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Abstract

Many authors have extensively studied distributive modules and their
properties. However, this work focuses on the concrete development of the concept
of distributive property for semimodules. In addition to provid the definition,
various characterizations of this property are presented, along with illustrative

examples.

To obtain interesting results, certain conditions on semirings or semimodules
were required, such as subtractive, semisubtractive, cancellative, k-cyclic, yoked, i-
regular, and k-regular conditions. By exploring the relationship between the
distributive semimodule over a local semiring and the hollow semimodule, valuable
insights were gained. Furthermore, the connections between the distributive
semimodule and distributed homomorphisms over intersection processes or inverse

Image distributed over addition were established.

It was demonstrated that any subsemimodule and factor semimodule of a
distributive semimodule retains the distributive property. Additionally, a concept of
weakly distributive semimodules was introduced and investigated. It was discovered
that a semimodule is distributive if and only if each of its subsemimodules is weakly
distributive. Moreover, by employing the supplemented concept, various properties

of distributive semimodules were derived.

Finally, the properties of summand sum and summand intersection for
distributive semimodules were explored under specific conditions, yielding valid

results.
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Introduction

The semimodule M is said to be distributive if, for all subsemimodules 4, B,
and C of M, the following equality holds: AN(B+C)=ANnB+ANC. A
semiring is termed an arithmetical semiring if it can be regarded as a distributive
semimodule over itself. This concept has not been explored independently for

semimodules, it has been occasionally referenced in some research studies, such as
[1], [2].

It is worth noting that this property has been studied in the context of rings
for ideals before modules, referred to as a "distributive ring" or "arithmetical ring."
According to Fuchs [3], a commutative ring R with an identity is considered
arithmetical if the lattice formed by the ideals of R is distributive. Several studies

have been conducted on this topic, including references [4], [5], [6], and [7].

In the modules, researchers have been interested since the 1970s in the
distributive feature like W. Stephenson in [8]. The purpose of this paper is to
investigate the characteristics of modules whose lattice of submodules is
distributive. Specifically, it aims to examine rings R for which Ry is a distributive
module.. Erdogdu in [9] show that if a ring R has a finitely generated faithful and
distributive module M, then R is arithmetical and M is projective of rank one. Gave
some characterizations of distributive modules in terms of the order ideals of
submodules and the homomorphisms of factor modules of submodules. The author
A. A. Tuganbaev studied a concept named "distributive extensions "over rings not
necessarily commutative [10]. Naser Zamani found the relationship between
distributive modules and primal submodules in [11], while Engin Biiyiikasik in [12]
gave and studied a generalization of distributive property by defining weakly
distributive module. The relationship between the distributive module and the
Armendariz module was gotten by Buhphang [13]. In this work, some of those
concepts and results will be converted to semimodules. In addition to other research
addressing our topic in semimodules, we refer to the following sources: [14] [15],
[16], [17], [18], and [19].


https://link.springer.com/article/10.1007/s12044-010-0053-9#auth-Engin-B_y_ka__k

Throughout this study, we draw upon a wealth of research contributions
related to distributive modules in order to shed light on the investigation of
distributive semimodules. By bridging the gap between distributive modules and
distributive semimodules, we aim to enrich our understanding of the topic and

contribute to the existing body of knowledge.

This work consists of three chapters. Chapter one is divided into two sections.
Section one introduces the necessary definitions for the thesis, while section two

provides examples of semirings and semimodules.

Chapter two comprises three sections. Section one explores the structure and
properties of distributive semimodules, presenting various characterizations and
properties of these modules. Section two focuses on the homomorphisms of

distributive semimodules. Finally, section three presents additional examples.

Chapter three is also divided into three sections. Section one delves into the
topic of direct summands and subsemimodules of distributive semimodules. Section
two introduces the concept of weakly distributive semimodules. Lastly, section

three explores the supplement and distributive semimodules.
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Introduction

In this chapter, we will present the most well-known fundamental results and
essential facts required for the comprehensive study of this dissertation. The chapter
Is divided into two sections. Section 1 encompasses the preliminary concepts and
theories that form the foundation of our investigation. Section 2 deals into a review
of various examples of semirings and semimodules. These examples will serve as
valuable reference points and learning opportunities as we progress through the

upcoming chapters of this dissertation.
1.1 Preliminaries

In this section, we will introduce some of the definitions needed in the main

results. It is to begin with the definition of a semiring.

Definition1.1.1. [20, p. 1] A semiring is a nonempty set R on which operations of
addition and multiplication have been defined such that the following conditions

are satisfied:

|

. (R, +) is a commutative monoid with identity element 0;

N

. (R,") is amonoid with identity element 1 = 0 (1 = 1y);

w

. Multiplication distributes over addition, i.e. a(b + ¢) = ab + ac and
(a + b)c = ac + bcforalla,b,c € R;
4. The element 0 is the absorbing element of the multiplication, i.e.r - 0 =

O-r =0forallr € R.

The semiring R is said to be commutative if its multiplication is commutative.

Definition 1.1.2. [20, p. 3] A subset S of a semiring R is a subsemiring of R if it

contains 0, 1, and is closed under the operations of addition and multiplication in R.

Definition 1.1.3. [20, p. 65] A non-empty subset I of a semiring R will be called a
left (resp. right ) ideal of R if fora,b € I,andr € Rimplya + b € I,and
ra (resp. ar) € 1.1 is (two- sided) ideal if it is both a left and a right ideal of R.



Definition 1.1.4. [20, p. 49] A semiring R is called yoked (semisubtractive) if each

X,y € R, thereexistsz € Rwherex+z=yory+z = x.

Definition 1.1.5. [21] If R isasemiring, and / ideal of R, if m,m + n € I implies
n € I, forall m,n € R, then the ideal / is called subtractive. The semiring is called

subtractive if each ideal is subtractive.

Definition 1.1.6. [22] A nonzero ideal (I,+,.) of a semiring (R, +,.) is called
maximal ideal. If I isa proper ideal and there exists no proper ideal of R containing
1. (i .e) I is a maximal ideal of R if I # R, and if M is an ideal of R such that I c
M < R,then M = R.

Definition 1.1.7. [23] Let R be a semiring. The intersection of all maximal ideals
of R is called the Jacobson radical of R and is denoted by J(R). If R has no maximal
ideal then J(R)=R.

Definition 1.1.8. [20, p. 164] Let D be an R - semimodule, F € L(D), then F
induces an R -congruence relation =+ on D called the Bourne relation, defined by

setting a =& b if and only if there exist elements i and j of F suchthata +i = b +

j. 1f a € D then we write @/ instead of @/~ . The factor semimodule D/zT is

denoted by D/T'

Definition 1.1.9. [24] Let R be a semiring. If R has only one maximal ideal, then it

is called local semiring.

Definition 1.1.10. [20, p. 149] Let R be a semiring, a left R-semimodule is a
commutative monoid (M, +) with additive identity 0 for which we have a function
R X M - M defined by (r,m) — rx (scalar multiplication), which satisfies the

following conditions for all elements r," € R and all elements m,m’ € M:
1. (rr"x = r(r'm);
2.rm + m') = rm + rm’/;

3.(r + r'ym = rm + r'm;
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If the condition1z,m = m for all m € M hold then the semimodule M is said to be

unitary.

Definition 1.1.11. [20, p. 150] A non-empty subset N of a left R-semimodule M is
called a subsemimodule of M if N is closed under addition and scalar multiplication
that is N is an R-semimodule itself (denoted by N < M). The set of all
subsemimodules of M is denoted by L(M).

Definition 1.1.12. [20, p. 49] An element m of an R —semimodule M is called
cancellable if for all m,m' € M with m+m’ =m + m" implies that m’' =
m''. The semimodule M is cancellative if and only if every element of M is

cancellable.

Definition 1.1.13. [25] Let M be an R-semimodule. A subtractive subsemimodule
(or k —subsemimodule) N is a subsemimodule of M such that if z,z + w € N,
then w € N, and the semimodule M is subtractive if each subsemimodule is

subtractive.

Definition 1.1.14. [26]A subsemimodule E of R - semimodule M is superfluous
or small (denoted by E < M). Ifany K € L(M), K + E = M impliesK = M.

Definition 1.1.15. [26] The R - semimodule M is said to be hollow if every proper
E € L(M) is superfluous.

Definition 1.1.16. [27] A left R -semimodule M is Artinian, if and only if M

satisfies the DCC (Descending chain condition) on its R -subsemimodules.

Definition 1.1.17. [27] A left R -semimodule M is Noetherian, if and only if M

satisfies the ACC (Ascending chain condition) on its R -subsemimodules.

Remark 1.1.18. [28] For a semimodule M over a semiring R and A subsemimodule

of M, the following statements are true:



1. M is Artinian if and only if every non-empty set of subsemimodules of M has
a minimal element.

2. The semimodule M is Artinian (noetherian) if and only if both left
semimodules A and M /A are Artinian (noetherian).

3. M is noetherian if and only if every non-empty set of subsemimodules of M

has a maximal element.

Definition 1.1.19. [25] A left R-semimodule M is called cyclic if M can be
generated by a single elementi.e. M = (x) = Rx = {rx|r € R}for

some x in M.

Definition 1.1.20. [25] A left R-semimodule M is called simple over
a semiring R if it has no non-zero proper subsemimodules. Equivalently, a
semimodule M is simple if and only if every cyclic subsemimodule generated by

a non-zero element of M equals M.

Definition 1.1.21. [29] An R -semimodule M is called uniserial if for any two

subsemimodules H and L of M, either H € LorL € H.

Definition 1.1.22. [30] If R is a semiring. The R-semimodule M is semisubtractive

if each x,y € M, there exists z € M wherex + z =yory + z = x.

Definition 1.1.23. [20, p. 3] An element e of a semiring (R,+,.) is called an
multiplicatively idempotent element if e? = e.( In this work, we will use
"idempotent” instead of "multiplicatively idempotent™ for the sake of brevity and
simplicity.)

Definition 1.1.24. [31] The R - subsemimodule V of R - semimodule D is called
large or essential if VNG =0, implies ¢ =0, for all G € L(D), denoted

by V <€ D. In this case« we say that D is an essential extension of V.

Definition 1.1.25. [32] A nonzero semimodule M is called a uniform

semimodule if the intersection of any two nonzero subsemimodules is nonzero.


https://en.wikipedia.org/wiki/Ring_(mathematics)
https://en.wikipedia.org/wiki/Submodule
https://en.wikipedia.org/wiki/If_and_only_if
https://en.wikipedia.org/wiki/Cyclic_module

This is equivalent to saying that every nonzero subsemimodule of M is an essential

subsemimodule.

Definition 1.1.26. [30] The R - subsemimodule V of R - semimodule M is called
the relative complement of F € L(D), if VN F =0 and VV is maximal with this

property.
Definition 1.1.27. [20, p. 150] Let M be R - semimodule, and h, k € M we define :

1- (Rh:k) ={r € R:rk € Rh}.
2- (0:h) =1(h) = {r € R:rh = 0}.
Definition 1.1.28. [20, p. 156] Let M and D be R - semimodules the map f: M —

D is called a homomorphism if for each e,n € M,s € R

1- fle+n) = fle) +f(n).
2- f(sn) = sf(n).
Definition 1.1.29. [33] For a homomorphism of R - semimodules i: B —» D we

define

n(B) = {n(e)| e € B}.

ker(n) = { e € B |n(e) = 0}.

Im(n) = {k € D|k + n(e) = n(é) forsomee, é € B }.

n is i-regular if n(B) = Im(B).

i is k-regular, if n(e) = n(é) impliese + h = é + h forsome h,h € ker(m).
1, is regular, if o is i-regular and i-regular.

Hom (B,D) = {m: B —» D | i is a homomorphism}.

End (B) = {n: B - B | i is a homomorphis}.

© o N o 0o bk~ w D PE

1, is @ monomorphism, if and only if it is injective. [20, p. 169]
10.m is an epimorphism, if and only if it is a surjective and m(B) is subtractive [20,
p. 169]

11.1 is an isomorphism if i is monomorphism and epimorphism. [20]

Remark1.1.30. [33] Let i: B — D be homomorphism of R — semimodules , then


https://en.wikipedia.org/wiki/Essential_submodule
https://en.wikipedia.org/wiki/Essential_submodule

1. ker(1), and I'm(im)are subtractive subsemimodule of B and D respectively.

2. m(B) is a subtractive subsemimodule of D if and only if 1 is i-regular.

3. n is a monomorphism if ker(m) = 0, the converse is true if B is
semisubtractive and D is cancellative.

4. m is an epimorphism if m is i-regular.

5. m is a monomorphism, then m is k-regular.

6. 1 is a monomorphism if and only if 1 is k-regular and ker (1) = 0.
Definition1.1.31. Let a: A — B and 5: B — A be homomorphisms between left R-

semimodules A and B have the property that af is the identity map on A, we say

that each of the maps is a splitting map for the other.

Definition1.1.32. [34] A subsemimodule U of M is called a fully invariant
subsemimodule if f(U) < U for every f € End (M).

Definition1.1.33. [34]A semimodule U is said to be duo if each subsemimodule of

U is fully invariant.

Definition1.1.34. [35] If Dis an R-semimodule, the set D][D' = {(e,y): e €
D,e D'} is an R-semimodule with two operations of addition and scalar
multiplication on D] [D’ setting (e1, y,) + (e,, ;) = (e + e, ¥, + y,), and for all
r € R, r(e,y) = (re, ry).

Definition 1.1.35. [36] Let D be an R- semimodule, and J,S € L(D). The
subsemimodule J is called supplementof S inD if 7 +§ = D, and J is minimal
with this property. Thatis, if F + § =D and F € J, then F = J. A semimodule

D is called supplemented if each S € L(D) has a supplement in D.

Definition 1.1.36. [36] A semimodule D is called an amply supplemented if

whenever F + H = D, then F has a supplement in D contained in F.

Definition 1.1.37. [20, p. 184] Let D be an R-semimodule, and £, L, € L(D).
D is called a direct sum of Land L, , if each u € D can be represented uniquely as
u=k+ h,wherek € Land h € L,, then we can say that £ (similarly L,) is a
direct summand of D, and denoted by D = L@L,. It’s clear that D and 0 are

8



always direct summand of D. If the only direct summand D and O, then D is
called indecomposable.
Definition 1.1.38. [30] A subsemimodule K of semimodule D is called closed if

K has no proper essential extension in D (denoted by K < ¢ D).

Definition 1.1.39. [30] A subsemimodule K of a semimodule D is said to be a

closure of a subsemimodule V' in D, if K is closed and IV essential in K.
1.2 Examples of Semirings and Semimodules

Rings with identity are clearly semirings, but there are many other interesting

examples of semirings. We show some of them in this section.

Modules are clearly semimodules. Also, any semiring over itself is a

semimodule. If R is considered as a left R-semimodule it will be denoted by ;R.

But there are many other interesting examples of semimodules.

Example 1.2.1. Let B = {0,1}, where1 + 1 = 1in B. Then B is a semiring and

B is called the boolean semiring.

Example 1.2.2. [20, p. 5] With the usual operations of addition and multiplication
of integers, the set N of nonnegative integers is a semiring. The same is true for the
set Q" of all nonnegative rational numbers, for the set R* of all nonnegative real
numbers, and, in general, for S* = S n R*, where S is any subring of R. Clearly
N is a subsemiring of Q* and Q¥ is a subsemiring of R*. Note that {0,1,2,3} U
{x € Q| x = 4}isanexample of a subsemiring of R* which is not of the form S*

for some subring S of R.

Remark 1.2.3. [37] The only subtractive ideals of the semiring (N, +,-) are the

cyclic ideals.

Example 1.2.4.[31] LetR = {0,1,...,n}withn € Nandn > 2anddefinex @
y = min{x,y} and x © y = max{x,y} for all x,y € R. (RB,0O) is a

semiring with 0, = n,1; = 0.



Example 1.2.5. [20, p. 60] If T is a topology on a nonempty set Y then (T ,uU,N) is

a semiring with additive identity @ and multiplicative identity Y.

Example 1.2.6. [31] Let R = {0, h, 1} define addition and multiplication operations

on R as follows.

N0g =01 = 1;

ii)1+1 =14+h= 1,h+h=h;

ii1)0.0 =0.Ah=0,h.h = h.

Then (R, +,.) is a commutative semiring.

Let D = {0, 1, h, k} with the same operations defined in R and
1) 0p = 0z = 0;

Dk+k=kk+1=k+h=h;
30.k=h.k=01.k=k.

It is easy to see that (D,+) is an R- semimodule.

Example 1.2.7. [20] The monoid M = (Z,, +,,) is N-semimodule, N is the
semiring of nonnegative integers with the usual operations of addition and

multiplication.

Example 1.2.8. [20] Let N be a semiring of non-negative integers with the usual
operations of addition and multiplication. Let h,k € N, and let h U k be the
greatest common divisor of h and k in N. The monoid M = (N, U)is N -

semimodule.

Example 1.2.9. [20] The set N of all nonnegative integers with addition and
multiplication givenby n + m = max{n,m},n - m = nm, foralln,m € N.

It’s clear that R = (N, +, -) is a semiring. Hence, R is a left R-semimodule.

Example 1.2.10. [20, p. 159] If M and N are left R-semimodules then we will
denote the set of all R-homomorphisms from M to N by Homgz( M, N ). If a and

10



belong to Homgz( M, N ) then so does the map a« + £ from M to N which is
defined by (@« + B)m = am + fm. Itis easy to check that (Homgz( M,N),+)

Is an R-semimodule. Hence we have also (Endgz (M), +) is an R-semimodule.

Example 1.2.11. If (Z,, +,, ., ) is a semiring. Let (X, +)be commutative monoid,
where X ={0,1,2, .....,k}, k € N, and h + k = max{h, k} for all h, k € X. Define
multiplication operation as follows: 0;,. k=0x and 1.k = k, for all k € X. Then

X isa Z,-semimodule.

Example 1.2.12. Let R = {0,1} be boolean semiring, recall that (a) = {an:n €
N} If D = {(0),(2), (4), (8)}, where (D,U) is a commutative monoid. Define
multiplication operation as follows: 0.a = 0,1.a = a, foralla € D. Then D is

a R-semimodule.

11



Chapter two

Structure and Properties of Distributive Semimodules



Introduction

This chapter, reviewed the definition of a distributive semimodule, along with
some characterizations, properties, and examples. Certain results obtained in
homomorphisms of distributive modules were generalized under specific
conditions. We aimed to minimize the conditions required for generalization. To
avoid the need for a subtractive semimodule condition, we introduced the concept
of a k-cyclic semimodule. Various distributive semimodules can be easily observed,
including simple semimodules, uniserial semimodules, and subsemimodules of
distributive semimodules. The chapter also explores the relationship between the
distributive semimodule and otherconcepts such as the Noetherian( Artinian,

hollow) semimodules, and local semiring.

Also, the chapter begins with characterizations and properties of distributive
semimodules, followed by the study of homomorphisms. Finally, several examples

are provided for illustration.
2.1 Some characterizations and properties of distributive semimodules

Definition 2.1.1. [1] Let R be a semiring. A left R-semimodule D is called a
distributive semimodule if, for all subsemimodules A, B, and C of D, the following
equality holds: AN (B+C) = (ANB)+ (ANC).

Remark 2.1.2. Consider an R -semimodule D and subsemimodules A, B, and C of
D. We note that AN(B+C)=(ANB)+ (ANC) is equivalent to A +
BnNnC)=(A+B)n(A+C). To see this, assume AN(B+C)=(ANB)+
(A N ¢). Then by hypothesis, we have (A +B)N(A+C)=[(A+B)NA]+
[A+B)NC]l=A+(ANC)+(BNEC)=A+ (BnC). Conversely, if A+
BnE)=((A+B)N(A+C),thenwehave (ANB)+(ANC) =[(ANB)+
AIN[ANB)+C]l=AN[(ANB)+C]l=AN[C+B)N(C+A)]=AN
(B + C). Therefore, proving either one of the equivalencies above suffices to show

that the semimodule is distributive.

12



Lemma 2.1. 3. [38] For any k-regular homomorphism f : M — N froma
subtractive semimodule M to a semimodule N , and any subsemimodule A of M,
then f~1 f(A) = A + Ker(f).

Lemma 2.1. 4. Let U and A be R — semimodules and pe Hom (U, A ),and M € L(A),
then p (p1(M)) = M n p(U).
Proof. The same as in the modules (see [39, p. 44]). =

Remark 2.1.5: If ue Hom (U, A ), where U and A are R — semimodules, then:
)ForW,N € L(U), u(W + N) = u(W) + u(N),
i) for Q,5 € L(A), p (@ N S) = u=(Q) N H(S),
i) p (u()) = U,
Proof. it’s clear. m

Proposition 2.1. 6. Let U and A be R-semimodules, p a k-regular homomorphism
fromUto A

i. If Aisdistributive, W and N subsemimodules of A with u=1(W) +
u~1(N) subtractive, then uy” (W + N) = p= (W) + u 1(N).

ii. If U isdistributive, T and S subsemimodules of U, then (T N S) =
w(T) N p(S).

Proof.
(i) Itis clear that uy (W) + p 1(N) € p (W + N).

Letx € py Y(W + N), then p(x) € W + N. So p(x) € (W + N) n u(U).

13



Since A is distributive, u(x) € [W nu(U) + N n w(U)], by Lemma 2.1.4 then

u(x) € [u(p *(W)) + p(u(N))] this mean p(x) = p(x;) + plx,) with x; €
ut(W), x, € w1(N) by Remark 2.1.5 p(x) = u(x; + x5).

By hypothesis, p a k-regular, hence x + k; = x; + x, + k, for some
ky, ky € kerp. Now, x; + x, + k, € p7 (W) + p~1(N) (since kerp < p~1(N)),
sox+ky € t(W)+ pw(N).Butk, € kern € uwt(W) + p 1(N), thenx €

u (W) + p~1(N)(by subtractive property) .

(ii) Itis clear that W/(T N S) € wW(T) N u(S). Lety € u(T) N u(S), theny = u(t) =
u(s),t e T,s €S.Since, pis k-regular, t + k; = s + k, for some k,, k, € kerp.
Thent + k, € (T + kerp) N (S + kerp), since U is distributive,sot + k; € T N
S+ kerphencet+ky =x+kswherex €T NS, ks € kerp. Then p(t) =
uw(x)implies y = u(x) € w(T N S). Therefore wW(T N S) = u(T) N u(S)
Proposition 2.1. 7. Let D and M be R-semimodules, and V', H € L(D).
Consider the following statements:

i. D is a distributive semimodule.

ii. For any homomorphism f:D — M from a subtractive semimodule D to a
semimodule M satisfies that f(N N H) = f(N) N f(H)

iii. For any g € Hom(M,D) ,then g }(W + H) = g~ Y(WV) + g~ 1(H)).

iv. D and M are modules and D is distributive.

Then the following implications: iii — i, ii — i, iv — ii, and iv — iii hold.
Proof. (ili—1)
If B, N, € L(D) and a: B — D be the inclusion map, so

BAW+H) =0 W+H) =M +0 L} (H)=BnN +BnH.
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(ii—i)

LetB, N,H € L(D)and letT: D — D/J\f be the natural epimorphism
Since m is k-regular and D subtractive by Lemma 2.1.3 we have:

T (n(BNH))=BNH +kern=BNH +N ...*

Also, by hypotheses T(BNH) = n(B) N n(H)

Y (m(BNH)) =Y n(B) Nnr(H)) =1 (w(B)) nw *(w(H)
=B+kern)N(H +kerm) =(B+N)N(H +N) ... .**

Therefore, the distributivity of D follows from the equivalence of the two

expressions (*) and (**).

(iv - ii)

Let f € Hom(D, M), such that f(m) = f(n), where m,n € D
Since D and M are modules we have,

f(m) — f(n) = 0 which implies that

f(m —n) = 0. Therefore, m —n € kerf

Let k = m —n, so f is k-regular. By the Proposition2.1.6, we have
fINVNH)=fN)N f(H) forany N, H € L(D).

(iv — iii )

Now, since g is k-regular, Proposition 2.1.6 implies that g~*(WV + H) =
gV +g7H(FH). =

Proposition 2.1. 8: Let D and M be R — semimodule, and q € Hom (D, M), then.
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If D is a distributive semimodule and q is k — regular , then q(D) is a

distributive semimodule.
If M is a distributive semimodule, D is subtractive semimodule , and q is

a monomorphism, then D is distributive.

Proof:

1)

Let 4, B, and C € L(q(D)), since
An(B+C)=Anq(D)n [Bnq(D)+CnqD)]
=q(q7(4) n[q(q7*(B)) + q(¢7*(C))] (by Lemma 2.1.4)
by Proposition 2.1.6

ANn(B+C) =qlqg (A n (g7 (B) +q7(O))]
= q[q 2 (4) N q~1(B) + ¢1(4) N g (C)](since D is a distributive)
=q[qg (AN B) + q (A n C)]( by Remmark 2.1.5)
=q(q'(ANB) +q(g (AN )
=(ANB)Nq(D)+ (AnC)nq(D)(by Lemma 2.1.4)

=(ANB)+(ANC)

i) Let W,N,and Z € L(D),putE = q(W), T =q(N)andV = q(Z) € L(M),

by monomorphism then g=*(E) = W,q X(T) = N,and ¢ (V) = Z,and q
Is k — regular by Remark 1.1.30 then

WNIN+Z)=q ' E)N (g (M) +q* (V) =q " E)N ¢ H(T +V)

by Proposition 2.1.6
WNIN+Z)=q " (En (T+V)=q " (ENT+EnV)
=qYENT)+qYENV)

=q'E)nqgM+qaE)NgI W) =WNN+WNZ =
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Corollary 2.1. 9. Let D and M be subtractive R —semimodules with M isomorphic

to D, then D is distributive if and only if M is distributive.

Proof. It is clear by using Proposition 2.1.8. m

Proposition 2.1. 10. Let D be an R -semimodule. If for any two elements x,y € D
therearet,v,r,s € Rsuchthatv +t =1, tx = ry,and vy = sx, then Disa

distributive semimodule.

Proof. Assume that A, B,C € L(D) andu € A N (B + C). We need to show that
UEANB+ANC). Letu = x+ y, where x € B, y € C. By hypothesis, there
aret,v € Rsuchthatv+t =1, tx =rysotx € Ry, vy = sx so vy € Rx,
impliesthat vu = vx +vy e RuNnRx S ANBandtu =tx+ty E RunRy C
ANC,andvu+tu=u€eANB+ANC. N

Proposition 2.1. 11. If D is a distributive R- semimodule, and O € L(D), then

) O is distributive.

i) 2)/0 distributive if O is subtractive.

1) It is clear since subsemimodules of O are subsemimodules of D.

i) Letm:D - D/O be the natural epimorphism. Since D is a distributive

semimodule and mt is k-reguler, then by Proposition 2.1.8 n(D) = 2)/0

is a distributive semimodule. m
Proposition 2.1. 12. If D is a uniserial R- semimodule, then D is distributive.

Proof. Let J;, J2, J3 € L(D), we have to show that J; N (J, + J3) € (J. N J2) +
(J1 N J3)...*( since the other direction is satisfied). Since D is uniserial, it is

enough to discuss only two cases :

Casl: J, € Js or J3 € J,, then J, + I3 = J3 or J, + I3 = J>,
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hence I, N (J,+J3) =J1nJsorJ;nJ, € (JiNJ,) + (T NT3).
Cas2: J, € J, or J, < J,

ifJ; € Jpimplies J, N (J, +Jz) =Jrand (J1 N J) + (J1nJz) =Ji + T N
Js, hence J; N (J, + J3) € (J1 N J2) + (J1 N T3),

JiNJ3) =T+ T3 =T 0rJ, € Js, then J; n (J, + J3) = J N J3 and
(J1ndy) + (JiNnJ3) =T, + T N Js. Therefore, in all case * is satisfied. =

Proposition 2.1. 13: If D is a simple R- semimodule, then D is distributive.
Proof: Itisclear. =

Lemma 2.1. 14. [20, p. 156] Let D be an R -semimodule, H,, H,, and H5 € L(D)
satisfying the condition that H; € H, and H, is subtractive, then H, N
(Hy + H3) = Hy + (Hy N 3H).

Lemma 2.1. 15: [26] Let R be a semiring. Then J(R) is small in R.
Corollary 2.1. 16: For a semiring R, every ideal subset of J(R) is small in R.
Proof: By Lemma2.1.15 m

In order to get some results, a condition weaker than subtractive semimodule
IS needed, that is, only some kind of subsemimodules to be subtractive. In the
following such condition will be introduced. A semimodule is k- cyclic if any cyclic
subsemimodule of it is subtractive. For example the N-semimodule N is k-cyclic but

IS not subtractive.
Lemma 2.1. 17. Let D be an R -semimodule, then
)I(h+ k) € (Rh:k) n (Rk:h),forall h, k € U, ifDisak — cyclic.

i) I(R) € (Rk:h), forall h, k € D.
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Proof:
i)Assume r € [(h + k),then r(h+ k) =0=rh+rk

asrh,0 € Rh , by subtractive then rk € Rh sor € (Rh: k), and in the same
way, we obtain r € (Rk: h), thenr € (Rh: k) n (Rk: h).

ii) Assumer € [(h),thenrh = 0,s0rh € Rk thenr € (Rk:h). m

LLemma 2.1. 18. Let R be a yoked cancellative semiring, and T a subtractive ideal
of R.IfI(c) € 1,c € R,and Rc = Ic,thenR = 1.

Proof. If R # I, then there exists a € R and a ¢ I, but ac = sc forsome s €1,

since a,s € R thereexists heE R3a+h=sors+h=a,ifa+ h = sthen
ac + hc = sc,hence hc = 0,s0h € I(c) S I, by subtractive a € I, similarly if s +

h = a. This is a contradiction, therefore R =1. m

Lemma 2.1. 19. Let R be a yoked, subtractive , cancellative semiring, and D a
k — cyclic R -semimodule, if Rh + Rk = R(h+ k) + (Rh N Rk) forall h, k €
D,then R = (Rh: k) + (Rk: h).

Proof. Since Rh = Rh N ( Rh + Rk), and by hypothesis Rh = Rhn [R(h + k) +
(RhN Rk)]. By Lemma 2.1.14 we get

Rh=[RhNnR(h+ k)] + (RhN REk)
Now,
[RRNR(h + k)] + (RR N RK) = [(Rh: (h + k))(h + k)] + (Rh N Rk)
= (Rh:k)(h + k)] + (Rh N Rk) = (RR: k) (h + k)] + (Rk: )R
= [(Rh: k) + (Rk: )]k

By Lemma 2.1.16 and Lemma 2.1.17 we get R = (Rh: k) + (Rk:h). m
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In the following theorem we give a characterization of distributive

R-semimodule.

Theorem 2.1. 20. Let R be a semiring, then D is a distributive R — semimodule, if

and only if R(h+ k) = (RRNR(h+k)) + (Rk N R(h + k)), forall h, k € D.
Proof. Suppose that D is a distributive R - semimodule, and h, k € D, then
R(h+k)=(Rh+Rk) NR(h+k)=(RhNnR(h+k))+ (RkNR(h+k)).

Conversely, let W,, W, W, € L(D). Itisclear W; nW,) + W; N W,) <
Ws; n (W, +W,), so we need to show the other direction W; n (W, + W,) <
W n W)+ (W; nW,). Assumethatz=h+ ke Wy, n (W, +

W,) where z € W5, h € W;,and k € W,. Rz = R(h + k) by hypothesis Rz =
(RhNRz) + (RkNRz)thenze W; N W)+ (W, NnW,). =

Lemma 2.1. 21. Let U and A be R — semimodules. If w, and pe Hom (U, A)
where w is i-regular, then (w + W~ (w (V) = p Hw ().
Proof. (w + W)™ (w (1)) = {e € U: (o + p)(e) € w(U)}

={e €U:w(e) +ule) € w(U)}

= {e € U:pu(e) € w(U)} (By Remark 1.1.30)

= 1 (w@). =

Proposition 2.1. 22. Let U be a subtractive R - semimodule, A is a distributive R —

semimodule. If y,w € Hom (U, A) such that u + w is k-regular. Then,

) U= o tulU)+ ptwl).
iC=Ccn o (W0))+ Cn p(w(C)), forany C € L(U).

proof.
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i) since (u+ @)(U) = p(U) + w (U) , by Remark 2.1.5 we get
(+ @)+ @] = (1+ @) ) + o V)], so
U=@+ o) (pl)+ o) =+ o) u) + (1+ o) o).
By Lemma (2.1.21) weget U= w™ ! pU) + p~ ! w(U).
i)  Let pi and wi be homomorphisms such that i: C — U inclusion map.
Now, apply (i) we get
€= (0™ (i(0) + ()~H(wi(0))
=CNnaot(u@)+CnpHw@). =

Corollary 2.1. 23. If U is a distributive R-semimodule, w € End (U) is i —regular.
ThenB = (Bnw (B))+ (B nw (B)).

Proof. By using Proposition 2.1.22 with p=i the identityon U. m

Proposition 2.1. 24. If D is a k — cyclic distributive R - semimodule, then R =
(Rh: k) + (Rk: h), for some h, k € D.

Proof. Let §, £ € Hom(R,D) 2 §(1) = h,and £(1) = k.

£7YE(R) ={r € R:£(r) € Rh} = {r € R:rk € Rh} = (Rh: k),
similarly
€ 1£(R) = (Rk:h).
Since D isak — cyclic, then §, £ are i — regular. By Proposition 2.1.22 we get
R= £1&R)+ & 1E(R),impliesthatR = (Rh:k) + (Rk:h). =

Theorem 2.1. 25. Let R be a yoked, subtractive, and cancellative semiring, if D is

a subtractive R -semimodule, then the following are equivalent:

) R = (Rh:k) + (Rk: h), forsome h, k € D.
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i) R(h+k)=(RhnR(h+k))+ (RknR(h+k)),forallh, k €D.

i) D is adistributive R - semimodule.
Proof : i «ii, to prove that
R(h+k)=(RRNR(h+k))+ (RkNR(h+k))
o R(h+k) = (Rh:(h+k))(h+ k) + (Rk: (h+ k))(h + k)
o R(h+k) = [(Rh: (h+ k) + (Rk: (h + k)] (h + k)
< R =[(Rh:k) + (Rk: h)](h + k) by Lemma 2.1.17 and Lemma 2.1.18
then R = [(Rh: k) + (Rk: h)].
Ii— iii by Theorem 2.1.20 and iii— i by Proposition 2.1.24. =

Corollary 2.1. 26. Let R be a yoked, subtractive , and cancellative semiring. If D

IS a subtractive R —semimodule, then,

) If Rh + Rk = R(h+ k) + (Rhn Rk)forall h, k € D,then D is
distributive R - semimodule.
i) If D is a distributive R - semimodule, and Rh N Rk = 0, then l(h) +
l(k) =R.
iii)  IfDisadistributive R - semimodule, and [(h) € J(R), then Rh is

large in D.
Proof:

) It is direct by using Lemma 2.1.19 and Theorem 2.1.25.

i) If D is distributive R - semimodule, then by Theorem 2.1.24, R =
(Rh: k) + (Rk:h). Since (Rh:k) ={r€eR:rk€Rh}={reR:rk =
0} = L(k), because Rh N Rk = 0, similarly (Rk: h) = L(h).

i)  Assume that [(h) € J(R), and Rhn U = 0, where U K D if k € U, then
RhnN Rk =0. By (ii)thenl(h) + (k) =R, but I(h) is small in R by
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Corollary 2.1.16,s0 l(k) = R and k = 0, hence U = 0, therefore, Rh <€ D.

Proposition 2.1. 27. If D is a distributive R - semimodule, and B € L(D). Then

B has a unique relative complement.

Proof: Assume that B;, B, € L(D) are relative complements of B,then BN B, =
B,),B, €(B; + B,),and B;, B, are maximal with the property, then B; = B,. ®

Lemma 2.1.28: Let C be a fully invariant subsemimodule of R-semimodule M, and
A,B be subsemimodules of M such that AnB =0 . If each idempotent
endomorphism of every 2-generated subsemimodule of M is extended to an
endomorphismof M. ThenCnNn(A+B)=CnNnA+ CnB.

Proof: Assume that H = (Re;@®Re,) Where e, € A, e, € B. Let f;: H — Re; be
natural projections. ldempotent endomorphisms f; of H are extended to
endomorphism g; € End(M). Hence g,(e;) = e, g.(e;) = e, and g,(e;) =
g2(e1)=0.1fh=e;+e,€ CN(A+B), then ¢; = g;(e;+e,) = g;(h). By
hypostasis g;(h) € C, therefore h = g,(e;) + g,(e;) E(CNA+CNB). =

Proposition 2.1.29. Assume that each idempotent endomorphism of any 2-
generated left ideal of any arbitrary factor semiring B of a commutative semiring R
is extended to an endomorphism of B (as a semimodule over itself). If R is

subtractive, then it is distributive.

Proof. It is clear that a commutative semiring R is duo as ( a left or right)
semimodule over itself, for if f € End( zxR) and I is a left ideal of R, then for
eachx €1, f(x) =xf(1) = f(1)x € I, thatis f(I) € I. This property hold for
any factor of zR.Let F,G,and H be left ideals of R, and let h: R - R/(G N H) be
a natural epimorphism.

Not that, h(G) and h(H) are subsemimodules of the factor semiring R/(G N H),
with h(F) n h(G) = 0.

Applying Lemma 2.1.28 to R/(G N H), we have
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h(F) N (h(G) + h(H)) = h(F) N h(G) + h(F) N h(H)
the left hand side
leannCloant6on =Fn(G+H)/(GnH)
the right hand side
Fleannenm)+Cleannean) =

Therefore FN (G + H) = (FNG + FnNH),thenis, gR is distributive. m

(FnG+FnH)/(GnH)

Proposition 2.1.30: If M is a subtractive cyclic ssmimodule over a uniserial

semiring R, then M is a distributive semimodule.

Proof. Assume that M = Rm, forsome min M, and lety:R - M be a

homomorphism map such that y(r) = rm, then y is an epimorphism with

ker(y) = I(m), hence M = R . By Proposition 2.1.12, R-semimodule R is a
L(m)

distributive semimodule. So, R/l(m) Is a distributive semimodule, by Corollary

2..1.9 M is a distributive semimodule. ]

2.2 The homomorphisms of distributive semimodules

Lemma 2.2.1. [28]Let B be a semisubtractive cancellative semimodule, and
{Bi}ie; is a family of subsemimodules of B, such that }’;¢; B; is subtractive for

each J < I. Then Y;¢; B; = @;¢,B; ifand only if B; N ¥;¢; /(3 B; = 0 foreach i €
J.

Lemma 222. If ABeLM), AnB=0, A+ B is cancellative and
semisubtractive, then there is a bijection between the complements of B in

A®B and the split of maps the projection of A@B onto A.

proof. Let p: A@B — A be a natural projection then p splits. So there exists
q: A - A®B such that pqg = 1,, hence A®B = Imq @ kerp = Imq @ B. Itis
clear that Imgq is a complement of B in A@B. Now if g # g are distinct split maps

of p then g(a) # q(a) forsome a € A.
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Claim: g(a) € Img, andthenImq # Img.

For, if g(a) € Imq, then g(a) = q'( &) for some @ € A. Hence p(q(a)) =

p(q’(d)), S0, a = a (since pq = pq’' = 1,) thatis, g(a) = q(a) = q(a) C!,
therefore Imq # Im q.

Hence there is a bijective between the split maps of p and the complements of B in
ADB. =

Lemma2.2.3. IfA,B € L(M), AnB = 0,A+ B is cancellative and
semisubtractive, then there is a bijection between Hom (A4, B) and the split maps

of the projection p of A@B onto A .
proof. Let a € Hom (4, B) and p: A@B — A be the natural projection
Defineq: A - A@B bya - a+ a(a), then
(rg)(a) = p(ata(a)) = a
q is a right inverse of p, that is, a split map of p
It is clear that if @ # a’ € Hom(A4, B), then for some a € A.
a(a) # a(a), q(a) = a+ a(a) # a+ a(a) = g (a).

On the other hand, if g is a split map of p, then it is 1-1, and it induces an a €
Hom (A, B), by a = mg q where my is the natural projection of A®B onto B.

Therefore, there is a bijection between Hom (4, B) and the splitmapsp. =

Corollary 2.2.4: If A,B € L(M),AnB =0, A + B is cancellative and
semisubtractive, then there is a bijective between Hom (4, B) and the set of

complements of B in A@B.

Proposition2.2.5. A lattice L is distributive if and only if for each interval I of L

any two elements of I which are related in I are equal. (See [40, p. 68])
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Proposition 2.2.6. Suppose that M is a cancellative and semisubtractive
semimodule, with A, B € L(M) such that An B = 0. Then M is a distributive
semimodule if and only if Hom (4,B) = 0.

proof. Since AnB =0, by Corollary 2.2.4, there is a bijection between
Hom (A, B) and the set of complements of B in A@B, and by Proposition2.2.5 a
lattice is distributive if and only if relative complements are unique. Now, we get

that Hom (4,B) = 0 if and only if M is a distributive semimodule. m

Corollary 2.2.7. Suppose that M is a cancellative and semisubtractive semimodule.

If A,B € L(M) , with AN B subtractive subsemimodule, then M/(A N B) IS a

distributive semimodule if and only if Hom (A/(A " B) B/(A . B)) = 0.

Corollary 2.28. If M is a cancellative, semisubtractive, and distributive

semimodule, such that M = A + B, where A, B are subtractive subsemimodules of

Corollary 2.2.9. Let M be distributive, cancellative, and semisubtractive
semimodule over semiring R. If I[(m) =0,m € M, then Rm is an essential

subsemimodule of M.

Proof. Let f: R = Rm be an epimorphismsuchthat f(r) = rm forall » € R. Since
kerf = 1l(m) = 0, then f is a monomorphism, hence R = Rm. If Rm n A = 0, for
some A€ L(M), if 0+ a € A, then there exist g:R — A defined by g(r) =
ra for all € R. But we have h: Rm — R ( inverse of f) which is not zero hence
0 #+# gh € Hom(Rm,A) C!,henceA=0 .m

Proposition 2.2.10. Let U be a distributive R -semimodule and B be an R —

semimodule, and w,g € Hom (U, B) such that w + g is k- regular. Then,

) 0=gkerw) Nnw(ker g).
i)  If U isasubtractive semimodule, then forany C € L(B), C =(C +
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w(g i) n ( C + g(w‘l(C))).
Proof.

i) Since (w+ g)(kerw NKkerg) = 0, then by Proposition 2.1.6 we get that
(w+ g)(kerw) N (w+ g)(kerg)=0,s0

[w (Ker w) + g (kerw)] N[w (kerg) + g (kerg)] = 0, then
gkerw)Nw (kerg) =0

ii) If I is the natural epimorphism of B onto B/C , and Ilw, Ilg €
Hom (U,B/C)Now apply (i), we get C= Ilg (kerllw ) N MNw (kerllg ) =
Mg (w 1(C)) N Nw (g~1(C)), since Kkerllw = w 1(C), and kerllg =

g1 (0), then € = (C + w(g~*(C)) n ( C + g(w-l(C))). m
Corollary 2.2.11. Let U be a distributive R-semimodule and w € End (U) with

w + i isk-regular where i istheidentityon U.IfB € L (U), then B =
(B+w™'(B))n(B+w(B).

Proof. By using Proposition 2.2.10 we get that
B=(B+w(@ *B)N(B+i(w™*(B))).

Since i 1(B) = B,and i(w™! (B)) = w™! (B), then
B=(B+w'(B)N(B+w(B)) =

Proposition 2.2.12. Let U be subtractive and distributive R -semimodule, B €
L (U)and w € End (U) is k — regular.

i) If wisi—regularthen B = (B N w‘l(B)) +w (B N w 1(B)).
i) If w+iis k — regular where i is identity then B = (B + w(B)) N
w1 (w(B) + B).

Proof.
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1) By Corollary 2.1.23, we get
B=(Bnw(B))+ (Bnw(B))

=(Bnw X(B))+ Bn[wW)nwB)])

=(Bnw(B)+Bnwl)NnwB))

= (Bnw™(B)) + (w(0'(B) nw(®),
by Proposition 2.1.6, we get

B=BnwlB)+w(wI(B)nB)

i) By Corollary 2.2.11, we get
B=(B+w®B)n(B+w(B)
then

B=(B+w®B))Nn(B+w(0+B))

Now, by using Proposition 2.1.6, we have
B=(B+w®B))Nn(B+w™(0)+w(B))
= (B + w(B)) N[(B + kerw) + w™1(B)]
=(B+wB)Nn(0'wB)+w (B)=(B+wB)Nw(wB)+B).n

Corollary 2.2.13. Let U be a subtractive and distributive R -semimodule, B €

L(U), suppose that w € End (U) and w is regular, then

i) o 1(B)Nnw(B) €B < w 1(B)+ w(B).
i) B N w?(B) € w(B) € B + w?(B).

Proof. (i)

Let B € L(U) and w € End(U), since BN w~1(B) S B, hence
w(Bnw(B)) € w(B),

then, by Proposition(2.2.12)(i) we get
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B=(BnwB))+w(B n «w(B)),
so B S (BNnw™(B)) + w(B) hence B € w™*(B) + w(B). Also w™*(B) N
w(B) € B when w is k- regular, since ™ *(B) €S w *(B+ w(B)) and
w(B) €SB+ w(B)then 0 *(B)nw(B) Cw  (B+w(B))n B+ w(B).
Now by Proposition (2.2.12)(ii) we get w™1(B) n w(B) S B.

(i)
By (i) weget w " (B)Nw(B) S B < w(B)+ w(B)
w((B)Nw(B)) € w(B) € w(w (B) +w(B))
w(w™(B)) Nw?*(B) € w(B) € w(w™'(B)) + w?(B)
Bnw?(B) € w(B) €BNw(B)+ w?(B)
BN w?(B) € w(B) S BNw(B)+ w?(B) S B+ w?(B)
BNnw?(B) Sw(B) SB+w?*(B). =

If U is a subtractive and distributive semimodule and p € End (U) is regular
then by Proposition (2.2.12) any subsemimodule B € L(U), can be written in the
formB =T nu 1(T) and if p, w + i are k- regular then by Proposition (2.2.12)
B can be written in form B=W + p(W) for some T,W € L(U). These

representations are unique as in the following sense.

Corollary 2.2.14. Suppose that W, T are subsemimodules of a distributive and

subtractive semimodule U and pu € End (U).
i)Ifpandp+iarek-regularand W + uy(W) =T + w(T) then W =T.
i) If pis regularand W Nnp*(W)=T n w(T) thenW =T.

Proof.

1) By Proposition 2.2.12, we get
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W=W+uW)nu(W+pW) =(T+ wM)np(T+wT)=T.
i) Follows similarly. m

Corollary 2.2.15. Let U be a distributive semimoduleand N € L (U) andd. €
End (U).

i) Ifd,d.+i are k- regular and d™(N) € X7:'d/(N) for somem =
1,then d.(N) € N.

i) If d.is regular and N%;' d.”/(N) € d."™(N) for some m >
1,then d.(N) € N.

Proof.

1) if m = 1 is trivial, we assume that the case is true when m, by induction, we

prove that is true when m + 1, suppose that
d™*(N) € ¥7%, d/(N) and define N, = X7, d/ (N) .
Then
d(Np-1) = d&(N) + d.*(N) + -+ + d™(N),
Nm-1 + d(Nm-1) = N + d(N) + d*(N) + -+ d™(N) = Np,
Np—1 4+ &(Npq) = Ny ... (1)
Now

dmH(N) C Z dI(N) = N, .
=0

d(N,,) = N, + ™1 (N) € N,, + N,
then d.(N,,) € N,,

So, N,,, = N, + d.(N,,) .....(2) . Then N,,, = N,,,_; By Corollary2.2.14(i)
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m—1

hence d™(N)S N,, €S N,,_;, = Z d’ (N)

J=0

m-—1
d™(N) € z d.~/(N) by hyopesis then d. (N) € N.
=0

1) Also we can use induction on m.
Define N,,, = NjL, d. /() and suppose that N7L,d.~/ (N) € d. 7" 1 (N)
now
d 1N, =d T (N Nnd2(N) N ... nd"™(N)
Ny 1 Nd ' (N, )=Nnd*(N)nd2(N)n..nd"™(N)= N,,
then N, = Np_q N A7 (Nppoq) .o o
Since N, = N7y d/(N) € 4™ 1(N),
N, =N, NN,, € "™ (N)nN,
N, SN n[d Y (N)Nnd2(N)N..nd™(N)nd""™1(N)]

N, € N nd. Y(N,,) impliesthat N, =N nd. 1(N,,) ... **

using Corollary 2.2.14. on * and ** we get N,, = N,,_;50 N7 d."1(N) =

N,,_; = N,, € d""m(N).Byinduction,thend. (N) S N. m

Proposition 2.2.16. If U and B are semimodules and d,g € Hom (U,B) ,

suchthatd.and g arei —regular. If U is a hollow semimodule and B a

distributive semimodule then either d.(U) < g(U) or g(U) < d.(U).

Proof. By Proposition 2.1.22 we get U = g~1d.(U) + d."tg(U). Also, by
hypothesis we have U is hollow, hence g~ 'd.(U) = U ord. 1g(U) = U. If

g~ 1d.(U) = U implies that g( g~*d.(U)) = g(U), since g g~ 1d.(U) € d.(U)
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therefore g(U) € d.(U). Similarly when d."*g(U) = Uwe get d.(U) c g(U). m

Corollary 2.2.17. If R is a local semiring and B is a k-cyclic distributive R —

semimodule R, then B is uniserial semimodule.

Proof. Since R is local then R is a hollow R-semimodule , putting U = R in
Proposition (2.2.16) then d.(R) < g(R) or g(R) c d.(R) foranyd, g €
Hom (R, B).

Now let I, W any two subsemimodules of B and I € W, thismean3 x €

I and x € W and define d. and g such that d.(r) = rx,Vr e RandVy € W,
g(r) =ry,vr € R. By Remark 1.1.30 we get d. and g are i — regular and
by Proposition (2.2.16) we get

Ry c Rx,Vy € W impliesthat W C Rxhence W €. m

Corollary 2.2.18. Let R be a local semiring and R a k-cyclic semimodule over R,

then R is a distributive semimodule if and only if R is uniserial.

Proof. The first direction is verified by Corollary 2.2.17. The other direction is

clear since any uniserial semimodule is distributive. m

Theorem 2.2.19. Let U be a subtractive and Artinian semimodules, B is a
distributive semimodule, d., g € Hom (U, B ) such that d. + g is k-regular. If
kerd. € ker g,then g (U) < d. (U).

Proof. Assume that kerd. € ker g and g (U) € d. (U),letQ={N €L (U):
g(N) € d (N)}define M =)N,s.t N € Q,

gD =g() My= > g > V) = d ()

then M the largest subsemimodule of U in Q, and M proper in U because of
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gW)<cd(U),Now0 =g (kerg) < d. (kerg ),then kerg € Q,Q #+ 2.

By hypothesis U is Artinian then U/M Is Artinian, so U/M has a minimal

subsemimodule say C/M implies that C/M # 0 and C/M is simple . Since M <
cc Utheng(M)cd M) cd(C),andMc gt (g M) cg(dM)) <
g (d. (€)) , impliesthat M < g~*(d. (C))and M < C ,then M S C n

g7 (d.(0)) cCand[C n g71(d (O)I/M =/,

Since C/M is simple, then [C N g~*(d. (C))]/M = 0, hence C N

97*(d (€)) = M. By Proposition (2.2.10) we get C = (C n g~'d (C)) +
(C n d. g (C). Now,

d(C) = d(C n g7*d. (C)) +d(C n d1g (C)

cd M) +(d(0)ndd g (0))
=d M) +[d(O) N (g ()N d @A)

=d M)+ [d(O)n d(A)ng (0]
=d M)+ [d(C)ng (C)]

=d M) +[d(C)n g ()N g (A)]
=d (M) +gg ' [d(O)Ng (O]

=d M +glg~td(O)ng g (O]
=dM)+g[g7'd(C)N (C+kerg)]

=d (M) +glg7'd(O)NC]=dM) +g (M) =d(M)
thend. (C) €d. (M) sod.(C) =d. (M)
implies that d.71d. (C) = d"1d. (M) hence C + kerd. = M + ker d.

and C=M [since kerd. € M < (] this is a contradiction then our assumption is
false, henceg (U) € d. (U). m
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In addition if U and B are semimodules and d.,,g € Hom (U, B) when U is

Artinian, B is distributive, and d.+ gisk —regularif kerd. = ker g then
g (U) =d. (V).

Corollary 2.2. 20. Let U be an Artinian distributive and subtractive semimodule
and H € L(U). If f: H — U is a monomorphism then f (H) = H.

Proof. Since U is Artinian then H is Artinian, and if i: H — U is the inclusion
map, then f + i isamonomorphism .By Remark 1.1.30 we get f + i is k —
regular and by monomorphism keri = 0, also ker f = 0. By Theorem 2.2.19,
wegetf(H)=i(H)=H. =

Theorem 2.2.21. Let M be a subtractive and distributive semimodule, N a
Noetherain semimodule, f,g € Hom (M, N) such that f + g is k-regular, if
g (M) < f (M) then ker f € kerg.

Proof. Suppose that g (M) < f (M) butker f € kerg. Let A=n{B €
LIN):f~4(B) = g7* (B)}

note that f~1(N) = g~1 (N) = M, that is, the above set is not empty. Clearly, A is

the smallest subsemimodule of N such that f~1(4) € g~ (4). In particular, we

seethat A € g (M) < f (M)...** [since f (g (M) c g (g (M))].

Since ker f & kerg, A # 0 and so, by hypothesis, we can find a subsemimodule X
such that 0 < X < A and 4/, is simple. But g (f™*(X)) € g (f "*(4)) € A, and
s0OA=X+g (f1(X))..x[ since f71(X) € g~ (X) and X is maximal in A].

By Proposition 2.2.10

X=X+g(FeONN X+ (gt (X)
and so

X=AnX+f(g™' (X))
leads to
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A =1 @N OO+ (f (g7 (X0)]

@ =A@+ g7 (X
[from* g~ (4A) = g7 () + f 1 (X)]

X =T A@ng™ A =14

XNnfM)=Anf(A)
,butX € Ac f (M) by **

so X = A a contradiction, hence A = 0, thatisker f = f~1(A) c g 1 (4) =
kerg.

Proposition 2.2.22. Let D, and N be modules over a semiring R. Where D be
distributive , N is a Noetherain and A, B are submodules of D. 1f P/, = P/, then
A = B.

Proof. Assume that 4, B € L(D), suchthat P/, = P/, by a. Let fc: D - P/ be

the natural epimorphism for C € L(D). Then af4: D — D/B IS an epimorphism

and aB, + Bg is k-regular ( since D, N are modules). Thus af8,(D) = B (D), so
by using Proposition 2.2.21 ker(af4) = ker(fBg),henceA=B. =

As in modules, if M is an R-semimodule and (M) = I, then M is an R/I'
semimodule. Define (7/;)m = rm, then "'/, = "2/, implies that ry, + i =1, + j
forsome i,j € I, thusif (ry + i)ym = (r, + j)m - rym+ im = r,m + jm, but
im = jm = 0 then r,m = r,m. So, this multiplication is well-defined. The rest of

the conditions of multiplication are easy to prove. We will use the foregoing note

in the following lemma.

Lemma 2.2.23. If M is an R-semimodule, then M/, is an R /,-semimodule,

where I is an ideal of R.
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Proof. Since M is an R-semimodule, then by definition of factor semimodule M/IM

is an R-semimodule. Now, [(M/,,/) = 1,50 M/, is an R/;-semimodule. m

Proposition 2.2.24. Let R be a local semiring witha unique maximal ideal I and M
a k-cyclic R-semimodule with M # IM. Then M is cyclic R-semimodule if M is

distributive.

Proof. If I is the maximal ideal and M # IM by Lemma2.2.23 M/IM Is a simple

R/I-semimodule, then there exists x € M whose image in M/IM generates the

semimodule. Then clearly x € IM and IM + Rx = M. By Corollary 2.2.17 then M
Is a uniserial semimodule and since Rx & IM, we have IM € Rx. Therefore it
followsthat Rx =M. =

2.3 Some examples

Initially, we will present some examples in the modules, after which we will

proceed to showcase some examples in the semimodules.

Remark 2.3.1. Any cyclic Z —module is a distributive module ( see [41 «p. 198]).

For example, Z —module Z is a distributive module.

Example 2.3.2. Let N be a field, and R be a 5 —dimensional algebra over the field
N generated by all (3 * 3) —matrices of the form

Ny M2 NMy3
(O USY) 0),Whel’enijEN,thenD=R811=N811+N612+N813 |S
0 0 ng;

distributive R —module.( see [42, p. X])

Example 2.3.3. The Z —module Z,n, where p is a prime number, and € N. Since

Lyn is a uniserial Z —module, then Lyn is a distributive module.

Example 2.3.4. The (Z,, +,,.,) is the yoked semiring, cancellative, and

subtractive. Let (X, +) be a commutative monoid, where X = {0,1,2, .....,k}, k €
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N, and h + k = max{h, k} for all h, k € X. Define multiplication operation as
follows: 0z,. k=0x and 1,,.k = k, for all k € X. Then the Z,- semimodule X is

subtractive, distributive, and satisfies Theorem 2.1.25.

Example 2.3.5. Let (N, +,.)be the semiring, with usual operations, It is easy to

see that (Z,, +,) is a distributive N- semimodule.

Example 2.3.6. Let R = {0,1} be a semiring, and D = {(0), (2), (4), (8)}, as

discussed in Example 1.2.12. Then D is a distributive R- semimodule because

My N (M, + M3) =My N (MU M3z) =(M; N M) U (M NnM3) =
(M, N M) + (M, N M), for all My, M, M5 € L(D).

Example 2.3.7. LetD = {0, 1, h, k} be a semimodule over semiring R = {0, h, 1},

, as discussed in Example 1.2.6. D is distributive R- semimodule because
R(c+v) = (Rc NR(c+ v)) + (RvNnR(c +v)), forall c,v € D.

Since RO = {0}, R1 = {0,1,h}, Rh = {0, h}, Rk = {0, k}, then

Ifc =1,v=h,then R(1 + h) = R1 = R1 + Rh = (R1 N R1) + (Rh N R1).
If c =1,v = k,thenR(1 + k) = Rh = Rh + {0} = (R1 n Rh) + (Rk N Rh).
If c = h,v = k,thenR(h + k) = Rh = Rh + {0} = (Rh N Rh) + (Rk N RA).

Example 2.3.8. Let X be any nonempty set, then (P(X),U,N) is a semiring. Since
the first operation of semiring is union, and the intersection is distributive over the
union in set theory, then P(X) is arithmetical semiring, thus P(X) is distributive

semimodule over itself.

Example 2.3.9. The Z,- semimodule X, as discussed in Example 1.2.11 is a

distributive semimodule, since it satisfies Theorem 2.1.25.

Example 2.3.10. Let (R, +,.) be a semiring, where R = {0,1,2},and for all h, k €

R,
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h + k = max{h, k} ,h.k = min{h, k}.

If h =0,k = 1,50 RO = {0}, R1 = {0,1},R(0 + 1) = R1, then
R(h+k) = (RRNR(h+k))+ (RkNR(h+k)) > Rl =RONR1+R1NRL
Ifh =0,k =2,50R0 ={0},R2=R,R(0+2) =R, thenR=RONR+R2NR.

Ifh=1k=25s0Rl={01},R2=R,R(1+2) =R2, thenR=R2=R1NR+
R N R. By Theorem 2.1.20, R is a distributive R - semimodule.

Remark 2.3.11. If D # {0} isany R —semimodule, then B = D[[D is

not a distributive R — semimodule.
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Chapter three

Distributive Property and other Concepts in Semimodules



Introduction

This chapter consists of three sections. In the first section, we generalized
some of the properties obtained by A. A. Tuganbaev [17], and [19]. As for the
second section, we discussed the concept of weakly distributive semimodules,
which Biiyiikasik and Demirci discussed in [12]. As for the last section, there were
generalizations for some associated definitions to the supplement and finding
relationships between those concepts and related concepts of distributive

semimodules.

3.1 Direct Sums of Distributive Semimodule

Proposition 3.1.1. Let {cA};¢; be a family of subsemimodules of a distributive

semimodule D. Then

LBNYiegAi = Yie)(BN A;) for any subsemimodule B of D. However, the
dual statement B + (N A;) =N;¢; (B + A;) does not hold in general.

ii. If B is a subsemimodule of D suchthat BN Y,;c; A; # 0,then BN A; +# 0 for
somei € I.

. If {B};¢; is the set of subsemimodules of D such that B; is an essential
subsemimodule of A;, then );c; B; is an essential subsemimodule of );¢; A;.

iv. If B is an essential subsemimodule of A;, V i € I ,then B is essential in );¢; A;

Proof.

(i) Letx € BN Y A; , then there are finite set K € I, such that x = };ex 9; €
BN Y,cx A;, since D is distributive then BN Y cx A; = Diexk (BN A;) S
Y.ie1(B N A;). For the other direction, by this consider, let Z-semimodule Z and
B = (3) and A; = (2%) for all natural number i. Clearly, by Remark 2.3.1 Z is a
distributive semimodule. However, B + (N A;) = (3) whereas N;¢; (B + A;) =
4.

(i1) Follow from (i).
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(iii) Let C be a nonzero subsemimodule of }};c; A;, then0 = C =C N Yy A; =
YietCNA; by (i) neA; #0 forsome j € [, in addition, since B; is an
essential A; then (C N A;) N'B; # 0 hence C N'B; # 0 implies that

YierC NB; # 0 (since C N B; # 0 subsemimodule of }.;c; C NB; by distributive

we getthat C N Y;¢; B; #+ 0 and );¢; B; is an essential of )}, A,;.
(iv) Follows from (iii). m
Proposition 3.1.2. Let D be a distributive semimodule, and H € L(D), then

I. H has a unique relative complement B in D, and B coincides with the sum of all

subsemimodules of D which have zero intersection with 7.

Ii. H has a unique closure A in D, and A coincides with the sum of all essential
extensions of H in D.

Proof.

(i) Let Q = {B; € L(D): B;n H = 0} and let B = }5.cq B;, by Proposition
(3.3.1)(ii) then (Xp,cq B;) N H = 0, hence B the largest subsemimodule of D

which has zero intersection with ', and by Proposition 2.1.27 B is a unique

complement.

(i) Indeed, taking A = );¢; A;, Where A; is an essential extension of . By
Proposition (3.1.1)(iv), A is an essential extension of . If we take A" as an
essential extension of A, then A" is an essential extension of 7, by the hypothesis

A = A hence A is closed in D. Therefore, A is a unique closureof H inD. m
Proposition 3.1.3. Let D be a distributive semimodule, and N, G € L(D), then

i.If GN N <®¢ N,thenG <€ G+ N.

li. IfGisclosedinDand G N N <° N,thenN c G.

li. If G is closed in D and N is uniform, then either N S GorGn N = 0.

iv. The intersection of any two distinct closed and uniform subsemimodules of D
Is equal to zero.

Proof.
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(1) If we assume G N N <°® N, and it’s clear G <® G. By Proposition (3.1.1)(iii)
we getG+GN N=G<°G+N.

(ii) Since G isclosedand G N N <¢ N ,thenby (i) G <® G+ N <D, implies
that G = G + N, hence N € G.

(i) IfGn N #0,then G N N <° N since N is uniform. By (ii) then N € G.

(iv) Follows from (iii)) m
Proposition 3.1.4. Let D be a semisubtractive, cancellative, and distributive

semimodule and {A;};¢; is the set of all distinct closed uniform subsemimodules

of D such that };¢; A; is subtractive for any | € I .then };¢; A;, = B A,

Proof. By Proposition (3.1.3)(iv) the intersection of any two distinct closed and
uniform subsemimodules is equal to zero and by Proposition (3.1.1)(ii) and
Lemma 2.2.1,then A = @;c;A;. W

Proposition 3.1.5. Let D be a distributive semimodule and D = @,¢;A; =

@ c;B;. where all A; and B; are nonzero indecomposable semimodules, then

there is a bijection a: I — J such that A; coincides with B ;).

Proof. Forany i € I, then A; = A; N @ ¢;B; we get by Proposition (3.3.1)(i)
A; = @®jej(A; NBy), but A; is indecomposable semimodules, then exist k € |

where A; = A; N By and A; N Dj.re;B; = 0,hence A; =B,. B

If V' is a subsemimodule of a left R - semimodule D, then e is a

subsemimodule of left eRe - semimodule D, where e is a non-zero idempotent

element of the semiring R. This can be easily verified by assuming en € eV and
ere € eReto imply ere(en) = e(ren) € eV, and if en,, en, € eV, then e(n, +
n,) € eN'. Now, if we assume that D is cancellative, and semisubtractive
left R- semimodule and D = D; + D,, such that D;_; 5 subtractive and D; N
D, = 0, it can be directly proven by Lemma 2.2.1 the left eRe-semimodule De
Is a direct sum of eD, and eD,, where e is a non-zero idempotent of the semiring

R. Generalizing this result, we obtain the following property.
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Proposition 3.1.7. Let t be a non-zero idempotent element of the semiring R, then

i. Assume that D is a cancellative, and semisubtractive left R- semimodule and
H € L(D). Therule f(H) = tH gives a surjective lattice homomorphism
f:L(D) —» L(tD), where tD is a left eRe — semimodule, and if D = @,¢,D;,
then tD = @, tD;.

ii. Let D be a cancellative, and semisubtractive left R- semimodule, if D is
distributive ( direct sum of distributive semimodules) then the left
tRt- semimodule tD is distributive (direct sum of distributive semimodules).

Proof. The part (i) can be verified directly.

(if) If D is distributive, and A, B, C are subsemimodules of tRt- semimodule tD,
then A =tA’,B = tB’,C = tC' for some A’, B’,C" subsemimodules of D. Now
AN(B+C)=tA'n (B +tC"),buttA’,tB’,tC" are subsemimodules of D, too
O, AN(B+C)=({A'NntB )+ (tA' ntC')=(ANB)+(ANC). =

Proposition 3.1.8. Let R be semiring with the identity 1 # 0, such that 1 =
i=1€; , e; is non-zero idempotent, and e;e; = 0 when i # j. Assume that D is a

cancellative, and semisubtractive left R- semimodule, then

i. The left R- semimodule D is the direct sum of the left e;Re;— semimodule e;D.
ii. If Mand H are subsemimodules of the semimodule D, then NV +H =
rtiegN+eH)yandN N H =Y, eeNNneH.
iii. A left R-semimodule D is distributive if and only if all the
left e;Re;- semimodules e;D are distributive.

Proof.

(i) Since D=1.D = (XL, e)Dand if x € ;D N ;D then x = e;d; = e;d,
implies that e;e;d; = e;e;d; — e;d; = 0, hence x = 0, now by Lemma 2.2.1 D =
DicreD.

(YN +H=Y"e, N+I". e, H =Y (e,N +¢; H),similarly ' n
H=YLeNNYi g3 =1 N Nedl.
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(iii) Follows from (ii). =

Proposition 3.1.9. Let D be a cancellative, semisubtractive, and distributive
R-semimodule. If A;and A, are direct summands of D, then A; N

A, and A, + A, are direct summands of D.

Proof. By hypothesis D = A ®H, = A,DH, for some H;,H, € L(D).Hence
A=A, ND =A; N (ABH,) = A, NA, + A NH,, since D = A BH;,
then D = (A, N A,) + (A, NH, + H;), since A; N A, andA; N H, + H;, are
subtractive ( [43], Lemma2) and (A; N A,) N(A; NH, + H;) = 0, hence A; N

A, is direct summand by Lemma 2.2.1.
Now to prove that A, + A, is a direct summand of D, at first

A+ Ay = (A +A)ND=A,ND+A,ND
= A, N (A, + H,) + A, N (A +Hy)
=A NA, + A NHy + A, N Ay + Ay NH
= A, NAy, + Ay NH + A NH,
=A,N(A+H)+ A NH, = Ay, + Ay NH,.

H; = (A + Ay) + (H, N H,), since (A, + A,), (H, N H;)are subtractive (
[43], Lemma2), and (A, + A,) N (H, N H,) = 0, then A, + A, is direct

summand of D by Lemma2.2.1. m

Following Taganbaev in [19] we use a concept arithmetical module. This
means a semimodule is arithmetical if the lattice of its fully invariant

subsemimodules is distributive.

Proposition 3. 1.10. Let M be a direct sum of distributive semimodules M;_(; 5,

then M is an arithmetical semimodule.

Proof. Assume that N, K, and L are fully invariant subsemimodules. Since
K+L)nM;=[(KNnM;+KnM,)+(LnM;, +LnM,)]NnM, =
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[(KNM;+LnM)+(KnNnM,+LnMy)]nM;,thus(K+L)NnM; =Kn

K+L=KnM,+LNnM, +KnM,+LnM,

and (NnM)NK+L)=(NnM)N[M;Nn(K+L)]=(NnM;))n[Kn
M,+LNM]=NnKnM;,+NnLnM,...(1),similarly (N N M;) N
(K+L)=NNnKnM,+NNLNM,...(2).Since NN (K + L) is fully invariant

subsemimodule, then

NNn(K+L)=NnK+L)nM;+Nn(K+L)nM,=(NnM;)n
(K+L)+(NnM,)n(K+L).By()and (2)then NNn(K+L)=NNKn
Mi+NNnLNM;+NNKnNnM,+NnNnLNM,=(NNnK)+(NNL). m

3.2 Weakly distributive semimodules

Let D be an R-semimodule, and A € L(D). We shall call A a weakly
distributive subsemimodule of Dif A=ANH+ANK Oor A+ (HNK) =
(A+H)N(A+XK) for all H,K € L(D) such that H + K =D. While D is a

weakly distributive if each A € L(D) is a weakly distributive subsemimodule.

Remark 3.2.1. Let (R, +, . )be the semiring with identity, then the R- semimodule

R is weakly distributive.

Proof. If X € L(R), and R = A + B, for some A, B € L(R), we need prove K <
KNA+KNB.Since 1 € R then1 =8+ p, for some 8 € A, p € B we have
each £ € K implies that £.1 = £(s + p) = #8 + #p, Where s € KX N A, and
fpEKXNBhenceLEXNA+KNB. =

Proposition 3.2.2. Let D be an R- semimodule, D is distributive if and only if each

subsemimodule of D is weakly distributive R- semimodule.

Proof. Let 7, Q and C € L(D), such that 9 + C = D, if D is a distributive, then
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FN@Q+C)=FNQ+FnNnChence FND=F=FNQ+FNC, hence Fis

weakly distributive.
In the other direction, let G, 7, KX € L(D), then

GN(T+K)=¢gNnT+K)n ([T +X)

=[GNT+X)]NT+[GN (T +K)NnK

=[@NHNT+K]+IGNK)NT +K)]=(GNnT)+(GNK)
,sinceGN (T +K) € LT +K),and T + K is weakly distributive. m

The following Lemma mentioned in [36], will be proved under different

conditions.

Lemma 3.2.3. Let D be a R-semimodule, and T, £ € L(D) with T is weakly
distributive.. Then T is a supplement of Lifandonly if D=L+ T and T N L is

small inT.

Proof. Assume that 7" is a supplementof Land X’ € L(T),where T NL+X =T7T.
Since D = L + T by definition supplementthen D =L+ (TNL+X) =L+ X
and X' = T by the minimality of 7.

On the other hand, let D =L+ 7 and 7 n £ small in . To prove that T is a
supplementof L, ifCc T andD =L+ C,thenT =T ND=TNn(L+C)=Tn
LATNC=TNL+C and C =T since TNL small inT. Hence T is a
supplementof L. m

Proposition 3.2.4. Let D be an R- semimodule, Q, F,andA € L(D). Then

NIf D=0Q+F =Q+ AandF isaweakly distributive subsemimodule, then D =
Q4+ (FNnA).

i) If Q is a weakly distributive and supplement of F and A, then Q is a supplement
of F N A.
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i) If D=A+B and B is a weakly distributive subsemimodule, then every

supplement of A is contained in B.
Proof.

i) Since D=Q+ A, we have F=FND=FnNn(Q+A)=FnQd)+(Fn
A).butD=Q+FthenD =0+ (FnNQD+FnNA)=Q+ (FnNnA).

I1)By hypothesisD =Q+F =Q + A, by Lemma3.2.3 9NnFandQ N A are
small in @, since 9NFNACSQNTF, then 9NFnNnA is small in Q. By
Lemma3.2.3 Q is a supplement of F N A.

i) Let D = A + B, and O is a supplement of A in D, then D = A + O. Hence
B=BNA+BnOandsoD=A+BNA+BNO=A+BnNO thisimplies
BNO=0 andO<SB. =

Theorem 3.2.5. If D is a distributive supplemented R- semimodule. Then D is an

amply supplement, and every subsemimodule has a unique supplement.

Proof. LetD = M + §,so M has a supplement in D, say F . By Proposition3.2.4

(iii) the subsemimodule F is contained in §. Then D is an amply supplemented.

Assume that X is also a supplement of M in D, then D=M +F N X by
proposition3.2.4 (i), by the minimality X =F. =

Proposition 3.2.6. If D = 7;®7, is a semimodule, and 7; € L(D) is subtractive

and weakly distributive, then /. = 71+ 73/, @ T2+ %)/

Proof. Assume that D = 7;@7,, then it is clear that D/T3 = +T3)/Tg +

(72 + 75)/7%. Now, we need prove the unique representation of the elements of
D/T3' Since 75 is weakly distributive, then 75 = (73 N 73) + (7, N T3), hence Vk €
T3k = kg +k,wherek, €T, NT5,k, €T,NT;. Assume that u + 75 € D/Ta’

assumeu+7; = (h +¢t) +93= (h'+ t') + T3..(*) Whereh ,h' € T3 + T3

and t,t' € T, + 75 it can be assumed thath ,h' € T; and t,t' € T,, then (h +
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t)y + k = (h"+ t) + k' for some k, k' € T; by (x) k = k; +k, and k' =
ki'"+ k,'suchthatk,,k," € I; nT;and k,, k,' €, NT;,thenh + k; = h' +
ki',t+ k, = t' + k," by unique representation of the elements of 7; @ 7, it
follows h + k; = h' + k', t + k, = t' +k," wherek, k', k,,k,' € T3,

then h+T3=h"+7 and t+ =1t +7; therefore Z)/T3 =

3 3

Proposition 3.2.7 Let U and A be R-semimodules, p a k-regular homomorphism
from U to A. If u(U) is a weakly distributive subsemimodule of A, W and N
subsemimodules of A withW + N = Aand p (W) + p~1(N) is subtractive in U,
then u= (W) + = *(N) = U.

Proof. It is clear that p”*(W) + u~ (V) S U. Let x € U, then u(x) € (W +
N) n p(U). Since p(U) is a weakly distributive subsemimodule, p(x) € [W N
w(U) + N N p(U)], so Lemma 2.1.4 implies p(x) € [p(p=t(W)) + p(pu=1(N))]
this mean pu(x) = p(x;) + pu(x,) with x; € (W), x, € u 1(N) by Remark
2.1.5 u(x) = p(xy + x,).

By hypothesis, p is a k-regular, hence x + k; = x; + x, + k, for some k4, k, €
kerp. Now, x; + x, + k, € p7 (W) + u= (W) (since kerp < p~1(N) ), so x +
ki € w (W) + pwI(N).Butk, € kerp € p (W) + u (W), thenx €

u t(W) + p1(N)(by subtractive property).

Corollary 3.2.8 Let U be an R - semimodule, A is a subtractive R — semimodule
and pw € Hom (U,A). If (u+ w)(U) is a weakly distributive subsemimodule
in Aand p(U) + o(U) = 4, then o™ (p(V)) + 1 H(w()) = U.

Proof.

By Proposition 3.2.7 (p + @)™} (p(0)) + (p+ ) Y (w(U)) = U. Since A is a
subtractive then the subsemimodules pu(U) and w(U) are subtractive, by Remark
1.1.30 pand w are i-regular, hence by Lemma 2.1.21 U = (p + ) *(p(U)) +

1+ ) (o) = 07 (1)) + 1 (wW)).
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Proposition 3.2.9 Let U and A be R-semimodules, u a k-regular homomorphism
from U to A. If kerp is a weakly distributive subsemimodule in U and T + S = U,
then

WT N S) =wuT) Nps).

Proof. Itis clear that u(T N'S) € u(T) N u(S). Lety € w(T) N u(S), theny =
u(t) = u(s),t e T,s € S. Since, wis k-regular, t + k; = s + k, for some

ki, k, € kerp. Thent + ky € (T + kerp) N (S + kerp), since kerp is a weakly
distributive subsemimodule, thent + k; € (T NS) + kerphencet + k; = x + k5
where x €T N S, k3 € kerp. Then p(t) = p(x)impliesy = u(x) € wW(T N S).
Therefore u(T N'S) = u(T) N u(S).

3.3 More on supplement property in distributive semimodules

In this section, we aim to define the concepts originally introduced
in the context of modules to semimodules, with a focus on generalizing
their associated properties related to distributive laws. The definitions we
will be exploring and expanding upon include supplement extending [44],
principally @-supplement [45], principally supplemented [46], and H-
supplemented [47].

Definition 3.3.1. An R-semimodule D is called supplemented extending if every

closed subsemimodule is supplement.

Lemma 3.3.2. Suppose that M = M, ®M, where , M,, M, are R- semimodules
and M distributive . If I € L(M) is closed in M, then I N M; closed in M; (i =
1,2).

Proof. Assume that I N M; <¢ M;" < M; where i = 1,2 . Then

INM,®INM, <¢ M;"®M," < M;®M, = M , thus I <¢ M,"@®M," since |
closed in M, then I = M,"@®M,". Hence I N M;®I N M, = M;"@®M," implies that
INM; =M,"andINnM, =M," ,sol n M, closed in M;(i =1,2). m
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Proposition 3.3.3. Let M = M;®M, where M, M, M, are R- semimodules and
M distributive , then M is supplemented extending, if M,, M, are supplemented

extending.

Proof. Suppose that M;, M, are supplement extending R- semimodules, and L is a
closed subsemimodule in M. By Lemma 3.3.2 L N M; is closed subsemimodule in
M;(i = 1,2) but M; is supplement extending , then L N M; is supplement in M;,
then by Lemma 3.2.3 there exist a subsemimodule K; of M; such that K; +
(LnM;)=M;andK,NLNM;=K,NLKLNM; <KL Now, (K;+K,)NL=
(K;NnL)+ (K, NL) < Land

M=[Ki+(LnM)]+[K,+(LnM,))] < (K, +K,)+L,bylLemma3.2.3Lis

supplement. m

Following Mohammad and Yassin in [48] we use a concept T-direct
summand in the module. We use the definition in semimodule. Let A4, B,and C be
subsemimodules of R-semimodule M. A is called the T-direct sum of B,and C
(denoted by A = B®;C)if A= B+ Cand Bn C € L(T). In this case, each of

B, and C is called a T-direct summand of A.

Proposition 3.3.4. Let A4, B and C be subsemimodules of cancellative,

semisubtractive, and distributive semimodule M, such that M = B@ ,C. Then

M/A:(B+A)/A®(C+A)/A-

Proof. It’s clear M/A = (B®AC)/A — (B A)/A + €+ A)/A
and (B+A)/Aﬂ (C+A)/A _[B+4A)n (C+A)]/A

[Bn(C+A)+An(C+A)]/A [(BnC)+(BnA)+(AnC)+A]/A:

A/A = 0 hence by Lemma 2.2.1 M/A = (B +A)/AGB(C +A)/A- -

Proposition 3.35. LetM =M, @ M, = K + N be asemimodule and K < M;.
If M is distributive and K N N is small in N, then K n N is small in M; n N.
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Proof. Let M; N N = (K n N) + L, where L is a subsemimodule of M; n N.
Since M is distributive, N = (M; n N) @ (M, nN).WehaveM = K+ N =
K+ M;NnN)+M,NN) = K+L+M,nN)andN = (KNN)+L +
(M, N N).Since KN Nissmallin N,wehave N = L@ (M, N N).ThenN =
(NN M) (NnMyandL < M; n NimplyL = M; n N.Hence K n
NissmallinM; N N. =

Definition 3.3.6. Let M be an R-semimodule, m € M, and L a direct summand of
M, the subsemimodule L is called principally @-supplement of Rm in M if Rm
and L satisfyM = Rm + L and Rm n L is small in L, and the semimodule M is
called principally @-supplemented if every cyclic subsemimodule of M has a

principally @-supplement in M.

Proposition 3.3.7. Let M be a semisubtractive, subtractive, cancellative, and
distributive principally @-supplemented semimodule. Then every homomorphic

image of M is principally @-supplemented.

Proof. Let L be a subsemimodule of M and (Rm + L) /L a cyclic subsemimodule
of M /L. Then there exists a direct summand A of M suchthat M = A@ B =
Rm+ Aand Rmn Aissmall in A. We prove (A + L)/L is aprincipally @-
supplement of (Rm + L)/L. Now M/L = (Rm + L)/L+ (A+ L)/L and, since M
is distributive, (Rm +L)N (A +L) = L+ (Rm n A).So (Rm+L)/Ln

(A + L)/Lissmallin (A + L)/L. Again by distributivity and An B = 0, we
have (A+ L) N (B + L) = L.Hence (A + L)/L isadirect summand of M/L. =

Recall that a semimodule M is said to be regular if every cyclic
subsemimodule is a direct summand of M (refer Definition3.3 in [49]). In the

context of modules, this concept is known as principally semisimple [50].

Lemma 3.3.8. Let M be a semisubtractive, subtractive, cancellative semimodule
with Rad(M) = 0. Then M is principally @-supplemented if and only if M is

regular.
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Proof. Let M be a principally @-supplemented semimodule and m € M. Then
there exists a direct summand A of M suchthat M = A+ Rmand AN Rmis
small in A. Since A N Rm is also small in M and Rad(M) = 0,thenANRm =0

so, Rm is adirect summand of M. Therefore M is regular. The restis clear. m

Proposition 3.3.9. Let M be a semisubtractive, subtractive, cancellative, and
distributive principally @-supplemented semimodule. Then M /Rad(M) is

regular.

Proof. Let M denote the semimodule M /Rad (M). By Proposition 3.3.7, M is
principally é@-supplemented. Since Rad(M) = 0, M is regular from Lemma 3.3.8. m

Definition 3.3.10. The semimodule M is called principally supplemented if every

cyclic subsemimodule of M has a supplement in M.

Proposition 3.3.11. Let M be a principally supplemented distributive semimodule.

Then every direct summand of M is a principally supplemented semimodule.

Proof. LetM = M; @ M, and m € M;. There exists a subsemimodule A of M
suchthat M = Rm + Aand (Rm) n Aissmall in A. Then M; = (Rm) + (M; N
A). By Proposition 3.3.5, (Rm)nAissmallinM; NnA. m

Proposition 3.3.12. Let M be a principally supplemented distributive semimodule.

Then M /Rad (M) is a regular semimodule.

Proof. Let m € M. There exists a subsemimodule M; suchthat M = Rm + M,
and (Rm) n M, issmall in M;. Then M/ Rad(M) = [(Rm + Rad(M))/
Rad(M)] + [(M1 + Rad(M))/Rad(M)]. Now we prove that (Rm + Rad(M)) N
(M; + Rad(M)) = Rad(M). The distributivity of M implies (Rm + Rad(M)) N
(M; + Rad(M)) = (Rm) N M; + Rad(M). Since (Rm) n M, is small in M;,
therefore small in M, (Rm) N M; < Rad(M).Hence M/ Rad(M) = [(Rm +
Rad(M))/Rad(M)] & [(M; + Rad(M))/Rad(M)] and so every principal

submodule of M/Rad(M) is adirect summand. m
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Definition 3.3.19. Let M be an R-semimodule. M is called H-supplemented if,
given any subsemimodule A of M, there exists a direct summand D of M such that
M =A+ X holdsifandonlyif M = D + X.

Lemma 3.3.14. Let M be a H-supplemented semimodule and X a subsemimodule
of M. If for every direct summand D of M, (X + D)/X is a direct summand of
M /X, then M/X is H-supplemented.

Proof. Let N/X < M/X. Since M is H-supplemented, there exists a direct
summand D of M suchthat M = N + Y ifand only if M = D + Y. By hypothesis,

(D + X)/X isadirect summand of M/X. Then M/X = N/X + L/X if and only
ifM/X=(MD+X)/X +L/XforeveryL/X <M/X. =

Proposition 3.3.15. Let M be a semisubtractive, cancellative, and H-
supplemented distributive semimodule. Then M /X is H-supplemented for every

subtractive subsemimodule X of M.

Proof. Let D be a direct summand of M. Then M = D & D’ for some
subsemimodule D" of M. Now M/X = [(D + X)/X]+ [(D'+ X)/X]and X =
X+(DOnD)y=X+D)n(X +D).SoM/X = [(D +X)/X] D [(D" +
X)/X]. By Lemma 3.3.14, M /X is H-supplemented. |
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Conclusions

In this research, these is focus on the investigation of distributive
semimodules and their properties. The concept of distributive property for
semimodules has been developed, aiming to extend the understanding of
distributive modules to the realm of semimodules. Extensive studies have been
conducted to explore the concrete development of this concept and to establish
its fundamental properties. Through rigorous analysis and exploration, various
characterizations of the distributive property have been presented, accompanied
by illustrative examples. Additionally, specific conditions on semirings or
semimodules have been identified to obtain interesting and insightful results.
The relationship between the distributive semimodule over a local semiring and
the hollow semimodule has been explored, providing valuable insights.
Connections have been established between the distributive semimodule and
distributed homomorphisms over intersection processes or inverse image
distributed over addition. A concept of weakly distributive semimodules has
been introduced and investigated, revealing that a semimodule is distributive if
and only if each of its subsemimodules is weakly distributive. One significant
aspect of this research is the integration and application of various concepts and
terminologies within the study. Specifically, we explore the practical
implications of these concepts, such as the distributive and arithmetical

semimodules.

Additionally, are investigate the properties of supplement, amply supplement,
supplement extending, principally @-supplement, and H-supplemented
semimodules. By incorporating and examining these concepts, it is to enhance
our understanding of the subject matter and contribute new insights to the field
of distributive semimodules. These results contribute to our understanding of

distributive semimodules and open up avenues for further research in this area.
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Future works

A work could be on:

e |Investigating the applicability of distributive semimodules in specific
mathematical frameworks or domains, such as algebraic structures,
computational mathematics, or mathematical physics.

e Exploring the potential connections between distributive semimodules and
other mathematical concepts, such as vector spaces, tensor products, or
category theory, to further enrich our understanding of their properties and
applications.

e Extending the study of weakly distributive semimodules by examining their
relationships with other related concepts, such as partially distributive
structures or weakly distributivity in different algebraic systems.

e Investigating the implications of the distributive property in practical
applications, such as optimization problems, coding theory, or data analysis,
to uncover potential benefits and develop novel methodologies.

e Analyze the computational aspects of distributive semimodules, including the
development of algorithms or computational techniques for efficiently
handling and manipulating these structures.

e Exploring the existence and uniqueness of solutions for systems of equations
involving distributive semimodules, and investigate their applications in
diverse fields, such as mathematical modeling, engineering, or economics.

e Investigating the connections between distributive semimodules and other
mathematical frameworks, such as lattice theory, Boolean algebra, or order
theory, to understand their interplay and potential applications in those

areas.
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e Generalizing the concept of distributive semimodules to higher-dimensional
structures or noncommutative settings, and explore the implications and

properties of such generalizations.

These suggestions aim to inspire further exploration and development of the concept

of distributive semimodules and their applications.
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