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Abstract 

IV 

Abstract 

Many papers were introduced  the approximation of monotone 

functions using monotone polynomials, but we sometimes need to 

approximate monotone function by rational monotone polynomials. 

In this thesis, we fill this gap to estimate the degree of best 

constrained approximation using rational monotone  polynomials 

and rational r-monotone polynomials. 

Moreover, many researchers related to the degree of unconstrained 

approximation to  constrained approximation,  and proved:  for a 

continuous  function   on closed interval we have  

                            ( )      
( )( )                          (    ) 

  is positive constant. The converse  of the relation (   ) is not 

achieved, so we will obtain the converse  of the relation (   )under 

some conditions on     which belonging to quasi normed spaces. We 

relate the degree of best monotone approximation to the degree of 

best approximation of functions  in   ,   -  And relate the degree of 

r-monotone approximation to the unconstrained approximation. 

Recently many direct theorems introduced for monotone, convex, 3-

monotone approximation, r-monotone for function in    quasi 

normed space. Now there is a question: Can we strength these 

results in terms of moduli of smoothness of higher order?. The 

answer is no, and that what we see in our work here. Here we 

introduce negative theorem for the r-monotone approximation of 

function in    quasi normed space for       
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Introduction 

        

We wish sometimes to approximate monotone function defined on a 

finite interval, while preserving certain shape properties such us 

monotonicity, convexity and r-monotonicity. That is what is called 

constrained approximation. Sometimes we need to approximate a 

monotone function using a rational monotone approximation that is 

what we called monotone rational approximation.  

The    space for 0 <   < 1 

      ,   -  {    ,   -         4∫   ( )  
 

 

  5

 
 

  }  

On     ,   -we define the quasi norm, - 

                    ( ) 
 

 4∫   ( )  
 

 

  5

 
 

      

 

Let 

   *                                   +  

we specify 

   2          
( )( )            3  

The degree of best approximation of       from    

  ( )     
      

        ,   -
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   {     ,   -                } 

the degree of best monotone approximation of          

                
 ( )       

     

    –     
. 

A function     ,   -    is said to be r-monotone ,      

on,   - if and only if for all choices of     distinct points  

                ,   - the inequality 

 (            )    

 (            )  ∑
 (  )

  (  )
 

 

   

  

is the  -divided difference of   at              ,  where 

 ( )  ∏(    ) 

 

   

 

We will use moduli of smoothness which are connected with 

difference of higher orders.  The rth symmetric difference for   is  

defined by                                    

  
 (    ,   -)     

 (   )   

 {
∑ .

 

 
/

 

   

(  )    (  
  

 
   *    

  

 
 ,   -

 
  

   

thus the rth usual modules of smoothness of     ,   - is 

 defined by 

  (   )    (    ,   -)     
     

   
 (   ) 

  ,   -
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In [27] Petrushev and V.A Popov studied the degree of best rational 

approximation for function in Soblev spaces.  In [2] B.  Gao D.J. 

Newman, V.A, Popov and  S. P. Zhou studied the convex and 

monotone approximation of function in Soblev spaces. In , - E. S. 

Bhaya, and D.B.Alasmawy studied Monotone rational approximation 

of functions in    space for        

In chapter one, we  estimate the degree of best approximation of 

monotone functions in     ,   -  for      ,   using monotone 

rational polynomials of degree   . 

Many researchers work on the upper bound of   
( )( ) which is the 

case       it means    ( )    for       ,      . In ,  - 

Lorentz and Zeller proved that for a continuous function on the 

interval ,    -, that satisfies 

 ( )( )    that   ( )    
( )( )  

In ,  - Lorenz proved that if  (  )( )    for any       and   

          , then there exists     such that for positive consistent  

  
(  )

( )       ( )  In,  - Roulier, put conditions on ( ) to insure 

for       

  
(  )

( )    ( )  

In ,  - Roulier gave some conditions to get  
  

( )
( )

  ( )
  (  )  where 

 (  )is a constant which depends of   ,  in ,  - ,  - ,  - ,  - ,  - 

K.A. Kopotun, D. Leviatan,  and I.A. Shevchuk ,  discussed , are the 

degrees of best (co)convex and unconstrained polynomial 

approximation the same? In, - E. S. Bhaya & B.K. Hussein,  studied 
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a new modulus of smoothness for uniform approximation, in, -E. 

S.Bhaya, H. Almurieb, discussed Nearly monotone neural

approximation with quadratic activation function. 

In chapter two, we obtain an estimate for the degree of best 

approximation once for     and another for any  . Then we relate 

  
( )( )       ( ) by a constant independent on   . These all for 

Lebesgue integrable functions. 

In , - Jackson is the first mathematician, that proved direct theorem 

for best approximation of a continuous function. Then in ,  - 

Lorentz proved inverse theorem for the direct theorem of Jackson. In 

,  - Malozemov, relate the approximation degree of function to its 

derivative. In ,  - J.Roulier proved direct (Jackson) theorem for the 

monotone approximation. In ,  - E. S . Bhaya, S. A. Abdalredha,  

studied  Piecewise 3-monotone approximation for 3-monotone 

functions in   -spaces for    . In ,  - O.shisha studied this 

problem which will be proven as follows. 

If       and a continuous function     ,   -    

 ( )( )      ( )( )                        

the for all integer  (  )   

  
( )( )  

  

    
 ( ( ) 

 

 
*

 
  

such that   depends upon   and    (   )which is the modulus of 

continuity of the function    
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In chapter three here we relate the degree of best monotone 

approximation to the degree of best approximation at function in 

  ,   -  And relate the degree of r-monotone approximation to the 

unconstrained approximation ,  -. 

Several, researchers devoted their researches in studying  monotone 

and co monotone approximation of continuous function by 

algebraic polynomials, particularly to Jackson type estimates (cf., for 

example,,  - ,  - ,  -  , - ,  - ,  -,  -   ,   -). In, -E. S. Bhaya, 

G. Abdullah, introduced  Negative theorem for          

monotone approximation.  Many researchers, including Lorentz and 

Zeller in ,  - and Shvedov in , -  from their opposite results, it 

appears that the estimates of the Jackson type for the criteria of the 

higher degree of smoothness are not correct in the monotone 

approximation. ,  -  imagine that there is a continuous function 

which is r-monotone such that for      

   
   

  
( )( )

     .  
 
 /

     

In ,  -  the authors got weaker result, which showed the existence 

of an r-monotone continuous function such that  

   
   

   
  

( )( )

     .  
 
 /

     

For     

   
   

   
  

( )( )

  .  
 
 /
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In chapter four, we shall prove a negative theorem for the best  r-

monotone approximation of function in   ,   - space .Let      Then 

there exists a function      ,   -
      such that  

   

( )( )      (  
 

 
*

 
  

  





Chapter one                              

 
 

 

 

 

 

 

Chapter One 

 

𝑳𝒑Bound for the Degree 

of Monotone Rational 

Approximation 
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Many papers were introduced for the approximation of monotone 

functions using monotone polynomials. But we sometimes need to 

approximate monotone function by rational monotone polynomials. 

Here we fill this gap, and estimate the degree of best constrained 

approximation using rational polynomials. 

1.1  Introduction 

Let    be the collection of all  algebraic polynomials of degree 

           *  ( )                                           +and 

  be the set of all rational  polynomials    
 ⁄  , where          

          

           *   ( )     
  ( )

  ( )
      ( )   ( )       ( )    +  

      ,   -  {    ,   -         4∫   ( )  
 

 

  5

 
 

  }  

On     ,   -we define the quasi norm, - 

                    ( ) 
 

 4∫   ( ) 
 

 

 

  5

 

 

      

 

The degree of best approximation of      ,   -, using rational 

function is defined as: 

    ( )     
     

    –     
. 

Let 

   {     ,   -                }  

The degree of best monotone rational approximation  of      ,   -  

    is                       

                
 ( )       

        
    –     

. 
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The rth symmetric difference for   is  defined by                                 

           
 (    ,   -)     

 (   )   

 {
∑ .

 

 
/

 

   

(  )    (  
  

 
   *    

  

 
 ,   -

 
  

 , - 

thus the rth usual modules of smoothness of     ,   - is  

  (   )    (    ,   -)     
     

   
 (   ) 

  ,   -      

During this chapter, we will seek to solve a problem that has been 

dealt with R. A.  Devore in several lectures within the15 years. The 

problem we want to deal with monotone function, whether 

increasing or decreasing, belongs to    ,   -. We want to estimate the 

degree of best approximation of the function   that   belongs to 

   ,   -, by using a polynomial that is monotone and rational. 

In [27] Petrushev and V.A Popov studied the degree of best rational 

approximation for function in Soblev spaces.  In [2],,  - B. Gao D.J. 

Newman, V.A, Popov and  S. P. Zhou studied the convex and 

monotone approximation of function in Soblev spaces. In , - E. S. 

Bhaya, and D.B.Alasmawy studied Monotone rational approximation 

of functions in L space for 0 <p< 1. In this chapter  we estimate the 

degree of best approximation of monotone functions in     ,   -  for 

     ,   using monotone rational polynomials of degree  . To 

prove our main results, we make use of proof strategies from [18]. 
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1.2.Direct Theorem for Monotone Rational Approximation 

In this section we shall introduce our main results for the degree of 

best monotone rational approximation.  

First let us introduce the following auxiliary lemma from [4]: 

Lemma 1.2.1., - 

For all even          integer               

    ( )  
   

0
 
 

1    ( )

 
                                                                   (   )            

  
   2

         
         

 

Put 

    ( )   
 

 
∫   

 ( )

 

 

       ( ) 
  

 ( )

   
 

  
 ( )   

 

  (  )    
 

  ( )   ∑(  )      

  

   

   

(    ) 
 

    ( )   
 
 

 ( )

    
 

 

 
∫   

 

 

 

    

  ( )   ∑(  )      
   

(    ) 
         (

 

 
*

  

 

 

   

 

  ( )   
 ( )   (  )

 ( )   (  )
  

The Newman rational function, where  

N( )   ∏ (    ) 
           

  
√ 

⁄
  

 

And                                                                                          
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     ( )    
    

 √ 
 ⁄   

 
 √ 

 ⁄

 
                                (   )           

     ( )    
   

 
 √ 

 ⁄

  
 

   

 
      

 

 
      ̅̅ ̅̅ ̅                   (   )        

     ( )    
                                                                      

 

Theorem 1.2.1.   

Let   be a monotone function in   ,   -. Then 

  
 ( )    ( )

  𝟏 .   
𝟏

 
/

 

 
𝟏
 

    

proof:       

Let                        be a partition for ,   - such that  

          
 

 
       (  )   (    )  

 

 
  

Let   is a non-decreasing function of ,   -   and   
 

 
  ( )   ( )       

Put 

 ( )   (  )  
 

 
∑(    ) 

 

   

   

  

  ( )   ( )  
 

    (  )  
 

 
∑(     ) 

 

   

   

  ( ) 
 

  

                                
 

 
   

Define an even number greater then   , as 

         [    (      {(          )  
 (          )  

})]  Since 

     are even       , we have, 

     ( )     
      

 √ 
 ⁄             

 

Thus 
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 √ 

 ⁄       0                   
 

 
1        

So 

               

    
   .          

    /
 

  , since        

when    , for every                    

For       using (   )    to get     ( )  
   

0
 
 

1        ( )

 
    

put  

 ( )   (  )  
 

 
∑      

   (    )

   

   

  

And all      
 are non-decreasing function,  and therefore we have by 

  ‖ (  ) –  (  )‖      ( ) .    (  ) –  (  ) 
 

     (  )    

 (  ) 
 

/. 

𝟐  ( )  
𝟐

 
     ( 𝟎)  

𝟏

 
∑(    ) 

𝟎

  𝟏

  𝟏

 ( ( 𝟎)

 
𝟏

 
∑      

(    )

  𝟏

  𝟏

 
 

 

   ( )   ( )   .   ( )–  ( )   ( )–  ( ) 
 

/  

   (     ( )   (  )  
 

 
∑(      ) 

 

   

   

  (  )   
 

 
∑(      ) 

 

   

   

  (  )  
 

 
∑       

(    )

   

   

 
 

+ 

   (   ( )   (  )  
 

 
 (   )  

 

 
 ∑  (      ) 

 

   

   

      
( 

   ) 
 

+ 
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   ( )   ( )–  (  )  
 

 
∑(    

   

   

) 
 

 
 

 
∑ (    )

   

   

      
(    ) 

 
  

 

So 

   ( )   ( ) 
 

  ( )  
 

 
    

 

 
∑(    ) 

 

   

   

 ∑      
(    )

   

   

 
 
 

   ( )   ( ) 
 

  ( )    ∑(    ) 
       

(    ) 
 

   

   

 

 

    ( )    ( )  
 

   ( )    ( ) –  ( ) 
 

        ( )–  ( )  
 
    

    ∑(    ) 
       

(    ) 
 

   

   

 

                         ∑ (    ) 
       

(    )   
 

         
 
 

 

 √  
 

⁄

 

                    

  ∑ (    ) 
       

(    )

  
 
 

    

 √  
 

⁄

       
 
 

 
 
 

                              

  ∑ ∑(    ) 
       

(    )    
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Using  (   ) and  (   ) to get 

   ( )   ( ) 
 

    ( )     (    ) 
       

(    )           

                                         ( )     (    ) 
       

(    )          

                                       ( )      (    ) 
            

 (     )    

                                 
   

 
           

 
 

 

                                      ∑  (    ) 
       

(    ) 

         
 
 

   

 √  
 

⁄

      

      ∑ ∑
 

  

 

         
   

 
        

 
 

 

 √  
 

⁄

  

We get                 

 √  
 

⁄

   be a satisfactory result         

      

 √  
 

⁄

    

 

∑  (    ) 
       

(    )   

           
 
 

     

 √  
 

⁄

 

 

  ( ) –   ( )  
 

   ( ) (
 

 
 ∑

 

  

 

   

∑    {(       ) 
 

 
}

  
   

 
        

 
 

,   
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    ( )     (  )  
 

 
  ∑      

   

   

 (     )    

 
 

 
 ∑

 

  

 

   

∑    {(       ) 
 

 
}

   
   

 
        

 
 

 

  ( )   (  )  
 

 
∑      

(    )

   

   

 
 

 
 

 
 ∑

 

  

 

   

 
 

 
  

So 

  ( ) –   ( )  
 

   ( ) (
 

 
 

 

 
∑  

 

   

 
 

  
)  

 ( )

 
  

Recall                  be a partition for,   -,  such that  

    

          
 

 
   and    (    )    (  )   

 

 
∙    

Then 

 ( )

 
     

  ,            -  ( ∫ |  ( )|
 

    

    

  

)

 
 

   (    )   (  ) 
 
│       │ 

 

                                           
 

 
 

 ⁄
  .    

 

 
/

 
    

 

So that  

 

  ( )   ( ) 
 

  
 ( )

 
  ( )   .  

 

 
/

 
          



Chapter one 

16 
 

Recall 

 ( )   (  )  
 

 
∑      

(    )

   

   

  

by using the facts 

 ( )   (  )  
 

 
∑ .     

(    )       
(    )/

   

   

 

     
             

     ,    

     
    a polynomial of degree       

      
    a polynomial of degree     

  

               ( )       ∑    
 

   

   

 

     (   )           

    . 
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Many researchers related to the degree of unconstrained 

approximation to  constrained approximation,  and proved the 

inequality: For a continuous  function   on closed interval we have  

         ( )      
( )( )       (   ) 

where   is a positive constant. The converse  of the relation (   ) is 

not a hold, so we will obtain the converse  of the relation (   )under 

some conditions on     belonging to quasi normed spaces. 

2.1.Introduction 

 Let the     space for 0 <   < 1 

      ,   -  {    ,   -         4∫   ( )  
 

 

  5

 
 

  }  

Denote     ,   - we define the quasi norm 

   
 

  (∫   ( )     

 

 

)

 
 

   

For    , we have   ,   - , - 

       
 

    
  ,   -

  ( )   

Before we define the degree of best approximation of     ,   -   let 

us introduce  

   *  ( )                                  +  

and let  

   *  ( )        (              )   +    



Chapter two 

 

19 
 

let 

  {    ,   -   (              )   }  

The space of  -monotone function see ,  -.      

 (              )  ∑
 (  )

  (  )
  

 

   

 

is the  -divided difference of   

 ( )  ∏(    ) 

 

   

 

We define for      

  
( )( )     

     

       
, 

where       and       and let 

  ( )     
     

       
, 

be the degree of unconstrained best approximation. 

For    , we shall denote 

  ( )    ( ) 

  
( )( )    

( )( ). 

The ordinary modulus of continuity of     ,   - is 

  (   )     
       

  (   )   ( ) 
 
. ,  -
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Many researchers work on the upper bound of   
( )( ) which is the 

case       it means   ( )    for       ,      . In ,  - Lorentz 

and Zeller proved that for a continuous function on the interval 

,    -, that satisfies 

 ( )( )    that   ( )    
( )( )  

In ,  - Lorenz proved that if  (  )( )    for any       and   

          , then there exists     such that for positive consistent  

   
(  )

( )       ( )  In,  - Roulier, put conditions on ( ) to insure for 

      

  
(  )

( )    ( )  

In ,  - Roulier gave some conditions to get  
  

( )
( )

  ( )
  (  )  where 

 (  )is a constant depends of   , in ,  - ,  - ,  - ,  -K.A. Kopotun, 

D. Leviatan,  and I.A. Shevchuk ,  discussed , are the degrees of best 

(co)convex and unconstrained polynomial approximation the same? 

In, - E. S. Bhaya & B.K. Hussein,  studied anew modulus of 

smoothness for uniform approximation, in, -E. S. Bhaya, H. 

Almurieb, discussed Nearly monotone neural approximation with 

quadratic activation function. 

We obtain an estimate for the degree of best approximation once for 

    and another for any  . Then we relate   
( )( )       ( ) by a 

constant independent on   . These are all for Lebesgue integrable 

functions. 
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2.2- The Main Results. 

In this section we present  two theorem that we need in our work. 

Theorem 2.2.1   

If                     ,   -   and satisfy the condition 

                   ( (  )   (  ))   (     )                                 

where   is a positive a constant, for             Then 

  ( )  
 ( )

  ( ) 
 4    (

   

 
  

 

 
*

 
       ( ) 5 

  
 ( )   ( )  ( ) , 

where  ( ) is constant depending only on    

Proof. 

Choose    be a best approximation to     ,   -   i.e 

  ( )         
 

  (  )    (  )

  (  )   (  )    (  )    (  )    (  )    (  )  

  (  )   (  )    (  )    (  ) 
 

   (  )     (  ) 
 
 

   (  )   (  )     ( )  

   (     )     ( )   

                  If     ( (     )     ( ) )     ( ) ,  then 

 (     )     ( )    
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(     )  
 

 
  ( )   

  (  )    (  )   (
 

 
  ( ) *     ( )  

   ( )     

Define 

  ( )  
 

   ( ) 
   ∫   ( )   

4    
   ( ) 

 
     

   ( ) 

 
5 

.  
 
 

  ( ) / 

 

we have 

  .  
   ( ) 

 
 

   ( ) 

 
/    , and   .  

 

 
  ( ) /     . 

For      ,  we have   
 ( )     

If 

   
  ( ) 

 
     .  

 

 
  ( )     ( ) /    

definition of the modulus of continuity implies    

 

  ( )   ( ) 
 

  .
 

 
  ( )       /
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Using the fact ∫  ( )    
 (   )

 
∑  (  ) 

   
 

 
.

  ( )   
 ( )  

 
 

  

   ( ) 
  

(

 
 

(∑
 

 
 ∫  (  )   ( )   

 

 

  

   

)

 
 

 (∫  ∫   ( )    

 

 

( )     

 

 

  )

 
 

)

 
 

 

 
 ( )  

 
 

  

   ( ) 
 (∑

 

 
 

 

  
∑( (  )   (  )) 

 

   

  

   

)

 
 

 (∫  ∫   ( )    

 

 

( )     

 

 

  )

 
 

 

  

  
 ( )  

 
 

  
 

   ( ) 

(

 
 

  (∑   
 

    
∑   (  )   (  )  

 

   

 

   

  +

 
 

 (∫   ( )    ( )  

 

 

  )
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 ( )  
 
 

  

   ( ) 
 4    (

   

 
  

 

 
*

 
       ( ) 5  

This implies  

  
 ( )   ( )  ( )   

Theorem 2.2.2. 

Let     ,   -be a  monotone function and assume that   is a positive 

bounded function on   ,   -   Then if   is not polynomial, then  

   
   

  
 ( ) 

  ( ) 
    

Proof :- 

Assume there exists                  ( )      Let   be a positive 

constant greater than 1. Choose   so large that 

  ( )  
 

(   )
  

Let   be the polynomial from    of best approximation to     ,   -. 

Let 

  ( )   ( )    ( )  (   )  ( ) . 

Then we have  

   ( )   ( )    ( )  (   )  ( )  (   )  ( )           (   ) 

Now let  
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 ( )  ∫  ( )  

 

 

 

                                  ( )   ( )      ( )                    (2.3)   

where  

    ( )   ( )  ∫(  ( )  (   )  ( ) )   

 

 

 

 

 ( )   ( )   ( )  ∫(  ( )  (   )  ( ) )  

 

 

 

    ( )    ( )  (   )  ( )  

    ( )   ( )   ( )  (   )  ( )  

   ( )  (   )  ( )  

    (   )
 

(   )
 

  
 

(   )
  

From (2.2) 

   ( )   ( )  (   )  ( )   

From Theorem 2.2.1 we get for    sufficiently large 

  
 ( )  (

   

 
  *   ( )   

That is, for   sufficiently large, 
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 ( )   (  

 

 
*   ( )   

        we get by (   ) and the monotonicity of     

  ( )    ( )  

  ( )     
     

       
 

  
 ( )      

     

       
, 

  
 ( )    

 ( )   

  
 ( )     

     

       
 
 

  
 ( ) 

  ( ) 
  .  

 

 
/   

for   sufficiently large 

  
 ( ) 

  ( ) 
  (   )   . 
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Chapter Three 

 

r-Monotone Approximation and 

The Unconstrained 

Approximation for Function in 

𝐿𝑝,   -,  𝑝     
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Here we relate the degree of the best monotone approximation to the 

degree of best approximation at function in   ,   -  And relate the 

degree of r-monotone approximation to the unconstrained 

approximation. 

3.1.Introduction 

Let    *                                 +  We 

specify                             ,  to be the set of each  

polynomials of       such that   
( )( )    on the interval     

    

We specify      2          
( )( )            3   where   

                     

     2          
( )( )          3  

For     ,   -   the best of degree approximation to   by polynomials 

from    is  

  ( )     
      

        ,   -
  

where    
  ,   -

    
 

   is the    quasi norm, 

In a similar way, if    is  r-monotone in    ,   - see  ,  -   Write  

 

  
( )( )     

        

        ,   -
 ,  - 
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the degree of approximation to    through the polynomials of       

Definition of the modulus of continuity implies   

 

                  
 (    ,   -)     

 (   )   

 {
∑ .

 

 
/

 

   

(  )    (  
  

 
   *    

  

 
 ,   -

 
  

} ,  - 

thus the rth usual modules of smoothness of     ,   - is  

  (   )    (    ,   -)     
     

   
 (   ) 

  ,   -     , - 

 

The work of the researcher in this chapter is to find the upper limits 

for   
( )( )    

We define Lipschitz class as : 

       {    ,   -   (  
 

 
*

 
    }  , - 

In ,  - Lorentz proved inverse theorem for the direct theorem of 

Jackson. Then in , - Jackson in the first mathematician, that proved 

direct theorem for the best approximation of a continuous function. 

In,  -Malozemov, relate the approximation degree of function to its 

derivative. In ,  - J.Roulier proved direct (Jackson) theorem for the 

monotone approximation. In,  - E. S . Bhaya, S. A. Abdalredha, 

studied  Piecewise 3-monotone approximation for 3-monotone 
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functions in   -spaces for    . In ,  - O. Shisha studied this 

problem that will be proven as follows. 

If       and a continuous function     ,   -    

 ( )( )      ( )( )                        

the for all integer  (  )   

  
( )( )  

  

    
 ( ( ) 

 

 
*

 
 

such that   depends upon   and    (   )is the modulus of 

continuity of the function    Here we relate the degree of best 

approximation of functions to the degree of best monotone and r-

monotone approximation of function in   ,   - quasi normed spaces. 

3.2-The Main Results. 

In this section we shall introduce  our main results. 

Theorem 3.2.1. 

 Let     ,   -   have the property 

       

  (  )    (  )

     
                                                      (   ) 

Then  

  
 ( )   4

   ( ) 

 
5    ( )  

 (                                         ,   -   ) 
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Proof.  

Choose    be a best approximation to     ,   -   it means  

     ( )  

  ( )          ,   -
. 

Where         

So that 

           ,   -
   

Using (3.1) and the definition of   ,  we get then,  

  (  )    (  )

  (  )   (  )    (  )    (  )    (  )    (  )  

                   (  )   (  )    (  )    (  ) 
 

   (  )     (  ) 
 
 

   (  )   (  )     ( )  

   (     )     ( )   

If     ( (     )     ( ) )     ( ) ,  then 

 (     )     ( )    

(     )  
   ( ) 

 
   

  (  )    (  )   4
   ( ) 

 
5     ( )  

   ( )     
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So 

  (  )    (  )   (     )     ( )    ( )      (     )   

 
   ( ) 

 
           (   ) 

Put in your mind,  the polynomial of degree    . 

Define 

  ( )  
 

   ( ) 
   ∫   ( )   

(4      
   ( ) 

 
5      

   ( ) 

 
+

.  
 
 

  ( ) / 

 

 

where  ( )  .      
   ( ) 

 
/        ( )  .      

   ( ) 

 
/       

   ( ) 

 
   

 

We have   .      
   ( ) 

 
/   .      

   ( ) 

 
/       

   ( ) 

 
    

If        Using (3.2), we will see 

  

  
 ( )  

 

   ( ) 
4      

   ( ) 

 
5 [  ( ( ))    ( ( ))] 

                         
 

   ( ) 
.      

   ( ) 

 
/   ( )                
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So     
 ( )     

If .      
   ( ) 

 
/      .      

   ( ) 

 
/       

   ( ) 

 
  then by  

definition of the modulus of continuity, we get     

 

  ( )   ( ) 
  ,   -

  4  
   ( ) 

 
5

 

                                   (   ) 

 

From (3.3) and the definition of     ,we get  

        ,   -
    

 

   ( ) 
   ∫   ( )   

(4      
   ( ) 
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4  
   ( ) 

 
5 
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   ( ) 
   ∫ ,  ( )    ( )-   

(4      
   ( ) 
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+

4  
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                          .  
   ( ) 

 
/

 
   ( )   

Theorem 3.2.2. 

Let      ,   - and  ( )                Then 

  
 ( )  

 ( )

 
 
 

    ( )  

Proof. 

Let           be the polynomial of the best approximation to 

                        Take    so large that   
 ( )  

 

 
   

Then define   

    ( )      ( )      ( )              

 

       ( ) 
  ,   -

      ( )   

       ( )      ( )    ,   -
      ( )   

Define  

 ( )   ( )  ∫     ( )   

 

 

 

Then  

  ( )    ( )  ,    ( )      ( )-  
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Then, put   

  ( )    ( )      ( )                       

   ( ) 
  ,   -

      ( )    to get  

   ( )      ( ) 
  ,   -

      ( )     

Hence,  ( )                     ( )   Then  ( )          ( ) 
   

  ( )    ( ) 
  ,   -

 
 ( )

 
 
 

      ( )     

    ( )  ∫     ( )  

 

 

   ( ) 
  ,   -

 
 ( )

 
 
 

      ( )   

By the direct theorem of a function in   ,   -  there exists a polynomial 

   such that   ( )       ,   -
   

 ( )   ( )  .  
 

 
/

 
  

 

That is, 

     ( )       ,   -
   

 ( )  

                                                                        ( )  .  
 

 
/

 
 

                                                                       ( )
 

 
 
 

      ( )    

Where 
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  ( )    (   )  ∫     ( )   

 

 

 

Where    is a polynomial of degree. 

  ( )    (   )  ∫     ( )  

 

 

 
  ,   -

 
 ( )

 
 
 

     ( )   

But   
 (   )              

Now, we get  

  
 ( )      ( )    

 (   )               

  
 ( )      ( )      ( )    

 (   )     

This gives  

  
 ( )  

 ( )

 
 
 

    ( )   

 

Theorem 3.2.3. 

Let     be an integer, and suppose that   ( )    ,   -      ( )( )  

    on        Then  

  
( )( )  

 ( )

 
    ( ( ))

 
                           (   ) 

Proof. 

If      suppose that       ,   - and    ( )      on  

 

     , and prove that for each sufficiently large  , 
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 ( )  

 ( )

 
    (   )                        (   ) 

Let     
  be the polynomial of the best approximation from     to     

on         

 Choose an   large enough to secure it     (   )  
 

 
  

Define 

    ( )      
      (  )   

    ( )     on      ,and    

    ( )      ( ) 
  ,   -

      (   )   

    ( )      
      (  )    ,   -

      (   )   

Define  

  ( )    ( )  ∫     ( )   

 

 

 

  
 ( )     ( )  ,    ( )      ( )-    0n      , 

 

  
 ( )     ( )      ( )     0n       , 

 

  
 ( )     ( )      

      (  )    0n      , 

    
 ( )   

  ,   -
      (   )   

 

       ( )      ( ) 
  ,   -

      (   )   

 

       ( )      
      (  )    ,   -
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Now  ( )                     (   )   

  ( )     ( )   
  ,   -

 
 ( )

 
 
 

      (   ) 

 

 
 
 

 
 ( )

 
    (   )   

where  

 ( )  ∫   ( )     ( )  

 

 

  ( )  

and    ( ) is a polynomial of degree    with the property  
  ( ). 

 

  ∫   ( )   

 

 

   ( )   
  ,   -

 
 ( )

 
 
 

      (   ) 

 

 
 
 

 
 ( )

 
    (   )   

   ( )    ( )    ( )   
  ,   -

 
 ( )

 
 
 

      (   ) 

 

 
 
 

 
 ( )

 
    (   )   

Now, 

         
  ,   -

 4
 ( )

 
5     (   )   

 

  

      ( )    (   )   
  ,   -

 4
 ( )

 
5     (   )   

where    ( )    ( )    (   )  

But,    
  ( )    

  ( )    
  (   )                

 

We take  (3.5).  This indicates that for   sufficiently large there is a 

polynomial          such that        
  ( )    on        and 
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   (   )( )        ( ) 
  ,   -

 
 ( )

 
    ( ( ))
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    ( ( ))

 
  

 Now followed by merging     times, that  
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5     ( ( ))

 
  

 

where    is some polynomial of degree   . 
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Recently many direct theorems introduced for monotone, convex, 3-

monotone approximation, r-monotone for functions in    quasi 

normed space. Now there is a question; can we strength these results 

in terms of moduli of smoothness of higher order? The answer is no, 

and that what we see in our work here. Here we introduce negative 

theorem for the r-monotone approximation of function in    quasi 

normed space for        

4.1.Introduction 

We mean by    ,   -
         the class of all function which has   

derivatives in    ,   -,  and    the class of algebraic polynomials of 

degree     

The degree of the best r-monotone approximation is  

  
( )( )     2       

           3  

for     ,   -     

  (   )     
       

   
   ( ) 

 
, 

for          

Several, researchers devoted their researches in studying  monotone 

and co monotone approximation of continuous function by algebraic 

polynomials, particularly to Jackson type estimates (cf., for 

example,,  - ,  - ,  -  , - ,  - ,  - ,  -   ,   -). In, - E. S. Bhaya, 

G. Abdullah, introduced Negative theorem for          

monotone approximation. Many researchers, including Lorentz and 

Zeller in ,  - and Shvedov in , -  from their opposite results, it 
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appears that the estimates of the Jackson type for the criteria of the 

highest degree of smoothness are not correct in the monotone 

approximation. ,  -  imagine that there is a continuous function 

which is r-monotone such that for      

   
   

  
( )( )

     .  
 
 /

     

In ,  -  the authors got a weaker result, which showed the existence 

of an r-monotone continuous function such that  

   
   

   
  

( )( )

     .  
 
 /

     

For     

   
   

   
  

( )( )

  .  
 
 /

     

Here we improve the results above for function in    quasi normed 

spaces. We shall prove a negative theorem for the best  r-monotone 

approximation of function in   ,   - space. It means; we introduce the 

result. 

4.2.The Main Result 

Theorem.4.2.1 

Let      Then there exists a function      ,   -
      such that  

   

( )( )      (  
 

 
*
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4.3- The Auxiliary Results 

In this section we shall introduce results that we need in our proof of 

the main theorem.   

Lemma4. 3.1., - 

Let         ( )  
  

(     )
      (   )      ( )    and   (     )  

then  

   
( )(   )       ( )             

Where c(x) always indicates a positive constant depending upon x 

only which takes different values in different places in this work. 

 

Lemma 4.3. 2., - 

Let                    Define  

 ̅ (      )    
      (     )         

                (       )  

then for sufficiently large   and           (       ) 

 ̅ 
( )(      )     

 We set  

  ( )  ∑  
 

 
 
 

 

   

   
( )  

  ( )    ( )   
 

 
 
 4      

 

 
 
   5  
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  ( )  {
       

 
                         

 
   

  ̅̅ ̅ (    
 
    

 

 
*                     

 
    

 

where   ( ) is the algebraic polynomial of the best approximation of 

degree    to     ( )   and *  + is a later result of natural numbers 

chosen through induction: Set      to be part of  natural number  , 

        
(    )

    
 

  

Lemma 4.3.3. 

For    and      ,   -   we have  

        
 

  
 

   
 
        

( )         
   

 
     

 
    

 

    
  
 

    
  
    

  
( )( )     ( )  

 

    
  
   

           

Proof. By lemma 4.3.2 

        
 

   ∑  
 

 
 
 

 

   

   
( )      ( ) 

 
  

Using the definition  of       ( ) and    we get  

                              
 

  ( )     
(    )

  
 

 
 

   
 

    .                              (4.1) 

We have 

   ( )    ( )  
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    ( )     ( )   
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( )          
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(
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                                            (4.2) 

        
 

  ( ) 4     ( )     ( ) 
 

 

  
 

 
 
     

( )          
 

 
 
    

 
5  

From (4.1) and (4.2),  we get  

        
 

  ( ) (     
(    )

  
 

 
 

   
 

      
 

      
 
    

 

   
 

 
 

    
 
  ,  

From our hypothesis lemma 4.3.2 

        
 

  ( ) (     
 

   
 

      
 

      
 
    

 

   
 

 
 

    
 
  , 
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   ( )       
    

 
    

 

                                                (   ) 

We have  

      
  ( )      
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( )    ( )   
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  ( ) ∑      
( )         
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( )         

   
 

     
 

     

Lemma 4.3. 4. 

For any  ( )     
    and  large enough  , we have  

     ( ) 
 

  ( ) 
 

   
  

 . 

 

Proof. 
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  ( )( ) 
 

  ( )   
      ( ) 

 
  

                                    ( )   
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                   ( )   
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Thus  
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*  
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From (   ), we get  

        
 

  ( )    
 
 

     
 
   

   
( )

  ( )( ) 
 

  ( )   
 (     

 
 

     
 
         ( ) 

 
* 

               ( ) 
 

   
      

( )
  ( )( ) 

 
       

 

 
     

 

        

Proof of the main result  Theorem 4.2.1. 

From Lemma 4. 3.2, we see that there exists     such that       

(  
   )     

Now select *  +by induction.  Set        

      (  
 (   )

 0   
(    )

    1  0   
(   )

    1
 

  *                . 

Define  

 ( )  ∑  
 

 
 
 

 

   

   
( )  

It is clear that     ,   -
    .For any  ( )     
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    ∑  
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Then using Lemma 4.3. 4, we get  
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                               ( ) 
 

   
  

   

Since   is r-monotone best approximation to     So  

   

( )( )   ( ) 
 

   
  
   ( )  

    

On the other hand using Lemma4.3.3,  we get  

   

( )( )   ( )    (  
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 Conclusion

Many papers were introduced for the approximation of monotone 

functions using monotone polynomials. But we sometimes need to 

approximate monotone function by rational monotone polynomials. 

In this thesis, we fill this gap, and estimate the degree of the best 

constrained approximation by using rational monotone  polynomials 

and rational r-monotone polynomials. 
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In the future we intend to define rational neural network, i.e neural 

networks with rational activation function. Then we study the 

approximation of function in the quasi normed spaces in terms of this 

rational neural network. 
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 الخلاصة

جى جقذٌى انعذٌذ يٍ انثحٕخ حٕل انحقشٌة انشجٍة 

تاسحخذاو يحعذدات انحذٔد انشجٍثة. نكٍ فً تعص الاحٍاٌ 

ٔال انشجٍثة يحعذد حذٔد جححاز انى اٌ ٌكٌٕ جقشٌة انذ

 سجٍثة َٔسثٍّ. 
فً ْزِ انشسانة سُعانس جهك انًشكهة تذساسة انحقشٌة 

انًقٍذ انشجٍة تاسحخذاو يحعذدات انحذٔد انُسثٍة 

 .r-ٔانشجٍثة يٍ انُٕع

انعلاقة تٍٍ دسشّ انحقشٌة تقٍٕد ٌٕ كزنك دسس انثاحر

 ( )انًحشاشعة ٔدسشّ انحقشٌة تغٍش قٍٕد ٔتشُْٕا

                 ( )      
( )( )              (  ) 

 ْٕ ذاتث يٕشة. حٍد 

ذٔال انحً هن ةغٍش يثشٍْ ٔخاص (  )ةانًحشاشحٔظم عكس 

 جُحًً انى فضاء يعٍاسي كارب.

سُقٕو تثشْاٌ انعلاقة تٍٍ دسشّ جقشٌة انشجٍة نذٔال فً 

 ٔدسشّ انحقشٌة انغٍش سجٍة. -   ,  انفضاءات 

تحقذٌى انعذٌذ يٍ انُظشٌات حٕل  يؤخشا ٌٕقاو انثاحر

سجٍة نذٔال فً -rسجٍة ٔ-3انحقشٌة انشجٍة ٔانًحذد ال 

 .-   ,  انفضاء 

جقٌّٕ َظشٌاجٓى تذلانة  ٌتالإيكأُْا جٕنذ انسؤال ْم 

كلا ْٔزا يا جى تشْاَّ يعاٌش َعٕيّ تشجة اعهى؟ انصٕاب 

سجٍة فً انفضاءات -rنذٔال  ةانسانث افً َظشٌحُ

 .     عُذيا   -   ,  انكارتة
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