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ABSTRACT

This dissertation aims to study and develop the chaotic properties

of hyperbolic dynamical systems .

Let f4,: M - M be Anosov diffeomorphism map of a manifold M.
When M is T™ torus of dimension n, we found f; achieved several
definitions of chaos such as :

e QGulick definition

e L-chaotic definition
e W-chaotic definition
e Devaney definition

e Touhey definition

We explain around C1l-stable fitting shadowing property of a
diffeomorphism f of C*(closed manifold M) of invariant closed set A
in M, that f| satisfies a C 1_ stable fitting shadowing property .

In general, if partially hyperbolic diffeomorphism map can be
achieved fitting shadowing property if the center is uniformly compact

center foliation W€,

We show us any chain transitive set A of Clgeneric
diffeomorphism f, has another type of shadowing property is called,
the eventual fitting shadowing property .

We restrict the diffeomorphism f|y to explain f is Anosov
diffeomorphism map if and only if A has the strongly fitting shadowing

property, and also to find hyperbolic sets, which have the same property.
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Introduction

Introduction

The origins of the hyperbolic dynamics can be traced back to
Poincare, who hypothesised that homoclinic tangles might give rise to
intricate dynamics [1]. Maz'ja, & Shaposhnikova [2] conducted similar
investigations in the 1890s. Through the1960s advancements achieved

by Smale, who was also concerned with structural stability [3].

In 2005 Bonatti & Wilkinson [4] proved that partially hyperbolic
diffeomorphisms on 3-manifolds implies that the center foliation carries
an expansion. In 2009, Saha, Mohanty & Bharti [5] used this
hyperbolicity concept, hyperbolic fixed points and their stabilities to
investigate three discrete models used for spreading the epidemic virus.

In 2010, Sakai, Sumi, & Yamamoto [6] proved that f|, satisfies a C L

stable specification property if and only if A is a hyperbolic elementary

set.

In 2013, Burguet & Fisher [7] proved the existence of symbolic
extensions for C? partially hyperbolic diffeomorphisms with a 2-
dimensional center bundle. In 2018, Ovadia S.B [8] construct countable
Markov partitions for non-uniformly hyperbolic diffeomorphisms on

compact manifolds of any dimension.

In 2018, Regis Varao [9] who gave classify C* conjugacy for
conservative partially hyperbolic diffeomorphisms homotopic to a
linear Anosov automorphism on the 3-torus by its center foliation
behavior. In 2021, Zhang [10] proved that for any partially hyperbolic
diffeomorphism there is neutral center behavior on a 3-manifold. In

2022, Fernando [11] gave some sufficient conditions for transitivity of
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Anosov diffeomorphisms. In 2023, Jianhua [12] proved that a class of

partially hyperbolic attractors in a Banach space have semi-horseshoes.

The idea of shadowing in the dynamical systems (DS) theory comes
down to the question is it possible to approximate pseudo-orbit (PO) of

a given dynamical systems by true orbits?

Naturally, the answer of this question depends on the type of the
approximation. The "Shadowing Property" is the most reliable
structural theorem. In particular, this approach can be used to prove that
hyperbolic sets are structurally stable. Any time a mathematical solution
to a differential equation (or map) remains in close proximity to an
approximate solution obtained in the presence of noise or round-off
error, we say that the mathematical solution "shadows" the noisy
solution. The shadowing property introduced by the works of Anosov,
Bowen, have used several types of shadowing properties, such as limit
shadowing in 1979, weak shadowing in 2001, asymptotic average
shadowing in 2007, inverse shadowing in 2008, orbital shadowing in
2011, periodic shadowing in 2019, and eventual shadowing in 2021 see

in :[13],[14],[15],[16],[17].

Expanding and contracting directions for the derivative are
hallmarks of hyperbolic dynamics. In this case, the differential alone
gives us abundant information on the dynamics on a local, semi-local,
or even a global scale. In fact, these directions when applied to a set of
orbits, the exponential growth in their relative behaviour under iteration
yields a wealth of information about the topology and quantifiability of

the orbit structure.
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The cat map is the prototypical illustration of a uniformly
hyperbolic dynamical system. This specific case is easily generalised to
any n X n -matrix with integer elements, a unit determinant, and no
eigenvalues on the unit circle act on the n-torus T™. Since they are
algebraic automorphisms of the additive group R"/Z", we call these

toral automorphisms.

Smale built pictures showing transformations transfering onto a
compact factor with the same property of expanding and contracting.
Uniform hyperbolicity is characterised by the fact that the tangent space
at every point can be partitioned into subspaces that are either

contracting (or stable) or expanding (or unstable).

Assume there is a diffeomorphism map f: M — M, and let M be a
manifold; if f is uniformly hyperbolic, or an Anosov diffeomorphism
map, then the tangent space is split for every x € M.

TM = ES(x) @ E*(x)
and for any n € N, there exists A € (0,1) and constants C > 0 such that
e |IDf™(v)|| < CA*||v|| [forallv € ES(x)
o |IDfF*"(W)|| < CAY|v||, forall v € E¥(x)
Stable subspaces at x are denoted by E®(x), while unstable subspaces

are denoted by E*(x).

The invariance of the stable and unstable subspaces and their
continuous dependence on the point logically follow this concept. Not
all manifolds allow for an Anosov diffeomorphism map because the

directions E*(x) and E*(x) are swapped and when going from one map
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to its inverse, topological constraints are necessary since there must

always be two possible directions at each given place [13].

Let A € M be a hyperbolic set that is any x € A in the tangent space

of f satisfies the contraction and expansion conditions. In the case of
two points sufficiently close together, the local maximal of the
hyperbolic set is the location where a little piece of the unstable
manifold of one of the points overlaps a small piece of the stable
manifold of the other point. Hyperbolic diffeomorphisms have dense

periodic points in their non-wandering set.

To preserve uniformity without hyperbolicity, we can generalise
the concept of uniform hyperbolicity by permitting a centre direction in
which expansion or contraction is uniformly slower than in the unstable
and stable subspaces. This is the basis for the theory of partially
hyperbolic systems, that is the tangent space is split for every x € M.

T.M = E5(x) @ E°(x) @ E“(x)

In this work, we study other types of shadowing property for

hyperbolic dynamical systems.

We dealt with many chaotic properties, and we noticed that the
system achieved several definitions of chaos, namely Gulick, L-chaotic,
W-chaotic, Devaney, and Touhey definitions. The current work is

divided into four chapters:

Chapter One deals with the basic concepts and fundamental definitions

that helped us achieve our goals in two sections.
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Chapter Two contains two sections. The first section investigates the
general properties of Anosov diffeomorphism map. Section two deals
with chaotic properties and holding a comparison between chaotic tools
of Anosov diffeomorphism map, and producing several definitions of

the chaos.

Chapter Three contains three sections. Section one discusses the
fitting shadowing property for hyperbolic set. Section two discusses the
eventual fitting shadowing property for hyperbolic set. Section three
discusses the strongly fitting shadowing property for hyperbolic set.

Finally, the conclusions and future works were presented in Chapter

Four.
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Chapter One Basic Definitions and Notation of Chaotic
Dynamical Systems

1.1 Basic Definitions and Notation of Chaotic

Dynamical Systems

We recall some necessary definitions needed for this work:

Definition 1.1.1 [15]

For any x in the domain, f:J — J (I a metric space), defined

the map f.

f (x) = the first iterate of x for f.

f2(x) = f(f (x)) = the second iterate of x for .

more generally, n is any positive integer, and

f™(x) = fofo...o f(x);(n —times composition).

also, when n is any negative integer
f™x)=f"tofto...o f1(x);(-n —times composition).
so that in general

Xn = (X)) = f(xn-1)

Definition 1.1.2 [14]

LetU € R™ be anopensetand f:U » R® bea C! diffeomorphism
map. A point x € U is said to be a fixed point of f, if f(x) = x, we can

see fixed points occur where the graph of f(x) intersects the line y = x in

Fig (1.1).
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Figure (1.1): Fixed points occur where the graph of f(x) intersects the line y = x

Example 1.1.3

If f: C > Cis a map and x in the domain, f where f(x) = x°.

Then f has five fixed points :0,1,-1,i, —i.

Definition 1.1.4 [14]

Let UER"be an open set and f:U—>R"® be a (!
diffeomorphism onto its image. A point x € U with period n > 11is

referred to as a periodic point.

X, f O, f2(x), o, fT7H(X)
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are distinct but f™*(x) = x

The set

{x, f(x), f2(x), oo, [P ()}
1s called the orbit of x.

x has period n where n > 1, the orbit of x which is periodic orbit and

called an n-cycle.
Example 1.1.5

Let f: R — R be any map having the form f (x) = 2x + 3
consider the iterates of such maps:
f2(x)=fRx+3)=22x+3)+3=4x+9
f3(x)=2(4x+9)+3=8x+21
In general

fr(x)=2"x+3.2" 1 (x) +3.2" % (x) + -+ 2. (x)3""1 + 3"
Let x € R and the set x,, = f "(x) then we have

Xp=2"x+ 2" +2"2 +..42 +1)(3)
n-1

= 2"x + z 27771 (3)
j=0

_om 2n—1
2"x + 3(—2_1)

by Definition (1.1.2), the fixed points are periodic points with
period 1.
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Example 1.1.6

Let f:C — C be the map, where f(x) = —x°. Then f has 2-cycle
atx = 1 (since f(1) = —1 and f2(1) = 1).

Example 1.1.7

Let f:[0,1]— [0, 1] be a map, recall that the tent map defined by

FG)=370G)=5106)=3

confirming that {%,%,g} is a 3-cycle for f at x = % .

Definition 1.1.8 [19]

Let f:3 — 3 be a metric space. A point x € f is not periodic, but
for some n > 0 that is f**(x) = fi(x) for i > n that is, fi(x) is

periodic, then x is an eventually periodic of n -period .

Example 1.1.9

Let f(x) =x%—1, x = 1 is eventually periodic of period of f,

since
f)=0,f2M)=f0)=-1, D) =f(-1)=0

then, x = 1 is eventually periodic of 2-period.
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Definition 1.1.10 [20]

A map F:R™ - R" is C1, then there is a set of continuous and
existing first partial derivatives. If f is €®, then it has a set of

continuous and existing mixed k"partial derivatives for all k € Z™.

Example 1.1.11 [20]
Let T, pcq: R? > R? be the Tinkerbell map is a two-dimensional
map with four parameters a, b, c,d € R, where

Tapealy) = (x22;yy-2|— -ic_xaflc— -cll_yby)

since all first partial derivatives exist and continuous map

Note that

Let f(x,y) =x*—vy%?+ax+by,G(x,y)=2xy+cx+dy

of (xy) % f(ry) _ 2 o"f (x,y)

™ =2x+a, 2 o =0,vyneNandn =3
of (x,y) 0%f (x,y) 0" f(x,y)
—_— - = — _— = >

™ 2y + b, oy 2, P 0, vneNandn >3
9G(x,y) 92G(x,y) "G (x,y)

= —_—— _— = >
™ 2y +c, T2 0, e O, vneNandn > 2
2 n
ay dy? ax™m

that all its mixed k" partial derivatives exist from Definition (1.1.10),

: (0]
TopecalsC™.

Definition 1.1.12 [14]

Let U € R™ be an open set, a point x in U and f:U — R" be a map.
Then all partials derivatives maps exist the linear map Df (x) is the

differential of f defined on R™ at x.
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(0f1 of

o, — @) - (’)xn (x)
Df(x) = af: af

SR ]

for very, U in R™. The Jacobean of f at x is the determinant of Df (x)
and denoted by J(x) =det Df (x).

Definition 1.1.13 [20]

Let F:R™ — R"be amap and x € R™. F is called area-contracting
at x if |JF(x)| less than one, and is called area-expanding at x if

|TF(x)| more than one.

Example 1.1.14

2 _
Let F: R? - R? be a map, where F ( xX° =2y ), then F is area-
2xy + 2x

expanding map of a fixed point (0,0) since

_ 2x —2 (0 =2

J(0,0) = |[detDF(0,0)| =4 > 1,
by Definition (1.1.13), F is area-expanding map.
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Now, we will present some definitions of chaotic properties.

Definition 1.1.15 [12]

Let f:3 = T be a map of the topological space 3, f is topological
transitive, denoted by TT :if every U,V are open subsets of J in the

following sense f*(U0) NV # @, for some k € N.

Also, there is another definition of topological transitive f, if there
exists x € 3 with orbit is dense (0(x) = ), that is, there is a point
having a dense orbit, and denote (DO), such that the orbit
{x, f(x), ..., f¥(x),...}is dense in 3.

If a map f possesses a dense orbit, then is TT. The converse is also true

(for compact subsets of R or S1).

Example 1.1.16 [21]

In Example (1.1.7), let 3 = {0} U {% : n € N} with usual metric

and g: 3 = J defined g(0) =0, g(%) = ﬁ , forn=1,2,...

To show that (TT) does not imply (DO), start with I = [0,1] and the
standard tent map f:[0,1] — [0,1], then J the union of all periodic
points of f and g = f|x, the system (J, g) does not satisfy the condition
(DO) since J is infinite (dense in ) which the orbit of any periodic
point is finite. On other hand, every pair of subintervals of I shares a

periodic orbit of the tent map and so (5, g) satisfies (TT).
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Definition 1.1.17 [20]

Let f: 3 — 3 be map of the topological space 3, for every U,V non
empty sets of J and for some k € N satisfy f*(O)NV =0 ;Vn>k

then f is topologically mixing.

Example 1.1.18 [22]

Vladimir Arnold, in the 1960s, used a picture of a cat to illustrate
the implications of his chaotic map of the torus into itself, earning the
term Arnold's cat map.

The Arnold cat map, f4: T2 - T?, is the transformation obtained by
thinking of the torus T? as the quotient space R? /Z?.

fa(x,y) = (2x +y,x + y) mode 1

the automorphism of T? given by the matrix A = (i 1) mode 1
e The determinant of A is 1.
e (0,0) only fixed point of

NG

e |A;| # 1and|A,| # 1 so, the eigenvalues of A are A; = % ,
fori = 1,2, (0,0) is a saddle point

e Fori=1,2and A; > 1,4, < 1 then (0,0) is hyperbolic fixed point.
For each x € T2, the unstable manifold E*(x) of f is dense in T2.

For every € > 0, the collection of balls of radius ¢ centered at point
of E¥(x) covers T2, by compactness a finite subcollection of these

balls also covers TZ.
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Hence there is £(¢) > 0 such that every set X of length £(¢) in an

unstable manifold is € —dense in T2, that is
d(y,X) < e, forally € T?

Let U and V be non-empty open sets in T2

Choose y € V and € > 0 such that B(y,&) C V.

The open set U contains a set of length & > 0 in some unstable

manifold E*(x).

Let A4, |A| > 1, be the expanding eigenvalue of f,, and choose k > 0
such that |1|%8 > £(¢).

Then for any n > k, the image f;*(U) contains a set of length at least

£(¢&) in some unstable manifold, so f;*(U) is € —dense in T2

Therefore £'(U) NV # @. Explanation of the map as in Fig (1.2).
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Figure (1.2): The cat map

Note 1.1.19

By Definition (1.1.17), topological mixing implies topological

transitivity, but not vice versa.

Definition 1.1.20 [21]

Let f: 3 — 3 be a map of a topological space 3, f is called
minimal if all points are transitive .
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Example 1.1.21 [19]

Let f: ST > S, given by f(0) = 0 + k where kis an irrational
circle rotation, f is minimal and therefore it is, a topologically transitive
map, but not topological mixing, since all points are remain the same

distance apart after iteration.

Definition 1.1.22 [21]

Let f: 3 — J be a topological transitive of the topological space J,
f¥ is topologically transitive for any k = 1, so f is said to be totally

transitive .

Definition 1.1.23 [19]

Let f:3 — J be a map of the metric space (J,d), f has sensitive
dependence on initial condition, if for any x € 3 and U C J open set

of x, there exists y € U and k € Z*, such that for all € > 0, there exists
6 >0, thatis d(x,y)<$é

then

d(f*(x).f(y) > e

Example 1.1.24 [20]

In Example (1.1.11), the Tinkerbell map has sensitive dependence
on initial condition when a = —0.3,b = —-0.6,c = 2.2,d =0, we

show that by MATLAB software the map
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has sensitive dependence in initial condition, see Fig (1.3) .

(b)

(a)

Figure (1.3): The Tinkerbell map has sensitive dependent on initial condition, with initial
condition (0,0) and (0.3,0), (a) of a =0.9,b = —0.6,c = 2.2,d = 0.5 and (b) of a =
—-0.3,b=-0.6,c=22,d=0.

Example 1.1.25 [23]

The Kaplan York map was introduced in 1983, it has two

dimensional dynamical system with one parameter form as:

x 2x mod 1
Ky (y) B (uy + cos4nx>’ where y € R

To find K} (x) by Induction Law to simplify the form:
X 2x mod 1
Ky (y) - (uy + cos4nx>

I(Z(X)_< 22x mod 1 )_(4xm0d1)
#\y) 7 \u(uy + cosdnx) + cosdnx) ~ \pPy+u+1
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2"x mod 1 )

: n —
By Induction Law K (x) = (.Uny Fuv 2 4t

2"x mod 1
K} (x) = w1
u n —_
pwy + -1

Iflul <1
then,u"y+%—>0 Vn- o

And 2"x - c0asn - oo
So the diverge in one side

If |u| > 1 and n - oo, then 2™"x — oo
n u"-1

But u"y + e o)

So the diverge in two side

Let x4, x> € R? such that y; = (;1) and y, = (;z)

2(xqy —xy) mod 1 )

thus d (Kﬂul)’K (XZ)) =d (u(yl - yz) + COS4T[(X1 - xZ)

=a ("

2™ (xy — x5) mod 1)

d (KO, KR(ra)) = ( W (1 — ¥2)

=2"(x; — )2 + u(y; — ¥,)?
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d (K;?(XOJK;?(Xz)) — 00 as n— oo

so the map has sensitive dependence on initial condition, illustration in

Fig (1.4).

Figure (1.4): Clarification sensitivity of the Kaplan York map by MATLAB software in
(a) 4 = 1.9 with initial points (0.2,0.1), (b) 4 = 0.9 with initial points (0.2,0.1)

Definition 1.1.26 [6]

o~ o~

A map f:3J—>J of the metric space J is said to be

equicontinuous if there exists § > 0, for any € > 0 and any x, y with

d(x,y) < 8 thend (f*(x), f*()) < & Vk € N.
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Example 1.1.27

cos(nx) .
> 1S an
n

Let f: 3 — J be a map of metric space 3, f,,(x) =

equicontinuous on all of R. Indeed, for each x, y € R, there exists

§>0
() = )= Icos(nx) — cos(ny)|
1 X
=— j n sin (nt)dt
y
1
<= lx —y| <&
when

lx —y] <&

There are chaotic properties related to maps, as mentioned earlier,
and chaotic properties related to the points of sets, which we will

mention later.

Definition 1.1.28 [24]

Let 3 be topological space of a map f:3J — 3, for every
neighbourhood U of a point x € f there exists a positive integer k > 0
such that f¥(0) N U # @, then x is a non-wandering point of f, and

the set of all non-wandering points in f is denoted by ().
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Definition 1.1.29 [24]

The set gy (x) = 0y 7(x) of all o;-limit points of x, that is,

am=[Jr®.
neN kz=n
If f is an invariant, the o,-limit set of x is 0, (x) = 07, f(x)
a0 = ()| Jr~w.
neN kzn

A point in g, (x) is an o0,-limit point of x. Both the g,- and g, -limit

sets are closed and f- invariant .

Definition 1.1.30 [24]

Let f:3 — J be a map, the set of recurrent points of f, denoted
by R(f), there exist a positive integer sequence {y;};=, such that

fri(x) = x,as y; = oo.

Definition 1.1.31 [25]

Let f:3 >3 be any map of a compact metric space J, an

& —chain from x to y for f is a sequence of points in J,
X = Xg, X1, -, Xn =Y, withn > 1, such that
d(f(x,xi41) <e,V0<i<n-1

A point x € J is called chain recurrent if there is € -chain from x

to itself for every € > 0, chain recurrent set of f is the set CR(f) of
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all recurrent points, we say that f is chain transitive implies that every

point is chain recurrent .

Example 1.1.32

See Example in [25], f is chain transitive.

Example 1.1.33
A periodic point such that in Definition (1.1.4), f™(x) = x for
some n > 0 is obviously recurrent, the set g; (x) is the finite periodic

orbit.

Note 1.1.34 [21]
= The periodic points are recurrent points,
= Every recurrent point is non-wandering, in fact R(f) < Q(f),
= Every point is non-wandering, but not all points are recurrent,

= Every isolated points are recurrent.

Definition 1.1.35 [24]

Let f: 3 > 3 be any map, f is called pointwise non-wandering

map, if each point is non-wandering
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Definition 1.1.36 [23]

Consider the continuous differentiable map F: R = R, for all
x € R in direction v, when the limit exists, we defined the Lyapunov

exponent of a map F at R by L¥(x,v) = lim %lnllDFx"vll.
n—>0oo

The Lyapunov exponents of the map F in higher dimensions, such as
R™, will have the form LJl—r (x,v), LJZ—r (x,v), ..., L;—E (x, v) for a system of n
variables. This maximum number of Lyapunov exponents n, is the
Lyapunov exponent.

L*(x,v) = max{LT (x,v), L% (x,v), ..., LE (x, v)}

Where v = (vq, vy, ..., V) are non zero vectors, v € R™.

Example 1.1.37 [23]

By Example (1.1.25), the Kaplan York map K}, has positive Lyapunov

exponents, for all u # 0 € R

Since LJl—r(x, v) = lim %ln |DK” (;),v|

n—>00

=In2>0,vu€eR

+ — Tim X x

Ly (w,v) = gl_)r?onln |DKﬂ (y),v|
=Inful, p#1

L*(w,v) = max{LT (w,v), L3 (w,v)} > 0

So, K, has positive Lyapunov exponents.
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There are some definitions of chaos that, we have achieved in this
work and these definitions are not equal in strength, we start from the

weakest in sequence:

Definition 1.1.38 [21]

Let f: 3 — J be a contiuous map on a metric space J , is chaotic

(in the sense that Gulick) if it satisfies at least one of the conditions
listed below:

e FEach point in f the domain of f that is not eventually periodic point

has a positive Lyapunov exponent, hence f itself is not eventually
periodic.

e f has exhibited on its domain sensitive depended on initial condition.

Definition 1.1.39 [21]
Let f:3 — J be a contiuous map on a metric space J is chaotic
according to Lyapunov or L-chaotic if :
e f is topologically transitive.

e f has a positive Lyapunov exponent.

Definition 1.1.40 [20]

Let f: 3 — J be a contiuous map on a metric space J , Is the map
chaotic (Wiggins or W-chaotic) if it meets these criteria:
e sensitive dependence on initial conditions SDIC

e topologically transitive TT
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Example 1.1.41 [20]

By Example (1.1.11) the Tinkerbell map is chaotic satisfy
Definitions (1.1.38), (1.1.39) and (1.1.40) .

Definition 1.1.42 [27]

Let f:3 — 3 be a map, Devaney states that if a map of the metric
space I meets the following properties:
e Sensitive dependence on initial conditions SDIC
e Topologically transitive TT

e Density of periodic points in 3.

In 1997 Touhey also proposed another definition of chaos,
concerning about orbits of periodic points, which proved to be

equivalent to Devany’s definition.

Definition 1.1.43 [21]

Let f:3 — J be a contiuous map on a metric space J is chaotic
map verification chaotic (Touhey) on J , there exists a periodic point
x € U and nonnegative integer k, given U and V non-empty open
subsets of 3, such that f*(x) € V, where any open subsets of I that are

not empty share a periodic orbit .
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1.2 Some Concepts of Topological Manifold and
Hyperbolic Systems

In this section, are explained some general concepts of topological

manifold, as well as the necessary concepts for hyperbolic systems.

The theorems taken from the references will be presented without proof,

you can review a lot referred to.

Definition 1.2.1 [28]

A topological manifoldis a topological space that locally
resembles Euclidean space near each point. More precisely, an n-
dimensional manifold, or n-manifold for short, is a topological space
with the property that each point has a neighborhood that

homeomorphic to an open subset of n-dimensional Euclidean space.

Theorem 1.2.2 [24]

If the 1-manifold is compact, then it is homeomorphic to S, and if

it is not compact, then it is homeomorphic to R.

Example 1.2.3 [28]

A one-dimensional shape whose boundary is a circle. A square is a
2-manifold with interior and boundary. A ball (a sphere plus its inside)

is a boundary-enclosed 3-manifold.
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However, a closed ball in R™ is not a manifold because a boundary point
does not have a Euclidean neighbourhood, which is required for the

existence of a boundary.

Definition 1.2.4 [28]

A differentiable maps f:U — R" for each i=1,2,..,n, let
pri: R™ = R be the natural(coordinate) projection map of R" given

by pri (x4, .., X)) = x5, 0 = 1,2, ..., 1.
Let U be an open set in R™ and let f: U — R" be the map

fi = priof:U >R, i =1,2,..,n are called (slot) coordinate maps
of f.

Let M be a differentiable manifold the a differentiable map

f:M — M. The derivative Dfyis linear map from T,M to T, M

provided by the f is partial derivatives matrix

Definition 1.2.5 [29]

Assume that A € GL(n,Z), where GL(n, Z), is the collection of all

n X n invertible matrices whose entries are in Z. Each eigenvalues

A €Ci=1,..,n of Ais hyperbolic if and only if |A;| #1. If the
eigenvalue |A;| decreases by more than one, we say that it expands, and

vice versa.
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GL(n, Z)is diffeomorphism since GL(n,Z) € GL(n,R) even so, F

is a diffeomorphism from R" to R".
fa(Z™) = Z", Therefore, A induces a map by quotient R™ by R™.

A:x+7" - A(x) + "

Definition 1.2.6 [20]

The tangent space is defined as the set of tangent vectors to a
smooth compact Riemannian manifold M at x € M, denote by T, M,

and it is a real vector space.

Note 1.2.7

Recall that the derivative of f at x is a linear map from the tangent
space at x to the tangent space at f(x), see Fig (1.5), illustrate the

tangent space at a point x of a manifold M.
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Figure (1.5) : Illustrate the tangent space T,,M at a point x of a manifold M

Definition 1.2.8 [14]

Let U € R™be an open set and f: U — R™ be a C! diffeomorphism
map. The term hyperbolic fixed point of f refers to the pointx € U
satisfy f(x) = x, moreover, Df (x) has eigenvalues that are not on the
unit circle, then we say that x is a hyperbolic periodic point of f with

n —period, can you see in Fig (1.6).

Stable (or unstable) subspaces, represented by E*(resp. E%), are
the union of the generalized eigenspaces corresponding to the

eigenvalues inside (resp. outside) the unit circle.
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A

x/ .
I

Figure (1.6): Hyperbolic fixed point

Definition 1.2.9 [30]

The stable subspace E°, is spanned by the generalized

eigenvector associated with the eigenvalues less than one of A4 .

Definition 1.2.10 [30]

The unstable subspace EY, is spanned by the generalized

eigenvector associated with the eigenvalues more than one of 4 .

One implication is that as time t tends to +o0, all solutions converge

to zero or infinity, respectively.
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Let's review what we already know about stable and unstable sets:
ES(x) ={y e M:d(f"(x),f"(y)) » 0,as n - o}

E*(x) ={y e M:d(f"(x), f"(»)) = 0,as n - —oo}

Where pery,(f) is a hyperbolic periodic points of x.

Example 1.2.11

By Example (1.1.18), illustration of how the modulo operation
expands and rearranges the unit square as a result of the linear map, see

Fig (1.7).

Figure (1.7): Illustration of how the modulo operation expands and rearranges the unit
square as a result of the linear map. The orientation of the contracting and expanding

eigenspaces is indicated by the arrowed lines.
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Example 1.2.12

Consider the map H, ,: R* - R? given by

Hyp = (“fiiﬂ’), foralla,b € R

to find the fixed points of the Henon map, we have to solve the
equations, there are two fixed points if @ # 0 and (b + 1)? > 4a, one
fixed point if a # 0 and (b + 1)? = 4a, ifa =0 and b # —1 and no

fixed point otherwise, these fixed points are hyperbolic except when

—3(b+1)? b+1)2
(b+1) or( ) .
4 4

b=1and -3 <a<lorwhenb # —1anda =

Non hyperbolic fixed points, when |[f'(x)| = 1, the stability
criteria for non hyperbolic fixed points are more involued, were x is a

fixed point of f .

Definition 1.2.13 [30]

A diffeomorphism map f:M — M of a compact Riemannian

manifold M, we called that a closed, invariant subset
A c© M hyperbolic if the tangent space T,M of M at x, can be

represented as the direct sum of subspaces E*, E* such that
o TAM =E® D E"
o Dfi(E?) = Epey, D (EY) = Efy)

and there is C >0, 1 € (0,1) thatis foranyn > 0,



Some Concepts of Topological Manifold
Chapter One

and Hyperbolic Systems

e IDAW)II < CA™|[vll, when v € Ey

e |[DFF(W)| < CA™||v||, when v € EX

Definition 1.2.14 [30]

The collection of all such vectors at all points x € M is called the

tangent bundle of M and is denoted

™ = {(x,v):x € M,v € T,M}

Definition 1.2.15 [30]

Let f: M — M be a diffeomorphism map is said to be uniformly
hyperbolic or Axiom A satisfy:

e The tangent bundle restricted to () has a hyperbolic spliting
or the Q (f) has hyperbolic structure.

e The set of all periodic points, denoted by Per (f), is dense in
Q(f).

Definition 1.2.16 [24]

A diffeomorphism map : M - M of Reimanian manifold M; is
called uniformly hyperbolic, or an Anosov diffeomorphism map, then
the tangent bundle TM has continuous splitting into direct sum

DT —invariant subbundles for every x € M.
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TM = ES(x) @ E*(x)
and for any n € N, there exists A € (0,1) and constants C > 0 such that
IDf*(v)|| < CA™||v|| forall v € ES(x) is unit vector
IDf ()|l < CAM||v|| for all v € E*(x) is unit vector

Stable subspaces at x are denoted by E®(x), while unstable subspaces

are denoted by E"(x)

Example 1.2.17 [24]

Every Anosov diffeomorphism is consistent with Axiom A. In this

instance, the entire M manifold is hyperbolic. .

It is important to notice that this According to Definition (1.2.15),

all periodic and fixed points of f must be hyperbolic, since

Per(f) < Q(f) for any diffeomorphism f. Manifolds corresponding to

f™ are those under which the hyperbolic fixed point x is an invariant.

Note 1.2.18

Let M be a smooth Riemannian manifold, then the diffeomorphism

map f: M — M is an Anosov map if A=M.
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Example 1.2.19

In Example (1.1.18), Arnold’s cat map is the simplest example of

an Anosov diffeomorphism, automorphism map of T2

Note 1.2.20

More generally any linear hyperbolic automorphism of the n-torus

fa: T™ = T™ is Anosov diffeomorphism map.

In terms of a pair of splitting of the tangent manifold TM into
invariant subbundles E° and EY%, where E° and EY are both C" for each

point in the manifold.

Definition 1.2.21 [24]

Suppose that a closed f-invariant set A subset of M, and f, the

restriction of f to the set A. A compact neighborhood U of A, that is
Af(U) = Nnez f"(0)
A set Ais called locally maximal , there is U of A such that
A = Af(0)

and denote by (LM).
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Example 1.2.22 [24]

Smale Horseshoe is example of locally maximal hyperbolic sets,
since ES(x) N E*(x) = {0}, the local stable and unstable manifolds of
x intersect at x transversely. By continuity, this transversality extends

to a neighborhood of the diagonal in A X A, see Fig (1.8).

Figure (1.8): Generating a horseshoe.

Definition 1.2.23 [24]

Let f: 3 — J be a map has topological transitive, a subset X € J
has no isolated points this condition is equivalent to the existence of a

point whose o; —limit set is dense in X, then X is called transitive set.
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Theorem 1.2.24 [7]
If A is hyperbolic set with non empty interior, then f is Anosov
(A = M), satisfy:
e A is an transitive set.

e A is locally maximal.

Definition 1.2.25 [7]

A diffeomorphism f: M - M on a smooth compact manifold M,
we denote the set of C"diffeomorphism from M to M by dif f" (M).

Definition 1.2.26 [7]
Let f: M — M be a diffeomorphism map on a closed manifold M

and A be any f —invariant set. A continuous splitting
M =E,(x)® ... BE,(x)

x € A of the tangent bundle over A is dominated splitting if it is

invariant under the derivative Df.

Now, we will know another case of hyperbolic systems:

Definition 1.2.27 [7]

Let f: M — M be a diffeomorphism map on a closed manifold M,
we say that f is a partially hyperbolic diffeomorphism map satisty:



Some Concepts of Topological Manifold
Chapter One

and Hyperbolic Systems

TM = EX® ES @ ES

where the subspaces E; ,Ey, Ex are stable, unstable and center

subspaces at x respectively
 Df(x)Ey = E¥f(x),
e Df(x)Ex =Ef(x)
o Df(x)Ex = E*f(x),

for all unit vector v° € EZ,v¢ € E{ and v* € E¥ we have

(Df(x)v®) <1< (Df(x)v")
(Df (x)v®) < (Df()ve) < (Df(x)v")
that content:

e There is a dominant splitting.

e E"is uniformly expanded, E* is uniformly contracted, There is

a non-trivial one of them.

e The set of partially hyperbolic diffeomorphism map is C*-open
indif f1(M) .
e The subspace E€, is spanned by the generalized eigenvector

associated with the eigenvalues equal to one of 4 .
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Example 1.2.28 [32]

Let f: T3 — T3 be a partially hyperbolic (but not Anosov), and can

be decomposed into two or three invariant subbundles.

o TM = ES@®EF®, the one-dimensional uniformly hyperbolic space E?,
and the two-dimensional non-uniformly hyperbolic space E°.

e TM = E“®E°, the one-dimensional uniformly hyperbolic
(expanding) space E", and the two-dimensional non-uniformly
hyperbolic space E*

o TM = ES@®E‘@®E"Y, the one-dimensional uniformly hyperbolic
(contracting and expanding respectively) spaces E®,EY, and the

one-dimensional non-uniformly hyperbolic space E€ .

Definition 1.2.29 [30]

A foliation 1s a partition of a subset of the ambient space into
smooth submanifold, that one calls leaves, of the foliation, all with the

same dimension and varying continuously from one point to the other.

Definition 1.2.30 [39]

We designate the unstable, stable, and center foliation manifolds
for all x of Riemannian manifold M, by W"(x), W3(x)and
WE€(x)respectively, and for € >0, denote by Wg(x), Ws(x)

and WE(x) are the local leaves of size €, that is,

o W) ={y e W'®Id(f™(x), (f () < &x =0}
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o W (x) ={y e W()|d(f*(x), (f*(y) <& x =0}

o We(x) ={y e W)Id(f“(x), (f*“(y)) <& x €L}

The conjugacy h image of E® is a region close to the origin inside
E®, and it has the same dimensions as E®. In addition, when time
approaches infinity, a fixed point in W, the orbits of the points truly

converge.

y € W#(x) ifand only if f"*(y) € W:(x),¥yn =0

Corollary 1.2.31 [20]

If a set A is hyperbolic under a diffeomorphism map f, then

e ES(x)= Ukzof_k(Eég(fk(x))) )
o F%(x)= Ukzof_k(Eg(f_k(x)))

Note 1.2.32

If f is Anosov diffeomorphism map, then E®, E¥ are uniformly
contracted (expanded) respectively and E€ = {0} , but if f is partially
hyperbolic diffeomorphism map then either E®is uniformly contracted

or E* is uniformly expanded and E€ # {0}
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Proposition 1.2.33 [34]

Let f: M — M be amap, on amanifold M, f € dif f" (M), for some

r = 1, and x,y € M are hyperbolic periodic orbits having a cycle, then
e E*(X)NE*(y)#0,

* EX(x)NE*(y) # 0.

Definition 1.2.34 [35]

Let f: M — M be C"-diffeomorphism map, f is called robustly
transitive, there exists a C"-neighborhood U(f) of f such that every
g € U(f) is hyperbolic transitive map.

Example 1.2.35

See Example in [35], f is robustly transitive.

Corollary 1.2.36 [36]

Let f be a robustly transitive diffeomorphism map which has a
hyperbolic periodic point Pery (f) with index one. Then one of the
following properties holds:

e f could be Anosov diffeomorphism map.

e f could be a partially hyperbolic diffeomorphism map.
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Definition 1.2.37 [24]

Let f:M — M be C"-diffeomorphism map, f is called robustly
non hyperbolic transitive map, there exists a C"-neighborhood U(f)
of f such that every g € U(f) is non hyperbolic transitive map, denote
by RNTD.

Example 1.2.38 [24]

See example (5.2) in [22], f is robustly non hyperbolic transitive.

In general, if f € dif f(M) is robustly transitive map then f is
transitive, vice versa is not true, but in [22], it has been proven that the
opposite is true if f is transitive and uniformly hyperbolic then it is
robustly transitive, see Fig (1.9). Indeed, if f € dif f(M) is robustly
transitive map and dimM <3 then f is partially hyperbolic

diffeomorphism map.
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By definition (1.2.34)

Robustly transitive Topological transitive

If fis Anosov
diffeomorphism map

Figure (1.9): Relation between transitive and robustly transitive in dif f (M)

Definition 1.2.39 [7]

Let f:M - M be a diffeomorphism map is called strongly
partially hyperbolic if there is a Df —invariant splitting

TM = ES®E° @ E*

such that E° and E* are uniformly contracting and uniformly expanding
respectively, and both of them are not trivial. A diffeomorphism is
hyperbolic if it is strongly partially hyperbolic and E€ is trivial, we say
that E€ is the central direction of the splitting.
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Definition 1.2.40 [30]
Let f € dif f (M) be a map from a manifold M to itself and

g € dif f (M") be a map from a manifold M'to itself f, g are called
topologically conjugate if there is a homeomorphism A: M - M’ such

thatho f = goh,amap his called a conjugacy.

Example 1.2.41 [27]

Let Q,:C — C be Quadratic map, where Q, = ux(1 —x) when
u 1s sufficiently large. Recall that all points in R tend to —oo under
iteration of @, with the exception of those points in the Cantor set C,
and the Shift map $:%, = X,, if u>2++/5 then there exist a
homeomorphism #: C — X, satisfy i o Q, = So ii. A point x in C may
be defined uniquely by the nested sequence of intervals, N0 Is

0S1--Sp -

determined by A(x). Now

Tagsys0 = I [ )@ U [ ][ ) @)

so that Q,, (I, ) may be written

0S1--Sn

I, NQ U )N . NQI,) =1, s, -

since Q#(ISO) =] . Hence

ho Qu() = 1, (ﬂ 1)
n=0
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=h (ﬂ 151...sn>
n=1

=555 ....= Soh(x)

Definition 1.2.42 [27]

A Cldiffeomorphism f: M — M is called structurally stable, for
every & > 0, there exists § > 0 such that if g € Diff'(M) and
d,(g,f) <6, then there is a homeomorphism A:M — M for which
foh = hog and dy(h,Id) < e .

Example 1.2.43

Let f;: T™ - T™ be Anosov diffeomorphism map are structurally

stable, see Theorem (2.1.10).

Definition 1.2.44 [26]

Let x € M be a periodic point for f:M — M, where M is
topological manifold. A homoclinic point to x is a point y # x which

lies in E°(x) N E*(x), where E® is stable set and E* unstable.
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Example 1.2.45 [36]

By Example (1.2.43), Q,(x) = ux(1 — x), with u > 4, where
Q,:[0,1] - [0,1], @, has two fixed points, 0 and p,, = “T_l both of

which admit infinitely many homoclinic points, see Fig (1-10).

Figure(1-10): Illstrate the Quadratic map has infinitely many homoclinic points

If u=4, % lies on homoclinic orbit to 0, we see below that

homoclinic orbits lead to chaotic behavior, at least on some invariant
subset, while homoclinic orbits often lead to complicated bifurcations

when a parameter is varied

Definition 1.2.46 [17]

Letf:M — M be a diffeomorphism of a smooth manifold and
dif f (M) be the space of diffeomorphisms of M endowed with the C*!
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topology. We say that a subset R  dif f(M) is residual if R contains
the intersection of a countable family of open and dense subsets of

dif f(M); in this case, R is dense in dif f(M).

Definition 1.2.47 [21]

We call a map F: R™ — R™ is lift of f if the canonical projection
pri: R™ = T™ is onto, continuous (that is pr;of = Fopr;). For a given

map f: T" - T" alift F: R™ — R™ will not be unique.
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This chapter discuses some general properties and topological
metrical chaoticity properties of Anosov diffeomorphism maps
f4:T™ = T" on the torus T™, it plays nice and an important role in
dynamical systems, where represent of more perfect type of global
hyperbolic behavior it give examples of dynamical systems with

structural stability.

The first section investigates general properties of Anosov

diffeomorphism maps f, from the n-torus to itself.

Section two presents topological and metrical chaoticity properties

of Anosov diffeomorphism map.

2.1 General Properties of Anosov Diffeomorphism
Maps

This work aims to study the general properties of Anosov
diffeomorphism map. A diffeomorphisms on compact manifolds, we
consider the case where an n-dimensional torus T" = R"/Z" is a
diffeomorphism of a smooth Riemannian manifold M termed Anosov if

and only if M is a hyperbolic set of f.

F:R™ - R" induce of Anosov diffeomorphism map on T", then F, be
the lift of f; , where F, has a unique saddle fixed point in each square
unit. We study a class of a map of the torus. Let A be an n X n matrix
with integer entries. Then A acts linearly on R™, we can use this linear

to define a map f;: T™ — T" on the torus T™.
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1

If det (4) = +1, then det (A7) = .

A71lis a gain matrix with

integer entries, so it induces a well-defined map f;: T"™ — T" then f, is

an invertible and the inverse is given by (f3)™! = f4-1 .

We will present some lemmas and we prove some Theorems to

show general properties of Anosov diffeomorphisms.

Proposition 2.1.1

If f4,fg: T™ = T™ are two maps that induce matrices by means
of Anosov diffeomorphism maps then, f4 o fz again is Anosov

diffeomorphism map .

Proof: Let x € T"; where x = (x;);i=1,..n without losing

generality of the proposition, if we taken = 2,

faeofp (x;)= fA(B(xi)) =AB(x;); x, ET"i=1,..n
Since f, and fz are two Anosov diffeomorphism maps,

det(A. B)=det(A).det(B) then det(AB)=+1 ,we know that

then A and B have the interiors of AB are integer number
Let the eigenvalues of A be|4;]| < 1, |/1j| > 1, where
i=1,.. kandj=k+1,..,n
and the eigenvalues of B are
18] < 1, |ﬁj| > 1,wherei=1,..kandj=k+1,..,n

Then the eigenvalues of A. B is|1;£;| < 1land |/'lj,8j| > 1, such that
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1204 18:0-1B;] = 1
Thus f; o fg Anosov diffeomorphism map requirements must be met

S0, f4 © fg 1s Anosov diffeomorphism map. =

Corollary 2.1.2

Given an Anosov diffeomorphism map f,: T" — T™ , we say that

f4™ is also an Anosov diffeomorphism map, for all m.

Proof: Assume f¥ is Anosov diffeomorphism map, k = 1,...,n — 1
By Proposition (2.1.1), f¥*1 =fkofy, k=1,..,n—1 is Anosov
diffeomorphism map,

By Proposition (2.1.1) f£*1 is Anosov diffeomorphism map.

so, by Induction Law f;" is Anosov diffeomorphism map m

Remark 2.1.3
e If f, and fp are both Anosov diffeomorphism maps, then f, + f5

need not be one as well.
® f40 fp is not an Anosov diffeomorphism map if and only if f, (or

fg) 1s an Anosov diffeomorphism map and fz (or f,) is not.

Example 2.1.4

Let A, B be two matrix assailed to Anosov diffeomorphism maps

such that:
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p=(t Puir=(3 )

Since det (A + B) # +1, then A + B does not induce of to Anosov

diffeomorphism maps

2 2
2 5

diffeomorphism maps.

5 30

If C =( )then B o(C also does not induce of to Anosov

SinceBoCz(

Proposition 2.1.5
If f4 and fp are two Anosov diffeomorphism maps, then
fa X fg 1s Anosov diffeomorphism map.

Proof: Let A and B be matrices such that

aiq v O b11 bln
Apq e eee e App by e bpn

of  f4,fgrespectively, since f; and fzpare both  Anosov

diffeomorphism maps so the eigenvalues of f, and fz is not equal to 1.

1

?=1|Aj|
J#i

The eigenvalues of A is |4;]| = > 1,wherei=1,....,n

and the eigenvalues of B is |B;| = l'[” 1|ﬁ | > 1,wherei=1,.....,nthe
j=1lPj

J#i

eigenvalues of A X B not equal one , then the map from f, to fz is an

Anosov diffeomorphism map . m
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Note 2.1.6

If f, is an Anosov diffeomorphism map, then f; ! is again Anosov
diffeomorphism map.
Since A € GL(n,Z) and f is diffeomorphism map, then A~ € GL(n, Z)
Since f and f ™1 are bijective and continuous

Then f; ! is also Anosov diffeomorphism map.

Proposition 2.1.7 [21]
Let f; :T"™ - T"be Anosov diffeomorphism map of T" with

corresponding matrix A has A;, where i = 1, .....,n, then the set of

rational points of f, correspond precisely with the set of rational points

of T".
Di n n
{(;)_ ) +7Z",p;,,q €ENand 0 < p; < q}
l=
Proposition 2.1.8

Let f, : T™ - T™ be Anosov diffeomorphism map, then F, is the
lift of f,, F4 is not expanding.
Proof: Since f, is Anosov diffeomorphism map then the Jacobean
matrix of f, have det(F,) = +1 such that, [[L,]|1;| =1

There existk = 1,..,j |A;| = ﬁ # 1, |A| less than one
k+1

and k =j+1,..,n,|A;| more than one,

then by Definition (1.1.13), F4 is not expanding. m
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Lemma 2.1.9

The lift of f, is not contracting if and only if f; :T™ - T" is an
Anosov diffeomorphism map, as required by the Definition (1.1.13).

Proof: The proof of Lemma has the same of Proposition (2.1.8), as

required by the Definition (1.1.13).

Theorem 2.1.10
If f,:T" > T" is Anosov diffeomorphism of T", then f, are
structural stability .

Proof: Let x € T™, since F, is diffeomorphism such that F, ~; Fg and
Let U(x) be neighborhood of x, we claim that any § > % and we will

defined d(fy, fz) = subyern|lfa(x) — fe(x)|l then we must have
fg(x) € U(x) we mean that is neighborhood of the fixed point and

6 such that if a map Fj is ¢ — 6 closed to F, on this neighborhood then
F, is topologically conjugate to Fg on this neighborhood, by definition
of F, contain n-eigenvalues |A;| > 1where k =1,...,j and |1;] <

lwhere k =j+1,..,n

A, 0 .. 0
Let B = 0 9F,:1nzFél’
0 e A

FMx)=E"1F}(x)E

L 0
0 an
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A0 ... 0 X4 ATxy
prEmy =9 o~ )=
0 e A\ Arxy

Since |[A;| > 1, where k =1, ...,jand [1;| < 1,where k =j + 1,..,n
Axq

we find that || B"E (v)|| = = , nARxE -0
AnXn

Then f*(v) = EZY(B"E(v)) - 0

That is d(f;*(x), fg'(x)) < &, forall§ > 0

Then F, structural stability. =

Remark 2.1.11

Since F,;: R™ = R" is induce Anosov diffeomorphism map of T",

we referto f,: T™ — T™ as having structural stability.
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2.2 Some Topological and Metrical Chaoticity

Properties of Anosov Diffeomorphism Map

In this section, some topological and metrical properties of

chaoticity are studied for Anosov diffeomorphisms maps.

Theorem 2.2.1 [11]

Ifamap f; :T™ - T" is Anosov diffeomorphisms map, then the
lift of f4 1s F4 , each non eventually periodic point in its domain has a

positive Lyapunov exponent.

Theorem 2.2.2

Let f4 : T™ = T™ be Anosov diffeomorphism map and F, be the lift

of f, .Then, the set of F, periodic points is a dense set.
p1

X, p
Proof: Let ( : ) =| : | € R", has rational coordinates such that

Xn Pn
q
pi €N , e N/{0}, 0 < p; <q, then F'(x;) = %i where p]' are

integers ,0 < p;* < q, foralli = 1, ...,n which are given by
i

_:Anﬁ 7n
; (%) mod

Since there are at most g™choices for (p;*) there exists
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X1 X1
O<£’¢n$q”+1suchthatF£< 5>=Ff( : )thismeansxiis
xn xn

eventually periodic and
since f, is an invertible, this implies that x; is periodic point ,

Conversely, if x; 1s a periodic point , then there is n such that

X1 X1
le le
So by definition of F, this means that there exists [; € Z , for all
X1 X1 L
xn xn ln
X1 L
Then (A™ — I)( : ) = ( E )where
X, L,

i =1,...,n such that

1 0 0
=9
0 1

Let us check that (A™ — I) is an invertible since f, is hyperbolic.
A has no eigenvalues equal to 1, so A™ has no eigenvalues equal to 1.
So, the solution vector v cannot be non zero. (A™ — I)v = 0 and

This shows that (A™ — I) is an invertible.
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X1

Hence, we can solve ( :

) = (A" -1 foralli =1,..,n since A
Xi

has entries in Z, (A™ — I has entries in Z and (A™ — )~ ! has entries
in Q,
So any x; are rational numbers, forall=1, ...,n..

Since the set of rational numbers in R™ are dense. m

Remark 2.2.3

Since F4: R™ = R" induces an Anosov diffeomorphism map on

T™, thus we say the set of all periodic points of f, are dense.

Proposition 2.2.4

Let f, :T"™ = T™ be an Anosov diffeomorphism map. Then the

homoclinic points are dense in T™ .

Proof: We assert that E° is a line with an irrational slope in R™,

assuming that E® is the stable subset in R™.

Since A is an integer matrix, E® must go through a point with
coordinates (x;)j=;since x; € Z. This means that every iteration of
(x;)j=, will have integer coordinates. However, given f™(x;)j=; — 0

as n — oo, this is impossible.
The x-coordinate of the E° and y = z point is x,,.

Keep in mind that the irrational slope of E® is the reciprocal of x;.
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Since x,=2x1, and x, = n,_ in general, the projection of (x;, ) onto the
plane is [#;, 0] for any j such that 0 < #; < 1 are the iterative pictures

of [0] under an irrational translation of the circle defined by the line y=0

in 7.

By Definition (1.1.12) these points are dense in 7".m

Theorem 2.2.5

Let f,:T™ - T™ be an Anosov diffeomorphism map, then f, is

topologically transitive.
Proof: Let U and V be open subsets of T,

by Proposition (2.2.4), there exists x a homoclinic point and i > 0,

since the set of a homoclinic points is dense such that

fi(u) = x whereu € U, f¥(w) = x where,k>i andw €V
fiw) =x = ffw).

Choose m = i + ksuch thatx € f,*(O) NV = @

Then by Definition (1.1.15), f, is topological transitive. m

Theorem 2.2.6

If f,:T" > T" is an Anosov diffeomorphism map and F, be the

lift of f, then F, has sensitive dependence on initial condition.
Proof: By Theorem (2.2.2), Per (f,) is dense in T™

Let x;,Vi = 1, ...,n. be periodic points , and
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U be an open set such that x; € U,Vi=1,...,n

(_oeo=0

Let x4, x, be two periodic points such that
§p = d(U(x;),U(xz)). where 8 = 2,6, > 0

and for every y € T™ other

d (3, ) > 2

Assume U any open set that includes y and Ng(y) is neighborhood of
y with radius &

Let z be a periodic point in H = U N Ng(y) with n-period from this we

conclude that one of the point x, x, dentedx has an orbit for which
d (y, Qf, (x)) > 448, where Q are rational numbers

Let us define V =N, f(Ns(fi(x)), where V is non-empty set,

because x € V, and V is an open.

From Theorem (2.2.5), of f4 then there exists p € H and k is integer
number such that £f(p) € V

Let I be integer part of % + 1.

Consequently S +1=1I+r,whereristherest, 0 <r <1

Then nl—k=n-rn, it follows that O0<nl—k<n by

construction

) = [ (£E@) € 7% © N~ (2)), where m > k.
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Leta = f*(p) and b = £ *(x), note that
d(a,b) <6
Let use the Triangle Inequality for points z,a,b and y,z,b € Z
d(z,b) < d(z,a) + d(a,b),
d(y,b) <d(y,z) +d(z,b)
where
d(y,b) <d(y,z) +d(z,a) +d(a,b) or
d(z,a) = d(y,b) —d(y,z) —d(a,b)
By construction
d(y,b) = d(y, f{* () 2 d(y, Qs, (1)) = 45
Since z € Ng(y), thend(y,z) < §
It follows that
d(z,a) >45—6 -0 or
d(fa"*(2), fa" (p)) > 26

Applying the Triangle Inequality to the following
point " (¥), fo"* (2) , 4" (p) we get that

d(fa" W), fd" (2)) > & or

difi" @) fAm @) >6 =

Lemma “Franks” 2.2.7 [37]

Let f € dif f(M) and let U(f) be in Definition (1.2.42), then



Some Topological and Metrical
Chapter Two Chaoticity Properties of Anosov
Diffeomorphism Map

€ > 0, there is § > 0 such that for a finite set {y;} where i =1,....,N
a neighborhood U of {y;} and linear map §:T, M — Tr(, M satisfying
d(¢,Dy.f) <é,forall1 <i <N and g € U(f), such that

e g(y)=f)ify e M\Uand
o g(y) = exppiy © § ° expyy~ () if y € Be(yy), for all
1 < i < N, observe that assertion implies that g(y) = f(y) if

y € {y1,,yn}andthat D, g = ¢, forall1 <i < N.

Corollary 2.2.8

By Theorem (2.2.5), f, is a topological transitive and by Theorem

(2.2.1), f4 has positive Lyapunov exponents , that is, f, is chaos

according to Definition (1.1.39).

Proposition 2.2.9

Let f;:T"™ - T™ be an Anosov diffeomorphism map. Then the

map f, satisfy totally transitive.

Proof: Let Uand V be subsets of T",if U NV # @ then it is trivial.
Now if U NV = @ since f, is a topological transitive

and U € T™ then f,(0) c T™,

f# is Anosov diffeomorphism map, then f is topological transitive
50, fa(f4(0)) NV = @, by Induction Law ff(0) NV # 9,

for all k € N thus f, is a totally transitive. m
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Note 2.2.10

The converse holds true for maps with f, Anosov
diffeomorphism map by Proposition (2.2.9), every totally transitive is
topological transitive by Definition (1.1.22), illustrate that in Fig (2.1).

By Proposition (2.2.9)

topological transitive totally transitive

By Definition (1.1.22)

Figure (2.1): The relation between topological transitive and totally transitive.

Through previous theories, we showed that the Anosov

diffeomorphism map achieves several definitions of chaos according to



Some Topological and Metrical
Chapter Two Chaoticity Properties of Anosov
Diffeomorphism Map

its gradation from the weakest to the strongest from definitions of chaos,

which is the definition of Devaney.

Corollary 2.2.11

By Theorem (2.2.6), Anosov diffeomorphism map has sensitive
dependence on initial condition and has positive Lyapunov exponent at
each point in its domain that is not eventually periodic by Theorem
(2.2.1) then f, satisfy the chaos by Definition (1.1.38), that is , f, is

chaos in sense of Gulick.

Corollary 2.2.12

The Anosov diffeomorphism map is W-chaotic corresponding to
Definition (1.1.40), since by Theorem (2.2.5) Anosov diffeomorphism
map 1is topological transitive and Theorem (2.2.6) Anosov

diffeomorphism map has sensitive dependence on initial conditions.

Theorem 2.2.13

Let f4:T™ —» T™ be an Anosov diffeomorphism map. Then f, is a

chaotic in sense of Touhey

Proof: Let U and V be any two open sets in T", that the preimages

under pr; of Uand V in T" are open in R”.

Let x be an periodic point with m-period , we will produce f{(x) € V

for all a point x € U and an integer £ , where £ < m.

We may select points y € U and z € V that are homoclinic to 0.
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Now, let € > 0, choose an open interval J,,of length § > 0 in E*(0)
and containing y.
Similarly, choose J; containing z in E*(0)

f¥ expands J, by a factor of |1,|* and f;* expands J; by the same

factor, we choose k large enough so that:

o d(ff(1),0) <>
¢« d(fi*(@),0) <3

o [ k6> ¢

Here, d is the distance of the Euclidean distance defined in

neighborhood of 0.
Since f; *(J;) and f¥(J,) are parallel to E5(0) and E*(0) respectively,
it follows that

fAUD N fikUs) # @
Let x™ be a point in this intersection.
Then x = fF(x*)€ U and fX(x*)E V.
Consequently £2¥(x) € V, giving the required point.
Where £ > m, let x' be an periodic point with m -period, there is

adf=a+m, a<m
fix") = ()
fAGx) = ff ()

Then f{(x") € V. m
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Proposition 2.2.14

Let f;:T™ - T™be Anosov diffeomorphism map, then f; is
topologically mixing.
Proof: for each x € T", the unstable manifold E*(x) of f, is dense in
T™.
For every € > 0, the collection of balls of radius € centered at point of

E%(x) covers T", by compactness a finite subcollection of these balls

also covers T™,

hence, there is £(¢) > 0 such that every set X of length £(¢) in an

unstable manifold is € —dense in T™, that is
d(y,X) < e forallyeT"

Let U and V be non-empty open sets in T,

choose y € V and € > 0 such that B(y, &) C V.

The open set U contains a set of length § > 0 in some unstable manifold

E%(x).

Let A;, |[4;] > 1, for all i = 1, ..., j be the expanding eigenvalue of f,,
and choose k > 0 such that |1;|*§ > £(¢).

Then for any n > k, the image f;*(0U) contains a set of length at least

£(€) in some unstable manifold, so f;*(U) is € —dense in T™.

Therefore f{*(O) NV # 0. m
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Note 2.2.15

In general, every topological mixing is topological transitive , but
not the opposite, however when f; is Anosov diffeomorphisms, we say

the converse hold, see Fig (2.2).

topological mixing

totally transitive K4 topological transitive

Figure (2.2): The relations between topological mixing, totally transitive and

topological transitive of Anosov diffeomorphism map.

Remark 2.2.16

By Definition (1.1.20), we say the map is minimal if each orbit is
dense, since the periodic orbit is a finite set, so the map has no periodic

points.

Proposition 2.2.17
Let f4 : T™ - T™ be Anosov diffeomorphism map, then f; is not

minimal.
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Proof: By Theorem (2.2.2) the set of periodic points of Anosov
diffeomorphism map are dense

Then by Definition (1.1.20) f, is not minimal. =

We want to get relation  between  the @ sets
Per(f4), AP(f4), R(f4), Q(f4) denoted the set of periodic points, the set
of almost periodic points, recurrent points , non-wandering points of f,
respectively of Anosov diffeomorphisms map, every periodic point is

non-wandering point for any map.

In [21] Jong and Seong proved that relation between the sets for any

map f :

Per(f) € AP(f) S R(f) € Q(f)......... 2.1)

Now, to prove the non-wandering set () of Anosov diffeomorphism

map are equal in the space T".

Proposition 2.2.18

Let f4;: T™ - T™ be Anosov diffeomorphism map, then the set of

all non-wandering point equal to T™

Proof: By equation (2.1), Q(f,) € T™ now, we want to prove

T" < Q(fa),

Let x € T then there is U open set such that x € U,
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By Theorem (2.2.13), f4 is chaotic in sense of Touhay ,
Thus for all U ¢ T", thereis k € N and

y € U a periodic point of period m, for all f¥(y) € U
then fE(O)YNTU = @

X NT =@, andso T" S Q(fy)

Thatis Q(f,) =T". n

Theorem 2.2.19 [38]
f is pointwise non wandering map if each point is non-wandering

by Definition (1.1.35), on compact metric space to itself, f™ is

pointwise non- wandering map for each n > 1.

Proposition 2.2.20

If f, is Anosov diffeomorphism map then Q(f) = Q(f").
Proof: By Proposition (2.2.18), Q(fy) =T"and f, is Anosov
diffeomorphism map then by Definition (1.1.35), f, is pointwise non-

wandering and by Theorem (2.2.19), fi* is pointwise non-wandering

then T" = Q(fS") therefore Q(f,) = Q(f}). =

Lemma 2.2.21 [21]
On compact metric space if f4 is an equicontinuous then

Q(fA) = AP(fA)-
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Proposition 2.2.22 [21]

A continuous map f:S? — S? of the circle. Then

» TN
¥

Proposition 2.2.23
If £, is Anosov diffeomorphism map then Q(f;) = AP(f;)

Proof: By Lemma (2.2.21) and since f, is equicontinuous on 7™

and by Proposition (2.2.22), then

Per(fy) c AP(f,) = Q(fy) =T".m

Proposition 2.2.24
If f is Anosov diffeomorphism map then Q(f;) = R(f,)

Proof: By Proposition (2.2.23) and by Proposition (2.2.18), Q(f,) =

T™ we get
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R(fa) = T" thus Q(fa) = R(fa) .

Proposition 2.2.25

If f,:T™ — T™" is Anosov diffeomorphism map then
AP(fy) = AP(f)
Proof: By Proposition (2.2.23), Q(f,) = AP(f,) = T™ and since
fa 1s Anosov diffeomorphism map
f4* is continuous, and by Theorem (2.2.19)
Then

Q(fy") = AP(f) ,VvneN

Therefore AP(f,) = AP(f;') . =

Corollary 2.2.26

Since Anosov diffeomorphism map is transitive by Theorem
(2.2.5), sensitive dependence on initial condition by Theorem (2.2.6),
and the set of all periodic point are dense by Theorem (2.2.2) then the

Anosov diffeomorphism map satisfy Devaney definition.
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This chapter aims to investigate some sorts of shadowing property

in hyperbolic dynamical systems.

In the first section, we discuss the fitting shadowing property for
hyperbolic set, under sufficient conditions, we can achieve the fitting

shadowing property for non- hyperbolic set.

The two section deals with the eventual fitting shadowing

property for hyperbolic set.

The three section investigate the strongly fitting shadowing property
for hyperbolic set.

3.1 Fitting Shadowing Property for Hyperbolic Set

we recall the definitions and we formulate new definitions for later

application for different types of the shadowing property:

Definition 3.1.1

Let (J,d) be a metric space, and f: 3 — J be a map, a sequence

Vi oo € I is called a 8 —fitting pseudo-orbit of f, if there exists

8 > 0 and positive integer X = X(5) such that for all m> X and k € N,

we have

Z?;Old(f(%c)» yKZ+1) < 6 .
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Definition 3.1.2

A map f has the fitting shadowing property, denote (FSP) if for
every € > 0 there is § > 0 such that every § —fitting pseudo-orbit is

¢ —shadowed in fitting by the orbit of some point z € J, that is

m-—1
lim sup Z d(f(2),y.) < e
m— oo

K=0

Let M be a closed C* manifold, and f be a diffeomorphism of

M, let A c M be a closed f-invariant set, then denote by f|5 the

restriction of f to a set A.

Let U € M be a compact neighborhood of A and

IFORIATEO

Nnez

Let f € dif f (M), and the set of all periodic points of f is Per(f),
symbolize for Of(x), if the periodic f-orbit of x € Per(f) type of

hyperbolic saddle with period €(x) > 0, then there are the local stable

(unstable) manifolds EZ (x) , E¥(x) of x respectively for some

€ =€(x)>0.

In this work, we determine that E° (x) is the dimension of the stable

manifold , we symbolizes it by index (x).
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“Shadowing Lemma” 3.1.3 [14]

If A is a hyperbolic set for f, then there is a neighbourhood U of A
which has shadowing property.

Here C! — stable means that the shadowing property under

consideration is preserved by C! — perturbation of the original map.

Every transitive Anosov diffeomorphism map of M is topologically

mixing if M is connected,. Thus we have the following corollary.

Corollary 3.1.4 [14]

Transitive Anosov diffeomorphisms (TAD) are defined as the set
of diffeomorphisms of M satisfying the C* — stable shadowing property
(SSP).

Proposition 3.1.5

Let x,y € A N Per(f) be hyperbolic saddles points. If f|, has the
stable fitting shadowing property (SFSP), then

E°(0,) n E* (0;,(3)) # 0.

Proof: Let x, y € A N Per(f) be hyperbolic saddles points, and let €(x)
and €(y) > 0.

Put € = min{e(x), e(y)}. And let 8 = X(e) > 0 be the number of the
stable fitting shadowing property SFSP of f|,, there is x; € A such that

i d(ff ), R x) <e,for 0<k<i,
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i, d(f0), P (y) <6 forR+i<k <R+ 2i

implies (i) that

d (f-" (fi(xl-)),f‘”(x)> <efor0<n<i

and (i1) implies
d (f" (r (fi<xi))),f“<y)> <efor0<n<i

put z; = f'(x;) and let z = lim z; if necessary, we take a subsequene
i—>oo

if necessary. Then

since d(f~*(z), f k() < e < ex),

and

d(f" (M2, fr() <e<e(y)for0<n<i

we have that

z € Ely(x) € E¥(x) and fX(2) € E&,,(¥), that is,

z € Es(f‘“(y))-

Hence
z € E*CONES(f ) < E* (0, (0) n E* (0;(3))

ES (Of(x)) nE" (Of(y)) + 0. n
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Definition 3.1.6 [6]

A diffeomorphism map f is said to be Kupka-Smale if the periodic
points of f are hyperbolic, and if x,y € Per(f), then E°(x) is
transversal to E*(y). The set of all Kupka-Smale diffeomorphism map
is C1-residual in dif f(M).

Definition 3.1.7 [6]

A set A is locally maximal in U if there is a compact neighborhood

U of A such that A =A;(U), we say that f]5 £(U) fulfills the C!-stable

fitting shadowing property (C1-SFSP), if there are a compact
neighborhood U of A and a C* — neighborhood U(f) of f such that A
1s locally maximal in U and for any g € U(f) , g| Ay(U) satisfies the

fitting shadowing property. Here
Ag(U) = Nuez g™ (U) v, (3.1)

is called the continuation of A;(U) = A, in the case A = M, we just
say that f satisfies the C1-SFSP.

If r € Per(f) is hyperbolic, then for any g € dif f(M) is C!- near by
f, there exists a unique hyperbolic periodic point x; € Per(g) near by
x such that e(xg) = €(x) and index (x;) = index(x). Such that x, is

called the continuation of x.
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Proposition 3.1.8

Suppose f|a £(U) is verification the C! — stable fitting shadowing

property, let U(f) be as in Equation (3.1). Every hyperbolic saddles
points x,y € Ay (U) N Per(g) (g € U(f)), index (x) = index(y).

Proof: Let |\ £(U) be verification the C!stable fitting shadowing

property and x,y € A, (U) N Per(g) (g € U(f))be hyperbolic saddle

points.

Then, a C! —neighborhood exists V(g) € U(f) of g such that for any
Q € V(g), there are the continuation xyand y,(of x and y)in A,y (U),

respectively recall that since A¢(U) = A cint U,

we may assume that A, (U) cint U, for any g € U(f) reducing U(f).

To proof the Proposition by contradiction.

Let index(x) be less than index(y), and thus

dim ES(x, g) +dim E%(y, g) are less than dim M
(also dim E*(x, g) +dim E®(y, g) <dim M).

Now E*®(x,g) and E*(y, g) are stable and the unstable manifolds of x
and y with respect to g, by Definition (3.1.6)

Q € V(g).Then ES(xQ, Q) N E”(yQ, Q) = Q.

Since dim E*(x, g) =dim ES(xQ, Q) and

dim E*(y, g) =dim E”(yQ, Q). On the other hand, since Q € V(g),
9 € U(f) so Q|a,usatisfies the fitting shadowing property

so that
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ES(xQ,Q) N E”(yQ,Q) ==N0)

by Proposition (3.1.5), it is not possible, this is contradiction by above

assumption. |

Proposition 3.1.9
Let A be locally maximal in U, and U(f) be in Equation (3.1). If

x € Ay (U) N Per(g) (g € U(f)) is non- hyperbolic set .Then there
exists Q € U(f) possessing of x; and x, in Ag(U)are hyperbolic
periodic points with index (x;) # index (x,).

Proof: For a non-hyperbolic case of x € A;(U) N Per(g)

(g € U(f)),
PutV(g) c U(f), then we prove that there is Q € V(g) possessing of

a QM-invariant Cl-curve in U (V m > 0) whose endpoints are both

hyperbolic with index (x;) # index (x,).

By applying Lemma (2.2.7) and a small modification the map g with
respect to the C1-topology,

we may assume that D, g™ has only one eigenvalue A , with modulus

one (other eigenvalue of D, g¢™) are with modulus less than 1 or greater

than 1).

Denote by E< the eigenspace (all of the eigenvectors that correspond to
some eigenvalue A), by E; the eigenspace corresponding to the
eigenvalues with modulus less than 1, and by E} the eigenspace

corresponding to the eigenvalues with modulus greater than 1, Thus

T,M = E ®ES®EY.
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The proof consists of two cases with respect to dimension Ey:

Case 1 : dim ES = 1. The eigenvalue A is real with modulus is one, we
suppose further that A = 1, (the other case is similar)
Then by Lemma (2.2.7),3 ¢ > 0 and Q € V(g) such that

QO) = g (@) = x
and
Q(z) = expgieiyy © Dykg © €XP iy (2)
Ifz € B, (gk(x))for 0<k<el)-2,
and

Q(z) = expy © D1,y g © exp;.g(x)_l(x) (z) .

Ifz € B, (g€<x>-1 (x)).

e(x) -

Since A of D, Jigc 18 1, there is a small arc

I, € B.(x) N exp,E5(€) with its center at x such that
Qe(x) (Ix) = L.
Here Ej (€) is the e-ball in E5 with its center at the origin O,, .

Let I, © Aq(U), reducing both U(f) and ¢ if necessary (observe that

A is locally maximal). Denote by x; and x, are endpoints of L,

observe that

D, Qi =Dy g’ = 1; forall k = 1,2.
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Hence, by Lemma (2.2.7), with C1-modification of the map Q at the end

points, we may have that both points are hyperbolic with

index (x;) # index (x,) with respect to Q

Case 2 : dim E; = 2, and the corresponding eigenvalues that is, the A
are complex conjugate with modulus equal to one, in the proof the

second case to avoid notational complexity, we consider only the case

gx) = x
As in the first case, by Lemma (2.2.7), there is ¢ > 0 and Q € V(g) such
that
Qx) =gx) =x
and

Q(z) = eXPgw) ° Dwg ° eXp\Tvl (z)

If z € Bo(x). With a small modification of the map D,g, we may

suppose that there is T > 0 is the minimum number such that,
Dxg*(y) =y

for every y € expz1(ES(g)) by Lemma(2.2.7) .

Take y- € expy 1 (E$(€)) such that ||y-|| = iand set

£
Yx = €XPy ({t.yo: 1<t<1+ Z})
Then vy, © Aq(U) is an arc such that
Qk(Yx)n Qj(Yx) =Qif 0<sk#j<t-1,

Q"(vx) = Y and Qj,_ is identity map.
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As in the first case with a Cl-modification of the map at the endpoints

x; and x, of y,.
We have that both points are hyperbolic with

index (x;) # index (x,). =

Theorem 3.1.10

If  fla,uy satisfies the  C!'— stable fitting shadowing

property (C* —SFSP), then there is a C! —neighborhood U(f) of f,
for any g € U(f), any periodic points X1,X2 € A g (U) are hyperbolic

and index (x;) = index (x,)..
Proof: Let f|5 ) be satisfies the C! —SFSP, and U(f) be in Equation
(3.1), to get the conclusion,

it is enough to show that every x € A,(U) N Per(g) (g € U(f)) is
hyperbolic.

Then by Proposition (3.1.8), we prove this Theorem by contradiction.

Let x € A;(U) nPer(g) (g € U(f)) be non- hyperbolic,

by Proposition (3.1.9), there is Q € U(f), possessing hyperbolic

periodic points x; and x, in Aqg(U) with different indices .

This is impossible again by Proposition (3.1.8) since f|p £(U) satisfies

C! —stable fitting shadowing property SFSP. ]
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We aim to explain the stable fitting shadowing property (SFSP) for
partially hyperbolic diffeomorphism (PHD), contain x;, where

[ = 1,2 saddle points with different indices, then f does not satisfy the
fitting shadowing property.

Note 3.1.11

we assume that the center direction with one dimensional is open
in dif f (M) for the strongly partially hyperbolic diffeomorphism map
f € SPH;(M)defined by Proposition (1.2.33), there existx,ya
hyperbolic periodic points have not equal indices. Then f does not

achieve the fitting shadowing property.

Theorem 3.1.12 [39]

There exists an open and dense set M of dif f1(M), such that all
f € M satisfies: if for any C!-neighborhood U of f there is M’ € U
has two distinct hyperbolic periodic points with different indices, then

f has two distinct hyperbolic periodic points with different indices.

Theorem 3.1.13 [7]

Every robustly transitive set has a dominated splitting.
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Proposition 3.1.14

Suppose that a C1-dense open M’ € RNT(robustly non-hyperbolic
transitive) diffeomorphisms such that, for every f € M does not satisfy
the fitting shadowing property.

Proof: Let M be closed manifold of dimension greater or equal three,

by Theorem (3.1.12), there is a dense open subset M'' € RNT, has two
saddles points with different indices. for any f € M such that then f

has two distinct hyperbolic periodic points with different indices.

since f € M is robustly transitive by Theorem (3.1.13), then f has a
partially hyperbolic splitting

ES@®E‘@E".
by Theorem (3.1.12), there exists x, y saddles points with different
indices,

then f does not achieve fitting shadowing property. m

Proposition 3.1.15

There is a C1-dense open M in RNT N SPH, (M) such that every
f € M does not achieve the fitting shadowing property.

Proof: By Theorem (3.1.12) satisfy, there is an open and dense subset
M'" in RNT such that every diffeomorphism in M’ has two saddles

with different indices.

Put M = M' n SPH,(M). Then by the openness of SPH;(M), M is
open and dense in RNT N SPH{(M). Let f € M, then there are two
saddles x, y so that W"(x) is less than from dimension W"(y).
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Since dim E€ = 1, we see that dim W%*(x) =dim E*, then f does not

satisfy the fitting shadowing property. |

Proposition 3.1.16

Let f: M — M be satisty fitting shadowing property. Then for every
x € M is hyperbolic periodic point, then W*3(x) and W"(x) the stable

(unstable) manifolds respectively are dense in M.

Proof: Given x is hyperbolic periodic point (x is fixed point) for f, we
prove that the unstable manifold W"(x) is dense in M. Assume that

(x) = x, and f€ where € is the period of x.

Suppose Wsul (x) is local unstable manifold for any &; > 0, take any

x; € M and 6, > 0, it is sufficient to show that there exists x, € M , to

show that d(x,x,) < 8, and x, € W"(x).
Put § = % min{d,,d,}, and assume ¢ > X(§) any integer.

Since f satisfy fitting shadowing property, for any oo > 1.

f4(B_,(x,6)) NB(x;,8) # @, where B(x;,5) stands for the closed
ball of radius § a round x; , since the previous intersection is a strictly

decreasing family of closed sets.

By compactness of M there exist a point x, € M, such that

x €[ | F{(B-o(6.8) N Bx,,8)

Then we have

d(x,,%x1) < 6,and d(f ¢ (f‘f(xz)) ,f79(x)) < 6, forany o > 1.
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The letter implies that x, € f* (ng (x)) =f? (ng ( f ‘{)(x))).

Thus we have x, € W¥*(x) and d(x1,x,) <6, . =
If A = M, then we say that f has the fitting shadowing property.

Note 3.1.17

It follows that C!-generically a non-hyperbolic diffeomorphism
map does not have fitting shadowing property .On other hand, maps
with the fitting shadowing property could be dense in the complement
of the uniformly hyperbolic diffeomorphism map. Even for some

dynamical systems with partial hyperbolic.
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Center Fitting Shadowing Property for Partial Hyperbolic

Diffeomorphisms:

Let f: M — M be a partially hyperbolic diffeomorphism map on a
closed (that is, boundaryless and compact) Riemannian manifold M

with uniformly compact center foliation W€,

To use a central pseudo orbit (PO) for explain that any pseudo orbit
(PO) of a partially hyperbolic diffeomorphism (PHD) can fitting
shadowing property by a central pseudo orbit.

Generally, for a partially hyperbolic diffeomorphismf, the stable
and unstable foliations always exists while the center bundle might not
exist. In this section, we restrict ourselves to the case that the center

foliation exists and uniformly compact .
It is first shown that if a compact locally maximal invariant center

set A is center topologically mixing then f|jp has the center fitting

shadowing property (any fitting shadowing property FSP with a large
spacing can be center shadowed by a periodic center leaf with a fine

precision .

Let Per¢(f)be the set of all periodic center points for partially
hyperbolic diffeomorphism.
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Definition 3.1.18 [27]

An § — fitting pseudo-orbit {y, } r=o is called central if for any k €
Z the inclusion y, € Wy (Vic41) -

Lemma 3.1.19 [16]

Let f be partially hyperbolic diffeomorphism on M with uniformly

compact center foliation W €. Then there exists 6 > 0,

for all 0 < € < §, there exists X = X(g) > 0 verification the following:
for all x;,x, € M with d(xy,x,) < X, if x;" € W(x,) then there exists
x," € WE€(x,),such that WS(x;") N WH*(x,') # @ has exactly one

point.

“Center Closing Lemma” 3.1.20 [28]

Let f be a partially hyperbolic diffecomorphism map on M
with a uniformly compact center foliation. Then for any & > 0,
there exist & € (0,¢&)such that for any x € M and n € N with
d(x, f™"(x)) < 8, there exist a periodic center leaf W€¢(x") of

period € satisfying

dy(We(x), We¢(x") < ¢
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Proposition 3.1.21

Let f be partially hyperbolic diffeomorphism map on M with a
uniformly compact center foliation and A be a compact locally maximal

invariant center set of f , then

Per¢(f)|x = A. Moreover, for any periodic center leaf W€ (x)in A, we
have W% (x) is dense in A, that is W<%(x) o A.
Proof: Since A is center topological mixing, then from Lemma (3.1.20),
we get Vx* € Aand any € > 0
there exists periodic center leaf W€ (x) such that

dy(We(x*),W°(x)) < e.
Where d(0,0) denoted the Hausdorff distance given by

dy (A, B) = max mind(a, b)

a€A bEB

For closed subsets A,B M.

Therefore, every center leaf which lies in A can be approximated by a
sequence of periodic center leaves and hence the periodic center leaves

are dense in A. Given a periodic center leaf W€(x) in A.

Since Per¢(f)|p = A we only need to prove that for any y which lies

in a periodic center leaf, and for all € > 0, we can find a point

y' € W (x), such that

diy',y) <e

Since the center foliation W€ is uniformly compact set and A is center

topological mixing,
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for any open center sets Uand V which contains W¢(x) and

W €(y) respectively,
there exists £ € N such that f{(U) NV # @ forany i > £.
take § > 0, such that the corresponding result in Lemma (3.1.19) holds.
By continuity for the center foliation W we obtain
U c By, (W(x),8) andV c B, (W (y),€).......... (3.2)
suppose W €(x) of period €,
we take a number i € N, such that €i > ¢, and f¢(U) NV = .
We can choose x € A such that W€(x*) c U and
fEi(WC(x*)) = WEe(fei(x*)) C V
By Equation (3.2), we can take a point
x*ewse (fEi (x*)) such that
d(x™,y)<e

note that

dy(We(x),We(x*) <d<e¢
and

fE(x*™) lies in WE(x*)
ifWe(x*) = W¢(x) then
x e we(fa@n) =we(fi@) = we)

Hence y' = x™" is a desired point.

Now, suppose W€ (x*) + W¢(x)
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take y"' € W€(x) such that
d@y", f~(x") <8
By Lemma (3.1.19) , WX*(y"") n W? (f_ei (x**)) has only one point,

Say yIII

Theny' = f€(y""") is a desired point. m

In the Proposition (3.1.21), s ince the periodic center leaves are
dense in A, we get that for each point in A , its center-unstable manifold

is dense in A.

In addition, the following Proposition tells us that the above density is

even uniform.

Proposition 3.1.22

Let f be partially hyperbolic diffeomorphism map on M with a
uniformly compact center foliation and A be a compact locally maximal

invariant center set of f. Then for all y > 0, there exsits m € N, such

that for any x,y € Aand n = m , we have
Frowe (W) n W () = 9,
Where W€ (Wy“(x)) = Uxewp wex', f).

Proof: By Lemma (3.1.19), we have there is a § > 0 such that for any
0 <e<§, there exists N =R(¢g)> 0 satisfies the following

property, for any x, y € M with
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d(x,y) <N,
if x"" € W€(x)then there is y'' € W€(y) such that
Wex") n Wi (y") # @
has exactly one point by Lemma (3.1.19) .

Given y > 0, since the center foliation is continuous and uniformly

compact, there exists 0 < 9 < min {8,y/2,X (y/2)/3}, such that
d(x,y) <9
that 1s implies
dy(We(x), W) <R(y/2)/3.

To choose m take a 9-dense set {p, } where k = 1,2, ..., r of points each

of which lies in a periodic center leaf (with period €) by Proposition

(3.1.21), forall 1 < k < r, W*( py)is dense in A, and hence

there exists ¢;, such that f {)E(WC(Wg(pk))) is R(9)-dense for any
>4, k=1,..,rthatis

forany x’ € A, thereis x'"" € ffE(W(WE(pr)))
such that

d(x',x"") < R(9)
Letm = [I—, £x€ and note that f™(W (W (py))) is 8(I)-dense for
all k
Now, we show that m is as desired
For x,y € A, take a such that

d(x,pg) <9

hence by Lemma (3.1.20),
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dy(We(x), We(pa)) <X (v/2)/3
z € f™ (We(WH(py))) such that
d(y,2) < X(9)
and wEWg(z) nW5(y),
that is
d(f~"w), W (pa)
< d(f™w), (f ™(2) + d(f T™(2), W (pa))
<9+R(y/2)/3

<2X(y/2)/3

Therefore by Triangle Inequality, we have

d(f 7" w), We(x)) < d(f W), WE(pa)) + du(W € (pa)), W€ (x))
<R(y/2)

So, there exists s € W¢ (W;f/z(x)) WS, (f (W)

by Lemma (3.1.19) and
fres) € fm (we (Wi, (0)) 0w )
c fm(we (Wp)) nwiG) = 0
sincew € Wy (y) and 9 < y/2, forany x,y € A ,n = m note that
frwe(Wy(x)) n Wy(y)

S frWEWEETT D) NWE () # @ u
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Theorem 3.1.23

Let f be a partially hyperbolic diffeomorphism map on M with a
uniformly compact center foliation and A be a compact locally maximal

invariant center set of f . If A is center topological mixing, then f |, has

the center fitting shadowing property .

Proof: Suppose that 0 < € < § where § from Lemma (3.1.19), we

assume that the local stable and unstable manifolds satisfy that
x € W5(z) so, f(x) € Wis(f(2),VO<A<1...... (3.3)
and x* € Wg'(z*), so  fHx") e WhH(F~H(zZY))........ (3.4)
V0 <9 <eg,take y < €/4 such that
d(x,z) <4y
dy(We(x), We(2)) <e/4
For this y, take the corresponding m we get from Proposition (3.1.23),

If necessary increase m such that A™ < 1/4, where A is the contraction

rate in the Definition (1.2.13).

Let ® = (T,¥) be of f on A in which

I'={#x = [ag, bx]: 1 < k < r}and ¥ is the corresponding map on I’
W:T = Uy ¥k = A, foreach? €T

Put x; = f721(¥(a,)) and define x,, x5, .... X, it follows:

Given xj, by Proposition (3.1.22), there exists x4 , such that

F e (ie41) € fUr0 (W (£4(20) )) ) 0 WG (¥ (@es1))

since by assumption ay,; — b, = m.
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To explain that ® can be center e-fitting shadowed by x =: x,
since for each k € [1,7], f%(x;) € Wys(‘}’(ak)) by construction,
d(f"(0), ¥ (M)) = d(f"*(f*(x)), [P (P(a)) <v
by Equation (3.4) , we have
dy(We(f™(x)), WE(¥(n))) < &/4 forn € &)
we prove
dy (WE(F () W (F" (1)) < &/4 ... (3.5)

for all n € €,k € [1,r], then we get the desired result by the Triangle
Inequality. Now we show Equation (3.5).

For k = r and n € £, Equation (3.5) hold obviously since
x=x-sowebeginatk=r—1, ne,_;
Since
Frre ) € we (W (£ e ) )

by construction, we can take x,,_; € W°(x) such that

frrei(xiog) € Wt (fr1(eemn)) n W (frm1(2)
then by Equation (3.4), we have

dy (W (£ 050)) We (£ Germ))) < /4
and hence by Equation (3.3), we have

di (W™ (i-0)), WE(f (%r-1)) ) < &/4........ (3.6)

forn € £,_; and
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for-1(xr-q) €W, (for=1 (1)) NWE(for-1(x))

yAbr—1-ar—1
Now consider if k = r — 2 and € #,_, , note that
Fore2(ai 1) € WO (Wpeosns (2r2Crn)
by Equation (3.3)
for=2Germ) € WEWRH (£ 3) )
we have
Frr2 (i) € WS (W iorsmors (£0r2 ()
Take x,_, € W°(x,_;) such that
fPr-2(xi_) € W aresmvres (FPr-2(er2)) O WE (02 ()
then by Equations (3.4),(3.5), b,_; — b,._, > m , we have
dy(We (frr2(x7_5)), WE (for-2(x,-) )) < &/4
and hence by Equation (3.3), we have
Ay (WE(F (-0, WE(f (xr-2))) < &/4..... (B.7)
forn € £,_,. Inductively, we get x7, x5, ..., X,_5 such that for each
3<j<r—1,wehavex, ;€ Wc(x;f_jﬂ) such that
P ) € Wit ooy (£ ()
nwe (fbr_j(x:—j+1))
and

dy (Wc (F(xs-y)) W (fn(xr_j))) <ée/4.... (3.8)
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forn € ¢,_;. Note that
We(x) =We(xz) = = W(xp—1) = We(x)
by Equation (3.6),(3.7) and (3.8), we have
di (WE(F"(0) We(f"(x)) < &/4

foralln € €4,k € [1,r], that is Equation (3.5) holds. Now, let f(®) :=
f([) and L(®):=L(T") == b, — ay,then ® is called center & —fitting
shadowed by x € M.

By Lemma (3.1.21), thereis 0 < p < €/4, such that for any x € M
and n € N with dj (Wc(x), Wc(fn(x))) < p, there exists a periodic
center leaf W (w) of period n satisfying
d, (Wc (/). we (ff(x))> <¢/4.... (39)
forall1<j<n

We increase m if necessary such that any m —spaced can be center
g/4 —fitting shadowed by some point, now we define another fitting

shadowing ®* = (I'*,W*) with " =T U {{a; + €}} and

Y sy =¥, P (a; + €) = ¥(ay), which is m —spaced, we obtain a

point x* := f%(x) € A such that
dy (W), We(fe(x)) <
dy (We@"), We(W(a)) + dyy (WE(Fe(e), We(¥(ay))) < p

Therefore, by Equation (3.9), there exists a periodic center leaf

W€ (w) of period € such that
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dy (WEF™aw), We(f*(x))) S &/ 4 ¥ n € [0,€]

Since A is locally maximal, we obtain W¢(w) cA.

m-—1

rgll_r& sup dy (Wc(f’”“l(w),WC(f"(x*))) <¢e/4
n=0

the fitting shadowing @ is center € —shadowed the period— € center
leaf W€(w)
By the Triangle Inequality, then f |, has the center fitting shadowing

property . |
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3.2 Eventual Fitting Shadowing Property for
Hyperbolic Set

In this section, we will study another type of shadowing property is
it called eventual fitting shadowing property if and only if f* has the
eventual fitting shadowing property for all k € Z \ {0} on locally max-
imal chain transitive set, then f: M — M is hyperbolic. Let A be a closed
invariant set of f, if f has the eventual shadowing property, then f has

the eventual shadowing property on A.

It is denoted a hyperbolic periodic point of x by Pery, (f) .

Definition 3.2.1

Let (J,d) be a metric space, and f:J3 — J be a map, then f is
called has the eventual fitting shadowing property (EFSP) on A if

there 1s
6 > 0, for every € > 0, such that, for any 6 —pseudo-orbit

{y} €3,k €Z there exist z€ M and X = X(8) € N,Vm > K, such
that:

m-—1

lim sup d(f*(z),y,) <€ ,Vk = R
m-—-0oo

k=0

m-—1

lim sup z d(f5(2),y,) < & , Vi < —R
m-—-oo
k=0
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If A = M , then we say that f has the eventual fitting shadowing prop-
erty.

Lemma 3.2.2[17]

There is residual set R, < dif f(M), such that for all f € R;, and

any chain transitive set C(f), there is a sequence Of (z,) of periodic

orbits of f such that

lim 05 (z)) = C(f)

Proposition 3.2.3

For every chain transitive set C(f) of f € Ry, if C(f) is locally

maximal, then

C(f)NPer(f)+0.

Proof: Suppose f € R,, and let a chain transitive set C(f) of f be lo-

cally maximal in O.
To proof this Proposition by contradiction, if C(f) N Per(f) = @

Because C(f) is compact, there is € > 0 such that

C(f) cB(C(f))cU

By Lemma (3.2.2), there is a periodic orbit sequence Oy (zy,) of f such

that for sufficiently large n, we have dy (O (z,),C(f)) < g

Then itis O (z,) < B(C(f)) c V.

Since C(f) is locally maximal in U, f*(0¢ (z,,) < f*(U),Vn€Z
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If C(f) is locally maximal, then C(f) N Per(f) # 0,

which is a contradiction, so C(f) N Per(f) # @ ]

Proposition 3.2.4

Assume A is a compact f-invariant set of f. If f has the eventual

fitting shadowing property on locally maximal A, then the eventual fit-

ting shadowing points are take from A.
Proof: Take a locally maximal neighborhood U of A,

since A\ is compact, there is € > 0 such that
A cB.(A) cU.

Let 0 < & < € be the number of the eventual fitting shadowing prop-
erty, and

Suppose {y, ez € A a 8 —pseudo-orbit of f

by Definition (3.2.1) on A, thereisz € M, andm = X, X € Z such that

-1
lim sup d(f*(z),y,) < € ,Vvk =R and

m—oo
0

=)

K

m-—1
lim sup z d(f 7 (2),y_,) < € ,V—Kk < —R
K=0

m—oo

Then, we have that
forall k > X, f*(z) € B.(A\) and

for all —x < —X, f7%(z) € B (/) and so,
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5 (F¥@) € B.(A)and F5(f (@) € B(A)

Since A is locally maximal, we know that

(oo e )r@.an ) = A

nez nez nez

Then we have fX*%(z)) € A. Since A is an f —invariant set,
ZEfRE(N)=A

Thus the eventual fitting shadowing point z is take from A. =

Lemma 3.2.5 [40]

Let C(f) be a chain transitive set of f: M — M is a dif-
feomorphism of smooth manifold, then C(f) has neither attracting nor

repelling points.

Proposition 3.2.6

If f has the eventual fitting shadowing property on a locally maxi-
mal C(f), then for all hyperbolic x;, x, € C(f) N Per(f), we have

ES(x;)N EY%(x,) # @ and EY(x;)N ES(x,) #= @

Proof: By Lemma (3.2.5), f does not contain attracting or repelling

since C(f) is a chain transitive set of f.
Thus, every periodic point in C(f) is saddle.

Let x;, x, be Pery, of f,
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take € =min {€(x;),e(x,)}andlet 0 < § < € be the number of the even-

tual fitting shadowing property for f.
To simple expression, we may assume that
f(x)) =% and  f(xz) = x;

Since f is chain transitive, there is {y, }r=o (n = 1) < C(f) is a finite

0-pseudo-orbit such that y, = x; andy,, = x, and
d(f (i) Yie+1) <6, VO<k<n-1

Takey, = f*(x1), V k< 0andy,;n = f*(x3), V k=0,
Then the sequence
{- X1 (= y-1), %1(= Y0), Y1, Y2, s X2 (= Yn), %2(= Yaa)s -}

= Vilkez © C(f)
is 6-pseudo-orbit of f
by, the eventual fitting shadowing property on C(f),
there are z € M, and m = X, X € Z such that

d(f“(2), ) <&V k=R

and d(f“(2),y.) <e&, V k < —R
that 1s,

lim sup Y™ d(f*(2),y,) <& V k= Xand
m-oo
lim sup Y™t d(f*(2),y,) <& Vi < —R
m-oo

Sincey_, =x; = f*(xq), V k = 0and
Ynex = X2 = fn+K(x2): Vk=20

If X > n, then we know
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f(@) € Be(y—x) = Be(x1)
and
f¥(2) € Be(yx) = Be(x2)
Thus forall kK = X
@) = £5(F4@)) € Be@xae) = Be(x2) ... (3.10)
By Equation (3.10), we have
d(f*(fX(@),x,) <g VKk=0
and for all — k < —K
f8%%(2) € Be(y_g_x) = Be(x1) ..... (3.11)

By Equation (3.11), we have

d(f *(f X2),x) <g Vk=0
Then fX() € EZ(x,). f~N(z) € E¥ (xy)
and so z€ fYEY(x,)) andz € FN(ES(xy))
Since  FR(EE(xy)) © E¥(xy), and fR(EL(x)) < ES(xy),
we have, z € E%(x;) N ES(x,).
Thus , E%(x;) N ES(x,) # 0.
Now, to prove other case when ES(x;) N EY(x,) # @

In fact, the proof of this case has the same to the above case. ®
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Proposition 3.2.7

There is a residual set R, < dif f(M) such that given any chain
transitive set C(f) of f € R,, if f has the eventual fitting shadowing

property on locally maximal chain transitive C(f), then for any
X1,%, € C(f) N Per(f), we have index (x;) = index (x,).

Proof: Let f € Ry, = Ry NKS where KS in Definition (3.1.6) and

let C(f) be a locally maximal chain transitive set of f.
Assume that f has the eventual fitting shadowing property on C(f)
since C(f) is locally maximal of f and by Proposition (3.2.3)
C(f) nPer(f) +# @
to proof by contradiction .
Assume that there exist are two hyperbolic periodic points
X1, %5 € C(f) such that.
index (x;) # index (x;)

Since index (x;) # index (x,), by Proposition (3.1.8)

dim E3(x;) +dim E%(x,) <dim M
or

dim E%(x;) +dim E®(x,) <dim M

Then, take the case in which dim E®(x;) +dim EY(x,) <dim M, the

other case has the same proof.
Since f € XS and dim E®(x;) +dim EY(x,) <dim M,

E*(x1) NE%(x2) =0
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this is contradiction, since f has the eventual fitting shadowing property

on C(f),
By Proposition (3.2.6), ES(x;) N EY%(x,) # @,

Thus, if f € R, has the eventual fitting shadowing property on a locally

maximal chain transitive set C(f) ,
then for any x;, x, € C(f) N Per(f) have

index (x;) = index (x,). |

Lemma 3.2.8 [40]

Let f € dif f (M) be has eventally fitting shadowing property,

then f is chain transitive .

Theorem (Theorem Mane) 3.2.9 [40]

There is a residual subset R < dif f (M) satisfies one of the fol-

lowing:

e f is Axiom A without cycles;

¢ f has neither attracting nor repelling points.

From above Theorem, we have the following Theorem, which is a

main result of this section.
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Theorem 3.2.10

There is a residual subset R < dif f (M) such that for any
f € R, if f has eventally fitting shadowing property, then f is Anosov

diffeomorphism map.
Proof: Let f € R has an eventally fitting shadowing property.

According to Lemma (3.2.8), f is chain transitive.
By Theorem (3.2.9), f has neither attracting nor repelling points.

According to Theorem (3.2.9), f is Axiom A without cycles; finally, we
show that Q(f) = M. Since f is Axiom A without cycles, we has the
non-wandering set Q(f) is hyperbolic and by Proposition (2.2.24),

Q(f) = R(f).

Since, f is chain transitive, then R(f) = M is hyperbolic, and so f is

Anosov diffeomorphism map. u
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3.3 Strongly Fitting Shadowing Property for
Hyperbolic Manifolds .

In this section, hyperbolic sets is identified as having the strongly

fitting shadowing property and we show that the diffeomorphism [
is an Anosov diffeomorphism map if and only if A has strongly fitting

shadowing property.

Let f: M — M be a C!-diffeomorphism map on a compact smooth
manifold M, we say that A © M is a hyperbolic manifold for f if A is a

C! compact invariant submanifold of M with a hyperbolic structure
subset of M, then f is said to act on a hyperbolic manifold of M. If M is

hyperbolic for f then f is called Anosov diffeomorphism map.

And another aim of this section, is to find hyperbolic sets that have
the strongly fitting shadowing property, and proving that the

diffeomorphism f |5 is an Anosov diffeomorphism map, if and only if

A has this property.

Definition 3.3.1

Let (3, d) be a metric space and f: 3 — J be a map. Then f is said

to be have the strongly fitting shadowing property (SFSP): if for every

€ > 0, there is § > 0, that is, V {y,} € I,k € Z be sequence, there is
X = X(8) € N that is for every m = X, and for all z € J, to get:



Strongly Fitting Shadowing Property for

Chapter Th
apter Lhree Hyperbolic Manifolds

m-1

lim sup E d(f*(z),y,) <& Vk = R
m-—-0oo
k=0

and
m-1
lim sup Z d(f*(z),y,) <& Vi <—X
" k=0
Remark 3.3.2

If A is a hyperbolic manifold for f, then the set A has the
shadowing property by Lemma (3.1.3). Note that, in general, the

shadowing point z need not belong to A .

Here we show that if A is a hyperbolic manifold for f with the

strongly fitting shadowing property then f|p is an Anosov

diffeomorphism map.

A diffeomorphism f on M is Anosov diffeomorphism map if f has

a hyperbolic structure on M.

Theorem 3.3.3

Let A € M be a hyperbolic manifold for f that possesses the

strongly fitting shadowing property. Then f|p: A - A is Anosov

diffeomorphism map.
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Proof: Since A is hyperbolic, there exists € > 0 such that if
d(f*), [ (2)) <e

foranyy € A,z€ MandV k € Ztheny = z

choose 0 < § < ¢ such that any §-pseudo orbit in A is

¢ /4-shadowed by a point y € A.

assume 0 < 0 < % such that  d(y,z) < 6, implies

)
dFO) F(2) <7

assume U is compact neighborhood of A satisfying
Uc B(A60/4)

we show that A = N,¢; f*(U),

it is known that A € N, f*(U) since A is invariant

to show that N,z f*(U) € A, let z € Nyez f(U).
then we have z € f*(U),Vk € Z, and so f*(z) € U

for each k € Z choose y, € A such that
AV f*(2)) <6

then the sequence {y, },ez 1s an -pseudo orbit for f, we have

Ad(f 0, Yier1) < d(f G, [ (2)) + A(F*(2), Y1)

<§5+9<5
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for each K € Z since A has the strongly fitting shadowing property, there
is y € A such that {y,}is £/4-shadowed by the point y € A, then, we

have

d(f (), f*(2) < d(f* (), i) + d (. f*(2))

<1 + 0
yha

<E&
for each k € Z consequently, we get y = z, and z € A.

We show that f|, is structurally stable. Let g € dif f1(A) be C! near
to fa.

Then we can find g* € Dif f1(M) such that g*is C! near to f and
gla=g

If the maximal hyperbolic sets enjoy a type of structural stability, then

we can find a homeomorphism.

AAROBIAIAG

KEZ KEZ

such that

e g'oh=nhof onA =, f(U),and

e HhisCY — near to the identity map on A
because g*(A) = A, wehave A € N,z 9" (V)
take K= A71|, .

since A is a compact manifold and K is C°® — near to the identity map

on A, K is surjective.
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Hence, we have h(A) = A(K(A)) = A
This means that f|, is structurally stable

then we can see that f|5: A = A is Anosov diffeomorphism map. =

Corollary 3.3.4

Assume A € M a hyperbolic manifold for f, a set A has the

strongly fitting shadowing property, if and only if f|p: A > A is an

Anosov diffeomorphism map.

Proof: Let f|5: A = A be an Anosov diffeomorphism map, it follows

A © M a hyperbolic manifold for f.

By Lemma (3.1.3), there is a neighborhood U of A which has shadowing

property, then A has the strongly fitting shadowing property.

Now, we prove, by Theorem (3.3.3) is hold the other way.m

Now we wish to find hyperbolic sets which have the strongly fitting
shadowing property.

Definition 3.3.5

Let f:M — M be a C1-diffeomorphism map of a compact smooth
manifold M, we say B(f) is the Birkhoff centre of f; that is

B(f)={x € M:x € g,(x) N 0,(x)}
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Where o7 (x),0,(x) denote the positive and negative limit set of x.

Then B(f)is a nonempty closed invariant subset of M.

Then we have the following inclusions where CR(f) is called chain
recurrent in Definition (1.1.31), and Q(f) is non-wandering point of

f in Definition (1.1.28):

Per(f) c B(f) c Q(f) € CR(f)........... (3.12)

Lemma “Stable manifold Theorem” 3.3.6 [41]

Let A € M be a hyperbolic set for f: M — M. Then there exist
€ > 0 constants and 0 < A < 1 such that for all x € A
o WSi(x)= {z €EM: d(f"(z),f"(x)) <gK2 0} is
C?! submanifold of M with T, WS(x) = ES;
o Ify,z € WS5(x) then d(f’c(z),f"(y)) <Ad(z,y) Vk=0

Lemma 3.3.7 [41]

Let A € M be a hyperbolic set for f:M > M, and €>0 a

constants as in Lemma (3.3.6). Then

e There exists a constants & > 0 such that;

1. Ifd(x,z) < 8, Vx,z € A, then W5 (x) N WX(2)is a single point
set;

2. The map y: Us(A) » M given by y(x,z) = WS (x) N WH(2) is
continuous, where

Us(A) ={(x,z) e Ax A:d(x,2) < 6}; and
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e There exists a constants §* > 0 such that if d(x,z) < 6%, for all
x,z € A\ then

d(x,y(x,z)) < dand d(z,y(x,z)) <&

Theorem 3.3.8

If the set B(f) is hyperbolic for f then it has the strongly fitting
shadowing property.

Proof: By apply Lemmas (3.3.6), (3.3.7) and (2.2.7), for the hyperbolic
set B(f).

Then we obtain positive constants §,A<1,&&" and a
neighborhood U of B(f) in M which satisfy the results of the Lemmas
(3.3.6), (3.3.7) and (2.2.7), and the inclusion

B(B(f),8) c U
first we show that if
d(wy,w,) < eVwy,w, € B(f)
then the point y (w,, w,)belongs to B(f)
where y is the map obtained in Lemma (3.3.7)
assume g, > 0 arbitrary
y(wy, wy) = x and y(wy, wy) =y
since x € Wy’ (w;)and w, € gy (w,), there exists a > 0 satisfying
d(f (), frwWi)< 7 o

and
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d(f**(wy), W1))< ; 0,
since w; € g,(w;) and y € Wg*(w,), we can choose b > 1such that
d(f(wy), fP(w1))< 7 o,
and
d(f 2 (wy), f ()< 5 0,
since y € Wy (w,) and w, € g,(w,), there is ¢ > 0 satisfying
d(f ), fSW2))< ; 02
and
d(f e+ (wy), Wy))< 7 0
since w, € ag,(w,) and x € Wg'(w,), we can get d > 1 such that
d(f(w2), f 4 (W2))< 7 03
and
d(f =1 (wy), fT L (X))< 5 0
then the sequence
06 £, ey FO7@), £EW2), Wy, £ T2 (W), £ T2, o, fTE(), 9,
FODoes fETEW), € (W2), Wi, f 4 W), £ (), oo, £72(0), 4}

is a periodic o, — pseudo orbit for f contained in U

Let £ > 0 be a constant satisfy the results of Lemma (2.2.7),and 7 > 0
be arbitrary to show that x € B(f).
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By the first step of the proof, we can choose a periodic /4~ pseudo

orbit {x = x; = x},V0 <i <nin0U from x to x.
assume that there exists a continuous map g: M — M satisfying

o glx)=x41 ,V0<i<n—2;90p_1) =x;
e do(fL9)<T

If we apply Lemma (2.2.7), then we can choose a continuous map
h: U — M satisfying the conditions

l. foh = hog on¢; and
2. do(hIdy) < ¥

assume h(x) = X , then we have

fr@® =M (h(x) = h(g"(®)) = hg(xn_1) = h(x) = %
This means that x € B(f).

Next we show B(f) has the strongly fitting shadowing property
let § > 0 be arbitrary.

choose positive constants 6,4 < 1,¢,¢&’ satisfying the results of

Lemmas (3.3.6) and (3.3.7), and assume that 14_—8/1 < f and
46 < &' < e.Let& = {w; }xez be an § —pseudo orbit in B(f),

let &, = {Wlk}:clzo

set w; = w,_and define w, . respectively by
0 0 ]
Wy, = y(wlj,f(wzj_1)>,0 <j<n

since wy,_, € WSS(le_l)and d (le,f (le-1)) )
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we have

(o )< o) 1 o)1 o)

<6d+0<eVI<j<n
hence Definition (3.3.1), is valid, and the points Wy, belong to B(f).
since
W, € WS (wy,) N WE(F (ws,, )
by Lemma (3.3.6), we have
d(wlj, sz) <¢€

and

put W; = f"(wy,,). Then the set &} is § —shadowed by the point

w, € B(f), we have
d (1), wz;) = d(fI(way,) w2 ) <

AW, f~ (Wa ) + AT (Wa ), 2 (Wa ) +
F AP (W, ), fI (W)

=Tl AT W) f T W2, ))

n-—j
= ) A Wy D f ™ (2, )
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n-j
< z Akd(f(w2j+x—1)’wzf+’f)
k=1

consequently, V1 < j < n we have

() (P @Dw,) +d(wam)

£
1-4

<FB

for any 1 < j < n, similarly we can show that every finite pseudo

<

+ &

orbit
$n = {W1_) e, Wi_, Wy Wy, -, Wy, } OF § is B-shadowed by a point

wy, € B(f), foreachn = 1

let lim w;_ = wy, then to show that € is f-shadowed by a point

n—oo

wy € B(f). This means that

B(f) has the strongly shadowing property.m

Note 3.3.9

e If the chain recurrent set CR(f) is hyperbolic then we have

CR(f) = B(f),
e Note that B(f) # Q(f) even if Q(f) is hyperbolic.
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Corollary 3.3.10

If the set CR(f) is hyperbolic manifold for f, then it has the
strongly fitting shadowing property.

Proof: By Theorem (3.3.8),B(f) has the strongly fitting shadowing
property, like that by Equation (3.12), satisfying B(f) < CR(f).

Since B(f)and CR(f)are hyperbolic sets, then B(f)= CR(f)
So, CR(f )has the strongly fitting shadowing property.

Note that B(f) # Q(f) even Q(f) is hyperbolic. m

Theorem 3.3.11

If B(f)(or CR(f)) is hyperbolic manifold for f then, f|g(s)(or

flcr(r) ) 1s Anosov diffeomorphism map, respectively.
Proof: Let B(f)(or CR(f))be hyperbolic manifold for f.

By Theorem (3.3.8)(or by Corollary (3.3.10)), B(f)(or CR(f)) has the
strongly fitting shadowing property.

Since B(f)(or CR(f)) is hyperbolic set and has the strongly fitting
shadowing property.

Then, by Theorem (3.3.3),

fler: B() = B()(or flerer): CR(f) = CR(f)

i1s Anosov diffeomorphismmap. =
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4.1 Conclusions

In this section, we list the most important results obtained during this

work.

e Let A be a n X n matrix with integer entries. Then A acts linearly
on R™, and we claim that this linear can be used to define a map
fa:T™ = T"on the torus T™. This work investigated the general

properties of Anosov diffeomorphism map f,.

o If f,:T™ > T" is Anosov diffeomorphism map of T", thus we

call f, structural stability.

e In this work, the researcher investigated the topological and

metrical chaoticity properties of Anosov diffeomorphism map f,.

e [t was proved that the Anosov diffeomorphism map f, fulfills
several definitions of chaos, Culick definition, Lypunov definition,

Wiggin definition, Devaney definition and Touhey definition.

e We proved that Anosov diffeomorphisms map f: M — M, where
M, the closed C* manifold, has fitting shadowing property.

e The sufficient conditions have been established to prove the partial
hyperbolic map f:M—>M on a closed C*of M (that is,
boundaryless and compact) has fitting shadowing property.

o We proved cases where fitting shadowing property is not related to

partial hyperbolic map.
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e The study proved eventual fitting shadowing property of
hyperbolic set.

e The researcher proved strongly fitting shadowing property of
hyperbolic set.
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4.2 Future work

We would like to expand for the future work investigating the

following topics on hyperbolic dynamical systems.

. Entropy for partially hyperbolic diffeomorphisms map with a uniformly

compact center foliation W ¢ with dimension two.

. Searching for other types of hyperbolic systems and study their chaotic

behavior.

. Finding other practical applications for these maps in various other

sciences.

. Studying other types of shadowing property in hyperbolic dynamical

systems.

. Examining stability in hyperbolic dynamical systems.
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