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Abstract 

      In this work,  injective (resp. projective) semimodule  has been 

generalized to  almost-injective (resp. almost projective) and almost self-

injective (resp. almost projective) semimodule. The aim of this work is  to 

study some generalizations of injective and projective semimodules also 

the basic  properties of these concepts for semimodule and some concepts 

related to them. Let M and N be two semimodules, a semimodule M is 

called  almost  𝑁-injective semimodule if, for each subsemimodule A of 𝑁 

and each homomorphism  𝜉: A→ 𝑀, either there is a homomorphism 𝜁 :N→ 

𝑀 such that 𝜁𝑖= 𝜉,  or there is a homomorphism 𝛾: 𝑀 →Y such that 𝛾𝜉 = 𝜋, 

where Y is a nonzero direct summand of 𝑁, and  𝜋 is the  projection map. A 

semimodule 𝑀 is almost injective semimodule if it is almost injective 

relative to all semimodules.  An R-semimodule M is called almost self-

injective, if it is almost M-injective semimodule. Some related concepts  

have been studied and investigated as well. The relationship of these 

concepts to some concepts have also been clarified as, uniform 

semimodule, 𝜋-injective semimodule,  W (ᶘ ), Z(ᶘ ) and Rad(ᶘ ).  

       Also this work introduces and investigates the dual notion to almost 

injective semimodule which is almost projective semimodule that is 

expanded for projective semimodules taking into account the differences 

between modules and semimodules, it is mainly derived from their 

definitions. A semimodule  M is said to be  almost N-projective, if for each 

epimorphism    𝑁   X and every homomorphism 𝛿 M  X,  either there 

is    M   N such that      𝛿, or there is   Y M where Y is a nonzero 

direct summand of N such that 𝛿𝛾     Y. An R-semimodule M is called 

almost self-projective, if it is almost M-projective semimodule. Some 

results on this notion have been obtained.  Also, almost self-injective  
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semiring has been studied. The concepts, generalized N- injective, 

generalized N- projective, essentially N-injective semimodule, QI-semiring 

( every quasi-injective semimodule is injective) and AQI-semiring ( every 

almost self-injective semimodule is injective)  have been presented as 

concepts related to almost injective(resp. projective) semimodules  
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Introduction 

      One of the most important areas of study of mathematics is algebra and 

one of its important branches is ring theory. One of the topics discussed at 

the present time that is module which have a relationship with to rings 

theory which attention of many researchers at this time, because of its 

importance in many applications. Since every ring is a semiring, and every 

module is a semimodule therefore, so can convert many concepts from 

modules into semimodules  with necessary action.  

     Semimodule over semiring can be defined similarly as module over 

ring. The book, ʺThe theory of semirings with applications in mathematics 

and theoretical computer scienceʺ by J. S. Golan [1], can be considered as a 

first book on semiring written with algebraic point of view having 

computer applications. It is very helpful to work on semirings and 

semimodules and it has several applications. Semirings and semimodules  

and their applications grow in different branches of mathematics, computer 

sciences, physics and many other areas of modern science.[1]  

        In this work,  some generalizations of injective  and projective 

semimodules is defined and studied.  In 1989, Harada and Tozaki defined “ 

almost M-projective module” which generalized from the concept “M-

projective” also they introduced some relations between this concept and a 

weaker condition[2]. In the same year,  Baba introduced the concept 

“almost N-injective module” [3], the class of modules N, for which M is 

almost N- injective, is not closed under direct sums. Baba gave necessary 

and sufficient condition under which a uniform, finite length module U is 

almost V-injective, where V is a finite direct sum of uniform, finite length 

modules.  
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Introduction 

      Later, Singh (2016) has determined some conditions under which U is 

almost V- injective([4], Theorem 1.12) which generalize Baba’s result. Also 

Alahmad discussed some characterizations of almost-injective modules[5]. 

In 1990 Harada discussed almost M-projective and almost M- injective for 

any finitely generated module[6].  

     As regards semimodule, in 1998 Huda Althani gave an analog definition 

of projective semimodules, which reduces to that in module theory. Also 

she studied the structure of injective semimodules[7]. The concepts of 

injective and projective semimodules have been extended to some 

generalizations, almost-injective,  almost projective, almost self-injective 

and almost self-projective semimodules. Also some characterizations of 

these notions will be discussed and some concepts related to them. Also the 

conditions which are needed to get properties and characterizations similar 

or related to the case in modules will be discussed.  

     Throughout this work, R denotes a semiring with identity and M a 

unitary left R-semimodule. This thesis consists of five chapters. 

 Preliminary results and some definitions that we needed in this thesis are 

provided in Chapter One. Some different facts between module and 

semimodule have been clarified as, direct sum of semimodules,  injective 

hull, direct summand  of free semimodule need not be projective unlike  

module theory, also in module theory closed and complement submodule 

are equivalent. But in class of semimodules the two concepts  are not  

equivalent. There are important properties that semimodule possesses make 

up for having a subtraction in module as the essential difference them  like, 

cancellative, subtractive and semisubtractive.  
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Introduction 

The Second Chapter is divided into three sections, one for introduction, in 

the second section almost-injective semimodule  is defined. Some 

characterization of it and other concepts with related to this concept are 

discussed. In the third section the concept almost self-injective semimodule 

has been dealt as a generalization of quasi-injective semimodule and some  

of the results have been generalized. From the results obtained in this 

chapter, Proposition 2.2.18 by adding properties (having injective hull and 

semisubtractive), Lemmas 2.2.20 and 2.2.21 with (subtractive, cancellative 

and semisubtractive), Lemma 2.2.22(2) with semisubtractive and 

cancellative,   Proposition 2.2.27 and Corollary 2.2.28 with semisubtractive 

and cancellative. Remark 2.3.11 and Proposition 2.3.12 by adding injective 

hull, Corollary 2.3.13 shows  adding a condition to indecomposable to 

become uniform semimodule. In Proposition 2.3.15 and Corollary 2.13.16 

have been added conditions semisubtractive and cancellative for 

semimodule. Propositions 2.3.18, 2.3.21 and 2.3.22 show some properties 

of the endomorphism semiring, also Proposition 2.3.23 has been added 

cancellative and semisubtractive for semimodule. 

The Third Chapter consists of three sections, one for introduction, section 

two contains the definition of the concept almost-projective semimodules 

and some of its characterizations have been discussed, as well as  some 

results have been generalized from projective semimodules. Section three 

includes the concept almost self-projective semimodule. In fact  this notion 

is a generalization of quasi-projective semimodule as well as investigating 

some properties of this concept. Some conditions have  been added  for 

semimodules to get  desired results similar to results found in module. 

From the results gotten in this chapter, Proposition 3.2.10 explain an 

important characteristic  which is finite direct sum of almost N-projective 

semimodule. It is known that, every projective semimodule is almost- 
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Introduction 

projective but the convers is not true. In proposition 3.2.21, we  put the 

conditions for two semimodules M and N to get N-projective from almost 

N-projective. In Proposition 3.3.16, if M is almost self-projective uniserial 

which is indecomposable, then ᶘ is a left uniserial semiring. Propositions 

3.3.19 and 3.3.20 explain relationship between the concepts almost self-

projective semimodule and mini-injective ᶘ-semimodule 

The Fourth Chapter comprise of three sections, section one included  the 

introduction. In section two almost-injective semiring defined as follows: a 

semiring R is said to be almost self-injective semiring, if RR  is almost self-

injective semimodule. In addition  some notions related to almost-injective 

semiring have presented.  

In section three, the concepts " generalized N- injective, generalized N- 

projective, essentially N-injective, " have been defined and some of 

relationships with each other are discussed. Some concepts related to 

almost-injective (resp. almost projective) semimodules have been 

discussed. The semiring having the properties that every quasi- injective 

semimodule is injective (QI-semiring) and every almost self-injective 

semimodule is injective (AQI-semiring) have been defined. Other 

relationship between these concepts  are discussed. From the results are 

obtained in this chapter, Proposition 4.2.3 conditions have been added into 

semiring R which are yoked and cancellative, Proposition 4.2.4 with 

conditions,  injective hull, semisubtractive and cancellative, Propositions 

4.2.10 and 4.2.13 with conditions yoked and cancellative. The Fifth  

Chapter includes the conclusions and future works. 

These concepts have also been defined for class of  semimodules 

depending on literatures of modules with adding more conditions suitable 

to the case of semimodules.          
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Chapter one                                                         Basic preliminaries 

1.1  Basic Preliminaries  

    This chapter, some concepts  of semirings and  semimodules will be 

represented. Some definitions, remarks and propositions that are needed 

will be introduced. Some conditions on semimodule that are used to 

compensate for subtraction in modules are proposed.  

 

Definition 1.1.1[1,p.1]: A monoid is a nonempty set S with operation is 

associative and for all s in S, there is  element e in S such that s e=    s 

=s. That is a monoid is a semigroup with identity element. 

Remarks 1.1.2: 

(1) The set of natural numbers   under addition is a commutative monoid 

with identity element 0. Also       is a commutative monoid under 

multiplication.  

(2) Every monoid is semigroup, but the converse is not true, for example, 

the set of positive integers under addition is a semigroup but not monoid.  

, +, .) consisting of a Ris a  triple ( semiringA ]: 6[1.1.3 Definition

nonempty set R with two operations, addition and multiplication satisfying 

the following conditions: 

(1) (R,+) is a commutative monoid with identity 0. 

(2) (R, .) is monoid with identity 1. 

(3) Multiplication distributes over addition from either sides. 

(4)0r = 0 = r0 for all r in R. 

   If  the monoid (R, .) is commutative, then R is called a commutative 

semiring.    
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1.1.4:  Examples 

 (1) Every ring is semiring but the converse is not true, for instance(  , +,.) 

is a commutative semiring which is not a ring. 

(2) The tropical semiring (        min, +,  , 0) is a commutative 

semiring with identity element 0.[1, p.16] 

 is called left Rof  a semiring  IA nonempty subset  :]8[1.1.5  Definition

ideal, if  it satisfies the following conditions: 

(1)If x, y  I, then x+ y  I. 

(2)If  x  I  and r  R, then rx  I. A right ideal is defined similar to  the left 

ideal.  I is called ideal of R  if  it is both left and right ideal.  

Remarks 1.1.6:  

(1) Some of ideals of a  semiring (  , +,.) of the form k , k =0, 1, 2,… and 

{0, k, k+1, k+2,…}[1,p. 66]. 

(2)The set of all ideals of R is denoted by ideal(R). Note that (ideal(R), +, .) 

forms a semiring where I + J= {i+ j | i   I, j J}and I .J={∑ 𝑖   
    | for any 

i   I, j   J}, for any I, J  ideal(R) [1, p. 72]. 

Definition 1.1.7 [9, p. 8]: A semiring R is called yoked, if for all r, t in R, 

there is an element s in R such that r + s = t or t+ s = r. 

Definition 1.1.8[10]: A left ideal I of a semiring R is said to be subtractive 

if e, e+ h  I imply h I. A semiring R is called subtractive if each of its 

ideals is subtractive. 
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Definition 1.1.9[1, p.3]: A subset E of a semiring R is called subsemiring, 

if it contains 0 and 1 and closed under addition and multiplication. 

Example 1.1.10: The set (  , +, .) of nonegative integers is subsemiring of 

a semiring (  , +, .) of set of  nonnegative rational numbers. 

Definition 1.1.11[1, p.49]: An element r in R is called  additively 

cancellable element, if for every s, t in R such that r +s = r +t, then s= t.                        

The set of cancellable elements of R is denoted by K
+
(R). If K

+
(R)= R, then 

R is called  cancellative semiring. 

Definition 1.1.12[1, p.3]: An element r in R is called additively 

idempotent element, if r  r = r. The set of  all additively idempotent 

elements  denoted by    (R). If   (R)=R, then R is called an additively 

idempotent semiring. 

Definition 1.1.13[1, p.3]:An element r in R is called a multiplicatively 

idempotent element, if r   r = r. The set of multiplicatively idempotent  

elements of R is denoted by    (R). If   (R)=R, then R  is called idempotent 

semiring. 

Definition 1.1.14 [1, p.48]:An element r in R is called  additive inverse, if 

there is ȶ in R such that r +ȶ= 0. The set of additive inverse of R is denoted 

by V(R). If V(R)={ 0}, then R is called zerosumfree.  

Remarks 1.1.15:  

 (1) If V(R)= R, then R is ring. 

(2) Every additively idempotent semiring is zerosumfree, in fact, if r+ s = 

0, then r = r+ 0 = r +(r+ s)=(r+ r) + s =  r+ s=0, similarly, we have s=0 

and hence R is zerosumfree. 
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Definition 1.1.16[1, p.4]:An element r in R is called a left zero devisor of 

R if and only if rs=0  for some nonzero element s of R, and it is right zero 

devisor if and only if sr=0. It is zero devisor if and only if either a left or a 

right zero devisor. If R has no zero devisors, then it is called entire. 

Definition 1.1.17[9]: A semiring R is called semidomain, if rs = rt implies 

that s = t for r, s, t in R and r is nonzero element. 

Remark 1.1.18:[10]: Every semidomain is entire but the convers is not 

true, if R is an entire yoked cancellative semiring , then it is semi-domain. 

Examples 1.1.19: 

 (1) Every ring is cancellative semiring. 

(2) (ideal(R), +, .) forms zerosumfree semiring. 

(3) The set ( , +, .) of nonnegative integers is a commutative cancellative 

zerosumfree entire semiring which is not ring.  

 (4) The Boolean algebra  ={0, 1}is an idempotent semiring.  

(5) ( , +, .) with n+ m= max{n, m} and n. m= min{n, m}for all n, m in R is 

an idempotent  commutative semiring.  

Definition 1.1.20[11]:A commutative semiring R is said to be semifield if,  

every nonzero element has a multiplicative inverse. That is  (R\{0}, .) is a 

group.        

Example 1.1.21: The set (   , +, .) of positive  real numbers  is a semi-

field. Also (   , +, .) is a semifield. 

Definition 1.1.22 [ 1, p.149]: Let R be a semiring. A left R -semimodule M 

is a commutative monoid (M, +) for which we have a map R M M  



 

9 
 

Chapter one                                                         Basic preliminaries 

defined by (r, m) r m such that for all r, r' in R and m, n in M, the 

following conditions are satisfied 

(1) (r r ʹ ) m = r (r ʹ m). 

(2) r (m + n) = r m +r n. 

(3) (r + r ' ) m = r m + r' m. 

(4)  r    =    = 0R m. 

The semimodule 𝑀 is called unitary if the condition 1n = n, for all n in 𝑀. 

Definition 1.1.23 [1, p.150]:A nonempty subset U of a semimodule M is 

called a subsemimodule  of M, if it is closed under addition and scalar 

multiplication and denoted by U  M. 

Definition 1.1.24[1, p.149]: A subsemimodule U of a semimodule M is 

called subtractive if each m, n in M with m, m+ n in U implies  n belong to 

U. A semimodule M is said to be subtractive, if all its subsemimodules are 

subtractive. 

Definition 1.1.25[12]:A semimodule M is said to be semisubtractive, if 

for any x, y   𝑀 there is z   𝑀 such that  x+ z = y or  y + z = x. 

Examples 1.1.26: 

(1) Every semiring is semimodule over itself.   

(2) Every commutative monoid  is an  - semimodule. 

(3) If R is a semiring, then the left ideals of R are exactly the 

subsemimodules of the left R-semimodule R. 
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(4) In the semimodule ( , +, .) the subtractive subsemimodules are of the 

form k  [13, p.32]. Also  it is cancellative semisubtractive semimodule. 

Definition 1.1.27[14]: Let  X and Y be two subsemimodules of R-

semimodule M. M is said to be a direct sum of X and Y, if each m   M 

uniquely written as m= x+ y where x  X, y  Y, denoted by M=X Y,  each 

X and Y is called a direct summand of M.  

Remark 1.1.28:  If  M is a direct sum of subsemimodules X and Y, then 

X∩Y =0 and M=X+Y, but the converse is not true. For example, let K4 ={0, 

1, a, b}, then ( K4 ,+) is monoid with addition defined by; x+ x= x, x+ y=1 

and x+1=1 for all x, y K4 ), K4 is   -semimodule where   is the Boolean 

algebra with 1+1=1. Take a subsemimodule X ={0, 1, a}, then X={0, 

1}+{0, a}and{0,1}∩{0, a}={0}but 1 can be written by, 1=1+0 and 1= 1+a 

this means 1 has no uniquely representation. The convers is true if  the  

semimodule M has the conditions; semisubtractive and cancellative[14].  

     While, for the modules, its known that if,  a module B is direct sum of 

submodules C and D, then C D if and only if C+D= B and C∩D=0.  

Definition 1.1.29[15]:A set E is said to be generating set of a semimodule 

M if, M is the smallest subsemimodule containing E, written M= 〈 〉. 

Remarks 1.1.30[15]:  

(1)A semimodule M= 〈 〉 if and only if ∀n Ӎ, n=∑     
 
   ,    R,    E.  

(2)If E ={x} and  M= 〈 〉, then M is called a cyclic semimodule generated 

by element x [10]. 
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Definition1.1.31[15]: A set E is called a free set if for each 

{e1,e2,e3,…,ek}⊆E (k is a positive integer), the combination ∑     
 
   =0 

implies   =0 ∀j. 

Definition 1.1.32[15]: A set E is called a basis of the semimodule M if it is 

a free generating set of M.  

Definition 1.1.33[15]: A semimodule M is called a free if it has a basis.  

Remark 1.1.34[13]: An R-semimodule M is free if and only if it is 

isomorphic to a direct sum of copies of R. 

Example 1.1.35[13]:The R-semimodule R is free (by Remark 1.1.34). 

Definition 1.1.36[16]: A subsemimodule X of M is said to be essential, if 

X     for any nonzero subsemimodule Y of M and denoted by X   M.  

Examples1.1.37: 

(1) Every semimodule is essential in itself. 

(2)   as  -semimodule is essential subsemimodule of   as  -semimodule. 

(3) In       as   semimodule, a subsemimodule              

Definition 1.1.38[17]:  A subsemimodule X of M is said to be small, if 

X   𝑀 for any proper subsemimodule Y of M and denoted by X   M. 

Examples 1.1.39: 

(1){0} is the only small subsemimodule of the    -semimodule   . 

(2) In      as  -semimodule,          

Definition 1.1.40[18]: A semimodule M is said to be uniform if, every 

nonzero subsemimodule of it is essential. 

 



 

12 
 

Chapter one                                                         Basic preliminaries 

Examples 1.1.41: 

(1)  The  - semimodule   is uniform. 

(2)     as    semimodule is uniform. 

Definition 1.1.42[19]: A semimodule M is said to be hollow, if every 

proper subsemimodule of it is small. 

Examples 1.1.43: 

    as   -semimodule is hollow. 

Definition 1.1.44 [20]: A semimodule M is said to be indecomposable if  

the direct summands of its  are only {0} and M.  

       It is clear that, every uniform semimodule is indecomposable.  

Definition 1.1.45 [21]: Let M be an R -semimodule and m in M. The left 

annihilator of m is defined by ann(m)={ r   R | rm = 0}.  

     It is clear that ann(m) is a left ideal of R. If U is a subsemimodule of M , 

then ann(U) ={ r   R | ru = 0, u  U }. For instance, in a semimodule      

over itself,  ann( ̅)={ ̅,  ̅}= ann(  ̅̅̅̅ ), ann( ̅)={  ̅,  ̅,  ̅}= ann( ̅),  ann( ̅) = 

{ ̅,  ̅,  ̅,  ̅}= ann( ̅), ann( ̅)={  ̅,  ̅,  ̅,  ̅,  ̅,   ̅̅̅̅ }, ann( ̅)=ann( ̅) = ann( ̅) 

=ann(  ̅̅̅̅ )=  ̅.     

Definition 1.1.46 [22] :A nonzero semimodule M is called simple, if M has 

no nonzero proper subsemimodule. 

Remarks 1.1.47:  

(1)The  -semimodule  
  ⁄  where p is prime number is simple 

semimodule. 
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 (2) Every simple semimodule is indecomposable but the converse is not 

true, for example   as  -semimodule is indecomposable, but not simple 

since have subsemimodules of the form k  where k in    

Definition 1.1.48 [23]: A semimodule M is called semisimple, if it is a 

direct sum of simple subsemimodules in M.  

Remark 1.1.49[24]: A semimodule M is semisimple if every 

subsemimodule  of it is a direct summand in M. 

Remarks 1.1.50: 

(1) The semimodule   over   is semisimple. 

(2) Every simple semimodule is semisimple, but the converse is not true, 

for example     as  -semimodule is semisimple but not simple 

semimodule. 

Definition 1.1.51 [25]: Let 𝑀 be a semimodule, the socle of M is the sum 

of all simple subsemimodule of M and denoted by Soc(M). If M has no 

simple subsemimodule, then Soc(M)=0. 

Remarks 1.1.52: Let M be a semimodule. Then: 

(1)Soc(M) =   X| X  M}[25]. 

(2) If Soc(M)= M, then M is semisimple semimodule. For example,     as  

 -semimodule, Soc(     =    , then it  is semisimple. 

Definition 1.1.53 [21]: The singular subsemimodule of  M is defined by 

 (M) = { 𝓂   𝑀  ann (𝓂   is an essential ideal in R}. If  (M) =M, then 

M is called singular semimodule and if  (M) =  , M is called nonsingular. 

Example 1.1.54:  (    =0, then     is nonsingular semimodule, while 

 (   =   , then    as  -semimodule is singular. 
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Definition 1.1.55 [26]: A subsemimodule X of semimodule M is said to be 

complement of a subsemimodule Y if X  =0 and X is a maximal with 

this property. 

Definition 1.1.56 [27]: A subsemimodule X of semimodule M is said to be 

closed if, X     M implies X  .  

    In module theory closed and complement submodule are equivalent. But 

in class of semimodules the two concepts  do not have to be equivalent, the 

following remark explain the relationship between these concepts. 

Remarks 1.1.57: The following relationship between the concepts, direct 

summand, closed and complement subsemimodules, hold. 

 (1) Every complement subsemimodule of M is closed[26].  

 (2) If M is a cancellative ,semisubtractive semimodule, then every closed 

subsemimodule of M is a complement[28, p 14].  

(3)  In general, not every closed  subsemimodule  of M is direct  summand.  

For example, let M=      as  -semimodule with subsemimodules;   = 

0   =〈  ̅   ̅̅̅〉,          〈  ̅  ̅  〉= 〈  ̅  ̅ 〉= 〈  ̅  ̅ 〉  〈  ̅  ̅ 〉  

  〈  ̅  ̅ 〉    〈  ̅   〉=〈  ̅  ̅ 〉, A4= 〈  ̅  ̅ 〉, A5=〈  ̅  ̅    ̅  ̅ 〉 =      

〈  ̅  ̅    ̅  ̅ 〉   =〈  ̅  ̅ 〉,     〈  ̅  ̅ 〉= 〈      〉we note that    and    

are  direct summand of M,    is complement of    hence closed, but not a 

direct summand. Also     is complement of     and     but not direct 

summand of it. If M is (k-c) that is every closed subsemimodule is 

subtractive, then every direct summand of M is closed [28, p.14]. 

Definition 1.1.58 [25]: A semimodule M is said to be extending 

semimodule (CS-semimodule) if every subsemimodule of M is essential in 

a direct summand of M.      
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Proposition 1.1.59 [25]: A semimodule M is extending (CS)-semimodule 

if and only if, every closed subsemimodule is a direct summand of M.  

Remark 1.1.60:  

 The semimodule      as   semimodule is extending semimodule. 

Definition 1.1.61 [15]: Let M be a semimodule. An element m in M is said 

to be torsion element if rm=0 for some   r in R. We say M is torsion 

semimodule if each element is torsion.   

Definition 1.1.62 [27]: A semimodule M  is said to be torsion-free, 

whenever r  R and   M with   =0 implies that     or      

Example 1.1.63: The semimodule    is torsion free.  

 Definition 1.1.64 [15]: Let U be a subsemimodule of a semimodule M, a 

semimodule 𝑀/U is called a quotient semimodule of M by U and defined 

by 𝑀/U ={[ ]|  𝑀}. 

Definition 1.1.65 [12]: The radical of a semimodule 𝑀 defined by 

Rad(𝑀)= ⋂  U: U is maximal subsemimodule of  𝑀}. 

Remark 1.1.66 [12]: Rad(𝑀)= { U: U is maximal subsemimodule  in 

𝑀}= ∑{S: S is small subsemimodule in 𝑀}. For instance, take a 

semimodule M=    over itself Rad(M)={  ̅,  ̅,  ̅,  ̅}=   ̅  . 

Definition 1.1.67  [13, p.9]: Let E be subset of R-semimodule M. The set 

of all elements of the form   ∑       (      such that all but a finite 

number of terms in the sum are zero, then V is called the subsemimodule of 

M generated by E, denoted by V =     If there is finite subset of R-

semimodule M such that V =   , then M is called finitely generated. 

Proposition 1.1.68 [12]: Let 𝑀 be a semimodule, if 𝑀 is finitely generated, 

then Rad(𝑀) is superfluous (small) subsemimodule of  𝑀. 
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Definition 1.1.69 [ 29]: A semiring   is called a left local semiring if it has 

a unique maximal left ideal. For example,  a semiring    is local and a 

semiring   , +, .) with maximal ideals is not local semiring. 

Theorem 1.1.70[29]: Let  R be a semiring, then the following statements 

are equivalent: 

   R is local. 

(b)Rad(R) is a maximal ideal of R. 

(c)The set of all non-invertible elements is an ideal of R. 

(d) Rad(R) = {r   R| r is non-invertible }.  

Definition 1.1.71[30]: Let R be a semiring. An element    R is called 

nilpotent if there is positive integer n such that    = 0. An ideal 𝒥 of R is 

called nil if each of its elements is nilpotent . 

 Definition 1.1.72[18]: A semimodule M is said to be uniserial if for any 

two subsemimodules of M, one of them contained in the other. 

Examples 1.1.73:  

(1)Every simple semimodule is uniserail. 

 (2)   as  -semimodule is uniserail. 

Definition 1.1.74[31]: Let 𝑀 and 𝑁 be  -semimodules. A homomorphism 

from 𝑀 to 𝑁 is a map   𝑀  𝑁 such that: 

1-                  and 

2-              ∀     𝑀 and   R. 

   The set of  all R-homomorphisms from M to N, denoted by Hom(M, N) 

has R-semimodule structure for the operations: 

         ( )=  ( )+     ,    M and      Hom(M, N). 

(2)(r        r    , r   R [15].  
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     An   -homomorphism from M into itself is called an R-endomorphism 

of M, denoted by End(M) for the set of all R-endomorphisms of M. The 

triple (End(M), +,   ) is a semiring with identity element [32]. It is clear that 

(End(M), +) is an  - semimodule. 

Remark 1.1.75 [33]:Let   M  N be an R-homomorphism, then: 

1.ker(  = {m  M|   m)= 0} =        which is subtractive subsemimodule 

of M. 

2.  (M) ={  (m) | m M} 

3.Im( )={ n N |n +  (m)=  (m') for some m, m'  M}which is subtractive 

subsemimodule of N.  

Definition 1.1.76 [32]:A subsemimodule X of M is called fully invariant if 

for each endomorphism ∅:M→M, then ∅(X)⊆ X. 

Example 1.1.77: Every subtractive subsemimodule of   as  -semimodule 

is fully invariant. Since the  only subtractive subsemimodules of   are of 

the form k  , k    let ∅: →  , then ∅(k )= k∅( )⊆k . 

Definition 1.1.78 [34]:The sequence of R-semimodules  … Xi

  
→     

    
→       …is said to be: 

1.Exact, if Im    ker     , ∀i   

2.Proper exact, if   (Xi )= ker      ∀i  . 

Remarks1.1.79: Let   M  N be an R-homomorphism,  

1. It is well known in module theory ker  ={0} if and only if   is monic, 

this is not hold in general for semimodule, take   K4  X defined by  (0) 

= 0,  (a)=a and     =  (1) = 1 where  K4 ={0, 1, a, b} is  -semimodule  
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 (the scalar multiplication of   on K4 is defined by 0.s=0 and 1.s=s, ∀s  K4 

)and its subsemimodule X ={0, 1, a}, then ker  ={0} but   is not 

monic[34]. In [13], if M is semisubtractive and N is cancellative we have 

ker  ={0} if and only if   is monic. 

2. For module always,  (M) =Im( ) but for semimodule not always true, if 

we take the inclusion map of the function in (1) i:  X  K4 since i(X) = X 

and Im(i) = K4.  (M) =Im( ) if  and only if  (M) is subtractive 

subsemimodule of N[8]. 

Definition1.1.80[8]: If M and N are R- semimodules, then an R-

homomorphism     M  N is: 

1. Surjective (epic, or onto) if for each element   in N, there is element in 

M such that         that is Im(    N. 

2. Injective (monic, or one to one) if for all      in M, if      

     implies       

3. Isomorphism if is both surjective and injective. 

Definition 1.1.81[35]:  Let M be a semimodule, an R-semimodule E is  

called M-injective (E is injective relative to M ) if for every 

subsemimodule U of M and any R- homomorphism 𝜉:U   E can be 

extended to an R- homomorphism 𝜁  M  E. 

 

 

 

     

A left R-semimodule E is called injective if it is injective relative to every 

left R-semimodule. A semimodule   is called quasi-injective if it is  -

injective[14].  

𝜁 

i 
 

𝑀 U 

𝐸 

𝜉 
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Remark 1.1.82[13, p.17]:Every injective semimodule is quasi-injective but 

the converse is not true. For example,  /2   as  -semimodule is quasi-

injective but it is not injective.  

Definition 1.1.83[ 36]: A left  -semimodule P is said to be 𝑁-projective if 

for every epimorphism  𝜙  𝑁 → X and for every homomorphism 𝛾 P→ X 

there is a homomorphism  ′γ : P→ 𝑁 such that the following diagram 

commutes:   

 

 

 

    

      A semimodule P is projective if it is projective relative to every left 

  -semimodule, and it is quasi-projective if, P is P-projective semimodule 

[37]. It is clear that every simple semimodule is quasi-projective 

Proposition 1.1.84[7]: Every free R-semimodule is projective. In particular 

every semiring with identity is projective over itself.   

Remark 1.1.85:The convers of Proposition 1.1.84 is not true, for instance, 

if  R=  
   ⁄ . Obviously, R is free over itself and  

   ⁄ = 

   
  ⁄     

  ⁄ ,      ⁄  as R-semimodule is projective ( since every 

direct summand of projective semimodule is projective) but is not free. 

Remark 1.1.86: It is well known in the class of module, the following facts 

are verified: 

 

 

  

 

 

 

P 

∅ 

γ 

X 

 γ  

𝑁  



 

20 
 

Chapter one                                                         Basic preliminaries 

(1)Any Projective module is a direct summand of free module, this is not 

true for semimodule see, Example 2.3 in [36]. 

 (2)Any direct summand of free module is projective, but this is not true for 

semimodules[36].  

      In [38], Deore set condition to achieve that property as follows:  

Lemma 1.1.87[38]: Any direct summand of semisubtractive free R-

semimodule is projective. 

Definition 1.1.88[14]: A semimodule 𝑀 is said to be principally self-

generator if for every element m 𝑀, there exists an epimorphism 

  𝑀 R    

Examples 1.1.89:  

(i) Every cyclic semimodule is principally self-generator. 

 (ii) The semiring R is principally self-generator R-semimodule. 
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2.1   Introduction 

       In this chapter, the concept of injective semimodule has been extended 

to generalizations, almost-injective semimodule and almost self-injective 

semimodule. Some characterizations of these notions and some concepts 

related to them will be discussed. Also, the conditions which want to get 

properties and attributes similar or related to the case in modules will be 

discussed.  

2. 2    Almost Injective Semimodules 

     In this section, the concept  of almost  N-injective semimodule will be 

presented as a generalization of injective semimodule as well as 

investigating some properties of this notion. 

 

 Definition 2.2.1:  Let M and  N be two left R-semimodules. A semimodule 

M is called almost N-injective semimodule if, for each subsemimodule A of 

N and each R-homomorphism  𝜉 : A→ 𝑀 , either there exists  an R-

homomorphism ζ such that the diagram(i) commutes  

 

 

 

 

   

        

       Or there exists a homomorphism 𝛾: 𝑀 →Y such that the diagram (ii) 

commutes, where       Y     𝑁, and  𝜋 is the  projection map.     

    

𝜁 

i 
 

𝑁 A 

M 

𝜉 

(i) 

A 
i 

𝜉 

𝛾 

𝜋 

M 

(ii) 

𝑁  𝑌  Z 

𝑌
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      An R-semimodule M is almost injective semimodule if  it is almost 

injective relative to every R-semimodule.   

Examples 2.2.2:  

(1) Every injective semimodule is almost injective, but the converse is not 

true. 

(2) If M is simple, then every semimodule is injective relative to M and 

hence it is  almost M- injective. 

 (3) If N is semisimple, then every R-semimodule M is N-injective and then 

almost N-injective semimodule. 

      A monomorphism f is called a  split monomorphism if it has a left 

inverse [20]. 

Proposition 2.2.3: Let Y be a subsemimodule of N such that Y is almost N-

injective semimodule, then either Y is  a direct summand of N, or there is   

homomorphism 𝛾:  →    where X is nonzero direct summand of N such 

that 𝛾   𝜋 𝑖 . 

Proof.  Assume that Y is an almost N-injective semimodule, from the 

following diagrams; we have either there is 𝜁: 𝑁 →   such that  𝜁𝑖=    

implies that i is split monomorphism and hence Y is  a direct summand of 

N, or there is 𝛾:  →    where X is nonzero direct summand of  N such that 

𝛾   𝜋 𝑖. 

 

 

 

  

 

𝜁 

i  𝑁  Y 

Y 

 𝑌 

Y 
i 

 𝑌 

𝛾 

𝜋𝑋
  

Y 

𝑁 

X
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Remarks 2.2.4:   

 In Proposition (2.2.3),  

(1)If N is indecomposable semimodule, then the first diagram is not 

satisfied and hence   is   embedded in N. 

Proof.  Assume that Y is almost N-injective semimodule, we have either 

there is 𝜁: 𝑁 →   such that  𝜁𝑖=    implies that 𝑖 is split monomorphism 

and hence Y is direct summand of N  and this contradiction, then the second 

diagram is satisfied, this means  there is 𝛾:  → 𝑁  such that 𝛾     𝑖  

𝑖 which implies 𝛾 is one to one.    

(2)If the only proper subsemimodule of N is Y, then we get Y is a direct 

summand of N. 

       Recall that,  a maximal subsemimodule U of M is a subsemimodule 

which is not contained properly in any other proper subsemimodule of M 

[13].   

Proposition 2.2.5: A semimodule M is almost 𝑁 -injective if and only if for 

each R-homomorphism ξ  U→ 𝑀 has no extension from 𝑁 to 𝑀 where U is 

subsemimodule of 𝑁, there exists decomposition 𝑁=Y  Ȥ  with Y    and 

R-homomorphism ω  𝑀 → Y  such that ω ξ(u) = π(u) for any u in U  , 

where π  𝑁 → Y   is a projection with kernel Ȥ. 

Proof. The Definition 2.2.1 implies to the condition is clear. Conversely, let  

δ  K→ 𝑀 be an R- homomorphism where K is subsemimodule of 𝑁, if δ 

can be extended to 𝑁, it is done, otherwise let U be maximal 

subsemimodule of 𝑁 containing K such that ξ  U→ 𝑀 is extension of δ, by 

assumption there exists decomposition 𝑁=Y  Ȥ  with Y    and R-

homomorphism ω  𝑀 → Y  such that ω ξ(u) = π(u) for any u in U. 

Therefore 𝑀 is almost 𝑁 -injective semimodule.       
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Remark 2.2.6: Let M be almost N-injective semimodule, if 𝑁 is 

indecomposable semimodule, then either M is N-injective, or there is 

subsemimodule of 𝑁 is embedded in  M. 

Proof. Assume  that M is not  𝑁 -injective semimodule, then there exists  a 

subsemimodule A of 𝑁and homomorphism  ξ : A→ M cannot be extended 

to 𝑁. Hence  there exists an R-homomorphism   : M → 𝑁  ( since 𝑁 is  

indecomposable, then it has no proper direct summand) such that   ξ= i. 

Assume that ξ(a) = ξ(aʹ), where a a   A     ξ(a) =   ξ(aʹ)   i(a) = i(aʹ) 

  a = aʹ, then ξ  is one to one.   

      Recall that, a semimodule M is said to be maximal essential extension 

of   subsemimodule L if 𝑁 is a proper extension of M, then 𝑁 is not 

essential extension of L. An R-semimodule 𝑁 is said to be injective hull of  

semimodule M, if 𝑁 is  injective and  it is essential extension of M, denoted 

by E(M) [19]. 

Note.[1]. It is well-known that every module over a ring has an injective 

hull, but this does not hold in general, for semimodules over a semiring. 

Lemma 2.2.7: Let M be a torsion-free semimodule and N a semimodule 

having injective hulls E(M) and E(N) respectively, let    E(N)→ E(M) be a 

homomorphism and   (N)  M. If ȴ={n  N|  (n)   M} and  =   ȴ , then   

has no extension  : Ȥ→ M with ȴ   Ȥ   N. 

Proof. Firstly, ȴ= N    (M). Suppose there is  : Ȥ→ M with ȴ   Ȥ  N 

extending for  . There is z in Ȥ such that  (z)  M, then           . 

Now, since N    E(N) and    (M)     𝑁  implies N    (M)     𝑁 ,  

so there is ᶉ in Ȑ such that        implies  (     M and then        
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       this means               since M is  torsion-free, then      

      this a contradiction.   

Proposition 2.2.8: Let M be a torsion-free semimodule and N be any 

semimodule having injective hulls E(M) and E(N) respectively, then M is 

almost N-injective if and only if for any homomorphism    E(N)→ E(M),  

either  (N)⊆ M, or for  ȴ={n N|  (n)   M}, there is decomposition 

Ɲ=Y  Ȥ  with Y    and homomorphism 𝜔 𝑀 → Y  such that 𝜔 𝜉 = 𝜋i 

where 𝜉     ȴ  and i:ȴ→N is the inclusion map, 𝜋  𝑁 →Y.  

Proof. From Proposition 2.2.5 and Lemma 2.2.7 the result obtained.   

   The following propositions give some  properties of almost N-injective 

semimodules. 

Proposition 2.2.9:  If M is  an almost 𝑁-injective semimodule and Y is  any 

direct summand of M, then Y is almost 𝑁-injective. 

Proof. Let Y be a direct summand of M and consider the following 

diagrams: 

 

 

 

 

     

 

 

 

    where  A   𝑁  and        → 𝑀  be the injection map, since M is almost 

𝑁 -injective,  either there exists ζ   𝑁 → 𝑀  such that ζi =    ξ. Define 

∅ 𝑁 →   such that ∅   𝜋  ζ , then ∅𝑖 = 𝜋  ζi = 𝜋     ξ = ξ. Or, there exists 

 : 𝑀 →   where    is nonzero direct summand of 𝑁 such that      ξ   𝜋.  

i 
𝑁 A 

M 

𝜉 

Y 

𝜆𝑌  

𝜁 

𝜙 

𝜋𝑌  

𝐷 

A 
i 

𝜉 

D 

𝑁=D E 

𝜗 

𝜋 

𝜆𝑌  

 M 

Y 

 𝐷 

𝛿
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Define  𝛿  →  such that 𝛿=     , we have 𝛿ξ      ξ  𝜋. Then Y is 

almost 𝑁 -injective.   

Proposition 2.2.10:  If  M is an almost 𝑁 -injective semimodule and Y a  

fully invariant  direct summand of 𝑁, then M is almost Y -injective . 

Proof. Suppose Y is a direct summand of 𝑁 and M is an almost 𝑁-injective 

semimodule. Consider the diagrams: 

  

 

 

 

 

Since M is almost 𝑁 –injective, then either ∃ ζ:𝑁 → 𝑀 such that ζ ji = 𝜉, or 

∃    𝑀 →D where   is a nonzero direct summand of 𝑁  such that   𝜉  

= 𝜋 i. Since  𝑁 =D  E , then Y = (Y  D    (Y  E) by fully invariant, we 

have the following diagram: 

 

 

 

 

    

From the above diagram, we get that    𝜉  𝜋 𝜋      𝜉 =𝜋 𝜋   j' 𝜋   i = 

𝜋  𝜋   𝑖   𝜋 𝑖. Hence   M is an  almost Y-injective semimodule.   

Proposition 2.2.11: Let M be an almost  𝑁-injective semimodule, then any 

semimodule isomorphic to M is almost 𝑁-injective. 

 

𝜋  𝜋𝑌 

A Y  j 
𝑁 

𝑖 

𝜋 
𝑗  

𝜗  
M 

𝐷  Y 
D 

𝜉 

𝜗 

𝜉 

D 

𝑁 =D E 
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M 

Y A 
𝑖 j 

Y 𝑁 A 

M 

𝜉 𝜁 
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Proof. Suppose  M is an almost 𝑁 -injective semimodule and    W→ M is 

an isomorphism where  W is any semimodule, assume that  𝜉  A→ W  is 

homomorphism, since M is almost 𝑁-injective, then either there exists, ζ  

  𝑁 → 𝑀  such that ζi =  ξ. Define ∅ 𝑁 →   such that ∅      ζ , then 

∅𝑖 =   ζ i =      ξ = ξ. Or, there exists 𝛾: 𝑀 →   where D  is nonzero  

direct summand of 𝑁 such that  𝛾  ξ   𝜋. Define  𝛿  →   such that 𝛿= 

𝛾 , we have 𝛿ξ  𝛾 ξ  𝜋. Then W is almost 𝑁-injective. As in the  

following diagrams: 

 

 

 

 

 

  

 

      The following proposition explain an important characteristic  which is 

finite direct sum of almost N-injective semimodule. Where  the proof was 

divided  into six cases depending on our  definition.  

Proposition 2.2.12: Let M1,  M2 and N be semimodules, then M=𝑀  𝑀   is 

almost N-injective if and only if each Mi (𝑖=1, 2) is almost N-injective 

semimodule. 

Proof.  Consider the below diagrams and let 𝜉 A M, where A is 

subsemimodule of N. Suppose  each Mi (𝑖=1, 2) is almost N-injective. Then 

there are six cases: case1/ if the diagrams (a) and (b) are satisfying, then the 

Definition 2.2.1 is achieved case2/ the two diagrams (c) and (d) similar to 

case1. Case3/ the two diagrams (a) and (d) are satisfying, there is  𝜁  N 

𝑀   such that 𝜁 𝑖= 𝜋 𝜉, and there is 𝛾   𝑀     where D is a nonzero  

𝑖 
𝑁 A 

M 

𝜉 

W 

𝜑 

𝜁 

𝜙 

𝜑   
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direct summand of N such that 𝛾  𝜋 𝜉=  𝜋 𝑖,  define 𝛿 M   by 𝛿   

   𝛾  𝜋  , then 𝛿𝜉      𝛾  𝜋 𝜉  𝜋 𝑖 .  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Case4/suppose the two diagrams (a) and (c) are satisfying, then there is 

𝜁  N M1 such that 𝜁 𝑖= 𝜋 𝜉 and 𝜁  N M2 such that 𝜁 𝑖= 𝜋 𝜉, then  𝜁  

𝜁  𝑖  𝜁 𝑖  𝜁 𝑖  𝜋 𝜉  𝜋 𝜉   𝜋  + 𝜋  𝜉. 

Case5/ assume the diagrams (b) and (c) are satisfying, similar to case1. 

Case6/ suppose that the diagrams (b) and (d) are satisfying, similar to cases 

3 and 4. From the previous six cases, M is almost N-injective semimodule. 

Conversely, suppose that M is almost N-injective, from Proposition 2.2.9, 

we get M1 and M2 are almost N-injective semimodules.  
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Colloraly 2.2.13:Let  𝑀     
 be a family of semimodules, then  𝑀  is 

almost N-injective semimodules if and only if   𝑀  is almost N-injective 

for fixed semimodule N and   𝑖   . 

Proof. From Proposition 2.2.12, the result is gotten.   

Proposition 2.2.14: Let M be an  almost 𝑁-injective semimodule and B 

any semimodule which is isomorphic to 𝑁, then M is almost B-injective. 

Proof. Let M be an almost 𝑁–injective semimodule and    B→ 𝑁  be an 

isomorphism where  B is any semimodule, assume 𝜉  A→ M is 

homomorphism, since M is almost 𝑁-injective, then either there exists, ζ 

  𝑁 → M  such that ζ 𝑖  𝜉. Define ∅ 𝐵 → 𝑀 such that ∅   ζ  , then 

∅𝑖 =ζ  i = ξ. Or, there exists 𝛾: 𝑀 →   where D  is nonzero direct 

summand of 𝑁 such that 𝛾 ξ  𝜋 𝑖. Define  𝛾  𝑀 →    where Y is nonzero 

direct summand of B, such that 𝛾 = 𝜋      𝛾, we have  

𝛾 ξ  𝜋       𝜋  𝑖  𝜋       𝑖  𝜋  . Hence M is almost B-injective 

semimodule. As the following diagrams: 

 

 

 

 

                                                                                                            

Lemma 2.2.15: Let  𝑁 =Y   Ȥ   be semimodule and K a fully invariant 

subsemimodule of N, then 𝑁 K⁄  = 
   𝐾 

𝐾
⁄    

 Ȥ  𝐾 
𝐾

⁄   . 
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Proof. It is clear that 𝑁 K⁄  = 
   𝐾 

𝐾
⁄  + 

 Ȥ  𝐾 
𝐾

⁄  . Now, to prove the 

unique representation of the elements of 𝑁 𝐾⁄ . Since K is fully invariant, 

then K =    𝐾    Ȥ  𝐾  , hence  ∀k   K, k = k1+k2 where k1    𝐾,  

k2  Ȥ  𝐾. Assume that n+ 𝐾   𝑁 𝐾⁄ , with n+ 𝐾 = (y + z) + K= (yʹ+ zʹ) + 

K…(*) where y , yʹ     𝐾 and z, zʹ   Ȥ  𝐾 it can be assumed that y ,  

yʹ     and z, zʹ   Ȥ, then  ( y + z) + k = (yʹ+ zʹ) + kʹ for some k, kʹ   𝐾 by 

(*) k = k1+k2  and kʹ = kʹ1+kʹ2 such that k1, kʹ1     𝐾 and k2, kʹ2  Ȥ  𝐾, 

(y +z) +( k1 + k2 )= (yʹ +z')+ (kʹ1+ k'2) implies(y + k1) +( z + k2 )= (yʹ + 

kʹ1)+ (z' + k'2), by unique representation of the elements of Y   Ȥ, it 

follows y +  k1 = yʹ + kʹ1, z + k2 = zʹ + kʹ2 where k1 , kʹ1, k2 , kʹ2   K, then y 

+ K= yʹ+ K and z + K= zʹ + K, therefore 𝑁
𝐾⁄  = 

   𝐾 
𝐾

⁄    

 Ȥ  𝐾 
𝐾

⁄ .   

Proposition 2.2.16: If M is an almost 𝑁-injective semimodule  and K a 

fully invariant subsemimodule of 𝑁, then M is almost 𝑁 𝐾⁄   -injective. 

Proof. Let 𝐿 𝐾⁄  be any subsemimodule of  𝑁 𝐾⁄  , i.e. 𝐾   𝐿   𝑁 and let 

 : 𝐿 𝐾⁄ → M be homomorphism . Consider the diagram where i and j are 

inclusion maps ,  𝜋  and 𝜋  are natural epimorphisms. 
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Since M is  almost 𝑁 -injective, either there exists 𝜁  𝑁 → M such that 𝜁𝑖 = 

 𝜋 .Define ∅ 𝑁 𝐾⁄ → M by ∅(n + 𝐾) = 𝜁(n), for each n + 𝐾   𝑁 𝐾⁄ , then 

∅(l + 𝐾) =  𝜁(l)   𝜋 (l) =  (l+ 𝐾). Or, there exists 𝛾   𝑀 → Y, where    

Y    𝑁 and 𝛾  𝜋  = 𝜋 𝑖. 
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𝐾
⁄  by y   y+K  an  𝛾: Ӎ →
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𝐾
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m  𝑣𝛾    +K  , then 𝛾  𝑣 𝛾   where   𝐾
𝐾⁄  is a direct summand of  

𝑁
𝐾⁄  by Lemma 2.2.15.  Then 𝛾 (l+ 𝐾)  = 𝛾 (𝜋  (l) ) = v(𝛾  (𝜋 (l))  
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=𝑣 𝜋 𝑖 (l)) = 𝑣 (y) = y+ 𝐾 = 𝜋  (l+ 𝐾), ∀ l+ K   𝐿 𝐾⁄  such that 𝛾   𝜋  . 

Hence 𝑀 is almost 𝑁 𝐾⁄  -injective.         

Remark 2.2.17: If 𝑀 is a uniform semimodule, then the injective hull of 𝑀 

if there exists is indecomposable. 

Proof. Suppose that E(M) = M1  M2, if M1 0, then 0 M1  M    𝑀    

E(M). But (M1  M)   M2 = 0   M2= 0 and E(M) = M1, therefore E(M) is 

an indecomposable.   

Proposition 2.2.18: Let M and 𝑁 be uniform semimodules having injective 

hulls E(M) and E(𝑁) respectively with E(𝑁) is semisubtractive,  then M is 

almost 𝑁-injective semimodule if and only if for every    Hom (E(𝑁 ), 

E(M )), either   (𝑁) ⊆ M or   is isomorphism and     (M) ⊆ 𝑁. 

Proof. Assume M is an almost 𝑁-injective and let     Hom (E(𝑁 ), E(M )) 

and X = {b  𝑁 |   (b)  M }= 𝑁 ∩   
-1

(M), let h=  |X: X→ M. Since M is 

almost 𝑁 -injective, then one of the diagrams (i) or (ii) hold. If (i) holds, 

there exists 𝜔: 𝑁 → M which extends h to 𝑁. 

Claim: Y ={x   E(M)| x + 𝜔(b)   (b) for some b  𝑁 }= 0. Let x   M ∩ Y, 

then x +  𝜔 (b)    (b), so  (b)   M. Hence b  X, so  (b)= h(b)= 𝜔(b), this 

implies x = 0 and 𝑀 ∩ Y =0. But 𝑀 is essential in E(M), so Y =0. 

Therefore,  (b) = 𝜔(b) for all b  𝑁, that is  (𝑁) ⊆ M. If (ii) holds , then 

there exists ∅ : M → 𝑁 such that ∅ h = 1X . Hence   is one to one (since ker  

 |X = ker   X     ker   𝑁 =0 but 𝑁     𝑁 , then ker   = 0 hence 

  is one to one). Also   is onto because   𝑁   E(𝑁) and   𝑁  is 

injective subsemimodule of E(M), but E(M) is indecomposable from 

Remark 2.2.17, then   𝑁  = E(M) so   is isomorphism. 
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Clearly ∅     = 
-1     …. (*). Claim: Ȥ = { y   E(𝑁)|   

-1
 (a)      ∅(a) 

for some a   M}= 0. Let y   𝑁 ∩ Ȥ, then   
-1

 (a)      ∅(a), then  -1
(a)   

𝑁, apply    to both sides , we have     
-1

 (a)          ∅(a)  

from (*) we get    (y) = 0, then a      (X)  and y = 0, since 𝑁 is essential in 

E(𝑁), we have Ȥ = 0 and  -1
 (a)  ∅(a) for all a   M. Hence   

-1
(M) ⊆ 𝑁. 

The convers is clear.   

Remarks 2.2.19: 

    In case M is a uniform, N is an indecomposable semimodule , then: 

(1)If M is almost N-injective and there is a homomorphism   :E(𝑁  →E(M) 

such that  (𝑁)  M, then   is an isomorphism and   M ⊆   𝑁  is essential 

in E(M) implies N    𝑁  is uniform(since M is uniform). 

(2)If N is not uniform and M is almost N-injective semimodule, then M is 

N-injective semimodule. 

(3)If N is uniform, then M is almost N-injective semimodule if and only if 

for any homomorphism   :E(𝑁  →E(M)  with  (𝑁)  M,   is an 

isomorphism and  M ⊆   𝑁 . 

Lemma2.2.20: Let U and Ѵ be subtractive subsemimodules of a 

cancellative semisubtractive semimodule  M, and N any semimodule. If  

  U → N and β  Ѵ → N are homomorphisms such that  (x) = β 𝑥  for  

all x in U Ѵ, then there is a homomorphism    U +Ѵ → N  which extends  

both   and β. 

Proof. Define    U +Ѵ → N by   (u + ѵ) =  (u ) + β    where u   U , ѵ   

Ѵ. Assume that u + ѵ = uʹ + ѵʹ….(*), u , uʹ   U and  ѵ , ѵʹ   Ѵ, by  
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semisubtractive, there exist x,    M such that either u+ x = uʹ or u = x + uʹ 

and either ѵ + y = ѵʹ or ѵʹ + y = ѵ. 

Claim: In all cases,    (u )+ β   =  (uʹ ) +β    , that is   is well-defined. 

First, by assumption x  U,    Ѵ(by subtractive). 

There are four cases, it is enough to discuss one case, the other are similar. 

Let  u' = x + u and ѵ'+ y = ѵ, then u + ѵ = uʹ + ѵʹ implies u + x +ѵ' = u + ѵ' 

+ y  by cancellative we have x  = y  and hence x , y   U ⋂ Ѵ, then   (x) = 

β y), then   u    β (ѵ) =  (u) +  β  ѵʹ ) β     and    u     β (ѵ')=  (u 

) +   𝑥) + β    . By (*)   u    β (ѵ) =  (u' ) +  β ѵʹ ). Hence our claim 

is true, and   is an extension of both   and β.    

Lemma 2.2.21: Let 𝑁      Ȥ  and M be two semimodules such that N is 

subtractive, cancellative and semisubtractive and  : L→ M be an R-

homomorphism such that L  𝑁, has no extension    X→ M with L  X   

𝑁. Then,    =  | Y L  has no extension     E→ M with   𝐿   E   Y.  

Proof. Suppose an extension     E→ M of    exists where   𝐿   E   Y. 

It is clear that E 𝐿   Y 𝐿 and L  L+E. Now for     E 𝐿,      

             By  Lemma 2.2.20, the mapping  : L    → M,  (l + e) = 

 (l ) +   (e) ,    L,    E is well defined, on the other hand   is an   

extension of    to L+E with  L  L+E, we have  a contradiction.   

Lemma 2.2.22: Let M and  𝑁 be  any semimodules, and 𝜉  U→ M be R-

homomorphism has no extension from N to M, where U is subsemimodule 

of 𝑁, let  𝑁 =Y  Ȥ  with Y    and R-homomorphism ω  𝑀 → Y  such that 

ω ξ(u) = π(u) for any u in U, where π  𝑁 → Y   is a projection map with 

kernel Ȥ. Then : 

 (1) ξ  is monomorphism on U   Y and ξ(U   Y) is closed subsemimodule 

in M . 
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(2) If M is semisubtractive and  cancellative semimodule, then ker(ω) is 

complement of ξ(U   Y) in M. 

 (3) ξ(U   Ȥ ) ⊆ ker(ω) . 

 (4) If M is CS semimodule, then ξ(U   Y) and ker(ω) are summands of M. 

Proof. (1) Since ω ξ(u) = u for any u   U   Y, which gives ξ(U   Y)   

ker(ω) = 0 [ if y   ξ(U   Y)   ker(ω), this mean ω(y) = 0 and ξ(a) = y for  

some a    U   Y, ω ξ(a) = ω (y) = 0, but ω ξ(a) = a, hence y = 0],  let K   be 

subsemimodule of M containing ξ(U   Y) with K k r ω  =0. Then ω K   is 

monic and U   Y ⊆  ω (K) ⊆ Y. Define υ  ω (K) → K,  υω(k) = k for any 

k   K. Then υ extends ξ|U   Y and υ is an isomorphism implies that  ξ|U   Y 

is monomorphism. By Lemma 2.2.21, ω (K) =U   Y which proves that  

 ξ(U   Y) = K. Therefore K is complement and then closed implies that     

ξ(U   Y) is closed subsemimodule of M.  

(2) Let Ų be a complement of ξ(U   Y) containing ker(ω), if V   Ų and 

V  ker(ω) = 0, then( ξ(U   Y) + V )   ker(ω) = 0 implies that ξ(U   Y) + 

V  = ξ(U   Y) , then V = 0 and hence ker(ω) is essential in Ų. Now ,if u   

Ų and u   ker(ω), there exists r   R such that     u   ω  (U   Y)   Ų   

 (since ω  (U   Y)   Ų   Ų ) implies 0   ω  𝑢  U   Y. Since ω ξ U   

Y) = U   Y, there is a    ξ (U   Y) such that ω  𝑢   ω a), since M is 

semisubtractive , there exists v   M and two cases : 

Case 1/  ru = a + v   ω  𝑢   ω a)+ ω 𝑣  by cancellative ω 𝑣 = 0   

v   ker(ω . 

Case2/ a = v + ru, similar to case 1/ implies that v   ker(ω ⊆ Ų  and a    

Ų( by semisubtractive) but a    ξ (U   Y) , then a    ξ (U   Y)   Ų = 0 this   

is a contradiction   Ų = ker(ω  and hence ker(ω  is complement of ξ 

(U   Y). 
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(3)Let a    ξ (U   Ȥ)   ξ(u) = a for some 𝑢   U   Ȥ, ω(a) = ω ξ(u) = 

π(u) = 0 ( since 𝑢    Ȥ )   a   ker(ω    ξ (U   Ȥ) ⊆ ker(ω . 

 (4) Since M  is CS-semimodule and both ξ(U   Y) and ker(ω  are 

complements hence closed subsemimodules of M, then  ξ (U   Y) and 

ker(ω  are direct summands of M.    

Definition 2.2.23 [26]: A semimodule  M is called  π-injective if for any 

two subsemimodules D and E of M with D⋂ = 0, there exist  ,δ   

End(M) such that,   and δ are idempotent;    δ = 1M ; D ⊆ker(   and 

E ⊆ ker(δ).  

The  above definition is equivalent to: 

 Remark 2.2.24:A semimodule M is said to be π- injective semimodule if 

for any two subsemimodules Ų1 and Ų2 of M with Ų1  Ų2 = 0, the 

projections π : Ų1  Ų2 → Ų1 or Ų2 can be lifted to an endomorphism of M.  

In fact, if M is π-injective and Ų1, Ų2 are subsemimodules with Ų1  Ų2=0, 

then π : Ų1 Ų2 →Ųi (i=1, 2) can be extended to an idempotent 

endomorphism with sum equal to 1M .  

Proof. If Ų1  Ų2=0, where Ų1, Ų2 are subsemimodules of M and π : 

Ų1 Ų2 →Ųi (i=1, 2) can be extended to idempotent endomorphism of M, 

then M is π-injective. Since π : Ų1 Ų2 →Ų1 can be extended to ρ  𝑀 →M, 

then π (x+ y) = x = ρ(x) also π : Ų1 Ų2 →Ų2 can be extended to ς  M→M, 

then π (x+ y) = y = ς(y), where x in Ų1 and y in Ų2   ρ Ų1= π  and ς Ų2= 

π , ρ(x) +ς(x) = x, ∀x  Ų1 (since Ų1  ker(π   ⊆ ker(ς)), also ρ(y) +ς(y) = 

y, ∀y  Ų2 (Ų2 = ker(π   ⊆ ker(ρ))   ρ+ς = 1M . Thus M is π-injective.  

Example 2.2.25.     as  -semimodule is π-injective, since it has only two 

proper subsemimodules      and      with          = 0, there is  
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𝜋     →      with kernel     and 𝜋     →      with kernel      and 

𝜋  𝜋      
. 

              Recall that a semimodule M with injective hull is said to be quasi-

continuous if, for each idempotent 𝛽   End(E(M)) implies 𝛽(M)⊆ 𝑀.[ 26] 

    The concept, quasi continuous semimodule is different from π-injective 

semimodule. If conditions, cancellation, semisubtractive and subtractive 

are added for semimodule, then the two concepts will be equivalent[28]. 

For instance   as  -semimodule is π-injective which is not quasi-

continuous (since it has no injective hull) while    as   -semimodule π-

injective and quasi-continuous. On the other hand, these concepts are 

equivalent in module.  

Lemma 2.2.26[26]:Any π-injective semimodule is extending.  

Proposition 2.2.27: Let M be almost 𝑁-injective semimodule which is 

semisubtractive, cancellative, 𝜋-injective semimodule, then for any R- 

homomorphism ξ  U→ M has no extension from 𝑁 to M, where U is 

subsemimodule of 𝑁,we get: 

 (1) There is a decompositions 𝑁 =Y  Ȥ, M = V   W with Y   . 

(2) ξ  is a monomorphism  on U   Y and ξ(U   Y) = V. 

(3) ξ(U   Ȥ ) ⊆ W. 

(4) U = (U   Y)  ( U   Ȥ). 

Proof. Assume that M is almost 𝑁- injective semimodule. Since M is 𝜋-

injective semimodule, then it is CS-semimodule by Lemma 2.2.26.  

(1) By Lemma 2.2.22 (4), there is a decomposition 𝑁 =Y  Ȥ    with Y    

and R-homomorphism ω  𝑀 → Y  such that ξ  is monomorphism  on U   Y 

, set V = ξ(U   Y) and W = ker(ω) are  direct summands of M, and ω ξ(u) = 
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 π(u) for any u in U. As V and W are complements of each other, then M = 

V   W. 

 (2) From Lemma 2.2.22. 

(3) From  Lemma  2.2.22  replace ker(ω) by W. 

 (4) Let u    U. Then u = u1+u2 where u1  Y, u2  Ȥ. Then u1 = ω ξ u   

ω 𝑀) = ω ξ(U   Y) = U   Y , in the same way u2  U   Ȥ . Hence U = 

(U   Y)  ( U   Ȥ).   

Corollary 2.2.28: Let M be a uniform semimodule which is 

semisubtractive, cancellative and 𝑁 any semimodule, then M is almost 𝑁- 

injective if and only if any R- homomorphism ξ  U→ M with no extension 

from 𝑁 to M, where U is subsemimodule of 𝑁, then the following hold: 

(1) There is a decomposition  𝑁 =Y  Ȥ such that ξ(U   Y) = M , Ȥ = ker ξ 

and U = (U   Y)   Ȥ. 

(2) There is a decomposition  𝑁=Y  Ȥ such that 𝜉  is a monomorphism  on 

U   Y , ξ(U   Y) = M and U = (U   Y)   Ȥ. 

Proof. Since M is a uniform semimodule, then it is 𝜋-injective.  

(1) Suppose M is almost 𝑁-injective semimodule. By Proposition 2.2.27 

𝑁=Y  Ȥ with Y   , ξ is monic  on U   Y , ξ(U   Y) = M and ξ(U   Ȥ ) = 

0, so ξ|U Ȥ = 0, it can be extended from Ȥ to M, then by Lemma 2.2.21  

U   Ȥ = Ȥ, U = (U   Y)   Ȥ.  

(2) we get an R-homomorphism    Ȥ→ U   Y such that ∀𝓏   Ȥ,   𝓏 = y, 

whenever ξ 𝓏  = ξ(y). Then 𝒳  = { 𝓏   Ȥ , 𝓏 =   𝓏 }⊆ ker ξ  from (1) 

𝑁=Y   𝒳 . After then use (1) to get the result.   Conversely, suppose the 

condition is given and  from Proposition 2.2.27, we get the result.    
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      In [39] the concept total quotient semiring which is R-semimodule( 

quotient semifield) is studied and discussed. 

Corollary 2.2.29: Let D be  a commutative semidomain and Q a quotient 

semifield, then D is almost QD -injective semimodule. 

Proof. Let ξ  U→ D has no extension from Q to D, where U is maximal 

subsemimodule of QD, then Q   D , since QD  is injective, there exists    

QD → QD extension of ξ. Let Y =    (D), then Y = q D for some q   Q such 

that   q  = 1. It is clear that U ⊆ Y.   (Y) = D,  By maximality of ξ, then U 

= Y and from Corollary 2.2.28 (1), we have D is almost QD–injective 

semimodule.  

 

 

 

 

      

 

 

 

 

 

 

 

 

 

     



 

40 
 

Chapter Two                                        Almost-Injective Semimodules 

2.3   Almost self- injective semimodules 

      In this section,  new generalization of injective semimodule has been 

presented. An R-semimodule M is called almost self-injective, if M is 

almost M-injective semimodule. Some properties of this notion have been 

presented. Also some related notions of this concept have been studied as 

endomorphism of indecomposable almost self-injective semimodules, and 

radical of semiring R.  

    It is mentioned before that the symbol, ᶘ denotes End(M), the semiring 

of endomorphisms of M. 

Definition 2.3.1: A semimodule M is said to be almost self-injective, if M is 

almost M-injective, this means either diagram (i) or diagram (ii) commutes.  

     

  

 

      

 

Remarks 2.3.2: (1) If M is an indecomposable, almost self-injective 

semimodule and the diagram(i) of Definition 2.3.1 is not satisfied, then 

Y=M and 𝛾𝜉    𝑖  𝑖, this means 𝜉 is a monomorphism. 

 (2) The following implications hold for any semimodule: 

Injective  Almost-injective  Almost self-injective 

    

 

𝜁 

i  

𝑀 A 

𝑀 

𝜉 

(i) 

A i 

𝜉 

𝛾 

𝜋 

𝑀 

(ii) 

𝑀  𝑌  Z 

𝑌  

Quasi-injective 
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Definition 2.3.3 :A valuation semidomain is a semidomain    such that for 

each element t in semifield of fraction 𝐹, either t or t
-1 

belongs to  . It is 

clear that every semifield is valuation semidomain as (        is semi-

field.     

Examples 2.3.4: 

(1)Notice that by Remarks 2.3.2 (2), every injective semimodule is almost 

self-injective but the converse is not true, for example    as  -semimodule 

is almost self-injective semimodule but not injective.  

 (2) Every self-injective semimodule is almost self-injective but the 

converse is not true, for example     ⁄   
    ⁄  as   semimodule  where 

p is a prime number is almost self-injective but it  is not self- injective 

semimodule.  Also     ⁄   
    ⁄   is not uniform.    

(3) Every valuation semidomain which is not division semiring is almost 

self-injective but not self -injective semimodule.  

Proposition 2.3.5: Any fully invariant direct summand of almost self-

injective semimodule  is also almost self-injective. 

Proof. Suppose M is an almost self-injective semimodule and Y a fully 

invariant direct summand of M, this means M is almost M-injective by 

Proposition 2.2.9, we get Y is almost M-injective and from Proposition 

2.2.10, Y is almost Y-injective semimodule, that is Y is almost self-injective 

.  

Proposition 2.3.6: Let 𝑀   𝐵; 𝑀 is an almost self-injective semimodule 

if and only if 𝐵 is almost self-injective. 
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Proof. Let    𝑀   𝐵 be an isomorphism and M an almost-self-injective 

semimodule, then either there is ζ   End(M), such that ζ   i =    ξ. 

Define ∅ 𝐵 → 𝐵 such that ∅    ζ    , then ∅𝑖 = ζ   𝑖 =     ξ= ξ, or 

there exists 𝛾: 𝑀 →   where X  is a nonzero direct summand of M such that  

𝛾    ξ  𝜋   𝑖. Define  𝛿 𝐵                  where  (X) is a 

nonzero direct summand of 𝐵, such that 𝛿   𝛾       we have 𝛿ξ  

 𝛾   ξ   𝜋   𝑖  𝜋 𝑖. Then 𝐵 is almost self-injective. As in the 

following diagrams: 

     

  

 

 

 

 

Similarly, if the assumption     𝐵  𝑀  and 𝐵 is an almost self-injective 

semimodule, then 𝑀 is almost self-injective again.   

Proposition 2.3.7: Let M=Y1  Y2 be an almost self-injective semimodule, 

where Yj is fully invariant then Yi is almost Yj-injective semimodule for i, j 

={1, 2}. 

Proof. From hypothesis M is an  almost self-injective semimodule, then M 

is an almost M-injective. Since Yi is  direct summand of M, by Proposition 

2.2.10, then Yi is an almost M-injective semimodule and from 

Proposition(2.2.10), we have  Yi is an almost Yj -injective semimodule.   

 

i 
𝐵 A 

𝑀 

𝜉 

𝐵 

𝜃 
𝜁 

𝜙 

𝜃  
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𝑋

  

A 
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ξ 

 𝜃 X  

𝑀  𝑋 𝑌  
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𝐵 𝛿  
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𝜃  
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Corollary 2.3.8: Let M=     
  Yi be an almost self-injective semimodule, 

where Yj  is fully invariant, then Yi is an almost Yj-injective semimodule for 

i, j  {1, 2,…, n}. 

Proposition 2.3.9: If M is a simple semimodule with injective hull E(M) 

and M  E(M) almost self-injective, then M is almost M  E(M)-injective. 

Proof. Consider the following diagrams: 

 

 

 

   

 

Where i and j are the inclusion maps and U any subsemimodule of M  

E(M)  . Since M  E(M) is  almost self-injective semimodule, then either 

there is  endomorphism 𝜁 on M  E(M) such that 𝜁 𝑖=,  𝑓 or there is 

𝛾 𝑀    𝑀   X where X is nonzero direct summand of M  E(M) such 

that 𝛾  𝑓   𝜋 𝑖  From the first diagram can be defined 𝜙: 

𝑀    𝑀   M by 𝜙=𝜋 𝜁, then 𝜙 𝑖  𝜋 𝜁 𝑖  𝜋   𝑓 𝑓. The second 

diagram will obtained 𝛿 𝑀  X such that 𝛿   𝛾𝜋 , then 𝛿   𝛾𝜋 𝑓  

 𝜋 𝑖. Therefore M is almost M  E(M)-injective semimodule.   

 Remark 2.3.10 [26]: If M is a π-injective semimodule having injective 

hull E(M) and E(M)=   E, where   and E are subsemimodules of E(M), 

then M = (  𝑀    E 𝑀 . 

Remark 2.3.11 [26]: If M  is a π-injective, indecomposable semimodule 

having injective hull, then M is uniform. 

i 
𝐸 𝑀  U 

𝑀  𝐸 𝑀  

f 

Ӎ 

𝜆𝑀 
 

𝜁 

𝜙 

𝜋𝑀 
 

 

𝑀  𝐸 𝑀  
𝑗 

𝑋

  

U 
i 

𝑓 

𝑀  𝐸 𝑀  

𝛾 

𝜋 

𝑀  𝐸 𝑀  

𝑀 
𝛿  

𝐸 𝑀  

j 

𝜆𝑀 𝜋𝑀 
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Proposition 2.3.12: An indecomposable, almost self-injective semimodule 

M is π-injective. 

Proof. Suppose Ų1, Ų2  0 are subsemimodules of  indecomposable almost 

self-injective semimodule M  with Ų1  Ų2=0, the projection π: Ų1 Ų2 

→Ųi either can be extended to endomorphism of M, or there exists an R-

homomorphism   of M  such that  π = 𝑖   ker (π) = 0 which is 

contradiction (since ker π = Ųi  0 where i = 1, 2) hence  M is π-injective.  

Corollary 2.3.13: If M is an indecomposable, almost self-injective 

semimodule with injective hull E(M), then M is uniform. 

Proof. From Proposition 2.3.12, we have M is π-injective semimodule and 

from Remark 2.3.11, we get  M is uniform.   

Proposition2.3.14: If M is an indecomposable, almost self-injective which 

is nonsingular semimodule, then  ᶘ is semidomain. 

Proof. By Proposition 2.3.12 M is π-injective semimodule and by Lemma 

2.2.27 M is an extending semimodule. Now, let  𝛾=0 where   𝛾   ᶘ, then 

𝛾 𝑀 ⊆ker( ). But ker ( ) is closed and hence a direct summand of M, 

then either   =0 or 𝛾  0, because M is indecomposable.   

     The following proposition has been proved for module in [40], it will be 

proved for semimodule after it has been converted to  suit the 

characteristics of semimodules where  two conditions were added, 

cancellative and semisubtractive. 

      In the following, we mean by symbols ⊂ proper subset and  ⊆ subset. 

Proposition 2.3.15: Suppose M is an indecomposable, semisubtractive, 

cancellative, almost self-injective semimodule, then for all ω φ   ᶘ ,we 

have: 
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(1) If ker(ω ⊂ ker(φ ), then ᶘ φ ⊂ ᶘ ω . 

(2) If ker(ω   ker(φ ), then  ᶘ φ ⊆ ᶘ ω or ᶘ ω ⊆ ᶘφ . 

Proof. (1) Let ω φ   ᶘ such that ker(ω ⊂ ker(φ ). Define ξ  ω(M)  φ 

(M) by ξ  ω m   = φ(m) which is a well define homomorphism, for if 

ω(m) = ω(n) for every m, n  𝑀, by semisubtractive of M, there is ȿ   M 

such that either m = n+ ȿ or n= m+ ȿ  if m = n+ ȿ  ω(m) = ω(n) + ω(ȿ) 

by cancellative, ω (ȿ) = 0   ȿ  ker(ω ) ⊂ ker(φ )   ȿ  ker(φ )   φ (m) 

= φ (n), the same result hold if n = m+ ȿ.  ξ is not one to one (since 

ker(ω ⊂ ker(φ )), by hypothesis, ξ  can be extended to M. Hence there is 

ρ   ᶘ such that ρ (ω m )   ξ(ω m )for all m   M    ρ(ω m )   φ(m) 

  ᶘ φ ⊂ ᶘ ω. As for the second diagram of Definition 2.3.1, since M is 

indecomposable, there is 𝜎 𝑀  𝑀 such that 𝜎ξ   1M this means ξ is one 

to one and this contradicts that ξ is not one to one).  

(2) Suppose ker(ω   ker(φ ), then  ξ is one to one ( in fact, for ω m ) and 

ω n  in  ω(M) such that ξ ω m   = ξ ω n     φ(m) = φ(n),by 

semisubtractive there exists ȿ   M such that either m = n+ ȿ or n = m+ ȿ if 

m = n+ ȿ   φ (m) = φ (n) + φ (ȿ), by cancellative, we have ȿ  ker(φ ) = 

ker (ω)   ω n) = ω m . So either ξ can be extended to an endomorphism 

ρ   ᶘ, or there exists    ᶘ such that   ξ = 1 ω(M )   ω (m)    ξ(ω(m )) = 

  (φ(m)) =   φ(m) for all m   M. Thus ᶘ ω ⊆ ᶘφ   if   = ρ on ω (m), then 

ᶘ φ ⊆ ᶘ ω.   

Corollary 2.3.16: If M is a uniserial, semisubtractive, cancellative, almost 

self-injective right semimodule, then ᶘ is left uniserial. 

Proof. Let X, Y be left ideals of ᶘ such that Y  X and let    , 𝛽  Y and 

𝛽   X. since ker   and ker 𝛽   M and M is uniserail, then either ker   

⊆ker 𝛽 or ker𝛽 ⊆ ker  , if ker   ⊆ker 𝛽 from Proposition 2.3.15 we get 𝛽ᶘ  
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⊆  ᶘ implies 𝛽   X and this contradiction, the same way if ker𝛽 ⊆ ker   

we get   Y implies X⊆Y. Therefore ᶘ is left uniserial        

Lemma 2.3.17: Let M be an indecomposable, semisubtractive, cancellative 

almost self-injective semimodule, then the left ideal H of ᶘ = End(M) 

generated by non-isomorphic monomorphisms in ᶘ is two sided ideal. 

Proof. Let φ  ᶘ and   a non-isomorphism with ker(    , it is enough to 

show that  φ  H. If ker ( φ)   , from Proposition 2.3.15 (ker ( )⊂

k r   φ   implies that ᶘ  φ ⊂ ᶘ   then,  φ  H. If ker ( φ) =0 = ker(1M), 

by Proposition 2.3.15, then ᶘ φ ⊆ ᶘ1M if  φ  is isomorphism  implies that   

is onto, a contradiction. Thus  φ  H   

Proposition 2.3.18: The endomorphism semiring of indecomposable, 

semisubtractive, cancellative almost self-injective semimodule is local. 

Proof. Since M is an indecomposable almost self-injective semimodule, 

then it is uniform by Proposition 2.3.13, let Ὧ be the set of all non-  

isomorphism monomorphism in ᶘ. If Ὧ ∅, then    ᶘ  is an isomorphism 

if and only if ker( )  , let U(ᶘ) be the monoid of invertible elements of ᶘ  

and   β   U(ᶘ), since M is uniform, either   or β is monomorphism, this 

mean either   or β is an isomorphism. Therefore ᶘ is local. Now suppose  

Ὧ ∅, let H= ∑ ᶘ    , by Proposition 2.3.15, ᶘ \U(ᶘ)⊂H, we must show 

that ∝ H is not invertible, ∝ ∑ f   
 
    where      Ὧ and f  ᶘ. By 

Proposition 2.3.15, ᶘ  , ᶘ  ,…, ᶘ   are linearly ordered by inclusion 

relation. Hence ∝ f   for some f  ᶘ, if ∝ is invertible, then    is left 

invertible, since ᶘ has no nontrivial idempotent,    is invertible and this 

contradiction with     Ὧ. Thus ᶘ \U(ᶘ) H. Since H  is two sided ideal of 

ᶘ by Lemma 2.3.17, we have ᶘ is local.    
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Lemma 2.3.19 [13, p.38]: For any element r of a subtractive semiring R, 

r   Rad( R ) if and only if 1+tr is invertible for all t in R. 

Lemma 2.3.20: If ᶘ =End(M) is local, then M  is indecomposable. 

Proof. Assume that M=𝑀  𝑀  and 𝜋  M 𝑀 ,     𝑀   M (i=1, 2) are 

the projection and injection maps respectively. Now,   𝜋  are noninvertible 

elements of ᶘ. But   𝜋    𝜋     which is invertible and this a 

contradiction with ᶘ is local.    

Proposition 2.3.21: Let  M be an almost self-injective semimodule, then: 

 (1) If ᶘ is local, then M  is uniform. 

 (2) If M  is uniform, then Z(ᶘ )⊂ Rad(ᶘ ). 

Proof. (1) Suppose Y X = 0, where X and Y are subsemimodules of M 

(since M is almost self-injective semimodule and indecomposable by 

Lemma 2.3.20 and from Proposition 2.3.12, then M is π-injective and 

hence there exist ω φ   ᶘ, such that X ⊆ kerω and Y ⊆ kerφ and ω  φ  

  . Since ᶘ is local either ω   Rad(ᶘ ) or φ   Rad(ᶘ ), if  ω   Rad(ᶘ ), then 

φ is invertible  implies kerφ = 0, since Y ⊆ kerφ, hence Y = 0.  

 (2) Let φ   Z(ᶘ) and   ω   ᶘ, ann(φ) is essential in ᶘ, there exists f   ᶘ 

such that    f ω   ann(φ   φ f ω     If ker (φ = 0, then φ is monic, 

then if φ f ω     f ω=0 and this contradiction. Then ker (φ)   , 

since M is uniform , then ker (φ ) essential in M . Now, since ker(φ)   

ker(1+ ωφ) =0,  in fact, if x   ker(φ)   ker(1+ ωφ)   φ (x)=0 and 

(1+ ωφ) (x) = 0  1(x) = 0, we have ker(1+ ωφ) =0  ker(1M) by 

Proposition 2.3.18, then  there is h   ᶘ such that 1M= h(1+ ωφ)   φ  

 Rad(ᶘ) by Lemma 2.3.19.    
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Proposition 2.3.22: Suppose  M is an indecomposable almost self-injective 

semimodules and ω φ   ᶘ , 

(1) If ω (M) embeds in φ (M), then ᶘ ω is a homomorphic image of ᶘ φ. 

(2) If ω (M)   φ (M), then ᶘ ω   ᶘ φ. 

Proof. (1) Let  ξ  ω (M )  φ (M) be a monomorphism, and i1: ω (M )  

M, i2: φ (M )  M be the inclusion maps, since M  is almost self-injective, 

either there exists ρ   ᶘ such that ρ i1 = i2 ξ. Define    ᶘ φ   ᶘω  by   (f φ) 

= fρ ω, for all f  ᶘ.   is well defined ( if, f1 φ  = f2 φ ∀ m   𝑀    f1 ρ ω 

(m)  = f1 ξω m)= f1 φ(m)=f2 φ m)= f2 ξω m) = f2 ρ ω m), for all m   𝑀, 

then f1 ρ ω(m)  = f2 ρ ω m) and hence   is well defined. Now to show that 

ker (ω) = ker (ρ ω), let x  ker (ρ ω)   ρω (x) = 0, ξ  ω(x)) = 0   ω (x) 

= 0 because ξ is monic. It is clear that ker (ω) ⊂ ker (ρ ω ), hence ker (ω) = 

ker (ρ ω) by Proposition 2.3.15, ᶘ ω ⊂ ᶘ ρ, so ω = f ρ ω for some f  ᶘ, then 

ω = f ρ ω  =   (f φ) implies ᶘ ω ⊂ ᶘ f ρ ω     (ᶘφ  this means    is ᶘ- 

epimorphism, or there is β  ᶘ such  that βi2ξ   ω(M) implies  ω  m  

βi2ξ(ω  m )  β i (φ m )  βφ m   for every m in M  ᶘω ⊆ ᶘφ, 

then   is ᶘ-epimorphism.  

 (2) Let ξ  ω (M )  φ (M ) be an R-isomorphism and i1: ω(M )  M , i2: φ 

(M )  M be the inclusion maps, since M  is almost self-injective, either 

there exists ρ   ᶘ such that ρ i1 = i2 ξ , or ρ i2 ξ    ω (M ). From (1)   is ᶘ- 

epimorphism, to show   is a monomorphism, let f (φ )   ker( ), thus   (f 

(φ ))= 0 so  fρ ω    since ρ ω 𝑀 = φ 𝑀   fρ ω 𝑀 = fφ 𝑀  hence 

fφ 𝑀 = 0 implies fφ=0.   

       In [12] the set W(ᶘ) = {φ  ᶘ/kerφ is essential in M} is a two sided 

ideal of ᶘ. 

 



 

49 
 

    Chapter Two                                       Almost-Injective Semimodules 

Proposition 2.3.23: If M is a cancellative, semisubtractive almost self- 

injective semimodule, then:   

(1) W(ᶘ)  ⊆ Rad(ᶘ). 

(2) If ᶘ is local, then Rad(ᶘ ) = {  ᶘ : ker (   0}. 

Proof. (1)Let    W(ᶘ ) and let θ   ᶘ since  ker ( )   ker(  θ  ) = 0 and 

ker (  )   M, then  ker(  θ  ) = 0=ker(1M)  by Proposition 2.3.15, ᶘ ⊆ 

ᶘ(  θ  ),  since 1  ᶘ   1 = f (  θ  ) for some f in  ᶘ and hence    

Rad(ᶘ).  

(2)Since ᶘ is local, ᶘ    ᶘ for any    Rad(ᶘ), let    Rad(ᶘ) to show that 

ker( )  0. Suppose that ker( ) =0, define     (M)  M by    (ȶ)) = ȶ,   

is well defined, for any ȶ , e in M, assume that  (ȶ) =  (e) by  

semisubtractive, there is ȿ in M such that, either ȶ = e+ ȿ or e = ȶ+ ȿ, we get 

 (ȶ) =  (e) +  (ȿ) by cancellative  (ȿ) =0  ȿ  ker( )  ȿ =0, then ȶ = e, 

the same way for e = ȶ+ ȿ. Since M is almost self-injective semimodule, 

either there is an endomorphism η of M   such that ηi =  , then η  = ηi  =  

   = 1M  so ker(η  )= ker(1M ) by Proposition 2.3.15, ᶘ η  ⊆ ᶘ   and hence 

ᶘ    ᶘ this is a contradiction, then Rad(ᶘ) ⊆{   ᶘ |ker (   0}, or  

 there is ς   ᶘ such that ς   =          𝑀) =ς  (  𝑀)) =ς(M), this 

means ᶘ   ᶘ this contradicts the assumption. Conversely, let   {   ᶘ | 

ker  (   0}, since ᶘ is local, then Rad(ᶘ) = {    ᶘ: ᶘ    ᶘ }. Suppose 

that ᶘ    ᶘ  β  = 1M for som  β   ᶘ , so ker(β  )= ker (1M) = 0, then 

ker(  ) ⊆ ker(β  ), then ker(  ) = 0,  this a contradiction.  

Proposition 2.3.24: Let M be a cancellative, semisubtractive almost self-

injective semimodule with ᶘ = End(M). If  (M) is a simple right R-

semimodule, then ᶘ   is a simple left ᶘ-semimodule, where    ᶘ. 
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Proof. Let D be a nonzero subsemimodule of ᶘ   and   β   D, then 

ᶘβ  ⊂D. Suppose ker(β    (M)   . Since  (M) is simple and ker(β    

 (M) ⊂  (M)  ker(β    (M)   (M)   (M) ⊂ ker(β , so β  M) = 

0  β  =0, a contradiction so ker(β    (M) =0  ker(β ) = ker(  , 

hence by Proposition 2.3.15, ᶘβ  ⊆ ᶘ   ᶘβ  ⊂D ⊂ᶘ   D  ᶘ .   
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3.1     Introduction 

     The aim of this chapter is to study the concepts of  almost projective and 

almost self-projective semimodules as generalizations of projective 

semimodules and quasi-projective semimodules, respectively some of  their 

characterizations have been discussed, as well as  some results have been 

generalized from projective and quasi-projective semimodules.  

     In this part of thesis, almost projective modules has been expanded for 

semimodules taking into account the differences between modules and 

semimodules, which are mainly derived from their definitions. 

         Some properties of almost-projective semimodule will be investigated 

in this part. 

3.2   Almost projective semimodules 

Definition 3.2.1: A semimodule  M is said to be  almost N-projective, if for 

each epimorphism    𝑁   X and every homomorphism 𝛿 M  X,  either 

there is    M   N such that      𝛿, or there is   Y M where Y is  a 

nonzero direct summand of N such that 𝛿𝛾     Y. As the following 

diagrams: 

 

 

 

 

       A semimodule M is called almost-projective if it is almost N-projective 

for every finitely generated R-semimodule N. 
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Remarks 3.2.2: 

(1) Every projective semimodule is almost-projective.  

(2) If M is almost N-projective, N is indecomposable and the diagram(i) of 

Definition 3.2.1 is not satisfied, then N=Y and there exists 𝛾  𝑁   M such 

that 𝛿𝛾      . 

(3) If M is almost N-projective and simple semimodule, then any 

epimorphism   N  M, either splits (take 𝛿      implies       , hence  

  split epimorphism)  or, there is 𝛾  Y  M such that   𝛾       implies 

𝛾        where Y is a nonzero direct summand of N. 

Remark 3.2.3: Every semiring with identity is almost-projective 

semimodule.  

Proof. Since every projective semimodule is almost projective and from 

Proposition 1.1.84.   

Examples  3.2.4: From Remark 3.2.3, we get: 

(1)A semiring   over itself is an almost -projective semimodule. 

(2)If  ={0,1}where 1+1=1 , then(  , +,  ) is a  Boolean semiring [1, p.7], 

with identity 1.   as  -semimodule is almost-projective. 

Proposition 3.2.5: If M is an almost N-projective semimodule and Y a  

direct summand of M, then Y is almost N-projective also. 

Proof. Assume M is an almost N-projective semimodule and Y a  direct 

summand of M. Consider the following diagrams:   
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Where 𝜋  and  Y are the projection and injection maps respectively. Since 

M is almost N- projective semimodule, then either there is  :M N such 

that      = 𝛿 𝜋  where   N X is an epimorphism, or there is 𝛾  U M 

such that 𝛿 𝜋 𝛾=     where U is nonzero direct summand of N, , in the 

first diagram take        , then      =      = 𝛿 𝜋   = 𝛿. Now from 

the second diagram, assume 𝜙  𝜋 𝛾, then 𝛿𝜙 =𝛿𝜋 𝛾=    .Thus Y is 

almost N-projective.    

Proposition 3.2.6: Let M be an almost N-projective semimodule and U a  

fully invariant direct summand of N, then M is almost U-projective. 

Proof. Let M be almost N-projective and U  a fully invariant direct 

summand of N. By the following diagrams: 

 

  

    

 

 

M 

α 
N X 

𝜓 π𝑌 

Y 

λ𝑌 

𝛿 

𝜓  

𝜋𝑈 

M 

α 

N X 

𝜓 

𝛿 

U 

𝜓  

M

Ӎ 

α 
N X 

𝛾 

π𝑌 

Y 

λ𝑌 

λ
𝑈

 

 𝛿 

U 

∅ 

Y M 

α 
N X 

𝜆𝑁 𝑌  

𝛿 

U 

𝜆 

U 𝑌 𝜃  

𝜃 

𝜋𝑈 

𝜆𝑌 
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Since M is an almost N-projective, then either there is   M N such that 

 𝜋    𝛿, or  there is   Y  M su h that 𝛿     𝜋    where Y is a 

nonzero direct summand of N. Define     𝜋  , we get      𝜋   

 𝛿. In the second diagram, define         M where     is a direct 

summand of U (by fully invariant) such that   =    , then 𝛿   

𝛿   = 𝜋            . Hence M is almost U-projective semimodule.     

Corollary 3.2.7: If M is an almost 𝑁-projective semimodule such that 

𝑁=    
 𝑁 , then M is almost 𝑁 -projective semimodule, where each 𝑁  is 

fully invariant of N,  i=1, 2,…, n.  

Proof. By Proposition 3.2.6, the result is obtained.    

Proposition 3.2.8: Let M and N  be R-semimodules  and M is almost N-

projective, then any semimodule isomorphic to M  is also almost N-

projective. 

Proof.  Assume 𝛽 M E is an isomorphism and M is almost N-projective, 

by an argument similar to proof of Proposition 3.2.5 and replacing    

𝛽  , 𝜋  = 𝛽 the result is obtained.    

Proposition 3.2.9: If M is almost N-projective semimodule and N  B 

where B is any semimodule, then M is almost B-projective. 

Proof.  Suppose  : N B be an isomorphism, since M is almost N-

projective, then either there is   M N such that      𝛿 where   is an 

epimorphism, or  there is 𝛾 Y  M su h that 𝛿𝛾        where Y is a 

nonzero direct summand of N. Define       , then         𝛿. In 

the second diagram, define          M where      is a direct summand 

of B such that   = 𝛾   
 , then 𝛿   𝛿𝛾   

  
=               . Hence M 

is almost B-projective semimodule. As the following diagrams: 
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Propositin 3.2.10: Let 𝑀 , 𝑀  and N be R-semimodules, then 𝑀  

𝑀   𝑀  is almost N-projective if and only if 𝑀  (i=1, 2) is almost N-

projective semimodule. 

Proof. Suppose  𝑀  (i=1, 2) are almost N-projective and M=𝑀   𝑀 , 

consider the following diagrams : 

 

  

 

 

 

 

 

 

 

 

 

θ 

M 

α 

N X 

𝜓 
𝛿 

B 

𝜓  

Y M 

α 

N X 

𝜆𝜃 Y   

𝛿 

B 

𝜃   

𝜃 𝑌  
𝜃  

γ 

𝜃 

𝑀  

α 
N X 

 𝛾  

𝜆  

𝑀 

𝛿 

𝑈  

𝜃  
𝜆𝑈2

 

 d  

𝑀  

α 
N X 

𝜓  𝜆  

𝑀 

𝛿 

𝜓 

 a)

 

𝑀  

α 
N X 

𝜓  𝜆  

𝑀 

𝛿 

𝜓 

    

𝑀  

α 
N X 

 𝛾  

𝜆  

𝑀 

𝛿 

U  

𝜃  
𝜆𝑈 

 

 b  
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We have six cases: case1/ if the diagrams(a) and (b) are satisfying, then the 

Defection 3.2.1 is satisfied. Case2/  similar to case1, if the two diagrams 

(c) and (d). Case3/ suppose the two diagrams ( ) and ( )  are satisfying, 

then there is      M1 N and     M2 N such that    =𝛿   and 

   =𝛿    Define    𝑀  N by        , then             = 

       = 𝛿   𝛿   𝛿        𝛿.  

Case4/  suppose   the diagram (a) and (d)   are satisfying, this means there 

is     M1 N such that    =𝛿   and there is 𝛾   U2   M2 such that 

𝛿  𝛾       where U2 is nonzero direct summand of N, define     U2   

M by       𝛾  , then 𝛿    𝛿  𝛾      . Case5/ suppose the two 

diagrams (b) and (c)  are  satisfying, similar to case4, by take      U1   M 

, then  𝛿    𝛿  𝛾      . Case6/ suppose  the diagrams (b) and (d)    are 

satisfying, this means there is 𝛾  U1   M1 and 𝛾  U2   M2  where U1 and 

 U2 are nonzero direct summands of N such that 𝛿  𝛾      
 and 

𝛿  𝛾     2
.  In (b) can be define    𝛾      M such that then  𝛿   

 𝛿  𝛾      
, we get the same result in the diagram ( ). From the 

previous six  cases, we get, 𝑀 is almost N-projective. Conversely, suppose 

that 𝑀 is almost N-projective. From Proposition 3.2.5, therefore 𝑀  and 

 𝑀  are almost N-projective.    

Colloraly 3.2.11: Let  𝑀     
 be a family of semimodules, then  𝑀  is 

almost N-projective semimodules if and only if   𝑀  is almost N-

projective for fixed semimodule N and   𝑖   . 

Proof. From Proposition 3.2.10, the result is obtained.     

Proposition 3.2.12: The following statements are equivalent, for a 

semiring R and semimodule N: 
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(1) Every almost N-projective R-semimodule is N-projective. 

  (2) The direct sum of any finite family of almost N-projective R-

semimodule is N-projective. 

(3) The direct sum of any two almost N-projective R-semimodule is N-

projective. 

Proof. (1) (2) Suppose that every almost N-projective R-semimodule is 

N-projective. Since the direct sum of finite family of almost N-projective 

R-semimodules is almost N-projective by Proposition 3.2.10  and from (1), 

then this family of semimodules is N-projective.  

(2) (3) It is clear. 

(3) (1) Let M be almost N-projective R-semimodule, then R M is almost 

N-projective, from(3) R M is N-projective semimodule. Since every direct 

summand of N-projective semimodule is N-projective, hence M is N-

projective semimodule.      

Corollary 3.2.13: The following statements are equivalent, for a semiring 

R and : 

(1)Every almost projective R-semimodule is projective. 

 (2)The direct sum of finite family of almost projective R-semimodule is 

projective. 

(3)The direct sum of any two almost projective R-semimodule is projective. 

Proposition 3.2.14: Let M be an almost N-projective semimodule and N an 

indecomposable semimodule, any diagram of R-semimodules and R-

homomorphisms of the form: 
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In which the row is exact and  𝛿= 0, then either there is ∅ M N such that 

 ∅   𝛿, or there is 𝛾  𝑁   M such that 𝛿𝛾    . 

Proof. Since  𝛿= 0, then Im(𝛿)⊆ ker( )= Im( ). Let   :N  Im( ) where 

  (n) =  (n), for all n  N, and 𝛿  M  Im( ) such that 𝛿(m)= 𝛿 (m), for all 

m   𝑀, thus    is an epimorphism and we have the following diagram:  

 

 

 

 

 

In which the rows is exact, since M is almost N-projective, either   there is 

∅:M N such that   ∅   𝛿  implies that 𝑖  ∅  𝑖 𝛿  where i: Im( )  N is 

the inclusion map, then  ∅   𝛿, or there is 𝛾  𝑁   M such that 𝛿 𝛾      

implies 𝑖𝛿 𝛾   𝑖  , then 𝛿𝛾    .     

Proposition 3.2.15: Let M be an almost N-projective semimodule and N an 

indecomposable semimodule, ∅   End(N), then for all 𝛿   Hom(M, ∅(N)), 

either  𝛿   ∅Hom (M, N), or 𝛿 Hom (N, M) ⊆  Hom(N, ∅(N)). 

Proof. It is clear that ∅Hom(M, N)⊆ Hom(M, ∅(N)), let 𝛿   Hom(M, ∅(N)) 

since M is almost N-projective, then either ∅𝑓= 𝛿 for some f  Hom(M, N)  

θ 

M 

α 
N X 

𝛿 

B 

𝜃' 

M 

N 0 

𝛿  

Im(𝜃) 

N 
𝛾 

∅ 
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 𝛿   ∅Hom(M, N) ⊆ Hom(M, ∅(N)), or there is 𝛾  𝑁  M such that 

𝛿𝛾  ∅  , then 𝛿𝛾   Hom(N,∅(N))  𝛿Hom (N, M)⊆  Hom(N, ∅(N)).as 

the following diagram: 

 

 

 

  

 

Definition 3.2.16 [37]:A short exact sequence 0 X
 
→Y

 
→   0 of R-

semimodules is said to be split exact sequence if there is map ∅  U  Y 

such that 𝛽∅  1U . 

Example 3.2.17: Consider the sequence of R-semimodules  0  
 
→U  

 
→   0 where i is the inclusion map and 𝜋 is the projection map defined 

by 𝜋(u, d) = d, for all (u, d)   U   with ker (𝜋)= U, this sequence is  split 

exact. 

Proposition 3.2.18: Let 0 X
 
→Y

 
→   0 be a short exact sequence of 

semimodules such that U is almost Y-projective, then either this sequence  

is split, or  there is 𝛾 Z U such that 𝛾= 𝛽  , where Z is a nonzero direct 

summand of Y. 

Proof. Since U is almost Y-projective, then there is ∅  U  Y such that 𝛽 ∅ 

= 1U where 𝛽  Y  U and hence this sequence splits, or  there is 𝛾 Z U 

where Z is nonzero direct summand of Y such that 𝛾= 𝛽  .   

∅  

M 

N 

 Ɲ 
𝛿 

∅(N ) 

N 
𝛾 

𝑓 
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Proposition 3.2.19: Let M be R-semimodule and 0 X
 
→Y

 
→   0 be 

short exact sequence of R-semimodules with Y is almost M-projective, then 

U is almost M-projective.  

Proof. Consider the following diagrams:   

  

 

 

 

 

 

Where    M X is an R-epimorphism and 𝛿 U X is any R-

homomorphism, since Y is almost M-projective, then either  there is      

 M such that   =𝛿 𝛽, or there is 𝛾 Z    where Z is nonzero direct 

summand of M, such that 𝛿𝛽𝛾      . By Proposition 3.2.18 either this 

sequence splits that is there exists ∅  U Y such that 𝛽 ∅ = 1U, then in the 

first diagram define 𝜎  U  M by 𝜎 =  ∅ hence   𝜎=  ∅  𝛿𝛽∅   𝛿, or  

there is   Y  U where Y  is a  nonzero direct summand of Y such that 

 = 𝛽 Y  , define   Z U by   𝛽 Y  𝜋Y  𝛾. Then 𝛿  =𝛿 𝛽 Y   𝜋Y   𝛾= 

𝛿 𝜋Y   𝛾    𝛿𝛽𝛾      . Therefore U is almost M-projective.   

Proposition 3.2.20:Let M be R-semimodule and 0 X
 
→Y

 
→   0 be 

short exact sequence of R-semimodules such that Y is almost M-projective 

semimodule, then Y U is almost M-projective. 

 

𝑈 

α 
M X 

σ 

∅ 

𝑌 

β 

𝛿 

𝜓 

𝜆𝑍 Ṵ 

α M X 

𝛾 

∅ 

𝑌 

β 

𝛿 

Z 

𝜗 

𝑌  

𝜆𝑌  𝜋𝑌  

 

ρ 
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Proof. From Proposition 3.2.19, U is almost M-projective, and by 

Proposition 3.2.10, then Y U is almost M-projective.    

      It is known that, every projective semimodule is almost-projective but 

the convers is not true. In the following proposition, we  put the conditions 

for two semimodules M and N to get N-projective from almost N-

projective. 

Proposition 3.2.21: Let  M and N be hollow semimodules such that M is 

almost N-projective and there is no epimorphism from N onto M, then M is 

N-projective. 

Proof. Let   N X be an epimorphism  and ∅:M X be any 

homomorphism. Assume  that the diagram(i) in Definition 3.1.1  does not 

satisfied,  since M is almost N-projective, diagram(ii) must be satisfied. But 

N is hollow, hence indecomposable, then N is the only nonzero direct 

summand of N. So, there is 𝛾 N  M such that  ∅𝛾        .  by 

assumption 𝛾 cannot be  onto, that is 𝛾(N) is a proper subsemimodule of M, 

hence small and ∅ 𝛾 𝑁   is small in X, but ∅ 𝛾 𝑁   =   N) which is a 

contradiction.  Therefore diagram (ii) of Definition 3.2.1 cannot be 

satisfied, and only diagram(i) is satisfied that is M is N-projective.    
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3.3    Almost Self-Projective Semimodules 

      In this part almost self-projective semimodule has been introduced as 

generalization of almost projective and some characterization of this notion 

has been discussed. A semimodule M  is said to be almost self-projective if 

M is almost M-projective semimodule. Some properties of this concept 

have been discussed.  

Definition 3.3.1: A semimodule  M is said to be  almost self-projective, if 

for each epimorphism   𝑀  X where X is any semimodule, and every 

homomorphism 𝛿 M  X,  either there is    M   M such that      𝛿, or 

there is   Y M where Y is a nonzero direct summand of M such that 𝛿𝛾   

  Y. As the following diagrams: 

 

 

  

 

Remarks 3.3.2:  

(1) Every almost projective semimodule and hence every projective 

semimodule is almost self- projective,  furthermore, every quasi projective 

semimodule is almost self-projective.  

(2) If M is an indecomposable almost self-projective semimodule and if for 

some X,   and 𝛿, the diagram (i) of Definition 3.3.1  is not satisfied, then  

Y= M and   Y  =  M, hence 𝛿𝛾     and 𝛿 must be onto. 

 

M 

α M X 

𝜓 
𝛿 

i)( 

𝛾 
Y M 

𝛼 
X M 

𝛿 𝜆
𝑌

 

ii)( 
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(3)The fact in (2) can be rewritten in this way, if M is an indecomposable 

almost self-projective semimodule and  for some X,   𝑀  X is an 

epimorphism, but 𝛿  M  X is not , then the diagram(i) must be satisfied 

and there exists endomorphism   of M such that      𝛿. 

 (4) Every simple semimodule is quasi-projective, hence it is almost-self 

projective. 

Proposition 3.3.3: 

(1) If M N and M is an almost self-projective semimodule, then N is 

almost self-projective . 

(2) If Y is fully invariant direct summand of almost self-projective 

semimodule M, then Y is again almost self-projective.  

Proof. Similar to Propositions 3.2.8 and 3.2.6.     

Proposition 3.2.4: Let 𝑀  𝑀  be fully invariant  subsemimodules of M, if 

M=𝑀   𝑀  is almost self-projective semimodule, then  each 𝑀  is almost 

self-projective. 𝑖=1, 2. 

Proof.  Assume that 𝑀  𝑀   𝑀 is almost self-projective semimodule 

and   𝑀  𝑀  are fully invariant, this means𝑀   𝑀 is almost 𝑀   𝑀  -

projective semimodule, from Proposition 3.2.5 each 𝑀  is almost  

𝑀   𝑀 -projectivefor 𝑖=1, 2, and from Proposition 3.2.6, we get 𝑀    is 

almost 𝑀 -projective semimodule for i=1,2.   

Proposition 3.3.5: If M M is almost self-projective semimodule, then M 

is almost M M -projective semimodule. 

Proof. Since M M is almost self-projective semimodule, this means 

M M is almost M M -projective semimodule and  since M is a direct  
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summand of M M, then by Proposition 3.2.6 M is almost M M -

projective semimodule.   

Corollary 3.3.6: For any integer    , if 𝑀  is an almost self-projective 

semimodule then M is almost 𝑀 -projective. 

Proof. Similar to Proposition 3.3.5.   

Proposition 3.3.7: Let M be an indecomposable almost self-projective 

semimodule, U, Y   M and U is fully invariant of M. If there is an 

epimorphism  :𝑀  ⁄    𝑀  ⁄ , then either  ⊆Y, or there is   ᶘ such 

that  (  ⊆Y.  

Proof. Suppose M is almost self-projective semimodule and from the 

following diagrams: 

 

   

 

 

 

   Since M is almost self-projective, either there is   M M such that  

 𝜋  =𝜋  implies  𝜋     =  (since U is fully invariant, this 

means     ⊆U   𝜋       ) and 𝜋 (U) = 
   

 
 , then 

   

 
 =0  

implies U+Y=Y, then  ⊆Y,  or there is   M M such that 𝜋   

 𝜋     then 𝜋       = 
      

 
 and    𝜋      =        implies that 

      

 
 = 0, then        =Y  this means     ) ⊆Y.   

M 

α 

M 
𝑀

𝑌⁄  

𝜑 
𝜋𝑌 

M
𝑈⁄  

𝜋𝑈 

M 

α 
M M

𝑌⁄  

𝜋𝑌 

M
𝑈⁄  

𝜃 

𝜋𝑈 

𝑀 

 𝑀 
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Proposition 3.3.8: If M=       is almost self-projective semimodule, 

where    and    are fully invariant  subsemimodules of M, then    is 

almost   -projective semimodule for i, j={1, 2}. 

Proof. Suppose that  M=       is an almost self-projective semimodule, 

then M is almost M-projective semimodule. Since    is direct summand of 

M, then by Proposition 3.2.5     is almost M-projective semimodule and by 

Proposition 3.2.6    is an almost   -projective semimodule.    

Corollary 3.3.9: If M=     
    is almost self-projective semimodule, then 

   is almost   -projective semimodule for all distinct i, j  {1, 2,…, n} 

where    is fully invariant  in M for each i. 

Proof. From Propositions 3.2.5, 3.2.6 and 3.3.8 the result is obtained.     

Proposition 3.3.10: If M=       is an almost self-projective semimodule, 

where    and    are fully invariant  subsemimodules of M, then 𝑀 is 

almost   -projective semimodule for j=1, 2. 

Proof. Since M is an almost self-projective semimodule, then M is almost 

M-projective semimodule by Proposition 3.2.6, 𝑀 is almost   -projective 

semimodule for j=1, 2.   

Proposition 3.3.11: Let M be an indecomposable almost self-projective 

semimodule,    ᶘ, then there is    ᶘ such that   Hom 𝑀   𝑀        ᶘ. 

Where ᶘ=End(M). 

Proof. It is clear that  ᶘ ⊆ Hom(M,  (M))  , let 𝛿   Hom(M,  (M)), since 

M is almost self-projective, then either  𝑓= 𝛿 for some 𝑓   ᶘ, take  =  , 

we have   𝑓  𝛿   𝛿 implies 𝛿     ᶘ, or there is  endomorphism   

such that 𝛿  =    , thus 𝛿     ᶘ. As the following diagram: 
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Proposition 3.3.12: Let M be indecomposable almost self-projective 

semimodule, for   𝛽    ᶘ if 𝛽(M) ⊆   (M), then 𝛽ᶘ ⊆   ᶘ. 

Proof. Since 𝛽(M) ⊆  (M), Hom(M, 𝛽(M)  ⊆ Hom(M,  (M)) and since M 

is almost self-projective by Proposition 3.3.11, then 𝛽ᶘ = Hom(M, 

𝛽(M))  ⊆ Hom(M,  (M))   =   ᶘ, for some    ᶘ, then 𝛽ᶘ ⊆   ᶘ.      

Proposition 3.3.13: Let M be almost self-projective semimodule and 

indecomposable and 𝛽,   ᶘ, then, If   (M) is an image of 𝛽(M), then   ᶘ 

is an image of 𝛽 ᶘ. 

Proof. Let  : 𝛽 (M)   (M) be an epimorphism, since M is almost self –

projective semimodule, then either there is g  ᶘ such that  g =  𝛽, or  

there is 𝛾   ᶘ such that    =  𝛽𝛾. Define  : 𝛽ᶘ     ᶘ by  (𝛽 ) =  g , 

∀  ᶘ,   is well defined since (if 𝛽 =𝛽 ', then  g  (m)=  𝛽 (m)=  

  (m)=   '(m)=  𝛽 '(m)=  g '(m) hence   is well defined. Since M is 

almost self-projective semimodule, by Proposition 3.3.11,  (𝛽(M))⊆    

 (M) implies  𝛽 ᶘ⊆   ᶘ    g ᶘ⊆   ᶘ    (𝛽ᶘ) ⊆  ᶘ, hence   is an 

epimorphism.    

Proposition 3.3.14: Let M be an indecomposable almost self-projective 

semimodule, 𝛽   ᶘ, if 𝛽(M) is a simple subsemimodule of  M, then 𝛽ᶘ is  

𝜑  

M 

M 

 𝑀 𝛿 

𝜑(M) 

M 
𝜃 

𝑓 
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simple subsemimodule of ᶘ. The convers is true if M is a principally self-

generator semimodule. 

Proof. Suppose that 𝛽(M) is a simple subsemimodule of M, if 0  𝛽  ᶘ 𝛽 

ᶘ for some    ᶘ, then 𝛽 (M) is a nonzero proper subsemimodule of 𝛽(M), 

which is a contradiction with hypotheses, then 𝛽ᶘ is ᶘ-simple semimodule. 

Conversely, suppose M is a principally self- generator semimodule and 𝛽 ᶘ 

is simple. If   𝛽(Rm)   𝛽(M), then for some   ᶘ, 𝛽 (M)= 𝛽(Rm) 

 𝛽 𝑀  hence by Proposition 3.3.11,     𝛽 ᶘ ⊆ 𝛽ᶘ which is a 

contradiction with simplicity of 𝛽ᶘ.   

Proposition 3.3.15:  Let M be an indecomposable self-generator and 

almost self-projective semimodule. If U is essential in Y with Y M, then 

Hom(M, U) is essential in right ᶘ-semimodule Hom(M,Y). 

Proof. Let    Hom(M,Y) and Hom(M, U)   ᶘ = 0. Assume that  (m)   

U   (M). Since M is self-generator, there exist epimorphisms 𝛽: M  

   m  and 𝛾:M Rm. Then 𝛽(M)=    m    𝛾(M) from Proposition 

3.3.11 we get 𝛽ᶘ    𝛾ᶘ, thus 𝛽    𝛾  for some   in ᶘ. Whence  𝛽   

Hom(M,U)    ᶘ =0  implies  (m)=0, then U   (M)= 0, but U is essential 

in Y, then  (M)= 0 and hence   0. Therefore Hom(M, U) is essential in 

Hom(M,Y).   

Proposition 3.3.16: Let M be an  indecomposable uniserial semimodule, if 

M is almost self-projective, then ᶘ is a left uniserial semiring. 

Proof. Suppose that X and Y are left ideals of ᶘ such that Y X, let   X, 

𝛽  Y and 𝛽  X. If 𝛽(M)⊆  (M) by Proposition 3.3.11, then 𝛽ᶘ ⊆    ᶘ and 

hence 𝛽   ᶘ ⊆ X this is a contradiction. Since M is uniserial, then   (M) ⊆ 

𝛽(M) and hence   ᶘ ⊆ 𝛽 ᶘ and this means X⊆Y. Therefore ᶘ is left uniserial 

semiring.    
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Definition 3.3.17 [13, p.51]: A subsemimodule  U is said to be M-cyclic 

subsemimodule of M, if it is isomorphic to 𝑀  ⁄  for some subsemimodule Y 

of M. 

Definition 3.3.18:  Let M and N be two semimodules. N is said to be M-

mini-injective semimodule,  if for every homomorphism from simple N-

cyclic subsemimodule of M to N can be extended to M, i.e., the following 

diagram commutes: where    End(M). 

     

      

    

 

      A semimodule N is called a mini-injective semimodule if it mini-

injective for any semimodule M and called a quasi mini-injective 

semimodule, if it N-mini-injective  . 

Proposition 3.3.19: Let M be an almost self-projective semimodule, if 

Hom(M, N) is mini-injective as right ᶘ -semimodule, then N is M-mini-

injective semimodule. 

Proof. Let    ᶘ and  :   (M)  𝑁  be homomorphism where   (M) is 

simple M-cyclic subsemimodule of M, since M is almost self-projective  

semimodule from Proposition 3.3.14,   ᶘ is simple, then      Hom (M, 

N). Let 𝛽   ᶘ   Hom(M, N) be ᶘ -homomorphism defined by 𝛽( 𝛾)=   

  𝛾, 𝛾   ᶘ . Since Hom(M, N) is mini-injective , then there is 𝛽   ᶘ  Hom 

(M, N) such that 𝛽 𝑖= 𝛽. Let  f = 𝛽 (1), then     𝛽  𝛽   𝛽       

𝜁 

i 
 

𝑀 𝛼 𝑀  

N 

𝜉 
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𝑓 . Therefore N is M- mini-injective semimodule. As the following 

diagrams:  

 

                                                               

 

  

 

Proposition 3.3.20:  Let M be an almost self-projective semimodule which 

is self-generator, if N is M-mini-injective, then Hom (M, N) is mini-

injective as right ᶘ -semimodule. 

Proof. Let   ᶘ be a simple subsemimodule of  ᶘ -semimodule ᶘ. Let 

𝛽   ᶘ   Hom(M, N) be ᶘ -homomorphism and let 𝛽( )=  ,    ᶘ, since M 

is self-generator, ker  = ∑ 𝛾 𝑀     where  ⊆ ᶘ. Take any 𝛾   , 

since  𝛾=0, then 𝛽   𝛾 = 𝛽( ) 𝛾= 𝛾= 0 and then Im𝛾 ⊆ker . It follows 

that ker  ⊆ker , consider   as an epimorphism and     M  (M), then 

ker   ⊆ker   and hence there is homomorphism     (M  M, such 

that    =  , since M is  almost self-projective and self-generator 

semimodule by Proposition 3.3. 14, then  (M) is simple subsemimodule  

of M.  By assumption   can be extended to homomorphism ∅ 𝑀  𝑁 

such that  ∅𝑖  =    where i:  (M  M and then ∅  =  . Let 𝛽   ᶘ   

Hom(M, N) defined by 𝛽 (𝛾)= ∅ 𝛾, then 𝛽 ( )= ∅  =   = 𝛽( ). Therefore 

Hom(M, N) is mini-injective. As the following diagrams:  

                                                                                                                

 

β  

i 
 ᶘ 𝛼ᶘ 

Hom(M, N) 

𝛽 𝑓 

i 
 𝑀 𝛼 𝑀  

N 

𝜗 
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Proposition 3.3.21: Let M be an indecomposable almost self-projective 

semimodule and  :M X be epimorphism, then there is    ᶘ such that 

ker  = ker    . 

Proof. Since  : M X is an epimorphism . Consider the following 

diagram: 

 

 

 

 

    Let 𝛿  𝑀     ⁄   X be an isomorphism and 𝜋:𝑀  𝑀
     ⁄  be the 

natural projection, since M is an indecomposable almost self-projective 

semimodule, then either there is   𝑀  𝑀 such that   = 𝛿 𝜋 or there is 

𝛾  𝑀  𝑀 such that    = 𝛿 𝜋𝛾. The first case implies  ker    

k r 𝛿 𝜋   𝜋   ker 𝛿= 𝜋  (0)= ker . In the second case,  ker   = 

k r      ker 𝛿 𝜋𝛾 can be consider   𝛾, then ker  = ker  .    

Proposition 3.3.22: Let M be indecomposable almost self-projective 

semimodule and X, Y are invariant subsemimodules of M, then X Y is fully 

invariant subsemimodule of M. 

𝑀
𝑘𝑒𝑟𝛼⁄  

α 
M X 

𝜑 

𝛿 

 𝑀 

𝑀 
𝛾 M 

𝜋 

β  

i 
 ᶘ 𝛼ᶘ 

Hom(M, N) 

𝛽 
∅ 

i 
 

𝑀 𝛼 𝑀  

N 
𝜗 

α  
M 
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Proof. Let 𝛿  𝑀  ⁄   U be any epimorphism,  : 𝑀  ⁄  U be 

homomorphism  and v:𝑀   𝑀  ⁄  be the natural projection. Now since M 

is almost self-projective semimodule,  either there is 𝛽 𝑀   M such that  

𝛿𝑣𝛽=   𝑣 or there is 𝛾  𝑀  𝑀 such that 𝛿𝑣  =   𝑣𝛾, since  X Y⊆ 

ker 𝛿𝑣   ker  𝑣, then 𝛽(X Y) ⊆  𝛽(X) ⊆X and 𝛽(X Y) ⊆  𝛽(Y) ⊆Y, then  

𝛽(X Y) ⊆ 𝛽(X)  𝛽(Y), also X Y⊆ ker 𝛿𝑣    ker  𝑣, then  𝛾 X Y) ⊆ 

X Y.  This means X Y is a fully invariant subsemimodule of M. 

 

 

 

 

  

 

  

      

 

 

    

 

 

M 

𝛿 
M U 

β 
𝑣 

𝑀
𝑋⁄  

 𝑀 

α 

M 

𝑣 

𝑀
𝑋⁄  

𝛾 
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4.1   Introduction  

       After the concepts "Almost injective, Almost projective, Almost self -

injective and Almost self-projective semimodules" have been defined in 

previous chapters. In this chapter, almost self-injective semirings and  some 

notions related to  these concepts will be dealt, as well as their relationship 

with each other.  These concepts also have been defined for class of  

semimodules depending on what is in the  class of modules , with making 

what needs to be changed based on the difference between the two classes, 

as it is the basic and fundamental difference between them is the lack of 

subtraction  in class of semimodules and try to replace for some of the 

qualities that semimodules possesses. In this chapter, the concepts " 

generalized N- injective, generalized N- projective, essentially N-injective 

semimodule and almost self-injective semiring have been defined and some 

of relationships with each other are discussed.  

4.2   Almost Self-Injective Semirings 

Definition 4.2.1:A semiring R is said to be almost self-injective, if RR  is 

almost self-injective semimodule. See Definition 2.3.1, this means either 

diagram (i) or diagram (ii) commutes. 

 

 

  

 

 

     

𝜁 

i  R I 

𝑅 

𝜉 

(i) 

I i 

𝜉 

𝛾 

𝜋 

𝑅 

(ii) 

𝑅  𝐽 U 

𝐽  
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    The following Lemma was proved in [15] with conditions yoked, 

cancellative and subtractive on the semiring R. Here a proof will be given 

without the subtractive condition.  

Lemma 4.2.2:A left ideal I of a yoked, cancellative semiring R is a direct 

summand if and only if I= Re for some idempotent element e of R. 

Proof. The proof of the first condition is the same as in [15], which did not 

need any of the above conditions. Now, assume that I= Re and e is 

idempotent element of R, by yoked property, there is r in R such that either  

e +r =1 or r +1= e. In any case, we get er= re= 0 which leads to Re Rr =0 

Now, assume e +r =1 implies Re Rr =R. r +1= e implies  rr +r = er   rr + 

r =0 so e +r=1 implies (e + r)+ (rr+ r) =1  rr+r      rr    , that is 1  

Re Rr, hence Re Rr =R. Now, if r1e+ r2r = s1e+ s2r   r1e e + r2r e = s1e e 

+ s2r e  r1e = s1e, then by cancellative r2r = s2r, so the representation is 

unique and Re Rr =R. Therefore Re is direct summand of R.   

Proposition4.2.3: Let R be an almost self-injective semiring, then for each 

idempotent element e of R, Re is almost self-injective provided that Re is 

fully invariant. 

Proof.  Let R be almost self-injective this means R is almost R-injective, 

then  Re is direct summand of R for some idempotent element e of R by 

Lemma 4.2.2 . Firstly since R is almost self-injective this means R is almost 

R-injective, then R is almost Re-injective by Proposition 2.2.11.and hence 

Re is Re-injective by Proposition 2.2.10.      

Proposition 4.2.4: Let R be a semiring has no nontrivial idempotent 

elements with injective hull E(RR) which is cancellative, semisubtractive,  
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then R is left almost self-injective semimodule if and only if  for all e  

 E(RR), either e   R or ∃r  R  such that re = 1. 

Proof. Suppose that R is a left almost self-injective, since it has no 

nontrivial idempotent and by Lemma 4.2.2, then RR is indecomposable and 

hence uniform semimodule (because it is indecomposable almost self- 

injective by Proposition 2.3.13,  let e   E(RR) and ℒ : R  E(RR) be the left 

multiplication homomorphism by e. Then there is  endomorphism   of 

E(RR) extension of  ℒ  by Proposition  2.2.19, either   (R) ⊆ R or   is an 

isomorphism and    (R) ⊆ R. If  (R) ⊆ R  e   R. If   is an 

isomorphism and     (R) ⊆ R     (1)   R and there is r   R such that 

 (r) = 1, so r e = ℒ (r) =  (r) = 1. Conversely, suppose ∀ e   E(RR), then 

either e   R or ∃r   R  such that re = 1. Now consider the diagram 

 

 

 

 

 

By injectivity of E(RR), there is    RR→    RR) such that  𝑖=   ,  

since        E(RR), then by assumption either   (1)   RR in this case 

  RR)⊆ RR , that is   is an extension of   to RR hence the diagram (i) of the 

Definition 2.3.1  holds. Or , there is r R such that r       . Let 𝛿= 𝛾  R, 

then ∀l in L, 𝛿     =         =               r =  (l )r= l  (r)        

that is  𝛿  𝑖=   𝑖, which means diagram(ii)holds. Therefore  RR is 

almost self -injective. As the following diagrams: 

i 
RR L 

E (RR) 

α 

RR 

 𝑗  
γ 
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Corollary 4.2.5: Let   be a semidomain has injective hull and   its 

semiring of quotients, then   is almost self -injective if and only if for 

every     , either   or       . This means   is almost self -injective if 

and only if   is valuation semidomain. 

Lemma 4.2.6: Suppose M is an indecomposable almost self-injective 

semimodule, if δ U M, where U   M is a homomorphism which cannot  

be extended to an endomorphism of M, then there is a monic 

endomorphism θ of M such that   is left inverse of δ on δ (U ), but   is not 

invertible. 

Proof. From definition there exists an R-homomorphism  :M M such 

that  𝛿(u) = u, for any u  U. Hence   is a left inverse of δ|   U), since M is  

uniform by Proposition 2.3.13,   is monic. If   is invertible, then     

would be an extension of  δ.   

Proposition 4.2.7:  Let R be a local semiring with Rad(R) nil ideal. If R is 

almost self-injective, then R is self-injective. 

 

i 
RR L 

RR 

α 

RR 

 

δ 

 𝑅 
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Proof. Suppose R is almost self-injective, we have an R-homomorphism 

θ:K R where K  RR which cannot be extended to an endomorphism of 

RR from Lemma 4.2.6, there is    RR  RR such that     (x)) = x, ∀ x  K 

     is not invertible. If it invertible, then  (x) =    (x), ∀ x  K   θ  

can be extended to     which is contrary with hypotheses, hence  (1) = r is 

not invertible   r  Rad(R) and    is monic    if   (t ) = t  (1) = t r = 0,  

then t = 0 but this contradiction with hypotheses, hence R is self-

injective.   

Proposition 4.2.8: Let R be a semiring  with no nontrivial idempotent 

element, then R is almost self-injective semiring  if and only if for each left 

ideal I of R, each homomorphism 𝜉 I→R there is  r in R such that 

either 𝜉       or   𝜉    𝑖. Where    is the left multiplication map by 

element r.  

Proof. Assume that R is an almost self-injective semiring  with no 

nontrivial idempotent,  then by Lemma 4.2.2, R is indecomposable. In  the 

first diagram of Definition 4.2.1, the result can be obtained by replacing 

𝜁     and from the second diagram can be obtained by taking 𝛾      .  

Conversely, it is clear.    

Corollary 4.2.9: Let R be almost-injective semiring, then R is 𝜋-injective. 

Proof. Similar to Proposition 2.3.12, with replacing  subsemimodules by 

ideals of R.    

Proposition 4.2.10: Let R be a left almost self-injective semiring  with no 

nontrivial idempotent, yoked and cancellative, then for every      R 

(1) If    ( )=0 and    ( ) 0, then R ⊂Ra  

(2) If    ( )=0 and    ( ) 0, then either R ⊂R  or R ⊂R .  
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Proof. (1)Define 𝑓:R  R  by  𝑓(  )=  . Clearly that 𝑓 is a well-defined 

Ȑ-homomorphism(if, ra=r' a, by yoked there is k in R such that r=r' +  or 

r+ k=r             by cancellative, then    =0        ) 

implies              . Now, if     (b) 0, then 𝑓 is not one to one. 

Since R is a left almost self-injective, 𝑓 can be extended to R.  

Hence there is   R such that 𝑓=   on   . so    𝑓       and then 

R ⊂R .  

(2) Let    ( )=0 and    ( ) 0, then 𝑓 is one to one. Thus either, 𝑓=   on 

R   implies R ⊂R   for some   R, or there is   R such that   𝑓=    

implies  =  𝑓   =  𝑓    𝑓         Rb, thus R ⊂R .     

Lemma 4.2.11 [26 ]:A semimodule M is 𝑁    
 

-injective if and only of M is 

𝑁 -injective for every 𝑖   . 

      A semiring R is said to be von Neumann regular if, for any x in R , there 

is y in R such that x =xyx [41]. 

Lemma 4.2.12 [41]: A cancellative, yoked semiring R is von Neumann 

regular if and only if every principle right ideal of R is direct summand.  

Proposition 4.2.13: Let R be left almost self-injective, which is 

cancellative, yoked and von Neumann regular semiring. If R has a 

nontrivial idempotent element, then R is left self-injective. 

Proof. Let e be a nontrivial idempotent element of R from Lemma 4.2.12, 

then Re is direct summand of R, from Lemma 4.2.11, it is enough to show 

that RR is both Re-injective and Ru-injective semimodule where 

RR R  R𝑢. Let X be a nonzero subsemimodule of Re and 𝑓:X R be 

homomorphism. Define  :X Ru  R by  (x+ ru)= 𝑓(x), then   is 

homomorphism which is not one to one. Since R is almost-self-injective,  
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there is  : R R such that h       . But     𝑓. Hence, R is Re-

injective semimodule, similarly R is Ru-injective. Therefore R is R-

injective semiring.     

Proposition 4.2.14: Let R be a left almost self-injective semiring with no 

nontrivial idempotent element and let T=∑  , where    ( )=0  and   is 

not invertible, then T is two sided ideal of R. 

Proof. Assume that  T   , let    R and    noninvertible element of R 

such that    ( )=0 , if    (  )  0, then by Proposition 4.2.10,     T. 

Now, assume that    (  )  0, then ta is not invertible, if possible, there is 

𝑥  R such that 𝑥     𝑥   . Since R has no nontrivial idempotent, thus 

𝑥     𝑥  1,  this is a contradiction with    is not invertible. Hence 

    .     

    Recall that, U(R) is the monoid of invertible elements of R. 

Proposition 4.2.15: Let R be almost self-injective semiring with no 

nontrivial idempotent, then R is either self-injective or local. 

Proof. By Proposition 4.2.13, if R has a nontrivial idempotent, then it is left 

self-injective. Thus assume that R has no nontrivial idempotent. Since  

R is almost self-injective,  by Corollary 4.2.9, R is π-injective and from 

Proposition 2.3.13, hence RR is uniform. Let F={   R           and   

is not invertible}.If F is empty , then     R is invertible if and only if 

        , since RR is uniform,  (RR)= R ∖ U(R) is two sided ideal. 

Hence R is local. If F is not empty, let T =∑       by Proposition  

4.2.14, R ∖  U R  ⊂ T. Let k  T such that k is not invertible, so k= hn for 

some h  F. If  k is invertible, then h is left invertible. Since R has no  
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nontrivial idempotents, h is invertible, a contradiction (since h F), 

therefore T=R ∖ U(R) . Since T is two sided ideal of R, hence R is local.   

 

4.3   Some concepts related to almost-injective(projective)semimodules 

Definition 4.3.1: A semimodule M is said to be generalized N- injective, if 

for any subsemimodule U of N and any homomorphism   U→M, there is 

decompositions N=D E, M=X Y, a homomorphism   D→X and 

monomorphism 𝛾   →E such that U⊂ D 𝛾(Y)  with 𝜋  =   𝜋      

𝜋 𝑖  and 𝛾𝜋Y = 𝜋    𝜋  𝑖  . 

 

 

 

 

        

   A semimodule M is called a generalized self-injective semimodule if, M 

is generalized M-injective. 

Proposition 4.3.2: If M is a generalized N-injective semimodule, then M is 

almost N-injective. 

Proof. Let U be a subsemimodule of N and   U→M be a homomorphism, 

then there is decompositions N=D E, M=X Y, a homomorphism   D→X 

and monomorphism 𝛾   →E such that U⊂ D 𝛾(Y) with 𝜋  =   𝜋    and 

𝛾𝜋Y = 𝜋    𝜋  𝑖  .If   cannot be extended to N, then E 0, define 𝛿  

M→D by 𝛿   𝛾𝜋 . For every u in U, 𝛿 (u)= 𝛿  d+e)= 𝛿   d)+    e))=  

𝜃 

γ 

i      𝐷 𝐸  U 

𝑋 Y 

𝛼 

X 

𝜋𝑋 
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𝛾𝜋    d)+    e))= 𝛾    e))= e = 𝜋 𝑖  𝑢   Where    E→Y and 𝜋   N→E. 

Corollary 4.3.3: If M is generalized self-injective semimodule, then it is 

almost self-injective-semimodule. 

Remarks 4.3.4:  

(1)If N is indecomposable and M is generalized N-injective, by Proposition 

4.3.2 (2), M is almost N-injective semimodule, and by Remark 2.2.4, either 

M is N-injective or there is subsemimodule of N embedded in M. 

(2)If  M, N are indecomposable semimodules and M is generalized N-

injective, then  there are four cases: 

Case1/ M=M 0 and N=0 N, this means there are  :0 M and  𝛾 0 N, 

hence 𝜋  =   𝜋       𝜋  𝑖  and 𝛾𝜋  = 𝜋     𝜋Ɲ  𝑖   implies 

 ⊂ 𝑁 𝛾        and  𝛾    which is impossible.   

Case2/ M=M 0 and N=𝑁 0, this means there are  : 𝑁   M and 

𝛾 0 0, then 𝜋  =   𝜋       𝜋  𝑖  and 𝛾𝜋  = 𝜋     𝜋   𝑖Ṵ implies 

that  ⊂ 𝑁 𝛾    ,     𝑖    and 0=0. 

Case3/ M=   M  and N=   𝑁, then there are   :0 0 and 𝛾  𝑀   N, 

hence ⊂ 𝑁 𝛾 𝑀    ith 𝜋      𝜋       𝜋  𝑖  an  𝛾𝜋   

 𝜋     𝜋   𝑖     0=0 and 𝛾  = 𝑖  implies   is monomorphism. 

Case4/ M=   M and N=𝑁 0, this means there are  :  𝑁    and 

𝛾  𝑀   , hence U⊂N 𝛾(M)  with 𝜋  =   𝜋       𝜋  𝑖  and 𝛾𝜋  = 

𝜋     𝜋   𝑖  implies    = 0 which is impossible.     

 (3)From (1), it follows, if M is generalized N-injective semimodule and M, 

N are indecomposable, then either there is  : 𝑁   M such that     𝑖 ,  
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or there is  𝛾  𝑀  N such that 𝛾  = 𝑖  implies   is monomorphism and  U 

is embedded in M. 

 (4)If there is no monomorphism      M where U is any  

subsemimodule of N, then Case(3) is not satisfied, so M is N-injective 

semimodule. 

(5) If M is indecomposable and generalized self-injective semimodule, then 

by Corollary 4.3.3, M is almost self-injective semimodule and then from 

Remark 2.3.2, if the diagram(i) is not satisfied, then  𝛾  = 𝑖  implies that   

is monomorphism. 

Proposition 4.3.5: Let M be  almost N-injective semimodule. Consider the 

following diagram: 

 

 

    

    Put K = ker( ). If the second case of Definition 2.3.1 occurs, there is 

proper direct summand D of N which contains K. In particular, if K   N, 

then the first case occurs. 

Proof. Since the second diagram holds, we get a direct decomposition 

N=     and 𝛾 M   X such that 𝛾  𝜋 𝑖, then 𝜋  K) = 𝜋 𝑖(K)= 𝛾  

(K)= 0, so K⊆ ker(𝜋 )= D, then D is  proper direct summand of M.  If K 

  N, we have K  X=0 implies X=0 which is contradiction. Hence the first 

case occurs.    

 

     

Y 
i 

𝛼 

𝛾 

𝜋𝑋  

M 

𝑁 

X  
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Definition 4.3.6: A semimodule M is said to be essentially N-injective if, 

for every subsemimodule X of N, any homomorphism   X M with 

ker(  is essential in X, can be extended to  homomorphism 𝛽  N M. 

Proposition 4.3.7: If M is almost N-injective semimodule, then M is 

essentially N-injective . 

Proof. Let X be a subsemimodule of N and   X M be homomorphism 

with ker(  is essential in X, then from Proposition 4.3.5,   can be extended 

to a homomorphism 𝛽 N 𝑀  provided ker(    N (in fact, if Y is a 

complement of X in N, define   X   𝑀 by   𝑥        𝑥  for 

every x in X and y in Y. Then ker(  =ker(           N. So 

ker(     N  and hence   can be extended to a homomorphism 𝛽 N 

𝑀  Clearly, 𝛽 is an extension of  .    

From the above propositions, we have: 

Corollary 4.3.8: If M is a generalized N-injective semimodule, then M is 

essentially N-injective. 

Proof. Since, if M is a generalized N-injective semimodule, then M is 

almost N-injective by Proposition 4.3.2 and from Proposition 4.3.7, then M 

is an essentially N-injective semimodule.    

     Dually, generalized projective semimodule can be defined, also the 

relationship of this concept with almost projective semimodule will be 

explained. 

Definition 4.3.9: A semimodule M is said to be generalized N-projective if, 

for any homomorphism    M E and any epimorphism ∅  N E, there are 

decompositions M =M1 M2 and N= N1 N2 , a homomorphism 𝑣  M1  

N1 and an epimorphism 𝑣   N2  M2 such that ∅  𝑣    𝑖  and  𝑖 𝑣   ∅    



 

83 
 

Ch.4          Other concepts relationship to almost injective(projective)semimodules 

. Where 𝑖 ,   𝑖  are the inclusion maps from M1  M2 into M respectively and 

  ,    are the inclusion maps of  N1  N2 into N. 

 

 

 

 

     

    

   A semimodule M is called a generalized self-projective semimodule if, M 

is generalized M-projective. 

Remark 4.3.10: 

(1)If M is generalized N-projective and M, N are indecomposable 

semimodules, there are four cases: 

Case/a/ M=M 0 and N=0 N, this means there are 𝑣:M 0 and 𝑣  N 0, 

hence ∅  𝑣    𝑖  implies     which is impossible  and     𝑣   ∅     

implies 0 = 0.     

Case/b/ M=M 0 and N=𝑁 0, this means there are 𝑣:M N and 𝑣  0 0, 

then ∅  𝑣    𝑖  ∅𝑣     and    𝑣   ∅     implies that 0=0. 

Case/c/ M=   M  and N=   𝑁, then there are  𝑣:0 0 and 𝑣  N M, 

hence ∅  𝑣       implies 0=0 and  𝑖 𝑣   ∅     𝑣   ∅ implies   is 

epimorphism. 

 

M= M1 M2 

∅ 
 E 

𝑣  
𝛼 

N1 N2  

𝑣 

M1 

𝑖  

𝑗  
𝑁 

𝑗  
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Case/d/ M=   M and N=𝑁 0, this means there are 𝑣:    N and 

𝑣      M, hence ∅  𝑣       implies ∅    which is impossible  and  

   𝑣   ∅     implies 0 = 0.     

  (2)From (1), it follows, if M is a generalized N-projective semimodule and 

M, N are an indecomposable, then either there is 𝑣:M N such that ∅𝑣   

 , or there is  𝑣  N M such that  𝑣   ∅ implies   is epimorphism. 

(3)If there is no epimorphism    M E where E is any  semimodule which 

is homomorphic image of M, then Case(c)in (1) is not satisfied, so M is N-

projective semimodule. 

Proposition 4.3.11: If M is a generalized N-projective semimodule, then M 

is almost N-projective. 

Proof. Let    𝑁   X be an  epimorphism and 𝛿 M  X  be  any 

homomorphism for any semimodule X. From hypothesis, there are 

decompositions M =M1 M2 and N= N1 N2, a homomorphism    M1  N1 

and an epimorphism     N2  M2 such that     𝛿    and 𝛿         . 

Thus M is almost N-projective.     

Corollary 4.3.12: If M is a generalized self-projective semimodule, then M 

is almost self-projective semimodule. 

Definition 4.3.13 [42]: A semimodule M is called Noetherian (resp. 

Artinian), if and only if  every chain of subsemimodules of M  satisfies 

ACC(DCC). A semiring R is Noetherian (resp. Artinian), if RR  is 

Noetherian (resp. Artinian) that is every chain of left ideals satisfies 

ACC(resp. DCC). 

Examples4.3.14:  

(1)A simple semimodule is Noetherian and Artinian.  
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(2)The semimodule   over itself is Noetherian but not Artinian. 

 (3)  as  -semimodule is not Noetherian. 

Lemma 4.3.15: Let M be an Artinian semimodule, then M can be written 

as a finite direct sum of indecomposable subsemimodules. 

Proof. Assume M is an Artinian semimodule. Let  M cannot be 

decomposed into direct sum of indecomposable subsemimodules, that is 

M=𝑀  𝑀  where 𝑀  cannot be decomposed into  a direct sum of 

indecomposable  subsemimodules. Write 𝑀  𝑀  𝑀 , where 𝑀  cannot 

de decomposed into a direct sum of indecomposable subsemimodules. 

Continuing this process, we have an infinite decreasing chain of 

subsemimodules of M, 𝑀  𝑀    𝑀  𝑀     , this 

contradiction with assumption, therefore M can be decomposed into a  

finite direct sum of indecomposable  subsemimodules.     

Proposition 4.3.16: Let M be an Artinian, almost N-projective 

semimodule, then M can be written as a finite direct sum of 

indecomposable almost N-projective subsemimodules where N is any 

semimodule. 

Proof. From Lemma 4.3.15, M can be decomposed into a direct sum of 

indecomposable  subsemimodules. Since M is almost N-projective, any 

direct summand of M is almost N-projective, so M is  finite direct sum of 

indecomposable  almost N-projective subsemimodules.     

Proposition 4.3.17: Let M, N be  semimodules and M is Artinian almost N-

injective semimodule, then M can be written as a finite direct sum of 

indecomposable almost N-injective subsemimodules. 
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     QI-ring is defined by many authors as [43], can be generalized to define 

QI-semiring as follows: 

Definition 4.3.18: A semiring R is said to be QI-semiring, if every quasi-

injective R-semimodule is injective. It is clear that any semi-simple 

semiring is QI.  

Proposition 4.3.19: If R is QI-semiring, then the direct sum of two quasi-

injective R-semimodule is quasi-injective. 

Proof. Let A and B be two quasi-injective semimodules,  then they are 

injective from assumption, then A B is injective semimodule by Lemma 

4.2.11, since every injective semimodule is quasi- injective, then a direct 

sum A  B is quasi-injective .   

Proposition 4.3.20: If the direct sum of two  quasi-injective R-

semimodules 𝑀   𝑀  with injective hulls E(𝑀  , E(𝑀   is always quasi-

injective, then R is QI-semiring. 

Proof. Let M be a quasi-injective semimodule. Consider the following 

diagram: 

 

 

 

   

   Where 𝑖 is the inclusion map and j, j' are the injection maps from M, 

E(M) respectively to E(M) M. Since E(M) M is quasi-injective 

semimodule, there is  endomorphism 𝜁on E(M) M such that 𝜁  𝑖     . 

  

𝜋𝑀 

𝑖 
E(M) M 

E(M)  𝑀  

 𝑀 

M 

𝑗 
𝜁 

E(M)  𝑀  

 

𝑗  

θ 
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Take   𝜋 𝜁    hence  𝑖    , then M is isomorphic to direct summand 

of E(M), and hence it is injective semimodule implies that R is QI-

semiring.   

      The following result is in modules [44], can be project into 

semimodules with similar proof. 

Lemma 4.3.21: Let  M be semimodule with injective hull E(M), then M is 

quasi-injective if and only if it is fully invariant in the injective hull of M. 

Proposition 4.3.22: If R is QI-semiring, then every injective R-semimodule 

M with injective hull satisfies the property "every fully invariant 

subsemimodule of M is a direct summand". 

Proof. Let M be an injective semimodule and N be fully invariant 

subsemimodule of M, it suffices to show that  N is  a quasi-injective, let 

  E(N)→E(N), then  can be extended to endomorphism    E(M)→E(M),   

since N is fully invariant in M, then  (N)=   (N) N, therefore by Lemma 

4.3.21, N is quasi-injective semimodule. As the following diagram:  

 

 

  

                                                                                                   

   The converse of the above proposition is true, that is: 

Proposition 4.3.23: If every injective R-semimodule M with injective hull 

satisfies the property "every fully invariant subsemimodule of M is a direct 

summand", then R is QI-semiring. 

i 

E(N) i 

𝜃 

E(N) 

E(M)=M 

E(M )=M 

θ  
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Proof. Assume that M is a quasi-injective semimodule, from Lemma 

4.3.21, M is fully invariant in E(M), so M is direct summand of E(M) by 

hypothesis. Hence M=E(M). Therefore R is QI-semiring.   

Definition 4.3.24: A semiring is called AQI-semiring, if every almost self-

injective semimodule is injective. 

Remark 4.3.25: 

Every AQI-semiring is QI-semiring since every quasi-injective semimodule 

is almost self-injective semimodule. 

Proposition 4.3.26: If  R is AQI-semiring, then the  direct sum of two 

almost self-injective semimodule is almost self-injective. 

Proof. Let A and B be two almost self-injective semimodules,  then they 

are injective from assumption, then A B is injective semimodule by 

Proposition 4.2.11, since every injective semimodule is almost-self-

injective, then a direct sum A  B is almost-self-injective .   

Proposition 4.3.27: If the direct sum of two  almost self-injective R-

semimodules 𝑀   𝑀  with injective hulls E(𝑀  , E(𝑀   is always almost 

self-injective, then R is AQI-semiring. 

Proof. Similar to Proposition 4.3.20.   
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 5.1   Conclusions     

      In this thesis, the concepts, almost-injective (resp. projective) and 

almost self-injective (resp. projective) modules have been generalized for 

semimodule over semiring, some basic characteristics which are analogous 

to ring and module theory have been studied. Since every module is 

semimodule but the converse is not true, in some result, some conditions 

were added to semimodules to achieve them. 

    From the results we obtained in this work, Proposition 2.2.18 by adding 

properties (injective hull and semisubtractive), Lemmas 2.2.20 and 2.2.21 

with (subtractive, cancellative and semisubtractive), Lemma 2.2.22(2) with 

conditions (semisubtractive and cancellative),   Proposition 2.2.27 and 

Corollary 2.2.28 with (semisubtractive and cancellative). Remark 2.3.11 

and Proposition 2.3.12 by adding injective hull, Corollary 2.3.13 shows by 

adding a condition to indecomposable to become uniform semimodule. In 

Proposition 2.3.15 and Corollary 2.3.16 have been added conditions 

semisubtractive and cancellative for semimodule. Propositions 2.3.18, 

2.3.21 and 2.3.22 show some properties of the endomorphism semiring, 

also Proposition 2.3.23: If M is a cancellative, semisubtractive almost self- 

injective semimodule, then:   

(1) W(ᶘ)  ⊆ Rad(ᶘ). 

(2) If ᶘ is local, then Rad(ᶘ ) = {  ᶘ : ker (   0}. 

   Also Proposition 3.2.10 explain an important characteristic  which is 

finite direct sum of almost N-projective semimodule. It is known that, 

every projective semimodule is almost-projective but the convers is not 

true. In Proposition 3.2.21, we  put the conditions for two semimodules M 

and N to get N-projective from almost N-projective. In Proposition 3.3.16,  
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if M is almost self-projective uniserial which is indecomposable, then ᶘ is a 

left uniserial semiring. Propositions 3.3.19 and 3.3.20 explain relationship 

between the concepts almost self-projective semimodule and mini-injective 

ᶘ-semimodule. Proposition 4.2.3 conditions have been added into semiring 

R which are yoked and cancellative, Proposition 4.2.4 with conditions,  

injective hull, semisubtractive and cancellative, Propositions 4.2.10 and 

4.2.13 with conditions yoked and cancellative. Propositions 4.3.2, 4.3.7 and 

corollary 4.3.8 explain the relation between the following concepts 

 generalized N-injective semimodule   almost N-injective.  

almost N-injective semimodule  essentially N-injective . 

generalized N-injective semimodule  essentially N-injective. 

   Dually, generalized projective semimodule can be defined, also the 

relationship of this concept with almost projective semimodule will be 

explained. 

Proposition 4.3.26: If  R is AQI-semiring, then the  direct sum of two 

almost self-injective semimodule is almost self-injective. Proposition 

4.3.27:If the direct sum of two  almost self-injective R-semimodules 

𝑀   𝑀  with injective hulls E(𝑀  , E(𝑀   is always almost self-injective, 

then R is AQI-semiring. 
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 5.2   Future Works 

   For future works,   

(1) It could be interesting to study the relations between the concepts 

almost injective semimodule and extending semimodule, almost 

projective and lifting semimodule. And under what conditions these 

relations may exist. 

(2) It is possible to study the notions, almost QF-semirings and almost 

QF
# 

 -semirings depending on what is in ring theory because every 

ring is semiring but the converse is not true. 

(3) We may work on a subject, hereditary and almost hereditary 

semimodules. Relation of these concepts and almost-injective 

(projective)semimodules. 

(4)  It can to survey the topics, V-semiring, V-semimodule and almost 

V-semimodule.   

     During our study of this work, we encountered some issues that we 

may think about in the future. 

Some of these questions.  

(1) Whether a “Baer like” criterion holds for almost injective         

semimodule. In  other words, if M is almost injective relative to 

R, is it true that M is almost injective, and conversely? 

(2) If M is an indecomposable almost self-injective semimodule, is it 

true that the endomorphism semiring of M/Z(M) is semidomain? 

(3) If R is right almost self-injective semiring, is R /Rad(R) also right 

almost self-injective? 
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 اىَسخخيص

 غاىبافي هذا العمل تم تعميم  المقاسات شبه الاغماريه والاسقاطية الى المقاسات شبه الاغمارية   

.   اىٖذف ٍِ ٕزا اىؼَو ٕ٘ دساست اىخصائص الأساسٍت ىٖزٓ  غاىباٗشبٔ اىَقاساث الاسقاطٍت 

ىشبٔ  غاىبااغَاسي  𝑀سَى شبٔ اىَقاس ٌاىَفإٌٍ ىشبٔ اىَقاساث ٗبؼض اىَفإٌٍ اىَخؼيقت بٖا. 

, اٍا 𝑀 ٗىنو حَاثو ٍِ شبٔ اىَقاس اىدزئً اىى  𝑁 ارا ماُ ىنو شبٔ ٍقاس خزئً ٍِ  𝑁 اىَقاس

حٍث  𝑁 اىى خذاء ٍباشش غٍش صفشي ٍِ 𝑀 , أٗ ٌ٘خذ حَاثو ٍِ 𝑀اىى  𝑁 ٌ٘خذ ح٘سؼت ٍِ

ىنو شبٔ  غاىباارا ماُ  اغَاسي  ىباغاٌسَى اغَاسي  𝑀ًٕ داىت الاسقاط . شبٔ اىَقاس   π اُ

حَج دساست بؼض اىَفإٌٍ راث اىصيت ٗاىخحقٍق فٍٖا أٌضًا.  مَا حٌ ح٘ضٍح ػلاقت ٕزٓ ٍقاس. 

 ٍِ اىْ٘ع اث شبٔ الاغَاسٌتَقاساىشبٔ   ٗاىَفإٌٍ ببؼض اىَفإٌٍ ٍثو , شبٔ اىَقاساث اىَْخظَت , 

π اىَفإٌٍ   ٗمزىلW (ᶘ ), Z(ᶘ ), Rad(ᶘ )  .ٌقذً ٕزا اىؼَو أٌضًا ٌٗبحث فً اىفنشة  مَا

ٗاىخً  غاىباٗاىخً ًٕ شبٔ ٍقاساث اسقاطٍت  غاىبااىَزدٗخت ىيَْارج شبٔ اىَقاساث شبٔ الاغَاسٌت 

ىشبٔ اىَقاساث الإسقاطٍت ٍغ ٍشاػاة الاخخلافاث بٍِ اىَقاساث ٗشبٔ اىَقاساث , ًٕٗ  ًٕ ح٘سٍغ

, إرا   Nىشبٔ اىَقاس  غاىباإسقاطً  Mبٔ اىَقاس ٗاضحت بشنو أساسً ٍِ حؼشٌفاحٖا.  ٌقاه أُ ش

إٍا اُ ٌنُ٘ ْٕاك    Xاىى  Mأي شبٔ ٍقاس ٗىنو حَاثو ٍِ   Xحٍث    اىى  Nماُ ىنو حَاثو ٍِ 

     ٍِٕ٘ خذاء ٍباشش غٍش صفشي  Yحٍث  Mاىى   Y, أٗ ٌ٘خذ حَاثو ٍِ    Mاىى N حَاثو ٍِ 

. Nشبٔ اىَقاس   مَا ٌذػىM  ًإرا ماّج اغاىبإسقاط راح ,M   ًىْفسٔ.   غاىباشبٔ ٍقاس إسقاط

ٗاحذة ٍِ اىْخائح اىخً حصيْا ػيٍٖا ٍِ اىخؼشٌفٍِ .َفًٖ٘ ح٘ه ٕزا اى ٗقذ حصيْا ػيى بؼض اىْخائح

. مَا حٌ حؼشٌف شبٔ اىحيقت شبٔ غاىباأّ مو شبٔ ٍقاس اسقاطً  ٌنُ٘ شبٔ ٍقاس اسقاطً راحً 

,حؼٌٍَ  Nض اىَفإٌٍ ًٕٗ, حؼٌٍَ شبٔ اغَاسي ىشبٔ اىَقاس الاغَاسٌت راحٍا ٗحٌ حقذٌٌ ٍْٗاقشت بؼ

 QI, شبٔ اىحيقت ٍِ اىْ٘ع Nٗ شبٔ اىَقاس اساسً شبٔ اغَاسي  N غاىبااسقاطً ىشبٔ اىَقاس 

مو شبٔ AQI(ٗشبٔ اىحيقت ٍِ اىْ٘ع (مو شبٔ ٍقاس اغَاسي راحً ٌنُ٘ شبٔ ٍقاس اغَاسي) 

 .اسي)ٍقاس اغَاسي راحً غاىبا ٌنُ٘ شبٔ ٍقاس اغَ
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