒𝑗𝑠), 

𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑠), 

𝑥𝑗 = (𝑥𝑗1, 𝑥𝑗2, … , 𝑥𝑗𝑠). 

‖𝑓(𝑥) − ∑ 𝑓𝑗(< 𝑥, 𝑒𝑗 > +𝑘)

𝑘

𝑗=1

‖

𝑝

=  ‖𝑓(𝑥) − ∑ 𝑓𝑗(∑(𝑥𝑖𝑒𝑗𝑖) + ℎ𝑗𝑖

𝑠

𝑖=1

)

𝑘

𝑗=1

‖

𝑝

. 

For some 𝑒𝑗1, 𝑒𝑗2, … , 𝑒𝑗𝑠  ∈ 𝐸 

[𝑎𝑗 , 𝑏𝑗] = {< 𝑥, 𝑒𝑗 >: 𝑥 ∈ 𝐷𝑠}■. 
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Chapter Five 

Trigonometric Approximation and 𝟐𝝅 − 𝑷eriodic Neural 

Network Approximation 

Many articles studied best trigonometric approximation and many 

researchers worked on the neural network approximation, but no one 

related the best trigonometric approximation to neural network  

approximation. That what we shall introduce in our work have. 

5.1. Introduction 

Firstly, let us introduce  some basic notations and defines that we 

need in our work. Begin with 𝑇 is the best approximation of 𝑓, where 

𝑓: ℝ𝑛  → ℝ  

𝐸𝑛
∗  the degree of approximation of  𝑓 from 𝑌𝑛 is defined as [36]: 

𝐸𝑛
∗(𝑓)𝑝 = 𝑖𝑛𝑓

𝑇∈𝑌𝑛

‖𝑓 − 𝑇‖𝑝
∗          , 𝑛 = 1,2, . ..  

The norm of 𝑓 define as [8]: 

 ‖𝑓‖𝑝 =  (∫ ⌈𝑓(𝑥)⌉𝑝 𝑑𝑥
𝜋

−𝜋

)

1
𝑝

=  (∫ ⋯ 
𝜋

−𝜋

∫  
𝜋

−𝜋

|𝑓(𝑥1, 𝑥2, ⋯ , 𝑥𝑚)|𝑝 𝑑𝑥1𝑑𝑥2 ⋯ 𝑑𝑥𝑚)

1
𝑝

. 

and 
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𝐿𝑝
∗ [−𝜋, 𝜋] is the space of all 2𝜋 − 𝑝eriodic functions in 𝐿𝑝[−𝜋, 𝜋]. 

The class of all trigonometric polynomials of order at most 𝑛 denoted 

by 𝑌𝑛 and [37] 

𝐺𝑟 =  {𝑓: 𝑓(𝑟) ∈ 𝐿𝑝 [−𝜋, 𝜋] }, 𝑟 >  0. 

‖𝑓‖𝜌
∗  =

‖𝑓(𝑟) (𝑥 + ℎ)  − 𝑓(𝑟) (𝑥) ‖
𝜌

ℎ𝛼
. 

where 

𝜌 =  𝑟 +  𝛼, 

𝑟 >  0 , 𝛼 ∈  (0,1)  

𝑓 ∈  𝐺𝑟 . 

The class of all trigonometric polynomials in 𝑠 variables is denoted by 

𝑌𝑛,𝑠,  and [29] 

𝐸𝑛.𝑠
∗ (𝑓) = 𝑖𝑛𝑓

𝑇∈𝑌𝑛,𝑠

‖𝑓 − 𝑇‖𝑠
∗. 

and  

𝐶1
∗ (𝑓)  =  

1

2𝜋
 ∫ 𝑓(𝑡)𝑒−𝑖𝑘𝑡[30] 

𝜋

−𝜋
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and [33] 

𝐶1
∗ (∅)  =  

1

2𝜋
 ∫ ∅(𝑡)𝑒𝑖(𝑥−𝑡) 

𝜋

−𝜋

𝑑𝑡 . 

𝑤𝑛(𝑓, 𝑥) =
1

2𝜋
 ∫ 𝑓(𝑥 − 𝑡)  

𝜋

−𝜋

𝑑𝑡  𝑊𝑛
∗(𝑡)𝑑𝑡.  

𝑊𝑛
∗(𝑡) =  

sin (
𝑛𝑡
2 ) sin (

3𝑛𝑡
2 )

𝑛 sin2 (
𝑡
2)

. 

and 

𝐿𝑠
∗ [−𝜋, 𝜋]𝑠 is the space of all 2𝜋 − periodic functions in 𝐿𝑠[−𝜋, 𝜋], 

when 𝑠 ≥ 1. 

For 𝑓 ∈  𝐿𝑠
∗ [−𝜋, 𝜋]  and 𝑗 ∈  ℤ𝑠,  

𝐶𝑗
∗ (𝑓)  =  

1

(2𝜋)𝑠
 ∫ 𝑓(𝑥)𝑒−𝑖𝑗.𝑥  

[−𝜋,𝜋]𝑠

𝑑𝑥. 

π𝑁,𝑛,𝑠(∅, 𝑓, 𝑥) =  
1

(2𝑁 + 1)𝐶1
∗ (∅)

 ∑ ∑ 𝐶𝑗
∗(𝑓) exp (

2𝑖𝑘𝜋

2𝑁 + 1
)

−𝑛 ≤𝑗≤𝑛

2𝑁

𝑘=0

∅ (𝑗. 𝑥 −
2𝜋𝑘

2𝑁 + 1
) . 

The function π𝑁,𝑛,𝑠 (∅, 𝑓) ∈ 𝑆∅(2𝑁 + 1)(2𝑛 + 1)𝑠, for 𝑁, 𝑛 ≥  1  
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The neural network here has 3-layers: input layer, hidden layer and 

output layer. 

In general, we can define the neural network mathematically as 

𝑆∅,𝑁,𝑠 (𝑥)  =  ∑ 𝑎𝑘  ∅ (𝑤𝑘. 𝑥 + 𝑏𝑘),𝑁
𝑘=1  with  𝑎𝑘 , 𝑏𝑘  ∈  ℝ, 𝑤𝑘 ∈  ℝ𝑠, 1 ≤ 𝑘 ≤

𝑁. 

where ∅ is the activation function and ∅ ∶  ℝ ⟶  ℝ.  

Let us now recall example of activation function  

∅(𝑥)  =  (1 + 𝑒−𝑥)−1 [𝑡ℎ𝑒 𝑠𝑞𝑢𝑎𝑠ℎ𝑖𝑛𝑔 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛]. 

We can define the sigmodal functions as: 

∅(𝑥)  = {
1,   𝑖𝑓 𝑥 ≥ 0

0,   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
. 

In this work we relate the trigonometric approximation and 

approximation by periodic networks in 𝐿𝑝[−𝜋, 𝜋] .   

We write 𝑒𝑘(𝑥)  =  e (𝑖𝑘. 𝑥), 𝑘 ∈  ℤ𝑠 , The parseval identity is  

‖𝑓‖𝐿2(−𝜋,𝜋)

2 =  ∫ |𝑓(𝑥)|2 𝑑𝑥 =  2𝜋 ∑ |𝐶𝑛|

∞

𝑛=−∞

 
[−𝜋,𝜋]

, 

where 𝐶𝑛 is the Fourier coefficients of  𝑓 are given by  
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𝐶𝑛 =  
1

2𝜋
 ∫ 𝑓(𝑥)𝑒−𝑖𝑛𝑥  

[−𝜋,𝜋]

𝑑𝑥.  

 Whitney extension theorem in 𝐿𝑝 [38] 

‖𝑓‖𝑝  = ∑ ‖𝐷𝑗𝑓(𝑥)‖
𝑝

≤  𝐶 ∑ ‖𝐷𝑗𝑓(𝑥)‖
𝑝

 .

|𝑗|<𝑘

 

|𝑗|<𝑘

 

where 𝐷𝑗 is the differentiable of functions. 

 Lemma 5.1.1  

For 𝑓 ∈  𝐿𝑠
∗ [−𝜋, 𝜋], 𝑤𝑛  is bounded operator, where:  

𝑤𝑛 (𝑓, 𝑥)  =  
1

2𝜋
∫ 𝑓(𝑥 − 𝑡)  

𝜋

−𝜋

𝑊𝑛
∗(𝑡)𝑑𝑡.      

Proof 

𝑊𝑛
∗(𝑓, 𝑥) =  

1

2𝜋
∫ 𝑓(𝑥 − 𝑡)  

sin(𝑛𝑡/2) sin(3𝑛𝑡/2)

𝑛 sin2(𝑡/2)
 𝑑𝑡

𝜋

−𝜋

                    

‖𝑤𝑛 (𝑓, 𝑥)‖
𝑝

 =  ‖
1

2𝜋
∫ 𝑓(𝑥 − 𝑡)  

𝑠𝑖𝑛(𝑛𝑡/2) 𝑠𝑖𝑛(3𝑛𝑡/2)

𝑛 𝑠𝑖𝑛2(𝑡/2)
 𝑑𝑡

𝜋

−𝜋

‖
𝑝

 

= (∫ |
1

2𝜋
∫ 𝑓(𝑥 − 𝑡)  

sin(𝑛𝑡/2) sin(3𝑛𝑡/2)

𝑛 sin2(𝑡/2)
 𝑑𝑡

𝜋

−𝜋

|

𝑝

𝑑𝑥
𝜋

−𝜋

)

1
𝑝

            

Since |sin
𝑛𝑡

2
| and |sin

3𝑛𝑡

2
| are bounded  and sin

𝑡

2
 bounded below by 

2

𝜋
.

𝑡

2
. 
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 Thus 

‖𝑤𝑛(𝑓, 𝑥)‖𝑝 ≤ (∫ (
1

2𝑛
∫ |𝑓(𝑥 − 𝑡)|

𝜋

−𝜋

1

𝑛
2
𝜋

|𝑡|
2

𝑑𝑡)

𝑝

𝑑𝑥
𝜋

−𝜋

)

1
𝑝

 

                   =  (∫ (∫
1

2|𝑡|𝑛
|𝑓(𝑥 − 𝑡)|𝑑𝑡

𝜋

−𝜋

)𝑝𝑑𝑥
𝜋

−𝜋

)
1
𝑝 

          ≤  (∫ (∫
1

2|𝑡|𝑛
|𝑓(𝑥)|𝑑𝑡

𝜋

−𝜋

)𝑝𝑑𝑥
𝜋

−𝜋

)
1
𝑝 

≤  (∫ (
2𝜋

𝑛 ln 𝜋
|𝑓(𝑥)|)𝑝𝑑𝑥

𝜋

−𝜋

)
1
𝑝 

                                            =
𝜋

𝑛 ln 𝜋
(∫ |𝑓(𝑥)|𝑝𝑑𝑥

𝜋

−𝜋

)
1
𝑝  

                                           =
𝜋

𝑛 ln 𝜋
‖𝑓‖𝑝 ■ 

Lemma 5.1.2 

Let 𝑓 ∈ 𝐿𝑠
∗ [−𝜋, 𝜋], then:  

𝐸2𝑛−1(𝑓)𝑝 ≤ ‖𝑓 − 𝑤𝑛(𝑓)‖𝑝 ≤ 2𝑝−1𝐸𝑛(𝑓)𝑝  
5.1 

𝐸𝑛(𝑓) = 𝑖𝑛𝑓‖𝑓 − 𝑤‖𝑃 ⟹ 𝐸𝑛(𝑓) ≤ ‖𝑓 − 𝑤‖𝑃 
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Proof 

Using definition of 𝐸2𝑛−1(𝑓)𝑝, the first part of the pnality is clear, 

then the second part of 5.1.2, we have: 

Let 𝑇 be a best approximation of 𝑓:  

‖𝑓 − 𝑤𝑛(𝑓)‖𝑝 =  ‖(𝑓 − 𝑇) − 𝑤𝑛(𝑓 − 𝑇)‖𝑝                                   

≤ 2𝑝−1(‖𝑓 − 𝑇‖𝑝 + ‖𝑤𝑛(𝑓 − 𝑇)‖𝑝)                    

Then using Lemma 5.1.1, we get: 

‖𝑓 − 𝑤‖𝑝 ≤ 2𝑝−1(‖𝑓 − 𝑇‖𝑝 +
𝜋

2 𝑙𝑛 𝜋
‖(𝑓 − 𝑇)‖𝑝)               

≤ 𝜋2𝑝−1(‖𝑓 − 𝑇‖𝑓) 

= 𝜋2𝑝−1𝐸𝑛(𝑓)𝑝  ■                                                     

5.2. The Main Results 

In this section, we relate trigonometric approximation and 2𝜋 − 

Periodic neural network approximation in 𝐿𝑝[−𝜋, 𝜋], and 

П∅,𝑁,𝑠 = {∑ 𝑎𝑘∅(𝑤𝑘 ∙ (∙) + 𝑏𝑘): 𝑎𝑘 , 𝑏𝑘 ∈ ℝ, 𝑤𝑘 ∈ ℤ𝑠, 1 ≤ 𝑘 ≤ 𝑁
𝑁

𝑘=1
} 
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Proposition 5.2.1 

If ∅ ∈ 𝐿𝑝[−𝜋, 𝜋] and 𝐶1
⃰

(∅) ≠ 0, then for any integer 𝑁 ≥ 1, then 

‖𝑒𝑖 −
1

(2𝑁 + 1)𝐶1
⃰ (∅)

∑ 𝑒𝑥𝑝(
2𝑖𝑘𝜋

2𝑁 + 1
)∅(. −

2𝜋𝑘

2𝑁 + 1
)

2𝑁

𝑘=0
‖

𝑝

≤
𝜋2𝑝−1

|𝐶1
⃰ (∅)|

𝐸𝑛
∗(∅). 

 Proof 

By the definition of 𝐶1
⃰ (∅), we get for 𝑥 ∈ [−𝜋, 𝜋],  

𝑒𝑖𝑥  =  
1

2𝜋𝐶1
⃰ (∅)

∫ ∅(𝑡)𝑒𝑖(𝑥−𝑡)𝑑𝑡
𝜋

−𝜋

                                   

=  
1

2𝜋𝐶1
⃰ (∅)

∫ ∅(𝑥 − 𝑡)𝑒𝑖𝑡𝑑𝑡
𝜋

−𝜋

                        .          

Now, for any 𝑁 ≥ 1,  

∫ ∅(𝑥 − 𝑡)𝑒𝑖𝑡𝑑𝑡
𝜋

−𝜋

 =  ∫ 𝑤𝑛
∗(∅, 𝑥 − 𝑡)𝑒𝑖𝑡𝑑𝑡

𝜋

−𝜋

.  

As a function of t, 𝑤𝑛
∗(∅, 𝑥 − 𝑡)𝑒𝑖𝑡 ∈ 𝑌2𝑛, we evaluate the last integral 

by using 

1

𝑛 + 1
∑ 𝑇(

2𝜋

𝑛 + 1
)

2𝑁

𝑘=0
 =  

1

2𝜋
∫ 𝑇(𝑡)𝑑𝑡

𝜋

−𝜋

,    𝑇 ∈ 𝑌𝑛  [18] 

We get 
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𝐶1
⃰ (∅)𝑒𝑖𝑥 =  

1

2𝜋
∫ ∅(𝑥 − 𝑡)𝑒𝑖𝑡𝑑𝑡

𝜋

−𝜋

                                                        

=  
1

2𝑁 + 1
∑ exp (

2𝑖𝜋𝑘

2𝑁 +
)

2𝑁

𝑘=0
𝑤𝑛

∗((∅, (𝑥 −
2𝜋𝑘

2𝑁 + 1
)).    

Now, by using Lemma 5.1.1 and Lemma 5.1.2, we get 

‖𝑤(𝑓)‖𝑝 ≤ 𝐶‖𝑓‖𝑝, 𝐸2𝑁−1
∗ (𝑓) ≤ ‖𝑓 − 𝑤(𝑓)‖𝑝 ≤ 𝜋2𝑝−1𝐸𝑛

∗(𝑓). 

 We obtain for all 𝑥 ∈ [−𝜋, 𝜋] 

‖
1

2𝑁 + 1
∑ 𝑒𝑥𝑝(

2𝑖𝑘𝜋

2𝑁 + 1
)𝑤𝑛

∗(∅, (𝑥 −
2𝑘𝜋

2𝑁 + 1
))

2𝑁

𝑘=0

−
1

2𝑁 + 1
∑ 𝑒𝑥𝑝(

2𝑖𝑘𝜋

2𝑁 + 1
)∅(𝑥 −

2𝑘𝜋

2𝑁 + 1
)

2𝑁

𝑘=0
‖

𝑝

≤ 𝜋2𝑝−1𝐸𝑛
∗(∅) ■ 

Theorem 5.2.2 

Let 𝑠, 𝑛, 𝑁 ≥ 1 be integers numbers , and 𝑇 ∈ 𝑌𝑛,𝑠, then 

‖𝑇 − ∏𝑁,𝑛,𝑠(∅, 𝑇)‖
𝑠

⃰
≤

(2𝑛 + 1)
𝑠

2⁄ 𝐸𝑁
∗ (∅)

|𝐶1
∗(∅)|

‖𝑇‖𝑠
∗.  

Proof  

By Proposition 5.2.1, we get for −𝑛 ≤ 𝑘 ≤ 𝑛, 
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‖𝑒𝑘 − ∏𝑁,𝑛,𝑠(∅, 𝑒𝑘)‖
𝑠

⃰
≤

𝜋2𝑝−1𝐸𝑁
∗ (∅)

|𝐶1
∗(∅)|

. 5.2 

We note that 

∏(∅, 𝑇)
𝑁,𝑛,𝑠

=  ∑ 𝐶𝑘
∗(𝑇)

−𝑛≤𝑘≤𝑛
∏(∅, 𝑒𝑘)

𝑁,𝑛,𝑠
, 

Hence, by 5.2, we get 

‖𝑇 − ∏𝑁,𝑣,𝑠(∅, 𝑇)‖
𝑠

⃰
≤

𝜋2𝑝−1𝐸𝑁
∗ (∅)

|𝐶1
∗(∅)|

∑ |𝐶𝑘
∗(𝑇)|

−𝑣≤𝑘≤𝑣
. 

Now, we recall the Parsevalˊs identity, which states that 

( ∑ |𝐶𝑘
∗(𝑇)|2)

1
2⁄

−𝑛≤𝑘≤𝑛
= (

1

(2𝜋)𝑠
∫ |𝑇(𝑥)|2

[−𝜋,𝜋]𝑠

𝑑𝑥)

1
2⁄

. 

Since 𝑇 is polynomial, so 

∑ |𝐶𝑘
∗(𝑇)|2

−𝑛≤𝑘≤𝑛
=  (

1

(2𝜋)𝑠
)

1
𝑝⁄

( ∫ (|𝑇(𝑥)|𝑝𝑑𝑥)
1

𝑝⁄

[−𝜋,𝜋]𝑠

.  

Using the well-known inequality: 

 For 𝑞 > 𝑝, we have [5]: 

∑(|𝑇|𝑞)
1

𝑞⁄

𝐾

< ∑(|𝑇|𝑝)
1

𝑝⁄

𝐾

. 
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We obtain 

∑ |𝐶𝑘
∗(𝑇)|

−𝑛≤𝑘≤𝑛
≤ (2𝑛 + 1)

𝑠
𝑝⁄ {∑ |𝐶𝑘

⃰ (𝑇)|
𝑝

−𝑛≤𝑘≤𝑛
}

1
𝑝⁄

 

Then using [18], we obtain: 

∑ |𝐶𝑘
∗(𝑇)|

−𝑛≤𝑘≤𝑛
=  (2𝑛 + 1)

𝑠
𝑝⁄ {

1

(2𝜋)𝑠
∫ |𝑇(𝑥)|𝑝

[−𝜋,𝜋]

𝑑𝑥}

1
𝑝⁄

  

≤ (2𝑛 + 1)
𝑠

𝑝⁄ ‖𝑇‖𝑠
⃰   ■                                         

Theorem 5.2.3 

Let 𝐶𝑜 be a set of distinct points in [−𝜋, 𝜋]𝑠, and 𝑛 ≥ 1 be an integer 

such that  

𝑆𝑐𝑜
< 𝜋

(2 − 3𝑠+4𝑛)⁄  .                                              

And there exist numbers {ℎ𝜉}
𝜉∈𝐶𝑜

  

 where |ℎ𝜉| ≤ 𝑐𝑛−𝑠, 𝜉 ∈ 𝐶𝑜 then 𝑇𝑛,𝑠
∗   be defined by 

𝑇𝑛,𝑠
∗ (𝑓, 𝑥) = ∑ ℎ𝜉

𝜉∈𝐶𝑜

𝑓(𝜉)𝑊𝑛,𝑠
⃰ (𝑥 − 𝜉), 𝑓 ∈ 𝐿𝑠 .

∗  5.3 

𝑇𝑛,𝑠
∗ (𝑇) = 𝑇, for every 𝑇 ∈ 𝑌𝑛,𝑠. 

 Also, for 𝑓 ∈ 𝐶𝑠
⃰ , 𝑇𝑛,𝑠

∗ (𝑓) ∈ 𝑌2𝑛−1,𝑠 and we have 
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‖𝑇𝑛,𝑠
∗ (𝑓)‖

𝑠

∗
≤ 𝐶‖𝑓‖𝑠 

∗ . 5.4 

𝐸2𝑛−1,𝑠
∗ (𝑓) ≤ ‖𝑓−𝑇𝑛,𝑠

∗ (𝑓)‖
𝑠

∗
≤ 𝐶𝐸𝑛,𝑠

∗ (𝑓). 5.5 

Proof  

𝑇𝑛,𝑠
∗ (𝑓) = ∑ ℎ𝜉

𝜉∈𝐶𝑜

𝑓(𝜉)𝑤𝑛,𝑠
∗ (𝑥 − 𝜉).  

‖𝑇𝑛,𝑠
∗ (𝑓)‖

𝒑

𝒑
≤ ∑ ‖ℎ𝜉𝑓(𝜉)𝑤𝑛,𝑠

∗ (𝑥 − 𝜉)‖
𝑝𝜉∈𝐶𝑜

. 

Let f(𝜉) = 𝑡 

= ∑ ‖
sin(

𝑛𝑥 − 1
2

) sin(
3𝑛𝑥 − 𝜉

2
)

𝑛𝑠𝑖𝑛2(
1
2

)
ℎ𝜉𝑓(𝜉)‖

𝑝

.
𝜉∈𝐶𝑜

 

By using Lemma 5.1.1, we obtain 

‖𝑇𝑛,𝑠
∗ (𝑓)‖

𝒑

𝒑
≤ ∑

𝜋

𝑛 ln 𝜋𝜉∈𝐶𝑜

 ‖ ℎ𝜉𝑓(𝜉)‖
𝑝

. 

Let 

𝑥 − 𝜉 = 𝑦,                                                                       

𝜉 = 𝑥 − 𝑦,                                                                       
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𝑑𝜉 = 𝑑𝑥.                                                                         

Since ℎ𝜉 ≤
1

𝑛𝑠
, 𝑠 > 1, so 

 ‖𝑇𝑛,𝑠
∗ (𝑓)‖

𝑝
≤ 𝐶

𝜋

𝑛 ln 𝜋
‖𝑓‖𝑝.  

where 𝐶 is a positive constant.  

By using the same lines of  Lemma 5.1.2, we get the Lemma 5.2.4 

𝐸2𝑛−1,𝑠
∗ (𝑓) ≤ ‖𝑓 − 𝑇𝑛,𝑠

∗ (𝑓)‖
𝒔

∗
≤ 𝐶𝐸𝑛,𝑠

∗ (𝑓)  ■ 

Lemma 5.2.4:  

For 𝑓 ∈ 𝐿𝑝
∗ [−𝜋, 𝜋], we have 𝑤𝑛 ∈ 𝑌2𝑛−1 and 

𝐸2𝑛−1,𝑠
∗ (𝑓) ≤ ‖𝑓 − 𝑤𝑛(𝑓)‖𝑝

∗  

≤ 𝐶𝐸𝑛
∗(𝑓).                                                       

Proof 

Since 𝑤𝑛
⃰ (𝑓) ∈ 𝑌2𝑛−1, it is clear that  

𝐸2𝑛−1,𝑠
∗ (𝑓) ≤ ‖𝑓 − 𝑤𝑛(𝑓)‖𝑝

∗ . 

If 𝑇 ∈ 𝑌𝑛, then 𝑤𝑛(𝑇) = 𝑇 and 

‖𝑓 − 𝑤𝑛(𝑓)‖𝑝
∗ = ‖(𝑓 − 𝑇) − 𝑤𝑛(𝑓 − 𝑇)‖𝑝

∗                          
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≤ ‖𝑓 − 𝑇∗‖𝑝
∗ + ‖𝑤𝑛

∗(𝑓 − 𝑇)‖𝑝
∗                  

≤ ‖𝐶(𝑓 − 𝑇)‖𝑝
∗   ■                                       

Theorem 5.2.5 

Let ∅ ∈ 𝐿𝑝
∗ [−𝜋, 𝜋] and 𝐶1

∗(∅) ≠ 0. Let 𝑠, 𝑛 ≥ 1, then for any                

𝑓 ∈ 𝐿𝑝
∗ [−𝜋, 𝜋] and 𝑁 ≥ 1, we have: 

‖𝑓 − ∏𝑁,2𝑛−1,𝑠(∅, 𝑇𝑛,𝑠
∗ (𝑓)‖

𝑝

⃰
≤ 𝐶 {𝐸𝑛,𝑠

∗ (𝑓) +
𝑛(𝑠

2⁄ )𝐸𝑁
∗ (∅)

|𝐶1
∗(∅)|

‖𝑓‖𝑠
∗}. 

Proof 

By using Proposition 5.2.1 and Theorem 5.2.3, we get: 

‖𝑓 − ∏𝑁,2𝑛−1,𝑠(∅, 𝑇𝑛,𝑠
∗ (𝑓)‖

𝑠

⃰
≤ ‖𝑓−𝑇𝑛,𝑠

∗ (𝑓)‖
𝑠

∗
+ ‖𝑇𝑛,𝑠

∗ (𝑓) − ∏
𝑁,2𝑛−1,𝑠

(∅, 𝑇𝑛,𝑠
∗ (𝑓)‖

𝑠

∗

. 

By using Lemma 5.2.4 

‖𝑓 − ∏𝑁,2𝑛−1,𝑠(∅, 𝑇𝑛,𝑠
∗ (𝑓)‖

𝑝
≤ 𝐶𝐸𝑛,𝑠

∗ (𝑓) +
4(4𝑛 − 1)

𝑠
2⁄ 𝐸𝑁

∗ (∅)

|𝐶1
∗(∅)|

‖𝑇𝑛,𝑠
∗ (𝑓)‖

𝑠

∗
. 

By using Theorem 5.2.3, we get 

‖𝑓 − ∏𝑁,2𝑛−1,𝑠(∅, 𝑇𝑛,𝑠
∗ (𝑓)‖

𝑝
≤ 𝐶 {𝐸𝑛,𝑠

∗ (𝑓) +
𝑛(𝑠

2⁄ )𝐸𝑁
∗ (∅)

|𝐶1
∗(∅)|

‖𝑓‖𝑠
∗}  ■ 
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Lemma 5.2.6 

Let ∅(𝑥) = (1 + 𝑒−𝑥)−1,  

𝛽(𝑥) = (1 + 𝑒−(𝑥+1))
−1

−
1

1 + 𝑒1−𝑥
.  

Then  

‖𝛽(𝑥)‖𝑝 ≤
1

2𝜋
∫ 𝛽(𝑥)

𝑅

−𝑅

𝑒𝑖𝑥𝑑𝑥             ≠ 0. 

Proof 

‖𝛽(𝑥)‖𝑝 = ‖ lim
𝑅→∞

1

2𝜋
∫ 𝛽(𝑥)

𝑅

−𝑅

𝑒𝑖𝑥𝑑𝑥‖

𝑝

 

≤ ∫ |
1

2𝜋
∫ 𝛽(𝑥)

𝑅

−𝑅

𝑒𝑖𝑥𝑑𝑥| 𝑑𝑥.

𝐶

                                      

|𝛽(𝑥)| = |
1

2𝜋
∫(

1

1 + 𝑒−(𝑥+1)
−

1

1 + 𝑒1−𝑥
)

𝑅

−𝑅

𝑒𝑖𝑥𝑑𝑥|           
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≤
1

2𝜋
∫ |

1

1 + 𝑒−(𝑥+1)
−

1

1 + 𝑒1−𝑥
| |𝑒𝑖𝑥|𝑑𝑥

𝑅

−𝑅

 .          

∫ |
1

1 + 𝑒−(𝑥+1)
−

1

1 + 𝑒1−𝑥| |𝑒𝑖𝑥|𝑑𝑥

𝑅

−𝑅

= ∫ |
1

1 + 𝑒−(𝑥+1)
−

1

1 + 𝑒1−𝑥| |𝑒𝑖𝑥|𝑑𝑥 + ∫ |
1

1 + 𝑒−(𝑥+1)
−

1

1 + 𝑒1−𝑥| |𝑒𝑖𝑥|𝑑𝑥

𝑅

−1

−1

−𝑅

  

= 𝐼1 + 𝐼2.                                                                                                     

𝐼1 = ∫ |
1

1 + 𝑒−(𝑥+1)
−

1

1 + 𝑒1−𝑥
| |𝑒𝑖𝑥|

−1

−𝑅

𝑑𝑥                              

≤ ∫ (
1

2
+

1

2
)|𝑒𝑖𝑥|𝑑𝑥

−1

−𝑅

                                                                 

= ∫ |𝑒𝑖𝑥|𝑑𝑥

−1

−𝑅

                                                                                

= ∫ |cos 𝑥 + 𝑖 sin 𝑥|𝑑𝑥

−1

−𝑅

                                                            

≤ ∫ √𝑐𝑜𝑠2𝑥 + 𝑠𝑖𝑛2𝑥𝑑𝑥

−1

−𝑅

                    

=  −1 + 𝑅 =  𝑅 − 1 .                          
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𝐼2 = ∫ |
1

1 + 𝑒−(𝑥+1)
−

1

1 + 𝑒1−𝑥
| |𝑒𝑖𝑥|𝑑𝑥

𝑅

−1

                                                 

≤ ∫(
1

2
+

1

2
)|𝑒𝑖𝑥|𝑑𝑥

𝑅

−1

                                                                                   

= ∫|𝑒𝑖𝑥|𝑑𝑥

𝑅

−1

                                                                                                 

= ∫|cos 𝑥 + 𝑖 sin 𝑥|𝑑𝑥

𝑅

−1

                                                                            

≤ ∫ √𝑐𝑜𝑠2𝑥 + 𝑠𝑖𝑛2𝑥𝑑𝑥

𝑅

−1

  =  𝑅 + 1.                                                      

∫ |
1

1 + 𝑒−(𝑥+1)
−

1

1 + 𝑒1−𝑥
| |𝑒𝑖𝑥|𝑑𝑥

𝑅

−𝑅

= 𝐼1 + 𝐼2                               

≤ 𝑹 − 1 + 𝑅 + 1 = 2𝑅■ 

Lemma 5.2.7 

Let ∅(𝑥) = (1 + 𝑒−𝑥)−1, and: 

𝛽(𝑥) = (1 + 𝑒−(𝑥+1))
−1

−
1

1 + 𝑒1−𝑥
. 
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Then  

𝑆[𝑠𝑞](𝑥) = ∑ 𝛽(𝑥 − 2𝜋𝑘).

𝐾∈ℤ

 

Proof 

Let 𝜖 > 0, then 

‖∑ 𝛽(𝑥 − 2𝜋𝑘) − ∑ 𝛽(𝑥 − 2𝜋𝑘)

|𝐾|≤𝐻𝐾∈ℤ

‖

𝑝

≤ 2 ‖∑ 𝛽(𝑥 − 2𝜋𝑘)

𝐾∈ℤ

‖

𝑝

≤ 2. 

Since ∑ 𝛽(𝑥 − 2𝜋𝑘)𝐾∈𝑍  is uniformly convergent series, so 

‖𝑆[𝑠𝑞] − ∑ 𝛽(𝑥 − 2𝜋𝑘)

𝐾∈ℤ

‖

𝑝

≤ 𝜖. 

For a given 𝜖 > 0 ■. 

Before we introduce our example, we need the following Lemma 

from [8]. 

Lemma 5.2.8 [8] 

Let 𝑟 ≥ 1 be an integer, for integer 𝑛 ≥ 1 and 𝑓 ∈ 𝐿𝑠
∗ , we have 

𝐸𝑛,𝑠
∗ (𝑓) ≤ 𝐶 ∑ ‖𝐷𝑗

𝑟𝑓‖
𝑞

∗𝑠
𝐽=1 . 

Example 5.2.9 
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Let ∅(𝑥) = (1 + 𝑒−𝑥)−1,  

𝛽(𝑥) = (1 + 𝑒−(𝑥+1))
−1

−
1

1 + 𝑒1−𝑥
. 

Then 𝛽 is integrable. The Fourier transform of 𝛽 can be computed by 

Contour integration, which clear that  

𝛽(1) =
1

2𝜋
∫ 𝛽(𝑥)

𝑅

−𝑅

𝑒𝑖𝑥𝑑𝑥,             ≠ 0. 

We construct a periodization of 𝛽 by 

𝑆[𝑠𝑞](𝑥) = ∑ 𝛽(𝑥 − 2𝜋𝑘)

𝐾∈ℤ

. 5.6 

Since ‖𝛽(𝑥)‖𝑝 ≤ (𝑒 − 𝑒−1)𝑒−|𝑥|, for 𝑥 ∈ ℝ, the series in 5.6 converge 

uniformly in compact subsets of ℝ and the function 𝑆[𝑠𝑞] is clearly 

2𝜋 −Periodic, one can compute easily that 𝐶1
∗(𝑆[𝑠𝑞]) = 𝛽̂(1) ≠ 0. There 

exist 𝛼 > 0 such that  

𝐸𝑁
∗ (𝑆[𝑠𝑞]) ≤ 𝑒−𝛼𝑁 ,         𝑁 = 1,2, . . . ., 

Now, let 𝑓 ∈ 𝐿𝑝[−𝜋, 𝜋]𝑠, 𝑓: [−1,1]𝑠 → ℝ.  
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According to Whitney extension theorem, there exist an extension of 

𝑓, 𝑔: [−4,4]𝑠 → ℝ, such that 

∑ ‖𝐷𝑗𝑔(𝑥)‖
𝑝

0≤𝑗≤𝑠

≤ 𝐶 ∑ ‖𝐷𝑗𝑓(𝑥)‖
𝑝

0≤𝑗≤𝑠

. 

Now, let 𝛹 ∈ 𝐿𝑝[−𝜋, 𝜋]𝑠, such that 

 𝛹(𝑥) = {
1,                            𝑖𝑓 𝑥 ∈ [−1,1]𝑠

0,   𝑖𝑓 𝑥 𝑜𝑢𝑡𝑠𝑖𝑑𝑒 [− 𝜋
2⁄ , 𝜋

2   ⁄ ]
𝑠  

Then, the function 𝛹𝑔 has the properties that 𝛹(𝑥)𝑔(𝑥) = 𝑓(𝑥), for 𝑥 ∈

[−1,1]𝑠 and 

∑ ‖𝐷𝑗(𝛹𝑔 )(𝑥)‖
𝑝

0≤𝑗≤𝑠

≤ 𝐶 ∑ ‖𝐷𝑗𝑓(𝑥)‖
𝑝

0≤𝑗≤𝑠

. 

Further, since 𝛹(𝑥)𝑔(𝑥) = 0 outside [− 𝜋
2⁄ , 𝜋

2   ⁄ ]
𝑠
, we may extend 

𝛹𝑔 as a function on ℝ𝑆 that is 2𝜋 −Periodic in each of its variables. 

Denoting this extension by 𝑓∗, 𝑓∗(𝑥) = 𝑓(𝑥), 𝑥 ∈ [−1,1]𝑠 and  

∑‖𝐷𝑗
𝑠𝑓∗, ‖

𝑞́

∗
≤ 𝐶

𝑠

𝑗=1

∑ ‖𝐷𝑗𝑓(𝑥)‖
𝑝

𝑠

𝑗=0
, 0 < 𝑞́, 𝑝 < 1. 

By using Theorem 5.2.4 and Lemma 5.2.7. 

And taking 
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𝐸 =

(𝑟 + 𝑠)
2

⁄

𝛼
log 𝑛 

We obtain that 

‖𝑓(𝑥) − 𝛽𝑁,2𝑛−1,𝑠(𝑆[𝑠𝑞], 𝑇𝑛,𝑠
∗ (𝑓∗)), 𝑥‖

𝑝
≤ ‖𝑓∗ − 𝛽𝑁,2𝑛−1,𝑠(𝑆[𝑠𝑞], 𝑇𝑛,𝑠

∗ (𝑓∗))‖
𝑞́́

∗
     

                                                             ≤ 𝐶(𝑞́) {𝐸𝑛,𝑠
∗ (𝑓∗) +

𝑛
𝑠

2⁄ 𝐸𝑛,𝑁
∗ 𝑆[𝑠𝑞]

|𝐶1
∗(𝑆[𝑠𝑞])|

‖𝑓∗‖𝑞́
∗ }  

                                                            ≤ 𝐶(𝑞́)(𝑛−𝑟 + 𝑛
𝑠

2⁄ 𝑒−𝛼𝑛) ∑ ‖𝐷𝑗𝑓(𝑥)‖
𝑝

0≤𝑗≤𝑠

 

≤ 𝐶𝑛−𝑠 ∑ ‖𝐷𝑗𝑓(𝑥)‖
𝑝

.

0≤𝑗≤𝑠

 5.7 

We observe that  

‖𝑆[𝑠𝑞](𝑥) − ∑ 𝛽(𝑥 − 2𝜋𝑘)

|𝐾|≥𝐻

‖

𝑃

≤ 𝐶𝑒−2∏(𝐻−|𝑥|), 𝑥 ∈ ℝ. 

If we choose 𝐻 = 2𝑛 and replace each ocurrence of S[sq] (𝑗. 𝑥 −

(2𝜋𝑘)
(2𝑁 + 1)⁄ ) in ∏𝑁,2𝑛−1,𝑠(𝑆[𝑠𝑞], 𝑇𝑛,𝑠

∗ (𝑓∗), 𝑥) by its partial sum, we 

get a network 𝑉(𝑓) having 𝑐𝑛𝑠+1 neurons.  

Using the proof of Theorem 5.2.2, we can proof that 

‖∏𝑁,2𝑛−1,𝑠(𝑆[𝑠𝑞], 𝑇𝑛,𝑠
∗ (𝑓∗), 𝑥) − 𝑉(𝑓, 𝑥)‖

𝑝
≤ 𝐶𝑛

𝑠
2⁄ 𝑒

𝑐́
𝑛⁄ ≤ 𝐶2𝑒−𝐶3𝑛. 

Thus, 5.7 leads to a network 𝑉(𝑓) with 𝑛𝑠+1 neurons such that  



                                

 
81 

 

Chapter Five Trigonometric Approximation and 2𝜋 −Periodic Neural Network Approximation 

‖𝑓(𝑥) − 𝑉(𝑓, 𝑥)‖𝑝 ≤ 𝐶𝑛−𝑠 ∑ ‖𝐷𝑗𝑓(𝑥)‖
𝑝

.

0≤𝑗≤𝑠
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Chapter Six 

From Trigonometric Polynomials Approximation to 

Algebric Polynomial Approximation 

Many articles studied best polynomial approximation and many 

researchers worked on the neural network approximation, but no one 

related the best polynomial approximation to neural network 

approximation. That what we will introduce in our work have. 

6.1. Introduction  

Firstly, let us introduce some basic notations and defines that we 

need in our work. Begin with the norm of 𝑓 is defined as [3]: 

‖𝑓‖𝑝  =  (∫|𝑓(𝑥)|𝑝  𝑑𝑥

𝑏

𝑎

)

1
𝑝⁄

. 

Where  

𝑓: [𝑎, 𝑏] → ℝ 

And defines an even periodic function as [39]: 

𝑓(𝑥) =  𝑓(−𝑥). 
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𝑓(𝑐𝑜𝑠 𝜃) =  𝑔(𝜃), 𝜃 ∈ ℝ. 

where 𝑔: ℝ → ℝ is 2𝜋 − periodic function. 

 𝐿𝑝[𝑎, 𝑏] is the space of all functions defined on the interval [𝑎, 𝑏] with 

‖𝑓‖𝑝 [𝑎, 𝑏]  =  (∫|𝑓(𝑥)|𝑝  𝑑𝑥

𝑏

𝑎

)
1

𝑝⁄ . 

And 𝐿𝑝
∗  [𝑎, 𝑏] is the space of all polynomial functions in 𝐿𝑝[𝑎, 𝑏]. 

Define [37]: 

𝐺𝑟  =  {𝑓: 𝑓(𝑟) ∈ 𝐿𝑝[𝑎, 𝑏]}, 𝑟 > 0. 

with  

‖𝑓‖𝑟,𝑝  =  ∑‖𝑓(𝑘)‖
𝑝

.

𝑟

𝑘=0

 

The class of all 𝑟 times 2𝜋 − periodic functions on ℝ denoted by 𝐺𝑟
∗. 

 𝑇𝑛 is a polynomial of degree 𝑛, 𝑛 =  1, 2, … …  

 𝐻𝑛 is the class of polynomials of degree at most 𝑛.  

𝑃∗ is an even trigonometric polynomial, 𝑃∗ ∈ 𝑌𝑛, given by [8]: 

𝑃∗(𝜃) =  𝑃 cos(𝜃). 
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where 

𝑌𝑛 is the class of all trigonometric polynomials of order at most , 𝑛 =

 1, 2, . .. 

Conversely, if 𝑃∗ ∈ 𝑌𝑛 is an even trigonometric polynomial, then there 

exist 𝑃 ∈ 𝑇𝑛 given by 

𝑃(𝑐𝑜𝑠 𝜃) =  𝑃∗(𝜃). 

𝐸𝑛 is the degree of approximation of 𝑓 from 𝐻𝑛 defined as [32]: 

𝐸𝑛(𝑓)𝑝  =  inf 𝑃∈𝐻𝑛
‖𝑓 − 𝑃‖𝑝,                 𝑛 =  1, 2, . .. 

Let us recall the theorem says “if 𝑓 ∈ 𝐿𝑝, for integers 𝑛 =  1, 2, . .., and 

if 𝑟 ≥ 1 is an integer, 𝐸𝑛
∗(𝑓)  ≤ 𝑐𝑛−𝑟  ‖𝑓(𝑟)‖

𝑝

∗
" [40], we get the following 

corollary 

𝐸𝑛
∗(𝑓)  ≤ 𝑐𝑛−𝑟‖𝑓‖𝑟,[−1,1]

∗ . 

Define [13]: 

𝑤𝑛(𝑓, cos 𝜃) =  𝑤𝑛
∗(𝑔, 𝜃). 

Then 𝑤𝑛(𝑝) =  𝑝, for every 𝑝 ∈ 𝐻𝑛 , 𝑤𝑛(𝑓) ∈ 𝐻2𝑛−1 and by using 

Lemma 5.2.4, we get the corollary 
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𝐸𝑛−1(𝑓)𝑝 ≤ ‖𝑓 − 𝑤𝑛(𝑓)‖𝑝                                            

≤ 𝐶𝐸𝑛(𝑓).                                                        

where 𝐶 is a positive constant, and [33] 

𝑤𝑛(𝑓, 𝑥) =  
1

2𝜋
∫ 𝑓(𝑥 − 𝑡)𝑊𝑛

∗(𝑡)𝑑𝑡

𝑏

𝑎

. 

𝑊𝑛
∗(𝑡) =  

sin(𝑛𝑡
2⁄ ) sin(3𝑛𝑡

2⁄ )

𝑛𝑠𝑖𝑛2(𝑡
2⁄ )

. 

We adopt the following notations in the multivariats case, 

𝐿𝑝(ℝ) is the space of all polynomial functions on ℝ, for a rectangle 

ℝ ⊆ ℝ𝑠, where ℝ𝑠 is Eucledian space. 

𝐺𝑟(𝑅) of 𝑠 dimension is the class of all polynomials having partial 

derivatives in 𝑟 variables and defined  

‖𝑓‖𝑟,𝑝
𝑠  =  ∑‖𝐷𝑓

𝑘‖
𝑝

𝑠
𝑟

𝑘=0

. 

The correspondence 𝑓 ↔ 𝑓∗ is given by 

𝑓(𝑐𝑜𝑠 𝜃1, . . . , 𝑐𝑜𝑠 𝜃𝑠) =  𝑓∗(𝜃1, . . . , 𝜃𝑠). 
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𝐻𝑛,𝑠 is the class of all algebraic polynomials in 𝑠 variables having 

coorelinatewise  degree at most 𝑛.  

We write  

𝑇𝑛(𝑥) =  ∏ 𝑇𝑛𝑗(𝑥𝑗)

𝑠

𝑗=1

, 𝑥 = 𝑥1, . . . , 𝑥𝑠, 𝑛 = 𝑛1, . . . , 𝑛𝑠. 

The set {𝑇𝑘}0≤𝑘≤𝑛 is a basis for 𝐻𝑛,𝑠 and we have the correspondence 

𝑝 ↔ 𝑝∗, 𝑝 ∈ 𝐻𝑛,𝑠 and even polynomial 𝑃∗ ∈ 𝑌𝑛,𝑠 is given by 

𝑝(𝑐𝑜𝑠 𝜃1 , . . . , 𝑐𝑜𝑠 𝜃𝑠) =  𝑝∗(𝜃1, . . . , 𝜃𝑠). 

Let  

𝐸𝑛,𝑠(𝑓) =  𝑖𝑛𝑓𝑃∈𝐻𝑛,𝑠
‖𝑓 − 𝑝‖𝑝

𝑠 , 

Then 

𝐸𝑛,𝑠(𝑓)  =  𝐸𝑛,𝑠
∗ (𝑓∗). 

By using  the following inequality from [41], we have 

𝐸𝑛,𝑠
∗ (𝑓) ≤

𝑐

𝑛𝑟
∑‖𝐷𝑗

𝑟 . 𝑓‖
𝑠

∗
𝑠

𝑗=1

 [41] 
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where 𝑓 ∈ 𝐿𝑝,𝑟
𝑠  and 𝑟, 𝑛 ≥ 1. 

We get the corollary 

𝐸𝑛,𝑠(𝑓) ≤ 𝑐𝑛−𝑟‖𝑓‖𝑟,𝑝
𝑠  , 𝑓 ∈ 𝐿𝑝

𝑟 [−1,1]𝑠. 

If 𝑓 ∈ 𝐿𝑝
𝑟 [−1,1]𝑠 if and only if 𝑓∗ ∈ 𝐿𝑠

∗ , 𝑓 ∈ 𝐿𝑟,𝑝[−1,1]𝑠 if and only if 

𝑓∗ ∈ 𝐿𝑟,𝑠
∗  and we have  

‖𝑓‖𝑟,𝑝
𝑠  =  ∑‖𝐷𝑗

𝑟 . 𝑓∗‖
𝑝

𝑠
≤ 𝑐(𝑝)‖𝑓‖𝑟,𝑝

𝑠

𝑠

𝑗=1

. 

By using Lemma 5.2.4, we get 

𝑤𝑛,𝑠(𝑝) =  𝑃, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑃 ∈ 𝐻𝑛,𝑠. 

𝑤𝑛,𝑠(𝑓) ∈ 𝐻2𝑛−1,𝑠. 

And 

𝐸2𝑛−1,𝑠(𝑓) ≤ ‖𝑓 − 𝑤𝑛,𝑠(𝑓)‖
𝑝

𝑠
 

         ≤ 𝐶𝐸𝑛,𝑠(𝑓). 
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6.2. From Polynomials to Neural Networks [8]  

Let 𝜑: ℝ → ℝ be infinitely differentiable for many times on an open 

interval 𝐽 ⊆ ℝ. There exists a point 𝑎 ∈ 𝐽 such that 

𝜑(𝑘)(𝑎)  ≠  0,    𝑘 =  0,1 , 2, . .. 

Let us recall the Baire category theorem says “if space 𝚂 is either a 

complete metric space or locally compact 𝑇2 − space, then the 

intersection of every countable collection of dense open subset of 𝚂 is 

necessarily dense in 𝚂”.  

To prove this condition, it is always satisfied if 𝜑 is not a polynomial 

in any interval. 

𝐷𝒗 is the operation of partial derivative with respect to 𝑣.  

If 𝑣 is sufficiently close to 0, 𝑖. 𝑒 < 𝑣. 𝑥 > +𝑎 ∈ 𝐽, for every 𝑥 ∈

[−3,3]𝑠,then 

𝐷 𝒗
𝒌 𝜑(𝒗. 𝒙 + 𝑎) =  𝒙𝒌𝜑‖𝒌‖((𝒗. 𝒙) + 𝑎), 𝒙 ∈ [−3,3]𝑠. 

Where in this work we using  [−3,3]𝑠 in place of [−1,1]𝑠. 

‖𝒌‖  =  ∑ 𝑘𝑖

𝑠

𝑖=1

, 𝑘 =  𝑘1, 𝑘2, . . . , 𝑘𝑠. 
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Hence  

𝒙𝒌  =  
1

𝜑(|𝒌|)(𝑎)
𝐷𝒗

𝒌𝜑((𝒗. 𝒙) + 𝑎), 𝒙 ∈ [−3,3]𝑠.  

For a function 𝑓 of 𝑠 variables and 𝑚 > 0, we will approximate the 

partial derivative with divided difference. We write 

𝐼𝑡,𝑖  =  𝑓(𝑥1, . . . , 𝑥𝑖−1, 𝑥𝑖+𝑡 , 𝑥𝑖+1, . . . , 𝑥𝑠), 

𝐼−𝑡,𝑖  =  𝑓(𝑥1, . . . , 𝑥𝑖−1, 𝑥𝑖−𝑡 , 𝑥𝑖+1, . . . , 𝑥𝑠), 

∆𝑡,𝑖
𝑘 𝑓(𝑥)  =  (𝐼𝑡,𝑖 − 𝐼−𝑡,𝑖)𝑘𝑓(𝑥), 𝑘 = 1, 2, . . .                  [42] 

Where 𝑓(𝑥) = 𝑓(𝑥𝑖 , 𝑥2𝑖 , . . . , 𝑥𝑠) 

∆𝑡,𝑖
0 𝑓(𝑥) =  𝑓(𝑥). 

And for 𝒌 ∈ ℤ𝒔, 𝑘 ≥ 0. 

∆𝑘𝑓(𝑥) =  ∏ ∆𝑡,𝑖
𝑘𝑖 𝑓(𝑥)

𝑠

𝒊=1

. 

We will write 

(
𝒌

𝒓
)  =  ∏ (

𝒌𝒊

𝒓𝒊
)

𝒔

𝒊=𝟏

,   𝒌!  =  ∏ 𝒌𝒊 !

𝒔

𝒊=𝟏
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To verify that 

∆𝒕
𝒌𝒇(𝒗) =  ∑ (

𝒌

𝒉
)

𝟎≤𝒉≤|𝒌|

(−𝟏)|𝒌−𝒉|𝒇(𝒗 + (𝟐𝒉 − 𝒌)). 

By using Taylor´s theorem if 𝑓 has sufficiently many derivatives in a 

neighborhood of 𝑣, then for sufficiently 𝑡 > 0,  

‖
1

(2𝑖𝑡)|𝒌|𝒌!
∆𝑡

𝒌𝑓(𝒗) − 𝐷𝑘𝑓(𝒗)‖
𝑝

≤ 𝐶𝒌(𝑓)𝑝. 𝑡2. 

As a corollary of Proposition 5.2.1 in section 5, we obtain the 

following results. 

Proposition 6.2.1 

If 𝜑 have infinitely many times derivatives on an open interval                         

𝐽 ⊆ ℝ 𝑖𝑛 𝐿𝑝(𝐽) and there exist a point 𝑎 ∈ 𝐽, such that 

𝜑(𝑘)(𝑎)  ≠  0, 𝑘 = 0, 1, 2, . .. 

For a given 𝜖 > 0 and for 𝑡 > 0, we define 

𝐵𝒌,𝑡(𝒙) =  
1

(2𝑡)|𝒌|𝒌!
∑ (

𝒌

𝒉
)

0≤𝒉≤|𝒌|

(−1)𝒌−𝒉𝜑(𝑡(2𝒉 − 𝒌). 𝒙) + 𝑎). 
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There exist 𝛿(𝜑, 𝒌, 𝜖) > 0 such that for 𝑥 ∈ [−3,3]𝑠 and 0 < 𝑡 <

𝛿(𝜑, 𝒌, 𝜖),  

‖𝒙𝒌 − 𝐵𝒌,𝑡(𝒙) ‖
𝑝

≤  𝜖. 

In particular if 𝑃 ∈ 𝐻𝑛,𝑠 and  

𝑃(𝑥) =  ∑ 𝑏𝑘𝑋𝑘

0≤𝑘≤𝑛

. 

Then by a different value of 𝜖, we get that there exist 𝛿(𝜑, 𝑛, 𝜖) > 0, 

such that 

‖𝑃 − ∑ 𝑏𝒌𝐵𝒌,𝑡

0≤𝑘≤𝑛

‖

𝑝[−3,3]

𝑠

≤ 𝜖‖𝑃‖𝑝[−1,1]
𝑠   , 0 < 𝑡 < 𝛿(𝜑, 𝑛, 𝜖). ∎ 

Theorem 6.2.2 

Let 𝜑: ℝ → ℝ on an interval 𝐽 ⊆ ℝ and it has infinitely many times 

differentiable and there exist a point 𝑎 ∈ 𝐽 such that 

𝜑(𝑘)(𝑎) ≠ 0, 𝑘 = 0, 1, 2, . .. 

is satisfied.  

Let 𝑓 ∈ 𝐿𝑝
𝑟 [−1,1]𝑠 and  
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𝑊𝑛,𝑠(𝑓, 𝑥) =  ∑ 𝑏𝒌(𝑓)𝒙𝒌

0≤𝑘≤2𝑛−1

. 

Then, there exists 𝛿 = 𝛿(𝜑, 𝒏) such that 

‖𝑓 − ∑ 𝑏𝒌(𝑓)𝑩𝒌,𝑡

0≤𝑘≤2𝑛−1

‖

𝑝

𝑠

≤ 𝑐𝑛−𝑟‖𝑓‖𝑝
𝑠 ,    𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ∈ (0, 𝛿). 

We note that the weights of the network ∑ 𝑏𝒌(𝑓)𝑩𝒌,𝑡0≤𝑘≤2𝑛−1  all 

belong to set {(2ℎ − 𝑘)𝑡: 0 ≤ ℎ, 𝑘 ≤ 2𝑛 − 1} having at most (6𝑛)𝑠 

elements. So the construction of a neural network is  

‖𝑓 − ∑ 𝑏𝒌(𝑓)𝑩𝒌,𝑡

0≤𝒌≤2𝑛−1

‖

𝑝

𝑠

≤ 𝑐𝑛−𝑟‖𝑓‖𝑟,𝑝
𝑠 . 

That provides the best approximation to target function in 

𝐿𝑟,𝑝[−1,1]𝑠. 
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Conclusions 

New types of neural networks are defined such as: trigonometric 

neural networks, algebraic networks with one or two hidden layers. 

Then they are used to approximate functions in 𝐿𝑝 quasi normed 

spaces for 0 < p < 1. These approximations all with the moduli of the 

smoothness with the same orders. This leads to that our 

approximation in all these neural networks are all strong. 

 

 

 

 

 

 

 

 



 

 
94 

 

 

Future Work 

Define a multilayer type neural network, then we study its 

approximation for functions in 𝐿𝑝[𝑎, 𝑏]𝑑. In terms of 𝑘-multivariate 

modulus of smoothness.  
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 المستخلص 

 المستخلص 

الشبكات العصبية ادوات حساب انية لاكثر من متغير واحد. هي حسابات خطية بدلالة  تعتبر  

بية بطبقة مخقية  مع الشبكات العص   نا عاملدعى دوال التنشبط. في دراستنا تدوال غير خطية ت

ق. واحدة الفضاء    بتقريب   نامحيث  في  مقيدة  دالة  𝑝   اي  < 1, 𝐿𝑝  باستخدام شبكة عصبية

وأمامي الأ  نا درس ة  التقريب  باستخدام  درجة  و  العصبية  الشبكات  بدلالة  الدوال  لتلك  فضل 

الأفضل و عدد    بايجاد العلاقة بين درجة التقريب   نا م. بعدها ق𝑘مقياس النعومة من الدرجة  

 ونات في الشبكة العصبية.  العصب

التقريب الافضل ياستخدام  قدمنا البحوث لدراسة  الشبكات العصبية بطبقة مخفية    العديد من 

ليلة جدا حول شبكات عصبية بطبقتين او اكثر و دالة تنشيط واحدة  واحدة مقارنة ببحوث ق

 من النوع السيني.  

بية ذات القمم.  باستخدام الدوال العص  𝐿𝑝  تعددة المتغيرات في الفضاء  بتقريب الدوال م   قمنا

 بعدها وجدنا علاقة بين التقريب المثلثي و التقريب الجبري. 

الأوجو التقريب  درجة  بين  العلاقة  الفضاءات دنا  في  للدوال  الشبكات     𝐿𝑝فضل  باستخدام 

 .التي قمنا بتعريفها اعلاهالعصبية 

.



  

 
   

 

 

 

 

 

 

التقريب باستخدام الشبكات العصبية ثابتة الاوزان 

𝒑 اتللدوال في الفضاء < 𝟏, 𝑳𝒑 

 رسالة

مقدمة الى مجلس كلية التربية للعلوم الصرفة / جامعة بابل كجزء من متطلبات نيل درجة 

الماجستير في التربية / الرياضيات

 من قبل

 خلف سارة صالح مهدي

 

 بإشراف

    ايمان سمير بهية .د.أ

 

م ٣٢٠٢ هـ      ٥١٤٤          

 

 جمهورية العراق 

 وزارة التعليم العالي والبحث والعلمي 

 جامعة بابل 

 كلية التربية للعلوم الصرفة 

الرياضيات قسم   

 


