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List of Symbols and abbreviations

Symbol The meaning
R Semiring
M Semimodule
Hom (M, N) The set of all homomorphisms from M into N
= Endg(M) The semiring of all homomorphisms from M into itself.
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D
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Z(M) The singular subsemimodule of M




Rad(M)

The Jacobson radical of M

ann(M)

Annihilator of M

CS-semimodule

Extending semimodule
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Abstract

In this work, injective (resp. projective) semimodule has been
generalized to almost-injective (resp. almost projective) and almost self-
injective (resp. almost projective) semimodule. The aim of this work is to
study some generalizations of injective and projective semimodules also
the basic properties of these concepts for semimodule and some concepts
related to them. Let M and N be two semimodules, a semimodule M is
called almost N-injective semimodule if, for each subsemimodule 4 of N
and each homomorphism ¢: A— M, either there is a homomorphism ¢ :N—
M such that {i= &, or there is a homomorphism y: M =Y such that y¢ = m,
where Y is a nonzero direct summand of N, and m is the projection map. A
semimodule M 1s almost injective semimodule if it is almost injective
relative to all semimodules. An R-semimodule M is called almost self-
injective, If it is almost M-injective semimodule. Some related concepts
have been studied and investigated as well. The relationship of these
concepts to some concepts have also been clarified as, uniform

semimodule, m-injective semimodule, W (J), Z(J) and Rad([).

Also this work introduces and investigates the dual notion to almost
injective semimodule which is almost projective semimodule that is
expanded for projective semimodules taking into account the differences
between modules and semimodules, it is mainly derived from their
definitions. A semimodule M is said to be almost N-projective, if for each
epimorphism a: N — X and every homomorphism §:M— X, either there
IS Y: M — N such that a y = §, or there is y:Y—M where Y is a nonzero
direct summand of N such that 6y = a|y. An R-semimodule M is called
almost self-projective, if it is almost M-projective semimodule. Some

results on this notion have been obtained. Also, almost self-injective



semiring has been studied. The concepts, generalized N- injective,
generalized N- projective, essentially N-injective semimodule, Ql-semiring
( every quasi-injective semimodule is injective) and AQI-semiring ( every
almost self-injective semimodule is injective) have been presented as

concepts related to almost injective(resp. projective) semimodules






Introduction

One of the most important areas of study of mathematics is algebra and
one of its important branches is ring theory. One of the topics discussed at
the present time that is module which have a relationship with to rings
theory which attention of many researchers at this time, because of its
importance in many applications. Since every ring is a semiring, and every
module is a semimodule therefore, so can convert many concepts from

modules into semimodules with necessary action.

Semimodule over semiring can be defined similarly as module over
ring. The book, "The theory of semirings with applications in mathematics
and theoretical computer science” by J. S. Golan [1], can be considered as a
first book on semiring written with algebraic point of view having
computer applications. It is very helpful to work on semirings and
semimodules and it has several applications. Semirings and semimodules
and their applications grow in different branches of mathematics, computer

sciences, physics and many other areas of modern science.[1]

In this work, some generalizations of injective and projective
semimodules 1s defined and studied. In 1989, Harada and Tozaki defined *
almost M-projective module” which generalized from the concept “M-
projective” also they introduced some relations between this concept and a
weaker condition[2]. In the same year, Baba introduced the concept
“almost N-injective module” [3], the class of modules N, for which M is
almost N- injective, is not closed under direct sums. Baba gave necessary
and sufficient condition under which a uniform, finite length module U is
almost V-injective, where V is a finite direct sum of uniform, finite length

modules.
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Later, Singh (2016) has determined some conditions under which U is
almost V- injective([4], Theorem 1.12) which generalize Baba’s result. Also
Alahmad discussed some characterizations of almost-injective modules[5].
In 1990 Harada discussed almost M-projective and almost M- injective for

any finitely generated module[6].

As regards semimodule, in 1998 Huda Althani gave an analog definition
of projective semimodules, which reduces to that in module theory. Also
she studied the structure of injective semimodules[7]. The concepts of
injective and projective semimodules have been extended to some
generalizations, almost-injective, almost projective, almost self-injective
and almost self-projective semimodules. Also some characterizations of
these notions will be discussed and some concepts related to them. Also the
conditions which are needed to get properties and characterizations similar

or related to the case in modules will be discussed.

Throughout this work, R denotes a semiring with identity and M a

unitary left R-semimodule. This thesis consists of five chapters.

Preliminary results and some definitions that we needed in this thesis are
provided in Chapter One. Some different facts between module and
semimodule have been clarified as, direct sum of semimodules, injective

hull, direct summand of free semimodule need not be projective unlike

module theory, also in module theory closed and complement submodule

are equivalent. But in class of semimodules the two concepts are not

equivalent. There are important properties that semimodule possesses make
up for having a subtraction in module as the essential difference them like,

cancellative, subtractive and semisubtractive.



Introduction

The Second Chapter is divided into three sections, one for introduction, in
the second section almost-injective semimodule is defined. Some
characterization of it and other concepts with related to this concept are
discussed. In the third section the concept almost self-injective semimodule
has been dealt as a generalization of quasi-injective semimodule and some
of the results have been generalized. From the results obtained in this
chapter, Proposition 2.2.18 by adding properties (having injective hull and
semisubtractive), Lemmas 2.2.20 and 2.2.21 with (subtractive, cancellative
and semisubtractive), Lemma 2.2.22(2) with semisubtractive and
cancellative, Proposition 2.2.27 and Corollary 2.2.28 with semisubtractive
and cancellative. Remark 2.3.11 and Proposition 2.3.12 by adding injective
hull, Corollary 2.3.13 shows adding a condition to indecomposable to
become uniform semimodule. In Proposition 2.3.15 and Corollary 2.13.16
have been added conditions semisubtractive and cancellative for
semimodule. Propositions 2.3.18, 2.3.21 and 2.3.22 show some properties
of the endomorphism semiring, also Proposition 2.3.23 has been added

cancellative and semisubtractive for semimodule.

The Third Chapter consists of three sections, one for introduction, section
two contains the definition of the concept almost-projective semimodules
and some of its characterizations have been discussed, as well as some
results have been generalized from projective semimodules. Section three
includes the concept almost self-projective semimodule. In fact this notion
IS a generalization of quasi-projective semimodule as well as investigating
some properties of this concept. Some conditions have been added for
semimodules to get desired results similar to results found in module.
From the results gotten in this chapter, Proposition 3.2.10 explain an
important characteristic which is finite direct sum of almost N-projective
semimodule. It is known that, every projective semimodule is almost-

3
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projective but the convers is not true. In proposition 3.2.21, we put the

conditions for two semimodules M and N to get N-projective from almost
N-projective. In Proposition 3.3.16, if M is almost self-projective uniserial

which is indecomposable, then [ is a left uniserial semiring. Propositions
3.3.19 and 3.3.20 explain relationship between the concepts almost self-

projective semimodule and mini-injective J-semimodule

The Fourth Chapter comprise of three sections, section one included the
introduction. In section two almost-injective semiring defined as follows: a
semiring R is said to be almost self-injective semiring, if gR is almost self-
injective semimodule. In addition some notions related to almost-injective

semiring have presented.

In section three, the concepts " generalized N- injective, generalized N-
projective, essentially N-injective, " have been defined and some of
relationships with each other are discussed. Some concepts related to
almost-injective (resp. almost projective) semimodules have been
discussed. The semiring having the properties that every quasi- injective
semimodule is injective (QI-semiring) and every almost self-injective
semimodule is injective (AQI-semiring) have been defined. Other
relationship between these concepts are discussed. From the results are
obtained in this chapter, Proposition 4.2.3 conditions have been added into
semiring R which are yoked and cancellative, Proposition 4.2.4 with
conditions, injective hull, semisubtractive and cancellative, Propositions
4.2.10 and 4.2.13 with conditions yoked and cancellative. The Fifth
Chapter includes the conclusions and future works.

These concepts have also been defined for class of semimodules
depending on literatures of modules with adding more conditions suitable

to the case of semimodules.



Chapter one Basic preliminaries

1.1 Basic Preliminaries

This chapter, some concepts of semirings and semimodules will be
represented. Some definitions, remarks and propositions that are needed
will be introduced. Some conditions on semimodule that are used to

compensate for subtraction in modules are proposed.

Definition 1.1.1[1,p.1]: A monoid is a nonempty set S with operation is

associative and for all s in S, there is element e in S such that sxe=e X s
=s. That is a monoid is a semigroup with identity element.
Remarks 1.1.2:

(1) The set of natural numbers N under addition is a commutative monoid

with identity element 0. Also N\{0} is a commutative monoid under
multiplication.

(2) Every monoid is semigroup, but the converse is not true, for example,
the set of positive integers under addition is a semigroup but not monoid.

Definition 1.1.3[6]: A semiring is a triple (R, +, .) consisting of a

nonempty set R with two operations, addition and multiplication satisfying

the following conditions:

(1) (R,+) is a commutative monoid with identity 0.

(2) (R, .) is monoid with identity 1.

(3) Multiplication distributes over addition from either sides.
(4)0r=0=r0forallrinR.

If the monoid (R, .) is commutative, then R is called a commutative

semiring.
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Examples 1.1.4:

(1) Every ring is semiring but the converse is not true, for instance( N, +,.)

IS @a commutative semiring which is not a ring.

(2) The tropical semiring (R U {40}, min, +, oo, 0) is a commutative

semiring with identity element 0.[1, p.16]

Definition 1.1.5 [8]: A nonempty subset | of a semiring R is called left

ideal, if it satisfies the following conditions:
(DIf x, ye I, then x+ ye 1.

(2)If xe | andr €R, then rx €l. A right ideal is defined similar to the left
ideal. 1is called ideal of R if it is both left and right ideal.

Remarks 1.1.6:

(1) Some of ideals of a semiring ( N, +,.) of the form kN, k =0, 1, 2,... and
{0, k, k+1, k+2,...}[1,p. 66].

(2)The set of all ideals of R is denoted by ideal(R). Note that (ideal(R), +, .)
forms a semiring where | + J={i+j|i €|, jeJ}and | J={> -, i.j | for any
i €1,jeJ}, forany |, Je ideal(R) [1, p. 72].

Definition 1.1.7 [9, p. 8]: A semiring R is called yoked, if forall r, tin R,

there isanelementsin Rsuchthatr+s=tort+s=r.

Definition 1.1.8[10]: A left ideal | of a semiring R is said to be subtractive

if e, e+ h €l imply hel. A semiring R is called subtractive if each of its
ideals is subtractive.
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Definition 1.1.9[1, p.3]: A subset E of a semiring R is called subsemiring,

if it contains 0 and 1 and closed under addition and multiplication.

Example 1.1.10: The set (Z*, +, .) of nonegative integers is subsemiring of

a semiring (Q™, +, .) of set of nonnegative rational numbers.

Definition 1.1.11[1, p.49]: An element r in R is called additively

cancellable element, if for every s, t in R such that r +s = r +t, then s=t.
The set of cancellable elements of R is denoted by K*(R). If K*'(R)= R, then
R is called cancellative semiring.

Definition 1.1.12[1, p.3]: An element r in R is called additively

idempotent element, if r+ r = r. The set of all additively idempotent
elements denoted by I*(R). If I*(R)=R, then R is called an additively

idempotent semiring.

Definition 1.1.13[1, p.3]:An element r in R is called a multiplicatively

idempotent element, if r - r = r. The set of multiplicatively idempotent

elements of R is denoted by I*(R). If I*(R)=R, then R is called idempotent

semiring.

Definition 1.1.14 [1, p.48]:An element r in R is called additive inverse, if

there is z in R such that r +z= 0. The set of additive inverse of R is denoted
by V(R). If V(R)={ 0}, then R is called zerosumfree.

Remarks 1.1.15:

(1) If V(R)=R, then R is ring.

(2) Every additively idempotent semiring is zerosumfree, in fact, if r+ s =
0,thenr=r+0=r +(r+ s)=(r+r) + s = r+ s=0, similarly, we have s=0

and hence R is zerosumfree.
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Definition 1.1.16[1, p.4]:An element r in R is called a left zero devisor of

R if and only if rs=0 for some nonzero element s of R, and it is right zero
devisor if and only if sr=0. It is zero devisor if and only if either a left or a

right zero devisor. If R has no zero devisors, then it is called entire.

Definition 1.1.17[9]: A semiring R is called semidomain, if rs = rt implies

thats=tforr,s, tin R and r is nonzero element.

Remark 1.1.18:[10]: Every semidomain is entire but the convers is not

true, if R is an entire yoked cancellative semiring , then it is semi-domain.

Examples 1.1.19:

(1) Every ring is cancellative semiring.
(2) (ideal(R), +, .) forms zerosumfree semiring.

(3) The set (N, +, .) of nonnegative integers is a commutative cancellative

zerosumfree entire semiring which is not ring.
(4) The Boolean algebra B={0, 1}is an idempotent semiring.

(5) (N, +, .) with n+ m= max{n, m} and n. m= min{n, m}for all n, min R is

an idempotent commutative semiring.

Definition 1.1.20[11]:A commutative semiring R is said to be semifield if,

every nonzero element has a multiplicative inverse. Thatis (R\{0}, .)isa

group.

Example 1.1.21: The set ( R*, +, .) of positive real numbers is a semi-
field. Also (Q*, +, .) is a semifield.

Definition 1.1.22 [ 1, p.149]: Let R be a semiring. A left R -semimodule M

IS a commutative monoid (M, +) for which we have a map RxM—M
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defined by (r, m)—r m such that for all r, r' in R and m, n in M, the

following conditions are satisfied

@ @r")m=r(r'm).

2 r(m+n)=rm++rn.

@@r+r')ym=rm+rm.

(4) r0y =0y =0gm.

The semimodule M is called unitary if the condition 1n = n, for all nin M.

Definition 1.1.23 [1, p.150]:A nonempty subset U of a semimodule M is

called a subsemimodule of M, if it is closed under addition and scalar

multiplication and denoted by U< M.

Definition 1.1.24[1, p.149]: A subsemimodule U of a semimodule M is

called subtractive if each m, n in M with m, m+ nin U implies n belong to
U. A semimodule M is said to be subtractive, if all its subsemimodules are

subtractive.

Definition 1.1.25[12]:A semimodule M is said to be semisubtractive, if

forany x, y€ M thereisz € M suchthat x+z=yor y+z=x.

Examples 1.1.26:

(1) Every semiring is semimodule over itself.
(2) Every commutative monoid is an N- semimodule.

(3) If R is a semiring, then the left ideals of R are exactly the

subsemimodules of the left R-semimodule R.
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(4) In the semimodule (N, +, .) the subtractive subsemimodules are of the
form kN [13, p.32]. Also it is cancellative semisubtractive semimodule.
Definition 1.1.27[14]: Let X and Y be two subsemimodules of R-

semimodule M. M is said to be a direct sum of X and Y, if each m € M
uniquely written as m= x+ y where x€ X, ye 'Y, denoted by M=X®Y, each

Xand Y is called a direct summand of M.

Remark 1.1.28: If M is a direct sum of subsemimodules X and Y, then

XNY =0 and M=X+Y, but the converse is not true. For example, let K4 ={0,
1, a, b}, then ( K4 ,+) is monoid with addition defined by; x+ x= x, x+ y=1
and x+1=1 for all x, yeK, ), K, is B -semimodule where B is the Boolean
algebra with 1+1=1. Take a subsemimodule X ={0, 1, a}, then X={0,
1}+{0, a}and{0,1} N {0, a}={0}but 1 can be written by, 1=1+0 and 1= 1+a

this means 1 has no uniquely representation. The convers is true if the
semimodule M has the conditions; semisubtractive and cancellative[14].

While, for the modules, its known that if, a module B is direct sum of
submodules C and D, then C@D if and only if C+D= B and CND=0.

Definition 1.1.29[15]:A set E is said to be generating set of a semimodule

M if, M is the smallest subsemimodule containing E, written M= (E).
Remarks 1.1.30[15]:

(1)A semimodule M= (E) if and only if YneM, n=Y%_, r¢;, ;E€R ¢;€EE.
(2)If E ={x} and M= (E), then M is called a cyclic semimodule generated
by element x [10].

10
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Definition1.1.31[15]: A set E is called a free set if for each

{es,eses,....ex}SE (k is a positive integer), the combination Zﬁ?:lrjej=0
implies 7;=0 Vj.

Definition 1.1.32[15]: A set E is called a basis of the semimodule M if it is

a free generating set of M.
Definition 1.1.33[15]: A semimodule M is called a free if it has a basis.
Remark 1.1.34[13]: An R-semimodule M is free if and only if it is

isomorphic to a direct sum of copies of R.

Example 1.1.35[13]:The R-semimodule R is free (by Remark 1.1.34).

Definition 1.1.36[16]: A subsemimodule X of M is said to be essential, if

XN'Y # 0 for any nonzero subsemimodule Y of M and denoted by X <_,M.

Examplesl.1.37:

(1) Every semimodule is essential in itself.
(2)Z as N-semimodule is essential subsemimodule of @ as N-semimodule.
(3) In Z,, as N —semimodule, a subsemimodule 27Z,, <, Z,,.

Definition 1.1.38[17]: A subsemimodule X of M is said to be small, if
X+Y = M for any proper subsemimodule Y of M and denoted by X < M.

Examples 1.1.39:

(1){0} is the only small subsemimodule of the N -semimodule Z .
(2) In Z, as N-semimodule, 2Z, <; Z,.

Definition 1.1.40[18]: A semimodule M is said to be uniform if, every

nonzero subsemimodule of it is essential.

11
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Examples 1.1.41:

(1) The N- semimodule Z is uniform.
(2) Zg as N —semimodule is uniform.

Definition 1.1.42[19]: A semimodule M is said to be hollow, if every

proper subsemimodule of it is small.

Examples 1.1.43:

Z, as N-semimodule is hollow.

Definition 1.1.44 [20]: A semimodule M is said to be indecomposable if

the direct summands of its are only {0} and M.
It is clear that, every uniform semimodule is indecomposable.

Definition 1.1.45 [21]: Let M be an R -semimodule and m in M. The left

annihilator of m is defined by ann(m)={ r € R | rm = 0}.

It is clear that ann(m) is a left ideal of R. If U is a subsemimodule of M ,
then ann(U) ={ re R | ru =0, ue U }. For instance, in a sesmimodule Z,,
over itself, ann(2)={0, 6}= ann(10), ann(3)={ 0, 4, 8}= ann(9), ann(4) =
=ann(11)= 0.

Definition 1.1.46 [22] :A nonzero semimodule M is called simple, if M has

no nonzero proper subsemimodule.

Remarks 1.1.47:

(1)The N-semimodule N/pN where p is prime number is simple

semimodule.

12
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(2) Every simple semimodule is indecomposable but the converse is not
true, for example N as N-semimodule is indecomposable, but not simple

since have subsemimodules of the form kN where k in N

Definition 1.1.48 [23]: A semimodule M is called semisimple, if it is a

direct sum of simple subsemimodules in M.

Remark 1.1.49[24]: A semimodule M is semisimple if every

subsemimodule of itis a direct summand in M.

Remarks 1.1.50:

(1) The semimodule Zgover N is semisimple.

(2) Every simple semimodule is semisimple, but the converse is not true,
for example Z, as N-semimodule is semisimple but not simple

semimodule.

Definition 1.1.51 [25]: Let M be a semimodule, the socle of M is the sum

of all simple subsemimodule of M and denoted by Soc(M). If M has no

simple subsemimodule, then Soc(M)=0.

Remarks 1.1.52: Let M be a semimodule. Then:

(1)Soc(M) = n {X| X< ,M}[25].

(2) If Soc(M)= M, then M is semisimple semimodule. For example, Z, as

N-semimodule, Soc( Z¢ )= Z , then it is semisimple.

Definition 1.1.53 [21]: The singular subsemimodule of M is defined by
Z(M) = {m € M| anng(m) is an essential ideal in R}. If Z(M) =M, then

M is called singular semimodule and if Z(M) = 0, M is called nonsingular.

Example 1.1.54: Z(Q;)=0, then @y is nonsingular semimodule, while

Z(Zy)= Ty, then Z, as Z-semimodule is singular.
13
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Definition 1.1.55 [26]: A subsemimodule X of semimodule M is said to be
complement of a subsemimodule Y if XnY=0 and X is a maximal with

this property.

Definition 1.1.56 [27]: A subsemimodule X of semimodule M is said to be

closed if, X<, Y <M implies X=Y.

In module theory closed and complement submodule are equivalent. But
in class of semimodules the two concepts do not have to be equivalent, the

following remark explain the relationship between these concepts.

Remarks 1.1.57: The following relationship between the concepts, direct

summand, closed and complement subsemimodules, hold.
(1) Every complement subsemimodule of M is closed[26].

(2) If M is a cancellative ,semisubtractive semimodule, then every closed

subsemimodule of M is a complement[28, p 14].

(3) In general, not every closed subsemimodule of M is direct summand.
For example, let M=Z,®Z; as N-semimodule with subsemimodules; A,=
00Z3=((0,2)), A, = Zs®0 ={(2,0))= ((4,0))= ((5,0))=((7,0)) =
((8,0)), 43 ((3,0))=((6,0)), As=((1, 1)), As=((0, 1), (3,0)) =4, ®A3 =

((0,1),(6,0)),4,=((3, D), 4, = {(3,2))=((3,2) )we note that A, and 4,
are direct summand of M, A, is complement of A, hence closed, but not a
direct summand. Also A, is complement of A, and A, but not direct
summand of it. If M is (k-c) that is every closed subsemimodule is
subtractive, then every direct summand of M is closed [28, p.14].

Definition 1.1.58 [25]: A semimodule M is said to be extending

semimodule (CS-semimodule) if every subsemimodule of M is essential in

a direct summand of M.

14



Chapter one Basic preliminaries

Proposition 1.1.59 [25]: A semimodule M is extending (CS)-semimodule

if and only if, every closed subsemimodule is a direct summand of M.

Remark 1.1.60:

The semimodule Z@Z, as N —semimodule is extending semimodule.

Definition 1.1.61 [15]: Let M be a semimodule. An element m in M is said

to be torsion element if rm=0 for some 0 #r in R. We say M is torsion
semimodule if each element is torsion.

Definition 1.1.62 [27]: A semimodule M is said to be torsion-free,

whenever r €R and m €M with rm=0 implies thatr = 0 orm = 0.

Example 1.1.63: The semimodule Qy is torsion free.

Definition 1.1.64 [15]: Let U be a subsemimodule of a semimodule M, a

semimodule M/U is called a quotient semimodule of M by U and defined
by M/ U={[m]|meM}.

Definition 1.1.65 [12]: The radical of a semimodule M defined by
Rad(M)= N{ U: U is maximal subsemimodule of M}.

Remark 1.1.66 [12]: Rad(M)=n{ U: U is maximal subsemimodule in
M}= Y{S: S is small subsemimodule in M}. For instance, take a
semimodule M= Zg over itself Rad(M)={ 0, 2, 4, 6}=< 2 >.

Definition 1.1.67 [13, p.9]: Let E be subset of R-semimodule M. The set

of all elements of the form V = ) ¢z 1. e(r, € R) such that all but a finite

number of terms in the sum are zero, then V is called the subsemimodule of
M generated by E, denoted by V =< E >. If there is finite subset of R-
semimodule M such that V =< E' >, then M is called finitely generated.

Proposition 1.1.68 [12]: Let M be a semimodule, if M is finitely generated,

then Rad(M) is superfluous (small) subsemimodule of M.

15



Chapter one Basic preliminaries

Definition 1.1.69 [ 29]: A semiring R is called a left local semiring if it has

a unigue maximal left ideal. For example, a semiring Z, is local and a
semiring (N, +, .) with maximal ideals is not local semiring.

Theorem 1.1.70[29]: Let R be a semiring, then the following statements

are equivalent:

(a)Ris local.

(b)Rad(R) is a maximal ideal of R.

(c)The set of all non-invertible elements is an ideal of R.

(d) Rad(R) = {r € R| r is non-invertible }.

Definition 1.1.71[30]: Let R be a semiring. An element r € R is called

nilpotent if there is positive integer n such that r™ = 0. An ideal J of R is

called nil if each of its elements is nilpotent .

Definition 1.1.72[18]: A semimodule M is said to be uniserial if for any

two subsemimodules of M, one of them contained in the other.

Examples 1.1.73:

(1)Every simple semimodule is uniserail.

(2)Zg as N-semimodule is uniserail.

Definition 1.1.74[31]: Let M and N be R-semimodules. A homomorphism

from M to N is a map ¢: M — N such that:

1- p(m+n) = e(m) + @(n) and
2- (rm) =rp(m) vm,n € M and r €R.
The set of all R-homomorphisms from M to N, denoted by Hom(M, N)

has R-semimodule structure for the operations:

(D(a+ @)(m)=a(m)+ p(m), m € Mand a, ¢ € Hom(M, N).
2)(r &)(m) =ra(m), r e R [15].
16
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An R-homomorphism from M into itself is called an R-endomorphism
of M, denoted by End(M) for the set of all R-endomorphisms of M. The
triple (End(M), +, °) is a semiring with identity element [32]. It is clear that

(End(M), +) is an N- semimodule.

Remark 1.1.75 [33]:Let a:M— N be an R-homomorphism, then:

1.ker(a)= {me M| a(m)= 0} = a~1{0} which is subtractive subsemimodule
of M.

2. a(M) ={ a(m) | meM}

3.Im(a)={ neN |n + a(m)= a(m") for some m, m'e M}which is subtractive

subsemimodule of N.

Definition 1.1.76 [32]:A subsemimodule X of M is called fully invariant if
for each endomorphism @:M— M, then @(X)< X.

Example 1.1.77: Every subtractive subsemimodule of N as N-semimodule

is fully invariant. Since the only subtractive subsemimodules of N are of
the form k N, ke N let @:N— N, then @(kN)= k@(N)<SkN.

Definition 1.1.78 [34]:The sequence of R-semimodules ...—>Xiﬁ Xit1

Xit1

— X; 4, —...I1S said to be:
1.Exact, if Im a; =ker a; 4, VIE I
2.Proper exact, if a;(X;)=ker a;,4, Vi€ I.

Remarks1.1.79: Let a:M— N be an R-homomaorphism,

1. It is well known in module theory ker a={0} if and only if « is monic,
this is not hold in general for semimodule, take a:K;— X defined by a(0)
=0, a(@)=aand a(b)= a(l) = 1 where K;={0, 1, a, b} is B-semimodule

17
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(the scalar multiplication of B on K, is defined by 0.s=0 and 1.s=s, VsS€ K,
Jand its subsemimodule X ={0, 1, a}, then ker a={0} but a is not
monic[34]. In [13], if M is semisubtractive and N is cancellative we have

ker a={0} if and only if a is monic.

2. For module always, a(M) =Im(a) but for semimodule not always true, if
we take the inclusion map of the function in (1) i: X— Kj since i(X) = X
and Im(i) = K;. a(M) =Im(a) if and only if a(M) is subtractive

subsemimodule of N[8].

Definition1.1.80[8]: If M and N are R- semimodules, then an R-

homomorphism a: :M— N is:

1. Surjective (epic, or onto) if for each element n in N, there is element in
M such that a(m) = n, that is Im(a) = N.

2. Injective (monic, or one to one) if for all m,m’ in M, if a(m) =

a(m”)impliesm = m'.
3. Isomorphism if is both surjective and injective.

Definition 1.1.81[35]: Let M be a semimodule, an R-semimodule E is

called M-injective (E is injective relative to M ) if for every
subsemimodule U of M and any R- homomorphism &:U — E can be

extended to an R- homomorphism {: M —E.

A left R-semimodule E is called injective if it is injective relative to every
left R-semimodule. A semimodule E is called quasi-injective if it is E-

injective[14].
18



Chapter one Basic preliminaries

Remark 1.1.82[13, p.17]:Every injective semimodule is quasi-injective but

the converse is not true. For example, Z/2 Z as N-semimodule is quasi-

injective but it is not injective.

Definition 1.1.83[ 36]: A left R-semimodule P is said to be N-projective if

for every epimorphism ¢: N — X and for every homomorphism y:P— X

there is a homomorphism y": P— N such that the following diagram

commutes:
P
,YI
y
N ¢ X

A semimodule P is projective if it is projective relative to every left

R-semimodule, and it is quasi-projective if, P is P-projective semimodule

[37]. It is clear that every simple semimodule is quasi-projective

Proposition 1.1.84[7]: Every free R-semimodule is projective. In particular

every semiring with identity is projective over itself.

Remark 1.1.85:The convers of Proposition 1.1.84 is not true, for instance,

if R= Z/1oz- Obviously, R is free over itself and Z/lof

102/, @102/, 102/, as R-semimodule is projective ( since every

direct summand of projective semimodule is projective) but is not free.

Remark 1.1.86: It is well known in the class of module, the following facts

are verified:
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(1)Any Projective module is a direct summand of free module, this is not

true for semimodule see, Example 2.3 in [36].

(2)Any direct summand of free module is projective, but this is not true for

semimodules[36].
In [38], Deore set condition to achieve that property as follows:

Lemma 1.1.87[38]: Any direct summand of semisubtractive free R-

semimodule is projective.

Definition 1.1.88[14]: A semimodule M is said to be principally self-

generator if for every element me M, there exists an epimorphism

a: M—Rm.

Examples 1.1.89:

(i) Every cyclic semimodule is principally self-generator.

(if) The semiring R is principally self-generator R-semimodule.
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Chapter Two Almost-Injective Semimodules

2.1 Introduction

In this chapter, the concept of injective semimodule has been extended
to generalizations, almost-injective semimodule and almost self-injective
semimodule. Some characterizations of these notions and some concepts
related to them will be discussed. Also, the conditions which want to get
properties and attributes similar or related to the case in modules will be

discussed.

2.2 Almost Injective Semimodules
In this section, the concept of almost N-injective semimodule will be
presented as a generalization of injective semimodule as well as

investigating some properties of this notion.

Definition 2.2.1: Let M and N be two left R-semimodules. A semimodule

M 1s called almost N-injective semimodule if, for each subsemimodule 4 of
N and each R-homomorphism & : 4— M , either there exists an R-

homomorphism ¢ such that the diagram(i) commutes

A—i> N 4 N=Y®Z
| ﬂ
S ¢ v
M o
11
®)

Or there exists a homomorphism y: M —Y such that the diagram (i1)

commutes, where 0 #Y <g N, and m is the projection map.
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An R-semimodule M is almost injective semimodule if it is almost

injective relative to every R-semimodule.

Examples 2.2.2:

(1) Every injective semimodule is almost injective, but the converse is not

true.

(2) If M is simple, then every semimodule is injective relative to M and

hence it is almost M- injective.

(3) If N 1s semisimple, then every R-semimodule M is N-injective and then

almost N-injective semimodule.

A monomorphism f is called a split monomorphism if it has a left

inverse [20].

Proposition 2.2.3: Let Y be a subsemimodule of N such that Y is almost N-

injective semimodule, then either Y is a direct summand of N, or there is

homomorphismy: Y — X where X is nonzero direct summand of N such
that yly, = myi .

Proof. Assume that Y is an almost N-injective semimodule, from the
following diagrams; we have either there is {: N = Y such that {i= 1,
implies that i is split monomorphism and hence Y is a direct summand of

N, or there is y: Y — X where X is nonzero direct summand of N such that

le = foi.
i
) 7 N Y > N
1y 1YJ/ J/ x
¢
Y [
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Remarks 2.2.4:

In Proposition (2.2.3),

(DIf N is indecomposable semimodule, then the first diagram is not

satisfied and hence Y is embedded in V.

Proof. Assume that Y is almost N-injective semimodule, we have either
there is {: N — Y such that {i= 1, implies thati is split monomorphism
and hence Y is direct summand of N and this contradiction, then the second
diagram is satisfied, this means there isy: Y — N such that y1, = 1yi =

{ which implies y is one to one. ®

(2)If the only proper subsemimodule of N is Y, then we get Y is a direct

summand of V.

Recall that, a maximal subsemimodule U of M is a subsemimodule
which is not contained properly in any other proper subsemimodule of M

[13].

Proposition 2.2.5: A semimodule M is almost N -injective if and only if for

each R-homomorphism &: U— M has no extension from N to M where U is
subsemimodule of N, there exists decomposition N=Y @7 with Y # 0 and
R-homomorphism w: M — Y such that w §(u) = m(u) for any u in U ,

where m: N - Y is a projection with kernel Z.

Proof. The Definition 2.2.1 implies to the condition is clear. Conversely, let
0: K— M be an R- homomorphism where K is subsemimodule of N, if &
can be extended to N, it is done, otherwise let U be maximal
subsemimodule of N containing K such that & U— M is extension of §, by
assumption there exists decomposition N=Y@&Z with Y# 0 and R-
homomorphism w: M - Y such that o §u) = m(u) for any u in U.

Therefore M 1s almost N -injective semimodule. m
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Remark 2.2.6: Let M be almost N-injective semimodule, if N is

indecomposable semimodule, then either M is N-injective, or there is

subsemimodule of N is embedded in M.

Proof. Assume that M is not N -injective semimodule, then there exists a
subsemimodule 4 of Nand homomorphism & : A— M cannot be extended

to N. Hence there exists an R-homomorphism y: M — N (since N is

indecomposable, then it has no proper direct summand) such that y &= i.
Assume that §(a) = &(a’), where a,a’ € 4 = y§(a) = y§@') = i(a) = i(a)

— a=2a’, then § is one to onc. W

Recall that, a semimodule M is said to be maximal essential extension
of subsemimodule L if N is a proper extension of M, then N is not
essential extension of L. An R-semimodule N is said to be injective hull of
semimodule M, if N is injective and it is essential extension of M, denoted
by E(M) [19].

Note.[1]. It is well-known that every module over a ring has an injective

hull, but this does not hold in general, for ssmimodules over a semiring.

Lemma 2.2.7: Let M be a torsion-free semimodule and N a semimodule
having injective hulls E(M) and E(N) respectively, let 8: E(N)— E(M) be a
homomorphism and 6(N)Z M. If |={n€e N| 6(n) € M} and 9= 6|, thend

has no extension a: Z— M with | < Z < N.

Proof. Firstly, ]= Nn 871(M). Suppose there is a: Z— M with | < Z <N
extending for 9. There is z in Z such that 68(z)¢ M, then a(z) + 6(z2).
Now, since N <, E(N) and 8~1(M) <, E(N) implies Nn 6~1(M) <, E(N),
so there is 1 in R such that 0 # 1z € L implies 8(rz) € M and then ra(z) =
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0(rz) this meansra(z) = rf(z) since M is torsion-free, then a(z) =

0(z) this a contradiction. m

Proposition 2.2.8: Let M be a torsion-free semimodule and N be any

semimodule having injective hulls E(M) and E(N) respectively, then M is

almost N-injective if and only if for any homomorphism 8: E(N)— E(M),

either 6(N)© M, or for [={neN| 6(n) € M}, there is decomposition
N=Y®Z with Y # 0 and homomorphism w: M — Y such that w & = mi

where ¢ = || and i:] >N is the inclusion map, m: N —-Y.
Proof. From Proposition 2.2.5 and Lemma 2.2.7 the result obtained. m

The following propositions give some properties of almost N-injective

semimodules.

Proposition 2.2.9: If M is an almost N-injective semimodule and Y is any

direct summand of M, then Y is almost N-injective.

Proof. Let Y be a direct summand of M and consider the following

diagrams:

i A N=DDE
A_____ N :
‘e B
y ¢ Y D
Tty

M M D

where A< N and Ay:Y — M be the injection map, since M is almost
N -injective, either there exists {: N - M such that ¢i = A, &. Define
@: N — Y suchthat @ = my, C, then @i =y ¢i = my Ay § = &. Or, there exists

J: M — D where D is nonzero direct summand of N such that 9 1, § = m.
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Define §:Y—D such that §=91y , we have 6§ = 94, & = m. Then Yis
almost N -injective. m

Proposition 2.2.10: If M is an almost N -injective semimodule and Y a

fully invariant direct summand of N, then M is almost Y -injective .
Proof. Suppose Y is a direct summand of N and M is an almost N-injective
semimodule. Consider the diagrams:

. , L J
l J A—> Y —>N =DDE

M —>D

Since M is almost N —injective, then either 3 (N — M such that {ji =&, or

39: M —D where D is a nonzero direct summand of N such that 9 &

=nji. Since N =D @E, then Y = (Y ND) @ (Y NE) by fully invariant, we

have the following diagram:

e ik

19[
M ——>DnY

V)

From the above diagram, we get that 9'¢ = mymy j'9 € =mymy (' m)j i =

m(myj)i = myi. Hence M is an almost Y-injective semimodule. m

Proposition 2.2.11: Let M be an almost N-injective semimodule, then any

semimodule isomorphic to M is almost N-injective.
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Proof. Suppose M is an almost N -injective semimodule and ¢: W— M is
an isomorphism where W is any semimodule, assume that &: A— W is
homomorphism, since M is almost N-injective, then either there exists, ¢

: N > M such that i = ¢&. Define : N - W such that @ = ¢, then
@i =@ 1i= ¢ 1 &=E Or, there exists y: M — D where D is nonzero
direct summand of N such that y @€ = m. Define §: W — D such that 6=
vy, we have 6§ = yo& = m. Then W is almost N-injective. As in the
following diagrams:

A N =D®E

N

The following proposition explain an important characteristic which is
finite direct sum of almost N-injective semimodule. Where the proof was
divided into six cases depending on our definition.

Proposition 2.2.12: Let M, M, and N be semimodules, then M=M, DM, is

almost N-injective if and only if each M; (i=1, 2) is almost N-injective
semimodule.

Proof. Consider the below diagrams and let &:4—M, where A is
subsemimodule of N. Suppose each M; (i=1, 2) is almost N-injective. Then
there are six cases: casel/ if the diagrams (a) and (b) are satisfying, then the
Definition 2.2.1 is achieved case2/ the two diagrams (c¢) and (d) similar to
casel. Case3/ the two diagrams (a) and (d) are satisfying, there is {;:N—

M, such that {;i= m; ¢, and there is ¥, : M, — D where D is a nonzero
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direct summand of N such thaty, m,é=1pmpi, define §:M— D by 6 =
15y, M, , then 6 = 15y, M8 = mpi .

A —> N A Z N
.f T
£ v / A
M D
1
m) L
M1 M, D
(a) o)
A —Z> N l N
: J"V fA \LHD
g
, lT)Lz & IV; J D
T 1p
M, 2 !
M D
© 2 Y2

(d)

Cased/suppose the two diagrams (a) and (c) are satisfying, then there is
(1:N—M, such that {;i= m; ¢ and {,:N— M, such that {,i= m,¢&, then ({; +
()i = Qi+ (i = m§ + ¢ = (my + 12)8.

Case5/ assume the diagrams (b) and (c) are satisfying, similar to casel.
Case6/ suppose that the diagrams (b) and (d) are satisfying, similar to cases
3 and 4. From the previous six cases, M is almost N-injective semimodule.
Conversely, suppose that M is almost N-injective, from Proposition 2.2.9,

we get M, and M, are almost N-injective semimodules.m
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Colloraly 2.2.13:Let {M;}] ,be a family of semimodules, then M; is

almost N-injective semimodules if and only if &;M; is almost N-injective

for fixed semimodule Nand 1 <i < n.
Proof. From Proposition 2.2.12, the result is gotten. m

Proposition 2.2.14: Let M be an almost N-injective semimodule and B

any semimodule which is isomorphic to N, then M is almost B-injective.

Proof. Let M be an almost N—injective semimodule and ¢: B— N be an
isomorphism where B is any semimodule, assume ¢&: A— M is
homomorphism, since M is almost N-injective, then either there exists, ¢
:N - M such that (@i =¢. Define @: B - M such that @ = (¢, then

=(pi = & Or, there exists y: M — D where D is nonzero direct
summand of N such that y & = mgi. Define y': M — Y where Y is nonzero

direct summand of B, such that y'= "¢ ~1'y, we have

v'e=n'o 1(j'm)ei =n'(¢ 1e)i =n'. Hence M is almost B-injective

semimodule. As the following diagrams:

S

A—> B—»N A ¢ N
, R
(Lo T
%Y
M > D
14
|

Lemma 2.2.15: Let N =Y@® Z be semimodule and K a fully invariant

subsemimodule of N, then N/K _(r+ K)/K D (Z+ K)/K
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Proof. It is clear that N/K -+ K)/K + Z+ K)/K . Now, to prove the

unique representation of the elements of N / k- Since K is fully invariant,
then K=(YNK)+ (ZNnK),hence Vk € K, k=k;+tk, where ki€ Y N K,
k, € Z N K. Assume that n+ K € N/K’ withn+ K =(y+2z)+ K=(y+2) +

K...(*)wherey,y €Y + K and z, Z' € Z + K it can be assumed that y ,

y'€Yand z, 7' € Z, then (y+z)+k=(y+2z)+k'for somek, k' € K by
(*) k=k;+k, and k' = k' +k’, such that k;, k' eY n K and k,,k’, EZNK,
(v +2) +( ki + ko )= (v +2)+ (K'y+ K) implies(y + ki) +( z + ky )= (v +
k'\)+ (z' + k%), by unique representation of the elements of Y@ Z, it

follows y + k1 = y, + k,l, z + k2 =z + k’z where kl ) k,l, kz ) k’z € K, then y

+ K= y+ K and z + K= 7' + K, therefore N/K = (Y+K)/K D

(Z+K)/K- -

Proposition 2.2.16: If M is an almost N-injective semimodule and K a

fully invariant subsemimodule of N, then M is almost N / K -injective.

Proof. Let L/} be any subsemimodule of N/ ,ie. K < L < N and let

Q: L/ K — M be homomorphism . Consider the diagram where i and j are

inclusion maps, m; and m, are natural epimorphisms.
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L —»

[ N
US| l { l Uy’
L/K ’ N/K
® l /
M ¢
Since M is almost N -injective, either there exists {: N — M such that {i =

@, .Define (D:N/K — M by @(n + K) = {(n), foreachn+K € N/K, then

o(1+K) = () = omy(l) = @(I+ K). Or, there exists y': M - Y, where 0 #

Y <g N and y'om, = m,i.

Define v:Y - ¥+ K)/K by yey+Kandy:M - ¥+ K)/K by

me vy'(m +K), then y = v ¢/, where ¥ T K/, is a direct summand of

N/K by Lemma 2.2.15. Then yo(I+ K) =y, (1)) =v(y'o(m.(1))
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=v(myi () =v () =y+ K =n3j(l+ K),V I+ Ke L/K such that yp = m3j.

Hence M is almost N/K -injective. m

Remark 2.2.17: If M is a uniform semimodule, then the injective hull of M

if there exists is indecomposable.

Proof. Suppose that E(M) = M@ M,, if M;#0, then 0+xM N M <, M <,
E(M). But (M\n M) N M, =0 = M,=0 and E(M) = M,, therefore E(M) is

an indecomposable. m

Proposition 2.2.18: Let M and N be uniform semimodules having injective
hulls E(M) and E(N) respectively with E(N) is semisubtractive, then M is

almost N-injective semimodule if and only if for every 9 € Hom (E(N ),
E(M)), either 9 (N) € M or 9 is isomorphism and 9~ (M) € N.

Proof. Assume M is an almost N-injective and let 9 € Hom (E(N ), E(M))
and X = {be N |9 (b)e M }= N NI (M), let h= I|x: X— M. Since M is
almost N -injective, then one of the diagrams (i) or (ii) hold. If (i) holds,

there exists w: N —» M which extends h to N.

Claim: Y ={x € E(M)| x + w(b)= I(b) forsomebe N }=0. Letxe M N Y,
then x + w (b) = 9(b), so 9(b) € M. Hence be X, so 9(b)= h(b)= w(b), this
implies x = 0 and M N Y =0. But M is essential in E(M), so Y =0.
Therefore, 9(b) = w(b) for all be N, that is 9(N) S M. If (ii) holds , then

there exists @ : M — N such that @ h = 1. Hence 9 is one to one (since ker

Ix =kerd NX=0= kerd NN =0but N <, E(N), then ker 9 = 0 hence
J is one to one). Also U is onto because 9(N) = E(N) and 9(N) is
injective subsemimodule of E(M), but E(M) is indecomposable from

Remark 2.2.17, then 9(N) = E(M) so 9 is isomorphism.

32



Chapter Two Almost-Injective Semimodules

Clearly @loxy=9"9(xy--.. (*). Claim: Z={y € E(N)| 9 * (@)= ¥ + @(a)
for somea€ M}=0.Letye NN Z thend * (@)= y + @(a), then97(a) €
N, apply 9 to both sides , we have 9 9 ™ (a)= 9 (y) + 99(a)

from (*) we get 9 (y) =0,thenae 9 (X) andy =0, since N is essential in
E(N), we have Z=0and 9 (a)= @(a) for all a € M. Hence 9 (M) S N.

The convers is clear. m

Remarks 2.2.19:

In case M is a uniform, N is an indecomposable semimodule , then:

(1)If M is almost N-injective and there is a homomorphism 9 :E(N) —E(M)
such that 9(N) €M, then ¥ is an isomorphism and M € 9(N) is essential
in E(M) implies N= 9(N) is uniform(since M is uniform).

(2)If N is not uniform and M is almost N-injective semimodule, then M is

N-injective semimodule.

(3)If N is uniform, then M is almost N-injective semimodule if and only if
for any homomorphism 9 :E(N) —-EM) with 9(N) €M, 9 is an
isomorphism and M < 9(N).

Lemma2.2.20: Let U and V be subtractive subsemimodules of a

cancellative semisubtractive semimodule M, and N any semimodule. If

a:U = N and B: V = N are homomorphisms such that a(x) = f(x) for

all x in UNV, then there is a homomorphism y: U +V — N which extends
both o and f3.

Proof. Definey: U+V - Nbyy(U+v)=a( )+ B(v) whereue U, v €

V.Assume thatu+v=u+v'....(*),u,uU€Uand v,v' €V, by
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semisubtractive, there exist X, y € M such that either u+ X =U'oru=x+ U’

and either v+ y=v'or v' + y=v.

Claim: In all cases, o (u)+ B(v)=a(u’") +B(v"), that is y is well-defined.

First, by assumption xe U, y € V(by subtractive).

There are four cases, it is enough to discuss one case, the other are similar.
Let u=x+uand v'+ y=v,thenu+v=U+v' impliesu+ X+v' =u+v'
+ y by cancellative we have x = y and hence x, y€ UN V, then a(X) =
B, then a(u) + B (v)=a(u) + B(v')+B(¥) and a(u’) + B (v)=a(u
)+ a(x)+B(V).By(*)a(u)+ B(v)=a(u') + B(v"). Hence our claim

is true, and y is an extension of both cand 3. =

Lemma 2.2.21: Let N =Y @ Z and M be two semimodules such that N is

subtractive, cancellative and semisubtractive and 9: L—» M be an R-
homomorphism such that L< N, has no extension {: X—» M with L< X <
N. Then, 9;=9| yn_ has no extension p: E-> MwithY NL <E<Y.

Proof. Suppose an extension y’: E-> M of 9; exists whereY NL <E < Y.
It is clear that ENL = YN L and L< L+E. Now for a € ENnL,9(a) =
9,(a) = yY'(a). By Lemma 2.2.20, the mapping w: L +E — M, u(l +e) =
91 ) + Y'(e) , L€ L,e € E is well defined, on the other hand pu is an

extension of 9 to L+E with L< L+E, we have a contradiction. m

Lemma 2.2.22: Let M and N be any semimodules, and {: U—> M be R-

homomorphism has no extension from N to M, where U is subsemimodule
of N, let N =Y @®Z with Y # 0 and R-homomorphism w: M — Y such that
w &) = m(u) for any u in U, where m: N = Y is a projection map with

kernel Z. Then :

(1) € is monomorphism on U N Y and & U N Y) is closed subsemimodule

inM.
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(2) If M is semisubtractive and cancellative semimodule, then ker(w) is

complement of {(UN Y) in M.
B3)E&EUNZ) < ker(w) .
(4) If M is CS semimodule, then §(U N Y) and ker(w) are summands of M.

Proof. (1) Since w &(u) = u for any u € UnN Y, which gives {UN Y)N
ker(w)=0[ify € &U N Y) N ker(w), this mean w(y) =0 and §(a) =y for

somea€ UNY,wéa)=w(y)=0,butw éa)=a, hence y=0], let K be
subsemimodule of M containing (U N Y) with KN ker(w) =0. Then w|k is
monic and UN Y S w (K) € Y. Define v: w (K) = K, vw(k) = k for any
k € K. Then v extends &|y Ny and v is an isomorphism implies that &y Ny
1s monomorphism. By Lemma 2.2.21, w (K) =U N Y which proves that
&UnN Y) = K. Therefore K is complement and then closed implies that
&U N Y) is closed subsemimodule of M.

(2) Let U be a complement of § U N Y) containing ker(w), if V < U and
VN ker(w) = 0, then( EUN Y) + V) N ker(w) = 0 implies that U N Y) +
V =§UNY),then V=0 and hence ker(w) is essential in UJ. Now ,if u €
U and u € ker(w), there exists 7 € Rsuchthat 0 #ru € w2 (UNY)NU
(since "X (UN Y)N U<, U) implies 0 # w(ru) €UN Y. Since w (U N
Y)=UNY, thereis a€ & (UN Y) such that w(ru) = w(a), since M is
semisubtractive , there exists v € M and two cases :

Case I/ ru=a +v= w(ru) = w(a)t w(v) by cancellative w(v)=0 =
v € ker(w).

Case2/ a = v + ru, similar to case 1/ implies that v € ker(w) € U and a €

U( by semisubtractive) buta€ E(UN Y),thena € &(UN Y)N U =0 this

i1s a contradiction = J = ker(w) and hence ker(w) is complement of §

uny.
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(B)letae E(UNZ) = &u)=a forsomeu € UN Z, w(a) = w §u) =
m(u) =0 (sinceu € Z )= a € ker(w) = &(UN Z) S ker(w).

(4) Since M is CS-semimodule and both §UN Y)and ker(w) are
complements hence closed subsemimodules of M, then & (UN Y)and
ker(w) are direct summands of M. m

Definition 2.2.23 [26]: A semimodule M is called m-injective if for any
two subsemimodules D and E of M with DN E= 0, there exist 9,6 €
End(M) such that, 9 and & are idempotent; 9 + 6 = 1y, ; D Cker(9) and
E  ker(8).

The above definition is equivalent to:

Remark 2.2.24:A semimodule M is said to be - injective semimodule if

for any two subsemimodules U; and U, of M with Un U, = 0, the
projections m;: U@ U, = U; or U, can be lifted to an endomorphism of M.
In fact, if M is m-injective and U;, U, are subsemimodules with U;n U,=0,
then m;: U,@®U, —-U; (i=1, 2) can be extended to an idempotent

endomorphism with sum equal to 1.

Proof. If U;n U,=0, where U;, U, are subsemimodules of M and m;:
U,U, »U; (i=1, 2) can be extended to idempotent endomorphism of M,
then M is m-injective. Since m;: U;BU, —»U,; can be extended to p: M —-M,
then 1y (x+ y) = x = p(x) also m,: U;®U, —»U, can be extended to o: M—>M,
then m,(x+ y) =y = o(y), where x in U; and y in U, = p|y1= 1y and o|y,=
T, p(x) +o(x) = x, Vx€ U, (since U;= ker(m,) € ker(0)), also p(y) +o(y) =
v, Vy€ U, (U, = Kker(my) € ker(p)) = p+o = 1y. Thus M is m-injective.m

Example 2.2.25. Z, - as N-semimodule is T-injective, since it has only two

proper subsemimodules 5Z, ¢ and 3Z,¢ with 5Z,5 N 3Z;5= 0, there is
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i Zq5 = 5Z45 with kernel 3Z,sand m,: Z,5 = 37,5 with kernel 5Z,5 and

7T1+T[2 - 1215.

Recall that a semimodule M with injective hull is said to be quasi-

continuous if, for each idempotent § € End(E(M)) implies S(M)S M.[| 26]

The concept, quasi continuous semimodule is different from m-injective
semimodule. If conditions, cancellation, semisubtractive and subtractive
are added for semimodule, then the two concepts will be equivalent[28].
For instance N as N-semimodule ism-injective which is not quasi-
continuous (since it has no injective hull) while Z as Z -semimodule -
injective and quasi-continuous. On the other hand, these concepts are

equivalent in module.

Lemma 2.2.26]26]: Any m-injective semimodule is extending.

Proposition 2.2.27: Let M be almost N-injective semimodule which is

semisubtractive, cancellative, m-injective semimodule, then for any R-
homomorphism & U— M has no extension from N to M, where U is

subsemimodule of N,we get:

(1) There is a decompositions N =Y ©Z, M=V @ W with Y # 0.
(2) € is a monomorphism on UN Yand §UN Y)=V.
B3)EUNZ)<SW.

GHU=UNY)S&(UNZ).

Proof. Assume that M is almost N- injective semimodule. Since M is m-

injective semimodule, then it is CS-semimodule by Lemma 2.2.26.

(1) By Lemma 2.2.22 (4), there is a decomposition N =Y @7 with Y # 0
and R-homomorphism w: M — Y such that § is monomorphism on UN Y
,set V=& UN Y)and W= ker(w) are direct summands of M, and w &(u) =

37



Chapter Two Almost-Injective Semimodules

1(u) for any u in U. As V and W are complements of each other, then M =

Ve w.
(2) From Lemma 2.2.22.
(3) From Lemma 2.2.22 replace ker(w) by W.

(4) Let ue U. Then u = u;+u, where u;€ Y, u,€ Z. Then u; = w §(u) €
oM)=w EUN Y)=UNY, in the same way u,€ UN Z . Hence U =
UNY)S(UNZ).m

Corollary 2.2.28: Let M be a uniform semimodule which 1s

semisubtractive, cancellative and N any semimodule, then M is almost N-
injective if and only if any R- homomorphism & U— M with no extension
from N to M, where U is subsemimodule of N, then the following hold:

(1) There is a decomposition N =Y @Z such that U N Y)=M ,Z =ker §
andU=(UNY DZ.

(2) There is a decomposition N=Y @7 such that { is a monomorphism on
UnY,§UNnY)=MandU=(UNY)DZ.

Proof. Since M is a uniform semimodule, then it is -injective.

(1) Suppose M is almost N-injective semimodule. By Proposition 2.2.27
N=Y®Z with Y # 0,&ismonic on UN Y ,{UNY)=Mand UNZ) =
0, so &yNz = 0, it can be extended from Z to M, then by Lemma 2.2.21
Unz=7,U={UNY)DZ.

(2) we get an R-homomorphism y: Z— UnN Y such that Vz € Z, y(3)=,
whenever §(z) =§(y). Then X = {z€Z,z=vy(3)} S ker § from (1)

N=Y @ X . After then use (1) to get the result. Conversely, suppose the

condition is given and from Proposition 2.2.27, we get the result. m
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In [39] the concept total quotient semiring which is R-semimodule(

quotient semifield) is studied and discussed.

Corollary 2.2.29: Let D be a commutative semidomain and Q a quotient

semifield, then D is almost Qp -injective semimodule.

Proof. Let & U— D has no extension from Q to D, where U is maximal
subsemimodule of Qp, then Q # D , since Qp 1is injective, there exists p:
Qp — Qp extension of €. Let Y= p~1(D), then ¥ = q D for some q € Q such
that u(q) = 1. It is clear that U € Y. p (¥Y) = D, By maximality of &, then U
= Y and from Corollary 2.2.28 (1), we have D is almost Qp—injective

semimodule. m
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2.3 Almost self- injective semimodules

In this section, new generalization of injective semimodule has been
presented. An R-semimodule M is called almost self-injective, if M is
almost M-injective semimodule. Some properties of this notion have been
presented. Also some related notions of this concept have been studied as
endomorphism of indecomposable almost self-injective semimodules, and

radical of semiring R.

It is mentioned before that the symbol, J denotes End(M), the semiring
of endomorphisms of M.

Definition 2.3.1: A semimodule M is said to be almost self-injective, if M is

almost M-injective, this means either diagram (i) or diagram (i1) commutes.

A—t A ’ SM=Y®Z
$ ‘% 5l l”

" M 7 v

M (ii)

Remarks 2.3.2: (1) If M is an indecomposable, almost self-injective

semimodule and the diagram(i) of Definition 2.3.1 is not satisfied, then

Y=M and y¢ = 1i = i, this means ¢ is a monomorphism.
(2) The following implications hold for any semimodule:

Injective— Almost-injective— Almost self-injective

i |

Quasi-injective
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Definition 2.3.3 :A valuation semidomain is a sesmidomain D such that for

each element ¢ in semifield of fraction F, either 7 or ' belongs to D. It is

clear that every semifield is valuation semidomain as (Q%,+,.) is semi-

field.

Examples 2.3.4:

(1)Notice that by Remarks 2.3.2 (2), every injective semimodule is almost
self-injective but the converse is not true, for example Z, as N-semimodule

is almost self-injective semimodule but not injective.

(2) Every self-injective semimodule is almost self-injective but the

converse is not true, for example N/ ») &) N/ »?) as N semimodule where

p 1s a prime number is almost self-injective but it is not self- injective

semimodule. Also N/ ®) @ N/ »?) is not uniform.

(3) Every valuation semidomain which is not division semiring is almost

self-injective but not self -injective semimodule.

Proposition 2.3.5: Any fully invariant direct summand of almost self-

injective semimodule is also almost self-injective.

Proof. Suppose M is an almost self-injective semimodule and Y a fully
invariant direct summand of M, this means M is almost M-injective by
Proposition 2.2.9, we get Y is almost M-injective and from Proposition
2.2.10, Y is almost Y-injective semimodule, that is Y is almost self-injective

Proposition 2.3.6: Let M = B; M is an almost self-injective semimodule

if and only if B is almost self-injective.
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Proof. Let 8: M — B be an isomorphism and M an almost-self-injective
semimodule, then either there is C € End(M), such that {8~1i = 671,
Define @: B —» B such that @ = 6 871, then @i =070~ 1i = 9~ 1E=¢, or
there exists y: M — X where X is a nonzero direct summand of M such that
y 07t =m0~ 1i. Define 6:B =0(X)DO(Y) — 6(X) where 4(X) is a
nonzero direct summand of B, such thatd =8y 6! we have 6% =
Oy0~1¢ = 0mO~1i =n'i. Then B is almost self-injective. As in the

following diagrams:

. 6_1 . 9—1
At p oy A_Ls p_—> M=X®Y
El < 4

‘y E Tl',l 6 ] .
B 5

0 ¢ B—— 9

9—1
g1 7]
M % /
M X
)4

Similarly, if the assumption 8: B — M and B is an almost self-injective

semimodule, then M is almost self-injective again. m

Proposition 2.3.7: Let M=Y,@® Y, be an almost self-injective semimodule,

where Y; is fully invariant then Y; is almost Yj-injective semimodule for i, j
={1, 2}.

Proof. From hypothesis M is an almost self-injective semimodule, then M
Is an almost M-injective. Since Y; is direct summand of M, by Proposition
2.2.10, then Y; is an almost M-injective semimodule and from

Proposition(2.2.10), we have Y; is an almost Y; -injective semimodule. m
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Corollary 2.3.8: Let M= @}, Y; be an almost self-injective semimodule,

where Y; is fully invariant, then Y; is an almost Y;-injective sesmimodule for
I, €{l, 2,...,n}.

Proposition 2.3.9: If M is a simple semimodule with injective hull E(M)
and M@ E(M) almost self-injective, then M is almost M@ E(M)-injective.

Proof. Consider the following diagrams:
; j ; J
U—> —>
U SE(M)y—> M® E(M) EC) MO E(M)

fl / ! % T
M M
Am lT i ‘ Hu HN

M@ E(M) M® E(M) y X

Where i and j are the inclusion maps and U any subsemimodule of M®
E(M) . Since M@ E(M) is almost self-injective semimodule, then either
there is endomorphism ¢ on M@ E(M) such that {ji=A,f or there is
y: M@ E(M) —X where X is nonzero direct summand of M@ E(M) such
that yAyf = mji. From the first diagram can be defined ¢:
M® EM) —M by ¢p=ry{, then ¢ji = my{ji = myAyf-f. The second
diagram will obtained §: M —JX such that § = ymy,, then 61, = ymy f =

nji. Therefore M is almost M@ E(M)-injective semimodule. m

Remark 2.3.10 [26]: If M is a m-injective semimodule having injective
hull E(M) and E(M)= D@®E, where D and E are subsemimodules of E(M),
then M= (D N M)®( EN M).

Remark 2.3.11 [26]: If M is a m-injective, indecomposable semimodule

having injective hull, then M is uniform.
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Proposition 2.3.12: An indecomposable, almost self-injective semimodule

M is -injective.

Proof. Suppose U;, U, #0 are subsemimodules of indecomposable almost
self-injective semimodule M with U;n U,=0, the projection : U,HU,
—U; either can be extended to endomorphism of M, or there exists an R-
homomorphism a of M such that am= i = ker (w) = 0 which is

contradiction (since ker = UJ; #0 where 1 =1, 2) hence M is m-injective.®

Corollary 2.3.13: If M is an indecomposable, almost self-injective

semimodule with injective hull E(M), then M is uniform.

Proof. From Proposition 2.3.12, we have M is m-injective semimodule and

from Remark 2.3.11, we get M is uniform. m

Proposition2.3.14: If M is an indecomposable, almost self-injective which

1s nonsingular semimodule, then Jis semidomain.

Proof. By Proposition 2.3.12 M is m-injective semimodule and by Lemma
2.2.27 M is an extending semimodule. Now, let 8y=0 where 8, y € J, then
y(M) Sker(0). But ker (0) is closed and hence a direct summand of M,

then either 6 =0 or y =0, because M is indecomposable. ®

The following proposition has been proved for module in [40], it will be
proved for semimodule after it has been converted to  suit the
characteristics of semimodules where two conditions were added,

cancellative and semisubtractive.
In the following, we mean by symbols C proper subset and < subset.

Proposition 2.3.15: Suppose M is an indecomposable, semisubtractive,

cancellative, almost self-injective semimodule, then for all w,@ € J ,we

have:
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(1) If ker(w) c ker(e ), then S C Jw .

(2)If ker(w) =ker(e ), then S S Jwor Jw C Jo.
Proof. (1) Let w, @ € J such that ker(w) < ker(¢ ). Define & w(M)— @
(M) by &( w(m)) = @(m) which is a well define homomorphism, for if
w(m) = w(n) for every m, n € M, by semisubtractive of M, there is s € M
such that either m = n+ s or n=m+ s if m=nt+ s = w(m) = w(n) + w(s)
by cancellative, w (s) = 0 = s€ ker(w ) C ker(¢p ) = s€ ker(¢ ) = ¢ (m)
= ¢ (n), the same result hold if n = m+ s. & is not one to one (since
ker(w) c ker(¢ )), by hypothesis, £ can be extended to M. Hence there is
p € Ssuch that p (w(m)) = &(w(m))forallm e M = p(w(m)) = @(m)
= J ¢ c Jw. As for the second diagram of Definition 2.3.1, since M is
indecomposable, there is 6: M — M such that o€ = 1,, this means € is one

to one and this contradicts that € is not one to one).

(2) Suppose ker(w) = ker(¢ ), then € is one to one ( in fact, for w(m ) and
w(m) in  w) such that§(w(m)) =g(w(n)) = @(m) =¢(n)by
semisubtractive there exists s € M such that either m = n+ s or n = m+ g if
m=nt+s = @ (m) =@ (n) + @ (), by cancellative, we have s€ ker(¢p )=
ker (w) = w(n) = w(m). So either ¢ can be extended to an endomorphism
p € J, or there exists y € Jsuch thaty § =1 /) = w (m)= y(§(w(m)) =
Y (@(m)) =y @(m) for all m € M. Thus Jw € J,if y = p on w (m), then
JOCS Jw. m

Corollary 2.3.16: If M is a uniserial, semisubtractive, cancellative, almost

self-injective right semimodule, then [ is left uniserial.

Proof. Let X, Y be left ideals of J such that ¥ £X and let ¢ € X, B €Y and
B & X. since ker ¢ and ker § € M and M is uniserail, then either ker
Cker S or kerff € ker a, if ker @ Cker § from Proposition 2.3.15 we get 5
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C af implies f € X and this contradiction, the same way if kerff € ker a

we get a €Y implies XCY. Therefore [ is left uniserial. =

Lemma 2.3.17: Let M be an indecomposable, semisubtractive, cancellative

almost self-injective semimodule, then the left ideal H of J = End(M)

generated by non-isomorphic monomorphisms in f is two sided ideal.

Proof. Let ¢ €J and y a non-isomorphism with ker(y) = 0, it is enough to
show that y¢@ € H. If ker (yp) # 0, from Proposition 2.3.15 (ker (y)C
ker (y¢)) implies that Sy C [y) then, yo € H. If ker (y¢) =0 = ker(1y),
by Proposition 2.3.15, then [y € J1,,if y@ is isomorphism implies that y

1s onto, a contradiction. Thus y¢ € H. =

Proposition 2.3.18: The endomorphism semiring of indecomposable,

semisubtractive, cancellative almost self-injective semimodule is local.

Proof. Since M is an indecomposable almost self-injective semimodule,

then it is uniform by Proposition 2.3.13, let ‘Q be the set of all non-

isomorphism monomorphism in J. If ‘Q= @, then s € [ is an isomorphism

if and only if ker(y)= 0, let U()) be the monoid of invertible elements of J

and o + B € U()), since M is uniform, either a or  is monomorphism, this

mean either o or (3 is an isomorphism. Therefore J is local. Now suppose

Q=+ @, let H= ¥, 7 fy, by Proposition 2.3.15, [ \U(J)cH, we must show
that <€ H is not invertible, «c= Y[, f;y; where y; € Q andf; €J. By
Proposition 2.3.15, Jy{, JY2,..., Jyn are linearly ordered by inclusion
relation. Hence o= fy,, for some f €/, if « is invertible, then y, is left
invertible, since J has no nontrivial idempotent, y, is invertible and this
contradiction with y, € *Q. Thus S \U(J)=H. Since H is two sided ideal of
J by Lemma 2.3.17, we have Jis local. =
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Lemma 2.3.19 [13, p.38]: For any element » of a subtractive semiring R,

r € Rad( R ) if and only if 1+#r is invertible for all # in R.

Lemma 2.3.20: If J/=End(M) is local, then M is indecomposable.

Proof. Assume that M=M,;®M, and ;:M— M;, A;: M; — M (i=1, 2) are
the projection and injection maps respectively. Now, A;m; are noninvertible
elements of J. But A;m; + A,m, = 1), which is invertible and this a

contradiction with Sis local. m

Proposition 2.3.21: Let M be an almost self-injective semimodule, then:

(1) If S is local, then M 1s uniform.
(2) If M 1s uniform, then Z(J )c Rad(/).

Proof. (1) Suppose YNX = 0, where X and Y are subsemimodules of M
(since M 1is almost self-injective semimodule and indecomposable by
Lemma 2.3.20 and from Proposition 2.3.12, then M is m-injective and
hence there exist w, ¢ € [, such that X € kerw and Y € kerg and w + ¢ =
1y Since S is local either w € Rad(J) or ¢ € Rad(J), if w € Rad(/ ), then

@ 1s invertible implies kerg = 0, since ¥ € kerq, hence ¥ = 0.

(2) Let @ € Z()) and 0 # w € J, ann(¢) is essential in [, there exists f€ [
such that 0 #f w € ann(p) = @(fw) = 0. If ker (¢)= 0, then ¢ is monic,
then if (fw) = 0 = fw=0 and this contradiction. Then ker (¢p) # 0,
since M is uniform , then ker (¢ ) essential in M . Now, since ker(¢@) N
ker(1+ w@) =0, in fact, if x € ker(¢p) N ker(1+ wp) = ¢ (x)=0 and
(1+ we) (x) =0 =1(x) = 0, we have ker(1+ w) =0= ker(1,,) by

Proposition 2.3.18, then there is 4 € J such that 1,~= h(1+ wp) = ¢ €
Rad()) by Lemma 2.3.19. =
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Proposition 2.3.22: Suppose M is an indecomposable almost self-injective

semimodules and w, @ € [,

(1) If w (M) embeds in ¢ (M), then S w is a homomorphic image of J .

@QIfw (M)= @ (M), then Jw = [ .
Proof. (1) Let & w (M )— ¢ (M) be a monomorphism, and i;: w (M )—
M, i: @ (M )— M be the inclusion maps, since M is almost self-injective,
either there exists p € J such that p i; =i, €. Define w: J @ — Jw by p (f @)
=fp w, for all f€/. pis well defined (if, f, @ =f, ,VmMeE M = fpw
(m) =f; Ew(m)= f; e(m)=f, e(m)=1f, Ew(m) =1f, p w(m), for all m € M,
then f; p w(m) = £, p w(m) and hence p is well defined. Now to show that
ker (w) = ker (p w), let x€E ker (p w) = pw (X) =0, & (w(X))=0= w (x)
= 0 because ¢ is monic. It is clear that ker (w) € ker (p w ), hence ker (w) =
ker (p w) by Proposition 2.3.15, Jw C J p, so w = p w for some f €/, then
w=fpw =pu(f@)implies fJo C [fpw = p(J) this means pis J-

epimorphism, or there is § €S such that fi,§ = 1,4, implies w (m) =

BizE(w (m)) = Biz(@(m)) = Be(m), for every m in M= fv E fo,
then p is J-epimorphism.

(2) Let&: w (M )— @ (M) be an R-isomorphism and i1: w(M )— M , i,: @
(M )— M be the inclusion maps, since M is almost self-injective, either
there exists p € Ssuchthat pi; =i, &, 0rpi § = 1, From (1) pis J-
epimorphism, to show p is a monomorphism, let f (¢ ) € ker(p), thus p (f
(0 ))=0s0 fp w = 0since p w(M)= @(M), fp w(M)=f(M) hence
fo(M)= 0 implies f(p=0. =

In [12] the set W(J) = {¢@ € [/ker is essential in M} is a two sided
ideal of J.
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Proposition 2.3.23: If M is a cancellative, semisubtractive almost self-

injective semimodule, then:

()W) < Rad()).

(2)If S is local, then Rad(J) = {9 €J: ker (9) #0}.
Proof. (1)Let « € W(J') and let 6 € S since ker (a) N ker(1 + Ba ) =0 and
ker (a0 )<. M, then ker(1 + 6a ) = O=ker(1,,) by Proposition 2.3.15, J S
J(1+0a), since 1€ f= 1=1(1+ 0a) for some fin J and hence a €
Rad()).

(2)Since J is local, J'a # J for any a € Rad()), let a € Rad(J) to show that
ker(a) #0. Suppose that ker(a) =0, define Y: o(M)— M by Y(a(t)) =t, &
1s well defined, for any t , e in M, assume that a(t) = a(e) by

semisubtractive, there is s in M such that, either t = e+ s or e =t+ s, we get
a(t) = a(e) + a(s) by cancellative a(s) =0 =s €ker(a) =s =0, then t = e,
the same way for e = t+ s. Since M is almost self-injective semimodule,

either there is an endomorphism n of M such that ni = {, then na = nia =

Yo = 1y so ker(na )= ker(1,,) by Proposition 2.3.15, Jna € J a and hence
J a = Jthis is a contradiction, then Rad(J)) €{9 € J |ker (9) #0}, or

there is 0 € J such thato @ = 14y = a(M) =0 Y(a(M)) =o(M), this
means J a =/ this contradicts the assumption. Conversely, let a €{9 € [ |
ker (9) #0}, since J is local, then Rad(J)) = {a € J: Ja # J }. Suppose
that Sa = J= Ba= 1,, for some f € [, so ker(Ba )= ker (1) = 0, then

ker(a ) € ker(Ba ), then ker(a ) = 0, this a contradiction. m

Proposition 2.3.24: Let M be a cancellative, semisubtractive almost self-

injective semimodule with J = End(M). If a(M) is a simple right R-

semimodule, then J a is a simple left J-semimodule, where a € J.
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Proof. Let D be a nonzero subsemimodule of Ja and 0 # Ba € D, then

JBa ©D. Suppose ker() N a(M) # 0. Since a(M) is simple and ker(f3) N

a(M) c a(M)= ker(f) N a(M)= a(M)= a(M) c ker(B), so Ba(M) =
0= Ba =0, a contradiction so ker(f) N a(M) =0= ker(a) = ker(a),
hence by Proposition 2.3.15, JBa € Joa = JpacD cJo = D =Jo. m
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3.1 Introduction

The aim of this chapter is to study the concepts of almost projective and
almost self-projective semimodules as generalizations of projective
semimodules and quasi-projective semimodules, respectively some of their
characterizations have been discussed, as well as some results have been

generalized from projective and quasi-projective semimodules.

In this part of thesis, almost projective modules has been expanded for
semimodules taking into account the differences between modules and
semimodules, which are mainly derived from their definitions.

Some properties of almost-projective semimodule will be investigated

in this part.
3.2 Almost projective semimodules

Definition 3.2.1: A semimodule M is said to be almost N-projective, if for

each epimorphism a: N — X and every homomorphism §:M— X, either
there is ¥p: M — N such that ay = &, or there is y:Y—M where Y is a

nonzero direct summand of N such that 6y = ady. As the following

diagrams:
"y Y 4 M
/ l 5 Ay )
N ¢ X a
N X

(i) (ii)
A semimodule M is called almost-projective if it is almost N-projective

for every finitely generated R-semimodule N.
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Remarks 3.2.2:

(1) Every projective semimodule is almost-projective.

(2) If M is almost N-projective, N is indecomposable and the diagram(i) of
Definition 3.2.1 is not satisfied, then N=Y and there exists y: N — M such
that §y = aly.

(3) If M is almost N-projective and simple semimodule, then any

epimorphism a:N —M, either splits (take § = 1,, implies ay = 1,,, hence

a split epimorphism) or, there is y: Y— M such that 1,y = aA, implies

y = aly whereY is a nonzero direct summand of N.

Remark 3.2.3: Every semiring with identity is almost-projective

semimodule.

Proof. Since every projective semimodule is almost projective and from

Proposition 1.1.84. m

Examples 3.2.4: From Remark 3.2.3, we get:

(1)A semiring N over itself is an almost -projective semimodule.

(2)If B={0,1}where 1+1=1, then( B, +, -) is a Boolean semiring [1, p.7],

with identity 1. B as B-semimodule is almost-projective.

Proposition 3.2.5: If M is an almost N-projective semimodule and Y a

direct summand of M, then Y is almost N-projective also.

Proof. Assume M is an almost N-projective semimodule and Y a direct

summand of M. Consider the following diagrams:
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14
M vu_ s wm

v )\YT\LT[Y A /]\ Ty

, Y

k I | Y

Y 5
" X R
o N - X

Where m, and Ay are the projection and injection maps respectively. Since
M is almost N- projective semimodule, then either there is y:M—N such
that a ¢y = § my where a:N—X is an epimorphism, or there is y: U—M
such that § myy= ady where U is nonzero direct summand of N, , in the
first diagram take ¥’ = YAy, thena Y’ =a YA, = § myA,= §. Now from
the second diagram, assume ¢ = myy, then 8¢ =6myy= aAy.Thus Y is

almost N-projective. m

Proposition 3.2.6: Let M be an almost N-projective semimodule and U a

fully invariant direct summand of N, then M is almost U-projective.

Proof. Let M be almost N-projective and U a fully invariant direct

summand of N. By the following diagrams:

M
Y \/1 /
Y’ J uny o' 0
N I
— U > X

o Ty o
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Since M is an almost N-projective, then either there is Y:M—N such that
aryyp = &, or there is 6:Y —M such that 60 = amyd, where Y is a
nonzero direct summand of N. Define ¥’ = myy, we get ay’ = anyy =
6. In the second diagram, define 8': U NnY —M where U NY is a direct
summand of U (by fully invariant) such that 8= 64, then 66’ =

S0 =anylyA = a Ayny. Hence M is almost U-projective semimodule. m

Corollary 3.2.7: If M is an almost N-projective semimodule such that

N=@;_,N;, then M is almost N;-projective semimodule, where each N; is

fully invariant of N, i=1, 2,..., n.
Proof. By Proposition 3.2.6, the result is obtained. m

Proposition 3.2.8: Let M and N be R-semimodules and M is almost N-

projective, then any semimodule isomorphic to M is also almost N-

projective.

Proof. Assume :M—E is an isomorphism and M is almost N-projective,
by an argument similar to proof of Proposition 3.2.5 and replacing A, =

B~1, my = B the result is obtained. m

Proposition 3.2.9: If M is almost N-projective semimodule and N= B

where B is any semimodule, then M is almost B-projective.

Proof. Suppose 8. N—B be an isomorphism, since M is almost N-
projective, then either there is y¥:M—N such that a6y = § where « is an
epimorphism, or there is y:Y —M such that §y = af|y where Y is a
nonzero direct summand of N. Define Y’ = 8y, then ay’ = afp = 6. In
the second diagram, define 8': 6(Y) —M where 6(Y) is a direct summand
of B such that 8'=y8~", then 66" = §y0~" = a Agyy = alg(y). Hence M

Is almost B-projective semimodule. As the following diagrams:
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Y
M v M
l/) / 91 T /
v J o °
H(Y) \(Y)
0 a 0 a -

Propositin_3.2.10: Let M;,M, and N be R-semimodules, then M =

M;® M, is almost N-projective if and only if M; (i=1, 2) is almost N-

projective semimodule.

Proof. Suppose M; (i=1, 2) are almost N-projective and M=M; @ M,,

consider the following diagrams :

V1

7z

o

(a)

s

(c)

|
gy

i
g

Z

Az

)
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We have six cases: casel/ if the diagrams(a) and (b) are satisfying, then the
Defection 3.2.1 is satisfied. Case2/ similar to casel, if the two diagrams
(c) and (d). Case3/ suppose the two diagrams (a) and (c) are satisfying,
then there is ¥;: M;—N and ¥,: M,—N such that ay,=61; and
ay,=6,. Define Y¥: M —N by Y =, +,, then ap = a(y; + ;)=
ayY, + ap,= 84, + 64, = 6 (44 + 4,) = 6.

Cased/ suppose the diagram (a) and (d) are satisfying, this means there
IS Y;: M;—N such that ay;=64; and there is y,: U, — M, such that
6A,y, = aly, where U, is nonzero direct summand of N, define 6,: U, —
M by 8, =4, y, , then§8, = d1,y, = aly,. Caseb/ suppose the two
diagrams (b) and (c) are satisfying, similar to case4, by take 6,: Uy — M
,then 66, = 6A,y, = aly,. Caseb/ suppose the diagrams (b) and (d) are

satisfying, this means there is y;:U; — M; and y,:U, — M, where U, and

U, are nonzero direct summands of N such that §4,y; = ady, and
81y, = aly,. In (b) can be define 6; = y,:U; — Msuch that then §6,
= 61,71 = aly,, we get the same result in the diagram (d). From the

previous six cases, we get, M is almost N-projective. Conversely, suppose
that M is almost N-projective. From Proposition 3.2.5, therefore M; and

M, are almost N-projective. m

Colloraly 3.2.11: Let {M;};-,be a family of semimodules, then M; is

almost N-projective semimodules if and only if &@;M;is almost N-

projective for fixed semimodule Nand 1 <i < n.
Proof. From Proposition 3.2.10, the result is obtained. m

Proposition 3.2.12: The following statements are equivalent, for a

semiring R and semimodule N:
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(1) Every almost N-projective R-semimodule is N-projective.

(2) The direct sum of any finite family of almost N-projective R-

semimodule is N-projective.

(3) The direct sum of any two almost N-projective R-semimodule is N-

projective.

Proof. (1)=(2) Suppose that every almost N-projective R-semimodule is
N-projective. Since the direct sum of finite family of almost N-projective
R-semimodules is almost N-projective by Proposition 3.2.10 and from (1),

then this family of semimodules is N-projective.
(2)=(3) Itis clear.

(3)=(1) Let M be almost N-projective R-semimodule, then R®M is almost
N-projective, from(3) R@GM is N-projective semimodule. Since every direct
summand of N-projective semimodule is N-projective, hence M is N-

projective semimodule. m

Corollary 3.2.13: The following statements are equivalent, for a semiring
Rand:

(1)Every almost projective R-semimodule is projective.

(2)The direct sum of finite family of almost projective R-semimodule is

projective.
(3)The direct sum of any two almost projective R-semimodule is projective.

Proposition 3.2.14: Let M be an almost N-projective semimodule and N an

indecomposable semimodule, any diagram of R-semimodules and R-

homomorphisms of the form:
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In which the row is exact and ad= 0, then either there is @:M—N such that

00 = &, or there is y: N — M such that 6y = 6.

Proof. Since aé= 0, then Im(6)< ker(a)= Im(0). Let 8":N— Im(0) where
0'(n) = 6(n), for all ne N, and 6":M— Im(8) such that §(m)= &'(m), for all

m € M, thus 6’ is an epimorphism and we have the following diagram:

14 M
Né

) o'

N —— Im(6}——0
9’

In which the rows is exact, since M is almost N-projective, either there is
@:M—N such that 68’0 = &' implies that i0'® = i §’ where i: Im(8) —N is
the inclusion map, then 8@ = &, or thereisy: N — M such that §'y = 6’
implies i6'y = i0', thendy = 6. m

Proposition 3.2.15: Let M be an almost N-projective semimodule and N an
indecomposable semimodule, @ € End(N), then for all § € Hom(M, @(N)),
either § € Hom (M, N), or § Hom (N, M) € Hom(N, @(N)).

Proof. It is clear that @?Hom(M, N)S Hom(M, @(N)), let § € Hom(M, @(N))

since M is almost N-projective, then either @f= § for some f eHom(M, N)
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= § € gHom(M, N) € Hom(M, @(N)), or there is y: N —M such that
8y = @1y, then §y € Hom(N,@(N)) = dHom (N, M)S Hom(N, @(N)).as

the following diagram:

Definition 3.2.16 [37]:A short exact sequence O—>XE>YE> U —0 of R-

semimodules is said to be split exact sequence if there is map @: U —Y
such that 5@ =1,.

Example 3.2.17: Consider the sequence of R-semimodules 0— U —l>U€BD

% D —0 where i is the inclusion map and m is the projection map defined
by m(u, d) = d, for all (u, d) € U®D with ker ()= U, this sequence is split

exact.

Proposition 3.2.18: Let 0—>XE>YE> U —0 be a short exact sequence of

semimodules such that U is almost Y-projective, then either this sequence

is split, or there is y:Z—U such that y= 1, where Z is a nonzero direct

summand of Y.

Proof. Since U is almost Y-projective, then there is @: U —Y such that 5 @
= 1y where : Y— U and hence this sequence splits, or there is y:Z—U

where Z is nonzero direct summand of Y such that y=1,. m
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Proposition 3.2.19: Let M be R-semimodule and O—>X£>Y£> U —0 be

short exact sequence of R-semimodules with Y is almost M-projective, then

U is almost M-projective.

Proof. Consider the following diagrams:

Y’
Y nyTlAy

v ol )
o] U \wT\LB

/\1/5 Az K U
M > % \l/5

o
M " X

Where a:M—X is an R-epimorphism and &6:U—X is any R-
homomorphism, since Y is almost M-projective, then either there is ¥: Y
—M such that ay=§ B, or there is y:Z— Y where Z is nonzero direct
summand of M, such that 8y = ad,. By Proposition 3.2.18 either this
sequence splits that is there exists @: U—Y such that § @ = 1, then in the
first diagram define o: U —M by o = Y@ hence a o=ayp® = 650 = 4§, or

there is p:Y’ —U where Y’ is a nonzero direct summand of Y such that

p=BAy,, define9:Z—U by 9 = BAy, my, y. Then §9 =8(LAy, )my, y=

dpmy, ¥ = 6By = aly. Therefore U is almost M-projective. m

Proposition 3.2.20:Let M be R-semimodule and O—>X£>Y£>U—>O be

short exact sequence of R-semimodules such that Y is almost M-projective

semimodule, then Y@®U is almost M-projective.
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Proof. From Proposition 3.2.19, U is almost M-projective, and by

Proposition 3.2.10, then Y@U is almost M-projective. m

It 1s known that, every projective semimodule is almost-projective but
the convers is not true. In the following proposition, we put the conditions

for two semimodules M and N to get N-projective from almost N-
projective.

Proposition 3.2.21: Let M and N be hollow semimodules such that M is

almost N-projective and there is no epimorphism from N onto M, then M is

N-projective.

Proof. Let a:N—X be an epimorphism and @:M—X be any
homomorphism. Assume that the diagram(i) in Definition 3.1.1 does not
satisfied, since M is almost N-projective, diagram(ii) must be satisfied. But
N is hollow, hence indecomposable, then N is the only nonzero direct
summand of N. So, there is y:N —M such that @y = aly =a. by
assumption y cannot be onto, that is y(N) is a proper subsemimodule of M,
hence small and @(y(N)) is small in X, but @(y(N)) =a(N) which is a
contradiction.  Therefore diagram (ii) of Definition 3.2.1 cannot be

satisfied, and only diagram(i) is satisfied that is M is N-projective. =
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3.3 Almost Self-Projective Semimodules

In this part almost self-projective semimodule has been introduced as
generalization of almost projective and some characterization of this notion
has been discussed. A semimodule M is said to be almost self-projective if
M is almost M-projective semimodule. Some properties of this concept

have been discussed.

Definition 3.3.1: A semimodule M is said to be almost self-projective, if

for each epimorphism a: M —X where X is any semimodule, and every
homomorphism §:M— X, either there is y: M — M such that a yp = §, or
there is y:Y—M where Y is a nonzero direct summand of M such that §y =

aly. As the following diagrams:

M y 14 M
]
M o > X M X
(04
(i) (ii)
Remarks 3.3.2:

(1) Every almost projective semimodule and hence every projective
semimodule is almost self- projective, furthermore, every quasi projective

semimodule is almost self-projective.

(2) If M is an indecomposable almost self-projective semimodule and if for
some X, a and &, the diagram (i) of Definition 3.3.1 is not satisfied, then

Y=Mand Ay = 1y, hence §y = a and § must be onto.

62



Chapter Three Almost-Projective Semimodules

(3)The fact in (2) can be rewritten in this way, if M is an indecomposable
almost self-projective semimodule and for some X, a:M —X is an
epimorphism, but §: M— X is not , then the diagram(i) must be satisfied
and there exists endomorphism 1 of M such that a i = 6.

(4) Every simple semimodule is quasi-projective, hence it is almost-self

projective.

Proposition 3.3.3:

(1) If M=N and M is an almost self-projective semimodule, then N is

almost self-projective .

(2) If Y is fully invariant direct summand of almost self-projective

semimodule M, then Y is again almost self-projective.
Proof. Similar to Propositions 3.2.8 and 3.2.6. m

Proposition 3.2.4: Let M,, M, be fully invariant subsemimodules of M, if

M=M,® M, is almost self-projective semimodule, then each M; is almost

self-projective. i=1, 2.

Proof. Assume that M = M, @® M,is almost self-projective semimodule
and M, M, are fully invariant, this meansM,@® M,is almost M;&® M, -

projective semimodule, from Proposition 3.2.5 each M; is almost

M, @® M,-projectivefor i=1, 2, and from Proposition 3.2.6, we get M; is

almost M;-projective semimodule for i=1,2. m

Proposition 3.3.5: If M@®M is almost self-projective semimodule, then M

is almost M@M -projective semimodule.

Proof. Since M@®M is almost self-projective semimodule, this means

M@M is almost M@M -projective semimodule and since M is a direct
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summand of M@M, then by Proposition 3.2.6 M is almost MM -

projective semimodule. m

Corollary 3.3.6: For any integer n > 2, if M™ is an almost self-projective

semimodule then M is almost M™-projective.
Proof. Similar to Proposition 3.3.5. m

Proposition 3.3.7: Let M be an indecomposable almost self-projective

semimodule, U, Y < M and U is fully invariant of M. If there is an

epimorphism a:M/U — M/Y, then either U €Y, or there is 8 €S such

that 6(U) C.

Proof. Suppose M is almost self-projective semimodule and from the

following diagrams:

M M o wm
(p T[Y 1M TI'-Y
M
— My M/ M_______ M/ﬁ M/Y
T U > Y y o
u o

Since M is almost self-projective, either there is ¢:M—M such that

arye=my, implies amye(U)=0(since U is fully invariant, this
means o(U) SU = amyo(U) = 0) and m,(U) = =, then == =0
implies U+Y=Y, thenU <Y, or there is8:M—M such that w6 =

O(U)+Y
Y

amy 1y, then my (6(U))= and amy1,(U)=a(0) =0 implies that

O(U)+Y

=0, then 6(U) + Y=Y thismeans6(U ) €Y. m
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Proposition 3.3.8: If M= X;@X, is almost self-projective semimodule,

where X; and X, are fully invariant subsemimodules of M, then X; is

almost X;-projective semimodule for i, j={1, 2}.

Proof. Suppose that M= X, X, is an almost self-projective semimodule,
then M is almost M-projective semimodule. Since X; is direct summand of
M, then by Proposition 3.2.5 X; is almost M-projective semimodule and by

Proposition 3.2.6 X; is an almost X;-projective semimodule. m

Corollary 3.3.9: If M= @1, X; is almost self-projective semimodule, then

X; is almost X;-projective semimodule for all distinct i, j €{1, 2,..., n}

where X; is fully invariant in M for each i.
Proof. From Propositions 3.2.5, 3.2.6 and 3.3.8 the result is obtained. m

Proposition 3.3.10: If M= X, @X, is an almost self-projective semimodule,

where X; and X, are fully invariant subsemimodules of M, then M is

almost X;-projective semimodule for j=1, 2.

Proof. Since M is an almost self-projective semimodule, then M is almost

M-projective semimodule by Proposition 3.2.6, M is almost X;-projective

semimodule for j=1,2. m

Proposition 3.3.11: Let M be an indecomposable almost self-projective
semimodule, ¢ € J, then there is 8 € S such that Hom(M, ¢ (M))6 = ¢ /.
Where J/=End(M).

Proof. It is clear that ¢f € Hom(M, ¢(M)) 8, let § € Hom(M, ¢(M)), since
M is almost self-projective, then either ¢f= § for some f € [, take 6=1,,,
we have ¢f =61, =6 implies § € ¢ [, or there is endomorphism 6

such that § 8= ¢1,,, thus §0 € ¢ J. As the following diagram:
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Proposition 3.3.12: Let M be indecomposable almost self-projective
semimodule, fora, 8 € Jif (M) € a(M), then Bf € a J.

Proof. Since (M) € a(M), Hom(M, g(M)) < Hom(M, a(M)) and since M
is almost self-projective by Proposition 3.3.11, then £JS = Hom(M,
B(M)B < Hom(M, a(M)) 8 = «a J,forsome 6 € J;thenffSa ). =

Proposition_3.3.13: Let M be almost self-projective semimodule and

indecomposable and g, a € J, then, If @ (M) is an image of (M), then a

Is an image of S J.

Proof. Let 9: § (M) — a(M) be an epimorphism, since M is almost self —
projective semimodule, then either there is g€ J such that ag = 9, or
there is y € J such that a = 9By. Define u: B — a J by u(Be) = age,
Vo €/, uis well defined since (if Bo=L¢', then agep (M)=ILp(m)=

ap(m)=agp'(m)= 9L @' (M)= age'(m) hence u is well defined. Since M is

almost self-projective semimodule, by Proposition 3.3.11, 9(8(M))< «

(M) implies 98 JC af = ag JC af = u(B)) S «J, hence pu is an

epimorphism. =

Proposition 3.3.14: Let M be an indecomposable almost self-projective

semimodule, g € J, if §(M) is a simple subsemimodule of M, then g Jis
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simple subsemimodule of J. The convers is true if M is a principally self-

generator semimodule.

Proof. Suppose that (M) is a simple subsemimodule of M, if 0 # Ba J*
J for some a € J, then Ba(M) is a nonzero proper subsemimodule of g(M),
which is a contradiction with hypotheses, then gf is J-simple semimodule.
Conversely, suppose M is a principally self- generator semimodule and g J
is simple. If 0 = g(Rm) = B(M), then for some «a €, fa(M)= B(Rm)+
B(M) hence by Proposition 3.3.11, 0 # fa) < BJ which is a

contradiction with simplicity of 5. m

Proposition 3.3.15: Let M be an indecomposable self-generator and

almost self-projective semimodule. If U is essential in Y with Y<M, then

Hom(M, U) is essential in right J~semimodule Hom(M,Y).

Proof. Let « € Hom(M,Y) and Hom(M, U)n a J = 0. Assume that a(m) €
Un a(M). Since M is self-generator, there exist epimorphisms g: M—
Ra(m) and y:M—Rm. Then f(M)=Ra(m) = a y(M) from Proposition
3.3.11 we get Bf=a vy, thus B = ay9 for some 9 in J. Whence f €
Hom(M,U) n a S =0 implies a(m)=0, then Un a(M)= 0, but U is essential
in Y, then a«(M)= 0 and hence a =0. Therefore Hom(M, U) is essential in
Hom(M,Y). m

Proposition 3.3.16: Let M be an indecomposable uniserial semimodule, if

M is almost self-projective, then [is a left uniserial semiring.

Proof. Suppose that X and Y are left ideals of J such that YZX, let a €X,
B €Y and B ¢X. If B(M)S a(M) by Proposition 3.3.11, then gf < « J and
hence § € af € X this is a contradiction. Since M is uniserial, then a(M) <
B(M) and hence a S < £ J and this means X<Y. Therefore J'is left uniserial
semiring. =
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Definition 3.3.17 [13, p.51]: A subsemimodule U is said to be M-cyclic

subsemimodule of M, if it is isomorphic to M/Y for some subsemimodule Y

of M.

Definition 3.3.18: Let M and N be two semimodules. N is said to be M-

mini-injective semimodule, if for every homomorphism from simple N-
cyclic subsemimodule of M to N can be extended to M, i.e., the following

diagram commutes: where a € End(M).

a(M)—i> M

e

N

A semimodule N is called a mini-injective semimodule if it mini-
injective for any semimodule M and called a quasi mini-injective

semimodule, if it N-mini-injective .

Proposition_3.3.19: Let M be an almost self-projective semimodule, if

Hom(M, N) is mini-injective as right J -semimodule, then N is M-mini-

injective semimodule.

Proof. Let « € S and 9: @« (M) — N be homomorphism where a (M) is

simple M-cyclic subsemimodule of M, since M is almost self-projective

semimodule from Proposition 3.3.14, a [ is simple, then 9a € Hom (M,
N). Let 8: af — Hom(M, N) be S -homomorphism defined by g(ay)=

Jday,y € J. Since Hom(M, N) is mini-injective , then there is g': J— Hom
(M, N) such that g’i= . Let f=p'(1),thend a = PLa =L'a=L'(Da =
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fa. Therefore N is M- mini-injective semimodule. As the following

diagrams:
1 1
af S a(M)—/— M
B g /
p f
Hom(M, N) N -

Proposition 3.3.20: Let M be an almost self-projective semimodule which

is self-generator, if N is M-mini-injective, then Hom (M, N) is mini-

injective as right J'-semimodule.

Proof. Let a J be a simple subsemimodule of S -semimodule [. Let
B: af — Hom(M, N) be J'-homomorphism and let g(a)=19, a € [, since M
is self-generator, kera= ), y(M) where 1S [ Take any y €],
since ay=0, then B( ay)= B(a) y=9y= 0 and then Imy Ckerd. It follows
that ker o Skerd, consider a as an epimorphism and a’':M— a(M), then
ker a' Cker a and hence there is homomorphism : a(M) —M, such
thatya'= 9, since M is almost self-projective and self-generator

semimodule by Proposition 3.3. 14, then a(M) is simple subsemimodule

of M. By assumptiony can be extended to homomorphism @: M — N
such that @ia’=9 where i: a(M) —M and then @a =9. Let B: [ —
Hom(M, N) defined by B'(y)= @y, then B'(a)=® a=19 = B(a). Therefore
Hom(M, N) is mini-injective. As the following diagrams:
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M — s a(y—— af —— I
N A ﬁ B,
N Hom(M, N)

Proposition 3.3.21: Let M be an indecomposable almost self-projective

semimodule and a:M—X be epimorphism, then there is ¢ € [ such that

kera = ker ag .

Proof. Since a: M—X is an epimorphism . Consider the following

diagram:

M )4 M
ln
% M
1y / kera
|
M
o X

Let &: M/kem — X be an isomorphism and m:M — M/kem be the

natural projection, since M is an indecomposable almost self-projective
semimodule, then either there is ¢: M — M such that ag= & m or there is

y: M — M such that al,,= § my. The first case implies kerag =

kerdm= n~! ker6= m 1(0)= kera. In the second case, kera =

ker al,, = ker § my can be consider ¢ = y, then keragp=kera . m

Proposition 3.3.22: Let M be indecomposable almost self-projective

semimodule and X, Y are invariant subsemimodules of M, then XNY is fully

invariant subsemimodule of M.
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Proof. Let &: M/X — U be any epimorphism, a: M/X —U be
homomorphism and v.M — M/X be the natural projection. Now since M

is almost self-projective semimodule, either there is f: M — M such that
évfB= av or there is y: M — M such that vly,= avy, since XNYC
ker 6v N kera v, then S(XNY) € B(X) €Xand S(XNY) S L(Y) €V, then

BXNY) € B(X) n B(Y), also XNnYS ker Svly N kera v, then y(XNY) S

XNY. This means XNY is a fully invariant subsemimodule of M.

; l
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4.1 Introduction

After the concepts "Almost injective, Almost projective, Almost self -
injective and Almost self-projective semimodules” have been defined in
previous chapters. In this chapter, almost self-injective semirings and some
notions related to these concepts will be dealt, as well as their relationship
with each other. These concepts also have been defined for class of
semimodules depending on what is in the class of modules , with making
what needs to be changed based on the difference between the two classes,
as it is the basic and fundamental difference between them is the lack of
subtraction in class of semimodules and try to replace for some of the
qualities that semimodules possesses. In this chapter, the concepts “
generalized N- injective, generalized N- projective, essentially N-injective
semimodule and almost self-injective semiring have been defined and some

of relationships with each other are discussed.
4.2 Almost Self-Injective Semirings

Definition 4.2.1:A semiring R is said to be almost self-injective, if gR is

almost self-injective semimodule. See Definition 2.3.1, this means either

diagram (i) or diagram (i1) commutes.

L . | : R =]®U
3 l &
J ¢
. R Y J
(i) )
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The following Lemma was proved in [15] with conditions yoked,
cancellative and subtractive on the semiring R. Here a proof will be given

without the subtractive condition.

Lemma 4.2.2:A left ideal | of a yoked, cancellative semiring R is a direct

summand if and only if 1= Re for some idempotent element e of R.

Proof. The proof of the first condition is the same as in [15], which did not
need any of the above conditions. Now, assume that I= Re and e is

idempotent element of R, by yoked property, there is r in R such that either
e +r=1orr+1=ce. In any case, we get er=re= 0 which leads to ReNnRr =0

Now, assume e +r =1 implies Re+Rr =R. r +1=e¢ implies rr+r=er=rr+
r =0 so e +r=1 implies (e + r)+ (rr+ r) =14+(rr+r) = e +rr=1, thatis 1€
Re+Rr, hence Re+Rr =R. Now, if re+ ror =Sie+ Sosr =nree+rhre=seee
+ S;r e= rie = Sie, then by cancellative ror = spr, so the representation is

unique and Re@Rr =R. Therefore Re is direct summand of R. m

Proposition4.2.3: Let R be an almost self-injective semiring, then for each

idempotent element e of R, Re is almost self-injective provided that Re is

fully invariant.

Proof. Let R be almost self-injective this means R is almost R-injective,
then Re is direct summand of R for some idempotent element e of R by
Lemma 4.2.2 . Firstly since R is almost self-injective this means R is almost
R-injective, then R is almost Re-injective by Proposition 2.2.11.and hence

Re is Re-injective by Proposition 2.2.10. =

Proposition 4.2.4: Let R be a semiring has no nontrivial idempotent

elements with injective hull E(zR) which is cancellative, semisubtractive,
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then R is left almost self-injective semimodule if and only if for all e €

E(zR), either e € R or 3r€ R such thatre = 1.

Proof. Suppose that R is a left almost self-injective, since it has no
nontrivial idempotent and by Lemma 4.2.2, then gR is indecomposable and

hence uniform semimodule (because it is indecomposable almost self-

injective by Proposition 2.3.13, let e € E(zxR) and L.: R— E(3R) be the left
multiplication homomorphism by e. Then there is endomorphism { of
E(zR) extension of L, by Proposition 2.2.19, either Yy (R) € R or {r is an
isomorphism and Y Y(R)SR. If (R) € R= e€R. If Y is an
isomorphism and ¢~ (R) € R= Y~1(1) € R and there is 7 € R such that
Y(r)=1,s0re= L(r)=yY(r) = 1. Conversely, suppose V ¢ € E(zR), then

either e € R or 3r € R such that re = 1. Now consider the diagram
L — , R
. |
zR
. Y
i

E (xR)

By injectivity of E(zR), there is y: RR— E( zR) such that yi= ja,

since y(1) € E(zR), then by assumption either y(1) € xR in this case
Y(zR)E iR , that is y is an extension of & to zR hence the diagram (i) of the
Definition 2.3.1 holds. Or, there is ¥€R such that » y(1) = 1. Let §=y|zR,
then V/ in L, Sa ()= y(a(l)) =a(Dy(1) = a(Dr = y( )= 1y(@r)=1

that is 6a = i= 1zi, which means diagram(ii)holds. Therefore R is

almost self -injective. As the following diagrams:
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L—— R

Corollary 4.2.5: Let D be a semidomain has injective hull and Q its

semiring of quotients, then D is almost self -injective if and only if for
every g € Q, either g or g~ € D. This means D is almost self -injective if

and only if D is valuation semidomain.

Lemma 4.2.6: Suppose M is an indecomposable almost self-injective

semimodule, if §: U— M, where U < M is a homomorphism which cannot

be extended to an endomorphism of M, then there is a monic
endomorphism 6 of M such that 8 is left inverse of 6 on 6 (U ), but 8 is not

invertible.

Proof. From definition there exists an R-homomorphism 8:M—M such

that 66(u) = u, for any u €U. Hence 6 is a left inverse of 8] 5u), since M is

uniform by Proposition 2.3.13, 8 is monic. If 8 is invertible, then 671

would be an extension of 6. m

Proposition 4.2.7: Let R be a local semiring with Rad(R) nil ideal. If R is

almost self-injective, then R is self-injective.
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Proof. Suppose R is almost self-injective, we have an R-homomorphism
0:K—R where K< xR which cannot be extended to an endomorphism of
rR from Lemma 4.2.6, there is 9: xRR— zR such that 9(0 (x)) =x, V x€EK
= 9 is not invertible. If it invertible, then 8(x) = 97 1(x), V xEK = 0
can be extended to 91 which is contrary with hypotheses, hence 9(1) =r is

not invertible = r€ Rad(R) and 9 is monic = if 9 (t)=tI9(1)=tr=0,

then t = O but this contradiction with hypotheses, hence R is self-

injective. ®

Proposition 4.2.8: Let R be a semiring with no nontrivial idempotent

element, then R is almost self-injective semiring if and only if for each left
ideal I of R, each homomorphism &:1-R there is r in R such that
either &|z, = L, or 1,.&|g, = i. Where [, is the left multiplication map by

elementr.

Proof. Assume that R is an almost self-injective semiring with no
nontrivial idempotent, then by Lemma 4.2.2, R is indecomposable. In the
first diagram of Definition 4.2.1, the result can be obtained by replacing
¢ = L. and from the second diagram can be obtained by taking y = L.

Conversely, itis clear. m

Corollary 4.2.9: Let R be almost-injective semiring, then R is m-injective.

Proof. Similar to Proposition 2.3.12, with replacing subsemimodules by

ideals of R. m

Proposition 4.2.10: Let R be a left almost self-injective semiring with no

nontrivial idempotent, yoked and cancellative, then for every a, b €R
(1) If ann(a)=0 and ann(b)+0, then Rb cRa.

(2) If ann(a)=0 and ann(b)=0, then either Ra cRb or Rb cRa.
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Proof. (1)Define f:Ra —Rb by f(ra)=rb. Clearly that f is a well-defined
R-homomorphism(if, ra=r" a, by yoked there is k in R such that r=r" +k or
r+ k=r' = ra =r'a + ka by cancellative, then ka =0= k € ann(a)
implies k =0 = rb =r'b . Now, if ann(b)=+0, then f is not one to one.

Since R is a left almost self-injective, f can be extended to R.

Hence there is s €R such that f=Il; onRa. so b = f(a) = sa and then
Rb cRa.

(2) Let ann(a)=0 and ann(b)=0, then f is one to one. Thus either, f=L; on
Ra implies Rb cRa for some s €R, or there is s €R such that [;f=15,
implies a=l,f(a)=sf(a) = f(sa) = sb €RRb,thus Ra cRb. =

Lemma 4.2.11 [26 ]:A semimodule M is igNi-injective if and only of M is

N;-injective for every i € I.

A semiring R is said to be von Neumann regular if, for any x in R, there

ISy in R such that x =xyx [41].

Lemma 4.2.12 [41]: A cancellative, yoked semiring R is von Neumann

regular if and only if every principle right ideal of R is direct summand.

Proposition 4.2.13: Let R be left almost self-injective, which is

cancellative, yoked and von Neumann regular semiring. If R has a

nontrivial idempotent element, then R is left self-injective.

Proof. Let e be a nontrivial idempotent element of R from Lemma 4.2.12,
then Re is direct summand of R, from Lemma 4.2.11, it is enough to show
that gRis both Re-injective and Ru-injective semimodule where
rRR=Re®Ru. Let X be a nonzero subsemimodule of Re and f:X—R be
homomorphism. Define g:X®Ru —R by g(x+ ru)= f(x), then g is
homomorphism which is not one to one. Since R is almost-self-injective,
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there is h: R—R such that h|ygr, = g. But h|x = f. Hence, R is Re-
injective semimodule, similarly R is Ru-injective. Therefore R is R-

injective semiring. m

Proposition 4.2.14: Let R be a left almost self-injective semiring with no

nontrivial idempotent element and let T=): Ra, where ann(a)=0 and a is

not invertible, then T is two sided ideal of R.

Proof. Assume that T # 0, lett €R and a noninvertible element of R
such that ann(a)=0, if ann(ta)+ 0, then by Proposition 4.2.10, ta €T.
Now, assume that ann(ta)= 0, then ta is not invertible, if possible, there is
x €R such that xta = tax = 1. Since R has no nontrivial idempotent, thus
xta = tax =1, this is a contradiction with a is not invertible. Hence

taeT. m
Recall that, U(R) is the monoid of invertible elements of R.

Proposition 4.2.15: Let R be almost self-injective semiring with no

nontrivial idempotent, then R is either self-injective or local.

Proof. By Proposition 4.2.13, if R has a nontrivial idempotent, then it is left

self-injective. Thus assume that R has no nontrivial idempotent. Since

R is almost self-injective, by Corollary 4.2.9, R is m-injective and from
Proposition 2.3.13, hence 3R is uniform. Let F={s €R| ann(s) =0 and s
is not invertible}.If F is empty , then s € R is invertible if and only if
ann(s) = 0, since R is uniform, Z(zR)= R \ U(R) is two sided ideal.
Hence R is local. If F is not empty, let T =),;crSR by Proposition
4214, R\ U(R) c T. Let k €T such that k is not invertible, so k= hn for

some he F. If kis invertible, then h is left invertible. Since R has no
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nontrivial idempotents, h is invertible, a contradiction (since heF),
therefore T=R \ U(R) . Since T is two sided ideal of R, hence R is local. m

4.3 Some concepts related to almost-injective(projective)semimodules

Definition 4.3.1: A semimodule M is said to be generalized N- injective, if

for any subsemimodule U of N and any homomorphism a:U—M, there is
decompositions N=D@E, M=X&®Y, a homomorphism 6:D—-X and
monomorphism y: Y —E such that Uc D@y (Y) with mya=6 |y = 6
npiy and ymya=ng|y = mg iy .

U —Z——bD@E

a Y

A semimodule M is called a generalized self-injective semimodule if, M

is generalized M-injective.

Proposition 4.3.2: If M is a generalized N-injective semimodule, then M is

almost N-injective.

Proof. Let U be a subsemimodule of N and a:U—M be a homomorphism,
then there is decompositions N=D@E, M=X@Y, a homomorphism 6:D—-X
and monomorphism y: Y —E such that Uc D@®y(Y) with mya= 6 np|y and
ymya=mg|y = mg iy If a cannot be extended to N, then E+0, define &:
M-D by § = ymy. Forevery uin U, da(u)= Sa(d+e)= §(6(d)+ 8'(e))=
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vy (6(d)+ 6'(e))=y(0'(e))=e = mgiy(u). Where 8":E-Y and mz: N-E.

Corollary 4.3.3: If M is generalized self-injective semimodule, then it is

almost self-injective-semimodule.

Remarks 4.3.4:

(D)If N is indecomposable and M is generalized N-injective, by Proposition
4.3.2 (2), M is almost N-injective semimodule, and by Remark 2.2.4, either

M is N-injective or there is subsemimodule of N embedded in M.

(2)If M, N are indecomposable semimodules and M is generalized N-

injective, then there are four cases:

Casel/ M=M@0 and N=0N, this means there are :0—M and y:0—N,
hence mya=6 n'y|ly =6 n'yiy and ymea= my'ly =my' iy  implies

Uc N®y(0),a = 0and y = 0 which is impossible.

Case2/ M=M@0 and N=N@O, this means there are 6:N — M and
y:0—0, then mya=6 n'y|y = 0 n'yiy and ymoa= n'y|y = 7'y iy implies
that U c N®y(0),a =6 iy and 0=0.

Case3/ M= 0@M and N=0&@ N, then there are 6:0—0 and y: M — N,

henCEU (e N@y(M) Wlth o = 7] Tl.-lolu =0 nlin and Ynima =

x|y = 'y iy = 0=0and ya = iy implies a is monomorphism.

Cased/ M=0&d M and N=N&O0, this means there are 8: N — 0 and
y: M — 0, hence UcN@®y(M) with mya=0 n'y|y = 0 ©'yiy and ymya=

T oly =1y iy implies a =0 which is impossible.

(3)From (1), it follows, if M is generalized N-injective semimodule and M,

N are indecomposable, then either there is 8: N — M such that « = 6 iy,
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or there is y: M —N such that ya = iy, implies « is monomorphism and U
is embedded in M.

(AIf there is no monomorphism «a:U — M where U is any
subsemimodule of N, then Case(3) is not satisfied, so M is N-injective

semimodule.

(5) If M is indecomposable and generalized self-injective semimodule, then
by Corollary 4.3.3, M is almost self-injective semimodule and then from
Remark 2.3.2, if the diagram(i) is not satisfied, then ya = i implies that «

IS monomorphism.

Proposition 4.3.5: Let M be almost N-injective semimodule. Consider the

following diagram:

I
v SN
) l lnx

Put K = ker(a). If the second case of Definition 2.3.1 occurs, there is
proper direct summand D of N which contains K. In particular, if K <_N,

then the first case occurs.

Proof. Since the second diagram holds, we get a direct decomposition
N=X@D and y:M — X such that ya = myi, then my(K) = nxi(K)= ya
(K)= 0, so K< ker(my)= D, then D is proper direct summand of M. If K
<.N, we have K nX=0 implies X=0 which is contradiction. Hence the first

case occurs. m
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Definition 4.3.6: A semimodule M is said to be essentially N-injective if,

for every subsemimodule X of N, any homomorphism a:X—M with

ker(a)is essential in X, can be extended to homomorphism S: N—M.

Proposition _4.3.7: If M is almost N-injective semimodule, then M is

essentially N-injective .

Proof. Let X be a subsemimodule of N and a:X—M be homomorphism
with ker(a)is essential in X, then from Proposition 4.3.5, a can be extended
to a homomorphism B:N— M provided ker(a) <.N (in fact, if Y is a
complement of X in N, define 9:X@Y — M by I9(x +y) = a(x) for
every X in X and y in Y. Then ker(9)=ker(a) +Y <, X®Y <,N. So
ker(9) <.N and hence 9 can be extended to a homomorphism f:N—

M. Clearly, B is an extension of . m
From the above propositions, we have:

Corollary 4.3.8: If M is a generalized N-injective semimodule, then M is

essentially N-injective.

Proof. Since, if M is a generalized N-injective semimodule, then M is
almost N-injective by Proposition 4.3.2 and from Proposition 4.3.7, then M

is an essentially N-injective semimodule. m

Dually, generalized projective semimodule can be defined, also the
relationship of this concept with almost projective semimodule will be

explained.

Definition 4.3.9: A semimodule M is said to be generalized N-projective if,

for any homomorphism a: M—E and any epimorphism @: N—E, there are
decompositions M =M;@®M, and N= N;@®N, , a homomorphism v: M;—

N; and an epimorphism v’: N,— M, such that @j, v = ai; and ai,v' = @/,
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. Where i;, i, are the inclusion maps from My, M, into M respectively and

Jj1, jo are the inclusion maps of Nj, N, into N.

J
/\/J@Ngjl N > E
J2 0
A semimodule M is called a generalized self-projective semimodule if, M

is generalized M-projective.

Remark 4.3.10:

(DIf M is generalized N-projective and M, N are indecomposable

semimodules, there are four cases:

Case/a/ M=M@0 and N=0®N, this means there are v:M—0 and v’':N—0,
hence @|,v = ai, implies @ = 0 which is impossible and «|,v' = @),

implies 0 = 0.

Case/b/ M=M@&0 and N=N@O0, this means there are v:M—N and v':0—0,

then @j, v = ai; = Qv = a and a|,v' = 0|, implies that 0=0.

Case/c/ M=0®M and N=0& N, then there are v:0—0 and v':N—M,
hence @|,v = a|, implies 0=0 and ai,v' = @j, = av' = @ implies « is

epimorphism.
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Case/d/ M=0 M and N=N@O, this means there are v:0 —N and
v': 0 — M, hence @j,v = «a|, implies @ = 0 which is impossible and

alov' = 0|, implies0=0.

(2)From (1), it follows, if M is a generalized N-projective semimodule and
M, N are an indecomposable, then either there is v:M—N such that @v =

a, or there is v':N—M such that av’ = @ implies « is epimorphism.

(3)If there is no epimorphism a: M—E where E is any semimodule which
iIs homomorphic image of M, then Case(c)in (1) is not satisfied, so M is N-

projective semimodule.

Proposition 4.3.11: If M is a generalized N-projective semimodule, then M

is almost N-projective.

Proof. Let a: N — X be an epimorphism and §:M— X be any
homomorphism for any semimodule X. From hypothesis, there are
decompositions M =M;®M, and N= N;@BN,, a homomorphism 9: M;— N;
and an epimorphism 9’: N,— M, such that a9 = &y, and §9' = o |y2 -

Thus M is almost N-projective. m

Corollary 4.3.12: If M is a generalized self-projective semimodule, then M

is almost self-projective semimodule.

Definition 4.3.13 [42]: A semimodule M is called Noetherian (resp.

Artinian), if and only if every chain of subsemimodules of M satisfies
ACC(DCC). A semiring R is Noetherian (resp. Artinian), if gR is
Noetherian (resp. Artinian) that is every chain of left ideals satisfies
ACC(resp. DCC).

Examples4.3.14:

(1)A simple semimodule is Noetherian and Artinian.
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(2)The semimodule N over itself is Noetherian but not Artinian.
(3)Q as Z-semimodule is not Noetherian.

Lemma 4.3.15: Let M be an Artinian semimodule, then M can be written

as a finite direct sum of indecomposable subsemimodules.

Proof. Assume M is an Artinian semimodule. Let M cannot be
decomposed into direct sum of indecomposable subsemimodules, that is
M=M, @& M, where M, cannot be decomposed into a direct sum of
indecomposable subsemimodules. Write M, = M;@®M,, where M, cannot
de decomposed into a direct sum of indecomposable subsemimodules.
Continuing this process, we have an infinite decreasing chain of
subsemimodules of M, M,2M,2--2M;2M;,, 2, this
contradiction with assumption, therefore M can be decomposed into a

finite direct sum of indecomposable subsemimodules. m

Proposition 4.3.16: Let M be an Artinian, almost N-projective

semimodule, then M can be written as a finite direct sum of
indecomposable almost N-projective subsemimodules where N is any

semimodule.

Proof. From Lemma 4.3.15, M can be decomposed into a direct sum of
indecomposable subsemimodules. Since M is almost N-projective, any
direct summand of M is almost N-projective, so M is finite direct sum of

indecomposable almost N-projective subsemimodules. m

Proposition 4.3.17: Let M, N be semimodules and M is Artinian almost N-

injective semimodule, then M can be written as a finite direct sum of

indecomposable almost N-injective subsemimodules.
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QI-ring is defined by many authors as [43], can be generalized to define

QIl-semiring as follows:

Definition 4.3.18: A semiring R is said to be QI-semiring, if every quasi-

injective R-semimodule is injective. It is clear that any semi-simple

semiring is Ql.

Proposition 4.3.19: If R is QI-semiring, then the direct sum of two quasi-

injective R-semimodule is quasi-injective.

Proof. Let A and B be two quasi-injective semimodules, then they are
injective from assumption, then A@B is injective semimodule by Lemma
4.2.11, since every injective semimodule is quasi- injective, then a direct

sum A @B is quasi-injective . m

Proposition 4.3.20: If the direct sum of two quasi-injective R-

semimodules M ,, M, with injective hulls E(M,), E(M,) is always quasi-

injective, then R is Ql-semiring.

Proof. Let M be a quasi-injective semimodule. Consider the following

diagram:

=]

J
M—" oy E)®M

1,4
0

M

T

EM)DM

Where iis the inclusion map and j, j' are the injection maps from M,
E(M) respectively to E(M)®M. Since E(M)®M is quasi-injective

semimodule, there is endomorphism {on E(M)@M such that {j'i = j1y.
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Take 60 = my{ j' hence i = 1y, then M is isomorphic to direct summand
of E(M), and hence it is injective semimodule implies that R is QI-

semiring. m

The following result is in modules [44], can be project into

semimodules with similar proof.

Lemma 4.3.21: Let M be semimodule with injective hull E(M), then M is

quasi-injective if and only if it is fully invariant in the injective hull of M.

Proposition 4.3.22: If R is Ql-semiring, then every injective R-semimodule

M with injective hull satisfies the property "every fully invariant

subsemimodule of M is a direct summand".

Proof. Let M be an injective semimodule and N be fully invariant
subsemimodule of M, it suffices to show that N is a quasi-injective, let
0:E(N)—E(N), then #can be extended to endomorphism 6":E(M)—E(M),

since N is fully invariant in M, then 8(N)= 6’(N)<N, therefore by Lemma

4.3.21, N is quasi-injective semimodule. As the following diagram:

E(N i E(M)=M
’ l l .
E(N E(M)=-M
i m

The converse of the above proposition is true, that is:

Proposition 4.3.23: If every injective R-semimodule M with injective hull

satisfies the property “every fully invariant subsemimodule of M is a direct

summand", then R is Ql-semiring.
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Proof. Assume that M is a quasi-injective semimodule, from Lemma
4.3.21, M is fully invariant in E(M), so M is direct summand of E(M) by
hypothesis. Hence M=E(M). Therefore R is QI-semiring. m

Definition 4.3.24: A semiring is called AQI-semiring, if every almost self-

injective semimodule is injective.

Remark 4.3.25:

Every AQI-semiring is QI-semiring since every quasi-injective semimodule

Is almost self-injective semimodule.

Proposition 4.3.26: If R is AQI-semiring, then the direct sum of two

almost self-injective semimodule is almost self-injective.

Proof. Let A and B be two almost self-injective semimodules, then they
are injective from assumption, then A@B is injective semimodule by
Proposition 4.2.11, since every injective semimodule is almost-self-

injective, then a direct sum A @B is almost-self-injective . m

Proposition 4.3.27: If the direct sum of two almost self-injective R-

semimodules M ;, M, with injective hulls E(M,), E(M,) is always almost

self-injective, then R is AQI-semiring.

Proof. Similar to Proposition 4.3.20. m
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5.1 Conclusions

In this thesis, the concepts, almost-injective (resp. projective) and
almost self-injective (resp. projective) modules have been generalized for
semimodule over semiring, some basic characteristics which are analogous
to ring and module theory have been studied. Since every module is
semimodule but the converse is not true, in some result, some conditions

were added to semimodules to achieve them.

From the results we obtained in this work, Proposition 2.2.18 by adding
properties (injective hull and semisubtractive), Lemmas 2.2.20 and 2.2.21
with (subtractive, cancellative and semisubtractive), Lemma 2.2.22(2) with
conditions (semisubtractive and cancellative),  Proposition 2.2.27 and
Corollary 2.2.28 with (semisubtractive and cancellative). Remark 2.3.11
and Proposition 2.3.12 by adding injective hull, Corollary 2.3.13 shows by
adding a condition to indecomposable to become uniform semimodule. In
Proposition 2.3.15 and Corollary 2.3.16 have been added conditions
semisubtractive and cancellative for semimodule. Propositions 2.3.18,
2.3.21 and 2.3.22 show some properties of the endomorphism semiring,
also Proposition 2.3.23: If M is a cancellative, semisubtractive almost self-

injective semimodule, then:

(L)W()) < Rad()).
(2)If S is local, then Rad(J') = {9 €/ : ker (9) #0}.
Also Proposition 3.2.10 explain an important characteristic which is
finite direct sum of almost N-projective semimodule. It is known that,
every projective semimodule is almost-projective but the convers is not

true. In Proposition 3.2.21, we put the conditions for two semimodules M

and N to get N-projective from almost N-projective. In Proposition 3.3.16,
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if M is almost self-projective uniserial which is indecomposable, then Sis a
left uniserial semiring. Propositions 3.3.19 and 3.3.20 explain relationship
between the concepts almost self-projective semimodule and mini-injective
J-semimodule. Proposition 4.2.3 conditions have been added into semiring
R which are yoked and cancellative, Proposition 4.2.4 with conditions,
injective hull, semisubtractive and cancellative, Propositions 4.2.10 and
4.2.13 with conditions yoked and cancellative. Propositions 4.3.2, 4.3.7 and

corollary 4.3.8 explain the relation between the following concepts
generalized N-injective semimodule = almost N-injective.
almost N-injective semimodule= essentially N-injective .
generalized N-injective semimodule= essentially N-injective.

Dually, generalized projective semimodule can be defined, also the
relationship of this concept with almost projective semimodule will be

explained.

Proposition 4.3.26: If R is AQI-semiring, then the direct sum of two
almost self-injective semimodule is almost self-injective. Proposition
4.3.27:1f the direct sum of two almost self-injective R-semimodules
M 4, M, with injective hulls E(M,), E(M,) is always almost self-injective,

then R is AQI-semiring.
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5.2 Future Works
For future works,

(1) It could be interesting to study the relations between the concepts
almost injective semimodule and extending semimodule, almost
projective and lifting semimodule. And under what conditions these
relations may exist.

(2) It is possible to study the notions, almost QF-semirings and almost
QF* -semirings depending on what is in ring theory because every
ring is semiring but the converse is not true.

(3)We may work on a subject, hereditary and almost hereditary
semimodules. Relation of these concepts and almost-injective
(projective)semimodules.

(4) It can to survey the topics, V-semiring, V-semimodule and almost

V-semimodule.

During our study of this work, we encountered some issues that we

may think about in the future.

Some of these questions.

(1) Whether a “Baer like” criterion holds for almost injective
semimodule. In other words, if M is almost injective relative to
R, is it true that M is almost injective, and conversely?

(2) If M is an indecomposable almost self-injective semimodule, is it
true that the endomorphism semiring of M/Z(M) is semidomain?

(3) If Ris right almost self-injective semiring, is R /Rad(R) also right

almost self-injective?
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