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ABSTRACT

The main purpose of this dissertation is to represent the elements of
the semiring or the near ring in the form of graphs, and from here we
were able to find and see many algebraic relationships between these
elements by using the integration between algebraic concepts and graph
concepts. We have adopted in our work that the determinants of adjacent
between the elements of the semiring or the near ring is based on the ideal
of semiring or the ideal of near ring.

While the form of adjacent and the relationship between the
elements of the semiring or the near ring showed us the form of the
graph, whether connected or unconnected, and certainly the main focus in
our work is that the graph be connected, which will give us a correct view
about the relationships of the elements among them.

Hence, we define many new algebraic concepts, including
almost 1-prime ideal, almost 2-prime ideal, almost 1-semi prime ideal,
almost 2-semi prime ideal, zero divisor of N with respect to an ideal,
weakly completely prime ideal, weakly completely semi prime ideal and
subtractive ideal.

Which were used in our definitions of the graphs, namely, the
completely equiprime graph, the weakly completely prime graph , almost
1-prime graph and almost 2-prime graph, with the relationship of these
graphs between them and the graphs PG(N) and I'(N) of other researchers
for the two systems semiring and near ring.

Also studied homeomorphism graph, whenever there exist a semi

ring homomorphism or near ring homomorphism and finding a case that



every completely equiprime ideal , weakly completely prime ideal ,
almost 1-prime ideal and almost 2-prime ideal in the domain that leads to
a completely equiprime ideal , weakly completely prime ideal, almost 1-
prime ideal and almost 2-prime ideal in the co-domain respectively by

defining the preserve vertex cover of homomorphism graphs.
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Introduction

Introduction

Over the last decade, the interplay between semiring and ring
properties has become with the properties of graph theories. Many
articles have assigned a semiring or a ring to a graph and have studied the
properties of the graph associated with it.

Since 1974, the literature on algebraic graph theory has grown
tremendously [1-3].

In 1970, Y. Lin and J. Ratti [4] investigated the connectivity graphs
of the semirings as a subset{S;,S,,...,S,} of F, form a chain or a path
between S; and S; in the graph G(F) if and only if S; N Si.; #0@ for all
i=1,2,,....n-1. With some important conditions to make this graph in
connected, and continue with another article [5].

In 1970, Y. Lin and J. Ratti [6] research the diameter between the
vertices of the graphs of the semirings.

In 1988, Istvan Beck [7] introduced the simple graph I'(R) of aring
R as vertices of this graph are elements of R, as two different vertices are
adjacent if and only if a.b =0 for all a,beR, with investigate coloring with
several properties of this simple graph.

In 1999, David F. Anderson and Philip S. Livingston [8] introduced
the simple graph of a commutative ring R (with unit 1) and Z(R) be the
set of zero divisors of R, as two different vertices are adjacent if and only

if a.b =0 for all a,beZ(R)\{0}.
In 2003, Shane P. Redmond [9] introduced the simple graph I'\(R)

of a commutative ring R with ideal I, and vertices are {acR\l :a.bel for
some beR\I} such that two distinct vertices are adjacent if and only if

a.bel.
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In 2014, Saba Zakariya Al-Kaseasbeh [10], in this dissertation
consider different graphs of a commutative ring R(with unit 1), and a
vertices are a proper ideals of R such that the adjacent restricted by
several conditions and properties with of study the connectivity and
diameter of this graphs.

In 2010, Satyanarayana Bhavanari, Syam Prasad Kuncham and
Nagaraju Dasari [11] introduced the graph is called prime graph PG(R)
of aring R, as two different vertices are adjacent if and only if a.R.b =0
or b.R.a=0 for all a,beR, with investigate several properties and relations
of this prime graph.

In 2010, Satyanarayana Bhavanari, Syam Prasad Kuncham and
Babushri Srinivas Kedukodi[12] introduced the graph G,(N) of a near
ring N with ideal I, and different vertices are adjacent if and only if
a.N.b < | or b.N.acl for all a,beN, with investigate several properties
and relations of this graph.

In 2011, Satyanarayana Bhavanari, Godloza Lungisile and Nagaraju
Dasari[13] introduced the principal ideal graph PIG(R) of a ring R, and
different vertices are adjacent if and only if prin(a)=prin(b) whenever
prin(a),prin(b) are a principal ideals of R, for all a,beR.

In 2016, Mojgan Afkhami, Nesa Hoseini and Kazem
Khashyarmanesh [14] introduced the simple graph AN(R) of a
commutative ring R with ideal I, and the vertices are {acR\l :a.bel for
some beR\I} such that two distinct vertices are adjacent if and only if
ann,(a.b)£ann,(a)uann,(b), where ann,(a)={reR|r.acl}, and the other
researchers work on the annihilator ideal with another condition and
properties[15,16].
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The remainder of this dissertation is organized as follows:
e Chapter one
This chapter, introduces a background for the basic concepts of the
graph theory used in this dissertation is introduction. In addition , many
basic definitions of semiring and near ring used in this dissertation are
mentioned.
e Chapter two
In this chapter, the new graph entitled a completely equiprime graph,
we present an integrated study related to the topic of the completely
equiprime ideal of a near ring with its characteristics, theories and
relationships with completely equiprime graph, as well as investigate the
chromatic and uniquely colorable of this graph.
e Chapter three
This chapter, define new ideals called weakly c-prime ideal and
almost v-prime ideal(v=1,2) of a near ring with investigate several
properties and relation of this ideals, as well as study of a new graph
which is weakly completely graph, we investigate the properties of this
graph, related with previous graphs like I'(N) and PG(N), also introduce
the graphs almost v-prime (v=1,2) graphs with the investigation of all
properties of this graphs.
e Chapter four
In this chapter, we research the homomorphism of the graphs
Which are referred to in the previous two chapters, whenever there exist a
homomorphism near ring, with the proving of many theories related to it

and showing this with examples.
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e Chapter five

The conclusions and the recommendations have been presented.
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Chapter 1. The Fundamental

1. Introduction

In this chapter, the relevant definitions, and basic concepts
required as a background for this dissertation are introduced. Two
sections are discussed in this chapter. The first section contains some
basic definitions of graph with examples that we need in the dissertation.
The second section presents the definitions and examples of algebra to

explain it.

1.1. Basic definitions of graph

The graph theory originated from the problem of Kénigsberg Bridge in
the Konigsberg city in former Prussia and now known as (Kaliningrad
which is part of Russia), located on the Pregel River. This was considered
the first chapter in the history of the graph. The river divides the city into
four separate islands, linked by seven bridges. The people of the city
people were wondering whether it was possible to cross the seven bridges
once without repeating any bridge and returning to the starting point.

In 1736, Leonard Euler (1707-1783) came up with an answer to this
question, proving that it was not possible to pass on the seven bridges at
exactly the same time.

Euler used to answer this question in a simple way by eliminating all
the unnecessary features of the city. He drew a picture of the city where
he represented the land by vertices (or points) and bridges(or lines). This
mathematical structure is called the graph. From these simple assets, the
theory of graph has grown into a strong mathematical theory in
mathematics and solved many complicated life problems [17].

The basic concepts of the graphs which will be used in this work,

are discussed as follows:
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Definition 1.1.1. [17] The graph G=(V,E) contains the two sets, vertex
set(V) and the edge set(E) such that each edge e contain in E can be
identified with a pair (vq,v,) of vertices in V. The vertices v; and v, are

known as end vertices of e and denoted by v; v, .

Definition 1.1.2. [17] The adjacent vertices are the vertices joined by the

same edge.

Definition 1.1.3. [18] An edge for which the two ends are same is called

a loop at the common vertex.

Definition 1.1.4. [18] If two edges have same end vertices they are called

parallel edges.

Definition 1.1.5. [18] If the graph has no parallel edges and no loop then

is called simple graph.

Definition 1.1.6. [19] The number of edges incident of any vertex (v) is

called the degree of vertex and denoted by deg(v).

Definition 1.1.7. [19] The isolated vertex is a vertex of degree 0 and

pendent or leaf vertex is a vertex of degree 1.

Definition 1.1.8. [18] The maximum degree is the largest degree among
the vertices of the graph G and denoted by A(G). And the minimum
degree is the least degree among the vertices of the graph G and denoted
by 5(G).
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Example 1.1.9. In Fig.1.1. A simple graph G shown together with the
degree of its vertices, deg(v3)=1, deg(v,)=deg(v,)=deg(v¢)=2,
deg(vs)=3, deg(v,)=4, thusA(G)=4 and o5(G)=1.

v1

v6 v2

v3

vS5 v4

Figure 1.1. Degree of vertices of simple graph

Definition 1.1.10. [17] A graph that has a finite number of vertices and

edges is called a finite graph. Otherwise, it is infinite graph.

Definition 1.1.11. [20] A graph G=(V,E) of order n without any edges,
that means E=@ , is called a Null graph and denoted by N,,.

Definition 1.1.12. [20] A graph G=(V,E) with order n is called a
complete graph if there is an edges between each pair of vertices and

denoted by K,, . (as an example, see Fig.1.2.)
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_ AN

K

1 4 5

Figure 1.2. Some complete graphs

Definition 1.1.13. [21] A graph G=(V,E) is called a Bipartite graph if V
can be expressed as two disjoint sets A and B, such that V= AUB with
AN B = @, and every vertices of A and B are not adjacent vertices, with
every vertices of A are join to a vertex of B. Such that if |A|=m and |B|=n

then is denoted by By, ,, .( as an example, see Fig.1.3.)

Figure 1.3. Bipartite graph(Bs 4)

Definition 1.1.14. [21] A Complete bipartite graph is a bipartite graph
such that every vertices of A are joined to every vertices of B. If |A|=m

and |B|=n then is denoted by K, ,,. (as an example, see Fig.1.4.)
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|(1,8 k3,4

Figure 1.4. Complete bipartite graphs

Definition 1.1.15. [21] A Star graph S, is the complete bipartite graph
K1 n . The centrum of a star is the all-adjacent vertices in it. In Fig 1.4, the

K g is the star graph.

Definition 1.1.16. [22] A Walk in the graph is an alternative sequences
of vertices and edges with the repetition of vertices and edges is allowed.
If initial and end vertices are different, it is called open walk otherwise, it

is called closed and the number of edges in walk is defined by length.

Definition 1.1.17. [22] A Path in the graph G is an open walk without
repetition of vertices and is denoted by P, of length n-1 is a sequence of

distinct edges v, v,, V, V3, ... ... , V1V
Definition 1.1.18. [20] A Cycle is a closed walk without repetition of

vertices. Thus, the degree of each vertices of a cycle graph is two, and

denoted by C,,. ('as an example, see Fig.1.5.)

10
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AT 00

Figure 1.5. Some cycle graphs

Definition 1.1.19. [17] A graph K is called a subgraph of the graph G if
the vertices of K are contained in the vertices of G, and edges of K are
contained in the edges of G. In other words, (K)cV(G) and E(K)c E(G).

(as an example, see Fig.1.6.)

Definition 1.1.20. [17] A subgraph H is called an induced subgraph of
G if the vertices u,veV(H) are adjacent in G then they are adjacent in H

and denoted by G[V(H)]. (as an example, see Fig.1.6.)

v v2 v
VS& h
v4 v3 vé4 v3
G H
Figure 1.6. Induced subgraph

Definition 1.1.21. [23] Let v, and v, be two vertices contains in the graph
G=(V,E) then the distance between v; and v, is the length of the shortest

path between v, and v, and denoted by d(v,vy).

11
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Example 1.1.22. Consider the graph G=(V,E).(as an example, see
Fig.1.6.), where the d(v,,v3) = 1, d(v,,v,) = 2,d(v,,vs) = 3.

Definition 1.1.23. [23] A graph G is called connected if there is a path
between each pair of vertices of G . If it is not connected, it is called
disconnected graph. The component of G is a maximal connected

subgraph of G.

Definition 1.1.24. [23] A non-adjacent vertices in a graph is called an

Independent set of vertices.

Definition 1.1.25. [19] Let FcG, where F is the set of vertices of G is said
dominating set, if each vertices of F is adjacent or every vertices of G is

adjacent to F, the minimum cardinality of F denoted by y(G).

Definition 1.1.26. [23] The eccentricity of a vertex v is the distance to
the farthest distance from v in the connected graph, and is denoted by
e(v). The minimum eccentricity is called a radius of a connected graph,
and denoted by rad(G). The maximum eccentricity is called a diameter

of a connected graph, and denoted by diam(G).

Example 1.1.27. Consider the graph G(V,E).(as an example, see Fig.1.6.)
e(vy)=e(v3)=e(vy)=2, e(v,)=e(vs)=3, So that, rad(G)=2 and diam(G)=3.

12
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Definition 1.1.28. [19] The set W < V is called a clique. Every different
pair of vertices in W are adjacent denoted by <w> and the maximum size

is called the cliqgue number.

Definition 1.1.29. [19] A girth is the length of the shortest cycle contained
in the graph G.

Definition 1.1.30. [18] A spanning tree is a tree which cover all vertices

of the graph G.

Definition 1.1.31. [18] A subset M of E is called edge cover of G. If

Every vertex of the graph G is an endpoint of some edge in M.

Definition 1.1.32. [18] A subset W of V is called vertex cover of G. If

Every edge in the graph G has one end vertex in W.

Definition 1.1.33. [19] A proper coloring is a coloring of the vertices of
the graph G, such that no two adjacent vertices have same color or the n
coloring of the graph G is a mapping y:G—{1,2,..,n}. The adjacent
vertices have different colors, that means y(a)# w(b) assigns different
colors whenever abeE(G) for every a,beV(G), and the minimum number
of a proper colors required for G is called chromatic number of G and
denoted by y (G).

Definition 1.1.34. [19] A graph G=(V,E) with n vertices, a chromatic
partition of G is a smallest partition of V into disjoint independent sets if
G has only one chromatic partition then we say that G is uniquely

colorable.

13
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Example 1.1.35. Let the graphs G,={1,2,3,4,5},G,={1,2,3,4}

and G3={1,2,3}, then the chromatic partition for G, are
p.={{1,5},{2,4},{3}} and p,={{3,5}.{2,4},{1}}, while for G, is
(p={{1.3}{2,4}}) and for Gs is (p={{1}.{2}.{3}}).

Then we get G, is not uniquely colorable while G, and G5 are uniquely

colorable. (as an example , see Fig.1.7.)

3 - 5 1 2 1
®

Figure 1.7. Different graphs

Remark 1.1.36.
1-The cardinality of the minimum chromatic partition is called a
chromatic number and denoted by |p|. So that in Example (1.1.34). The:

| l_{B for G; and Gj
PI=12  for G,

2- The % (G) = |p| (as an example, see Fig.1.7.), where

(3 for G; and G3
x(G) = {2 for G,

Definition 1.1.37. [24] A Homomorphism of graphs K to G, written as

¢ : K— Gisamapping ¢ : V (K) — V (G) such that ¢(v,)¢e(v,) € E(G)
whenever v; v, € E(K).

14
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1.2. Basic defintions of algebra

In 1905 L.E. Dickson introduces generalized to the ring theory
called near ring , in fact is near field where he proves that field with only
one distributive axiom ,in near ring theory there are several situations
differ from ring theory . For example, not every left ideal is subnear

ring[27].

The basic concepts of the semiring and near ring theory which will

be used in this work . Thus, they will be are discussed:

Definition 1.2.1. [25] A set S with a two binary operations (4+) and (.) is
called semiring. Whenever (S,+) is an abelian semigroup, (S,.) is
semigroup and for all a,b,ceS:(a+b).c=a.c+b.c and c.(a+b)=c.a+c.b

A commutative semiring is semiring with multiplication it is
commutative and a semiring with zero, if (S,+) is commutative monoid, if
(S,.) is a monoid, then (S,+,.) is called a semiring with unity. And it is

called an absorbing zero if a.0=0.a=0 for aeS.

Definition 1.2.2. [25] A subset I of a semiring S is called right(resp. left)
ideal if a+bel for all a,bel and for ceS, a.cel (resp. c.ael). And if right

and left ideal then is called ideal.

Definition 1.2.3. [26] A set N with a two binary operations (+) and (.)
is called a near ring (right near ring). Whenever (N, +) is a group (not
necessarily abelian), (N,.) is a semigroup and (a+b).c=a.ctb.c, for all
a,b,ceN, and left near ring if a left distributive is satisfied and a near ring
iIf both left and right distributive are satisfied and is said a zero near ring

If consist just one element {0}.
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Chapter 1. The Fundamental

Definition 1.2.4 . [27] A zero symmetric near ring N is a non-trivial

near ring such that x.0=0 for all xeN.

Definition 1.2.5. [28] For every x in the near ring N, 0.x = 0.

Definition 1.2.6. [29 ] Let (H,*) be a group. A subset @#F of H is called
a normal subgroup of H, if F*h = h*F for every h in H or equivalently
F={h™*f*h | for every heH and f eF}.

Definition 1.2.7. [26] A normal subgroup | of (N,+) is called a right
ideal if LN c I, and left ideal if x.(y +z) —x.yel ,Vx,yeNand V zel
and if both right and left ideal are called ideal .

Example 1.2.8. Let N={0,1,2,3,4,5,6,7} be a near ring defined in
Tablel.1. And the ideals are:
1,={0,2},1,={0,2,5,7},15={0,2,4,6} and I, ={0,2,4,5,6,7}.

TABLE 1. 1. Multiplication and Addition table of N={0,1,2,3,4,5,6,7}

+]101112|3 (4|56 |7 . 101112 |3|4|5|6 |7
0/0|1|2|3|4|5|6|7 0/0|0|0|0|0|0|0]O
111230 (56|74 11011234 |5|6|7
2123|016 |7 |4|5 2/0(2/0(2]0|0(0|0
313|012 |7 |4|5|6 3/0(3 (2|14 |5|6]|7
4 141716 5|03 |21 41014 (2|6 |4|0|6|2
S|5|4|716]1]0 3|2 5/0|5]|0|5|0|5|0 15
6 /6 54 |712|1]0]3 60|62 |4|4/0(6 2
7171651413 2|1|0 7107 0{7]0|5(0|5
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Chapter 1. The Fundamental

Definition 1.2.9. [29] In any near ring the trivial subnear ring
({0},+,.) and (N,+,.) are ideals . If the near ring contains no ideals
except these two ideals, it is called simple near ring. The ideal is

called a proper ideal if it is different from (N,+,.).

Definition 1.2.10. [26] The radical of an ideal is defined as the set,

rad(I) = {a € N:a" € [,for somen € Z*}.

Definition 1.2.11. [30] An ideal I of N is called idempotent ideal if
12 = Tand N is fully idempotent if 12 = I, ¥ IeN.

Definition 1.2.12. [30] Let the near ring N. Then for acN is called
idempotent element if a? = a.

Remark 1.2.13.

1- If 1is an ideal of N, then not necessary rad(l)is an ideal of N.
2- If 1is an ideal of:

i- The ring of integer module n (Z,)

1i-The ring of Gaussian integer module n: Z,[i]={x+Yi|x,ye Z.}.
Then rad(l) is always is an ideal.

3- If lisan ideal of N, then not necessary I? is an ideal of N.

4- If the ideal | of N is idempotent ideal then not necessary all element is
idempotent elements.

5- If the ideal 1= {0} of N, then I is idempotent ideal.

6- The Z,is always simple ring (simple near ring), whenever n is

prime number.

Definition 1.2.14. [26] A near ring is called right permutable if

X.y.z = x.z.y and left permutable if x.y.z =y.x.z ,V X,y,ze N.

17



Chapter 1. The Fundamental

Definition 1.2.15. [29] The ideal (left ideal) I of a near ring (right near
ring) is called a completely equiprime ideal (c-equiprime ideal) if
aeN\land b,d eN witha.b —a.del impliesb — del.

Example 1.2.16. In Example (1.2.8). The ideals

1,={0,2,5,7}, 15={0,2,4,6} and 1,={0,2,4,5,6,7} are c-equiprime ideals of
N, while 1;,={0,2} is not c-equiprime ideal since 7.0-7.4<l; but
0-4¢1;(see Table 1-Ain A.1.1).

Definition 1.2.17. [31] A near ring N is called a c-equiprime near ring

if 0£a€N with b,ceN such that a.b-a.ceN.

Definition 1.2.18. [32] An ideal I of N is called a completely prime
ideal (c-prime ideal) if a.bel, for a,beN implies acl or bel.

Example 1.2.19. In Example (1.2.8). The ideals 1,={0,2,5,7},
1,={0,2,4,6} and 1,={0,2,4,5,6,7} are c-prime ideals of N, while 1,={0,2}
Is not c-prime ideal since 6.7<l; but 6¢1, and 7¢I, (see Table 1-A in
A.1.1).

Definition 1.2.20. [32] An ideal I of N is called a completely semi
prime ideal (c- semi prime ideal), if a.a<l, for acN then a<l.

Definition 1.2.21. [33] An ideal I of N is called a prime ideal
when A, B be an ideals of a near ring N with A.B < I then ACl or
Bcl.

Definition 1.2.22. [32] An ideal I of N is called a 3-prime ideal if
a.N.b C Iimpliesa € lorb € I and N is called a 3-prime near ring
if {0} is 3-prime ideal of N.

18



Chapter 1. The Fundamental

Example 1.2.23. Let N={0,1,2,3,4,5,6,7} be a near ring defined in table
1.2 and the ideals are: 1,={0,2},1,={0,6}, 15={0,2,6} and 1,={0,2,6,7}.
Then I; and I, are not 3-prime ideal since 6.N.6<I; and 2.N.2¢<l, but

6¢l,also 2¢1, , while I; and I, are 3-prime ideals of N

TABLE 1. 2. Multiplication and Addition table of N={0,1,2,3,4,5,6,7}

+10|11(2|3|4|5|6 |7 .10 (12|34 |5]|6]|7
0|01 |2|3|4|5|6 |7 0/0(0 0|00 |0|0]|O
111/2|3|0|7|6 (4|5 1101|123 |4|5|6 |7
212|301 |54 |7 |6 210(2|0(2|0]2|0 2
3130|126 |7 |54 31032 |1|5|4|6 7
4 14171562013 41014 (2|54 |5|6|7
S|5|6|4|7]012 3|1 50|52 |4 |5|4|6 |7
6164|7513 ]0|2 6/0/6/0|6|0]|0(0]0
7171561413 |1(2|0 7107 01(712|2(0|0

Definition 1.2.24. [34] An ideal I of N is called it has an insertion of
factors property (IFP) ifa,b € Nwith a.b € I, thena.n.bel, Vv neN.

Example 1.2.25. In Example(1.2.23). The ideals

1,={0,2},15={0,2,6} and 1,={0,2,6,7} are IFP of N, while [,={0,6}
isnot IFP since 7.7€l, but 7.4.7¢1,(see Table 2-A in A.1.2).
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Definition 1.2.26. [35] We say that N is integral if a.b=0 implies
a=0 or b=0, for all a,neN. We define, a set of right zero divisors
Zr and left zero divisors Z, of a near ring by
Z..={aeN|3neN\{0}:n.a=0} and similarly
Z;:={aeN|aneN\{0}.a.n=0}. Certainly, the zero divisors are a

right and left zero divisors.

Definition 1.2.27. [36] An ideal I of N is called a 2-prime ideal if x.y €],
for x,yeN impliesx? € Iory? € 1.

Example 1.2.28. In Example(1.2.8). The ideals
1,={0,2,5,7},1;,={0,2,4,6} and 1,={0,2,4,5,6,7} are 2-prime
ideals of N, while 1;={0,2} is not 2-prime ideal, since 4.7<I; but

42¢1, and 7°¢1,(see Table 1-A in A.1.1).

Definition 1.2.29. [37] Let the ideal I of a commutative near ring N with
unit and H is total quotient near ring of N, let I"! = {xeH|x.IcN}. Then
the ideal 1 is called invertible if .1"1 = N.

Definition 1.2.30. [38] Let J#KcG a mapping y:K—G is called
inclusion mapping if and only if y(a)=a for all aeK .

Definition 1.2.31. [39] A mapping ¢ : (N,+,.) > (N,,+,".") iscalled a

near ring homomorphism if e(x+y)=@(X)+o(y) and e(X.y)=¢(x)".'¢(y)
for x,yeNj.

Definition 1.2.32. [39] A near ring homomorphism is called endomorphism
|f N1 = N2.
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Definition 1.2.33. [40] A near ring homomorphism is called
epimorphism if it is a surjective(onto) homomorphism .

Definition 1.2.34. [24] A Composition yoe of homomorphism ¢:K—H
and y:H—G is a homomorphism of K to G.

Definition 1.2.35. [39] Let ¢ :(N4,+,.) > (N,,+,".") be a near ring
homomorphism , then , the kernel of ¢ is defined by
ker(p)={ae N;|p (a)=0, where 0 is identity of (N,,+)}.

Remark 1.2.36. [39] Let ¢ : (N4,+,.) > (N,,+,".") be a near ring
homomorphism, if I is an ideal of N, then ¢(l) is an ideal of N,.
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Chapter 2. Completely Equiprime Graph

2. Introduction

In this chapter, we study algebraic graph theory on a new type of
graph. This chapter consist of two section. In the first section, the
completely equiprime graph of a near ring is defined with studying
several properties and relations for this graph. The second section deals
with the chromatic and uniquely colorable of this graph.
The completely equiprime graph is not work in semi ring. Therefore we

generalize it on a near ring(finite near ring) .

2.1. Properties with relations of completely equiprime graph

This section defines a new type graph. It is c-equiprime graph of

a near ring with study several properties and relations.

Definition 2.1.1. Let the ideal I of a near ring N with for all a € N a graph
CEQ?(N) the vertices set are elements of N with the pair of distinct
vertices aand (b —c) are adjacent if and only if ab—a.ce | or
(b—c).a—(b—rc).0 €l forallb,c €N then U,ecny CEQ?(N) is called a
completely equiprime graph of N and denoted by CEQ;(N).

Remark 2.1.2. In the graph CEQ;(N), the a.b-a.cel if and only if

a.(b-c)-a.0€l, for every a, b, c € N.

Example 2.1.3. Let N={0,1,2,3} be a near ring with two operations (+)
and (.) defined in Table 2.1 and let the ideals are 1,={0,2} and 1,={0,1}.
So we can see that I, is c-equiprime ideal and I, is not c-equiprime ideal,
since3.1-32=1€l,but1-2=3¢1,,

(as an example, see Table 3-Ain A.1.3)
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Chapter 2. Completely Equiprime Graph

TABLE 2.1.Multiplication and addition table of a near ring N={0,1,2,3}
1 2 3 : 0 1 2 3

+

w| N k| O O

2
3
0
1

Ol | NN W

0 0 0
0 0 1
2 2 2
2 2 3

w| N k| O
w| N | O

1
0
3
2

w| N | O

and the a graph of CEQ?(N) and CEQ(N) for the ideals I,={0,2} and
[,={0,1} for all aeN which are illustrate in Fig2.1 and Fig2.2

respectively

NERAEY

CEQ'(N) CEQ'(N) CEQY(N) CEQ( ’V CEQ,(N)

Figure 2.1. CEQ*<N(N) and CEQ;, (N)

N ANKK

CEQ'(N CEQL(N

Figure 2.2. CEQ*<N(N) and CEQ,, (N)
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Chapter 2. Completely Equiprime Graph

Remark 2.1.4. Note that: V(CEQ?(N)) = V(CEQ;(N)) = N.

Proposition 2.1.5. Let I be an ideal of N then:

1- CEQ;(N) is a simple graph.

2- CEQ;(N) is a finite graph.

3- The degree of all vertices in CEQ;(N) is finite.

Proof.

1- As CEQ;(N) has neither multiple edges nor self-loops so that it is
simple graph since all vertices are adjacent in CEQ;(N) are distinct.

2- As V(CEQ;(N)) = N for any ideals of N (finite near ring).

Thus, V(CEQ;(N)) is finite and by (1) as CEQ;(N) is a simple graph
which means it has no multiple edges. Therefore, E(CEQ;(N)) is finite.
Thus, CEQ;(N) is a finite graph.

3- From (2) it is easy to see that the degree of all vertices CEQ;(N) is
finite. [

Proposition 2.1.6. Let the ideals Ic ] of N, then CEQ;(N) € CEQ;(N).

Proof. As V(CEQ;(N)) = N = V(CEQ;(N)) for any ideals of

N .Now, let the edge axeE(CEQ;(N)), then axe E(CEQ?(N)) or
axeE(CEQ¥*(N)). Without loss of generality, let axe E(CEQ?(N)),
then a.x — a.0€l, as Ic], then ax-a0eJ, so that a is adjacent to

(x — 0) in CEQ;(N), then axe E(CEQ;(N)). So that,

CEQ;(N) € CEQ;(N). [
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Proposition 2.1.7. Let I be an ideal of N then CEQ;(N) < CEQq1y(N).

Proof. As I c rad(I), and from Proposition (2.1.6), thus
CEQ{(N) c CEQragy(N). [

Example 2.1.8. If 1={0} be an ideal of a ring of integer module 4, then

rad(1)={0,2}, and so that CEQ;(N) < CEQyaq¢;)(N)(see Table 10-Ain
A.1.10)

0 1 0 1 0 1 0
0 0 0 0
3 2 3 7 3 2 3

CEQ'() CEQ'(N) CEQHN) CEQ(N) CEQ/(N)

—_
[
—_

Figure 2.3. CEQ;(N)

0 1 0 1 0 1 0 1 0 1

Y —0 0 0 0

0 0 0 —

3 2 3 2 3 2 3 2 3 2
CEQ'(N) CEQ'(N) CEQHN) CEG'N) CEQuu(N)

Figure 2.4.CEQaqry(N)
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Theorem 2.1.9. Let | be an ideal of a commutative zero symmetric near
ring N if a,berad(l) then a and b are adjacent in CEQ;(N).

Proof. If I=N, then is complete the required.

Suppose Ic N, so that it is enough to show that a.b-a.0<l.

Let ac| and b=a.x for some xeN, then a.b=a.xel, since a’c| for least
positive integer (n > 2) and | is a right ideal of N, therefore a.b-a.0<l,

from this we get a is adjacent to b in CEQ;(N). [

Proposition 2.1.10. Let I be a c-equiprime ideal of N
then UaEI CEQa(N) == CEQI(N)

Proof. If I = N, then is complete the required.

If the ideal =N, as V(CEQ;(N)) = V(U,e CEQ*(N)) = N, and

from Proposition(2.1.6) as IcN, then for each ac I, therefore

E(Uae1 CEQ*(N))< E(CEQ;(N)),

Now, to show that E(CEQ;(N))< E(U,¢; CEQ?(N) there are four cases as
follows:

Case 1:

Leta,xeN with axe E(CEQ;(N))=E( U,en CEQ3(N)),

then axeE(CEQ?(N)) or axeE(CEQ*(N)), without loss of generality let
axeE(CEQ*(N)),then a.x —a.0¢€l, sincel is a c-equiprime ideal, then
(x—0)elsothat xe [and ax €E(U,¢; CEQ?(N)).

so that, E(CEQ;(N))< E(Uaer CEQ*(N),

then E(CEQ;(N))=E( U1 CEQ*(N)),

so that U,¢; CEQ?(N) = CEQ;(N).
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Case 2:

Let a,xeN\I with aXxeE(CEQ;(N))=E( Uaeny CEQ*(N)),

then axeE(CEQ?(N)) or axeE(CEQ*(N))

Without loss of generality, let axe E(CEQ?(N)), then a.x —a.0¢€l . Since
I is a c-equiprime ideal, then (x —0)e I so that xel, a contradiction as
xeN\L

Case 3:

Let ael and xeN\l withaxeE(CEQ;(N))=E( U,¢; CEQ?(N)), similarly
case(1) and case(2), therefore xel ,a contradiction.

Case 4:

Let ael and xel with axeE(CEQ;(N))=E( U,¢; CEQ?(N)), then same
case(1) we get E(CEQ;(N))< E(Uaer CEQ*(N),

then E(CEQ;(N))=E( Uae1 CEQ*(N)),

therefore, U,e; CEQ*(N) = CEQ;(N). [J

Example 2.1.11. From Example (2.1.3), as 1={0,2} is c-equiprime ideal
of N and CEQ®(N) U CEQ?*(N) = CEQ;(N) = Uaen CEQ3(N).

Remark 2.1.12. If there exists x, yeN\I are not independent vertices
thus U,e; CEQ?(N) # CEQ;(N).

Example 2.1.13. Let the ideal 1={0,4} of ring of integer modulo 8, for 2

and 6eN\I, we can see that 2 is adjacent to 6(as an example, see Fig 2.5.)
then U,¢; CEQ?(N) # CEQ;(N)
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1

/[.,
5 6

~eo
0
we
) N
~0

@ [ ] @ @
1 2 3 4 5 6 7 0 2 3 4 0 1 3 4 5 6 0 1. 2 2% ¢°9Y
CEQY(N) CEQYN) CEQ*(N) CEQ(N)
4 5 6 7
/\ oo /\ oo /\ o
01 2 3 5 6 7 o 1 2 3 4 6 7 0] ? 2 3 4 5 7 0 ? 2 g 4 3 6
CEQYN) CEQ*(N) CEQS(N) CEQ(N)

Figure 2.5. CEQ*<N(N) and CEQj=(g 4;(N) of Zg

Proposition 2.1.14. Let I be an ideal of N then

1-deg (a) =A(CEQ;(N)) = n —1 V ael where [N| = n.

2-1 is a vertex cover of CEQ;(N), whenever the vertices in N\I are
independent vertices.

3-For every ael in CEQ?(N) is a star graph.

4-In general y(CEQ;(N))=1.

Proof.

1-Leta €I, thena.x € [forx € Nand a.0 € I, then
a.(x+0)-a.0=a.x-a.0€l, so that a is adjacent to (x — 0) in CEQ;(N). Thus,
there exists an edge between a and all vertices of N.Thus, the maximum
degree for completely equiprime graph((CEQ;(N)) is equal to the
degree of an elements of I, then deg(a)=A(CEQ;(N))=n-1, for all acl
and not equal to n since CEQ;(N) is a simple graph.

2,3-Directly from(2).

4-Directly from (3). [
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Proposition 2.1.15. Let I be an ideal of N, then in CEQ;(N) the
following are equivalent:

1-Connected

2-diam(CEQ;(N)) < 2.

Proof. Directly from Proposition(2.1.14). []

Theorem 2.1.16. Let I be a c-equiprime ideal of N, then edge covering
E(CEQ3€!(N)) of CEQ,(N) is a minimal edge covering if and only if
diam(CEQ3<!(N)) < 2.

Proof. Let edge covering E(CEQ3€!(N)) of CEQ,(N)

as CEQ2<!(N) is star graph of rootaand A(a) =n — 1 V ae I by
Proposition(2.1.14), then its connected to all vertices of CEQ3€!(N) so
that diam(CEQ?<!(N)) < 2 for any different connected vertices in
CEQ2<I(N).

Conversely, assume that diam(CEQ3<!(N)) < 2, in this case it has
components is isomorphic to spanning star graph (as an example, see

Fig 2.6.), so that it will not remain an edge cover for CEQ;(N) when
remove more one edge, in above components, so E(CEQ®€!(N)) will be a

minimal edge covering for CEQ;(N). [l

Figure 2.6. Different components of edge cover
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Remark 2.1.17. In general E(CEQ3<N\(N)) is not edge covering of
CEQ;(N), for example see Fig2.1, except whenever,CEQ;(N) is complete
graph.

Theorem 2.1.18. Let | be a c-semi prime ideal of N. Then, I is

c-equiprime ideal whenever the vertices in N\I are independent vertices in
CEQ;(N).

Proof.

If I =N, then the required is completed .

If IcN, let aecN\l and a.b-a.del for b,deN .

Then a is adjacent to (b-d), and a#(b-d) from definition of vertices of
CEQ;(N), now we have the cases:

Casel:

If a=0, then ael, a contradiction as | is c-semiprime ideal and
aeN\l.

Case2:

If b-d=0, then (b-d)<l, so that | is a c-equiprime ideals of N.
Case3:

Ifa+ 0 #* b —dgl, therefore acN\I and b-deN\I, which a
contradiction with the assumption as the vertices in N\l are

independent vertices . [

Theorem 2.1.19. Let I be an ideal of N, then I is a clique in CEQ;(N).

Proof. If I = N, then CEQ;(N) is a complete graph so that the
element of I represent of a clique in CEQ;(N).
IfIcN and a€l, thena.be [ for beN, thusa.b —a.0e I.
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Therefore, ais adjacentto (b — 0) for beN, so that ac I is adjacent to all
vertices in CEQ;(N), then I is a complete induced subgraph of CEQ;(N).
Thus, I'is a clique of CEQ;(N). [

Example 2.1.20. Let us consider the ring of integer modulo 8 and
1={0,2,4,6} be an ideal of Zg and it is a clique (complete subgraph) of
CEQ;(N)

AN AN AN A

2345670234 6 7 13 4 5 6 7

CEQ"(N CEQ'(N CEQY(N CEQ'(N)
%\ %\ 0 %\ m
3 5 6 7 6 7 0 1 2 3 4 5 7
CEQ'(N CEQ*(N) CEQ*(N) CEQ'(N)

Figure 2.7.CEQ*<N(N) and CEQj=(g2,4,6; (N) of Zg

Remark 2.1.21.
1-The clique number of CEQ;(N) is <I>+1, whenever |I|> 3, in Example
(2.1.20) the clique number of the ideal 1={0,2,4,6} inZgis 5.

2-There is a finite numbers of a clique in CEQ;(N).
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Proposition 2.1.22. Let I be a proper ideal of N, with |[N|> 4, then in
CEQ;(N) the following are equivalent:

1-Connected

2-Contains a cyclic

3-The girth (CEQ;(N)) <4.

Proof.

1=2 let CEQ;(N) is connected.

Now, let ae I is adjacent to x and y, for x,yeN

Thus, a is adjacent to (x — 0)and (y — 0).

Thena.x —a.0e Ianda.y — a.0e I so that axeE(CEQ?(N) and
ayeE(CEQ?(N), so that axeE(CEQ;(N)) and ay<E(CEQ;(N))
then we get the path x —a — y . Thus, there are two cases as follows.
Case 1:

If x is adjacent to y, then x.y —x.0€ 1. That mean XyeE(CEQ;(N)),
then we get the path x —a — y — x is a cyclic of length=3.

Case 2:

If x is not adjacent to y, Then suppose there exists zeN such that:
Subcase 1:

If z is adjacent to x and y, therefore z is adjacent to (x — 0) and (y — 0),
thenz.x —z.0e I and z.y-z.0e I so that zxe E(CEQ*(N)) and
Zy<E(CEQ*(N))

then we get the path x —a — y — z — x is a cyclic of length=4 .

Subcase 2:

If zisadjacentto x ory, thenz.x —z.0e lorz.y — z.0e L.
Therefore zxeE( CEQ;(N)) or zyeE(CEQ;(N)) and z0<E(CEQ,(N))
and since already azeE(CEQ;(N))

then we get the pathx —a —z —xory —a — z — y is cyclic of length=3.
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Subcase 3:

If z is not adjacent to x and y, then we get the paths x-a-y or x-a-z or
y-a-z is not a cyclic.

Repeat the same steps with other vertices .

2=3 Directly from(2) it is clear that girth( CEQ;(N)) < 4.

3=1 Straightforward. []

Proposition 2.1.23. Let | be a proper c-equiprime ideal of N. Then in

CEQ;(N) the vertices in N\l are independent vertices.

Proof. Let a,xeN\l are adjacent, then axeE(CEQ;(N)).

Therefore axeE(CEQ?(N)) or axeE(CEQ*(N)).

Without loss of generality, let axe E(CEQ?(N)). Then, a.x —a.0el since
[ is a c-equiprime ideal, then (x — 0) e I so that xel which is a
contradiction as xeN\L.

Similarly, if x.a-x.0el , we get a<l, a contradiction, so that every vertices

in N\I which are independent vertices. []

Proposition 2.1.24. Let I be a proper c-equiprime ideal of N, then
CEQ;(N\D) is a null graph.

Proof. Let the ideal | be a c-equiprime ideal with aeN\I such
that axe E(CEQ;(N\I)) or xacE(CEQ;(N\I)) for a,xeN\I. Then,
for every a, xeN\I are independent vertices, therefore,

a.x —a.0el orx.a—x.0e Isince | is c-equiprime ideal so that
acl or xel. This is a contradiction with the assumption. Then,

a and x are not adjacent. Hence, no edges in CEQ;(N\I).
Therefore , CEQ;(N\I) is a null graph. [I
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Example 2.1.25. In Example(2.1.3). The ideal I ={0,2} is c-equiprime
ideal of N. We can see that CEQ;(N\I) is a null graph(see Table 3-A in
A.1.3).

Remark 2.1.26. The ideal [={0,4} of ring of integer modulo 8 be a not
c-equiprime ideal, and for 2 and 6eN\I. We can see that 2 is adjacent to
6 (see Fig 2.5). Thus, CEQ;(N\I) is disconnected graph.

Proposition 2.1.27. The ideal I be a c-prime ideal of a zero symmetric

N define on CEQ;(N) if and only if is a c-equiprime ideal.

Proof. Let the ideal I be a c-prime ideal and aeN\I is adjacent to
(x-y), for all x,yeN, then a.x-a.ye | or (x-y).a-(x-y).0<l, thus

(x —y).ae I (since N is zero symmetric),

since I is c-prime ideal. So that acl or (x-y)el, then (x-y)el (asaeN\ I)
Thus, I is c-equiprime ideal.

Conversely, suppose that ac I is adjacent to (x — 0). Then,

a.x-a.0e | or (x-0).a-(x-0).0el, then (x-0).a€ |

(since N is zero symmetric ), therefore (x — 0)e I (as I is c-equiprime
ideal ), then xe I (as I is a subnear ring), therefore, I is c-prime ideal as

ael. [

Example 2.1.28. Let N={0,1,2,3,3,b,c,d} be a near ring defined in Table
2.2 and let the ideal 1={0,2,c,d} be a c-prime ideal definining on CEQ;(N)
if and only if the ideal Iisa c-equiprime ideal of N (see Table 4-A in
A.1.4)
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TABLE 2. 2 Multiplication and Addition table of N={0,1,2,3,a,b,c,d}

+/0|1(2|3|a|bjc|d . 10|12 |3 |a|bj|c|d
0/0|1|2|3|a|bjc|d 0/0j0|0O]|O0O|O|O|O]|O
1112 |3|0|djc|a]|b 1101|213 |a|b|c|d
212|301 |bja|d]|c 2/0/2|0]2|0(|2|0]|2
313/0(1|2|c|d|b|a 3/0(3|2|1|bjajc|d
ala|d|b|fc|2|0|1]3 a|0la|2|bja|bjc|d
b|bjc|a|d|0]|2]|3 |1 b|0|b|2|a|bja|c|d
c|cla|ld|b|1]|3]0]2 c|0fc|0|c |0 |c|0]|cC
d|d|b|c|a|3|1|2]|0 d|{0|d|0|d|2|2|0]|0
mAmm

CEQ'(N) CEQ(N) CEQHN

CEQ'(N) LQ*’ (V) (E(} CEQ'(N)

Figure 2.8. CEQ*<N(N) and CEQ1={0,2,c,d} (N)

Remark 2.1.29. If N is not a zero symmetric near ring, so that

Proposition( 2.1.27) does not work, see Example(2.1.30).

36



Chapter 2. Completely Equiprime Graph

Example 2.1.30. Let N={0,1,2,3,4,5} be a near ring defined in Table 2.3
and let the ideal 1={0,3,4} be a c-prime ideal definining on CEQ;(N) but
Is not c-equiprime ideal of N(see Table 5-A in A.1.5)

TABLE 2. 3 Multiplication and Addition table of N={0,1,2,3,4,5}

+ |0 |1 |2 |3 (4 |5 .10 |1 (2 |3 |4 |5
o (0 |1 |2 |3 |4 |5 o (0 |0 |0 |O (O |O
1 /1 (0 (3 |2 |5 |4 1 /1 /1 (1 |1 |1 |1
2 |2 |4 |0 |5 |1 |3 2 |1 |1 |1 |2 |1 |2
3 |3 |5 |1 |4 |0 |2 3 |0 |0 |0 |3 [0 |3
4 14 12 |5 |0 |3 |1 4 (0 |0 |0 |4 |0 |4
5 |5 |3 |4 |1 (2 |0 5 (1 |1 |1 |5 |1 |5

M 4

172 3 4 5 0 2 34 5 01 3 4 5
CEQ"(N) CEQ'(N CEQ*(N

/N

01 2 4 5 01 2 3 5 01234
CEQ(N) CEQ'(N CEQ*(N

Figure 2.9. CEQ*N(N) and CEQ;_(0,3,4} (N)
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Proposition 2.1.31. LetI be a c-prime ideal of a zero symmetric near
ring N and is defined on CEQ;(N), if I is IFP then the ideal I is 3-prime

ideal.

Proof. Letae I is adjacent to (x — 0). Then, a.x —a.0e I (since
N is a zero symmetric near ring), so that a.xe I, then
a.n.xe I VneN (since I is [FP), so that, a.N.xc I, then T is

3-prime ideal as acl. []

Example 2.1.32. Let N={0,1,2,3,4,5} be a near ring defined in Table 2.4
and let the ideal 1={0,3} be a c-prime ideal and IFP, then | is a 3-prime
ideal of N(see Table 6-A in A.1.6)

TABLE 2.4 Multiplication and Addition table of N={0,1,2,3,4,5}

+ |0 |1 |2 |3 [4 |5 .10 |1 (2 |3 |4 |5
O (0 |1 |2 |3 |4 |5 o (0 |0 |0 |O (O |O
1 11 |2 |3 (4 |5 |0 1 |0 |5 (1 |0 |5 |1
2 |2 |3 |4 |5 |0 |1 2 |0 |4 |2 |0 |4 |2
3 |3 |4 |5 |0 |1 |2 3 |0 |3 |3 |0 (3 |3
4 14 |5 |0 |1 |2 |3 4 |0 |2 |4 |0 |2 |4
5 |5 |0 |1 |2 |3 |4 5 |0 |1 |5 |0 |1 |5
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0 1 2
() @ @0
12 3 45 0 2 34 5 01 3 45
CEQ"(N) CEQ'(N) CEQ*(N)
3 4 5
(ONNC ] ) e o Q@
01 2 4 5 01 2 3 5 0 1 2 3 4
CEQY(N) CEQ'(N) CEQ'(N)

Figure 2.10. CEQ*“N(N) and CEQ;=(o,33 (N)

Proposition 2.1.33. Let I be an ideal of N, then CEQ;(N\I) < CEQ;(N).

Proof. If 1=N, then CEQ;(N\]I) is not a graph.
Let I N, since N\I < N, then by proposition (2.1.6),
CEQ;(N\I) < CEQ;(N). [J

Theorem 2.1.34. Let I be a c-equiprime ideal of a zero symmetric near
ring N with x,yeN be an adjacent in CEQ;(N) then:

1-Ifx.yel theny.xe L.

2-If x.yel and neN then x.n.yel (IFP).

3-If x.yel and neN then y.n.xel (totally reflexive).

Proof. If I = N, then the required is completed.
Suppose that IcN:
1- as x.yel then x.y-x.0€l and y is adjacent to x then yxe E( CEQ;(N))

theny.x —y.0€l, therefore y.x —y.0 =i, for somei,el,
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so that y.x =i, +y.0 (as N is zero symmetric near ring, then y.0=0),
therefore y.xe L.

2- If xel then x.nel for neN then x.n.yel as | is right ideal. Similarly, if
yelthen x.n.yel.

3- Same proof(2). LI

Example 2.1.35. For Example on Theorem(2.1.34), the ideal 1={0,2,c,d}
in Example(2.1.28).

Theorem 2.1.36. Let I be a c-equiprime ideal of a right (or left)
permutable N and a, beN be an adjacent in CEQ;(N), if a.b=0 then

a.n.b=0 for every neN.

Proof. Let a is adjacent to b in CEQ(N), then a.b-a.0«<l.
So that a.b-a.0=i, fori, €l ,then 0-0=i; = 0 (as a.b=0 and a.0=0),
as a.b-a.0=i, , then a.b.n-a.0.n=i,.n (as a.0.n=0 and i;.n = 0),

thus a.b.n-0=0, so that a.b.n=0, then a.n.b=0 (as N is right permutable). [

Example 2.1.37. For example on Theorem (2.1.36). The ideal
1={0,2,4,6} in Example(2.1.20).

Proposition 2.1.38. Let | be an ideal of N if CEQ;(N) is a complete

graph. Then, I is not c-equiprime ideal of N.
Proof. Let CEQ;(N)is complete graph , and | is c-equiprime ideal with

aeN\I is adjacent to xeN\I, then a.x-a.0€l, so that a€ | or x-0 €l,

a contradiction, then I is not c-equiprime ideal on N. [
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Remark 2.1.39. Opposite the Proposition (2.1.38), does not work.

Example 2.1.40. In Example(2.1.32). The ideal 1={0,3} is not

c-equiprime ideal and we can see that CEQ;(N)is not a complete graph.

Definition 2.1.41. Let I be a proper ideal of N, define the zero divisor of
(N:1) as V ze(N: 1), 3 bel such that z.bel as zero divisor of N with

respect to an ideal.

Theorem 2.1.42. Let {0} be a proper ideal of a commutative zero
symmetric near ring N, if x and y are adjacent in CEQ;(N), then xe(N:1)

or ye(N:I).

Proof. Let Xy € E(CEQ;(N)), then x.y-x.0el and so that x.yel as N isa
zero symmetric near ring. Now if y 1 then we get xe(N:1) and similarly

iIf xezl, then ye(N:1). []
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2.2. Uniquely Colorable Completely Equiprime Graph

This section deals with coloring vertices of completely equiprime
graph with the least number possible. It also studies a uniquely colorable

and its relationship with a chromatic number.

Theorem 2.2.1. Let | be an ideal of N then

x(CEQ(N)) = {llill—ll—finzlfl\i L N} , whenever meZ* is the number of
vertices in a clique number in N\I.

Proof. There are two cases that depend on the ideal I of N as follows:
Casel:

If I = N, then the graph CEQ;(N) is complete and x(CEQ;(N)) = |1|.
Case2:

IfI # N ,as I is an ideal then is a clique (by Theorem(2.1.19) )

Then x((I)) = [I].

There is a vertex xe (N\I), since I is an ideal of N and each vertex

xe (N\I) is adjacent to all vertices of (I).Thus, the induced subgraph
((I) U {x}) is the complete of order |I| + 1, so

%(CEQ{(N))=y ((IN+1=]I]+1 ( as an example, see Fig 2.11(A)).

Now, suppose that the cligue number in N\I of order is m; therefore, it
must be added m different colors from the colors of (I),thus
%(CEQ;(N)) = x({I)) + m = [I| + m (as an example, see Fig 2.11(B)
and (C)). [
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Example 2.2.2. In Example (2.1.28). The ideal 1={0,2,c,d} be an ideal of
N and is a complete subgraph(clique). Then, y(CEQ;(N))=|l|+1=4+1=5
(as an example, see Fig 2.11(A)) and the ideal 1={0,4} in Example
(2.1.13), the v (CEQ;(N))=|I|+2=2+2=4(as an example, see Fig 2.11(B)),
while the ideal 1={0,3,4}in Example (2.1.30), the

v (CEQ;(N))=|l|+2=3+3=6 (as an example, see Fig 2.11(C))

B B

Figure 2.11. Different colors of CEQ;(N)

Corollary 2.2.3. Let I be a proper c-equiprime ideal of N, then
X(CEQ{(N\D)) = 1.

Proof. As CEQ;(N\I)) is a null graph, by Proposition (2.1.24),
then x(CEQ;(N\I)) = 1. [

Corollary 2.2.4. Let I={0} be an ideal of N, then x(CEQ;(N)) = 2 if
and only if CEQ;(N) does not have a triangle.

43



Chapter 2. Completely Equiprime Graph

Proof. Let y(CEQ;(N)) = 2 then for O I is adjacent to x and y,
whenever x,yeN. If x and y are adjacent vertices ,then it is made
a complete graph of order three ( triangle), thus y(CEQ;(N)) > 2
and this is a contradiction with a hypothesis. Therefore, the graph
CEQ;(N) does not have a triangle.

Conversely, If the graph CEQ;(N) does not have a triangle, thus
CEQ;(N) is equal to star graph. That means it is equal to

a complete bipartite graph K; ,_;.

Thus, x(CEQ{(N)) = %(Kyn-1) = 2. ©

Example 2.2.5. Let the ideal I={0} be an ideal of ring of integer
modulo 4, then X(CEQI(N))=2, (as an example, see Fig 2.12)

Figure 2.12. chromatic of CEQ;(N)

Proposition 2.2.6. Let I#£{0} be a proper ideal of N then
2<X(CEQI(N))< IN|, whenever CEQ;(N) is not a complete graph.

Proof. Let the proper ideal I of N, then the set | contains at least

one non zero element, say a that means the cardinal number of the
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set | is greater than one element. Moreover, there is at least one non
zero element belongs to the set N\I, say b, since | is a proper ideal
of N. In the graph CEQ;(N), the induced subgraph (I) is complete
by Theorem(2.1.19), so the vertex of zero labeled is adjacent to the
vertex of labeled a. Also, the two vertices of labeled a and zero are
adjacent to the vertex of labeled b according to Proposition(2.1.24).
Thus, the vertices of labeled {0, a, b} constitute a complete graph of

order three, so X(CEQI(N)) > 2. One can easily conclude that the
upper bound. [J

Proposition 2.2.7. Let I be a proper ideal of N then y ( CEQ3<N(N ))=2.

Proof. For aeN is a root of a star in CEQ2<N(N) and
CEQ*<N(N) = By ,_; ,where [N| = n, then
% (CEQ*<N(N)) = x(Byn_1) = 2 (by definition of c-equiprime graph). [

Proposition 2.2.8. Let | be an ideal of N then ¢ (CEQ?<N(N)) < (CEQ;(N)).
Proof. As V(CEQ3(N)) = V(CEQ,(N)) = |NJ.

Since by the definition of CEQ?(N), the graph CEQ;(N) contains a graph
CEQ?(N) as a subgraph and may be another edges. Thus,

1(CEQ*(N)) < x(CEQi(N)). C
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Proposition 2.2.9. Let1#{0} be a proper ideal of N if
%(CEQ;(N))= 3 with [N| > 4 then CEQ;(N) contains at least two

clique of order three.

Proof. Let1={0,a} be a proper ideal and |N|= 4 with 3 (CEQ;(N))> 3,
then, by Theorem( 2.1.19), the vertices 0 and a is adjacent in I and are
adjacent to x and y, for x,yeN, then {0,a} with x is a clique of order three

and similar with y. [

Observation 2.2.10. Let [ be an ideal of N then:

1- x(CEQ;(N\D) < x( CEQ{(N))

2- x( CEQi(N\{x})) = x(CEQ;(N)), for xeN

3- x(CEQI(N)\{Xy}) = x( CEQ;(N)), for x,yeN and
xy € E(CEQ;(N)).

Proposition 2.2.11. LetIbe a proper c — equiprime ideal of N
then x( CEQ;(N)) < A(CEQ;(N)), whenever CEQ;(N) is not a

complete graph.

Proof. For [N| = n and A(CEQ;(N)) = n — 1 ,by Proposition (2.1.14),
then y (CEQ;(N)) < A(CEQ;(N)). [J

Proposition 2.2.12. LetIbe an ideal of N then CEQ;(N) is
complete if and only if x(CEQ;(N)) = A(CEQ;(N)) + 1.
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Proof. Suppose CEQ;(N) is complete, then 3 (CEQ;(N))=|N|=n,
since A(CEQ;(N)) = n — 1, by Proposition (2.1.14), we get
1(CEQi(N)) = A(CEQ;(N)) + 1

Conversely, same manner. [

Theorem 2.2.13. LetIbe an ideal of N then CEQ;(N) is uniquely
colorable whenever for every x, yeN\I are independent vertices or

(N\I) is a clique.

Proof. Let p be a chromatic partition of CEQ;(N)

as I is a clique, so that for all a;€l,i = 1,2, ...,n (index — n)

P ={{a;}} = {{a1}, {az}, ... ... ,{a,}} whenever {a;} is singleton and
disjoint sets. Suppose the vertices, x,yeN\I

Case 1: Then, the set N\I is an independent by assumption, so each
vertex in the induced subgraph [(N\I)] is belonging in the same set in the
chromatic partition, so that

P= {{ai}, {x, y}} = {{al}, {a,}, ... ... J{ag} {x, y}},v i={1,2,.....n}

Then CEQ;(N) is uniquely colorable .

Case 2: If x and y are adjacent as (N\I) is a clique , so each vertex in the
induced subgraph [(N\I)] is belonging in the different set in the
chromatic partition, P = {{a;}, {x}, {y}}V {i=1,2,....,n}

Then CEQ;(N) is uniquely colorable. []

Example 2.2.14. In Example (2.1.28). The ideal I={0,2,c,d} be an
ideal of CEQ;(N) and a chromatic partition is

p={{0}.{2}.{c} {d}.{1.3.ab}},

so we can see that CEQ;(N) is uniquely colorable.
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Corollary 2.2.15. LetIbe a proper c — equiprime ideal of N then
CEQ;(N\D) is uniquely colorable.

Proof. As CEQ;(N\ID) is a null graph, by Proposition(2.1.24).
Then, CEQ;(N\I) is uniquely colorable. [

Corollary 2.2.16. Let I be an ideal of N then CEQ?<!(N) is uniquely

colorable.

Proof. From the Proposition (2.1.14), the CEQ¥<!(N)=S,, and the star
graph S,, is uniquely colorable. Then CEQ®<!(N) is uniquely colorable. [J

Theorem 2.2.17. Let | be an ideal of N then CEQ;(N) is not uniquely
colorable if there exists a vertex that is adjacent to independent vertices,

contains all in N\I.

Proof. Let p be a chromatic partition of CEQ;(N),

as | is a clique, so that for all a;el,i = 1,2, ...,n (index — n)

{a;} are singleton and disjoint sets in the chromatic partition.

Now, for x, yeN\I is independent, if z is adjacent to x or y ,with ze N\I
Then, z.x —z.0el or z.y — z.o€l, so that zx eE(CEQ*(N)) or
zyeE(CEQ#(N)). It means that zx € E(CEQ;(N)) or zy € E(CEQ;(N)),
without a loss of generality, let zx € E(CEQ;(N))

Then, P, = {{a;}, {z,y}, (x}} and P, = {{a;}, {x,}, {z}}(see Fig2.13).
Thus CEQ;(N) is not uniquely colorable. [
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Example 2.2.18. Let the ideal I={0,4,8} be an ideal of ring of integer
modulo 12, and 2 is adjacent to 6 and 10 , where 2,6 and 10 is a clique
(see Fig 2.13, so that a chromatic partition is
p.={{0}.{4}.{8}.{1.2,3,5,7,9,11},{6}.{10}},
p.={{0}{4}.{8}{1.3,5,6,7,9,11}{2}.{10}},
ps={{0}{4}.{8}.{1.3,5,7,9,10,11},{2},{6}}

(as an example, see Fig 2.14), so that CEQ;(N) is not uniquely colorable.

0 1 9 3

12 34 567 891901
CEQ(N)

4

012356789101
CEQ'(N)
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10 1
m 0000000b00 dodooooobdboo Goo0odoo0obdoo
1234567811 01223465 01234567809

0123 456 79101 0 4
CEQY() CEQ'(N)

CEQ/(N)

Figure 2.13. CEQ;(N) of ring of integer modulo 12

chromatic partition py of CEQy(N) chromatic partition py of CEQy(N)
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chromatic partition pg of CEQ(N)

Figure 2.14. Different chromatic partition of CEQ;(N)

Proposition 2.2.19. Let the ideal I = N, then CEQ;(N) is uniquely

colorable.

Proof. AsI = N then CEQ;(N) is a complete graph,
Let p be a chromatic partition of CEQ;(N).

Thus, to all x;eN,i = 1,2, ...n(index-n) are adjacent,
Then, p = {{Xi}} = {{xl}, {x,}, ...,{Xn}},Vi =1,2,..n.
Thus, CEQ;(N) is uniquely colorable. [

Proposition 2.2.20. LetIbe an ideal of N if CEQ;(N) is uniquely
colorable and |p| = k then x(CEQ;(N)) = k.

Proof. We color partitions sets of chromatic partition p by the same

color. We color the partition {p;} and the partition {p;} of p by different
colors fori # jas |p| =k, itisa coloring of CEQ;(N) by k- colors, thus
%(CEQ(N)) =k. [0
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Example 2.2.21. In Example(2.1.28). The 1={0,2,c,d} be an ideal of
CEQ;(N) and a chromatic partition is p={{0},{2},{c}{d}{1,3,a,b}}, so
that |p| = 5 and CEQ;(N) is uniquely colorable,

thus y (CEQ;(N)) = 5.

Proposition 2.2.22. Let the ideals 1and ] of N such that Ic ] if CEQ;(N)
is uniquely colorable then CEQ;(N) is uniquely colorable.

Proof. AsIc ] be anideals of N as | and J are a clique (by
Theorem(2.1.19)) , then < 1> c <J >, so that directly from

Theorem(2.2.13), we complete prove it. []

Example 2.2.23. Let N={0,1,2,3} be a near ring defined in
Table 2.5, and let [,={0,2} and 1,={0,1,2} be an ideals of N

TABLE 2.5 Multiplication and Addition table of N={0,1,2,3}

+ |0 |1 |2 |3 : o (1 |2 |3
o |0 |1 |2 |3 o (0 (0 |0 |O
1 1 |0 |3 |2 1 (0 |1 |0 |1
2 2 (3 |0 |1 2 |0 |0 |0 |0
3 |3 |2 1 1|0 3 (0 (1 |0 |1

As 1, € I, , then the chromatic partition

p1={{0}.{2}{1,3}} and p,={{0}.{1}{2}.{3}},
of CEQ;, (N)and CEQy, (N) respectively, are uniquely colorable(as an
example, see Fig 2.15).
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0 1 0 1 0 1 0 1 0 1
0
3 2 3 2 3 2 3 2 3 2

CEQ'(N) CEQ'(N) CEQ(N) CEQ(N) CEQy(N)
0 1 0 1 0 1 0 1 0 1
3 2 3 2 3 ? 3 7 3 )
CEQ(N) CEQ(N) CEQ(N) CEQ(N) CEQyN)

Figure 2.15. Uniquely colorable of CEQ;(N)

Remark 2.2.24. Opposite of Proposition( 2.2.22) is not always

successive.

Example 2.2.25. The ideals I;={0} and 1,={0,3,6} in the Z,, the
graph CEQy, (N) is not uniquely colorable while CEQ;,(N) is uniquely

colorable, since
p,={{0},{1,2,3,4,5,7,8},{6}} and p,={{0}.,{1,2,4,5,6,7,8},{3}} for the
ideal I, and the p={{0},{{3}.{6}.{1,2,4,5,7,8}} for the ideal I,.
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Figure 2.16. Uniquely and not uniquely colorable of CEQ;(N)

54



Chapter Three

Weakly Completely
Prime Graph

and

Almost Prime Graphs



Chapter 3. Weakly Completely Prime Graph and Almost Prime Graphs

3. Introduction

In this chapter, we research algebraic graph theory on a new type
of graphs. This chapter consists of three sections. In the first section, the
define a new type of ideals near ring, the second section define the
weakly completely prime graph of a near ring, with study of several
properties and relations for this graph, with another graphs like
CEQ;(N),I'(N) and PG(N). In the third section, study another new types
of graphs are almost 1-prime graph of N and almost 2-prime graph of N
with study several properties and relations of this graph, with another
graphs like CEQ;(N) and W;(N).

The weakly completely prime graph(W;(N)), almost 1-prime
graph(AP_(N)) and almost 2-prime graph( TP, (N)) are work in semiring
also, with the same properties and relations which are calculated in near

ring .

3.1. Some new types of ideals near ring

This section introduce some new type of ideals with examples, which
Is weakly c-prime ideal and almost v-prime ideals (v=1,2) of a near ring.

We use the ideal L that is not idempotent ideal.

Definition 3.1.1. Let the ideal I # {0} of N.Then, it is called

a weakly c-prime ideal if 0 # a.bel,V a,beN then either acl or bel.

Definition 3.1.2. Let the ideal I # {0} of N . Then, it is called

a weakly c-semi prime ideal if 0# a.a€l, V aeN then a<l.
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Example 3.1.3. In Example(1.2.23). The ideals

1,={0,6} and 1,={0,2,6,7} are weakly c-prime ideals of N, while
[,={0,2} and 1;={0,2,6} are not weakly c-prime ideals. Since

7.4¢€l; but 7¢1; and 4¢I1,. Also, 7.5€l; but 7¢1; and 5¢15. All

ideals I, I,, I5 and I, are weakly c-semiprime ideals of N (see

Table 2-Ain A.1.2).

Note that, if I and K are weakly c-prime ideals of N, then I n K is not
necessary weakly c-prime ideals in general. Similarly, I U K is not valid

in general.

Proposition 3.1.4. Let I # {0} be a weakly c-prime ideal of N.Then,

rad(I) is a weakly c-prime ideal of N.

Proof. Let 0 #+ a.berad(l), for each a,beN.

Since,0 # (a.b)™ = a™. b"<l, for some n is a positive integer.
Then, a"el or b"el, sothataerad(l) or berad(l).

Then rad (1) is weakly c- prime ideal of N. []

Example 3.1.5. In Example(1.2.23), 1={0,6} is weakly c- prime ideal
of N. Then rad(1)={0,2,6,7} is also weakly c-prime ideal (see Table 2-A
in A.1.2).

Remark 3.1.6. The Converse of the Proposition (3.1.4) may not be true.

Example 3.1.7. In Example (1.2.23). The ideal 1={0,2} is not

weakly c- prime ideal of N, while rad(1)={0,2,6,7} is weakly c-prime
ideal(see Table 2-Ain A.1.2).
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Proposition 3.1.8. Let [ # {0} be a weakly c-semi prime ideal of N.

Then, rad(I) is weakly c-semi prime ideal of N.

Proof. Let 0 # a?crad(l), Va eN.
Since ,0 # (a®)" = (a)%el, for some n is a positive integer.
Then a1, so that aerad(l).

Then rad(1) is weakly c-semi prime ideal of N. [

Remark 3.1.9. The Converse of the Proposition (3.1.8) may not be true.

Example 3.1.10. The ideal 1={0,4,8}in the ring of integer module
12(Z;,) is not weakly c-semi prime ideal of N, while
rad(1)={0,2,4,6,8,10} is weakly c-semi prime ideal(see Table 14-A in
A.1.14).

Definition 3.1.11. Let the ideal L of N then is called:

1)-almost 1-prime ideal if a.beL\L?, V a,beN then either acL or
be L.

2)-almost 2-prime ideal if a.N.bc L\L?,V a,beN then either acL or
be L.

Definition 3.1.12. Let the ideal L of N then is called:

1)-almost 1-semi prime ideal if a.acL\L?, V aeN then acL.

2)-almost 2-semi prime ideal if a.N.ac L\L?,V aeN then acL.

Proposition 3.1.13. Let L be an ideal of N. Then, every c-prime ideal is

almost v-prime ideal(v = 1,2).

58



Chapter 3. Weakly Completely Prime Graph and Almost Prime Graphs

Proof. Let the ideal L be a c-prime ideal, then for a,beN,
let a.beL\L? then a.be L as acL or beL by our assumption.
Hence, L must be almost 1-prime ideal and similarly prove that L is

almost 2-prime ideal. []

Example 3.1.14. In ring of integer module 6(Z¢), L={0,2,4} is c-prime
ideal. Then it is almost v-prime ideal (v = 1,2)(see Table 11-Ain
A.1.11).

Remark 3.1.15.
1-The Converse of the Proposition (3.1.13) may be not true.

2- Any almost v-prime ideal (v=1,2) are not idempotent ideal.

Example 3.1.16. In Example (1.2.23). The ideal 1,={0,6} is almost v-prime
ideal (v=1,2) but it is not c-prime ideal, since 2.4 I, but 2¢ I, and 4¢ I,.
While 1,={0,2} and 15={0,2,6} are almost 2-prime ideal of N but are

neither almost 1-prime ideal of N nor c-prime ideal, and 1,={0,2,6,7} is
almost v-prime ideal (v=1,2) and c-prime ideal of N(see Table 2-A in
A.1.2).

Observation 3.1.17.

1- If I and K be almost v-prime ideal (v = 1,2) of N, then I n K is not
necessary almost v-prime ideal in general.

2- If 1 and K be a c-prime ideal of N, then I N K is not necessary c-prime

ideal. A Similarly, 1 U K for (1) and (2) are not valid in general.
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Example 3.1.18. In Example (1.2.8). The ideals 1,={0,2,5,7} and
1;={0,2,4,6} are almost v-prime ideal (v=1,2) as well as c-prime ideal
while the ideal I, N 13={0,2}is not almost 1-prime ideal and c-prime ideal
of N. Also, we can see that I, is ideal, while I,% ={0,5} is not ideal in
N(see Table 1-Ain A.1.1).

Theorem 3.1.19. Let L be an almost 1-prime ideal of N, if the element
z e(N:L):
1- Then z. Lcl?

2- The ideal L is a c-prime whenever is invertible ideal.

Proof.

1-Asz €e(N:L). Then IwglL >z. wel.

Casel: If zeL then z. Lcl?.

Case2: If zgL , since wgL and z.weL and L is almost 1-prime ideal, then
we get z.weglL? and zeL or wel a contradiction.

2-Let z.weL with wgL. Then, by(1), z. LcL?and as L is invertible , we

getz. L. L 1cl?. L1, so that zeL .Then, L is a c-prime ideal. [J

Example 3.1.20. In Example (1.2.8). The ideal L={0,2,5,7} is

almost 1-prime ideal and the zero divisors are 2,4,5,6 and 7 in N but in
(N:L) just 0,2,5,7, so that 0. Lc 1%, 2. Lc L?,5.Lc L? and 7. Lc L?(see
Table 1-Ain A.1.1).

Theorem 3.1.21. Let the IFP ideal L be an almost 2-prime ideal of N, if
the element ze(N: L):
1- Then z.n.Lcl? for all neN.

2- The ideal L is 3-prime whenever is invertible ideal.
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Proof.

1- Asz €(N:L). Then Iwg¢L >z wel.

Since L is IFP then z.n.we L for neN and zn.we L? as L is

almost 2-prime ideal of N.

Casel: Ifze L,soinanycase ifne LornglL,thenzne L(asLisa
right ideal), so that z.n.L c L2

Case2: If z¢ L, since wg L and z.n.we L and L is almost 2-prime ideal,
we get z.n.we L% and ze L or we L, a contradiction.

2- Let zn.we L with we L. Then by (1) we get zn.Lc L?and as L is
invertible ideal, so that z.ne L as L is a right ideal, then ze L. Therefore,

L is 3-prime ideal of N. [

Theorem 3.1.22. Let | be an ideal of a commutative near ring N, then
1-Ic rad(l)c< (N:1).

2-If (N:1) is an ideal then it is a c-prime ideal of N.

Proof.

1-Clearly Icrad(l), now suppose that xerad(l) and n be the least positive
integer (n>2) such that x"el, let X" ¢, then x.x""=x"cl, therefore x<(N:1),
then rad(l)c (N:I).

2-Let (N:1) be an ideal of N and a.be(N:1) for a,beN, then there is cgl
such that (a.b).cel, so that if :

Casel: b.cel then be(N:1).

Case2: b.cgl then ae(N:l).

Therefore (N:1) is a c-prime ideal of N. [
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Proposition 3.1.23. Let I be an ideal of N. Then, I is c-prime ideal if and
only if it is 2-prime ideal of N, whenever every elements in N are

idempotent elements.

Proof. Leta.bel, V a,beN
Then ael or belsince I is c-prime ideal.
Thus, a%l or b%€], as a,b are idempotent elements in N.

So that I is 2-prime ideal .conversely same manner. [

Definition 3.1.24. A subtractive ideal I of N is an ideal such that if
a,a + b el forabeN then be L.

Theorem 3.1.25. Let the subtractive a proper ideal I be a weakly c-prime
ideal of N and not idempotent.

1- If I is not c-prime ideal with u.v = 0 for some u, vgI, then u.l=1.u={0}.
2- If 1 is not almost 1-prime ideal, then 12 = 0.

3- If I is not almost 2-prime ideal, then 12 = 0, whenever I is IFP.

Proof.

1- Assume that u.1 # {0}, then for some a€l, u.a # 0 and 0#u.(vt+a)el.
As 1 is weakly c-prime ideal. Therefore, uel or v + a€l, then

uel orvel, a contradiction. Therefore u.I = 0 and in the same way,
show that I.u=0. Now, assume that, u.I#{0}, now to show that I is
c-prime ideal, let u.ael, then u.a#0 for all acl, as u.ael then 0u.ael,
since | is weakly c-prime ideal, therefore uel or ael. Then I is c-prime
ideal and in the same way to show that [.u#{0}.

2-Assume that , 12 # 0. We have to show that I is almost 1-prime ideal.

Let a.bel\I?, so that a.bel, whenever a,beN. Then
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Casel: Ifa.b # O then ael or bel as I is weakly c-prime ideal.

Case2: Suppose thata.b = 0, since I? # 0, let .b # 0, so there exist
uel, suchthatu.b # 0,sothat0 # u.b+ 0 =u.b+a.b = (u+a).bel.
Then (u+ a)elorbelaslis weakly c-prime ideal , so that acl or bel.

3- Same proof (2). [

Corollary 3.1.26. Let the subtractive a proper ideal I be a weakly c-semi
prime ideal of N and not idempotent. If

1-1 is not c-prime ideal with u? = 0 for some ugl.Then u.1 = L.u = {0}.
2-1 is not almost 1-semi prime ideal. Then 1?2 = 0.

3-1 is not almost 2-semi prime ideal. Then I? = 0, whenever I is IFP.

Proof. Directly from Theorem(3.1.25). [

Theorem 3.1.27. Let I be not idempotent ideal of N. If 2 # 0 then is
weakly c-prime ideal if and only if
1- I'is almost 1-prime ideal of N.

2-1is almost 2-prime ideal of N,whenever I is IFP.

Proof.

1-Let 12 # 0 and I is weakly c-prime ideal, if is not almost 1-prime ideal
of N then 12 = 0, by Theorem(3.1.25), a contradiction. Conversely,
assume that I is almost 1-prime ideal, and let 0 # m.nel\I? for each
m,neN. Then, 0 # m.nel while mel or nel as | is almost 1-prime
ideal, so that I is weakly c-prime ideal .

2-Same proof (1) and (3) in Theorem(3.1.25). [
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Corollary 3.1.28. Let I be not idempotent ideal of N. If 12 # 0 then I is
weakly c-semi prime ideal if and only if
1-1is almost 1-semi prime ideal of N.

2-1 is almost 3-semi prime ideal of N,whenever I is IFP.

Proof. Directly from Theorem(3.1.27). [

Definition 3.1.29. The element acN is called a nilpotent if a" = 0 and

the set of all nilpotent in N is denoted by nilp(N).

Theorem 3.1.30. Let the subtractive ideal 1 # {0} be a weakly c-prime
ideal of a commutative near ring N and aenilp(N). Then either
aelora.l = {0}.

Proof. Assume that agl for some aenilp(N).Then, we will have to
show that a.1 = {0}. Now let a.I#{0}, therefore a.b # 0 for some bel.
Let a least positive integer n > 2, such that a” = 0, since agl

and a.1 # {0}, thus 0 # a.b = a. (@""! + b) e, therefore as I is a
subtractive ideal then acl or a" 'el , in both cases a<l, a contradiction.
Thus, a.l = {0}. Now, assume that a.1 # {0} for some aenilp(N), then
we will show that ael.

Since a"=0, let bel, we have 0 # a. (b + a® 1) = a.bel, therefore as I is
subtractive ideal then acl or a” 'el , so that in both cases a<l. Then, if

aenilp(N), thus either acl ora.l = {0}. []

Example 3.1.31. In Example(1.2.23). The ideal I={0,6} is weakly c-prime
ideal of N. The nilpotent elements are nilp(N)={0,2,6,7} and 0,6 I while
2.1 =7.1={0}(see Table 2-Ain A.1.2).
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Theorem 3.1.32. Let the subtractive ideal I of N and not idempotent, if |
be almost v-prime ideal(v = 1,2) of a commutative near ring N and
aenilp(N).Then either acl or a.1 = {0}.

Proof. Directly from Theorem(3.1.30). [
Example 3.1.33. In Example(1.2.23). The ideal 1,={0,6} is almost v- prime
ideal(v = 1,2) of N. The nilpotent elements are nilp(N)={0,2,6,7} and

0,6l while 2.1 = 7.1 = {0} and similarly for ideals
[,={0,2} and 1;={0,2,6}(see Table 2-A in A.1.2).
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3.2. Weakly completely Prime Graph

This section defines a new type graph is weakly completely

prime graph of a near ring, with studying several properties and relations.

Definition 3.2.1. Let the ideal [£{0} of N with the vertices set of graph
Wi (N) are elements of N and the pair of distinct vertices x andy are
adjacent if and only if 0#x.yel (x.yel\{0}) or 0#y.xel (y.xel\{0}), for
all x,yeN then W;(N) is called a weakly completely prime

(weakly c-prime) graph of N.

Example 3.2.2. Let N={0,1,2,3,4,5} be a near ring defined in Table 3.1,
and let the ideal 1={0,3} be an ideal defining on W;(N),(as in example,
see Fig 3.1)

TABLE 3. 1. Multiplication and Addition table of N={0,1,2,3,4,5}
1 (2 |3 |4 |5 . 0O |1 |2 |3

gl B W N R O +
gl & W N k| o o
= ol ;g B w| N

gl B W N R O &~
= oo w M o o o

3 |4 0 |0 |0 (O
4 15 3 |1 |5 |3
5 |0 0 |2 |4 |0
0 |1 3 |3 |3 |3
1 |2 0 |4 |2 |0
2 |3 3 |5 |1 |3

A W N O O
gl B~ W N | O

1
2
3
4
5
0
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Figure 3.1. W;(N)

Proposition 3.2.3. Let [ #{0} be an ideal of N, then
1- Wi(N) is a simple graph.
2- Wi(N) is a finite graph.

3- The degree of all vertices in W;(N) are finite.

Proof.

1- As for every Xy € E(W;(N)) and for x, yeN are distinct. Then
W;(N) does not have self-loop or multiple edges and so that it is a
simple graph.

2-As V(W;(N)) = N for any ideals of N (finite near ring), so that
V(W;(N)) is finite and by (1) as W;(N) is a simple graph that mean
it has no multiple edges. Thus, E(W;(N)) is a finite. Therefore,

Wi (N) is a finite graph.
3- Directly from (1) and (2). [

Proposition 3.2.4. Let I={0,a} be a weakly c-prime ideal of N, then
W (N) is a star graph, whenever {0} be a c-prime ideal of N.

Proof. Let ab € E(W;(N)), for beN, as I={0,a},
then 0 # a.bel or a.beI\{0} (as I is weakly c-prime ideal)
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since {0} is c-prime ideal, therefore there is not a. be {0} such that
ag{0} or bg{0}, and we get that there exist edges between a and all
elements of N in W;(N), then W;(N) is a star graph S,,, where [N|=n. [J

Example 3.2.5. Let N={0,a,b,c} be a near ring defined in Table 3.2. And
let the ideal I={0,a} be a weakly completely prime defining in W;(N) is a
star graph (as an example, see Fig 3.2), and [={0} is a c-prime ideal in
N(see Table 9-A in A.1.9)

TABLE 3. 2. Multiplication and Addition table of N={0,a,b,c}

+ 0 a b C . 0 a b c
0 0 a b c 0 0 0 0 0
a a 0 c b a a a a a
b b c 0 b b b b b
c c b a 0 c c c c c

(0] a

o

C b

Figure 3.2. W;(N) with I is weakly ¢ — prime ideal

Corollary 3.2.6. Let I={0,a} be a weakly c-prime ideal of N, then W;(N)

is an uniquely colorable, whenever {0} be a c-prime ideal in N.

Proof. From the Proposition (3.2.4), the W;(N) is equivalent to the S,

and S,, is uniquely colorable then W;(N) is uniquely colorable. [
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Proposition 3.2.7. Let the two ideals I£{0} and K#{0} of N with Ic K
then W;(N) € Wk (N).

Proof. As V(W;(N)) = N = V(Wk(N)) for any ideals of N.

Now, let the edge axe E(W;(N)) then a is adjacent to x in W;(N), so that
0 # a.xelc K, therefore axe E(Wi(N)), we get E(W;(N))< E(Wk(N)).
So that W;(N) € Wx(N). [

Proposition 3.2.8. Let [#{0} be an ideal of N, then W;(N) = W41y (N).

Proof. As I c rad(I), then from Proposition (3.2.7), thus
Wi(N) € Wragy(N). [

Example 3.2.9. In Example(1.2.23). The radical of the ideal I={0,6} is
rad(|)={0,2,6,7}, so that W, (N) c Wrad(l) (N),

(as an example, see Fig 3.3.)

1

Hfrud([) (-[V)

Figure 3.3. W;(N) with I = {0,6}
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Theorem 3.2.10. Let I #{0} be an ideal of a commutative near ring N if

a,berad(l) then a and b are adjacent in Wy (N).

Proof. If I=N, then is complete the required.
Suppose Ic N, let al and b=a.x for some xeN and a.b+#0, then
a.b=a’.xel, since a*c| for least positive integer (n>2) and is a right ideal

of N, therefore 0#a.bel, from this we get a is adjacent to b in W;(N). [

Proposition 3.2.11. Let I£{0} be an ideal of a zero symmetric near ring

N, then in W;(N) has at least one isolated vertex.

Proof. As for every xeN, then 0 # x. 0l since N is a zero symmetric,
so that x0E(W;(N)) and 0 # x. 0¢I for all elements of N, and similarly
0 # 0.x¢1,

so that 0xgE(W;(N)), therefore 0 is isolated vertex in W;(N). [

Corollary 3.2.12. Let 1#{0} be an ideal of ring integer module n (Z,),

then W;(N) has 0 it is isolated vertex always.

Proof. Since Z, is always zero symmetric near ring(ring), then by

Proposition (3.2.11), W;(N) has 0 it is isolated vertex. []
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Example 3.2.13. Let the ideals of some types of Z,. Likes Z,, Zs and Zg

0 0 0
0 A 0 0
0
0
2 3 3
0 O0—0
1 S 6
/\ /\ v “
¢ 0
1 301 2 4 5 2 f 3 5 7
WigaN=2)  WigsN=1Z) WigpaN=7)  WryN=1%) 5

Wizga5(N = Z)
Figure 3.4. Different W;(N) in Z,

Proposition 3.2.14. Let 1#{0} be an ideal of N, then
1< (Wi(N))< [N

Proof. If W;(N) is a null graph then X(WI(N)) = 1and Wy(N) is
impossible to become a complete graph since 0 is isolated vertex or not

adjacent to some vertices in elements of N, so thatX(Wl(N)) < IN|. O

Proposition 3.2.15. Let [#{0} be a weakly c- prime ideal of N, then
deg(a) = A(W;(N)) < n — 1Vael\{0}, where|N| = n.

Proof. Let the ideal I # {0} be a weakly c-prime ideal and a«l,
therefore 0 # a.xel for xeN, as I is right ideal then we get a is adjacent
to the elements of N and is the maximum degree with < n — 1 since

W (N) is a simple graph and depends on the number of isolated vertex, so
that deg (a) = A(Wi(N)) <n—1. [J
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Example 3.2.16. In Example (3.2.2), as [={0,3} is weakly c-prime ideal
(see Table 8-A in A.1.8) and the degree a is a maximum degree in W;(N)
for ael\{0} with lessthann—1=6—-1 =5.

Corollary 3.2.17. Let 1#{0} be a weakly c- prime ideal of a zero
symmetric near ring N, then deg (a) = A(W;(N)) < n — 1V ael\{0},

where [N| = n.

Proof. By Proposition (3.2.11), then W;(N) have at least one isolated
vertex and Proposition (3.2.15), so that deg (a) =A(W;(N)) <n—1. [J

Proposition 3.2.18. Let I£{0) be a proper weakly c-prime ideal of N
then:

1- W;(N\I) is a null graph.

2- x(Wi(N\D) = 1.

3- Wi(N\I) is a uniquely colorable.

Proof.
1- Same proof Proposition (2.1.24).
2- Directly from (1).
3- As Wi (N\I) is a null graph, then W;(N\I) is uniquely colorable. []

Proposition 3.2.19. Let I#{0} be an ideal of N, then W;(N\I) < W;(N).

Proof. Same proof Proposition (2.1.33). [
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Observation 3.2.20. Let I#£{0} be an ideal of N then:

1- x(Wi(N\D) < x(Wi(N)).

2- x(Wi(N\{x})) =< x(W;(N)), for xeN.

3- x(Wi(N\{EF)) < x(Wi(N)), for x,yeN and Xy € E(Wi(N)).

Proposition 3.2.21. Let [/{0} be an ideal of N, then the following are
hold:
1- If I'is c-equiprime ideal in W;(N), then I is a weakly c-prime ideal.

2- If 1is c-prime ideal in W;(N), then I is a weakly c-prime ideal.

Proof.

1- LetaeN\I and axeE(W;(N)) with 0 # a.xel for xeN. Then
a.x —a.0elsothat (x — 0)el as I is c-equiprime ideal, therefore
xel. Then I is weakly c-prime ideal.

2- LetxyeE(W;(N)) with 0 # x.yel for x,yeN, since I is c-prime

ideal, then xel or yel so that I is a weakly c-prime ideal of N. [

Corollary 3.2.22. Let I#{0} be an ideal of N, then the following are held:
1- If Iis c-equiprime ideal in W;(N), then is a weakly c-semiprime
ideal.
2- If I is c-semiprime ideal in W;(N), then is a weakly c-semiprime
ideal.

Proof. Same proof Proposition (3.2.21). [
Definition 3.2.23. A simple graph G is called an edge summation if there

exist subgraphs H and K such that V(G) = V(H) U V(K) and E(G) =
E(H) U E(K) and denoted by G = H®K.
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Lemma 3.2.24. Let I be an ideal of N then:

1- Wi (N) is a subgraph of CEQ;(N), whenever the ideal I #{0}.
2- T'(N) is a subgraph of CEQ;(N).

3- PG(N) is a subgraph of CEQ;(N).

Proof. As V(W;(N)) = V(I'(N)) = V(PG(N)) = V(CEQ;(N)) = N.

1- Letax € E( W(N)) , then a is adjacent to x in W;(N) and 0+ a.x €I,
so that for a # xeN is adjacent, let acN\I with a.x — a. 0 € L. Therefore,
a is adjacent to x-0 in CEQ;(N). That means a and x are adjacent, with 0
are adjacent already in CEQ;(N), thenax € E(CEQ;(N)), so that W;(N) is
a subgraph of CEQ;(N).

2,3-Same proof (1). [

Proposition 3.2.25. Let [£{0} be an ideal of a zero symmetric near ring
N then in W;(N) the following are hold:

1- Disconnected.

2- diam(W;(N)) <2.

3- 2<y(Wi(N)) < IN|.

Proof.

1- From Proposition (3.2.11), 0 is always isolated vertex then W;(N)
Is disconnected.

2- As Wi(N) is a subgraph of CEQ;(N) by Lemma (3.2.24), then by
Proposition (2.1.15), we get the required.

3- From Proposition (3.2.11), then y(W;(N)) > 2 with y(W;(N))=|N]|,
whenever W;(N) is a null graph. [

74



Chapter 3. Weakly Completely Prime Graph and Almost Prime Graphs

Theorem 3.2.26. Let I#{0} be a c-equiprime ideal of N, then:
1- CEQi(N)=I' (N)®W(N).
2- CEQ;(N)=PG(N)®W;(N).

Proof. As V(CEQ;(N))=V(I'(N)) = V(W;(N)) = N.

1-Now for eN\I, let ax € E(CEQ;(N)) for xeN, then we have two cases:
Casel: If a.x=0then a is adjacent to x in '(N) and ax € E(I'(N)),

then E(CEQ;(N)) € E(T'(N)).

Case2: If a.x#0 and since I is c-equiprime ideal then a.x-a.0<l , then a s
adjacent to x-0 in W;(N), with

ax € E(W;(N)), then E(CEQ;(N))SE(W;(N)). Therefore, from case(1)
and case(2), we get E(CEQ;(N))c E(T'(N)) u E(W;(N)). From
Lemma(3.2.24), we get E(T'(N)) u E(W;(N)) < E(CEQ;(N)). Then,
E(CEQ;(N))=E(T"(N)) u E(W;(N)). Therefore, CEQ;(N)=I"(N)®W;(N) .
2- Same proof (1). []

Example 3.2.27. In Example (1.2.23), as [={0,2,6,7} is a c-equiprime
ideal of N and from Fig3.5, we can illustrate the Theorem (3.2.26)

4
Wi(N)

Figure 3.5. CEQ;(N) and W{(N) with PG(N) = I'(N)
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Proposition 3.2.28. Let I#{0} be an ideal of N, then
1- % (CEQi(N))< 7 (T(N)) + % (Wi (N)).
2-7(CEQi(N))< x(PG(N)) + % (W (N)).

Proof.
1- AsT'(N) and W;(N) are a subgraphs of CEQ;(N), by Lemma (3.2.24)

and Theorem (3.2.26), then x(CEQ;(N)) < x(I'(N)) + x(W;(N)) .
2- Same proof (1). [

Example 3.2.29. For Example on Proposition (3.2.28), see Example (3.2.27).

Proposition 3.2.30. Let I#{0} be an ideal of N, then
1- y(CEQ;(N)) < y(T(N)).

2-y(CEQ;(N)) < y(W;(N)).

3-y(CEQi(N)) < y(PG(N)).

Proof.

1- Directly from definition of c-equiprime graph of N, then 0 is adjacent
to all elements of N, so that y(CEQ;(N)) = 1 then y(CEQ;(N))<y(I'(N)).
2,3- Same proof (1). [

Proposition 3.2.31. Let I#{0} be a weakly c-prime ideal of N then the

ideal I is a vertex cover of W;(N).

Proof. Let ab € E(W;(N)) then 0#a.b€l or 0#b.a€l, since | is weakly c-
prime ideal, then a € I or bel, therefore every edges has end vertex in I,
thus the ideal I is a vertex cover of W;(N). And if a#beN\I such that
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ab € E(W;(N)) then a.bel or b.a€l, without loss of generality, let a.bel,
so that a€l or b€l, a contradiction, therefore the ideal | is a vertex cover
of Wi(N). [J

Proposition 3.2.32. Let [#{0} be a weakly c-semiprime ideal of N and
the ideal I is a vertex cover of W;(N) then I is a weakly c-prime ideal of
N.

Proof. Let X,yeN and 0#x.yel. Therefore, if x=y so we get xel as | is a
weakly c-semiprime ideal of N. Then, we get the required. Now, let x£y
with x,yeN\I as | is a vertex cover of W;(N), therefore xy¢ E(W;(N)),
then x.y¢ 1 and y.x¢I, a contradiction as X.yel. Then, | is a weakly c-

prime ideal of N. [

Example 3.2.33. In Example(3.2.2). The ideal 1={0,3} is a weakly c-
semiprime ideal and a vertex cover of W;(N). Thus, it is a weakly c-
prime ideal (see Fig3.1 and Table 8-A in A.1.8).

Proposition 3.2.34. Let the subtractive ideal I#{0} be a weakly c-prime
ideal of a commutative near ring N and aenilp(N) then either

deg(a)<deg(b)< n-1 for bel or a is isolated vertex in W;(N).

Proof. From Theorem (3.1.30), we get acl or a.I={0}, then if acl,
therefore from Proposition (3.2.15), we get deg(a)=A(W;(N))< n-1 or if
a.1={0} then from definition of W;(N), we get a is an isolated vertex.
Now if agl from Proposition(3.2.15), as the degree of the elements of |

Is the maximum degree, so that deg(a)< deg(b)< n-1 for bel. [I
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Theorem 3.2.35. Let I#{0} be a proper ideal of a commutative zero
symmetric near ring N, then if x and y are adjacent in W;(N) then
xe(N:1) or ye(N:1).

Proof. Let Xy eE(W;(N)), then 0#x.yel , now if yg1 then from definition
of (N:I), we get xe(N:1) and similarly if xl, then ye(N:I). [
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3.3. Almost v-prime (v=1,2) graph
This section introduces a new graph types are almost 1-prime
graph(AP_(N)) and almost 2-prime graph ( TP,(N)) of a near ring , with

studying several properties and relations.

Definition 3.3.1. Let the ideal L of N with the vertices of a graph
AP, (N) are elements of N and the pair of distinct vertices a and b are
adjacent ifand only if a.b € L\ L? or b.a € L'\ L2. Then, AP_.(N) is

called almost 1-prime graph of N.

Definition 3.3.2. Let the ideal L of N with the vertices of a

graph TP, (N) are elements of N and the pair of distinct vertices aand b
are adjacent if and only if a.N.bc L\ L? or b.N.ac L \ L?. Then,

TP, (N) is called almost 2-prime graph of N.

Remark 3.3.3.
1-The ideal L of N in above definitions is not idempotent ideal.

2- The identity element 0 is not containing in the set L \ L2.

Example 3.3.4. Let the ideal L={0,2,5,7} in Example(1.2.8), then AP, (N)
and TP.(N) are illustrated in Fig 3.6
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—_

0 2
(] (]
° °
6 3
o 0]
7 5
(]
4 4
AP;(N) TPL(N)

Figure 3.6. AP (N) and TP.(N)

Proposition 3.3.5. Let L be an ideal of N, then AP_(N) and TP_(N) are:
1- Simple graph.
2- Finite graph.

3- The degree of all vertices are finite.

Proof. Same proof Proposition(3.2.3). [

Theorem 3.3.6. Let L be an ideal of N, then in AP.(N) has at least one

isolated vertex.

Proof. For xeN then 0.x=0, as 0¢ L\ L? always. So that 0 is not
adjacent to all xeV(AP,(N)), then O is isolated vertex in AP, (N). [J

Remark 3.3.7. From Theorem (3.3.6), it is clear that any idempotent

elements containing in the ideal are isolated vertices in AP, (N).
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Example 3.3.8. In Example (1.2.8), see the idempotent elements are 0
and 5, in the ideal L={0,2,5,7} are isolated vertices in AP_(N),(as an

example, see Fig 3.6).

Theorem 3.3.9. Let L be an ideal of N, then
1- TP.(N) is a null graph.
2- TP, (N) is a uniquely colorable.

Proof.

1-Let x,yeN:

Casel: Since for every near ring the element 0 is contains it as an identity
of a group (N,+):

Subcase 1: If N is a zero symmetric, then x.N.y=x.0.y=x.0=0¢ L \ L2
then x is not adjacent to y, therefore TP, (N) is a null graph.

Subcase 2: If N is not zero symmetric with any situation x.n.y=0, for
some neN, therefore x is not adjacent to y, then TP, (N) is a null graph.
Case2: If x.N.y =c, for some ceN and c is idempotent or ce L2, so that x
Is not adjacent to y , therefore TP, (N) is a null graph.

2- Directly from (1). [

Proposition 3.3.10. Let the two ideals Kc L of N then APx(N) is not
necessary subgraph of AP, (N).

Proof. Let the edge axeE(APx(N)), then a is adjacent to x in AP¢(N), so
that a.xeK \ K?as Kc L. Therefore, it is not necessarily contained in
L\L2 O
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Proposition 3.3.11. Let L be an ideal of N then AP_(N) is not necessary
subgraph of AP.,q1)(N).

Proof. Same proof Proposition (3.3.10). [
Example 3.3.12. In Example(1.2.23), the ideal L={0,6} then

rad(L)={0,2,6,7}, so that AP, (N) and AP,,q.,(N) which illustrate in
Fig 3.7.

Figure 3.7. AP,(N) and AP ,q(,)(N)

Theorem 3.3.13. Let L be an ideal of a commutative near ring N if

a,berad(L) then a and b are adjacent in AP, (N).

Proof. Same proof Theorem (3.2.10). []
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Proposition 3.3.14. Let L be an ideal of N, then 1< X(APL(N)) <|N|.

Proof. If AP,(N) is a null graph, then ¥ (AP,(N)) = 1 and AP_(N) is
impossible to become a complete graph since 0 is an isolated vertex or
not adjacent to some vertices in the elements of N,

so that y (AP,(N)) < [N|. [

Proposition 3.3.15. Let L be an almost 1-prime ideal of N, then
deg(a) = A(AP,(N)) < n — 1VaeL\{0}, where|N| = n and a is not an

isolated vertex.

Proof. Let L be almost 1-prime ideal and acL, so that a.xeL \ L? for
xeN since L \ L? is a subset of L, then a is adjacent to some xeN,
depending on the adjacent of any vertices in AP (N) with respect to L. So
we get the maximum degree is < n — 1, therefore

deg (8)=A(APL(N))<n—1. [

Example 3.3.16. See Example (3.3.12). The maximum degree for each

elements containing in the ideal, whenever are not isolated vertices

Proposition 3.3.17. Let L be an almost 1-prime ideal of N then:
1 — AP, (N\L) is null graph.
2 —x(AP,(N\L) = 1.
3 — AP, (N\L) is uniquely colorable.

Proof.
1- Same proof Proposition (2.1.24).
2- Directly from (1).
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3- As AP (N\L) is a null graph, then AP, (N\L) is a uniquely

colorable. [
Proposition 3.3.18. Let L be an ideal of N, then AP, (N\L) < AP.(N).
Proof. Same proof Proposition (2.1.33). [

Observation 3.3.19. Let L be an ideal of N then:

1- x(AP,(N\L)) < x(AP,(N)).

2- x(APL(N\{x})) < x(AP.(N)), for eN.

3- x(APL(N\{EY}) < x(APL(N)), for x,yeN and Xy € E(APL(N)).

Lemma 3.3.20. Let L be an ideal of N then:
1-AP. (N) is a subgraph of W} (N).
2-AP,(N) is a subgraph of CEQ (N).

Proof. As V(AP,) = V(W_(N)) = V(CEQ.(N)) = N.

1-Let ax € E(APL(N)), then a is adjacent to x in AP, (N) with a.xeL \ L2,
so that for a #+ xeN are adjacent:

Case 1: If 0#a.xeL \ L? then 0#a.xeL then ax € E(W,(N)) , therefore
AP, (N) is a subgraph of W (N).

Case 2: If 0=a.xeL \ L?, then we get a contradiction.

2- By Lemma (3.2.24), as W, (N) is a subgraph of CEQ,(N) and from (1),

we get the required. []
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Proposition 3.3.21. Let L be an ideal of N, then in AP, (N) the following
are hold:

1 — Disconnected.

2 — diam(AP,(N)) < 2.

3—2 <y(AP.(N)) < |N|.

Proof.
1-From Theorem (3.3.6), 0 is always isolated vertex. Then, AP, (N) is
disconnected.
2-As AP_(N) is a subgraph of CEQ;(N) by lemma (3.3.20) and from
Proposition (2.1.15). Then we get the required.
3-From Theorem (3.3.6). Then y(AP,(N)) >2 and y(AP,(N)) = [N]|
whenever AP, (N) is a null graph. [

Theorem 3.3.22. Let L be an almost 1-prime ideal of N. Then, the
element m is independent zero divisor of (N: L) and is adjacent to all

ne N\ Lin AP_(N) if and only if m.ne L \ L? or n.me L\ L2.

Proof. Assume that, m is adjacent to all ne N\ L in AP_(N), then

m.ne L\ L.

Conversely, let m.ne L \ L2 for all ne N\ L. Then, m is adjacent to n.
Now for all me(N:L) if:

Casel: They are independent vertices, then we get the required.

Case2: They are not independent vertices, let m,we(N: L) is adjacent.
Therefore, mwe L \ L? as L is almost 1-prime ideal then me L or we L.
By hypothesis. Let me L and we N\L, then we get m is zero divisor of
(N: L) while w is not, a contradiction so that m and w are independent

vertices. Similarly if we L and me N\L. [
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Example 3.3.23. See the ideal L ={0,2,6,7}=(N:L) in Example (3.3.12),
the vertices 0,2,6 and 7 are independent vertices and 7 is adjacent to all

vertices N\L and 7.ne L \ L? for all ne N\L.

Theorem 3.3.24. Let L be an ideal of a commutative near ring N. If x and

y are adjacent in AP, (N), then xe(N:L) or ye(N:L).

Proof. Same proof Theorem (3.2.35). [

Theorem 3.3.25. Let the ideal L be a subtractive almost 1-prime ideal of
N, if O£ae L is adjacent to a different vertex a+b then bgL with a#b in
AP (N).

Proof. Since a and a+b is adjacent in AP, (N), then a.(a+b)e L \ L? or
(a+b).ae L\ L2, as L is almost 1-prime ideal, Therefore, ac L or
(a+b)e L, as ae L. For this, we have (a+b)¢L since L is a subtractive

ideal, so we get bgL as required. [

Remark 3.3.26. The Theorem (3.3.25) does not work, in weakly c-prime
ideal on Wi(N).

Proposition 3.3.27. Let L be an almost 1-prime ideal of N then the

ideal L is a vertex cover of AP (N).

Proof. Same proof of Proposition (3.2.31). [
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Proposition 3.3.28. Let L be an almost 1-semiprime ideal of N if the

ideal L is a vertex cover of AP, (N) then L is almost 1-prime ideal of N.

Proof. Same proof of Proposition (3.2.32). [

Proposition 3.3.29. Let the subtractive ideal L be an almost 1-prime ideal
of a commutative near ring N and aenilp(N) then either

deg(a)<deg(b)<n-1 for bel or a is an isolated vertex in AP.(N).

Proof. Same proof of Proposition (3.2.34). [

Theorem 3.3.30. Let L be an ideal of N, suppose W (N) = AP, (N), then
L is weakly c-prime ideal if and only if L is an almost 1-prime ideal of
N.

Proof. Suppose L is a weakly c-prime ideal of N. If L=N, then L is
almost 1-prime ideal of N. Let LcN, with x,yeN such that x.yeL\L%
Therefore x and y are adjacent in AP, (N). Then we get x and y are
adjacent in Wi, (N). Therefore x.yeL with 0#x.y, if x.y=0 we get a
contradiction, as x and y are adjacent in AP, (N). Therefore 0#x.yeL and
xeL oryelL as L is a weakly c-prime ideal. Then, L is almost 1-prime
ideal of N. Similarly, we prove that, if L is almost 1-prime ideal then we
get L is a weakly c-prime ideal of N. [

Example 3.3.31. In Example (3.2.9), the W (N) = AP_(N), whenever the
ideal L={0,6} and L is a weakly c-prime ideal if and only if the ideal L is
an almost 1-prime ideal of N(see Table 2-Ain A.1.2).

Remark 3.2.32. Opposite the Theorem (3.3.30) does not necessary work.
That means if L is a weakly c-prime ideal and is almost 1-prime ideal of
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Example 3.3.33. The ideal L={0,2,4,6} in Zg is a weakly c-prime ideal
and the ideal L is an almost 1-prime ideal of N, while W, (N) #
AP (N)(see Table 12-A in A.1.12 and Fig3.8)

@o
Qo

APL(N)

Figure 3.8. W ,(N) and AP, (N)
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Chapter 4. Homomorphism Near Ring and Homomorphism Ideal Graphs

4. Introduction

In this chapter, we study a homomorphism graph theory on the
graphs: CEQ;(N), W;(N), AP_(N) and TP (N), studying several
properties and relations for this graphs whenever there exist a near ring
homomorphism. Also use the properties of these graphs with the
homomorphism graphs to find which condition of successive

homomorphism image of prime ideals are prime ideals.

4.1. Properties of homomorphism graphs
In this section, we investigate, properties of a homomorphism
graphs: CEQ;(N), W;(N), AP_(N) and TP_(N), whenever there is a near

ring homomorphism.

Theorem 4.1.1. Let | be an ideal of N; with yw:N;—>N, be a
epimorphism. Then, y:CEQ;(N;)—CEQ,,)(N>) is a graph

homomorphism.

Proof. As | is an ideal of Ny, since y is a surjective near ring
homomorphism. Therefore, y(l) is an ideal of N, as Remark(1.2.36). Let
X,y €Ny with Xy € E(CEQ;(N1)) =E(Uaen CEQ?(Ny)).

Thus, XyeE(CEQ*(N;)) or XxyeE(CEQY(N,)), so that without loss of
generality, let xye E(CEQ*(N;)), then x.y — x. 0<l, therefore

y(X.y-x.0)e y(l) so y(X). w(y)- w(X). w(0y, ) ey(I), since y is a surjective

near ring homomorphism, so that y(Oy, )= Oy, for this we get
y(X). w(y)- w(x). Oy, ey(I) , this mean
YW () € E(CEQ"™(N)) < E(CEQyq(N2)). Therefore  is a graph

homomorphism. [
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Theorem 4.1.2. Let I#{0} be an ideal of N; with w:N;—N, be a
epimorphism . Then, y:W;(N;)—>W,,(N) is a graph homomorphism.,

Proof. Let x,y eN; with xy € E(W;(N;)). Therefore, x and y are adjacent
in Wi(N) therefore 0 # x.yel. That means Oy, # x.yel, so that

v(0n,) # yx.y)ey(D), then y(Oy,) # v(x). y(y)ey(D. Asyisa
surjective near ring homomorphism, therfore y(Oy, )= 0Oy, for this we
get, On, # w(). y(y)ew(D) this mean yGIVE) € E (W, (Ny)).

Therefore, y is a graph homomorphism. [

Theorem 4.1.3. Let L be an ideal of N with y:N; —N,, be a
epimorphism. Then

1-y:AP, (N;)—AP, 1, (Ny) is a graph homomorphism.
2-y:TP,(N;)—>TPR,1,)(N;) is a graph homomorphism.

Proof.
1- Same proof Theorem (4.1.2) .
2- As TP, (N) is a null graph by Theorem (3.3.9). So complete the

required. [

Remark 4.1.4. It is not necessary the homomorphism image of a
completely equiprime(respect. c-prime,3-prime)ideal is a

completely equiprime(respect. c-prime,3-prime). For example, let

I={0} be an ideal of N; = 7—ZZ with y be a near ring homomorphism

from N, = % toN, = é with y(a+7Z)=a+4Z. Then, I={0} isa

91



Chapter 4. Homomorphism Near Ring and Homomorphism Ideal Graphs

completely equiprime(respect. c-prime,3-prime) ideals of N; = %

while y(1)={0} of N, = —is not.

Lemma 4.1.5.

1-Let I be a c-equiprime ideal of N if acN and deg(0)=deg(a) in
CEQ;(N), then acl.

2- Let I be an ideal of N if acl then deg(0)=deg(a) in CEQ;(N).

3- Let I be a c-equiprime ideal of N. Then, ael if and only if
deg(0)=deg(a) in CEQ;(N).

4- If N be a c-equiprime near ring, then deg(0)=deg(a) in CEQ;(N) for

aeN.

Proof.

1- Let the ideal I=N. Therefore acl. Suppose that IcN and veN\I, since
deg(0)=deg(v) in CEQ;(N). Then, v is adjacent to all elements of N as 0
is adjacent too, so that v is adjacent to a, thus, v.a-v.0el as | is
c-equiprime ideal and veN\I then ael.

2- As acl and Oel(always), from Proposition(2.1.14) we get
deg(0)=deg(a)=n-1, where [N| = n .

3- Directly from(1) and (2) we get the required.

4- Same proof (3). [
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Proposition 4.1.6. Let | be an ideal of N; with w:N;—N, be a
epimorphism. Then deg(y(a))=deg(Oy,) in CEQ,,;y(N) whenever

ael.

Proof. Let acl, then by Lemma (4.1.5). Thus, deg(a)=deg(0) in
CEQ;(N,), so that a.x-a.0<l for all xeN,. That means a is adjacent
to all elements of N;. Therefore, y(a.x-a.0el)e y(l) we get

v(@). y(X)- yw(a). w(0)e w(l) as y(Oy, )= Oy, then

y(a). y(x)- y(a). O, € y(I) from this we have y(X) eN, as y is a
surjective near ring homomorphism and y(a) is adjacent to all

y(X) €Ny, so that deg(y(a))=deg(Oy,) in CEQ;(N3). [

Example 4.1.7. let y be a near ring homomorphism from N; = 932

toN, = 6% with y(a+9Z)=a+6Z then y is a graph homomorphism
from CEQ;(N,) to CEQ,)(Ny), let 1={0+9Z,3+9Z,6+9Z} so that
is ideal of N; and y(1)={0+6Z,3+6Z} is ideal of N, and
deg(0+6z)=deg(3+6z), whenever (0+9z) ,(6+9z) l. The graphs of

CEQ;(N;) to CEQ,,(;y(N3) are shown in Fig 4.1.
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0+6z

E+dz

0 449z 36z

CEQr(N) CEQyp)(Ns)

Figure 4.1. Graph homomorphism of CEQ;(N) to CEQ,,y (N,)

Remark 4.1.8. The Proposition (4.1.6) not work in W;(N), AP, (N)
and TP.(N).

Lemma 4.1.9. Let | be an ideal of N; with yw:N;—N, be a
epimorphism. Then, w(N;\I) = N,\wy(D).

Proof. Let acy(N,\I) , then a=y(r) for some reN;\I so rel, hence
w(r)g y(l). From this we get y(r)e N,\w(I). Therefore
aeN,\w(D) and y(N;\DcN,\y(l) . Let beN,\wy(D), then b=y(r)
for some rey(I). Suppose rel then y(r) ey(I) a contradiction
with a hypothesis (rgy(1)). Hence rel. From this we get reN; \[,
therefore y(r) eyw(N;\ID), then bewy(N; \Dthus N, \y(I) cy(N;\D.
Then w(N,\D) = N,\w(). O
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Proposition 4.1.10. Let | be an ideal of N, with w:N;—N, be a
epimorphism if deg(y(a))=deg(Oy,) in CEQ,,;y(N;) for all aeNy,
then deg(a)=deg(Oy,) in CEQ;(N,).

Proof. Let deg(y(a))=deg(Oy,) in CEQ,,;)(Ny) for aeN,

if deg(a)#deg(Oy,) in CEQ;(N;) . Then, there exist xeN;

such that a.x-a.0¢1, therefore a.x-a.0e N, \I then

y(a.x-a.0)e y(N;\I), so that

y(@). y(X)- w(@). y(On,) eNx\w(D)(by lemma(4.1.9), then

y(a). y(x)- y(a). Oy, & w(I) from this we get that y(a) is not
adjacent to y(x) therefore deg(y(a))#deg(Oy,) in CEQ,,y(N>), a
contradiction with hypothesis as deg(y(a))=deg(Oy,) in
CEQ,,1)(N2) then deg(a)=deg(Oy,) in CEQ;(N,). [

Theorem 4.1.11. Let | be an ideal of N; with w:N;—N, be a
epimorphism, a mapping y:CEQ;(N;)—CEQ,,;,(N>) is a graph
homomorphism if and only if:

1- Px(0,1,...,k)is a path in CEQ;(N). Then, y(0), y(1),.... y(k) is a
walk in CEQ,q)(Ny) .

2-Cx(0,1,... .k-1)is a cyclic in CEQ;(N;). Then,y(0),y(1),... w(k-1)
is a closed walk in CEQ,,y (N>).

Proof.

1-Suppose vy is a graph homomorphism with the path 0,1,2,...,k in
CEQ;(N;). Then, from Theorem (4.1.1) as every edges in the path
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is same as iNCEQ,,(;y(N2). Thus, y(0), w(1),.... w(K) is a walk(with
repetition the vertices or not) in CEQ,, ;) (N2).

Conversely, same proof as every edges in the path is same as in
CEQ,,1)(N3). We get CEQ;(N;) is homomorphism with

CEQ,(N3) .
2- Same proof (1). []

Remark 4.1.12.
1-The Path Py has k vertices and k-1 edges.
2-The Cyclic Cy has k vertices and k edges.

Corollary 4.1.13. Let | be an ideal of N; with y:N;—N, be a
epimorphism, if y:CEQ;(N;)—CEQ,,1)(N) is a graph
homomorphism, then dcgq, (v, (W(2), (b)) < depq,ivy)(a b)),
for any two vertices a,beV(CEQ;(N,)).

Proof. If a=0,1,... k=b is a path in CEQ;(N;) then by Theorem
(4.1.11), we get w(0), w(1),.... (k) is a walk in CEQ,,(;)(N3) with
the same length k. Since every walk from y(a) to y(b) contains a

path from y(a) to y(b), so that

dCEQ\u(I)(Nz)(\V(a)' W(b)) < dCEQI(N1) (a, b) ]

Theorem 4.1.14. Let I#{0} be an ideal of N, with y:N,—N, be a
epimorphism, a mapping y:W;(N;)—>W,,qy(Ny) is a graph
homomorphism if and only if

1- Pgis a path in W;(N,). Then, w(0), y(1),.... y(k) is a walk

in Wy, (N3).
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2-Cyis a cyclic in Wi (N,). Then, y(0), y(1),.... w(K) is a closed
walk in W,y (N>).

Proof. Same proof Theorem (4.1.11). [

Corollary 4.1.15. Let I#{0} be an ideal of N, with y:N;—N, be a
epimorphism, if y:W;(N;)—->W,,qy(Ny) is a graph homomorphism,
then dWW(I)(NZ)(\V(a)’\V(b)) < dw,np(a b), for any two vertices

a,beV(W;(N,)).
Proof. Same proof Corollary (4.1.13). [

Theorem 4.1.16. Let L be an ideal of N, with w:N;—N, be a
epimorphism, a mapping y:AP, (N;)—>AP,,,(N;) is a graph
homomorphism if and only if

1- B isapath in AP, (N;). Then, y(0), w(1),.... w(Kk) is a walk

in AP, (N,).

2- Cy isacyclic in AP (N;). Then, y(0), w(1),.... y(k) is a closed
walk in AP,y (Ny).

Proof. Same proof Theorem (4.1.11). []

Corollary 4.1.17. Let L be an ideal of N; with w:N;—N, be a
epimorphism, if y:AP, (N;)—AP, 1, (N;) is a graph
homomorphism , then

dAPW(L)(Nz)(\V(a)'\V(b)) < dap, (np (@ b), for any two vertices
a,beV(AP.(N,)).
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Proof. Same proof Corollary (4.1.13). [

Lemma 4.1.18. Let |l isa c-equiprime ideal of N. Then, is a vertex
cover of CEQ;(N).

Proof. Directly from Proposition (2.1.14) and Proposition(2.1.23). [

Observation 4.1.19. The chromatic graphs of a graph
homomorphism for:

1- y:CEQ;(N)>K,

2- W (N)—>K,,

3- y:APL(N)>K,

are precisely n colors.

Theorem 4.1.20. Let | be an ideal of N; with y:N;—N, be a near ring
homomorphism. Then, y(CEQ,;(N)) < 1(CEQ,,;y(N2)). If one of the
following holds:

1-wy is inclusion mapping.

2-CEQ,,1)(N2) is a homomorphism to a complete graph.

Proof.

1-As v is inclusion mapping. Then, N, is a subset of N, and
y(x)=x for every xeNj. Let x#yeN;. Then, by Theorem (4.1.1),
we get y(x)y(y) € E(CEQ, 1 (N2)), whenever

Xy € E(CEQ;(N,)) and w(x) # w(y)eN,. Thus, every vertices are
adjacent in CEQ;(N,). The images are adjacent in CEQ,,1)(N,) as
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well as the vertices are in N, but not in N, may give extra adjacent.
Therefore, (CEQ;(N1)) <x(CEQ,,1y(N2)).

2-Let g: CEQy, ) (Nz)—K,, as yw:CEQ;(N;)—CEQ,,)(N2), so by
composition of homomorphism we get y:CEQ;(N,)—K, ,

therefore x(CEQ;(N1)) < »(CEQ,,;,(Np)). U

Example 4.1.21. Let y be a near ring homomorphism (inclusion
mapping) from N,=Zg to N, = Zg X Z, with y(a)=(a,0). Then, y
is a graph homomorphism from CEQ;(N; ) to CEQ,,1y(N;). Let
1={0,4} be an ideal of N, then y(1)={(0,0),(4,0} is an ideal of N,, .
The chromatic of graphs are y(CEQ;(Zg)) = 3 and

*(CEQym)(Zg X Z3)) = 5 are shown in Fig 4.2.

7 1 (7.1) 00) (1,0)
0 (6,1) = 2,0)
(51) (30)
6 - 1) < (5,0)
(3.1) 6.0)
4
21) (7.0)
5 3 (11) (01)
(4.0)
CEQi(MV,) CEQyn(Ny)

Figure 4.2. Graph homomorphism of CEQ;(Zg) to CEQ,,1)(Zg X Z5)
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Theorem 4.1.22. Let I#£{0} be an ideal of N, with y:N,—N, be a near
ring homomorphism . Then, y(W;(N1)) < x(W,,;y(N3)). If one of the
following holds:

1-wy is inclusion mapping.

2- W,y (N2) is a homomorphism to a complete graph.

Proof. Same proof Theorem (4.1.20). [

Theorem 4.1.23. Let L be an ideal of N; withy:N;—N, be a near ring
homomorphism .Then, x(APy(N;)) < x(AP,,1,(N>)). If one of the
following holds:

1-wy is inclusion mapping.

2- AP,,1,)(N;) is a homomorphism to a complete graph.

Proof. Same proof Theorem (4.1.20). [

Example 4.1.24. From Example (4.1.21), we get homomorphism
from Wi (N;) to W,y (N;) and from AP, (N;) to AP, (N;) with
the chromatic of graphs are y(W;(Zg)) = x(AP.(Zg)) = 2 and

Wy (Zg X Z3)) = x(APy 1) (Zg X Z)) =3 are shown in Fig4.3.
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7 0 1
(¢
6@ o2
4
5 3
Wi(Ny)and AP(N,) Wy(n(Na)and APyr)(N2)

Figure 4.3. Graph homomorphism of W;(N) and AP, (N)

Remark 4.1.25. If y is endomorphism in above theorems, then
- (CEQ(N) = 2 CEQ y(N2) ).
2- ¢ (Wi(Np) =+« (W\V(I)(NZ))-

3- % (APL(Ny)) = 1 (APy1y(Np))

Theorem 4.1.26. Let | be an ideal of N, with y:N;—N, be an
epimorphism. Then, the following are hold:

1-ker(y) is a star graph in CEQ;(N,).

2- ker(y)c(N;: D Ny

Proof.

1- As y is a surjective near ring homomorphism, so that y(Oy, )= Oy, .
Then, O ker(y) always, while CEQ®(N,) is a star graph in

CEQ;(N,) with root 0 and ker(y)cN;. Let 0O#a#be ker(y). If aand
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b are adjacent in ker(y), then ab € E(CEQ;(N;)) and y(a)=0,
y(b)=0. Therefore, y(a)=0=y(b) so y(a)= wy(b), is a contradiction
with Theorem (4.1.1). Thus, a is not adjacent to b for every
0#a#be ker(y). Therefore, ker(y) is a star graph in CEQ;(N;).

2- Let ae ker(y) then y(a)=0. If ac(N;:1), then complete the
required. Suppose ag(N;:1). Then, there exist, bgl such that a.bgl
with a.b#0 then y(a).y(b)# Oy,. Therefore, Oy,.y(b)=0y,,

a contradiction, then ae(Nj;:1), so that ker(y)c(N4:1). [

Example 4.1.27. Let v be a near ring homomorphism from

N,=Z; X Z, to N, = Z, with y(a,b)=b then v is a graph
homomorphism from CEQ;(N,) to CEQ,,(N;). Let 1={(0,0),(0,3)} be
an ideal of N;. Then, ker(y))={(0,0),(1,0),(2,0)} and
(N,:1)={(0,0),(0,1),(0,2),(0,3),(0,4),(0,5),(1,0),(1,3),(2,0),(2,3)}. So that
ker(y)c(N,:1) and ker(y) is a star graph in CEQ;(N;) as shown in
Fig4.4.
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1 5

CEQi(ZsxZ) CEQ1(Z)

Figure 4.4. Graph homomorphism of CEQ;(Z3 X Z¢) to CEQ,,1)(Zs)
Corollary 4.1.28. Let | be an ideal of N; with y:N;—N, be
epimorphism. Then, the following are hold:

1- ker(y) is induced subgraph of CEQ;(N,).
2- ker(y) is connected subgraph of CEQ;(N,).

Proof. Directly from Theorem (4.1.26), as ker(y) is a star graph. [

Remark 4.1.29. In the previous Theorem (4.1.26) and Corollary
(4.1.28), it does not come true in the graphs W;(N,) and AP, (N,).
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4.2. Preserve vertex cover of homomorphism graphs

This section defines a new type of a homomorphism graph. It is
called a preserve vertex cover for the
graphs:CEQ;(N), W;(N) and (AP, (N))

Definition 4.2.1. Let the ideal | of N; with y:N;—N, be a near
ring homomorphism. It is called a preserve vertex cover of a
completely equiprime ideal graph. If I is a vertex cover of

CEQ;(Ny), then (1) is a vertex cover of CEQ,,y(N3).

Definition 4.2.2. Let the ideal I#{0} of N; with y:N;—N, be a
near ring homomorphism. It is called a preserve vertex cover of

weakly completely prime ideal graph . If | is a vertex cover of

Wi (N,), then (1) is a vertex cover of W,y (N3).

Definition 4.2.3. Let the ideal L of N; with y:N;—N, be a near
ring homomorphism. It is called a preserve vertex cover of
almost 1-prime ideal graph. If L is a vertex cover of AP_(N,),

then y( L) is a vertex cover of AP, ,(Ny).

Theorem 4.2.4. Let | be an ideal of a zero symmetric N; with
y:N;—N, be a epimorphism. If y is a preserve vertex cover of
c-equiprime ideal graph with | is a c-equiprime ideal of N; and y(l) is a

c-prime ideal of N,, then y(l) is a c-equiprime ideal of N,.

Proof. From Theorem (4.1.1), we get v is a graph homomorphism from
CEQ;(N;) to CEQ,,;y(Ny) . Let I=N; be a c-equiprime ideal. Therefore,
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y(D=w(N;)=N, is a c-equiprime ideal of N,. Let IcN;,as y isa
preserve vertex cover. Then, y(l) is a vertex cover of CEQ,,;)(N>). Let
axeE(CEQyq)(N2)). Then, acy(I) or xey(I)as y(I) is a vertex cover
of CEQ,,1)(N2). Then, deg(a)=deg(0Oy,) or deg(x)=deg(0Oy,) in
CEQ,,1)(N3). Let aeN,\y(I) such that deg(a)=deg(Oy,) in
CEQ,,1)(N3). Therefore, a.x-a.0y, ey (I) YXeN, and xey(I) as y(I) is
a c-prime ideal and if a=x. We get a contradiction.

Now, as v is a surjective. Let x=y(y;) for some y; €N, and

a1.y1- a1. Oy, €l for y;eNy, choose a; Ny \I. Since | is a c-equiprime
ideal of N4, then y; l. So, we get w( y;1)ew(l) . Thus, xey(l) and y(l)

Is a c-equiprime ideal of N, and if a;=y;. We get a contradiction. []

Example 4.2.5. In Example (4.1.27). Let the ideal 1={(0,0),(0,3)} be a
c-equiprime ideal of N; and y(1)={0,3} is a c-prime ideal. Then, y(l) is

a c-equiprime ideal of N,.

Theorem 4.2.6. Let I£{0} be an ideal of N; with y:N;—N, be an
epimorphism. If y is a preserve vertex cover of weakly completely
prime ideal graph and | is weakly c-prime ideal of N; with wy(l) is
weakly c-semiprime ideal of N,, then (1) is a weakly c-prime ideal of
N,.

Proof. From Theorem (4.1.1), we get v is a graph homomorphism from
Wi(N;) to W,y (N3). Let I=N; be a weakly c-prime ideal. Therefore,

y(l)=wy(N,)=N, is a weakly c-prime ideal of N,. Let IcN;and
Xy e E(W,,(1y(N2)). Then, 0£x.yey(l), for every x,yeN,
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Casel:if x=y , thenO#x.xey(l). Thus, xey(l). We get the required.
Case2: If x£y , as y is a preserve vertex cover. Therefore, y(l)is a
vertex cover of N,. Then, xey(l) or yey(l). So, we get the required.
Now, as v is a surjective. Let x=y(X;) for some x;eN; and 0# x;.y; €l
for every y;€N,. Choose y;eN,\I . As | is a weakly c-prime ideal.
Then, x; 1, so we get y(X;)ewy(l). Therefore, xewy(l) and y(l) is a

weakly c-prime ideal of N,. [I

Theorem 4.2.7. Let L be an ideal of N; with y:N;—N, be a
epimorphism. If y is a preserve vertex cover of almost 1-prime ideal
and L is almost 1- prime ideal of N; with y(L) is almost 1-semiprime

ideal of N, then (L) is almost 1-prime ideal of N,,.

Proof. Same proof Theorem (4.2.6). []

Theorem 4.2.8. Let 1 # {0} be a c-equiprime ideal of a zero symmetric
N, withy:N; >N, be a epimorphism . If y is a preserve vertex cover of
c-equiprime ideal graph and 1 is c-equiprime ideal of N; with y(l) is
c-prime ideal of N, then the following are hold:

1- CEQ,y1ry(N2)=T'(N2)@®W,,(1)(N).

2- CEQy1)(N2)=PG(N2)®W,,1)(Ny).

Proof. Directly from Theorem (4.1.1) and Theorem (4.2.6), if l is a
c-equiprime ideal of N; then wy(l) is a c-equiprime ideal of
N,whenever v is a preserve vertex cover, so from

Theorem(3.2.26). We get the required. []
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Chapter 5. Conclusions and The Recommendations

5.1. Conclusions

In this dissertation, it can be concluded that:

First. | conclude that the c-equiprime ideal does not work on the semi
ring. Since the inverse element is not valid, it works on a near ring.
Weakly c-prime ideal and almost v-prime ideal(v=1,2) work on semi
near ring as well as near ring.

Every c-equiprime ideal is c-prime ideal and every c-prime ideal is
weakly prime ideal as well as almost v-prime ideal(v=1,2) but the
converse may be not true in general.

The ideal in a near ring is not necessary the ideal in a semi ring.

The weakly almost v-prime ideal(v=1,2) is the same as almost v-prime
ideal(v=1,2) in near ring, that means the concept of weakly does not
work in almost v-prime ideal(v=1,2) of a near ring.

The TP\(N) is a subgraph of AP,(N), and AP,(N) is a subgraph of
W, (N), with W,(N) is a subgraph of CEQ,(N)

CEQi(N)= Wi(N)= AP,(N)= TP(N).

The TP|(N), AP,(N) and W,(N) in near ring are the same properties
and relations in TP,(S), AP,(S) and W,(S) respectively in the semi
ring.

The maximal ideal is always successive, as c-equiprime ideal, weakly
c-prime ideal and almost v-prime ideal(v=1,2) of N or S with another
of types ideals, see all examples in Appendix.

The adjacent of vertices in CEQ,(N) is more flexible in terms of the
adjacent of the vertices in comparison with TP(N), AP,(N) and W,(N).
The ideal in CEQ|(N) is a complete subgraph and a vertex cover of
CEQI(N).

108



Chapter 5. Conclusions and The Recommendations

5.2. The Recommendations

Some suggestions can be considered for future studies which are given

as follows:

e A study on the simple graph I'|(R)in[9] as I is a c-equiprime ideal. c-

prime ideal, weakly c-prime ideal and almost v-prime ideal(v=1,2) of
N, and the relations with CEQ,(N), W,(N), AP,(N) and TP,(N).

e Define a graph KCEQ,(N) depend on k-primenes ideal near ring, as |
be an ideal of N. If for acN\l and x,yeN, xra-ysael for all r,seN\I
implies x-yel. We can see that the focus point which is identical with
as CEQ(N).

e Define graph T,(N) depend on 3-prime ideal near ring, as | be an ideal
of N if for x,yeN, x.N.ycl implies x €l or y l. We can see that the
focus point which is identical with G,(N), AP,(N) and TP,(N).

e A study situation the vertices of a near ring are ideals instead of
elements and use the definition of prime ideal for one situation of
adjacent.

e Study define edge separation for the graph G=H®K and
E(H)NE(K)=J .

e Studying if the ideal is left or right only of the near ring or semi ring in
graphs CEQ,(N), W,(N), AP,(N) and TP,(N).

e Studying the adjacent of the elements in the situation the near ring are
c-equiprime ideal, c-prime ideal, weakly c-prime ideal and almost v-
prime ideal(v=1,2), by find new relations.

e Generalize the definition(N:1) the set of zero divisors with respect to

ideal on the quotient near ring.
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Appendix

Introduction

In this appendix, the case of each ideal, of many Near rings, and of
various examples in terms of whether or not it achieves the basic types of
ideals that have been studied by us in this dissertation, with the study of
properties and relationships and their direct or indirect effect on the form
of relationships between the vertices in the graphs that were presented by
us in this dissertation.

For this reason, we review the tables shown below about the ideal cases:

A.1.1. Let N={0,1,2,3,4,5,6,7} be a near ring defined in Example(1.2.8).
And the ideals are: 1,={0},1,={0,2},1;={0,2,5,7},1,={0,2,4,6}

and I; ={0,2,4,5,6,7}. The situations of ideals near ring are explained:
TABLE1-A

No |deals L L | I3 | 1| I
1- Completely equiprime ideal X | X |v |V |V
2- | Completely prime ideal X | X |V | v |V
3- | Completely semi prime ideal X |v |v |V |V
4- Weakly completely prime ideal - X |v |V |V
5- | Weakly completely semi prime ideal - |V Vv
6- IFP v v vV vV |V
7- 2-prime ideal X | X |v |v |V
8- 3-prime ideal X | X |V |V |V
9- | 3-semi prime ideal X |\v |V |V |V
10- | Almost 1-prime ideal - X |v |V |V
11- | Almost 2-prime ideal - v |V |V |V
12- | Subtractive ideal - v |V |V | X
13- | Idempotent ideal v IX | X | X | X
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A.1.2. Let N={0,1,2,3,4,5,6,7} be a near ring defined in
Example(1.2.23). And the ideals are: 1,={0},1,={0,2}, 15={0,6},
1,={0,2,6} and 1:={0,2,6,7}. The situations of ideals near ring are
explained:

TABLE 2 - A

No Ideals L L | I3 | 1| Ig
1- | Completely equiprime ideal X | X | X | X |V
2- | Completely prime ideal X | X |X | X |V
3- | Completely semi prime ideal X | X | X | X |V
4- | Weakly completely prime ideal - X |V | X |V
5- | Weakly completely semi prime ideal - |V VYV
6- | IFP X |v | X |v |V
7- | 2-prime ideal vV | v |V |V
8- | 3-prime ideal X | X [ X |v |V
9- | 3-semi prime ideal X | X | X | v |V
10- | Almost 1-prime ideal - X |v | X |V
11- | Almost 2-prime ideal - v v |V |V
12- | Subtractive ideal - |V vV X |V
13- | Idempotent ideal v | X | X [ X [|X

A.1.3. Let N={0,1,2,3} be a near ring defined in in Example(2.1.3). And
the ideals are: 1,={0},1,={0,1} and 1;={0,2}. The situations of ideals near

ring are explained:

TABLE 3 - A
No Ideals L | 1 I3
1- Completely equiprime ideal X | X |V
2- Completely prime ideal X |V v
3- Completely semi prime ideal v |V 4
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4- Weakly completely prime ideal - 4 v
5- Weakly completely semi prime ideal - v v
6- IFP v |v |V
7- 2-prime ideal X |V v
8- 3-prime ideal X |V v
9- 3-semi prime ideal v v |V
10- | Almost 1-prime ideal - - -

11- | Almost 2-prime ideal - - -

12- | Subtractive ideal - v |V
13- | Idempotent ideal v v |V

A.1l4. Let N={0,1,2,3,a,b,c,d} be a near ring defined in
Example(2.1.28). And let the ideals are: 1,={0}, 1,={0,c} and
15={0,2,c,d}. The situations of ideals near ring are explained:

TABLE 4 - A
No Ideals L | L I
1- Completely equiprime ideal X
2- Completely prime ideal X
3- Completely semi prime ideal X

4- Weakly completely prime ideal

5- Weakly completely semi prime ideal

6- |IFP

7- 2-prime ideal

8- 3-prime ideal

9- 3-semi prime ideal

10- | Almost 1-prime ideal -

11- | Almost 2-prime ideal -

X X| | X
N NN X XN XN N X X X
NN NN NN KN KN KN KN X

12- | Subtractive ideal -
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13- | Idempotent ideal v | X X

A.15. Let N={0,1,2,3,4,5} be a near ring defined in Example(2.1.30).
And let the ideals are:1,={0} and 1,={0,3,4}. The situations of ideals near

ring are explained:

TABLE 5 - A

No Ideals Iy I,
1- Completely equiprime ideal X X
2- Completely prime ideal X v
3- Completely semi prime ideal X v
4- Weakly completely prime ideal - v
5- Weakly completely semi prime ideal - v
6- IFP v v
7- 2-prime ideal X v
8- 3-prime ideal X v
9- 3-semi prime ideal X v
10- | Almost 1-prime ideal - v
11- | Almost 2-prime ideal - v
12- | Subtractive ideal - v
13- Idempotent ideal v X

A.1.6 Let N={0,1,2,3,4,5} be a near ring defined in Example(2.1.32).
And let the ideals are:1,={0} and 1,={0,3}. The situations of ideals near

ring are explained:

TABLE 6 - A
No Ideals I, I,
1- Completely equiprime ideal X v
2- Completely prime ideal X v
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3- Completely semi prime ideal X v
4- Weakly completely prime ideal - v
5- Weakly completely semi prime ideal - v
6- IFP v v
7- 2-prime ideal v v
8- 3-prime ideal X v
9- 3-semi prime ideal X v
10- | Almost 1-prime ideal - v
11- | Almost 2-prime ideal - v
12- | Subtractive ideal - v
13- Idempotent ideal v X

A.1.7. Let N={0,1,2,3} be a near ring defined in Example(2.2.23). And
let the ideals are: 1,={0},1,={0,1},1,={0,2},1,={0,1,2} and 1:={0,1,3}.

The situations of ideals near ring are explained:

TABLE7 - A

No Ideals L | L | I3 |1, Ig
1- Completely equiprime ideal X | X |v | X | X
2- Completely prime ideal X |v | X | X
3- Completely semi prime ideal X | X |v | X |X
4- Weakly completely prime ideal - X |v | X |V
5- | Weakly completely semi prime ideal | - X |v | X |V
6- IFP X |v |v |V |V
7- 2-prime ideal X |v |v |v |V
8- 3-prime ideal X |[X |v | X |X
9- 3-semi prime ideal X | X |v | X [X
10- | Almost 1-prime ideal - - v v |V
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11- | Almost 2-prime ideal - . v v Y
12- | Subtractive ideal - v |V | X | X
13- | Idempotent ideal v |V | X | X | X

A.1.8. Let N={0,1,2,3,4,5} be a near ring defined in Example(3.2.2).
And let the ideals are: 1,={0} and 1,={0,3}. The situations of ideals near

ring are explained:

TABLE 8 - A

No Ideals Iy I,
1- Completely equiprime ideal X v
2- Completely prime ideal X v
3- Completely semi prime ideal v
4- Weakly completely prime ideal - v
5- Weakly completely semi prime ideal - v
6- IFP X v
7- 2-prime ideal X v
8- 3-prime ideal X v
9- 3-semi prime ideal v v
10- Almost 1-prime ideal - -
11- Almost 2-prime ideal - -
12- | Subtractive ideal - v
13- Idempotent ideal v v
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A.1.9. Let N={0,a,b,c} be a near ring defined in Example(3.2.5). And let
the ideals are:l1,={0},1,={0,a},1,={0,b} and 1,={0,c} . The situations of

ideals near ring are explained:

TABLE9 - A
No Ideals L | L | I3 |1,

1- Completely equiprime ideal X | X | X | X
2- Completely prime ideal v | v |V
3- Completely semi prime ideal ViV |V |V
4- Weakly completely prime ideal - vV | vV |V
5- | Weakly completely semi prime ideal - V|V |V
6- IFP v | v | v |V
7- 2-prime ideal v | vV | v |V
8- 3-prime ideal v | v | v |V
0- 3-semi prime ideal Vi v | Vv |V
10- | Almost 1-prime ideal - - - -
11- | Almost 2-prime ideal - - - -
12- | Subtractive ideal - vV V|V
13- | Idempotent ideal v | v | v |V

A.1.10. Let N = Z, be a near ring defined in Example(2.1.8). And let the

ideals are: 1,={0} and 1,={0,2}. The situations of ideals near ring are

explained:
TABLE 10 - A

No Ideals I, I,
1- Completely equiprime ideal X v
2- Completely prime ideal X v
3- Completely semi prime ideal X v
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4- Weakly completely prime ideal - v
5- Weakly completely semi prime ideal - v
6- IFP v v
7- 2-prime ideal v v
8- 3-prime ideal X v
9- 3-semi prime ideal X v
10- Almost 1-prime ideal - v
11- Almost 2-prime ideal - v
12- Subtractive ideal - v
13- Idempotent ideal v X

A.1.11. Let N = Z, be a near ring defined in Example(3.1.14). And let
the ideals are: 1,={0},1,={0,3} and 15={0,2,4}. The situations of ideals

near ring are explained:

TABLE 11 - A
No Ideals I, | I, I

1- Completely equiprime ideal X |v |V
2- Completely prime ideal vV
3- Completely semi prime ideal v |V 4
4- Weakly completely prime ideal - v v
5- Weakly completely semi prime ideal - v |V
6- IFP v v v
7- 2-prime ideal X |V v
8- 3-prime ideal X |V v
9- 3-semi prime ideal v v |V
10- | Almost 1-prime ideal - - v
11- | Almost 2-prime ideal - - v
12- | Subtractive ideal - v |V
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13- | Idempotent ideal v |V X

A.1.12. Let N = Zg be a near ring defined in Example(2.1.13). And let
the ideals are: 1,={0},1,={0,4} and 1;={0,2,4,6}. The situations of ideals

near ring are explained:

TABLE 12 - A
No Ideals I I, I

1- Completely equiprime ideal X X 4
2- Completely prime ideal X X 4
3- Completely semi prime ideal X | X v
4- Weakly completely prime ideal - X v
5- Weakly completely semi prime ideal - X v
6- IFP v v |V
7- 2-prime ideal v |V v
8- 3-prime ideal X X v
9- 3-semi prime ideal X X v
10- | Almost 1-prime ideal - X v
11- | Almost 2-prime ideal - v v
12- | Subtractive ideal - v v
13- | Idempotent ideal v | X X

A.1.13. Let N = Zq be a near ring defined in Example(2.2.25). And let

the ideals are:1;={0} and 1,={0,3,6}. The situations of ideals near ring are

explained:
TABLE 13 - A

No Ideals I, | I
1- Completely equiprime ideal X |V
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2- Completely prime ideal X

X

3- Completely semi prime ideal

4- Weakly completely prime ideal

5- Weakly completely semi prime ideal -

6- | IFP

7- 2-prime ideal

8- 3-prime ideal

0- 3-semi prime ideal

10- | Almost 1-prime ideal -

11- | Almost 2-prime ideal -

12- Subtractive ideal -

X X N X
X NN N NN NN KN N KX

13- | Idempotent ideal v

A.1.14. Let N = Z,, be anear ring defined in Example(3.1.10). And let
the ideals are: 1,={0},1,={0,6},15,={0,4,8},1, ={0,3,6,9} and
1:={0,2,4,6,8,10}. The situations of ideals near ring are explained:

TABLE 14 - A

No Ideals L | L | I3 ] I, | I
1- Completely equiprime ideal X | X | X v |V
2- Completely prime ideal X | X | X |V |V
3- Completely semi prime ideal X |v | X |v |V
4- Weakly completely prime ideal - X | X |v |V
5- | Weakly completely semi prime ideal | - vV oI X |V |V
6- IFP v | v vV |V |V
7- 2-prime ideal X |[X |v |V |V
8- 3-prime ideal X | X | X |[v |V
9- 3-semi prime ideal X |v | X |V |V
10- | Almost 1-prime ideal - X |- v |V
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11- | Almost 2-prime ideal v |V
12- | Subtractive ideal v
13- | Idempotent ideal X | X
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