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Abstract 

The aim of this work is to study some of chaotic properties on the g-

non-autonomous discrete dynamical systems. Through this study, we 

introduced some differences between the g-non-autonomous and the 

autonomous of discrete dynamical systems, when they are minimal, And 

we explain the shadowing property on the g-non-autonomous discrete 

dynamical system. 

           Some results on the shadowing property with the chaotic 

dynamical systems are shown. 

           New concept, for example; (The w-Expansive in g-Non-

Autonomous Discrete Dynamical System, The Fitting Shadowing Property 

on g-Non-Autonomous Discrete Dynamical System, ….) are introduced. 

These concepts and definitions are used to prove many new findings. 

            It also explains other types of shadowing properties, such as: h-

shadowing property in g-non-autonomous discrete dynamical system and 

h-fitting shadowing property g-non-autonomous discrete dynamical 

system . Some definitions and findings on the uniform convergence and 

uniform conjugate for a series of continuous distinct mappings on a 

compact metric space are discussed. 

            The main findings proven in this study are: 

            Assume that (𝛸, 𝑑) be a compact metric space (for short we write 

𝑋), an g-NDS is a pair (𝛸, ℓ𝑛
𝑚) where ℓ𝑛 be a sequence of a continuous 

maps ℓ𝑛: 𝛸 ⟶ 𝛸 , for all 𝑛 ∈ ℕ , and the composition    ℓ𝑛
𝑚 = ℓ𝑚 ∘ ℓ𝑚−1 ∘

⋅ ⋅ ⋅ ⋅ ∘ ℓ𝑛,   ∀ 0 ≤ 𝑛 < 𝑚 ∈ ℕ, then we prove: 

 

 If the g-nonautonomous discrete dynamical system ( g-NDS) is 

transitive then the discrete dynamical systems (DS) is transitive. And the 

same of (sensitive and equicontinuous properties. 

 

 A minimum g-non autonomous discrete dynamical system exists 

system (g-NDS) it which has neither a sensitive nor an equicontinuous. 
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 If  𝑋  is a compact metric space and ℓ𝑛: Χ → Χ, ∀𝑛 ∈ ℕ, satisfies the 

fitting shadowing property, then ℓ𝑛
𝑚 × ℓ𝑛

𝑚 × ℓ𝑛
𝑚 ×… .× ℓ𝑛

𝑚⏟                
𝑘−𝑡𝑖𝑚𝑒𝑠

  has the fitting 

shadowing property. 

 Assume that ℓ𝑛: 𝑋 → 𝛸, ∀𝑛 ∈ ℕ, be an uniform continuous maps and 

𝛸 is  a compact metric space. For each 𝑘 ∈ ℕ, (ℓ𝑛
𝑚)𝑘 will have the fitting 

shadowing property (F.S.P) if ℓ𝑛
𝑚 for (F.S.P) of g-NDS if possesses this 

property ∀ 𝑛 < 𝑚. 

 

 The uniform continuous maps ℓ𝑛: 𝛸 → 𝛸 and ℊ𝑛: 𝑌 → 𝑌, ∀𝑛 ∈ ℕ 

where compact metric spaces are (𝛸, 𝑑)  & (𝑌, 𝑑ˊ), then ℓ𝑛
𝑚 & ℊ𝑛

𝑚 have a 

shadowing asymptotics fitting condition in g-NDS, ∀ 𝑛 < 𝑚 if and only if 

an asymptotic fitting shadowing characteristic in g-NDS is present in ℓ𝑛
𝑚 ×

ℊ𝑛
𝑚. 

 If  Χ is a compact metric space and ℓ𝑛: Χ → Χ, ∀𝑛 ∈ ℕ, be an uniform 

continuous map, then ℓ𝑛
𝑚 is chain transitive if it is surjective and possesses 

a fitting shadowing property in g-NDS ∀ 𝑛 < 𝑚.  
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Introduction 

 

Given the importance of dynamic systems (nonautonomous and 

autonomous), their theories have been studied, and researched extensively 

in the past decades, because many natural phenomena can be modeled 

through a system of differential equations, or discrete dynamic systems. 

 

For instance, Estimating species population increase, or managing 

the dynamics of diverse of different mechanical and electrical systems [1]. 

L. Snoha and S. Kolyada introduced nonautonomous discrete 

dynamic systems (NDS for short) in their work [2]. 

 

A. Miralles, A., M. Murillo-Arcila, M., & Sanchis, M. in [3] They 

explained that transitivity as well as the density for periodic points do not, 

in general, such as imply sensitivity; however, if uniform convergence to 

a sequence(ℓ𝑛) that induces the NDS is assumed, then sensitivity does 

follow. In addition, contrary to the autonomous case, they demonstrate the 

existence of minimal nonautonomous discrete dynamical systems that are 

neither equicontinuous nor sensitive. 

Many chaotic properties (metrical and topological) have been 

studied for their importance. 

  In [4] Vasisht, R., & Das, R. are study some types of expansive 

for non-autonomous discrete dynamical systems 

 

Additionally, because the average-shadowing feature is one for the 

key ideas in the qualitative theory for dynamic systems and is crucial, Niu 



2 
 

Yingxuan examined and explored it in [5]. Furthermore, it was 

demonstrated that if ℓ satisfies the average-shadowing quality and its 

minimum points are dense in 𝛸, ℓ is weakly mixing and completely 

strongly ergodic. 

In [6] as well are Kulczycki, M., and Oprocha, P. talked about how 

the asymptotic average shadowing property (A.A.S.P) relates to other 

topological dynamics concepts. and shown that ℓ is completely transitive 

if it possesses the A.A.S.P and its minimum points are dense in 𝛸. 

          In [7], it was discussed addressed the dynamics of n-expansive 

homeomorphisms with the shadowing property specified on compact 

metric spaces.  

          In [8], explored the relationship between different expansivity, such 

as locally expanding, favorably expansive, and weakly locally expanding, 

with h-shadowing property and shadowing. 

          Novel concepts have been introduced in [9], including related 

asymptotic fitting shadowing property and its fitting shadowing property.  

In [10], the general-nonautonomous discrete dynamical systems is 

defined by Baraa A. and Iftichar M. and they denoted by (𝛸, ℓ𝑛,∞) when 

𝛸 is a compact topological space and ℓ𝑛: 𝛸 → 𝛸, ∀𝑛 ∈ ℕ, such that ℓ𝑛,∞ 

is the sequence of the continuous maps 

 

In our work, we will study Some chaotic properties and some types 

of shadowing and generalize them into the general-nonautonomous 

discrete dynamical systems (g-NDS). 

This thesis is divided into three chapters: 
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In chapter one, we take two sections. in section one, We define 

and explain some concepts and properties of chaos in g-nonautonomous 

discrete dynamic systems. In section two, we define the average 

shadowing property and asymptotic shadowing property in g-

nonautonomous discrete dynamic systems. 

 

In chapter two, we have three sections. in section one, we discuss 

the sensitive and the equicontinuous property in g-nonautonomous 

discrete dynamic systems, and we prove There exists a minimal g-non 

autonomous discrete dynamical system which is neither equicontinuous 

nor sensitive,That is different for the autonomos discrete dynamic 

systems. 

  

In section two, definition h-shadowing property and we discuss its 

relation with various expansivity in g- nonautonomous discrete dynamic 

systems. 

In section three, we discuss the relation between w-expansive 

homeomorphism with shadowing property in g-nonautonomous discrete 

dynamic systems. 

In chapter three, we take two section. In section 1, the asymptotic 

fitting shadowing property (A.F.S.P) in g-nonautonomous discrete 

dynamical systems (F.S.P) and fitting shadowing property (F.S.P), in 

section 2, provides a working description of the h-fitting shadowing 

property and a discussion of its relationship to the fitting shadowing 

phenomenon in g-nonautonomous discrete dynamical systems 
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Chapter One 

 

 

Some Basic Concepts in g-Nonautonomous 

Discrete Systems 
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1.1 Preliminaries  

 the aim of this section is define some concept of g- non autonomous 

discrete dynamical systems. 

 

Definition 1.1.1 [10] 

Let (𝑋, 𝑑) be a compact metric space , let (ℓ𝑛) be a sequence of an 

uniform continuous maps, such that   ℓ𝑛: 𝑋 ⟶ 𝑋 , for all 𝑛 ∈ ℕ , then the  

composition         

ℓ𝑛
𝑚 = {

ℓ𝑚 ∘ ℓ𝑚−1 ∘ …… ∘ ℓ𝑛           𝑓𝑜𝑟 0 ≤ 𝑛 < 𝑚

ℓ−𝑚
−1 ∘ ℓ−(𝑚−1)

−1 ∘ …… ∘ ℓ−𝑛
−1       𝑓𝑜𝑟 𝑚 < 𝑛 ≤ −1

 

Is called The general-non autonomous discrete dynamical systems for 

short (g-NDS). 

If (ℓ𝑛) is a sequence of an uniform homeomorphism map, then 

inverse map is given by  (ℓ𝑛
𝑚)−1 = ℓ−𝑚

−𝑛  , 𝑤ℎ𝑒𝑟𝑒 𝑚 < 𝑛 ≤ 0. 

           

In addition, we define a (𝒌 th –iterate of 𝓵𝒏
𝒎) 

(ℓ𝑛
𝑚)𝑘 = (𝑔𝑚)𝑚𝑘

(𝑚−1)𝑘+1
, where 0 ≤ 𝑛 < 𝑚 ∈ ℕ, 𝑘 > 0  on 𝑋, where  

𝑔𝑚 = ℓ𝑚𝑘 ∘ ℓ(𝑚−1)𝑘+𝑘−1 ∘ … ∘ ℓ(𝑚−1)𝑘+1.    

Thus (ℓ𝑛
𝑚)𝑘 = ℓ(𝑚−1)𝑘+1,𝑚𝑘 . 

Definition  1.1.2  [4]   

 A homeomorphism ℓ𝑛: 𝑋 → 𝑋, is said to be an uniform 

homeomorphism if ℓ𝑛
𝑚 is an uniform continuous on 𝑋, and (ℓ𝑛

𝑚)−1is an 

uniform continuous on 𝑋, ∀ 0 ≤ 𝑛 < 𝑚 ∈ ℕ. 
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Definition   1.1.3   

Let (𝑋, 𝑑) be a compact metric space and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous map ∀𝑛 ∈ ℕ. The sequence  ℓ𝑛: 𝑋 → 𝑋 is said to uniform 

convergence to ℓ: 𝑋 → 𝑋 if every 𝜀 > 0, there exists  𝑚𝑜 ∈ ℕ, 

∋, 𝑑(ℓ𝑛
𝑚(𝑥), ℓ(𝑥)) ≤ 𝜀 for every 𝑚 > 𝑚𝑜 and for every 𝑥 ∈ Χ. we write 

  ℓ𝑛
𝑢
→ ℓ. 

 

Definition 1.1.4  [10]   

Let (𝑋, 𝑑) be a compact metric space and ℓ𝑛: 𝑋 ⟶ 𝑋 be an uniform 

continuous maps ∀𝑛 ∈ ℕ. A point 𝑥 ∈ 𝑋 is called fixed point of 

(ℓ𝑛
𝑚)0≤𝑛<𝑚 in g-nonautonomous discrete dynamical systems when 

ℓ𝑛
𝑚(𝑥) = 𝑥, where  0 ≤ 𝑛 < 𝑚 ∈ ℕ. 

 

Example   1.1.5 

let  ℓ𝑛: 𝑅 → 𝑅 be a maps , ∀𝑛 ∈ ℕ, where 

ℓ1(𝑥) = 𝑥
2, 

ℓ2(𝑥) = 5𝑥
2 − 2𝑥, 

ℓ3(𝑥) = sin 𝑥. 

If 𝑥 = 0, hence  

ℓ1
3(𝑥) = ℓ3 ∘ ℓ2((0)

2) 

           = ℓ3(5(0)
2 − 2(0)) 

           = sin 0 
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           = 0, 

Then the point 𝑥 = 0 is a fixed point for ℓ1
3. 

 

Definition   1.1.6  [10] 

Let (𝑋, 𝑑) be a compact metric space and ℓ𝑛: 𝑋 ⟶ 𝑋 be an uniform 

continuous map ∀𝑛 ∈ ℕ. A point 𝒂 ∈ 𝑋 is called a periodic point of ℓ𝑛
𝑚 

in g-non autonomous discrete dynamical systems if there is an exists 

𝑚 ∈ ℕ, ℓ𝑛
𝑚(𝑎) = 𝑎 𝑎𝑛𝑑   ℓ𝑛

𝑘(𝑎) ≠ 𝑎, ∀ 𝑘 < 𝑚 . 

 

Example   1.1.7 

let  ℓ𝑛: 𝑅 → 𝑅 be a maps , ∀𝑛 ∈ ℕ, where 

ℓ1(𝑎) = 𝑎 + 3, 

ℓ2(𝑎) =
𝑎 + 3

2
, 

ℓ3(𝑎) = √𝑎
2

 . 

If 𝑎 = 2, hence  

ℓ1
3(𝑎) = ℓ3 ∘ ℓ2(2 + 3) 

          

          = ℓ𝟑(
𝟓+𝟑

𝟐
) 

          = √4
2

 

          = 2. 
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Then the point 𝑎 = 2 is a periodic point for ℓ1
3 of period 3. 

 

Theorem   1.1.8   

Let (𝑋, 𝑑) be a metric space without isolated point, assume that 

 ℓ𝑛: 𝑋 → 𝑋 converges pointwise to ℓ, then if 𝒫 is a periodic point in the g-

nonautonomous discrete dynamical system then 𝒫 is a periodic point of the 

discrete dynamical systems. 

Proof :                                                                                                                

Assume  𝒫 is a periodic point ,there is 0 ≤ 𝑛 < 𝑚 , ∀ 𝑛,𝑚 ∈ ℕ 

meaning that ℓ𝑛
𝑚(𝒫) = 𝒫, 

then for any 0 < 𝑖 < 𝑚, we get have                                         

ℓ𝑛
𝑚+𝑖(𝒫) =  ℓ𝑚+𝑖 ∘ ℓ𝑚+(𝑖−1) ∘ … . .∘ ℓ𝑚+1(𝒫) 

Which is convergent to ℓ𝑖(𝒫), in particular, for 𝑖 = 𝑚 − 𝑛, then 

ℓ𝑛
𝑚+𝑖(𝒫) = 𝒫, is convergent to ℓ𝑖(𝒫) so ℓ(𝒫) = 𝒫,  this mean 𝒫 is a 

periodic point in (DS) .   

 

Definition   1.1.9   

Let (𝑋, 𝑑) be a compact metric space and ℓ𝑛: Χ → Χ be an uniform 

continuous map ∀𝑛 ∈ ℕ .A point 𝒙 ∈ 𝑋 is called chain recurrent point in 

g-nonautonomous discrete dynamical systems of (ℓ𝑛
𝑚)0≤𝑛<𝑚, if for each 

𝜀 > 0, there is 𝜀 -chain between 𝑥 and 𝑥. CR(𝓵𝒏
𝒎) represents the collection 

of all ℓ𝑛
𝑚 chain repeating points. 
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Definition   1.1.10    

Let (𝑋, 𝑑) be a compact metric space and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous maps, ∀𝑛 ∈ ℕ. For a real number 𝜂 > 0, 

a sequence {𝑥𝑖}𝒊=0
∞  in  𝑋 called a 𝜼-chain in g-nonautonomous discrete 

dynamical systems: 

if  𝑑( ℓ 𝑗(𝑥𝑚), 𝑥𝑚+1) ≤ 𝜂, for all 0 ≤ 𝑛 < 𝑚. 

The maps (𝓵𝒏
𝒎)𝟎≤𝒏<𝒎 is called chain-transitive in g-nonautonomous 

discrete dynamical systems : if for all 𝑥, 𝑦 ∈ 𝛸 and every 𝜂 > 0, there is 

a finite 𝜂-chain in g- non autonomous discrete dynamical 

systems {𝑥0, 𝑥1, … 𝑥𝑛}  

such that 𝑥0 = 𝑥  and 𝑥𝑛 = 𝑦. 

 

Definition   1.1.11  [10] 

Let (𝑋, 𝑑) be a compact metric space and ℓ𝑛: 𝑋 ⟶ 𝑋 be an uniform 

continuous maps ∀𝑛 ∈ ℕ, A sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚 is said to be 

topologically transitive of g-nonautonomous discrete dynamical systems 

if for any 𝑈, 𝑉 ≠ ∅,  open sets , 𝑈 & 𝑉 ⊂ Χ  there exist, 0 ≤ 𝑛 < 𝑚 ∈ ℕ 

∋  ℓ𝑛
𝑚(𝑈)⋂𝑉 ≠ ∅. i.e. 

𝑁(𝑈 ∩ 𝑉) = {0 ≤ 𝑛 < 𝑚 ∈ ℕ: ℓ𝑛
𝑚(𝑈) ∩ 𝑉 ≠ ∅}. 
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Definition  1.1.12  [10] 

Let (𝑋, 𝑑) be a compact metric space ,and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous maps, ∀𝑛 ∈ ℕ the sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚 is said to be 

topologically mixing in g-nonautonomous discrete dynamical systems   

if whenever there are two non-empty open subsets 𝑈 and 𝑉 of 𝑋, there is 

𝑘 ∈ ℤ+ meaning that. 

               𝑁(𝑈 ∩ 𝑉) ⊃ {𝑘, 𝑘 + 1,… } . 

The (ℓ𝑛
𝑚)0≤𝑛<𝑚is said to be topologically weak mixing in g-

nonautonomous discrete dynamical systems: if ℓ𝑛
𝑚 × ℓ𝑛

𝑚 topologically 

transitive in g-nonautonomous discrete dynamical systems. 

(ℓ𝑛
𝑚)0≤𝑛<𝑚is called chain mixing in g-nonautonomous discrete 

dynamical systems : if for all 𝑥, 𝑦 ∈ 𝑋 and for each 𝛿 > 0, there exists 

𝑀 ∈ ℕ therefore for any  𝑚 ≥ 𝑀 there is 𝛿-chain in g-nonautonomous 

discrete dynamical systemsfrom 𝑥 to 𝑦 with length 𝑚. 

 

Proposition   1.1.13 

Let (𝑋, 𝑑) be a compact metric space and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous map ∀𝑛 ∈ ℕ, converges uniform to ℓ. If (ℓ𝑛
𝑚)0≤𝑛<𝑚 is 

transitive in g-nonautonomous discrete dynamical system then ℓ is  

transitive in the discrete dynamical systems. 

 

Proof: 

Let 𝛢, 𝛣 be  nonempty subsets of 𝑋,  Since  ℓ𝑛
𝑚 is transitive, then by 

Definition 1.1.11  there exist 𝑚,𝑛 ∈ ℕ, ∋ 0 ≤ 𝑛 < 𝑚  , 
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∋  ℓ𝑛
𝑚(𝐴) ∩ 𝛣 ≠ ∅ , but ℓ𝑛: 𝑋 → 𝑋 is converges uniform to ℓ, 

so ℓ𝑖  (𝛢) ∩ 𝛣 ≠ ∅   (where 𝑖 =  𝑚 − 𝑛), 

hence  ℓ is transitive.  □ 

          

 In order to obtain a property that is stronger than the transitive 

property, we must prove the set 𝑁(𝛢, 𝛣) is infinite. 

 

Theorem   1.1.14   

Let (𝑋, 𝑑) be a metric space without isolated points and ℓ𝑛: 𝑋 → 𝑋  

be an uniform continuous map ∀𝑛 ∈ ℕ. If (ℓ𝑛
𝑚)0≤𝑛<𝑚 is topological  

transitive, then the set Ν(Α, Β)  is infinite for any two non-empty open 

subsets Α, Β of 𝑋. 

Proof: 

Let 𝛢, 𝛣 ≠ ∅, Since  ℓ𝑛
𝑚 is transitive , then 𝛮(𝛢, 𝛣) ≠ ∅,  

let suppose 𝛮(𝛢, 𝛣) is finite, 

∃ ℎ = max{0 ≤ 𝑛 < 𝑚 ∈  ℕ, ∋ ℓ𝑛
𝑚(Α) ∩ Β ≠ ∅}. 

Since 𝑋 have no isolated points, 𝛣 contain infinitely many points 

As a result, we may be repair a collection 𝛣𝑗 ⊂ 𝛣, 𝑗 = 1,2,3,… , ℎ of 

mutually disjoint open sets. since ℎ ∈ 𝛮(𝛢, 𝛣),  

therefore exists 𝑥 ∈ 𝛢 ∋ ℓ𝑛
ℎ(𝑥) ∈ 𝛣 

Let 𝑗0 ∈ {1,2,… , ℎ + 1}  ∋  ℓ𝑛
𝑖 (𝑥) ∉ 𝛣𝑗0 , ∀ 𝑖 = 1,2,… , ℎ 

By continuity, there is an open neighborhood Α∗𝑜𝑓 𝑥 contained in 𝛢,  
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∋  ℓ𝑛
𝑖 (𝛢) ∩ 𝛣𝑗0 = ∅ ……… (1.1) 

Since ℓ𝑛
𝑚 is transitive, ∃ 𝑘 ∈ ℕ, ∋  ℓ𝑛

𝑘(𝛢∗) ∩ 𝛣𝑗0 ≠ ∅ …. By (1.1) 

We have 𝑘 > ℎ .. contradiction! 

𝛮(𝛢∗, 𝛣𝑗0) ⊂ 𝛮(𝛢, 𝛣)  

hence set of 𝛮(𝛢, 𝛣) is infinite .  □ 

 

Definition   1.1.15   

Let (𝑋, 𝑑) be a compact metric space and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous maps ∀𝑛 ∈ ℕ, the sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚 is said to be an 

expansive with constant expansive 𝑒 > 0  in g-nonautonomous discrete 

dynamical systems when  

∀𝑥, 𝑦 ∈ 𝛸, 𝑥 ≠ 𝑦, ∃ 0 ≤ 𝑛 < 𝑚 ∈ ℕ, 𝑑(ℓ𝑛
𝑚(𝑥), ℓ𝑛

𝑚(𝑦)) > 𝑒 . 

equivalently, if 𝑥, 𝑦 ∈ Χ, 𝑑(ℓ𝑛
𝑚(𝑥), ℓ𝑛

𝑚(𝑦)) ≤ 𝑒, ∀ 0 ≤ 𝑛 < 𝑚 ∈ ℕ,  

then 𝑥 = 𝑦. 

 

Proposition   1.1.16 

Let (𝑋, 𝑑) be a compact metric space and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous map ∀𝑛 ∈ ℕ, and ℓ𝑛: 𝑋 → 𝑋 converges uniformly to ℓ. then If 

(ℓ𝑛
𝑚)0≤𝑛<𝑚 is an expansive of g-nonautonomous discrete dynamical 

system, then ℓ is an expansive of  discrete dynamical systems  

 



13 
 

Proof 

Let 𝑥 ∈ 𝑋 since g-NDS is an expansive with constant expansive 𝑒 > 0,  

then for every     𝑦 ∈ 𝑋, 𝑑(𝑥, 𝑦) < 𝜀, ∃ 0 ≤ 𝑛 < 𝑚 ∈ ℕ, 

𝑑(ℓ𝑛
𝑚(𝑥), ℓ𝑛

𝑚(𝑦)) > 𝑒.  

Hence ℓ𝑛: 𝑋 → 𝑋  converges uniformly to ℓ, there exists ℓ𝑛
𝑚 = ℓ𝑖 , 

(𝑖 = 𝑚 − 𝑛) 

∋ 𝑑(ℓ𝑛
𝑚(𝑥), ℓ𝑛

𝑚(𝑦)) = 𝑑 (ℓ𝑖(𝑥), ℓ𝑖(𝑦)) > e. 

hence the DS is an expansive with constant expansive  𝑒 > 0.  □ 

 

Theorem   1.1.17   

Let (𝑋, 𝑑) be a compact metric space and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

homeomorphism maps ∀𝑛 ∈ ℕ, If then the sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚 is an 

expansive of g-nonautonomous discrete dynamical systems if and only if 

(ℓ−𝑚
−𝑛 )𝑚<𝑛≤0 is an expansive of g-nonautonomous discrete dynamical 

systems. 

Proof : 

Let 𝛾 > 0 be a constant expansive for ℓ𝑛
𝑚 ,  

We can write  ℓ−𝑚
−𝑛 = (ℓ𝑛

𝑚)−1, ∀ 𝑛,𝑚 ∈ ℤ .  

Let 𝑎, 𝑏 ∈ 𝑋, 𝑎 ≠ 𝑏,  𝑛,𝑚 ∈ ℤ, ∋ 𝑑(ℓ𝑛
𝑚(𝑎), ℓ𝑛

𝑚(𝑏)) > 𝛾  

That is 𝑑(((ℓ𝑛
𝑚)−1(𝑎), ((ℓ𝑛

𝑚)−1(𝑏)) > 𝛾, 𝑓𝑜𝑟 𝑛,𝑚 ∈ ℤ.  

hence (ℓ𝑛
𝑚)−1 is an expansive.  □ 
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Theorem   1.1.18    

Let (𝑋, 𝑑) be a compact metric space and (ℓ𝑛
𝑚)0≤𝑛<𝑚 be an 

equicontinuous family of self-maps on 𝑋 and where 𝑘 is an integer greater 

than zero. Then map  (ℓ𝑛
𝑚)0≤𝑛<𝑚 is expansive of g-nonautonomous 

discrete dynamical systems if and only if (ℓ𝑛
𝑚)𝑘is expansive of g-

nonautonomous discrete dynamical systems. 

Proof: 

Let 𝑒 >  0 be an expanding constant for ℓ𝑛
𝑚.  

Since  ℓ𝑛
𝑚 is equicontinuous family, for any 𝑚 >  0  

 let 𝑚𝑘 +  1 ≤  𝑗 ≤  (𝑚 +  1)𝑘, ℓ𝑚𝑘+1,𝑗  is uniformly continuous on 

𝑋 as a result, there exists a 𝛿𝑗 >  0  meaning that 𝑑(𝑥, 𝑦) <  𝛿𝑗 

hence 𝑑(ℓ𝑚𝑘+1,𝑗(𝑥), ℓ𝑚𝑘+1,𝑗(𝑦)) < 𝑒. Note that due to equicontinuity 

of   ℓ𝑛
𝑚,  𝛿𝑗  does not depend on 𝑚.  

Take 𝛿 =  𝑚𝑖𝑛 {𝛿𝑗 ∶  𝑚𝑘 +  1 ≤  𝑗 ≤  (𝑚 +  1)𝑘}. Then for any  

0 ≤ 𝑛 < 𝑚, 𝑑(𝑥, 𝑦) <  𝛿. 

 Now (ℓ𝑛
𝑚)𝑘 = (𝑔𝑛

𝑚)0≤𝑛<𝑚 , where 𝑔𝑛
𝑚 = ℓ(𝑚−1)𝑘+1,𝑚𝑘 and  

𝑔𝑛,𝑚 = 𝑔𝑚 ∘ 𝑔(𝑚−1) ∘ ··· ∘ 𝑔𝑛.   

So  𝑔𝑛,𝑚 = ℓ[𝑛,𝑚]𝑘. Note that for any 𝑗 ≥  0 there is an exists  

𝑚 ≥  0 meaning that  𝑚𝑘 ≤  𝑗 ≤  (𝑚 +  1)𝑘. 

 Now for any 𝑚 ≥  0 and 𝑚𝑘 ≤  𝑗 ≤  (𝑚 +  1)𝑘, 

 (𝑑(𝑔𝑛
𝑚(𝑥), 𝑔𝑛

𝑚(𝑦)) <  𝛿 ) hence 𝑑((ℓ𝑛
𝑚)𝑘(𝑥), (ℓ𝑛

𝑚)𝑘(𝑦)) < 𝛿  
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Hence (𝑑(ℓ𝑚𝑘+1
𝑗

((ℓ𝑛
𝑚)𝑘(𝑥)) , ℓ𝑚𝑘+1

𝑗
((ℓ𝑛

𝑚)𝑘(𝑦)) < 𝑒    

hence 𝑑 ((ℓ𝑛
𝑚)𝑗(𝑥), (ℓ𝑛

𝑚)𝑗(𝑦)) < 𝑒.  

Because e is the expansive constant,  ℓ𝑛
𝑚, 𝑥 = 𝑦 and hence 𝛿 is the 

expansive constant of (ℓ𝑛
𝑚)𝑘 . 

Conversely, if (ℓ𝑛
𝑚)𝑘 is expansive with the expansive constant 𝜀 then of 

any 𝑥, 𝑦 ∈ 𝑋, 𝑥 ≠ 𝑦, therefore exists 0 ≤ 𝑛 < 𝑚 ∈ ℕ meaning that 

𝑑(𝑔𝑛
𝑚(𝑥), 𝑔𝑛

𝑚(𝑦)) > 𝜀,   which implies 

𝑑((ℓ𝑛
𝑚)𝑘(𝑥), (ℓ𝑛

𝑚)𝑘(𝑦)) > 𝜀 proving that 𝜀 is an expansive constant 

for ℓ𝑛
𝑚.   □ 

 

Remark   1.1.19   

Let (𝑋, 𝑑) and (𝑌, 𝑑ˊ) be a compact metric space and ℓ𝑛: 𝑋 → 𝑋,  

ℊ𝑛: 𝑌 → 𝑌 be a uniform continuous maps, ∀ 𝑛 ∈ ℕ, 

the 𝑑ˊˊ((𝑎, 𝑏), (𝑎ˊ, 𝑏ˊ) = 𝑚𝑎𝑥  {𝑑(𝑎, 𝑎ˊ), 𝑑ˊ(𝑏, 𝑏ˊ)}. 

We define the map(ℓ𝑛
𝑚 × ℊ𝑛

𝑚)(𝑎, 𝑏) = (ℓ𝑛
𝑚(𝑎), ℊ𝑛

𝑚(𝑏)),  for any 

𝑎 ∈ 𝑋, 𝑏 ∈ 𝑌, for everyone 0 ≤ 𝑛 < 𝑚 ∈ ℕ. We shall demonstrate that 

(𝑋 × 𝑌, 𝑑ˊˊ) is a metric space. 

Proof: 

Let (𝑎, 𝑏), (𝑎ˊ, 𝑏ˊ), (𝑎ˊˊ𝑏ˊˊ) ∈ 𝑋 × 𝑌. 

Since 𝑑ˊˊ((𝑎, 𝑏), (𝑎ˊ, 𝑏ˊ) = 𝑚𝑎𝑥  {𝑑(𝑎, 𝑎ˊ), 𝑑ˊ(𝑏, 𝑏ˊ)}, also 

1. 𝑑(𝑎, 𝑎ˊ) ≥ 0, & 𝑑ˊ(𝑏, 𝑏ˊ) ≥ 0, so that 𝑑ˊˊ((𝑎, 𝑏), (𝑎ˊ, 𝑏ˊ) ≥ 0.  
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2. To show  𝑑ˊˊ((𝑎, 𝑏), (𝑎ˊ, 𝑏ˊ) = 0   iff (𝑎, 𝑏) = (𝑎ˊ, 𝑏ˊ) 

If 𝑑ˊˊ((𝑎, 𝑏), (𝑎ˊ, 𝑏ˊ) = 0  then 𝑚𝑎𝑥  {𝑑(𝑎, 𝑎ˊ), 𝑑ˊ(𝑏, 𝑏ˊ)} = 0 

This implies that 𝑑(𝑎, 𝑎ˊ) = 0  &  𝑑ˊ(𝑏, 𝑏ˊ) = 0 ,  

Hence 𝑎 = 𝑎ˊ   &  𝑏 = 𝑏ˊ, 

Thus (𝑎, 𝑏) = (𝑎ˊ, 𝑏ˊ). 

If (𝑎, 𝑏) = (𝑎ˊ, 𝑏ˊ), then 𝑎 = 𝑎ˊ   &  𝑏 = 𝑏ˊ, also 𝑑(𝑎, 𝑎ˊ) = 0  

 &  𝑑ˊ(𝑏, 𝑏ˊ) = 0 this implies that 𝑚𝑎𝑥 {𝑑(𝑎, 𝑎ˊ), 𝑑ˊ(𝑏, 𝑏ˊ)} = 0 

Thus 𝑑ˊˊ((𝑎, 𝑏), (𝑎ˊ, 𝑏ˊ)) = 0  . 

3. 𝑑ˊˊ((𝑎, 𝑏), (𝑎ˊ, 𝑏ˊ)) = 𝑚𝑎𝑥  {𝑑(𝑎, 𝑎ˊ), 𝑑ˊ(𝑏, 𝑏ˊ)} 

                                                 = 𝑚𝑎𝑥  {𝑑(𝑎ˊ, 𝑎), 𝑑ˊ(𝑏ˊ, 𝑏)} 

                                                 = 𝑑ˊˊ((𝑎ˊ, 𝑏ˊ), (𝑎, 𝑏)) 

Hence 𝑑ˊˊ((𝑎, 𝑏), (𝑎ˊ, 𝑏ˊ)) = 𝑑ˊˊ((𝑎ˊ, 𝑏ˊ), (𝑎, 𝑏)). 

4. 𝑑ˊˊ((𝑎, 𝑏), (𝑎ˊ, 𝑏ˊ)) = 𝑚𝑎𝑥{𝑑(𝑎, 𝑎ˊ), 𝑑ˊ(𝑏, 𝑏ˊ)} 

                                 ≤ 𝑚𝑎𝑥 {𝑑(𝑎, 𝑎ˊˊ), 𝑑ˊ(𝑏, 𝑏ˊˊ), 𝑑(𝑎ˊˊ, 𝑎ˊ), 𝑑ˊ(𝑏ˊˊ, 𝑏ˊ)}                                                    

   ≤ 𝑚𝑎𝑥{𝑑(𝑎, 𝑎ˊˊ), 𝑑ˊ(𝑏, 𝑏ˊˊ)} + 𝑚𝑎𝑥 {𝑑(𝑎ˊˊ, 𝑎ˊ), 𝑑ˊ(𝑏ˊˊ, 𝑏ˊ)} 

                           ≤ 𝑑ˊˊ((𝑎, 𝑏), (𝑎ˊˊ, 𝑏ˊˊ)) + 𝑑ˊˊ((𝑎ˊˊ, 𝑏ˊˊ), (𝑎ˊ, 𝑏ˊ)) 

Hence 

𝑑ˊˊ((𝑎, 𝑏), (𝑎ˊ, 𝑏ˊ)) ≤ 𝑑ˊˊ((𝑎, 𝑏), (𝑎ˊˊ, 𝑏ˊˊ)) + 𝑑ˊˊ((𝑎ˊˊ, 𝑏ˊˊ), (𝑎ˊ, 𝑏ˊ)) 

From 1,2,3, and 4 thus (𝑋 × 𝑌, 𝑑ˊˊ) is a metric space.   □ 
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1.2 The Shadowing Property in The g-Nonautonomous 

Discrete Dynamical Systems. 

in this section, we define the shadowing property, the asymptotic 

shadowing property, an average shadowing property in the g-

nonautonomous discrete dynamical systems, some result that are related to 

these concepts are proved.  

 

Definition   1.2.1   

  Let (𝑋, 𝑑) be a compact  metric space and (ℓ𝑛
𝑚)0≤𝑛<𝑚is a sequence  

on 𝑋. for 𝛿 > 0, the sequence {𝑥𝑖}𝑖=0
∞  in 𝑋 is say to be an 𝜹-pseudo orbit  

of 𝓵𝒏
𝒎 in g-non autonomous discrete dynamical systems  if 

𝑑(ℓ𝑗(𝑥𝑖), 𝑥𝑖+1) < 𝛿,     𝑓𝑜𝑟 𝑛 ≤ 𝑗 < 𝑚 ∈ ℕ, 

𝑑(ℓ−𝑗(𝑥𝑚+1), 𝑥𝑚) < 𝛿     𝑓𝑜𝑟 𝑚 < 𝑗 ≤ 𝑛. 

 

Definition   1.2.2   

Let (𝑋, 𝑑) be a compact metric space, and (ℓ𝑛
𝑚)0≤𝑛<𝑚is a sequence  

on 𝑋. for 𝜀 > 0, a 𝛿-pseudo orbit {𝑥𝑖}𝒊=𝟎
∞  is say to be 𝜺-traced in g- 

nonautonomous discrete dynamical systems by 𝑦 ∈ 𝑋 if 

𝑑((ℓ𝑛
𝑚)𝑖(𝑦), 𝑥𝑖) < 𝜀 for 0 ≤ 𝑛 < 𝑚 ∈ ℕ. 
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Definition   1.2.3   

Let (𝑋, 𝑑) be a compact metric space , and (ℓ𝑛
𝑚)0≤𝑛<𝑚is a sequence 

on 𝑋. then ℓ𝑛
𝑚 is say for has shadowing property or pseudo orbit tracing 

property (P.O.T.P) in g- non autonomous discrete dynamical systems 

if , for each 𝜀 > 0 therefore exists 𝛿 > 0 ∋ every 𝛿-pseudo orbit is 𝜀-

traced by using some point of 𝑋. 

 

Theorem   1.2.4    

Let (𝑋, 𝑑1) and (𝑌, 𝑑2) be  a compact metric spaces 

and (ℓ𝑛
𝑚)0≤𝑛<𝑚 , (ℊ𝑛

𝑚)0≤𝑛<𝑚are a sequence on 𝛸, 𝑌 , respectively. 

Define metric 𝑑 on 𝛸 ×  𝑌 by:  

𝑑ˊˊ((𝑥1, 𝑦1), (𝑥2, 𝑦2)) = max  {𝑑(𝑥1, 𝑥2), 𝑑ˊ(𝑦1, 𝑦2)},  

(𝑥1, 𝑦1) , (𝑥2, 𝑦2) ∈ 𝛸 ×  𝑌. If ℓ𝑛
𝑚 and ℊ𝑛

𝑚 have P.O.T.P of g-

nonautonomous discrete dynamical systems then the sequence 

 ℓ𝑛
𝑚 × ℊ𝑛

𝑚has P.O.T.P  of g-nonautonomous discrete dynamical systems in 

𝛸 ×  𝑌 . Therefore, each finite direct product of sequence with P.O.T.P, 

have P.O.T.P of g-nonautonomous discrete dynamical systems.  

Proof 

Note that for any 0 ≤ 𝑛 < 𝑚,  

(ℓ𝑛
𝑚 × ℊ𝑛

𝑚)(𝑥, 𝑦)  =  (ℓ𝑛
𝑚(𝑥), ℊ𝑛

𝑚(𝑦)) (𝓍, 𝑦)  ∈  𝑋 ×  𝑌. Let 𝜀 >  0 be  

given. Then there exist  𝛿1  >  0 and a 𝛿2  >  0 meaning that every 

𝛿1-pseudo orbit of ℓ𝑛
𝑚 and 𝛿2-pseudo orbit of ℊ𝑛

𝑚 can be 𝜀-traced by some 

ℓ𝑛
𝑚-orbit and ℊ𝑛

𝑚-orbit respectively. 
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Suppose that 𝛿 = 𝑚𝑖𝑛{𝛿1, 𝛿2} and {(𝑥𝑖 , 𝑦𝑖)}𝑖=0
∞ be a 𝛿-pseudo orbit of 

(ℓ𝑛
𝑚 × ℊ𝑛

𝑚).  

Then 𝑑((ℓ𝑗 × ℊ𝑗)(𝑥𝑖 , 𝑦𝑖), (𝑥𝑖+1, 𝑦𝑖+1)) < 𝛿. 

i.e. 𝑑((ℓ𝑗(𝑥𝑖), ℊ𝑗(𝑦𝑖), (𝑥𝑖+1, 𝑦𝑖+1)) < 𝛿 which is defined as 𝑑  

implies 𝑑(ℓ𝑗(𝑥𝑖), 𝑥𝑖+1) < 𝛿 ≤ 𝛿1 & 𝑑ˊ(ℊ𝑗(𝑦𝑖), 𝑦𝑖+1) < 𝛿 ≤ 𝛿2. 

Therefore, there are 𝑥 ∈ 𝑋 & 𝑦 ∈ 𝑌 meaning that 𝑑((ℓ𝑛
𝑚)𝑖(𝑥), 𝑥) < 𝜀  & 

𝑑ˊ((ℊ𝑛
𝑚)𝑖(𝑦), 𝑦𝑖) < 𝜀.  

Hence 𝑑ˊˊ(((ℓ𝑛
𝑚)𝑖(𝑥), (ℊ𝑛

𝑚)𝑖(𝑦)), (𝑥𝑖 , 𝑦𝑖)) < 𝜀  . i.e. 

𝑑ˊˊ((ℓ𝑛
𝑚 × ℊ𝑛

𝑚)𝑖(𝑥, 𝑦), (𝑥𝑖 , 𝑦𝑖)) < 𝜀  which implies {(𝑥𝑖 , 𝑦𝑖)}𝑖=0
∞ is 𝜀- 

traced by (𝑥, 𝑦) ∈ Χ × 𝑌.  

Thus ℓ𝑛
𝑚 × ℊ𝑛

𝑚 P.O.T.P is also present. According to Induction Law, any 

finite direct product of sequence with P.O.T.P has P.O.T.P. □ 

 

Definition  1.2.5  [4]  

Let (𝑋, 𝑑1) and (𝑌, 𝑑2) be two compact metric spaces with g-non 

autonomous map sequences (ℓ𝑛
𝑚)0≤𝑛<𝑚 and (ℊ𝑛

𝑚)0≤𝑛<𝑚, respectively. 

If there is a uniform  homeomorphism ℎ ∶  𝑋 →  𝑌 meaning that 

ℎ ∘  ℓ𝑛
𝑚   =  ℊ𝑛

𝑚  ∘  ℎ, for all0 ≤ 𝑛 < 𝑚 ∈ ℤ, then ℓ𝑛
𝑚 and ℊ𝑛

𝑚 are said to 

be topologically conjugate. 

 

Theorem  1.2.6    

Let (𝑋, 𝑑1) and (𝑌, 𝑑2) be a compact metric spaces. Let (ℓ𝑛
𝑚)0≤𝑛<𝑚 

and (ℊ𝑛
𝑚)0≤𝑛<𝑚be a sequence of 𝑋 and 𝑌 respectively meaning that 
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(ℓ𝑛
𝑚)0≤𝑛<𝑚is uniformly conjugate to (ℊ𝑛

𝑚)0≤𝑛<𝑚 . If (ℓ𝑛
𝑚)0≤𝑛<𝑚 has 

P.O.T.P of g-nonautonomous discrete dynamical systems. then 

(ℊ𝑛
𝑚)0≤𝑛<𝑚 has P.O.T.P of g-nonautonomous discrete dynamical systems. 

Proof: 

Assume that 𝜀 > 0 be given. Since ℓ𝑛
𝑚 is uniformly conjugate to ℊ𝑛

𝑚, there 

exists a uniform homeomorphism ℎ ∶  𝑋 →  𝑌 meaning that  

ℎ ∘ ℓ𝑛
𝑚   =  ℊ𝑛

𝑚  ∘  ℎ.  

i.e. ℓ𝑛
𝑚 ∘ ℎ−1 = ℎ−1 ∘ ℊ𝑛

𝑚, for each 0 ≤ 𝑛 < 𝑚 ∈ ℕ. 

As a result of uniform homeomorphism, ℎ is now uniformly continuous.,  

as a result, there exists an 𝜀0 > 0 meaning that  𝑑1(𝑥, 𝑦) <  𝜀0 implies 

𝑑2(ℎ(𝑥), ℎ(𝑦)) < 𝜀. Since ℓ𝑛
𝑚 have P.O.T.P  there is an exists a  𝛿0 >  0 

meaning that any 𝛿0-pseudo orbit of ℓ𝑛
𝑚 is 𝜀0-traced by ℓ𝑛

𝑚 orbit of some 

point of  𝑋. Because ℎ being a uniform homeomorphism, ℎ−1is uniformly 

continuous map, hence for 𝛿0  >  0  there is an exists  𝛿 >  0 implying that  

𝑑2(𝑥, 𝑦) <  𝛿 means 𝑑1(ℎ
−1(𝑥), ℎ−1(𝑦)) < 𝛿0. 

Suppose that {𝓍𝑖}𝑖=0
∞ be a 𝛿-pseudo orbit for  ℊ𝑛

𝑚. i.e. 

 𝑑2(ℊ𝑗(𝑥𝑖), 𝑥𝑖+1) < 𝛿. i.e. 

𝑑1(ℎ
−1 (ℊ𝑗(𝑥𝑖)) , ℎ

−1(𝑥𝑖+1)) < 𝛿0.  i.e 

𝑑1(ℓ𝑗(ℎ
−1(𝑥𝑖), 𝑥𝑖+1) ≤ 𝛿0 meaning that {ℎ−1(𝑥𝑖)}𝑖=0

∞  is a 𝛿0-pseudo orbit 

for ℓ𝑛
𝑚. As a result, there exists 𝑦 ∈ 𝑋 meaning that 

𝑑1((ℓ𝑛
𝑚)𝑖(𝑦), ℎ−1(𝑥𝑖)) < 𝜀0 and hence 𝑑2(ℎ ((ℓ𝑛

𝑚)𝑖(𝑦)) , 𝑥𝑖) < 𝜀. 

Now for all 0 ≤ 𝑛 < 𝑚,  

ℎ ∘ ℓ𝑛
𝑚 = ℎ ∘ ℓ𝑚 ∘ ℓ𝑚−1 ∘ … ∘ ℓ𝑛+1 ∘ ℓ𝑛       
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                                    = ℊ𝑚 ∘ ℎ ∘ ℓ𝑚−1 ∘ … ∘ ℓ𝑛+1 ∘ ℓ𝑛 

                                        ⋮ 

                                    = ℊ𝑚 ∘ ℊ𝑚−1 ∘ … ∘ ℊ𝑛+1 ∘ ℊ𝑛 ∘ ℎ 

                                    = ℊ𝑛
𝑚 ∘ ℎ  

implies 𝑑2((ℊ𝑛
𝑚)𝑖(ℎ(𝑦)), 𝑥𝑖) < 𝜀. 

i.e. {𝑥𝑖}𝒊=𝟎
∞  is 𝜀-traced by using ℎ(𝑦) ∈ 𝑌. 

Thusly ℊ𝑛
𝑚 have P.O.T.P    □ 

Theorem  1.2.7    

Let (𝑋, 𝑑) be a compact metric space  and ℓ𝑛: 𝑋 ⟶ 𝑋 be an uniform 

continuous map, for all 𝑛 ∈ ℕ If (ℓ𝑛
𝑚)0≤𝑛<𝑚 has P.O.T.P of g-

nonautonomous discrete dynamical systems. then (ℓ𝑛
𝑚)𝑘has P.O.T.P of g- 

nonautonomous discrete dynamical systems. for every 𝑘 > 0. 

 

Proof: 

Suppose 𝑘 ≥ 2. And 𝜀 > 0 be given, since ℓ𝓃
𝓂 has P.O.T.P, as a result, 

therefore exists  𝛿 > 0 meaning that each 𝛿-pseudo orbit of ℓ𝑛
𝑚 is 𝜀-traced 

by using some point of 𝑋. 

Assume that {𝑦𝑖}𝒊=𝟎
∞  be a 𝛿-pseudo orbit of (ℓ𝑛

𝑚)𝑘. Then 

𝑑(ℓ𝑛
𝑚(𝑦𝑖), 𝑦𝑖+1) < 𝛿,   

for all  0 ≤ 𝑛 < 𝑚,  

For 0 ≤ ℎ < 𝑘  & 0 ≤ 𝑛 < 𝑚 ∈ ℕ, put 𝑥𝑖+ℎ = ℓ𝑛
𝑚(𝑦𝑖), 

hence {𝑥𝑖} is a 𝛿-pseudo orbit for ℓ𝑛
𝑚. i.e for show : 
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𝑑(ℓ𝑗(𝑥𝑖+ℎ), 𝑥𝑖+ℎ+1) < 𝛿 , for 𝑖 > 0 & 0 ≤ ℎ < 𝑘  

choose any 𝑖 > 0, now for any 𝑗, 0 ≤ ℎ < 𝑘 − 2,  

ℓ𝑗(𝑥𝑖+ℎ) = ℓ𝑗((ℓ𝑛
𝑚(𝑦𝑖)) 

                             = ℓ𝑛
𝑚+𝑗

(𝑦𝑖) 

                             = 𝑥𝑖+ℎ+1 

Thus 𝑑(ℓ𝑗(𝑥𝑖+ℎ), 𝑥𝑖+ℎ+1) = 0 < 𝛿, for all 𝑗, 0 ≤ ℎ ≤ 𝑘 − 2 . 

Now for ℎ = 𝑘 − 1, 

𝑑(ℓ𝑗(𝑥𝑖+𝑘−1), 𝑥𝑖+𝑘) = 𝑑(ℓ𝑗((ℓ𝑛
𝑚(𝑦𝑖), 𝑥𝑖+𝑘) 

                                                = 𝑑((ℓ𝑛
𝑚+𝑗(𝑦𝑖), 𝑦𝑖+1) 

                                                < 𝛿 

As a result, P.O.T.P claim of  ℓ𝑛
𝑚, {𝑥𝑖}𝑖=0

∞   is 𝜀-traced by some 𝑦 ∈ 𝛸, 

i.e. 𝑑((ℓ𝑛
𝑚)𝑖(𝑦), 𝑥𝑖) < 𝜀, for each  𝑖 ≥ 0, in particular for 𝑖 = 𝑘𝑖, 

𝑑((ℓ𝑛
𝑚)𝑘𝑖(𝑦), 𝑥𝑘𝑖) < 𝜀. 

Thus (ℓ𝑛
𝑚)𝑘 has P.O.T.P.  □ 

 

Definition  1.2.8   

Let (𝑋, 𝑑) be a compact metric space , and (ℓ𝑛
𝑚)0≤𝑛<𝑚is sequence 

on 𝑋. then the sequence {𝑥𝑖}𝑖=0
∞  in 𝑋 is known as the 𝜹-average pseudo-

orbit of 𝑋 in g-nonautonomous discrete dynamical systems if there exists 

𝛿 > 0, and a positive integer M = M(𝛿), as a result of which for all 

𝑚 > 𝑀, and 𝑘 ∈ ℕ, we get  
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1

𝑚
∑ 𝑑(ℓ𝑗(𝑦𝑖+𝑘), 𝑦𝑖+𝑘+1) < 𝛿,

𝑚−1

𝑖=0

 𝑤ℎ𝑒𝑟𝑒 𝑛 ≤ 𝑗 < 𝑚 

A maps (ℓ𝑛
𝑚)0≤𝑛<𝑚 is said to have average shadowing property in g-

nonautonomous discrete dynamical systems if to each  𝜀 > 0, there is 

𝛿 > 0, as a result of which for all 𝛿-average pseudo-orbit {𝑥𝑖}𝒊=𝟎
∞  in average 

is ε-shadowing by orbit of a point  𝑧 ∈ 𝑋, its mean  

lim
𝒎→∞

sup
1

𝑚
∑ 𝑑((ℓ𝑛

𝑚)𝑖(𝑧), 𝑥𝑖) < 𝜀

𝑚−1

𝑖=𝑛

 

 

Definition  1.2.9   

A sequence {𝑥𝑖}𝒊=𝟎
∞   in 𝑋 is known as the asymptotic average 

pseudo orbit of (𝓵𝒏
𝒎)𝟎≤𝒏<𝒎 in g-nonautonomous discrete dynamic 

systems if  

lim
𝑚→∞

1

𝑚
 ∑𝑑(ℓ𝑗(𝑥𝑖), 𝑥𝑖+1) = 0.

𝑚_1

𝑖=0

 

A sequence {𝑥𝑖}𝒊=0
∞   in 𝑋 is say to be asymptotic shadowing in g-

nonautonomous discrete dynamic systems in average by the point 

𝑧 ∈ 𝑋 if  

lim
𝑚→∞

1

𝑚
 ∑𝑑((ℓ𝑛

𝑚)𝑖(𝑧), 𝑥𝑖) = 0.

𝑚_1

𝑖=𝑛

 

We say that (ℓ𝑛
𝑚)0≤𝑛<𝑚 has the asymptotic average shadowing property 

in g-nonautonomous discrete dynamic systems if any asymptotic 
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average pseudo orbit of (ℓ𝑛
𝑚)0≤𝑛<𝑚 is asymptotic shadowing in g-

nonautonomous discrete dynamic systems in average by the point 𝑧 ∈ 𝑋.  

 

Lemma  1.2.10  [9]   

Let{𝑐𝑖}𝒊=0
∞  be a sequence for non-negative real numbers. Given a 

positive real number 𝛼, suppose that 𝐶𝑡,𝑚 be the cardinality for 

{𝑖 < 𝑚 , 𝑐𝑖 ≥ 𝛼}, that is , 𝑐𝛼,𝑚 = 𝑐𝑎𝑟𝑑({𝑖 < 𝑚 ∶  𝑐𝑖 ≥ 𝛼}) 

(a) if  

lim
𝓂→+∞

sup ∑ 𝑐𝑖 ≤ 𝜀 ,

𝑚−1

𝑖=𝑛

 

then  

lim
𝓂→+∞

sup 𝑐√𝜀  , 𝑚 ≤ 𝜀 

 

(b) if {𝑐𝑖}𝒊=𝟎
∞   is bounded by 𝐿 ∈ ℝ and  

lim
𝑚→+∞

sup 𝑐√𝜀  ,𝑚 ≤ 𝜀 

then  

lim
𝓂→+∞

sup ∑ 𝑐𝑖 ≤ (𝐹 + 1)𝜀.

𝓂−1

𝑖=𝑛

 

Proof: 

(a) Assume, alternatively on the other hand that on the contrary that 𝑐√𝜀 

, 𝑚 ≥ √𝜀 , then which would imply the existence of a sequence 

{𝑚𝑗}𝑗=0
∞ in ℕ meaning that 
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lim
𝑗→+∞

𝑐√𝜀  ,𝑚𝑗 = 𝑏 >  √𝜀, 

therefor  𝛿 > 0 with 𝑏 − 𝛿 > √𝜀 , there exists 𝑟 > 0 meaning that 

𝑐√𝜀  ,𝓂𝑗 > 𝑏 − 𝛿, for all  𝑗 > 𝑟. 

Thus 

∑ 𝑐𝑖 ≥ 𝑐√𝜀  , 𝑚𝑗 > (𝑏 − 𝛿)√𝜀

𝑚𝑗−1

𝑖=𝑛

 

 for each  𝑗 > 𝑟 which implies that 

lim
𝑚→+∞

sup ∑ 𝑐𝑖 ≥

𝑚−1

𝑖=𝑛

(𝑏 − 𝛿)√𝜀 > 𝜀. 

That is a contradiction. Hence (a) is true. 

 

(b) since 

∑ 𝑐𝑖 ≤ (𝑚 − 𝑐𝜀,𝑚)𝜀 + 𝑐𝜀,𝑚 𝐹

𝑚−1

𝑖=𝑛

= 𝜀 + 𝑐𝜀,𝑚 (𝐹 − 𝜀), 

lim
𝑚→+∞

sup ∑ 𝑐𝑖 ≤ 𝑚𝜀 + (𝐹 − 𝜀) lim
𝑚→+∞

sup 𝑐𝜀,𝑚 ≤ 𝑚𝜀 + (𝐹 − 𝜀)𝜀.

𝑚−1

𝑖=𝑛

 

So if m large enough then  

lim
𝑚→+∞

sup ∑ 𝑐𝑖 ≤ (𝐹 + 1)𝜀.

𝑚−1

𝑖=𝑛

    □ 

 

 



26 
 

Definition  1.2.11    

Let (𝛸, 𝑑) be a compact metric space and ℓ𝑛: 𝛸 → 𝛸 be an uniform 

continuous maps, we say that (ℓ𝑛
𝑚)0≤𝑛<𝑚 be topological ergodic in g-

nonautonomous discrete dynamical systems if for any pair nonempty 

open subset 𝛢, 𝛣 ⊂ 𝛸 , 𝛮(𝛢 ∩ 𝛣) has positive upper density, that is 

𝐷(𝛮(𝛢 ∩ 𝛣) = lim
𝑚→∞

sup
𝑐𝑎𝑟𝑑(𝛮(𝛢 ∩ 𝛣) ∩ {0,1… ,𝑚 − 1})

𝑚
> 0. 

𝐽 ⊂ ℤ+is said to be syndetic in g-nonautonomous discrete dynamical 

systems if there is 𝑀 ∈ ℕ meaning that 

[𝑚,𝑚 +𝑀] ∩ 𝐽 ≠ ∅, for every 𝑚 ∈ ℕ. 

(ℓ𝑛
𝑚)0≤𝑛<𝑚 is said to be strongly ergodic in g-nonautonomous discrete 

dynamical systems if for each pair nonempty open subset combination 

 𝛢, 𝛣 ⊂ 𝛸,𝛮(𝛢, 𝛣) is a set that is syndetic. If for each 

𝑘 ∈ ℕ, (ℓ𝑛
𝑚)𝑘 is referred to this as being strongly ergodic, we call 

(ℓ𝑛
𝑚)0≤𝑛<𝑚 totally strongly ergodicin g-nonautonomous discrete 

dynamical systems. It is obvious that 

 

 

Definition  1.2.12   

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝛸 → 𝛸 be an uniform 

continuous maps, ∀𝑛 ∈ ℕ. A point 𝑥 ∈ 𝛸 is called transitive in g-

nonautonomous discrete dynamical systems if when 𝑥 has a dense orbit in 

𝛸. 

totally 
strongly 
ergodic

strongly 
ergodic

topologically 
ergodic

topologically 
transitivity
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Definition  1.2.13    

Let (𝛸, 𝑑) be a compact metric space and ℓ𝑛: 𝛸 → 𝛸 be an uniform 

continuous maps, ∀𝑛 ∈ ℕ , if each 𝑥 ∈ 𝛸 we call this a transitive point, then 

we may say (ℓ𝑛
𝑚)0≤𝑛<𝑚 is minimal. 𝑥 ∈ 𝛸 is say to be minimal point of 

g-nonautonomous discrete dynamical systems if for every neighbrhood 𝑈 

of y, 𝑁(𝑦, 𝑉) is syndetic, denoted by  AP(ℓ𝑛
𝑚) the set of all minimal points 

of  (ℓ𝑛
𝑚)0≤𝑛<𝑚. 

 

We generalize Proposition 2.1.13 in [9] in to g-non autonomous 

discrete dynamical system 

 

Proposition   1.2.14   

Let (𝛸, 𝑑) and (𝑌, 𝑑ˊ) be a compacts metric spaces , ℓ𝑛: 𝛸 → 𝛸 and 

ℊ𝑛: 𝑌 → 𝑌 be an uniform continuous maps ∀𝑛 ∈ ℕ,  (ℓ𝑛
𝑚)0≤𝑛<𝑚 and  

(ℊ𝑛
𝑚)0≤𝑛<𝑚 are surjective. If (ℓ𝑛

𝑚)0≤𝑛<𝑚 and (ℊ𝑛
𝑚)0≤𝑛<𝑚 each has dense 

minimal points, ∀ 0 ≤ 𝑛 < 𝑚 then so does the product ℓ𝑛
𝑚 × ℊ𝑛

𝑚. 

 

We generalize the Proposition 3.3 in [6] in to g-non autonomous  

discrete dynamical systems. 

 

Proposition   1.2.15   

Let (𝑋, 𝑑) be a compact metric space,  and suppose that ℓ𝑛 ∶ 𝑋 → 𝑋 

be an uniform continuous map ∀𝑛 ∈ ℕ. A point 𝑥 is minimal under 
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(ℓ𝑛
𝑚)0≤𝑛<𝑚 if and only if for every open neighborhood 𝑈 for 𝑥 the set {𝑚 ∈

ℕ: ℓ𝑛
𝑚(𝑥) ∈ 𝑈} is a syndetic 

 

Theorem   1.2.16    

Let (𝑋, 𝑑) be a compact metric space,  and suppose that ℓ𝑛: 𝑋 →  𝑋  

be a uniform continuous map ∀𝑛 ∈ ℕ. Suppose that there exists a point 

𝑥 ∈ 𝑋 that has whose orbit closure contained in some open set 𝑈 that is an 

invariant under (ℓ𝑛
𝑚)0≤𝑛<𝑚 (that is ℓ𝑛

𝑚(𝑈) ∈ 𝑈). Suppose that 𝑦 ∈  𝑋 is a 

point whose orbit is metrically separated from 𝑈 (that is 

𝑑({(ℓ𝑛
𝑚)𝑖(𝑦)}𝑖=0

∞ , 𝑈) > 0, Then (ℓ𝑛
𝑚)0≤𝑛<𝑚 does not have the  asymptotic 

average shadowing property (𝐴𝐴𝑆𝑃).  

Proof. 

Put 𝑎0 = 𝑎1 = 𝑥, and suppose that  {𝑎𝑖}𝑖=2
∞ be the following sequence of 

points:  

{𝑥, 𝑦, 𝑥, ℓ𝑛1
1 (𝑥), 𝑦, ℓ𝑛1

1 (𝑦), 𝑥, ℓ𝑛1
1 (𝑥), ℓ𝑛2

2 (𝑥), 𝑦, ℓ𝑛1
1 (𝑦), ℓ𝑛2

2 (𝑦), 𝑥, ℓ𝑛1
1 (𝑥), ℓ𝑛2

2 (𝑥),  

ℓ𝑛3
3 (𝑥), 𝑦, ℓ𝑛1

1 (𝑦), ℓ𝑛2
2 (𝑦), ℓ𝑛3

3 (𝑦), 𝑥, . . . } 

 

Take note that for each 𝑗 ∈ ℕ and for every integer 2𝑗 ≤ 𝑘 < 2𝑗+1,we have 

the inequality  

∑𝑑(ℓ𝑗(𝑎𝑖), 𝑎𝑖+1) ≤

𝑘−1

𝑖=0

2𝑗. 𝐷(𝑋).  

This means that  
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lim
𝒎→∞

1

𝑚 + 1
∑𝑑(ℓ𝑗(𝑎𝑖), 𝑎𝑖+1) ≤ lim

𝒎→∞

1

2𝑚
2𝑚.𝐷(𝑋) = 0

𝑚

𝑖=0

 

Therefore, {𝑎𝑖}𝑖=0
∞  is an asymptotic average pseudo-orbit of ℓ𝑛

𝑚. 

We shall now demonstrate that no point for 𝑋 may asymptotically shadow 

it in average, showing that ℓ𝑛
𝑚 lacks the A.A.S.P. 

Assume that 𝑧 ∈ 𝑋 shadows asymptotically in average {𝑎𝑖}𝑖=0
∞ . The orbit 

of 𝑧 must therefore reach 𝑈 at some point, else for every 𝑚 ∈ ℕ we get 

 

1

2𝑚
∑ 𝑑(𝑎𝑖 , (ℓ𝑛

𝑚)𝑖(𝑧)) ≥
1

2
𝑑({(ℓ𝑛

𝑚)𝑖(𝑥)}𝑖=0
∞ , {(ℓ𝑛

𝑚)𝑖(𝑧)}𝑖=0
∞ ) > 0

2𝑚−1

𝑖=𝑛

 

There cannot be any asymptotic shadowing within the mean. Hence, 

ℓ𝑛
𝑀(𝑧) ∈ 𝑈 for some 𝑀 ∈ ℕ. Then, by the invariance of 𝑈 

for each 𝑚 ≥ 𝑀, we have ℓ𝑛
𝑀(𝑧) ∈ 𝑈and for 𝑚 large enough 

 

1

2𝑚
∑ 𝑑(𝑎𝑖 , (ℓ𝑛

𝑚)𝑖(𝑧)) ≥
1

3

2𝑚−1

𝑖=𝑛

. 𝑑({(ℓ𝑛
𝑚)𝑖(𝑦)}𝒊=𝟎

∞ , 𝑈) > 0. 

This also avoids 𝒛 forming asymptotically shadowing for average{𝑎𝑖}𝑖=2
∞ .  

Theorem   1.2.17    

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛 ∶  𝑋 →  𝑋 be an 

uniform continuous map ∀𝑛 ∈ ℕ. Assume that (ℓ𝑛
𝑚)0≤𝑛<𝑚 has the 

asymptotic average shadowing property (𝐴𝐴𝑆𝑃 ) of g-nonautonomous  

discrete dynamical systems, and minimal points of ℓ𝑛
𝑚 are dense in 𝑋.  

then (ℓ𝑛
𝑚)0≤𝑛<𝑚 is transitive. 
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Proof. 

To prove that ℓ𝑛
𝑚 is transitive. Fix any nonempty open sets 𝑈, 𝑉 and choose 

a pair of minimal points 𝓍 ∈  𝑈 and 𝑦 ∈  𝑉. set two open sets 𝑈ˊ and 

𝑉ˊ together with a number 𝜀 > 0, so that the following conditions are 

satisfied:𝑥 ∈ 𝑈ˊ ⊂ 𝑈, 𝑦 ∈ 𝑉ˊ ⊂ 𝑉, 𝑑(𝑈ˊ, 𝑋 𝑈⁄ ) > 𝜀 and 𝑑(𝑉ˊ, 𝑋 𝑉⁄ ) > 𝜀. 

 Put 𝑎0 = 𝑎1 = 𝓍 and let {𝑎𝑖}𝒊=𝟐
∞  be as follows sequence of points: 

{𝓍, 𝑦, 𝓍, ℓ𝑛1
1 (𝓍), 𝑦, ℓ𝑛1

1 (𝑦), 𝓍, ℓ𝑛1
1 (𝓍), ℓ𝑛2

2 (𝓍), 𝑦, ℓ𝑛1
1 (𝑦), ℓ𝑛2

2 (𝑦), 𝓍, ℓ𝑛1
1 (𝓍),  

 ℓ𝑛2
2 (𝓍), ℓ𝑛3

3 (𝓍), 𝑦, ℓ𝑛1
1 (𝑦), ℓ𝑛2

2 (𝑦), ℓ𝑛3
3 (𝑦), 𝓍, . . . } 

 

In the proof of Theorem 1.2.16, we have shown that {𝑎𝑖}𝒊=𝟎
∞  is an 

asymptotic average pseudo-orbit of ℓ𝑛
𝑚. Using the A.A.S.P we fix a point 

𝑧 ∈ 𝑋 that asymptotically shadows it in average. 

By Proposition 1.2.15 the sets 

 {𝑖 ∈ ℕ: (ℓ𝑛
𝑚)𝑖(𝓍) ∈ 𝑈ˊ}, and {𝑖 ∈ ℕ ∶ (ℓ𝑛

𝑚)𝑖(𝓍) ∈ 𝑉ˊ} are syndetic. 

Choose a number 𝑀 greater than zero to avoid having sequences of 

consecutive integers longer than M in the complements of these two sets 

in ℕ. Use uniform continuity of ℓ𝑛
𝑚 to pick a number 𝛿 > 0, meaning that 

for any 𝑎, 𝑏 ∈ 𝑋 the condition 𝑑(𝑎, 𝑏) < 𝛿 implies that 

 𝑑 (ℓ𝑛
𝑖 (𝑎), ℓ𝑛

𝑖 (𝑏)) < 𝜀, for every 𝑖 ∈ {0,… ,𝑀 − 1} and 𝑛 < 𝑖.  

By an argument similar to that used to prove Theorem 1.2.16, 

there exists 𝑀1 ∈ ℕ meaning that  𝑑 (𝑎𝑀1 , (ℓ𝑛
𝑚)𝑀1(𝑧)) < 𝛿 and we get 

𝑎𝑀1+𝑖 = ℓ𝑛
𝑘+𝑖(𝑥) for 𝑖 ∈ {0,… ,𝑀 − 1} and some 𝑘 ∈ ℕ . Take note that 

this, in addition to picking δ and 𝑀, ensures that for some 

𝑀2 ∈ {𝑀1, … , 𝑀1 +  𝑀 − 1}, we have (ℓ𝑛
𝑚)𝑀2(𝑧) ∈ 𝑈. 
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In a similar way, we can pick 𝑀3 > 𝑀2 meaning that 

𝑑(𝑎𝑀3 , (ℓ𝑛
𝑚)𝑀3(𝑧)) < 𝛿, and we get 𝑎𝑀3+𝑖 = ℓ𝑛

𝚤+𝑖(𝑦), for and some  

𝑖 ∈ {0,… ,𝑀 − 1}, where 𝜄 ∈ ℕ.  

Once more, this, along with the options of 𝛿 and 𝑀, ensures that for some 

𝑀4 ∈ {𝑀3, … ,𝑀3 +𝑀 − 1}, we have (ℓ𝑛
𝑚)𝑀4(𝑧) ∈ 𝑉. Thus the orbit of 

(ℓ𝑛
𝑚)𝑀2(𝑧), which is a point from 𝑈, intersects the set 𝑉, i.e. 

ℓ𝑛
𝑚(𝑈) ∩ 𝑉 ≠ ∅, 

hence ℓ𝑛
𝑚 is transitive. □    

 

We show that, there is exists (ℓ𝑛
𝑚)0≤𝑛<𝑚 be open, expansive and  

transitive but does not have the average shadowing property of g-

nonautonomous discrete dynamical systems 

 

Example  1.2.18   

Let ℓ𝑛
𝑚 be an open, expansive and transitive ∀0 ≤ 𝑛 < 𝑚, ∋ 𝑛,𝑚 ∈ 

ℕ0 . and  𝑋 = {𝑎, 𝑏} be any two points set with the discrete metric d, and  

let ℓ𝑛
𝑚 be the cyclic permutation of 𝑋, that is, ℓ𝑛

𝑚(𝑎) = 𝑏, ℓ𝑛
𝑚 (𝑏) = 𝑎. 

We will prove that ℓ𝑛
𝑚 does not have the average shadowing property of  

g-nonautonomous discrete dynamical systems. 

Fix 𝜀 = 1/4 and take any 𝛿 >  0  

and let 𝑚 be meaning that 1/𝑚 <  𝛿. Put 𝑀 = 2𝑚 and consider the 

sequence 
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𝑥𝑖 = {
(ℓ𝑛
𝑚)𝑗(𝑎), 𝑖𝑓 𝑖 = 2𝑠𝑀 + 𝑗 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑠 ≥ 0 & 0 ≤ 𝑗 < 𝑀 

          (ℓ𝑛
𝑚)𝑗(𝑏), 𝑖𝑓 𝑖 = (2𝑠 + 1)𝑀 + 𝑗 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑠 ≥ 0 & 0 ≤ 𝑗 < 𝑀

 

In other words, 

𝑥0, 𝑥1, … .= 𝑎, 𝑏, 𝑎, 𝑏, … , 𝑎, 𝑏⏟          
2𝑚

, 𝑏, 𝑎, 𝑏, 𝑎, … , 𝑏, 𝑎⏟          
2𝑚

, … 

We demonstrate that the sequence {𝑥𝑖}𝒊=𝒐
∞  is a 𝛿-average-pseudo-orbit, 

with 𝑀𝛿 = 𝑀 given above. Let 𝑚 > 𝑀 be given, say 𝑚 = 𝑙𝑀 + 𝑗 

for some 𝑙 ≥ 1, and 0 ≤ 𝑗 < 𝑀. If we fix any 𝑘 ≥ 0, then the set {𝑖: 0 ≤

𝑖 < 𝑚 𝑎𝑛𝑑 𝑑(ℓ𝑗(𝑥𝑖+𝑘), 𝑥𝑖+𝑘+1) = 0} has at most 𝑙 + 1 elements. 

Since 𝑑(ℓ𝑗(𝑥𝑖), 𝑥𝑖+1 ) ≠ 0 implies 𝑑(ℓ𝑗(𝑥𝑖), 𝑥𝑖+1 ) = 1, we have 

 

1

𝑚
∑ 𝑑(ℓ𝑗(𝑥𝑖+𝑘), 𝑥𝑖+𝑘+1) ≤

1

𝑙𝑀
(𝑙 + 1) ≤

2

𝑀
=
1

𝑚
< 𝛿

𝑚−1

𝑖=0

 

which shows that the sequence {𝑥𝑖}𝒊=𝒐
∞  is indeed a 𝛿-average-pseudo-orbit. 

For every 𝑠 ≥ 1 the following holds 

1

2𝑀𝑠
∑ 𝑑((ℓ𝑛

𝑚)𝑖(𝑎), 𝑥𝑖)

2𝑀𝑠−1

𝑖=0

 

=
1

2𝑀𝑠
∑∑ 𝑑((ℓ𝑛

𝑚)𝑀(2𝑖+1)+𝑗(𝑎), (ℓ𝑛
𝑚)𝑗(𝑏)

𝑀−1

𝑗=0

𝑠−1

𝑖=0

 

                                             

=
1

2𝑀𝑠
∑∑ 𝑑((ℓ𝑛

𝑚)𝑗(𝑎), (ℓ𝑛
𝑚)𝑗(𝑏)

𝑀−1

𝑗=0

𝑠−1

𝑖=0

 

                                                               =
1

2
> 𝜀 =

1

4
 , 
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 which implies  

lim
𝑚→∞

sup
1

𝑚
∑ 𝑑((ℓ𝑛

𝑚)𝑖(𝑎), 𝑥𝑖) ≥

𝑚−1

𝑖=𝑛

𝜀 

 And  we also get 

lim
𝒎→∞

sup
1

𝑚
∑𝑑((ℓ𝑛

𝑚)𝑖(𝑏), 𝑥𝑖) ≥ 𝜀

𝑚

𝑖=𝑛

 

To put it another way, for 𝜀 =
1

4
, the 𝛿-average pseudo 

orbit {𝑥𝑖}𝒊=𝒐
∞ constructed above cannot be 𝜀-shadowed in average by any 

point of the space 𝑋 □ 

 

Lemma  1.2.19   

Let (𝑋, 𝑑) be a compact metric space, and  ℓ𝑛 ∶  𝑋 →  𝑋, ∀𝑛 ∈ ℕ 

is an uniform continuous surjective with an average shadowing and 

shadowing properties of g-nonautonomous discrete dynamical systems, 

then (ℓ𝑛
𝑚)0≤𝑛<𝑚is transitive  

Proof  

We can assume, without losing generality, that diam 𝑋 ≤ 1. Fix any 

nonempty open sets 𝑈, 𝑉 ⊂  𝑋 and choose points 𝑝 ∈ 𝑈, and 𝑞 ∈ 𝑉. 

Let 𝜀 > 0 meaning that 𝐵(𝑝, 𝜀) ⊂ 𝑈 and 𝐵(𝑞, 𝜀) ⊂ 𝑉 . For that 𝜀 take 

𝛿 > 0 provided by the shadowing property. Through uniform continuity, 

we can discover 𝜂 < 𝛿 such that 𝑑(𝑥, 𝑦) < 𝜂 implies that 

𝑑(ℓ𝑛
𝑚(𝑥), ℓ𝑛

𝑚(𝑦)) < 𝛿, for any 𝑥, 𝑦 ∈ 𝑋. For 𝜂/3 we take 𝜉 > 0 as in the 

definition for average shadowing property 1.2.8. Let 𝑀 be an integer such 
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that 2/𝜉 < 𝑀, and suppose that 𝑟 ∈ 𝑋 be meaning that(ℓ𝑛
𝑚)𝑁(𝑟) = 𝑞. 

Consider the sequence 

 

𝑥𝑖 = {
(ℓ𝑛
𝑚)𝑗(𝑝), 𝑖𝑓 𝑖 = 2𝑠.𝑀 + 𝑗 𝑓𝑜𝑟 𝑠𝑜𝑚 𝑠 ≥ 0 & 0 ≤ 𝑗 < 𝑀                  

(ℓ𝑛
𝑚)𝑗(𝑟) , 𝑖𝑓 𝑖 = (2𝑠 + 1).𝑀 + 𝑗 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑠 ≥ 0 & 0 ≤ 𝑗 < 𝑀.   

 

 

In other words, 

𝑥0, 𝑥1, … , 𝑥2𝑀−1 = 𝑝, ℓ𝑛
𝑚(𝑝), … , (ℓ𝑛

𝑚)𝑀−1(𝑃)  ⏟                
𝑀

, 𝑟, ℓ𝑛
𝑚(𝑟),… , (ℓ𝑛

𝑚)𝑀−1(𝑟)⏟                
𝑀

 

and repeats ad infinitum this initial sequence. Similarly to Example 1.2.18, 

one may simply meaning that {𝑥𝑖}𝒊=𝟎
∞  constructed above is a periodic 𝜉-

average-pseudo-orbit. By an average shadowing property 1.2.9, we can 

find a point 𝑧 ∈ 𝑋, which 𝜂/3-traces on average our 𝜉- average-pseudo-

orbit. Specifically, 

we assert that: for every 𝐾 > 0, there is an integer 𝜎 meaning that 

2𝜎 𝑀 > 𝐾, and 𝑑((ℓ𝑛
𝑚)𝑗(𝑧), (ℓ𝑛

𝑚)𝑙(𝑝)) < 𝜂, for some 

𝑗 ∈ [2𝜎 𝑀, (2𝜎 + 1)𝑀), and 𝑙 = 𝑖 − 2𝜎 𝑀. 

Suppose that our claim does not hold, that is, of some σ0 and each 𝑠 ≥ σ0 

we have  𝑑((ℓ𝑛
𝑚)𝑖(𝑧), (ℓ𝑛

𝑚)𝑙(𝑝)) ≥ 𝜂, for all  𝑖 ∈ [2𝑠𝑀 , (2𝑠 + 1)𝑀), and  

𝑙 =  𝑖 − 2𝑠𝑀. It follows that for all 𝑠 ≥ σ0 

we have 

∑ 𝑑((ℓ𝑛
𝑚)𝑖(𝑧), 𝑥𝑖) ≥ 𝑀η

(2𝑠+1)𝑀−1

𝑖=2𝑠𝑀
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which implies 

lim
𝑚→∞

sup
1

𝑚
∑ 𝑑((ℓ𝑛

𝑚)𝑖(𝑧), 𝑥𝑖) ≥
η
2⁄ >

η
3⁄

𝑚−1

𝑖=0

, 

But this contradicting the reality that 𝑧 ∈  𝛸 is 𝜂/3-tracing on average 

our 𝜉-pseudo-orbit {𝑥𝑖}. 

By our claim, there are 𝑖 >  0 and 0 ≤ 𝑙 < 𝑀, such that 

𝑑((ℓ𝑛
𝑚)𝑖  (𝑧), (ℓ𝑛

𝑚)𝑙(𝑝))  <  𝜂. 

In a similar manner, we establish that there exist integers 𝑗, and 𝛾, where 

𝑗 >  𝑖, and 0 ≤ 𝛾 < 𝑀 meaning that 𝑑((ℓ𝑛
𝑚)𝑗  (𝑧), (ℓ𝑛

𝑚)𝛾(𝑟))  <  𝜂. 

By the choice of 𝜂, and 𝑖, 𝑗, 𝑙, 𝛾, the sequence 

 

𝑝, ℓ𝑛
𝑚(𝑝), . . . , (ℓ𝑛

𝑚)𝑙(𝑝), (ℓ𝑛
𝑚)𝑖+1(𝑧), (ℓ𝑛

𝑚)𝑖+2(𝑧), . . . , (ℓ𝑛
𝑚)𝑗(𝑧), (ℓ𝑛

𝑚)𝛾+1(𝑟),

. . . , (ℓ𝑛
𝑚)𝑀(𝑟), (ℓ𝑛

𝑚)𝑀+1(𝑟), . .. 

 

is a 𝛿-pseudo-orbit of ℓ, and thus by using shadowing there is a point 𝑦 

which  𝜀-traces it. We see that 𝑦 ∈  𝐵(𝑝, 𝜀)  ⊂  𝑈, and 

(ℓ𝑛
𝑚)𝑗−𝑖+𝑙+𝑀−𝛾−2(𝑦) ∈ 𝐵((ℓ𝑛

𝑚)𝑀(𝑟), 𝜀) ⊂ 𝑉  hence ℓ𝑛
𝑚is transitive.     □ 
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Chapter Two 

 

 

Some Metric Chaotic Properties in g-

Nonautonomous Discrete Dynamical Systems 
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2.1 Some Metric Chaotic Propertys on g- 

Nonautonomous Discrete Dynamical Systems 

 

In this section, We discuss the sensitive and the equicontinuous 

properties in g-nonautonomous discrete dynamical systems, and we notice 

that there exists a minimal g-nonautonomous discrete dynamical systems 

which is neither sensitive nor equicontinuous 

 

Definition  2.1.1  [10]  

Let (𝑋, 𝑑) be a compact metric space,  and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous maps ∀𝑛 ∈ ℕ, the sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚is said to has sensitive 

dependence on initial Condition in g-nonautonomous discrete 

dynamical systems, if  

∀ 𝑥 ∈ 𝑋 exists a constant 𝛿 > 0  , ∀ 𝜀 > 0, such that ∃ 𝑦 ∈ 𝑋 

where 𝑑(𝑥, 𝑦) < 𝜀 , ∋ 𝑑(ℓ𝑛
𝑚(𝑥), ℓ𝑛

𝑚(𝑦)) > 𝛿, for 0 ≤ 𝑛 < 𝑚 ∈ ℕ . 

 

Proposition   2.1.2   

Let (𝑋, 𝑑) be a compact metric space, if ℓ is transitive map and non-

sensitive of autonomous discrete dynamical system (ADS), then there 

exists (ℓ𝑛
𝑚)0≤𝑛<𝑚which is transitive of g-nonautonomous discrete 

dynamical systems (g-NDS), and all its points are periodic but non 

sensitive dependence on initial condition . 
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Proof:-                                                                                                               

Suppose that ℓ is injective & surjective map, denoted by ℓ−𝑖 the 𝑖-th  iterate      

ℓ−1 ∘ ℓ−1 ∘ ℓ−1 ∘∙∙∙∙∙∙∘ ℓ−1⏞                
𝑖−𝑡𝑖𝑚𝑒

  and define the (g-NDS) where 

The sequence (𝐺𝑛) is gevin by :                                                              

(ℓ1, ℓ2, ℓ3, … ℓ𝑛, …… ) = (ℓ, ℓ
1, ℓ−1, ℓ2, ℓ−2, ℓ3, ℓ−3… . . ℓ𝑛, ℓ−𝑛, … ) 

So that the sequence                                 

ℓ𝑛
𝑛 = ℓ𝑛 = ℓ

𝑛                                                                            

ℓ𝑛
𝑛+1 = ℓ−𝑛 ∘ ℓ𝑛 =  Ι𝑑𝑋                                                         

ℓ𝑛
𝑛+2 = ℓ𝑛+1 ∘ (ℓ−𝑛 ∘ ℓ𝑛) = ℓ𝑛+1 = ℓ

𝑛+1  

(ℓ𝑛
𝑛, ℓ𝑛

𝑛+1, ℓ𝑛
𝑛+2, … . . ) = (ℓ𝑛, Ι𝑑𝑋, ℓ

𝑛+1, Ι𝑑𝑋, …… . )            

So, every 𝑥 ∈ 𝑋 is periodic since  ℓ𝑛
2𝑘 = Ι𝑑𝑋 for any 𝑘 ∈ ℕ, ∋ 2𝑘 > 𝑛  

(ℓ𝑛
𝑒𝑣𝑒𝑛 = Ι𝑑𝑋) , (ℓ𝑛

𝑜𝑑𝑑 = ℓ𝑛+𝑗 , 𝑗 = 0,1,2, . . )                                                                      

Now, let 𝑈, 𝑉 ≠ ∅ be open sets of 𝑋.                                                    

since (ADS) is transitive, hence   ∃ 𝑖 ∈  ℕ ∋ ℓ𝑖(𝑈) ∩ 𝑉 ≠ ∅.              

there exists 𝑚,𝑛 ∈ ℕ & 𝑚  is odd, ∋ ℓ𝑛
𝑚 = ℓ𝑖 , & 0 ≤ 𝑛 < 𝑚                                  

then  ℓ𝑛
𝑚(𝑈) ∩ 𝑉 ≠ ∅ , hence the (g-NDS) is transitive .                                                              

Now to prove that (g-NDS) is not sensitive, since (ADS) is not         

sensitive dependence on initial condition for any 𝑘 ∈ ℕ , ∃ 𝑥𝑘 ∈ 𝑋  &  

0 < 𝜀𝑘 <
1

𝐾
 , ∋  sup𝑑(ℓ𝑖(𝑥𝑘), ℓ

𝑖(𝑦)) <  1
𝐾
   ,for all 𝑦 ∈ X, where  

𝑑(𝑥𝑘 , 𝑦)  < 𝜀𝑘, for any 𝑖 ∈ ℕ , ∃𝑚, 𝑛 ∈ ℕ, ∋ 0 ≤ 𝑛 < 𝑚, ∋  ℓ𝑛
𝑚 = ℓ𝑖 ,  
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so for any 𝑘 ∈  ℕ we have  

𝑠𝑢𝑝(𝑑(ℓ𝑖(𝑥𝑘), ℓ
𝑖(𝑦)) = 𝑠𝑢𝑝(𝑑(ℓ𝑛

𝑚(𝑥𝑘), ℓ𝑛
𝑚(𝑦)) < 1

𝑘
 ,                                                                                

for any  𝑦 ∈ 𝑋 ∋ 𝑑(𝑥𝑘, 𝑦) < 𝜀𝑘,  so ( g-NDS) is not sensitive  

dependence on initial condition.    □ 

 

Proposition  2.1.3 

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous map ∀𝑛 ∈ ℕ, and ℓ𝑛
𝑚

𝑢
→ℓ. If (ℓ𝑛

𝑚)0≤𝑛<𝑚has sensitive 

dependence on initial condition of g-nonautonomous discrete dynamical 

system, then the ℓ has sensitive dependence on initial condition of  discrete 

dynamical systems.  

Proof :  

Let 𝒙 ∈ 𝑋, since the (g-NDS) is sensitive dependence on initial condition,  

 ∃ 𝜀 > 0, ∀ 𝛿 > 0 , ∃𝑦 ∈ 𝐵(𝑋), there exist 𝑚, 𝑛 ∈ ℕ, ∋ 0 ≤ 𝑛 < 𝑚,  

∋  𝑑(𝑥, 𝑦) <  𝛿 , 𝑑(ℓ𝑛
𝑚(𝑥), ℓ𝑛

𝑚(𝑦)) > 𝜀             

( since ℓ𝑛
𝑚

𝑢
→ℓ )          

There exists   ℓ𝑛
𝑚 = ℓ𝑖 , (𝑖 = 𝑚 − 𝑛) 

϶ 𝑑(ℓ𝑛
𝑚(𝑥), ℓ𝑛

𝑚(𝑦)) = 𝑑(ℓ𝑖(𝑥), ℓ𝑖(𝑦)) > 𝜀            

then the DS is sensitive dependence on initial condition.  □ 
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Definition  2.1.4  [10] 

Let (𝑋, 𝑑) be a compact metric space  and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous map ∀𝑛 ∈ ℕ, the sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚 is said to be an 

equicontinuous in g-nonautonomous discrete dynamical systems when 

for every 𝜀 > 0, ∃ 𝛿 > 0, ∋ 𝑑(ℓ𝑛
𝑚(𝑥), ℓ𝑛

𝑚(𝑦)) < 𝜀, for all 𝑚,𝑛 ∈ ℕ, 

∋ 0 ≤ 𝑛 < 𝑚  when 𝑑(𝑥, 𝑦) < 𝛿 . 

 

 

 Propostion  2.1.5 

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous map ∀𝑛 ∈ ℕ, and ℓ𝑛
𝑚

𝑢
→ℓ. If (ℓ𝑛

𝑚)0≤𝑛<𝑚 is an equicontinuous 

of g-nonautonomous discrete dynamical system then  ℓ is an 

equicontinuous of discrete dynamical system  

Proof :                                                                                        

 Let 𝑥ϵ 𝑋 , since (g-NDS) is an equicontinuous then                                    

 ∀𝜀 > 0, ∃ 𝛿 > 0, 𝑑(ℓ𝑛
𝑚(𝑥), ℓ𝑛

𝑚(𝑦)) < 𝜀, ∀  𝑦 ∈ 𝑋    

When 𝑑(𝑥, 𝑦) < 𝛿,for all 0 ≤  n < 𝑚,& 𝑛,𝑚 ∈ ℕ                                  

We can found ℓ𝑛
𝑚 = ℓ𝑖 , ∋ 𝑖 = 𝑚 − 𝑛 (when ℓ𝑛

𝑚
𝑢
→ℓ )            

hence 𝑑(ℓ𝑛
𝑚(𝑥), ℓ𝑛

𝑚(𝑦)) =  𝑑 (ℓ𝑖(𝑥), ℓ𝑖(𝑦)) <  𝜀                             

hence the DS is an equicontinuous map.   □                                                                                                              
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Theorem  2.1.6   

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous map ∀𝑛 ∈ ℕ, where the sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚  be topologically 

transitive g-nonautonomous discrete dynamical system, if the sequence 

(ℓ𝑛
𝑚)0≤𝑛<𝑚 is an equicontinuous at 𝑥0, then 𝑥0 is a transitive point.                                                                                                                                                                                                                   

Proof:-                                                                                                                     

Suppose that 𝑦 ∈ 𝑋 & 𝜀 > 0  , since (𝑋, ℓ𝑛,𝑚) is an equicontinuous at 𝑥0, 

then 𝑑(ℓ𝑛
𝑚(𝑥0), ℓ𝑛

𝑚(𝑧)) < 𝜀, 

when  𝑧 ∈ 𝐵𝛿(𝑥0), ∀ 𝜀 > 0,𝑚 > 𝑛 ≥ 0, ∀𝑛,𝑚 ∈ ℕ,                                      

since (𝑋, ℓ𝑛,𝑚) is transitive, hence ∃ 𝐵𝛿(𝑥0), 𝐵𝜀(𝑦) ⊂ 𝑋, ∋     

ℓ𝑛
𝑚(𝐵𝛿(𝑥0)) ∩ 𝐵𝜀(𝑦) ≠ ∅ .                                                       

Let   ℓ𝑛
𝑚(𝑧) ∈  ℓ𝑛

𝑚(𝐵𝛿(𝑥0)) ∩ 𝐵𝜀(𝑦) hence  𝑑(ℓ𝑛
𝑚(𝑧), 𝑦) <  𝜀,                     

We get  𝑑(ℓ𝑛
𝑚(𝑥0 ), 𝑦) ≤  𝑑 (ℓ𝑛

𝑚(𝑥0), ℓ𝑛
𝑚(𝑧)) +  𝑑 (ℓ𝑛

𝑚(𝑧), 𝑦)                                   

                                        ≤       𝜀                            +    𝜀       

                                             ≤ 2𝜀                                                                                               

hence  ℓ𝑛
𝑚(𝑥0) ∈ 𝐵2𝜀(𝑦)                                                                                            

hence 𝑥0 is transitive point.    □ 

 

Definition  2.1.7  [10] 

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous map ∀𝑛 ∈ ℕ, the sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚 is called minimal of g-



42 
 

nonautonomous discrete dynamical systems, if all the points of 𝑋 are 

transitive. 

 

Definition  2.1.8      

          Let (𝑋, 𝑑) be  an autonomous discrete dynamical systems (ADS for 

short), a subset a 𝐴 ⊆ 𝑋, ∋  ℓ𝑖
−1(𝐴) ⊆ 𝐴, is said to be an inversely 

invariant. and the set of all equicontinuous points in 𝑋 is denoted by 𝜻𝜺. 

 

Remark  2.1.9  

Let (𝑋, 𝑑) is an autonomous discrete dynamical systems, 𝜁𝜀is a set 

of equicontinuous points, then the following is hold; 

If  𝜁𝜀 = 𝑋, implies the autonomous discrete dynamical system is 

equicontinuous.                            ……….(2.1) 

If 𝜁𝜀 ≠ ∅   hence 

 𝜁𝜀 = {𝑥 ∈ 𝑋, ∀ 𝑧, 𝑦 ∈ 𝐵𝛿(𝑥), ∀𝑖 ≥ 0, 𝑑 (ℓ
𝑖(𝑧), ℓ𝑖(𝑦)) < 𝜀} hence 𝜁𝜀 is 

inversely invariant open & 𝜁 =∩ 𝜁1 𝑚⁄ , 𝑚 > 0  ,then the autonomous 

discrete dynamical system is almost equicontinuous .        …… (2.2) 

If 𝜁𝜀 = ∅,  implies 

 ∃ 𝑥 ∈ 𝑋, ∋ ∀𝑧, 𝑦 ∈ 𝐵𝛿(𝑥), ∃𝑛 ∈ ℕ , 𝑑 (ℓ
𝑖(𝑧), ℓ𝑖(𝑦)) > 𝜀 

hence  either 𝑑(ℓ𝑖(𝑥), ℓ𝑖(𝑦)) >
𝜀

2
   or      𝑑(ℓ𝑖(𝑥), ℓ𝑖(𝑧)) >

𝜀

2
       

Then the autonomous discrete dynamical system is a sensitive with 

sensitive constant 
𝜀

2
  .   ………(2.3)                                                
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Remark  2.1.10 

If the autonomous discrete dynamical system is equicontinuous then 

be almost equicontinuous. 

 

Remark  2.1.11 

If the autonomous discrete dynamical system minimal, then it's 

transitive (by definition), but the conversely not necessary. 

 

Theorem  2.1.12  [15]  

Let (𝑋, 𝑑) be a compact metric space  and ℓ: 𝑋 → 𝑋 be a continuous 

map ∀𝑛 ∈ ℕ, such that for each 𝜀 > 0, 𝜁𝜀 is inversely invariant, If ℓ is an 

a minimal then it′s either sensitive or almost equicontinuous.                                                                                         

Proof:                                                                                                                    

since  𝜁𝜀  is inversely invariant, since ℓ is minimal then it's transitive hence 

there exists  𝑈 = 𝑋 ∖ 𝜁𝜀  , ∃ 𝑖 > 0, 𝑖 ∈ ℕ, ∋  ℓ
𝑖(𝜁𝜀) ∩ 𝑈 ≠ ∅,       

or ℓ𝑖
−1(𝜁𝜀) ∩ 𝑈 ≠ ∅ 

By Definition 2.1.8  that  ℓ𝑖
−1(𝜁𝜀)  ⊆ 𝜁𝜀    

hence ℓ𝑖
−1(𝜁𝜀) ∩ 𝑈 ⊆  𝜁𝜀 ∩ 𝑈, but 𝜁𝜀 ∩ 𝑈 = ∅ , that contradiction!  

hence either 𝜁𝜀 = ∅  𝑜𝑟  𝜁𝜀 ≠ ∅,                                                                    

By  Remark  2.1.9  

If 𝜁𝜀 = ∅   
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𝜁𝜀 = {𝓍 ∈ 𝑋, ∃ 𝑧, 𝑦 ∈  𝐵𝛿(𝓍), ∃ 𝜀 > 0 & 𝜀 ∈ ℕ ∋ 𝑑(ℓ
𝑖(𝑧), ℓ𝑖(𝑦)) > 

𝜀 , ∀ 𝑖 ∈  ℕ } hence 𝑑(ℓ𝑖(𝓍), ℓ𝑖(𝑦)) > 𝜀

2
 𝑜𝑟 𝑑(ℓ𝑖(𝓍), ℓ𝑖(𝑧)) > 𝜀

2
       

hence the (ADS) is a sensitive with sensitive constant 𝜀

2
. 

                          Or  𝜁𝜀 ≠ ∅  hence 𝜁 =∩ 𝜁1 𝑚⁄ ,         

Hence ℓ is an almost equicontinuous.  □ 

 

Theorem  2.1.13   

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous maps ∀𝑛 ∈ ℕ, there exists the sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚 is a 

minimal which is neither equicontinuous nor sensitive .                                     

Proof :   

Suppose that  {𝑀1, 𝑀2} be a paitition for the cantor set with 𝑀𝑖 a clopen 

subset for all 𝑖 = 1,2 , and consider a minimal equicontinuous isometry 

𝑇on ℂ. 

Now , give the clopen sets 𝐶𝑖 = 𝑇(𝑀𝑖) for 𝑖 = 1,2  , our initial step is to 

 identify a sequence of homeomorphisms {𝑔𝑛, 𝑛 ∈  ℕ } on ℂ that will allow 

us to construct a non-equicontinuous g-NDS for this choose a point 

𝑥1 in 𝐶2and consider a sequence ℓ𝑛
𝑚, 0 ≤ 𝑛 < 𝑚 ∈ ℕ  which satisfies for 

each 𝑛 ∈ ℕ the following: 

𝐾𝑛 is a clopen subset of ℂ whose dimeter is 1 𝑚⁄  , 

𝐾𝑛+1  ⊊ 𝐾𝑛    , 

𝑥1  ∈  𝐾𝑛+1                                                            
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Now, choose clopen subsest 𝑆1, 𝑆2 of  𝐶2 ∋ 𝑑(𝑆1, 𝑆2) = 𝜀0 > 0, select for  

each 𝑚 ∈  ℕ homeomorphisms  

𝑤𝑚 ∶ 𝐶2\𝐾𝑛  → 𝐶2 ∖ (𝑆1 ∪ 𝑆2), 

 

ℎ𝑚 ∶ 𝐾𝑛 \𝐾𝑛+1 → 𝑆1,                       

 

𝑞𝑚 ∶ 𝐾𝑛+1 → 𝑆2.                                                                      

We define 𝐺𝑚 as follow               

𝐺𝑚 = {

𝓍 𝑖𝑓 𝑥 ∈ 𝐶1,
𝑤𝑚(𝓍) 𝑖𝑓 𝑥 ∈ 𝐶2 ∖ 𝐾𝑛 ,
ℎ𝑚(𝓍)
𝑞𝑚(𝓍)

𝑖𝑓
𝑖𝑓

𝑥 ∈ 𝐾𝑛  ∖ 𝐾𝑛+1,
𝑥 ∈ 𝐾𝑛+1.

   

 

  Now suppose that (ℂ, ℓ𝑛
𝑚) be a (g-NDS) defined by                                 

{𝑇, ℓ1, ℓ1
−1, 𝑇, 𝑇−1, ℓ2, ℓ2

−1, 𝑇2, 𝑇−2, ℓ3, ℓ3
−1, 𝑇3, 𝑇−3, . . . . . }                           

we get 

ℓ𝑛
𝑛 = 𝑇        , ℓ𝑛

𝑛+1 = ℓ𝑛 + 𝑇                                                       

ℓ𝑛
𝑛+2 = ℓ𝑛

−1 ∘ ℓ𝑛 ∘ 𝑇 = 𝑇                                                             

ℓ𝑛
𝑛+3 = 𝑇𝑛 ∘ ℓ𝑛

−1 ∘ ℓ𝑛 ∘ 𝑇 = 𝑇
𝑛+1                                                

ℓ𝑛
𝑛+4 = 𝑇−𝑛 ∘ 𝑇𝑛 ∘ ℓ𝑛

−1 ∘ ℓ𝑛 ∘ 𝑇 = 𝑇                                            

Notice that the sequence {𝑇𝑚, 𝑚 ∈  ℕ} is subsequence for  

{ℓ𝑚, 𝑚 ∈ ℕ } thus transitivity and minimality of (ℂ, ℓ𝑛
𝑚), follow from 

transitivity and minimality of (ℂ, 𝑇). Moreover, since the restriction of 
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𝐺𝑚𝑡𝑜 𝐶1 is the identity for every 𝑚 ∈ ℕ  the g-NDS (ℂ, ℓ𝑛
𝑚) is an 

equicontinuous at every 𝓍 ∈  𝐶1 hence (ℂ, ℓ𝑛
𝑚) is not sensitive. 

We will prove that (ℂ, ℓ𝑛
𝑚)  is non equicontinuous for fixed 𝛿 > 0. 

We may choose 𝑚 ∈  ℕ ∋ 1 𝑚⁄ <  𝛿, 𝑖𝑓  𝓍 ∈  ℓ𝑛
𝑚\ℓ𝑛

𝑚+1, then 

𝐺𝑚(𝓍) =  ℎ𝑚(𝓍) ∈ 𝑆1, since 𝐺𝑚(𝓍1) = 𝑞𝑚(𝓍1) ∈  𝑆2 we have 

𝑑((ℓ𝑚 ∘  𝑇
𝑛) 𝑇−𝑛(𝓍), (ℓ𝑚 ∘ 𝑇

𝑛) 𝑇−𝑛(𝓍1)) ≥ 𝜀0                                 

since 𝑇−𝑛 is an isometry, this proves that (ℂ, ℓ𝑛
𝑚) is not               

equicontinuous at 𝑇−𝑛(𝓍1) .  □ 
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2.2 The Relation between Expansivity and h-

Shadowing in g-Nonautonomus Discrete Dynamical 

Systems 

In this section, we study and definition h-shadowing property and 

discuss its relation with various expansivity such as locally expanding, 

weakly locally expanding, expansive, weakly expanding small distances in 

g-nonautonomous discrete dynamical systems. 

 

Definition  2.2.1    

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous maps ∀𝑛 ∈ ℕ, the sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚has h-shadowing 

property in g- non autonomous discrete dynamical systems if for every 

𝜀 > 0 as a result, there exists 𝛿 > 0, meaning that for all 𝛿-pseudo-orbit 

{𝑥0, 𝑥1, … 𝑥𝝉 } ⊆ 𝑋, there is 𝑦 ∈  𝑋 with 

𝑑(𝑦, 𝑥0) < 𝜀, 𝑑((ℓ𝑛
𝑚)𝑖(𝑦), 𝑥𝑖) < 𝜀, ∀ 𝑛 ≤ 𝑖 < 𝑚, 𝑎𝑛𝑑  (ℓ𝑛

𝑚)𝝉(𝑦) = 𝑥𝜏  . 

 

Definition  2.2.2   

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous maps ∀𝑛 ∈ ℕ, then the sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚 is weakly 

expanding small distances in g- non autonomous discrete dynamical 

systems if there exists 𝛾 > 0, meaning that for all 𝓍, 𝑦 ∈ 𝑋, 

𝑑(𝓍, 𝑦) < 𝛾  𝑡ℎ𝑒𝑛  𝑑(ℓ𝑗(𝓍), ℓ𝑗(𝑦)) > 𝑑(𝓍, 𝑦), for every 𝑗 ∈ ℤ. 
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Definition  2.2.3   

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous maps ∀𝑛 ∈ ℕ, then the sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚 called inverse 

equicontinuous in g- non autonomous discrete dynamical systems if for 

every 𝓍 ∈ 𝑋, and for each 𝜀 > 0, as a result, there exists 𝛿(𝓍) > 0,meaning 

that  𝐵𝛿(𝓍)(ℓ𝑖(𝓍)) ⊆ ℓ𝑖(𝐵𝜀(𝓍)) for all 𝑖 ∈ ℤ, in which 𝐵𝜀(𝓍) is the open 

ball with a center 𝓍 and radius 𝜀. 

 

Definition  2.2.4    

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous maps ∀𝑛 ∈ ℕ, then the sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚is locally 

expanding in g- non autonomous discrete dynamical systems when 

there exists 𝜆 > 1, meaning that for each 𝓍 ∈ 𝑋, 𝑖 ≥ 1  &  𝜀 > 0,  

 

𝐵𝜆𝜀(ℓ𝑖(𝓍)) ⊆  ℓ𝑖(𝐵𝜀(𝓍)) . 

 

Definition  2.2.5    

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous maps ∀𝑛 ∈ ℕ, then the sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚 is weakly locally 

expanding in g- non autonomous discrete dynamical systems when 

there exists  𝛾 > 0, meaning that :for every 𝓍 ∈ 𝑋, 𝑖 ≥ 1 & 𝜀 > 𝛾, 

 

𝐵𝜀(ℓ𝑖(𝓍)) ⊆ ℓ𝑖(𝐵𝜀(𝓍)) . 
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Lemma  2.2.6   

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous maps ∀𝑛 ∈ ℕ, Assume that the sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚 is a small 

distance that is weakly growing in an inverse equicontinuous fashion in g-

nonautonomous discrete dynamical systems then it has weakly locally 

expanding property in g-nonautonomous discrete dynamical systems. 

 

Proof. 

 Suppose thst 𝛾 > 0 be constant, as in the definition of distances that 

expand weakly over short distances.. Since ℓ𝑛
𝑚 is an inverse 

equicontinuous, for all  𝓍 ∈ 𝑋, there exists 𝜆(𝓍) > 0, meaning that: 

𝐵𝜆(𝔁)(ℓ𝑖(𝓍)) ⊆ ℓ𝑖(𝐵𝜆
2
(𝓍)) for all 𝑖 ≥ 1    …… (2.4)  

We denote  𝐵𝛾
2
(𝓍) ∩ ℓ𝑖

−1(𝐵𝜆(𝓍)
2
(ℓ𝑖(𝓍)) by 𝒰𝑖, then for 𝓍 ∈ 𝒰𝑖, there exists 

η = η(𝓍)  < 𝜆(𝔁)

2
  such that  𝐵η(𝓍) ⊆ 𝒰𝑖, . 

Now we have ℓ𝑖(𝒰𝑖) = 𝐵𝜆(𝔁)
2
(ℓ𝑖(𝓍)) in fact if 𝑦 ∈ 𝐵𝜆(𝔁)

2
(ℓ𝑖(𝓍)) then using 

(2.4) we have 𝑦 = ℓ𝑖(𝑡) with 𝑡 ∈ 𝐵𝛾
2
(𝑥) and 

 𝑦 ∈ 𝐵𝜆(𝑥)
2
(ℓ𝑖(𝓍)) implies 𝑡 ∈ ℓ𝑖

−1(𝐵𝜆(𝑥)
2
(ℓ𝑖(𝓍)),  

hence 𝐵𝜆(𝔁)
2
(ℓ𝑖(𝓍)) ⊆ ℓ𝑖(𝒰𝑖).  

Let 𝑧 ∈ 𝐵η(𝓍), ρ < η, ∋  𝐵ρ(𝑧) ⊆ 𝐵η(𝓍)  

Then ℓ𝑖(𝑧) ∈ ℓ𝑖(𝒰𝑖) = 𝐵𝜆(𝔁)
2
(ℓ𝑖(𝓍)), 

thus 𝐵ρ(ℓ𝑖(𝑧)) ⊆ 𝐵𝜆(𝔁)(ℓ𝑖(𝓍)) ⊆ ℓ𝑖 (𝐵𝛾
2
).   …….(2.5) 
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We denote 𝐵𝜆
2
(𝓍) ∩ ℓ𝑖

−𝑛(𝐵ρ(ℓ𝑖(z)) by 𝒱𝑖, as demonstrated by the proof of 

an analogous result for 𝒰𝑖 we see thatℓ𝑖(𝒱𝑖) = 𝐵ρ(ℓ𝑖(𝑧)). 

We claim 𝒱𝑖 ⊆ 𝐵ρ(𝑧) 

Suppose that 𝒱𝑖 ⊈ 𝐵ρ(𝑧), then there is 𝑦 ∈ 𝒱𝑖 − 𝐵ρ(𝑧) . 

𝑧 ∈ 𝐵η(𝓍) ⊆ 𝒰𝑖 ⊆ 𝐵𝛾
2
(𝓍), 𝑠𝑜  ρ < 𝑑(𝑦, 𝑧) ≤ 𝑑(𝑦, 𝓍), 𝑑(𝓍, 𝑧) < 𝛾. 

Now, based on this relationship and the fact that ℓ𝑛
𝑚 is faintly expanding 

over short distances, we can conclude that 𝑑(ℓ𝑖(𝑦), ℓ𝑖(𝑧)) ≥ 𝑑(𝑦, 𝑧) > ρ 

which is in contradiction with 𝑦 ∈ 𝒱𝑖. Therefore we get 𝒱𝑖 ⊆ 𝐵ρ(𝑧) which 

produces  

𝐵ρ(ℓ𝑖(𝑧)) = ℓ𝑖(𝒱𝑖) ⊆ ℓ𝑖(𝐵ρ(𝑧)).  

Now 𝑋 is compact, and there is  

𝓍1, 𝓍2, … . , 𝓍𝑚 in 𝑋 meaning that 𝑋 ⊆ ⋃𝑖=1
𝑚 𝐵η(𝔁𝑖)

2

(𝓍𝑖) 

Define 𝑟 = min{
η(𝔁𝑖)

2
} and considering 𝓍 ∈ 𝑋 and ρ < 𝑟,  

so there is 1 ≤ 𝑖 ≤ 𝑚  

meaning that 𝓍 ∈ 𝐵η(𝓍𝑖)
2

(𝓍𝑖) which suggests  𝐵ρ(𝑥) ⊆ 𝐵η(𝓍𝑖)(𝓍𝑖), and 

therefore 𝐵ρ(ℓ𝑖(𝓍)) ⊆ ℓ𝑖 (𝐵ρ(𝓍)),  

hence ℓ𝑛
𝑚 has weakly locally expanding property.  󠇮 
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Theorem   2.2.7    

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous maps ∀𝑛 ∈ ℕ, If the system (ℓ𝑛
𝑚)0≤𝑛<𝑚 is expanding locally, 

then it has ℎ-shadowing property in g-nonautonomous discrete dynamical 

systems. 

Proof 

Assume that ℓ𝑛
𝑚 is an expanding locally, there exists 𝜆 > 1 meaning that 

for each 𝑖 ≥  1 and 𝜀 > 0, we get 𝐵𝜆𝜀(ℓ𝑖(𝓍)) ⊆ ℓ𝑖(𝐵𝜀(𝓍)). For a fixed 

𝜀 >  0, we have set 𝛿 = (𝜆 − 1)𝜀, therefore for every 𝓍 ∈  𝑋 and 𝑖 ≥  1 

𝐵𝜀+𝛿(ℓ𝑖(𝓍)) ⊆ 𝐵𝜆𝜀(ℓ𝑖(𝓍)) ⊆ ℓ𝑖(𝐵𝜀(𝓍)) 

Let {𝓍0, 𝓍1, 𝑥2 . . . , 𝓍𝜏} ⊆ 𝑋 be a δ-pseudo-orbit for ℓ𝑛
𝑚 Then  

𝑑(ℓ𝜏(𝓍𝜏−1), 𝓍𝜏) < 𝛿 implies that  𝓍𝜏 ∈ 𝐵𝜀+𝛿  (ℓ𝜏(𝓍𝜏−1)), 

hence there is a point 𝑦𝜏−1  ∈ 𝐵𝜀(𝓍𝜏−1) such that ℓ𝑚(𝑦𝝉−1)  =  𝓍𝜏 and 

so we have: 

𝑑(ℓ𝜏−1(𝓍𝜏−2), 𝑦𝜏−1)  ≤  𝑑(ℓ𝜏−1(𝓍𝜏−2), 𝓍𝜏−1)  +  𝑑(𝓍𝜏−1, 𝑦𝜏−1)  

                                          < 𝛿 +  𝜀  

In other word, 𝑦𝜏−1  ∈  𝐵𝜀+𝛿(ℓ𝜏−1(𝓍𝜏−2)),  

so there exists 𝑦𝜏−2  ∈ 𝐵𝜀(𝓍𝜏−2)  

such that ℓ𝝉−1(𝑦𝝉−2)  =  𝑦𝝉−1. By recycling this line of reasoning, 

we get at 

𝑦𝝉−2, 𝑦𝝉−3, … , 𝑦0 in 𝑋 such that for all 0 ≤ 𝑖 ≤ 𝑚 − 1,   

ℓ𝑖+1(𝑦𝑖) = 𝑦𝑖+1 

and 𝑑(𝑦𝑖  , 𝓍𝑖) < 𝜀 which proves the ℎ-shadowing property of ℓ𝑛
𝑚 in g-

NDS.  □  
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Theorem   2.2.8    

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous maps ∀𝑛 ∈ ℕ, Assume that there is a continuous map ℓ  

meaning that  ℓ𝑛
𝑖 → ℓ pointwise. In case the sequence (ℓ𝑛

𝑚)0≤𝑛<𝑚 is an 

inverse equicontinuous and ℓ is weakly faintly expanding over short 

distances, then (ℓ𝑛
𝑚)0≤𝑛<𝑚  has the h-shadowing property in g-

nonautonomous discrete dynamical systems if it weakly expands over short 

distances and has a g-nonautonomous discrete dynamical system. 

Proof: 

There exists 𝛾 > 0, meaning that 𝑑(𝓍, 𝑦) < 𝛾 indicates that 

 𝑑(𝓍, 𝑦) < 𝑑(ℓ(𝓍), ℓ(𝑦)) & 𝑑(𝓍, 𝑦) < 𝑑 (ℓ𝑗(𝓍), ℓ𝑗(𝑦)), for all  𝑗 ≥ 1 

By using Lemma 2.2.6, there is 𝑟 > 0 , meaning that∀ 𝜌 < 𝑟, ∀ 𝑗 ≥ 1, 

we get  

𝐵𝜌(ℓ𝑗(𝓍)) ⊆ ℓ𝑗(𝐵𝜌(𝓍)).  

Suppose that 𝜀 > 0, we set 0 < 𝜀ˊ < min{𝛾, 𝑟, 𝜀}, and  define: 

𝜂(𝜀ˊ) = sup { 𝑑(𝓍, 𝑦): 𝑑(ℓ𝑗(𝓍), ℓ𝑗(𝑦)) < 𝜀ˊ, 𝑖 ≥ 1}. 

Hence 𝜂(𝜀ˊ) ≤ 𝜀ˊ.  

We claim that  𝜂(𝜀ˊ) < 𝜀ˊ. Indeed , if 𝜂(𝜀ˊ) = 𝜀ˊ, there 

exist sequences {𝑑(𝓍𝑗 , 𝑦𝑗)}𝑗=0
∞ & {𝑘(𝑗)}𝑗=0

∞ ⊆ ℕ  meaning that 

𝑑 (ℓ𝑘(𝑗)(𝓍𝑗), ℓ𝑘(𝑗)(𝑦𝑗)) < 𝜀ˊ  &  lim
𝑗→𝜏

𝑑(𝓍𝑗 , 𝑦𝑗) = 𝜂(𝜀ˊ) = 𝜀ˊ. 

Since 𝛸 is compact, a subsequence exists.  {𝑐𝑗}𝑗=0
∞ ⊆  ℕ meaning that 

𝓍𝑐𝑗 → 𝓍0  &  𝑦𝑐𝑗 → 𝑦0.  

𝜀ˊ = 𝜂(𝜀ˊ) = lim
𝑗→𝜏

𝑑(𝓍𝑐𝑗 , 𝑦𝑐𝑗) = 𝑑(𝓍0, 𝑦0) < 𝑑(ℓ(𝓍0), ℓ(𝑦0)) 
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                 = lim
𝑗→𝜏

𝑑 (ℓ𝑘(𝑐𝑗) (𝓍𝑐𝑗) , ℓ𝑘(𝑐𝑗) (𝑦𝑐𝑗)) ≤ 𝜀ˊ, 

That is not feasible.  

considering now  0 < 𝛿 < min{𝑟, 𝛾, 𝜀ˊ − 𝜂(𝜀ˊ)}. 

Let {𝓍0, 𝓍1, … , 𝓍𝜏} be a 𝛿-pseudo –orbit for ℓ𝑛
𝑚 then 

𝑑(ℓ𝜏(𝓍𝜏−1), 𝓍𝜏) < 𝛿, which implies that there is 𝑦𝜏−1 ∈ 𝐵𝛿(𝓍𝜏−1) 

such that ℓ𝜏(𝑦𝜏−1) = 𝓍𝜏. Since  𝑑(ℓ𝜏(𝓍𝜏−1), 𝓍𝜏) < 𝛿 ≤ 𝜀ˊ, 

We have  𝑑(𝓍𝜏−1, 𝑦𝜏−1) < 𝜂(𝜀ˊ) ≤ 𝜀ˊ. 

And  

𝑑(ℓ𝜏−1(𝓍𝜏−2), 𝑦𝜏−1) < 𝑑(ℓ𝜏−1(𝓍𝜏−2), 𝓍𝜏−1) + 𝑑(𝓍𝜏−1, 𝑦𝜏−1) 

   < 𝛿 + 𝜂(𝜀ˊ) < 𝜀ˊ < 𝑟. 

Therefore there is 𝑦𝝉−2 ∈ 𝐵𝜀ˊ(𝓍𝜏−2) ⊆ 𝐵𝛾(𝓍𝜏−2) such that ℓ𝜏−1(𝑦𝜏−2) =

𝑦𝜏−1.  

Hence  

𝑑(𝓍𝜏−2, 𝑦𝜏−2) < 𝑑(ℓ𝜏−1(𝓍𝜏−2), 𝑦𝜏−1) < 𝛿 + 𝜂(𝜀ˊ) < 𝜀ˊ ≤ 𝜀. 

 By Repeating, we can find points 𝑦𝜏−1, 𝑦𝜏−2, … . , 𝑦0 in 𝑋 such that for all 

0 ≤ 𝑗 ≤ 𝑚 − 1, ℓ𝑗+1(𝑦𝑗) = 𝑦𝑗+1 &  𝑑(𝑦𝑗 , 𝓍𝑗) < 𝜀. 

Further more (ℓ𝑛
𝑚)𝝉(𝑦0) = 𝓍𝜏 , hence ℓ𝑛

𝑚 has ℎ-shadowing property.     □ 

 

Theorem  2.2.9   

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous maps ∀𝑛 ∈ ℕ, the sequence (ℓ𝑛
𝑚)𝟎≤𝒏<𝒎 be an expansive and 

has shadowing property in g-nonautonomous discrete dynamical systems 
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then it has ℎ-shadowing property in g-nonautonomous discrete dynamical 

systems. 

Proof: 

Let 𝑒 > 0 be an expansive constant, 𝛿 > 0 & 𝜀 >  𝛿 is provided by  the 

shadowing of ℓ𝑛
𝑚. 

Let  {𝑥0, 𝑥1, 𝑥2, …… , 𝑥𝜏} is a 𝛿-pseudo-orbit. The sequence: 

{𝑥0, 𝑥1, 𝑥2, …… , 𝑥𝝉, ℓ𝝉+1(𝑥𝝉), ℓ𝝉+1
𝝉+2(𝑥𝝉), ℓ𝝉+1

𝝉+3(𝑥𝝉),… . }  

is an infinite 𝛿-pseudo-orbit .since ℓ𝑛
𝑚 has the shadowing property, there is 

𝑦 ∈ 𝑋 , ∋  ∀ 𝑖 ≥ 1, 𝑑((ℓ𝑛
𝑚)𝝉+𝑖(𝑦), ℓ𝝉+1

𝝉+𝑖 (𝑥𝝉)) < 𝜀 

when (ℓ𝑛
𝑚)𝝉(𝑦) = 𝑥𝝉.  Thus the sequence ℓ𝑛

𝑚 has ℎ-shadowing property in 

g-NDS.  □ 
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2.3 The Relation Between The w-Expansive and The 

Shadowing Property in g-Nonautonomous Discrete 

Dynamical Systems. 

In this section, we discuss the dynamics of w-expansive 

homeomorphism with shadowing property defined on compact metric 

space    

 

Definition  2.3.1   

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝛸 ⟶ 𝛸 be  an uniform 

continuous map ∀ 𝑛 ∈ ℕ. The sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚 is said to be 𝒘-

expansive  in g-nonautonomous discrete dynamical systems : if exists a 

constant  𝑒 > 0 (called an w-expansive constant ) meaning that for each 

𝑥 ∈ 𝛸. and let the set  

𝛢(𝑥, 𝑒) = { 𝑦 ∈ 𝛸: 𝑑(ℓ𝑛
𝑚(𝑥), ℓ𝑛

𝑚(𝑦) ≤ 𝑒, 0 ≤ 𝑛 < 𝑚 ∈ ℕ } 

It ̛s has 𝑤 different points ( where 𝑤 = 𝑚 − 𝑛), 

i.e. for every 𝑥 ∈ 𝛸, such that ∃  𝑒 > 0, ∋ 

𝛢(𝑥, 𝑒) = 𝛸 − { 𝑦 ∈ 𝛸: 𝑑(ℓ𝑛
𝑚(𝓍), ℓ𝑛

𝑚(𝑦) > 𝑒, 0 ≤ 𝑛 < 𝑚 ∈ ℕ }  

which be a finite set of 𝑤 different point.  

 

Theorem   2.3.2    

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

homeomorphism maps ∀𝑛 ∈ ℕ, then the sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚 is w-
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expansive in g-nonautonomous discrete dynamical systems if and only if 

(ℓ𝑛
𝑚)−1, ∀ 𝑚 < 𝑛 ≤ 0 is w-expansive in g-nonautonomous discrete 

dynamical systems.  

Proof 

Suppose that 𝑒 > 0 be an w-expansive constant for ℓ𝑛
𝑚 

 ∀ 0 ≤ 𝑛 < 𝑚, for a fixed 𝑥 ∈  𝑋;  

the set {𝑦 ∈ 𝑋: 𝑑(ℓ𝑛
𝑖 (𝑥), ℓ𝑛

𝑖 ((𝑦)) ≤  𝑒, 0 ≤ 𝑛 < 𝑖 ∈ ℕ} has at most w 

elements, i.e. the set 

{𝑦 ∈ 𝑋: 𝑑((ℓ𝑛
𝑖 )−1(𝑥), (ℓ𝑛

𝑖 )−1(𝑦))  ≤  𝑒, 0 ≤ 𝑛 < 𝑖 ∈ ℕ} has at most w-

elements. Thus, (ℓ𝑛
𝑚)−1 is w-expansive. The converse can be proved 

similarly.    □ 

 

Theorem  2.3.3    

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 of an 

equicontinuous uniformly continuous maps ∀𝑛 ∈ ℕ, for any positive 

integer 𝑘, the sequence  (ℓ𝑛
𝑚)0≤𝑛<𝑚is an w-expansive if and only if (ℓ𝑛

𝑚)𝑘 

is an w-expansive, ∀ 0 ≤ 𝑛 < 𝑚 ∈ ℕ.  

Proof  

Suppose that 𝑒 > 0 be an w-expansive constant for ℓ𝑛,𝑚  Since ℓ𝑛
𝑚 is an 

equicontinuous family of maps. For each ℎ ≥ 0 , ℎ𝑘 + 1 ≤ 𝑗 ≤ (ℎ + 1)𝑘, 

ℓ𝑛
𝑗
 is uniformly continuous on 𝑋 and therefor there exists 𝑒𝑗 > 0 meaning 

that 𝑑(𝑥, 𝑦) ≤ 𝑒𝑗 implies 𝑑 (ℓℎ𝑘+1
𝑗 (𝑥), ℓℎ𝑘+1

𝑗 (𝑦)) ≤ 𝑒.  
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Since ℓ𝑛: 𝑋 →  𝑋, 𝑛 ∈ ℕ are equicontinuous maps, 𝑒𝑗 does not depend on 

h. take  

𝑒ˊ = min{𝑒𝑗: ℎ𝑘 + 1 ≤ 𝑗 ≤ (ℎ + 1)𝑘}. Therefore for any ℎ ≥ 0, 

𝑑(𝑥, 𝑦) ≤ 𝑒ˊ implies 𝑑 (ℓℎ𝑘+1
𝑗 (𝑥), ℓℎ𝑘+1

𝑗 (𝑦)) ≤ 𝑒. 

Let (ℓ𝑛
𝑚)𝑘 = ℊ𝑛

𝑚, ∀𝑘 ∈ ℕ, where ℊ𝑚 = ℓ(𝑚−1)𝑘+1
𝑚𝑘  and 

ℊ𝑛
𝑚 = ℊ𝑚 ∘ ℊ𝑚−1 ∘ … ∘ ℊ𝑛. Not that ℓ𝑛

𝑚𝑘 = ℊ𝑛
𝑚. Thus , for any ℎ ≥ 0 and   

ℎ𝑘 ≤ 𝑗 ≤ (ℎ + 1)𝑘 ,  𝑑(ℊ𝑛
ℎ(𝓍), ℊ𝑛

ℎ(𝑦) ≤ 𝑒 which implies 

𝑑(ℓ𝑛
ℎ𝑘(𝓍), ℓ𝑛

ℎ𝑘(𝑦)) ≤ 𝑒ˊ and hence we get that 

𝑑(ℓℎ𝑘+1
𝑗

(ℓ𝑛
ℎ𝑘(𝓍)) , ℓℎ𝑘+1

𝑗
(ℓ𝑛
ℎ𝑘(𝑦))) ≤ 𝑒 which implies 

𝑑 (ℓ𝑛
𝑗 (𝓍), ℓ𝑛

𝑗 (𝑦)) ≤ 𝑒, ∋ 𝑛 < 𝑗. Since 𝑒 is an 𝑤-expansive constant for 

ℓ𝑛
𝑚, the set 𝛢(𝑥, 𝑒) has at most 𝑤 element (where 𝑤 = 𝑚 − 𝑛). 

Therefore {𝑦 ∈ 𝑋: 𝑑(ℊ𝑛
𝑖 (𝓍), ℊ𝑛

𝑖 (𝑦)) ≤ 𝑒ˊ; 0 ≤ 𝑛 < 𝑖} has at most 𝑤 

element, and hence  (ℓ𝑛
𝑚)𝑘 is 𝑤-expansive with a constant of 𝑤- expansive 

𝑒ˊ ≥ 0.  

Conversely, if (ℓ𝑛
𝑚)𝑘 is w-expansive which constant of m- expansiveness 

𝑒 > 0, then for any 𝑥 ∈ 𝑋, the set 𝛢(𝓍, 𝑒) has at most w element, where 

ℊ𝑚 = ℓ(𝑚−1)𝑘+1
𝑚𝑘  . thus, 

 the set {𝑦 ∈ 𝑋: 𝑑(ℓ𝑛
𝑖𝑘(𝓍), ℓ𝑛

𝑖𝑘(𝑦)) ≤ 𝑒, 𝑓𝑜𝑟 0 ≤ 𝑛 < 𝑖}  

        = {𝑑(ℓ𝑛
𝑗 (𝓍), ℓ𝑛

𝑗 (𝑦)) < 𝑒, 0 ≤ 𝑛 < 𝑗 } has at most w element.  



58 
 

Hence, ℓ𝑛
𝑚is w-expansive with a constant of w-expansiveness 𝑒 > 0 in g-

nonautonomous discrete dynamic systems.   □ 

 

Theorem   2.3.4   

Let (𝑋, 𝑑) and (𝑌, 𝑑ˊ) be a compact metric spaces, ℓ𝑛: 𝑋 → 𝑋 and  

ℊ𝑛: 𝑌 → 𝑌 be a maps ∀𝑛 ∈ ℕ, such that (ℓ𝑛
𝑚)0≤𝑛<𝑚 is uniformly conjugate 

to(ℊ𝑛
𝑚)0≤𝑛<𝑚. If (ℓ𝑛

𝑚)0≤𝑛<𝑚 is an w-expansive of g- nonautonomous 

discrete dynamical systems, then so is (ℊ𝑛
𝑚)0≤𝑛<𝑚. 

Proof  

Suppose that c > 0 be an w-expansiveness constant to ℓ𝑛
𝑚 

Since ℓ𝑛
𝑚 is uniformly conjugate for ℊ𝑛

𝑚 As a result, uniform 

homeomorphism exists. 

 ℎ ∶  𝑋 → 𝑋  meaning that    ℎ ∘ ℓ𝑛
𝑚  =  ℊ𝑛

𝑚  ∘  ℎ,   

for all 0 ≤ 𝑛 < 𝑚 ∈ ℕ. Thus,   ℓ𝑚
𝑛  ∘ ℎ−1 = ℎ−1  ∘  ℊ𝑚

𝑛  ,  

for all 0 ≤ 𝑛 < 𝑚 ∈ ℕ. 

therefore for every  𝑒 >  0, there is  𝑒ˊ >  0 such that for 𝔁, 𝑦 ∈  𝑌,   

𝑑ˊ(𝓍, 𝑦) ≤ 𝑒ˊ 𝑖𝑚𝑝𝑙𝑖𝑒𝑠  𝑑(ℎ−1(𝓍), ℎ−1(𝑦))  ≤  𝑒.  

 For a fixed 𝓍 ∈  𝑌 ,  the set 

 𝑆 =  {𝑦 ∈  𝑌 ∶  𝑑ˊ(ℊ𝑛
𝑚 (𝓍), ℊ𝑛

𝑚 (𝑦)) ≤  𝑒ˊ , ∀ 0 ≤ 𝑛 < 𝑚 ∈ ℕ } ⊆ 

{𝑦 ∈  𝑌: 𝑑 (ℎ−1(ℊ𝑛
𝑚 (𝓍)), ℎ−1(ℊ𝑛

𝑚 (𝑦)))  ≤ 𝑒ˊ , ∀ 0 ≤ 𝑛 < 𝑚 ∈ ℕ}  

= {𝑦 ∈  𝑌 ∶  𝑑(ℓ𝑛
𝑚 (ℎ−1(𝓍)), ℓ𝑛

𝑚(ℎ−1(𝑦)))  ≤  𝑒, 0 ≤ 𝑛 < 𝑚 ∈ ℕ}.  

Since ℓ𝑛
𝑚 is 𝑤-expansive with 𝑤-expansiveness constant 𝑒 >  0, 
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therefore, 𝑆 has 𝑤 of different points (where 𝑤 = 𝑚 − 𝑛), and hence ℊ𝑛
𝑚  

is an 𝑤-expansive of g-NDS with 𝑤-expansiveness constant 𝑒ˊ > 0.   □ 

 

Theorem  2.3.5   

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝛸 → 𝛸 be an uniform 

continuous map ∀𝑛 ∈ ℕ, for all 𝑤 ∈ ℕ, there is an 𝑤-expansive 

homeomorphism, defined  in g-nonautonomous discrete dynamical 

systems , that is not (𝑤 − 1)-expansive, has the shadowing property in g-

nonautonomous discrete dynamical systems and admits an infinite number 

of chain recurrent classes. 

Proof: 

Considered the expansive homeomorphism 𝑔𝑛
𝑚 defined in a compact 

metric space (𝑀, 𝑑0) and satisfying the shadowing property. Further, 

assume that it have the infinite number of periodic points {𝑝𝑘}𝑘∈ℕ, which 

we as can assume have different orbits. Define 𝛸 as the set 𝑀 ∪ 𝐸, where 

𝐸 is an infinite enumerable set. In this instance, there is a bijection 

 𝑟 ∶  𝑁 →  𝐸. 

Suppose that 

 Q = {(𝑎, 𝑏, 𝑐) ∶ 𝑎 ∈ {1, … ,𝑚 –  1};  𝑚 ∈ ℕ, 𝑏 ∈ {𝑘}𝑘∈ℕ , 

𝑐 ∈ {0, . . . , 𝜋(𝑝𝑘) −  1}; 𝑘 ∈ ℕ}  

And note that there exists a bijection 𝑠 ∶  𝑄 →  𝑁. Consider the bijection 

𝑞 ∶  𝑄 →  𝐸 defined by 𝑞(𝑎, 𝑏, 𝑐 )  =  𝑟 ◦  𝑠(𝑎, 𝑐, 𝑏).  

Thus, any point 𝑢 ∈ 𝐸 has the form 𝑢 = 𝑞(𝑎, 𝑏, 𝑐 ) for some 
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(𝑎, 𝑏, 𝑐 ) ∈ 𝑄 . 

 Define a map  𝑑 ∶  𝛸 ×  𝛸 →  ℝ+ by 

𝑑(𝑢, 𝑣) =

{
 
 
 
 
 
 

 
 
 
 
 
 

0 ,                            𝑢 = 𝑣,
𝑑0(𝑢, 𝑣),                         𝑢, 𝑣 ∈ 𝑀,

1

𝑘
+ 𝑑0(𝑢, 𝑔𝑛

𝑐(𝑝𝑏)),                           𝑢 ∈ 𝑀, 𝑣 = 𝑞(𝑎, 𝑏, 𝑐),

1

𝑘
+ 𝑑0(𝑔𝑛

𝑐(𝑝𝑏), 𝑣),                            𝑢 = 𝑞(𝑎, 𝑏, 𝑐), 𝑣 ∈ 𝑀,

1

𝑘
+
1

𝑤
+ 𝑑0(𝑔𝑛

𝑐(𝑝𝑏), 𝑔𝑛
𝑟(𝑝ℎ)),                     𝑢 = 𝑞(𝑎, 𝑏, 𝑐), 𝑣 = 𝑞(𝑒, ℎ, 𝑟),

                                                        𝑏 ≠ ℎ 𝑜𝑟 𝑐 ≠ 𝑟,

           
1

𝑘
.                                                             𝑢 = 𝑞(𝑎, 𝑏, 𝑐), 𝑣 = 𝑞(𝑒, 𝑏, 𝑐)

                                   , 𝑎 ≠ 𝑒.

 

 

Then to prove that ℓ𝑛
𝑚 is 𝑤-expansive where (𝑤 = 𝑚 − 𝑛, ∀ 𝑛,𝑚 ∈  ℤ), 

The expansiveness of 𝑔𝑛
𝑚 assures the existence of a number 𝛿 > 0 meaning 

that if 𝑑(𝑔𝑛
𝑘(𝑢), 𝑔𝑛

𝑘  (𝑣)) ≤ 𝛿, for every 0 ≤ 𝑛 < 𝑘 ∈ ℤ , then 𝑢 = 𝑣. 

Suppose that {𝑢𝑛, 𝑢𝑛+1. . . , 𝑢𝑚, 𝑢𝑚+1, . . . , 𝑢𝑚+𝑛} are 𝑤 + 1 different points 

of 𝑋 satisfyin: 

𝑑 (ℓ𝑛
𝑘(𝑢𝑖), ℓ𝑛

𝑘(𝑢𝑗)) ≤ 𝛿, 0 ≤ 𝑛 < 𝑘 ∈ ℕ,  

For every pair (𝑖, 𝑗) ∈ {𝑛, … . , 𝑚 + 𝑛} × {𝑛,… . ,𝑚 + 𝑛}. And most one of 

these points belong to 𝑀, and at least 𝑚 of them belong to 𝐸, by  

𝑑(ℓ𝑛
𝑠 (𝑢), ℓ𝑛

𝑠 (𝑞(𝑎, 𝑏, 𝑐)) ≤ 𝛿, ∀   0 ≤ 𝑛 <  𝑠 ∈ ℤ .  

We claim that at least two for these points are of the form 𝑞(𝑎, 𝑏, 𝑐) and 

𝑞(𝑎, ℎ, 𝑟) with 𝑏 ≠ ℎ. Moreover, if this is not the case, then two of them 

are of the form 𝑞(𝑎, 𝑏, 𝑐 ) and 𝑞(𝑎, 𝑏, 𝑟) with 𝑐 ≠  𝑟. It follows that for 

every 0 ≤ 𝑛 < 𝑠 ∈  ℤ we get 
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𝑑(𝑔𝑛
𝑠(𝑔𝑛

𝑐(𝑝𝑏), 𝑔𝑛
𝑠(𝑔𝑛

𝑟(𝑝𝑏)) = 𝑑(ℓ𝑛
𝑠 (𝑞(𝑎, 𝑏, 𝑐)), ℓ𝑛

𝑠 (𝑞(𝑎, 𝑏, 𝑟)) −
2

𝑘
 

                                                < 𝑑(ℓ𝑛
𝑠 (𝑞(𝑎, 𝑏, 𝑐)), ℓ𝑛

𝑠 (𝑞(𝑎, 𝑏, 𝑟)) 

                                                ≤ 𝛿. 

This implies that 𝑔𝑛
𝑐  (𝑝𝑏)  =  𝑔𝑛

𝑟(𝑝𝑏), Consequently, this implies that 

𝑐 = 𝑟, resulting in a contradiction.  

For each 0 ≤ 𝑛 < 𝑠 ∈  ℤ the following holds  

𝑑(𝑔𝑛
𝑠(𝑔𝑛

𝑐(𝑝𝑏), 𝑔𝑛
𝑠(𝑔𝑛

𝑟(𝑝ℎ)) = 𝑑(ℓ𝑛
𝑠 (𝑞(𝑎, 𝑏, 𝑐)), ℓ𝑛

𝑠 (𝑞(𝑒, ℎ, 𝑟)) −
2

𝑘
 

                                                 < 𝑑(ℓ𝑛
𝑠 (𝑞(𝑎, 𝑏, 𝑐)), ℓ𝑛

𝑠 (𝑞(𝑒, ℎ, 𝑟)) 

                                                 ≤ 𝛿. 

Therefore,  𝑔𝑛
𝑐(𝑝𝑏)  =  𝑔𝑛

𝑟(𝑝ℎ) and  𝑝𝑏 = 𝑝ℎ  , which is a contradiction 

with the fact that 𝑏 ≠ ℎ. Noting that 𝑀 has an infinite number of periodic 

points {𝑝𝑘}𝑘∈ℕ is essential to understanding that this is possible. 

          Now to prove that ℓ𝑛
𝑚 is non (𝑤 − 1)-expansive: 

For every 𝛿 > 0, choose 𝑘 ∈ ℕ, ∋  
1

𝑘
< 𝛿, and the set A (𝑝𝑘 ,

1

𝑘
)  contains 𝑤 

different points (𝑤 = 𝑚− 𝑛 ) hence, for each 𝑎 ∈ {1, . . . , 𝑚 −  1} the 

point 𝑞(𝑎, 𝑏, 0) Belongs to A(𝑝𝑘 ,
1

𝑘
) that's implies the A(𝑝𝑘 , 𝛿) contains at 

least w different points and that ℓ𝑛
𝑚 is non (𝑤 − 1)-expansive. 

To prove ℓ𝑛
𝑚 has the shadowing property in g-nonautonomous discrete 

dynamical systems,   

Since 𝑔𝑛
𝑚 have the shadowing property , for each 𝜀 > 0 we can consider 

𝛿𝑔 > 0 meaning that every 𝛿𝑔-pseudo orbit of 𝑔𝑛
𝑚 is 𝜀

2
 -shadowed. Choose 

𝐿 belongs to ℕ such that 
1

𝐿
< min{

𝜀

2
,
𝛿𝑔

3
}   and let 𝛿 =

1

𝐿
 . 
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If {𝑢𝑖}𝑖∈ℕ ⊂  𝑋  is a 𝛿-pseudo orbit of ℓ then either {𝑢𝑖}𝑖∈ℕ, is one of the  

orbits {𝑞(𝑎, 𝑏, 𝑐);  𝑐 ∈ {0, … , 𝜋(𝑝𝑘) −  1}, 𝑎 ∈  {1, … ,𝑚 –  1}, 𝑏 ∈ 

{1, . . . , 𝐿 − 1}} , or {𝑢𝑖}𝑖=0
∞  does not contain any point of these orbits. 

In the first case {𝑢𝑖}𝑖=0
∞  is obviously shadowed, therefore, we will 

concentrate on the second case. Thus if 𝑢𝑖 =  𝑞(𝑎, 𝑏, 𝑐 ) then 𝑏 ≥  𝐿. 

Define a sequence {𝑣𝑖}𝒊=𝒏
𝒎 ⊂  𝑋  by 

𝑣𝑖 = {
𝑢𝑖 ,  𝑢𝑖 ∈ 𝑀,

𝑔𝑛
𝑐(𝑝𝑏),     𝑢𝑖 = 𝑞(𝑎, 𝑏, 𝑐).

 

 

The sequence {𝑣𝑖}𝑖=0
∞  is a 𝛿𝑔-pseudo orbit for 𝑔𝑛

𝑚 since, for every 𝑖 ∈  ℕ  

the following holds: 

  𝑑(𝑔𝑛
𝑚)𝑖+1(𝑣), 𝑣𝑖+1) =  𝑑((ℓ𝑛

𝑚)𝑖+1 (𝑣), 𝑣𝑖+1)  

                            

≤  𝑑 ((ℓ𝑛
𝑚)𝑖+1 (𝑣), (ℓ𝑛

𝑚)𝑖+1 (𝑢)) +  𝑑((ℓ𝑛
𝑚)𝑖+1 (𝑢), 𝑢𝑖+1)

+  𝑑(𝑢𝑖+1, 𝑣𝑖+1),  

                              ≤  
1

𝐿
 +
1

𝐿
  +  

1

𝐿
   

                             ≤ 𝛿𝑔 .  

Then there exists 𝑢 ∈  𝑀 such that 

𝑑((ℊ𝑛
𝑚)𝑖  (𝑢), 𝑣𝑖)  <  

𝜀

2
 , 𝑖 ∈  𝑍. 

 It follows that {𝑢𝑖}𝑖=0
∞  is 𝜀-shadowed by 𝑢, since for each 𝑖 ∈  𝑍 the  

following holds: 
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 𝑑((ℓ𝑛
𝑚)𝑖  (𝑢), 𝑢𝑖) ≤ 𝑑( (ℓ𝑛

𝑚)𝑖(𝑢), 𝑣𝑖) + 𝑑(𝑣𝑖 , 𝑢𝑖) 

                       ≤
𝜺

𝟐
+
𝟏

𝑳
  

                       ≤ 𝜀 . 

Given that this is applicable to any 𝜀 > 0, we obtain that ℓ𝑛
𝑚 have an 

shadowing property in g-nonautonomous discrete dynamical systems. 

 Now to prove ℓ𝑛
𝑚 admits an infinite number of chain-recurrent 

classes, the different periodic orbits in 𝐸 belong to different chain-recurrent 

classes. Indeed, every point 𝑞(𝑎, 𝑏, 𝑐 )  ∈  𝐸 satisfies : 

𝑑(𝑞(𝑎, 𝑏, 𝑐 ), 𝑢) ≥  
1

𝑘
 , 𝑢 ∈  𝑋 − {𝑞(𝑎, 𝑏, 𝑐 )}. 

This means that if 0 < 𝜀 <
1

𝑘
  then the orbit of 𝑞(𝑎, 𝑏, 𝑐 ) cannot be 

connected by 𝜀-pseudo orbits with any other point of 𝑋. This proves that 

the chain recurrent class of 𝑞(𝑎, 𝑏, 𝑐) contains only its orbit.   □  
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Chapter Three 

 

 

The Fitting Shadowing Property on g-

Nonautonomous Discrete Dynamical Systems 
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3.1 The Fitting Shadowing Property on g-

Nonautonomous Discrete Dynamical Systems 

 

      In this section, we define and discuss the relation along the three 

concepts, which are an fitting shadowing property (F.S.P), the asymptotic 

fitting shadowing property (A.F.S.P), and the relation between an fitting 

shadowing and the average shadowing property in g-nonautonomous 

discrete dynamical systems. Additionally, we study the relationship 

between fitting shadowing and the average shadowing property in g-

nonautonomous discrete dynamical systems. We investigate the concept of 

the fitting shadowing property as well as the asymptotic fitting shadowing 

property in g-nonautonomous discrete dynamical systems with chaos. 

 

Definition  3.1.1 

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 ⟶ 𝑋 be an  uniform 

continuous maps ∀𝑛 ∈ ℕ. A sequence {𝓍𝑖}𝑖=0
∞  in 𝑋 is called a 𝜶-fitting 

pseudo-orbit of (ℓ𝑛
𝑚)0≤𝑛<𝑚 in g- non autonomous discrete dynamical 

systems if there exists 𝛼 > 0 and a positive integer 𝑀 = 𝑀(𝛼), such that 

for every 𝑤 ≥ 𝑀 and 𝑘 ∈ ℕ, we get ∑  𝑤−1
𝑖=0 𝑑(ℓ𝑗(𝓍𝑖+𝑘), 𝓍𝑖+𝑘+1) <

𝛼,   𝑤ℎ𝑒𝑟𝑒 𝑛 ≤ 𝑗 < 𝑚 

A sequence (ℓ𝑛
𝑚)0≤𝑛<𝑚 are say to have the fitting shadowing property of 

g-non autonomous discrete dynamical systems : if for all 𝜀 > 0 

there is 𝛼 > 0 meaning that every 𝛼-fitting pseudo-orbit is 𝜀-shadowed in 

fitting by the orbit of some point 𝑦 ∈ 𝑋, that is 

  



66 
 

  lim
𝑤→∞

𝑠𝑢𝑝∑  

𝑤−1

𝑖=𝑛

𝑑((ℓ𝑛
𝑚)𝑖(𝑦), 𝓍𝑖) < 𝜀. 

 

Definition   3.1.2 

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝛸 → 𝛸 be an uniform 

continuous maps ∀𝑛 ∈ ℕ, a sequence{𝓍𝑖}𝒊=𝟎
∞  in 𝛸 is called asymptotic 

fitting pseudo-orbit in g-NDS of (ℓ𝑛
𝑚)0≤𝑛<𝑚 if 

lim
𝒎→∞

∑ 𝑑(ℓ𝑗(𝓍𝑖), 𝓍𝑖+1) = 0 ,   𝑤ℎ𝑒𝑟𝑒 𝑛 ≤ 𝑗 < 𝑚

𝑚−1

𝑖=0

 

A sequence {𝓍𝑖}𝒊=𝟎
∞  in 𝛸 is say to be asymptotically shadowing in fitting 

in g-NDS by using point 𝑤 ∈ Χ, if 

lim
𝒎→∞

∑ 𝑑((ℓ𝑛
𝑚)𝑖(𝑤)

𝒎−𝟏

𝒊=𝒏

, 𝔁𝑖) = 0 

We are saying that. (ℓ𝑛
𝑚)0≤𝑛<𝑚 has asymptotic fitting shadowing property 

in g-NDS if any asymptotic fitting pseudo-orbit of (ℓ𝑛
𝑚)0≤𝑛<𝑚 in g-NDS 

is asymptotically shadowing in fitting using the point 𝑤 ∈ Χ. 

 

Proposition   3.1.3  

Let (𝛸, 𝑑) and (𝑌, 𝑑ˊ) be two compact  metric space, ℓ𝑛: 𝛸 → 𝛸,  

&  ℊ𝑛: 𝑌 → 𝑌 be map, ∀𝑛 ∈ ℕ0. if (ℓ𝑛
𝑚)0≤𝑛<𝑚 and (ℊ𝑛

𝑚)0≤𝑛<𝑚 have the 

fitting shadowing Property of g-nonautonomous discrete dynamical 

systems, then the product ℓ𝑛
𝑚 × ℊ𝑛

𝑚 have the fitting shadowing property of 

g-nonautonomous discrete dynamical systems, ∀ 0 ≤ 𝑛 < 𝑚 ∈ ℕ. 
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Proof: 

Let (𝛸, 𝑑) and (𝑌, 𝑑ˊ) be two compact metric space, ℓ𝑛: 𝛸 → 𝛸,   &  

ℊ𝑛: 𝑌 → 𝑌 be maps, then By Remark 1.1.19 

Let Ϝ = max{  𝑑 (𝓍, 𝑦): 𝓍, 𝑦 ∈  Χ × 𝑌} 𝑎𝑛𝑑 𝛾 = (
𝜀

2(Ϝ+1)
)2. 

Since ℓ𝑛
𝑚and ℊ𝑛

𝑚 has an fitting shadowing property, for 𝛾 > 0, ∃ 𝛼 > 0 

Such that all 𝛼-fitting pseudo-orbit ℓ𝑛
𝑚or every 𝛼-fitting pseudo- orbit ℊ𝑛

𝑚 

is 𝛾-shadowing in fitting  by some point 𝑠 ∈ 𝛸 (𝑡 ∈ 𝑌). Assume that 

{(𝓍𝑖 , 𝑦𝑖)}𝑖=0
∞  is 𝛼-fitting pseudo-orbit ℓ𝑛

𝑚 × ℊ𝑛
𝑚, from the Definition of the 

fitting pseudo-orbit  3.1.1, we evidently have ℓ𝑛
𝑚 and ℊ𝑛

𝑚 are 𝛼-fitting 

pseudo-orbits of ℓ𝑛
𝑚 and ℊ𝑛

𝑚 respectively.  

Thus there are 𝑠 ∈ 𝛸, 𝑡 ∈ 𝑌 such that : 

lim
𝒎→+∞

sup ∑ 𝑑((ℓ𝑛
𝑚)𝑖(𝑠), 𝓍𝑖) ≤ 𝛾,

𝑚−1

𝑖=𝑛

… . . (3.1) 

lim
𝒎→+∞

sup ∑ 𝑑ˊ((ℊ𝑛
𝑚)𝑖(𝑡), 𝑦𝑖) ≤ 𝛾,… . . (3.2)

𝑚−1

𝑖=𝑛

 

 

We write   𝑐𝑖 = 𝑑((ℓ𝑛
𝑚)𝑖(𝑠), 𝓍𝑖),       𝑏𝑖 = 𝑑ˊ((ℊ𝑛

𝑚)𝑖(𝑡), 𝑦𝑖),   

𝑤𝑖 = max{(𝑐𝑖 , 𝑏𝑖)},       𝐵𝚤,𝑚 = 𝑐𝑎𝑟𝑑({𝑖 < 𝑚: 𝑏𝑖 ≥ 𝜄}),   

W𝚤,𝑚 = 𝑐𝑎𝑟𝑑({𝑖 < 𝑚:𝑤𝑖 ≥ 𝜄}), 

hence that W𝚤,𝑚 ≤ 𝐶𝚤,𝑚 + 𝐵𝚤,𝑚 . By Lemma 1.2.10 (a) & (3.1) , (3.2),  

It follows that  

lim
𝑚→+∞

sup𝐶√𝛾 , 𝑚 ≤ √𝛾     &   lim
𝑚→+∞

sup𝐵√𝛾 , 𝑚 ≤ √𝛾 . 
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so         

lim
𝒎→+∞

sup𝑀√𝛾 , 𝑚 ≤ √𝛾 . 

            

  by Lemma 1.2.10 (b), we get that  

lim
𝑚→+∞

sup ∑  𝑐𝑖 ≤ 2(

𝑚−1

𝑖=𝑛

Ϝ + 1)√𝛾 = 𝜀.  

That is    

lim
𝑚→+∞

sup ∑ 𝑑∗(

𝑚−1

𝑖=𝑛

(ℓ𝑛
𝑚)𝑖 × (ℊ𝑛

𝑚)𝑖)(𝑠, 𝑡), ( 𝓍𝑖 , 𝑦𝑖)) 

= lim
𝒎→+∞

sup ∑ max {𝑑((ℓ𝑛
𝑚)𝑖(𝑠), 𝓍𝑖),

𝒎−𝟏

𝒎→+∞

 𝑑ˊ((ℊ𝑛
𝑚)𝑖(𝑡), 𝑦𝑖)} 

                

= lim
𝒎→+∞

sup ∑ 𝑤𝑖 < 𝜀   

𝑚−1

𝑖=𝑛

 

 

therefore ; ℓ𝑛
𝑚 × ℊ𝑛

𝑚 possesses the fitting shadowing property.  □ 

 

Corollary  3.1.4 

Let (𝑋, 𝑑) be a compact metric space, if ℓ𝑛: 𝑋 → 𝑋 has the fitting 

shadowing property of g-nonautonomous discrete dynamical systems, then 

the ℓ𝑛
𝑚 × ℓ𝑛

𝑚 × ℓ𝑛
𝑚 ×… .× ℓ𝑛

𝑚⏟                
𝑚−𝑡𝑖𝑚𝑒𝑠

 has the fitting shadowing property of g-

nonautonomous discrete dynamical systems. 
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Proof: 

We can show the proof by Induction Law and Proposition 3.1.3.  □ 

 

Theorem  3.1.5 

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous map ∀𝑛 ∈ ℕ. if (ℓ𝑛
𝑚)0≤𝑛<𝑚 has the fitting shadowing property 

(F.S.P) of g-nonautonomous discrete dynamical systems, 

then (ℓ𝑛
𝑚)𝑘, ∀ 0 ≤ 𝑛 < 𝑚 ∈ ℕ, has the fitting shadowing property (F.S.P) 

of g-nonautonomous discrete dynamical systems, for each 𝑘 ∈ ℕ. 

 

Proof: 

Since 𝑘 ∈ ℕ, and since ℓ𝑛
𝑚 has F.S.P for any 

𝜀

𝑘
> 0, there is 𝛿 > 0, ∋ for 

each 𝛿-fitting pseudo -orbit is  
𝜀

𝑘
 –shadowing in fitting by some point in 𝑋. 

suppose {𝑦𝑖}𝑖=0
∞  ; 0 ≤ 𝑛 < 𝑚 ∈ ℕ , is  𝛿-fitting pseudo –orbit of  

(ℓ𝑛
𝑚)𝑘,that is, ∃ 𝑀 = 𝑀(𝛿) > 0, ∀ 𝑚 ≥ 𝑀 . 

∑ 𝑑(ℓ𝑛
𝑚(𝑦𝑖+ℎ), 𝑦𝑖+ℎ+1) < 𝛿,         ∀ 𝑚 > 𝑀 𝑎𝑛𝑑 ℎ ∈ ℤ+.

𝑚−1

𝑖=𝑛

 

We write 𝓍𝑖𝑘+𝑡 = (ℓ𝑛
𝑚)𝑘(𝑦𝑖), ∀ 0 ≤ 𝑡 < 𝑘, 𝑖 ∈ ℤ+, that is 

 

{𝓍𝑖}𝑖=0
∞ = {𝑦𝑛, ℓ𝑛

𝑚(𝑦𝑛),… . , (ℓ𝑛
𝑚)𝑘−1(𝑦𝑛), 𝑦𝑛+1, … , (ℓ𝑛

𝑚)𝑘−1(𝑦𝑛+1), … }   

 

We have 
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∑ 𝑑(ℓ𝑗(𝓍𝑖+ℎ), 𝓍𝑖+ℎ+1) < 𝛿, ∀ 𝑚 ≥ 𝑀, 𝑎𝑛𝑑 ℎ ∈ ℤ+ .

𝑚−1

𝑖=𝑛

 

then {𝓍𝑖}𝑖=0
∞  is 𝛿-fitting pseudo-orbit of ℓ𝑛

𝑚. 

So there is 𝑧 ∈ 𝑋, ∋ 

lim
𝑚→+∞

sup ∑ 𝑑((ℓ𝑛
𝑚)𝑖(𝑧), 𝓍𝑖) <

𝜀

𝑘

𝑚−1

𝑖=𝑛

 . …… . (3.3) 

Claim  : there are infinite 𝑠 ∈ ℕ, meaning that 

∑𝑑((ℓ𝑛
𝑚)𝑘𝑖(𝑧), 𝓍𝑖) < 𝜀.

𝑠−1

𝑖=𝑛

 

       

To Proof the claim. Contrariwise, assume that there exists 𝑘0 ∈ ℕ 

meaning that 

∑𝑑(

𝑠−1

𝑖=𝑛

(ℓ𝑛
𝑚)𝑘𝑖(𝑧), 𝓍𝑖) ≥ 𝜀 

For all 𝑠 ≥ 𝑘0 , then  

lim
𝒎→+∞

∑ 𝑑((ℓ𝑛
𝑚)𝑖(𝑧), 𝓍𝑖) >

𝜀

𝑘
 

𝑚−1

𝑖=𝑛

 

which corresponds to (3.3). The substantiation of the claim has been 

finalized. By the claim, we get  

lim
𝒎→+∞

∑ 𝑑((ℓ𝑛
𝑚)𝑘𝑖(𝑧), 𝓍𝑘𝑖) < 𝜀,

𝒎−𝟏

𝒊=𝒏

 

since 𝓍𝑘𝑖 = 𝑦𝑖 , 
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lim
𝑚→+∞

∑ 𝑑((ℓ𝑛
𝑚)𝑘)𝑖(𝑧),

𝑚−1

𝑖=𝑛

𝑦𝑖) < 𝜀 . 

Hence, (ℓ𝑛
𝑚)𝑘has the fitting shadowing property (F.S.P) in g-NDS .    □ 

 

Remark  3.1.6 

By definition of fitting shadowing property in g-non autonomous 

discrete dynamical system, we get that, if (ℓ𝑛
𝑚)𝟎≤𝑛<𝑚 has fitting 

shadowing property of g-nonautonomous discrete dynamical systems then 

(ℓ𝑛
𝑚)0≤𝑛<𝑚 has average shadowing property of g-nonautonomous discrete 

dynamical systems. 

 

Lemma   3.1.7  

If {𝑎𝑖}𝑖=𝑛
𝓂  be a constrained sequence of positive real numbers, then 

the following condition has an equivalent: 

(1)  lim
𝑚→∞

∑ 𝑎𝑖 = 0,
𝑚−1
𝑖=𝑛  

(2) There exists a subset 𝐽 ⊂ ℕ of zero density, where 𝑑( 𝐽) = 0 and 

lim
𝑚→∞

𝑐𝑎𝑟𝑑(𝐽⋂{0,1,2, … ,𝑚 − 1}

𝑚
= 0 

such that 

lim
𝑚∉𝐽

𝑎𝑖 = 0 
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Proposition   3.1.8  

Let (𝑋, 𝑑) and (𝑌, 𝑑ˊ) be a compact metric spaces, ℓ𝑛: 𝑋 → 𝑋 and  

ℊ𝑛: 𝑌 → 𝑌 be a maps ∀𝑛 ∈ ℕ, then (ℓ𝑛
𝑚)0≤𝑛<𝑚 and (ℊ𝑛

𝑚)0≤𝑛<𝑚 have the 

asymptotic fitting shadowing property of g-nonautonomous discrete 

dynamical systems if and only if ℓ𝑛
𝑚 × ℊ𝑛

𝑚, ∀ 0 ≤ 𝑛 < 𝑚  has the 

asymptotic fitting shadowing property of g-nonautonomous discrete 

dynamical systemscharacteristic. 

Proof 

Assume that ℓ𝑛
𝑚 and ℊ𝑛

𝑚,∀0 ≤ 𝑛 < 𝑚, possess the asymptotic shadowing  

fitting property in g-NDS. Suppose that {(𝑥𝑖 , 𝑦𝑖)}𝑖=0
∞  be asymptotic fitting  

pseudo-orbit of ℓ𝑛
𝑚 × ℊ𝑛

𝑚 that is 

lim
𝑚→∞

∑ 𝑑ˊˊ((ℓ ×

𝑚−1

𝑖=0

 ℊ)𝑗(𝓍𝑖 , 𝑦𝑖), (𝓍𝑖+1, 𝑦𝑖+1)) = 0… (3.4) 

This implies that  

lim
𝑚→∞

∑ 𝑑(

𝑚−1

𝑖=0

ℓ𝑗(𝓍𝑖), 𝓍𝑖+1) = 0… (3.5) 

 

lim
𝑚→∞

∑ 𝑑ˊ(

𝑚−1

𝑖=0

ℊ𝑗(𝑦𝑖), 𝑦𝑖+1) = 0… (3.6) 

So {𝓍𝑖}𝒊=𝟎
∞  and {𝑦𝑖}𝑖=0

∞  are fitting asymptotic pseudo-orbit of ℓ𝑛
𝑚 and ℊ𝑛

𝑚, 

∀ 𝑛 < 𝑚. Respective. Consequently, there are two points  𝑧1, 𝑧2 ∈ 𝑋 

meaning that 
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lim
𝑚→∞

∑ 𝑑(

𝑚−1

𝑖=𝑛

(ℓ𝑛
𝑚)𝑖(𝑧1), 𝑥𝑖) = 0… (3.7) 

lim
𝑚→∞

∑ 𝑑ˊ(

𝑚−1

𝑖=𝑛

(ℊ𝑛
𝑚)𝑖(𝑧2), 𝑦𝑖) = 0… (3.8)  

By Lemma 3.1.7 and (3.7) there is a set 𝐽0 ⊂ ℤ+of zero density such that 

lim
𝑗→∞

𝑑( (ℓ𝑛
𝑚)𝑖(𝑧1), 𝑥𝑗) = 0 

where 𝑗 ∉ 𝐽0. Likewise, a set exists  𝐽1 ⊂ ℤ+ for zero density meaning that 

lim
𝑗→∞

𝑑ˊ( (ℊ𝑛
𝑚)𝑖(𝑧2), 𝑦𝑗) = 0 

where 𝑗 ∉ 𝐽1. Let 𝐽 = 𝐽0 ∩ 𝐽1, then 𝐽 subset of zero density and  

lim
𝑗→∞

𝑑ˊˊ(( ℓ𝑛
𝑚 × ℊ𝑛

𝑚)𝑖(𝑧1, 𝑧2), (𝑥𝑗 , 𝑦𝑗) = 0 

where 𝑗 ∉ 𝐽. So By Lemma 3.1.7 we have  

lim
𝑚→∞

∑ 𝑑ˊˊ((ℓ𝑛
𝑚 × ℊ𝑛

𝑚)𝑖
𝑚−1

𝑖=𝑛

(𝑧1, 𝑧2), (𝑥𝑗 , 𝑦𝑗) = 0 

Thus ℓ𝑛
𝑚 × ℊ𝑛

𝑚 possesses the shadowing property of asymptotic fitting in 

g-NDS.  

Conversely, Likewise, we can proof that if ℓ𝑛
𝑚 × ℊ𝑛

𝑚  possesses the 

shadowing property of asymptotic fitting in g-NDS then ℓ𝑛
𝑚 and ℊ𝑛

𝑚 

possesses the shadowing property of asymptotic fitting in g-NDS.   □ 
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Proposition  3.1.9  

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝛸 → 𝛸 be an uniform 

continuous map ∀𝑛 ∈ ℕ, if (ℓ𝑛
𝑚)0≤𝑛<𝑚 have the asymptotic fitting 

shadowing property of g-nonautonomous discrete dynamical systems, then 

(ℓ𝑛
𝑚)𝑘, ∀ 𝑘 > 0, has the asymptotic fitting shadowing property of g-

nonautonomous discrete dynamical systems. 

Proof 

Assume that ℓ𝑛
𝑚 has the asymptotic fitting shadowing property and 𝑘 > 0. 

Suppose that {𝑥𝑖}𝑖=0
∞ be an asymptotic fitting pseudo-orbit of (ℓ𝑛

𝑚)𝑘, where 

𝑘 = 1,2, .., that is  

lim
𝑚→∞

∑ 𝑑(

𝑚−1

𝑖=0

ℓ𝑛
𝑚(𝑥𝑖), 𝑥𝑖+1) = 0… . (3.9) 

Let 𝑧𝑡𝑘+ℎ = ℓ𝑛
𝑚(𝑥𝑖), for all 0 ≤ ℎ < 𝑘 and every 𝑡 ≥ 0 

Since  

lim
𝑚→∞

∑ 𝑑(ℓ𝑗(𝑧𝑖), 𝑧𝑖+1)

𝑚−1

𝑖=0

≤
𝑚

𝑡𝑘 + ℎ
lim
𝑚→∞

∑𝑑(ℓ𝑛
𝑚(𝑥𝑖), 𝑥𝑖+1)

𝑡

𝑖=0

 

We get from (3.9) that  

lim
𝑚→∞

∑ 𝑑(ℓ𝑗(𝑧𝑖), 𝑧𝑖+1) = 0

𝑚−1

𝑖=0

 

That is the sequence {𝑧𝑖}𝑖=0
∞  is an asymptotic fitting pseudo-orbit of ℓ𝑛

𝑚.  

So there is a point 𝑤 ∈ 𝑋 such that  

lim
𝑚→∞

∑𝑑((ℓ𝑛
𝑚)𝑖(𝑤), 𝑧𝑖) = 0

𝑚

𝑖=𝑛

       (3.10) 
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Note that  

lim
𝑚→∞

∑𝑑((ℓ𝑛
𝑚)𝑘𝑖(𝑤), 𝑥𝑖) ≤ lim

𝑚→∞
∑∑𝑑((ℓ𝑛

𝑚)𝑠𝑘+ℎ
𝑘−1

ℎ=𝑛

(𝑤), 𝑧𝑡𝑘+ℎ

𝑡−1

𝑠=𝑛

𝑡−1

𝑖=𝑛

 

                                = lim
𝑚→∞

∑ 𝑑((ℓ𝑛
𝑚)𝑖(𝑤), 𝑧𝑖)

𝑡𝑘−1

𝑖=𝑛

 

From (3.10) that  

lim
𝑚→∞

∑𝑑((ℓ𝑛
𝑚)𝑘𝑖(𝑤), 𝑥𝑖) = 0

𝑡−1

𝑖=𝑛

 

This showing (ℓ𝑛
𝑚)𝑘 has the asymptotic fitting shadowing property of g-

NDS.     □ 

 

Definition  3.1.10  

Let (𝑋, 𝑑) be a compact metric space and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous map ,∀𝑛 ∈ ℕ, if each 𝑥 ∈ 𝑋 transitive point, then we say 

(ℓ𝑛
𝑚)0≤𝑛<𝑚 is minimal in g-nonautonomous discrete dynamical systems. 

𝑥 ∈ 𝑋 is said to be minimal point of g-nonautonomous discrete dynamical 

systems if for every neig-hbrhood 𝑈 of y, 𝑁(𝑦, 𝑉) is syndetic, denoted by 

AP (ℓ𝑛
𝑚) the set of all minimal points of  (ℓ𝑛

𝑚)0≤𝑛<𝑚 in g-nonautonomous 

discrete dynamical systems 

 

we generalize the Proposition 2.1.13 in [9] for g-nonautonomous 

discrete dynamical system 
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Proposition   3.1.11  

Let (𝑋, 𝑑) and (𝑌, 𝑑ˊ) be a compacts metric spaces , ℓ𝑛: 𝑋 → 𝑋 and 

ℊ𝑛: 𝑌 → 𝑌,be a continuous map ,∀𝑛 ∈ ℕ, and (ℓ𝑛
𝑚)0≤𝑛<𝑚 and 

(ℊ𝑛
𝑚)0≤𝑛<𝑚are surjective maps. If (ℓ𝑛

𝑚)0≤𝑛<𝑚 and (ℊ𝑛
𝑚)0≤𝑛<𝑚each has 

dense minimal points  then so does the product ℓ𝑛
𝑚 × ℊ𝑛

𝑚 of g-

nonautonomous discrete dynamical systems,∀ 0 ≤ 𝑛 < 𝑚. 

 

Theorem   3.1.12 

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝛸 → 𝛸 be an uniform 

continuous map ∀𝑛 ∈ ℕ, if (ℓ𝑛
𝑚)0≤𝑛<𝑚 has the fitting shadowing property 

of g-nonautonomous discrete dynamical systems and the set of all minimal 

points for (ℓ𝑛
𝑚)0≤𝑛<𝑚 are dence in 𝑋, then (ℓ𝑛

𝑚)0≤𝑛<𝑚 is strongly ergodic. 

of g-nonautonomous discrete dynamical systems. 

Proof 

Suppose that 𝑆1 and 𝑆2 are two non-empty open subsets of 𝑋. Since the 

minimal points of ℓ𝑛
𝑚 are dense in 𝑋 ∀ 𝑛 < 𝑚, we can pick 𝑠 ∈ 𝑆1 ∩

𝐴𝑃(ℓ𝑛
𝑚) and 𝑡 ∈ 𝑆2 ∩ 𝐴𝑃(ℓ𝑛

𝑚), 𝜀 > 0 meaning that 

𝐵(𝑠, 𝜀) ⊂ 𝑆1, 𝐵(𝑡, 𝜀) ⊂ 𝑆2  

where 𝐵(𝑎, 𝜀) = {𝑏 ∈ 𝑋: 𝑑(𝑎, 𝑏) < 𝜀}. by 𝑠, 𝑡 ∈ 𝐴𝑃(ℓ𝑛
𝑚), we have that 

𝐽𝑠 = {𝑚 ∈ ℤ+: ℓ𝑛
𝑚(𝑠) ∈ 𝐵 (𝑠,

𝜀

2
)} and 𝐽𝑡 = {𝑚 ∈ ℤ+: ℓ𝑛

𝑚(𝑡) ∈ 𝐵 (𝑡,
𝜀

2
)} 

are Syndetic, which implies that there are 𝑊1,𝑊2 ∈ ℕ meaning that 

[𝑤, 𝑤 + 𝑊1] ∩ 𝐽𝑠 ≠ ∅and [𝑤, 𝑤 +𝑊2] ∩ 𝐽𝑡 ≠ ∅ for each 𝑤 ∈ ℕ. 

Let 𝑊 = max {𝑊1,𝑊2}. There exists 𝛾 > 0 such that 𝑑(𝑠, 𝑡) < 𝛾 implies 

𝑑((ℓ𝑛
𝑚)𝑖(𝑠), (ℓ𝑛

𝑚)𝑖(𝑡)) <
𝜀

2
 , for 𝑖 = 0,1,2,… ,𝑊, by continuity and 

compactness. since ℓ𝑛
𝑚 has the fitting shadowing property, for 

𝛾

2
> 0, there 
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are 𝛾1, 𝛾2 such that 0 < 𝛾1 < 𝛾2 <
𝛾

2
 meaning that for each 𝛾1-fitting 

pseudo-orbit is  
𝛾

2
- shadowing in fitting in g-NDS by  using some point in 

𝑋.  

pick 𝑊0 ∈ ℕ meaning that if 𝑚 ∈ ℤ is a large enough number then 
3𝐷

𝑚 𝑊0
<

𝛾1 and 
3𝐷

𝑚2𝑊0
< 𝛾2, where 𝐷 = 𝑑𝑖𝑎𝑚 (𝑥), that is, 

𝐷 = max {𝑑(𝑠, 𝑡): 𝑠, 𝑡 ∈ 𝑋}, we define the 2𝑊0 periodic sequence {𝑧𝑖}𝑖=0
∞  

with 

 

  𝑧0 = 𝑠,        𝑧1 = ℓ𝑛
𝑚(𝑠), . . , 𝑧𝑊0−1 = (ℓ𝑛

𝑚)𝑊0−1(𝑠),

𝑧𝑊0 = 𝑡, 𝑧𝑊0+1 = ℓ𝑛
𝑚(𝑡), . . , … . , 𝑧2𝑊0−1 = (ℓ𝑛

𝑚)𝑊0−1(𝑡).         
  

For 𝑚 ≥ 𝑊0 and 0 ≤ 𝑟 < +∞ 

∑ 𝑑(ℓ𝑗(𝑧𝑖+𝑟), 𝑧𝑖+𝑟+1)

𝑚−1

𝑖=0

<
[
𝑚
𝑊0
] ×

3𝐷
𝑚2

𝑊0
<
3𝐷

𝑚𝑊0
≤ 𝛾1. 

Therefore, this means that {𝑧𝑖}𝒊=𝟎
∞   is a periodic 𝛾1-fitting pseudo orbit of 

ℓ, it is possible that it is 𝛾2-shadowing in fitting by some point 𝑧 ∈ 𝑋, which 

means 

lim
𝑚→∞

sup∑𝑑((ℓ𝑛
𝑚)𝑖(𝑧),

𝑚

𝒊=𝒏

𝑧𝑖) <
𝛾

2
… . . (3.11) 

Claim  

(1) there is an infinite 𝒊 ∈ ℕ meaning that 

 𝑧𝑖 ∈ {𝑠, ℓ𝑛
𝑚(𝑠), . . . , (ℓ𝑛

𝑚)𝑊0−1(𝑠)} and 𝑑((ℓ𝑛
𝑚)𝑖(𝑧), 𝑧𝑖) < 𝛾. 

(2) there is an infinite 𝑖 ∈ ℕmeaning that 
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𝑧𝑖 ∈ {𝑡, ℓ𝑛
𝑚(𝑡),… , (ℓ𝑛

𝑚)𝑊0−1(𝑡)} and  𝑑((ℓ𝑛
𝑚)𝑖(𝑧), 𝑧𝑖) < 𝛾. 

 To Proof (1): On the contrary, suppose there is 𝐿 ∈ ℕ, meaning that if 

𝑧𝑖 ∈ {𝑠, ℓ𝑛
𝑚(𝑠), . . . , (ℓ𝑛

𝑚)𝑊0−1(𝑠)}, then 𝑑((ℓ𝑛
𝑚)𝑖(𝑧), 𝑧𝑖) ≥ 𝛾. For every 

𝑖 ≥ 𝐿, we have   

lim
𝑚→∞

sup∑𝑑((ℓ𝑛
𝑚)𝑖(𝑧), 𝑧𝑖) ≥

𝛾

2
,

𝑚

𝑖=𝑛

 

Which contracts (3.11), as a result, the assertion is correct. 

The Proof (2) is equivalent to proof (1). 

By using a claim, there are 𝑖0 > 𝑊0,            0 ≤ 𝐽0 ≤ 𝑊0 − 1 

                                    𝑘0 > 𝑖0 +𝑊,     0 ≤ 𝐼0 ≤ 𝑊0 − 1    

Therefore  

𝑧𝑖0 = (ℓ𝑛
𝑚)𝑱𝟎(𝑠), 𝑑((ℓ𝑛

𝑚)𝑖0(𝑧), 𝑧𝑖0) < 𝛾 (3.12)

𝑧𝑘0 = (ℓ𝑛
𝑚)𝑰𝟎(𝑡), 𝑑((ℓ𝑛

𝑚)𝑘0(𝑧), 𝑧𝑘0) < 𝛾 (3.13)
 

 

Since [𝐽0, 𝐽0 +𝑊] ∩ 𝐽𝑠 ≠ ∅. There are 0 ≤ 𝑖,   𝐼 ≤ 𝑊  such that 

(ℓ𝑛
𝑚)𝐽0+𝐽(𝑠) ∈ 𝐵 (𝑠,

𝜀

2
),   (ℓ𝑛

𝑚)𝐼0+𝐼(𝑡) ∈ 𝐵 (𝑡,
𝜀

2
) . 

By the Formula (3.12) and (3.13), we get  

𝑑((ℓ𝑛
𝑚)𝑖0+𝐽(𝑧), (ℓ𝑛

𝑚)𝐽0+𝐽(𝑠)) <
𝜀

2
 

𝑑((ℓ𝑛
𝑚)𝑘0+𝐼(𝑧), (ℓ𝑛

𝑚)𝐼0+𝐼(𝑡)) <
𝜀

2
 

Thus  (ℓ𝑛
𝑚)𝑖0+𝐽(𝑧) ∈ 𝐵(𝑠, 𝜀) ⊂ 𝑆1, 𝑑((ℓ𝑛

𝑚)𝑘0+𝐼(𝑧) ∈ 𝐵(𝑡, 𝜀) ⊂ 𝑆2. 
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Let 𝑤0 = 𝑘0 + 𝐼 − 𝑖0 − 𝐽 > 0, it following that  

𝑆1 ∩ (ℓ𝑛
𝑚)−𝑤0(𝑆2) ≠ ∅, since 𝑆1, 𝑆2 are arbitrary, ℓ𝑛

𝑚 is topological 

transitive. we write 𝐹 = 𝑆1 ∩ (ℓ𝑛
𝑚)−𝑤0(𝑆2) ≠ ∅,  

consequently, there is 𝑞 ∈ 𝐴𝑃(ℓ𝑛
𝑚) ∩ 𝐹.  

Let 𝑘 = {𝑚 ∈ ℤ+: (ℓ𝑛
𝑚)(𝑞) ∈ 𝑊}, then k is syndetic.  

When 𝑐 ∈ 𝑘, 𝐹 ∩ (ℓ𝑛
𝑚)−𝑐(𝐹) ≠ ∅,  

since ∅ ≠ 𝑆1 ∩ (ℓ𝑛
𝑚)−𝑤0(𝑆2) ∩ (ℓ𝑛

𝑚)−𝑐(𝑆1 ∩ (ℓ𝑛
𝑚)−𝑤0(𝑆2)) ⊂ 

𝑆1 ∩ (ℓ𝑛
𝑚)−(𝑤0+𝑐)(𝑆2).  

𝑁(𝑆1, 𝑆2) ⊃ {𝑤0 + 𝑐: 𝑐 ∈ 𝑘}. Therefore 𝑁(𝑆1, 𝑆2) is syndetic, since 𝑆1, 𝑆2 

are arbitrary, ℓ𝑛
𝑚 is strongly ergodic.     □ 

 

Theorem   3.1.13 

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝛸 → 𝛸 be an uniform 

continuous map,∀𝑛 ∈ ℕ. if (ℓ𝑛
𝑚)0≤𝑛<𝑚 have the fitting shadowing 

property of g-nonautonomous discrete dynamical systems and minimal 

points of (ℓ𝑛
𝑚)0≤𝑛<𝑚are dence in 𝛸, then (ℓ𝑛

𝑚)0≤𝑛<𝑚 is totally strongly 

ergodic of g-nonautonomous discrete dynamical systems. 

 

Proof 

For any 𝑘 ∈ ℕ, By Theorem 3.1.5 (ℓ𝑛
𝑚)𝑘, ∀ 𝑘 > 0. have an fitting 

shadowing property. It is well-common knowledge that 𝐴𝑃(ℓ𝑛
𝑚) =

𝐴𝑃((ℓ𝑛
𝑚)𝑘). By using Theorem 3.1.12 for (ℓ𝑛

𝑚)𝑘, we are able to determine 
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that the function is strongly ergodic. Because of this (ℓ𝑛
𝑚)𝑘is totally 

strongly ergodic.  □  

 

we generalize Lemma 2.1.3 in [9] for g-nonautonomous discrete 

dynamical system 

 

Lemma  3.1.14 

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 →  𝑋 is an uniform 

continuous map ,∀𝑛 ∈ ℕ. The map (ℓ𝑛
𝑚)0≤𝑛<𝑚If and only if it is chain 

transitive, it is completely chain mixing. 

 

Lemma   3.1.15  

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 →  𝑋 is an uniform 

continuous map ,∀𝑛 ∈ ℕ. If (ℓ𝑛
𝑚)0≤𝑛<𝑚is surjective and has the fitting 

shadowing property in g-nonautonomous discrete dynamical systems 

∀ 𝑛 < 𝑚, then (ℓ𝑛
𝑚)0≤𝑛<𝑚 is chain mixing. 

Proof 

It was proved in Theorem 3.1.5 that if ℓ𝑛
𝑚 have the fitting shadowing 

property, then so does (ℓ𝑛
𝑚)𝑘, ∀ 𝑘 > 0, By using Lemma 3.1.14 if (ℓ𝑛

𝑚)𝑘  

is chain transitive for  ∀ 𝑘 > 0, then there's chain mixing. As a result, 

proving that ℓ𝑛
𝑚 is chain transitive is sufficient. It does not affect the rule 

of the theory if we suppose that diam (𝑋)  ≤  1.  

Fix any 𝜀 > 0 and 𝑥, 𝑦 ∈ 𝑋. Let 𝛿 be provided by an fitting shadowing  
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property for 𝜀/2. Suppose that 𝑘0 ≥ 2 be meaning that 2/𝑘0 <  𝛿 and 

suppose that 𝑘𝑖 = 2
𝑖𝑘0 , for 𝑖 ≥ 1. For ℎ =  0, 1, 2, . .. we use surjectivity 

to fix a point 𝑦ℎ  ∈  (ℓ𝑛
𝑚)𝑘2ℎ+1+1(𝑥) and define a sequence 

 

𝜑 = {𝑥, ℓ𝑛
𝑚(𝑥), . . . , (𝑙𝑛

𝑚)𝑘0−1(𝑥), 𝑦0, ℓ𝑛
𝑚(𝑦0), . . . , (ℓ𝑛

𝑚)𝑘1−1(𝑦0), 𝑦, ℓ𝑛
𝑚(𝑥), 

 . . . , (ℓ𝑛
𝑚)𝑘2−1 (𝑥), 𝑦1, ℓ𝑛

𝑚(𝑦1), . . . , (ℓ𝑛
𝑚)𝑘3−1 (𝑦1), . . . , 𝑥, ℓ𝑛

𝑚(𝑥), . ..  

, (ℓ𝑛
𝑚)𝑘2ℎ−1(𝑥), 𝑥ℎ , ℓ𝑛

𝑚(𝑦ℎ ), . . . , (ℓ𝑛
𝑚)𝑘2ℎ+−1 (𝑦ℎ), . . . . } 

                                                                                               

Let  𝑙(ℎ) = (2ℎ − 1)𝑘0. According to its definition of 𝜑, we get, 

 𝜑𝑙(𝟐𝒊+𝟐)−1  =  𝑦 and 𝜑𝑙(2𝑖+1)  =  𝑦𝑖 , for each 𝑖 =  0, 1, 2, . . 

Therefore 𝜑𝑙(𝑖) , . . . , 𝜑𝑙(𝒊+𝟏)−𝟏 is the initial segment of length 𝑚ℎ for the 

orbit of 𝑥 if ℎ is even, and of 𝑦𝑤, where 𝑤 = (ℎ − 1)/2, if ℎ is an odd. 

Note that if we correct any 𝑖 ≥  0 then in the sequence 𝜑𝑖  , . . . , 𝜑𝑖+𝑘0  There 

is only one possible position ℎ with 𝑑((ℓ𝑛
𝑚)𝑖(𝜑ℎ ), 𝜑ℎ+1) > 0. Therefore 

for every 𝑤 > 𝑘0 we have  

∑ 𝑑((ℓ𝑛
𝑚)𝑖(𝜑ℎ),

𝑖+𝑤−1

ℎ=𝑖

𝜑ℎ+1) ≤ (
𝑤

𝑘0
+ 1)𝑑𝑖𝑎𝑚(𝑋) ≤

𝑤 + 𝑘0
𝑘0

≤
2

𝑘0
< 𝛿, 

 

which shows that 𝜑 is an 𝛿-fitting-pseudo-orbit. Let 𝑧 ∈  𝑋 be a point 

which 𝜀-shadows 𝜑 on fitting. This implies that there exist are 𝑝, 𝑞 ∈  𝑁 

meaning that 𝑑((ℓ𝑛
𝑚)𝑝(𝑦), (ℓ𝑛

𝑚)𝑞(𝑧)) < 𝜀 and 𝑟, 𝑠, 𝑡 ∈ 𝑁 such that 

𝑞 < 𝑙(2𝑡) ≤ 𝑟,  𝑠 <  𝑚2𝑡+1, and 𝑑((ℓ𝑛
𝑚)𝑟(𝑥), (ℓ𝑛

𝑚)𝑠(𝑦𝑤)) < 𝜀, for 

otherwise we would have  
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∑ 𝑑((ℓ𝑛
𝑚)𝑖(𝑧), 𝜑𝑖)

𝑙(ℎ)−1

𝑖=𝑛

≥
1

𝑙(ℎ)
∑ 𝑑((ℓ𝑛

𝑚)𝑖(𝑧), 𝜑𝑖) ≥
2ℎ−1𝑘0

(2ℎ − 1)𝑘0
𝜀 ≥

𝜀

2

𝑙(ℎ)−1

𝑖=𝑛

 

for each adequately large ℎ ∈  𝑁 of some fixed parity (even or odd). 

We come to the conclusion that for some 𝑝, 𝑞, 𝑟, 𝑠, 𝑡 with 𝑞 < 𝑟 − 1 and 

𝑠 < 𝑚2𝑡+1the sequence          

𝑥, ℓ𝑛
𝑚(𝑥), . . . , (ℓ𝑛

𝑚)𝑝−1(𝑥), (ℓ𝑛
𝑚)𝑞(𝑧), . . . , (ℓ𝑛

𝑚)𝑟−1(𝑧), (ℓ𝑛
𝑚)𝑠(𝑦𝑖), . . . , 𝑦 

is a finite 𝜀-pseudo-orbit from 𝑥 to 𝑦 □. 

 

Theorem  3.1.16 

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous map,∀𝑛 ∈ ℕ. If (ℓ𝑛
𝑚)0≤𝑛<𝑚 has the asymptotic fitting 

shadowing property of g-nonautonomous discrete dynamical systems 

 ∀ 𝑛 < 𝑚, then (ℓ𝑛
𝑚)0≤𝑛<𝑚is chain transitive map. 

Proof. 

Suppose that 𝑥, 𝑦 are two distinct points in 𝑋 and 𝛿 is a positive number. It 

is sufficient to demonstrate that 𝑥 leads to 𝑦 via 𝛿 - -chain. First, we 

construct a sequence {𝑤𝑖}𝒊=𝟎
∞  as following. Suppose that 

𝑤0 = 𝓍,  𝑤1 = 𝑦,  𝑤2 = 𝓍,    𝑤3 = 𝑦,   𝑤4 = 𝓍,   ℓ𝑛
1(𝓍), 𝑦−1,   𝑤5 = 𝑦,….  

. . , 𝑤2𝑘 = 𝓍, ℓ𝑛
1(𝓍),… , ℓ𝑛

2𝑘−1−1(𝓍), 𝑦−2𝑘−1+1, … . , 𝑦−1, … , 𝑤2𝑘+1−1 = 𝑦. 

For all 0 ≤ 𝑛 < 𝑚  ∈ ℕ, 

where ℓ−𝑖+1(𝑦−𝑗) = 𝑦−𝑗+1, for each 𝑗 > 0 and 𝑦0 = 𝑦.  

for 2𝑘 ≤ 𝑛 < 2𝑘+1 ,  
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lim
𝑚→∞

∑ 𝑑(ℓ𝑗(𝑤𝑖),𝑤𝑖+1) <
2(𝑘 + 1)𝐷

2𝑘

𝑚−1

𝑖=0

, 

where 𝐷 is the diameter of 𝑋, that is, 𝐷 = 𝑚𝑎𝑥{𝑑(𝑥, 𝑦): 𝑥, 𝑦 ∈ 𝑋}.  

Hence 

lim
𝒎→∞

∑ 𝑑(ℓ𝑗(𝑤𝑖),𝑤𝑖+1) = 0

𝒎−𝟏

𝒊=𝟎

 

That is, {𝑥𝑖}𝒊=𝟎
∞  is an asymptotic-average pseudo orbit of ℓ𝑛

𝑚. Since ℓ𝑛
𝑚 

have the A.A.S.P, there is a point 𝑧 in 𝑋 meaning that 

lim
𝑚→∞

∑ 𝑑((ℓ𝑛
𝑚)𝑖(𝑧),𝑤𝑖) = 0

𝑚−1

𝑖=𝑛

     (3.14) 

 

For the positive number 𝛿 above, by the continuity of ℓ𝑛
𝑚, there is 

𝜂 ∈ (0, 𝛿) meaning that 𝑑(𝑢, 𝑣) < 𝜂 implies 𝑑(ℓ𝑛
𝑚(𝑢), ℓ𝑛

𝑚(𝑣)) < 𝛿, for all 

𝑢, 𝑣 ∈  𝑋. We now hase the following claim.  

Claim. (1) There are an infinite number of positive integers 𝑗 meaning that 

𝑤𝑚𝑗
∈ {𝑥, ℓ𝑛

1(𝑥), . . . , ℓ𝑛
2𝑗−1

(𝑥)} and 𝑑(ℓ𝑛
𝑚𝑗
(𝑧), 𝑤𝑚𝑗) < 𝜂; 

(2) There are an infinite number of positive integers 𝑙 meaning that 

𝑤𝑚𝑙
∈ {𝑦−2𝑙+1, . . . , 𝑦−1, 𝑦} and 𝑑(ℓ𝑛

𝑚𝑙(𝑧),𝑤𝑚𝑙
) < 𝜂. 

To Prove Claim We prove merely the conclusion and do so without loss 

of generality. 

(1) Assume on the contrary that for all integers 𝑘 > 𝑀 meaning that there 

is a positive integer 𝑀, whenever 𝑤𝑖 ∈ {𝑥, ℓ𝑛
1(𝑥), . . . , ℓ𝑛

2𝑘−1(𝑥)},  
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it is obtained that 𝑑((ℓ𝑛
𝑚)𝑖(𝑧), 𝑤𝑖) ≥ 𝜂. Then it would be obtained that 

lim
𝑚→∞

inf ∑ 𝑑((ℓ𝑛
𝑚)𝑖(𝑧),𝑤𝑖) ≥

𝜂

2

𝑚−1

𝑖=0

 

Which is inconsistent with (3.14). This demonstrates that the result (1) is 

correct.  

According to the claim, we can select two positive integers 𝑗0 and 𝑙0 

meaning that 

𝑚𝑗0 < 𝑚𝑙0 and 𝑤𝑚𝑗0
∈  {𝑥, ℓ𝑛

1(𝑥), . . . , ℓ𝑛
2𝑗0−1(𝑥)} and  

𝑑((ℓ𝑛
𝑚)𝑚𝑗0(𝑧), 𝑤𝑚𝑗0

) < 𝜂;  

𝑤𝑚𝑙0
∈ {𝑦−2𝑙0+1, . . . , 𝑦−1, 𝑦} and 𝑑((ℓ𝑛

𝑚)𝑚𝑙0(𝑧), 𝑤𝑚𝑙0
) < 𝜂. It may be  

assumed 𝑤𝑚𝑗0
= ℓ𝑛

𝑗1(𝑥) for some 𝑗1 > 0; 𝑤𝑚𝑙0
= 𝑦−𝑙1 for some 𝑙1 > 0 

This gives a 𝛿-chain from 𝑥 to 𝑦: 𝑥, ℓ𝑛
1(𝑥), . . . , ℓ𝑛

𝑗1(𝑥) =

 𝑤𝑚𝑗0
 , ℓ𝑛

𝑚𝑗0+1(𝑧), ℓ𝑛
𝑚𝑗0+2(𝑧), . . . , ℓ𝑛

𝑚𝑙0−1(𝑧), 𝑤𝑚𝑙0
= 𝑦−𝑙1  , 𝑦−𝑙1+1, . . . , 𝑦.  

Thus, ℓ𝑛
𝑚 is chain transitive. □  

 

Lemma   3.1.17  

Assume that (𝑋, 𝑑) and (𝑌, 𝑑ˊ) be a compact metric spaces, 

 ℓ𝑛: 𝑋 → 𝑋 and  ℊ𝑛: 𝑌 → 𝑌 be uniform continuous maps. 

 If (ℓ𝑛
𝑚)0≤𝑛<𝑚and (ℊ𝑛

𝑚)0≤𝑛<𝑚 have the fitting  shadowing property in g-

nonautonomous discrete dynamical systems and dense minimal points, 

then  

(1) ℓ𝑛
𝑚 × ℊ𝑛

𝑚 has the fitting shadowing property in g-nonautonomous  
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discrete dynamical systems, ∀ 0 ≤ 𝑛 < 𝑚. 

(2)  each of ℓ𝑛: 𝑋 → 𝑋 and ℊ𝑛: 𝑌 → 𝑌 that are weakly disjoint, that is 

ℓ𝑛
𝑚 × ℊ𝑛

𝑚 is topological transitive, ∀ 0 ≤ 𝑛 < 𝑚. 

(3)  (ℓ𝑛
𝑚)0≤𝑛<𝑚 is very weakly mixing and totally strongly ergodic. 

Proof 

Since ℓ𝑛
𝑚 and ℊ𝑛

𝑚 every has a fitting shadowing property and dense 

minimal points, by Theorem 3.1.12 : each of ℓ𝑛
𝑚 and ℊ𝑛

𝑚 are strongly 

ergodic, and By Definition 1.2.11 so that ℓ𝑛
𝑚 and ℊ𝑛

𝑚  each are topological 

transitive, 

To prove (1) : by Proposition  3.1.3 and Proposition 3.1.11 ,ℓ𝑛
𝑚 × ℊ𝑛

𝑚has 

the fitting shadowing property and dence minimal points. 

To prove (2) : by Theorem  3.1.12 and (1), ℓ𝑛
𝑚 × ℊ𝑛

𝑚 is topological ergodic, 

hence it's a topological transitive . 

To prove (3) : frome (2), that ℓ𝑛
𝑚is weakly mixing. by Theorem 3.1.13 ℓ𝑛

𝑚 

is totally strongly ergodic. □ 
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3.2 The h-Fitting Shadowing Property in g-

Nonautonomus Discrete Dynamical Systems  

In this section, we present the concept of the fitting shadowing 

property for homeomorphism maps in g-nonautonomous discrete 

dynamical systems ( h-fitting shadowing property ), also we define a new 

concept which are the h-fitting Lyapunov stable points, the h- fitting 

sensitive points in g-nonautonomous discrete dynamical systems. 

 

Definition   3.2.1  

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝛸 → 𝛸 be an uniform 

continuous homeomorphism map ∀𝑛 ∈ ℕ. For 𝛿 > 0 a sequence {𝑥𝑖}𝑖∈ℤ in 

𝛸 is called a 𝜹-h-fitting pseudo-orbit in g-nonautonomous discrete 

dynamical systems  of ℓ, if  

lim
𝑚→∞

sup ∑ 𝑑(ℓ𝑗(𝑥𝑖), 𝑥𝑖+1) < 𝛿.

𝑚−1

𝑖=1−𝑚

 

 

A maps (ℓ𝑛
𝑚)0≤𝑛<𝑚is say to has the h-fitting shadowing property in g-

nonautonomous discrete dynamical systems if for each 𝜺 > 0, there is 

𝛿 > 0, meaning that all 𝛿-h- fitting pseudo-orbit {𝑥𝑖}𝒊∈ℤ is 𝜀-shadowing in 

fitting of some point 𝑧 ∈ 𝑋, that is  

lim
𝑚→∞

sup ∑ 𝑑((ℓ𝑛
𝑚)𝑖(𝑧), 𝑥𝑖) ≤ 𝜀.

𝑚−1

𝑖=1−𝑚
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Lemma  3.2.2 

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝛸 → 𝛸 be an uniform 

continuous homeomorphism map ∀𝑛 ∈ ℕ. For each 𝛼 > 0 there exists 

𝛽 > 0 meaning that if {𝑤𝑖}𝒊∈ℤ is a 𝛽-h-fitting pseudo-orbit of  ℓ then 

{𝑢𝑖}𝒊∈ℤ is a 𝛼-h- fitting pseudo-orbit for ℓ−1, such that 𝑢𝑖 = 𝑤−𝑖, for every 

𝑖 ∈ ℤ. 

Proof: 

Assume that 𝛼 > 0, since ℓ−1 is continuous map then there exists 

0 < 𝛼ˊ < 𝛼 meaning that if 𝑑(𝑢, 𝑤) < 𝛼ˊ then 𝑑(ℓ−1(𝑢), ℓ−1(𝑤)) < 𝛼  

for all 𝑢,𝑤 ∈ 𝑋.  

Suppose that {𝑤𝑖}𝒊∈ℤ is an  
(𝜶ˊ)𝟐

𝑫
 –h-fitting pseudo-orbit for ℓ, where D is 

diameter of 𝑋. 

Suppose  that 𝑆 = {𝑖 ∈ ℤ | 𝑑(ℓ𝑗(𝑤𝑖),𝑤𝑖+1) ≥ 𝛼ˊ },  

𝑆𝑚 = 𝑆 ∩ {−𝑚 + 1,… ,0,… ,𝑚 − 1}, 

𝐾𝑚 = 𝑆
𝑐 ∩ {−𝑚 + 1,… ,0,… ,𝑚 − 1}, 

And lim
𝑚→∞

sup 𝑐𝑎𝑟𝑑 ( 𝑆𝑚) = 𝔩 .  

Since 

lim
𝑚→∞

sup ∑ 𝑑(ℓ𝑗(𝑤𝑖),𝑤𝑖+1) =                                                                    

𝑚−1

𝑖=1−𝑚

 

lim
𝑚→∞

sup(∑ 𝑑(ℓ𝑗(𝑤𝑖),𝑤𝑖+1) +

𝑚−1

𝑖=0

 ∑ 𝑑(ℓ𝑗(𝑤𝑖),𝑤𝑖+1)

0

𝑖=1−𝑚
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                                                   <
(𝛼ˊ)2

𝐷
 

Then,  

lim
𝑚→∞

sup ∑ 𝛼ˊ ≤ lim
𝑚→∞

sup ∑ 𝑑(ℓ𝑗(𝑤𝑖),𝑤𝑖+1) <
(𝛼ˊ)2

𝐷
𝑖∈𝑆𝑚𝑖∈𝑆𝑚

. 

Also 𝔩 𝛼ˊ <
(𝛼ˊ)2

𝐷
 and is implying that 𝔩 <

𝛼ˊ

𝐷
. Consider the following 

sequence: {𝑢𝑖}𝑖∈ℤ, in which by case hypothesis 𝑢𝑖 = 𝑤−𝑖. 

Then: 

 

∑ 𝑑((ℓ𝑗)
−1(𝑢𝑖), 𝑢𝑖+1) = ∑ 𝑑((ℓ𝑗)

−1(𝑢𝑖), 𝑢𝑖+1) +

𝑖∈𝑆𝑚

𝑚−1

𝑖=1−𝑚

 

                                                                          

                                                                                     ∑ 𝑑((ℓ𝑗)
−1(𝑢𝑖), 𝑢𝑖+1)

𝑖∈𝐾𝑚

 

Note that : 

𝑢𝑖+1 = (ℓ𝑗)
−1
(ℓ𝑗(𝑢𝑖+1)) = (ℓ𝑗)

−1
(ℓ𝑗(𝑤−𝑖−1)) and (ℓ𝑗)

−1(𝑢𝑖) = ℓ
−𝑗(𝑤−𝑖). 

So,          𝑑((ℓ𝑗)
−1(𝑢𝑖), 𝑢𝑖+1) = 𝑑((ℓ𝑗)

−1(𝑤−𝑖), (ℓ𝑗)
−1(ℓ𝑗(𝑤−𝑖−1))  

                                          = 𝑑((ℓ𝑗)
−1 (ℓ𝑗(𝑤−𝑖−1)) (ℓ𝑗)

−1(𝑤−𝑖)). 

Therefore; 

lim
𝑚→∞

sup ∑ 𝑑((ℓ𝑗)
−1(𝑢𝑖), 𝑢𝑖+1)

𝑚−1

𝑖=1−𝑚

≤ lim
𝑚→∞

sup ∑ 𝑑((ℓ𝑗)
−1(𝑢𝑖), 𝑢𝑖+1) +

𝑖∈𝑆𝑚
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                                                                                lim
𝑚→∞

sup ∑ 𝑑((ℓ𝑗)
−1(𝑢𝑖), 𝑢𝑖+1)

𝑖∈𝐾𝑚

 

≤ 𝔩𝐷 + lim
𝑚→∞

sup ∑ 𝑑((ℓ𝑗)
−1 (ℓ𝑗(𝑤−𝑖−1), (ℓ𝑗)

−1(𝑤−𝑖)) .

𝑖∈𝐾𝑚

 

                  ≤  𝛼ˊ + 𝛼 < 2𝛼 

So, {𝑢𝑖}𝑖∈ℤ is 2𝛼-h-pseudo-orbit for ℓ−1.          □ 

 

Proposition   3.2.3 

Let (𝑋, 𝑑) be a compact metric spacem and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous homeomorphism map ∀𝑛 ∈ ℕ, if (ℓ𝑛
𝑚)0≤𝑛<𝑚 has the h-fitting 

shadowing property of g- nonautonomous discrete dynamical systems, 

then (ℓ𝑛
𝑚)−1has the h-fitting shadowing property of g- nonautonomous 

discrete dynamical systems, ∀ 𝑚 < 𝑛 ≤ 0. 

Proof 

Given  𝜀 > 0, since ℓ𝑛
𝑚 have the h-fitting shadowing property there is also 

𝜃 > 0 meaning that for any 𝜃-h-fitting pseudo-orbit {𝑥𝑖}𝒊∈ℤ, we may  be 

find𝑧 ∈ 𝑋 which  

lim
𝒎→∞

sup ∑ 𝑑((ℓ𝑛
𝑚)𝑖(𝑧),

𝑚−1

𝑖=1−𝑚

𝑥𝑖) < 𝜀 

By Lemma 3.2.2 there exists 𝜃ˊ > 0, meaning that if {𝑧𝑖}𝒊∈ℤ is 𝜃ˊ-h-fitting 

pseudo-orbit for ℓ−1, then {𝑥𝑖}𝒊∈ℤ is a 𝜃ˊ-h-fitting pseudo-orbit for ℓ 

Where 𝑥𝑖 = 𝑧−𝒊, for every 𝒊 ∈ ℤ . Therefore if {𝑧𝑖}𝒊∈ℤ is a 𝜃ˊ-h-fitting 

pseudo-orbit for ℓ−1, then there exists 𝑧 ∈ 𝑋, such that 
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lim
𝑚→∞

sup ∑ 𝑑(

𝑚−1

𝒊=𝟏−𝒎

(ℓ𝑛
𝑚)𝑖(𝑧), 𝑥𝑖) < 𝜀 

This infers the following  

lim
𝑚→∞

sup ∑ 𝑑(((ℓ𝑛
𝑚)−1)−𝑖(𝑧), 𝑧−𝑖) < 𝜀

𝑚−1

𝑖=1−𝑚

 

So, (ℓ𝑛
𝑚)−1has h-fitting shadowing property.     □ 

 

Proposition   3.2.4  

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous homeomorphism map ∀𝑛 ∈ ℕ, If (ℓ𝑛
𝑚)0≤𝑛<𝑚 have the h-fitting 

shadowing property in g- nonautonomous discrete dynamical systems, then 

it has fitting shadowing property in g- nonautonomous discrete dynamical 

systems. 

Proof: 

Assume that be an arbitrary positive number and 𝛾 > 0 be an 𝜀-modulus 

of h- fitting shadowing property. Let {𝓍𝑖}𝑖=−∞
∞  is an 𝛾-fitting pseudo orbit, 

As a result, there is a natural number 𝑀 = 𝑀(𝛾) > 0 meaning that for 

every 𝑚 ≥ 𝑀 and 𝑘 ∈ ℤ  

∑ 𝑑(

𝑚−1

𝑖=0

ℓ𝑗(𝓍𝑖+𝑘), 𝓍𝑖+𝑘+1) <
𝛾

2
 

This implies that  

∑ 𝑑(ℓ𝑗(𝔁𝑖−𝑚), 𝔁𝑖−𝑚+1)

𝟐𝒎−𝟏

𝒊=𝟎

<
𝛾

2
< 𝛾 
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 for each  𝑚 ≥ 𝑀. Then, 

lim
𝑚→∞

sup ∑ 𝑑(ℓ𝑗(𝔁𝜄), 𝔁𝜄+1)

𝒎

𝜾=−𝒎

< 𝛾 

Therefore; {𝔁𝑖}𝒊=−∞
∞  is an 𝛾-h-fitting pseudo-orbit in g-NDS. 

 By h-fitting shadowing property there exists 𝑧 ∈ 𝑋 meaning that 

  

lim
𝑚→∞

sup ∑ 𝑑((ℓ𝑛
𝑚)𝑖

𝑚

𝑖=−𝑚

(𝑧), 𝓍𝑖) <
𝜀

2
 

Then  

lim
𝑚→∞

sup ∑ 𝑑((ℓ𝑛
𝑚)𝑖(𝑧), 𝓍𝑖) ≤ 2 lim

𝑚→∞
sup ∑ 𝑑((ℓ𝑛

𝑚)𝑖(𝑧), 𝓍𝑖)

𝑚

𝑖=−𝑚

𝑚−1

𝑖=0

 

                                                        < 2 ×
𝜀

2
 

                                                        < 𝜀. 

Hence ℓ𝑛
𝑚 has the fitting shadowing property.       □ 

 

Definition   3.2.5  

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝛸 → 𝛸 be an uniform 

continuous homeomorphism ∀𝑛 ∈ ℕ, a point 𝑥 ∈ 𝐴 ⊂ Χ is said to be h-

Lyapunov stable point for (𝓵𝒏
𝒎)𝟎≤𝒏<𝒎in 𝑨 in g-nonautonomous 

discrete dynamical systems, if for any 𝜀 > 0, such that, ∃ 𝛿 > 0, meaning 

that for every 𝑧 ∈ 𝐴, satisfying 𝑑(𝑥, 𝑧) < 𝛿, we have 
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𝑑(ℓ𝑛
𝑚(𝑥), ℓ𝑛

𝑚(𝑧)) < 𝜀, for all 0 ≤ 𝑛 < 𝑚 ∈ ℤ+. 

 

Definition   3.2.6 

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous homeomorphism ∀𝑛 ∈ ℕ, a point 𝑥 ∈ 𝐴 ⊂ 𝑋 is said to be h-

fitting Lyapunov stable point for (𝓵𝒏
𝒎)𝟎≤𝒏<𝒎in 𝑨 in g-nonautonomous 

discrete dynamical systems, if for any 𝜀 > 0, such that, ∃ 𝛿 > 0, meaning 

that for every 𝑧 ∈ 𝐴 satisfying 𝑑(𝑥, 𝑧) < 𝛿, we have 

lim
𝑚→∞

sup ∑ 𝑑((ℓ𝑛
𝑚)𝑖(𝑥), (ℓ𝑛

𝑚)𝑖(𝑧)) < 𝜀.

𝒎−𝟏

𝒊=𝟏−𝒎

 

Otherwise, we refer to this point as h-fitting sensitive in A in g- 

nonautonomous discrete dynamical systems. 

 

Proposition  3.2.7 

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous homeomorphism ∀𝑛 ∈ ℕ,  and 𝐵 be a subset of 𝑋. 

every Lyapunov stable point for (ℓ𝑛
𝑚)0≤𝑛<𝑚 in 𝛣 of g- nonautonomous 

discrete dynamical systems ∀ 𝑛 < 𝑚, is an h-fitting Lyapunov stable point 

for (ℓ𝑛
𝑚)0≤𝑛<𝑚 in 𝐵 of g- nonautonomous discrete dynamical systems . 

Proof: 

Suppose 𝑥 ∈ 𝛣 is Lyapunov stable point for ℓ𝑛
𝑚 in 𝛣, and 𝜀 > 0. Then there 

exists a number 𝛾 > 0, meaning that for each 𝑧 ∈ 𝛣 satisfying 

𝑑(𝓍, 𝑧) <  𝛾, implies 𝑑((ℓ𝑛
𝑚)𝑖(𝓍), (ℓ𝑛

𝑚)𝑖(𝑧)) <
𝜀

2𝑚
 , where m is a large 

integer number and for all 𝑖 ∈ ℤ 
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Therefore ;           

∑ 𝑑((ℓ𝑛
𝑚)𝑖(𝑥), (ℓ𝑛

𝑚)𝑖(𝑧)) < 2𝑚 ×
𝜀

2𝑚
< 𝜀

𝑚−1

𝑖=1−𝑚

 

This means that  

lim
𝑚→∞

sup ∑ 𝑑(

𝑚−1

𝑖=1−𝑚

(ℓ𝑛
𝑚)𝑖(𝑥), (ℓ𝑛

𝑚)𝑖(𝑧)) < 𝜀. 

Thus 𝒙 is an h-fitting Lyapunov stable point for ℓ𝑛
𝑚 in 𝛣 in g-NDS.    □ 

  

Proposition   3.2.8 

Let (𝑋, 𝑑) be a compact metric space, and ℓ𝑛: 𝑋 → 𝑋 be an uniform 

continuous homeomorphism map ∀𝑛 ∈ ℕ, and 𝐴 a subset of 𝑋, if 𝑢 is an 

h-fitting sensitive point for (ℓ𝑛
𝑚)𝑘 in 𝛢 in g-nonautonomous discrete 

dynamical systems for every a nonzero integer number 𝑘, and 

∀ 0 ≤ 𝑛 < 𝑚 , then 𝑢 is an h-fitting sensitive point for (ℓ𝑛
𝑚)0≤𝑛<𝑚 in 𝛢 in 

g- nonautonomous discrete dynamical systems.  

Proof: 

By Definition 3.2.6 , we can find 𝜀 > 0 such that for any 𝛾 > 0 there exists 

𝑣 ∈ 𝑋 such that 𝑑(𝑢, 𝑣) <  𝛾 and  

lim
𝑚→∞

sup ∑ 𝑑(((ℓ𝑛
𝑚)𝑘)𝑖(𝑢), ((ℓ𝑛

𝑚)𝑘)𝑖(𝑣)) < 𝜀

𝑚−1

𝑖=1−𝑚

 

Obviously, we have  

1

|𝑘|
∑ 𝑑((ℓ𝑛

𝑚)𝑘𝑖(𝑢),

𝑚−1

𝑖=1−𝑚

(ℓ𝑛
𝑚)𝑘𝑖(𝑣)) ≤

1

|𝑘|
∑ 𝑑((ℓ𝑛

𝑚)𝑖(𝑢), ((ℓ𝑛
𝑚)𝑖(𝑣)).

𝑘𝑚−1

𝑖=1−𝑚
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Hence, 

1

|𝑘|
[ lim
𝑚→∞

sup ∑ 𝑑(((ℓ𝑛
𝑚)𝑘)𝑖(𝑢), ((ℓ𝑛

𝑚)𝑘)𝑖(𝑣))

𝑚−1

𝑖=1−𝑚

] 

                  

≤ lim
𝑚→∞

sup
1

|𝑘|
∑ 𝑑((ℓ𝑛

𝑚)𝑖(𝑢), (ℓ𝑛
𝑚)𝑖(𝑣))

𝑘𝑚−1

𝑖=𝑚−1

 

So,                   

lim
𝑚→∞

sup
1

|𝑘|
∑ 𝑑((ℓ𝑛

𝑚)𝑖(𝑢), (ℓ𝑛
𝑚)𝑖(𝑣)) <

𝜀

𝑘

𝑘𝑚−1

𝑖=1−𝑘𝑚

 

Thus, 𝑢 is an h-fitting sensitive point for ℓ𝑛
𝒎 in 𝛢 in g-NDS.     □  
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Conclusion  and  future work 

 

 

 

 

 

 

 

 

 

 

 

 



96 
 

This chapter is divided into two section , the first section is the 

Conclusion and the second section about  the future work 

 

4.1Conclusion 

 

In this  work, we prove the following  results : 

 ∀𝑛 ∈ ℕ,  ℓ𝑛: 𝑋 → 𝑋 is transitive map and ℓ𝑛
𝑢
→ ℓ, then ℓ: 𝑋 → 𝑋  is 

transitive map. 

 

 if (ℓ𝑛
𝑚)0≤𝑛<𝑚 is an expansive map if and only if (ℓ𝑛

𝑚)−1 is an 

expansive map. 

 

 if ∀𝑛 ∈ ℕ, ℓ𝑛: 𝑋 → 𝑋 and ℊ𝑛: 𝑌 → 𝑌, have P.O.T.O then (ℓ𝑛
𝑚 × ℊ𝑛

𝑚)  

has P.O.T.P. 

 

 if  ∀𝑛 ∈ ℕ, ℓ𝑛: 𝑋 → 𝑋, has P.O.T.P and uniform conjugate to 

ℊ𝑛: 𝑌 → 𝑌 then the last has P.O.T.P.  

 

 if∀𝑛 ∈ ℕ ℓ𝑛: 𝑋 → 𝑋 and ℊ𝑛: 𝑌 → 𝑌 are surjective  and have dence 

minimal points then so does the product (ℓ𝑛
𝑚 × ℊ𝑛

𝑚). 

 

 

 if ∀𝑛 ∈ ℕ, ℓ:𝛸 → 𝛸 is transitive map non sensitive dependence on 

initial condition then there exists ℓ𝑛: 𝛸 → 𝛸 is transitive and all it is 

points are periodic but non sensitive dependence on initial condition. 

 

 there exists ℓ𝑛: 𝛸 → 𝛸  is minimal then it is neither sensitive nor  

equicontinuous. 
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 if ∀𝑛 ∈ ℕ, ℓ𝑛: 𝛸 → 𝛸 is an inverse equicontinuous and weakly 

expanding small  distance then it has weakly locally expanding. 

 

 

 if ∀𝑛 ∈ ℕ, ℓ𝑛: 𝛸 → 𝛸 ,is locally expanding then it has h-shadowing 

property. 

 

 if ∀𝑛 ∈ ℕ, ℓ𝑛: 𝛸 → 𝛸 is w-expansive if and only if (ℓ𝑛
𝑚)𝑘, ∀𝑘 > 0 

           is w- expansive ∀ 𝑛 < 𝑚. 

 

 if ∀𝑛 ∈ ℕ, ℓ𝑛: 𝛸 → 𝛸 and ℊ𝑛: 𝑌 → 𝑌 are possesses fitting 

shadowing then (ℓ𝑛
𝑚 × ℊ𝑛

𝑚) has the fitting shadowing property 

∀ 𝑛 < 𝑚. 

 

 if ∀𝑛 ∈ ℕ, ℓ𝑛: 𝛸 → 𝛸 has fitting shadowing then (ℓ𝑛
𝑚)𝑘 has fitting 

shadowing ∀ 𝑛 < 𝑚. 

 

 if ∀𝑛 ∈ ℕ, ℓ𝑛: 𝛸 → 𝛸   and ℊ𝑛: 𝑌 → 𝑌 are possesses asymptotic 

fitting shadowing then (ℓ𝑛
𝑚 × ℊ𝑛

𝑚) has an asymptotic fitting 

shadowing property ∀ 𝑛 < 𝑚. 

 

 If ∀𝑛 ∈ ℕ, ℓ𝑛: 𝛸 → 𝛸 has fitting shadowing and AP(ℓ𝑛
𝑚) is dense 

then ℓ𝑛
𝑚 is strongly ∀ 𝑛 < 𝑚. 

 

 if ∀𝑛 ∈ ℕ, ℓ𝑛: 𝛸 → 𝛸 has fitting shadowing then it is chain mixing. 

 



98 
 

 if ∀𝑛 ∈ ℕ, ℓ𝑛: 𝛸 → 𝛸 has ℎ- if it possesses fitting shadowing, then it 

possesses the property of fitting shadowing ∀ 𝑛 < 𝑚. 

 

 if ∀𝑛 ∈ ℕ ℓ𝑛: 𝛸 → 𝛸 unified homeomorphism, with A constituting 

a subset of Χ, if x is h-fitting sensitive point for (ℓ𝑛
𝑚)𝑘, ∀ 𝑘 > 0. then 

𝑥 is ℎ-fitting sensitive point for ℓ𝑛
𝑚 , ∀ 𝑛 < 𝑚. 

 

 if ∀𝑛 ∈ ℕ, ℓ𝑛: 𝛸 → 𝛸 only when uniform homeomorphism each 

point of Lyapunov stability of ℓ𝑛
𝑚 in 𝐵 is ℎ-fitting point of Lyapunov 

stability of ℓ𝑛
𝑚in 𝐵. 

 

  



99 
 

4.2 Future Work 

  

In future work, we will try to research and work on the following: 

1-We will study other chaotic properties and generalize them to g- 

nonautonomous discrete dynamical systems, and study how it is 

transmitted from g-nonautonomous discrete dynamical systems to 

autonomous discrete dynamical systems. 

 

 

2-We study the difference between some chaotic properties and concepts 

between g-nonautonomous discrete dynamical systems And autonomous 

discrete dynamical systems. 

 

3-We study other types of shadowing  and generalize them in the g- 

nonautonomous discrete dynamical systems. 

 

4-We study stability and try to generalize it in g-nonautonomous discrete  

dynamical systems. 
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 الخلاصة

 

الهدف من هذا العمل هو دراسة بعض الخواص الفوضوية في الأنظمة المنفصلة المستقلة 

. خلال هذه الدراسة قدمت بعض الاختلاف بين النظام المنفصل غير المستقل g-الديناميكية 

 .يكي عندما يكونان في الحد الادنىوالنظام المنفصل المستقل الدينام g–الديناميكي 

 الظل ظهرت بعض النتائج لخاصية, وg–في النظام المنفصل غير المستقل  الظلخاصية ووضحنا 

-gفي النظام  w–التوسعة ومفاهيم جديدة عل سبيل المثال ) مع الأنظمة الديناميكية الفوضوية.

NDS الملائم في  الظل, خاصيةg-NDSهذه المفاهيم والتعاريف لإثبات  ت,...( قدمت. استخدم

 العديد من النتائج الجديدة.

 

 الظل و خاصية ا g-NDSفي  h-الظل : خاصية انواع الظل اخرى مثلوكذلك شرحت 

. تمت مناقشة بعض النتائج والتعاريف حول التقارب المنتظم لمتتابعة  g-NDSفي   h–الملائم 

 دوال مختلفة ومستمرة في فضاء متري مرصوص.

 :التي تم اثباتها في هذه الدراسة النتائج الرئيسية

,𝑋)ليكن  𝑑)  ,للاختصار نكتب فضاء متري مرصوص(𝑋 ) فان النظامg-NDS  عبارة عن زوج

(𝑋, ℓ𝑛
𝑚)  حيث 

ℓ𝑛    ان
𝑚   هي متتابعة من الدوال المستمرهℓ𝑛: 𝑋 → 𝑋  لكل𝑛 ∈ ℕ والتركيب , 

ℓ𝑛
𝑚 = ℓ𝑚 ∘ ℓ𝑚−1 ∘⋅ ⋅ ⋅ ⋅ ∘ ℓ𝑛,   ∀ 0 ≤ 𝑛 < 𝑚 ∈ ℕ, : فانه اثبت , 

  الديناميكي المنفصل وغير مستقل اذا كان النظام–g نه النظام المنفصل ومستقل متعديا متعديا فا

 .الحساسية وعدم التساوي و التوسع( خصائصوكذلك بالنسبة )

  يوجد نظام الديناميكي المنفصل وغير المستقل–g  حد ادنى والذي يكون لا يملك حساسيه ولا

 خاصية عدم التساوي. 

  اذا كان𝑋   فضاء متري مرصوص , فاذا كانℓ𝑛: 𝑋 → 𝑋  ,∀𝑛 ∈ ℕ, الظل لك خاصية مي

ℓ𝑛فانه  g-NDSالملائم في 
𝑚 × ℓ𝑛

𝑚 × ℓ𝑛
𝑚 ×… .× ℓ𝑛

𝑚⏟                
𝑘−𝑡𝑖𝑚𝑒𝑠

 الملائم في الظليملك خاصية  

g-NDS. 



 
 

 ليكن𝑋  فضاء متري مرصوص وℓ𝑛: 𝑋 → 𝑋, ∀𝑛 ∈ ℕ,  فاذا كان بانتظامدوال مستمرة .

𝑘كل ل ∈ ℕ  ,ل (ℓ𝑛
𝑚)𝑘اذا كان  لظل, ستملك خاصية اℓ𝑛

𝑚 في  خاصية الظلها لg-NDS 

𝑛∀متحققه  ∈ ℕ. 

  الدوال المستمره بانتظام∀𝑛 ∈ ℕ, ℓ𝑛: 𝑋 → 𝑋 & ℊ𝑛: 𝑌 → 𝑌  عندما(𝑋, 𝑑)  و

(𝑌, 𝑑ˊ) , فانهفضاءات مترية مرصوصة ℓ𝑛
𝑚 وℊ𝑛

𝑚   الملائم التقريبي  الظلخاصية تملكان

, g-NDSفي  ∀ 𝑛 < 𝑚   الملائم  التقريبي في  الظلخاصية اذا وفقط اذا كانg-NDS  ,

ℓ𝑛 متحققه ل
𝑚 × ℊ𝑛

𝑚  

  ليكن(𝑋, 𝑑)  فضاء متري مرصوص وℓ𝑛: 𝑋 → 𝑋  دوال مستمرة∀𝑛 ∈ ℕ.فان ℓ𝑛
𝑚  

.   g-NDS,الملائم في الظله وتملك خاصية شاملاذا كانت  سلسة متعدية ∀ 𝑛 < 𝑚  
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