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Abstract

This thesis aims to using some applications to improve the reliability of the systems

that we will adopt in this thesis. These are series, parallel and complex systems. The

complex system will be the focus of attention in this thesis. Finding a simple, direct, and

mathematically, in addition to two other methods for constructing minimal path sets for

complex system, and two methods for constructing minimal cut sets for a complex system

based on graph science. Then, two methods were used to calculate the reliability function

for the complex system. Applying two techniques (redundancy and allocation) to increase

value the reliability of the three systems (series, parallel and complex). The redundancy

technique will be in two methods, namely redundancy of elements and redundancy of the

system, the two methods are applied to the three systems. And applying the method of

redundancy the element to one of the minimum path set and the minimum cut set for

complex system. Then applying the allocation technique to increase the reliability value

of the three systems. Study the reliability importance of in simple and complex systems

in multiple and different situations. The reliability importance of each component in the

three systems will be evaluated, the importance of each component in the minimal paths

and minimal cuts for the three systems will be assessed, the reliability importance for

each minimal paths and cuts for the three systems will be assessed, then a new measure

will be studied to evaluate the reliability importance of the minimal cuts for more than

one component.



1

Introduction

Samuel Taylor Coleridge who first attested the term ”Reliability” in 1816 [6]. In

daily life,reliability is an ephemeral but desirable of a product or service that is usually

evaluated in a highly subjective method. Hardware and software systems tends to be

enormous, complex, and frequently have unique features and systems.

One needs to access these systems’ reliability as well as other pertinent metrics in

order to increase their reliability[40]. Engineering systems in use today are more powerful

than ever thanks to recent advancements in science and technology[56]. High-tech

industrial trial procedures are becoming more sophisticated, which suggests that reliability

problems will not only continue but also likely require to ever-complicated solutions[28].

Additionally, reliability problems are having more of an effect on society generally than

ever before, for instance, the breakdown of a nuclear power plant or the improper

management of a major city’s power distribution system, or the malfunction of an air

traffic control system at an international airport, or the failure of a system. It is difficult

to overestimate the importance of reliability in modern engineering processes at all steps,

including design, manufacture, distribution, and operation[25].

Reliability theory describes a system’s capacity to carry out the task for which

it is responsible at a specific time[10]. It is one of the pillars of engineering. Systems like

those in aircraft, linear accelerators, and other items, function better as a result, and the

probability of failure is reduced. Due to the consequences of failures in today’s complex

systems , which can result in operational inefficiency [32].

Shannon and Moore, initially discussed network reliability in 1950 during their

examination of the reliability of relay circuits [14]. According to their definition of network

dependability, a circuit will remain closed if all of its constituent contacts are closed with

a particular probability [7]. Many studies have been conducted on the topic since their

work was first published more than 50 years ago. Up until 1970, the evaluation of network

reliability and the use of graph theory have grown more and more connected[6]. The
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factoring theorem was described by Page, L. B. and Perry, J. E. In 1989, as an impressive

conceptual tool for carefully evaluating the system’s reliability[17]. Since 1969, researchers

have created multiple evaluations of the importance of various components[5]. These

scales provide a numerical ranking to assess which system reliability-improving elements

are most essential.

The researcher Hoang Pham discusses in detail problems with improving the

reliability of systems insecure about two forms of failure in 2006[16]. The number

of components that will be used is unlimited, and it is expected that the system’s

constituent countries are statistically independent and identical. Improvement in series,

parallels, parallel-series, and series-parallel reliability. In order to preserve or improve

circuit reliability[17]. Engineering methods that are easily understood demonstrate that

components of reliability must have a linear relationship with time when evaluating the

reliability of electrical systems used in aviation[20]. Reliability equivalence factors for a

series-parallel system of components with exponentiated Weibull lifetimes were published

in 2015 by Alghamdi, S. M., and Percy, D. F., Et al. [8].

In 2017, Emad introduced a thesis entitled( On the geometry of the reliability

polynomials)[46]. In 2018, saw the introduction of (Reliability of electric vehicle with

wind turbine based on particle swarm optimization ) [18].

In 2019, Hatem introduced a thesis entitled ( A study of mathematical models in

reliability of networks)[52], also in the same year, he was published (Reliability allocation

and optimization for (ROSS) of a spacecraft by using genetic algorithm). In 2023, the

same researchers introduced a paper which is; Computational models for allocation and

optimization of reliability for ROSS network [53].

In 2021, Ghazi introduced a dissertation entitled (Some reliability optimization

techniques for networks)[43]. In the same year, Ghufran introduced a thesis entitled

(Using of some techniques to improve reliability networks)[47].

In 2022, Haider introduced a thesis entitled ( Use innovative methods to
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increase the reliability of complex and mixed networks)[27].

In our thesis we presented accurate methods for calculating the minimal path

sets and the minimal cut sets for reliability to calculate the reliability function of complex

systems. Study techniques to improve the reliability of the systems has been interested.

Such of them redundancy, allocation, and importance.

The aims of this thesis

The aims of this study, it is to provide an accurate and direct method (the Delimiter’s

method) to calculate the minimal path set for a complex system and calculate the

reliability function of the complex system, also we try to study some techniques to improve

reliability the systems: Series, parallel and complex, in addition to studying the reliability

importance the components behavior in the systems, minimal paths and minimal cuts and

study the reliability importance the minimal paths and cuts of in the systems.

Contributions

The thesis included a set of contributions that can be summarized as follows:

1. In this thesis, all the minimal path sets of the complex system are found in a specific

method to succeed for the complex system.

2. Apply two methods to generate a minimal cut sets for complex systems.

3. The reliability function of complex system is found in two methods, both of which

depend on the laws of probability.

4. Study two techniques to improve for the reliability of the three systems(series,

parallel, and complex): redundancy, are two types redundancy for components and

redundancy for systems, in addition to improve of the minimal path set by elements

redundancy. Then we study allocation technique to improve the systems’ based on
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greatest minimal path set reliability, thus the reliability of the whole system was

improved.

5. Applying the reliability importance for the three systems in terms the behavior of

all components in their different states of existence in the three systems.

6. Finding a new measure (the reliability importance absolute) to evaluate the

importance of reliability in the case minimal cut set for parallel systems and complex

systems.

7. Generalization two methods (F.M and S.M) from Birnbaum’s measure in the case

studying the importance of more than one component for the systems.

Outline of Thesis

This thesis consists of five chapters. Chapter one, contains some definitions and

determined concepts, including reliability polynomials and basic graph theory.

Chapter two, contains methods for finding minimal (path /cut) sets and exact

techniques to evaluating the reliability for complex systems.

Chapter three, focused on two methods to improve the reliability of a three

systems series, parallel and complex, where the first technique is the Redundancy

technique and the second is allocation.

Chapter four, includes a study of the behavior of the reliability importance of

components in relation to the three systems, series, parallel and complex, in addition to

the importance of components in relation to each minimal path set and for each minimal

cut set in the three systems.

Chapter five, includes conclusions and future works.



Chapter 1

Some Definitions and Basic Concepts
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1.1 Introduction

This chapter introduces the main definitions and basic concepts and focuses on the

basic information of the thesis. This chapter is concerned with two parts, the first is the

graph theory and its impact and linking it with the reliability of systems of all kinds, and

the second is reliability and its basic definitions and concepts.

1.2 Basic for Graph Theory

In this section several definitions, basic concepts types of direct and indirect graphs,

simple, sub graphs, mixed graphs, partial graphs, etc.[35, 36, 42], and also matrix

representations of graphs have all been discussed.

1.2.1 Graph Theory as a Tool for Reliability Evaluation

In recent times, scientists and engineers have developed a greater interest in graph

theory, this increased interest in graph theory is largely due to its proven capacity to

address issues from a wide range of fields[14]. Graphs have been proven to be particularly

helpful in modeling systems developing in physical science, engineering, social science, and

economic problems because of their straightforward diagrammatic form, and reliability

engineering has not been an exception[9]. The application of graph theory in reliability

studies did not acquire much be seen to several studies have been published in the

literature since (Misra & Rao, 1970), proposed the application of graph theory for

evaluating network reliability[4]. Created node - link graphs, which become identified

as a fundamental innovation in the evaluation of network reliability[14]. In reality, the

application of graph theory and network reliability evaluation have become inseparable

[12].
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1.2.2 Main Reasons to Choose Reliability System in Design

Optimal System

� Reliability systems can easily represent systems with complex structure.

� In the reliability networks approach we can connect directly components between

them (point to point connection).

� Once the reliability network of the system is obtained. The corresponding adjacency

matrix of the system is also formed[40].

Definition 1.1 [16] A graph G = (V, E) is defined by an ordered pair (V, E), where

V is a nonempty set whose components are referred to as vertices (nodes) and E is a set

of elements of V (G). The edges or (lines, arcs) of the graph G are also called are E’s

components.

Figure 1.1: Graph.

Definition 1.2 [10] A simple graph is a graph that does not include loops or multiple

edges, as an example, see fig. (1.2).
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Figure 1.2: Simple graph.

Definition 1.3 [9] System is a set of components, subsystems, or assemblies arranged

to a specific design in order to achieve required functions with acceptable performance and

reliability fig.(1.3) shows system. The arcs represent the system components el, e2, e3, e4

and e5. The nodes (node l, node 2, node 3, node 4) represent the connections between the

system components.

Figure 1.3: System.
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Definition 1.4 [1] Vertex set and edge set must both be finite for a graph to be called

finite

Definition 1.5 [18] A loop It is possible to have an edge from a vertex to itself. As an

example, see fig. (1.4) (e4).

Figure 1.4: Graph with loop and multiple edge.

Definition 1.6 [31] If two or more edges in a graph G have the same endpoints (end

vertices), they are said to be parallel or multiple edge, see fig.(1.4) (e1, e2).

Definition 1.7 [9] Vertices u and v are said to be incident with each other and to be

connected by e if they are the endpoints of edge e in graph G. For example, e2 is incident

to 1 and 2 in fig.(1.3).

Definition 1.8 [38] A directed edge is an edge connected to the ordered pair (u, v)∈

E, and it is thought to have a direction from node u to node v.
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Definition 1.9 [37] Undirected edge is an edge (no arrow shown) without a node or

edge in a graph, undirected edges are used to denote connections that allow for two-way

communication between nodes.

Definition 1.10 [45] If all edges of the graph G are directed edges, then G is called a

directed graphs, also known as (digraphs), as an example, see fig.(1.3)

Definition 1.11 [51] An undirected graph is a graph in which all of the edges are not

directed in any one direction, as an example, see fig. (1.5)

Figure 1.5: Undirected graph.

Definition 1.12 [52] The graph or digraph is only referred to as connected if there is

at least one minimal path set connecting every pair of nodes; otherwise, it is referred to

as be disconnected.

Definition 1.13 [46] A mixed graph consists of a graph that has both directed and

undirected edges. as an example, see fig.(1.6)
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Figure 1.6: Mixed graph G.

Definition 1.14 [45] If e is an edge of a graph G, then Ge (obtained graph) refers to the

graph that was created by deleting e from G, as an example, see fig.(1.7).

Figure 1.7: Deletion of edge.

Definition 1.15 [30] Let G be a graph, given that e = u, v ∈ E. The two steps within

constitute the contraction of edge e.
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1. Removing e from E and identifying vertices u and v in a new vertex called u-v.

2. All G edges with one end at either u or v will have this end at u-v with the other

end remaining unchanged, as an example, see fig.(1.8).

Figure 1.8: The contraction of edge.

Definition 1.16 [46] If v is a vertex in G, then Gv represents the graph created from G

by deleting vertex and all edges that create it, as an example, see fig.(1.9)

Figure 1.9: Deletion of vertex 3.

Definition 1.17 [25] A graph H = (V,E ′) that has the properties E ′ ⊆ E, is apartial

graph of a given graph G = (V, E), as an example, see fig.(1.10).
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Figure 1.10: Partial graph H of G.

Definition 1.18 [27] H is a sub graph of G if its vertex set and edge set are subsets of

G each vertex set and edge set, respectively. In other words, V (H) ⊆ V (G)andE(H) ⊆

E(G), as an example, fig.(1.11).

Figure 1.11: Sub graph.

Definition 1.19 [47] A path is a set of components that, when working together, ensure

that the system is working.

Definition 1.20 [47, 52] A path set is called minimal path set if it cannot be reduced

without losing its status as a path set.

Definition 1.21 [11] A cut is a set of components that by failing causes the system to

fail.
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Definition 1.22 [11, 45] A cut set is minimal cut set if it cannot be reduced without

losing its status as a cut set .

Example 1.1 Consider the system of abridge shown in fig.(1.3), by definition (1.19 and

1.20), we get all minimal path sets as follows: H1 = e1, e4;H2 = e2, e3, e4;H3 = e2, e5

Then, by definition (1.21 and 1.22), we get all minimal cut sets as follows: K1 =

e1, e2;K2 = e2, e4;K3 = e4, e5;K4 = e1, e3, e5;K5 = e2, e3, e4

1.3 Matrix Representation of Graphs

A method for presenting and evaluating system data is the use of matrices [43].

Although a matrix and a graph both contain the same information, the former is more

advantageous for computation and data analysis [39].

Definition 1.23 [27] Adjacency matrix (A) of a simple graph is a matrix with rows

and columns by graph vertices, with a 1 or 0 in position (u,v) according to whether u and

v are adjacent or not.

Example 1.2 The adjacency matrix of the graph in fig.(1.3) is

[A] =


0 x2 x1 0

0 0 x3 x5

0 0 0 x4

0 0 0 0


Definition 1.24 [46] A Connection Matrix (CM) is constructed by adding an

adjacency matrix and the identity matrix [Im], or by changing the zeros in an adjacency

matrix’s diagonal to ones, as in CM = A+ Im.

Example 1.3 The connection matrix of network in fig.(1.3) is
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[CM ] =


1 x2 x1 0

0 1 x3 x5

0 0 1 x4

0 0 0 1


1.4 Structure Function

A structure function φ(x) is a binary property that indicates whether or not a network

is working. It gives each component’s state [22].

Consider a network with m components, each of which has a probability to be

present in one of two states: success or failure. The binary variable xk gives details on

the component’s state [21].

xk =

 1 if component k succes,

0 if component k fails .

From the formula xk above one have for all i and n.

xn
i = xi. (1.1)

And, the structure function of system as follows:

φ(x1, x2, . . . .., xm) =

 1 if the system succes,

0 if the system fails.

Definition 1.25 Reliability Function [49] denoted R(t), is the probability that a

device will perform out its intended functions satisfactorily for a specified amount of time

under defined operating conditions. The time to system failure T, can be used to express

this [52]:

R(t) = Pr{T > t}. (1.2)

Considered the reliability of a system is a function of the reliability of its components since

the performance of a still depends on the performance of its components.
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� Some properties of R(t) [52]

1. 0 ≤ R(t) ≤ 1.

2. R(0) = 1; the device is assumed to be working properly at time t = 0, andR(∞) = 0

; no device can work forever without failure.

3. R(t) in general is decreasing function of time t. i.e., if t1 < t2 then R(t1) > R(t2)

this means that the probability failure takes place at a time less than or equal to t.

Mathematically speaking, let

F (t) = Pr{T ≤ t}, (1.3)

be the failure function (cumulative distribution function, (c. d. f), or unreliability) [45].

It follows that the reliability function (non-failure function) is:

R(t) = 1− F (t) (1.4)

Eq.(1.4) is equivalent to

R(t) =

∫ ∞

t

f (t) dt. (1.5)

Definition 1.26 [17, 24, 32] Reliability Block Diagram (RBD) of a system is a

graph with the system components as its edges, in a reliability block diagram, a circle or

rectangle is often used to represent a component. It only indicates how the components

work to ensure the system works. Each reliability block diagram should include the

reliability parameters and assumptions or simplifications used to develop the diagram,

as an example, see fig.(1.12).

Figure 1.12: Reliability block diagram of a series structure.
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Definition 1.27 [8] Simple Reliability suppose we need to determine a system’s

reliability that consists of a number of components, it is possible to determine the reliability

of each individual component and sum these individual reliabilities based on how they are

connected in order to obtain the whole reliability.

1.5 Reliability Systems

A set of components, a device or system. The structural function determines the

system’s status based on the status of its main components [54].

1.5.1 Series System

The foremost common and most basic design is the series system. A series system

works satisfactorily if and only if all of its components perform satisfactorily. The system

fails if any one of its components fails. The formula for a series system’s structural function

is [17].

Rs =
n∏

i=1

Ri. (1.6)

Figure 1.13: Series system.

1.5.2 Parallel System

A parallel system with n components is one that succeeds if one that at least one of

the n components succeeds (with all n components operating simultaneously) [45].

Rs = 1−
n∏

i=1

(1−Ri) (1.7)
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Figure 1.14: Parallel system.

1.5.3 Series-Parallel System

Series-Parallel system is dependent on its m series of redundantly connected components.

Rs = R1.R2.R3 . . . . . . Rm =
∏m

i=1Ri

R is a reliability of series system. If we arrange a set in parallel each one with n components

in series[33].

Rs = 1−
n∏

i=1

(1−
m∏
i=1

Ri) (1.8)

Figure 1.15: Series-Parallel system.
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1.5.4 Parallel - Series System

The reliability of parallel - series elements can be description as:

Rs =
m∏
j=1

(1−
n∏

i=1

(1−Ri)) (1.9)

where Ri is the reliability of a single component. Each made up of n parallel components,

and m sets are connected in series the system’s reliability is evaluated [17].

Figure 1.16: Parallel - Series System.

1.5.5 Complex System

When the reliability network of a system cannot be decomposed into parallel subsystems

with independent elements or group series, the system is referred to as complex [1, 34, 45].

Where a complex system one that has interconnected or interwoven parts (components)

and is difficult to evaluate in terms of reliability or a problem because of the limits imposed

on it by the techniques, algorithms, and software presently in use (such as operating

systems and programming languages),as an example, see fig.(1.17).
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Figure 1.17: Complex system and with - terminal reliability.

There are several methods for evaluating a complex system’s reliability, include:

Path tracing method, minimal cut method, sum of disjoint product method and pivotal

decomposition [23, 29, 50].

Definition 1.28 [28] Terminal Reliability which is defined as the probability that a

path exists between each pair of nodes in the specified set of nodes of the network, is a

need that a set of nodes of the network be able to communicate with one another, as an

example, see fig.(1.17).

Definition 1.29 [37] Reliability Allocation used to allocate the failure allowance

between each network, its sub networks, and its constituent parts. The basic goal of

reliability allocation is for creating a value or aim for the reliability of each component

of the product that will be made so that the producers may determine the performance

required by that product.

Definition 1.30 [19] Redundant Components or Reliability Redundancy,

redundancy is commonly used in systems design to improve system reliability, especially

when it is difficult to increase the reliability of the component itself.

Definition 1.31 [26] Redundant system consisting of two or more components connected

in parallel and both components were operating simultaneously is called active

redundancy. In active redundancy all the redundant units are operated simultaneously

instead of switching on only when need arises.
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Definition 1.32 [5, 15, 28] The reliability importance aims to determine the

contribution of components in measuring system performance. Engineers are frequently

given the responsibility of identifying the system’s least reliable component(s) in order to

improve the design after the reliability of a system has been evaluated.



Chapter 2

Some Methods for Finding Minimal

(path / cut) Sets and Exact Methods

to Evaluating the Reliability of

Complex Systems
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2.1 Introduction

In order to calculate network reliability using minimal path sets or minimal cut sets

[37, 50]. There are several different techniques for finding the minimal path sets and

minimal cut sets. In this chapter, we studied three methods to find the minimal path

sets and two methods to find the minimal cut sets, we discussed methods for evaluating

the reliability of systems. The following methods are based on basic concepts in network

theory as in the first chapter in order to simplify the reliability of the system [44].

2.2 Generation of Minimal Path Sets

In evaluating the reliability of a system, minimal path sets are important [4]. The

minimal path sets of a system must be known in order to use many of the methods to be

discussed in this thesis. There are many different methods to find the minimal path set

enumeration [57], we study three techniques to find the minimal path sets enumeration

of a complex system shown in fig.(2.1).

Figure 2.1: Complex system.
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2.2.1 Connection Matrix

The direct connections between each pair of signal nodes going from the source to

the sink are described by a connection matrix[12], as shown in the matrix’s (2.1). A

node is always connected to itself, hence the matrix’s main diagonal elements are (1)[33].

The entries at positions (i, j) and (j, i) in the connection matrix are xk if component k.

Connects node i and j,as an example, the connection matrix for fig.(2.1) that edges from

1 to 8 and nodes 1, 2, 3, 4, 5 and 6 respectively as follows:

[C] =



nodes 1 2 3 4 5 6

1 1 x1 x2 0 0 0

2 0 1 x3 0 x4 0

3 0 x3 1 x5 x7 0

4 0 0 0 1 0 x6

5 0 0 0 0 1 x8

6 0 0 0 0 0 1


(2.1)

2.2.2 Delimiter’s Method

For reliability expression generally of the system in two steps are [12, 55]:

i. All minimal path sets are determined.

ii. The problem of minimal path sets enumeration in a general system can be solved using

a variety of methods, have chosen the minimal paths using the connection matrix’s. Using

the connection matrix [C] knowledge to compute the system-success determinant |S|.

2.2.2.1 Delimiter’s Method Steps to Find the Minimal Path Sets

Step 1. Construct the logic graph’s connection matrix.

Step 2. To the connection matrix [C], add a diagonal unity matrix [U ] of dimension p× p.

Step 3. This step include the options as:
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a. Remove the column corresponding to source 1 and the row corresponding to sink

6 in the matrix generated at step2 .

b.Take remaining rows and columns and define the system success determinant |S|

of size (p- 1). All of the algebraic variables are converted to their equivalent Boolean

variables in this stage.

Step 4. Expand the determinant |S| using Boolean sum and product operations[62].

Let’s take an example to illustrate this method.

Example 2.1 Consider the complex system shown in fig.(2.1), to find the

determinant of success for that system. Based on connection matrix (2.1).

[C] =



0 x1 x2 0 0 0

0 0 x3 0 x4 0

0 x3 0 x5 x7 0

0 0 0 0 0 x6

0 0 0 0 0 x8

0 0 0 0 0 0


+



1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


=



1 x1 x2 0 0 0

0 1 x3 0 x4 0

0 x3 1 x5 x7 0

0 0 0 1 0 x6

0 0 0 0 1 x8

0 0 0 0 0 1


We delete the first column and the last row of the matrix, then we find the determinant

of the matrix as shown below:

|S| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x1 x2 0 0 0

1 x3 0 x4 0

x3 1 x5 x7 0

0 0 1 0 x6

0 0 0 1 x8

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= x1

∣∣∣∣∣∣∣∣∣∣∣∣∣

x3 0 x4 0

1 x5 x7 0

0 1 0 x6

0 0 1 x8

∣∣∣∣∣∣∣∣∣∣∣∣∣
− x2

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 x4 0

x3 x5 x7 0

0 1 0 x6

0 0 1 x8

∣∣∣∣∣∣∣∣∣∣∣∣∣

= x1.x3

∣∣∣∣∣∣∣∣∣
x5 x7 0

1 0 x6

0 1 x8

∣∣∣∣∣∣∣∣∣+ x1.x4

∣∣∣∣∣∣∣∣∣
1 x5 0

0 1 x6

0 0 x8

∣∣∣∣∣∣∣∣∣− x2.1

∣∣∣∣∣∣∣∣∣
x5 x7 0

1 0 x6

0 1 x8

∣∣∣∣∣∣∣∣∣− x2.x4

∣∣∣∣∣∣∣∣∣
x3 x5 0

0 1 x6

0 0 x8

∣∣∣∣∣∣∣∣∣
S = x1x4x8 + x2x5x6 + x2x7x8 − x1x3x5x6 − x1x3x7x8 − x2x3x4x8
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By Boolean sum and product operations.

S = x1x4x8 ∪ x2x5x6 ∪ x2x7x8 ∪ x1x3x5x6 ∪ x1x3x7x8 ∪ x2x3x4x8

In this method, we obtained six minimal path sets for complex system fig. (2.1).

S = {MP1 = {x2x5x6} ,MP2 = {x1x4x8} ,MP3 = {x2x7x8} ,MP4 =

{x1x3x5x6} ,MP5 = {x1x3x7x8} ,MP6 = {x2x3x4x8}}
(2.2)

2.2.2.2 Advantages of Delimiter Method

1. An efficient minimal path sets enumeration method that is simple and directly.

2. This method directly neglects the minimal paths of cyclic type.

3. It does not require time and effort for calculations unlike other methods.

4. It does not require a recursive determinant of the operation x of the multiples of

the array, but only requires the expansion of one element to size (p-1).

2.2.3 Node Removal Method

Aggarwal et al [6] describe a technique to generate minimal path sets in a network

link matrix by removing ideal nodes. The direct connection from node i to node j is

represented by the symbol cij in the connection matrix M of order m×m . This process

removes each node from the link matrix that is neither the source nor the sink one at

a time until just the source node and the sink node remain left[52]. To change the link

matrix entries with the remaining nodes, according to equation shown below:

C ′ = Cij + CilClj (2.3)

If node l removed, where i ̸= j , i ̸= l , 1 < m , 1 < j ≤ m, for i =

1, 2, . . . .,m.Otherwise.C ′
ii = 1 , if and only if i = j.

When using this method, it is important to label the source node as the first node and the
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sink node as the last node, each intermediate node is removed one by one until a 2 × 2

matrix is left. Let’s take an example to illustrate this method.

Example 2.2 Reconsider the complex system shown in fig. (2.1). The nodes are labeled

as 1, 2, 3, 4, 5, and 6, and the edges are numbered from x1 through x8. The connection

matrix of the complex system is (2.1), and according the above descriptions: Now, we

remove node 2. The modified input of the original matrix becomes as follows according to

eq. (2.3)

C ′
13 = x2 + x1x3, C ′

15 = 0 + x1x4 = x1x4, C ′
16 = 0 + x10 = 0

C ′
31 = 0 + x30 = 0, C ′

34 = x5 + x30 = x5, C ′
35 = x7 + x3x4,

C ′
36 = 0 + x30 = 0, C ′

41 = 0 + 0 = 0, C ′
43 = 0,

C ′
45 = 0, C ′

46 = x6 + 0 = x6, C ′
51 = 0 + 0 = 0,

C ′
53 = 0, C ′

54 = 0, C ′
56 = x8 + 0 = x8,

C ′
61 = C ′

63 = C ′
64 = C ′

65 = 0.

The modified connection matrix has become 5Ö5 matrix as shown:

C ′ =



1 x2 + x1x3 0 x1x4 0

0 1 x5 x7 + x3x4 0

0 0 1 0 x6

0 0 0 1 x8

0 0 0 0 1


Now, we remove node 2, the modified input of the original matrix becomes as follows

according to the eq (2.3):

C ′′
13 = x2x5 + x1x3x5

C ′′
14 = x1x4 + (x2+x1x3) (x7 + x3x4) = x1x4 + x2x7 + x2x3x4 + x1x3x7

C ′′
15 = 0 + (x2+x1x3) 0 = 0

C ′′
31 = 0, C ′′

34 = 0, C ′′
35 = x6 + 0 = x6

C ′′
41 = 0, C ′′

43 = 0, C ′′
45 = x8 + 0 = x8, C ′′

51 = 0, C ′′
53 = 0, C ′′

54 = 0
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C ′′ =


1 x2x5 + x1x3x5 x1x4 + x2x7 + x2x3x4 + x1x3x7 0

0 1 0 x6

0 0 1 x8

0 0 0 1


Now, we remove node 2. The modified input of the original matrix becomes as

follows according to the eq.(2.3):

C ′′′
13 = x1x4 + x2x7 + x2x3x4 + x1x3x7

C ′′′
14 = x2x5x6 + x1x3x5x6

C ′′′
31 = 0

C ′′′
34 = x8 + 0 = x8

C ′′′
41 = 0

C ′′′
43 = 0

connection matrix becomes the following 3 Ö 3 matrix:

C ′′′ =


1 x1x4 + x2x7 + x2x3x4 + x1x3x7 x2x5x6 + x1x3x5x6

0 1 x8

0 0 1


Now, we remove node 2. The modified input of the original matrix becomes as

follows according to the eq (2.3):

C ′′′′
13 = x2x5x6 + x1x3x5x6 + (x1x4 + x2x7 + x2x3x4 + x1x3x7)x8

C ′′′′
13 = x2x5x6 + x1x3x5x6 + x1x4x8 + x2x7x8 + x2x3x4x8 + x1x3x7x8

Connection matrix becomes the following 2 Ö2 matrix:

C ′′′′ =

1 x2x5x6 + x1x3x5x6 + x1x4x8 + x2x7x8 + x2x3x4x8 + x1x3x7x8

0 1


All minimal path sets are determined in the entry, C ′′′′

13 which is located in the



29

matrix’s top right corner, of the resulting 2 Ö2 matrix. The system diagram from

fig.(2.1) shows the minimal path sets for communication between the source node and

sink node are: x2x5x6 + x1x3x5x6 + x1x4x8 + x2x7x8 + x2x3x4x8 + x1x3x7x8

Hence C ′′′′
13 represent the sum of all the minimum path sets of the complex system.

So the minimal path sets:

MP1 = x2x5x6,MP2 = x1x4x8,MP3 = x2x7x8,MP4 = x1x3x5x6

MP5 = x1x3x7x8,MP6 = x2x3x4x8.

In this method, we also obtained the same result as in eq (2.2).

2.2.4 Powers of Adjacency Matrix

The network graph’s connection matrix representation works as the method’s base.

This matrix is iteratively multiplied by itself algebraically (remember, not numerically)[38,

47]. The number of times this multiplication will proceed depends on the maximum

cardinality path. When performing a multiplication, elements are discarded if the number

of elements is less than the order of the forming matrix [43]. Let’s take an example to

illustrate this method.

Example 2.3 Consider the complex system in fig.(2.1). Enumerate the minimal path

sets of the system using the powers of its adjacency matrix.

M =



0 x1 x2 0 0 0

0 0 x3 0 x4 0

0 x3 0 x5 x7 0

0 0 0 0 0 x6

0 0 0 0 0 x8

0 0 0 0 0 0


(2.4)

To find the first row of the adjacency matrix (2.4), M2 = M ×M , we taking the first row

and multiply it by each column of the adjacency matrix M as follows:
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[
0 x1 x2 0 0 0

]



0

0

0

0

0

0


= 0.

To find the second row of the adjacency matrix M2, we take the first row and multiply

by the second column of the e matrix M as follows:

[
0 x1 x2 0 0 0

]



x1

0

x3

0

0

0


= x2x3,

[
0 x1 x2 0 0 0

]



x2

x3

0

0

0

0


= x1x3.

We continue this procedure by multiplying the rest of the rows by the columns to get the

following matrix M2:
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M2 =



0 x2x3 x1x3 x2x5 x1x4 + x2x7 0

0 0 0 x3x5 x3x7 x4x8

0 0 0 0 x3x4 x5x6 + x7x8

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


,

we continue to apply the same steps above to find a matrix of the third

M3 = M ×M2 and fourth M4 = M ×M3 degrees.

M3 =



0 x1x3 x2x3 x1x3x5 x2x3x4 + x1x3x7 x2x5x6 + x1x4x8 + x2x7x8

0 0 0 x5 0 x3x5x6 + x3x7x8

0 0 0 0 0 x3x4x8

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


,

M4 =



0 x2x3 x1x3 x2x3x5 x1x3x4 + x2x3x7 x1x3x5x6 + x2x3x4x8 + x1x3x7x8

0 0 0 x5 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


.

So the minimal path sets between the node pair (n1, n6) are:

� (0) from element M(n1, n6) in M2.

� (x2x5x6, x1x4x8, x2x7x8) from element M(n1, n6) in M3.

� (x1x3x5x6, x2x3x4x8, x1x3x7x8) from element M(n1, n6) in M4.
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In this method,we also obtained the same result as in eq (2.2).

Figure 2.2: All minimal path sets of complex system.

2.3 Generation of Minimal Cut Sets

Enumerating minimal cut sets of a graph has many kinds of applications. Although

methods with path sets being generated, many algorithms to evaluate the reliability of

systems begin by finding all minimal cut sets separating a given node pair. The number

of cut sets usually much lower than the number of path sets in most systems, particularly

in well-connected networks. Working with minimal cut sets rather than minimal path

sets in these instances may be preferable. The methods for enumerating cut sets can be

generally divided into[27, 37]:

(i) Direct methods that make use of the network graph’s structure and its representation
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through an appropriate data structure.

(ii) Path sets-based methods with the use of set theoretic laws and concepts and Boolean

algebra. This method’s use on both directed and undirected graphs distinguish

different methods.

2.3.1 Create the Minimal Cut Sets from Minimal Paths

In this method, work to construct the incidence matrix of all minimal path sets

[37]. Were obtaining its if there are n minimal path sets, represented by p1, p2, . . . ., pn,

therefore, in order to construct the incidence matrix for all minimal path sets IM such

that,

Edges

IM = Paths

P1

P2

...

Pm



x1 x2 · · · xn

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

am1 am2 · · · amn


.

Where aij ∈ {0, 1} with (i = 1, 2, . . . ..,m; j = 1, 2, . . . ., n), n number of rows and m

number of columns. To generate minimal cut sets, three steps must be followed to obtain

minimal cut sets.

1. ∀aij ̸= 0 of any column xj of IM , then xj forms a first order cut.

2. Combine two columns of IM at a time, if .∀i, alj + alk ̸= 0 where k > j (k = 2, ., n)

then xjxk a second order cut forms. while giving the second order minimal cuts by

removing any cut which includes first order cuts.
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3. To generate the third order reductions, repeat step 2 with three columns at once.

This time, remove any first or second order cuts, and continue until the highest cut

order is achieved.

Example 2.4 The complex system in fig.(2.1) has the minimal path sets

MP1 = R2R5 R6, MP2 = R1R4 R8,MP3 = R2R7 R8,MP4 = R1R3 R5R6, MP5 =

R2R3 R4R8, MP6 = R1R3 R7R8

Based on the descriptions above, IM of the complex system as follows,

IM =

P1

P2

P3

P4

P5

P6



x1 x2 x3 x4 x5 x6 x7 x8

1 0 0 1 0 0 0 1

0 1 0 0 1 1 0 0

0 1 0 0 0 0 1 1

1 0 1 0 1 1 0 0

1 0 1 0 0 0 1 1

0 1 1 1 0 0 0 1


Hence, no single column in IM exists in which all elements are non-zero, then there are

no first order minimal cuts. Then, applying Step(2)we found second order minimal cuts.

The resultant minimal cut sets are:

C = {MC1 = {x1x2} , MC2 = {x5x8} ,MC3 = {x6x8} ,

MC4 = {x2x3x4} ,MC5 = {x2x3x8} ,MC6 = {x4x6x7} ,

MC7 = {x4x5x7} , MC8 = {x1x3x6x7} ,MC9 = {x1x3x5x7}}

(2.5)

2.3.2 Enumerate the Minimal Cut Sets Using the Connection

Matrix

This method to presenting minimal cut sets is explained in the steps which make up

the method are as follows[47, 50]:

Step 1: Generate the directed graph’s connection matrix, in which the matrix’s elements
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stand in for the link labels connecting the nodes.

Step 2: Collect all the entries that exist in the first row, which represents a source minimal

cut, and in the last column, which represents a destination minimal cut.

Step 3: Using only column numbers 2 to (n-1), generate a set S that includes all

combinations of columns of order (1) to (n − 3), n ≥ 4, (n < 4 products the simple

an instance). This set is formed to generate all possible cuts that differ from the cut sets

obtained in step 2.

Step 4: Delete those combinations of set S that result in redundant or non-minimal cut

sets following the rules the following:

a. If the combination only consists of columns with zero entries in the first row, step 1 will

result in a cut set that includes the cut set created in step 3. For instance, in equation

(2.5), the columns x4, x5 and x4, x5are removed. Additionally, since it does not constitute

a minimal cut set, we remove all combinations that they contain.

b. If the combination only includes rows with non-zero entries in the last column, as this

creates a cut set that includes the cut set created in step 3. These rules help to reduce

the number of combinations that must be evaluated in order generate minimal cut sets

as well as deleting combinations that eventually generate non-minimal cut sets

Step 5: Take one combination and, without taking note of the columns it represents,

collect all of the links-labels that exist in the row(s) that correspond to row 1 plus this

combination in the group created in Step 3. Another cut set will be provided by this

combination.

Step 6: Go through the remaining combinations by repeat step 5.

Let’s take an example to illustrate the method.

Example 2.5 Consider the complex system fig.(2.1) to find the minimal cut sets by

applying above steps:

1. Applying the method enumerate the minimal cut sets using the connection matrix

described on the connected matrix in (2.1) to extract the connection matrix.
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2. Collecting terms from the first row of the connection matrix C, step 2. Here, we

have {x1, x2}, which isolates the source node and is a minimal cut set. Aside from

that, collect terms for the final column n from the connection matrix C. Here it is

{x6, x8}, that it is a minimal cut set as isolates the sink node.

3. Construct a set S of all the column combinations of order 1 to n-3 only, using only

column numbers 2 to n- 1. Here, orders of combinations are 1, 2, and 3 because n

= 6. These combinations are now formed using x2, x3, x4, x5 . The set is:

S = {{x2} , {x3} , {x4} , {x5} , {x2, x3} , {x2, x4} , {x2, x5} , {x3, x4} ,

{x3, x5} , {x4, x5} , {x2, x3, x4} , {x2, x3, x5} , {x3, x4, x5} , {x2, x4, x5}}
(2.6)

4. Delete the combinations {x4}, {x5}, and {x4, x5} from eq (2.6) because they both

have zero entries in the first row, as well remove all combinations that they contain,

{x3, x4, x5}, {x2, x4, x5}. The updated set is as follows:

S∗ = {{x2} , {x3} , {x2, x3} , {x2, x4} , {x2, x5} , {x3, x4} , {x3, x5} , {x2, x3, x4} , {x2, x3, x5}}

(2.7)

5. We take the first combination {x2} of the set (2.7), plus row 1, here the rows {x1, x2}

are consider the entries in these rows, from the connection matrix M and we delete

the columns corresponding to it, after deleting the first and second columns from

the combination, we generate a minimal cut set consisting of the entries {x2, x3, x4}.

The minimal cut set is formed by taking the combination {x3} of the set (2.7)

plus row 1, where rows {x1, x3} are considered the entries in these rows, of the

connection matrix M, and deleting the columns that correspond to it, i.e., we delete

the first and third columns from the combination, we form a minimal cut set that

is {x1, x3, x5, x7}.

We take combination {x2, x3} of the set (2.7) plus row 1, and remove the columns

that correspond to it, i.e., we remove the first, second, and third columns from the

combination. From the remaining entries after deletion, we form a minimal cut set
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that is {x4, x5, x7}.

We take combination x2, x4 of the set (2.7) plus row 1, where rows {x1, x2, x4} are

considered the entries in these rows, and we remove the first, second, and fourth

columns from the combination. The remaining entries after deletion form the set

{x2, x3, x4, x6}, but this set is not a minimal cut set because it also contains a

minimal cut set is {x2, x3, x4}. Therefore, it is deleted according to the deletion

rules.

We take combination {x2, x5} of the set (2.7) plus row 1, where rows {x1, x2, x5}

are considered the entries in these rows, and we remove the first, second, and fifth

columns from the combination. From the combination’s remaining entries, we then

form a minimal cut set that is {x2, x3, x8}.

We take the connection matrix C’s combination {x3, x4} of the set (2.7) plus row

1, where rows {x1, x3, x4} are considered the entries in these rows, and we remove

the first, third, and fourth columns from the combination. From the combination’s

remaining entries after deletion, we form a minimal cut set that is {x1, x3, x6, x7}.

We take the connection matrix C’s combination {x3, x5} of the set (2.7) plus row

1, where rows {x1, x3, x5} are considered the entries in these rows, and delete the

columns that correspond to it. The remaining entries after deletion form a set

{x1, x3, x5, x8}, but this set is not a minimal cut set because it contains a minimal

cut set is x5, x8}. Therefore, it is deleted according to the deletion rules.

We take the combination {x2, x3, x4} of the set (2.7) plus row 1 of the connection

matrix C ,where rows {x1, x2, x3, x4}, and remove the columns that correspond to

it, i.e., we remove the first, second, third, and fourth columns from the combination.

From the remaining entries after deletion, we form a minimal cut set that is x4, x6, x7.

We take the combination x2, x3, x5 of the set (2.7) plus row 1 of the connection

matrix C and remove the columns that correspond to it, i.e., we remove the first,

second, third, and fifth columns from the combination. From the remaining entries
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after deletion, we form a minimal cut set that is x5, x8 . As a result, the following

nine minimal cut sets are generated by this method, it’s the same in eq.(2.5).

Figure 2.3: All minimal cuts of complex system.

2.4 General Methods for Evaluating Reliability of the Complex

System

To compute the system reliability based on the components reliability, it can be used to

have knowledge of the system structure as a function of its components [19, 37, 49]. There

are many methods for evaluating reliability the systems are path tracing, parallel and

series reductions, pivotal decomposition, inclusion-exclusion, sum-of-disjoint-products,

delta-star transformation and others. In this section, we discuss methods for evaluating

reliability the complex system shown in fig.(2.4), they are pivotal decomposition and

sum-of-disjoint-products. Therefore, we studied in the above section about methods to

generate minimal paths and minimal cuts because it requires knowledge the minimal path

sets or minimal cut sets for many of these methods.
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Figure 2.4: Complex system with eight components.

2.4.1 Pivotal Decomposition Method

Conditional probability is used the foundation for the pivotal decomposition method.

The idea behind this technique is shown by the equation below [37].

Pr (system works) = Pr (unit i works) Pr (system works | unit i works)

+ Pr (unit i fails) Pr (system works | unit i fails)
(2.8)

The efficiency of this method depends on the ease of evaluating conditional

probabilities.[37, 49] This means that choosing the component to be decomposed plays

an important role in the efficiency of this method. If decomposition of the identified

component leads to two system structures parallel and/or sequential cuts can be applied

again, the efficiency of system reliability assessment will be improved. Let’s take an

example to illustrate the method.

Example 2.6 Reconsider the complex system in fig (2.4). Calculate the reliability of a

complex system based on eq (2.8).

When choose edge R3 from fig (2.4), and its contraction, we get the fig. (2.5):
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Figure 2.5: Unit R3 work.

RD = [1−(1−R4)(1−R7)]R8 = [1−(1−R7−R4+R4R7)]R8 = [R4+R7−R4R7]R8

RD = R4R8 +R7R8 −R4R7R8

RA = [1− (1−R1) (1−R2)][1− (1−RD)(1−R5R6)]

When choose edge R3 from fig (2.4), and its remove, we get fig. (2.6):

Figure 2.6: Unit R3 fail.

When choose edge R7 from fig (2.6), and its contraction, we get fig. (2.7):
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Figure 2.7: Unit R7 work.

RB = [1− (1−R1R4) (1−R2)] [1− (1−R8) (1−R5R6)]

When choose edge R7 from fig (2.6), and its remove, we get the fig. (2.8):

Figure 2.8: Unit R7 fail.

RC = 1− (1−R1R4R8)(1−R2R4R6)

RS = R3RA + (1−R3)[R7RB + (1−R7)RC ].

The enumeration of the states of a chosen component presents a basis for the



42

decomposition method. So, the complex system reliability polynomial is:

RS =R1R4R8 +R2R5R6 +R2R7R8 +R1R3R5R6 +R2R3R4R8

+R1R3R7R8 −R1R2R3R5R6 −R1R2R3R4R8 −R1R2R3R7R8

−R1R2R4R7R8 −R1R3R4R7R8 −R2R3R4R7R8 −R2R5R6R7R8

+ 2R1R2R3R4R7R8 −R1R2R4R5R6R8 - R1R3R4R5R6R8 −R2R3R4R5R6R8

−R1R3R5R6R7R8 + 2R1R2R3R4R5R6R8 +R1R2R3R5R6R7R8 +R1R2R4R5R6R7

+R1R3R4R5R6R7R8 +R2R3R4R5R6R7R8 − 2R1R2R3R4R5R6R7R8

(2.9)

2.4.2 Sum-of-Disjoint-Products (S.D.P) Method

Sum-of-disjoint-products (S.D.P) method was first introduced by Fratta and Montanari

in 1973[3, 16]. Where S.D.P method evaluates the probability of the union of several events

using minimal paths or minimal cuts, by depends on the equation [37]:

∪n
i=1Pi = P1 ∪ (P1P2) ∪ .... ∪ (P1P2....Pn) (2.10)

Example 2.7 Looking for complex system fig .(2.4), we have the following eq.(2.10) is

called the disjoint process. Compute the polynomial reliability depending on all minimal

path sets given in eq (2.2).

RS = P (P1) + P
(
P1P2

)
+ P

(
P1P2P3

)
+ P

(
P1P2P3P4

)
+ P

(
P1P2P3P4P5

)
+P

(
P1P2P3P4P5P6

) (2.11)
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By applying the eq.(2.11) and compensate for the reliability in each minimal path set.

RS =R1R4R8 + (1−R1R4R8)(R2R5R6) + (1−R1R4R8)(1−R2R5R6)(R2R7R8)

+ (1−R1R4R8)(1−R2R5R6)(1−R2R7R8)(R1R3R5R6)

+ (1−R1R4R8)(1−R2R5R6)(1−R2R7R8)(1−R1R3R5R6)(R1R3R7R8)

+ (1−R1R4R8)(1−R2R5R6)(1−R2R7R8)(1−R1R3R5R6)(1−R1R3R7R8)(R2R3R4R8)

(2.12)

In this method, we also obtained the same polynomial in eq.(2.9).
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2.5 Summary chapter two

� Three methods were used to find the minimal path sets of a complex system

(Delimiter’s method, Node removal method, and Powers method for the adjacency

matrix) for finding the minimal path sets because they all give the same minimal

path sets as eq (2.2), but the difference in steps is that Delimiter’s method is better

than two methods other in terms of time, performance, ease, and direct solution.

� Two methods were used to find the minimal cut sets for a complex system (create

the minimal cut sets from minimal paths, enumerate the minimal cut sets using

the connection matrix). The first method depends on the minimal paths and edges

of the complex system, and the second method depends on the connection matrix

for the complex system. The sets of minimal cut sets for the complex system were

equal in the two methods as eq.(2.5).

� The reliability function of the complex system was calculated in two methods

(Pivotal Decomposition method and Sum-of-Disjoint-Products method). The first

method depends on choosing the component that analyzes the system and converts

it from a complex into a parallel series, and the second method depends on the

probability union of several events using the minimal path sets, and the reliability

function of the two methods was equal as eq.(2.9).



Chapter 3

Some Applications to Improve

Reliability of Systems
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3.1 Introduction

There are many different methods to improve the reliability of systems and devices. In

this chapter, we discuss two techniques to improve the reliability of three types of systems:

the series system, the parallel system, and the complex system [26, 58]. Techniques are:

redundancy, and be in two cases, namely redundancy for the element and redundancy

for the system. In addition, we study the improvement of the reliability of one of the

combinations of minimal path set and minimal cut set for the complex system by the

method of redundancy for the component[59]. Then we discuss the allocation technique

to improve the reliability of the three systems, by based on reliability for greatest minimal

path set of the system is increased Howeidi’s Theorem [27].

3.2 Redundancy Technique to Improve Reliability Systems

Used a techniques to improve the systems reliability, which is the redundancy technique

when one piece of equipment or component may replace another piece of equipment

or component that has failed, the general term ”Redundancy” is used [6, 37]. More

specifically,redundancy is a technique for increasing reliability that includes putting two

or more components, substructures, or complex devices in parallel. Were two methods

for this technique.

3.2.1 Element redundancy method

Each component of the system has its own path. The series components E1 and E2,

that constitute the system’s individual components, shown in fig.(3.1), the system as a

whole has improved, as has the reliability of each component[5]. The reliability of this

system is RS = RE1RE2, the formula for redundancy the element be:

R∗
E1 = 1− (1− RE1)

2 , R∗
E2 = 1− (1− RE2)

2 ,
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we get, R∗
ES

= R∗
E1R

∗
E2, where general formula is:

R∗
i = 1− (1− Ri)

2 , i = 1, . . . . . . , n (3.1)

Then,

R∗
ES

= R∗
1R

∗
2 . . .R

∗
i . . .R

∗
n , i = 1, 2, . . . , n (3.2)

Where R∗
ES

represent reliability of system is after adding backup components for each

component in the system.

Figure 3.1: Element redundancy.

3.2.2 Unit Redundancy Method

The entire system has an additional path E1 and E2 are system components in fig.

(3.2), and two components are provided in parallel resulting in improving the reliability

of the entire system. [37].

Figure 3.2: Unit redundancy.
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Unit redundancy can be computed using the equation :

R∗
US

= 1− (1− RS)
2 (3.3)

R∗
US

represent the reliability in unit redundancy and RS represent the reliability in system.

3.3 Application of Redundancy Methods in Reliability to

Systems

The redundancy technique can be applied when it was not possible to produce highly

reliable components that are used to improve the reliability of the system, especially when

from difficult increase the reliability of the components [46].

3.3.1 Application of Redundancy Methods to Series Systems

In this section, study the series connected systems to apply redundancy methods and

how to improve the reliability of these systems.

Example 3.1 The series system shown in Fig.(3.3). We take reliability values for the

four components are 0.6, 0.7, 0.8 and 0.9 respectively.

Figure 3.3: Series system.

Where system reliability:

RS = R1R2R3R4 (3.4)

Its reliability value, RS = 0.3024.

Study element redundancy method on Fig.(3.3). Applying eq.(3.1) to the components of

the series system, we get Fig.(3.4).
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Figure 3.4: Element redundancy for series system with four components.

Then, the element redundancy reliability of each component for the series system:

R∗
1 = 1− (1− 0.6)2 = 0.84, R∗

2 = 1− (1− 0.7)2 = 0.91

R∗
3 = 1− (1− 0.8)2 = 0.96, R∗

4 = 1− (1− 0.9)2 = 0.99

The components reliability set by the element redundancy method is:

SE = {0.84, 0.91, 0.96, 0.99}

After substituting SE in eq. (3.2) we get reliability the series system up by the redundancy

element method, R∗
ES

= 0.7265.

Study unit redundancy method on Fig.(3.3). Applying eq.(3.3) to the series

system, we get fig.(3.5).

Figure 3.5: Unit redundancy for series system.

The unit redundancy reliability for the series system:

R∗
US

= 1− (1− 0.3024)2 = 0.5134

From the study of two redundancy methods, the reliability of the series system was

increased from (0.3024) to (0.7265) by applying the redundancy for the elements, and

increase to (0.5134) by applying the system redundancy.
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3.3.2 Application of Redundancy Methods to Parallel Systems

In this section we study the parallel connected systems to apply redundancy methods

and how to improve the reliability of these systems, as shown in the example.

Example 3.2 The parallel system shown in Fig.(3.6). We take reliability values for the

four components are 0.6, 0.7, 0.8 and 0.9 respectively.

Figure 3.6: Parallel system with four components.

Where system reliability:

RS = 1− [(1−R1) (1−R2) (1−R3) (1−R4)]

RS = R1 +R2 +R3 +R4 −R3R4 −R2R4 −R2R3 +R2R3R4 −R1R4 −R1R3

+R1R3R4 −R1R2 +R1R2R4 +R1R2R3 −R1R2R3R4

(3.5)

We get the reliability of the parallel system, RS = 0.9976.
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Study element redundancy method on Fig. (3.6). Applying eq.(3.1) to the

components of the parallel system, we get Fig.(3.7).

Figure 3.7: Element redundancy for parallel system with four components.

Then, the element redundancy reliability of each component for the parallel

system. Its similar to set the components reliability values for the series system SE.

Then we substitute the set of values of SE in the parallel system reliability polynomial

mentioned in relation (3.5). We get the system reliability using the element of redundancy

the system, R∗
ES

= 0.9999.
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Study unit redundancy method on Fig. (3.6). Applying eq.(3.3) to the parallel

system, we get Fig.(3.8).

Figure 3.8: Unit redundancy for parallel system.

Then, the unit redundancy reliability for the parallel system:

R∗
US

= 1− (1− 0.9976)2 = 0.9999

From our study to improve reliability of the parallel system by the two redundancy
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methods, the reliability of the system was increased from 0.9976 to 0.9999.

3.3.3 Application of Redundancy Methods to Complex Systems

In this section, we apply redundancy Methods to complex systems which contain

a bridge in its system structure and how to improve the reliability of these systems, as

shown in the example.

Example 3.3 The complex system shown in fig.(2.4). Where complex system reliability

in eq.(2.9). The reliability values for the eight components are 0.5, 0.7, 0.6, 0.7, 0.8 and

0.9 respectively (where R5 = R6 and R7 = R8 ). Reliability value for complex system

RS = 0.7885.

Study element redundancy method on fig.(2.4). Applying eq. (3.1) to the

components of the complex system, we get Fig. (3.9).

Figure 3.9: Element redundancy for complex system with eight components.

Then, the element redundancy reliability values of each component for the complex

system:
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R∗
1 = 1− (1− 0.5)2 = 0.75, R∗

2 = 1− (1− 0.7)2 = 0.91

R∗
3 = 1− (1− 0.6)2 = 0.84, R∗

4 = 1− (1− 0.7)2 = 0.91

R∗
5 = R∗

6 = 1− (1− 0.8)2 = 0.96, R∗
7 = R∗

8 = 1− (1− 0.9)2 = 0.99

We put values R∗
1, R

∗
2, R

∗
3, R

∗
4, R

∗
5, R

∗
6, R

∗
7 and R∗

8 in eq.(2.9) , we get the reliability value

by element redundancy method for complex system, R∗
ES

= 0.9756.

Study unit redundancy method on Fig.(2.4). Applying eq.(3.3) to the complex

system, we get Fig.(3.10).

Figure 3.10: Unit redundancy for complex system.

The reliability value for a complex system after a system redundancy is,

R∗
US

= 1− (1− 0.7885)2 = 0.9552

We note from our study to improve reliability of the complex system shown in

fig.(2.4) using the redundancy two methods, the reliability of the system increases in both

methods.
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3.3.3.1 Applying element redundancy to minimal path sets of the given

complex system

In this section,study addition components redundancy to one minimal path sets of

the complex system to improve minimal path set reliability mentioned in eq. (2.2).

Example 3.4 Consider the complex system (2.4) that contains six minimal path sets. We

take one of these minimal path sets, it was sixth minimal path set (P6),four components

reliability values are 0.6, 0.7, 0.9 respectively, where R2=R4 .

P6 = R2R3R4R8 (3.6)

Where P6 = 0.2646.

Applying eq.(3.1) to calculate element redundancy for components minimal path set,

R∗
2 = R∗

4 = 1− (1− 0.7)2 = 0.91, R∗
3 = 1− (1− 0.6)2 = 0.84

R∗
8 = 1− (1− 0.9)2 = 0.99

We put values R∗
2, R

∗
3, R

∗
4, R

∗
8 in sixth minimal path sets (3.6) depending on the eq. (3.2),

we get value reliability by element redundancy method for sixth minimal path set. P ∗
6 =

R∗
2R

∗
3R

∗
4R

∗
8 = 0.0.68865.

3.3.3.2 Applying element redundancy to minimal cut sets of the given

complex system

In this section, study addition components redundancy to one minimal cut set for

complex system to improve minimal cut set reliability mentioned in eq.(2.5 ).

Example 3.5 Reconsider the complex system fig. (2.4) that contains 9 minimal cut sets.

We take one of these minimal cut set, its ninth minimal cut set (C9), four components

reliability values are 0.5, 0.6, 0.8, 0.9 respectively.

C9 = 1− [(1−R1) (1−R3) (1−R5) (1−R7)] .
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C9 = R1 +R3 +R5 +R7 −R5R7 −R3R7 −R3R5 +R3R5R7 −R1R7 −R1R5

+R1R5R7 −R1R3 +R1R3R7 +R1R3R5 −R1R3R5R7

(3.7)

Then, C9 = 0.024.

Applying eq.(3.1) to calculate element redundancy for components minimal cut

set,

R∗
1 = 1− (1− 0.5)2 = 0.75, R∗

3 = 1− (1− 0.6)2 = 0.84

R∗
5 = 1− (1− 0.8)2 = 0.96, R∗

7 = 1− (1− 0.9)2 = 0.99.

We put values R∗
1, R

∗
3, R

∗
5, R

∗
7 in ninth minimal cut set (3.7), we get value reliability

minimal cut set by element redundancy , C∗
9 = 0.999984.

3.4 Allocation Technique to Improve Reliability Systems

In this section, allocation problem because it is of great practical importance

[26]. Reliability engineers are often asked to make decisions to improve a particular

component or components in order to achieve the minimum required system reliability.

The allocation technique is approximate, and design feasibility is determined using the

system effectiveness elements, such as reliability and maintainability allocated to the

subsystems. The purpose of reliability allocation determining a goal or aim for reliability

of each component, which gives the producers a concept of the performance needed. To

explain allocation Technique depending on Howeidi’s Theorem [27], that states:

MaxR (MPi) ≤ RS ≤ MinR (MCi) (3.8)

Where the reliability system RS is limited between values, MaxR (MPi) it represents

the highest reliability value of the minimal path, and MinR (MCi) it represents the lowest

reliability value of the minimal cut.
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3.4.1 Application of Reliability Allocation on a Series System

In this section, take the series connected systems to apply allocation technique and

how to improve the reliability of these systems.

Example 3.6 Consider the Example (3.1) the series system and the system reliability in

eq.(3.4).

Let S1 is a set of all minimal path sets for series system.

S1 = {MP = (R1, R2, R3, R4)}, R(MP ) = 0.3024

C1 is a set of all minimal cut sets for series system.

C1 = {MC1 = (R1) ,MC2 = (R2) , MC3 = (R3) ,M C4 = (R4)}

R (MC1) = 0.6, R (MC2) = 0.7, R (MC3) = 0.8, R (MC4) = 0.9

MaxR (MPi) = R(MP ) = 0.3024, MinR (MCi) = R (MC1) = 0.6

According to eq. (3.8) the highest reliability value of the minimal path set will be (0.3024)

and the least reliability value of the minimal cut set (0.6).

0.3024 ≤ RS ≤ 0.6

0.3024 ≤ 0.3024 ≤ 0.6

If we want to increase the reliability of the system from (0.30) to (0.90). We make

Max{R(MP )} = R#
1 R

#
2 R

#
3 R

#
4 = 0.9

If R#
1 = R#

2 = R#
3 = R#

4 , then R(Mp) = R4 = 0.9, R = (0.9)
1
4 = 0.974, and put

R#
1 = R#

2 = R#
3 = R#

4 = 0.974 in RS we get R#
S = 0.90

3.4.2 Application of Reliability Allocation on a Parallel System

In this section, study the parallel connected systems to allocation technology apply

and how to improve the reliability of these systems.

Example 3.7 Consider parallel system in Fig.(3.11) with three elements A, B, and C

with reliability values 0.3, 0.4, 0.5, respectively. The reliability of this system:
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RS = 1− [(1−RA) (1−RB) (1−RC)]

RS = RB +RA −RARB +RC −RBRC −RARC +RARBRC (3.9)

Where, RS = 0.79

Figure 3.11: Parallel System with three elements.

If we want to increase the reliability of the system from (0.79) to (0.95).

Case one: Howeidi’s Theorem [27]

Put (RA = RB = RC) in eq. (3.9)

RS = 3R− 3R2 +R3

0.95 = 3R− 3R2 +R3.
(3.10)

Solve eq. (3.10), we get: R = 0.631, put ( RA = RB = RC = 0.631) in eq. (3.9),

the reliability of the system (0.95).

Case two: Howeidi’s Theorem [27]

The allocation for one unit, choose unit RC , and put (RA = 0.3,RB = 0.4) in eq.

(3.9), we get:

0.95 = 0.3 + 0.4 + RC − 0.3× 0.4− 0.3× RC − 0.4× RC + 0.3× 0.4× RC

0.95 = 0.58− 0.42×RC , we get: R3 = 0.88

put (RC = 0.88) in eq.(3.9), we get the reliability of the system (0.95).



59

3.4.3 Application of Reliability Allocation on a Complex System

In this section, we study the reliability allocation of the components of systems which

contain a bridge in its system structure, as shown in the example.

Example 3.8 Reconsider in Example (3.3), take the complex system and reliability values

for the eight components. S2 is a set of all minimal path sets for complex system.

S2 = {MP1 = (R1, R4, R8) ,MP2 = (R2, R5, R6) ,MP3 = (R2, R7, R8) ,MP4

= (R1, R3, R5, R6) ,MP5 = (R2, R3, R4, R8) ,MP6 = (R1, R3, R7, R8)}

C2 is a set of all minimal cut sets for complex system.

C2 = {MC1 = (R1, R2) ,MC2 = (R5, R8) ,MC3 = (R6, R8) ,MC4 = (R2, R3, R4) ,MC5

= (R2, R3, R8) ,MC6 = (R4, R6, R7) ,MC7 = (R4, R5, R7) ,MC8

= (R1, R3, R6, R7) ,MC5 = (R1, R3, R5, R7)}

R (MP1) = 0.315, R (MP2) = 0.448, R (MP3) = 0.567, R (MP4) = 0.192,

R (MP5) = 0.2646, R (MP6) = 0.243

R (MC1) = 0.85, R (MC2) = 0.98, R (MC3) = 0.98, R (MC4) = 0.964,

R (MC5) = 0.988, R (MC6) = 0.994, R (MC7) = 0.994, R (MC8) = 0.996,

R (MC9) = 0.996

MaxR (MPi) = R (MP3) = 0.567, MinR (MCi) = R (Mc1) = 0.85

According to equation (3.8) the highest reliability value of the minimal path (P3) will be

(0.569) and the least reliability value of the minimal cut C1(0.85).

0.567 ≤ RS ≤ 0.85

0.567 ≤ 0.7885 ≤ 0.85.

If we want to increase the reliability of the system from (0.79) to (0.96). We make,

Max {R (MP5)} = R#
2 R

#
7 R

#
8 = 0.9

If R#
2 = R#

7 = R#
8 , then R (MP3) = R3 = 0.9, R = (0.9)

1
3 = 0.965 and put

R#
2 = R#

7 = R#
8 = 0.965 in RS we get R#

S = 0.96.
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3.5 Summary chapter three

1. The redundancy technique (element redundancy and system redundancy)was used

to improve the reliability of the three systems (series system, parallel system and

complex system).

� Applying the two redundancy methods on a series system that consists of four

components, where the reliability of the system before improvement was 0.30, and

the system reliability value was increased by the element redundancy method to 0.73

and by the system redundancy method to 0.51. This means, in the two methods,

the reliability of the series system was improved, and that the element redundancy

method is better than the unit redundancy method because the element redundancy

method as shown in fig. (3.4) shows that get a parallel-series system, while in the

method of redundancy of the series system get series - parallel as shown in the fig.

(3.5).

� The application of the two redundancy methods on the parallel system, which

consists of four components, where the reliability of the system before improvement

was 0.9976, and the value of the reliability of the system in the two methods was

increased to 0.9999, that the reliability of the system after improvement is equal in

both methods because we made the improvement on a parallel system, which is the

best in all methods because if at least one component works, the whole system will

still work.

� The application of the two redundancy methods on a complex system consisting

of eight components, where the reliability of the system before improvement was

0.7885, its increases by the method of redundancy each element to 0.9756, and by

the redundancy of the system increases to 0.9552, also that the improvement by the

method redundancy of the element is better than the method redundancy system

because in the redundancy of the element, the linkage for each element will be
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parallel, as shown in fig (3.9), and thus it be an improvement for each element in

the system.

� Applying the element redundancy method to the sixth minimal path, which includes

four components of a complex system, We note from our study to improve the

reliability of minimal path set using element redundancy method, increases value

sixth minimal path set reliability from 0.2646 to 0.68865 meaning its has been

improved to double.

� Applying the element redundancy method to the ninth minimal cut, which includes

four components of a complex system, the reliability of minimal cut sets has been

increased from 0.024 to 0.999984. This type of improve by redundancy method

is considered active redundancy because the elements are inserted in parallel to

minimal cut components.

2. The allocation technique was used to improve the reliability of the three systems

(series system, parallel system and complex system).

� The allocation technique was used on series system, from our study of the reliability

allocation of the series system using Howeidi’s theorem, where improved minimal

path set for series system, whole system is improved, as the reliability of the system

improved from 0.30 to 0.90.

� The allocation technique was used on parallel system, Howeidi’s theorem eq.(3.8)

was used in two cases, we noticed that the reliability of the system was improved,

where in the first case we made an allocation of the three components A,B,C (RA =

RB = RC ) we notice an increase in the value of the system reliability from 0.79 to

0.95, and in the second case the allocation was made to one component, which is C,

we note Also, the system reliability value was increased from 0.79 to 0.95

� The allocation technique was used on complex system, from study allocate the
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reliability of the complex system using Howeidi’s Theorem, where improved the

greatest minimal path set of the complex system is third minimal path set and

by increasing the reliability from 0.569 to 0.965, whole system was improved by

increasing its reliability from 0.79 to 0.96.



Chapter 4

The Importance of Reliability

Systems
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4.1 Introduction

Measures of reliability importance depend on both the systems design and the

reliability of each component over courses of action and defined mission period [37]. It

compares the change in component reliability to the change in system reliability when

evaluating system reliability. The purpose of an importance measure is to help the design

in determining the importance of the components that need to be improved[48].

In this chapter, study the reliability importance and its impact of systems in

general and in particular of complex systems. Where study three types of systems

are: Series system, parallel system and complex system. Where evaluate the reliability

importance of the three system components, then the importance of the minimal path sets

relation to the systems, the reliability importance of minimal cut sets for the systems,then

study the importance of each component relation to each minimal path set and for each

minimal cut set in the systems.

4.2 Evaluating the Reliability Importance of each Units in Some

Types of Systems

The reliability importance of the components must be studied. Regarding the systems

design or suggestions for maintaining and operating it optimally[13]. Identification

identifying weaknesses critical system components, determining the effects of failure at

these components, are the main objectives of a reliability study. Lambert (1975) according

to a components importance should be determined by two reasons [37]:

� The components location in the system.

� The components reliability is in explanation.

The reliability of a component can be increased by choosing higher quality components,

adding redundant components, reducing the operational and environmental conditions
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imposed on the component, or improving the components main portability [41]. In this

part, we discuss the reliability importance of each component in relation to the systems,

and find the reliability importance of the components depending on the first method of

Birnbaum measure(1969)[5], according to equation:

I(i) =
∂Rs

∂Ri

(4.1)

which depends on the derivative of the system for each component present in the systems.

4.2.1 For Series Systems

In this section, study the reliability importance of the components of systems that are

linked by a series.

Example 4.1 Consider the series system shown in Fig.(4.1). We take reliability values

for the three components are 0.6, 0.7 and 0.8 respectively.

Figure 4.1: Series system with three components.

Where the reliability system:

RS = R1R2 R3. (4.2)

finding the reliability importance of each component in the Fig.(4.1) according to eq.(4.1),

as follows:

I (R1) =
∂Rs

∂R1

= R2 R3, I (R2) =
∂Rs

∂R2

= R1 R3, I (R3) =
∂Rs

∂R3

= R1 R2.
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Table 4.1: Determine the importance of reliability and its levels for each units of series

system.

Ri I(Ri) Level

R1 0.56 1

R2 0.48 2

R3 0.42 3

Figure 4.2: Representing the results of the reliability importance levels of a table (4.1).

According to Birnbaum’s measure, the least reliable component of a sequence

structure is the most important. From the table (4.1) that the first component (R1), whose

reliability (0.6) is less reliable than the rest of the components, is the most important and

is at the first level, then the second and third components.

4.2.2 For Parallel Systems

study the reliability importance of the components of systems that are linked by a

parallel.
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Example 4.2 Consider the parallel system shown in Fig.(4.3). We take reliability values

for the three components are 0.6, 0.7 and 0.8 respectively.

Figure 4.3: Parallel system with three components.

Where the reliability system:

RS = 1− [(1−R1)(1−R2)(1−R3)]

RS = R2 +R1 −R1R2 +R3 −R2R3 −R1R3 +R1R2R3 (4.3)

Finding the reliability importance of each component in the Fig.(4.3) according to

equation (4.1), as follows:

I (R1) =
∂Rs

∂R1

= 1−R2 −R3 +R2R3,

I (R2) =
∂Rs

∂R2

= 1−R1 −R3 +R1R3,

I (R3) =
∂Rs

∂R3

= 1−R1 −R2 +R1R2.
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Table 4.2: Determine the importance of reliability and its levels for each units of parallel

system.

Ri I(Ri) Level

R3 0.12 1

R2 0.08 2

R1 0.06 3

Figure 4.4: Representing the results of the reliability importance levels of a table (4.2)

.

According to Birnbaum’s measure, the component with the highest reliability

is the most important in a parallel structure. A parallel structure will work as long as

at least one of its components is working. Therefore, it is logical to say that the most

reliable component is the most important. We note from the table (4.2) that the third

component in the parallel link (R3) whose reliability (0.8) is the largest reliable of the

rest of the components is the most important and its the first level, then the second and

first component, respectively.
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4.2.3 For Complex Systems

In this section, the reliability importance of components of systems which contain a

bridge in its system structure. Where the reliability importance of the components of a

complex system in two cases if the reliability values are equal and different, as following:

Example 4.3 Consider the complex system shown in Fig.(2.4). Where reliability complex

system in eq.(2.9), according to eq.(4.1), as follows:

I(R1) =
∂Rs

∂R1

= R4R8 +R3R5R6 +R3R7R8 −R2R3R5R6 −R2R3R4R8

−R2R3R7R8 −R2R4R7R8 −R3R4R7R8 + 2R2R3R4R7R8

−R2R4R5R6R8 −R3R4R5R6R8 −R3R5R6R7R8 + 2R2R3R4R5R6R8

+R2R3R5R6R7R8 +R2R4R5R6R7R8 +R3R4R5R6R7R8 − 2R2R3R4R5R6R7R8

I(R2) =
∂Rs

∂R2

= R5R6 +R7R8 +R3R4R8 −R1R3R5R6 −R1R3R4R8 −R1R3R7R8

−R1R4R7R8 −R3R4R7R8 −R5R6R7R8 + 2R1R3R4R7R8

−R1R4R5R6R8 −R3R4R5R6R8 + 2R1R3R4R5R6R8 +R1R3R5R6R7R8

+R1R4R5R6R7 +R3R4R5R6R7R8 − 2R1R3R4R5R6R7R8

I(R3) =
∂Rs

∂R3

= R1R5R6 +R2R4R8 +R1R7R8 − R1R2R5R6 − R1R2R4R8

−R1R2R7R8 −R1R4R7R8 −R2R4R7R8 + 2R1R2R4R7R8

−R1R4R5R6R8 −R2R4R5R6R8 −R1R5R6R7R8 + 2R1R2R4R5R6R8

+R1R2R5R6R7R8 +R1R4R5R6R7R8 +R2R4R5R6R7R8

− 2R1R2R4R5R6R7R8

I(R4) =
∂Rs

∂R4

= R1R8 +R2R3R8 −R1R2R3R8 −R1R2R7R8 −R1R3R7R8

−R2R3R7R8 + 2R1R2R3R7R8 −R1R2R5R6R8 −R1R3R5R6R8

−R2R3R5R6R8 + 2R1R2R3R5R6R8 +R1R2R5R6R7 +R1R3R5R6R7R8

+R2R3R5R6R7R8 − 2R1R2R3R5R6R7R8
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I(R5) =
∂Rs

∂R5

= R2R6 +R1R3R6 − R1R2R3R6 −R2R6R7R8 −R1R2R4R6R8

−R1R3R4R6R8 −R2R3R4R6R8 −R1R3R6R7R8 + 2R1R2R3R4R6R8

+R1R2R3R6R7R8 +R1R2R4R6R7 +R1R3R4R6R7R8 +R2R3R4R6R7R8

− 2R1R2R3R4R6R7R8

I(R6) =
∂Rs

∂R6

= R2R5 +R1R3R5 − R1R2R3R5 −R2R5R7R8 −R1R2R4R5R8

−R1R3R4R5R8 − R2R3R4R5R8 − R1R3R5R7R8 + 2R1R2R3R4R5R8

+R1R2R3R5R7R8 +R1R2R4R7 +R1R3R4R5R7R8 +R2R3R4R5R7R8

− 2R1R2R3R4R5R7R8

I(R7) =
∂Rs

∂R7

= R2R8 +R1R3R8 − R1R2R3R8 − R1R2R4R8 − R1R3R4R8 − R2R3R4R8

−R2R5R6R8 + 2R1R2R3R4R8 − R1R3R5R6R8 +R1R2R3R5R6R8

+R1R2R4R5R6 +R1R3R4R5R6R8 +R2R3R4R5R6R8

− 2R1R2R3R4R5R6R8

I(R8) =
∂Rs

∂R8

= R1R +R2R7 +R2R3R +R1R3R7 −R1R2R3R−R1R2R3R7

−R1R2R4R7 −R1R3R4R7 −R2R3R4R7 −R2R5R6R7 + 2R1R2R3R4R7

−R1R2R4R5R6 −R1R3R4R5R6 −R2R3R4R5R6 −R1R3R5R6R7

+ 2R1R2R3R4R5R6 +R1R2R3R5R6R7 +R1R2R4R5R6R7

+R1R3R4R5R6R7 +R2R3R4R5R6R7 − 2R1R2R3R4R5R6R7

Case 1. Where components reliability values are equal (R1 = R2.... = R8 = 0.9)
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Table 4.3: Determine the importance of reliability and its levels for identical units of

complex system.

Ri I (Ri) Level

R8 0.1925 1

R2 0.113 2

R1 0.0976 3

R5, R6 0.0969 4

R4 0.0247 6

R7 0.0182 7

R3 0.0166 5

Figure 4.5: Representing the results of the reliability importance levels of a table (4.3)

.

From the table (4.3), the reliability importance of the components of the complex

system shown in (2.4), the component (R8) is the most important and its in the
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first level, then (R2) , (R1), and then the two components (R5) and (R6) will have

same value of importance and level, which is the fourth level, then the lower level

components R4, R7, R3 respectively .

Case 2. Where components reliability values are different (R1 = 0.6, R2 = 0.5 , R3 =

0.7, R4 = 0.8, R5 = 0.4, R6 = 0.9, R7 = 0.3, R8 = 0.9 )

Table 4.4: Determine the importance of reliability and its levels for different units of

complex system.

Ri I (Ri) Level

R1 0.4558 1

R8 0.4413 2

R4 0.3431 3

R2 0.3272 4

R5 0.1716 6

R7 0.1094 7

R3 0.1051 8

R6 0.0763 6
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Figure 4.6: Representing the results of the reliability importance levels of a table (4.4)

.

According to table (4.4), the values of reliability importance and level of the

components of the complex system will be R1, R8, R4, R2, R5,R7,R3,R6 respectively,

where the first component (R1) with reliability (0.6) is in the first level in relation to

the rest of the components of the complex system shown in fig.(2.4). Notice from the

two tables to measure the reliability importance of the reliability of the components

of the complex system that the level of importance for each component is different.

4.3 Evaluating the Reliability Importance of each Units in

Minimal Path Sets for Some Types of Systems

In this section, study the reliability importance of each component present in every

minimal path sets for all systems, which is the derivation method, depending on the

eq.(4.1).
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4.3.1 For Series Systems

The reliability importance of minimal path components for systems that are linked by

a series.

Example 4.4 Reconsider example (4.1), where fig. (4.1). Minimal path sets for the

series system that contains three independent units is:

Ps = {R1R2R3} (4.4)

∂Ps

∂R1

= R2R3,
∂Ps

∂R2

= R1R3,
∂Ps

∂R3

= R1R2

Table 4.5: Determine the importance of reliability and its levels for minimal path set of

series system.

Ri I (RPs) Level

R1 0.56 1

R2 0.48 2

R3 0.42 3

Figure 4.7: Representing the results of the reliability importance levels of a table (4.5)

.
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Notice from the table (4.5) that the components in the series system shown in

fig.(4.1) when derived minimal path sets for the system with respect to each component it

contains, found that the first component that is less reliable is the most important and in

the first level for the two components (R2, R3) respectively. Then, notice the table (4.5)

completely similar to the table (4.1) in terms of importance and level, and this indicates

that the reliability importance of the components of minimal path sets is similar to the

reliability importance of the components for the system, and the reason behind this is

because the equation of the system (4.2) is same as eq. Ps (4.4) for the series system.

4.3.2 For Parallel Systems

In this section, study the reliability importance minimal path components for systems

that are linked by a parallel.

Example 4.5 Looking for the example (4.2) that shown fig. (4.3),it contains three

minimal path sets:

S = {P1 = R1, P2 = R2, P3 = R3} (4.5)

∂P1

∂R1

= 1,
∂P2

∂R2

= 1,
∂P3

∂R3

= 1

We note the reliability importance of the components all minimal path sets for parallel

system are equal.

4.3.3 For Complex Systems

In this section, study the reliability importance minimal path components for systems

which contain a bridge in its system structure. Where the reliability importance minimal

path components for a complex system in two cases if the reliability values are equal and

different.

Example 4.6 Consider the complex system shown in fig.(2.4). Which consists of 6

minimal path sets as mentioned in eq.(2.2). Finding the reliability importance of each
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component present for each minimal path sets it contains according to Birnbaum measure

eq.(4.1). Uses same two cases for the components reliability values in example (4.3),

after substituting values case 1:

∂P1

∂R1

=
∂P1

∂R4

=
∂P1

∂R8

=
∂P2

∂R2

=
∂P2

∂R5

=
∂P2

∂R6

=
∂P3

∂R2

=
∂P3

∂R7

=
∂P3

∂R8

= 0.81

∂P4

∂R1

=
∂P4

∂R3

=
∂P4

∂R5

=
∂P4

∂R6

=
∂P5

∂R1

=
∂P5

∂R3

=
∂P5

∂R7

=
∂P5

∂R8

=
∂P6

∂R2

=
∂P6

∂R3

=
∂P6

∂R4

=
∂P6

∂R8

= 0.729

Table 4.6: Determine the importance of reliability and its levels for identical units in

minimal path set of complex system.

Ri Pi I(RPi)
Biggest value of

I (RPi)
Level

R1, R2, R4, P1 = P2 = P3 0.81

R5 0.81 1

R6, R7, R8 P4 = P5 = P6 0.729

R3 P4 = P5 = P6 0.729 0.729 2
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Figure 4.8: Representing the results of the reliability importance levels of a table (4.6)

.

We note from the table (4.6) finding the reliability importance components of minimal

path sets for complex system is that some components are present in more than one

minimal path set, meaning we studied the reliability importance of each component in

more than one minimal path set, for example, the component (R1) is present in the first

minimal path set, and its also present in the fourth minimal path set, which is the second

level, so (R1) is in the first level because its in most important minimal path set.

After substituting values case 2:

∂P1

∂R1
= R4R8 = (0.8) (0.9) = 0.72

∂P1

∂R4
= R1R8 = (0.6) (0.9) = 0.54

∂P1

∂R8
= R1R4 = (0.6) (0.8) = 0.48

∂P2

∂R2
= R5R6 = (0.4) (0.9) = 0.36

∂P2

∂R5
= R2R6 = (0.5) (0.9) = 0.45

∂P2

∂R6
= R2R5 = (0.5) (0.4) = 0.2

∂P3

∂R2
= R7R8 = (0.3) (0.9) = 0.27

∂P3

∂R7
= R2R8 = (0.5) (0.9) = 0.45



78

∂P3

∂R8
= R2R7 = (0.5) (0.3) = 0.15

∂P4

∂R1
= R3R5R6 = (0.7) (0.4) (0.9) = 0.252

∂P4

∂R3
= R1R5R6 = (0.6) (0.4) (0.9) = 0.216

∂P4

∂R5
= R1R3R6 = (0.6) (0.7) (0.9) = 0.378

∂P4

∂R6
= R1R3R5 = (0.6) (0.7) (0.4) = 0.168

∂P5

∂R1
= R3R7R8 = (0.7) (0.3) (0.9) = 0.189

∂P5

∂R3
= R1R7R8 = (0.6) (0.3) (0.9) = 0.162

∂P5

∂R7
= R1R3R8 = (0.6) (0.7) (0.9) = 0.378

∂P5

∂R8
= R1R3R7 = (0.6) (0.7) (0.3) = 0.126

∂P6

∂R2
= R3R4R8 = (0.7) (0.8) (0.9) = 0.504

∂P6

∂R3
= R2R4R8 = (0.5) (0.8) (0.9) = 0.36

∂P6

∂R4
= R2R3R8 = (0.5)(0.7)(0.9) = 0.315

∂P6

∂R4
= R2R3R8 = (0.5) (0.7) (0.9) = 0.28
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Table 4.7: Determine the importance of reliability and its levels for different units in

minimal path set of complex system.

Ri Pi I(RPi) Biggest value of I(RPi) Leve

R1

P1

P4

P5

0.72

0.252

0.189

0.72 1

R4

P1

P6

0.54

0.315
0.54 2

R2

P2

P3

P6

0.36

0.27

0.504

0.504 3

R8

P1

P3

P5

P6

0.48

0.15

0.126

0.28

0.48 4

R5, R7

P2

P4

0.45

0.378
0.45 5

R3

P4

P5

P6

0.216

0.162

0.36

0.36 6

R6

P2

P4

0.2

0.168
0.2 7
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Figure 4.9: Representing the results of the reliability importance levels of a table (4.7)

.

We note table (4.7) is similar to work table (4.6) in terms finding the importance

of the components of minimal path set for complex system, but in this table we used

different reliability values. We notice the two components (R5, R7) have the same value

of importance and level, and therefore they will have the same effect on the system, some

of the components in tables (4.7) and (4.4) have same the level.

4.4 Evaluating the Reliability Importance of each Minimal Path

Sets for Some Types of Systems

In this section, the reliability importance of minimal path sets for the systems, we

discuss two methods to evaluated importance reliability the systems.
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4.4.1 First Method (F.M)

Considered F.M. a measure to evaluating reliability importance minimal path sets

reliability of systems components general which is a generalization for Birnbaum measure

[37, 5].

4.4.1.1 Using F.M. to evaluate reliability importance and its level of the

minimal path sets of series system

Looking for the series system in fig.(4.1), where the system reliability (Rs) in eq.(4.2),

and also minimal path sets for a system in eq.(4.4) so, I(p) = ∂Rs
∂P

= 1. Notice by F.M to

evaluate the reliability importance for minimal path sets of series system that importance

is(1) because in general the series system has only one minimal path set, when derived

the reliability system to minimal path sets was reliability importance (1).

4.4.1.2 Using F.M. to evaluate reliability importance and its level of the

minimal path sets of parallel system

Consider the parallel system fig.(4.2), where the system reliability (Rs) in eq.(4.3), and

also minimal path sets for a system in eq.(4.5), applying eq.(4.1):

I (P1) =
∂Rs

∂P1

= 1−R2 −R3 +R2R3, I (P2) =
∂Rs

∂P2

= 1−R1 −R3 +R1R3

I (P3) =
∂Rs

∂P3

= 1−R1 −R2 +R1R2.

Table 4.8: Determine the reliability importance and its level of the minimal path sets of

parallel system by using F.M.

Pi I (PRs) Level

P3 0.12 1

P2 0.08 2

P1 0.06 3
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Figure 4.10: Representing the results of the reliability importance levels of a table (4.8)

.

The table (4.8), which illustrates the study reliability importance minimal path

sets for the parallel system shown in fig.(4.2), where the third minimal path set in the

first level that contains one component (R3) is largest reliable in relation to the rest of

the system components, then minimal path set 2 in level 2, and finally path 1 in level 3.

Also, table (4.8) is similar to the table (4.2) in terms values importance and level of the

parallel system because in both cases derive the reliability system mentioned in eq.(4.3)

once for components the system and we got the table (4.2) and once for minimal path

sets the system and we got table (4.8).

4.4.1.3 Using F.M. to evaluate reliability importance and its level of the

minimal path sets of complex system

The reliability importance for each minimal path sets relation to the complex system

shown in fig(2.4), where minimal path sets of the system in eq.(4.2). Derived (Rs) the
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polynomial of the system (2.9) for each minimal path sets in complex system.

I (P1) =
∂3Rs

∂R1∂R4∂R8

=1−R2R3 −R2R7 −R3R7 + 2R2R3R7 −R2R5R6 −R3R5R6

+ 2R2R3R5R6 +R2R5R6R7 +R3R5R6R7 − 2R2R3R5R6R7

I (P2) =
∂3Rs

∂R2∂R5∂R6

=1−R1R3 −R7R8 −R1R4R8 −R3R4R8 + 2R1R3R4R8

+R1R3R7R8 +R1R4R7 +R3R4R7R8 − 2R1R3R4R7R8

I (P3) =
∂3Rs

∂R2∂R7∂R8

=1−R1R3 −R1R4 −R3R4 −R5R6 + 2R1R3R4 +R1R3R5R6

+R1R4R5R6 +R3R4R5R6 − 2R1R3R4R5R6

I (P4) =
∂4Rs

∂R1∂R3∂R5∂R6

=1−R2 −R4R8 −R7R8 + 2R2R4R8 +R2R7R8 +R4R7R8

− 2R2R4R7R8

I (P5) =
∂4Rs

∂R1∂R3∂R7∂R8

=1−R2 −R4 + 2R2R4 −R5R6 +R2R5R6 +R4R5R6

− 2R2R4R5R6

I (P6) =
∂4Rs

∂R2∂R3∂R4∂R8

=1−R1 −R7 + 2R1R7 −R5R6 + 2R1R5R6 +R5R6R7

− 2R1R5R6R7

Applying all partial derivatives and substitute the reliability values as in two cases example

(4.3).
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Table 4.9: Determine the importance of reliability and its levels for identical values of a

minimal path set of complex system by using F.M.

Pi I (PRs) Level

P6 0.8848 1

P5 0.1558 2

P2 0.09442 3

P4 0.0838 4

P1 0.01342 5

P3 0.00532 6

Figure 4.11: Representing the results of the reliability importance levels of a table (4.9)

.

Table (4.9) shows the reliability importance minimal path sets for complex

system using (F.M.) When the components of the system have the same reliability

values (0.9), the reliability importance minimal path sets for the complex system be

(P6, P5, P2, P4, P1, P3) respectively.
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Table 4.10: Determine the importance of reliability and its levels for different values of a

minimal path set of complex system by using F.M.

Pi I (PRs) Level

P6 0.56768 1

P3 0.5104 2

P1 0.374 3

P4 0.365 4

P5 0.32 5

P2 0.20596 6

Figure 4.12: Representing the results of the reliability importance levels of a table (4.10)

.

Table (4.10) shows our study of the importance minimal path sets of the complex



86

system using (F.M) When the components of the system have the different reliability

values, importance minimal path sets of the complex system will be (P6, P3, P1, P4, P5, P2)

respectively.

4.4.2 Second Method (S.M)

In this method, we generalize what the scientist Zygmund William Birnbaum [5,

37], when he relied on the pivotal decomposition technique to evaluate the reliability

importance of the components. Where the scientists work was on the components of the

systems only, and we generalized the work on minimal path sets and minimal cut sets for

the systems. Thus, the basic equation to illustrate this method:

I(Pi) = Rs(1i, P i)−Rs(0i, P i) (4.6)

Rs(1i, P i) minimal path sets is working, Rs(0i, P i) minimal path sets is failure . Some

theories also explained the scientific explanation for the reasons for the increase and

decrease in the reliability of the systems.

Theorem 4.1 [27] If ∀ ri = 1, i = 1, · · · , n in a minimal path, then the reliability of this

minimal path is equal to 1. Or limR(MPi) = 1.

Theorem 4.2 [27] If the system contains one minimal path and its reliability is equal to

one, then the reliability of the system is one, if ∃MPi ∈ S (where S is a set of all minimal

path sets) ∋ R (MPi) = 1 iff Rs = 1, i = 1, 2 . . . , n, or lim(Rs) = 1.

4.4.2.1 Using S.M. to evaluate reliability importance and its level of the

minimal path sets of series system

Based on two theorems(4.1 and 4.2) and their application to eq. (4.6). Using same

systems existing in Part (4.4.1). According to this method, importance minimal path sets

in series systems is,
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I(P ) = Rs(1i, 1)−Rs(0i, 0) = 1

Reliability importance minimal path sets for the series system is (1) as in F.M.

4.4.2.2 Using S.M. to evaluate reliability importance and its level of the

minimal path sets of parallel system

Looking for the section (4.4.1.2) in case parallel system, with reliability values for three

components are 0.6, 0.7 and 0.8 respectively. According to this method, was compensate

for each minimal path sets in Rs mentioned in eq. (4.3) by (1) in case the minimal

path components are working −(0) in case the minimal path components fail. Where the

reliability importance of the minimal path sets according to eq.(4.6) for parallel system

is,

I (P1) = 1−R2 −R3 +R2R3, I (P2) = 1−R1 −R3 +R1R3,

I (P3) = 1−R1 −R2 +R1R2.

Table 4.11: Determine the reliability importance and its level of the minimal path sets of

parallel system by using S.M.

Pi I (Pi) Level

P3 0.12 1

P2 0.08 2

P1 0.06 3
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Figure 4.13: Representing the results of the reliability importance levels of a table (4.11)

.

We note from the table (4.11) that shows results importance and level of the

minimal path sets for the parallel system using S.M (application of eq. (4.6)). The

results of table (4.11) will be similar to the two tables (4.2) and (4.8), we conclude from

this that every minimal path set of the parallel system has same only one component, for

example, minimal path 3 contains component 3 only, and so for all of the minimal path

sets.

4.4.2.3 Using S.M. to evaluate reliability importance and its level of the

minimal path sets of complex system

Study S.M. on the complex system shown in fig.(2.4) that is focus of our interest.

Applying eq.(4.6) on minimal path sets for a complex system mentioned in eq.(2.2), when

the reliability system polynomial in eq.(2.9). We take same two cases for the reliability

values in example (4.3), after substituting values case 1:

I(P1) = 1− 0.7290 = 0.271, I(P2) = 1− 0.7290 = 0.271,
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I(P3) = 1− 0.7290 = 0.271, I(P4) = 1− 0.7946 = 0.2054,

I(P5) = 1− 0.6561 = 0.3439, I(P6) = 1− 0 = 1

Table 4.12: Determine the importance of reliability and its levels for identical values of a

minimal path set of complex system by using S.M.

Pi I(Pi) Level

P6 1 1

P5 0.3439 2

P1 , P2 ,P3 0.271 3

P4 0.2054 4

Figure 4.14: Representing the results of the reliability importance levels of a table (4.12)

.

Table (4.12) shows the results of the reliability importance of minimal path sets

for a complex system when we took equal reliability values using (the application of

eq.(4.6)). Notice minimal path 6 at the first level, then minimal path 5, and after that



90

minimal path sets 1, 2 and 3 have the same level because each minimal path set contains

3 components, they have the same effect on the system.

After substituting values case 2:

I(P1) = 1− 0.18 = 0.82, I(P2) = 1− 0.18 = 0.82,

I(P3) = 1− 0.1350 = 0.865, I(P4) = 1− 0.4547 = 0.5453,

I(P5) = 1− 0.1512 = 0.8488, I(P6) = 1− 0 = 1.

Remark 4.1 Since minimal path set P6 contains minimal cut set of the system, its zero

at Rs(0i, P i).

Table 4.13: Determine the importance of reliability and its levels for different values of a

minimal path set of complex system by using S.M.

Pi I(Pi) Level

P6 1 1

P3 0.865 2

P5 0.8488 3

P1 , P2 0.82 4

P4 0.5453 5

Figure 4.15: Representing the results of the reliability importance levels of a table (4.13)

.
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Table (4.13) shows the results of the reliability importance of minimal path sets for a

complex system. When we took different reliability values using (applying eq.(4.6)),

notice minimal Path 6 is the first level and then P3, P5, P1, P2, P4 respectively.

4.5 Evaluating the Reliability Importance of each Units in

Minimal Cut Sets for Some Types of Systems

In this part, we study the reliability importance of each component present in every

minimal cut sets for all systems, we adopt a Birnbaum measure [5] which is derivation

method depending on eq.( 4.1).

4.5.1 For Series Systems

In this section, study the reliability importance of the minimal cut components for

systems that are linked by a series.

Example 4.7 Consider the series system shown in fig.(4.1). Where the minimal cut sets

for the series system that contains three independent units is:

Cs = {C1 = R1, C2 = R2, C3 = R3} (4.7)

∂C1

∂R1
= 1, ∂C2

∂R2
= 1, ∂C3

∂R3
= 1.

We note the importance of the components of all minimal cut sets for the series system

are equal.

4.5.2 For Parallel Systems

Study the reliability importance of the cut components of systems that are linked by a

parallel.

Example 4.8 Consider the parallel system shown in fig.(4.2). Where the minimal cut

sets for the parallel system that contains three independent units their values 0.6, 0.7 and
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0.8 respectively.

Cp = {R1R2R3} (4.8)

I (R1) =
∂Cp

∂R1

= R2R3, I (R2) =
∂Cp

∂R2

= R1R3, I (R3) =
∂Cp

∂R3

= R1R2.

Table 4.14: Determine the importance of reliability and its levels for minimal cut set for

parallel system.

Ri I (RCp) Level

R1 0.56 1

R2 0.48 2

R3 0.42 3

Figure 4.16: Representing the results of the reliability importance levels of a table (4.14)

.

From the table (4.14), which shows the results of importance and level of the

minimal cut sets components of the series system, when derive the minimal cut sets eq.

(4.8) for the minimal cut components, that R1 is the least reliable in the first level and

then R2 and R3 in the second level.
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4.5.3 For Complex Systems

The reliability importance of the minimal cut components of systems which contain a

bridge in its system structure. Where study the importance in two cases of a complex

system if the reliability values are equal and different.

Example 4.9 Looking for the complex system shown in fig. (2.4). Where the minimal

cut sets for the complex system in eq. (2.5), some components are present in more than

one minimal cut set. Finding the reliability importance of components the minimal cut

sets according to the Birnbaum measure (the partial derivatives). Take same two cases

for the reliability values in example (4.3), after substituting values case 1:

∂C1

∂R1

=
∂C1

∂R2

=
∂C2

∂R5

=
∂C2

∂R8

=
∂C3

∂R6

=
∂C3

∂R8

= 0.1,

∂C4

∂R2

=
∂C4

∂R3

=
∂C4

∂R4

=
∂C5

∂R2

=
∂C5

∂R3

=
∂C5

∂R8

=
∂C6

∂R4

=
∂C6

∂R6

=
∂C6

∂R7

=
∂C7

∂R4

=
∂C7

∂R5

=
∂C7

∂R7

= 0.01,

∂C8

∂R1

=
∂C8

∂R3

=
∂C8

∂R6

=
∂C8

∂R7

=
∂C9

∂R1

=
∂C9

∂R3

=
∂C9

∂R5

=
∂C9

∂R7

= 0.001

Table 4.15: Determine the importance of reliability and its levels for identical units in

minimal cut set of complex system.

Ri Ci I (RCi)
Biggest value of

I (RCi)
Level

R1, R2, C1 = C2 = C3 0.1

R5, R6 C4 = C5 = C6 = C7 0.01 0.1 1

R8 C8 = C9 0.001

R3, R4 C4 = C5 = C6 = C7 0.01 2

R7 C8 = C9 0.001 0.01
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Figure 4.17: Representing the results of the reliability importance levels of a table (4.15)

.

Table (4.15) that shows the reliability importance components of the minimal cut

sets for the complex system is that some components are present in more than one minimal

cut sets, meaning we studied the reliability importance of each component in more than

one minimal cut sets, for example, the component (R1) is present in the first minimal cut

(C1), and its also present in (C8, C9), which is the third level, so (R1) is in the first level

because its in the most important minimal cut set.
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After substituting values case 2:

∂C1

∂R1

= 1−R2 = 1− 0.5 = 0.5,

∂C1

∂R2

= 1−R1 = 1− 0.6 = 0.4,

∂C2

∂R5

= 1−R8 = 1− 0.9 = 0.1,

∂C2

∂R8

= 1−R5 = 1− 0.4 = 0.6,

∂C3

∂R6

= 1−R8 = 1− 0.9 = 0.1,

∂C3

∂R8

= 1−R6 = 1− 0.9 = 0.1,

∂C4

∂R2

= 1−R3 −R4 +R3R4 = 1− 0.7− 0.8 + (0.56) = 0.06,

∂C5

∂R8

= 1−R2 −R3 +R2R3 = 0.15,

∂C6

∂R4

= 1−R6 −R7 +R6R7 = 0.07,

∂C6

∂R6

= 1−R4 −R7 +R4R7 = 0.14,

∂C6

∂R7

= 1−R6 −R4 +R4R6 = 0.02,

∂C7

∂R4

= 1−R5 −R7 +R5R7 = 0.42,

∂C7

∂R5

= 1−R4 −R7 +R4R7 = 0.14,

∂C7

∂R7

= 1−R5 −R4 +R4R5 = 0.12,

∂C8

∂R1

= 1−R3 −R6 +R3R6 −R7 +R3R7 +R6R7 −R3R6R7 = 0.021,

∂C8

∂R3

= 1−R1 −R6 +R1R6 −R7 +R1R7 +R6R7 −R1R6R7 = 0.028,

∂C8

∂R6

= 1−R3 −R1 +R1R3 −R7 +R3R7 +R1R7 −R1R3R7 = 0.084,

∂C8

∂R7

= 1−R3 −R1 +R1R3 −R6 +R3R6 +R1R6 −R1R3R6 = 0.264,

∂C9

∂R1

= 1−R3 −R5 +R3R5 −R7 +R3R7 +R5R7 −R3R5R7 = 0.126,

∂C9

∂R3

= 1−R1 −R5 +R1R5 −R7 +R1R7 +R5R7 −R1R5R7 = 0.168,

∂C9

∂R5

= 1−R3 −R1 +R1R3 −R7 +R1R7 +R3R7 −R1R3R7 = 0.084,

∂C9

∂R7

= 1−R3 −R1 +R1R3 −R5 +R3R5 +R1R5 −R1R3R5 = 0.072,
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Table 4.16: Determine the importance of reliability and its levels for different units in

minimal cut set of complex system.

Ri Ci I (RCi)
Biggest value of

I (RCi)
Leve

R8

C2

C3

C5

0.6

0.1

0.15

0.6 1

R1

C1

C8

C9

0.5

0.021

0.126

0.5 2

R4

C4

C6

C7

0.15

0.07

0.42

0.42 3

R2

C1

C4

C5

0.4

0.06

0.03

0.4 4

R3

C4

C5

C8

C9

0.26

0.05

0.028

0.168

0.26 5

R7

C6

C7

C8

C9

0.02

0.12

0.264

0.072

0.264 6

R5, R6

C2, C3

C6, C7

C8, C9

0.1

0.14

0.084

0.14 7
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Figure 4.18: Representing the results of the reliability importance levels of a table (4.16)

.

Table (4.16) is similar to work of table (4.15) in terms study the importance of the

components of the minimal cut sets for the complex system, but in this table we used

different reliability values, the two components(R5, R6) have same the level, and therefore

they have the same effect on the system.

4.6 A New Measure to Evaluate the Reliability Importance of

Minimal Cuts for Complex System

In this section, derived the reliability of the parallel system shown in fig.(4.2) for more

than one component.The binary derivative of the parallel system be as follows:

∂2Rs
∂R1∂R2

= −1 +R3,
∂2Rs

∂R1∂R3
= −1 +R2,

∂2Rs
∂R2∂R3

= −1 +R1
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Take reliability values for the three components are 0.6, 0.7 and 0.8 respectively.

∂2Rs
∂R1∂R2

= | − 0.2| = 0.2, ∂2Rs
∂R1∂R3

= | − 0.3| = 0.3, ∂2Rs
∂R2∂R3

= | − 0.4| = 0.4

By using the absolute value measure of importance and according to the single

derivative (the derivative of one component) and according to table (4.2), we note that

the biggest reliable component is the most important in the parallel system, and noticed

in this example that whenever we derive the biggest reliable binary components, they are

the most important components, as is the case in the single derivative.

Then, we generalize the formula to calculate the reliability importance of minimal

cut set in complex systems.

I(Ci) =

∣∣∣∣ ∂nRs

∂R1∂R2....∂Rn

∣∣∣∣ n = 1, 2, 3, ...., i (4.9)

It is an absolute measure of negative importance in order to maintain the level of

importance of the components.

4.7 Evaluating the Reliability Importance of each Minimal Cut

Sets for Some Types of Systems

In this section, study the reliability importance of minimal cut sets for the systems,

we will adopt the same two methods in the section (4.4) to evaluated the reliability

importance of systems.

4.7.1 First Method (F.M)

In this part, applying F.M. to three types of systems, consider the first measure to

evaluating the reliability importance of systems components in general.
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4.7.1.1 Using F.M. to evaluate the reliability importance of minimal cut sets

for series systems

Looking for the part (4.4.1.1), the series system in fig.(4.1), where the reliability system

(Rs) in eq. (4.2), the minimal cut sets in eq. (4.7) that contains three independent units

their values 0.6, 0.7 and 0.8 respectively.

I (C1) =
∂Rs

∂C1
= R2R3, I (C2) =

∂Rs

∂C2
= R1R3, I (C3) =

∂Rs

∂C3
= R1R2

Table 4.17: Determine the reliability importance and its level of the minimal cut sets of

parallel system by using F.M.

Ci I (Ci) Level

C1 0.56 1

C2 0.48 2

C3 0.42 3

Figure 4.19: Representing the results of the reliability importance levels of a table (4.17)

.

Table (4.17) shows the results of significance of minimal cut sets for the series
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system using (F.M.). When derived the system reliability equation for each minimal cut

set in the system, its be C1 in level 1, then C2 in level 2, and finally C3 in level 3. Since

each minimal cut set in the series system contains only one component, this table is similar

to tables (4.1),(4.5) and (4.14) from in terms of importance and level.

4.7.1.2 Using F.M to evaluate the reliability importance of minimal cut sets

for parallel systems

Reconsider in fig. (4.2) whose reliability is in eq. (4.3). Where the minimal cut sets in

eq. (4.8) that contains three independent units.

I(C) = ∂Rs

∂C
= 1. In general, when derive RS relation to the minimal cut sets of

the parallel system, the importance is (1), because the parallel system contains only one

minimal cut set.

4.7.1.3 Using F.M to evaluate the reliability importance of minimal cut sets

for complex systems

We study importance of each minimal cut sets for the complex system, where the minimal

cut sets of the system in eq.(2.5), derive( Rs )indicated by (2.9) for each minimal cut set

in complex system, be:

I(C1) =
∂2Rs

∂R1∂R2

=−R3R5R6 −R3R4R8 −R3R7R8 −R4R7R8 + 2R3R4R7R8

−R4R5R6R8 + 2R3R4R5R6R8 +R3R5R6R7R8 +R4R5R6R7

− 2R3R4R5R6R7R8
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I(C2) =
∂2Rs

∂R5∂R8

=−R2R6R7 −R1R2R4R6 −R1R3R4R6 −R2R3R4R6 −R1R3R6R7

+ 2R1R2R3R4R6 +R1R2R3R6R7 +R1R3R4R6R7 +R2R3R4R6R7

− 2R1R2R3R4R6R7

I(C3) =
∂2Rs

∂R6∂R8

=−R2R5R7 −R1R2R4R5 −R1R3R4R5 −R2R3R4R5 −R1R3R5R7

+ 2R1R2R3R4R5 +R1R2R3R5R7 +R1R3R4R5R7 +R2R3R4R5R7

− 2R1R2R3R4R5R7

I(C4) =
∂3Rs

∂R2∂R3∂R4

=R8 −R1R8 −R7R8 + 2R1R7R8 −R5R6R8 + 2R1R5R6R8

+R5R6R7R8 − 2R1R5R6R7R8

I(C5) =
∂3Rs

∂R2∂R3∂R8

=R4 −R1R4 −R1R7 −R4R7 + 2R1R4R7 −R4R5R6 + 2R1R4R5R6

+R1R5R6R7 +R4R5R6R7 − 2R1R4R5R6R7

I(C6) =
∂3Rs

∂R4∂R6∂R7

= R1R2R5 +R1R3R5R8 +R2R3R5R8 − 2R1R2R3R5R8

I(C7) =
∂3Rs

∂R4∂R5∂R7

= R1R2R6 +R1R3R6R8 +R2R3R6R8 − 2R1R2R3R6R8

I(C8) =
∂4Rs

∂R1∂R3∂R6∂R7

= −R5R8 +R2R5R8 +R4R5R8 − 2R2R4R5R8

I(C9) =
∂4Rs

∂R1∂R3∂R5∂R7

= −R6R8 +R2R6R8 +R4R6R8 − 2R2R4R6R8

Uses same two cases for the components reliability values in example (4.3), applying

eq.(4.9) to calculate the reliability importance of the minimal cut sets for the system, as

follows:

∂Rs

∂C1

= |−0.895212|, ∂Rs

∂C2

=
∂Rs

∂C3

= |−0.493832|, ∂Rs

∂C4

= 0.79632,
∂Rs

∂C5

= 0.64242,
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∂Rs

∂C6

=
∂Rs

∂C7

= 0.86022,
∂Rs

∂C8

=
∂Rs

∂C9

= | − 0.66421|

Table 4.18: Determine the importance of reliability and its levels for identical values of a

minimal cut set of complex system by using F.M.

Ci I (Ci) Level

C1 0.895212 1

C6 = C7 0.86022 2

C4 0.79632 3

C8 = C9 0.66421 4

C5 0.64242 5

C2 = C3 0.493832 6

Figure 4.20: Representing the results of the reliability importance levels of a table (4.18)

.

Table (4.18) gives results for the significance of the minimal cut sets in the case

equal reliability values for the complex system and according to eq. (4.9) to calculate the
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importance of the negative minimal cut sets.

case 2. After substituting values:

∂Rs

∂C1

= | − 0.641304|, ∂Rs

∂C2

= | − 0.5841|, ∂Rs

∂C3

= | − 0.2596|, ∂Rs

∂C4

= 0.45936,

∂Rs

∂C5

= 0.17672,
∂Rs

∂C6

= 0.246,
∂Rs

∂C7

= 0.5535,
∂Rs

∂C8

= | − 0.18|, ∂Rs

∂C9

= | − 0.405|

Table 4.19: Determine the importance of reliability and its levels for different values of a

minimal cut set of complex system by using F.M.

Ci I (Ci) Level

C1 0.641304 1

C2 0.5841 2

C7 0.5535 3

C4 0.45936 4

C9 0.405 5

C3 0.2596 6

C6 0.246 7

C8 0.18 8

C5 0.17672 9
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Figure 4.21: Representing the results of the reliability importance levels of a table (4.19)

.

Table (4.19) is similar to work of table (4.18), but in this table we have taken

different values.

4.7.2 Second Method (S.M)

This section is similar to section (4.4.2) but on minimal cut sets, use S.M. to evaluate

thereliability importance of the minimal cut sets for systems according to equation:

I(Ci) = Rs(1i, Ci)−Rs(0i, Ci) (4.10)

Rs(1i, Ci) minimal cut sets is working, Rs(0i, Ci) minimal cut sets is failure .

4.7.2.1 Using S.M. to evaluate the reliability importance of minimal cut sets

for series systems

To evaluate the reliability importance of minimal cut sets depend on eq.(4.10), this

meaning ( calculated R when the minimal cut components are 1 − calculated R when
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the minimal cut components are 0 ). So get importance minimal cut sets for the series

system. Where the minimal cut sets in eq. (4.7) that contains three independent units

their values 0.6, 0.7 and 0.8 respectively.

I (C1) = Rs (1i, 1R2R3)−Rs (0i, 0R2R3) = R2R3

I (C2) = Rs (1i, R11R3)−Rs (0i, R10R3) = R1R3

I (C3) = Rs (1i, R1R21)−Rs (0i, R1R20) = R1R2

Table 4.20: Determine the reliability importance and its level of the minimal cut sets of

series system by using S.M.

Ci Im (Ci) Level

C1 0.56 1

C2 0.48 2

C3 0.42 3

Figure 4.22: Representing the results of the reliability importance levels of a table (4.20)

.

Table (4.20) shows the results of the importance values and level of the series

system, using eq. (4.10), where the first minimal cut set that contains only one component
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is R1 is in the first level, then R2, R3 respectively. We also note that table (4.20) is similar

to tables (4.1), (4.5), (4.14)and (4.17) in terms the importance values and level.

4.7.2.2 Using S.M. to evaluate the reliability importance of minimal cut sets

for parallel systems

Looking for the section (4.7.1.2), where use same system and equations, but applying

eq.(4.10), we get: I(C) = 1. In general, as mentioned earlier, when derive with respect

to minimal cut set of parallel system is the importance (1).

4.7.2.3 Using S.M. to evaluate the reliability importance of minimal cut sets

for complex systems

Reconsider in section (4.7.1.3), where use same system and equations, but applying

eq.(4.10). Take same two cases for the reliability values in example (4.3).

I (C1) = 0.9793− 0 = 0.9793, I (C2) = I (C3) = 0.9880− 0 = 0.988

I (C4) = 0.9810− 0 = 0.981, I (C5) = 0.9981− 0 = 0.9981

I (C6) = I (C7) = 0.9793− 0 = 0.9793, I (C8) = I (C9) = 0.9900− 0 = 0.99

Table 4.21: Determine the importance of reliability and its levels for identical values of a

minimal cut set of complex system by using S.M.

Ci Im (Ci) Level

C5 0.9981 1

C8 = C9 0.99 2

C2 = C3 0.988 3

C4 0.981 4

C1 = C6 = C7 0.9793 5
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Figure 4.23: Representing the results of the reliability importance levels of a table (4.21)

.

Table (4.21) shows results of importance of minimal cut sets for complex system

in the case of equal reliability values using eq. (4.10). We got C5 in the first level and

note that C8 and C9 have the same level, which is level 2, then C2 and C4 respectively,

and finally minimal cut sets 1,6 and 7 are in the last level.

After substituting values case 2:

I (C1) = 0.8554− 0 = 0.8554, I (C2) = 0.7687− 0 = 0.7687

I (C3) = 0.7022− 0 = 0.7022, I (C4) = 0.9360− 0 = 0.936

I (C5) = 0.9104− 0 = 0.9104, I (C6) = 0.7484− 0 = 0.7484

I (C7) = 0.7839− 0 = 0.7839, I (C8) = 0.94− 0 = 0.94

I (C9) = 0.99− 0 = 0.99
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Table 4.22: Determine the importance of reliability and its levels for different values of a

minimal cut set of complex system by using S.M.

Ci Im (Ci) Level

C9 0.99 1

C8 0.94 2

C4 0.936 3

C5 0.9104 4

C1 0.8554 5

C7 0.7839 6

C2 0.7687 7

C6 0.7484 8

C3 0.7022 9

Figure 4.24: Representing the results of the reliability importance levels of a table (4.22)

.
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4.8 Summary chapter four

� In section (4.2), it has been calculated that the single importance according to

Birnbaum measure for the components of the three systems (series, parallel and

complex) as in tables (4.1), (4.2), (4.3) and (4.4).

� In part (4.3),it has been calculated that the singular importance of the reliability of

the three system minimal path components (series, parallel and complex), according

to F.M (partial derivative for minimal paths), as shown in tables (4.5), (4.6)

and (4.7), the reliability importance value and level of the system minimal path

components.

� From parts (4.2) and (4.3), show that tables (4.1) and (4.5) are similar in terms

of the reliability importance and level of the series system, in other words, the

components of the system are the same as the components of the minimal path.

� In part (4.4), importance was studied according to two methods and for the three

systems, the results of importance in the two methods for the series system and the

parallel system are similar in terms of importance and level, but in the complex

system, the results of the two methods are different in terms of importance and

level.

� In part (4.5) is similar to work section (4.3), but on the cut sets of the three systems.

� In section (4.6), it has been calculated the importance of the negative minimal cut

set (binary derivative) for the parallel system, where we found a new measure, which

is the measure of the absolute value of importance according to eq.(4.10).

� In the section (4.7), from our study the importance of minimal cut sets for the

systems, and we found work this section is similar to work sec. (4.4). We also

studied two methods for the importance of minimal cut sets for the three systems,
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and the results of the two methods for the series and parallel systems are similar

in terms of importance and level, but in the complex system, the results of the two

methods are different.

� We found from our study for importance of the reliability of the minimal path set

and minimal cut set for systems connected in series and parallel, and if they contain

only one minimal set path or minimal cut set, the importance will always be (1).



Chapter 5

Conclusions and Future Works
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5.1 Conclusions

1. The minimal path sets for the complex system were calculated in three different

methods, and the results of the three methods were equal in finding the minimal path

sets, and the minimal cut sets of the complex system were calculated in two different

methods, and we got the same sets of minimal cuts for the two methods. Then, the

reliability function for the complex system was found in two methods:(the pivotal

decomposition method and the sum of disjoint products method), we got the same

polynomial for the complex system.

2. Applying two techniques (redundancy and allocation ) to increase the reliability

value of the three systems (series, parallel and complex). Where the redundancy

technique was in two methods, through the study in this thesis, we found that the

method of redundancy of the elements is better than the method of redundancy

of the system, and to increase the reliability one of the minimal path sets and

minimal cut sets for complex system. Then, study the allocation technique according

to Howeidi’s Theorem, we note the reliability of the three systems was increased.

The allocation method using Howeidi’s Theorem is better than the known methods

of repeat reliability, although the number of units added is less than the previous

methods.

3. Some cases and methods have been studied to calculate the reliability importance

of component reliability in simple and complex systems. Where the reliability

importance was evaluated for all components in minimal path sets and minimal

cut sets for systems (series, parallel and complex). We found a new measure(

Absolute reliability importance value) to evaluate the reliability importance in case

the minimal cuts for parallel and complex systems is to calculate the negative

reliability importance of the minimal cut sets of the systems, then two methods

of Birnbaum scale were generalized (F.M.and S.M.), both of which are applied to
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measure the reliability importance of reliability for more than one component, and

these two methods apply of minimum paths or cuts.

5.2 Future works

1. The possibility of studying systems (electrical devices, computer network and road

network) by two methods F.M and S.M for measure the importance of reliability.

2. It is possible to calculate the best allocation by linking the reliability with the

optimization using algorithm (genetic algorithm and particle swarm optimization).

3. Possibility of studying the SDP technique based on sets of minimal cuts of the

complex system shown in Figure (2.1).
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 الملخص 

 
  حسددددديواية ةلأيدددددعاى    دددددعاى  ددددد ااطبيقددددد  اتهددددده الددددد إاى اسددددد  عا  ددددد اىسددددد  هى ا  ددددد اى  

أ   دددعاي سةسدددةعايي ةىعقدددعايي قدددهظااسددديقة اى م ددد  اى   قدددهالدددةاا،سدددم   هل اهددد الددد إاى اسددد  ع

 قجددد راقاققدددعا سددديطعاييب يددداظايلاق إددديعا   إددد هعا  ددد ااا اسددد  عيحدددةلااىمل  ددد  اهددد الددد إاى

  شددددد وايج ةلددددد  اى حدددددهاى ر ددددد ا  سددددد لاى اى م ددددد  اى   قدددددها،ايقاقق ددددد  ااىقددددداقق يواأ دددددا

لةددد الةدددماى اسدددماى بيددد   اا دددم،اتدددماا  شددد وايج ةلددد  اى حدددهاىمر ددد ا قطددد اى م ددد  اى   قدددهاق   دددها

ااتطبيدددددياتقمي ددددديوا ى  قددددداىلااىسددددد  هى اقددددداقق يوا حسددددد ةارى دددددعاى  ة ةلأيدددددعا ةم ددددد  اى   قدددددها

يى   صدددديزيا ةقدددد رظالأي ددددعاى  ة ةلأيددددعاى    ددددعاى ة  ددددعا سةسددددةعا،اي ةىعقددددعايي قددددهظيااسددددة ا

،اقدددد مااتقددددة اتقميددددعاى  قدددداىلاا طدددداقق يوا،ايل دددد اى  قدددداىلااهدددد اى  م  دددداايى  قدددداىلااهدددد اى م دددد  

تطبيدددددياى طددددداقق يوالةددددد اى    دددددعاى ة  دددددعاايتطبيدددددياقاققدددددعاتقددددداىلااى  مصددددداام دددددهىااا

يج ةلددد  اى حدددهااى ر ددد ا  سددد لاايالأطددد اى م ددد  اى   قدددهاا دددمااتطبيدددياتقميدددعاى   صددديزا ةقددد رظا

رلاىسدددعاأل يدددعاى  ة ةلأيدددعاهددد اى    دددعاى بسددديطعايى   قدددهظاهددد االأي دددعاى  ة ةلأيدددعا ا   دددعاى ة  دددعا

ي  دددهرظايي  ة.دددعاااسدددي ماتقيددديماأل يدددعاى  ة ةلأيدددعا قددد ايقدددة اهددد اى    دددع ددد م ا ى ة  دددعا،ا 

يسدددي ماتقيددديماأل يدددعايددد ايقدددة اهددد اى حدددهاى ر ددد ايدددواى  سددد لاى ايى حدددهاى ر ددد ايدددواى قطددد ا

 ا   دددعاى ة  دددعااتقيددديماأل يدددعاى  ة ةلأيدددعا قددد ا دددهاى ر ددد ا  سددد لاى ايى قطددد ا ا   دددعاى ة  دددعاا

اااااا يقدددةوا قيددديماأل يدددعاية ةلأيدددعاى حدددهاى ر ددد ايدددواى قطددد ا يةددداايددد دددماارلاىسدددعايقيددد  ا هقدددها 

 اااااا
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