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Abstract

The aim of this work is to study some of chaotic properties on the g-
non-autonomous discrete dynamical systems. Through this study, we
introduced some differences between the g-non-autonomous and the
autonomous of discrete dynamical systems, when they are minimal, And
we explain the shadowing property on the g-non-autonomous discrete
dynamical system.

Some results on the shadowing property with the chaotic
dynamical systems are shown.

New concept, for example; (The w-Expansive in g-Non-
Autonomous Discrete Dynamical System, The Fitting Shadowing Property
on g-Non-Autonomous Discrete Dynamical System, ....) are introduced.
These concepts and definitions are used to prove many new findings.

It also explains other types of shadowing properties, such as: h-
shadowing property in g-non-autonomous discrete dynamical system and
h-fitting shadowing property g-non-autonomous discrete dynamical
system . Some definitions and findings on the uniform convergence and
uniform conjugate for a series of continuous distinct mappings on a
compact metric space are discussed.

The main  findings proven in this study are:

Assume that (X, d) be a compact metric space (for short we write
X), an g-NDS is a pair (X, #') where £,, be a sequence of a continuous
maps £,,: X — X ,foralln € N, and the composition ¢3' =74, 04,1 °

cof,, vo<n<m €N, then we prove:

o If the g-nonautonomous discrete dynamical system ( g-NDS) is
transitive then the discrete dynamical systems (DS) is transitive. And the
same of (sensitive and equicontinuous properties.

e A minimum g-non autonomous discrete dynamical system exists
system (g-NDS) it which has neither a sensitive nor an equicontinuous.

vi



o If X isacompact metric space and #,,: X = X, Vn € N, satisfies the
fitting shadowing property, then £ x £7* X €7+ X ....x £ has the fitting

k—times

shadowing property.

e Assumethat,: X — X, Vn € N, be an uniform continuous maps and
X is a compact metric space. For each k € N, (#™)* will have the fitting
shadowing property (F.S.P) if £ for (F.S.P) of g-NDS if possesses this
property Vn < m.

e  The uniform continuous maps #,,: X - X and g,,;:Y - Y,vneN
where compact metric spaces are (X,d) & (Y,d"), then 7' & gt have a
shadowing asymptotics fitting condition in g-NDS,V n < m if and only if
an asymptotic fitting shadowing characteristic in g-NDS is present in €7 X
In'-

e If Xisacompact metric space and #,,: X = X, Vn € N, be an uniform
continuous map, then €7 is chain transitive if it is surjective and possesses
a fitting shadowing property in g-NDS V n < m.

Vii



Introduction

Given the importance of dynamic systems (nonautonomous and
autonomous), their theories have been studied, and researched extensively
in the past decades, because many natural phenomena can be modeled

through a system of differential equations, or discrete dynamic systems.

For instance, Estimating species population increase, or managing

the dynamics of diverse of different mechanical and electrical systems [1].

L. Snoha and S. Kolyada introduced nonautonomous discrete

dynamic systems (NDS for short) in their work [2].

A. Miralles, A., M. Murillo-Arcila, M., & Sanchis, M. in [3] They
explained that transitivity as well as the density for periodic points do not,
in general, such as imply sensitivity; however, if uniform convergence to
a sequence(#,,) that induces the NDS is assumed, then sensitivity does
follow. In addition, contrary to the autonomous case, they demonstrate the
existence of minimal nonautonomous discrete dynamical systems that are

neither equicontinuous nor sensitive.

Many chaotic properties (metrical and topological) have been

studied for their importance.

In [4] Vasisht, R., & Das, R. are study some types of expansive

for non-autonomous discrete dynamical systems

Additionally, because the average-shadowing feature is one for the
key ideas in the qualitative theory for dynamic systems and is crucial, Niu

1



Yingxuan examined and explored it in [5]. Furthermore, it was
demonstrated that if ¢ satisfies the average-shadowing quality and its
minimum points are dense in X, £ is weakly mixing and completely

strongly ergodic.

In [6] as well are Kulczycki, M., and Oprocha, P. talked about how
the asymptotic average shadowing property (A.A.S.P) relates to other
topological dynamics concepts. and shown that £ is completely transitive
If it possesses the A.A.S.P and its minimum points are dense in X.

In [7], it was discussed addressed the dynamics of n-expansive
homeomorphisms with the shadowing property specified on compact

metric spaces.

In [8], explored the relationship between different expansivity, such
as locally expanding, favorably expansive, and weakly locally expanding,
with h-shadowing property and shadowing.

Novel concepts have been introduced in [9], including related

asymptotic fitting shadowing property and its fitting shadowing property.

In [10], the general-nonautonomous discrete dynamical systems is
defined by Baraa A. and Iftichar M. and they denoted by (X, ,, ., ) When
X is a compact topological space and £,,: X — X, Vn € N, such that £, .,

IS the sequence of the continuous maps

In our work, we will study Some chaotic properties and some types
of shadowing and generalize them into the general-nonautonomous

discrete dynamical systems (g-NDS).

This thesis is divided into three chapters:



In chapter one, we take two sections. in section one, We define
and explain some concepts and properties of chaos in g-nonautonomous
discrete dynamic systems. In section two, we define the average
shadowing property and asymptotic shadowing property in g-

nonautonomous discrete dynamic systems.

In chapter two, we have three sections. in section one, we discuss
the sensitive and the equicontinuous property in g-nonautonomous
discrete dynamic systems, and we prove There exists a minimal g-non
autonomous discrete dynamical system which is neither equicontinuous
nor sensitive,That is different for the autonomos discrete dynamic

systems.

In section two, definition h-shadowing property and we discuss its
relation with various expansivity in g- nonautonomous discrete dynamic

systems.

In section three, we discuss the relation between w-expansive
homeomorphism with shadowing property in g-nonautonomous discrete

dynamic systems.

In chapter three, we take two section. In section 1, the asymptotic
fitting shadowing property (A.F.S.P) in g-nonautonomous discrete
dynamical systems (F.S.P) and fitting shadowing property (F.S.P), in
section 2, provides a working description of the h-fitting shadowing
property and a discussion of its relationship to the fitting shadowing

phenomenon in g-nonautonomous discrete dynamical systems



Chapter One

Some Basic Concepts in g-Nonautonomous

Discrete Systems



1.1 Preliminaries

the aim of this section is define some concept of g- non autonomous

discrete dynamical systems.

Definition 1.1.1 [10]

Let (X, d) be a compact metric space , let (#,,) be a sequence of an
uniform continuous maps, such that #,,: X — X, for all n € N, then the

composition

om Colm_10 ... of, for0<n<m
T e ) © e e ofZl form<n<-1

Is called The general-non autonomous discrete dynamical systems for
short (g-NDS).

If (¢,)1is a sequence of an uniform homeomorphism map, then

inverse map is given by (™)~ = ¢ ,wherem <n < 0.

In addition, we define a (k th —iterate of £};})

(fmyk = (gm)(m_l)k“, where 0 <n<meNk>0 on X, where

mk

Im = Cmi © f(m—l)k+k—1 °..0 f(m—l)k+1.
Thus (f);zn)k = {n-1k+1,mk:

Definition 1.1.2 [4]

A homeomorphism ¢,:X — X, is said to be an uniform
homeomorphism if £7 is an uniform continuous on X, and (#™)~lis an

uniform continuouson X,V 0 <n <m € N.
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Definition 1.1.3

Let (X, d) be a compact metric space and #,,;: X — X be an uniform
continuous map vn € N. The sequence #,:X — X is said to uniform
convergence to ¢:X - X if every &> 0, there exists m, €N,

3,d(¢7(x),£(x)) < € for every m > m, and for every x € X. we write

)

Definition 1.1.4 [10]

Let (X, d) be a compact metric space and #,,: X — X be an uniform
continuous maps vn € N. A point x € X is called fixed point of
(T o<n<m 1IN g-nonautonomous discrete dynamical systems when

M (x) = x,where 0 <n<meN.

Example 1.1.5

let £,,:R - R beamaps, Vn € N, where
£,(x) = x?,
£,(x) = 5x? — 2x,
£3(x) = sinx.
If x = 0, hence
£3(x) = €3 ° £2((0)%)
= £3(5(0)* — 2(0))

=sin0



=0,

Then the point x = 0 is a fixed point for £3.

Definition 1.1.6 [10]

Let (X, d) be a compact metric space and #,,: X — X be an uniform
continuous map Vn € N. A point a € X is called a periodic point of £}}!
in g-non autonomous discrete dynamical systems if there is an exists

m €N, £M(a) = aand €%(a) # a, Vk<m.

Example 1.1.7

let £,,:R - R beamaps, vn € N, where

£1(a) =a+3,
a+3

ty(a) = >

£3(a) = Va.

If a = 2, hence

5+3
= 43(3)

-2

= 2.



Then the point a=2 is a periodic point for #3 of period 3.

Theorem 1.1.8

Let (X,d) be a metric space without isolated point, assume that
£,,: X = X converges pointwise to £, then if P is a periodic point in the g-
nonautonomous discrete dynamical system then 2 is a periodic point of the

discrete dynamical systems.

Proof :

Assume P is a periodic point jthere is 0<n<m,VvnmeN
meaning that £7*(P) = P,

then for any 0 < i < m, we get have
{’W”(?’) = i © 'Em+(i—1) © i@ £m+1(?)

Which is convergent to £:(P), in particular, for i =m —n, then
LMHL(P) = P, is convergent to £1(P) so £(P) = P, this mean P is a
periodic point in (DS) .

Definition 1.1.9

Let (X, d) be a compact metric space and ¢,,: X — X be an uniform
continuous map Vn € N .A point x € X is called chain recurrent point in
g-nonautonomous discrete dynamical systems of (£3) o<n<m. If for each
€ > 0, there is € -chain between x and x. CR(€}}) represents the collection

of all £7* chain repeating points.



Definition 1.1.10

Let (X, d) be a compact metric space and Z,,;: X — X be an uniform
continuous maps, VvVneN. For a real number 1n>0,
a sequence {x;};=, in X called a p-chain in g-nonautonomous discrete

dynamical systems:
if d(€;(xm), Xme1) <, forall0 <n<m

The maps (1) o<n<m 1S Called chain-transitive in g-nonautonomous
discrete dynamical systems : if for all x, y € X and every n > 0, there is
a finite n-chain in g- non autonomous discrete dynamical

systems {xg, X1, ... X}

such that x, = x and x,, = y.

Definition 1.1.11 [10]

Let (X, d) be a compact metric space and #,,: X — X be an uniform
continuous maps vn € N, A sequence (£7)o<n<m 1S Said to Dbe
topologically transitive of g-nonautonomous discrete dynamical systems

if forany U,V + @, opensets,U &V c X thereexist, 0 <n<meN
3 MWU)NV +0.ie.

NUNV)={0<n<m eN:T(U)NV # @}.



Definition 1.1.12 [10]

Let (X, d) be a compact metric space ,and £,,: X — X be an uniform
continuous maps, vn € N the sequence (¥7")o<n<m 1S said to be
topologically mixing in g-nonautonomous discrete dynamical systems
iIf whenever there are two non-empty open subsets U and V' of X, there is

k € Z, meaning that.
NUNV)o{kk+1,..}.

The (7)) o<n<miS said to be topologically weak mixing in g-
nonautonomous discrete dynamical systems: if £t x £ topologically

transitive in g-nonautonomous discrete dynamical systems.

(T o<n<miS called chain mixing in g-nonautonomous discrete
dynamical systems : if for all x,y € X and for each § > 0, there exists
M € N therefore for any m > M there is §-chain in g-nonautonomous

discrete dynamical systemsfrom x to y with length m.

Proposition 1.1.13

Let (X, d) be a compact metric space and #,,;: X — X be an uniform
continuous map Vvn € N, converges uniform to 4. If (¥3)o<n<m 1S
transitive in g-nonautonomous discrete dynamical system then ¢ is

transitive in the discrete dynamical systems.

Proof:

Let A, B be nonempty subsets of X, Since £} is transitive, then by

Definition 1.1.11 there exist mneN0<n<m,

10



3 (A NB+@, but £,:X—-X is converges uniform to ¢,
sof' (A)NB #= @ (wherei = m—n),

hence £ is transitive. o

In order to obtain a property that is stronger than the transitive

property, we must prove the set N(A,B) is infinite.

Theorem 1.1.14

Let (X, d) be a metric space without isolated points and £,;: X —» X

be an uniform continuous map Vn € N. If (7)) o<n<m IS topological
transitive, then the set N(A, B) is infinite for any two non-empty open
subsets A, B of X.

Proof:

Let A,B + @, Since £;!is transitive , then N(4,B) # 0,
let suppose N (4, B) is finite,

Jh=max{0 <n<me N,3¢7(A)NB = @}.

Since X have no isolated points, B contain infinitely many points
As a result, we may be repair a collection B; c B,j =1,2,3,...,h of

mutually disjoint open sets. since h € N(4, B),
therefore exists x € A 3 £(x) € B
Letjo€{1,2,...,h+1} 3 £L(x) & B; ,Vi=1.2,..,h

By continuity, there is an open neighborhood A*of x contained in A,

11



3 th(ANB, =@ ......... (1.1)

Since £ is transitive, 3k € N,3 £5(A") N B;, # @ .... By (1.1)
We have k > h .. contradiction!

N(A*,B;,) © N(A,B)

hence set of N(4, B) is infinite . o

Definition 1.1.15

Let (X, d) be a compact metric space and Z,;: X — X be an uniform
continuous maps vn € N, the sequence (¥3')o<n<m 1S Said to be an
expansive with constant expansive e > 0 in g-nonautonomous discrete

dynamical systems when
Vx,y €EX,x #y,30<n<meN,d(f1x), M (y)) > e.
equivalently, if x,y € X,d(£7(x), £ (y)) < e,V 0<n<mEe€N,

then x = y.

Proposition 1.1.16

Let (X, d) be a compact metric space and #,,;: X — X be an uniform
continuous map vn € N, and #¢,,: X = X converges uniformly to ¢. then If
(T o<n<m 1S an expansive of g-nonautonomous discrete dynamical

system, then £ is an expansive of discrete dynamical systems

12



Proof

Let x € X since g-NDS is an expansive with constant expansive e > 0,
then forevery y e X,d(x,y) <e 30<n<m €N,

d(£2(x), £2(y)) > e.

Hence #,:X — X converges uniformly to ¢, there exists #7 = ¢,

(i=m-—-n)
> d(£7 (), R (1)) = d (100, £ ) > e

hence the DS is an expansive with constant expansive e > 0. O

Theorem 1.1.17

Let (X, d) be a compact metric space and Z,;: X — X be an uniform
homeomorphism maps vn € N, If then the sequence (7!)o<n<m IS @n
expansive of g-nonautonomous discrete dynamical systems if and only if
(P23 )m<n<o 1S an expansive of g-nonautonomous discrete dynamical

systems.

Proof :

Let y > 0 be a constant expansive for £1*

We can write £-% = (M) "L, vnmeZ.

Leta,b €X, a+b, nmeZ 3 d({’ﬁ(a),fﬁ(b)) >y
Thatis d(((#™)1(a), (™)~ 1(b)) >y, for n,m € Z.

hence (#7)~1 is an expansive. o

13



Theorem 1.1.18

Let (X,d) be a compact metric space and (€7')o<n<m D€ an
equicontinuous family of self-maps on X and where k is an integer greater
than zero. Then map (7)o<nem 1S €Xpansive of g-nonautonomous
discrete dynamical systems if and only if (#™)*is expansive of g-

nonautonomous discrete dynamical systems.
Proof:

Lete > 0 be an expanding constant for £17*.

Since £ is equicontinuous family, forany m > 0

let mk + 1 < j < (m + Dk, £pp4q,is uniformly continuous on

X as aresult, there exists a §; > 0 meaning that d(x,y) < §;

hence d(£mk+1,j(X), €mi+1,j(¥)) < e. Note that due to equicontinuity

of 3, §; does not depend on m.

Take § = min{6;: mk + 1 < j < (m + 1)k}. Then for any
0<n<md(xvy) <3§.

Now (£i)* = (g7 o<n<m » Where g3t = £ (m-1)k+1,mkx and

Inm = 9Gm ° Ym-1) ° """ ° Gn-

SO0 gnm = €mmk- Note that for any j > 0 there is an exists
m > 0 meaningthat mk < j < (m + 1)k.

Now foranym > Oandmk < j < (m + 1)k,

(d(gn* (), gn'(¥)) < &) hence d((£7)* (), (ER)*(¥)) <&

14



Hence (d(€), .. ((fﬁl)k(X)),ff;lk+1((f%n)k(Y)) <e

hence d () (x), (£2)/ () < e.

Because e is the expansive constant, #7', x =y and hence § is the

expansive constant of (£

Conversely, if (£™)¥ is expansive with the expansive constant e then of
any x,y € X, x #y, therefore exists 0 <n <m €N meaning that

d(ght(x), g (y)) > &, which implies

d((ETk(x), (#™*(y)) > e proving that & is an expansive constant

for £7'. o

Remark 1.1.19
Let (X,d) and (Y,d") be a compact metric space and ¢,: X — X,

gn:Y—>Y be a uniform  continuous maps, Vne€EN,
the d”((a, b), (a’,b") = max {d(a,a’),d (b, b")}.

We define the map(#? x g™ (a,b) = (£™(a), g (b)), for any
a€X,b ey, for everyone 0 <n <m € N. We shall demonstrate that

(X XY,d”) is a metric space.

Proof:

Let (a,b),(a’,b"),(@a”"b”) EX XY.

Since d”((a,b), (a’,b") = max {d(a,a”),d’ (b, b")}, also

1.d(a,a”) = 0,&d’(b,b") = 0,sothat d”((a, b), (a’,b") = 0.

15



2. Toshow d”((a,b),(a’,b") =0 iff (a,b) = (a’,b")
If d”((a,b),(a’,b") =0 thenmax {d(a,a’),d’(b,b")} =0
This implies that d(a,a”) =0 & d’(b,b") =0,
Hencea =a” & b=V,
Thus (a,b) = (a’,b").
If (a,b) = (a’,b"),thena=a" & b=»b",alsod(a,a’) =0
& d’(b,b”) = 0 this implies that max {d(a,a’),d’(b,b")} =0
Thus d”((a,b),(a’,b")) =0 .
3.d”((a,b),(a’,b")) =max {d(a,a”),d (b,b")}
= max {d(a’,a),d’ (b’,b)}
=d”’((a’,b"),(a,b))
Hence d”((a, b), (a’,b")) = d”((a’,b"), (a, b)).
4.d”((a,b),(a’,b")) = max{d(a,a’),d’(b,b")}
< max{d(a,a”),d’(b,b”),d(a”,a"),d’ (b”,b")}
< max{d(a,a”),d’(b,b”)} + max{d(a”,a’),d’ (b”,b")}
< d”((a,b), (@, b)) + d”((@", b, (@, b))
Hence
d”((a,b), (@, b)) < " ((@,h), (@, b)) +d"((@",b), (@, b))

From 1,2,3, and 4 thus (X x Y,d”) is a metric space. O

16



1.2 The Shadowing Property in The g-Nonautonomous

Discrete Dynamical Systems.
in this section, we define the shadowing property, the asymptotic
shadowing property, anaverage shadowing property in the g-

nonautonomous discrete dynamical systems, some result that are related to

these concepts are proved.

Definition 1.2.1

Let (X, d) be a compact metric space and (¥7") p<n<m IS @ Sequence
on X. for § > 0, the sequence {x;};2, in X is say to be an §-pseudo orbit

of #7' in g-non autonomous discrete dynamical systems if

d(€j(x;),xi41) <6, forn<j<m €N,

d(t7 (Xms1) Xm) <8 form <j<n.

Definition 1.2.2

Let (X, d) be a compact metric space, and (€7}) p<n<mS @ S€quence

on X. for € > 0, a §-pseudo orbit {x;};2, is say to be e-traced in g-
nonautonomous discrete dynamical systems by yeX if

d((f™i(y),x) <efor0<n<m €N.

17



Definition 1.2.3

Let (X, d) be a compact metric space , and (¥3") o<n<miS @ S€quence
on X. then £71* is say for has shadowing property or pseudo orbit tracing
property (P.O.T.P) in g- non autonomous discrete dynamical systems
if , for each € > 0 therefore exists § > 0 3 every §-pseudo orbit is &-

traced by using some point of X.

Theorem 1.2.4

Let (X,d;) and (Y,d,) be a compact metric spaces
and (Y3 o<n<m » (@n)o<n<mare a sequence on X,Y , respectively.

Define metricd on X X Y by:

d”((xp}ﬁ)r (XZI}’Z)) = max {d(x;,%3),d" (y1,¥2)},

(x1,v1), (x5, y,) €EX X Y. If £7* and g have P.O.T.P of g-
nonautonomous discrete dynamical systems then the sequence
7t X gnthas P.O.T.P of g-nonautonomous discrete dynamical systems in
X X Y . Therefore, each finite direct product of sequence with P.O.T.P,

have P.O.T.P of g-nonautonomous discrete dynamical systems.

Proof

Note that forany 0 < n < m,

(' X gn)(xy) = (' (x),gn' (¥)) (x,y) € X X Y.Lete > Obe

given. Then there exist 6; > 0 and a §, > 0 meaning that every
&,-pseudo orbit of £7* and §,-pseudo orbit of g,;* can be e-traced by some

£t-orbit and gnr-orbit respectively.
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Suppose that § = min{8;,8,} and {(x;, y;)};=,be a 5-pseudo orbit of
(n' X gn').

Then d((¢; x ¢;) (x5, ¥, (Xix1, Yie1)) < 6.

e, d((¢j(x),¢;i), (xi41,Yi41)) <& which is defined as d
implies  d(#;(x),x41) <6 <6, & d(g;(0:),yi41) <8 <6,
Therefore, there are x € X & y € Y meaning that d((#T)!(x),x) < e &
d'((gm) (), y) < e.

Hence d”((£7)'(0), (g7)' ), (xi,y)) < € . i.e.

d” (£ X g (e, y), (x, y)) <& which implies {(x;,y,)}i2is &-
traced by (x,y) e X X Y.

Thus £t x gt P.O.T.P is also present. According to Induction Law, any

finite direct product of sequence with P.O.T.P has P.O.T.P. o

Definition 1.2.5 [4]

Let (X,d,) and (Y, d,) be two compact metric spaces with g-non
autonomous map sequences (Yn)o<n<m anNd (¢n)o<n<m. respectively.
If there is a uniform  homeomorphism h: X — Y meaning that
h o 7' = gt o h,forall0 <n <m €Z,then ;' and g, are said to

be topologically conjugate.

Theorem 1.2.6

Let (X,d,) and (Y, d,) be a compact metric spaces. Let (£7") o<n<m

and (gn)o<n<mbe a sequence of X and Y respectively meaning that
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('mnn)OSn<miS uniformly Conjugate to (gﬂT)Osn<m . f (&T)Osn<m has
P.O.T.P of g-nonautonomous discrete dynamical systems. then

(@7 0<n<m has P.O.T.P of g-nonautonomous discrete dynamical systems.
Proof:

Assume that € > 0 be given. Since €7} is uniformly conjugate to g, there
exists a uniform homeomorphism h: X — Y meaning that
h of7t = gnt o h.

ie.fMoht=h"1logMm foreach0 <n<m €N.

As a result of uniform homeomorphism, h is now uniformly continuous.,
as a result, there exists an g, > 0 meaning that d,(x,y) < g, implies
d,(h(x),h(y)) < e. Since £7 have P.O.T.P there is an exists a &§, > 0
meaning that any &,-pseudo orbit of 71! is g,-traced by £} orbit of some
point of X. Because h being a uniform homeomorphism, h~1tis uniformly
continuous map, hence for §, > 0 thereisanexists § > 0 implying that
d,(x,y) < 6 means d,(h~1(x),h 1 (y)) < 6,.

(0]

Suppose that {x;};2,be a §-pseudo orbit for g;'. i.e.

dy(g(x;), xi41) <6.1e.

dy(h™ (g;(x)), h ™ (xi4)) < 8o 1.8

dy(£;(h™1 (%), x;11) < 8, meaning that {h™" (x;)}{2, is a §o-pseudo orbit

for 7. As a result, there exists y€X meaning that

dy (£3) (), h™ (7)) < & and hence d, (h ((£2)'()),x)) < .
Now forall 0 <n <m,

hotM=hot, of, 10.0f,, 00,
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=gmohotly jo..0fp 100,

= Gm°Pm-1°-°In+1°gn°h
=¢gn°h

implies d,((gmM) (h()), x;) < &.

I.e. {x;};2 IS e-traced by using h(y) €Y.

Thusly gI* have P.O.T.P o

Theorem 1.2.7

Let (X, d) be a compact metric space and #,,;: X — X be an uniform
continuous map, for all neN If (¥7)o<n<m has P.O.T.P of g-

nonautonomous discrete dynamical systems. then (£#7*)*has P.O.T.P of g-

nonautonomous discrete dynamical systems. for every k> 0.

Proof:

Suppose k = 2. And € > 0 be given, since £,* has P.O.T.P, as a result,
therefore exists § > 0 meaning that each §-pseudo orbit of £};! is e-traced

by using some point of X.

Assume that {y;}2, be a &-pseudo orbit of (£™)*. Then
A7 (Vi), yis1) <6,

forall 0 <n<m,
For0<h<k &0<n<m €N,putx;,,, =7,

hence {x;} is a §-pseudo orbit for £7;*. i.e for show :
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d(;(Xirn), Xisns1) <8, fori >0&0<h <k
choose any i > 0, now forany j,0 < h < k — 2,
‘gj(xi+h) = f’j((i’#(yz))

=0 ()

= Xith+1
Thus d(€;(Xi+n), Xixns1) =0 < 6, forall j,0<h <k -2.
Now forh = k — 1,

d(€;(Xirr-1) Xirie) = A& (D), Xivk)

= d((fﬁﬂ i), }’i+1)
<

As a result, P.O.T.P claim of 7, {x;};2, is e-traced by some y € X,
ie. d((#M™i(y),x;) <e for each =0, in particular for i = ki,
A (), %) < e

Thus (£7)* has P.O.T.P. o

Definition 1.2.8

Let (X, d) be a compact metric space , and (€7}) o<n<miS S€QUENCe
on X. then the sequence {x;};2, in X is known as the §-average pseudo-
orbit of X in g-nonautonomous discrete dynamical systems if there exists
6 > 0, and a positive integer M = M(J), as a result of which for all

m > M, and k € N, we get
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m—1

1
— ) A(G 0. Virker) < 8 wheren < j <m
i=0

A maps (7)) o<n<m 1S Said to have average shadowing property in g-
nonautonomous discrete dynamical systems if to each & > 0, there is
& > 0, as aresult of which for all §-average pseudo-orbit {x;};2, in average
is e-shadowing by orbit of a point z € X, its mean

m-—1

1 .
lim sup— d((fM)H(z),x) < ¢
m-oo m :
l=n

Definition 1.2.9

A sequence {x;};2, InX is known as the asymptotic average
pseudo orbit of (€3Y)o<n<m 1N g-nonautonomous discrete dynamic
systems if

m_1

li 1 d(f =0
ml_rgoa ' ( j(xi)rxi+1) = U.
i=0

A sequence {x;};=, in X is say to be asymptotic shadowing in g-
nonautonomous discrete dynamic systems in average by the point
zeXIif

m_1

lim z d((fM)(z),x;) = 0.

=n

We say that () o<n<m has the asymptotic average shadowing property
in g-nonautonomous discrete dynamic systems if any asymptotic
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average pseudo orbit of (#7Y)o<n<m 1S asymptotic shadowing in g-

nonautonomous discrete dynamic systems in average by the point z € X.

Lemma 1.2.10 [9]

Let{c;};2, be a sequence for non-negative real numbers. Given a
positive real number «a, suppose that C.,, be the cardinality for

{i<m,c; = a} thatis, cym = card({i <m: ¢; = a})

@ if

m-1
lim supz C; <&,
m—+co
i=n
then

lim supc m<e
m—+oo Plye M=

(b) if {c;};2¢ isbounded by L € R and

lim supc~-,m<-se¢
m—+oo Plye,M=

then

m—+oo

m-—1
lim sup z ¢; < (F+1)e.
i=n

Proof:

(2) Assume, alternatively on the other hand that on the contrary that c

, m >/ , then which would imply the existence of a sequence

{m;};Z,in N meaning that
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lim ¢z,mi=b> \/;,

j—+o

therefor § > 0 with b — § > /¢, there exists > 0 meaning that
Cyz M > b—46, forall j>r.

Thus

mj—l

2 ¢ =cpm; > (b—6)WE

i=n

for each j > r which implies that

m—+oo

m-1
lim sup z c; =(b—6)Ve > e.
i=n

That is a contradiction. Hence (a) is true.

(b) since

m-—1

Z ¢ <(Mm—cem)e+cemF=e+cem (F—¢),

i=n

m—-+oo m-+oo

m-1
lim sup z c;<me+ (F—¢) lim supcg,, <me+ (F—é¢)e.
i=n

So if m large enough then

m—+o0o

m-1
lim sup Z ¢ <(F+1)e 0O
i=n
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Definition 1.2.11

Let (X, d) be a compact metric space and Z,,;: X — X be an uniform
continuous maps, we say that (¥7")y<n<m b€ topological ergodic in g-
nonautonomous discrete dynamical systems if for any pair nonempty
open subset A,B € X , N(ANn B) has positive upper density, that is

card(N(ANB)Nn{0,1...,m—1}) o0
- .

D(N(ANB) = lim sup
m-—oo

J € Z,is said to be syndetic in g-nonautonomous discrete dynamical
systems if there IS M EeN meaning that

[m,m+ M]n]J =@, foreverym € N.

(T 0<n<m 1S Said to be strongly ergodic in g-nonautonomous discrete
dynamical systems if for each pair nonempty open subset combination
A BcX,N(A,B) is a set that 1is syndetic. If for each
k € N, (#™)* is referred to this as being strongly ergodic, we call

(T o<n<m totally strongly ergodicin g-nonautonomous discrete

dynamical systems. It IS obvious that
totally . .
strongly topologically topologically
strongly . . e
. ergodic ergodic transitivity
ergodic

Definition 1.2.12

Let (X, d) be a compact metric space, and ¢,,: X — X be an uniform
continuous maps, vn € N. A point x € X is called transitive in g-
nonautonomous discrete dynamical systems if when x has a dense orbit in
X.
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Definition 1.2.13

Let (X, d) be a compact metric space and Z,,;: X = X be an uniform
continuous maps, Vn € N, if each x € X we call this a transitive point, then
we may say (£n!)o<nem 1S Minimal. x € X is say to be minimal point of
g-nonautonomous discrete dynamical systems if for every neighbrhood U

ofy, N(y,V) is syndetic, denoted by AP(£1") the set of all minimal points

of (L7 osn<m-

We generalize Proposition 2.1.13 in [9] in to g-non autonomous

discrete dynamical system

Proposition 1.2.14

Let (X,d) and (Y, d") be a compacts metric spaces , £,,: X — X and
gn:Y =Y be an uniform continuous maps vn €N, (¥7)o<n<em and
(@n) o<nem are surjective. If (€71 o<nem anNd (g¢n') o<nem €ach has dense

minimal points, V¥ 0 < n < m then so does the product £} X g

We generalize the Proposition 3.3 in [6] in to g-non autonomous

discrete dynamical systems.

Proposition 1.2.15

Let (X, d) be a compact metric space, and suppose that#,, : X — X

be an uniform continuous map vn € N. A point x is minimal under
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(i) o<n<m If and only if for every open neighborhood U for x the set {m €
N: 7 (x) € U} is a syndetic

Theorem 1.2.16

Let (X, d) be a compact metric space, and suppose that#,;: X — X
be a uniform continuous map ¥n € N. Suppose that there exists a point
x € X that has whose orbit closure contained in some open set U that is an
invariant under (43') o<n<m (thatis €5(U) € U). Suppose that y € X is a
point whose orbit is metrically separated from U (that is
d{(ET) (1)}20, U) > 0, Then (£7%) g<nem does not have the asymptotic
average shadowing property (AASP).

Proof.

Put a, = a; = x, and suppose that {a;};2,be the following sequence of

points:
00y, 80, (), y, 80, ), %, 83, (), €3, (), v, £, (), €5, (), x, €3, (%), €7, (%),

25,00, Y, 0, ), 45, ), 45, (), x, ...}

Take note that for each j € N and for every integer 2/ < k < 2/*1,we have

the inequality

k-1
> d(t(@, i) <2).DX).
i=0

This means that
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m
. 1 o1
r}:_l’)lgom—ﬂz d({’](al), ai+1) < T}ll_l’)lgoz—msz(X) =0
i=0
Therefore, {a;};2, iS an asymptotic average pseudo-orbit of £t
We shall now demonstrate that no point for X may asymptotically shadow
it in average, showing that ' lacks the A.AS.P.
Assume that z € X shadows asymptotically in average {a;};=,. The orbit

of z must therefore reach U at some point, else for every m € N we get

2m—1

- myi ! myi o myi o)
o Z (e, () (2)) = 5 AR Yo, () (2)i2) > 0

There cannot be any asymptotic shadowing within the mean. Hence,
M(iz)eU for someM eN. Then, by the invariance of U

for each m>M, we have ¢¥(z) € Uand for m large enough

2Mm—1

1 . 1 .
Y d (@ @E@) 2 5. dAER 0} V) > 0.

i=n
This also avoids z forming asymptotically shadowing for average{a;};2,.

Theorem 1.2.17

Let (X,d) be a compact metric space, and ¢, : X — X be an
uniform continuous map vn € N. Assume that (¥7")o<n<m has the
asymptotic average shadowing property (AASP ) of g-nonautonomous

discrete dynamical systems, and minimal points of £, are dense in X.

then (71 o<nem 1S transitive.
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Proof.

To prove that #17* is transitive. Fix any nonempty open sets U, V and choose
a pair of minimal points x € U and y € V. set two open sets U” and
V” together with a number € > 0, so that the following conditions are
satisfiedx e U c U,y e V' cV,d(U’,X/U) >¢ecandd(V’', X/V) > e.

Put ay = a; = x and let {a;};2, be as follows sequence of points:
ey, 2,60, (), ¥, 20, (), %, 45, (%), €7, (), y, €1, ), €7, (), %, €5, (),

05, (x), 5. (), v, tn, ). €7, €5, (), %,... }

In the proof of Theorem 1.2.16, we have shown that {a;};2, IS an
asymptotic average pseudo-orbit of £7t. Using the A.A.S.P we fix a point
z€X that asymptotically shadows it in average.

By Proposition 1.2.15 the sets

{i eN:(#™i(x) €U}, and {i EN: (#)'(x) €V} are syndetic.
Choose a number M greater than zero to avoid having sequences of
consecutive integers longer than M in the complements of these two sets
in N. Use uniform continuity of £} to pick a number § > 0, meaning that

for any a,b€X the condition d(a,b) <6 implies that
d (f;'l(a),fil(b)) < ¢ foreveryi €{0,..,M —1}andn < i.

By an argument similar to that used to prove Theorem 1.2.16,
there exists M; € N meaning that d (aMl, (LM (z)) < § and we get

A, +i = £E+i(x) for i € {0,...,M — 1} and some k € N . Take note that

this, in addition to picking 6 and M, ensures that for some
M, € {M,, ... ,M; + M — 1}, we have (£™)Mz(z) € U.
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In a similar way, we can pick M; > M, meaning that
d(aMs,({’Z‘)MS(z)) <4, and we get apy,.; = ¢*i(y), for and some

i €{0,..,M — 1}, wheret € N.

Once more, this, along with the options of § and M, ensures that for some
M, € {M;,...,M3 + M — 1}, we have (£™)M+(z) € V. Thus the orbit of
(£™Mz2(z), which is a point from U, intersects the set V, i.e.
UYNV + g,

hence ¢3! is transitive. o

We show that, there is exists (3" o<n<m D€ Open, expansive and
transitive but does not have the average shadowing property of g-

nonautonomous discrete dynamical systems

Example 1.2.18

Let #7* be an open, expansive and transitive VO <n <m,3 n,m €
N, .and X = {a, b} be any two points set with the discrete metric d, and

let €7 be the cyclic permutation of X, that is, #'(a) = b, €3t (b) = a.
We will prove that 7 does not have the average shadowing property of

g-nonautonomous discrete dynamical systems.
Fixe =1/4and takeany § > 0

and let m be meaning that 1/m < §. Put M = 2m and consider the

sequence
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_ T (a), ifi=2sM+jforsomes>0&0<j<M
t &7 (b), ifi=Q2s+1)M+jforsomes=>0&0<j<M

In other words,

X, X1, --..=a,b,a,b,...,a,b,b,a,b,aqa,..,b,a,..

2m 2m

We demonstrate that the sequence {x;};2, iS a §-average-pseudo-orbit,
with M§ = M given above. Let m > M be given, say m=1IM +j
forsome ! >1,and 0 <j < M. If we fix any k > 0, then the set {i: 0 <

i <mand d(£;(Xj4x), Xi+k+1) =0} has at mostl+ 1 elements.

Since  d(#;(x;),xi+1) =0 implies d(#;(x;),x;4+1 ) =1, we have

1 m-—1 1 5 1
— ZO A8y Ceepid) Xepir)) S (L4 D S =<6
1=
which shows that the sequence {x;};2, is indeed a §-average-pseudo-orbit.

For every s=>1 the following holds

2Ms-1

1 .
e ZO A((emyi (@, x)

1 s—1M-1
— m\MQ2i+1)+j my j
=) ) () (@), (7Y ()
i=0 j=0
1 s—1M-1
- my j myj
TIPRLCAUOKEYD
i=0 j=0
1 1
=—-> &= -,
2 4
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which implies

m-1

1 .
lim sup— d((#H(a),x;) =€
m—oo m {
I1=n

And we also get

m
1 :
lim sup— ) d((ZiH'(b),x;) = €
m-—oo m

i=n

To put it another way, for e=%, the &-average pseudo

orbit {x;};2,constructed above cannot be e-shadowed in average by any

point of the space X o

Lemma 1.2.19

Let (X,d) be a compact metric space, and ¢,: X = X, Vn €N
IS an uniform continuous surjective with an average shadowing and
shadowing properties of g-nonautonomous discrete dynamical systems,

then (7)) o<n<m|S transitive
Proof

We can assume, without losing generality, that diam X < 1. Fix any
nonempty open sets U,V < X and choose points p € U, and q € V.
Let € > 0 meaning that B(p,e) c U and B(q,&) c V . For that ¢ take
& > 0 provided by the shadowing property. Through uniform continuity,
we can discover n <§ such that d(x,y) <n implies that
d(#5(x), #2(y)) < 6, for any x,y € X. For /3 we take § > 0 as in the

definition for average shadowing property 1.2.8. Let M be an integer such
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that 2/& < M, and suppose that » € X be meaning that(#™)"(r) = q.

Consider the sequence

i

(™ (p)if i=2s.M +j forsoms =20&0<j<M
™ (r),if i=2s+1).M+jforsomes=>0&0<j< M.

In other words,

X0, X1, s Xam—1 = P An (), o, (G H(P) 1 AR (), o, (EDMTH()
M M

and repeats ad infinitum this initial sequence. Similarly to Example 1.2.18,
one may simply meaning that {x;};=, constructed above is a periodic ¢-
average-pseudo-orbit. By an average shadowing property 1.2.9, we can
find a point z € X, which n/3-traces on average our &- average-pseudo-

orbit. Specifically,

we assert that: for every K > 0, there is an integer o meaning that
20 M > K, and d((fT) (2), ™)) <, for some
jE€[20M,(20 +1)M),andl =i — 20 M.

Suppose that our claim does not hold, that is, of some o, and each s > o,

we have d((#7)!(z), ™' (p)) = n, forall i € [2sM, (2s + 1)M), and

l=1i—2sM. It follows that for all s =0
we have
(2s+1)M-1
> A @,x) = My
i=2sM

34



which implies
m-—1

1 ]
lim sup— » d((£7)'(2),x) 2 />N,

m-oo
i=0

But this contradicting the reality that z € X is n/3-tracing on average

our &-pseudo-orbit {x;}.

By our claim, there are i >0 and 0<I[l<M, such that
A" (@), (E' @) < n.

In a similar manner, we establish that there exist integers j, and y, where
j>1i and 0<y<M meaning that d((*™)’ (2), ™" (r)) < n.
By the choice of 1n, and ij,l,y, the sequence

pAR®), ..., () (D), ()1 (2), ()2 (2), ..., (7)) (@), (G 1 (1),
o (M (@), (M (), -

Is a 6-pseudo-orbit of £, and thus by using shadowing there is a point y
which e-traces it. We see that ye B(p,e) € U, and

(£ —HEM=Y=2(y) € B((#™)M(r),€) € V hence £Mis transitive. O
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Chapter Two

Some Metric Chaotic Properties in g-
Nonautonomous Discrete Dynamical Systems
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2.1 Some Metric Chaotic Propertys on g-
Nonautonomous Discrete Dynamical Systems

In this section, We discuss the sensitive and the equicontinuous
properties in g-nonautonomous discrete dynamical systems, and we notice
that there exists a minimal g-nonautonomous discrete dynamical systems

which is neither sensitive nor equicontinuous

Definition 2.1.1 [10]

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous maps Vn € N, the sequence (1) o<n<m IS Said to has sensitive
dependence on initial Condition in g-nonautonomous discrete

dynamical systems, if
V x € Xexistsaconstantd >0 ,Ve > 0,suchthat3y e X

where d(x,y) < ¢€,3 d(fﬁ(x),fﬁ(y)) > 4§, for0<n<meN.

Proposition 2.1.2

Let (X, d) be a compact metric space, if £ is transitive map and non-
sensitive of autonomous discrete dynamical system (ADS), then there
exists (T3 o<n<mWhich is transitive of g-nonautonomous discrete
dynamical systems (g-NDS), and all its points are periodic but non

sensitive dependence on initial condition .
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Proof:-

Suppose that £ is injective & surjective map, denoted by £~ the i-th iterate
i—time

P lof 1o f~1ommo f~1 and define the (g-NDS) where

The sequence (G,,) is gevin by :

(81, 0y syl ) = (8,801,071, 02,072, 03 073 .. o7 07 )

So that the sequence

Ml = pmo M = Idy

{;11+2 = Hlo (pho ) =p, = "1

(1, pntl pn+2 ) = (€M 1dy, 711, 1dy, .. .nL)

So, every x € X is periodic since £2% =1dy foranyk € N,3 2k > n
(erem = Idy) , (£9%4 = ¢™1),j = 0,1,2,..)

Now, let U,V =+ @ be open sets of X.

since (ADS) is transitive, hence 3i€ N 2 £2(U)nV # @.

there exists m,n € N&m isodd, > £ = £, &0 <n<m

then 71 (U) NV # @, hence the (g-NDS) is transitive .

Now to prove that (g-NDS) is not sensitive, since (ADS) is not
sensitive dependence on initial conditionforanyk e N, 3 x;, € X &
0<e<=x,3 supd(¥'(x), ¢ () < + forall y € X, where

d(x,,y) <eg,foranyi e N,ImneN,230<n<m,d M = ¢,
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so for any k € N we have
sup(d(£* (i), €' (7)) = sup(d(&y (x), 4 () <%,
forany y € X 3d(xy,y) < &, S0 (g-NDS) is not sensitive

dependence on initial condition. o

Proposition 2.1.3

Let (X, d) be a compact metric space, and £,,: X — X be an uniform

. u .-
continuous map vn e N,and ' —>f. If (€7)o<nemhas sensitive
dependence on initial condition of g-nonautonomous discrete dynamical
system, then the £ has sensitive dependence on initial condition of discrete

dynamical systems.
Proof :
Let x € X, since the (g-NDS) is sensitive dependence on initial condition,
3e>0,Vv6>0,3y €EBy, there exist mneN30<n<m,
3 dxy)< 68,  dp),er») > e

. u
(since {7t —>¥¢)

There exists £ = ¢4, (i=m —n)

> d(7 (), e7 () = d(£*(x), £' () > ¢
then the DS is sensitive dependence on initial condition. o
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Definition 2.1.4 [10]

Let (X, d) be a compact metric space and ¢,,: X — X be an uniform
continuous map Vvn € N, the sequence (£7")o<n<m IS said to be an

equicontinuous in g-nonautonomous discrete dynamical systems when

foreverye > 0,36 > 0,3 d(£7H(x), #7(y)) < ¢, forallm,n € N,

30<n<m whend(x,y) <§.

Propostion 2.1.5

Let (X, d) be a compact metric space, and £,,: X — X be an uniform

u
continuous map vn € N, and €3t = 2. If (1)) o<n<m 1S @n equicontinuous
of g-nonautonomous discrete dynamical system then £ is an

equicontinuous of discrete dynamical system
Proof :

Let xe X , since (g-NDS) is an equicontinuous then
Ve>0,386> O,d(fﬁ(x),fﬁ(y)) <gVyeX

Whend(x,y) < é,forall0 < n<m,&n,meN
We can found £ = £, 5 i = m —n (when £7 > ¢)

hence d(£3(x), () = d (£'(x),£:()) < &

hence the DS is an equicontinuous map. o
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Theorem 2.1.6

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous map Vn € N, where the sequence (2" o<n<m D€ topologically
transitive g-nonautonomous discrete dynamical system, if the sequence

(7)) 0<n<m 1S @n equicontinuous at x,, then x, is a transitive point.
Proof:-

Suppose thaty € X & e > 0 , since (X, £,,,,) is an equicontinuous at x,,
then d (€7 (x0), £’ (2)) < &,

when z € Bs(x,),Ve>0m>n=>0,Vn,me€ N,

since (X, £, ) is transitive, hence 3 Bs(x,), B:(y) € X, 3

0 (Bs(x0)) N B:(y) # 0 .

Let #7'(z) € 7' (Bs(xo)) N B.(y) hence d(¥7(2),y) < &,

We get d(£7H(x0),y) < d (£7:(x0), €1 (2)) + d (£7:(2), )
< £ + ¢
< 2¢

hence #7t(x,) € By (y)

hence x, is transitive point. O

Definition 2.1.7 [10]

Let (X, d) be a compact metric space, and £,,: X — X be an uniform

continuous map Vn € N, the sequence (7') o<n<m 1S called minimal of g-
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nonautonomous discrete dynamical systems, if all the points of X are

transitive.

Definition 2.1.8

Let (X, d) be an autonomous discrete dynamical systems (ADS for
short), a subset a A € X,3 ¢;'(4A) € 4, is said to be an inversely

invariant. and the set of all equicontinuous points in X is denoted by (..

Remark 2.1.9

Let (X, d) is an autonomous discrete dynamical systems, {.is a set
of  equicontinuous  points, then the following is hold;
If ¢, =X, implies the autonomous discrete dynamical system is

equicontinuous. ... (2.1)

If (. = @ hence

(. = {x € X,V zy€Bs(x),Vi=0,d ({’i(z),{’i(y)) < e} hence ¢, is
inversely invariant open & ¢ =N {;/,,m >0 ,then the autonomous

discrete dynamical system is almost equicontinuous .  ...... (2.2)

If {, = @, implies
I3x €X,2Vz,y €Bs(x),An €N, d ({’i(z),{’i(y)) > £
hence either d(¢1(x), () >§ or d(¢i(x),¢(2)) > g

Then the autonomous discrete dynamical system is a sensitive with

sensitive constant § s (2.3)
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Remark 2.1.10

If the autonomous discrete dynamical system is equicontinuous then

be almost equicontinuous.

Remark 2.1.11

If the autonomous discrete dynamical system minimal, then it's

transitive (by definition), but the conversely not necessary.

Theorem 2.1.12 [15]

Let (X, d) be a compact metric space and ¢: X — X be a continuous
map Vn € N, such that for each € > 0, {, is inversely invariant, If £ is an

a minimal then it’s either sensitive or almost equicontinuous.
Proof:

since (, is inversely invariant, since £ is minimal then it's transitive hence

there exists U =X\ {., 3i>0,i €N,> £{({)nU # @,
or71({)NU 0@

By Definition 2.1.8 that #;1({,) S ¢,

hence £;1({)NU <€ {,nU,but{, nU = @, that contradiction!

hence either {, = @ or {, # 0,

By Remark 2.1.9

1T, =0
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(.={x€X,3zy€ Bs(x),3e¢>08&e €N 3d(*(2),¢(y)) >
e,V i€ N}hence d(¥'(x),£'(y)) > Lor d(£'(x), €' (2)) > ¢

hence the (ADS) is a sensitive with sensitive constant :.

Or . # @ hence { =N {4/,

Hence £ is an almost equicontinuous. o

Theorem 2.1.13

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous maps vn € N, there exists the sequence (£3')o<n<m 1S @

minimal which is neither equicontinuous nor sensitive .
Proof :

Suppose that {M,, M,} be a paitition for the cantor set with M; a clopen
subset for all i = 1,2, and consider a minimal equicontinuous isometry
Ton C.

Now , give the clopen sets C; = T(M;) for i = 1,2 , our initial step is to
identify a sequence of homeomorphisms {g,,n € N } on C that will allow
us to construct a non-equicontinuous g-NDS for this choose a point
x1 In C,and consider a sequence #)',0 < n <m € N which satisfies for

each n € N the following:

K,, is a clopen subset of C whose dimeter is 1/m :
Kn+1 & Kn !

X1 € Knyq
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Now, choose clopen subsest S;, S, of C, 3 d(S;,S,) = &, > 0, select for
each m € N homeomorphisms

Wyt C\K, = G\ (51 U Sy),

hp ¢ Ky \Kpy1 = S5,

Am * Kn+1 - SZ-
We define G,,, as follow

x if x € (Cy,
win(x) if x€(\Ky,
hin(x) if x €K, \ Knyr,
qm(x) if X € K41

G =

Now suppose that (C, £7') be a (g-NDS) defined by
(T, £, 075 T, T, 8,51, T?, T2, 85,631, T3,T73,..... }
we get
=T AL =¢ +T
2 =plof, oT=T
3 = TNoprlop o = TNH1
Pt =T MoTNop-lop oT =T

Notice that the sequence {T™,me€ N} is subsequence for
{#™, m € N} thus transitivity and minimality of (C,#7"), follow from

transitivity and minimality of (C,T). Moreover, since the restriction of
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G,,to C1is the identity for every m € N the g-NDS (C,#7!) is an
equicontinuous at every x € C, hence (C,¢7}) is not sensitive.
We will prove that (C,#7") is non equicontinuous for fixed &6 > 0.
We may choose me N31/,< 8if x € £7\£m*1  then
Gn(x)= h,(x) €S, since G,(x;)=4q,(x;)€E S, we have
d((fme T") T (%), (Em o T T (%1)) 2 &

since T™™ is an isometry, this proves that (C,#}') is not

equicontinuous at T~"(x,) . O
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2.2 The Relation between Expansivity and h-
Shadowing in g-Nonautonomus Discrete Dynamical
Systems

In this section, we study and definition h-shadowing property and
discuss its relation with various expansivity such as locally expanding,

weakly locally expanding, expansive, weakly expanding small distances in

g-nonautonomous discrete dynamical systems.

Definition 2.2.1

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous maps Vn € N, the sequence (£3')o<n<mhas h-shadowing
property in g- non autonomous discrete dynamical systems if for every
€ > 0 as a result, there exists § > 0, meaning that for all §-pseudo-orbit

{x9, %1, ...x; } € X, there is y € X with

d(¥, %) < & d((EM' ), x;) <gV¥Vn<i<mand (E)°(y) = x, .

Definition 2.2.2

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous maps vn € N, then the sequence (£3')o<n<m IS Weakly
expanding small distances in g- non autonomous discrete dynamical
systems if there exists y >0, meaning that for all x,y € X,

d(x,y) <y then d({;(x),¢;(y)) > d(x,y), for every jE€L.
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Definition 2.2.3

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous maps Vn € N, then the sequence (£7')o<n<m Called inverse
equicontinuous in g- non autonomous discrete dynamical systems if for
every x € X, and for each € > 0, as a result, there exists § (x) > 0,meaning
that B, (£i(x)) € £;(B.(x)) for all i € Z, in which B.(x) is the open

ball with a center x and radius «.

Definition 2.2.4

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous maps Vn € N, then the sequence (¥7')o<n<mliS locally
expanding in g- non autonomous discrete dynamical systems when

there exists A > 1, meaning that for each x€X,i>1 & >0,

Bye(fi(x)) € £i(Be(%)) .

Definition 2.2.5

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous maps vn € N, then the sequence (¥3) o<n<m 1S Weakly locally
expanding in g- non autonomous discrete dynamical systems when

there exists y > 0, meaning that :for every x€ X, i>1&e >y,

B (¢i(x)) € 4:(B:()) .

48



Lemma 2.2.6

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous maps vn € N, Assume that the sequence (3!) o<n<m 1S a small
distance that is weakly growing in an inverse equicontinuous fashion in g-
nonautonomous discrete dynamical systems then it has weakly locally

expanding property in g-nonautonomous discrete dynamical systems.

Proof.

Suppose thst y > 0 be constant, as in the definition of distances that
expand weakly over short distances.. Since #I' is an inverse
equicontinuous, for all x € X, there exists A(x) > 0, meaning that:
By (£i(x)) C fl-(B%(x)) foralli>1 ...... (2.4)

We denote Bg(x) N L7 (Baw (£;(x)) by U;, then for x € U;, there exists
2

n=n(x) <22 suchthat B,(x) €U, .

Now we have ¢;(U;) = Baw (£;(x)) infactif y € Baw (£;(x)) then using

(2.4) we have y = ¢;(t) with t € B%(x) and

y € B@({)i(x)) implies t € 431(3@(&(@),
hence B@({’i(x)) c £;(Uy).

Letz € B, (x),p < 1,3 B,(2) € B,(x)

Then £,(2) € £;(U;) = Baw (4:(x)),

thus B, (£(2)) € By (£:(2)) € £ (By)- -...... (2.5)
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We denote B,%(x) N £;"(B,(¢;(z)) by V;, as demonstrated by the proof of
an analogous result for U; we see that?;(V;) = B,(¢;(2)).

We claim V; € B, (2)

Suppose that V; & B,(z), thenthereisy € V; — B,(z) .

zZ€B(x) CU; S B%(x), so p<d(y,z)<d(yx)d(xz)<y.

Now, based on this relationship and the fact that £} is faintly expanding
over short distances, we can conclude that d(¢;(y),?;(z)) = d(y,z) > p

which is in contradiction with y € V;. Therefore we get V; € B, (z) which

produces
By (£:(2)) = £:(V)) € £:(B,(2)).
Now X is compact, and there is

X1, %5, .., Xy IN X meaning that X € UﬁlB@(xi)

n(x;)

Define r = min{ >

}and consideringx € Xandp <,

sothereis1 <i<m

meaning that x € Bnep(x;) Which suggests B,(x) € By, (x;), and
2

therefore B, (¢;(x)) S ¢, (Bp (x)),

hence ¢3¢ has weakly locally expanding property. [
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Theorem 2.2.7

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous maps Vn € N, If the system (€7 <n<m 1S €Xpanding locally,
then it has h-shadowing property in g-nonautonomous discrete dynamical

systems.
Proof

Assume that £1 is an expanding locally, there exists A > 1 meaning that
foreachi = 1 and ¢ > 0, we get B;.(¥;(x)) € ¢;(B.(x)). For a fixed

€ > 0, we have set § = (4 — 1)¢g, therefore forevery x € Xandi > 1
Beis(fi(x)) € Bye(i(x)) E £i(Be(%))

Let {xg,x1,x5..., 2,3 S X be a d&-pseudo-orbit for £' Then
d(;(x;-1),x2;) <6 implies that x; €  Bgrs (£:(x:-1)),
hence there is a point y,_; € B.(x,_;) such that ¢,,(y,-1) = x,and

so we have:

A(lr—1(X-2),Yr-1) < d(@ro1(X—2), X7-1) + d(Xr_1, Y1)
<6 + ¢

In other word, y,_; € Beis(fr_1(x:_2)),
so there exists y,_, € B.(x,_,)

such that ¢,_,(y;—2») = y,—1. By recycling this line of reasoning,

we get at
Voo Ye—3, -, Yo INX such that forall 0 <i<m —1,
i1 (V) = Vina

and d(y; ,x;) < & which proves the h-shadowing property of £ in g-
NDS. o
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Theorem 2.2.8

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous maps vn € N, Assume that there is a continuous map ¢
meaning that €., — ¢ pointwise. In case the sequence (#™)g<p<m IS an
inverse equicontinuous and ¢ is weakly faintly expanding over short
distances, then (73)o<n<m has the h-shadowing property in g-
nonautonomous discrete dynamical systems if it weakly expands over short

distances and has a g-nonautonomous discrete dynamical system.
Proof:

There exists y >0, meaning that d(x,y) <y indicates that

d(x,y) < d(£(x),€()) & d(x,y) < d (£;(2),4;()), for all j=1
By using Lemma 2.2.6, there is r > 0 , meaning thatv p <r,Vj > 1,

we get
B,(¢j(x)) < ¢;(B,(x)).

Suppose that € >0, we set 0< ¢ <min{y,r, e}, and define:
n(e) =sup{d(x,y):d(f;(x),¢;(y)) < ¢&,i =1}

Hence n(e) < €.

We claim that nE) <e. Indeed , if n(e) = ¢, there
exist sequences  {d(x;,y;)}20& {k(N}jzo EN  meaning that

d (t’k(j)(xj),fk(j)(y,-)) <& & }igr;d(xj»yj') =n()=¢.

Since X is compact, a subsequence exists. {c;};=, & N meaning that

%e; > %o & Ye; = Yo

g =n() = El_r)rrl d(xcjrycj) = d(x9,Y0) < d(£(x0),?(¥o))
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=timd (£ (=) fucep () <€)
That is not feasible.

consideringnow 0 < § < min{r,y,& —n(&)}.

Let {xy,%4,..,2,} Dbe a &-pseudo —orbit for £7' then
d(€;(x,_1),x;) <&, which implies that there is y,_; € Bs(x,_1)
such that #,(y,_4) ==x,. Since Al (x;-1),%2,) <6 L€,
We have d(x;_1,¥.-1) <n(&) <¢.

And
d(fr-1(2r-2), Yr-1) < d(Erq(X-2), %7-1) + d (X1, Y7-1)
<5d+nE)<eg<r.
Therefore there is y;_, € By (x,_;) € B, (x;_,) such that £,_; (y;_,) =
V-1
Hence
d(%r_2,Yr-2) < A(€ro1(Xr—2),yr-1) <5 +1() <& < e

By Repeating, we can find points y,_4, ¥;—5, ...., Yo In X such that for all
0<j<m—1, €,1(y) =yj+1 & Ay, %) < &

Further more (#21)*(y,) = x,, hence 7' has h-shadowing property. O

Theorem 2.2.9

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous maps vn € N, the sequence (7!)o<n<m D€ an expansive and

has shadowing property in g-nonautonomous discrete dynamical systems
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then it has h-shadowing property in g-nonautonomous discrete dynamical

systems.
Proof:

Let e > 0 be an expansive constant,d > 0 & ¢ > § is provided by the

shadowing of 7.

Let {xg, X1, Xg, .. ... , X} 1S a §-pseudo-orbit. The sequence:
(X0, 21, X wos oy Xy Oy (), €711 (), €215 (), e}

Is an infinite §-pseudo-orbit .since €5 has the shadowing property, there is
YyEX,d Vi=1,d((fM)H(y), £%i(x)) < €

when (¥7)*(y) = x,. Thus the sequence ¢ has h-shadowing property in
g-NDS. O
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2.3 The Relation Between The w-Expansive and The
Shadowing Property in g-Nonautonomous Discrete

Dynamical Systems.

In this section, we discuss the dynamics of w-expansive
homeomorphism with shadowing property defined on compact metric

space

Definition 2.3.1

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous map Vn € N. The sequence (£7')o<n<m 1S Said to be w-
expansive in g-nonautonomous discrete dynamical systems : if exists a
constant e > 0 (called an w-expansive constant ) meaning that for each

x € X.and let the set
Alx,e) ={y e X:d(f7x), 3 (y) <e,0<n<meN}
It s has w different points ( where w = m — n),
l.e. forevery x € X,suchthat3 e > 0,3
Ax,e) =X —{yeX:d({fT(x),f7(y) >e,0<n<m €N}

which be a finite set of w different point.

Theorem 2.3.2

Let (X, d) be a compact metric space, and £,,: X — X be an uniform

homeomorphism maps Vn € N, then the sequence (3')o<n<m 1S W-
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expansive in g-nonautonomous discrete dynamical systems if and only if
(™ L,ym<n<0 is w-expansive in g-nonautonomous discrete

dynamical systems.
Proof

Suppose that e >0 Dbe an w-expansive constant for £}

VO<n<m,forafixedx € X;

the set {y € X:d(£%,(x),?5((y)) < e,0 <n < i€ N} has at most w

elements, i.e. the set

{yeX:d((#))1(x), L) 1(y)) < e,0<n <i €N} has at most w-
elements. Thus, (#7)~1 is w-expansive. The converse can be proved

similarly. ©

Theorem 2.3.3

Let (X,d) be a compact metric space, and ¢,:X — X of an
equicontinuous uniformly continuous maps vn € N, for any positive
integer k, the sequence (£™)o<n<miS @an W-expansive if and only if (£m)%

IS an w-expansive, V0 <n <m € N.
Proof

Suppose that e > 0 be an w-expansive constant for £, ,, Since £ is an

equicontinuous family of maps. Foreachh > 0,hk +1 <j < (h + 1)k,

€£ is uniformly continuous on X and therefor there exists e; > 0 meaning

that d(x,y) < e; implies d ({’{;kﬂ(x),{’{;kﬂ(y)) <e.
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Since £,,: X — X, n € N are equicontinuous maps, e; does not depend on

h. take

e’ =min{e;hk + 1 <j < (h+ 1)k}. Therefore for any h=0,
d(x,y) < e’ implies d ({’{lkﬂ(x),{’;;kﬂ(y)) <e.

Let ™k = g vk € N, where Im = Lo 1)k and

g™ =g, °gm_q10..0g, Notthat £7** = g™ Thus , for any h > 0 and

hk <j<(h+ 1k, d(gh(x),gl(y) <e which implies

d(£hk(x), 20 (y)) < €’ and hence we get that
d(hpesr (E89(2)), Ehpers (£3E D)) <e which implies
d (t’{l(x),{{l(y)) <e,2n <j. Since e is an w-expansive constant for

o7, the set A(x,e) has at most w element (where w =m —n).
Therefore {y € X:d(gh(x),¢4(v)) <e;0<n<i} has at most w
element, and hence (£7)* is w-expansive with a constant of w- expansive

e’ = 0.

Conversely, if (£™)* is w-expansive which constant of m- expansiveness

e > 0, then for any x € X, the set A(x, e) has at most w element, where

Im = Ll 1yks1 - thus,
the set {y € X:d(£¥(x), 2% (y)) < e, for 0 <n < i}

= {d(¢)(x), %) (y)) < e,0 < n < j } has at most w element.
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Hence, £}'is w-expansive with a constant of w-expansiveness e > 0 in g-

nonautonomous discrete dynamic systems. o

Theorem 2.3.4

Let (X,d) and (Y,d") be a compact metric spaces, #,;: X — X and
gn:Y = Y beamaps Vn € N, such that (7') p<n<m 1S Uniformly conjugate
t0(21) o<nem- 1T (€0 o<nem 1S @n w-expansive of g- nonautonomous

discrete dynamical systems, then so is (¢5") o<n<m-
Proof
Suppose that ¢ > 0 be an w-expansiveness constant to £

Since 7' is uniformly conjugate for gn* As a result, uniform

homeomorphism exists.

h: X — X meaningthat h o' = gn* o h,
forall0<n<m €N.Thus, % oh™' = h™1 o g |
forall0<n<m €N,

therefore for every e > 0, thereis e¢” > 0 such that for x,y € Y,
d’'(x,vy) < e’ implies d(h™'(x),h"1(y)) < e.

Forafixedx € Y, the set

S={yev:d(gr@),glr(®»)<e,vo<n<meN}c
{y € Yid (7' (g7 (), h7 (g7 () <€ ,V0O<n<m €N}

={y € Y:d{® (h  (x)), #/(h1(y))) < e, 0<n<m €N}
Since ¢3! is w-expansive with w-expansiveness constant e > 0,
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therefore, S has w of different points (where w = m — n), and hence g,

Is an w-expansive of g-NDS with w-expansiveness constant e” > 0. O

Theorem 2.3.5

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous map vn € N, for all w e N, there is an w-expansive
homeomorphism, defined in g-nonautonomous discrete dynamical
systems , that is not (w — 1)-expansive, has the shadowing property in g-
nonautonomous discrete dynamical systems and admits an infinite number

of chain recurrent classes.
Proof:

Considered the expansive homeomorphism g;* defined in a compact
metric space (M,d,) and satisfying the shadowing property. Further,
assume that it have the infinite number of periodic points {p; }xen, Which
we as can assume have different orbits. Define X as the set M U E, where
E is an infinite enumerable set. In this instance, there is a bijection
r: N - E.

Suppose that
Q={(a,b,c):a€{l,...m-1}; meN, b € {k}ren,
c €{0,...,t(pk) — 1}; k € N}

And note that there exists a bijection s : Q@ — N. Consider the bijection
q: Q — Edefinedbyq(a,b,c) =1r ° s(ac,b).

Thus, any point u € E has the form u = q(a, b, ¢ ) for some
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(a,b,c)€EQ.

Defineamap d: X x X - R* by

( 0, u=mu,
do(u,v), u,vEM,
1
Rl do(u, g5 (Pp)), u€M,v=q(ab,c),
1
2T do(9n(Pp), V), u=q(ab,c),vEM,
d(u,v) = A L1
E + ; + dO(gfl(pb)) g;‘l(ph))! u= CI(a' b, C),U = Q(e: h, T'),
b+ horc+#r,
1
-. u=q(a,b,c),v=gq(eb,c)
\ ,a * e.

Then to prove that £} is w-expansive where (W =m —n, Vn,m € 7Z),
The expansiveness of g, assures the existence of a number § > 0 meaning
that if d(gk(u), gk (v)) <6, for every 0<n <k €Z, then u=v.
Suppose that {u,,, Up4+1-- ) Uy Um+1s - - - Umsn t @F€ w + 1 different points
of X satisfyin:

d ({’ﬁ(ui),{’fl(uj)) <§ 0<n<keN,

For every pair (i,j) € {n, ....,m + n} X {n, ...., m + n}. And most one of

these points belong to M, and at least m of them belong to E, by
d(fs5w), ¢5(q(a,b,c)) <6,V 0<n< seZ.

We claim that at least two for these points are of the form q(a, b, c) and
q(a, h,r) with b # h. Moreover, if this is not the case, then two of them
are of the form q(a,b,c) and q(a, b,r) with ¢ # r. It follows that for

every)0 <n<s € Zwe get
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d(g5(95®p), 95(9n(pp)) = d(#5(q(a, b, 0)), ¢5(q(a, b, 1)) — =

<d(?; (q(a b, c)) 3 (q(a b, r))

<94.

This implies that g5 (p,) = gn(pp), Consequently, this implies that

¢ = r, resulting in a contradiction.

Foreach 0 < n < s € Z the following holds

d(g5(95(p), 95 (gn(pr)) = d(£5(q(a,b,0)), 5 (q(e, h, 7)) — =

<d(?5(q(a b,c)), 5(qe h,1))
<é.

Therefore, g5 (pp) = g5 (py) and p, = p, , which is a contradiction
with the fact that b # h. Noting that M has an infinite number of periodic
points {pil}ren 1S e€ssential to understanding that this is possible.

Now to prove that #7* is non (w — 1)-expansive:
Forevery § > 0,choose k € N, 3 % < §,and the set A (pk,%) contains w
different points (w = m —n ) hence, for each a € {1,...,m — 1} the
point g(a, b, 0) Belongs to A (pk, ) that's implies the A(py, &) contains at

least w different points and that #' is non (w — 1)-expansive.
To prove €7t has the shadowing property in g-nonautonomous discrete

dynamical systems,

Since gJ* have the shadowing property , for each € > 0 we can consider

8, > 0 meaning that every §,-pseudo orbit of g5 is = -shadowed. Choose

o)
L belongs to N such that% < min{%,?‘g} andlet§ =-
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If {u;}iey © X IS a §-pseudo orbit of £ then either {u;};cn, 1S One of the
orbits {q(a,b,c); c€{0,..,m(py) — 1}, a€ {1,...m- 1}, b €
{1,...,L —1}}, or {u;};2, does not contain any point of these orbits.
In the first case {u;};2, is obviously shadowed, therefore, we will
concentrate on the second case. Thus if u; = q(a,b,c) then b > L.

Define a sequence {v;}i*,, € X by

_ { u;, u; €M,
' grcl(pb)' u; = q(a, b: C)'

The sequence {v;};2, is a §,-pseudo orbit for g* since, for every i € N
the following holds:

d(g) ™ ), viee) = AT (0),vi44)

< d (M @), (@ @) + d((EH @, w4

+ dUit1, Vit1),

<

e~ =

Ly
L

e~ =

<.
Then there exists u € M such that
. &
d((gm)' W, v) < 5,i € Z.
It follows that {u;};2, is e-shadowed by u, since for each i € Z the

following holds:
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d((m)' W, w) < d( () W), v) + d (v, w)

<t

N | m
=~

<e€.

Given that this is applicable to any € > 0, we obtain that £};' have an
shadowing property in g-nonautonomous discrete dynamical systems.

Now to prove #7' admits an infinite number of chain-recurrent
classes, the different periodic orbits in E belong to different chain-recurrent

classes. Indeed, every point g(a,b,c) € E satisfies:

d(q(a,b,c),u) = %,u € X— {q(a,b,c)}.

This means that if 0 <& <% then the orbit of g(a,b,c) cannot be

connected by e-pseudo orbits with any other point of X. This proves that

the chain recurrent class of g(a, b, ¢) contains only its orbit. O
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Chapter Three

The Fitting Shadowing Property on g-
Nonautonomous Discrete Dynamical Systems
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3.1 The Fitting Shadowing Property on g¢-

Nonautonomous Discrete Dynamical Systems

In this section, we define and discuss the relation along the three
concepts, which are an fitting shadowing property (F.S.P), the asymptotic
fitting shadowing property (A.F.S.P), and the relation between an fitting
shadowing and the average shadowing property in g-nonautonomous
discrete dynamical systems. Additionally, we study the relationship
between fitting shadowing and the average shadowing property in g-
nonautonomous discrete dynamical systems. We investigate the concept of
the fitting shadowing property as well as the asymptotic fitting shadowing

property in g-nonautonomous discrete dynamical systems with chaos.

Definition 3.1.1

Let (X, d) be acompact metric space, and £,,: X — X be an uniform
continuous maps vn € N. A sequence {x;};2, in X is called a a-fitting
pseudo-orbit of (7)) o<n<m IN g- NON autonomous discrete dynamical
systems if there exists a > 0 and a positive integer M = M (), such that
for every w>M and k€N, we get Yo" d(j(Xirk) Xispr1) <
a, wheren<j<m
A sequence (1Y) o<n<m are say to have the fitting shadowing property of
g-non autonomous discrete dynamical systems : if for all € >0

there is @ > 0 meaning that every a-fitting pseudo-orbit is e-shadowed in

fitting by the orbit of some point yeX, that s
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w-1
lim sup d((f;”)i(y),xi) < e

W— 00
i=n

Definition 3.1.2

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous maps vn € N, a sequence{x;};=, in X is called asymptotic
fitting pseudo-orbit in g-NDS of ) o<nem if

m-—1
lim d(fj(xi),xiﬂ) =0, wheren<j<m
m—oo -
=0
A sequence {x;}i2, in X is say to be asymptotically shadowing in fitting

in g-NDS by using point w EX, if
m-1
lim " d((&F)w), ) =0
" i=n
We are saying that. (7" o<n<m has asymptotic fitting shadowing property

in g-NDS if any asymptotic fitting pseudo-orbit of (7" o<n<m IN g-NDS

iIs asymptotically shadowing in fitting using the point w € X.

Proposition 3.1.3

Let (X,d) and (Y,d") be two compact metric space, £,;: X — X,
& gn:Y = Y be map, vn € Ny. if (7)) o<nem and (7" o<n<m have the
fitting shadowing Property of g-nonautonomous discrete dynamical
systems, then the product £7* x gnt have the fitting shadowing property of

g-nonautonomous discrete dynamical systems, V0<n<mé€N.,
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Proof:

Let (X,d) and (Y,d") be two compact metric space, £,: X - X, &
gn:Y oY be maps, then By Remark 1.1.19

€ 2
2(F+1)) )

Let F = max{ d(x,y):x,y € XX Y}andy = (

Since ¢7tand g has an fitting shadowing property, for y > 0,3 a > 0
Such that all a-fitting pseudo-orbit £7'or every a-fitting pseudo- orbit g
Is y-shadowing in fitting by some point s € X (t € Y). Assume that
{(x;, ) }20 Is a-fitting pseudo-orbit £3* x g2*, from the Definition of the
fitting pseudo-orbit 3.1.1, we evidently have ¢ and g™ are a-fitting

pseudo-orbits of AU and gt respectively.

Thus there are s € X, t € Y such that :

m-+oo

m-—1
lim sup Z d((m) (), %) ¥, .. (3.1)

m-+oo

lim sup z &(GMHE),Y) < V) oe-. (3:2)

Wewrite ¢; = d((£)'(s), %), by = d’((gm)'(@®), y1),

w; = max{(c;, b;)}, B, =card({i <m:b; = 1}),

W, = card({i < m:w; = 1}),

hence that W,,,, < C,,,, + B, . By Lemma 1.2.10 (a) & (3.1) , (3.2),

It follows that

lim supCW,mS\/? & lim supBW,mS\/?.

m-—+oo m-—+oo
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SO
lim supM 5, m < \/;

m-+oo

by Lemma 1.2.10 (b), we get that

m--+oo

m-—1
lim sup z ¢ <2(F+ 1)\/? = ¢.
i=n

That is

m-+oo

m-—1
lim sup > d*((R) % (¢R))(s, 0, (%0 90)

m-1
= lim sup Z max{d((¢7)'(s), #;), d'((¢7) (), y:)}

m-+oo
m-+oo

m-+oo

m-1
= lim supri<e
i=n

therefore ; £ X gyt possesses the fitting shadowing property. o

Corollary 3.1.4

Let (X,d) be a compact metric space, if £,;: X — X has the fitting
shadowing property of g-nonautonomous discrete dynamical systems, then

the £t X £t X €7 X ....x €3¢ has the fitting shadowing property of g-
m—ti’mes

nonautonomous discrete dynamical systems.
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Proof:

We can show the proof by Induction Law and Proposition 3.1.3. O

Theorem 3.1.5

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous map vn € N. if (£7!)o<n<m has the fitting shadowing property
(F.S.P) of g-nonautonomous  discrete  dynamical  systems,
then (#M)*,v 0 < n < m € N, has the fitting shadowing property (F.S.P)

of g-nonautonomous discrete dynamical systems, for each k € N.

Proof:

Since k € N, and since #;* has F.S.P for any % > 0, there is § > 0,3 for
each §-fitting pseudo -orbit is %—shadowing in fitting by some pointin X.
suppose {y;}izo ; 0<n<meN , is §-fitting pseudo —orbit of

(f™k thatis,aM =M(5) >0,vm=>M.

m-1
Z A7 Visn) Yirn+1) <9, vm>Mandh € Z,.
i=n

We write x;,.. = (ET)*(y;), VO <t <k, i €Z,,thatis

(320 = O 7 Oy e, (R 71O, Ynaas wor (G Ymaa) -3

We have
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m—1

Z d(2;(Zisn), Fisnsr) < 5,V m =M, and h € T,

i=n

then {xi}izo

IS §-fitting pseudo-orbit of o,
Sothereisz € X, 3

m-—1

, &

lim sup d((fM(z2),x) <— .......(3.3)

m—-+oo . k

I=n
Claim there are infinite s €N,

meaning  that

S—

=

d((fM*(2), ;) < e.

I
=

To Proof the claim. Contrariwise, assume that there exists k, € N
meaning that

%)
|
=

d( () (2), %) = &

I
3

Forall s > k , then

m-—1
i &
lim > d((ER) (@), > ¢
m-+oo 4 k
I=n

which corresponds to (3.3). The substantiation of the claim has been
finalized. By the claim, we get

m-1

; myki .
mll)r_}r_loo d((en) (Z)rxkl) <§g,

i=n

Since Xrki = Vi
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m-+oo

m-—1
lim > AR @),y) <&

Hence, (#7*)*has the fitting shadowing property (F.S.P) in g-NDS . o

Remark 3.1.6

By definition of fitting shadowing property in g-non autonomous
discrete dynamical system, we get that, if (£3')o<n<m has fitting
shadowing property of g-nonautonomous discrete dynamical systems then
(T 0<n<m has average shadowing property of g-nonautonomous discrete

dynamical systems.

Lemma 3.1.7

If {a;};2,, be a constrained sequence of positive real numbers, then

the following condition has an equivalent:

@) lim ¥7ta =0,

(2) There exists a subset ] ¢ N of zero density, where d(J) = 0 and
card(JN{0,1,2,...,m — 1}
m =

m—oo m

0

such that

lima; =0
mej
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Proposition 3.1.8

Let (X,d) and (Y,d") be a compact metric spaces, ¢,: X = X and
gn:Y = Y beamaps vn € N, then (7)) o<nem aNd (¢nY) o<nem have the
asymptotic fitting shadowing property of g-nonautonomous discrete
dynamical systems if and only if 7' Xgph,VO<n<m has the
asymptotic fitting shadowing property of g-nonautonomous discrete

dynamical systemscharacteristic.

Proof

Assume that £1' and g', V0 < n < m, possess the asymptotic shadowing
fitting property in g-NDS. Suppose that {(x;, y;)};~, be asymptotic fitting

pseudo-orbit of £ X gt that is

m-—1

lim ) d7((¢ % ¢); (v, (Xiv1, Yien)) = 0. (3.4)

i=0

This implies that

m-—1
Tim Z d(4;(x), %i21) = 0 ... (3.5)
i=0

m-—1
lim > d'(g;00, Y1) = 0. (36)
i=0

m-oo

So {x;};20 and {y;};2, are fitting asymptotic pseudo-orbit of £} and g,
Vv n < m. Respective. Consequently, there are two points z;,z, € X

meaning that
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m-—1
Tim Z d((E™i(z),x) = 0 ... (3.7)

lim > d'((gR) (22, %) = 0. (38)

By Lemma 3.1.7 and (3.7) there is a set J, c Z.,of zero density such that
lim d( (67)! (1), %) = 0
]—)OO

where j & J,. Likewise, a set exists J; < Z, for zero density meaning that
lim d'((94)!(z), ) = 0
where j € J,. Let] = J, N J;, then J subset of zero density and
lim d((47 % 9721, 2), (3, ;) = 0

where j € J. So By Lemma 3.1.7 we have

m—1

lim > d”((£7 X g7)' (21,25), (x;,¥;) = 0

m—0oo
i=n

Thus £7 X gnt possesses the shadowing property of asymptotic fitting in
g-NDS.

Conversely, Likewise, we can proof that if #)' x gn' possesses the
shadowing property of asymptotic fitting in g-NDS then ¢7' and gt
possesses the shadowing property of asymptotic fitting in g-NDS. o
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Proposition 3.1.9

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous map vn € N, if (#7)<n<m have the asymptotic fitting
shadowing property of g-nonautonomous discrete dynamical systems, then
({™k,v k > 0, has the asymptotic fitting shadowing property of g-

nonautonomous discrete dynamical systems.
Proof

Assume that #1* has the asymptotic fitting shadowing property and k > 0.
Suppose that {x;}:2 ,be an asymptotic fitting pseudo-orbit of (£*)*, where
k=1,2,.,thatis

m-—1
lim Z AT (%), Xi41) = 0 .... (3.9)
m i=0
Let Zeprn, = €7 (x;), forall0 < h < kandevery t > 0
Since

m-—1 t
" m "
m > (@), 70 < o lim D AR (), i)
i=0 i=0

We get from (3.9) that

m—1

lim > d(£(z), 2i1) = 0
i=0

That is the sequence {z;};2, is an asymptotic fitting pseudo-orbit of £7*.

So there is a point w € X such that

T;liirgoz d((E™iw),z) =0  (3.10)
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Note that

t—1 k-1

Tim Z AR W), 1) < lim "N AR W), Zuian

s=n h=n

tk—-1

= lim > d((ER) (W), z)
m i=n
From (3.10) that
t—1
lim 2 d((EM¥ w),x;) =0
m—o00 g
=n

This showing (#™)* has the asymptotic fitting shadowing property of g-
NDS. o

Definition 3.1.10

Let (X, d) be a compact metric space and #,,;: X — X be an uniform
continuous map ,vn € N, if each x € X transitive point, then we say
() 0<n<m 1S Minimal in g-nonautonomous discrete dynamical systems.
x € X is said to be minimal point of g-nonautonomous discrete dynamical
systems if for every neig-hbrhood U of y, N(y, V) is syndetic, denoted by
AP (71) the set of all minimal points of (3') g<n<m IN g-NONAUtoNOMOoOuUs

discrete dynamical systems

we generalize the Proposition 2.1.13 in [9] for g-nonautonomous

discrete dynamical system
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Proposition 3.1.11

Let (X,d) and (Y, d") be a compacts metric spaces , £,,: X — X and
gn:Y - Ybe a continuous map ,vneN, and (#I)o<n<m and
(¢ 0<n<mare surjective maps. If (£3)o<nem and (g¢n') o<n<meach has
dense minimal points then so does the product #7' x gnt of g-

nonautonomous discrete dynamical systems,V 0 <n <m,

Theorem 3.1.12

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous map vn € N, if (7')o<n<m has the fitting shadowing property
of g-nonautonomous discrete dynamical systems and the set of all minimal
points for (') o<n<m are dence in X, then (£7}) o<n<m 1S Strongly ergodic.
of g-nonautonomous discrete dynamical systems.

Proof

Suppose that S; and S, are two non-empty open subsets of X. Since the
minimal points of £ are dense in X Vn <m, we can pick s € §; n
AP(E7Y) and t €S, NAP(EY), e>0 meaning that
B(s, ) c S, B(t,e) c S,

where B(a,&) = {b € X:d(a,b) < €}. by s,t € AP(£7), we have that

Js={m e L) €B(s2)} and J, = {meZ,:£0(t) € B(t,5)}
are Syndetic, which implies that there are W;,W, € N meaning that
w,w+ W;lnJj;#@and [w,w+W,]NnJ,#@ for each weN.,
Let W = max{W;, W,}. There exists y > 0 such that d(s,t) <y implies

A, (i) <~ , for i=0,12,..,W, by continuity and

compactness. since €3 has the fitting shadowing property, forg > 0, there
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are y;,y,such that 0 <y, <y, <§ meaning that for each y,-fitting

pseudo-orbit is % shadowing in fitting in g-NDS by using some point in

X.
pick W, € N meaning that if m € Z is a large enough number then D <
0
3D . .
V1 and — < Vo, where D = diam (x), that IS,

D = max{d(s,t):s,t € X}, we define the 2W, periodic sequence {z;};2,

with

ZO =S, Zl = f;ln(S), iZWO—l = (#?)Wo—l(s)’

ZW0 =t, ZWO+1 = f;ln(t), ) ""'ZZWO—l = (le)wo_l(t)

Form>W,and 0 <r < 4o

> A G Ziaran) < <= <n
i=0

W, mW,

Therefore, this means that {z;};2, is a periodic y,-fitting pseudo orbit of
£, itis possible that it is y,-shadowing in fitting by some point z € X, which

means

m
lim supz d((E™)i(2),2)) < g e (311)
m—oo

i=n

Claim

(1) there is an infinite i € N meaning that

2; € {s, 47 (),..., (GFH"~ ()} and d((£7)'(2), ) <y
(2) there is an infinite i € Nmeaning that
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z; € {t, £71(6), .., (GO H (O} and d((£7)'(2),2) <.

To Proof (1): On the contrary, suppose there is L € N, meaning that if
z; € {5,47(s),..., ™M"0~1(s)}, then d((¥™)(2),z;) =y. For every

i > L, we have
m
lim sup z d((E™)i(2),z) = %,
m-oo ' 2
=n

Which contracts (3.11), as a result, the assertion is correct.

The Proof (2) is equivalent to proof (1).

By using a claim, there are i, > W, 0<Jo=W;—-1
ko>ig+W, 0<I,<W,—1

Therefore

zi, = (L7Yo(s), At (@),z,) <y (3.12)
zk, = (D100, d((ER)*° (D), z,) <y (3.13)

Since [Jo,Jo +W]INJs#@. There are 0<i, I<W  such that
& &
m\ Jo+/ _ mNIg+I —
(Y (s) € B (s,5), ()P (@®) € B(6,3).
By the Formula (3.12) and (3.13), we get

A(CERor (), (B () < 5

AR+ (2), (4o () < 5

Thus (M)t (2) € B(s, &) € Sy, d((T)*o*(2) € B(t,¢) c S,.
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Letwy =ko+1—1i,—J > 0, it following that

S N EH™™e(S,) # @, since S;,S, are arbitrary, £ is topological
transitive. we write F = §; N (#7170 (S,) # 9,

consequently, there isq € AP(#7) N F.

Letk ={m e Z,: (¥31)(q) € W}, then k is syndetic.

When c € k, F n ({77 (F) # 0,

since @ = S; N (£M)™Wo(S,) N (£M)~¢(S; N (L1 ™Wo(S,)) ©

Sy N (L7 ~o*9(Sy).

N(Sy,S,) 2 {wy + c: c € k}. Therefore N(S;,S,) is syndetic, since S;, S,

are arbitrary, €7} is strongly ergodic. O

Theorem 3.1.13

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous map,vn € N. if (#7)o<n<m have the fitting shadowing
property of g-nonautonomous discrete dynamical systemsand minimal
points of (£7})o<n<mare dence in X, then (3})o<n<m IS totally strongly

ergodic of  g-nonautonomous  discrete  dynamical  systems.

Proof

For any k € N, By Theorem 3.1.5 (#")k,v k > 0. have an fitting
shadowing property. It is well-common knowledge that AP(¥}}) =
AP((£1)%). By using Theorem 3.1.12 for (#7)*, we are able to determine
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that the function is strongly ergodic. Because of this (£7*)¥is totally

strongly ergodic. o

we generalize Lemma 2.1.3 in [9] for g-nonautonomous discrete

dynamical system

Lemma 3.1.14

Let (X, d) be a compact metric space, and #,;: X — X is an uniform
continuous map ,vVn € N. The map (¥71)o<n<m|If and only if it is chain

transitive, it is completely chain mixing.

Lemma 3.1.15

Let (X, d) be a compact metric space, and #,;: X — X is an uniform
continuous map ,vn € N. If (£7})o<n<mlS SUrjective and has the fitting
shadowing property in g-nonautonomous discrete dynamical systems
Vn<m, then () o<n<m IS chain mixing.

Proof

It was proved in Theorem 3.1.5 that if #]* have the fitting shadowing
property, then so does (#7)%,v k > 0, By using Lemma 3.1.14 if (£7%)k
Is chain transitive for V k > 0, then there's chain mixing. As a result,
proving that £ is chain transitive is sufficient. It does not affect the rule

of the theory if we suppose that diam (X) < 1.

Fixany e > 0 and x,y € X. Let 6 be provided by an fitting shadowing
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property for /2. Suppose that k, = 2 be meaning that 2/k, < & and
suppose that k; = 2k, ,fori > 1.Forh = 0,1,2,... we use surjectivity

to fix a point y, € (£Mknre1tl(x) and define a sequence

¢ = {X, f?(x)» ey (l;ln)ko_l(x)J Yo, {’Zl()’o)» e ({)m)kl_l()’o)y Y, 'grr{l(x)'
s (T 0, Y1, AR ), e, (ST (), X, £ (),

()0, xR Y ), (BT (), )

Let I(h) = (2" — 1)k,. According to its definition of ¢, we get,
Piivz)-1 = yand @iy = ¥, for  each i =0,1,2,..
Therefore @), ..., ii+1)-1 IS the initial segment of length m;, for the
orbit of x if h is even, and of y,,, where w = (h—1)/2, if h is an odd.
Note that if we correctany i = 0 then in the sequence ¢; , ..., @4, There

is only one possible position h with d((£™) (¢p, ), @rs1) > 0. Therefore

for every w > k, we have

i+w-1
w

| k
h=i

which shows that ¢ is an §-fitting-pseudo-orbit. Let z € X be a point

which e-shadows ¢ on fitting. This implies that there exist are p,q € N
meaning that d((#B)P(y), (¥M)%(z)) <e and r,s,t €N such that
q<l2t)<r, s< My, and d((£7)" (1), (E7)°Ow)) <e, for

otherwise we would have
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l(h)-1 " 1(h)-1 ohet, .
D, A @) 2 s ) AW @00 2 Gy 25

for each adequately large h € N of some fixed parity (even or odd).
We come to the conclusion that for some p, q,r,s,t withg < r — 1 and

s < m,;,,the sequence

X, 00 (), .., (EROPTH(), (BN (@), .., ()1 (@), () ), )y
Is a finite e-pseudo-orbit from x to y 0.

Theorem 3.1.16

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous map,vn € N. If (7)) o<nem has the asymptotic fitting
shadowing property of g-nonautonomous discrete dynamical systems
Vn<m, then () 0<nemlS chain transitive map.

Proof.

Suppose that x, y are two distinct points in X and § is a positive number. It
is sufficient to demonstrate that x leads to y via § - -chain. First, we
construct a sequence {w;}j2, as following. Suppose that

Wo=2x Wi =Y, Wy=2x W3=Yy, wy=2x, £:(x),y_1, Ws =Y, ...
Wit = 2, P2 (), e, P2 TR, Y gty gy s Vs ooy Woieri_ g = Y.

Forall0 <n<m €N,

where #_;,1(y_;) = y_j+1, foreachj > 0and y, = y.

for 28 < n < 2k*+1
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m—1

lim > d(£;(w), wiss) <
i=0

2(k +1)D
2k 7

where D is the diameter of X, thatis, D = max{d(x,y):x,y € X}.

Hence
m-—1
lim d(£j(w),wiy1) =0

m-—0o

i=0

That is, {x;};2, IS an asymptotic-average pseudo orbit of ;. Since £}

have the A.A.S.P, there is a point z in X meaning that

m-—1
Tim 2 d((EMi2)w) =0 (3.14)

For the positive number § above, by the continuity of ¢3, there is
n € (0,8) meaning that d (u, v) < n implies d (£ (w), 7 (v)) < &, for all

u,v € X.We now hase the following claim.

Claim. (1) There are an infinite number of positive integers j meaning that
Wi, € (2, €5(X),..., €5 (0} and d(£n” (2), W) < 1;

(2) There are an infinite number of positive integers [ meaning that
Wi, € {V_pt41s-- Y-1, ¥} and d(€3(2), wm,) < 1.

To Prove Claim We prove merely the conclusion and do so without loss

of generality.

(1) Assume on the contrary that for all integers k > M meaning that there

is a positive integer M, whenever w; € {x, £1(x),..., €21 (x)},
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it is obtained that d((#7)'(z),w;) = n. Then it would be obtained that

NS

m-—1
lim infz d((E™)i(2), w,) =
m-—oo
i=0
Which is inconsistent with (3.14). This demonstrates that the result (1) is
correct.

According to the claim, we can select two positive integers j, and [,

meaning that
1 2Jo-1
m;, < my and Wi, € {x,47(x),....,¢5" (x)}and
d((Tp) ™0 (2), Wi, ) <;
Winy, € V_gt041, -+ Y-1,} and d((€5) ™0 (2), Wy, ) < 7. It may be
assumed Wi = ffll (x) for some j; > 0; Wi, = V-1, forsome l; > 0
This gives a 6-chain from x to y: x, {’}l(x),...,ffll(x) =
m;i m; mi,—
Wiy oy *T (2), 8y T (2) s ° T (2)) Wiy = Yoty Yotyb e V-

Thus, €7 is chain transitive. o

Lemma 3.1.17

Assume that (X,d) and (Y,d”) be a compact metric spaces,
?,:X—>X and gn:Y =Y be uniform continuous maps.
If (471 0<nemand (20" o<n<m have the fitting shadowing property in g-
nonautonomous discrete dynamical systems and dense minimal points,
then

(1) £7t X gn* has the fitting shadowing property in g-nonautonomous
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discrete dynamical systems, V0 < n < m.

(2) each of £,,:X - X and ¢,,:Y — Y that are weakly disjoint, that is

7t X gnt is topological transitive, V 0 < n < m.

(3) (7)) o<nem IS very weakly mixing and totally strongly ergodic.

Proof

Since 7' and g, every has a fitting shadowing property and dense
minimal points, by Theorem 3.1.12 : each of #;tand g, are strongly
ergodic, and By Definition 1.2.11 so that #I* and gJ* each are topological

transitive,

To prove (1) : by Proposition 3.1.3 and Proposition 3.1.11 7t X gnthas
the fitting shadowing property and dence minimal points.
To prove (2) : by Theorem 3.1.12 and (1), #7 X g* is topological ergodic,

hence it's a topological transitive .

To prove (3) : frome (2), that £7'is weakly mixing. by Theorem 3.1.13 £}

is totally strongly ergodic. o
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3.2 The h-Fitting Shadowing Property in g-

Nonautonomus Discrete Dynamical Systems

In this section, we present the concept of the fitting shadowing
property for homeomorphism maps in g-nonautonomous discrete
dynamical systems ( h-fitting shadowing property ), also we define a new
concept which are the h-fitting Lyapunov stable points, the h- fitting

sensitive points in g-nonautonomous discrete dynamical systems.

Definition 3.2.1

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous homeomorphism map Vn € N. For § > 0 a sequence {x;};cz in
X is called a é-h-fitting pseudo-orbit in g-nonautonomous discrete
dynamical systems of ¢, if

m—1

lim sup d(fj(xi),xiﬂ) < 6.
m—oo ]
i=1-m

A maps (7)) o<n<miS Say to has the h-fitting shadowing property in g-
nonautonomous discrete dynamical systems if for each € > 0, there is
& > 0, meaning that all §-h- fitting pseudo-orbit {x;};c7 IS e-shadowing in
fitting of some point z € X, that is

m-1

lim sup d((f™i(2),x;) < e.
" i=1-m
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Lemma 3.2.2

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous homeomorphism map vn € N. For each a > 0 there exists
B > 0 meaning that if {w;};c; IS a B-h-fitting pseudo-orbit of £ then
{u;}iez is a a-h- fitting pseudo-orbit for £~1, such that u; = w_;, for every

i €EZ.
Proof:

Assume that a > 0, since £~ is continuous map then there exists

0 < a’ < a meaning that if d(u,w) < a’thend (¥ 1 (), 1 (w)) < a
forall u,w € X.

Suppose that {w;};cz IS an % —h-fitting pseudo-orbit for £, where D is
diameter of X.

Suppose thatS = {i € Z | d(£;(w;),wiy1) = ' },
S.=Sn{-m+1,..,0,..,m—1},
Kn=Sn{-m+1,..,0,..,m—1},

And lim supcard (S,,) =1.
m-0oo

Since
m-—1
lim sup d(£;(wy), wirr) =
i=1-m
m-—1 0
lim sup( d(€;(wy), wier) + z d(€;(Wi), Wis1)
i=0 i=1-m

87



< (a)?

Then,

(a)?
o

lim sup " < lim sup Z d(;(w;), wiyq) <
m-—oo

m— oo
= =

~2 ,
Also 1o’ <% and is implying that I<%. Consider the following

sequence: {u;}iez, In  which by case hypothesis wu; =w_;.
Then:

D@ ) = Y d(8) ), w) +

i=1-m LESm
> () @i
€Ky,

Note that :

win = ()7 (&) = (€))7 (€ w_i—p)) and (£) 7 (w;) = €77 (wy).
So, d((fj)_l(ui): Upyy) = d((€) " w_p), )1 (w_i—1))
= (&) (4 W-i-1)) (£ (W_).

Therefore;

m-1
lim sup d((£) ™ (), wig1)

i=1-m

< nlll_r& sup d((€) 7 (), uper) +
{€Sm
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lim sup Z d((£) ™ (), uipy)

€K,

<D+ lim sup Z A ™ (& w-ie1), () (w=) ).

(€K,
< ad+a<la

So, {u;};ez is 2a-h-pseudo-orbit for £71, O

Proposition 3.2.3

Let (X, d) be acompact metric spacem and #,,: X — X be an uniform
continuous homeomorphism map vn € N, if (Y1})g<n<m has the h-fitting
shadowing property of g- nonautonomous discrete dynamical systems,
then (#™)~1has the h-fitting shadowing property of g- nonautonomous

discrete dynamical systems, Vvm <n < 0.
Proof

Given ¢ > 0, since £} have the h-fitting shadowing property there is also
6 > 0 meaning that for any 6-h-fitting pseudo-orbit {x;};cz, we may be
findz € X which
m—1

lim sup d((fM™(2),x;) < €

" i=1-m
By Lemma 3.2.2 there exists 8” > 0, meaning that if {z; };c5 IS 6’-h-fitting
pseudo-orbit for £71, then {x;};c; is a 6’-h-fitting pseudo-orbit for ¢
Where x; = z_;, for every i € Z . Therefore if {z;};cz IS a 6°-h-fitting

pseudo-orbit for #~1, then there exists z€X, such that
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m—1
lim sup d((E™H(2),x;) < €
m-—oo

i=1-m

This infers the following

Jim sup > A (), 20 <

i=1-m

So, (f™~lhas h-fitting shadowing property. O

Proposition 3.2.4

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous homeomorphism map Vn € N, If (¥71) o<n<m have the h-fitting
shadowing property in g- nonautonomous discrete dynamical systems, then
it has fitting shadowing property in g- nonautonomous discrete dynamical

systems.
Proof:

Assume that be an arbitrary positive number and y > 0 be an e-modulus
of h- fitting shadowing property. Let {x;};2_., is an y-fitting pseudo orbit,
As a result, there is a natural number M = M(y) > 0 meaning that for

everym=>Mand k € Z

m-1

14
Z d( (i) Xirra1) < 5
i=0

This implies that

2m-1
14
Z d(’gj(xi—m)»xi—m+1) < E <Y
i=0
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for each m > M. Then,

m

lim sup d(j(x),241) <Y

=—m

Therefore; {x;};2_, is an y-h-fitting pseudo-orbit in g-NDS.
By h-fitting shadowing property there exists z € X meaning that

m
. &
lim sup Z d((E™) (2), ;) < =
m—oo . 2

l=—m

Then

m-—1 m
lim sup z d((E™)i(2), %) < 2 lim sup z d((E™) (), ;)
m—oo m—0oo

i=0 [

i=—m
<2x-
<E.

Hence ;' has the fitting shadowing property. O

Definition 3.2.5

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous homeomorphism vn € N, a point x € A c X is said to be h-
Lyapunov stable point for (€3Y)o<n<min A iNn g-nonautonomous
discrete dynamical systems, if for any € > 0, such that, 3 § > 0, meaning

that for every ze€A, osatisfying d(x,z) <6, we have
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d(¢m(x),#M(2)) < e forall0 <n<m € Z,.

Definition 3.2.6

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous homeomorphism vn € N, a point x € A c X is said to be h-
fitting Lyapunov stable point for (£™)<p<min 4 in g-nonautonomous

discrete dynamical systems, if for any € > 0, such that, 3 § > 0, meaning

that for every ze€eA  satisfying d(x,z) <48, we have
m-1

lim sup A& (O, () (D) < e.

i=1-m

Otherwise, we refer to this point as h-fitting sensitive in A in g-

nonautonomous discrete dynamical systems.

Proposition 3.2.7

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous homeomorphism vn €N, and B Dbe a subset of X.
every Lyapunov stable point for (7)) o<n<m In B 0f g- nonautonomous
discrete dynamical systems V n < m, is an h-fitting Lyapunov stable point
for (#7)o<n<m IN B Of g- nonautonomous discrete dynamical systems .

Proof:

Suppose x € B is Lyapunov stable point for #7* in B, and € > 0. Then there

exists a number y >0, meaning that for each z € B satisfying
d(x,z) < y, implies d((£m) (x), (47)'(2)) < 5 , where m is a large

integer number and for all i € Z
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Therefore ;
m-—1
, , &
> A 0, (@i @) < 2mx5—<e
i=1-m m
This means that

m-—1

lim sup » (£ (), (@' (@) <.

i=1-m

Thus x is an h-fitting Lyapunov stable point for £ in B in g-NDS. 0O

Proposition 3.2.8

Let (X, d) be a compact metric space, and £,,: X — X be an uniform
continuous homeomorphism map Vn € N, and A a subset of X, if u is an
h-fitting sensitive point for (#m)* in A in g-nonautonomous discrete
dynamical systems for every a nonzero integer number k, and
vV 0 < n <m,thenu is an h-fitting sensitive point for (¥7') o<n<m IN 4 in

g- nonautonomous discrete dynamical systems.
Proof:

By Definition 3.2.6 , we can find € > 0 such that for any y > 0 there exists
v € X such that d(u, v) < y and

Jim sup > d(((EN ), (@) < e

i=1-m

Obviously, we have

mol km-1
1 | | . | |
mi;md((en )4 (W), (£ (0)) < lk—ll_;md((en) W), () ().
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Hence,

| 1 sup S e, @

i=1-m

km-1

=Y e, @)

i=m-1

1}11_r)n sup — x|

So,

km—-1

lim S“p|k Z A(CER) (W), (B (@) <

m—oo

Thus, u is an h-fitting sensitive point for #3' in A in g-NDS.
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Conclusion and future work
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This chapter is divided into two section , the first section is the
Conclusion and the second section about the future work

4.1Conclusion

In this work, we prove the following results :

e YneN, ¢,:X — X istransitive map and ¢, 5 Z,thenf: X - X is
transitive map.

o if (£M)o<n<m IS an expansive map if and only if (#7)~! is an
expansive map.

o ifYyneN,?,:X > Xandg,:Y — Y, have P.O.T.Othen (£} X gi*)
has P.O.T.P.

e if YneN,?,:X - X,has P.O.T.P and uniform conjugate to
gn:Y = Y then the last has P.O.T.P.

o ifvneNZ,:X - Xandg,:Y - Y are surjective and have dence
minimal points then so does the product (€7 X gi").

e ifYneN, £:X — X is transitive map non sensitive dependence on
initial condition then there exists £,,: X — X is transitive and all it is
points are periodic but non sensitive dependence on initial condition.

e there exists £,,: X — X is minimal then it is neither sensitive nor
equicontinuous.
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if vneN,#,:X = X is an inverse equicontinuous and weakly
expanding small distance then it has weakly locally expanding.

ifvn €N, £,: X - X ,is locally expanding then it has h-shadowing
property.

if vn € N, £,,: X — X is w-expansive if and only if (£7)%, vk > 0

IS W- expansive V n < m.

if vneN,¢,:X—->X and g,:Y —->Y are possesses fitting
shadowing then (€7 X g*) has the fitting shadowing property
Vn<m.

if vn € N, £,;: X > X has fitting shadowing then (#™)* has fitting
shadowing V n < m.

if vneN,#Z,:X—>X and g,:Y =Y are possesses asymptotic
fitting shadowing then (7' X gi*) has an asymptotic fitting
shadowing property V n < m.

If vn €N, £,,: X = X has fitting shadowing and AP(#}}') is dense
then €3¢ is strongly V n < m.

if vn € N, #,,: X = X has fitting shadowing then it is chain mixing.
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ifvn € N, £,: X — X has h-if it possesses fitting shadowing, then it
possesses the property of fitting shadowing V n < m.

if vn € N £,: X - X unified homeomorphism, with A constituting
a subset of X, if x is h-fitting sensitive point for (£7*)*,v k > 0. then
x is h-fitting sensitive point for ',V n < m.

ifvneN,#,: X - X only when uniform homeomorphism each
point of Lyapunov stability of 1" in B is h-fitting point of Lyapunov
stability of £7'in B.
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4.2 Future Work

In future work, we will try to research and work on the following:

1-We will study other chaotic properties and generalize them to g-
nonautonomous discrete dynamical systems, and study how it is
transmitted from g-nonautonomous discrete dynamical systems to

autonomous discrete dynamical systems.

2-We study the difference between some chaotic properties and concepts
between g-nonautonomous discrete dynamical systems And autonomous

discrete dynamical systems.

3-We study other types of shadowing and generalize them in the g-

nonautonomous discrete dynamical systems.

4-We study stability and try to generalize it in g-nonautonomous discrete

dynamical systems.

99



Reference

100



References

[1] Caraballo, T., & Han, X. (2017). Applied nonautonomous and random
dynamical systems: applied dynamical systems. Springer.

[2] Kolyada, S., & Snoha, L. (1996). Topological entropy of
nonautonomous dynamical systems. Random and Computational
Dynamics, 4(2), pp 205-233

[3] Miralles, A., Murillo-Arcila, M., & Sanchis, M. (2018). Sensitive
dependence for nonautonomous discrete dynamical systems. Journal of
Mathematical Analysis and Applications, 463(1), pp 268-275.

[4] Vasisht, R., & Das, R. (2022). Generalizations of expansiveness in
non-autonomous discrete systems. Bulletin of the Iranian Mathematical
Society, 48(2), pp 417-433.

[5] Niu, Y. (2011). The average-shadowing property and strong
ergodicity. Journal of Mathematical Analysis and Applications, 376(2),
pp 528-534.

[6] Kulczycki, M., & Oprocha, P. (2010). Exploring the asymptotic
average shadowing property. Journal of Difference Equations and
Applications, 16(10), pp1131-1140.

[7] Carvalho, B., & Cordeiro, W. (2016). N-expansive homeomorphisms
with the shadowing property. Journal of Differential Equations, 261(6),
pp3734-3755.

101



[8] Rasuli, H., & Memarbashi, R. (2017). On the relation of shadowing
and expansivity in nonautonomous discrete systems. Analysis in Theory
and Applications, 33(1), pp11-19.

[9] AL-Sharaa, I. M., & AL-Joboury, R. S. (2016). Fitting Shadowing
Property. Journal of Babylon University, 24.(5)

[10] Hussein, B. A., & Al-Sharaa, I. (2022). Some chaotic properties for
g-non autonomous systems. Journal of Positive School Psychology, 6 (4)

pp 4641-4647.

[11] Thakkar, D., & Das, R. (2014). On nonautonomous discrete
dynamical systems. International Journal of Analysis, 2014 (538691),

pp 6-12.

[12] Vasisht, R., & Das, R. (2021). Specification and shadowing
properties for non-autonomous systems. Journal of Dynamical and
Control Systems, 28, pp 481-492

[13] Thakkar, D., & Das, R. (2014). Topological stability of a sequence
of maps on a compact metric space. Bulletin of Mathematical Sciences, 4,
pp 99-111.

[14] Kwietniak, D., & Oprocha, P. (2012). A note on the average
shadowing property for expansive maps. Topology and its
Applications, 159(1), pp 19-27.

[15] Mangang, K. B. (2017). Equicontinuity and Sensitivity of Sequence
Dynamical Systems. Global Journal of Pure and Applied
Mathematics, 13(8), pp 4223-4228.

102



[16] AL-Sharaa, I. M., & AL-Joboury, R. S. (2018). Asymptotic fitting
shadowing property. Albahir journal, 7, pp13-14

[17] Glasner, E., & Weiss, B. (2000). Locally equicontinuous dynamical
systems. In Colloquium Mathematicum Polska Akademia Nauk. Instytut
Matematyczny PAN..84 (2), pp. 345-361.

[18] Sakai, K. (2010). Positively expansive differentiable maps. Acta
Mathematica Sinica, English Series, 26(10), pp1839-1846.

[19] Li, N., & Wang, L. (2020). Sensitivity and chaoticity on
nonautonomous dynamical systems. International Journal of Bifurcation
and Chaos, 30(10), 2050146.

[20] Huang, Q., Shi, Y., & Zhang, L. (2015). Sensitivity of non-
autonomous discrete dynamical systems. Applied Mathematics
Letters, 39, pp 31-34.

[21] Lan, Y., & Peris, A. (2018). Weak stability of non-autonomous
discrete dynamical systems. Topology and its Applications, 250, pp 53-
60.

[22] Salman, M., & Das, R. (2020). Multi-transitivity in non-autonomous
discrete systems. Topology and its Applications, 278, 107237.

[23] Shao, H., Shi, Y., & Zhu, H. (2018). On distributional chaos in non-
autonomous discrete systems. Chaos, Solitons & Fractals, 107, pp 234-
243.

103



[24] Fatehi Nia, M. (2013). h—Average-Shadowing Property and
Chaos. Journal of Dynamical Systems and Geometric Theories, 11(1-2),
pp39-49.

[25] Sakai, K. (2003). Various shadowing properties for positively
expansive maps. Topology and its Applications, 131(1),pp 15-31.

[26] Shi, Y., & Chen, G. (2009). Chaos of time-varying discrete
dynamical systems. Journal of Difference Equations and
applications, 15(5), pp 429-449.

[27] Marié, R. (1979). Expansive homeomorphisms and topological
dimension. Transactions of the American Mathematical Society, 252,

pp 313-319.

[28] Jiang, Y., Lu, T., Pi, J., & Anwar, W. (2022). The retentivity of four
kinds of shadowing properties in non-autonomous discrete dynamical
systems. Entropy, 24(3), 397, pp 26-32..

[29] Kulczycki, M., Kwietniak, D., & Oprocha, P. (2013). On almost
specification and average shadowing properties. Math.224(2014),pp 241-
278

[30] Jiao, L., Wang, L., & Li, F. (2019). Average shadowing property and
asymptotic average shadowing property of linear dynamical systems.

International Journal of Bifurcation and Chaos, 29(12), 1950170.

[31] Richeson, D., & Wiseman, J. (2008). Chain recurrence rates and
topological entropy. Topology and its Applications, 156(2), pp251-261

104



AadAl

Uisal) Aaiiall ekl A4 g sill (ol &) (ans Al 50 8 Jasdl 138 (e Cangl)
sl e Jamiiall pUaill (py COOAY) Gmmy e Al all o3a DA - ASaliall
SNl g S Laie Sl Jiadl Jeatiall Hlailly g Sl
JLall Gl il (s yels g g Jiiasal) e Jaaiiall allaill b Jlal) dpuali lisia g
g- laill & W dmgill) JUl) Jiss Jo 330 aslias 4 sum gdll Aaalipal) dadadl) e
LY G ladll 5 asaliall 38 Croadiul il (., g-NDS & 25l Jhll duals NDS
Suoad) AN e 2l

Bl | igals 5 g-NDS 8 h- Jal Gpsla 1ia s 5a) Jal 15 oy Gl
Aliial aliinall N Jgn gyl 5 liil) gomamy 380 a3 g-NDS & h— sl

UAJAA‘)AL;JM;LAS‘_“ASMJM:\MJ\}J
)l o2 8 Ll 3 Sl Agua ) il

z50 0= 30ke g-NDS alaill gl (X iS5 Jlaial) | g ya (5 sl bl (X, d) oSS
Qs (X, 40D

@Sylly , neEN I £ X 5 X ool Jsall e Anlile a0 70 ()

caflall ) vOSn<meNSIM =L, 0l g0 -0by

Lawie Jiiuse 5 Jaaiiall Uaill 43l Lanie g Jiiss yé 5 Juaaiiall Saalipall Jaill IS 13 o
(a5 5 g skl axe 5 duliall pailiad) dually &l

Vs amloa dlla Y 05 @Ml ) as g i) e 5 Juaiiall Sudlidll allaian gy o
bl axe duald

Jill dpals dley Y €N, £,0 X = X QS 18| jasa e s jiaslad X oS1Y o
& pOkall Jll dals clley 270 X P70 X Ot X L X Ot 438 g-NDS & 205kl

k—times

.0-NDS



OSN3 Ll s i JI 5o, VL E N £,0 X o X 5 apa s sbad XS @
g-NDS & Jhall duala Ll o7 (<13 Jhall dpals dlais | (PMYKJ | k€ N K
Vn € N 4sais

s (X,d) Lice £: X5 X&g,:Y oY VneEN kil o il Jisall o
u_x,usﬂ\ RSM\ Jhl duals <l g,;lnj-fnm 4318 dua ga e 4 yia Gilgliad (Y’d’)
, 0-NDS & 8l 23 Jhall dpals (S 13 héd g 13V n < m g-NDS #
£ X gt i

£ e Vn € N s 3 £, X > X 5 pasar g sbad (X,d) S o
Vi< m,g-NDS (b adl) Jall duala dllas g alels calS 13) duania Aoy



G ad) 4y ) ggan

) i) g Mal) aslaill 515 g
BREpEEN

43 pall p glall 4y ) 44l
Clpaly ) aid

Alfiiial) & dadafial) dpabial) AalaiY) b 4y guln gl el 5A)
G

Ao,
O ciyllia (a5 38 Gy Aaala/Ad pual  gtall &y 50 4408 (ulna ) Aasie

gty Mg 5 G sl A 2

J (a
O aa ) e GIAY) 3 Ja
il il

&Jﬁﬂ\ @&J&AJM\ KM

‘- 2023 » 1445



