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Abstract

Many techniques for solving general nonlinear unconstrained
optimization problems involve iteratively minimizing a model function
that satisfies certain interpolation conditions. These conditions provide a
model that behaves like the objective function in the neighborhood of the
current iterate. The model functions often involve second-order
derivatives of the objective function, which can be expensive to
calculate. The fundamental idea behind quasi-Newton methods is to
maintain an approximation to the Hessian matrix. The practical success
of quasi-Newton methods has spurred a great deal of interest and
research that has resulted in a considerable number of variations of this
idea. The analytical difficulties associated with characterizing the
performance of these algorithms means there is a real need for practical
testing to support theoretical claims. The aim of this work is to
investigate the best possible solution, for general nonlinear unconstrained
optimization problems and four methods were tested, namely (Newton
Methods, Quasi-Newton Methods , The Conjugate Gradient Methods |,
Steepest Descent Method) also , me compared The results proved that

the Quasi-Newton Methods is better in terms of speed and accuracy.
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1.1 Applied Mathematics. [1]

Involves the application of mathematics to problems which arise in
various areas, e.g., science, engineering or other diverse areas, and/or the
development of new or improved methods to meet the challenges of new

problems.

The application of mathematics to real-world problems with the dual
goal of explaining observed phenomena and predicting new, as yet
unobserved, phenomena. Therefore, the emphasisis on both the
mathematics, e.g. the development of new methods to meet the

challenges of new problems, and the real world.

The problems come from various applications, such as physical and
biological sciences, engineering, and social sciences. Their solutions
require knowledge of various branches of mathematics, such as analysis,
differential equations, and stochastics , utilizing analytical and numerical
methods. Very often our faculty members and students interact directly

with experimentalists to see their research results come to life.

1.2 Optimization. [ 2]

The human activities there is a desire to deliver the most with the
least. For example in the business point of view maximum profit is
desired from least investment; maximum number of crop yield is desired
with minimum investment on fertilizers; maximizing the strength,
longevity, efficiency, utilization with minimum initial investment and

operational cost of various household as well as industrial equipment s



and machineries. To set a record in a race, for example, the aim is to do
the fastest (shortest time).

The concept of optimization has great significance in both human
affairs and the laws of nature which is the inherent characteristic to
achieve the best or most favorable (minimum or maximum) from a given
situation. In addition, as the element of design is present in all fields of
human activity, all aspects of optimization can be viewed and studied as
design optimization without any loss of generality. This makes it clear
that the study of design optimization can help not only in the human
activity of creating optimum design of products, processes and
systems, but also in the understanding and analysis of
mathematical/physical phenomenon and in the solution of mathematical
problems. The constraints are inherent part if the real world problems and
they have to be satisfied to ensure the acceptability of the solution. There
are always numerous requirements and constraints imposed on the
designs of components, products, processes or systems in real-life
engineering practice, just as in all other fields of design activity.
Therefore, creating a feasible design under all these diverse
requirements/constraints is already a difficult task, and to ensure that the

feasible design created is also ‘the best’ is even more difficult.

1.3 Linear Programming. [3]

Linear programming (LP) is subfield of optimization. Linear
programming is a mathematical technique for finding optimal solutions
to the problems. Linear Programming deals with the problem of
optimizing a linear objective function subject to linear equality and
inequality constraints on the decision variables. Linear programming is

not a programming language like C++, Java, or Visual Basic, its

4



mathematical model. A feasible solution is a solution that satisfies all of
the constraints. The

feasible set or feasible region is the set of all feasible solutions. Finally,
an optimal solution is the feasible solution that produces the best

objective function value possible.
1.4 Nonlinear Programming .[4] [5]

The general nonlinear programming ( nlp) problem (for continuous
variables) is to find X so as to optimize f(X),X = (x,....,x,) € R"
where X € F €S. The set S € R™ defines the search space and the set
F < S defines a feasible search space. Usually, the search space S is
defined as a n-dimensional rectangle in R™ (domains of variables defined
by their lower and upper bounds):

1)) <x;<u(i) ,1<i <n
whereas the feasible set F € S is defined by a set of additional m >0

constraints:

g; (X)<0,forj=1,....., g,and h;(X)=0,forj=q+1,.....,m.

It is also convenient to divide all constraints into four subsets: linear
equations LE, linear inequalities LI, nonlinear equations NE, and
nonlinear inequalities NI. Of course, g; € LI UNland hj € LE U
NE. In fact, we need not consider linear equations LE, since we can
remove them by expressing values of some variables as linear functions

of remaining variables and making appropriate substitutions .

Most research on applications of evolutionary computation

techniques to nonlinear programming problems has been concerned with



complex objective functions with F = S. Several test functions used by
various researchers during the last 20 years considered only domains of n
variables; this was the case with five test functions F1 — F5 proposed
by De Jong, as well as with many other test cases proposed since then .
Only recently several approaches were reported to handle general

nonlinear programming problems.

1.5 Quasi-Newton Method. [6]

Quasi-Newton Method is used to solve non-linear optimization
Method for multi-variables . This problems as an extension of Newton
method is also used to solve second order derivatives of the of the
functions in the form of Hessian Matrix. Quasi - Newton objective
Method is the most effective method for finding minimizers of a smooth
non-linear function when second derivatives are either unavailable or too
compute. The algorithm method is used on the functions to difficult to

generate solutions and theses solutions

The new point . obtained .be convergent after certain number of iterations
by the sum of the previous point and the result is multiplied by the step

and the search direction. This process is continued until length
convergent is reached and this method is easy to

1.6 Approximation Methods. [ 7][8]

Approximation methods are very active area in optimization.
Consider the minimizing convex function C : R™ — R on a convex set X
. The goal of approximation methods is to replace C and X with
approximation C* and X* respectively. The approximation method
works only if the approximation is easier than the original problem. For

each iteration k we tried to find:



xX*+1 = arg min C* (x),
x € Xk

then at the next iteration, CX*'and XX*'are generated by the

approximation which depends on the new point X¥*1,

1.7 Mathematical Algorithm. [9][10]

The word algorithm comes from the name of the ninth-century
Muslim Mathematician Abu Abdullah Muhammad ibn Musa al-
Khwarizmi. The word algorithm originally referred only to the rules of
performing arithmetic using Hindu-Arabic numerals but evolved via
European Latin translation of al-Khwarizmi's name into algorithm by the
eighteenth century. The use of the word evolved to include all definite
procedures for solving problems or performing tasks. In 1939, J. Barkley
Rosser (1907-1989) defined the algorithm in an effective mathematical
method. It is the sense of a method in which each step is precisely
determined and produced, the answer in a finite number of steps.
Algorithms find their place in computer programs. The code written in
any computer language solves the complex problem in a definite number

of steps .



1.8. Classification Of Optimization Problem.
Based on the advanced, we can divide the optimization problems as

follows:

Level 1: General Problem
problem

Level 2: Objective
classification Single objective Multiple objectives

Level 3: Problem

classification Unconstrained Constrained
Level 4. Variable M
classification Continuous Integer/discrete Mixed
[ |
Level 5: Function Linear Convex Differentiable
classification or or or
nonlinear nonconvex nondifferentiable

Figure 1.1: Classification of Optimization Problem
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Definitions And Properties:

In this section, we offer definitions, notation, and necessary results .

2.1 The Objective Function.[4][11]

The objective function represents the model primary goal, which is to
be either minimized or maximized. A point x is feasible if it is in R® and
satisfies the constraints of . The set F of all feasible points defines the
feasible region of the optimization problem, i.e.,

S:= {x €eR"|hj(x) = 0forj = 1,2,...,L,gi(x) < Ofori =
1,2,....,M}L
Optimization problems can be classified according to the type of the

objective and constraint functions:

2.1.1 Linear Programming (LP) problems, where the objective and
constraints are defined by linear functions.

The general form of a linear programming problem:

Minimize CTx
subjectto Ax = a
Bx<b
X €R"

Here the objective function f(x) =CTx, where the feasible set

X = {x eR"|Ax = a,Bx < b}

is defined using linear function.

2.1.2 Nonlinear Programming problems
where the objective or at least one of the constraints are defined by

nonlinear functions.
10



The general form of a non-linear optimization problem is:

Minimize f(x)
subjecttoh; =0 j=12,...,L
gix)<0i=1.2,...M
x € R™

Where, we assume that all the functions are smooth. The feasible set
of the (NLPP) is given by:
= {x€R"hj(x) = 0forj = 1,...L; gi(x) < 0 fori

= 1,...,M}.
Through out this our interest is in solving Non - linear
programming problems by classifying them primarily as

unconstrained and constrained optimization problems. Particularly, if
the feasible set X = x € R™ the optimization problem is called an
unconstrained optimization problem where as the problems of type are
said to be constrained optimization problems. Generally, Optimization

problems can be classified as unconstrained optimization problem and

constrained optimization problems(see Figure).

e .
Nonlinear y ol 3 -ﬂ',t}' -
‘ 1“"

NV Ak Constrained T2 (4, &
2z .
- Unconstrained ' , . . :

Optimization

Figure: 2.1 constrained optimization problems
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2.2 Constraint Optimization[12]
The general form optimization problems constraint with equality and
inequality

minimize f(X)
subjectto g(X) = 0
h(X) < 0

X>0

Solution methods for constrained minimization problem are .

2.3 Feasible Region . [13]

The common region determined by all the constraints including non
-negative constraints x, y >0 of a linear programming problem is called
the feasible region for the problem. The region other than the feasible
region is called an infeasible region. The feasible region is always a

convex polygon

x2

SO

l @ Corner Po:nts]

<
%
-
-
.
v

30 S0 X1

Figure: 2.2 Feasible Region
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2.4 Bounded and Unbounded Region .[13]

A feasible region of a system of linear inequalities is said to be
bounded, if it can be enclosed within a circle. Otherwise, it is called
unbounded.

2.5 Feasible Solutions. [11]

Points within and on the boundary of the feasible region represent

feasible solutions of the constraints. Any point outside the feasible region

is called an infeasible solution.

2.6 Optimal Feasible Solution . [11]
Any point in the feasible region that gives the optimal value of the

objective function is called the optimal feasible solution.

Figure:2.3 Optimal Feasible Solution

2.7 Definition [ 14]
Let x*€S is a local minimizer of f over S if
Je>0suchthat f(x*) < f(x),forallx € S N Be(x™).
Where Be(x*) = {x € R"||x —x*| < €}, and |.| denotes the usual

Euclidean norm. A point x* is called a strict local minimizer if

f(x") < f(x), forallx € S N Be(x")\{x"}.

13



2.8 Definition .[14]

Let x* € S. We say that x*is a global minimizer of f over S if

f attains its lowest value over S at x* (2.4).

f(x*) < f(x),forallx € S.

A point xx is called a strict global minimizer if

f(x*) < f(x), forall x € S\{x"}

Global Maxima

0.5

Local Maxima

0.0

Local Minima

0.5

| [ [ T T
10 0.5 0.0 05 Global Minima

Figure:2.4 Local and Global Minima

2.9 Speed of convergence .[15]

Assume that an optimization algorithm generates a sequence {x*}
which converges to x*, interesting to study how fast does the sequence

convergence to x*. Definition. The sequence {x*} converges to x* as

et || _

11mk->00 ||xk— x*”p -

B, B < oowhere p is the order of convergence

and S is said to be converge rate, since the numerator and denominator of

quantity positive then § > 0, as the ||x"+1 — x* || represent the distance

14



. D )
between x**1 and x*while ||x* — x*||"represent the distance between

x* and x then seeking to find x**! closed to x*, so asymptotically, can

see

k+1 __ x* p

= s -

(E:
the important point to note that if the value of p higher then the
convergence is fast .

2.10 Definition [16]
Letf: R™ - Rand x € R™ Then the Partial derivative of f atx

with respect to x; is defined as

0f () _ [+ te) — f(x)

dxi x—0 t
where e; is ith unit vector. The Gradient of f at x is defined as the

column vector
raf ()7

dx1

Vf(x) =

of (x)

- Oxn -

The Hessian matrix is defined as the n x n symmetric matrix

0% f 0% f 0% f
[am 0x1 0x10X2 o dx1 axnw
72f(x) =| P, :
{ 0% fn 0% fn 0% fn
0Xn 0X1 0Xn 0X2 o 0Xn 0Xn

The Directional derivative of the function f at x in the direction d given
by

fx,d) = lim,_qe DT

We say the function f is Differentiable at x.

15



2.11 Symmetric Matrices .[17]
The matrices in numerical optimization that are frequently

encountered are symmetric.

Let X = [xij ] which is square matrix.So the matrix X is said
Symmetric if X = XT (i.e.,xij = xji). Let S™ be of all the symmetric
n X n matrices:
S"={XeR™": X = X}

The notation X > 0 (X = 0) which is X said to be symmetric and
Positive definite (semide finite); for all u € R*(u"Xu = ¥ x;uu; =
0 forallu € R™ Furthermore, we let S} denote the set of symmetric
positive semi definite matrices:
St={X€ER":X >0}
2.12 Convex Sets and Convex Functions
Definition 2.12.1 [18] Convex Set :If the line segment between any
two points in C ,lies in C. Then The set C is Convex Set

OX;+ (1 —-0)X,e O ,v(X;,X,) € Cvb € [0,1]

Convex set Non - convex set

Figure:2.5 Convex Set
Example 2.1
Ql = {z€e R :zl< 1}
Foranyz,u € Q1,A € (0,1)then [zI< 1,[lull< 1

16



we have
lAz + (1 = Mull<lIAzll +11 (1 = MNull=Allzll +1 =N
fTlull< A1)+ (A -M1l =1

2.12.2 Definition. [18] Convex Function: A function f : R® — R is
Convex, if for
every x;,x, € R",0 < t < 1 the inequality
fx + (1 —8)x) <tf (x) + (1 = t) fx2)
If the above inequality is true as a strict inequality for all x; # x,and for
all
t € (0,1),

then f is called a strictly convex function

flz)

tf(x1) + (1 =0)f (x2)
ftzy + (1 —t)x2)
Ty tey + (1 —t)xe Ty
Figure: 2.6 The General Convex Function
Convex Non Convex
30

1= fix)=x*+3x+3 150 — fix)= —2x+2x%+3
25 4 2
100
20 4 o
; = o ¥
-50 \

B T T A T

Figure:2.7 Convex Function
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Example2.2. Find the optimal solution to unconstrained optimization
problem by using python
fx) = x*+ 2

4 plot a convex target function
from numpy import arange
from matplatlih import pyplat
4 objective function
def objective (x):
return ( x)** 2 4 2
4 define range
r_min, X _max = -10.0, 10.0
4 prepare inputs
inputs = arange(r min, x max, 1.5)
# compute targets
targets = [objective(x) for x in inputs)
# plot inputs vs taxrget
pyplot plot(inpute, targets, '-=')

pyplot.show()

Code 1:Use Python to prove the function is convex function

18
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2.13 Optimization Algorithm . [2]

Optimization algorithms execute as equence of iterations to solve

an optimization problem. The algorithm starts with an initial guess point

and creates a sequence of points (k) that converges to an optimal point to

satisfy certain optimality conditions .The rate at which the iterations

approach the optimal point is called the convergence rate of the

algorithm. The algorithm converges faster if it takes a short time to

obtain the optimal solution

19



2.14 The general Algorithm formula .[19][20]

An algorithm is a collection of sequential instructions that is used
to solve com- putational problems. The method involved in the algorithm
Is either sequential or iterative. The instructions used in the algorithm
should be well-defined so that these can be implemented as a computer
program. A computer program is a collection of sequential instructions
written by a computer programmer in any programming language that
performs a specific task when executed by a computer. Optimization
algorithms execute a sequence of iterations to solve an Optimization
problem. The algorithm starts with an initial guess point and creates a
sequence of points x® that converges to an optimal point to satisfy
certain optimality conditions. The rate at which the iterations approach
the optimal point is called the convergence rate of the algorithm. The
algorithm converges faster if it takes a short time to obtain the optimal

solution

= the problem
written instandard

eguation formm?,

Mo Enter additional
— ]
variables
ves
Find the initial basic
feasible solution

yes
(Stor D <

s this the optim

solution?

NOI"

Select the variables that will go imto

¥

Selec the variables that will come out

the hase

from the base.

Replacing the input variable with the

outside and performing the necessarny
operations

Figure:2.8 The general Algorithm formula
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2.15 Optimality Conditions [21]

Optimality conditions characterize analytical properties of local
optima and are fundamental for developing numerical methods.
Necessary optimality conditions aim to characterize a point x*, assuming
that x= is a local minimizer of the considered problem. Such conditions
allow one to determine a set of candidate points that may need to be
further analyzed in order to find out if they are local minimizers. In some
cases, such analysis can be done using sufficient optimality conditions,
providing properties that, if satisfied guarantee that a candidate point x*is

alocal minimizer.

2.15 .1 First-order necessary condition . [21]

The first-order necessary conditions (FONC) for unconstrained
optimization can be viewed as a special case of the following optimality

conditions for a more general set-constrained optimization problem.

Theorem (FONC for a Set-Constrained Problem)

If f: X - R,where X C R" isa continuously differentiable function
on an open set containing X, and x* is a point of local minimum for the
set-constrained problem
minimize f(x) (2.1)
subjecttox € X

Then for any feasible direction d at x*, the rate of increase of f at x*in

the direction d is nonnegative: Vf(x*)T d > 0.

21



Proof. Let x*, € X be a local minimizer of (2.1). Consider a feasible
direction d at x*, such that ||d||= 1. Using Taylor’s theorem for f, x* and

X =x* +ad, where o > 0, we have :

f(x)= flx*)+ Vf(x)" ad + o(llad]l)
= f(x)+aVf(x)Td + o(a)

Since x* is a local minimizer of (2.1), from the above equation we have:

fO)—f(xy o(a)
. —Vf(x )Td'i'T
Since f(x) — f(x*) =0 , a>0,% - 0,a - 0we

obtain 7f(x*)Td = 0
Indeed, if we assume f(x*)Td < 0 then selecting € such

that f(x*)) < f(x) for anyx € B(x*,€) and the error term % in

(13.3) is less than |f(x*)T d| (such € exists since x*is a local minimizer
and by definition of o(a)) would result in f(x) — f(x*) < 0 . We obtain
a contradiction with the assumption that f(x*)) < f(x) for any x

€ B(x*,€) Asacorollary.

Corollary If x* is an interior point of X and a local minimizer, then

V f(x*) = 0.

Proof. If x*is an interior point of X, then any d € R™ is a feasible
direction at x*. Thus, using Theorem 13.1 for an arbitrary direction
d # 0 and its opposite direction —d we have: ¥ f(x*)Td = 0 ,
V f(x*)T (—=d) =0, therefore, f(x*)T d = 0. In particular, if we use
d = [dy,..,d,]" with d; =1 , for an arbitrary j € {1,...,n} and
d; =0 ,foralli = , this implies that thei® component of

f(x*) equals 0. Since this is the case for each j, we have F'f(x*) = 0.

22



In the case of an unconstrained problem, X = R™ and any point x € R™
is an interior point of X. Thus, we obtain the following FONC for

unconstrained optimization.

Theorem (FONC for an Unconstrained Problem)
If x* is a point of local minimum of the unconstrained problem
minimize f(x),

where f : R™ — R is continuously differentiable, then Vf(x*) = 0.

Definition 2.15.1.1 (Stationary Point) [21](A point x* satisfying the

FONC for a given problem is called a stationary point for this problem.

The following example shows that the FONC is not sufficient for a local

minimizer.

Example 2.3 Applying the FONC to f(x) = x3, we have
ff[(x)=3x2=0 o x=0

But, obviously, x = 0 is not a local minimizer of f(x). In fact, for any

given point x and any small e> 0, there always exist x, , x*€ B(x*,€ )

such that

f(x ,) < f(x) < f(x™), so f(x) does not have any local or global minimum

or

maximum.

Next, we prove that a point satisfying the FONC is, in fact, a global
minimizer if a problem is convex. The proof is based on the first-order
characterization of a convex function. Consider a convex problem min

x€EX

f(x). Forany x,y € X, adifferentiable convex function satisfies

fO) = f(x) + V)" (v — ),

hence, if for x = x*: Vf(x*) = 0, we obtain

23



f) =z fx?)
For any y € X. Thus, x* is a point of global minimum for this
problem.
This implies that the FONC in the case of an unconstrained convex

problem becomes a sufficient condition for a global minimizer.

Theorem (Optimality Condition for a Convex Problem)

For a convex unconstrained problem minimize f(x), where f : R*—R is
differentiable and convex, x* is a global minimizer if and only if

Vf(x*) = 0.

2.15 . 2 Second-order optimality conditions . [21]

Next, we derive the second-order necessary conditions (SONC) and
second order sufficient conditions (SOSC) for a local minimizer of an
unconstrained problem. We assume that the objective function

f € C?(R™), i.e., f is twice continuously differentiable.

Theorem (SONC for an Unconstrained Problem)

If x* € R"is alocal minimizer for the problem min

X € R"

f(x), where f(x) € C? (R™), then V2f(x*) is positive semi definite.

Theorem (SOSC for an Unconstrained Problem)

If x* satisfies the FONC and SONC for an unconstrained problem min
x ER"

f(x) and V2f(x*) is positive definite, then x* is a point of strict local

minimum for this problem.
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Proof. We assume that x* satisfies the FONC and SONC. Then, for any
d € R™with||d||=1andany @« > 0 we have

f(x*+ad)— f(x*) 1 . o(a?)
= = STV +

If we additionally assume that 72f(x*) is positive definite, then by

Rayleigh’s inequality,
1
A" @) 2 Annlldll® = Ain > 0

Here A,,;, denotes the smallest eigenvalue of 72 f(x*). Thus, there
exists € >0 such that for any a« € (0,€) we have f (x*+ad) —
f(x*)>0. Since d is an arbitrary direction in R™, x*is a point of
strict local minimum by definition. Thus, the FONC, SONC, together
with the positive definiteness of V2f(x*) , constitute the sufficient

conditions for a strict local minimizer.

Example2.4 Consider the function f(x) = x3 — x3 + 3x;x,. We apply
the optimality conditions above to find its local optima. FONC system
for this problem is given by

3Xf+3x2] . [0]
—x2—-3x]| O

=]

From the second equation of this system we have x;= x3.
Substituting for x, in the first equation gives x5 + x, = 0 , which
yields x, =0 or
x, = —1. The corresponding stationary points are £= [0,0]7 and ¥ =

[—1,—1]T , respectively. The Hessian of f(x) is
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sz(x)=[63x1 _6x23] @)=, O] vrem=[ ]

Since the determinant of V2f(X) equals —9, the Hessian is indefinite at g,
and from the SONC, Xcannot be a local optimum. On the other hand,
VZf(X) is positive definite, hence Xis a strict local minimum by the SOSC.
Note that

If we fix x,= 0, the function f is then given by x3 , which is
unbounded from below or above. Thus, f has no global minima and no

local or global maxima. Its only local minimum is X = [—1,—1]7T

2.16 Continuity and differentiability .[21]
Let X < R. Given areal function f : X — R and a point x, € X,
fis called continuous at x, if lim,_,, f(x) = f(x), and fis called

f(x)—f(x0) in
xX—xg

differentiable at x, if there exists the limit f (x,) = xh—gclo
which case f(x,) is called the first-order derivative, or simply the
derivative of f at x,. If f is differentiable at x,, then it is continuous at
Xo. The opposite is not true in general; in fact, there exist continuous
functions that are not differentiable at any point of their domain. If f is
continuous (differentiable) at every point of X, then f is called continuous
(differentiable) on X. The set of all continuous functions on X is denoted
by C(X). The k%" order derivativef ¥ (x,) of f at x,can be defined
recursively as the first-order derivative of f*~Dat x,for k > 1, where
f(0) = f. If f is a continuous function at x,, then we call f
continuously differentiable or smooth at x,. Similarly, we call f k-times
continuously differentiable at x, if £ exists and is continuous at x,.
The set of all k times continuously differentiable functions on X is
denoted by

CK(C). Then C¥ (X) c C*=1) (X),k = 1 (where C® (X)=C(X)).
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Chapter
Three



3.1 Newton’s Method .[22][23][24]

Newton's method was invented by Newton to solve the nonlinear
one-dimensional problem. Later it was extended to solve multivariable
nonlinear Optimization problems. It is well known that the method of
steepest descent uses only the first-order derivative (gradient). But, the
use of higher derivatives may result in better performing method than the
steepest descent method. Newton's method uses both first and second
derivatives and gives better performance than the steepest descent
method if the initial point is closer to the minimizer. Newton's method
has a powerful convergence property called quadratic convergence.
Prerequisite knowledge of Taylor's series, partial differentiation, and the
concept of Hessian is necessary to understand this technique. The idea is
that for a given starting point, we construct a quadratic approximation to
the objective function that matches the first and second derivative values
at the given initial point. Thereafter, we minimize the approximate
(quadratic) function instead of the original objective function. Newton's
method is generally used as a hybrid method in conjunction with other
methods .

Let f:R™ — R be twice continuously differentiable function. We
obtain a quadratic approximation of f using the Taylor series expansion
of f about the initial point x(©, neglecting the terms of order 3 and

higher.

F@) = f@) + (x- x@) TF(x@) + 2 (x - @) F(x®)(xc - x@): =
q (), (1)
where F (x(®) is Hessian at x(%). The quadratic equation is presented as

follows:
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q(x) = fF(x@) + (x- xO)7F(x@) + ;(x - x(O))T F(x©@)(x - x©).(3.2)
Our intention is to find minimizer of f (x). Here, we minimize q (x)

rather than f(x). Using first-order necessary condition to g(x) to get

Vg(x) =0,
That is,
VF(x©@) + F(x@)(x —x@) =0
Therefore,
F(x(o))(x - x(O)) = —Vf(x(o)),
That is,

(x— x©) = —(F(x©)) " vf(x©),

If F(x©®) > 0, then q(x) achieves a minimum at x(® and x can be

obtained as
x = x© — (F(x(o))_IVf(x(O)). (3.3)

For general current point, the Newton's method is given as follows:

x K+ = () (F(x(k)))_1 VFi(x®). (3.4

For simplicity, if we use the notation g = V£ (x®) then we get the

following recursive formula for Newton's method:

2+ — () _ (F(xac)))‘l g®  (35)
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Example3.1 . Solving the problem by use Newton’s method to minimize

()_13+32 3 )
fx—4x 4x Zx
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from scipy import misc
def NewtonsMethod(f, x, tolerance=0.000001):
while True:
x1 =x - f(x) / misc.derivative(f, x)
t = abs(x1 - x)
if t < tolerance:
break
x=x1
return x
def f(x):
return (1.0/4.0)*x**3+(3.0/4.0)*x**2-(3.0/2.0)*x-2
x=4
x0 = NewtonsMethod(f, x)
x1=NewtonsMethod(f, x)
x2= NewtonsMethod(f, x)
x3= NewtonsMethod(f, x)
x4= NewtonsMethod(f, x)
print('x: ', x)
print('x0: ', x0)
print(""f(x0) =", ((1.0/4.0)*x0**3+(3.0/4.0)*x0**2-(3.0/2.0)*x0-2 ))
print('x1: ', x1)
print(""f(x1) =", ((1.0/4.0)*x0**3+(3.0/4.0)*x0**2-(3.0/2.0)*x0-2 ))
print('x2: ', x2)
print("'f(x2) =", ((1.0/4.0)*x0**3+(3.0/4.0)*x0**2-(3.0/2.0)*x0-2 ))
print('x3: ', x3)
print(""f(x3) =", ((1.0/4.0)*x0**3+(3.0/4.0)*x0**2-(3.0/2.0)*x0-2 ))
print('x4: ', x4)
print(""f(x4) =", ((1.0/4.0)*x0**3+(3.0/4.0)*x0**2-(3.0/2.0)*x0-2 ))
#!/usr/bin/env python
from pylab import *
t = arange(-6.0, 4.0, 0.01)
s= t*t*t/4.0+3.0*t*t/4.0-3*t/2.0-2.0
ax = subplot(111)
ax.plot(t, s)
ax.scatter([-4,-1,2],[0,0,0])
ax.grid(True)
ax.spines|['left'].set_position('zero")
ax.spines|['right'].set_color('none’)
ax.spines['bottom'].set_position('zero')
ax.spines['top'].set_color('none')
ax.set_xlim(-6.6)
ax.set_vlim(-20,20)
text(-3.0, 12,
r''Sf(x)=(1/4)*X"3+(3/4)*X"2-(3/2)*X-2S8"", horizontalalignment='center’,
fontsize=8)
plt.title(""How to implement the Newton's method using python \n for finding the
zeroes of a real-valued function'" . fontsize=10)
plt.xticks(fontsize=8)
plt.yticks(fontsize=8)
plt.savefig("NewtonMethod Exemple.png')
show()

Code 1:Solving newton method by python

31




(The Results of Solving the Above Example are the Application of Newton’s
Method)

Iteration X f(xa)
0 xo =2.0000002745869883 | f(xo) = 1.2356416165815176e — 06
1 x1=2.0000002745869883 | f(x41)=1.2356416165815176e — 06
2 x2-2.0000002745869883 | f(x,)=1.2356416165815176€ — 06
3 x3=2.0000002745869883 | f(x3)= 1.2356416165815176e — 06
4 x4-2.0000002745869883 | f(x4)=1.2356416165815176€ — 06
The required root is 2.0000002745869883

We determined the maximum and minimum values of the functions
and their roots using Newton’s method. When the original function has
roots of the value of the function equal to zero, it can use Newton’s
method up to the derivative function to find its origins, starting with the
first approximation. Then, by combining the first and second derivatives,
we can create a series of approximations x;, x,, x3, x, using the tangent
lines of the f graph; we might get four iterations. The value becomes an
as the number of iterations increases that remains constant
(2.0000002745869883).

32



How to implement the Newton's method using python

for finding the zeroes of a real-valued function
20 q

15
Ax) =(L/d)* X3 +(3/8) = x2 = (3/2)* X -2
10

Figure:3.1 Solution result base on newton method In the above diagram
,of the x-axis is computed the root value as (4,1, 2), and we choose the
root is (2)

3.2 Quasi-Newton Methods [23][24].

The Quasi-Newton methods do not compute the Hessian of nonlinear
functions. The Hessian is updated by analyzing successive gradient
vectors instead. The Quasi—Newton algorithm was first proposed by
William C. Davidon, a physicist while working at Argonne National
Laboratory, United States in 1959. In Newton's method, we require to
compute the inverse of the Hessian at every iterations which is a very
expensive computation. It requires an order n cube effort if n is the size
of the Hessian. These drawbacks of Newton's method gave motivation to

develop the Quasi-Newton methods. The idea of Quasi-Newton method
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IS that to approximate the inverse of Hessian by some other matrix which
should be positive definite so that we can get a good approximation of
the Hessian inverse at a given iteration. This saves the work of
computation of second derivatives and also avoids the difficulties
associated with the loss of positive definiteness. This approximate matrix
Is updated on every iteration so that as the search direction proceeds the

second-order derivative information improves.
3.3 Basics of Quasi-Newton Methods [23][24]

Newton's method is best for quadratic function and it is very good for
nonquadratic provided its convergence is of quadratic order. But it fails if

the starting point is not sufficiently close to the minimizer x*, in such

cases, it may not converge. Recall the Newton's method

20D — () _ (F(x(k)))_l g®  (36)

-1
Note that (F(x("))) is evaluated at every step and then search

direction
40 = _ (F(x(k)))_l 9@

IS computed. In that case, it may not be a descent method, that is,

FOx®+Dy ¢« F£(x®), It is a computational drawback of Newton's
method. Therefore, we may try to guarantee that the algorithm has the

descent property by doing the following modification:
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2041 = 500 _ g (F(xac)))‘l g® (3.7

Where «a, , is chosen so that we should have f(x®*D) < f(x®).

We apply any line search methods in the direction dit to find the value of
a. To avoid the computation of (F(x(")))_l, the Quasi—Newton
methods use an approximation in place of (F(x(k)))_l.This
approximation is updated at every step so that it will have at least some
properties of (F(x(k)))_l. To get some idea about the properties that an

-1
approximation to (F(x("))) should satisfy, consider the following

formula:;

where H,, is n X nreal matrix and a is a positive search parameter.

Expand f about x®, we get

f(x(k“)) _ ]c(x(k)) + (g(k))T(x(k+1) _ x(k)) + 0(||x(k+1) _ x(k)”) (3.9)

Using ( 3.8) in (3.9), we get

f(x0) = £(x9) ~a(g%) Hig® + o(|Hig@la).  (3.10)

As a — 0, the second term on the right-hand side of the above
equation dominates the third term. Thus, to guarantee a decrease in f for

small « , we have to obtain

(g(k))THkg(k) > 0.
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It is true only when H, , is positive definite. For this, we have already

presented the proof of the following proposition.

Proposition f € Ct , x® e R?, g =v f(x®) = 0, and H,, is an

n X n real symmetric positive definite. If
2D = 306 _ g g g0,
where @ = arg min a = 0f (x® — aH,,g®) then
a > 0,and f(x**D) < f(x®).

We use objective function and its gradient to construct an
approximation for the inverse of the Hessian matrix. In the next section,
we present the method to choose Hj, such that iteration may be carried
out without any evaluation of the Hessian and solution of set of linear

equations.

3.4 Approximating the Inverse Hessian[23][24]

Let H,.H, H,,... be successive approximation of the inverse

F(x®)™". The Hessian F(x) of objective function f is constant and
independent of x. Consider a quadratic objective function with Hessian
F(x) = Q forall x, where Q = QT. Then,

gD — gl = (x4 — (),

Set Agt) = gk+D — g0 gnd AxK) = x K+ — x &) Therefore,
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That is,
Ax®) = @Q=1Ag®,

We can also write the above equality in the following form:

Q AgW =Ax®D , 0<i<k. (3.11)
We also impose the requirement that the approximation H,, ; satisfy
Hypi1AgW = AxD 0<i<k.

If n steps are involved, then moving in n directions

Ax©@ Ax® . Ax™=D gives

H,Ag©® = Ax©,
H,Ag® = Ax®,

H,Ag™ b = Ax(™D),
We can represent the set of above equations as
H[Ag©@,Ag®, .., Ag®=D] = [Ax©, AxD, ..., Ax(=D]  (3.12)
Since Ag® = QAx®, then

Q[Ax(O),Ax(l), ...,Ax(n—l)] — [Ag(o),Ag(l), ---,Ag("‘l)],
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That is,
Q1 [Ag©®,AgD, -, AgD] = [Ax©®, AxD, -+, Ax D],

If [Ag®,Ag™, ..., Ag™D]is nonsingular, then Q= is determined
g g 9

uniquely after n steps through
Q- l=H, = [Axm),Axm,...,Ax<n—1>][Ag(0),Ag(1),...,Ag(n—n]‘l
Under these circumstances, we conclude that if H,, satisfies
H,Ag® = Ax®,
where 0 < i < n — 1 then the algorithm
x®*+D = xO — o H,g®,  (3.13)

where @) = argmin a =0, f(x® — aH,g®), guarantees to solve
the quadratic functions of n variables in n + 1 steps because of the
updating next point as

x M+ — () _ aang(")
which is equivalent to Newton's algorithm.

The above discussion reflects the basic idea behind the Quasi-Newton
algorithms. In fact, we present a result which shows that such algorithms
find the minimizer of quadratic functions of n variables in at most n
iterations. Although, the Quasi-Newton algorithms have the following

form:
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d® = _H,g®,

), = argmin f(x® + ad®) |
az=0

and
x®+D = xk 4 g, d®  (3.14)

The matrices H,.,H, , .... are symmetric. For the quadratic functions,

these matrices should satisfy
HeAg® =AxD, 0<i<k,
where

Ax® = xHD — x® = g,
and

Note that the Quasi—Newton methods are also conjugate direction

methods which can be seen .

Theorem[21] Consider a Quasi—Newton algorithm applied to a

quadratic function with Hessian Q = QT such that
H,+Ag® =Ax® , 0<i<k,0<k<n-1,
where Hy.; = (Hiy)T,if a; # 0 where 0 <i <k, then directions

d©,d®, ..., d**D)are Q — conjugate.
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Proof We proceed by mathematical induction, we begin with k = 0:

Since

dD = _ (F(x(n))_lg(l) and (d(l))T = —(g(l))THl), then

(dm)TQd(o) _ _(g<1>)TH1Qd(0)

x(l)_x(o) . Ax(o)

Since d® = then

Qo Xo

Ax©

(d(l))TQdO _ —(g(l))THlQ
ao

Since QAx©® = Ag©® then
T T . Ag®
(d(l)) Qd©® = _(g(l)) Hli_o _ (3.15)
Since H;Ag® = Ax(® then

O pg — _( )T Ax
(d™) Qd (g®)

a

(d(l))TQd(O) = _(g(l))Td(O) _ (3.17)

(3.16)

O]
-

Since a, > 0 is minimizer of ¢(a) = f(x® + ad®), therefore

(d®)"ad® =,
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Assume that the result is true for k- 1, where k<n—1 , that is,
d©®, d®, . d%*-1D are Q-conjugate. We now prove the result is true for
k, that is,

(%) Qd® =0, 0<i<k

Note that

(d(k+1))TQd(i) — _(Hk+1g(k+1))TQd(i)
= —(g%*) Hes1Qd®

Ax®
2%

= _(g(k+1))THk+1Q

That is,

a;

(d(k+1))TQd(i) _ _(g(k+1))THk+1

T Ax®

24

— _(g(k+1))

= _(g(k+1))Td(i)

Since d©@, ..., d®) are Q-conjugate by assumption then, we have

(g®*+D)" d®, thus

(d<k+1>)TQd<i) —0
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From this theorem, we conclude that a Quasi-Newton methods solve a
quadratic of n variables in at most n steps.
Remark [21] Note that the equations that the matrices H, are required
to satisfy do not determine those matrices uniquely. So, we have some

freedom.

In the following section, we compute H,.,; by adding a correction

quantity to H,,.
3.5The quasi-Newton conditions[21] [23][24]

Using the (n + 1)—point secant method as a starting point, let D,. be
the matrix whose columns are composed of the previous n values of
dy = Xx41 — Xi , and assume for simplicity that the columns of the
matrix D; occur in the order dj_;,dy_5, ", dx—, The (n+ 1)—point
secant method gives an approximate Hessian Hy ., that may be written in

form

Hy+1 = H + Uy = H + (w — Hedi vy, vidy # 0,

uld,
with H,,,, satisfying the secant conditions

Hk+1dj:dej ]Zk—l, ,k—n+1,

Hyp1di = i (3.18)

This states that U, leaves H, "untouched" along the n — 1 previous

directions dj_1, dy_5, ", dx_n+1 , and makes H, ., behave like the exact
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Hessian along the "new" direction d,. The last condition is justified by

the expansion

Hyidy = yr = V(e + di)- VF(xg)
1
= V2 (u)dy + j (V2 (xy + tdy) — V3£ (i) d dit
0

= V2f(x)di + O(L|di|l?),

Where L is the Lipschitz constant. If Vf is an affine function—i.e.,
Vf(x) = ¢+ H, for some constant H and c, then the last relation(3.18)

IS exact, with
Hyp1dy =y = VI (xg41) — Vf(xg) = ¢ + Hxyyq — (¢ + Hxy,) = Hd,

= V2 f(x,)d -

If the n directions dj, ,dy_1,..., dx_n+, are linearly independent, then
the conditions (3.18) are sufficient to define U, uniquely. This means
that some of the conditions must be relaxed in order to define methods
based on alternative choices for U,. The standard strategy is to relax the
conditions Hy.,d; = Hyd;,j=k—-1,k—2,--,k—n, but keep the

last condition
Hyiq dy = yi (3.19)

Which is known as the quasi — Newton condition. The simplest

possible form for Uy is the rank — one matrir

Uk = ukv,z (320)
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For some vectors u, and v, to be determined. Substituting (3.20) in
(3.19)we have

Hyy1dy = (Hy + wevi)dy = yi, or we(vidy) = yx — Hidy, (3.21)

Which has several interesting implications. First, H,, itself satisfies the
quasi-Newton condition if H,d, =y, Second, the rows of U, are
orthogonal to d,, (i.e., Upd, =0) if vld, =0; if H,d, # y,; the
updated matrix H,,, can satisfy the quasi-Newton condition only if
vid, # 0. Finally, assuming that H,d, # y, and vid, # 0, the quasi-
Newton condition will be satisfied by the rank-one matrix U, = w, v}
only if (H, + Uy)d, = Hpdy + u,(vid) = yy, so that u;, must be
a multiple of y, — Hyd,, with

1
Ude

Hyy1 = Hi + (Vi — Hedp) vy - (3.22)

One obvious choice of t is v, = d;, which makes U, well-defined

whenever d,, is not zero. In this case,
1
Hiy1 = Hye + —— (Vi — Hyd)dy ., (3.23)
k%k

which is known by several names, including the Broyden update, the

good Broyden update, and Broyden's second update.

Each iteration of a quasi-Newton method requires solution of the
n Xn linear system Hpp, = —Vf(xy),and a "naive" implementation

would require 0(n?) flops?! to perform this caleulation.
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Methods for modifying matrix factorization were not available when
guasi-Newton methods were being developed, and so the earliest quasi-
Newton updates were de- rived in terms of the inverse Hessian. With
exact arithmetic, every update to H, is associated with an equivalent
update to H;!, using the Sherman-Morrison- Woodbury formula. For
example, if M,. denotes H;!, the inverse form of the general update
(3.23) is

My, = My + (dx - My )vi My,

v My Yy

from which the inverse form of the Broyden update

1
dyMyyi

Myy1 = My + (di - Myyy )diM,, (3.24)

IS obtained by setting v, = d, as before.
However, it is possible to derive quasi-Newton updates for the inverse
Hessian directly by considering update matrices U, that satisfy the

guasi-Newton condition

My + Uyk = Myp1yx = dy,

Using a formula analogous to (3.20) we can write all admissible rank-one

updates in the form
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1
My = My + Wiy (dx — Mpyi)wy,
k Yk

Where wy, is arbitrary, except for the fact that it must satisfy wly, # 0.

In this case, the "obvious" formula is defined by setting w;, = y; . giving

1
M1 = My + 3Ty (dx — Miy)yi
k Yk

The derivation of this update predates the Broyden update (3.24)
because of the perceived additional expense of solving the equations
Hyp,, = —Vf(x;) rather than forming the product p, = —M; Vf(xy)
at each step. This formula is not the same as the Broyden update
(3.24), and is known as Broyden's first update or the bad
Broyden update. It is easy to see that we can write down this formula

as an update to Hy, , by simply interchanging "M" for "B" and "d" for "y

in the inverse formula (3.24) ,giving

Hyyq = He + (Y — Hedy)yi Hy.

dZ’,‘Hkyk

3.6 The quasi-Newton Hessian
A quasi-Newton line-search method (or, when the meaning is clear,
simply a quasi — Newton method) is typically defined by the sequence

of iterates xj 1 = x; + a,p, Where p, is the solution of
Hyp = =Vf(x), (3.25)

«;, satisfies appropriate sufficient decrease conditions, and H,, is updated
at every iteration using a quasi-Newton update. When H,, is symmetric

and positive definite, p, of (3.24) is the unique minimizer of the
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quadratic model g, (x) (3.25), whose Hessian changes at every iteration
hence the name variable metric methods originally suggested by Davidon
and still used by some authors.

Up to this point, we have not made use of the fact that the Hessian H
Is actually the second derivative of a scalar-valued function f. The two
fundamental properties of H that we plan to exploit are symmetry and
definiteness.

An update formula Hy,; = Hy + Uy, is said to have the property of
hereditary symmetry if symmetry of H, implies symmetry of H,, , and
hereditary positive- definiteness if the positive-definiteness of Hj.,,
follows from that of H,. A crucial property of symmetric positive-
definite approximate Hessians is they may be used directly to define a
quadratic model whose minimizer can be used to define the next
iterate. By analogy with a Newton-based line-search method, a quasi-

Newton approximation H, may be used to define a local quadratic model
of f:
qie(x) = f Q) + VF ()T (@ = %) + = (¢ — 23) T Hy (xc = ;). (3.26)

which has a unique minimizer only if H, is symmetric positive
definite.

The curvature of f plays a particularly important role in the
development and understanding of quasi-Newton methods for
minimization. The curvature of f along d; at an iterate x; is given by
drv?f(x,)d, , which cannot be computed exactly because H is (by
assumption) unknown. However, a Taylor-series expansion of the

gradient Vf (x; + d;) gives

(Vf(xk +dy) — Vf(xk))Tdk = diV*f (x)dy + f dl{(vzf(xk + tdy) — sz(xk))dk dt ,
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and hence, if ||di]|| is "small enough", the curvature at x, should be

"close" to the curvature at the intermediate point x;, + td,, , and

Yiedie = di V2 f () dy

The quantity yld,, defined from only first-order information, is
known as the approx — imate curvature of f at x;. An important
property of the quasi-Newton condition is that it forces the new quadratic

model g, to have curvature y! d,, along d,; i.e.,

diHys1dr = yid,  (3.27)

We say that the quasi-Newton condition installs the approximate
curvature y; d, as the exact curvature of the new quadratic model. With
this interpretation, the approximate Hessian H, , represents (in some
sense) curvature information that has been accumulated at iterates
preceding x,1. The move from x;, to x;,, provides further information
about curvature that may be incorporated in a new Hessian

approximation Hy, ; .

Procedure [19][20]

The procedure is much the same as regular Newton's Method with a
modification to the Hessian Matrix step. Again, the modification depends
on the specific type of Quasi-Newton Method being used .

For a given f(x) that is twice-differentiable:
1. Choose a starting point x,,.

2 Calculate search direction by estimating H~* (method varies)
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3. Calculate change in x using the following equation:
xk*t1 = xk — [H71], * grad(x®)
4. Determine new x value, x?!
5. Determine if method has converged using convergence cniteria
(gradient)

6. Repeat from step 2 if not optimum
Example 3.2

The following is a brief numerical example of one type of Quasi-
Newton Method. This method uses the original inverse Hessian for each

iteration.

Objective function:

min f(x) = 2x? + 3x3
Step 1: Choose starting point x,, [2] = [ﬂ

Step 2: Calculate inverse Hessian (approximate)

vF) = 5]
viw=[2 3
H_lz[obs 0(.)3]

Step 3: Find new x

X = [ﬂ - [065 0(.)3] [g]
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Step 4: Determine new x value
0
k+1 _
= [o]

Step 5. Determine if converged

Vi(x) =0
Converged!

Step 6: Repeat (if necessary)

Since this example converged, this step is not necessary. If the

problem had not converged, solution would have resumed from step 2.

Unlike in Newton's Method, the

inverse Hessian would not be

recalculated exactly. In this particular example, the inverse Hessian

would be reused at each step instead of being recalculated. In most cases

with Quasi-Newton Methods, there would be some kind of "update” to

the original value. Again, these can vary from case to case.

3.7 Comparison between Newton's Method and Quasi-Newton

Method

Newton's Method

Quasi-Newton Method

Computationally expensive

Computationally cheap

Slow computation

Fast(er) computation

Need to iteratively calculate

derivative

second

No need for second derivative

Need to iteratively solve linear system of

equations

No need to solve linear system of

equations

Less convergence steps

More convergence steps

More precise convergence path

Less precise convergence path
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3.8 The Steepest-Descent Method [25][26]

The steepest descent method is one of the oldest and well-known
search techniques for minimizing multi-variable unconstrained
optimization problems. This method has played an important role in the
development of advanced optimization algorithms. It is a first-order
derivative iterative optimization algorithm whose convergence is linear
for the case of quadratic functions [50, 81]. If take steps in the direction
of a negative gradient of the function at the given current point to find a
local minimum point, then this procedure is called Gradient Descent [50].
On the other hand, if take steps in the direction of the positive gradient at
the current point to find a local maximum point, then such procedure is
known as Gradient Ascent. The performance of the steepest descent
method depends on the initial choice of a point x0. If start far away from
the optimum, the method converges rapidly but as get closer to the
optimum, it becomes very sluggish [6]. A new choice always alters the
convergence characteristics. The steepest descent method is also known
as Cauchy’s method [50]. Steepest descent (SD) method is a simple
gradient method for the unconstrained optimization:

Min f(x)
x €ER™
where f(x) is a continuous differential function in R™, now present the

following
steepest descent algorithm.

Use the steepest descent direction d¥, = —g*
(a) Initialize x° and e,setk := 0
(b) while ||g(x*)|| = €
i.=df= —gk
ii. Find d*(> 0) along d* such that
« G+ akd¥) < f(x)
o d* satisfies Armigo — Wolfe condition
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i, x**1 = xk + gkdk
Iv. k:i=k+1 end while
output x* = x* a stationary of f(x)

3.9 The Conjugate Gradient Methods [ 27]

The conjugate gradient (CG) method is ideal for comprehending due
to its low memory requirement and strong global convergence properties.

The method generates a sequence of iterates recurrently by

xOE Rn,xk+1 :xk +akdk’ k>0
where a¥is the step-length and a* is the search direction determined by

Lk = {—G(xk) ifk = 0
—G(x*) + prkdk-1 ifk > 1

where G (x*) and % is a parameter, which characterizes the CG method.
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.Example3.3 Consider the unconstrained optimization problem

min f(x)=[15— x,(1— x)]?+[2.625— x,(1— x3)]? +[2.25— x,(1 — x5)]?
x € R?

will applying the different technique of line search by using the python
programming to the same problem and will comparing the beaver of
converge to the minimal point and explain by study result who is better
technique. the date using to solve example are. the current point is

x = [1,—3]and with the stop conditione = 1e—6 the fowling

output on the python console

(a) Steepest Descent Method

Initial function value= 760.3906, approach to minimize from initial
point x = (1,—3) by using steepest descent method as shown by the tablel
need to 57 iteration to reach the minimize x*= (3.025, 0.474)T. the object
value function in iteration one decreasing f(x;,x,) = 11.263 to
f(xq,x5)=0.640 as will as getting the small steps with using direction
search d¥=— gX. When go to the next iteration which (0.157,-2.213) to
(2.254, 0.040) would see that there is a significant decreasing in the
objective function value from £(0.157,—2.213) to f(2.254,0.040) and
again there is a significant decrease in the norm of g¥ in
the iteration progress you will see that in the end of 10" iteration the
function value is 0.063 in the end of 20" iteration the function value is

very small, if use the spotted criteria of || gX|| < € = 1e — 6(see table 3.4).
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(b) Newton Method

In newton method the direction search dX¥N = —H~1g<0 the direction
depends on the inverse of Hessian matrix at every iteration, the number
of iteration until reach the minimize is 16 only less than the numbers of
iteration in steepest descent method but not all the Hessian matrix
positive definite as well as invertible so we need update the method .Note
that in some iteration, the search direction is not a descent as the function
value increases instead of monotonically decreasing. The method,

however, converges to the minimum point(see table 3.1).

(c) The Quasi-Newton method(DFP update) and the quasi-Newton

Method(BFGS update), in this method will replace Hessian matrix by
approximate matrix Bk and at every iteration will use rank two update
and if comparison this method with Method Newton method, will reach

the optimal in 7 iteration only (see table 3.2, 3.3)
(d) The Conjugate Gradient In this method depend on orthogonal

eigenvectors of Hessian matrix, the table(see table 3.5) the behaver of

converge to minimizer.
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Table 3.1: The Newton method

K X1 X2 f (x1,%2) | llgradient]|
1 0.875 -2.553 220.450 2200.599
2 0.772 -2.173 66.508 743.760
3 0.683 -1.859 23.624 249.387
4 0.586 -1.634 12.364 81.919
5 0.426 -1.578 10.264 25.159
6 0.169 -1.885 11.373 5.192
7 0.396 -0.942 10.163 11.355
8 0.961 -1.719 30.758 10.397
9 0.834 -1.482 13.413 106.087
10 0.616 -1.395 9.621 34.203
11 0.208 -1.686 11.211 8.789
12 0.911 1.206 22.326 10.929
13 0.383 1.070 16.207 43.067
14 0.052 1.007 15.400 12.654
15 0.001 1.000 15.391 1.523
16 0.000 1.000 15.391 0.015

Through iteration 8,9 it appears to as clearly. No, guaranty that d*
descent direction.
In comparison with the previous method(Newton Method), note that the
approach to the optimal solution is an orderly approach, this means all
direction are descent direction. In Steepest descent method fast
convergence with slow steps. In conjugate gradient method. Regular

convergence without using the second derivative information.
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Table 3.2: The Quasi-Newton method(DFP update)

K X1 X2 f (x1,%2) | llgradient]|
1 0.157 -2.213 11.263 2200.599
2 2.256 0.038 0.645 0.616
3 2.551 0.355 0.130 2.928
4 2.555 0.356 0.128 0.880
5 2.927 0.431 0.045 0.865
6 2.975 0.462 0.039 0.602
7 3.026 0.475 0.038 0.076
8 3.025 0.474 0.038 0.029
Table3.3 : The Quasi-Newton method(BFGS update)
K Xy X2 f(x1,%) | lgradient|
1 0.157 -2.213 11.263 2200.599
2 2.256 0.038 0.645 0.616
3 2.551 0.355 0.130 2.928
4 2.551 0.356 0.128 0.880
5 3.014 0.466 0.039 0.865
6 3.022 0.473 0.038 0.210
7 3.025 0.474 0.038 0.003
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Table3.4: The iterations of Steepest descent method

K X1 X2 f (x1,%2) | llgradient]|
1 0.157 -2.213 11.263 2200.599
2 2.254 0.040 0.640 0.616
3 2.252 0.230 0.350 2.889
4 2.487 0.232 0.218 1.125
5 2.486 0.309 0.156 1.561
6 2.618 0.311 0.118 0.566
7 2.618 0.353 0.096 1.028
8 2.705 0.354 0.081 0.349
9 2.704 0.381 0.063 0.743
10 2.767 0.382 0.063 0.238
11 2.767 0.400 0.058 0.565
53 3.019 0.472 0.038 0.014
54 3.020 0.472 0.038 0.014
55 3.020 0.472 0.038 0.012
56 3.021 0.472 0.038 0.002
57 3.021 0.473 70.038 0.010
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Table 3.5: Conjugate Gradient Method

X1 X2 f (x1,%2) | llgradient]|
1 0.157 -2.213 11.263 2200.599
2 2.253 0.041 0.638 0.616
3 2.457 0.325 0.180 2.878
4 2.632 0.412 0.134 1.003
5 3.084 0.508 0.048 1.791
6 3.120 0.499 0.040 0.962
7 3.120 0.497 0.040 0.077
8 3.101 0.489 0.040 0.036
9 3.021 0.471 0.038 0.180
10 3.018 0.472 0.038 0.059
11 3.018 0.472 0.038 0.006
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four



4.1 Advantages:

While the last two rows in the table appear to be disadvantages of the
Quasi-Newton Method, the faster computation time can end up balancing
them out. For large and complicated problems, this balance is the benefit
of the Quasi-Newton Methods over the full Newton's Method owing to
the overall faster solution time .

4.2 Disadvantages:

The lack of precision in the Hessian calculation leads to slower
convergence in terms of steps. Because of this, Quasi-Newton Methods
can be slower (and thus worse) than using the full Newton's Method.
This occurs for simple problems where the extra computation time to
actually compute the Hessian inverse is low. In this case, the full
Newton's Method is better anyway. An additional potential disadvantage
to the Quasi-Newton Methods is the need to store the inverse
Hessian approximation. This could require a large amount of memory
and could thus be detrimental in the cases of large complicated systems.

4.3 Conclusion

Quasi-Newton Methods are an efficient way to optimize functions
when either computation or iteration is costly. While their exact methods
vary, they all can determine the optimum faster and more efficiently than

Newton’s Method when the problems are complex
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