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The aim of this thesis is to introduce a new spaces called dual soft
topological spaces which are defined over two initials universes sets with a
fixed set of parameters our study gradually started by defining new
generalization of the dual soft set dual soft union, dual soft intersection ,
extension complement, dual soft point , in order to construct the dual soft
topological space in addition we generalized the dual soft open set and dual
soft closed set.

So the idea of thesis is crystallized in three paragraphs:

The first paragraph contains new concepts such as dual soft neighborhood,
dual soft interior point dual soft exterior point , dual soft frontier point, dual
soft closure point , dual soft limit point, dual soft adherent point and dual
soft isolated point and it investigates the characteristics of these concepts.
and some of important relationships between these notions as well as the
definition of dual soft subspace

In second paragraph the definition of dual soft super condensed set, dual soft
semi condensed set, dual soft condensed set is generalized and investigated
the characteristics of these concepts. The definition of dual soft border set is
introduced. Further more classified the dual soft set into three classes.

The third paragraph introduce the concepts of the dual soft dense set ,dual
soft nowhere dense set and dual soft somewhere dense set . The most
important properties and characteristics of these notions and relationships
are investigated.

This study also discuss the definition of dual soft Baire space , dual soft
meager set , dual soft non meager set , dual soft co-meager set with most
important properties.

Finally the notions such as dual soft resolvable spaces, dual soft irresolvable
spaces, dual soft hereditary irresolvable, dual soft hyper connected space,
dual soft submaximal space are generalized , with some of properties and

results.
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The scientific and life problems that human faces in different times and
eras are considered the main pillar of growth process in all mathematical
sciences and through them the rest of the sciences grow and flourish . Here
the researchers put themselves in front of difficult and important challenges
to build and modify some mathematical concepts in a way that some
mathematical concepts in a way that is consistent with facilitating on finding
appropriate solutions to these problems . One of the most important concepts
that gained brilliance and wide distinction is what Zadeh introduced in 1965
[ 1] which are the fuzzy sets that invaded all science with out exception and
played an important role in the process of growth and development that the

human world is witnessing .

In 1999 Molodtsov [2] started with soft sets theory ,which were compatible
with the path of fuzzy sets ,being define in X x 2Espace while fuzzy sets
were define in X x [0,1] spaces .

He being with soft set theory as mathematical tools to solve many
complicated problems in engineering, physics, economics and environment
which can not find exact solution by classical methods because the

uncertainty of data.

Maji,R.Biswas , and Roy[ 3] studied a soft set theory in 2003 and introduce
numerous new concepts such as the formula for empty set in this theory, the
equality of two sets, as well as the soft inter section and the soft union with

some significant results and properties .

In 2007 Aktas and N.Cagman [4] provide a study on soft sets and soft

groups.



TNEVOAUCTION. ... e e e eeee e e eaeaaneananns

In 2009 Kong etal, [5] comment on a fuzzy soft set theoretic approach to
decision making problems .
In 2009 ifran Ali, F.feng, X liu W.Keunmin and M. shabir [6] debated new

operations in the soft set theory .

In 2010Majumdar and Samanta [7] present generalized of fuzzy sets . And

many recent study on fuzzy theory[8,9,10,11]

In 2011Cagman , Serkan Karatas ,Serdar Enginoghllu [12] studied soft
topology after Molodtsov was successful in applying the soft set theory in
many directions including the smoothness of functions, game theory,
operation research, Reman integration, Perron integration , probability,
theory of measurement and so forth . New definition of soft intersection ,
soft union and new type of set are introduced along with several results and

properties.

The most important issues which were discussed using the soft set theory
is the soft topological space where the researchers Shabir [13] in 2011 used
the concept of soft topological space which is composed of a collection of
the soft sets on the set X and accomplished some of the provisions that have
been made . Then they defined some of the main idea behind this concept ,
for example , the soft open set, soft closed set , soft neighborhood , soft

separation axioms and others.

Hussain and Ahmed [14,15] have proved many properties for soft open and
soft closed sets. Also, they defined the notion of soft exterior and soft interior
and addressed some of their characteristics which can be viewed as the
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fundamentals of this research in the field of soft topological which the
gradually improve bases of soft topological spaces.

In 2016Cagman and Enginoghllu [16] provide a study of a soft set theory
and uni-int decision making European journal of operational research. And

many recent studies on soft sets and soft topology [17,18, 19, 20, 21,22] .

In 2018 Fatima [23,24] defined a kind of limit points on the ideal soft

topological spaces, which she invested in defining density.

Among the studies carried out by the researchers under supervision Dr . Luay
AL.Swaidi:

Ahmed Saadi Abd Oon [25]in 2009 studied a new separation axioms called

fuzzy y —separation axiom.

Thu-Al figar Fakher Nassef Al-aamery [26]in 2016 studied the soft sets
theory and dividing the types to four families , to make a comparison
between them and identify similarities and differences among them, all of
this to get the concepts of the resolvability and irresolvability in soft

topological spaces .

Sameer Abbas [27] in 2017 concentrated on the first kind only by discussing

and studying the main properties of this kind.

Raghad Hamid Abbas Hassan[28]in 2019 have reexamined the notionof the
fuzzy local functions . she also presented different kindsof fuzzy W¥;-
operators whose definitions are based on fuzzy local functions. And
introduced a new kind of fuzzy closure where the relation of the new kind

3
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and different types of fuzzy local function have been investigate Mohammed
Majid Najm Abdallah [29] in 2020studied the notion of the fuzzy positional
function is introduced based on the fuzzy filter and the kinds of the fuzzy

positional function are based on the fuzzy filter.

In 2022 [30] AL.Swaidi expanded these sets into sets that he called dual soft
sets, which depend on the parameters E of the elements of the universal sets
U, and U,, which are two functions F : E - U, , G : E = U,. In this case,
the number of elements of this dual soft space is grater than number of
elements of soft spaces that is the spaces have been expanded, which allows

us to work easily and conveniently with these spaces

This study introduces and construct a dual soft topological spaces which are
defined over an initial universes sets U, and U, with affixed set of parameter
E With an explanation of the most important characteristics of the dual soft

topological spaces and the most important theorems as well as examples

This work consists three chapters . Chapter one divided into two sections:

Section one includes the basic definitions of dual soft set theory such as dual
soft set, dual soft union, dual soft intersection, extension union and extension
intersection, dual soft complement and extension complement and dual soft
singular point with their types as well as the most important examples and

properties

Section two contains the definition of dual soft topological spaces with
examples, the characteristic of dual soft open and dual soft closed set, we
construct dual soft neighborhood system and we present new concepts such

as the dual soft interior point , dual soft exterior point , dual soft boundary

4
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point , dual soft closure ,dual soft limit point ,dual soft adherent point ,dual
soft isolated point with basic theorems and examples.

Finally the dual soft subspaces of dual soft topological space are defined and
inherent concepts as well as the characterization of dual soft open and dual

soft closed sets in dual soft subspaces are investigated.

Chapter two introduce new concepts dual soft super condensed set, dual
soft semi condensed set and dual soft condensed set as well as dual soft
regular open set and dual soft regular closed set with examples and opposite
examples together with the most important properties and characteristics that
link the dual soft interior point with the dual soft closure point and these
characteristics are consider the pillar on which the chapter depends.
Moreover introduce the concepts of dual soft border set which is different
from dual soft boundary of a set which we present in chapter one and discuss
about the relations between these new concepts. Furthermore the dual soft
sets of the dual soft topological space are classified into three classes as well
as its examples and properties .

Chapter three contains three sections , section one introduces the concepts
of dual soft dense set, dual soft nowhere dense set and dual soft somewhere
dense set with the most important examples and properties as a main
concepts for the chapter from which we set out clarify the concepts and
proposition of the second and third sections and we links these concepts with
concept of dual soft super condensed set ,dual soft semi condensed set and

dual soft condensed set.

Section two provides the definition of dual soft Baire space with the more
important properties as well as linking with dual soft meager set ,dual soft
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non meager set and dual soft co-meager set moreover , presented some
important properties.

Section three contains several important concepts in general topology as dual
soft resolvable space ,dual soft irresolvable space,dual soft irresolvable
subspace , dual soft hyper connected space and dual soft submaximal space
with some of properties and results .

The appendix provide four illustrative examples.

Finally, the conclusions and suggestions for future work in this field. We
would also like to point out that the ranking of the references will be
according to the reference's appearance in the text. We would also like to
point out that since the symbols used in this work in order to unify them
because they differ from one source to another so we had to standardize

them.
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| this chapter, we will discuss a new concept of the soft set theory that is the
dual soft set, which is depend over the fixed set of parameters E of the
elements of the universal set U, and U, and give some basic and important
definitions and examples. Based on that, we will define the dual soft
topological spaces. The notions of dual soft open sets dual soft closed sets,
dual soft neighborhood, dual soft interior, dual soft exterior, dual soft
boundary, dual soft closure and dual soft drive set, dual soft subspace are

introduced and their basic properties and examples are investigated .

1.1. Dual Soft Set Theory

In this section we will provide some basic notions of the dual soft set
theory, such as dual soft set, dual soft intersection, dual soft union , dual soft

complement with examples and the most important properties.

Definition 1.1.1]30]

let U, andU, are initial universes sets and E be the set of all possible
parameters under consideration with respect to U, and U, .Whereas
parameters are description features on properties of members of the initials

universes sets. The triple (4, F, G) is called dual soft over to U, and U,

where F,G are functions, ACSE ,F:A ->P(U,) ,G:A4-P(U,). ie.
Arc; ={(e,F(e),G,(e)Ve €A,(e,0,0)Ve € E/A)} .The collection of
all dual soft sets denoted by DS (U, U,)g .
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Examples 1.1.2

1.Let U;={h, Arabman, h, Americanman,h; Chinese man,

h,Indian man , hsNegro man} are five men

U,={c,;Arab woman, c,American woman, c;Chinese woman

c4Indian woman, czNegro woman} be five women

E ={e hair loos , e;multiple sclerosis , e;0steoporosis, e,stroke

, ecdepression and anxiety, egacne } Six diseases affecting men and women

The(A, F, G)=
{(e1,F(e1),G(ey1)), (e2,D,0),( e3,F(e3),G(e3)), (es, F(es), D), (es,
F(es), G(es)), (€6, D, G(e6)), }

F:A — P(U,) representage G :A — P(U,) represent weight

F(e1)={hy, hs} G(e) ={ c2, c3}
F(es)={hy hy , hs} G(e3) ={cs, ¢4}
F(es)={hz, hs} G(es) =0
F(es)={hy, hs} G(es) ={c1, Car Cs}
F(es)= @ G(es) ={ ca}

It can be explained in the following table
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Arab

man

Arab
woman

American

Man

American
woman

Chinese

man

Chinese
Woman

Indian
man

Indian
Woman

Negro
man

Negro
Woman

€
Hair loos

hs

€2
Multiple sclerosis

€3
Osteoporosis

C3

€4
Stroke

€s
Depression and
Anxiety

Cs

€q
Acne
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2.Let U; ={h,Chevrolet, h,Dodge, h;Ford, h,Chrysler }are American

cars
U,={c;Kia, c;Daewoo, c;Sangyong }are Korean cars
E={e,colours , e,seating capacity}

The<A, F, G>={(e1,F (e1), G(e1)),(, (e2,F (e2),G(ez)), }

F: A — P(Uy) represent price G : A — P(U,) represent fuel economy

standard
F(ey)={hq, h3, hy} G(er) ={ ¢y, c3}
F(ey)= {hy, h3} G(ez) ={ c3}

It can be explained in the following table

Chevrolet Dodge Ford Chrysler
Uy
U, .
E Kia Daewoo
Ssang yong
h
e, 1 hs h,
Colours
Cl C3
=) hZ h3
Fuel economy c
Standard 2

10
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Definition 1.1.3[30]

The extension union of two dual soft sets (4, F;, G;) , (B, F,, G,) over a
common universes U; and U, and A , B are subset of parameter E of a

member of U, and U, is defined as the dual soft set (C, H,, H,) Wwhere

C=AUB and
((c, Fy(c), G1()) ifce A/B
_ J (6 F2(0),62(0) if ce B/A
(¢ (@), (<) { (¢, FL(c) UF,(0)), (G1(c) U G,(c)) ifcEANB
(c,?,0) ifce E/C

This denoted by (4, Fy, G1) Ug( B, Fy, G5) = {(c, H,(c), Hz(c)) ¢ € E}

Example 1.1.4

Let Uy={hq, hy, h3} U,={c1, ¢z, 3} E={eq, e, ,e3}

(A, Fy, Gy) ={(e1F1(e1), G1(e1)), (e2, {2, h3 3, G1(e2)),((e3, 9, 0) }
={(e1, {h1, ha}{ca c3}), (€2, {2, h3 }{c3}) }

(B, F;, G2) ={(e1,F;(e1), G2(e1)), (e2,9,9),((e3,0,0) }
={(er.thi, R {2 D }

Fi(e))={hys, hy} Gy(ey) ={ ¢z, ¢35}
Fi(ez)={hy, h3} Gi(ez) ={c3}
F,(e1)={hy,, hy} Go(e1) ={cy }

(C,Hy, Hy)  ={(e1.{h1, hz},{c2c3}),(ez,{hy, hs },{c3}).((e3,0,0) }
Definition 1.5[30]

The extension intersection of two dual soft sets (4, F;, G,) , ( B, F,, G,) over
a common universes U; and U, and A , B are subset of parameter E of a

member of U, and U, is defined as the dual soft set (C, H,, H,) Wwhere
11
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C=AUB and
f(c, F;(c), Gl(c)) ifce A/B
_ (c,Fz(c), Gz(c)) ifce B/A
(C, Hi(e), Hy (C)) (c, Fi(c) N F,(c)), (G,(c)n Gz(c)) ifceANB
(c,0,0) ifce E/C

This denoted by (4, Fy, G1) Ng( B, Fy, G,) = {(c, Hy(c), Hy(¢)) ¢ € E}
By example 1.1.4

(C, Hy, Hy) ={(e1,{h1, ha}, { c2}), (2, {ha, hs L, {3 1) .((e3, 8, 0) }.
Definition 1.1.6[30]

The dual soft union of two dual soft sets (4, F;,G,) and (B, F,, G,) over
the common universes sets U1 and U2 with A, B are subsets of parameters

E over a member for U, andU, is defined as the dual soft set (C,H,, H,)

where ¢ = AU B and

(¢, () U F,(0)), (G1(c) U Gy(c)) ifcE AUB

(¢, H1(0), Hy(0)) = { (c,0,0) ifce E/C

denoted by (4, Fy, Gy) Ups (B, F,, G5) ={(c, Hy(¢c), H,(c)) V¢ € E}

Definition 1.1.7[30]

The dual soft intersection of two dual soft sets (4, F;,G;) and (B, F,, G,)
over a common universes sets U; and U, with A,B are subsets of
parameters E of members for U; and U, is defined as dual soft set
(C,H,,Hy)

where C = AU B and

(¢, F1(c) N F,(c)), (G1(c) N Gy(c)) ifcE AUB

(¢, Hy(c), Hy(c)) = { (c,0,0) ifce E/C

12
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denoted by (4, F;, G;) Nps( B, Fy, G3)={(c, Hy(c), Hy(¢)) Vc € E}

Definition 1.1.8[30]

LetU; and U, are initial universes sets and E be the set of all possible

parameters under consideration with respect to U, and U,

1- The dual soft empty set @, = {(e,?,0) ;V e € E}.
2- The dual soft absolute set X, = {(e,U;,U,); V e € E}

We will change the symbol of second type soft set as follows Ag.

Definition 1.1.9[30]

The extension complement of Ag is denoted by Ap;® = Apege
Where F¢ : E - P(U;), G¢ : E - P(U,) and F¢(e) = U; — F(e)
G¢(e) =U, —G(e)

In other word Ar;¢ ={(e,U; — F(e),U, — G(e)) Ve € E}

If we use example 1.1.4 we can find

F¢,(e1) ={hs} G°1(e1) ={c1}

F¢1(ez) ={h,} G°i(e2) ={cy, ¢}

F¢y(e1) ={hs} G®;(e1) ={cy,c3}

Apg®={(er, {hs} c1}, (e2), {h1}, { c1, €2} (e5, 8, 0))

Definition 1.1.10[30]

The singular dual soft point for any subset A for parameter E of member for
the universes setsU; and U, The singular(e, F(e), G, (e)) of dual soft set

(A, F, G)is called singular dual soft point denoted by SD, ate € E; SD, =
(e,F(e),G,(e)).

13
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Definition 1.1.11[30]

The type I of dual soft point
The type I of dual soft point over the universes sets Xand Y for xand y

1- The dual soft point of the form DP, is defined by

DP, (6) = {(e,F(e),G(e).) fore =e

(e,0,0) if e e
with the condition that the subset F(e)and G(e) of Xand Y respectively
which not empty

By example 1.1.4

Dpel :{(61,{h1, hZ} ) { C2 ,C3})' (82, @, ®)1((631 @; Q) }

2- The dual soft point of the form DP (e, x) is defined by

(6,{x},0)ifé = e

(e.0,0) ifé # e withx € X

DP(e, x)¢ ={
By example 1.1.4

DP(elr hZ)z{(eli{ hZ} ’ @), (62' ®' ®)1((631 ®' ®) }

3- The dual soft point of the form DP (e, y) is defined by

(é,0,{y})ifé = e

DP(¢é) ={ ) ite 2 o with y €Y

By example 1.1.4

DP(eli CZ):{(eLQ)r { CZ} )' (82' Q)' @),((93, (Z)r Q)) }

4- The dual soft point of the form DP (e, x, y)is defined by
DPs(e,x,y)=(é.{x}.{y}) ifé=e (e,0,0) ifé +e

By the same example

14
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DP(eli hz, C2)={(€1,®, { hZ}' { CZ})' (62' Q)r @),((63, ¢: Q)) }

The type IIof the dual soft point over universes sets X and Y with

parameter E of the members for X and Y

1- The dual soft point of the form DP, is defined by
DP.={(e,{x},®0)Ve € E wherex €X

By example 1.1.4
Dphz :{(61,{h2}, ®)1(82' {hz}, Q)’ (63' {hZ}' @)}

2- The dual soft point of the form DP, is defined by
DP,={(e,®,{y})Ve€ E wherey €Y

By example 1.1.4

DF,, ={(e1,9,{c.}).(e2, @,{c2}), (e3,0,{c. )}

3- The dual soft point of the form DP, ,, is defined by
DP,.,={(e{x}{y})Ve€ E wherex €X andy €Y

By example 1.1.4

DPy, ., ={(e1,{h2}, {c2}),(ez, {h2}, {c2}), (e3, {h2}, {c2})}

Note 1.1.12[30]

The each kind of the dual soft points is dual soft sets. but the singular dual
soft point is not dual soft set. so when we deal with singular soft point and
their relationship with the dual soft set on the basis of classical belong to

with difference.

But when we deal with different types of the dual soft points and their

relationship dual soft set.

15
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Definition 1.1.13[30]

Let Ap161, Brag2 €ps DS (Ui, U,)g . Brogy 1S called dual soft subset of
Api1 I Fy(e) S Fi(e), Gy(e) €G(e)Ve€ E

By example 1.1.4
F,(e;) € Fi(ey), F,(e;) € Fi(ey)
G,(e1) € Gy(ey),Gy(e;) € Gi(ey) Then Bpyg, Sps Aricr

Remark 1.1.14[30]

1- Each dual soft set if it union (classical) of its singular soft point .
2- Each dual soft set if its extension union of different types of its dual

soft points .
3- Each dual soft set if its dual soft union of different types of its dual

soft point .
Proposition 1.1.15[30]

For any dual soft set Ap;0f DS(X,Y)g the following properties are hold :
1-Apg Ngs Arg= Arg-

2-Apc Nps Arc= Arg

3-Arg Ugs Ar¢= Arg-

4-Ar Ups Ar¢= Arq-

5-Apg Ngs Ops = Pps -

6-Arc Nps Pps = Dps -

7-Apc Ygs Dps= Arg -

8-Ar¢ Ups Ops= Arg -

9-Apg Ugs Xps= Xps -

16
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10-Ar¢ Ups Xps= Xps -
11-Apg Ngs Apg® = @ps .
12-Apg Nps Apc® =@ps -
13-Apg Ups Ap° = Xps -
14-Apg Ups Apc® = Xps -

Remark 1.1.16[30]

1- The abelian and associative law under the extension union and
extension intersection will be satisfy .
2- The abelian and associative law under the dual union and dual

intersection will be satisfy .

17
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1.2 Dual Soft Topological Spaces

Topology is one of the substantial branches of mathematics. In this section,
we will present the basic definition of dual soft topology as well as dual soft
open and closed set, in addition construction of the dual soft neighborhood,
dual soft interior, dual soft exterior, dual soft frontier, dual soft closure, dual

soft adherent point, dual soft singular, dual soft subspace with examples.

Definition 1.2.12 Dual Soft Topological Spaces

The Quadruple (U, U,, E, Tg) is called dual soft topological space if Ty
satisfies, first @, , Xps €ps Xps Second Ty is closed under finite dual soft
intersection and finally closed under dual soft union of any sub collection of
Ty .

Simply we denoted the dual soft topological space (Xpg, Tr ) and any dual
soft set Ap; €ps Tg is called dal soft open set and the extension complement

of the dual soft open set is called dual soft closed set.

Example 1.2.2

Let Uy ={hq, hy, h3} U, ={cy,, c5, c3} E={eq, €5}
Airig1 = (e, { ho} {c2}). (€2, {ha} {e D)}
Azragz=H(er . {hs } {cid)(ez { he }{c3})}

B rsg3={(e1, { ha, ha} {ci.c2D} (62 (e, ho} {er, 31}
Ty ={®@ps, Xps: Air16 1. A2r26 2+ Brags } -

Proposition 1.2.3

Let {Tg, ,A € A } where A is an arbitrary set, be a collection of dual soft

topology on X, . then Ny {Tz; ,A € A } is also dual soft topology on X,,.

18
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Proof

Let {T, ,A € A }is a collection of dual soft topology on X, . we have to

show that Nps {Ts, , A € A } is also dual soft topology on Xp,.
If A= @then Nps{Tx; ,A € A }=P(Xp,) all the power dual soft set of X
So First Xpg , @ps € Ty .

Second since the dual soft intersection of two dual soft subsets of X is

again a dual soft subset of X,;.

Finally the dual soft union of any collection of dual soft subsets of X is
again dual soft subset of X}, so in this case the dual soft intersection of dual

soft topology is dual soft topology.

Now let A # @ since Ty, is a dual soft topology V A € A it follows that
First Xps ,@ps €ps Tga A EA

but @y, €Eps Tgy V A € Athen @ps €EpsNps{Ts) ,LAEA}

and Xps €pg Tgy ,A € AthenXp, €EpsNps{Tsy ,LAEA}

Second let Ayp16 1, Azr262 €psNps{Trr ,AEA}

then Ayp16 1, A2r262 €ps Tea VA € A since Tg;, is a dual soft topology of
Xps

Hence Airi61 Nps Azrac2 €EpsNps{Ter »A EA}

Finally let Ay raca €psNps {Tsa ,A € A }or a € A where Ais an arbitrary
set

Then A,raca €ps Tea VAEA and Va € A. since Tg, is a dual soft

topology of X, it follows that Ups {Agraca: @ € A} Eps Tga VA E A .
HenceUps {Agraca: @ € A} EpsNps {Ter ,A €A}

Thus Nps {Tx; , A € A } is dual soft topology on X.
19
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The next example shows that the dual soft union of two dual soft topology is

not necessary a dual soft topology

Example 1.2.4

Let Uy ={hq, hy, h3} U, ={cy,, c3, c3} E={eq, e5}
Airig1 = (e, { ho} {c2}). (€2, {ha} {e1 D)}
Azragz=H(er . {hs } {cid)(ez { he 1 {c3})}
Tg1 ={Dps, Xps: A1r161} -

Tz ={ @ps) Xps: Azr2c 2} -

Now Tgy Ups Tgy ={ Dps, Xps, A1ric 1, Azr2c2} Which is not dual soft

topology on Xp; because Ayr161 Ups Azrzc2 €ps Ter Ups Tez -

Proposition 1.2.5

If {A3r2¢c2:, A € A} is any collection of dual soft closed subset of X, then

Nps {Asraca : A € A }Hs dual soft closed set
Proof

Ajracais dual softclosed VA €A

Then Xpo — Ajraga 1S dual softopen VA €A

SO Ups{Xps — Ajraca * A € A }s dual soft open by definition 1.2.1

thence Xps — [ Nps{Asraca + A € A } is dual soft open by De- Morgan

law
Thus Nps {43162 ¢ A € A }is dual soft closed .

Proposition 1.2.6

If A1p161, Aapago D€ two dual soft closed subsets of X, . Then A;p1c1 Ups

A, ro6o 1S dual soft closed set
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proof
Let Aipi61, Azrage e tow dual soft closed subsets of X
Then Xpo — A1p161, Xps — Aypo¢2 are dual soft open subsets of X

S0 Xps — Airig1 Nps Xps — Aypago IS dual soft open subsets of X, by
definition 1.2.1

Thence Xps — (A1r161 Ups Azrago ) IS dual soft open by De- Morgan law
Therefore A;r161 Ups Azpagy 1S dual soft closed

Note that if Aipic1 » A2r2625--+» Anrnen D€ @ finite number of dual soft
closed subset of X, then their dual soft union will be also dual soft closed
subset of X,. This follows at once by repeated application of the above

proposition.

Now we will construction the concept of dual soft neighborhood and
introduce some important topological concepts with their examples and

properties.

Definition 1.2.7 Dual Soft Neighborhood

let (Xps, Tr ) be dual soft topological space the dual soft set Az is the dual
soft neighborhood simply Ds - nhd of the dual soft point DP, if 3 a dual
soft open set Bpig1 St DP, €Eps Bpigi Sps Are -The collection of all
DS - nhd of the dual soft point DP, is defined by N(DP,).

Example 1.2.8

let Uy ={hy, hy, hs} U, ={c1, 5, c3} E={ey, €5}
Let Apigr = {(e, {hy, hal {c1 1 2}) (e, {hz },{c2})}
Braga ={(ex, { h1}, {c1}.(e2,0,0)}

Ty = {9ps Xps: A1r16 15 Barag 2}

Assume Cpszgz = {( ey, {hy, ho} {c1 ,¢2}), (€2, { hy }{c2c3}3)}
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DPel = {( en {hli hZ}J {Cl ’ CZ}) ’ (62, ? ’ ? )}

Cpszg3 1S DS — nhd of DP,; sinceDP,; €Eps Ap161Tr aN0Ag11Crscs-

Proposition 1.2.9

A dual soft subset of dual soft topological space is dual soft open if and only

if itis DS - nhd of each its dual soft points.
Proof
Let A, Sps Xps be adual soft open then every DP, €5 Apg

DP, €ps Apc Sps Are and therefore Ap;is DS - nhd of each of each its

dual soft points.

Conversely, let Ar; be DS - nhd of each of each its dual soft points

if Apc = @p, then it is dual soft open

if Agg # @ps then to each DP, €5 Ap; there exist a dual soft open set
AFGDPe

such that DP, €ps Apgpp Sps Arg it follows that

Apg =Ups {AFGDpe: DF, €ps Apg}-

Hence Ag, is dual soft open set being the dual soft union of dual soft open

set.

Properties 1.2.10

Let (Xps, T ) be dual soft topological space then the following facts are

verified:

1- Every dual soft point has a least one DS — nhd .
2- Every DS - nhd Ag; of DP,contain DP,.
3- If Ng; is DS - nhd of DP,and Np; & Mpgic,then 3 Hpyp Eps Tr 3

DP, ¢ Hpz62 Sps Nrg Sps Mpigs-
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4- 1f Npg €ps N(DP,) , Mpy61 €ps N (DF) then Neg Npg Mpy61 €Eps N
(DF,).

5- If Ngg is DS - nhd of DP, then their exist DS - nhd Mg, of DP,
which is sub set of Ng; S.t Mgy, IS DS - nhd ie Ng; €Eps N (DP,)
then 3 a dual soft open set Vpi51 2 DP, €ps Vrig1 Eps Npg But
Vr1g1 1S DS - nhd of each its dual soft points

The dual soft topology Tg defined on E X P (U,) X P (U,) is a composite
of two soft topologies The first defined on p (U;) and The Second defined
on E x P (U,)

I.e. There is one to one corresponding between dual Soft topology defined
on E X p (U;) X p (U,) and The soft topologies defined on E X p (U,) and
E X p (U,) respectively.

Proof
1- Since Xp, is DS - nhd soitis DS - nhd of every DP, €, D(U;,U,)g

hence their exist at least DS- nhd DU, U,)g for every
DP, €, D(Uy,U,) g hence N (DP,)# @ps V DP, €5 D(U4, U, g

2- If Ng; €ps N (DP,) then Ng; is DS - nhd of DP, so by definition of
DS - Tlhd DPe EDS NFG

3- If Ng; €ps N (DP,) then there is dual soft open set Api;; 2 DP,

€ps Ar161 Eps Nrg

4- Let Ng; €ps N(DP,) and Mgpy;y €ps N (DP,) then by
definition DS - nhd their exist Ag,¢, and Bp;.3(dual soft open sets) 3 DP,

€ps Arz62 and  DPF, €ps Brsgs so DF, €ps Ar262 Nps

BF363 QDS NFG ﬂDS MFlGl .......... (1)
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Since Apy52 Nps BrpsegsisS dual soft open set it follows from (1)

that NFG ﬂDS MFlGl |S DS - nhd Of DPe

Thence Npg Nps Mpi61 €ps N (DF,)

5-If Ng; €ps N (DP,) then there exist is a dual soft open set Mp,-; 3 DP,
€ps Mpic1 Sps Ngg Since Mg, 1S dual soft open set it is DS - nhd of

each its dual soft points therefor Mg,¢1 €ps N (DP,) VY DPs €Epg Mp161

Now we present the definitions of dual soft interior, exterior and boundary

points with most important properties and examples.

Definition 1.2.11 Dual Soft Interior Point

let (Xp,, T ) be dual soft topological space we call the dual soft point DP,
is a dual soft interior point of a dual soft set Ag; if 3 a dual soft open set

Brig1 St DP, €ps Brig1 Sps Are
We shall denoted to the set of all dual soft interior point of Az; by DS; (Apg)

DS; (Arg) =VUeeg {DP, € Xps; 3Upig1 €Eps Tg 3

DP, €ps Urig1 Sps Arc)

Example 1.2.12

Let Uy ={hq, hy, h3} U, ={cy,, ¢35, c3} E={eq, e5}
Apg{(er, { hz} {c2}), (e, {h1.h3}, {c1.c2 )}

Now let Airig1 = {(e1, { h2}, {c2}), (€2, {h1}, {c:1 1)}
Azrag2={(e1, {hs }, {c1})(ea, {ha } {c3})}

B p3g 3= {(e1, { ha, hs}, {c1.c2 D} (625 {hy, hols e, c31)}

TE = { ®DS’XD57 AlFlG 1> AZFZG 29 BF3G 3}
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Airi161 Sps Ape then all dual soft interior point (by example 4.1) are
DPize1={(e1,@.{c2 }). (e2,0,0)}

DPyse1={{(e1 { h2}, @)}, (e2,0,0)}
DP37e1={(e1{h2}. {c2 }), (e2,0,0)}
DP75¢1= {(€1,90,0), (e2,9,{ci})}
DPgie1= {(e1,0,9)} (€2, { 1}, )}
DPgze2= {(e1,90,0)} (€2, { i}, {c:1 D}

So DS; (Apg) = DPize1 Ups DPoger Ups DPy7eq Ups DPysey Upg

DPgyo1 Ups DPgyer = Atr161

Now we present equivalent theorem for the definition of dual soft interior

point

Proposition 1.2.13

Let (Xp,, Ty ) be dual soft topological space and let Ap; Sps Xps then
DS ;(Apg)=Ups {A1r161 Sps Arg:Airic1is adual soft open set }
Proof

DP, €ps DS i(Apg)

If and only if A is Ds — nhd of DP,

If and only if there exist dual soft open set A;r1¢ 1

3 DP, €ps A1r1ic1 Sps Apg If and only if

DP, €psUps {AlFlG 1 Sps Apg: Aif1611s a dual soft open set}
Hence DS ;(Arc)={A1r161: A1r161 Sps Arc }

Proposition 1.2.14

Let (X, , Ty ) be a dual soft topological space, and letAz; S, Xps then
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1- DS ;(Agg) is dual soft open set .
2- DS ;(Ag) is the largest dual soft open set contained inAg,.
3- DS ;(Ag¢) is dual soft open set if and only if DS ;(Apg)=AF¢.

Proof

1 and 2- By proposition 1.2.13
DSi(AFG) = UDS {AlFlG 1 EDS TE ;AlFlG 1 gDS AFG}
And the dual soft union of dual soft open sets is dual soft open set .

Thus DS ;(Arg) and the dual soft union of all dual soft open sets contained

INAg¢ Is the largest dual soft open set.

3-let DS ;(Apg)=Ar; by (1) DS ;(Agg) is dual soft open set then A, is dual

soft open set.

Conversely let Ag; is dual soft open set then surly Ag; is identical with

largest dual soft open set of A,
But by (2) DS ;(Ag¢) is the largest dual soft open set of A,
Hence DS ;(Ar;)=Ar¢ -

The following theory gives the advantages or characteristics of the dual soft

interior point

Proposition 1.2.15

Let(Xps, Tg ) be dual soft topological space and let Ag; , Brig1 Sps Xps
then :

1- DS; (Xps) = Xps , DS; (@ps) = Pps

2- DS; (Apg) Sps Arc

3- If Apg Sps Brici then DS; (Apg) Sps DSi(Brig1)

4- DS; (Apg) Yps DSi(Brig1) Sps DSi (Ar¢ Ups Brigi)

5- DSl (AFG nDS BFlGl)ZDSi (AFG) nDS DSi(BFlGl)
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6- DS; [DS; (Arg) 1= DS; (Arc)

Proof

1-Since X, and @, are dual soft open sets then by proposition 1.2.14 part
(3) DS; (Xps) = Xps and DS; (Bps) = Dps -

2-DP, €, DS ;(Arg) then DP, is dual soft interior point of Az,
S0 Ag¢ 1S DS - nhd of DP, therefor DP, €5 (Ap¢)

3-Let DP, €, DS ;(Apg) then DP, is dual soft interior point of A, and so
Apg 1S DS - nhd of DP,

Since  Ap; Sps Brigi then by proposition 1.2.14 part (2)
Bri1 1S Ds - nhd of DP, .So DP, €p5 DS ;(Bpig1 )

Thus DS; (Arg) Sps DS;(Brig1) -

4-By part (3) Ap¢ Sps (Are Ups Brig1).
Then DS; (Ap¢) Sps DSi(Apc YUps Brigi)-
Also Bpig1 Sps (Ar¢ Ups  Brig)-

S0 DS;(Brig1) Sps DSi(Ar¢ Ups Bric1).

Thus DS; (Arg ) Ups DS;(Brig1) Sps DSi(Arg Ups Brig1)-

5- Since Apg Nps Brigi Sps Arc »Arc Nps Brig1 Sps Brici

Then DS; (Arg Nps  Brig1) € DS;(Arg)
and DSi (AFG nDS BFlGl) g DSi (BFlGl ) ......... (1)
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again let DP, € DS ;(Arg)and DP, € DS ;(Bpig1 )

hence DP, is dual soft interior point of each Ag; and Bgq¢4 it

follows that Ar; and Bg,;,; are DS- nhd of DP, so that the dual soft
intersection of that Ag; and B4, 1S also Ds — nhd

of DP, thus DP, €ps DS; (Are Nps Brici)

s0 DS; (Apg) Nps DSi(Brig1) Sps DS;

(Apg Nps Brig1)-e - (2)
From (1) and (2) we get

DS; (Arg Nps Brig1) = DS; (Apg) Nps DS;(Brig1) -

6-Now by theorem 1.2.14 part (1) DS ;(Ag¢) is dual soft open set

Hence by part (3) of the same proposition DS; [DS;(Ar;)] = DS; (Arg) .

The next example shows that
DS; (Apc Ups Brig1) %ps DS; (Arg) Ups DSi(Brig1)

Example 1.2.16

Let Uy ={hq, hy, h3} U, ={cy, ¢z, c3} E={e,, 5}
Airig1 =A(en, { hi} {c1}), (2, {h2} {21}

Azrzg2 = (€1, { ha, ho}y {c1,c3}).(e2, {hy o 3, Uz )}
Te = { @Pps, Xps: A1r16 1+ A2r26 2 }

Assume B pzg 3= {(e1, { h1}Uz)} (e, Uy, {c1, ¢ D}
Craga={(e1, Uy {c1,¢3}), (€2, {h1 , ho }, {c2, c31)}

Br3c3 Ups Craga =Xps

DS;(Br3g3 Ups Craga)=DSi(Xps)=Xps
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DS;(Br363) YUps DSi(Craga)=(A1r161) Ups (A1ri61)=
Ajri61 Sps Xps -

We see that
DS;(Br3g3) YUps DSi(Craga) 2ps DSi(Brzgs Ups Craga) -

Definition 1.2.17 Dual Soft Exterior Points

Let(Xp, , Ty ) be dual soft topological space and let Ap; Sps Xp we call
the dual soft point DP, is dual soft exterior point of dual soft set Ag if DP,
is dual soft interior point of X,, — Ar; we shall denoted by DS, (Apg)
=Ueck {DP, €psXps; IUpig1 € Tg 3

DPe EDS UFlGl QDSXDS_AFG}

Example 1.2.18

Let Uy ={h{, hy, YU, ={cy, 2} E={eq, e,, €3}
Arg ={(e1,{h2}, Uz ), (ez, {ha},{c1 D), (e3,{h2}. {c2 })}
Airic1 ={(e1, @, D), (e2,{h2}, D), (e3,0 ,{c1 ]}
Azrz62 ={(e1, thz}{c2}), (62, {h1}, 0), (€3, 0, 0)}
Brsgs = {(e1, {ho}. {c2}), (2, Uy ,0),(e3,0,{c1})}
Xps — Apg = {(e1, {1}, @), (2, {h2}, {c2}), (e3, {1}, {c:1 })}

TE = { Q)DSIXDS1 AlFlG 1 1A2F262 ’ BF3G3 }
Airi161 € Xps — Apg then by example (4.3) the exterior dual soft point of
AFG DP2962 = {(81; Q ) Q)' (82 ’ {hZ}' ®)' (93 ) @ ) ®)}

DP3;03 ={(e1,0,0),(e;,0,0),(e3,0,{c1})}
DS, (Apg) = DPygep Ups DP3703 =Air161 -

The following theory gives the advantages or characteristics of the dual soft

exterior point
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proposition 1.2.19

Let(Xp, , Ty ) be dual soft topological space and let Ag; , Brig1 Sps Xps
then

1- DS.(Xps) = Dps, DS, (@ps) = Xps
2- DS, (Arg) Sps Xps — Arc
3- DS, (Apg) =DS,[Xps — DSe(Apg)]
4- If Apg Sps Brigi then DS, (Brig1) Sps DSe (Are)
5- DS; (Apg) Sps DSe[DSe (Apg )]
6- DS, (Ar¢ Ups Bric1) = DSe (Apg) Nps  DSe(Brig1)
7- DS, (Apg) Nps DS;(Apg) = Dps
Proof

1-DS.(Xps) = DS; (Xps — Xps) = DS;(@ps) = @

DS, (@ps) =DS; (Xps — Pps) = Xps

2-DS, (Apg) = DS;(Xps — Apg ) € Xps — Arg

3-DS.[Xps — DS¢(Apg)]= DS [Xps — DS;( Xps — Apg )]

= DS;[Xps — (Xps — DSi(XDs — Apg ))]
= DS;[DS;(Xps — Apg )]= DS;(Xps — Arg )
= DS, (AFG)

4-Arc Sps Brigithen Xps — Brigr € Xps — Apg

So DS;( Xps — Brig1) Sps DSi(Xps — Arg )
Thus DS, ( Brig1) Sps DS (Arg)

5- By part 2we have DS, (Arg) Sps Xps — Apg then by part (4)

DS; (Apg) = DS, (Xps — Apg ) Sps DSe[DSe (Apg)])
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Thus DS; (Apg) Sps DSe[DS. (Arg)])

6-DS, (Arg Ups Brig1) = DS; [Xps — (Apg Ups Brig1)]

= DS;[(Xps — Arc ) Ups (Xps — Brig1)]
= DS, (Arg) Nps DS.(Bri61)

7'Since DSe (AFG) ES DSI(XDS - AFG) and DSl (AFG) QDS AFG
Also DS, (Apg) = DS;(Xps — Apc ) Sps Xps — Arc

But Apg Nps Xps — Arg = Dps

It follows that DS, (Arg) Nps DS;(Arg) = Ops.

Proposition 1.2.20

Let(Xps, Tz ) be dual soft topological space and let Ap; Sps Xps

then DS, (Apc) = Veer {A1ric1 € Te 3 Airic1 Sps Xps — Arg }
Proof

By definition 1.2.17 DS, (Apg) = DS;( Xps — Ap¢ )

But by definition 1.2.11 DS;(Xps — Apg) =Veecr {Ai1r161 € T 3
Airi61 Sps Xps — Arc }

Hence DS, (Arg) =Veer {Airic1 €ps Te 3 Arricr Sps Xps — Are

Definition1.2.21 Dual Soft Boundary (Frontier) Point

Let(Xps , T ) be dual soft topological space and let Ap; Sps Xps the dual
soft point DP, is said to be dual soft frontier point if DP, is neither dual

soft interior point nor dual soft exterior point we shall denoted by DS, (Arc)

eV DP, €ps Xps @ DP, &€p5 DS;(Apg) and DP, &ps DS, (Agg) then
DP, €ps DS (Apg)in other word DSg (Apg) =
Ueer {DP, €ps Xps; DP, &ps DS; (Apg) and DP, €ps DS, (Apg)}
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if we use examplel.2.12

DS, (Ar¢) = all dual soft extension union of A except the dual soft interior

point of Arg =DP 1301, DPyge1s DP37e1, DP7sep DPgiepy DPgpen

And the dual soft exterior point of Az = DP 1101y DP34e1y DP35e1y DP7ger
DP89e2’ DP92e2

Proposition 1.2.22

Let(Xps , Tg) be dual soft topological space and  Ap; Sps Xps then DP,
€ps D(Uy,U,)g be a dual soft frontier point of A if and only if every
Ds - nhd of DP, intersect both Apzand X, — Ag; . Also dual soft frontier

set is dual soft closed set of any dual soft set Agg

Proof

DP, €ps DSpr (Apg)

If and only if { DP, €5 DS; (Ar;) and DP, €55 DS, (Apg)}

If and only if V DS - nhd Ngy51 0f DP, 3 Ng1g1 Nps Apg # Dps and
Npig1 Nps Xps — Apg # Dps . by definition 1.2.21

Corollaryl.2.23

DSfr (AFG) = DSfr (XDS — Apg )

Proof

We have DP, €ps DSgy (Apg)

If and only if every DS - nhd of DP, intersect both Ap;and Xp, — Apg

If and only if every DS - nhd of DP, intersect both X, — (Xps — Apg ) and
Xps — Apc (bY Xps — (Xps — Apg ) =Arg

Ifand only if DP, €ps DSf (Xps — Apg ) -
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Corollaryl.2.24

DS¢ (Apg) Nps DS; (Apg) = Ops and D¢, (Apg ) Nps DSe(Arg) = Dps
Proof

Let DP, €ps DSsr (Apg)

If and only if DP, €55 DS; (Apg) and DP, &ps DS, (Arg)

If and only if DP, €5 DS; (Apg) Ups DS, (Arg)

Ifand only if DP, €pg Xps — [ DS; (Apg) Ups DS (Apg)]

Then DS, (Apg) = Xps — [ DS; (Apg) Ups DSe (Apg)]

S0 DSy (Apg) Nps [DS; (Apg) Ups DS (Arg)] = Bps

If and only if [DSf,.(Apg) Nps DS; (Apg)] Ups |DSpr(Arg) Nps DSe(Arg)]
= @ps If and only ifDSg,. (Apg) Nps DS; (Apg)= Dps

Ifand Only lfDSfr (AFG) ﬂDS DSe (AFG) = wDS'

Proposition 1.2.25

The dual soft set X, is decomposition into three pairwise disjoint dual soft

interior set, dual soft exterior set and dual soft frontier set
Proof
directly by proposition 1.2.22and corollary 1. 2.24 and 1.2.19 part (7)

Now we will construct the definitions of limit point, closure set, adherent
point and singular point within dual soft topological space as well as some

examples and properties

Definition1.2.26 Dual Soft Limit Point

Let( Xy, Tr) be dual soft topological space a dual soft point DP,, is said to

be dual soft limit point of Ag;if V DP, €ps Bric1 €ps Tk
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Apg Nps Brigr Nps (Xps — DP.) # @ps

The dual soft set of all dual soft limit point of Az is called dual soft derived

set we shall denoted by

DS, (Arg) =VUeecg {DP, €ps Xps;VYBrig1 €ps Tg, DP. €ps Bpigy 3
Apg Nps Brigi Nps (Xps — DP,) # @ps }

Examplel.2.27

let U; = {hy, hy, h3} U, ={cq., C2, c3} E={eq, €2}
Assume Arg = {(e1, { ho}{c1 }), (€2 { h1, b3}, Uz)}
Let Aipigr = {(en, {hy, ho}{c1 L2}, (ez { My 1 {2 D)}
Azrage = {(en, {h2}{c1}), (€2, { ha b3} { 2D}

Azrzgs = {(er, {h1, ho} {c1, 2}, (€2, Ur, {2}

Aypaca = {Cer, {ha} {c1}),(e2,0,{ 2}

TE = {XDS ’ ®DS'A1F1G'1'AZFZGZ'A3F3G3'A4F4G4}

Then from example (4.4) DPicoq = {(e,{ hy},{c1}),(e;, @,D)}
Xps — DPyser = {(ey, { hy, hs} {c2,c3}), (€2, Uy , Uz )}

DPis.q1 €ps Aipigiand forall Ajpigi €Eps Ty 1= 1,2,3,4

Apg Nps Aipici Nps (Xps — DP1se1) # Ops

Then DP ;.41S a limit point for Ag.

And all these dual soft points are dual soft limit points forAg.

DP7e1) DP1ge1, DP1se1, DP3ge2s DPyie2) DPazezs DPusezs DP y7e2,

DP 49e2» DPSlle DPe61€2' DP63eZ

DS4(Arg) = DP7¢q Ups DPygeq Ups DPyseq Ups DP3gen Ups
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DP 4162 Ups DP 4302 Ups DP 4502 Ups DP 4705 DP 4905 Ups DPsqe;

Ups DPg1ez Ups DPgzer={( ey, { ho},{c1}),(e2, Uy ,Uz)}

Proposition 1.2.28

Let (Xpg, Tg) be dual soft topological space and Ap; Sps Xps then Agg

is dual soft closed set if and only if DS; (Ar;) Sps Arg
Proof

Let Ap. is dual soft closed set then X,s—Apg. is dual soft open set so for
each DP, €, Xps —Apg thatis DP, &,¢ Agg and there exists DS — nhd

Ng1610f Dpe St Npig1 Sps Xps—Arg

Since Ap; Nps Xps—Apg = @ps then Ng, .4 contain : no dual soft point of
Agp and so no dual soft limit point of Ap; Thus no dual soft point of

Xps—Ap can be dual soft limit point

Hence DS,; (Arg) Sps Agg

Conversely let DS;(Arg) Sps Arg

And let DP, €pg Xps—Apg then DP, €56 Apg

Since DS; (Apg) Sps Apgthen DP, €ps DS;(Agg)

Hence there exista DS — nhd Ng,5,0f DP, 3 Ngig1 Nps Apg = Dps
So that Ngyg1 Sps Xps —Arg

Thus Xps Apc contains DS — nhd of each of its dual soft point

So Xps  Apg is dual soft open set. Therefor Ag¢ is dual soft closed set.

Proposition 1.2.29

Let (Xps, Tr) be dual soft topological space and let Ag; , Brigi Sps Xps
then

35



CRAPLEY ONE ...t Dual Soft Sets

1- DS, (@ps )=Dps
2- If Apg Sps Brigithen DSy (Apg) S DS4(Brigt)
3- DS4(Arg N Brig1) Sps DSq(Arg) Nps DSy (Brig1)

4- DSy (Apg YUps Brig1) = DS4 (Arg) Ups DS4(Brig1)
Proof:

1-Since @p.is closed then DS,; (Dps) Sps Dps -

but @,,is dual soft subset of every dual soft set so @ps Sps DSy (Dps)

Hence DS, (@ps) = @ps

2- Let DP, €ps DS, (Apg) SO DP, is a dual soft limit point of Ay

then every D¢ — nhd N, ;4 0f DP, contains a dual soft point of Ay, different
from DP, and since Ap; Sps Brigy SO every DS —nhd of DP, also

contained a dual soft point diffident from DP,
Then DP, is also dual soft limit point of Bp;44
So DP, €ps DSq (Brig1) thus Apg Sps Brig

Then DS;(Arg) Sps DS4q (Brig1)

3-Since DS, (Arg Nps Brig1) Sps DSq(Arg)

DSd (AFG Nps BFlGl) gDS DSd(BFlGl)

And consequently DSy (Arg Nps Bric1) Sps DSa(Arg) Nps DSa (Brig1)

4-Since Apg Sps Arg¢ Ups Brigiand Brig1 Sps Are Ups Brigy it follows
from(2) DS;(Arg) Sps DSq (Arc Ups Brig1)

DSy (Brig1) €ps DSq (Arg Ups Brig1)
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Hence DSq(Arg) Ups DSy (Brig1) Sps DSa (Ape Yps Brici)

Conversely if DP, & DS;(Ar;)Ups DSy (Brigi) Then DP, &ps
DSq (Apg) and € DS; (Brig1)

That is DP, nither dual soft limit point of A, nor a dual soft limit point of

BFlGl

Hence There exist DS — nhd N,py62 , Mps3c30f DP,

S Napzg2 — DB Nps Apg =@ps and Mg _ DF, Nps Bfig1 =@ps -.... (1)
Ng161= Mp363 Nps Nopago 1S DS — nhd of DP, which by (1)

contains no dual soft point of (Az; Ups Brig1) €xcept (possibly) DP,

It follows that DP, €, DS,; (Apg Ups Bricy) as required.

Proposition 1.2.30

Let Ap; Sps Xps be a dual soft set then DS; (Ag;) equal the set of all these

dual soft points of Ap; which are not dual soft limit points of X, — Ap¢
Proof

Let DP, be a dual soft point of A, which are not limit point of X,¢ — Agg
then there exist DS — nhd Ng,;,0f DP, which contains no dual soft points

Of XDS - AFGand SO NFlGl gDS AFG
that is Apgalso DS — nhdof DP,so DP, € DS; (Ar¢)

Conversely let DP, €55 DS; (Arg)and sinceDS; (Ag¢) is dual soft open set
itis DS — nhdof DP,so DP, also DS; (Agg) contains no dual soft points of

Xps — Apg It follows that DP, is not limit point of X, — Apg .
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Definition 1.2.31 Dual Soft Closure

Let ( Xps, Tg) be dual soft topological space and let Ag; Sps Xps then the
dual soft closure of Aggis dual soft closed set defined as DS_;(Ar¢) =Neeg

{A1r161, A1r1611S dual soft closed set , Ap; Sps A1r161}

Or DS. (Arg) =VUeer {DP, € Xps,V Upi61 € Tg 3

Urigt Nps Arg # Ops )

Example 1.2.32

Let Uy={ hy,, hp,hs}  Up={ci,coc3}  E={ey,, e}
assume Apg={(e1,{ M}, {c2c3}) (€20, {c1})}
Aipigr ={(e1, {ha } {2}, (2, {hs} { 1 1)}

Azracz ={(er,{ i} {cz D, (e, {}{cs D}

Azrzez = {(e1,{h1, ho} { ¢z, c3}), (€2, {hy, b3} { c1, 31}

Tg = { Xps, Ops » A1r161, A2r2c2, Asracs}

Xps — Aipigr ={(e1,{h1, hs}, { c1, 3}, (62, {hy, R} { c2, 31}
Xps — Azracz={(e1,{ha, hs}, { c1, c2}), (€2, {ho, 3} { c1, 21D}
Xps — Azrzez ={(e1,{hs} {a1}), (€2, {h2},)}

Now assume Brsgs={(e1,{h: }.@), (ez,{h1},{ c3})}
Crece={(e1,{h2} {c2}), (€2, {3}, { 21}

DSci(Are) = Xps

DS (Brsgs) = Xps — Airic1

DSCZ(CF6G6) = Xps — Azra62
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Definition 1.2.33 Dual Soft Adherent Point

Let (Xps, Tr) be dual soft topological space a dual soft point DP, is called
dual soft adherent point of Ag; Iff V Hey1 €ps Tz @ DP, €Epg Hpqg1 and

Hp161 Nps Arg # Ops

The set of all dual soft adherent point of Agp; DS, qn (Apg)=
Ups{ DF.; ¥V Hp161 €ps Tg; DP, €ps Hpig1 and Hpigy Nps Apg # Ops}

Example 1.2.34

let Uy={ hy,, h,} U,={C;,C,} E={ey,, e}
assume Ape= {(e,U;,C }), (ex {ho}, {1 )}

Airicr = {(en, { hi}. {c2}), (ea { h} {1 D)}

Azraga = {(e1, 0, 0), (es,{h }, D)}

Asrzgs = {(e1,{M} {c2]), (62, Up, { c1})}

Te = { Xps, Dps» A1ri61, Azr262, Asr3cs}

from example (4.2) The dual soft adherent point of Ag,

DPSel ’ DP10(31; DP12e1 'DP18611 DP19611 DPZOeZI DPZZeZI
DP2532, DP2662'DP29621 DP30€2 .

propositionl.2.35

Let Ap; Sps Xps be adual soft set of the dual soft topological space (X,
Tg) then

1- DS.;(Ap¢)is the smallest dual soft closed set containingAg,.
2- Apgis dual soft closed set if and only if DS,;(Apg)=Agg.

Proof
1- Directly by definition 1.2.31

2- If Apcis dual soft closed set thenApis itself smallest dual soft
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closed set containsAg; hence DS (Apg)=Arg

Conversely let DS_;(Agg)=Ar; then by part (1) DS,;(Ag¢) is dual soft closed

set. Thus Agis dual soft closed set.

proposition 1.2.36

DS¢1(Apg)=Arc Ups DSa(Arc).

Proof

let DP, €ps Xps — Apg Nps Xps — DSq(Apg)

Then DP, €55 Apgand DP, €5 DS, (Apg)

S0 3Hp161 €ps Tg 3 DP, €ps Hp11and Hp161 Nps Apg = Dps
Thus Hgy61 Sps Xps — Arc

Now V DP, €ps Xps — DS4(Arg)

Then DP, €ps DS (Apg)

SOV Krag2 €ps Te 3 DPs € Kpzgz s Krzg2 Nps Arg # Dps
But Hpi61 Nps Arg = @psthen DPy & Hpygq

S0 Hp161 Sps Xps — DSq(Apg)

we have Hpig1 Sps DSq(Arg) Nps Xps — Are

Thus Xps — DS (Apg) Nps Xps — Apg contains Dg — nhd of each of each

of its dual soft points and consequently
Xps — DS (Apg) Nps Xps — Apg 1S dual soft open set
we now ShOW that DSCl(AFG) ES AFG UDS DSd (AFG)'

Since Apg Ups DS (Apg) is dual soft closed set contains Aggand
DS (Apg)is the smallest dual soft closed set containsAp;we have
DS¢i(Apg) Sps Arg Ups DSq(Are)
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Again since DS_;(Agg) is dual soft closed set contains all dual soft limit
points ofAg. so thatDS; (Apg) Sps DS (Arg)

AlsoAr; Sps DS¢(Arg) SO Apg Ups DSq(Arg) Sps DSci(Arg)
Thus we acquire DS (Ar;)=Ape Ups DS;(Arg) -

Corollary1.2.37

DS¢(Arg) = DSqan(Are).

Proof
DF, € DSqan(Arc)
If and only if every Dg — nhd of DP, intersect Ag.

If and only if DP, €p5 Apgor every Dg — nhd of DP, contains a dual soft

point

of Ap¢ rather than DP,

If and only if DP, €5 Ar;0r DP, €ps DS;(Arg)
If and only if DP, €ps Apg Ups DS4(Arg)

Ifand only if DP, € DS, (Ap¢) -

propositionl.2.38

Let(Xp, , T ) be dual soft topological space and Ag; , Brig1 Sps Xps then

1- DS (@ps) = Bps + DSe (Xps) = Xps -

2-  Apg Sps DSci (Apg)

3- If Apg Sps Brica then DSy (Apg) Sps DSci(Brigi) -

4- DS. (Apc YUps Brigi) = DS¢ (Arg) Ups DSci(Brigt) -
5- DS (Ape Nps Brig1) Sps DSci (Arg) Nps DSci(Brig1) -

6- DS¢i [DSci (Arg) 1 = DSei (Arg) -

41



CRAPLEY ONE ...t Dual Soft Sets

Proof

1-Since @p.and X, are dual soft closed set so we have DS,; (@) = Ops,
DS (XDS) = Xps -

2-By proposition 1.2.35 part(1) DS.;(Agg)is the smallest dual soft closed

set containing Ap; and Ap; S DS, (Arg)

3-By part (2) Brig1 Sps DS.(Bpigi)and since Agp; Sps BrigiWe have
Apg Sps DSci(Brig1)

But by proposition 1.2.29 part (2) DS;(Ar;) € DS;(Brig1)

Then DS (Arg) = Arg Ups DS4(Arg) € DS4(Brig1) Yps Brigi
=DSq(Brig1)then DS¢; (Apg) & DSei(Brigt)

4-Since Apg Sps Arc Ups Brigir and Brig1 Sps Arg YUps Brici
DSy (Apg) Sps DS¢i (Apg Yps Brig)

DS¢i(Brig1) Sps DSt (Apg Ups  Brig) - By part (3)

DS¢; (Apg) Ups DSc(Brig1) Sps DSci(Arg Ups Brigr) wvv--- (1)

Since DS,; (Arg) , DS.;(Br1g1) are dual soft closed set then
DS, (Arg) Ups DS, (Bgyg1)also dual soft closed set
Furthermore Arg Sps DS¢i (Apg) » Brigt Sps DSci(Brig1)
Then Apg Ups Brigi Sps DSci (Apg) YUps DSci(Brigi)

Thus DS, (Apg) Ups DS, (Brig1) 1s dual soft set contains
Apc Ups Brigiandsince DS, (Ag; Ups Bprigy) 1S Smallest dual soft set

containing Ag; Ups Brig1 We have
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DS¢ (Apg YUps Brig1) Sps DSci (Apg) Ups DS (Brigy) ------ 2)

From (1) and (2) we obtain

DSCl (AFG Ups BFlGl) = DSCl (AFG) Ups DSCI(BFlGl)

5- Apg Nps Brig1 Sps Arcthen DSy (Apg Nps Brig1) Sps DSe (Are)
But (Apc Nps Brig1) Sps Brici

Then DS¢; (Apg Nps Brig1) Sps DSci(Brig1)

Thus DS;; (Apg Nps Brig1) Sps DSei (Arg) Nps DS¢i(Brig1)

If we look to examplel.2.32 we find

DS (Crege Nps Brsgs) = Pps

DS¢; (Cregs ) Nps DSci(Brsgs)={(e1,{ ha}{c1}), (ez,, { ha} {2 )}
Then DS¢; (Crege Nps Brses) 2ps DSci (Cregs ) Nps DSci(Brses)

6- Since DS, (Ag;) is dual soft closed set then we have by
proposition1.2.35part (2) DS.; (DS (Agpg)) = DS (Apg) -

Proposition1.2.39

Let Ap; Sps Xps be adual soft set of the dual soft topological space ( Xps,

Tg) then the following statements are equivalent
1- A is dual soft closed set
2- DS¢; (Apg) = Arg
3- Age contains all dual soft limit points

Proof

(1-2) Ag; is dual soft closed set then by proposition 1.2.35 part 2
DS¢; (Apg) = Arg
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(2-3)DS,; (Apg) = Apg then by proposition 1.2.36
A= Apg Ups DSq(Apg)

So DS;(Arg) Sps Apg hence Ag. contains all dual soft limit points

(3 >1) Ag; contains all its dual soft limit points

Thus Ap;=Ap; Ups DS,;(Ag;) then by proposition 1.2.35 part 2 Ag; is

dual soft closed set.

Definition 1.2.40 Dual Soft Isolated Point

Let (Xps, Tr) be dual soft topological space a dual soft point DP, is called

dual soft isolated point of Ag.if DP, is not dual soft limit point of A,

I.e.3 Dg — nhd Nygq161,0f DP, 3 Nip16, cONtains no dual soft limit point of

Ap other than DP,

Definition 1.2.41 Dual Soft Perfect Set

A dual soft closed set which has no dual soft isolated point is said to be dual

soft perfect .

Remark 1.2.42

It follows that a dual soft adherent point is either dual soft limit point of Ag¢

or dual soft isolated point of Ag¢
Then there are the following exclusive possibilities:

1- Every DS — nhdof DP, contains a dual soft point of Ag rather than

DP, in this case DP, is dual soft limit point of Ag;
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2- DP, €5 Apg and there is some DS — nhdof DP, which contains no
dual soft point of Ap; except DP, in this case DP, is dual soft
isolated point.

Example 1.2.43

let Uy={ hy,, hy, h3} U,={C;,C,,C3} E={e;, e}
assume Apg= {(e,{ hi}.{c1 }) Cea { ha}. {c2})}

Airicr = {(ew, {hi, ha} { ¢, 62}, (62, {hy, ho} { c1, c31)}
Azr2c2 ={(en{ M} {c1 }) (e @ D)}

Tg = { Xps: Pps » A1ri61, Azr262}

From example (1.1) the DP;q.,; ={(e;,{h:}, {c: D), (e, ,D, @)} is dual soft

isolated point since Ap; Nps Aspaga Nps (Xps — DPige1)= Dps -

Proposition 1.2.44

Let (Xps, Tr) be dual soft topological space and let Ag; Sps Xps then
Ape=DS,(Arg) ifand only if Ag. is dual soft perfect
Proof

Suppose that Ap;= DS, (Ars) and let DP, be any arbitrary dual soft point of
XDSand DPe EDS XDS - AFG

Then DP, &5 Apg and so DP, &ps DSy (Apg) @S Apg=DS;(Arg)
So DP, is not dual soft limit point of Ag.

Then ElDS—Tlhd NFlGl Of DPe dlSjOII'l'[ fl'0m AFG 3 NFlGl QDS XDS -

Apg.Thus Xps — Apg 1S Dg — nhd of each its dual soft points
Since DP, is arbitrary dual soft point of X, — Agg
Then Xps — Agg is Ty dual soft open set
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Therefor Ag; is Ty dual soft closed set
Also let DP; €ps ApgthenDPys €pg DS (Arg)

ThenDP; is dual soft limit point of Az, so no dual soft point of Ag.is dual

soft isolated point of Ag;sinceDP; is arbitrary dual soft point of A,
then Ag. is dual soft closed set having no dual soft isolated point
Hence Ap is perfect

Conversely suppose Ag. is dual soft perfect set then by definition 1.2.41 is

dual soft closed set has no dual soft isolated points
Then DS,4, (Ape)=DS,;(Ar;) by remark 1.2.42
So DS, (Apg) = DSyqn (Arg) by corollary 1.2.37

But Ag. is dual soft closed set then Ap; = DS, (Apg) = DS ;(Arg).

Proposition 1.2.45

Let Ap; Sps Xps be adual soft set of the dual soft topological space( X,
Tr) adual point DP, €55 Xps is dual soft exterior point of Ag if and only
if DP, is not dual soft adherent point of Ag; that isDP, €ps Xps —
DS (Are) -

Proof

Let DP, be a dual soft exterior point of Ag; then DP, is dual soft interior
pointof Xp¢ — Apg sothat Xpg — Apg is DS — nhdof DP, contains no dual
soft point of Ag it follows that DP, is not dual soft adherent point of Az
thatis DP, €ps Xps — DS, (Are).

conversely suppose that DP, is not dual soft adherent point of Ag; then
their existDg — nhd Ng,4, OF DP, which contains no dual soft point Ag¢

ThIS Imp|IeS that DPe EDS NFlGl gDS XDS - AFG
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It follows that X,¢ — Ap; iISDS — nhd of DP, and consequently DP, is dual

soft interior point of X, — Ap. thatis DP,is dual soft exterior point of Ag

Corollary 1.2.46

It follows from above theorem DS,(Ar;) = Xps — DS, (Apg) from this

we can conclude this
DSi(AFG) = Xps — (DScl (XDS - AFG)) .

Proposition 1.2.47

Let(Xps , T ) be dual soft topological space and let Ap; Sps Xps then

1- DS;(Ar¢) = Xps — [DSci (Xps — Are)] -
2- DS¢y (Xps — Apg) = Xps — [DS; (Apg)]-
3- DS¢; (Apg) = Xps — [DS; (Xps — Arpg)].
4- DS;(Xps — Apg) = Xps — [DS¢ (Apg)]-

Proof

1-Directly by corollary 1.2.46

2-Taking dual soft complement to part (1)we have

Xps — DSi(Ap¢) = Xps — [ Xps — (DSei (Xps — Ape))]

Xps — DS;(Apg) = DS, (Xps — Apg). taking dual soft complement again
Xps — [ Xps — DSi(Apg)) = Xps — (DSe (Xps — Apg)]

So we obtain DS;(Ap;) = Xps — (DS, (Xps — Apg)) -

3-By part (2 )we have DS, (Xps — Apg) = Xps — DS;(Apg)

replaying Apg; by Xps — Apg We get

DSCZ[XDS - (XDS - AFG)) = Xps — [DSi (XDS - AFG)]

Thus DS,y (Arg) = Xps — [DS; (Xps — Arg)]-
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4-By part (1) DS;( Xps — Apg) = Xps — [DS¢; (Xps — (Xps — Arpg))]
=Xps — [DSci (Apg)]

Proposition 1.2.48

Let Ap; Sps Xps be adual soft set of the dual soft topological space( X,
Tg) then DS (Apg) = DS;(Apg) Ups DSpr(Arg) -

Proof

By definition 1.2.31 we have DS (Ar¢) =Neer {A1F161, A1r1611S dual soft

closed set , Arc Sps A1ric1}

Then by De'Morgan |aWXD5 - DSCZ(AFG) :UeEE {XDS - AlFlGl’ XDS -
Air1611s dual soft open set , Xps — Airi61 Eps Xps — Arc}=DSe(Arg)

by proposition 1.2.20
Taking dual soft complement we get Xps — ( Xps — DS (Apg))

= Xps — DS.(Apg)= DS;(Arg) Ups DSfr(AFG)Hence DS¢i(Arg) =
DS;(Arg) Ups DS¢r(Apg)

Corollary 1.2.49

DS (Apg) = Apg Ups DSpr(Arg).

Proof

Since Ap; Sps DS, (Arg)

And by proposition1.2.48 DS, (Arg) Sps DS (Are)

So we haveAr; Ups DSgr-(Apg) Sps DSci(Apg).--...... (1)
Also DS (Apg) = Xps — [ DS;(Arg) Ups DSe(Arg) ]

= Xps —DS;(Arg) Nps Xps — DS, (Arg)Again sinceDS;(Arg) Sps Are
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and DSy (Apg) =DS;(Arg) Ups DS¢r(Arg)
DSCI(AFG) QDS AFG UDS DSfT(AFG) ......... (2)
from (1 )and (2) we require DS (Arg) = Apg Ups DSgr(Are).

Proposition 1.2.50

Every dual soft closed set of dual soft topological space is the disjoint dual
soft union of its dual soft interior and dual soft frontier in the sense that is

contains these dual soft sets they are disjoint and it is their dual soft union
Proof

Let Ar;be a dual soft closed set so Ar; = DS.;(Arg) by propositionl.2.35
and Apg = DS;(Arg) Ups DS¢r(Apg) by propositionl.2.48

Hence DS;(Arg) Nps DSpr(Apg) = Ops -

Proposition1.2.51

Let(Xp, , Ty ) be dual soft topological space and let Ap; , Brig1t Sps Xps
then

1- DS¢(Apg)=DS¢i(Apg) Nps DSei(Xps — Arg)
=DS¢;(Arg) — DSi(Arg).

2- DS;(Apg)=Arc — DSfr(AFG) -

3- Xps — DS¢r(Apg) = DSi(Agpg) Ups DS;(Xps — Apg)

4- DS¢[DS;(Arg)] Sps DS (Ape)-

5- DS [DSfr(Arg)] Sps DSpr(Are).

6- DSfr-(Apg Ups Brig1) Sps DSpr(Arg) Ups DSpr(Brig1)-
7- DS¢r(Apg Nps Brig1) Sps DSpr(Arg) Ups DSpr(Brigt)-

Proof

1-We haveD Sy (Apg) =Xps — [DS;(Apg) Ups DSe(Are)]
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= Xps — DS;(Arg) Nps Xps — DS.(Arg) De-Morgans law
=[Xps — Xps — DSci (Xps — Apg)] Nps [Xps — Xps — DS¢y (Apg)]
= DS¢; (Xps — Apg) Nps DScr (Ape)
Now DS.; (Xps — Arg) Nps DSci (Arg)=DSc; (Apg) Nps Xps — DS; (Apg)
=DS,; (Arg) — DS; (Apg) by propositionl.2.47 part(2)
HenceDSs, (Arg) =DS¢; (Arg) Nps Xps — Are
=DS¢; (Apg) — DS; (Afe) -
2- Apg — DSpr(Apg)=Apg —(DS¢i (Apg) — DS; (Apg)) by part (1)
=DS; (Ag¢) since DS; (Arg) Sps Arg-
3- We have this relation
Xps — DS¢r(Apg)=Xps — (DS¢i(Apg) Nps DSey (Xps — Apg))
= Xps — DS¢i(Apg) Ups Xps — (DS¢ (Xps — Apg)) De-Morgan law
Then by proposition 1.2.47 part (2)and(4)
Xps — [ (Xps — Apg)]= DS; (Ape)
0 DS;(Xps — Arg) =Xps — DS¢i(Apg)
Hence Xps — DS¢r(Apg) = DS;(Xps — Apg) Ups DSi(Apg)

=DS;(Arg) Ups DS;(Xps — Arc)

4'DSfr(DSi(AFG)) = DSCZ[(AFG)) nDs DSCI(XDS - DSi(AFG)] by
proposition 1.2.part (2)

:DScl[DSi(AFG)] Nps DSCZ[DSCl(XDs - AFG)]
:DScl[DSi(AFG)] Nps DScl(XDs - AFG)
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€ DS (Arg) Nps DSe(Xps — Apg) = DSpr(Apg)Thus
DSf-(DS;(Arg)) Sps DSpr(Ape)-

S5- DSfr[DScl (AFG)]z DScl [DScl(AFG)] Nps DScl [XDS - DSCI(XDS - AFG)]
Now Arg Sps DS¢i(Arg)thenXps — DS (Apg) Sps Xps — Arg

Then DScl[ XDs - DScl(AFG)] gDS DScl(XDs - AFG)

HenceDSs(DSci(Are)) Sps DSci(Arg) Nps DSci(Xps — Arg)
DSg(Arg).

6- DS¢r(Arg Ups Brigi) = [DSci (Arg Ups Brigi)] Nps

[DSci (Xps —(Are Ups Bric1))] =[DSci(Arg) Ups DSci(Brigi)]
Nps[DSci (Xps — Arg) Ups DSt (Xps — Brig1)] by part (1)

Cps [DSci(Apg) Ups DSci(Brig1)] Nps[DSei(Xps — Arg) YUps

DS, (Xps — Brig1)] by De-Morgan law

= [(DS1(Apg) Nps (DS (Xps — Arg) Nps DS (Xps — Brig1))]
Ups [(DSci(Brig1) Nps (DSci(Xps — Brig1) Nps DSci(Xps — Arg))]

[by distributive law]

= [(DS¢1(Apg) Nps DS (Xps — Arg)) Nps DSci(Xps — Brig1)]
Ups [(DSci(Brig1) Nps DSci(Xps — Brig1)) Nps DSci(Xps — Arg)]

= [DSf(Arg) Nps DSt (Xps — Brig1)] Ups [DSer(Brig1) Nps DSci(Xps —
Apg)] by part (1)

Sps DS¢r(Arg) Ups DSpr(Brigt)

by DS¢r(Apg) Nps DSci(Xps — Brig1) Sas DSpr(Are) €tc.

- DSf(Apg Nps Brig1)  =[(DSci(Arg Nps Brig1) Nps [ DSci(Xps —
(Arg Nps Br1g1)] by part (1)
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Sps [(DSc1(Arg) Nps DS¢i(Brig1)] Nps DSi[(Xps — Arg) Nps (Xps —
Bri61)]

= [(DS¢1(Arg) Nps DS¢i(Br1g1)] Nps [DSci(Xps — Arg)) Ups DS (Xps —
Bric1)]

=[(DS1(Apg) Nps DS (Brig1)) Nps DSei(Xps — Arg)] Ups
[(DS¢i(Arg) Nps DS (Brig1)) Nps DSe(Xps — Brig1)]by distributive law

= [(DS¢1(Apg) Nps DS¢i(Xps — Apg)) Nps DS (Brig1)] Ups
[(DSc1(Apg) Nps DS¢i(Brig1) Nps DSei(Xps — Brig1)]

=[ DS¢r(Arg) Nps DS (Brig1)] Ups [DSci(Arg) Nps DS¢r(Brigt)]
Cps [ DSgr(Arg) Ups DSgr(Brigi)]
Hence DS¢(Arg Nps Brig1) Sps [DSpr(Arg) Ups DSpr(Brigi)].

propositionl1.2.52

Let(Xps, T ) be dual soft topological space and let Ay, S Xj, then

1- If Apg is dual soft open set then DS¢,.(Arg)= DSc1(Apc)—Are-
2- DSg(Apg)= @ps ifand only if Ag. is dual soft open set as well as dual

soft closed set .
3- Apg is dual soft open set if and if Apg Nps DSp(Apg)= @ps that is if

DS¢r(Arg) Sps Xps — Arc -
4- Apg is dual soft closed set if and if DS,.(Apg) Sps Arg-
Proof
1-By proposition 1.2.51 part (1) we have DSg,-(Arg)= DS¢i1(Arg)— DS;(Arg)

and sinceAg, is dual soft open set then DS; (Apg) =Agg
HenceDS¢,(Apg)= DSci(Arg)—Arg

2-Let DS¢(Apg)= Dps
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S0 DSg(Apg)= Bps=DSci1(Arg)— DS;(Arg) by proposition 1.2.51 part (1)
Then DS (Arg) Sps DSi(Apg)then Apg Ups DSq(Apg) Sps Arc
Thus DS;(Arg) Sps Apg So Aggis dual soft closed set.

Again DS¢.(Apg)= @psthen DS¢i(Apg)— DS;(Apg)= Dps

So  DS¢(Arg) Sps DSi(Apg)thence Agg Ups DSy(Apg) Sps DSi(Apg)
Thus Apg Sps DSi(Apg) but DS;(Arg) Sps Arc

Hence DS;(Ar;) =Agsthen Ag. is dual soft open set

Thus we have shown that DSy,.(Arg)= @ps then Agg is dual soft open set as

well as dual soft closed set .

Conversely let Ap; is dual soft open set as well as dual soft closed set to
show that DS¢,.(Arg)= @ps

Now DS¢(Apg)= DSci(Arg)— DSi(Arg) since Apg is dual soft closed set
then DS i(Arc) = A

Again since Ag is dual soft open set then DS;(Apg) =Agg.

Thus DS (Apg) = Arg — Arg = Dps

3-By theorem 1.2.51 part (1) DSg(Apg)=DSci(Arg)Nps DSci(Xps —

Apg) let Aggbe dual soft open set then X, — Ag¢is dual soft closed set
HenceDS.,(Xps — Arg) = Xps — Arg

Now Arg Nps DSpr(Arg)= Arg Nps (DSci(Apg)Nps DS¢i(Xps — Arg))

= Apg Nps (DSci(Apg)Nps (Xps — Apg)) = Dps
Conversely letAgg Nps DSrr(Apg)= @ps then by part(1)
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Apg Nps DSpr(Apg) = @ps
So Apg Nps (DS¢i(Arg) Nps DS (Xps — Arg)) = @ps

Then (Apg Nps DS¢i(Arg)) Nps DS (Xps — Apg) = Ops

Thus Apg Nps DSe(Xps — Apg) = Dps

Then Apg Sps Xps — DS (Xps — Apg)

Hence Arz Sps DSi(Arg) by DSi(Apg)=Xps — DSci(Xps — Apg)
But DS;(Ar;) Sps Apg hence DS;(Apg) = Apg

It follows thatAg is a dual soft open set

4-let Apgbe dual soft closed set thenDS,;(Ar;) = Apg

Hence DSg,.(Apg)= DSci(Apg) Nps DSci(Xps — Apg)by part (1)
= Apg Nps DSci(Xps — Arg)] by part (3)

Therefore DS¢,(Arg) Sps Arg

Conversely let DS (Apg) Sps Arg

Then Apg Ups DS¢r(Apg) = Apg [y corollary 1.2.49]

But Apg Ups DSpr(Apg) = DSci(Are)

It follows that DS.;(Ar¢) = Apg

Hence Ap;be dual soft closed set.

Now the dual soft subspaces of dual soft space are defined and inherent
concepts as well as the characterization of dual soft open and dual soft closed
set in dual soft subspaces are investigated.

Definition 1.2.53Dual Soft Subspace

Let(Xps,T; ) be dual soft topological space and let Yz Sps Xps the

relative dual soft topology for Yg.is the collection TEYFG given by:
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TEYFG:{AF1G1 Nps Yrg: VApi61 € Tr }
The dual soft topological space {Yz, TEYFG}is called dual soft subspace of
(Xps, Tk ).

In order the above definition may be consistence we must show that TEYFGiS

actually dual soft topology for Yz, . This we will prove in the following

proposition

Proposition 1.2.54

Let(Xp, , Ty ) be dual soft topological space and let Yz Sps Xps then the

collection Tyy ={Ar161 Nps Yrg: Ar1g1 € Tr }s dual soft topology on Yz,
Proof

First since @p, €ps Tz and  @pg Npg Ve = Op it follows  that

Dps Eps TEYFG

again Xps Nps Yre = Yre and since Yy Sps Xps and Xpg €ps Ty We have

Yre €ps TEYFG
Second let Hyp161, Har262 €ps TEYFG then Hip161=A1r363 Nps Yre and

Hypp62=A2p464 Nps Yrg for some A;r3c3, Az2raga €Eps Tk

NOW H;r161 Nps Hapa62=(A1r363 Nps Yre) Nps (Azraga Nps Yrg)
=(A1r363 Nps Azraca) Nps Yre Eps Try,,

Finally let Hyra61 €ps TEYFG\M € A thentheir exist Ajrica €ps Tx 2

Hyppca =Azraca Nps Yre VA

Ups { Hyraga A € A }=Ups{Airica Nps Yrg ;A € A}
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=Ups{Airica i A € A}Nps Yee Eps TEYFG.Thus TEYFG Is dual soft topology

on Yeg .

Example 1.2.55

Let U= { hy,, hy, h3} Up={C1,Cy, (3} E={ey, e}
assume  Ypg= {(ey, { hy, ho}, {¢c3,¢2}), (e, { hy, h3} { c1, c3}1)}
Aipic1 = {(ey, { hy hsd {1, c33D), (2, {h2} { c2})}

Azrzcz ={(ey, {ha}, {2 }), Cez, { hy, hs} { ¢y, c3})}

Tg = {Xps, Pps » A1r161, Azr262 }

Xps Nps Yre = Yrg Dps Nps Yre = Pps
Airig1 Nps Yre = {(er, { 1}, { c3}), (€2, @, 8)}=Crsc3
Azrz62 Nps Yre = {(er, { Rz} { c2}), ez, { hy, hs}, { €1, ¢31)}=Draca
TEYFG ={Dps, Yre) Cr3a3s Draca}

Proposition 1.2.56

Let (Yeg, TEYFG )be a dual soft sub space of (X, Tg) then :

1-A subset A;p1610f Ygg is closed in Yy if and only if there exist a dual soft

closed set Apa62In Xps 3 A1r161 = Azr262 Nps Yre-
2-For every Ayri61 Sps Yre DSClyFG (A1r161)= DSq Xps (A1r161) Nps Yre-

3-A subset My gy, 0f Y is a DSy, . — nhd of a dual soft point DF, €pg Vg

if and only if M ig161=N3ra62 Nps Yre TOr some DS — nhd Nypyg,0f Yig .

4-A a dual soft point DP, €pg YrgDSy,. -limit point of Aspsqs Sps Yrgif

and only if DP, is DS, of A3g3s5. Further more
DSdYFG = DS, XDS(A3F3G3) Nps Yrg -

S- Forevery Aipi61 Sps Yrg DS Yrg (A1r161) 2ps DS; Xps (A1r161) -
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6- For every Ayr161 Sps Yre DSpr, . (A1r1i61) Sps DSgr Xps (A1r161) -

Proof
1-Let Ajp16q 1S closed in Yy,

If and only if Yz — A p1611S dual soft open in Yg,

If and only if Ypg — A1p161 = Asrzcs Nps YeefOr some Aspses €ps Tk
If and only if Ayp161 = Yre — (333 Nps Yre)

=(Yre — Asr3c3) Ups (Yrg — Yre)

Ifand only if A1r161 = Yre — A3r3cs

If and only if A1r161 = Yre Nps (Xps — Azr3cea)

2- By definition 1.2.31

DSdYFG (A1r161)= Neep{ Azpsgs: AspscsiS dual soft closed set in Yzczand
Air161 Sps Azrzcs}

=Neeg {A2p262 Nps Yrg: Aapacy 1S dual soft closed in Xpcand A1p161 Sps

Azra62 Nps Yrg}

=Noeg{A2r262 Nps Yre: Azpago 1S dual soft closed inXp.and Aipic1 Sps

Azrac2}
=(Neer {A2r262: A2r262 1s dual soft closed inXps and Ajri61 Sps Azr262})

Nps Yee= DS¢ Xps (A1r161) Nps Yre -

3-Let Mypi610e DSy, —nhd of DF, then there exist a Tgy, . —dual soft

open set Azpszg3 @ DP, € Azpzgs Sps Miri61

If and only if 3T; —dual soft open set A raca
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D DP, €ps A3pzgz = Asraga Nps Yre Sps M1r161

Let NZFZGZ = MlFlGl Ups A4F4G4 .

Then Nypy621S DS —nhdof  DP, since AupaqaiSTy—dual soft open set

DP, €ps Ayraca Sps Narzc2

Further Nypo62 Nps Yee =(Mir161 YUps Aaraca) Nps Yre
=(M1r161 Nps Yr) Ups (Aaraga Nps Yre)

=Mir161 Ups (Aaraca Nps Yre)= Mipig1  SINCE Mipi61 Sps Yrg

and Asraca Nps Yre Sps Miri61 -

Conversely let M;r161 = Nopaga Nps Yrg fOr some DS — nhd
N,r26,0f DP, then there exist Ty —dual soft open set A pags D
DP, €pg Aspaga Sps NopagoWhich implies that

DPF, €ps Asraca Nps Yre S Naragz2 Nps Yrc = Miri61

Since Agpaga Nps Yre 1S Tey,, —dual soft open set, Myp6q iS

DSy, . —nhd of DF,

4- DP, is DSdYFG of Azps63

Ifand only if Myp161 — DP, Nps Aspzgs # OpsV DSy,, — nhdMipi61
DP,

If and only if Nypy60 — DP, Npg Azpses # Ops V DS — nhd of DP,
Because DP, €pg Y SO Xpg — DP, = Yp; — DP,

If and only if DP, is a dual soft limit point of Azp343 -

5-DP, €ps DS; Xps (A1p1¢1) So DP, is dual soft interior point of A;p1¢1
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Then AlFlGliS DS - nhd Of DPe

SO AlFlGl ﬂDS YFGiS DSYFG - nhd Of DPe
Thus DP, €ps DSy, (A1ri161)

Hence DS; , (Airi61) Sps DSy (A1F161) -

6-DP, € DSerFG(AIFIGI) thenDP,is TEYFG —dual soft frontier point of

AlFlGl

If and only if V DSy, . —nhd of DF, intersect both A;pigiand Ve —

Air1g1 by proposition 1.2.22
If and only if Nypy60 Nps Yre intersect both A;pqg1and Yee — A1r161

If and only if DP, is DSg-(A1r161)0f Tg

Ifand only if DP, €ps DSfr, (A1r161)

Hence DSerFG (A1r161) Sps DSpr XDS(AlFlGl) :

propositionl.2.57

Let Yz, be a dual soft subspace of topological space (Xps, Tg) if Apig1
Cps Yre isdual soft open (closed) set in X thenA, g4 is also dual soft open

(closed) in Y.
Proof

Since Ary151 Sps Yrg, We have Api61 = Ap1g1 Nps Yre SO that Apq¢41S the
dual soft intersection of Yz, with a dual soft open (closed) set in X, namely
Apic1 - Hence by proposition 1.2.54 and 1.2.56 Ag;¢, IS dual soft open

(closed) in X, .
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proposition1.2.58

Let Yz, be a dual soft subspace of topological space (X, Tg) in order that
every dual soft subset B;r,410f Yrc Which is dual soft open (closed) in Yg¢
be dual soft open (closed) in X, it is necessary and sufficient that Yz, be

dual soft open (closed) in Yz.

Proof

Necessity: let every dual soft subset B;r,410f Yz¢ Which is dual soft open
(closed) in Yz be dual soft open (closed) in X,. Since Y, is dual soft open

(closed) in Yz it follows that Yz is dual soft open (closed) in X

Sufficiency: let Bgig, be dual soft subset of Yz, which is dual soft open
(closed) in Yz, and let Yy, be dual soft open (closed) in X, since Bpygq IS
dual soft open (closed) in Yz, , there exist a dual soft subset Ug,;, Open
(closed) in X such that Bpg1 = Upaga Nps Yrg and since Ygis dual soft
open (closed) in X, , Br1¢1 IS dual soft open (closed) in X, , being the dual

soft intersection of two dual soft open (closed) subset of X .
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In this chapter we define the following new concepts; dual soft super
condensed set, dual soft semi condensed set and dual soft condensed set,
using the concepts of dual soft interior point and dual soft closure point only.
So it may be advocated that these new concepts are totally basic ones. Further
we introduce concepts of dual soft border set which is different from dual
soft boundary of a set and discuss about the relations between these new
concepts. Furthermore we classify dual soft sets of the dual soft topological

space into three classes [31] .

The following proposition characteristic that link the dual soft interior point
with dual soft closure point and these characteristics are consider pillar on

which the chapter path depends

Proposition 2.1

For any dual soft set Ar; Sps Xps The following relation hold

1- If Uric1 €ps TethenUpigy  Nps  DS¢i(Ape) Sps DS
(Ur161 Nps Arg) forany Apg €ps Xps

2- DS[DS.( DS; (DSc; (Apg)))] = DS; [DS¢1(Arg)]

3- If Apg OrBpag, €ps Te then DS;[DSc; Apg Nps Bragz)] = DS; [DS¢
(Arc)] Nps DSi[DS¢; (Bragz2)]

4- DS¢; [DS; (DS (DS;i(Apg)))] = DScy [DS;(Ape)]

5- DS;[DSci( DSi(Arg))] Nps DS; [DScy (DS; (Brag2))] = DS; [DS¢; (DS;
(Ar¢ Nps Brze2))]

6- DS[DS;(DSc1 (Arg))] Ups DSalDSi(DSe; (Brzg2))]= DSc(DSi(DS
[Ar¢ Ups Brzcz2]))

proof

l = Let DPe be any dual SOft pOint ) Dpe EDS UFlGl ﬂDS DSCl(AFG)

Then v VFiGi EDS TE (DPe ) 3 VFiGi nDS AFG i ®DS ...... (1)
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If possible DP, €,¢ DS.;(Upig1 Nps Apg) SO 3 Wieyga € Tg (DP,) 3
Wraga Nps (U161 YUps Arg) = Dps

But Wgacs Nps Urig1 €Eps Tr (DP,) which contradict to (1)

Hence DP, €ps DS¢i(Ur11 Nps Arg)

2- DS; [DSci(Are)] Sps DSci (Arpg)

Then DS [DS; (DS¢1 (Are))] Sps DSalDScr (Are)] = DScr (Arc)
S0 DS; [DS¢; (DS; (DS¢i (Apg)))] Sps DSi[DSci(Arg)] ----- (1)
DS; [DSci (Arg)] Sps DSci (DS; (DS¢r (Ar)))

Thus DS;[DS¢; (Apg)] Sps DSi[ DSer (DS; (DSci (Ap)))] - (2)
from (1) and (2) we get

DS; [DS¢; (DS; ( DS¢; (Apg)))]= DS; [DS¢; (Arg)]

3- Apg Nps Brag2 Sps Arg and  Apg Nps Braga Sps Brae2

Then DS;[DS¢; (Arg Nps Br2e2)] Sps DSi [DSci (Are)]

DS; [DS¢; (Arg Nps Brag2)l Sps DS [DScr (Braga)]

S0 DS;[DSc; (Arg Nps Brzg2)] Sps DSi[DSci (Arg)] Nps DSi[DSci (Brag2)]

If Ap; € Tg then Agg Nps DS (Bragz ) Eps DSci(Arg Nps Bragz) bY
part (1)

Then DS;(Arg) Nps DS;[DS¢; (Brag2)]l € DSi[DSci(Arg Nps Brag2)]
S0 Agg Nps DS;[DS¢1(Brag2)] Sps DSi[DSci(Arg Nps Bragz)] -~ (1)

ThenBryga Nps DSi[DSc (Arg)] Sps DSi[DScr (Arg Nps Brag2)l------ (2)
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Thence DS;[DS¢;((DS;(DS¢; (Arg)) Nps Brzgz)] Sps DSi[DSc (DS;(DScy(
Arg Nps Bragz2)))] = DSi[DS.; (Apg Nps Brag2)]------ (3)

But DS;[DS,; (Br,¢2)] is dual soft open set

Then DS;; (Arg) Nps DS;[DS;(Brag2)] Sps DScilArc Nps (DS; (DS
(Br262))]

Thus DS;[DS.; (Arg)] Nps DSi(DSci(Brag2)] Sps DSi[DSci(Arg)] Nps
DS;[DS¢( Brzg2)] - (4)

From (3) and (4) we get

DS;[DS.; (Arg)] Nps DS;[DS¢; (Brag2)1Sps DSi[DSc(DS;(DS¢i( Apg Nps
Br262)))] = DS;[DS.( Apg Nps Brag2)l

ThereforDS;[DS.; (Arg)] Nps DSi[DSi(Bragz)] = DSi[DSqi(Arg Nps
Brag2)]

4 - DS;[DS.; (DS; (Arg))] Sps DSci[DSi(Are)]

Then DS¢;[DS;(DSci(DS; (Arg)))] Sps DSci[DSci(DSi(Are))]

= DS[DSi(Arc)]

S0 DS¢i[DS; (DSci( DS; (Arg)))] Sps DScilDSi(Are)] - (1)

Now DS; (Arg) Sps DSci (DS; (Arg))

S0 DS; (Arg) Sps DSi[DSc(DS; (Ar)]

Therefor DS [DS; (Arg)] Sps DS [DSi(DSq( DS; (Ape)] - (2)
from (1) and (2) we get

DS [DSi(DSci(DS; (Arg)))] = DSci[DS; (Are)]

5 - since DS; (Ag) is dual soft open set then by part (3)

DS;[DSci (DSi( Arg))] Nps DS;[DScy (DSi(Bragz2))] =DS; (DSi[DSi( Arg)

Nps DSi(Brzg2)]) = DSi( DS¢; (DS; [Arg Nps Bragz]))
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6 - DS[DS; (DSci (Arg Ups Brag2))]

= DS [DS; (Xps ~(DS; (Xps = (Arg Ups Brag2))))]

= DS [DSi(Xps —(DS; (Xps = (Arc)) Nps (Xps = (Brze2))))]

= Xps[DS; (DS¢; (DS; (Xps = Arg) Nps (Xps~ Bragz )))] - (1)

DS¢; [DS; (DSci (Arg))] Ups DSci[DS; (DSci (Brzgz )] = DScr (DSi[Xps —
(DS; (Xps — Arc))] Ups [Xps = (DS; (Xps = Brzg2))])

Xps [ DSi(DSci(DSi(Xps = Arg)))]Ups (Xps = Brzc2)]

= Xps—[DS; (DSci (DS; (Xps —Ar))]Nps (Brag2)] - )

From (1) and (2) we have

DS (DS; (DS¢; [Arg YUps Brag2l))= Xps — (DSi(DS¢(DS;[(Xps — Apg) Nps
(Xps — Brag2)1)) =DSc(DS; (DS¢; [Arg Ups Bragz2l))

Now we will introduce a new concept that represents the main focus of our

chapter

Definition 2.2

A dual soft set Ap; of X5 is said to be

1- Dual soft super condensed set if DS;[DS.; (Arg)] = DS; (Arg)
2- Dual soft semi condensed set if DS.[DS;(Apg)] = DSq(Arg)
3- Dual soft condensed set if DS;[DS.;(Ars)] = DS;(Arg)and DS, [DS;
(Arg)]= DS¢y (Apg)-
Example 2 .3.1

Let Uy={hy,hy, h3}U={ ¢1, ¢3, c3} E={e;,e;}
Apicr ={(er ., {hi } . {can})  (e2.{h} {c2})}
Bpogz ={(e1 ., {hy hs} {2, 3}, (e2, {hi, g} {ciy 3D}

Te={Ops . Xps. Ari61 . Brac2}
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DS.; (DS; (Ar161)) = Ari61

DS;(DS.; (Ap1¢1)) = Ap1¢1 therefore Ap,;4 1S dual soft condensed set

Example 2.3.2

Let Uy={hy,h,}U,={ c1, c, }E={e;,e,}
Airigr ={(er{ i}, Uz) (&2, B.{ c1})}

Xps — Airic1 ={(er, { h2}, ©).(e2, Uy, {c2})
Azrzgz = {(e1, { hz} {c2}) . (e, { i} {ca D}
Xps — Azragz ={(e1, { L} {c1}D).(e2, { ha}, {c2})
Bragz ={(e1, U1, Up) , (€2, {la} {1 D}

Xps — Bpagz={(e1, 0, 9), (e { h2}, { 2}
Cragz={(e1, 0, {c2}) (2, 0{c:})}

Xps — Crzgz={(e1 . U, {c1}) . (€2, Ur, { c21)}

TE = { QDS ,XDS, AlFlGl ’ AZFZGZ) BFZGZJ CF363 }

Assume Apg={(ey, { hi}. {c1}) (e2 . { ho} { 2D} = Xps — Azrac
Now DS; (DS¢; (Apg )) = DS; (Arpg) Dps
Then Apg; is dual soft super condensed set

Example 2 .3.3

Let Uy={hy,h}U,={ c1, c, }E={e;,e,}
Aipigr ={ (e {hi} {ci}) s (2,9, Up)}

Xps = Airigr ={(e1 {ha} . {c2}) . (€2, U1, @)}
Azracz ={(e1,Uidc2}) . (62, {h2}, {1}

Xps = Azragz ={(e1,0{c1}), (2, { i} {2}
Bragz ={(e1., U1, Uz) , (e2, {h2} ,U2)}
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Xps — Bragz ={(e1, @, 9), (e2, {11}, 0)}

Cragz={(e1 . { M} 9), (ez,0,{ci})}

Xps = Crsgz=1(e1 L h2}, Uz) s (€2, Ui c2})

TE = { QDS .XDS, AlFlGl ’ AZFZGZJ BFZGZ' CF3G3 }

Assume Apg={(er,{ }, Us), (e2, { i} {2}

Now DS; (DS¢; (Arg )) = DS; (Xps)= Xps

DS;(Apg)= Braga + Xps then Ag.is not dual soft super condensed set
DS¢; (DS; (Apg )) =DSci (Bragz2) = Xps » DS (Apg) = Xps

Thus Ag is dual soft semi condensed

Example 2.3.4

Let Uj={h,,h,}U,={ c;, c; }E={e;,e,}
Airigr ={(ex {hi} . {ca}) s (e2 {h} {c2})}
Azracz ={(e1, {h2}, {c2}) (e2, { i}, {1 D}
Tg={Pps .Xps . A1ri61+ Azr262}
Assume Ap.={ (e1,{h}, Uy, (e;, { B}, { c, D}
DS¢; (DSi(Arg)) = DS¢i (Ar161) = Ari61 # DSci (Apg) = Xps
Then Apg. is not dual soft semi condensed set and consequently

Apcis not dual soft condensed set since DS.; (DS;(Ar¢)) # DS, (Apg)

Remark 2.4

1- Any dual soft closed set is dual soft super condensed set .
2- Any dual soft open set is dual soft semi condensed set.

Proof

1- Let Bp,;, be a dual soft closed set then DS ;(Bpacz) = Bragaby
proposition 1.2.35 part (2)
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take dual soft interior for both side

DS;[DS;1(Bpac2)] = DS; (Bragz) then Br,s, 1S dual soft super condensed

set.

2- Let Ap be a dual soft open set then DS; (Agg) = Apg by proposition
1.2.13

take dual soft closure for both side
DS, [DS;(Arg)] = DS, (Apg ) then Ag. is dual soft semi condensed set

Remark 2.5

A dual soft set Ag; is dual soft condensed set if and only if it is dual soft

super condensed set and dual soft semi condensed set.
Proof
Directly by Definition 2.2

The question that arises is what is the relationship between the dual soft
condensed sets and theirs complements that is will be answered in the

following proposition

proposition 2.6

Let (Xps,Tg) be adual soft topological space then the following statements

are hold

1- The dual soft complement of a dual soft super condensed set is dual
soft semi condensed set.

2- The dual soft complement of a dual soft semi condensed set is dual
soft super condensed set.

3- The dual soft complement of dual soft condensed set is also dual soft

condensed set.
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Proof

1- Let Ap,51 be adual soft super condensed set

Then we have Xpg -[DS;(DS¢; (Ap161))] = Xps — [DSi(Ar161)]
Considering the properties of dual soft complement we get

Xps—[ DSi(DSci(Ar161))1=DScilXps — (DSer (Ap161))]= DSa[DS;(Xps —
AFIGl)]

Xps -[DS; (Ap161)] = DSey (Xps —Ap161)

Then DS, [DS;(Xps — Ar161)]1 =DSci (Xps — Ar161)

So Xps — Apqg1 1S dual soft semi condensed set

2 - Let Apq;, be a dual soft semi condensed set then we have

Xps—[DSci (DS; (Ap161))] = Xps— [DSci (Ar161)]

Considering the properties of dual soft complement

Xps — [DSci(DS; (Ap161))1=DS; [Xps — (DS; (Ap161))] = DS; [DS (Xps -
(Ar161))]

Xps—[DSci (Ap161)] = DS; (Xps— Ar161)

using these equalities we have the following equality

DS;[DS¢; (Xps— Ar161)] = DSt (Xps — Ap161)

This relation implies that X,;— (Ag161) 1S dual soft super condensed set

3-Let Ap; is dual soft condensed set then X, — (Agg ) Is dual soft semi
condensed sets by part (1)

And if A is dual soft condensed set then X, — Ag. is dual soft super
condensed by part (2)

Connecting the both proposition we have proved that X,,— Ap; 1S a dual
soft condensed set.
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There are some properties in addition the concept of dual soft condensed,

super condensed and semi condensed.

Proposition 2.7

Let (Xps,Tr ) be adual soft topological space then the following statement

are hold

1- A dual soft set Ay, is dual soft super condensed set if and only if

DSi[DS¢ (Ap161)] Sps Ari61
2- A dual soft set Bg,¢-,is dual soft semi condensed set if and only if

DSl DSi(Br262)] 2ps Brac2
3- A dual soft set Ap;¢; is dual soft condensed set if and only if

DS; [DS;; (Ar161)] € Ar161 Sps DSci[DS; (Ari61)]

Proof

1 - Let Apic1 be a dual soft super condensed set then we
have DS;[DSci(Ar161)] = DSi(Ar161) Sps Aric1

Conversely DS;[ DS.;(Ar161)] Eps Ar1¢1 taking interior for both side
DSi [DSCZ(AFlGl)] gDS DSl (AFlGl)

considering the self- evident relation

DS; [DS¢; (Ar161)] 2ps DSi (Ari61)

S0 DS;[DS¢; (Ar161)] = DS; (Ar161)

Therefor Ap,4 1S dual soft super condensed set.

2- let Bp, -, is dual soft semi condensed set then we have

DS [DS; (Brzg2)l= DSci (Brag2) 2ps Bracga

Conversely let we assume Bp,co Sps DS (DS; (Brag2))

Taking dual soft closure for both side we have
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DS.; (Brzgz2 ) Eps DScIDS; (Brag2)]

Considering the self - evident relation DS.; (DS; (Brag2 ) Eps DS¢ci (Bragz)
We obtain  DS.; (Brzgz) = DSq[DS; (Brze2)]

Then Bp,.,1s dual soft semi condensed set

3 - Directly by definition 2.2
Now we will provide a new definition

Definition 2.8

A dual softset Ap; of X, iscalled

1- Dual soft regular open set if DS;[DS.;(Ar¢)] = Apg -
2- Dual soft regular closed set if DS.;[DS; (Apg)] = Arc .

Example 2.9.1

Let Uy={hy,h}U,={ ¢c1, c; }E={e;,e;}
At ={(en, { b { 1)), (ex, { h} {2 })}
Azpacz ={ (e, {h} {c}) . (e . { i} {1 D}

TE = { QDS ,XDS, AlFlGl ’ AZFZGZ}

Now DS;[DS.; (Arig1)] = Arpig1 then Ag,¢q 1S dual soft regular open set

DS [DS; (Ar161)] = Ap1g1 then Apq 4 1S dual soft regular closed set.

Example 2.9.2

Let Uy={hy,hy,h3}Up={ ¢c;, 2} E={e;,e;}
Airgr ={(er {h}.0), (62, D, {c1])}
Xps — Airig1 ={(e1.{ha, hs}, Us), (62, Us, { c2})}

Azpacz ={(er ,{h}{c2}) (62, { i} {21}
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Xps — Azrzgz ={(e1 ,{h, hs}dar}), (62, { ha sk { i)}

Brsgs ={(e1 A1, ha} { c2}), (€2, {ha },Uz)}

Xps = Brags={(e1 {hs }, { c1}), (e2, {ha, h3}, ©)}

Tg ={@ps Xps, Airi61: Azr262> Brsgs }

Assume Apg={(e1, { h1, ho}, { ¢1}), (e2.{hs, hs} Uz)}

Now DS;[DS.;(Ar;)] = Xps # Agg then Ag. is not dual soft regular open set.

DS, [DS; (Arg)] =Xps — Aspaga # Apg then Agg is not dual soft regular

closed set.

Remark 2.10

The dual soft whole space X, and the dual soft empty set @5 are dual soft

regular open and also dual soft regular closed

Proof

DS;[DS¢i( Xps)] = Xps

DS; [DS¢; (Dps)] =Dps

DS [DS; (Xps)] = Xps

DS¢; [DS; (Bps)]= Dps

therefor @, and X, are dual soft open and dual soft closed regular sets

Remark 2.11

1- The dual soft complement of dual soft regular open set is dual soft
regular closed set.
2- The dual soft complement of dual soft regular closed set is dual soft
regular open set.
3- Every dual soft regular open set is dual soft open set.
4- Every dual soft regular closed set is dual soft closed set.
proof
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1 - Let Ag. is dual soft regular open set then DS;[DS,; (Ar;)] = Apg

take dual soft complement for both side then
Xps — [DS; (DSc1 (Are))]= Xps —Arg

Then DS, [Xps — DS, (Arg)]l = Xps — Apg by properties of dual soft

complement
So DS, [DS; (Xps — Arg)] = Xps — Arg

Hence Xp¢ — Ap¢ is dual soft regular closed set.

2 - Let Bgis dual soft regular closed set then DS.;[DS; (Brg)] = Brg
Take dual soft complement for both side
Xps — [DS¢ (DS; (Brg))] = Xps — Brg

Then DS;[Xps — DS;(Brg)] = Xps — Bpg by properties of dual soft

complement

So DS; [DS¢; (Xps — Bre)]l = Xps — Brg

Therefor Xp¢ — B is dual soft regular open set.

3-Let Agis dual soft regular open set then DS;[DS.; (Arg)] = Apg
If and only if DS;[DS;(DS.; (Arg))]1 =DS; (Arg)

If and only if Ag; = DS;[DS,; (Ap¢)]= DS; (Arg)

Then Agis dual soft regular open set.

4-Let Bg¢is dual soft regular closed set then DS_;[DS; (Brg)l = Brg
If and only if DS [DS¢;(DS; (Bre))] =DSci(Bre)

If and only if Bz = DS;[DS; (Brg)]= DSc1(Brg)

Then Bg¢is dual soft regular closed set.
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Remark 2 .12

1- The dual soft intersection of two dual soft regular open set is dual soft
regular open set.
2- The dual soft union of tow dual soft regular closed set is dual soft
regular closed set.
Proof

1-Let Ar; and Bpq4, be two dual soft regular open set then :
DS; (DS¢; (Apg)) = Apg » DS; (DS¢ (Bri61))= Brica

DS (Arg Nps  Brig1)Sps DSci(Arg) Nps DSe; (Brigi)by proposition
1.2.38 part(5)

DS;[DSci(Ar¢ Nps Brig1)] Sps DSi[DSci(Are) Nps DSei (Brig1)
=DS;i[DSci(Arc)] Nps DSi[DSc1(Bri61)]= Arg Nps Brigi——---(1)

Also Apg Nps Brigr Sps DSci(Are Nps Brig1)

Then DS;(Apg) Nps DS; (Brig1) S DSi[DSci(Arg Nps Bric1)]

But DS;(Arg) Nps DS; (Brig1)=
DS;[ DS;(DSc1(Are))] Nps DS;[ DS;(DS¢; (Br161))]= DSi[DSci(Arg)] Nps
DS;[DS¢i(Bri61)] = Ar Nps Brigi

Which imply that Ar Nps Brigr Sps DSi[DSci(Are Nps Brig1)]-----(2)
From (1) and (2) we have the result.

2 - Assume that Ag; and B, be dual soft regular closed set then

DS [DS; (Ape)] = Arg

DSu[DSi(DSc; (Bri61))] = Brigt

Now by proposition 2.1 part ( 6)

DS, (DS; (DS¢ (Apg Yps Brig1))) = DSq (DS; (DSe (Arg)))Ups
DS (DS;(DS,; (Br161)))
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since Ap; , Bpyg1 1S dual soft regular closed set then by remark 2.11 part
(3).(4)

DS¢; (Apg) = Arc + DSci (Brig1) = Brica

and the union of two closed set is closed set then (Az; Ups Brig1) IS closed
set.Then DS¢; (Arg Ups Brig1) = Are Yps Brica

Hence DS.[DSi(DSe; (Ar¢ Yps Brigi))l = DSuIDS; (Arg Ups
Br161)I=DSci[DS; (Apg)] Ups DSai[DS; (Brig1)] = Arc Ups Brigt
Therefore the union of two dual soft regular closed set is dual soft regular

closed set .

From remark 2.10 and remark 2.12 we set that the collection of

all dual soft regular open set building a base for dual soft topology of X

Remark 2.13

for any dual soft set Az of X

1- DS; [DS.; (Arg)] is dual soft regular open set
2- DS, [DS; (Agg)] is dual soft regular closed set

proof

land 2 directly by proposition 2.1 part (3)and (4)

If we want to clarify some of the relationships between the dual soft regular
open or closed sets and the dual soft condensed , super condensed , semi

condensed sets we can use the following proposition

Proposition 2.14

For any dual soft set Ar; Sps XpsThe following relation hold

1- A dual soft set is dual soft regular open set if and only if the dual soft

set is dual soft super condensed and dual soft open set.
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2- A dual soft set is dual soft regular closed if and only if the dual soft set

is dual soft semi condensed and dual soft closed set.

w
1

A dual soft set is dual soft regular open set if and only if the dual soft

set is dual soft condensed and dual soft open set.

+

A dual soft set is dual soft regular closed set if and only if the dual soft

set is dual soft condensed and dual soft closed set .

ol
1

A dual soft set Ag. is dual soft condensed set if and only if there is a

dual soft regular open set Upis; such that Ugi51 Sps Apg Sps DS,

(UFlGl )
6- A dual soft set Bp,;, is dual soft condensed set if and only if there is

a dual soft regular closed set Vi35 suchthat DS; (Vrses) €ps Bracz Sps

VF3G3

proof

1-Let Ag; be adual soft regular open set then

DS;[DSc1(Apg)]= Apg - 1)

S0 DS; (Apg ) = DS;[DS;( DS (Ape))] = DSi[ DS¢i (Arg)] = Apg

this implies that A is dual soft open set.

From equation (1) we get

DS; [DS¢; (Apg)]= DS; (Arg)

Thus Agis dual soft super condensed set .

Conversely let Ap;be dual soft super condensed and open set then we have
DS;[DS.; (Arg)] = DS;(Apg) = Apg Thence Ag is dual soft regular open set.
2- Let Apgbe adual soft regular closed set

Then DS [DS;(Apg)] = Apg - (2)

Using this relation we get DS, (Agg) =DS.[DS.(DS; (Ars))]=

DS [DS;i(Arg)] = Arg
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This implies that Ap¢is dual soft closed set
From equation (2) we get DS, [DS;( Agg)] = DS. (Agg)
Then Ag; isdual soft semi condensed set

Conversely let Ap; be a dual soft semi condensed and closed set then we

have
DS, [DS; (Arg)] = DS¢y (Apg) = Arg

Thus Ag¢is dual soft regular closed set
(3) and (4) directly by Remark 2.4

5- Let Ap¢ is dual soft condensed set if we take Upy51 = DS; [DS.; (Apg)]is
dual soft open set by remark 2.13 then Ug,;:= DS;[DS. (Arg)] = DS;

(Arc) Sps Arc
since Ag is dual soft condensed set then Up161 Sps Arg

And DS¢1(Ur161) =
DS (DS;(DS¢(Arg)))2ps DSi[DS1(Arg)IDSci(Arg) 2ps Arg

SO Upy¢q satisfies Urig1 Sps Arg Sps DSci (Uri61)

If we assume that there is a dual soft regular open setUr,;; Which is

satisfiesUr151 Sps Are Sps DS, (Upqg1 ) then

DS;[DS¢; (Apg )1 € DSi[DScy (DSci (Up161))] = DSi[DSc (Upi61)] = Urie:
DS;[DSci(Arc)]12ps DSi[DSci Upi61)] = Uriea

S0 Upyg1 = DSi[DS¢; (Arg)] . On other hand

DS[DS; (Arg )1 Sps DSalDS;: (DSci (Ur161))]1 = DSei (U161 )

DS¢i[DS; (Ar¢)] 2ps DScilDS; (Ur161)]1 = DSet (Uri1)

S0 DS (Upi61) = DSoIDS; (Apg)]
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Then we have DS;[DS(Ar¢)] Sps Ar¢ Sps DSalDS; (Are)]

S0 DS;[DS;(DSci(Arg))] = DSi[DSci(Arc)] Sps DS;i (Are)

But DS; (Arg) Sps DSci[DS; (Arg)]

ThusDS;(Arg) = DS.[DS; (Arg)]

Also Apg Sps DSi[DS; (Apg)]1 50 DSci(Arg) Sps DSalDS; (Arg)]
But DS, [DS; (Ap)1Sps DSci(Arg)

Therefore Ag is dual soft condensed set.

6 - Assume Bp, .-, IS dual soft condensed set and let we take

Visgs = DSs[DS; (Brag2)] then Vesesis dual soft regular closed set by
remark 2.13

Because Visgs= DS¢i[DS; (Brag2)] = DSci (Brag2) 2ps Brage

And  DS;(Vrzgz)= DSi[DSc(DS; (Br2g2))l Sps DSilDSci (Brag2)l=
DSi(Brz62) Sps Bracz

SO Vgsgs satisfies DS; (Vpza3)Sps Bragz Sps Vrses

If we assume that there is a dual soft regular closed set Vg5;5 Which satisfies
DS;(Vrsgs) Sps Bragz Sps Vrzes

Then Visgs = DS.i[DS; (Visgs)l =DSa[DS; (DS; (Vrsgs))] Sps DSai [DS;
(Br2c2)]

Vezgs = DSa[DS; (Vesgs)12ps DSalDS;i (Brae2)]

S0 Vrzgz = DSi[DS; (Brzc2)]

On other hand

DSi[DSc; (Brzgz2)] 2 DSi[DSci (DS; (Vesez))]= DSi (Vezgs)= DSi[DSc

(Br262)] Sps
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DS; [DSci (Vrzgz)] = DS; (Vesgs )

S0 DS; (Vr3g3) = DSi[DSc (Brag2)]

Then we have DS [DS; (Brz62)] 2ps Braga 2ps DSi[DSc1 (Brag)]

S0 Bp,g, IS dual soft condensed

DS [DS; (Brz62)I= DSci (Bragz )

DS;[DS.; (Brzg2)]1 = DS; (Bragz )-

The question that comes to our mind is how to link by dual soft condensed
sets with the dual soft border which we will try to explain through the

following proposition

Proposition 2.15

A dual soft set Ap; is dual soft condensed set if and only if the dual soft

boundary of Ap; coincides with
DSy [DS; (Apg)] =DS; [DSci (Apg)]= DSalDS; (Apg)] Nps DSer [DS; (Xps
— (Are))]

Proof

We assume that Ap; is a dual soft condensed set

by proposition 2.6 part( 3) Xps —Agg 1S dual soft condensed set
So we have DS (DS; (Arg)) = DS, (Apg)

DS[DS; (Xps — Apg)] = DSci(Xps — Are)

Therefor DS[DS;(Arg)] Nps DS IDSi(Xps — Are)]

= DS (Arg) Nps DS¢y (Xps — Apg) = DSpr(Apc )

Now DS¢ (Apg )= DSa[DSi(Apg )INps DS DS; ( Xps — Arg)]
Then by proposition 1.2.48 DS.;(Arg)= DSi(Arg) Ups DS¢r (Arg )
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= DS; (Apc)VUps{ DScil DS; (Arg)] Nps DS [DS; (Xps — Arg)1}
Sps DS; (Apg) Ups DSci[DS; (Apg)] = DS [DS; (Are)]
Considering the evident relation DS.;(Arg) 2ps DS [ DS; (Apg)]
DS (Apg) = DS¢y [DS; (Apg)] ----------- 1)

The same relation holds for X,; — Ap;because the dual soft boundary of

Xps — Aggcoincides with that of Ag; so we have

DS¢; (Xps —Apg) = DSi[DS; (Xps—Are)]

DS¢; (Xps —Apg) = Xps = [DS; (Apg)]

DS¢; [DS; (Xps — Apg)] =DSci[Xps —DS¢i (Apg)] = Xps ~[DS; (DS¢; (Are))]
Thus Xps—[DS; (Arg)] = Xps —[DSci (DS; (Arg))]

Taking dual soft complement for both side we obtain

DS; (Apg) =DS; (DS¢; (Apg))

This equation and equation (1) imply that the dual soft set Az is dual soft

condensed set.

Now we will give a mathematical concept that has a direct impact on the
concept that we presented in definition 2.8 and the basic role is the dual soft

boundary points

Definition 2.16

The dual soft interior of the dual soft boundary of the dual soft set is called

dual soft border of the dual soft set.

Example 2.17

Let Uy={hy,h}U={ ¢c;, 2} E={e;,e;}
Airicr ={(er . {hi}.0), (ez, {h2} {2 D}
Azpacz ={(e1 ,{h2},0),(e2, 0, {c1 D}
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Brsgs ={(1, Uy, @)(ez, 1ha} U2) }

Tg={9ps . Xps. Airi61, A2r262, Brses }

Assume Apg={(e1, { hi}, Uz), (e2, {h1},0)}

Xps — Arrig1 ={(€1, { h2}, U2), (€2, {ha}A 1D}

Xps = Azr2gz =161, { i}, U2), (€2, Ui 21}

Xps = Brags ={(e1, 8, Uz), (e2, {h1},0)}

Xps — Apg ={(e1, { h2}, D), (€2, {h2},{ U2})}
DS¢r(Apg) = DSci(Arg) Nps DSci(Xps — Are)

=(Xps = Azr262) Nps (Xps = A1r161) =Xps — Xps =@ps
DSi[DSg(Bps)]= DSi(Bps) = Dps:.

Remark 2.18

The dual soft border of any dual soft set Ap; is denoted by DS, (Agg)is
expressed by DS; (DSg, (Arg ))-

Proposition 2.19

The dual soft border of any dual soft set Ap is dual soft regular open and

expressed by
DSy (Arg) = DSi(DSci(Arc))— DSa(DS; (Arg)) = DSi(DSci(Arg))Nps
DS;(DS¢; (Xps —(Arg)))
Proof

Considering to the fact that the dual soft boundary of Ar.is dual soft closed

set then we have
DSy (Ape) = DSi[DSgr (Arg)l = DSi[DSci(DSpr (Arg))]
By hypotheses DS;[DS.; (Ar¢)] is dual soft regular open set DS, (Ag¢)

We conclude that DS, (Agg) is dual soft regular open set.
80



Chapter TWO ..........cccccueeen e Dual Soft Condensed Set

Now we will prove the second part of the theorem

DSi[DSc1 (Ape)l= DSalDSi(Arg)1= DSi[DSc (Arg)] Nps DSi[DSci(Xps —
Arg)]

= DS;[DS.; (Apg) Nps DS (Xps — Apg)] by proposition1.2.15 part(5)

= DS;(DS¢y (Apg)) by definition 1.2.21

= DS}, (Ag;) by definition 2.16

proposition 2.20

For any dual softset Ap; < Xp,then

1- A dual soft set is dual soft super condensed set if and only if

I- The dual soft interior of the dual soft set is dual soft regular open
set and

Ii- The dual soft border of the dual soft set is dual soft empty

2- A dual soft set is dual soft semi condensed if and only if

I- The dual soft closure of the dual soft set is dual soft regular closed
and

ii- The dual soft border of the dual soft set is dual soft empty

3- A dual soft set is dual soft condensed if and only if

I- The dual soft interior of the dual soft set is dual soft regular open

Ii-  The dual soft closure of the dual soft set is dual soft regular closed
set

iii-  The dual soft border of the dual soft set is dual soft empty

proof

1 - Let Ag is dual soft super condensed set then DS;[DS.;(Ar¢)1=DSi(Ar¢)-
————— (1) So we get

DSi[(DSci(DS; (DS (Apg)))] =DSi[(DSciDS;i(Apc))]

So the left side of the last equality become
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DS;[DS.;(DS; (DS,; (Ar;)))] = DS;[(DS;Arg)] by proposition 2.1 part 3
= DS; (Ar;) by equation (1)

Subsequently DS; (Arg) = DS; [DS;; (DS; (Ar¢))]

This implies that DS; (Ar¢) is dual soft regular open set using equation (1)
we get DS; [DS¢i(Apg)] =DS; (Arg) & DS,IDS; (Arg)]

DSy, (Apg) = DS; [DSci (Apg)] — DSci [DS; (Arg)] = Pps

Conversely suppose that Ay satisfies that

DS;[DS¢; (DS; (Apg)] = DS; (Apg) --------- (2)

ANnd DSy, (Apg) = Dps

DS;[DS¢; (Are)] Sps DSaIDS; (Are)]

Taking dual soft interior for both side of the second relation we get

DS; [DSci (Ar)] Sps DSi(DSci(DS; (Are)))

Combining this relation with (2)we getDS; (Arg) 2ps DS; [DS.; (Apg)]
Considering the self - evident relation DS; (Ar; )Sps DSi[DS:(Arg)]
we get DS; (Arg) = DSi[DSc; (Arg)]

This relation implies that A is dual soft super condensed set

2 - Let Ap is dual soft semi condensed set

Then DS¢[DS; (Arg)] = DSer (Arg) - 1)

So we get DS, [DS;(DSa(DSi(Are))] = DSuIDS{(DSe; (Arg))]

The left side of above equality become

DS, [DS;(DS.(DS;(Ar))]=DS:[DS;(Arg)Iby proposition 2.1 part (4)
= DS¢ (Arg ) by (2)

Then we get DS¢; (Arg ) =DSci[DS; (DS¢i (Ar))]

This implies that DS.; (Ag¢ ) is dual soft regular closed set
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Using (1) we get DSy [DS; (Apg)] = DSci(Apg) 2 DS;[DSci(Are)]

Then we get

DSy, (Apg) = DSi[DSci (Ape)] - DS [DS; (Ape)] = Dps

Next we proved the sufficiency suppose that Ag; satisfies The following
conditions DS¢y(DS; (DS¢i (Arg))) = DSci(Apg) - (@)

DS[DS; (Are)] 2ps DSi[DSci(Are)]

ANnd DSy, (Apg) = Dps

Taking dual soft closure for the second relation we get
DS [DSi(DSci(Arc))l Sps DScilDS; (Are)]

Combining This relation and relation 2 we get DS, (Ar;)Sps
DS[DS;i(Are)]

Considering The self - evident relation DS_; (Ar;) 2ps DS [DS; (Apg)]
we get DS (Apg) = DSy[DS; (Arg)]

Hence Apg is dual soft semi condensed set

3- Let Ap; is dual soft condensed set Then DS;[DS.; (Ar¢)] = DS;

DSy, (Apg ) = DS;[DSci (Arg) 1 Nps DS; [DSci (Xps— Arg)]

And since the dual soft complement of the dual soft condensed set is dual
soft condensed set Then DS}, (Ar; ) = DS; (Apg ) Nps DS;( Xps_Agpg)

=DS; (Apg ) Nps DS, (Apg) = Bps - (3)

from part (1) and (2) and equation (3) we proved The efficient condition
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to prove the sufficient condition let (1) and (2) and (3) conditions

are satisfies.

So by definition 2 .2 Ag is dual soft condensed set.

Proposition 2.21

DS,[DSy (Arg )] = @ps

Proof

By using proposition 2.19 DS, (Ag; ) is dual soft regular open and by
using proposition 2.14 part 1 DS, (Ag; ) is dual soft super condensed set
DS; [DS¢; (DSp (Ape))] = DSi[DSp (Ar)] €ps DSci(DS; (Arg ) ------(1)
Again using proposition 2.19 we set

DSy[DSp (Arc)] = DSi[DScy (DS (Arg))] / DSci[DSi(DSp (Are))]

=DS;[DS, (DS, (Ap))]  NpsXps—  DSyIDS;(DSp,  (Arg))]Sps
DS,[DS;(DSy (Arg))] Nps Xps — DS¢i[DS; (DSy, (Arg))] = Dps

Therefor DS,[DS,(Arc)] = Dps -

Through what has been studied we can classify the dual soft sets by this

definition to the following classification

Definition 2.22

Any dual soft set of X, can be classified into one of the following three
types

1 -Su(Xps) {Ar¢ Sps Xps: DSi[DSc (Arc)] Sps DSa[DS; (Are)1}

2 - Se(Xps){Brc Sps Xps : DSi[DSc; (Brg)] 2ps DSci[DSi(Bre)]}

3 - Co(Xps) {Crc Sps Xps : DSi[ DS¢y (Cpg )] DSu[DS;( Crg )] are non-

comparable}
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Example 2. 23.1

Let U;={ hy,hy, h3} , Uy={cy,cp,c3}, E={e, e, 3}
Airigi={(er . {hi } . {c1}) . (2, {hs} {c3h}

Azrzg2= {(e1,@.{c3}), (e2.{h; }, )}
Asrzgs={(er . {hi}.{ci.c3}) . (e2.{hz, hs}, {cs3})}
Te={@ps . Xps. A1r161. Azr262, Asrzs }

Xps = Aip1c1 = {(e1 Ahz, hs} {cz2 . c3}) . (62 { hyy 2} {c1, 21}
Xps — Azpagz ={(e1, Ui, {c1.c2}) ., (e2 {hi,h3}, Uz) }
Xps — Asrzgz ={(e1.{hz,hs} . {c2}), (€2, {hi }{c1, )}
Assume Apg={(e1, { hi, ho} {c1,c2}) (2, { hi, hs} { ¢z, 31}
Now DS [DS; (Ape)1=DSci (A1r161) = Xps — Azracz
DSi[DSc1(Are)] =DS; (Xps — Azr262) = A1r161 Sps Xps — Azracz
We see DS;(DS¢; (Arg)) Sps DSe; (DS; (Arg))

Therefor Apgbelong to Su(Xps) .

Example 2.23.2

Let Uy={ hy, hy} , Uy={c1,c2},E={eq, e}
Airigi={(er, {hi}. {c:1}), (e, {ho} {21}
Azrag2= {(e1 Ah2} {2}) o (e2, {l} . { i)}

Te={DBps . Xps, Airi61. Azr262 }
Assume Apg={(e1, { hi},Uz), (€2, { ho} { 21}
NowDS;[DS¢; (Arg)] =DS; (Xps) =Xps

DS [DS;(Arc)1=DS¢; (A1r161) = A1ri61 Sps Xps
We see DS, [DS; (Arg)] Sps DSi[DSi(Arc)]

Therefor Apgbelong to Se(Xps) .
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Example 2.23.3

Let Uy={hyhy} , Up={ci,c;},E={eer}
Airigi={(er, {hi}, {c1}) , (e2, { ha} {2 })}
Azr2c2= {(e1, {ho} {2 }) (2, { i}, {c1 D)}
Asrsgz={(e1,0.0), (2.0, {c1}}

Asraga={(e1, {hi }.{cr}) v (62, {h2}, U3) }
Tg={Dps . Xps, Airig1. Azr262 Asrscs Asracalt

Xps —Airig1 = {(e1, {ha}, {2 }) » (e2, {hi}, {c:1})}
Xps = Azracz ={(e1, {h}.{c1}) . (2, { h2} {21}
Xps — Asrzgz ={(e1, U1, Up), (&2, Ui {21}

Xps = Aspsca={(e1,{hz2}. {2 }), (€2 {h:}.0)}

Assume Apg={(e1, { h1},Uz), (e2, U {2}

Now DS, [DS; (Arg)1 =DSci (A1ri61) = Airic1
DS;[DS¢; (Arg)] =DS; (Xps — Azrzgs) =A1ric1

We see DS;[DS;(Arc)] Sps DS:[DSi(Agg)] therefor Aggbelong to
Su(Xps)

If we compare the previous definition with what we learned about the
concept of dual soft condensed, super condensed and semi condensed sets

we will find that

Remark 2.24

1- The dual soft set belong to the Su(Xps) if and only if the dual soft border
of the dual soft set is dual soft empty
2- A dual soft super condensed set and a dual soft semi condensed set is
belong to Su(Xps)
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proof

1-Let (Ap¢) belong to Su(Xps) thenDS; (DS, (Apg))Sps DS [DSi(Apg)] --

DSy(Arg) = DSi[DSc; (Apc)INps DSi[DSci(Xps — Arg)] = DSi[DSci(Arc)]
Nps DS;[Xps — DS;(Are)]1 =DS; (DSci (Ape))Nps Xps — DSei [DS; (Are)]
= Ops

because DS;(DS¢; (Arg)) Sps DSci (DS; (Arg))

Conversely Let DS, (Arg) = @ps

Since DSy, (Apg) = DS; (DS¢; (Arg)) =DSci(DS; (Are))

Then DS; (DS¢; (Arg ) Eps DSci(DS; (Arg))

Hence Ag¢ belong to the Su(Xps)

2- If Ap is adual soft super condensed set

Then DS;(DS¢; (Arg)) = DS; (Arg)

S0 DS; (Apg ) Sps DS (DS; (Arg ))

Then Ag; belong to Su(Xps) and if Ap; be a dual soft semi condensed set
S0 DS,(DS; (Apg)) = DS¢y (A )

Thus DS; (DS¢; (Arg) ) Eps DSci (Apg )

Therefore Ag; belong to the Su(Xps)

Again the question arises : Can we classify the complements of these types
of dual soft sets as the original sets and that is what will be do in the following
proposition

Proposition 2.25

For any dual soft set Ap;belong to Su(Xps) or Se(Xps) or Co(Xps)
then X5 — Apgbelongto Su(Xps) or Se(Xpg)or Co(Xps) respectively
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proof
If we assume that Ag; belong to Su(Xps)

Then DS;[DS¢i(Arg)] Sps DSalDSi( Arg)]

Taking dual soft complement for both side we obtain

Xps —[DS; (DSci(Arg))] 2ps Xps —[DScr (DS; (Are)]
Using The property of the dual soft complement we get
DS;[DS.(Xps — Apc)1Sps DSci[DSi( Xps — Arg)]
Hence Xp; — Ap; belongto Su(Xps)

If we assume that Bp;;, belong to Se(Xps)

Then DS [DS;(Br161)] Sps DSi(DSci(Brig1)

Taking dual soft complement for both side we obtain
Xps — [DSi(DS¢1(Bri61))] Sps Xps —[DSci(DSi(Bri61))]
Using the property of the dual soft complement we get
DS.[DSi(Xps — Brig1)] Sps DSi[ DSt (Xps — Brig1)]
Hence X, — Bpigq belongto Se(Xps)

Next we prove about Co(Xps) in this case we must say that DS;[DS(

Croc2)] and DS [DS;(Cr,s-)] are non — comparable

Then Xps — [DS;(DS¢i(Crz62))] and Xps — [DS¢(DS;(Cra62))] are also non

comparable .
We use reduction absurdum for proving this proposition

Let DS;[DS.;(Xps — Crag2)] and DS [ DS; ( Xps— Crog2)]be comparable .
Then Xpg — [Xps — (Crag2)] = Cragz Must belong to Su(Xpg) or Se(Xps)

By proved part of this theorem this is contradiction .
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Proposition 2.26

The dual soft set Ap; belongtothe Su(Xps) if

1- DS DSci (Apg)] = DSi[DS1(DS; (Arg))]
2- DSy[DS; (Apg )] = DS4IDS; (DSey (Are))]
On other hand if one of these equalities holds then Ag; belong to Su(Xps)

proof

1- suppose that Ap; belong to the Su(Xps) then the following relation
holds

DS;[DS¢i(Arg)1Sps DSalDS; (Apg)]

Taking dual soft interior for both side we get DS;[DS.(Arc)] Sps
DS;[DSci(DSi(Are))]

Considering the self- evident relation
DS;[DSc1(Arg)] 2ps DSi[DSci(DSi(Arg))]
we get DS; (DS¢i( Arg)) =DS; (DS ( DS; (Arg)))
Conversely assume DS;( DS, (Arg)) = DS;(DS.( DS; (Arg)))
Clearly DS, [DSi(Arc)] 2ps DSi[DSci(DSi(Ar))] = DS;[DS¢; (Are))
This implies that Az belong to Su(Xps) .
2 - Let Ap; belong to the Su(Xps)
Then DS; [DS¢; (Arg)] Sps DSci[DSi(Arc)]
Taking dual soft closure for both side we get
DS[DS; (DSci (Arg))] Sps DSalDS; (Are)]
Considering the evident relation
DS[DSi(Arc)] Sps DScilDSi(DSci(Are))]
We get DS¢i[DSi(Arg)] = DSci[DSi(DSci(Arc))]
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Conversely let DS;[DS;(Ar;)] = DS, [DS;(DS.;(Are))]

And clearly DS.[DS; (Arg)] = DSalDS; (DSa (Arg))] 2ps DSi[DSq
(Apg)]- Then Ag; belongto Su(Xps).

Proposition2. 27

Any dual soft set  Ag; , Bpigy Of Su(Xps) satisfy the following relation
1- DS;[DSci(Are)] Nps DS;[DS¢1(Bri61)] = DS;[DS,

(Apg Nps Bri161)]
2- DS;[DS.(Arg))] Ups DSi[DS;; (Brigi)l = DS;i[DS:(Arg Ups

Brig1)]
Proof

1-DS;[DSci(Ar¢ Nps Brig1)l Sps DSi[DSci (Arg)] Nps DSci(Brici)]

= DSi[DS¢; (Arg )] Nps DS;[DS¢i(Brig1)]

On other hand since Ag; , Br1g1 € Su(Xps) and by proposition 2.26 we get
DS; (DS¢i (Apg)) Nps DSi(DScy (Brig1)) = DSi(DSci (DS; (Arg))) Nps (DS
(DS; (Bri61))) Su(Xps)

= DS; (DS, (DS; (Ar; Nps Bryg1))) proposition 2.1 part (5)

Sps DS; (DS¢; (Arg Nps Bric1))

So DS; (DS.; (Arg)) Nps DS; (DS¢; (Br161))=DSi(DS¢; (Apg Nps Brig1))

2 -DS,[DS; (Apc )] Ups DSe [DS; (Brigi)] = DSqIDS; (Arg
Ups DSi(Bri61)] Eps DS [DS; (Apg Ups Brigi)l

On other hand

DS [DS;(Arg)lUps DS [DSi(Brig1)]

=DS,[DS;(DS.(Arg))]Ups DSy [ DS; (DS¢; (Brig1))]

= DS, [DS; (DS.; (Arc Ups Bri1g1))] proposition 2.1 part( 6)
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2ps DS,[DS; (Apg Ups Brigi)]
So DS;[DS;(Arg)] Ups DS¢; [DS; (Br1g1)] = DS¢y [DS; (Apg Ubs Brigi)]

Finally we can conclude that

Proposition 2.28

The dual soft intersection and dual soft union of any two set of
Su(Xps)belong to Su(Xps)

Proof

Let Apg , Brigy belongto Su(Xpg)then

1-DS;[DSci(Apg Nps Brig1)] = DSi[DSci(Apg)] Nps DSi[DSci(Brig1)] by
proposition 2.27 part(1)

=DS;[DS.; (DS; (Arg))) Nps DS; (DSy (DS; (Brig1))] by proposition
2.26part(1) =
DS;[DS;; (DS; (Apg Nps  Brig1))1Sps DSi[DS.(Arg Nps Brig1)]l by
proposition 2.1 part (5)

So by definition 2.22 Ap; Nps Brig: belong to Su(Xps)

2-DS¢[DS;(Arg Ups Brig1)l = DS [DS; (Apg )] Ups DSc[DS; (Brig1)] by
proposition 2.27 part (2)

= DS [DS;(DS¢; (Apg))lUps DSci[DS;(DS¢; (Brig1))] by proposition 2.26
part (2) =
DS, [DS; (DS;;(Arg Ups Br1g1))] by proposition 2.1 part (6)

SO Apg Ups Bryg1 belong to Su(Xps) by definition 2.22
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The concept of density is considered one of the mathematical concepts that
Is affected directly and indirectly the course of the development of applied
sciences. It has played an important role in solving many mathematical and
engineering problems. This chapter divided into three sections, the first
section contains the concepts of dual soft dense, dual soft nowhere dense and
dual soft somewhere dense set, second contains dual soft Baire space, dual
soft meager set, third contains dual soft resolvable space, dual soft hyper
connected space and dual soft submaximal space as well as numerous new
definitions and properties that eventually gave rise to new theorems as

applications to it

3.1DenseAnd Nowhere Dense On Dual Soft Topological Space

Here we will give the topological structure of dual soft dense sets, nowhere
dense set, somewhere dense set and their important properties, give some
necessary examples and discuss some cases and relationships that affect

these topological spaces [32,33].
Definition 3.1.1

Let (Xps, Tr) be a dual soft topological space and let Ap; Sps Xpg then
1- Ag¢ is said to be dual soft dense inXps if DS.;(Aps)= Xps -

It follows that A is dual soft everywhere dense if every dual soft
point of X, is a dual soft adherent point of A .

2- Ap¢ is said to be dual soft dense in Bgy¢q iIf Bpigi Sps DSci(Apg).

3- Apg is said to be dense initself if Ag; Spg DSy (Apg)

4- Aset Agg is perfectif and only if DS;(Arg) = Apg -
Example 3.1.2

Let Uy={ hy,, hy, hs} Uy={ ¢ ¢3¢5} E={e;,, e}
assume Apg={(ey, { h1},{czc3}), (€2, 9D,{c1})}

Airic1 ={(ey, {hy}, {c2}), (e, ,{h39}2,{ c1})}
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Azr2c2 ={(en,{ M} {cs }) (e {hi},{cs D}
Asrsez = {(e1,{h, ha}, {2, ¢31), (€2, {he, R} { ¢1, c31)}
Tg = {Xps: Pps » A1r161, A2r262) Asr3cs}
Xps = Arrigr ={(e1,{hy, ha} {1, c31), (€2, the, R} { €2, 631}
Xps = Azraga={(e1, {ha, hs}, {c1,¢2}), (€2, {ho, h3} { 2, c3})}

Xps — Aspzgs = {(e1,{hs}, {c1}), (e2,{hz}. {c2})}

DS (Arg) = Xps. SOAgcIs dual soft dense set in X

The following proposition is equivalent to the definition of dual soft

dense set

Proposition 3.1.3:

A subset A of topological space is dual soft dense if and only if
every non empty dual soft open set Bpi¢1, Brigi Nps Arg # Dps
Proof

Let Ap; is dual soft dense in Xps if possible and let3Bg ;1 €ps Tx
if Br1g1 Nps Arg = @ps
Then Apg Sps Xps — Brig1

So DS.(Arg) Sps DS¢i(Xps — Brigt ) =Xps — Brig1 because Xpg —

Bpr1¢1 15 dual soft close set

But Ag¢ is dual soft dense in Xp¢

Then DS (Apg) = Xps thus Xps Sps Xps — Briga
Thence Bpg,;1 = @ps Which is contradiction

Conversely assume Bpqic1 Nps Apg # Dps VOps # Brig1 €Eps Tx
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SinceDS . (Ar;) =Nps{H;rici, Hr25,1S dual soft closed 3 Ap; Sps Hpygo }
by definition 1.2.31

In other word the only dual soft closed set contains Ag;is Xp
SoDS ¢ (Arg) = Xps

Hence Ag is dual soft dense in X6 .

Proposition 3.1.4

Let (Xps, Tr) be a dual soft topological space and let Ag; Sp5 Xpg then the

following statements are equivalent:

1- Ap. is dual soft dense set.

2- only dual soft closed subset of X,,¢ contained Az is Xps .
3- the only dual soft open set disjoint from Az is @p .

4- Ap intersect every non empty dual soft open subset of Xs.

Proof

(1-2) Let Ag is dual soft dense set and let Ap; Sps Sp1g1 Spig1 1S dual

soft closed
Then DS¢(Arg) Sps DSci(Ski61)- SO Xps Sps DSci(Skig1) = Skic1
Thus Xps Sps Sric1 -
Hence Xps = Srig1 -
(2 = 3) LetUp,4, be any non empty dual soft openset 3 Ag; N Upyga = Dps
Then Agp; Sps Xps — Upaey, Which is contradiction.

(3—4) From (3) Ap; Npg Upyer # Dps VUgo21S NOn empty dual soft open
set if and only if the dual soft empty set is the only dal soft open set disjoint

from Ag;;.

(4—1) By proposition 3.1.3
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Proposition 3.1.5

Any dual soft set Cr;contain a dual soft dense set Dp,. IS dense.
Proof

Since D161 € Crg then DS (Dri61) Sps DSci(Cre)

But DS¢;(Dp161) = Xps S0 Xps Sps DSci(Cre)

Also DS (Crg) © Xps then DS, (Crg) = Xps

So Cp¢ is dual soft dense set.

Corollary 3.1.6

If Ap¢ is dual soft dense set in X, and B4 IS dual soft dense on Ag; then

Bpr1 1S dual soft dense set in X .
Proof

Directly by proposition 3.1.5

Proposition 3.1.7

Let (Xps, Tr) be a dual soft topological space and let Ap; Sps Xps then Agg
is dual soft dense set in X if and only if DS, (Apg) = DS;(Xps — Are)-

Proof
Let Ag is dual soft dense set in X,
Then DSCZ(AFG) == XDS

But DS¢r(Apg) = DS¢i(Apg) Nps DSe(Xps — Arg)
=Xps Nps DS¢i(Xps — Apg)

=DS¢(Xps — Are)-
Conversely let DS¢,.(Apg) = DS¢(Xps — Arg)

But by proposition 1.2.48
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DS (Apg) =DS;(Apg) Ups DSpr(Apg)
=[Xps — DSc1(Xps—Arc)] Ups DSci(Xps—Are)= Xps
Therefore Ag; is dual soft dense set in Xs.

Proposition 3.1.8

If DS;(Ar;) = @ps then X — Apg is dual soft dense set.
Proof

Let DS;(Apg) = @ps but DS;(Arg) = Xps—DSy(Xps—Arg) by
proposition 1.2.47 part (1)

Then Xps — DS (Xps — Arg)= Dps
Take dual soft complement for both side we have

DS, (Xps — Apg)=Xps thus Xps — Agpg is dual soft dense set.

Is there is a relationship between the dual soft dense set and its dual soft

exterior points?

A partial answer will be givens in the following proposition

Proposition 3.1.9

If Ag is dual soft dense then DS, (Ar;) = @ps -

proof

let Ag is dual soft dense then X, — DS.;(Apg) = Xps — Xps
Then Xps — DS (Apg) = Dps

Xps — DS (Apg) = DS;(Xps — Apg) =DSe(Apg)=0ps
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Proposition 3.1.10

IfAp; is dual soft dense set andUg,;; IS dual soft open set then

Uri61 Sps DSci(Arg Nps Ur161)

Proof
By proposition 2.1 part (1)
Ur161 Nps DSci(Arg) Sps DSci(Arg Nps Ur161)

But DS (Arg) = Xps then Ugy61 Sps DSci(Arg Nps Urig1) -

Corollary 3.1.11

If Ap; is dual soft dense and Up;, IS dual soft open set then

DS (Ur161) = DS¢i(Arg Nps Ur161)-
Proof

Let Up,1 € Tr and Ag is dual soft dense

Then by proposition 3.1.10
DS¢;(Ur161) Sps DSci(Arg Nps Uri61) Sps DSci(Uri61)

Thus DS (Up161) = DS (Arg Nps Urig1)-

Definition3. 1.12 Dual Soft Nowhere Dense Set

A is said to be a dual soft nowhere dense in X, s if DS;[DS.;(Arg)] = Dps
If we use example 3.1.2 Assume that

Cre={(e1,{h2}, {c2}), (2, {h3}, { c2 1)}

DS¢i(Cpg) = Xps — Azrage then DS;[DS¢(Crg)] = Bps

Thus Cg¢is dual soft nowhere dense set.

Proposition 3.1.13

Let (Xps, Tr)be a dual soft topological space then the following

statements are equivalent
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1- Apg is dual soft nowhere dense.
2- DS.;(Apg)contain no dual soft open set.
3- Xps — DS (Ag) is dual soft dense.

Proof

(1- 2) Let Ag; is dual soft nowhere dense

Then DS;[DS;(Apg)] = Dps

So there is no dual soft open set Ug,51 3 Dps # Upic1 Sps DS (Arg) -
(2—3) Since DS,.;(Arg) contain no dual soft open set Ugq 44

D V Ops # Urig1 €Eps Te »Ur161 € DS (Arg) » Ur161 Nps Xps —
DS (Arg) # Dps

Therefore X, — DS, (Ar¢) 1s dual soft dense set.

(3—1) Let X, — DS, (Agg) is dual soft dense set

Then DS¢[Xps — DSci(Are)] = Xps

So Xps — DSi[DSc(Arc)] = Xps

Thus DS;[DS.;(Ar;)] = @ps - Hence Ag is dual soft nowhere dense set.

Proposition 3.1.14

If Agp; is dual soft nowhere dense then for every dual soft open set

Upic1 €ps Tg the DS;(Ug151 — Apg)is not empty.

proof

If possibleDS;(Up161 — Arg) = Dps

If and only if Ugy61 Nps Xps — DSci(Arg) = @ps

If and only if Ury61 Sps DS¢i(Arg)

Then U161 = DS;(Ur161) Sps DSi[DSci(Uri1)] = Ops

S0 Ugy51 = @ps Which is contradiction.
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Proposition 3.1.15

If a subset Ap; of a dual soft topological space is dual soft nowhere dense
then for every non-empty dual soft set Ug,51 € T Apg Nps Ur1¢1 1S NOt dual

soft dense in Upqgq -

Proof

Let Ag; is nowhere dense then DS;[DS.;(Arg)] = Dps

If possible Ap; Nps Upieq 1S dual soft dense in Upqgq

then Ur161 Sps DSci(Are Nps Uri61)

S0 Up161 Sps DSi[DSci(Apg Nps Up161)] € DSi[DSci(Apg)] = Bps
Thus Ug1¢1 = @ps Which is contradiction.

Proposition 3.1.16

Let (Xps, Tr) be a dual soft topological space then:

1- DS;(Ag¢) isdual softdense if and only if X, ¢ — Ag is dual soft nowhere
dense.

2- DS;(Xps — Agg) is dual soft dense if and only if Ag; is nowhere dense.

3- If Ag is dual soft nowhere dense then the complement of the dual soft
closure of Ag; is dual soft dense.

4- If Agg is dual soft nowhere dense then DS (Xps — Ar¢) is dual soft
dense.

Proof

1-DS;(Agg) is dual soft dense If and only ifDS;[DS;(Ar¢)] = Xps
If and only if Xpg — DS, [DS;(Arg)] = Dps

If and only if DS;[DS.;(Xps — Arg)] = Dps

If and only if X,¢ — Ap¢ is dual soft nowhere dense.
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2-DS;(Xps — Agg) is dual soft dense

If and only if DS [DS;(Xps — Arg)] = Xps

If and only if Xp5 — [DSc(DS;(Xps — Arg))] = Bps

If and only if DS;[DS.;(Ars)] = Dps

If and only if A is dual soft nowhere dense.

3-Let Ag.; is dual soft nowhere dense If and only if DS;[DS.;;(Ar¢)] = Dps
If and Only |f XDS - DSl [DSCI(AFG)] == XDS
If and only if DS.[Xps — DS (Arg)] = Xps

Hence Xpg — DS, (Ag¢) is dual soft dense set.

4- Ag. is dual soft nowhere dense set then DS;[DS.;(Ar;)] = Dps
So DSu[DS;(Xps — Arg)] = Xps

But DS;(Xps — Arc) Sps Xps — Arc

So Xps = DS (Xps — Arg)

Thus X, — A is dual soft dense set.

Proposition 3.1.17

Let(Xps, Tg) be a dual soft topological space and let Ugpqisq €Eps Tp if
Sra62 Sps Upi¢11S dual soft nowhere dense in Ug, ;4 then Sp,(, is dual soft

nowhere dense in Xp
Proof

By proposition 2.1part (1) DSiy [DSCIXDS(SFZGZ)] Nps Uri61 Sps
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DSiy [DSciy, (Sr2g2 Nps Urig1)] Sps DSy, .

@ps Then DSy . [DSClXDS(SFZGZ Nps Ur161)] = Pps------ (1)

[DSci Uri61 (Sr262)] =

Thus VDP,, € DSiX [DS clxps (Sk262)], DPey €ps Uric1

SO DPel E DS (SFZGz)thenVVFgGg E T(DPel)'

ClXDS
Vrsas Nps Sr262 # Dps thenDSiXDS [DSchDS(Scmz)] Nps Sk262 # Ops

Then 3aDP,, € DSiX [DS (Spa262)]and DP,, € Spygo

clxpg

But Sg,62 Sps Upigithen DP,, €ps Upigy Which contradiction to (1)
ThUSDSiX [DS clxps (Sr262)] = Dps

Therefor Sg,, is dual soft nowhere dense in X .

Proposition 3.1.18

Any subset of dual soft nowhere dense is dual soft nowhere dense.
Proof
Let Sga6- is dual soft nowhere dense then DS;(DS¢;(Sr262)) = @ps and let

Ur161 Sps Sr262

S0 DS[;DS;(Ur161)] Eps DS[iDS¢i(Sk262)] = Dps
Then DS[;DS¢;(Up161)] = @ps

Hence Ug, ¢, IS dual soft nowhere dense.

Proposition 3.1.19

The dual soft union of finitely many dual soft nowhere dense is dual soft

nowhere dense.
Proof
Let Az, Brig1 Sps Xps are dual soft nowhere dense sets

And let Sgy60 = Apg Ups Brigi t0 Show Sg,(5 1S dual soft nowhere dense
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We will show that by proposition 3.1.13 Xps — DS.;(Sp,52)is dual soft
dense in Xy that is Xpg — DS (Spa¢2) intersect every non-empty dual soft

open set Upsgs Sps Xps

Now Agg, Br1¢1 are dual soft nowhere dense

S0 UF3G3 r]DS [XDS - DSCl(AFG)] s Q)DS

Ursgs Nps [Xps — DSci(Brig1)] # Ops

Also Xps — DS, (Arg) , Xps — DS, (Brig1) are dual soft open sets

Hence [Ursgs Nps Xps — DS¢(Arg)] Nps Xps — DS (Brig1)] # Dps

Slnce UF3G3 ﬂDS XDS - DSCZ (AFG)IS dual SOft Open and XDS - DSCl (BFlGl)

is dual soft dense in Xp

Thus Upsgs Nps Xps — [DSci(Apg) Ups DSci(Brig1)] # Dps
which implies that Ugsc3 Nps [Xps — DS (Sra62)] # Dps
Hence Xps — DS, (Sg2¢2)is dual soft dense

Therefor S, Is dual soft nowhere dense.

Proposition 3.1.20

The dual soft closure of dual soft nowhere dense set is dual soft nowhere

dense set.

proof

Let A is dual soft nowhere dense then DS;[DS.;(Arg)] = Dps
= DS;[DSc;(DSc1(Arg))]

Hence the dual soft closure of dual soft nowhere dense set is dual soft

nowhere dense set.
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Proposition 3.1.21

1- If Ugg is dual soft open and dense in Xs then Xp¢ — Uggis dual soft
nowhere dense.

2- If Ap is dual soft closed and nowhere dense set then Xpg — Apg IS
dual soft open and dense.

Proof

1-Let Upq¢1 1S Open and dense thenDS,;(Urg) = Xps

Then Xps — DS¢i(Upg) = @ps

So DS;(Xps — Upg) = Ops but X — Ug is dual soft closed set
Thus DS;[DS¢;(Xps — Upg)] = @ps

Therefore X, — Ug is dual soft nowhere dense.

2-Let Ag. is dual soft closed and nowhere dense then DS;(DS.;(Ars)) =
Q)DS

So DS;(Arg) = @ps Thus Xps — Agg is dual soft dense and open.

The following conclusions can be drawn

Proposition 3.1.22

A subset A of the topological space (Xps, Tg)is dual soft nowhere
dense if and only if it satisfies any one and therefore all the following
equivalent conditions

1- Its dual soft closure has no dual soft interior points.
2- The dual soft exterior points of A is dual soft dense in X .

3- VO@ps # Upig1 Eps Tgthen there is non -empty dual soft open

setSra62 3 Sr262 Sps Uri61 D Sr262 Nps Arc = Dps
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proof
(1 2) and DS (DS, (Arg) = Xps
If and only if DS¢;(DS;(Xps — Arg)) = Xps
If and only if X, — DS;(DS;;(Arg)) = Xps
If and only if DS;(DS.;(Ars;)) = Dps
If and only if Ag. is dual soft nowhere dense set

If and only if DS_;(A)has no interior point.

(3—=1) To prove DS;(DS.;(Arg) = Dps

If possible DS;(DS;;(Arg)) # @psthen 3 DP,; €ps DS;(DS¢;(Arg))
S03 Ur161 €ps Tpp,, then Upigr S DS, (Arg) so by assumption
3Pps # Sr2c2 Sps Urie1 Sps DSci(Are)

And Agg Nps Sr22 = Pps 3 Srzc2 Eps Tk

ButV DP,, €ps Spz62 €ps Tethen DPg, €pg Upqgq
5o DP,; €ps DS¢(Arg)

Then V Wgsgs €ps Tpp,, @ Wrsgs Nps Apg # Dps
ANdSg;62 €ps Tpp,, SO Arg Nps Srac2 # Dps Which is contradiction

Thus DS;(DS.;(Apg)) = @ . therefore DS, (Ar;)has no interior point.

(1-3) Let@ps # Upigq € Tz if possible V@ps # Spaca Sps Upicr 2

Apg Nps Sra62 # Pps »Sra62 € Tg
Then Sga62 Nps DS (Arg) # @ps

But by (3—1) DS;[DS¢;(Arc)] = Dps
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SO Sp262 Nps DSi[DSc1(Arg)] = Dps

NOow  Sga62 Nps DSqi[Xps — DSci(Arg)]  Sps DSa[Sr262 Nps Xps —
DSCl (AFG)] by pt’OpOSItIOH 3113 DSCl [XDS - DSCl (AFG)] == XDS

Then Spaga Sps DSaiSk2e2 Nps (Xps — DS (A))] = Bps

Thus Sg,c, = @ps Which is contradiction.

Therefore3@ps # Srz62 €ps Te Sr262 Sps Uri1 3 Arg Nps Srzc2 = Dps-
But if Ag is dual soft nowhere dense set

If and only if DS;[DS.;(Ar¢)] = Dps

If and only if DS.;(Arg) has no dual soft interior points .

Proposition 3.1.23

If a dual soft closed set A is dual soft nowhere dense then it has no
Dual soft interior points.
Proof

Let Ar; be adual soft closed and nowhere dense Then DS;(DS.;(Arg)) =
@ps SO DS;(Apg) = Dps SODS;(Ars) has no dual soft points.

Corollary 3.1.24

If Ag. is dual soft closed then A is dual soft nowhere dense if and only
if DS;(Apg) = Dps.
Proof
Let Ag is dual soft closed and nowhere dense then by above
theorem DS;(Apg) = Dps
Conversely let DS;(Ap;) = @ps - Since Apis dual soft closed

Then DS;(DS.;(Arg)) = @ps . Therefore A is dual soft nowhere dense.
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Proposition 3.1.25

A dual soft set Ap; has empty dual soft interior points in X if
for every dual soft point of A is a dual soft limit point of Xps — Apg.
Proof

Let if VDP,, € Agsthen DP,; € DS;(Xps — Apg) to prove DS;(Agpg) =
Dps

If possible DS;(Apg) # @ps then 3 DP,, €ps DS;(Apg)

So there is dual soft open setVr151 @ DP.y €ps Vrig1 Sps Arc
Then V61 Nps (Xps — Apg) = Dps

SO DPg; & DSq(Xps — Apc)

ButDP,, €5 Arg Which is contradiction

Thus DS;(Ar;) = Ops-

Proposition 3.1.26

The dual soft boundary of every dual soft open and
dual soft closed is dual soft nowhere dense.
Proof
If Ap¢ is dual soft open as well as closed
S0 DSf(Apg)= DS (Apg) Nps DS (Xps — Apg)
= Apg Nps Xps — Apc = Dps
Then DS; [DSCZ(DSfr(AFG))] = @ps
Hence DS, (Ar¢) is dual soft nowhere dense.

Proposition 3.1.27

Let Ap; be a subset of the dual soft topological space
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(Xps, Tg)then the following statements are equivalent:

1- Ap¢ is dual soft closed and DS;[DS.;(Ars)] = Dps.
2- DS (Arg)= Are-

3- DSfr(Up161)= Arg for someUpyg1 €ps Tk -

Proof

(1-2) Agpgis closed if DS;[DS.;(Apg)] = DS;(Arg) = Dps

but DSg-(Apg)=DSc1(Arg) Nps [Xps — DSi(Apg)]

= Apg Nps Xps — Ops = Arg Nps Xps = Arg

Hence DSy, (Apg)= Arg-

(2—3) DS (Apg)= Argthen Agg is dual soft closed

So Xpg — Apg is dual soft open

But DS¢, (Xps — Are)=DS¢r(Apg)= Are

Thus A is equal to the dual soft boundary of some dual soft open set.
(3-1) If DSy (Up161)= Apg for someUpyg1 €ps T

Then Ag is dual soft closed set

So Xpg — Ap is dual soft open set

Put Xps — Ar¢ = Uri61

Then DS;[DS 1 (Are)]=DSi[DSci(DSsr(Arc))]
=DS;[DS¢,(Apg)] because DSg,.(Arg) is dual soft closed set
=DS;[DS¢;(Up161)] Nps DSci(Xps — Ur161)]

=DS; [DSCZ(UFlGl Nps (Xps — UFlGl))] becauseUr161 €ps Tk

=DS;[DS¢;(Ur161)] Nps DS;(Xps — Ur161)
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=DS;[DS¢;(Ur161)] Nps Xps — DSci(Uri1)
Sps DSci(Urig1) Nps Xps — DSci(Ur161)=9ps
Thus A, is dual soft nowhere

Proposition3.1.28

DP,is dual soft isolated point of X,,sif and only if the dual soft singleton set
{(e, F(e), G(e))}is dual soft open set.

Proof

DP,is dual soft isolated point of X,

If and only if 3Ug €ps Tpp, 3 Urg Nps Xps — {(e, F(e), G(e))}=Bps
If and only if Uzc={(e, F(e),G(e))}

If and only if {(e, F(e), G(e))} is dual soft open set

Conversely if {(e,F(e),G(e))}is dual soft open set and
{(e,F(e),G(e))} Nps {(e,F(e),G(e))} = {(e,F(e),G(e))}so DP,is dual

soft isolated point of Xs.

Proposition 3.1.29

For every DP, €ps Xpsif {(e,F(e),G(e))}is dual soft open set then

{(e, F(e), G(e))}is not dual soft nowhere dense set.
Proof

Let{(e, F(e), G(e))}is dual soft open set if possible{(e, F(e), G(e))}is dual

soft nowhere dense set

Then by proposition 3.1.13 X5 — DS, ({(e, F(e), G(e))})is dual soft dense

set
Then by proposition 3.1.3 V@5 # Upg € Tg

Urg Nps XDS_DSCZ({(e' F(e), G(e))}) #* Ops

108



Chapter Three... Density On Dual Soft Topological Space
But {(e, F(e), G(e))}is dual soft open set
Then {(e, F(e), G(e))} Nps XpsDSc({(e, F(e), G(e))}) # Bps
So DP, & DS.({(e, F(e), G(e))})which is contradiction.
Therefore{(e, F (e), G(e))}is not dual soft nowhere dense set.

Corollary 3.1.30

If DP,is dual soft isolated point of X5 then{(e, F(e), G(e))} is not dual soft

nowhere dense set.
Proof

Directly by proposition 3.1.28and proposition 3.1.29

Definition 3.1.31 Dual soft somewhere dense set

A dual soft subset A of topological space is said to be dual soft somewhere
dense if DS;[DS.;(Apg)] # Dps -

If we use example 3.1.2 Assume that
Bre={(e1,{h.},.9}), (e2, {1}, { c3})}
DS.(Brg) = Xps — Ajr161 then DS;(DS.(Crg)) = Azragz # Pps

Then Bgis dual soft somewhere dense set.

Proposition 3.1.32

A subset Ap.; of X, is dual soft somewhere dense if and only if there is a

non -empty dual soft open setUp161 2 Apg Nps Upig1 1S dense in Upqgq -

Proof

Let U161 E€ps Te 3 DSeryy, . (Ar Nps Uri61)= Ur1e1

If and only if DSchDS(AFG Nps Ur161) Nps Ur161= Ur161
If and only if DSchDS( Apg Nps Up161) 2ps Uri61
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Then DSiXDS [DSchDS(AFG Nps Ur161)] 2ps Uri61 # Dps

So DSiXDS [DSCIXDS(AFG Nps Ur161)] # Dps

Again let DS; XDS(DScl XDS(AFG)) * 0

Then ADP,; €ps DSixDS[DSclxDS(AFG)] * Qps

S0 3 Ur161 €ps Tpp,, 2 Uri61 Sbs DSchDS(AFG)

Subsequently DSchDS(AFG) Nps Ur161= Ur161

But U1 = DSchDS(AFG) Nps Ur161 Sps DSchDS(AFG Nps Ur161)
Then DSchDS (Arg Nps Ur161) Nps Ur161= Ur161

Thus DSclUle(AFG Nps Ur161)= Ur161
Therefor Ag; Nps Upqgq 1S dual soft dense in Ugq¢ -

Remark 3.1.33

Now if we have linked the concepts dual soft super condensed set, dual soft
semi condensed set and dual soft condensed set with the concepts dual soft

dense and nowhere dense are deriving the following conclusions:

1- If Ag is dual soft dense set then Ag, be dual soft super condensed set if

and only if Ap;=Xps that if Ag; is dual soft dense set then

DSi(DScl(XDS)) = DS;(Xps)
And clearly X is dual soft dense set.

If Ap¢ is dual soft dense set then Ap; will be dual soft semi condensed set if
Apg = Xps or DS;(Ap¢)is also dual soft dense DS, (DS;(Xps)) =
DS, (Xps) , if DS;(Apg)is dual soft dense DS.(DS;(Arg)) = Xps =
DSc1(Are).
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From above argument If A is dual soft dense set then Az, will be dual soft

condensed set if and only if Ap;=Xps.

If Ap; is dual soft nowhere dense set then Ap;will be dual soft super
condensed set ifAg; = @ps or DS;(Apg) = Bps sinceDS;(DS¢(Arg))
=@ps = DS;(Arq) -

And Ar¢ will be dual soft semi condensed set if Ap; = @ps

DS, (DS;(Arg)) = DS, (Dps) since the interior of dual soft nowhere dense
set is empty. Then ifAg; is dual soft dense set then Ag; will be dual soft

condensed set if and only if Ap;=0ps.

2-1f Ag; is dual soft dense set then Ap; will be dual soft regular open if

Apc = Xps 1SinceDSi(DScl(AFG)) = Xps
If Ap¢ is dual soft nowhere dense set then A, will be dual soft

regular open if Ap; = @ps sinceDSi(DSd(AFG)) = Qpgs.

3-If Ag(; is dual soft dense set then Ap;belong to Se(Xps) by
DSCI(DSi(AFG)) gDS DSi(DSCl(AFG)) = XDS'

If Ap; is dual soft nowhere dense set then Ap; belong to Su(Xps)
by DSi(DScl(AFG)) = @ps Sps DSCZ(DSL'(AFG))-
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3.2 Dual Soft Baire Space

There is a wide variety of dual soft topological space which is dual soft dense
subset of dual soft Baire space. Our purpose in this section is to define dual
soft Baire space with the most important properties as well as is linking with
the concepts dual soft meager set, dual soft non meager set and dual soft co-

meager set [34]

Definition 3.2.1

A dual soft topological space is said to be dual soft Baire space if the dual
soft countable intersection of each countable family of dual soft open dense

subsets is dual soft dense in X, . On other words:
VA;rici €ps Tg,i €1 Ajpigi IS open and dense  then
DS (Nps ;¢; Airigi)= Xps

Proposition 3.2.2

Let (Xps, Tg) be a dual soft Baire space if {A,,pncn: 1 € N} is any dual soft

countable closed sets with empty dual soft interior then
DS;(Ups,_; Anrngn) =Dps-
Proof

From DS;(Anrnen) =Dps » Xps — Anrnen €ps Tg for each n € N it follows
that Xps = Xps — DS;(Anpnen) = DSei(Xps — Anrnen) SO SiNCe Xp is dual

soft Baire space .Consequently X,s = DS;(Nps,_, Xps — Anrngn)
Follows @ps=Xps — DScl(nDs:lo:l Xps — AnFnGn)

= Xps — DS (Xps —Ups,_ 1 Anrngn) =DSi(Ups,_, Anrngn)
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Proposition 3.2.3

Let (Xps, Tr) be dual soft Baire space {A,,rncn: 1 € ZT}is any countable
dual soft closed covering of X, then at least one of Az, CONtains a dual

soft open set .
Proof
From Xps=Ups,"_, Anpngn TOllows Nps™  (Xps — Anpngn) =Dps

So since X is a dual soft Baire space not every Xps — A, rnen Can be dual

soft dense set .

Consequently DS.;(Xps — Anornocno) * Xps for some n, € N that is
DSi(AnOFnOGnO): XDS - DScl(XDS - AnOFnOGnO) * QDS-

Proposition 3.2.4

Any dual soft open subspace Yz of dual soft Baire space X is itself dual

soft Baire space.
Proof

Let { A,,rnent De any dual soft countable collection of dual soft closed sets

Of YFG that have vn EDS N DSiYFG (AnFnGn) = QDS a|SO

Appnen = DSClyFG (Anrnen) = DSchDS(AnFnGn) Nps Yre-

If possible DSiXDS(DSchDS(AnFnGn)) + Qps follows 3 @ps # Upgr Eps
T 3 Upir Sps DSchDS(AnFnGn)

Imply that Ug;; Nps Yr Sps DSciy, (Anrnen) Nps Yec=Anrnen

follows that

DS;y . (A, rncn) #* Dps contradicted the hypothesis

Now iIf possible DSinG(UDS Anrnen) # Ops  follows 3 @p6 #

Uricr €ps TEYFG
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Uricr SpsYps (Anrnen) SpsYps (DSc Xps (Anrnen))

Since Yee €ps Tg S0 Uric1 €ps T that IS

DSiXDS(UDSnEN DSchDS(AnFnGn)) # @ps.-Which is contradiction that X,

is dual soft Baire space.

Proposition 3.2.5

If every dual soft point of X,shas an open dual soft neighborhood that is dual

soft Baire space then X, is dual soft Baire space.
Proof
If {V,rncn} 1S @ collection of dual soft open dense subset in X

To prove Nps,, . (Vurnen) is dual soft dense in Xpg

let DP, € X, and let Wy, ;, be an open dual soft neighborhood of X, that

is dual soft Baire space then Wg1g1 Nps(Nps, ey Varnen)is dual soft dense

iNn Wg1, - because we take @ps # Woroso Eps TEWM1

Then 3 Ug,62 €ps Tg 3 Bps # Woroco = Urz62 Nps Wric1

S0 Worogo Nps Varnen Nps Wri61

=Upz62 Nps Wr161 Nps Varnen Nps Wri61

=Ur262 Nps Virngn Nps Wrig1 # Ops  because  Upyga, Wri61 €ps Tk

Upa62 Nps Wrig1 # Dps €ps Ty and Vypnen 1S dual soft dense inX ¢

Thus V,pnen Nps We111S dual soft dense inWeg4 44

ANd Vipngn Nps Wri61 €ps TEWFlclthen Nps ey (Varnen Nps Wr161)is

dual soft dense inWg144
ThenceVWyrogo €ps Try,, ., ’

Woroco Nps (Npseny(Varnen Nps Wri61)) # @ps

= (Woroco Nps Wri61) Nps(Nps,ey Varnen)
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=Worogo Nps(Nps,eny Varnen) # Pos

Dps # Woroco Nps(Nps,eny Virnan) € Wric1 Nps(Nps ey Virnen)

Then Wei61 Nps(Nps,ey Varnan) # Dos
Thus Nps. .y Varnen 1S dual soft dense in X

Hence X is dual soft Baire space.

Now we will define and discuss new three types of dual soft set.
Definition 3.2.6

Let (Xps, Tr)be a dual soft topological space then:

1- A subset Ap;0f X, is called dual soft meager in X5 or the first dual
soft category in X¢if it is countable dual soft union of nowhere dense
subsets of X .

2- A subsetAp; of X,sis not dual meager in X is called non dual soft
meager subset of X, or the second dual soft category inX;.

3- A subset Ag;0f X, sis called dual soft co-meager in X,¢ or dual soft
residual in Xpg if it is the extension complement of first dual soft
category .

Proposition3.2.7

Let (Xps, Tg) be a dual soft Baire space then:
1- A dual soft meagre set has an empty dual soft interior points.
2- The dual soft complement of dual soft meagre set is dual soft dense set.
3- A countable dual soft intersection of adual soft open dense sets is not
dual soft empty.
Proof

1- Let A,,pncn be a countable family of dual soft nowhere dense subsets and

Ur161 dual soft open set 3 Ugi1 SpsUpsie, AnFnon
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We will prove that Ug,45; = Opg

From Uri61 SpsYps;eq Anrnen Uric1 SpsUpsieq PSci(Anrnen)

We find N2, [Xps — DS¢i(Anrnen)] Sps (Xps — Ur161) and so by
proposition 3.1.16 part(3) Xps — DS, (Anrngn) be adual soft dense

and open but (Xjs, Tg)is a dual soft Baire space that is

Xps = DS (nDS?ozl Xps — DScl(AnFnGn)) Sps DS¢i(Xps — Ur161)
= Xps — Uprg1then Xps = Xps — Upi61 -

Then U161 = @ps -

2— let Ap¢ be a dual soft co-meagre set in Xp

So Xpg — A be adual soft meagre set thenby part(1) DS;(Xps — Arg) =
@ps .-Thus Apg. is dual soft dense set by proposition 3.1.8

3 — suppose that{ A;r;;; }be a dual soft sequence of dual soft open dense

subsets of Xpg then Npg:2 . (Airig;) Is dual soft open

i=

Therefore Npg:2, (Airigi) # Dps

Proposition 3.2.8

Let(Xps, Tr)be a dual soft topological space then:
1- Any dual soft subset of meager set is meager set.

2- The dual soft union of the dual soft countable many meager sets is dual

soft meager set.
Proof
1- Let Ag; be a dual soft meager set in T and let Bg1¢1 Sps Arg

since Ap; is a dual soft meager set then there exist a dual soft countable

collection of dual soft {U,,r,,cn, : 1 € N } nowhere dense set in T such that:
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Apg =Ups,en Unrnen

then we have Bpig1 = Apg Nps Brig1 =(YUps,cy UnFnen) Nps Brict

=Ups,en (Unrnen Nps Brig1)

Unrnen Nps Brigi €ps Unrnen bUt by proposition 3.1.18 any dual soft
subset of dual soft nowhere dense set is dual soft nowhere dense set then we
see thatBr, ;4 Can be written as the dual soft union of the dual soft nowhere

dense set in TS0 Brq441S a dual soft meager in Ty.

2- Let Ap; and Bp,5,be a dual soft meager in Ty since Ag¢ is a dual soft
meager set then there exist a dual soft countable collection of dual soft

{UnFnen: n € N } nowhere dense set in T such that Arg =Ups, .y Unrnen

Since Brq44 IS @ dual soft meager set then there exist a countable collection

of dual soft sets {V,,rmem - m € N } nowhere dense set in T such that
Brig1 =Yps, ey Vmrmem

Then Apg Ups Brigr = (UDSnEN UnFnGn) Ups (UDSmeN VmFme)

The right- hand side is a countable union of dual soft nowhere dense sets in

Tr SO Apg Ups Bpigy 1S @ dual soft meager in Tg.

Proposition 3.2.9

Xps 1s second dual soft category in itself if and only if the dual soft
intersection of every countable family of dual soft open dense set in X, is
not dual soft empty.

Proof
Let {U;rici}i=, IS non empty dual soft dense open subset of X

then {Xps — Uiriciti=, are countable dual soft nowhere dense closed by
proposition 3.1.21 so Ups {Xps — Uirigi}iz1 # Xps because Xps is second
dual soft category
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Hence Xps —(Ups {Xps — Uirigi}i=1) = Nps ?11 (Uirigi) # Dps -
Conversely if Xps = Ups Anrnen €aCh Ay pnen 1S dual soft nowhere dense
Then Xps — Ups Anrnen= Nps (Xps — Anrnen) = Dps
Follows Npg 2, (DS; (Xps — Anrngn)) = Dps

Since A,,pngn 1S dual soft nowhere dense

So by proposition 3.1.16 part( 2) each DS; ( Xps — Anrnen) 1S dual soft open

and dense sets and hence not dual soft empty which is contradiction

ThusXps # Ups Anrnen fOr any sequence of dual soft nowhere dense sets.

Corollary 3.2.10

Every dual soft Baire space is second dual soft category.
Proof

Directly by above proposition.

Proposition 3.2.11

Suppose that Agpig1 Sps Yre Sps Xps When Yg, has dual soft open

subspace induced from X5 then the following statements hold:

1- If Agi6q 1S dual soft meagre in Yz , then Ag,s; is dual soft meagre
in Xps.

2- If Apygq 1S dual soft non meagre in X , then Ag,44 is dual soft non
meagre in Yz .

Proof

1-suppose that Yy, be a dual soft open subspace of X,¢ and let
Aric1 Sps Yre 1sadual soft meagre in Yg then there is a countable of dual

soft nowhere dense setin Yr;  Appngn M € N 3 Ap161=Ups,cy (Anrnen)

But Yz; Sps Xps then by proposition 3.1.17 A,,pncn are dual soft nowhere
dense set in X, ¢ for each n
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Hence Api61=Ups,y (Anrnen) Can be written as the countable dual soft

union of dual soft nowhere dense in Xpg

Thus X is first dual soft category.

2-let Apq¢q 1S dual soft non meagre in X5 then Ag;s; Can not be written as
the countable dual soft union of dual soft nowhere dense sets in other words

Ar161=Ups ey (Anrngn) n € N at least one of Ay ppey is not dual soft

nowhere dense set in Xps say A,roco

Then DSiXDs[DSClXDs( Azr262)] # Dps

Slnce YFG EDS TE then DSCl YFG(AZFZGZ) ==
DSchDS(AZFZGZ) Nps Yre Sps DSchDS(AZcmz Nps Yre)=

DSchDS( Azra62)
Dps # DSiXDS(DSClXDS( Azr262))<ps DS; yFG(DScl yFG( Azr262)
so DS; Yoo (DSc; yFG( Azra62) # Ops

Then A,g, ¢, is not dual soft nowhere dense set in Yg;

So Apqg1 Can not be written as the countable dual soft union of dual soft
nowhere dense sets in Yg¢

Hence Apg,;,1s dual soft non meagre in Yz, or the second dual soft category.
Proposition 3.2.12

Let (Xps, Tr) be a dual soft Baire space then any dual soft non empty open
subset of X is not dual soft meagre.

Proof

Let (Xps, Tg) be a dual soft Baire space and let@ s + Apg €ps Tg

If possible that is A is dual soft meagre in X,

Then by proposition 3.2.7 part(1) DS;( Arg) = Ops

But Ap; is dual soft open set then DS;( Ap;)=Ap; = @ps Which is

contradiction.
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3.3 Dual Soft Resolvability

In this section we generalize several important concepts in general topology
as; dual soft resolvable spaces, dual soft irresolvable spaces, dual soft
hereditary irresolvable, dual soft hyper connected, dual soft submaximal

...etc , with some of properties and results [35,36,37] .

Definition 3.3.1

A dual soft topological space (Xps, Tg) is said to be dual soft resolvable
space if there exist two dual soft dense subset Ap; and Bp;;q Such that
Apg Nps Brig1 = Ops and Agg Ups Brigr = Xps

Otherwise X is called dual soft irresolvable space

Definition 3.3.2

Let Yr; € Xps be a dual soft subspace of X, if there exist two dual soft

dense subset of Ygg Airi61,A2F262 9D5clyFG(A1F161) = Ypg

DSq yFG(AZFZGZ) = Yrg and Air161 Yps Azracz2 = Yre ,

Air161 Nps Azrag2 = Dps then Y. is irresolvable dual soft subspace .

Proposition 3.3.3

Every dual soft open subspace of dual soft resolvable space is dual soft

resolvable space.
Proof

Let (Xps, Tg) be dual soft resolvable space then there exist two dual soft

dense subset Ap; and Bpg,g;Such that Ag; Nps Brigr = Ops and
Apg Ups Brig1 = Xps
Now Let Yz Sps Xpg be an open dual soft subspace of X6

S0 Yrg = Xps Nps Yrg = DSci(Arg) Nps Yre Sps DSci(Arg Nps Yrg)
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then Ype Sps DS (Apg Nps Yre) thus Ap; Nps Yegis dual soft dense set in
Yrg

But (Arg Nps Yre) Nps (Brg Nps Yre)= (Arg Nps Bre) Nps Yre= Pps
(Ar¢ Nps Yre) Ups (Brg Nps Yre)= (Arc Ups Brg) Nps Yre = Yre
Therefore Yy is dual soft resolvable subspace.

Proposition 3.3.4

A dual soft topological space (Xps, Tg) is dual soft resolvable space if and

only if there exist a non empty dual soft dense subset Az 3 DS;(Ar¢) = Dps-
Proof

Let( Xps, Tr) be dual soft resolvable space then then there exist two dual soft

dense subset Ap; and Bpg,g;Such that Agp; Nps Brigr = Ops and
Arg Ups Brig1 = Xps

Then Xps — Apg = Brica

But DS (Arg) =DSci(Bre)= Xps

Then DS (Xps — Arg) =DSci(Brg)= Xps

S0 DS¢y(Xps — Arg) =Xps then Xps — DS (Xps — Arg) =Pps
Thus DS;(Agg) = Dps-

Conversely let DS;(Ar;) = @ps and Ag, is dual soft dense set

Then Xps — DS¢(Xps — Are) =Pps

S0 DS (Xps — Arc) =Xps

Subsequently X, ¢ — Ag¢ is dual soft dense set

Thence DS¢;(Xps — Arg) =DSci(Apg) = Xps

But (Xps — Apg) Ups Apg = Xps and(Xps — Apg) Nps Apg = Dps
Thus (Xps, Tg) dual soft resolvable space.
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Definition 3.3.5

A dual soft topological space (Xps, Tr) is said to be dual soft hereditary

irresolvable if every dual soft subspace is dual soft irresolvable .

We say that (X, Tr) is said to be dual soft hereditary irresolvable if it does

not contain any non -empty dual soft resolvable subspace.

Definition 3.3.6

A dual soft topological space (Xps, Tg) is said to be dual soft hereditary

irresolvable if each dual soft open subspace is dual soft irresolvable.

Definition 3.3.7

A dual soft topological space (Xps, Tz) is said to be dual soft hyper
connected space if every non empty dual soft open subset of X is dual soft

dense set
In other words V@ps # Apg €Eps Tr then DS, (Apg) = Xps.

Proposition 3.3.8

Let (Xps, Tr) be a dual soft topological space then the following statements

are equivalents:
1- (Xps, Tg) is dual soft hyper connected space .
2- No two dual soft non empty open subsets are disjoint.

3- Xps can not be written as the dual soft union of two proper dual soft

closed subsets.

4- every non empty dual soft open subset is dual soft dense.

5- The dual soft interior of every proper dual soft closed subset is empty.
Proof

(1 - 2) Let (Xps, Tr) be a dual soft hyper connected space and let Ag, 41,

Broge € Ty then Agpq;1, Brago are dual soft dense
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If possible that Ap,51 Nps Bragz = Dps
S0 Ar161 Sps Xps — Bragz2 and Bragz Sps Xps — Ar161
Then Xps = DS¢1(Ar161) Sps DSci(Xps — Brag2)= Xps — Bracz
Thus Br,g.=@ps Which is contradiction

Hence Ap161 Nps Bragz # PpsY Ari1: Bragz €ps Tk -

(2 = 3)Let the condition is hold and if possible there exist two proper dual

soft closed subsets of Xpg Ar161, Brogz D Ar161 Yps Bragz = Xps

Then (Xps — Ar161) Nps (Xps — Bragz) = Ops

But(Xps — Ar161), (Xps — Bpag2) are dual soft open subsets which is

contradiction

Thus X, can not be written as the dual soft union of two proper dual soft

closed subsets.

(3 — 4) Let the condition is hold that is VAg,;1, Bragoare proper dual soft

closed subsets of X thenAgp 51 Ups Bragz = Xps

Then (Xps — Ar161) Nps (Xps — Bragz) # Dps

But(Xps — Ar161), (Xps — Bpag2) are dual soft open

since (Xps — Ar161) Nps (Xps — Brzg2) # Dps

So (Xps — Ar161) s Bragz and (Xps — Bragz) %ps Arict

V(Xps — Ar161), (Xps — Br2g2) €ps Tk

Thus the only dual soft closed subset contains (Xps — Ari61), (Xps —

Bcmz) |S XDS . ThUS (XDS _AFlGl)’ (XDS _BFZGZ) are dual SOﬂ dense

subsets of X 5.
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(4 - 5) Let Apq441s dual soft closed subset then Xpg — Apqg, 1S dual soft

open

So by 4 Xp¢ — Apqg 1S dual soft dense subset

But Xps — Ap161 = DS;(Xps — Ar161)

Then DS;(Xps — Apq61) 1S dual soft dense subset
Thus DS¢ (DS;(Xps — Ar161)) = Xps

If and only if @ps = Xps — DS, (DS; Xps — Ar161))
= Xps — Xps — DS;(DS.1(AF161) )

= DS;(DS¢1(Ar161)) = DSi(Ap161)

Hence DS;(Ari61) = @ps

(5> 1)) Let Ag441s dual soft open subset then X,¢ — Apq4, IS dual soft

closed

Thenby 5 DS;(Xps — Ap1g1) = Bps

If and only if Xpg — DS, (Apig1) = Dps

If and only if DS.;(Api51) = Xps iff Apqg4 1S dual soft dense subset.

Proposition 3.3.9

Every open dual soft subspace of dual soft hyper connected space is dual soft
hyper connected space.

Proof
Let (Xps, Tr) be a dual soft hyper connected space and Yz, €ps Tg

To prove (Ygg, TEYFG) is dual soft hyper connected space
Let Wri61 €ps Try,, tOProve DSq, (Wr161) = Yre

Then 3 Urygz €ps Te D Wri61 = Urag2 Nps Yrg

But Ug,o Nps Yre €Eps Tr then Ugyeo Nps Yre 1S dual soft dense in X6
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So DSchDS(WFlGl) :DschDS(Uanz Nps Yre)=Xps
But DScyy, . (Wri1) = DSciy, . (Wri61 Nps Yra)=Xps Nps Yrg = Yre
Hence Wg,4, IS dual soft dense in Y,

Therefore Yz is dual soft hyper connected space .

Definition 3.3.10

A dual soft topological space is said to be dual soft submaximal space if

every dual soft dense set is dual soft open set.

On other words VAg; Sps Xps,DS.(Arg) = Xps then Apg €ps Tg.

Proposition 3.3.11

Let (Xps, Tr) be a dual soft submaximal space and let Yz; Sps Xps then

(Yre, TEYFG) Is dual soft submaximal space.

Proof
Let @ps # Arpic1 Sps Yre D Apig1 1S dual soft dense in Y,

Follows Yrg = DSclyFG (Ap161)= DSchDS (Ap161 Nps Yre)

S0 Yre Sps DSCZXDS (Ar161)

But DSchDS[Amm Ups (Xps — DSchDS (Ar161)]

= DSciy  (Ar161) Ups DSciy, [Xps — DSci (Arig1)]

=DSciy, . [DSchDS (Ar161)] Ups [DSchDS(XDS — DSy, (Ar161)]
= DSchDS[DSchDS(Amm) Ups (Xps — DSchDS (Ar161))]
=D5chDS(XDs) = Xps

Then Ap161 Ups [Xps — DSchDS (Ap1¢1)]is dual soft dense set in X, and

by hypOthESIS AFlGl UDS (XDS - DS (AFlGl))iS dual SOft Open II’I XDS

ClXDS

125



Chapter Three... Density On Dual Soft Topological Space
But Yee Nps [Ar161 Ups (Xps — DSciy (Ar161))]

=Yg Nps Ar161) YUps [Yre Nps (Xps — DSciy (Ap161)1= Ar1c1
Because Yrg Sps DSciy, (Ar161)

S0 [Yrg Nps (Xps — DSciy . (Ar161)]= Dps
And Api61 Sps Yre thatis Yeg Nps Apie1 = Ariea

Therefore Ap161 € TEYFG'

Definition 3.3.12

A dual soft set A is said to be dual soft locally closed if DS_;(Ar;) — Apg

is dual soft closed in Xpg or Agg

Proposition 3.3.13

If a dual soft topological space (Xps, Tr)is dual soft submaximal space then

every dual soft dense subset of X, is dual soft locally closed
Proof

Let (Xps, Tg) be s dual soft submaximal space and let Ar;be a dual soft

dense subset of X, then Ag; be dual soft open subset of X,
Since Ag is dual soft dense then DS,;(Ar;) = Xps
Then DS (Apg) — Apg = Xps — Apg 1S dual soft closed subset of X )¢

Thus Ag¢ is dual soft locally closed set.
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Example 4.1

LetU; ={hy, hy Jhs} Uy ={c1, ¢z 63} E={e, e}
The number of all dual soft points:

is| DS(Uy, Up)gl =[n, (2™273)] — (ny — 1) DS(Uy, Uz)g
When ny =[E| , n, =|Uy| , n3 =|Uy|
| DS(U,, Uy)g| =2(2%) — 1 = 127

Xps = {(e1, Uy, U3), (e2, Uy, Uz)}

DP,.y = {(e1, U1, Uy), (2,0, 0)}

DPZel = {(ell Ul! Q)' (eZI @, w)}
DP;.; ={(ey,Us,{c1}), (e2,0,0)}

DPyey ={(e1, U, {c2}), (e, 0,0)}
DPse; ={(e1,Us,{c3}),(e2,0,0)}
DPgo; ={(ey,Up,{c1 ¢3}) (e5,0,0)}
DP,,, = {(el, Uy, {c1 ¢3 }), (e,, @, (25)}
DPg,;, = {(el, Uy, {c; c3 }), (ey, @, (25)}
DPoy = {(e1,8,U,), (e2, 9, 0)}

DPiger = {(€1,0,0), (e;,0,0)}

DPije; =1{(e1,0,{c1}), (€20, 0)}
DPiye; =1{(e1,0,{c2}), (€2, 0,0)}
DPyzer ={(e1,0,{c3}), (e2,0,0)}
DPiser ={(e10,{c1 c2}) (e5, 0,0}
DPise; = {(e1,®,{c1, c3}) (e, 0, 0)}
DPige; ={(e1,®,{cz c3}) (e5,0,0)}
DPy7e1 = {(e1,{ h1 },U3), (e2,0,0)}
DPiger = {(e1,{ h1},0),(e2,0,0)}
DPige; ={(e1,{ 1 },{c1}),(e2,0,0)}
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DPyger = {(er, { h1 },{c2}), (€2, 0, 0)}
DPyger = {(e1, { h1 },{c3}), (€2, 0, 0)}
DPy1er ={(ey,{h1 },{c1, c2}), (€2, 0,0)}
DPyjer ={(ey,{h1 },{c1, c3}),(e2,0,0)}
DPyyer = {(er, {h1}.{c2, c3}),(e2,0,0)}
DP;ser ={(e1,{ h2},U2), (€2, 0, )}
DPy6er = {(e1,{ h2},0),(e2,0,0)}
DPy7e1 ={(e, { h2},{c1}), (e2,0,0)}
DPyger ={(e1,{ h2},{2}), (e, 0, 0)}
DPyger = {(e1, { h2},{c3}), (€2, 0,0}
DP3ger = {(e1, { h2},{c1, c2}),(e2,0,0)}
DP31e1 = {(e1, { h2}.{c1, c3}),(e2,0,0)}
DP33e1 = {(e1, { h2}.{c2, c3}),(e2,0,0)}
DPs301 = {(e1,{ h3},Uz), (€2, 0, 0)}
DP3ye1 ={(e1,{ h3},0), (e, @, ®)}

DP3seq = {(e1,{ hs},{c1}), (€2, 0, 0)}
DP3ger = {(e1,{ h3}, {2 }), (2,0, 0)}
DP3701 = {(e1,{ h3},{c3}), (2,0, 0)}
DPsgey ={(e1,{ h3}.{c1, 2}, (€2, 0,0)}
DPsge; = {(e1,{ ha}l,{c1, c3}),(e2,0,0)}
DPyoer = {(e1,{h3},{c2, c3}),(e2,0,0)}
DPy1e1 = {(e1,{ h1, h2},Us), (e2,0,0)}
DPyyer ={(e1,{ h1, h2 },0),(e2,0,0)}
DPyze; = {(e1,{ h1, ha},{c1}), (€2, 0, 0)}
DPyyes ={(e1,{h1, ho},{2}),(e2,0,0)}
DPyse; = {(e1,{ h1, ha},{c3}), (e2,0,0)}
DPyger ={(e1,{h1, ha},{c1, c2}), (e2,0,0)}

DPy7e1 ={(e1,{ h1, hp },{c1, c3}),(e2,0,0)}
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DPygeq = {(31»{ hq,

DPyoeq = {(91;{}11'

DPspeq = {(e1, { Ry,
DPsyeq = {(e1, { hy,
DPs;ey = {(e1, { hy,
DPs3,y = {(e1, { hy,
DPsyey = {(e1, { hy,
DPs5eq = {(e1, { hy,
DPsgeq = {(e1, { Ry,

DPs;.1 = {(ey, { hz,

DPsger = {(e1, { h2,
DPso.q = {(ey,{ h2,
DPgoer = {(e1,{ h2,
DPgier = {(e1, { Rz,
DPge1 = {(e1, { h2,
DPg3ey = {(e1, { Rz,
DPgser = {(e1,{ h2,

DPgse, = {(e1,0,0),
DPeggez = {(e1,9,0),
DPg7¢; = {(€1,0,0),
DPesge, = {(e1,9,9),
DPgger = {(e1,9,9),

hyh{c2, c3}), (62, @, @)}
hs },Uz), (e2,®, 0)}
hs3},0),(e;, @, 0)}
hs},{c1}) (ez, 0, 0)}
hs}{c2}), (e2,0,0)}
hs}{c3}), (e2,0,0)}
hs}{c1, 2}). (62, @, )}
hs}{c1, c3}), (62,0, @)}
hs}{c2, c3}), (€2, @, 0)}
h3},Uz), (e2,9,0)}
hs},9), (e2,0,0)}
hs},{c1}), (e2,0,0)}
hs},{c2}), (2, ®,0)}
h3}{c3}), (e2,0,0)}
hs}{c1, c2}) (e2,0,0)}
hs}{c1, c3}) (e2,0,0)}
hs}{ca, c31), (€2, 0, 0)}
(e, Uy,U,)}

(e;, Uy, D)}

(e2,Ur,{c1 D}
(e2,Ur,{c2 )}

(e2, Uy, {c3 1}

DPyoez = {(e1,0,0),(ez, Uy, {1, c2 1)}
DPyy.p = {(e1,0,0),(e2, Uy, {1, c31)}
DPyyep = {(€1,0,0), (e, Uy, {2, c3 D}
DP;30, = {(e1,0,0), (e2,0,U,)}
DP;ue; = {(e1,0,0), (62,0, {1 })}
DP;se; = {(€1,0,0),(e2,0,{c2 1)}
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DP;ger = {(€1,0,0),(e2,0,{c3 1)}

DPy7e; = {(€1,0,0),(e2,0,{ ¢y, c2 1}
DPrger = {(e1,9,9),(e2,0,{c1, c31}
DPyger = {(e1,0,0),(e2,0,{c2, c3})}
DPgqe, = {(€1,9,0), (ez,{h 1}, U2)}
DPgie, ={(e1,0,0),(ez,{h 1}, 0)}

DPg;e, = {(€1,0,0), (e, {h1},{c1 D}
DPg3., = {(e1,0,0), (ez,{h1},{c2})}
DPgye, = {(e1,0,0), (€2, {h1},{c3})}
DPgse, ={(e1,0,0),(ez,{h 1} {c1, 2 1)}
DPgge, ={(€1,0,0),(ez,{h 1} {c1, c3 1)}
DPg7e; = {(e1,0,0), (e, {h1},{c2, c3}}
DPgg., = {(e1,0,0), (e, {h ,},U,)}
DPgge, = {(e1,0,0), (e5,{h }, D)}

DPyye, = {(e1,9,0), (e2,{h 2}, {c1 D}
DPy1¢, = {(e1,9,0), (e2,{h 2 },{ c2 D}
DPqye, = {(e1,9,0), (e2,{h 2 },{c3})}
DPy3e, = {(e1,0,0), (2, {h 2}, {c1, 21}
DPyser = {(e1,0,0), (e2,{h 2}, {c1, c3 D}
DPyse; = {(e1,0,0),(e2,{h 2}, {2, cs 1}
DPyger = {(e1,0,0), (ez,{h 3}, Uz)}
DPy7¢, = {(e1,0,0), (ez,{h 3},0)}

DPyg., = {(e1,9,0), (e2,{h 3}, {c1}}
DPyge, = {(e1,0,0),(e2,{h3},{c2 ]}
DPigoez = {(e1,9,0), (e2,{h 3},{c3}}
DPyg1e2 = {(e1,0,0),(e2,{h s} {c1, 2 1)}
DPigze2 = {(e1,0,0),(e2,{h s} {c1, c3})}
DPig3er = {(e1,9,0),(e2,{h 3 },{ 2, c3 1)}
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DPigser = {(e1,0,0), (e2,{h1,h 2}, Uz)}
DPygse; = {(€1,0,0), (e2,{h 1,h 2}, 0)}
DP,gger = {(€1,90,0), (e, {h 1, h 2}, {c1 D}
DP,g7e, = {(€1,90,0),(ez,{h 1, h 2}, {2 D}
DPygger = {(e1,0,0), (e2,{h1,h 2}, {c3})}
DPigoez = {(e1,8,0), (e2,{h1,h 2}, {c1, c2 1)}
DPy1pez = {(e1,0,0),(e2,{h1,h 2} {c1, c3})}
DP,110; = {(€1,90,0), (e, {h 1, h 2}, {2, c3})}
DPi12e2 = {(e1,9,0),(e2,{h 1,h 3}, Uz)}
DPyy3e2 = {(e1,0,0),(e2,{h1,h3},0)}
DPy14er = {(e1,0,0),(e2,{h1,h 3} {c1 1)}
DP,y50, = {(e1,90,0),(ez,{h 1, h 3}, {2 D}
DPy1ger = {(€1,0,0),(e2,{h 1, h 3} {3 D}
DP;17¢, = {(e1,0,0), (e, {th 1, h 3}, {c1, c2 1)}
DP;1ger = {(€1,90,0), (e, {h 1, h 3}, {1, c3})}
DPy19e; = {(€1,9,0),(ez,{h1,h3},{ ¢z, c3 D}
DPiz0e2 = {(e1,9,0),(e2,{h 2, h 3},U;)}
DPiz1¢p = {(e1,9,0),(ez2,{h5,h 3}, 0)}
DP;3202 = {(€1,90,0),(ez,{h 2, h3},{c1 D}
DP;330, = {(e1,9,0),(ez,{h 2, h3},{c: )}
DPy4er = {(€1,9,0),(ez,{h 2, h 3}, {c3})}
DPyzser = {(e1,0,0),(e2,{h 2, h3}{c1, 2 1)}
DPyj6e, = {(€1,0,0),(ez,{h 2, h3},{c1, c3})}
DPy370, = {(€1,0,0),(ez,{h 2, h3},{ ¢z, c3})}
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Example 4.2

LetU; ={hy, hp,} U, ={c;, ¢} E={e;, e}
| DS(UL, U,)e| =2(2H) — 1 =31

Xps = {(e1, Uy, U3), (3, Uy, Up)}

DP;. = {(e1,Uy,Uy), (e3,0,0)}

DPZel = {(61, Ul! @), (32, @, ®)}
DPse; ={(e1, Uy, {1 }), (e2,0,0)}

DPper ={(e1, U, {c2}) (e2,0,0)}
DPspq = {(e1,0,Us), (e2,0,0)}

DPsoq = {(e1,9,0), (e;, @, 0)}

DPye; ={(e1,D,{c1}) (e2, 0 0)}
DPge; = {(e1,@,{c2}), (e, 0, D)}
DPyey = {(e1,{ h1 }, Uz), (€2, @, 0)}
DPyger = {(e1,{ h1},0), (€2, 0,0)}
DPyjer ={(er,{h1 },{c1}) (e2,0,0)}
DPyjer ={(e1,{h1 },{c2}), (e2,0,0)}
DPyzer = {(e1,{ h2},Uz), (e2,®, 0}
DPyyer = {(e1,{ h2},0),(e2,0,0)}
DPiser = {(e,{ h2 },{c1}), (e2,0,0)}
DPiger; = {(er, { h2},{c2}), (e2,0,0)}
DPy7.; = {(e1,0,0), (€3, Uy, Uz)}
DPige; = {(e1,0,0), (e, Uy, D)}
DPiger = {(e1,0,0),(ez, Uy, {1 D}
DP,oep = {(e1,®,0), (e, Uy, { c2 D}
DP,10p = {(e1,0,0),(ez,0,U;)}
DPy3ez = {(€1,0,0), (62,0, {1 })}
DPy3.; = {(e1,0,0),(e2,®,{c2 })}

DPy4er = {(e1,0,0),(ez,{h1},Uz)}
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DP;se, ={(e1,9,0),(ez,{h 1}, 0)}
DP;gez = {(€1,0,0), (e, {h 1}, {c1 D}
DP;70, = {(e1,9,0),(ez,{h1 1, {c2 D}
DP,g., = {(e1,0,0), (e, {h,},U,)}
DP;ge; = {(e1,0,0), (ez,{h  },0)}
DP;3e; = {(€1,0,0),(ez,{h 2}, {c1 D}
DP31e; = {(€1,0,0), (e, {h 2} {c2 D}

Example 4.3

LetU; ={hy, hp,} U, ={c;,c,} E={e;, e, €3}
| DS(U,, U,)g| =3(2%) — 2 = 46

Xps = {(e1, Uy, U,), (e, Uy, Uy), (e3,U1,Uy)}

DP;.; ={(ey,Uy,U,), (e2,0,0),(e3,0,0)}

DPZel = {(61, U1; Q)), (92, Q), ®), (631 ®, Q))}
DPSel = {(61, Ull { Cl })l (92, Q), ®), (637 Q)' Q)}

DPue; ={(e1, U1, {c2}). (e, 0,0),(es5,0,0)}
DPs,q = {(e1,8,U,), (e, @, 0), (e3,0,0), (e3, D, D)}
DPge1 = {(e1,0,0), (e, @, ), (e3,0,9), (e3, @, D)}
DP,.; ={(e1,®,{c1}), (e, 0,0),(e3,? D)}
DPgo; ={(e1,0,{c;}), (e;,0,0),(e3, @, 0)}
DPyey = {(e1,{ h1},Uz), (e2,0,0), (e3,0,0)}
DPiger = {(e1,{ h1},0), (€2, 0,0), (e3,0,0)}
DPi1e; ={(er,{ 1 {1 }), (2,0, 0), (e3,0,0)}
DPyye; = {(e1,{ h1 },{c2}), (2,0, 0), (e5,0,0)}
DPy3e1 = {(e1,{ h; },Uz), (e2,0,9), (e3,0,0)}
DPyyer = {(e1,{ h2},0),(e2,0,0), (e3,0,0)}
DPise; = {(e1,{h2},{c1}) (e2,0,0), (e3,0,0)}
DPiger = {(e1,{ ha },{c2}), (€2, @, D), (e3, @, )}
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DPy7e, = {(e1,0,0), (e, Uy, Uy), (e3,0,0)}
DPige, = {(e1,0,0), (e, Uy, D), (e3,0,0)}
DPige; = {(e1,®,0), (e, Uy, {1 }), (e3,0,0)}
DPyge2 = {(e1,0,0), (e2,Us, {2 }), (e3,0,0)}
DP;1ez = {(e1,0,0),(e2,0,U3), (e3,0,0)}
DPyser ={(e1,0,0),(e2,0,{c1}), (e30,0)}
DPy3e, ={(€1,0,0),(e2,0,{c,}), (e30,0)}
DP;uer = {(e1,0,0),(ez,{h1},Uz), (e3,0,0)}
DPyse; ={(e1,0,0), (e2,{h1},0), (e5,0,0)}
DPyee; = {(e1,0,0), (e2,{h 1 },{c1}).(e3,0,0)}
DPy7e; = {(e1,0,0), (e2,{h 1}, {2 }), (e3,0,0)}
DP,ge, ={(e1,0,0),(e5,{h 2}, Uz), (e3,0,0)}
DPyoe; = {(€1,0,0), (e3,{h 2 },0),(e3,0,0)}
DP3ge, ={(e1,0,0),(ez,{h 2 },{c1}), (e3,0,0)}
DP310; = {(e1,0,0), (e2,{h 2}, {2 }), (3,0, 0)}
DP3y,; = {(e1,0,0), (e, D, D), (e3,Uy,Uz)}
DP33.; = {(e1,®,0), (e2,9,9), (e3, Uy, )}
DP34e; = {(e1,0,0), (e5,D,0), (e3, Uy, {c1 D}
DP;se; = {(€1,9,0), (e2,9,0), (e3, Uy, { c2 1}
DP3ger = {(e1,0,0), (e,,0,0), (e3,0,U,)}
DP3;0, = {(e1,0,0), (e3,0,0), (e3,0,{c1 D}
DP3ge, = {(e1,0,0), (e3,0,0),(e3,0,{c; }}
DP3gc; = {(e1,0,0),(e,®0,0), (e3,{h 1}, U,)}
DPyyer = {(e1,0,0), (e2,0,0), (e5,{h 1}, 0)}
DPy1er = {(e1,0,0), (e2,0,0), (e5,{h1},{c1 D}
DPy;er = {(e1,0,0),(e2,0,0),(es,{h1},{c2 D}
DPy30; = {(e1,0,0), (e2,@,0), (e3,{h 1 },Uz)}
DPyyer = {(e1,0,0), (e2,0,0), (e3,{h 1 },0)}
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DPys., = {(e1,0,0), (e,0,0), (es,{h1},{c1 D}
DP4662 = {(61, @, ®)J (82, ®r ®)' (83' {h 1 }' { C2 })}

Example 4.4

LetU; ={hy, h,, h3} U, ={c;,c;} E={e;, e}
| DS(U,, Uy)g| =2(25) — 1 = 63

Xps = {(e1, U, Uy), (ey, Uy, Uy)}

DPyey = {(ey,Uy,Uy), (e, 0, 0)}

DP;q = {(e1,U1,9), (e2,9,0)}
DP;,y ={(e, Uy, {c1}), (€2, 0)}

DPie; ={(e1, U1, {c2}) (e, 0, 0)}
DPspq = {(e1,0,U,), (e2,0,0)}

DPgeq = {(e1,0,0), (e;,0,0)}

DP7ey ={(e1,8,{c1}), (e2,0,0)}
DPgey ={(e1,0,{c2}), (€20, 0)}
DPye; = {(e1,{ h1 },U2), (e2,®, ®)}
DPyger = {(e1,{ h1},0), (€2, 0, 0)}
DPi1e; ={(er, {h1},{c1}), (e2,0,0)}
DPiye; ={(er, {1}, {c2}) (e2,0,0)}
DPy3e1 = {(e1,{ h2},U3), (e2,0,0)}
DPiger = {(e1,{ h2},0), (€2, 0,0)}
DPise; = {(er,{h2},{c1}) (e2,®,0)}
DPiger = {(e1, { h2}.{c2}), (€2, 0,0}
DPy7e1 = {(e1,{ h3},Uz), (e, @, ®)}
DPige; = {(e1,{ h3},9), (€2, D, D)}
DPige; = {(e1, { h3},{c1}), (€2, 0, 0)}
DPyoe1 = {(e1,{ h3},{c2}), (€2, @, D)}

DPy1e1 = {(e,{ hy, hy},U;), (e2,0,0)}
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DPyjer = {(e1,{ hy, h2},0), (€2, 0, 0)}
DPy3er ={(e1, { h1, h2 },{c1}),(e2,0,0)}
DPyser = {(e1,{ his hz }{c2}), (e2,0,0)}
DPyse1 ={(ey,{ hy, h3},U3), (e, @, )}
DPyeer = {(e1,{ hy, h3},0), (€2, 0, 0)}
DPy7e1 ={(e1, { h1, h3},{c1}),(e2,0,0)}
DPyger = {(e1,{ hy, h3},{c2}), (e2,0,0)}
DPyge1 = {(e1,{ h2, h3},U3), (e, 0, ®)}
DP3ge1 = {(e1,{ h2, h3},0), (€2, 0, 0)}
DP31e1 = {(e1,{ h2, h3},{c1}), (€2, 0, 0)}
DP3zer = {(e1,{ hz, h3}{c2}), (€2, 0, @)}
DPs3e, = {(e1,0,0), (e5, Uy, U)}

DPsyer = {(€1,0,0), (€2, Uy, B)}

DP;s.; = {(e1,0,0), (e2, Uy, { c1 })}
DP3¢ep = {(€1,®,0), (e, Uy, { c2 D}
DP3;0, = {(e1,0,0), (e2,0,U,)}

DP3g., = {(e1,0,0),(e,0,{c1 }}

DP3ge; = {(e1,0,0),(e2,0,{c2 1)}

DPhoez; = {(e1,0,0),(e5,{h 1}, U;)}
DPy1e; = {(e1,0,0),(ez,{h 1}, 0)}

DPyyer = {(e1,0,0), (e2,{h 1}, {c1 D}
DPy3c, = {(e1,0,0),(e2,{h 1}, {2 D}
DPyyer = {(e1,0,0),(es,{h , 3}, D)}

DPyse, = {(e1,0,0), (e2,{h 2 },{ 1 D}
DPyger = {(e1,0,0),(e2,{h 2 },{c2 D}
DPy7e; = {(e1,0,0),(ez,{h 3}, Uz)}
DPyger = {(e1,0,0), (e2,{h 5}, 0)}

DPyge; = {(€1,0,0), (e2,{h 3}, { c1 D}
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DPs5oe, = {(e1,9,9), (e2,{h 3}, {c2 )}
DPs1e, ={(€1,0,0),(ez,{h 3}, {c2, c3 D}
DPsy., = {(e1,0,0),(ez,{h1,h;},U;)}
DPs3., = {(e1,0,0),(ez,{h1,h,},0)}
DPsyer ={(€1,0,0),(ez,{h1,h 2} {1 D}
DPsse, ={(e1,0,0), (ez,{h1,h 2}, {c2 1)}
DPsge, = {(€1,0,0),(ez,{h 1,h 3}, Uz)}
DPs7., = {(e1,@,0),(ez,{h1,h3},0)}
DPsger = {(e1,9,0),(e2,{h1,h3},{c1 D}
DPsqe, = {(e1,0,0),(e2,{h 1, h 3} {c2 D}
DPgoe, = {(€1,0,0),(e2,{h 2, h 3}, Uz)}
DPg1e; = {(e1,0,0),(e2,{h 2, h 3}, @)}
DPgye, = {(€1,0,0), (e2,{h 2, h 3}, {c1 D}
DPgze, = {(€1,0,0), (e2,{h 2, h 3}, {c2 ]}
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Conclusion

This study presents new notions of the soft set theory that is dual soft set,
which is depends over a fixed set of parameters E of the elements of
universes sets U, and U, and introduces some basic definitions such as gives
two kind of definition of union and intersection dual soft union and extension
union , dual soft intersection and extension intersection .we have adopted the
dual soft union and dual soft intersection in the thesis to complicate the
second type as we have seen in the examples of dual soft union and extension
union ,dual soft intersection, extension intersection . Through this study we
found several types of dual soft point and we use the type I that is
(e, F(e),G(e)) . As we notice that each kind of the dual soft points is dual
soft sets. but the singular dual soft point is not dual soft set. so when we deal
with singular soft point and their relationship with the dual soft set on the
basis of classical belong to with difference. The number of all dual soft

points:
DS(Uy, Up)g is| DS(Uy, Up)g| =[ny (272775)] — (ny — 1)
When n, =|E| , n, =|Uy| , n3 =|Uy|

We know in the general topology the intersection of two topological spaces
represent a topological space , unlike the union it doesn’t necessary represent
a topological space and the same case verified in the dual soft topological

space, and that is we have discussed through examples .

As in general topology we found in dual soft topological spaces
DS; (Arg) Ups DSi(Brig1) < DS; (Apc Ups Brig1)
DS¢; (Arg Nps Brig1) S DS¢ (Apg) Nps DS¢i(Brigt)

but the opposite trend did not materialize as illustrated by the examples,



Conclusion and FULtUre WOVR............ceeuevereeeieriiiiinirennes

the notions dense set , nowhere dense set, somewhere dense set are
achievable in dual soft topological spaces and we introduce the most
important properties we also found some properties that link concepts dual
soft super condensed set ,semi condensed set and condensed set with dual

soft dense and dual soft nowhere dense set.

We also represent the most important ideas about dual soft Baire space and
dual soft resolvability spaces but in general terms due the complexity of the
ideas.
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Future work

The current study represent a starting point for the framework to expand
the study of different aspects of dual soft topological spaces such us
compactness on dual soft topological space and connectedness on dual soft
topological space . we can also link the dual soft topological space with the
fuzzy topology This study is just a beginning of new structure and we have
studied the main ideas, it will necessary to carry out more theorical research

to establish general framework for the practical application
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