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Abstract

Abstract

Many papers were introduced the approximation of monotone
functions using monotone polynomials, but we sometimes need to
approximate monotone function by rational monotone polynomials.
In this thesis, we fill this gap to estimate the degree of best
constrained approximation using rational monotone polynomials

and rational r-monotone polynomials.

Moreover, many researchers related to the degree of unconstrained
approximation to constrained approximation, and proved: for a

continuous function f on closed interval we have

E.(f) < CEJ(f) (1.1)

C is positive constant. The converse of the relation (1.1) is not
achieved, so we will obtain the converse of the relation (1.1)under
some conditions on f which belonging to quasi normed spaces. We
relate the degree of best monotone approximation to the degree of
best approximation of functions in L, ;}. And relate the degree of

r-monotone approximation to the unconstrained approximation.

Recently many direct theorems introduced for monotone, convex, 3-
monotone approximation, r-monotone for function in L, quasi
normed space. Now there is a question: Can we strength these
results in terms of moduli of smoothness of higher order?. The
answer is no, and that what we see in our work here. Here we
introduce negative theorem for the r-monotone approximation of

function in L, quasi normed space for 0<p<1.
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Introduction

Introduction

We wish sometimes to approximate monotone function defined on a
finite interval, while preserving certain shape properties such us
monotonicity, convexity and r-monotonicity. That is what is called
constrained approximation. Sometimes we need to approximate a
monotone function using a rational monotone approximation that is

what we called monotone rational approximation.

The L, space for0<p <1

1

Loty =3 f:[0,1] = R, with < f | Fo0) | P dx)p < o).

On Ly[oywe define the quasi norm[6]

1

Ireall, = ([ Treolrac) o<1

Let
H,={D, =ay+ a;x+ ayx*+ - + a,x™of degree < n},
we specify
Mn={Dn€Hn :DMP(x) >0, 0<x<1 }
The degree of best approximation of f € L, from H,

En(f)p = DiTelj;:I "f — D, ”L

plo]’

1



Introduction

A"={f € Lyo1],f is monotone }
the degree of best monotone approximation of f € L, N A"

En(fp = inf |[f-Dull,
DnEM,

A function f:[0,1] - R is said to be r-monotone , r = 1,

on[a, b] if and only if for all choices of r + 1 distinct points

Xoy X1y, e , Xy in [a, b] the inequality
f(XOJxlu """ ’ xr) >0
T
f(x
f(inxlu ...... ’xr) ,((]))
—w'(x;
is the r-divided difference of f at xy, x1,, -+ , X, , where
w(x) = n(x — xj).
j=0

We will use moduli of smoothness which are connected with
difference of higher orders. The rth symmetric difference for f is

defined by
n(f.x,[a,b]) == Ay (£, x) :

T

_ Z (:) D" (x —%+ ih),x J_r% € [a,b]

i=0

)

0,

thus the rth usual modules of smoothness of f € Ly 47 is

defined by

O, (f,8), = O (f,6,[a, b, = sup ||AR(f)], ,6=0.
0<h<é plo.1]



Introduction

In [27] Petrushev and V.A Popov studied the degree of best rational
approximation for function in Soblev spaces. In [2] B. Gao D.J.
Newman, V.A, Popov and S. P. Zhou studied the convex and
monotone approximation of function in Soblev spaces. In [7] E. S.
Bhaya, and D.B.Alasmawy studied Monotone rational approximation
of functions in L, space for 0 <p < 1.

In chapter one, we estimate the degree of best approximation of
monotone functions in  Lyig4), for 0 <p <1, using monotone
rational polynomials of degree < n.

Many researchers work on the upper bound of E,(lr) (f) which is the
case r =1, it means f'(x)=0 for a<x<b , a,b€R. In [14]
Lorentz and Zeller proved that for a continuous function on the

interval [a, b ], that satisfies

FO(x) = 0 that E,(f) < EX(f).

In [16] Lorenz proved that if fT9(x) > 0 for anya<x<bandi=
1,2,3, - ,q, then there exists ¢ > 0 such that for positive consistent

E,(lri)(f) < c E,,(f). In[20] Roulier, put conditions on (f) to insure

forn — oo,
V() = En ().

)
In [19] Roulier gave some conditions to get i?—(;j;) < c(f"), where

c(f')is a constant which depends of f', in[22],[32],[23], [24],[25]
K.A. Kopotun, D. Leviatan, and I.A. Shevchuk , discussed , are the
degrees of best (co)convex and wunconstrained polynomial

approximation the same? In[6] E. S. Bhaya & B.K. Hussein, studied



Introduction

a new modulus of smoothness for uniform approximation, in[9]E.

S.Bhaya, H. Almurieb, discussed Nearly monotone neural
approximation with quadratic activation function.

In chapter two, we obtain an estimate for the degree of best

approximation once for r = 1 and another for any r. Then we relate

E,gr)(f) to E,(f) by a constant independent on f’. These all for

Lebesgue integrable functions.

In [3] Jackson is the first mathematician, that proved direct theorem
for best approximation of a continuous function. Then in [17]
Lorentz proved inverse theorem for the direct theorem of Jackson. In
[33] Malozemov, relate the approximation degree of function to its
derivative. In [21] J.Roulier proved direct (Jackson) theorem for the
monotone approximation. In [11] E. S . Bhaya, S. A. Abdalredha,
studied Piecewise 3-monotone approximation for 3-monotone
functions in L,-spaces for p < 1. In [26] O.shisha studied this

problem which will be proven as follows.
If 1 <r <m and a continuous function f € L[0,1]
FO@) =0, | Ff™x)| <M for 0<x<1,

the for all integer n(= m),

C 1
ED(F)., < @ (f(m)’£> ,

such that € depends upon m and r. w(f, h)which is the modulus of

continuity of the function f.
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In chapter three here we relate the degree of best monotone
approximation to the degree of best approximation at function in
Lyjo,1- And relate the degree of r-monotone approximation to the

unconstrained approximation [31].

Several, researchers devoted their researches in studying monotone
and co monotone approximation of continuous function by
algebraic polynomials, particularly to Jackson type estimates (cf., for
example,[28],[29],[30] — [5], [15], [10][12] — [ 34]). In[8]E. S. Bhaya,
G. Abdullah, introduced Negative theorem for L,,0<p<1
monotone approximation. Many researchers, including Lorentz and
Zeller in [15] and Shvedov in [1], from their opposite results, it
appears that the estimates of the Jackson type for the criteria of the
higher degree of smoothness are not correct in the monotone
approximation. [35], imagine that there is a continuous function

which is r-monotone such that for r > 1.

y ES ()
o 1
Wor+1 (f , H)

= —+o00,

In [35], the authors got weaker result, which showed the existence

of an r-monotone continuous function such that

y B _
1m sup -~ +0o,
n—-oo
Wor41 (fr ﬁ)
Forr > 2
™
E

)

5
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In chapter four, we shall prove a negative theorem for the best r-

monotone approximation of function in Ly 1] space .Let r = 1. Then

there exists a function f € Ly, N A” such that

Eg)(f)p > Wry3 (f» %) :

p
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L,Bound for the Degree

of Monotone Rational

Approximation



Chapter one

Many papers were introduced for the approximation of monotone
functions using monotone polynomials. But we sometimes need to
approximate monotone function by rational monotone polynomials.
Here we fill this gap, and estimate the degree of best constrained

approximation using rational polynomials.

1.1 Introduction

Let P, be the collection of all algebraic polynomials of degree
<n B, ={px)=ay+ax + a,x* +--- + a,x" <n Jand
Qnbe the set of all rational polynomials r = S /q , where s,q € B,

q =0,

Q= {r®= 23 ,5(),q(x) €Pq(x) %0}

1
Lpfo,1] = { £:10,1] > R, with < f | Fo) | P dx)p < oo}.
0

On Ly 1ywe define the quasi norm[6]

1

lfeol, = (j |f(x)|pdx>p,p < 1.

The degree of best approximation of f € Lyjy,), using rational

function is defined as:

En(f)p = inf ||f_rn||p°

Th€Qn

Let

A= {f € Ly[o4],f is monotone I3
The degree of best monotone rational approximation of f € Ly 1] N
A is

By = inf |f-ml,

™

8
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The rth symmetric difference for f is defined by
n(fx[a, b)) == A4 (£, X):

r

D)o (2 —rz—h+ ih),x i% € lab]

i=0
0,

thus the rth usual modules of smoothness of f € Ly 4 is

O, (f,8)p = O,(F, 8,10,y = sup [ 857 |06 2 0.

During this chapter, we will seek to solve a problem that has been
dealt with R. A. Devore in several lectures within thel5 years. The
problem we want to deal with monotone function, whether
increasing or decreasing, belongs to Ly[o ;). We want to estimate the
degree of best approximation of the function f that belongs to
Lyo,1], by using a polynomial that is monotone and rational.

In [27] Petrushev and V.A Popov studied the degree of best rational
approximation for function in Soblev spaces. In [2],[32] B. Gao D.J.
Newman, V.A, Popov and S. P. Zhou studied the convex and
monotone approximation of function in Soblev spaces. In [7] E. S.
Bhaya, and D.B.Alasmawy studied Monotone rational approximation
of functions in L space for 0 <p< 1. In this chapter we estimate the
degree of best approximation of monotone functions in Ly}, for
0 <p <1, using monotone rational polynomials of degree< n. To

prove our main results, we make use of proof strategies from [18].



Chapter one

1.2.Direct Theorem for Monotone Rational Approximation
In this section we shall introduce our main results for the degree of
best monotone rational approximation.

First let us introduce the following auxiliary lemma from [4]:

Lemma 1.2.1.[4]

For all even m > N, and integer n > m?* we take

1+R[ ]_'_1 €5)

Qum(x) = —H—— (1.1)
1, x =0,
Xy o= {0, x < 0.
Put
—2[m Rin(x)
Rn,m(x) ‘—ZJT (t) dt+Hnm( ) 1+ b
R* pyp— 1
m(*) = 1+ (nx)m*+m
L, x
T() ‘2< VI e
R 2(
Hn,m(x) =1 Iy _ijm dt,
0
+ x2k m+ m 2 o
B —Z< D e e (5)
@) - _N(x) N(—x)
Rom N(x) + N(—x)

The Newman rational function, where

~1
N(x) :=[]"(x+d)and a :=e /\/m,

And Qn,m = Pnm + dnm,

where Bum € Q7 dnm € Qums,
10



Chapter one

_ —vmy
|Qn,m(x)_x-?-|<e\/m/4,en4S|X|S1, (1.2)
-m . . _
[ Qum@) =20 | <*= < | x| <2,j=2m (1.3)

|Qn,m(x)_x?-| <2, |x| <1.

Theorem 1.2.1.

Let f be a monotone function in Ly 1}. Then

1 01(r2),
Ex(f)p = c(p)—
nbp
proof:
Let 0 = xp<Xx; < ... ... < xy < 1, be a partition for [0,1] such that
[0 =2 | == and | FGe) = flran) | ==
n n

Let f is a non-decreasing function of [0, 1], and % <f(1)-f(0)<c

Put

k-1
1
S = fGo) 47 ) (et

k-1
1
Is)=r@ 1, = I G +5 ) (=50 = f @,

<

S|=

Define an even number greater then n,, as
m; = 2ny + 16[In? + (n"tmax{(x 14, — x; ), (g — xi_q )_1})]. Since
m; are even m; > n,, we have,

_Jm
|Qrm()— x8 || <e ™y

Thus
11
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—Vmy . 1
e 4 < nmin Xiv+1 — X, Xi—xi_llz.

So

1
np-1’

2
) <n, since n> m?

1
np-1

m; < 2N, + 16In? SO (ZNo + 16In?

whenp <1, foreveryi = 1,2,3,4, ... ... Jk — 1.

1+R[%]+1' ey

2

For Qpn, using (1.1), to get Q,n,(x) =

)

put

k—1
1
RGO = f(xo) + ;Z Qum, (X = %),
And all @y, , are non-decreasing function, and therefore we have by
nllf(x) -RG)I p < c(p) (n If G -sG |, +nlStd -
R(x;) || p).

k-1
2 1
2e(p)n- = +nfxo) + ;Z(x - %)% - (F(x0)

k-1
1
+ ;z Qn,mi(x - xi) ”p
i=1
n) £ = RGO < n( [fGI-SC) +5CO-R|,)
k-1 k—1
1 1
=n ( [£G) = FGr) == > G =i )2+ Fro) + = > (r =1 )

k-1
1
- f(xo) - EZ Qn,mi(x - xi) " p>

k-1
1 1
<n (II [f00 = fo) | +- (k_l”EZl |G = 2)% = Quam(x

) ||,,)

12
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k-1 k-1
1 1
< conllFe-rG) -2 Y @=xl, +2 > - x)
i=1 =1

- Qn,mi(x - xi) " P
So

k-1 k-1
1 2
nllfe0 =R, <cm| S+ 2> =202 = Y Q=3 |,
i=1 =1

k-1
nllf@ - R@I, = @) |3+ ) (=108 = Qum G =5,

n|f@ —RE) ||, =c@nllfe-s@I, +n [|S@-R® ||,

k-1
<2+ " Z(x - xl)g- - Qn,mi(x - xi) "p
i=1

=2+ > =)= Q- |,

+ " Z (x - xi)9, - Qn,mi(x - xi) "p
]
i:% e |x—xi | ==
+ " z _z(x — )3 = Qnm,(x — %) "p'

Jj=2 i:j%l<|x—xi|s%

13
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Using (1.2) and (1.3) to get
n|lfG) — R, <2+ c®) sup | (x — )2 = Qum, (x — %) |
+ c(p) sup | (x — x)% = Qum,(x — x7) |

+c@)sup | (x—x)2 = Qum, (x—2x) |

j=2J:L:1<|x—%|S%

n
<2+ 2 | G — 2% = Qupm, (x — 2|
i/,

3 1

l:|x—xi|sﬁe

n 1 _‘/E/AL
+ z z.—e
L j?

j=1i L e i <2

, be a satisfactory result | X — X; | <

We get |%; — %00 | >0t e
~my,
nle )
> el - Q- | <4
i,
i: |x—xi|s% e
l7Go - RGO ||,
n
< gy Y minfea g
= c\p n j=1j2 - jmln Xi+q X; '
l!T<|X—Xi|Sﬁ

14
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I - f @ +3 Zonml =20

n

6 1 _ 1
= n + Z]_Z z | mln{(xi+1 - xi).a}
=1 ]7_1<|x—xl|s%
n
6 1 4
£ G0 = £ o) += 2 Qum =) ||, <= Zj—z-g
j=
So
IfG) - RGO |, < ¢ 9+1i4.1 L@
p — p n n = jz - n
j=
Recall 0 = xp <xp <o <= xy = 1 be a partition for[0,1], such that
| = x| =5 and | f Ge) = F G | =
Then
1
c(p) P
l; I} p
TS |7 "Lp[xl-, Xl — f |f'®|" dx
X
< [ f G = FGD N, | inn — x|
1 1
<o (f ;)p'
So that

IfG-R@|, < “2 < cp) @ (f.3) -
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Recall

k-1
1
RO = fGo) +5, ) Q6= 0.

by using the facts

k-1
RGO = FGx0) 45 ) (Bu, (6 = 50 + G, (6 = 20)

Pn,mi € Q7 q nm; € Qams,

Py m;is a polynomial of degree < 7n,

q n,m, is a polynomial of degree < 2m;°
k-1
So degree of R(x) is < 7n + Z 2m?

=1
<7n+2(k—-1)°%<7n<2n

< 7n®.

16
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Chapter Two

The Relation Between the Degree of
Monotone Approximation and the
Degree of Unconstrained

Approximation

17



Chapter two

Many researchers related to the degree of wunconstrained
approximation to constrained approximation, and proved the

inequality: For a continuous function f on closed interval we have

E.(f) < CET(f) 2.1)

where C is a positive constant. The converse of the relation (2.1) is
not a hold, so we will obtain the converse of the relation (2.1)under

some conditions on f belonging to quasi normed spaces.

2.1.Introduction

Let the L, spacefor0<p <1
1

1 P
Lopo) = 3 f:[0,1] > R, with (f |f(x)|”dx> <oop.
0

Denote Ly ) we define the quasi norm

S

1

171, = jlf(x)lp dx

0
For p = o0, we have x € [0,1],[6]
71 =170 = sup |FCol.
x€[0,1]
Before we define the degree of best approximation of f € Ly 47, let
us introduce
P, ={P,(x) = ay+ a;x + a;x% + - - + a,x™ of degree < nj},
and let

Mn = {Pn(x) € ?n : Pn(xOleleI """ ;xr) = 0})
18
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let

M = {f € Lp[O,l] s f (o, Xq, Xy 000 o ) Xp) = 0}:

The space of r-monotone function see [13].

f(xOJleXZﬂ """ 'xr) = zw’(x) ’
i ]

is the r-divided difference of f

w(x) = H(x —X;).
i=0

We define for f € M.

By = inf (If = Bull,y

where P, € M,, and f € M, and let

En(f)p:PiTé]; "f_Pn p’

be the degree of unconstrained best approximation.

For p = o, we shall denote

En(f)p = E,(f)

EC (), = EF ().

The ordinary modulus of continuity of f € L, 1 is

w1 (f,8), = sup |fx+hm) —f], [13]

o<|n|<6

19



Chapter two

Many researchers work on the upper bound of E,(lr) (f) which is the
caser =1, itmeans f'(x) 2 0fora<x <b,a,b € R.In [14] Lorentz
and Zeller proved that for a continuous function on the interval

[a, b ], that satisfies
FO(x) = 0 that E,(f) < E (f).

In [16] Lorenz proved that if f79(x) >0 for any a<x < b andi =
1,2,3,--- - ,q, then there exists ¢ > 0 such that for positive consistent

E,(lri) (f) < c E,(f). In[20] Roulier, put conditions on (f) to insure for

n — oo,
ETY(F) = En(f).

Q)
In [19] Roulier gave some conditions to get 2}—(%) < c(f"), where

c(f")is a constant depends of f’, in [22],[23] [24], [25]K.A. Kopotun,
D. Leviatan, and I.A. Shevchuk , discussed , are the degrees of best
(co)convex and unconstrained polynomial approximation the same?
In[6] E. S. Bhaya & B.K. Hussein, studied anew modulus of
smoothness for uniform approximation, in[9]E. S. Bhaya, H.
Almurieb, discussed Nearly monotone neural approximation with

quadratic activation function.

We obtain an estimate for the degree of best approximation once for

r =1 and another for any r. Then we relate E,(lr)(f) to E,(f) by a
constant independent on f'. These are all for Lebesgue integrable

functions.

20



Chapter two

2.2- The Main Results.

In this section we present two theorem that we need in our work.

Theorem 2.2.1

If f is monotone in Ly 4], and satisfy the condition

(f(xz) - f(x1)) > M(x; — x1),

where M is a positive a constant, for 0 < x; < x, < 1. Then

M 'n

En(f)p < ‘) (‘U (% 1) + En(f)p>
p

En(f)p
Ex(f)p < c@En()y

where c(p) is constant depending only on p.

Proof.

Choose @, be a best approximation to f € Ly 4}, i.€

En(f)p = ”f - Qn "p

Qn (xz) - Qn (xl)

> ) — Fx) = | Flr) = Q) | = | F2) = Qi) |

> f(xy) — () — || £ (rr) — Quxy) "p = [|£ G2) = @ (2) ”p

If

= f(x2) = f(x1) = 2E0(f)y
= M(xz - xl) - ZEn(f)p-
(M(xz - xl) - 2En(f)p) = En(f)pr then

M(x; —x1) —3En(f)p 20
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3
(xz - xl) = MEn(f)p

3
Qn(xz) - Qn(xl) >M (M En(f)p> - ZEn(f)p

= En(f)p > 0.
Define
(1_ SEnPp | 3Enngf)p)x
P = = | Qn(®)dt
X) = )
" T 3EM, 3 "
(1_MEn(f)p)x
we have
0<(1-22Le 4 Zn) v < 1, and 0 < (1-2Eu(F), )x < 1.

For 1 > x > 0, we have P,(x) > 0.

If
En(f)
1-32022< ¢ < (1 —2E,(f)p + 3En(f)p) X,

definition of the modulus of continuity implies

Ife) =Nl <0 (ZE(Pyp [x—t])

p
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3En(f) 3En(f)
(1— M Py M p)x

M 3
17 =2ul, = 17 = 55 | =~ 0.t |,
(1_ %En(f)p)x

3En(f) 3En(f)
(1— 7 Py T p)x

M
= | TR j (fG) - Qu®) at,

(1= SEa(Fp)x

(1_ 3y 3En<f)p>x

M M
M
-5 | (FGO = F(O) + F(©) — Qu(®)) it | .
(1= SEn(F)p)x
EPy < I —Rl, < 27 ( I j (FO) = £ + £() = Qu(®) e
p

1

M 2
<3F (f)p<ll [re-rol,+ j ORI O] )

_3’2’ (1f>,, (( f | f (f() - () altl%lx)5

S

+<j|f|f(t)—Qn(t)|dt|pdx> )
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Using the fact f: f(x)dx = C(a D)

Yiza f(x).

3E,(fp

() 27" ( "\
En(Fp < S5 \< —|jf<x) f(t)dt|>

1

+<flfxf<t>on<t>dtpdx>p>
0 0

1
P\ P

L@ (1Y
<35, (ZE ;(ﬂxo—f(yi))l )

i=1

+<j|]|f<t)—czn<t)|dtlpdx>
0 0

S

S

(2 LS - 10017 )

i=1

1
P

= 3.0 (
"\
(

+ | |f(t)—Qn(t)|pdt>
SO
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c(p) 2%‘1< 3E, 1
@ (—

||f—Pn||pS m i »;)p + En(f)p>-

This implies
Ex(f)p < c(D)En(f)p.
Theorem 2.2.2.

Let f € Lyo11be a monotone function and assume that f is a positive

bounded function on Ly ). Then if f is not polynomial, then

O
By~

lim
n—oo

Proof :-

Assume there exists b > 0 such that f(x) > b. Let a be a positive

constant greater than 1. Choose k so large that

Ek(f)p < (3 + a)-

Let Pybe the polynomial from P of best approximation to f € Ly 1]-
Let
h(x) = f(x) = P(x) + (1 + @) E ().
Then we have
aEx(f)p < f(x) = Pe(x) + T+ @)E(f)p < @+ )ER(f)p - (2.2)

Now let
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¢(x) = | h(t)dt
/

¢(x) = f(x) = Qi1 (x), (2.3)

where

Qurn (0 = F(0) + j (Pe(D) — (1 + @) Ex(f),)dt.
0

X

$(x) = £(O) — £(0) + f (Pe(D) — (1 + QEL(f),)dt

0
Qr+1(x) = P(x) — (1 + &) Ex(f)y
=Pc(x) = f(x) + f(x) = (1 + a)Ep(f)p
= f(x) — 2+ )E(f)y

b
(B+a)

>b—-—(2+a)

b
(B+a)

From (2.2)
aEx(f)p < ¢(x) < 2 + a)Ex(f)p.
From Theorem 2.2.1 we get for n sufficiently large
EA@Yy < (T + 1) B9,
That is, for n sufficiently large,
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1
FA@)y <2(1+2) En@)p.
n =k + 1, we get by (2.3) and the monotonicity of Q.4
En(¢)p = En(f)p

En(f)p = Piréé "f —h ”p

Eﬂﬂp=P@£Hf—& "

Ex(@)p = En(f)yp.

Ex( @)y 2 inf ||f =P |,
PREM,

%s2(1+§)

for n sufficiently large

Ex(Fp
En(fp

<2(1+1) =4
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The Unconstrained
Approximation for Function in

Lp[O,l]ao <p< 1.



Chapter three

Here we relate the degree of the best monotone approximation to the
degree of best approximation at function in L, ,). And relate the
degree of r-monotone approximation to the unconstrained

approximation.
3.1.Introduction

Let £, =1{D, =ay+ a;x+a,x?+ - + a,x"of degree <n}. We

specity #,,,n=0,12,..... ,r=0,1,2,...... ,n, to be the set of each

polynomials of D,, € £,, such that D,(lr) (x) = 0 on the interval 0 < x <

1.
We specify #,,,, = {Dn eP, :D(x)=0,0<x<1 } where n =

o1,.. ,r=01,2,...,n,
Poy = {Dn € P, :D°(@) 20, 0=<x<1},

For f € Lypo4], the best of degree approximation to f by polynomials

from &£, is
B = 1 =Pl
where " ' ” Lpjoa] = "f"p, is the L,, quasi norm,

In a similar way, if f is r-monotonein L[] see [31]. Write

[13]

Lp[o1)’

EX(f), = Jinf ||f =Dy
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the degree of approximation to f through the polynomials of #,, ,..

Definition of the modulus of continuity implies

n(f,x,[0,1]) == AR (f, %)

r

_ Z (:) (-1)7if (x - rz—h + ih) x + rz—h € [0,1] 13

i=0
0,

thus the rth usual modules of smoothness of f € Ly 4 is

O (f,8)p = On(£,6,101Dp = sup [, g0 8 = 0-[6]

The work of the researcher in this chapter is to find the upper limits

for E(f),, .

We define Lipschitz class as :

1
Lipy,o = {f € Ly[o,1), Wm (f, E) < n‘“}. [4]
p

In [17] Lorentz proved inverse theorem for the direct theorem of

Jackson. Then in [3] Jackson in the first mathematician, that proved

direct theorem for the best approximation of a continuous function.

In[33]Malozemov, relate the approximation degree of function to its

derivative. In [21] J.Roulier proved direct (Jackson) theorem for the

monotone approximation. In[11] E. S . Bhaya, S. A. Abdalredha,

studied  Piecewise 3-monotone approximation for 3-monotone
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functions in L,-spaces for p < 1. In [26] O. Shisha studied this

problem that will be proven as follows.
If 1 < r <m and a continuous function f € L[0,1]
FOX) =0, |f™x)| <M for 0<x<1,

the for all integer n(= m),

C 1
Er(lr)(f)oo < p—— w (f(’m)’_)

n

such that C depends upon m and r.w(f,h)is the modulus of
continuity of the functionf . Here we relate the degree of best
approximation of functions to the degree of best monotone and r-

monotone approximation of function in Ly, ;] quasi normed spaces.
3.2-The Main Results.

In this section we shall introduce our main results.
Theorem 3.2.1.

Let f € Ly[o,1, have the property

flx) — flx 1)

q>0 if 0<x < x,<1. (3.1)

(fp
EXf)p < w < - +E,(f)p
(w is the modulus of continuity of f € Lyrg1] )
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Proof.
Choose D, be a best approximation to f € Lyq 4}, it means
E, = En(f)p
En(f)p = ”f — D, " Lpfo]’

Where D,, € #,,.

So that

En = "f_Dn"L

plo1]’

Using (3.1) and the definition of D,,, we get then,
Dy (22) — D (1)
> f(p) = f() = | FO) = Du ) | = | F(2) = Dy () |
> f(x) = f(x) = | f@) = DaCe) ||, = | f () = D ()|,
= f(a2) — £(11) = 2B, (),
= q(x; —x1) = 2E,(f)p.
If  (q(x;—x) —2E,(f)p) = En(f),, then

q(x; —x1) —3E,(f)p >0

- 21) > 3En(flp.
q
3E,
Dn(xz) - Dn(xl) =q ( ;f)p> - 2En(f)p

=E,(f), > 0.
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So

Dy (x3) — Dp(x1) = q(x; — x1) = 2E,(f)p > En(f)p > 0if (xz — xq)

> SE”;f i . (3.2)

Put in your mind, the polynomial of degree < n.

Define

((1 _ 3En‘§f)p>x . 3En;f)p>

_q
RGO = 356 . jm ) D (),
R

where §(x) = (1 — %)

x and B(x) = (1 — —3E”;f)p)x + D

q

We have 0 < (1 — @)x < (1 — ?’En‘;f)p)x + 3En(§f)p <1.

If 0 < x < 1. Using (3.2), we will see

, 3E,(f)
B =3y (1 = P2 2a(800) - D (660)
> (1 - @) En(f)p >0 for0<x<1.
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So P,(x)>0.
_ 3Ea(f)p _ 3En(fp 3En(f)p
If(l . )xSt S(l . )x + — , then by

definition of the modulus of continuity, we get

3E,(f)

lf@-rol,, <o <f, x v)p _ (33)

From (3.3) and the definition of D, ,we get
((1 _ 3En5f)p>x s 3En(§f)p>
_ _ q
17 =Bl = 17 =35, 0; ) f( ) Da@at |,
(1-2500),
((1 _ 3En;f)p>x . 3En;f>p>
_ q _
- 356, | [f )~ Da(oMat |,
(1-35202),
q
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((1 - 30, %)
q q
- 3En(zf)p ” 3Ej;f) ST "L”[O'l]
(1-252)-
((1 _ 3En(f)p)x . 3En(f>p>
q q
-55g | ) j( ) [f () = F(©) + @)
(1-222):
—Dy(Oldt |,
((1 _ 3En(§f)p>x . 3En5f>p>
< @35 (7 | | FG) - f@de],
(1-350),
((1 ), 3En;f>p)
+e@ 3y | | F(©) - Du(0at],

3En(fp
(1-25000),
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=)

<o(f, +En(p.

Theorem 3.2.2.

Let f € Lypqyand f(x) =g >00n0 < x < 1.Then

En(f)p < L?En—l(f)p

nz

Proof.

Let D,,_; € £,,_4 be the polynomial of the best approximation to

fon0<x<1,n=123,..Take nsolarge that E,ll(f)p < %.

Then define

Qn-1(x¥) = D1 (x) — En—l(f)p =20on0<sx<1,

If = Qua@,, ) = 2En-2 Py
”f - Dn—l(x) - En—l(f)p ||Lp[0,1] = ZETL—l(f)p'

Define

$(0) = f(x) f Q. (O)dt.
0

Then

¢'(x) = f'(x) = [Qu-1(x) = Qu-1(0)].
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Then, put
') =f'"(x)—Qu1(x) =0 on 0<x<1,

o Coll, . = 2En-1()ps to get

”f’(X) - Qn—l(x) " = ZEn—l(f)p-

Lplo)

Hence, ¢(x) € Lipy1l,where N = 2E,_1(f),. Then ¢ (x) € Lipzg,_,(r), 1.

l6G) = Bl , ) < <5 2Ena (D

n2

(p)

n2

Ifeo - j Qu_t ()t — Bo(d) (D).

Lplo, 1]

By the direct theorem of a function in L[ 1}, there exists a polynomial

D, such that || f(x) — Dy || < Eq(f), < c(p)w,y (f,%)p.

Lpo,1]

That is,
176 = Dall,, < ERD,
<c@os(f.;)
< @) Ena(Dy
Where
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Dp(x) = Bp(¢,x) + f Q,_1(t)dt.
0

Where B, is a polynomial of degree.

17~ Bu0 + [Quaat ], <2,
0 nz

But B, (¢,x) 2 00n0 < x < 1.
Now, we get
D;(x) = Qu_1(x) + B(¢px) =200n 0 <x < 1.

Dy (x) = D1 (%) = En—1(f)p + Ba(¢,x) 2 0.

This gives
c(p)
E%(f)p =< _1En—1(f)p-
n2
Theorem 3.2.3.

Let 7 > 2 be an integer, and suppose that £ € L,[oq) and £ (x) =
q>00on0<x <1 Then

c(p)

ES(Np < == Enr (f®), (34

Proof.

If r = 2 suppose that f" € L,oq1and f"'(x) = q > 0on

0 < x < 1, and prove that for each sufficiently large n,
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Ez(f)p —= (TI:) n Z(f”)p (35)

Let Q;,_, be the polynomial of the best approximation from #,_,to "

on 0<x<1
Choose an n large enough to secure it E,_,(f"') < %.

Define

Qn_2(x) = Qu_p — En—Z(f,)p-

Q,2(x)=0 on0<x<1,and
177G = @na @l = 2En—2(F "y
1760 = Qe = Ena ol = 2Ena "Dy

Define
$1(x) = f'(x) —JQn_z(t)dt.
0

b1 (x) = (%) = [Qn-2(x) = Qn—2(0)] 200N 0 <x <1,
¢’ () =f"(x) = Qr2(x) =0 On 0 <x <1,

' () =f"(0) = Qs — En2(f)p200n0<x<1,

” ¢1 (x) ” = 2En—2(f”)p'

Lplo,1]

| ") = Qo ()| = 2Eqn2(f")p.

Lplo,1)

" f”(x) - Q;“’,—Z n Z(f )p " 2En—2(f”)p-

Lplo,1]
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Now ¢(x) € Lipy1, where N = 2E,_,(f"'),.
1

<X 2b o (5 = S,
n

n- 1
2

6@ =B I, <

n2

where
(x) = f Sr(Ddt = F(x) — A (),
0

and A,(x) is a polynomial of degree < n with the propertyA," (x).

n- 1
2

1
|| fd)l(t)dt B (d)) ||Lp[01] (p) Z(f”)p — C(::) E’n—Z(f”)p;
n

n2

1
(p) 2B, o (fp—
n2 n2

| £G) = 4000 = Ba(d) I, <

- 22 n-2(f"p»

n

Now,

| £ =D | ,,[01_<(f)> (",

| £ =2 +BuGo.0) |, _< Eﬁ”) w2 (s

where D, (x) = A,,(x) + B, (¢, x).
But, D, (x) = A4, (x) + B, (¢,x) =0 on0 < x < 1.

We take (3.5). This indicates that for n sufficiently large there is a
polynomial D,,_,,, suchthat D;_,,,(x) >00on0<x<1 and
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” f(T_Z) (x) — Dn—r+2(x) " (p) —E, T(f(r))

Lplo, 1]

(p) g ().,

Now followed by merging r — 2 times, that

c(p)
” f Qn ||Lp[01 —< P )En r(f(r))

where Q,, is some polynomial of degree < n.
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Recently many direct theorems introduced for monotone, convex, 3-
monotone approximation, r-monotone for functions in L, quasi
normed space. Now there is a question; can we strength these results
in terms of moduli of smoothness of higher order? The answer is no,
and that what we see in our work here. Here we introduce negative
theorem for the r-monotone approximation of function in L, quasi

normed space for 0 < p < 1.

4.1.Introduction

We mean by ng[o,u' 0 <p <1 the class of all function which has M
derivatives in L,[oq}, and m, the class of algebraic polynomials of

degree < n.

The degree of the best r-monotone approximation is

ES (P = inf{If = pull, 1w € mana7},

fOI‘f E Lp[O,l] )

o (f,8)p = sup [|AF f(0)|

7
0<|h|<s P

formexN 6> 0.

Several, researchers devoted their researches in studying monotone
and co monotone approximation of continuous function by algebraic
polynomials, particularly to Jackson type estimates (cf.,, for
example,[28],[29],[30] — [5], [15],[10], [12] — [ 34]). In[8] E. S. Bhaya,
G. Abdullah, introduced Negative theorem for Lp,0<P <1
monotone approximation. Many researchers, including Lorentz and

Zeller in [15] and Shvedov in [1], from their opposite results, it
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appears that the estimates of the Jackson type for the criteria of the
highest degree of smoothness are not correct in the monotone
approximation. [35], imagine that there is a continuous function

which is r-monotone such that for r > 1.

_EPWKM
lim

= 400
n—co 1
Wor41 (fr H)

In [35], the authors got a weaker result, which showed the existence

of an r-monotone continuous function such that

y EC() _
im sup 5 = T
n—-oo
War+1 (f' ﬁ)
Forr =2
(r)
E
lim supn—(f) = +o0

)

Here we improve the results above for function in Lp quasi normed
spaces. We shall prove a negative theorem for the best r-monotone

approximation of function in Ly 4 space. It means; we introduce the

result.

4.2. The Main Result

Theorem.4.2.1

Let r = 1. Then there exists a function f € L},;y,; N A" such that
) 1
Enl (f)p > w3 | fi=) -
Wp
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4.3- The Auxiliary Results

In this section we shall introduce results that we need in our proof of

the main theorem.

Lemma4. 3.1.[4]

2
Let b>0,a(x) = (beTZ)’ gm(x,b) = x™e®®*! and x € (=b,b),
then
| g™ (x,b) —m! | < c(m)b~2x?, |x| < b.

Where c(x) always indicates a positive constant depending upon x

only which takes different values in different places in this work.

Lemma 4.3. 2.[5]
Letd,, =2 0,6, » 0,n - o, ¢ > 0. Define
Gr(x,8n,0) = 87727 g, (x, 8, ) + 272 = 87729x7,  x € (=6p, 8, );
then for sufficiently largenand, x € (=6,, 6,)
g7 (x,8,,0) = 0.

We set

L 1
RGO =) nt f,00),

i=1

1 5
Q(x) =q(x)+n* (xHZ —n, Zxr>,
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5
x"t? —n72x", |x| >n'8,

falx) = 91 9
E(x,n8,§>, |x|<n8,

where q;(x) is the algebraic polynomial of the best approximation of
degree n; to F;_;(x), and {n;} is a later result of natural numbers

chosen through induction: Set n;, to be part of natural number N,

= 1R |,

Lemma 4.3.3.

For F; and Q; € Ly[ 1], we have

-l>|r—\

5
” fnl(x) xT+2 +nl_ 2xT ”p ~n, 8 4,

| F—@, || ~n,

11

Q(0) < —c)n, *
satisfied.

Proof. By lemma 4.3.2

L 1
lFr=all, =1 D n* £, —a @],
i=1

Using the definition of F,_;(x) and gq; we get

1

IF—q ||, < c@IFZ* || n, 2 (4.1)
We have

IFx - |,
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_1 _>
= |F () - q.(x) - n, * (x”z —n, Zxr> ||p,

1 _5
= | A1 () = () +n, 4<fnl(X)— X2 —n, x) I,

_1 _3
Scip)("ﬂ;mx)—thOOHp+rn4H&Ax)— x“2+4n2xWL)-

Then

||fnl(x)— xr+2—nl_§xr||p= | |enl x" e
o

7= 1, = <o) (1700 = a0l
_1 _3
1, || £y ) = X7 2 "p>-

From (4.1) and (4.2), we get

1

1 1 975
lF=ell, < c@ | IFE™ [0, +n, 20" 2

n,

From our hypothesis lemma 4.3.2

_1 _
| Fi—Q "p <c)| mn P +n
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[t}
|3
|
R

sc(p)n (4-3)

We have

lall, <c@)|F|nm—5.

=

5
<xr+2 _ nl_fxr> ”p

1

l
<c@ Y | ful) —x2bn |y d
i=1

S _
lR=all, =1 n * @ - @@ +n
i=1

_1 5
<clp)n, * || fo,(x) —x™24+n;" 2x" ||p .

Lemma 4.3. 4.

For any p(x) € m,, N A" and large enough [, we have

11

IF = p@|, 2 c)n, *.

Proof.
[0 =p@P| < c@Infla-p@,
=c(p)ny ” Q—F+F—pl) "p
<ceni(lo-£l,+ l17-r@] )
Thus

I -p0@, < c@ni (la-Fll, + 17 -p] ).
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From (4.3), we get

B 91
”Fl Q; "pSC(P)n 8 4

9 1
[ -p@Cll, < c@yni (v o3 + R -pell,)

9 1
IF-p@ I, 2ni" 07 ~p@ @), ~n7" 53
Proof of the main result Theorem 4.2.1.

From Lemma 4. 3.2, we see that there exists M > 0 such thatn > M,

(Ahfa) 2 0.

Now select {n;}by induction. Set n; = M,
My = 2 (n;}(r+3) n [” Fl(2r+8) ”] n [" Fl(r+3) ”]5 + 1) forl =123, ...

Define

[ee)

F0) =) 1 £,00.

i=1

It is clear that f € Lyy,; N A".For any p(x) € m,,, N A",
lr@-p@|, = f0) ~F+F-p@|,
= =[lp - Fl, + |7 -1,

= I1E-fI,- lp@ -], |

l 1 o) 1
=11 f@ =Y 0 @ | = e - A,
i=1 i=1 P
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= 1
=11 @ | = lIpe -l |

p
SR
> E-pl, -1 > n * ol
i=l+1
Then using Lemma 4.3. 4, we get

DU & S
If ) —p|, >con,” * —n,5,

11

> c(p)n, s

Since p is r-monotone best approximation to f. So

11

EV) Ny > cpIn, * > cp)mi™

On the other hand using Lemma4.3.3, we get

By 2 e (117)
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Conclusion

Many papers were introduced for the approximation of monotone
functions using monotone polynomials. But we sometimes need to
approximate monotone function by rational monotone polynomials.
In this thesis, we fill this gap, and estimate the degree of the best
constrained approximation by using rational monotone polynomials

and rational r-monotone polynomials.
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Future Work

In the future we intend to define rational neural network, i.e neural
networks with rational activation function. Then we study the
approximation of function in the quasi normed spaces in terms of this
rational neural network.
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