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Abstract 

This study aims to build new functions and spaces in the central topological 

spaces through proximity theory, and to study all the topological concepts that 

can be studied in it. As well as the relationships between those spaces within this 

space. Where some basic concepts of proximity theory were reviewed, as well as 

the concept of C-set and the algebraic properties of that set and the construction 

of central topological spaces, which represents the first stage of this work. 

The second stage: The concept of function in the central topological spaces was 

introduced by studying their mathematical properties as well as the concept of 

continuity and equivalence and the effect of those functions on the central 

axioms of the class. Several functions have been identified, including: 

 Shrink central function        

 Reduction central function  

 Stronger central function     

 Weakly central function      

The classification of the above functions was adopted according to the 

presence of proximity spaces in the domain and the corresponding domain, 

where the first and second class were defined assuming that the function was 

defined from the proximity space to the proximity space, while the third class 

was defined from the proximity space to a set whose relationship was defined 

through the domain relationship, while the last class was defined from a set to 

the proximity space and the relationship was defined in the same manner as the 

third category. 

The third stage: The concept of 𝒞 −compact spaces and some 

classifications of that space were introduced (ℒ𝒞 – compact space, 𝒜𝒞 − 

compact space and ℋ𝒞 − closed space). 

The fourth stage: The concept of 𝒞 − lindelof spaces and some 

classifications of that space were introduced (ℒ𝒞 - lindelof spaces, 𝒜𝒞 − 

lindelof spaces and  ℋℒ𝒞 − closed spaces). 

The five stage: The concept of 𝒞 − countable compact spaces and some 

classifications of that space were introduced (ℒ𝒞 – countable compact space, 

𝒜𝒞 − countable compact space and ℋ𝒞 − countable closed space). 



 

II 
 

In the last three stages, the topological properties were studied by means of 

the functions constructed in the first stage, the heredity properties of those 

spaces, the relationship of those spaces to the axioms of central separation and 

the mutual influence between them, as well as the union and intersection of 

those spaces. 
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Symbols Description 
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𝒞𝑋 Universal center 

𝒞∅ Empty center 

𝒞𝑋
𝐴 {〈𝑋, 𝐵〉 ∶  〈𝐴, 𝐵〉 ∈ 𝒞𝐴} 

𝒞𝑋
(𝐴)

 Complements center of 𝒞𝐴 

≼𝒞 Center subsets 

=𝒞 Center equal to 

≠𝒞 Not center equal 

ℙ𝒞(𝑋) Family of all center set of (𝑋, 𝛿) 

⋎𝒞 Union center 

⋏𝒞 Intersection center 

𝑐𝑙𝒞(𝒞𝐴) Center closure of 𝒞𝐴 

𝑖𝑛𝑡𝒞(𝒞𝐴) Center interior of 𝒞𝐴 

𝐴𝛿𝐵 𝐴 is not related with 𝐵 
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Introduction  

The first pillar of the study presented in this thesis is the use of the concept 

of proximity relation, this type of relationship was identified at the beginning of 

the last century by F. Riesz (1909) [10], It was rediscovered and axiomatized by 

V. A. Efremovič(1934) [9], under the name of infinitesimal space  , Where he 

used the concepts of proximity space to put forward his theory known as “theory 

of enchainment” which did not see the light and does not realize the 

development at that time. 

Where the idea of the concept of proximity crystallized through metric 

space, this is because the metric space (𝑋, 𝑑) , we may define it as a relationship 

δ  on 𝑃(𝑋) as follows:  

                      𝐴𝛿𝐵 if and only if 𝐷(𝐴, 𝐵) = 0, 

                      Where 𝐷 (𝐴, 𝐵)  =  𝑖𝑛𝑓 {𝑑(𝑎, 𝑏): 𝑎 ∈  𝐴, 𝑏 ∈  𝐵}. 

This definition reflects a nearness between 𝐴 and 𝐵. The concept of 

nearness was initiated by F. Riesz in the year 1908.  

After a period of time, the definition of proximity neighbourhoods was provided 

by  V. A. Efremovič [9], An equivalent set of axioms is obtained to obtain the 

proximity space. Proximity theory continued to develop rapidly by many 

researchers it has been translated into many research papers that have been 

directly and indirectly applied and in different fields. We review some lines of 

research in this field. 

 In 1986, Künzi [7] studied the concept of proximity within a topological 

space by coarsest quasi-proximity. In the same year, a research paper was 

published by Mee-Kyoung [8], that quasi-proximity spaces that it causes 

quasi-uniformity  It has the same feature and quasi-uniformity It is a 

structure that has the same closure in topological spaces. 
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 Also uses Latecki,  Longin  and Frank Prokop in 1995 [10], semi-

proximity spaces To provide a relationship between topological concepts 

digital image processing in 𝑅𝑛.  

 In 2019 , researcher Yiezi [12], using proximity spaces To extract new 

spaces called  i-topological proximity spaces. Then the concept of focal 

focal functions was introduced through the concept of focal set. 

The second and fundamental pillar of our work is the center topological 

spaces.  In 2019, researchers D. A. Abdulsada, L. A. Al-Swidi, presented a 

concept for the first time, center set   via proximity relation, through this 

concept, a new space called central topological spaces is built [1] . Several 

concepts were introduced within this space such as (𝒞-open, 𝒞-closed, 𝒞- 

neighborhood, 𝒞-closure, 𝒞-interior) sets [2], Where the same researchers 

studied the central separation axioms in center topological spaces such as (𝔍𝒞0-

space, 𝔍𝒞1-space, 𝔍𝒞2-space, 𝒞-regular, 𝒞-normal, 𝔍𝒞3-space and 𝔍𝒞4-

space)[3,4,5]. 

This dissertation consists of five chapters: 

In chapter one, the most important basics of proximity space are given, 𝒞 – set 

and 𝒞 – topological spaces, by presenting the most important algebraic and 

topological properties of these concepts. 

 

Chapter two consists of four sections. In section one; we introduced the 

concept of sharing central function in proximity spaces. We studied the most 

important properties of these functions, continuity, and its relationship to the 

separation axioms in 𝒞 − topological spaces. In section two; we introduced the 

concept of reduction central function in proximity spaces. We studied the most 

important properties of these functions, continuity, and its relationship to the 

separation axioms in 𝒞 − topological spaces. For the third and fourth sections, 

we have introduced two types of functions called stronger central function and 
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weaker central function , in which these two functions are characterized by 

having a single relationship on either X or Y space. As in the first section, these 

functions and their continuity are studied in the central topological spaces. 

Chapter three consists of four sections. In section one; we introduced the 

concept of 𝒞 − compact spaces in central topological spaces and studied their 

topological properties and their relationship to the central separation axioms. In 

the other sections of this chapter, we introduce the concepts (ℒ𝒞 – compact 

space, 𝒜𝒞 − compact space and ℋ𝒞 − closed space) and the topological 

properties of each of these spaces. 

In Chapter four, we give several characterizations of Center lindelofness, 

where the concept of 𝒞 −  lindelof spaces within the central topological spaces 

was introduce and the topological properties of this space and its relationship to 

the axioms of separation were studied. Also in section two we introduce new 

concept, namely ℒ𝒞 - lindelof space and its relationship to the axioms of 

separation were studied. In section three and fore we introduce new concepts 

namely 𝒜𝒞 − lindelof  and ℋℒ𝒞 − closed, and we study their properties. 

Chapter five consists of four sections. In section one; we introduced the 

concept of 𝒞 −  countable compact spaces in central topological spaces and 

studied their topological properties and their relationship to the central 

separation axioms. In the other sections of this chapter, we introduce the 

concepts (ℒ𝒞 – countable compact space, 𝒜𝒞 − countable compact space and 

ℋ𝒞 − countable closed space) and the topological properties of each of these 

spaces.
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Chapter One: Center Set & 𝓒-Topological space 

In this chapter, we deal with the most important special mathematical tools 

in the process of building a thesis, as they are the mainstay of our work. The 

main aspect of the proximity relationship includes its definition, its most 

important characteristics and the construction processes that were the basic 

building block for building the concept of  𝒞 - set, and which was the starting 

point for the process of building modern concepts that was adopted in this thesis. 

The first chapter contains two parts:  

The first topic deals with the concept of proximity space and its most 

important characteristics, theories and examples. The second topic dealt with the 

concept of 𝒞 - set and its algebraic properties, as well as the topological 

concepts through the concept of 𝒞 - topological spaces. 

 Proximity Space 1.1

In this part, we review the concept of proximity space and its basic 

properties, also give some examples and basic theories that we need in our work.  

Definition 1.1.1[7]. 

A binary relation 𝛿 on the power set of 𝑋 is called an Efremoviô 

proximity on 𝑋 if and only if it satisfies the following axioms for each 

𝐴, 𝐵, 𝐶, 𝐸 ⊆ 𝑋: 

B1. 𝐴𝛿𝐵 implies 𝐵𝛿𝐴; 

B2. (𝐴 ∪ 𝐵)𝛿𝐶 if and only if 𝐴𝛿𝐶 or 𝐵𝛿𝐶; 

B3.  𝐴𝛿𝐵 implies 𝐴 ≠ ∅, 𝐵 ≠ ∅; 

B4. 𝐴 ∩ 𝐵 ≠ ∅ implies 𝐴𝛿𝐵. 

B5. 𝐴𝛿𝐵 implies that there exists a subset 𝐸 such that 𝐴𝛿𝐸 and 𝑋 − 𝐸𝛿𝐵;  

The pair (𝑋, 𝛿) is called a proximity space. In addition, if 𝛿 also satisfies: 
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B6. ∀ 𝑥, 𝑦 ∈ 𝑋: ({x}𝛿{y}implies 𝑥 = 𝑦), then the pair (𝑋, 𝛿) is called a 

separated proximity space. 

Note, strictly speaking one should use the notation 𝐴𝛿𝐵 ((𝐴, 𝐵) ∈ 𝛿 ) or 

𝐴𝛿̅𝐵 ((𝐴, 𝐵) ∉ 𝛿 ), when the sets A and B are either near (𝛿) each other or far 

(𝛿̅) each other. 

Let (𝑋, 𝛿)  be a proximity space. For a subset 𝐴 of 𝑋 define 𝑐𝑙(𝐴) = {𝑥 ∈

𝑋 ∶ {𝑥}𝛿𝐴} Then '𝑐𝑙' is a Kuratowski closure operator on 𝑋. The topology 

obtained by this operator is called the topology induced by 𝛿, and is denoted by 

𝑇𝛿. 

Note that for subsets 𝐴 and 𝐵 of a proximity space (𝑋, 𝛿), 𝐴𝛿𝐵 if and only 

if 𝑐𝑙𝑇𝛿
(𝐴)𝛿𝑐𝑙𝑇𝛿

(𝐵) ≠ ∅. 

Definition 1.1.2 [7]. 

If on a set 𝑋, there is a topology 𝑇 and a proximity 𝛿 such that 𝑇 = 𝑇𝛿, then 

𝑇 and 𝛿 are said to be compatible. 

Examples 1.1.3 . 

 Let 𝑋 be a non-empty set. For 𝐴, 𝐵 ∈ ℙ(𝑋), 𝐴𝛿𝐵 if and only if 𝐴 ∩ 𝐵 ≠

∅. 𝛿 is a separated proximity. The proximity defied in this way is called 

discreate proximity and (𝑋, 𝛿) called discreate proximity space. 

 Let 𝑋 be any non-empty set and define 𝐴𝛿𝐵 iff 𝐴 ≠ ∅ and 𝐵 ≠ ∅. 𝛿 is a 

proximity on 𝑋. If 𝑋 contains two or more points, then 𝛿 is not a separated 

proximity. 𝛿 defined in this way is called the trivial proximity and (𝑋, 𝛿) 

called trivial proximity space. 

 Let (𝑋, 𝑑) be a pseudomatric space. Define   𝐴𝛿𝐵 iff 𝑑(𝐴, 𝐵) = 0, 

     Where, 𝑑(𝐴, 𝐵) = inf{𝑑(𝑎, 𝑏) ∶  𝑎 ∈ 𝐴 𝑎𝑛𝑑 𝑏 ∈ 𝐵}. So 𝛿 is a proximity 

on (𝑋, 𝑑). 𝛿 defined in this way is called the pseudomatric proximity and 

(𝑋, 𝑑, 𝛿) called pseudo-matric proximity space. 
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 Consider a normal space (𝑋, 𝑇). Define 𝐴𝛿𝐵 iff 𝑐𝑙𝑇𝛿
(𝐴) ∩ 𝑐𝑙𝑇𝛿

(𝐵) ≠ ∅. 

𝛿 is a proximity space on 𝑋. 𝛿 defined in this way is called the normal 

proximity and (𝑋, 𝑇, 𝛿) called normal proximity space. 

The following theorem shows the most important properties of the proximity 

relationship, which has an important mathematical content in the construction 

process. 

Theorem 1.1.4[7]:  

Let (𝑋, 𝛿) be a proximity space. Then  

(a) If 𝐴𝛿𝐵 and 𝐵 ⊆  𝐶, then 𝐴𝛿𝐶;  

(b) If 𝐴𝛿̅𝐵 and 𝐶 ⊆  𝐵, then 𝐴𝛿̅𝐶;  

(c) If there exists a point 𝑥 ∈  𝑋 such that 𝐴𝛿{𝑥} and {𝑥}𝛿𝐵, then 𝐴𝛿𝐵;  

(d) 𝐴𝛿̅∅ for every 𝐴 ⊆  𝑋; 

The axiom B5 has basic equivalents for the purpose of simplifying its 

concept, as shown in the following proposition. 

Proposition 1.1.5[7]:  

If 𝛿 is a proximity relation on a set 𝑋, then the axiom (B5) in (definition 

1.1.1) is equivalent to each of the following statements:  

(𝑩𝟓′) If 𝐴𝛿̅𝐵, then there are sets 𝐶 and 𝐷 such that 𝐴𝛿̅𝐶, 𝐵𝛿̅𝐷 and 𝐶 ∪ 𝐷 = 𝑋;  

(𝑩𝟓′′) If 𝐴𝛿̅𝐵, then there are sets 𝐶 and 𝐷 such that 𝐴𝛿̅𝑋 − 𝐶, 𝑋 − 𝐷𝛿̅𝐵 and 

𝐶𝛿̅𝐷;  

(𝑩𝟓′′′) If 𝐴𝛿̅𝐵, then there are sets 𝐶 and 𝐷 such that 𝐶 ∩ 𝐷 = ∅, 𝐴𝛿̅𝑋 − 𝐶 and 

𝐵𝛿̅𝑋 − 𝐷. 
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Now we will review the definition of neighborhoods in proximity spaces 

and their properties and characteristics. 

Definition 1.1.6 [7]. 

 Let (𝑋, 𝛿) be a proximity space. We say that the sets 𝐴, 𝐵 ⊂  𝑋 are in the 

relation ≪ and write 𝐴 ≪ 𝐵 if 𝐴𝛿̅𝑋 − 𝐵. When 𝐴 ≪ 𝐵, we call 𝐵 a proximity or 

𝛿-neighborhood of 𝐴.  

Neighborhoods have properties and we will notice that they are 

synonymous with neighborhoods properties in usual topology, as shown in the 

following Proposition, which has an important influence. 

Proposition 1.1.7[8]. 

Let (𝑋, 𝛿) be a proximity space. Then the relation ≪ satisfies the following 

properties:  

O1. 𝑋 ≪ 𝑋;  

O2. If 𝐴 ≪ 𝐵, then 𝐴 ⊂  𝐵;  

O3. 𝐴 ⊂ 𝐵 ≪ 𝐶 ⊂ 𝐷 implies 𝐴 ≪  𝐷;  

O4. 𝐴 ≪ 𝐵 implies 𝑋 − 𝐵 ≪ 𝑋 − 𝐴;  

O5. 𝐴 ≪ 𝐵𝑘 is true for 𝑘 = 1, 2, . . . , 𝑛 if and only if 𝐴 ≪  ⋂ 𝐵𝑘
𝑛
𝑘=1 ;  

O6.  If 𝐴 ≪ 𝐵, then there exists a set 𝐶 ⊂ 𝑋 such that 𝐴 ≪ 𝐶 ≪ 𝐵.  

If δ is a separated proximity, then  

O7.  {𝑥} ≪ 𝑋 − {𝑦} if and only if 𝑥 ≠ 𝑦. 

Corollary 1.1.8[8]:  

If 𝐴𝑘 ≪ 𝐵𝑘 for 𝑘 = 1, 2, . . . , 𝑛, for ⋂ 𝐵𝑘
𝑛
𝑘=1 ≠ ∅ then: 

1. ⋃ 𝐴𝑘
𝑛
𝑘=1 ≪ ⋂ 𝐵𝑘

𝑛
𝑘=1 . 

2. ⋃ 𝐴𝑘
𝑛
𝑘=1 ≪ ⋃ 𝐵𝑘

𝑛
𝑘=1 . 
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3. ⋂ 𝐴𝑘
𝑛
𝑘=1 ≪ ⋂ 𝐵𝑘

𝑛
𝑘=1 . 

4. ⋂ 𝐴𝑘
𝑛
𝑘=1 ≪ ⋃ 𝐵𝑘

𝑛
𝑘=1 . 

We will now go through the process of creating a topology from proximity 

space (𝑋, 𝛿)  and this topology is produced by introducing the definition of a 

closed set. 

 

Definition 1.1.9[11]: 

 Let (𝑋, 𝛿) be a proximity space. A subset 𝐹 ⊂ 𝑋 is defined to be closed if 

and only if {𝑥}𝛿𝐹 implies 𝑥 ∈  𝐹. 𝜏𝛿 is the family of complements of all the sets 

defined in such a way, such that  is a topology on the set 𝑋. 

Proposition 1.1.10[7, 11]: 

 If 𝐺 is a subset of a proximity space (𝑋, 𝛿 ), then 𝐺 is open in topology 𝜏𝛿 

if and only if {𝑥}𝛿̅𝑋 − 𝐺 for every 𝑥 ∈ 𝐺. 

Proposition 1.1.11[7]: 

If 𝐴 and 𝐵 are subsets of a proximity space (𝑋, 𝛿), then 𝐴𝛿̅𝐵 implies:  

(a) 𝑐𝑙𝜏𝛿
(𝐵) ⊂ 𝑋 −  𝐴 ,  

(b) 𝐵 ⊂  𝑖𝑛𝑡𝜏𝛿
(𝑋 −  𝐴). 

Where the closure and the interior are taken with respect to the topology 

𝜏𝛿. 

Proposition 1.1.12[7]: 

Let (𝑋, 𝛿) be a proximity space. For any subsets 𝐴 and 𝐵 of X, then:  

(a) 𝐴 ≪ 𝐵 implies 𝑐𝑙𝜏𝛿
(𝐴) ≪ 𝐵; 

(b) 𝐴 ≪ 𝐵 implies 𝐴 ≪ 𝑖𝑛𝑡𝜏𝛿
(𝐵). 
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Proposition 1.1.13[7]:  

The intersection of all 𝛿-neighborhoods of a set 𝐴 is equal to the 

𝜏𝛿 −closure of the set 𝐴. 

Proposition 1.1.14[7]:   

The topology 𝜏𝛿 generated by a proximity relation 𝛿 on a space 𝑋 is 

regular. 

Now we review the concept of continuity in the space of proximity and the 

most important basic characteristics of continuity that have been adopted in our 

work through the following definition and theories. 

Definition 1.1.15[7]: 

Let (𝑋, 𝛿𝑋) and (𝑌, 𝛿𝑌) be two proximity spaces. The mapping 𝑓 ∶

(𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) is said to be proximally or 𝛿-continuous if 𝐴𝛿𝑋𝐵 implies 

𝑓(𝐴)𝛿𝑌𝑓(𝐵) for every two sets 𝐴, 𝐵 ⊂ 𝑋. 

Theorem 1.1.16[7]:   

A mapping 𝑓 ∶ (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) of a proximity space (𝑋, 𝛿𝑋) into a 

proximity space (𝑌, 𝛿𝑌)  is 𝛿-continuous if and only if for every two sets 

P, 𝑄 ⊂ 𝑌 , 𝑃𝛿𝑌
̅̅ ̅𝑄 implies 𝑓−1 (𝑃)𝛿𝑋

̅̅ ̅𝑓−1(𝑄). 

Corollary 1.1.17[7]: 

Let 𝑓 ∶ 𝑋 → (𝑌, 𝛿𝑌) be a mapping from a set 𝑋 on a proximity space 

(𝑌, 𝛿𝑌). Then 𝛿𝑋 = 𝑓−1(𝛿𝑌 ) is the coarsest proximity on 𝑋 for which 𝑓 is a 𝛿-

continuous mapping. 
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Theorem 1.1.18[7]: 

Let (𝑋, 𝛿𝑋) be a proximity space, 𝑓 ∶ (𝑋, 𝛿𝑋)  →  𝑌 a given mapping and 𝛿𝑌 

be a relation on the set 𝑌 defined by: 𝐴𝛿𝑌𝐵 if and only if 𝑓−1 (𝐴)𝛿𝑋 𝑓−1(𝐵). 

Whenever 𝛿𝑌, defined in this way, is a proximity on 𝑌, then 𝛿𝑌 = 𝑓(𝛿𝑋). This is 

the case if 𝑓 is surjective and if for 𝐴, 𝐵 ⊂ 𝑌, 𝑓−1 (𝐴)𝛿𝑋
̅̅ ̅ 𝑓−1(𝐵), there exist 

𝐶, 𝐷 ⊂  𝑌 such that 𝐶 ∩  𝐷 =  ∅, 𝑓−1 (𝐴)𝛿𝑋
̅̅ ̅ 𝑓−1 (𝑌 −  𝐶) and 

𝑓−1 (𝐵)𝛿𝑋
̅̅ ̅ 𝑓−1(𝑌 −  𝐷), then 𝛿𝑌 is proximity on 𝑌. 

 Center Sets Theory 1.2

In this part, we review the concept of the center sets and present some of 

the algebraic properties of these sets. 

Definition 1.2.1[1]:  

Let (𝑋, 𝛿) be a proximity space and 𝐴 ⊆ 𝑋. A center set of 𝐴 is defined by 

𝒞𝐴 = {〈𝐴, 𝐵〉 ∶ 𝐵 ⊆ 𝑋 𝑎𝑛𝑑 𝐴𝛿𝐵} 

Example 1.2.2: 

Let 𝑋 = {𝑎, 𝑏} and 𝛿 discrete proximity, then the following center sets are:  

𝒞∅ = ∅; 

𝒞{𝑎} = {〈{𝑎}, {𝑎}〉, 〈{𝑎}, 𝑋〉}; 

𝒞{𝑏} = {〈{𝑏}, {𝑏}〉, 〈{𝑏}, 𝑋〉}; 

𝒞𝑋 = {〈𝑋, {𝑎}〉, 〈𝑋, {𝑏}〉 〈𝑋, 𝑋〉}. 

Example 1.2.3:  

Let 𝑋 = {1,2,3} and 𝑑 defined by  

𝑑: {
𝑑(1,1) = 𝑑(2,2) = 𝑑(3,3) = 0                 
𝑑(1,2) = 𝑑(2,1) = 𝑑(2,3) = 𝑑(3,2) = 1
𝑑(1,3) = 𝑑(3,1) = 4                                     

}, then (𝑋, 𝑑) is pseudomatric 

space. Define 𝛿 pseudo-matric proximity, then the following center sets are:  
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𝒞∅ = ∅; 

𝒞{1} = {〈{1}, {1}〉, 〈{1}, {1,2}〉, 〈{1}, {1,3}〉, 〈{1}, 𝑋〉}; 

𝒞{2} = {〈{2}, {2}〉, 〈{2}, {1,2}〉, 〈{2}, {2,3}〉, 〈{2}, 𝑋〉}; 

𝒞{3} = {〈{3}, {3}〉, 〈{3}, {1,3}〉, 〈{3}, {2,3}〉, 〈{3}, 𝑋〉}; 

𝒞{1,2} = {
〈{1,2}, {1}〉, 〈{1,2}, {2}〉, 〈{1,2}, {1,2}〉,
〈{1,2}, {1,3}〉, 〈{1,2}, {2,3}〉, 〈{1,2}, 𝑋〉

}; 

𝒞{1,3} = {
〈{1,3}, {1}〉, 〈{1,3}, {3}〉, 〈{1,3}, {1,2}〉,
〈{1,3}, {1,3}〉, 〈{1,3}, {2,3}〉, 〈{1,3}, 𝑋〉

}; 

𝒞{2,3} = {
〈{2,3}, {2}〉, 〈{2,3}, {3}〉, 〈{2,3}, {1,2}〉,
〈{2,3}, {1,3}〉, 〈{2,3}, {2,3}〉, 〈{2,3}, 𝑋〉

}; 

𝒞𝑋 = {〈𝑋, {1}〉, 〈𝑋, {2}〉, 〈𝑋, {3}〉, 〈𝑋, {1,2}〉, 〈𝑋, {1,3}〉, 〈𝑋, {2,3}〉, 〈𝑋, 𝑋〉}. 

Example 1.2.4: 

Let 𝑋 = {𝑎, 𝑏, 𝑐} and 𝑇 = {∅, {𝑎}, {𝑏, 𝑐}, 𝑋}, then (𝑋, 𝑇) is normal space. 

Define 𝛿 normal proximity, then the following are center sets,  

𝒞∅ = ∅; 

𝒞{𝑎} = {〈{𝑎}, {𝑎}〉, 〈{𝑎}, {𝑎, 𝑏}〉, 〈{𝑎}, {𝑎, 𝑐}〉, 〈{𝑎}, 𝑋〉}; 

𝒞{𝑏} = {
〈{𝑏}, {𝑏}〉, 〈{𝑏}, {𝑐}〉, 〈{𝑏}, {𝑎, 𝑏}〉, 〈{𝑏}, {𝑎, 𝑐}〉,

〈{𝑏}, {𝑏, 𝑐}〉, 〈{𝑏}, 𝑋〉
}; 

𝒞{𝑐} = {
〈{𝑐}, {𝑏}〉, 〈{𝑐}, {𝑐}〉, 〈{𝑐}, {𝑎, 𝑏}〉, 〈{𝑐}, {𝑎, 𝑐}〉,

〈{𝑐}, {𝑏, 𝑐}〉, 〈{𝑐}, 𝑋〉
}; 

𝒞{𝑎,𝑏} = {
〈{𝑎, 𝑏}, {𝑎}〉, 〈{𝑎, 𝑏}, {𝑏}〉, 〈{𝑎, 𝑏}, {𝑐}〉, 〈{𝑎, 𝑏}, {𝑎, 𝑏}〉,

〈{𝑎, 𝑏}, {𝑎, 𝑐}〉, 〈{𝑎, 𝑏}, {𝑏, 𝑐}〉, 〈{𝑎, 𝑏}, 𝑋〉
}; 

𝒞{𝑎,𝑐} = {
〈{𝑎, 𝑐}, {𝑎}〉, 〈{𝑎, 𝑐}, {𝑏}〉, 〈{𝑎, 𝑐}, {𝑐}〉, 〈{𝑎, 𝑐}, {𝑎, 𝑏}〉,

〈{𝑎, 𝑐}, {𝑎, 𝑐}〉, 〈{𝑎, 𝑐}, {𝑏, 𝑐}〉, 〈{𝑎, 𝑐}, 𝑋〉
}; 

𝒞{𝑏,𝑐} = {
〈{𝑏, 𝑐}, {𝑏}〉, 〈{𝑏, 𝑐}, {𝑐}〉, 〈{𝑏, 𝑐}, {𝑎, 𝑏}〉,
〈{𝑏, 𝑐}, {𝑎, 𝑐}〉, 〈{𝑏, 𝑐}, {𝑏, 𝑐}〉, 〈{𝑏, 𝑐}, 𝑋〉

}; 
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𝒞𝑋 = {〈𝑋, {𝑎}〉, 〈𝑋, {𝑏}〉, 〈𝑋, {𝑐}〉, 〈𝑋, {𝑎, 𝑏}〉, 〈𝑋, {𝑎, 𝑐}〉, 〈𝑋, {𝑏, 𝑐}〉, 〈𝑋, 𝑋〉}. 

We review the algebraic relationships of the center set through the 

following definition. 

Definition 1.2.5. [1]  

For two center sets 𝒞𝐴 and 𝒞𝐵 over a proximity space (𝑋, 𝛿), we say that 

1.  𝒞𝐴 is a center subset of 𝒞𝐵 if and only if for each 〈𝐴, 𝐶〉 ∈ 𝒞𝐴, implies 

〈𝐵, 𝐶〉 ∈ 𝒞𝐵. We write 𝒞𝐴 ≼𝒞 𝒞𝐵. In (Example 1.2.4) 𝒞{𝑎} ≼𝒞 𝒞{𝑎,𝑏} . 

2. 𝒞𝐴 is a center equal to 𝒞𝐵 if and only if 𝒞𝐴 is a center subset of 𝒞𝐵 and 

𝒞𝐵 is a center subset of 𝒞𝐴.We write 𝒞𝐴 =𝒞 𝒞𝐵 . In (Example 1.2.4) 

𝒞{𝑏} =𝒞 𝒞{𝑐} =𝒞 𝒞{𝑏,𝑐} and 𝒞{𝑎,𝑏} =𝒞 𝒞{𝑎,𝑐} =𝒞 𝒞𝑋. 

3. 𝒞𝑋 = {〈𝑋, 𝐴〉 ∶  ∅ ≠ 𝐴 ⊆ 𝑋} is universe center. 

4. 𝒞∅ = ∅  is Null center set. 

5. The center complement of 𝒞𝐴 is define by:  

           𝐶𝑜𝑝. 𝒞𝐴 = {〈𝑋, 𝐵〉 ∈ 𝒞𝑋 ∶  〈𝐴, 𝐵〉 ∉ 𝒞𝐴}   

Clearly, 𝐶𝑜𝑝. 𝒞𝑋 = 𝒞∅ and 𝐶𝑜𝑝. 𝒞∅ = 𝒞𝑋. We denote 𝑐𝑜𝑝. 𝒞𝐴 by 𝒞𝑋
(𝐴)

. 

6. The center difference is define by:  

𝒞𝐴 − 𝒞𝐵 = {〈𝐴, 𝐶〉 ∶  〈𝐴, 𝐶〉 ∈ 𝒞𝐴 𝑎𝑛𝑑 〈𝐵, 𝐶〉 ∉ 𝒞𝐵}. 

7. Center union of  𝒞𝐴 and 𝒞𝐵 is define by: 

  𝒞𝐴 ⋎𝒞 𝒞𝐵 = {〈𝐴 ∪ 𝐵, 𝐶〉 ∶  〈𝐴, 𝐶〉 ∈ 𝒞𝐴 𝑜𝑟 〈𝐵, 𝐶〉 ∈ 𝒞𝐵} 

8. Center intersection of 𝒞𝐴 and 𝒞𝐵 is define by: 

                    𝒞𝐴 ⋏𝒞 𝒞𝐵 = {〈𝐴 ∪ 𝐵, 𝐶〉 ∶  〈𝐴, 𝐶〉 ∈ 𝒞𝐴 𝑎𝑛𝑑 〈𝐵, 𝐶〉 ∈ 𝒞𝐵} 

Example 1.2.6: 

Let (𝑋, 𝛿) be a proximity space such that 𝑋 = {1,2,3} and 𝛿 is discreate 

proximity. Then the following are center sets:  

𝒞{1} = {〈{1}, {1}〉, 〈{1}, {1,2}〉, 〈{1}, {1,3}〉 〈{1}, 𝑋〉} 
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𝒞{2} = {〈{2}, {2}〉, 〈{2}, {1,2}〉, 〈{2}, {2,3}〉 〈{2}, 𝑋〉} 

𝒞{1} ⋏𝒞 𝒞{2} = {〈{1,2}, {1,2}〉, 〈{1,2}, 𝑋〉} 

𝒞{1} ⋎𝒞 𝒞{2} = {
〈{1,2}, {1}〉, 〈{1,2}, {2}〉, 〈{1,2}, {1,2}〉, 〈{1,2}, {1,3}〉,

〈{1,2}, {2,3}〉 〈{1,2}, 𝑋〉
} 

𝑐𝑜𝑝. 𝒞{1} = {〈𝑋, {2}〉, 〈𝑋, {3}〉, 〈𝑋, {2,3}〉} 

𝑐𝑜𝑝. 𝒞{2} = {〈𝑋, {1}〉, 〈𝑋, {3}〉, 〈𝑋, {1,3}〉}. 

The following theorem show the most of the algebraic properties of the 

Center union, Center intersection and center difference between the center sets 

in(𝑋, 𝛿).  

 

Proposition 1.2.7[1]  

Suppose that 𝒞𝐴 and 𝒞𝐵 are center sets of (𝑋, 𝛿), then:  

1. 𝒞𝐴 ⋎𝒞 𝒞𝐴 = 𝒞𝐴 

2. 𝒞𝐴 ⋏𝒞 𝒞𝐴 = 𝒞𝐴 

3. 𝒞𝐴 ⋎𝒞 𝒞∅ = 𝒞𝐴 

4. 𝒞𝐴 ⋏𝒞 𝒞∅ = 𝒞∅ 

5. 𝒞𝐴 ⋎𝒞 𝐶𝑜𝑝. 𝒞𝐴 = 𝒞𝑋 

6. 𝒞𝐴 ⋏𝒞 𝐶𝑜𝑝. 𝒞𝐴 = 𝒞∅ 

7. 𝐶𝑜𝑝. (𝒞𝐴 ⋎𝒞 𝒞𝐵) = 𝐶𝑜𝑝. 𝒞𝐴 ⋏𝒞 𝐶𝑜𝑝. 𝒞𝐵 

8. 𝐶𝑜𝑝. (𝒞𝐴 ⋏𝒞 𝒞𝐵) = 𝐶𝑜𝑝. 𝒞𝐴 ⋎𝒞 𝐶𝑜𝑝. 𝒞𝐵 

9. 𝐶𝑜𝑝. (𝐶𝑜𝑝. (𝒞𝐴)) =𝒞 𝒞𝐴.  

10. (𝒞𝐴 ⋎𝒞 𝒞𝐵) ⋎𝒞 𝒞𝐶 = 𝒞𝐴 ⋎𝒞 (𝒞𝐵 ⋎𝒞 𝒞𝐶). 

11. (𝒞𝐴 ⋏𝒞 𝒞𝐵) ⋏𝒞 𝒞𝐶 = 𝒞𝐴 ⋏𝒞 (𝒞𝐵 ⋏𝒞 𝒞𝐶). 

12. (𝒞𝐴 ⋎𝒞 𝒞𝐵) ⋏𝒞 𝒞𝐶 = (𝒞𝐴 ⋏𝒞 𝒞𝐶) ⋎𝒞 (𝒞𝐵 ⋏𝒞 𝒞𝐶). 

13. (𝒞𝐴 ⋏𝒞 𝒞𝐵) ⋎𝒞 𝒞𝐶 = (𝒞𝐴 ⋎𝒞 𝒞𝐶) ⋏𝒞 (𝒞𝐵 ⋎𝒞 𝒞𝐶). 

14. 𝒞𝐴 − 𝒞𝐵 =𝒞 𝒞𝐴 ⋏𝒞 𝑐𝑜𝑝. 𝒞𝐵 

15. (𝒞𝐵 − 𝒞𝐴) ⋎𝒞 (𝒞𝐶 − 𝒞𝐴) = (𝒞𝐵 ⋎𝒞 𝒞𝐶) − 𝒞𝐴. 
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Definition 1.2.8[1]  

Let (𝑋, 𝛿) be aproximity space and {𝒞𝐴𝑖
∶ 𝑖 ∈ 𝐼} be a family of center sets. 

Then 

1. ⋎𝒞 𝒞𝐴𝑖
= {〈∪ 𝐴𝑖 , 𝐶〉 ∶  〈𝐴𝑖 , 𝐶〉 ∈ 𝒞𝐴𝑖

 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑖 ∈ 𝐼}. 

2. ⋏𝒞 𝒞𝐴𝑖
= {〈∪ 𝐴𝑖 , 𝐶〉 ∶  〈𝐴𝑖 , 𝐶〉 ∈ 𝒞𝐴𝑖

 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑖 ∈ 𝐼}. 

Proposition 1.2.9 [1]:  

If 𝒞𝐴, 𝒞𝐵 , 𝒞𝐶 and {𝒞𝐴𝑖
∶ 𝑖 ∈ 𝐼} be a center set, then: 

1. 𝒞𝐴 ≼𝒞 𝒞𝐵  𝑎𝑛𝑑 𝒞𝐵 ≼𝒞 𝒞𝐶 ⟹ 𝒞𝐴 ≼𝒞 𝒞𝐶 

2. 𝒞𝐴𝑖
≼𝒞 𝒞𝐵  𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑖 ∈ 𝐼 ⟹⋎𝒞 𝒞𝐴𝑖

≼𝒞 𝒞𝐵 

3. 𝒞𝐵 ≼𝒞 𝒞𝐴𝑖
 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑖 ∈ 𝐼 ⟹ 𝒞𝐵 ≼𝒞⋏𝒞 𝒞𝐴𝑖

 

4. 𝐶𝑜𝑝. (⋎𝒞 𝒞𝐴𝑖
) =⋏𝒞 (𝐶𝑜𝑝. 𝒞𝐴𝑖

) 

5. 𝐶𝑜𝑝. (⋏𝒞 𝒞𝐴𝑖
) =⋎𝒞 (𝐶𝑜𝑝. 𝒞𝐴𝑖

) 

6. 𝒞𝐴 ≼𝒞 𝒞𝐵 ⟹ 𝐶𝑜𝑝. 𝒞𝐵 ≼𝒞 𝐶𝑜𝑝. 𝒞𝐴 

We now present the definition of the central point as well as the concept of 

belonging through the following definition. 

Definition 1.2.10[1]:   

Let (𝑋, 𝛿) be a proximity space and {𝑥}, 𝐵 ⊆ 𝑋, such that {𝑥}𝛿𝐵. Then 

𝑥𝐵 = {〈{𝑥}, 𝐵〉} is called a center point in (𝑋, 𝛿) . And if 𝒞𝐴 center set in (𝑋, 𝛿). 

Then 𝑥𝐵 ∈ 𝒞𝐴 if and only if 〈𝐴, 𝐵〉 ∈ 𝒞𝐴. 

Proposition 1.2.11[1]: 

Let {𝒞𝐴𝑖
∶ 𝑖 ∈ 𝐼} be a family of center sets in (𝑋, 𝛿). Then 

1. If 𝑥𝐵 ∈ 𝒞𝐴𝑖
 for each 𝑖 ∈ 𝐼, then 𝑥𝐵 ∈⋏𝒞 𝒞𝐴𝑖

. 

2. If ∃𝑖 ∈ 𝐼 such that  𝑥𝐵 ∈ 𝒞𝐴𝑖
, then 𝑥𝐵 ∈⋎𝒞 𝒞𝐴𝑖

. 

3. 𝒞𝐴1
≼𝒞 𝒞𝐴2

 iff for each 𝑥𝐵 ∈ 𝒞𝐴1
 ⟹ 𝑥𝐵 ∈ 𝒞𝐴2

. 

4. (⋎𝒞)𝑥𝐵∈𝒞𝐴
𝑥𝐵 = 𝒞𝐴 
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Definition 1.2.12[1]: 

Let (𝑋, 𝛿) be a proximity space, then ℘(𝑋) is a family of all center set, 

center subset, universe center, empty set, center complement of all center sets, 

also the center union and center intersection of the center sets with each of them. 

Any center set that will be mentioned in this dissertation is one of the sets 

mentioned above. 

 𝓒- Toplogical Space 1.3

In this part, we review the concept of central topological spaces and 

introduce some important topological concepts (𝒞-open, 𝒞-closed, 𝒞- 

neighborhood and the separation axioms of center topological space) with their 

properties. It will be a starting point for us to introduce new concepts in these 

spaces. 

Definition 1.3.1[2]:   

Let(X, δ) be a proximity space and 𝔍𝒞 ⊆ ℘(𝑋) , then 𝔍𝒞 is said to be a 

center topology (𝒞-topology) if the following hold:  

1. 𝒞∅, 𝒞X ∈ 𝔍𝒞  

2. {𝒞Ai
∶ i ∈ I} ∈ 𝔍𝒞 ⟹⋎𝒞 {𝒞Ai

∶ i ∈ I} ∈ 𝔍𝒞. 

3. 𝒞A1
, 𝒞A2

∈ 𝔍𝒞 ⟹ 𝒞A1
⋏𝒞 𝒞A2

∈ 𝔍𝒞 

 

The triplet (𝑋, 𝛿, 𝔍𝒞)  is called a center topological space (𝒞-topological 

space) and the members of 𝔍𝒞 are said to be center open (𝒞-open).  

𝔍𝒞 is called indiscrete 𝒞-topology if 𝔍𝒞 = {𝒞𝑋, 𝒞∅} and called discrete 𝒞-

topology if 𝔍𝒞 = ℘(𝑋). 
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Definition 1.3.2[2]:   

Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞-topological space and 𝒞𝐴 be center open, then 

𝒞𝑋
(𝐴)

= 𝑐𝑜𝑝. 𝒞𝐴, called center closed (𝒞-closed). 

Clearly, if 𝒞𝑋
(𝐴)

 is 𝒞-closed, then 𝑐𝑜𝑝. (𝒞𝑋
(𝐴)

) =𝒞 𝒞𝐴 is center open. 

Proposition 1.3.3[2]:   

Let (𝑋, 𝛿, 𝔍𝒞) be 𝒞-topological space and ℌ𝒞 be a collection of all 𝒞-closed 

sets of (𝑋, 𝛿, 𝔍𝒞). Then 

1. 𝒞𝑋 , 𝒞∅ ∈ ℌ𝒞  

2. {𝒞𝑋
(𝐴𝑖)

∶ 𝑖 ∈ 𝐼} ∈ ℌ𝒞 ⟹⋏𝒞 {𝒞𝑋
(𝐴𝑖)

∶ 𝑖 ∈ 𝐼} ∈ ℌ𝒞. 

3. 𝒞𝑋
(𝐴1)

, 𝒞𝑋
(𝐴2)

∈ ℌ𝒞 ⟹ 𝒞𝑋
(𝐴1)

⋎𝒞 𝒞𝑋
(𝐴2)

∈ ℌ𝒞. 

4. 𝔍𝒞 = {𝒞𝐴 ∶ 𝑐𝑜𝑝. (𝒞𝐴) ∈ ℌ𝒞}. 

5. If 𝔍𝒞  indiscrete 𝒞-topology, then 𝔍𝒞 = (ℌ𝒞)𝐶, where (ℌ𝒞)𝐶 family of all 

center complement center closed  

6. If 𝔍𝒞  non-indiscrete 𝒞-topology on (𝑋, 𝛿), then:   

𝔍𝒞
# = (ℌ𝒞)𝐶 is 𝒞-topology. 

It is not necessary 𝔍𝒞 = 𝔍𝒞
#, but for each 𝑐𝑜𝑝. 𝒞𝑋

(𝐴)
∈ 𝔍𝒞

#, there is 𝒞𝐴 ∈ 𝔍𝒞 

so that 𝑐𝑜𝑝. 𝒞𝑋
(𝐴)

=𝒞 𝒞𝐴 and  for each 𝒞𝐴 ∈ 𝔍𝒞, there is 𝑐𝑜𝑝. 𝒞𝑋
(𝐴)

∈ 𝔍𝒞
# so that 

𝒞𝐴 =𝒞 𝑐𝑜𝑝. 𝒞𝑋
(𝐴)

. 

Example 1.3.4:   

Let (𝑋, 𝛿) be a proximity space such that 𝑋 = {𝑎, 𝑏, 𝑐} and 𝛿 is discrete 

proximity. Then  

𝔍𝒞 = {𝒞∅, 𝒞{𝑏}, 𝒞𝑋
{𝑏}

, 𝒞𝑋} 

Where, 

𝒞∅ = ∅  
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𝒞{𝑏} = {〈{𝑏}, {𝑏}〉, 〈{𝑏}, {𝑎, 𝑏}〉, 〈{𝑏}, {𝑏, 𝑐}〉, 〈{𝑏}, 𝑋〉}  

𝒞𝑋
{𝑏}

= {〈𝑋, {𝑏}〉, 〈𝑋, {𝑎, 𝑏}〉, 〈𝑋, {𝑏, 𝑐}〉, 〈𝑋, 𝑋〉}  

𝒞𝑋 = {〈𝑋, {𝑎}〉, 〈𝑋, {𝑏}〉, 〈𝑋, {𝑐}〉, 〈𝑋, {𝑎, 𝑏}〉, 〈𝑋, {𝑎, 𝑐}〉, 〈𝑋, {𝑏, 𝑐}〉, 〈𝑋, 𝑋〉}  

is a 𝒞-topology on (𝑋, 𝛿). Hence:  

ℌ𝒞 = { 𝒞∅, 𝒞𝑋
({𝑏})

, 𝒞𝑋}  is the collection of all 𝒞-closed sets where, 

𝒞𝑋
({𝑏})

= {〈𝑋, {𝑎}〉, 〈𝑋, {𝑐}〉, 〈𝑋, {𝑎, 𝑐}〉}.  

Note that 𝒞𝑋
({𝑏})

 is a 𝒞-closed and  

𝒞{𝑏} ≠𝒞 𝑐𝑜𝑝. 𝒞𝑋
({𝑏})

= 𝑐𝑜𝑝. {〈𝑋, {𝑎}〉, 〈𝑋, {𝑐}〉, 〈𝑋, {𝑎, 𝑐}〉} =

{〈𝑋, {𝑏}〉, 〈𝑋, {𝑎, 𝑏}〉, 〈𝑋, {𝑏, 𝑐}〉, 〈𝑋, 𝑋〉} ≠ 𝒞{𝑏}. 

The following theorem and example gives the concept of subspaces from 

central topological spaces. 

Theorem 1.3.5[2]: 

Let (𝑋, 𝛿, 𝔍𝒞) be 𝒞-topological space and 𝒞𝑌 be a center set of 𝑋, then 

𝔍𝒞𝑋
𝑌 = {𝒞𝑋

𝑌 ⋏𝒞 𝒞𝑈 ∶  𝒞𝑈 ∈ 𝔍𝒞  } is 𝒞-topological space of 𝒞𝑋
𝑌. 

Example 1.3.6:   

Let 𝑋 = {𝑎, 𝑏} and 𝛿 discrete proximity, then  

𝔍𝒞 = {𝒞∅, 𝒞{𝑎}, 𝒞𝑋
{𝑎}

, 𝒞𝑋} is 𝒞-topological space and assume 𝑌 = {𝑏}, then 

𝒞𝑋
𝑌 = {〈𝑋, 𝑏〉, 〈𝑋, 𝑋〉}. So, 𝔍𝒞𝑋

𝑌 = {𝒞∅, {〈𝑋, 𝑋〉}, 𝒞𝑋
𝑌}  is 𝒞-topological space on 𝒞𝑋

𝑌 

and (𝒞𝑋
𝑌, 𝛿, 𝔍𝒞𝑋

𝑌) is center subspace of (𝑋, 𝛿, 𝔍𝒞). 

Theorem 1.3.7[2]: 

Let (𝒞𝑋
𝑌, 𝛿, 𝔍𝒞𝑋

𝑌) be a subspace of (𝑋, 𝛿, 𝔍𝒞). 𝒞𝑋
(𝐵)

 is 𝒞-closed in 𝒞𝑋
𝑌 iff 

there exists a 𝒞-closed set 𝒞𝑋
(𝐹)

 in 𝑋, such that 𝒞𝑋
(𝐵)

= 𝒞𝑋
𝑌 ⋏𝒞 𝒞𝑋

(𝐹)
 . 
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Now we present the definition of 𝒞-closure through the following 

definition. 

Definition 1.3.8[2]:   

Let (X, δ, 𝔍𝒞)    be a 𝒞-topological space and 𝒞B be a center set.  

Then the 𝓒-closure of 𝒞B, denoted by 𝑐𝑙𝒞(𝒞B) is: 

cl𝒞(𝒞B) =⋏𝒞 {𝒞𝑋
(𝐴)

∶  𝒞𝑋
(𝐴)

 is 𝒞 − closed  and 𝒞B ≼𝒞 𝒞𝑋
(𝐴)

} 

Theorem 1.3.9[2]: 

Let (𝑋, 𝛿, ℑ𝒞)  be a 𝒞-topological space and 𝒞𝐴 be a center set, then center 

point 𝑥𝐻 ∈ 𝑐𝑙𝒞(𝒞𝐴) if and only if for every 𝒞-open set 𝒞𝑈, 𝑥𝐻 ∈ 𝒞𝑈, then  

𝒞𝐴 ⋏𝒞 𝒞𝑈 ≠ 𝒞∅. 

Theorem 1.3.10[2]: 

Let (𝑋, 𝛿, ℑ𝒞)  be a 𝒞-topological space, and let 𝒞𝐴 be a center set, then for 

any 𝒞-open set 𝒞𝐺,  𝒞𝐺 ⋏𝒞 𝑐𝑙𝒞(𝒞𝐴) ≼𝒞 𝑐𝑙𝒞(𝒞𝐺 ⋏𝒞 𝒞𝐴). 

The following theorem, reviews the main properties of 𝒞-closure set in 

central topological spaces. 

Theorem 1.3.11[2].  

Let (X, δ, 𝔍𝒞) be a 𝒞-topological space, 𝒞B and 𝒞𝐸  are center sets over 

(X, δ). Then the following hold: 

1. cl𝒞(𝒞𝐵) is the smallest 𝒞-closed set such that 𝒞B ≼𝒞 cl𝒞(𝒞B). 

2. 𝒞B ≼𝒞 cl𝒞(𝒞B) 

3. 𝒞𝑋
(𝐵)

 is a 𝒞-closed set if and only if 𝒞𝑋
(𝐵)

= cl𝒞 (𝒞𝑋
(𝐵)

). 

4. cl𝒞(𝒞∅) = 𝒞∅ and cl𝒞(𝒞X) = 𝒞X. 

5. cl𝒞(cl𝒞(𝒞B)) = cl𝒞(𝒞B)  

6. 𝒞B ≼𝒞 𝒞𝐸  implies cl𝒞(𝒞𝐵) ≼𝒞 cl𝒞(𝒞𝐸). 
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7. cl𝒞(𝒞B) ⋎𝒞 cl𝒞(𝒞𝐸) = cl𝒞(𝒞B ⋎𝒞 𝒞E). 

8. cl𝒞(𝒞B ⋏𝒞 𝒞𝐸) ≼𝒞 cl𝒞(𝒞B) ⋏𝒞 cl𝒞(𝒞E). 

 

Now we present the definition of 𝒞- neighborhood in 𝒞-topological space 

through the following definition. 

Definition 1.3.12[2]:   

Let (X, δ, 𝔍𝒞) be a 𝒞-topological space , 𝒞A be a center set and xB be a 

center point. Then 𝒞A is said to be a 𝒞-neighborhood of xK, if there exists a 𝒞-

open set 𝒞𝑈 such that xK ∈  𝒞𝑈 ≼𝒞 𝒞A. 

Theorem 1.3.13[2]: 

1. If a center set 𝒞A of 𝒞-topological space is 𝒞-open set, then is a 𝒞-

neighborhood of each of its center points. 

2. If 𝒞A is a 𝒞-neighborhood of each of its points, then, there exists 𝒞-open 

set 𝒞𝐴1
 such that 𝒞A =𝒞 𝒞𝐴1

. 

3. If a center set 𝒞A a subset of 𝒞X  is open if and only if it is a 𝒞-

neighborhood of each of its centers points. 

Example 1.3.14. 

Let (𝑋, 𝛿, ℑ𝒞) be a 𝒞-topological space such that  

𝑋 = {𝑎, 𝑏}, ℑ𝒞 = {𝒞𝑋, 𝒞∅, 𝒞𝑋
{𝑎}

} where 𝛿 is discreate proximity: 

𝒞∅ = ∅, 

𝒞X = {{〈𝑋, {𝑎}〉}, {〈𝑋, {𝑏}〉}, {〈𝑋, 𝑋〉}} and 

 𝒞𝑋
{𝑎}

= {{〈𝑋, {𝑎}〉}, {〈𝑋, 𝑋〉}} 

Now, let 𝒞{a} = {{〈{𝑎}, {𝑎}〉}, {〈{𝑎}, 𝑋〉}},  

then it is 𝒞-neighborhood of each its center point, but is not 𝒞-open set. 
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Proposition 1.3.15[2]: 

Let (X, δ, 𝔍𝒞) be a 𝒞-topological space, then:  

1. Each center point xH has a 𝒞-neighborhood.  

2. if 𝒞A and 𝒞𝐵 are 𝒞-neighborhoods of some xH, then 𝒞A ⋏𝒞 𝒞𝐵 is also a 𝒞-

neighborhood of xH.  

3. if 𝒞A is a 𝒞-neighborhood of xH and 𝒞A ≼𝒞 𝒞𝐵, then 𝒞𝐵 is also a 𝒞-

neighborhood of xH. 

The following definition, introduces the concept of the set of 𝒞-interior 

points in 𝒞-topological space. 

Definition 1.3.16[2]:    

Let (X, δ, 𝔍𝒞) be a 𝒞-topological space, 𝒞A be a center set and xB be a center 

point, xB is said to be an 𝒞-interior point of 𝒞A iff 𝒞A is a 𝒞-neighborhood of xB, 

that is, iff there exists a 𝒞-open set 𝒞𝑈, xB ∈ 𝒞𝑈 ≼𝒞 𝒞A. The set of all 𝒞-interior 

points of 𝒞A is called 𝒞-interior of 𝒞A and denoted by int𝒞(𝒞A). 

Theorem 1.3.17[2]:   

Let (X, δ, 𝔍𝒞)  be a 𝒞-topological space and 𝒞A be a center set, then:  

int𝒞(𝒞A) =⋎𝒞 {𝒞𝐺 ∶  𝒞G  is 𝒞 − open and 𝒞𝐺 ≼𝒞 𝒞A }. 

 

The following theorem, reviews the main properties of 𝒞-interior set in 

central topological spaces. 

Theorem 1.3.18[2]:   

Let (X, δ, 𝔍𝒞) be a 𝒞-topological space , 𝒞A and 𝒞𝐵 are center sets, then:  

1. int𝒞(𝒞A) = 𝒞∅ or int𝒞(𝒞A) ⊆ 𝒞A. 

2. int𝒞(𝒞A) is 𝒞-open 

3. int𝒞(𝒞∅) = 𝒞∅ and int𝒞(𝒞X) = 𝒞X. 
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4. int𝒞(𝒞A) ≼𝒞 𝒞A. 

5. If 𝒞A is a 𝒞-open set, then 𝒞A =𝒞 int𝒞(𝒞A). 

6. If 𝒞A = int𝒞(𝒞A), then 𝒞A is a 𝒞-open set. 

7.  int𝒞(int𝒞(𝒞A)) = int𝒞(𝒞A)  

8. 𝒞A ≼𝒞 𝒞𝐵 implies int𝒞(𝒞A) ≼𝒞 int𝒞(𝒞𝐵). 

9. int𝒞(𝒞A) ⋏𝒞 int𝒞(𝒞𝐵) = int𝒞(𝒞A ⋏𝒞 𝒞B). 

10. int𝒞(𝒞A) ⋎𝒞 int𝒞(𝒞𝐵) ≼𝒞 int𝒞(𝒞A ⋎𝒞 𝒞B). 

Theorem 1.3.19[2]:   

Let 𝒞A be a center set of 𝒞-topological space over a 𝒞-topological space 

(𝑋, 𝛿, 𝔍𝒞) . Then  

1. int𝒞(cop. 𝒞A) = cop. (cl𝒞(𝒞A)). 

2. cl𝒞(cop. 𝒞A) = cop. (int𝒞(𝒞A)). 

3. int𝒞(𝒞A) = cop. (cl𝒞(cop. 𝒞A)). 

4.   cl𝒞(𝒞A) = cop. (int𝒞(cop. 𝒞A)). 

 

Now, we review the concepts of the separation axioms in center topological 

spaces (𝔍𝒞0-space, 𝔍𝒞1-space, 𝔍𝒞2-space, 𝒞-regular, 𝒞-normal, 𝔍𝒞3-space and 

𝔍𝒞4-space) with the characteristics of these concepts are introduced.  

Definition 1.3.20 [2]:   

A 𝒞-topological space (𝑋, 𝛿, 𝔍𝒞) called 𝔍𝒞0-space if and only if for each 

𝑥𝐾 , 𝑦𝐻, center points such that 𝑥𝐾 ≠𝒞 𝑦𝐻, there exists at least one center open set 

𝒞𝐴 or 𝒞𝐵 such that 𝑥𝐾 ∈ 𝒞𝐴, 𝑦𝐻 ∉ 𝒞𝐴 or 𝑦𝐻 ∈ 𝒞𝐵, 𝑥𝐾 ∉ 𝒞𝐵. 

Definition 1.3.21[3]:   

A 𝒞-topological space (𝑋, 𝛿, 𝔍𝒞) called 𝔍𝒞1-space if and only if for each 

𝑥𝐵1, 𝑦𝐵2, center points such that 𝑥𝐵1 ≠𝒞 𝑦𝐵2, there exists center open sets 𝒞𝐴1 

and 𝒞𝐴2 such that 𝑥𝐵1 ∈ 𝒞𝐴1, 𝑦𝐵2 ∉ 𝒞𝐴1 and 𝑦𝐵2 ∈ 𝒞𝐴2, 𝑥𝐵1 ∉ 𝒞𝐴2.  
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Definition 1.3.22[3]: 

A 𝒞-topological space (𝑋, 𝛿, 𝔍𝒞) called 𝔍𝒞2-space if and only if for each 

𝑥𝐵1, 𝑦𝐵2, center points such that 𝑥𝐵1 ≠𝒞 𝑦𝐵2, there exist center open sets 𝒞𝐴1 

and 𝒞𝐴2 such that 𝑥𝐵1 ∈ 𝒞𝐴1, 𝑦𝐵2 ∈ 𝒞𝐴2 and 𝒞𝐴1 ⋏𝒞 𝒞𝐴2 = 𝒞∅.  

Proposition 1.3.23 [3]: 

1. If (𝑋, 𝛿, 𝔍𝒞) is 𝔍𝒞1-space, then (𝑋, 𝛿, 𝔍𝒞) is 𝔍𝒞0-space. 

2. If (𝑋, 𝛿, 𝔍𝒞) is 𝔍𝒞2-space, then (𝑋, 𝛿, 𝔍𝒞) is 𝔍𝒞1-space. 

Example 1.3.24 

Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞-topological space where,  𝑋 = {1,2} and 𝛿 is 

desecrate proximity. Then 

𝔍𝒞 = {𝒞∅, {〈𝑋, {1}〉}, {〈𝑋, {1}〉, 〈𝑋, {2}〉}, 𝒞𝑋} 

Is 𝔍𝒞0-space but not 𝔍𝒞1-space. 

Example 1.3.25: 

Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞-topological space where,  𝑋 is infinite and  

𝔍𝒞 = 𝒞∅ ∪ {𝒞𝐴 ∶ 𝑐𝑜𝑝. 𝒞𝐴 𝑖𝑠 𝑓𝑖𝑛𝑖𝑡𝑒}.   

Then (𝑋, 𝛿, 𝔍𝒞) is 𝔍𝒞1-space, since if 𝑥𝐵 ≠𝒞 𝑦𝐸 ,  

then 𝑥𝐵 ∈ 𝒞𝑋 − 𝑦𝐸 , 𝑦𝐸 ∉ 𝒞𝑋 − 𝑦𝐸  and 𝑦𝐸 ∈ 𝒞𝑋 − 𝑥𝐵, 𝑥𝐵 ∉ 𝒞𝑋 − 𝑥𝐵. 

(𝑋, 𝛿, 𝔍𝒞) is not 𝔍𝒞2-space, because if possible, there exists two center open sets 

𝒞𝐺 , 𝒞𝐻 such that  𝒞𝐺 ⋏𝒞  𝒞𝐻 = 𝒞∅, then 𝑐𝑜𝑝. (𝒞𝐺 ⋏𝒞  𝒞𝐻) = 𝒞𝑋.  

Hence 𝑐𝑜𝑝. 𝒞𝐺 ⋎𝒞 𝑐𝑜𝑝. 𝒞𝐻 = 𝒞𝑋. But 𝑐𝑜𝑝. 𝒞𝐺 and 𝑐𝑜𝑝. 𝒞𝐻 are finite sets and so 

their union is also finite which is a contradiction since 𝑋 is infinite. 

Theorem 1.3.26[3]: 

Let (𝑋, 𝛿, 𝔍𝒞)  be a 𝔍𝒞1-topological space. Then, for each center point 𝑥𝐵 

there exists 𝒞-open set 𝒞𝐺 such that 𝑐𝑜𝑝. 𝑥𝐵 =𝒞 𝒞𝐺. 
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Proposition 1.3.27[3]: 

Let (𝑋, 𝛿, 𝔍𝒞)  be a 𝒞-topological space and 𝒞𝑌 be a center set of 𝑋. If 

(𝑋, 𝛿, 𝔍𝒞)  is a 𝔍𝒞1-space, then (𝒞𝑋
𝑌, 𝛿, 𝔍𝒞𝑋

𝑌) is a 𝔍𝒞1-space.  

Proposition 1.3.28[3]: 

Let (𝑋, 𝛿, 𝔍𝒞)  be a 𝒞-topological space and 𝒞𝑌 be a center set of 𝑋. If 

(𝑋, 𝛿, 𝔍𝒞)  is a 𝔍𝒞2-space, then (𝒞𝑋
𝑌, 𝛿, 𝔍𝒞𝑋

𝑌) is a 𝔍𝒞2-space. 

Theorem 1.3.29[3]:   

If (𝑋, 𝛿, 𝔍𝒞)  is a center 𝔍𝒞2-space and for any 𝑥𝐵1, 𝑦𝐵2 ∈ 𝒞𝑋 such that 

𝑥𝐵1 ≠ 𝑦𝐵2, then there exists the center closed sets 𝒞𝐹1 and 𝒞𝐹2 such that 

𝑥𝐵1 ∈ 𝒞𝐹1, 𝑦𝐵2 ∉ 𝒞𝐹1 and 𝑥𝐵1 ∉ 𝒞𝐹2, 𝑦𝐵2 ∈ 𝒞𝐹2 and 𝒞𝐹1 ⋎𝒞 𝒞𝐹2 = 𝒞𝑋.  

Definition 1.3.30[3]: 

A  𝒞-topological space (𝑋, 𝛿, 𝔍𝒞) called 𝒞-regular space if and only if 𝒞𝑋
(𝐹)

 

a center closed set in (𝑋, 𝛿, 𝔍𝒞)  and 𝑥𝐵 ∈ 𝒞𝑋 such that 𝑥𝐵 ∉ 𝒞𝑋
(𝐹)

, then there 

exists the center open sets 𝒞𝐴1 and 𝒞𝐴2 such that 𝑥𝐵 ∈ 𝒞𝐴1, 𝒞𝑋
(𝐹)

≼𝒞 𝒞𝐴2 and 

𝒞𝐴1 ⋏𝒞 𝒞𝐴2 = 𝒞∅. 

In the following theory, we give the properties of the 𝓒-regular spaces in 

the middle. 

Theorem 1.3.31[3]: 

Let (𝑋, 𝛿, 𝔍𝒞)  be a 𝒞-topological space. At that point the accompanying 

articulations are equivalent: 

1. (𝑋, 𝛿, 𝔍𝒞)  is 𝒞-regular. 

2. If 𝒞𝐴 is center open in (𝑋, 𝛿, 𝔍𝒞) and 𝑥𝐵 ∈ 𝒞𝐴, then there is the center     open 

𝒞𝐸 ,  𝑥𝐵 ∈ 𝒞𝐸  and 𝑥𝐵 ∈ 𝑐𝑙𝒞𝒞𝐸 ≼𝒞 𝒞𝐴. 

3. If 𝑥𝐵 ∈ 𝒞𝑋 center point, then, 𝑥𝐵 has a center neighborhood base 𝒞𝐴 such that 

𝒞𝑋
(𝐹)

≼𝒞 𝒞𝐴, where 𝒞𝑋
(𝐹)

 is center closed. 
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The following theory explains that the regularity of the center is a central 

hereditary property: 

Theorem 1.3.32[3]: 

If (𝑋, 𝛿, 𝔍𝒞) be a 𝒞-regular space. Then (𝒞𝑋
𝑌, 𝛿, 𝔍𝒞𝑋

𝑌) is a 𝒞-regular space 

where (𝒞𝑋
𝑌, 𝛿, 𝔍𝒞𝑋

𝑌) is center subspace of (𝑋, 𝛿, 𝔍𝒞).  

Theorem 1.3.33[3]: 

A space (𝑋, 𝛿, 𝔍𝒞) is 𝒞-regular if and only if for each 𝑥𝐵 ∈ 𝒞𝑋 and for each 

center closed set 𝒞𝐴 in (𝑋, 𝛿, 𝔍𝒞), 𝑥𝐵 ∉ 𝒞𝐴, there exists two center open sets 

𝒞𝐴1, 𝒞𝐴2 in (𝑋, 𝛿, 𝔍𝒞) such that 𝑥𝐵 ∈ 𝒞𝐴1, 𝒞𝐴 ≼𝒞 𝒞𝐴2 and 𝑐𝑙𝒞𝒞𝐴1 ⋏𝒞 𝑐𝑙𝒞𝒞𝐴2 =

𝒞∅. 

Definition 1.3.34[3]: 

A 𝒞-topological space called 𝔍𝒞3-space, if and only if is  𝒞-regular space 

and a 𝔍𝒞1-space.  

Definition 1.3.35[3]: 

A 𝒞-topological space (𝑋, 𝛿, 𝔍𝒞) is called, 𝒞-normal space if and only if for 

each two center closed sets 𝒞𝑋
(𝐹)

, 𝒞𝑋
(𝐸)

 such that 𝒞𝑋
(𝐹)

⋏𝒞 𝒞𝑋
(𝐸)

= 𝒞∅, there exist 

two center open sets 𝒞𝐴1, 𝒞𝐴2 such that 𝒞𝑋
(𝐹)

≼𝒞 𝒞𝐴1, 𝒞𝑋
(𝐸)

≼𝒞 𝒞𝐴2 and 

𝒞𝐴1 ⋏𝒞 𝒞𝐴2 = 𝒞∅.  

Definition 1.3.36[3]: 

A 𝒞-topological space called 𝔍𝒞4-space, if and only if is  𝒞-normal space 

and a 𝔍𝒞1-space. 
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The following theory gives the advantages or characteristics of 𝒞-normal 

space. 

Theorem 1.3.37[3]: 

A 𝒞-topological space (𝑋, 𝛿, 𝔍𝒞) is 𝒞-normal if and only if for each center 

closed set 𝒞𝑋
(𝐹)

 and center open set 𝒞𝐸  such that 𝒞𝑋
(𝐹)

≼𝒞 𝒞𝐸 , there exists the 

center open set 𝒞𝐻, 𝒞𝑋
(𝐹)

≼𝒞 𝒞𝐻 such that 𝒞𝑋
(𝐹)

≼𝒞 𝒞𝐻 ≼𝒞 𝑐𝑙𝒞𝒞𝐻 ≼𝒞 𝒞𝐸 .  

Theorem 1.3.38 [3]: 

Every center closed subspace of a 𝒞-normal space is 𝒞-normal.
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Chapter Two:  Central Continuous Function 

This chapter consists of four sections. In section one, are clarified the basic 

concepts of shrink central continuous function. In section two, the concept of 

the center set, with an explanation of the most important algebraic properties is 

presented. 

 

 Shrink Central Continuous Function 2.1

In this section, we define of a special type of functions based on the 

concept of proximity relation is presented in conjunction with central set theory 

for the purpose of finding a special definition of continuity between center 

topological spaces and the transfer of topological properties, where we call 

shrink central continuous function. 

2.1.1 Shrink Central Function 

In this section, we introduce the definition of sharing central function and its 

most important properties. 

Definition 2.1.1.1:  

Let (𝑋, 𝛿𝑋), (𝑌, 𝛿𝑌) are proximity spaces, a function 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) , is 

called shrink function if the image for center set 𝒞𝐴 of 𝑋 is                         

𝒞𝑓(𝐴) = {〈𝑓(𝐴), 𝐵〉: 𝑓(𝐴)𝛿𝑌𝐵, 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝐵 ⊆ 𝑌}, and the inverse of shrink 

function 𝑓 is of form 𝒞𝑓−1(𝐵) = {〈𝑓−1(𝐵), 𝐻〉: 𝑓−1(𝐵)𝛿𝑋𝐻, 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝐻 ⊆ 𝑋}. 

Example 2.1.1.2: 

Let 𝑋 = {1,2} and 𝛿𝑋 be a discrete proximity, define function from 𝑋 into 𝑋 

such that 𝑓(1) = 2 , 𝑓(2) = 1, then the center set in X as 𝒞𝑋, 𝒞∅, 𝒞{1} and 𝒞{2], 

therefore𝑓(𝒞∅) =𝒞 𝒞∅,𝑓(𝒞𝑋) =𝒞 {〈𝑓(𝑋), 𝐵〉: 𝑓(𝑋)𝛿𝑌𝐵} 

=𝒞 {〈𝑋, {1}〉, 〈𝑋, {2}〉, 〈𝑋, 𝑋〉} =𝒞 𝒞𝑋, 𝑓(𝒞{1}) =𝒞 {〈{2}, {2}〉, 〈{2}, 𝑋〉} =𝒞 𝒞{2] 
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and 𝑓(𝒞{2}) =𝒞 {〈{1}, {1}〉, 〈{1}, 𝑋〉} =𝒞 𝒞{1]. And 𝑓−1(𝒞∅) =𝒞 𝒞∅, 

𝑓−1(𝒞𝑋) =𝒞 𝒞𝑋, 𝑓−1(𝒞{1}) =𝒞 𝒞{2] and 𝑓−1(𝒞{2}) =𝒞  𝒞{1] 

Definition 2.1.1.3:  

Let  𝑓 be a shrink function from proximity space (𝑋, 𝛿𝑋) into proximity 

space (𝑌, 𝛿𝑌), the image of center point 𝑥𝐴 in 𝒞𝑋 is of the form, 

𝑓(𝑥𝐴) =𝒞 {〈{𝑓(𝑥)}, 𝑓(𝐴)〉}. And the inverse image of center point 𝑦𝐵 in 𝒞𝑌 is of 

the form  𝑓−1(𝑦𝐵) =𝒞 {〈{𝑓−1(𝑦)}, 𝑓−1(𝐵)〉}. 

For example 2.1.1.2 the center point in 𝒞𝑋 as : 1𝑋, 1{1}, 2𝑋 and  2{2}, then 

𝑓(1𝑋) =𝒞 {〈{𝑓(1)}, 𝑓(𝑋)〉} =𝒞 {〈{2}, 𝑋〉} =𝒞 2𝑋, 𝑓(2𝑋) =𝒞 {〈{𝑓(2)}, 𝑓(𝑋)〉} 

=𝒞 {〈{1}, 𝑋〉}  =𝒞 1𝑋, 𝑓(1{1}) =𝒞 {〈{𝑓(1)}, 𝑓({1})〉} =𝒞 {〈{2}, {2}〉} =𝒞 2{2} 

and 𝑓(2{2}) =𝒞 {〈{𝑓(2)}, 𝑓({2})〉} =𝒞 {〈{1}, {1}〉} =𝒞 1{1}. 

Proposition 2.1.1.4: 

 Let  𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿- continuous shrink function and 𝒞𝐵 be 

center set in 𝑋, if  𝑥𝐴 ∈ 𝒞𝐵 then 𝑓(𝑥𝐴) ∈ 𝒞𝑓(𝐵). 

Proof:  

Let  𝑥𝐴 ∈  𝒞𝐵 , imply that 𝐴𝛿𝑋𝐵, but 𝑓 is 𝛿- continuous, so 𝑓(𝐴)𝛿𝑌𝑓(𝐵). 

Hence 𝑓𝒞(𝑥𝐴) ∈ 𝒞𝑓(𝐵). 

Proposition 2.1.1.5:  

Let  𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be bijective and 𝑓−1 is 𝛿- continuous shrink 

function and 𝒞𝑉 center set in 𝑌, if  𝑦𝐴 ∈ 𝒞𝑉 then 𝑓−1
𝒞

(𝑦𝐴) ∈ 𝒞𝑓−1(𝑉). 
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Proof:   

Let 𝑦𝐴 ∈  𝒞𝑉 , imply that 𝐴𝛿𝑌𝑉, but  𝑓−1 is 𝛿-continuous, so  

𝑓−1(𝐴)𝛿𝑋 𝑓−1(𝐵). Hence 𝑓−1
𝒞

(𝑦𝐴) ∈ 𝒞𝑓−1(𝑉). 

Proposition 2.1.1.6:  

Let  𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿- homeomorphism shrink function. Hence the 

following is correct: 

i. If 𝒞𝐴 ≼𝒞 𝒞𝐵, then 𝒞𝑓(𝐴) ≼𝒞 𝒞𝑓(𝐵) , for any center sets   𝒞𝐴, 𝒞𝐵 in 𝑋. 

ii. If 𝒞𝑌1
≼𝒞 𝒞𝑌2

, then 𝒞𝑓−1(𝑌1) ≼𝒞 𝒞𝑓−1(𝑌2) , for any center sets 𝒞𝑌1
, 𝒞𝑌2

 in 𝑌. 

Proof: 

i. Let 𝑦𝑉 ∈  𝒞𝑓(𝐴) , imply that  𝑓(𝐴)𝛿𝑌𝑉, by using the defined injection  

function and 𝛿-continuous of 𝑓−1 we  get 𝐴𝛿𝑋 𝑓−1(𝑉), then 𝐵𝛿𝑋 𝑓−1(𝑉), 

by using the onto and 𝛿-continuous of 𝑓 we  get 𝑓(𝐵)𝛿𝑌𝑉 . Hence 

𝑦𝑉 ∈ 𝒞𝑓(𝐵). 

ii. Let 𝑥𝐴 ∈  𝒞𝑓−1(𝑌1) , imply that  𝐴𝛿𝑋𝑓−1(𝑌1), by using the onto and      𝛿-

continuous of 𝑓 we  get 𝑌1𝛿𝑌 𝑓(𝐴), then 𝑌2𝛿𝑌 𝑓(𝐴), by using 1-1 and 𝛿-

continuous of 𝑓−1  we  get 𝑓−1 (𝑌2)𝛿𝑋𝐴 . By definition (2.1.1.1) we get  

𝑥𝐴 ∈  𝒞𝑓−1(𝑌2). 

Proposition 2.1.1.7:  

Let  𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿- homeomorphism shrink function and 

𝒞𝐴, 𝒞𝐵 ≼𝒞 𝒞𝑋, then the following are true: 

i. If 𝒞𝐵 =𝒞 𝒞𝑓(𝐴), then 𝒞𝐴 ≼𝒞 𝒞𝑓−1(𝐵). 

ii. If 𝒞𝐴 =𝒞 𝒞𝑓−1(𝐵), then 𝒞𝑓(𝐴) ≼𝒞 𝒞𝐵. 

 

 



CHAPTER TWO                                                                                                      Central Continuous Function   

 

29 
 

Proof: 

i. Let  𝑥𝐻 ∈  𝒞𝐴 such that 𝐻 ⊆ 𝑋 imply that 𝐴𝛿𝑋𝐻, since 𝑓 is 𝛿-continuous, 

then 𝑓(𝐴)𝛿𝑌𝑓(𝐻). But 𝒞𝐵 =𝒞 𝒞𝑓(𝐴) then 𝑓(𝐻)𝛿𝑌𝐵, since 𝑓−1  is 𝛿-

continuous, then 𝑓−1(𝑓(𝐻))𝛿𝑋𝑓−1(𝐵), since 𝑓−1(𝑓(𝐻)) ⊆ 𝐻, then 

𝐻𝛿𝑋𝑓−1(𝐵). Hence 𝑥𝐻 ∈ 𝒞𝑓−1(𝐵). 

ii. Let 𝑦𝐾 ∈ 𝒞𝑓(𝐴) such that 𝐾 ⊆ 𝑌, then 𝑓(𝐴)𝛿𝑌𝐾, since 𝑓−1  is 𝛿-continuous, 

then 𝑓−1(𝑓(𝐴))𝛿𝑋𝑓−1(𝐾) and since 𝑓−1(𝑓(𝐴)) = 𝐴, then 𝐴𝛿𝑋𝑓−1(𝐾) . 

But 𝒞𝐴 =𝒞 𝒞𝑓−1(𝐵), then 𝑓−1(𝐾)𝛿𝑋𝑓−1(𝐵), since 𝑓 is 𝛿-continuous, then 

𝑓(𝑓−1(𝐾))𝛿𝑌𝑓(𝑓−1(𝐵)) and 𝑓(𝑓−1(𝐾)) = 𝐾, then 𝐾𝛿𝑌𝐵. Thus 𝑦𝐴 ∈ 𝒞𝐵. 

Proposition 2.1.1.8:  

Let  𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿- homeomorphism shrink function, {𝒞𝐴∝
, ∝∈△}  

and {𝒞𝐵∝
, ∝∈ ⋀} are families of center subsets of  ℂ𝑋 and ℂ𝑌 respectively, where 

△ and ⋀  are arbitrary index sets, then:  

1. 𝑓𝒞(⋎ {𝒞𝐴∝
, ∝∈△})  =𝒞  ⋎ {𝒞𝑓(𝐴∝), ∝∈△} 

2. 𝑓𝒞(⋏ {𝒞𝐴∝
, ∝∈△})  =𝒞 ⋏ {𝒞𝑓(𝐴∝), ∝∈△} 

3. 𝑓𝒞
−1(⋎ {𝒞𝐵∝

, ∝∈∧})  =𝒞  ⋎ {𝒞𝑓−1(𝐵∝), ∝∈∧} 

4. 𝑓𝒞
−1(⋏ {𝒞𝐵∝

, ∝∈∧})  =𝒞 ⋏ {𝒞𝑓−1(𝐵∝), ∝∈∧} 

Proof 1:  

Let 𝑦𝐾 ∈ 𝑓𝒞(⋎ {𝒞𝐴∝
, ∝∈△}) , iff  for some ∝0∈△, 𝑥 ∈ 𝑋, 𝐻 ⊆ 𝑋 such that 

{𝑥}𝛿𝑋𝐻,  𝐴∝0
𝛿𝑋𝐻 such that 𝑓𝒞(𝑥𝐻) =𝒞 𝑦𝐾, by proposition (2.1.1.4), then 

𝑓𝒞(𝑥𝐻) ∈ 𝒞𝑓(𝐴∝0) for some ∝0∈△, because 𝑓(𝐴∝0
)𝛿𝑌𝑓(𝐻), therefore 

𝑓(𝐴∝0
)𝛿𝑌𝐾. thus 𝑦𝐾 ∈ 𝒞𝑓(𝐴∝0) for some ∝0∈△, Hence 𝑦𝐾 ∈⋎ {𝒞𝑓(𝐴∝), ∝∈△}.  
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Conversely, let 𝑦𝐾 ∈⋎ {𝒞𝑓(𝐴∝), ∝∈△}, then for some ∝0∈△, 𝑦 ∈ 𝑌, 𝐾 ⊆ 𝑌 such 

that {𝑦}𝛿𝑌𝐾 and 𝑓𝒞(𝐴∝0
)𝛿𝑌𝐾, by proposition (2.1.1.5), then 𝑓𝒞

−1 (𝑦𝐾) ∈

𝒞𝑓−1(𝑓(𝐴∝0)), therefore 𝑓−1(𝑓(𝐴∝0))𝛿𝑋𝑓−1(𝐾), since 𝑓 is onto, then 

𝐴∝0𝛿𝑋𝑓−1(𝐾), thus 𝑓−1(𝐾)  ∈ 𝒞𝐴∝0
 for some ∝0∈△, by proposition (2.1.1.4), 

then 𝑓𝒞(𝑓𝒞
−1 (𝑦𝐾)) ∈  𝑓𝒞(⋎ {𝒞𝐴∝

, ∝∈△} ). Hence  𝑦𝐾 ∈  𝑓𝒞(⋎ {𝒞𝐴∝
, ∝∈△} ). 

Proof 2: 

Let 𝑦𝐾 ∈ 𝑓𝒞(⋏ {𝒞𝐴∝
, ∝∈△}) , then for each ∝∈△, ∃𝑥 ∈ 𝑋, 𝐻 ⊆ 𝑋 such that 

{𝑥}𝛿𝑋𝐻,  𝐴∝𝛿𝑋𝐻 such that 𝑓𝒞(𝑥𝐻) =𝒞 𝑦𝐾, by proposition (2.1.1.4), then 

𝑓𝒞(𝑥𝐻) ∈ 𝒞𝑓(𝐴∝) for each  ∝∈△, because 𝑓(𝐴∝)𝛿𝑌𝑓(𝐻)    ∀∝∈△, therefore 

𝑦𝐾 ∈ 𝒞𝑓(𝐴∝) for each  ∝∈△, Hence 𝑦𝐾 ∈⋏ {𝒞𝑓(𝐴∝), ∝∈△}.  

Conversely, let 𝑦𝐾 ∈⋏ {𝒞𝑓(𝐴∝), ∝∈△}, then for each  ∝∈△, ∃𝑦 ∈ 𝑌, 𝐾 ⊆ 𝑌 such 

that {𝑦}𝛿𝑌𝐾 and 𝑓(𝐴∝)𝛿𝑌𝐾,  by proposition (2.1.1.5), 

then𝑓−1(𝑓(𝐴∝))𝛿𝑋𝑓−1(𝐾), this mean𝑓𝒞
−1 (𝑦𝐾) ∈ 𝒞𝑓−1(𝑓(𝐴∝)), since 𝑓 is (1-1), 

then 𝐴∝𝛿𝑋𝑓−1(𝐾)   ∀∝∈△, therefore 𝑓−1(𝑦𝐾)  ∈ 𝒞𝐴∝
 for each  ∝∈△, thus 

𝑓−1(𝑦𝐾)  ∈ ⋏ {𝒞𝐴∝
, ∝∈△}).by proposition (2.1.1.4), then 𝑦𝐾 ∈ 𝑓( ⋏ {𝒞𝐴∝

, ∝∈△}). 

Proof 3: 

Let 𝑥𝐻 ∈ 𝑓𝒞
−1(⋎ {𝒞𝐵∝

, ∝∈∧}), then for some ∝0∈∧, there exists  𝑦 ∈ 𝑌, 𝐾 ⊆ 𝑌 

such that {𝑦}𝛿𝑌𝐾, 𝐵∝0
𝛿𝑌𝐾 and 𝑓𝒞

−1(𝑦𝐾) = 𝑥𝐻   , by proposition (2.1.1.5), then 

𝑓𝒞
−1 (𝑦𝐾) ∈ 𝒞𝑓−1(𝐵∝0), this mean 𝑓−1(𝐵∝0

) 𝛿𝑋𝑓−1(𝐾), then for some ∝0∈∧, 

𝑥𝐻 ∈ 𝒞𝑓−1(𝐵∝0). Hence  𝑥𝐻 ∈⋎ {𝒞𝑓−1(𝐵∝), ∝∈∧}. 

Conversely, let 𝑥𝐻 ∈⋎ {𝒞𝑓−1(𝐵∝), ∝∈∧}, then  for some ∝0∈∧, 𝑥 ∈ 𝑋, 𝐻 ⊆ 𝑋 

such that {𝑥}𝛿𝑋𝐻 and 𝑓−1(𝐵∝0
)𝛿𝑋𝐻, by proposition (2.1.1.4), then 

𝑓(𝑓−1(𝐵∝0
)) 𝛿𝑌𝑓(𝐻). But 𝑓(𝑓−1(𝐵∝0

)) ⊆ 𝐵∝0
, therefore 𝐵∝0

𝛿𝑌𝑓(𝐻), then 
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𝑓𝒞(𝑥𝐻) ∈ 𝒞𝐵∝0
 for some ∝0∈∧, thus 𝑓𝒞(𝑥𝐻) ∈⋎ {𝒞𝐵∝0

, ∝∈∧}, by proposition 

(2.1.1.5), then 𝑥𝐻 ∈ 𝑓𝒞
−1(⋎ {𝒞𝐵∝

, ∝∈∧}). 

Proof 4: 

Let 𝑥𝐻 ∈ 𝑓𝒞
−1(⋏ {𝒞𝐵∝

, ∝∈∧}), then for each ∝∈∧,  ∃𝑦 ∈ 𝑌, 𝐾 ⊆ 𝑌 such that 

{𝑦}𝛿𝑌𝐾, 𝐵∝𝛿𝑌𝐾 and 𝑓𝒞
−1(𝑦𝐾) = 𝑥𝐻, by proposition (2.1.1.5), then 𝑓𝒞

−1 (𝑦𝐾) ∈

𝒞𝑓−1(𝐵∝), this mean 𝑓−1(𝐵∝) 𝛿𝑋𝑓−1(𝐾), then for each ∝∈∧, 𝑥𝐻 ∈ 𝒞𝑓−1(𝐵∝). 

Hence  𝑥𝐻 ∈⋏ {𝒞𝑓−1(𝐵∝), ∝∈∧}. 

Conversely, let 𝑥𝐻 ∈⋏ {𝒞𝑓−1(𝐵∝), ∝∈∧}, then  for each ∝∈∧, 𝑥 ∈ 𝑋, 𝐻 ⊆ 𝑋 such 

that {𝑥}𝛿𝑋𝐻 and 𝑓−1(𝐵∝)𝛿𝑋𝐻 , by proposition (2.1.1.4), then 𝑓𝒞(𝑥𝐻) ∈

𝒞𝑓(𝑓−1(𝐵∝)), this mean 𝑓(𝑓−1(𝐵∝)) 𝛿𝑌𝑓(𝐻). But 𝑓(𝑓−1(𝐵∝)) ⊆ 𝐵∝, therefore 

𝐵∝𝛿𝑌𝑓(𝐻), then 𝑓𝒞(𝑥𝐻) ∈ 𝒞𝐵∝
 for each ∝∈∧, thus 𝑓𝒞(𝑥𝐻) ∈⋏ {𝒞𝐵∝

, ∝∈∧}, by 

proposition (2.1.1.5), then 𝑥𝐻 ∈ 𝑓𝒞
−1(⋏ {𝒞𝐵∝

, ∝∈∧}) 

2.1.2 Shrink Central Continuous Function 

In this section, we introduce the definition of Sharing Central Continuous 

Function and its most important properties. And the relationship of this type of 

functions with the separation axioms in 𝒞-topological space. 

Definition 2.1.2.1:  

Let  𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a shrink function and (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) , (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) 

are 𝒞 − topological spaces, we call that 𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is a 

shrink 𝒞 − continuous function at the center point 𝑥𝐴 with respect to the 

function 𝑓, if for each 𝒞𝑉 ∈ 𝔍𝒞𝑌 such that 𝑓(𝐴) 𝛿𝑌𝑉, there exists 𝒞𝑈 ∈ 𝔍𝒞𝑋 with 

𝑈𝛿𝑋𝐴 satisfy that, for each 𝑓(𝑈) 𝛿𝑌𝐾, 𝐾 ⊆ 𝑌, then  𝑉𝛿𝑌𝐾. And 𝑓𝒞 is called a 

shrink 𝒞 − continuous, if its shrink 𝒞 − continuous function at each center point 

in 𝒞𝑋. 
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Example 2.1.2.2: 

Let (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) and (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) are 𝒞 − topological space such that 

= {1,2} , 𝑌 = {𝑎, 𝑏}  and 𝛿𝑋 ,𝛿𝑌 are discrete proximity,  where 𝔍𝒞𝑋 =

{𝒞𝑋, 𝒞∅, 𝒞{1}, 𝒞𝑋
({1})

} and 𝔍𝒞𝑌 = {𝒞𝑌 , 𝒞∅, 𝒞{𝑎}, 𝒞𝑋
({𝑎})

} are 𝒞 − topologies. Define 

𝑓  from (𝑋, 𝛿𝑋) into  (𝑌, 𝛿𝑌) such that 𝑓(1) = 𝑎 and 𝑓(2) = 𝑏. Then 𝑓𝒞 is shrink 

𝒞 − continuous function at the center point 1{1}. 

Now we present some equivalent theorems for the definition of shrink 𝒞 − 

continuous function in 𝒞-topological space. 

Proposition 2.1.2.3: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿 − homeomorphism shrink function, then 

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is shrink 𝒞 − continuous function if and only if 

1. 𝒞𝑓−1(𝑉) ∈ 𝔍𝒞𝑋, for each 𝒞𝑉 ∈ 𝔍𝒞𝑌. 

2. 𝒞𝑓−1(𝐹) is 𝒞 −closed subset of 𝒞𝑋, for each 𝒞𝐹 is 𝒞 −closed subset of 𝒞𝑌. 

3. cl𝒞(𝒞𝑓−1(B)) ≼𝒞 𝑓−1(cl𝒞(𝒞𝐵)), center set subset of 𝒞𝑌. 

4. 𝑓𝒞(cl𝒞(𝒞𝐴) ≼𝒞 cl𝒞(𝒞𝑓(𝐴)) , for each 𝒞𝐴 center set subset of 𝒞𝑋. 

5. 𝑓𝒞
−1(int𝒞(𝒞𝐵)) ≼𝒞 int𝒞(𝒞𝑓−1(B)), for each 𝒞𝐵 center set subset of 𝒞𝑌. 

6. int𝒞(𝒞𝑓(𝐴))) ≼𝒞 𝑓𝒞(int𝒞𝒞𝐴) ,  for each 𝒞𝐴 center set subset of 𝒞𝑋. 

Proof 1:  

Let 𝑓𝒞 is shrink 𝒞 − continuous function and 𝒞𝑉 ∈ 𝔍𝒞𝑌, and let 𝐴 ⊆ 𝑋 such 

that 𝐴𝛿𝑋𝑓−1(𝑉), by 𝛿 − continuous of 𝑓 , then 𝑓(𝐴)𝛿𝑌𝑓(𝑓−1(𝑉)), but 

𝑓(𝑓−1(𝑉)) ⊆ 𝑉, then 𝑓(𝐴)𝛿𝑌𝑉, since 𝑓𝒞 is shrink 𝒞 − continuous, there exists 

𝒞𝑈 ∈ 𝔍𝒞𝑋 such that 𝐴𝛿𝑋𝑈 and 𝒞𝑓(𝑈) ≼𝒞 𝒞𝑉, by proposition (2.1.1.6) , then 

𝒞𝑓−1(𝑓(𝑈)) ≼𝒞 𝒞𝑓−1(𝑉), then  𝒞𝑈 ≼𝒞 𝒞𝑓−1(𝑉). Hence 𝒞𝑓−1(𝑉) ∈ 𝔍𝒞𝑋. 
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Conversely, let 𝐴 ⊆ 𝑋 and 𝒞𝑉 ∈ 𝔍𝒞𝑌 such that 𝑓(𝐴)𝛿𝑌𝑉, by assumption,  

then 𝒞𝑓−1(𝑉) ∈ 𝔍𝒞𝑋 and 𝒞𝑓(𝑓−1(𝑉)) ≼𝒞 𝒞𝑉,but 𝑓(𝐴)𝛿𝑌𝑉, then 

𝑓−1(𝑓(𝐴))𝛿𝑋𝑓−1(𝑉), therefore 𝐴𝛿𝑋𝑓−1(𝑉), put 𝒞𝑈 =𝒞 𝒞𝑓−1(𝑉) ∈ 𝔍𝒞𝑋. Hence 

𝑓𝒞 is shrink 𝒞 − continuous. 

Proof 2:  

Let 𝑓𝒞 is shrink 𝒞 − continuous function and 𝒞𝐹 is 𝒞 −closed in 𝑌, then 

𝒞𝑌
(𝐹)

∈ 𝔍𝒞𝑌 since 𝑓𝒞 is shrink 𝒞 − continuous and by part 1 , then 𝒞𝑋
(𝑓−1(𝐹))

∈

𝔍𝒞𝑋. Hence 𝒞𝑓−1(𝐹) is 𝒞 −closed in 𝑋. 

Conversely, let 𝒞𝑉 ∈ 𝔍𝒞𝑌, then 𝒞𝑌
(𝑉)

 is 𝒞 −closed in 𝑌, by hypotheses, then 

𝒞𝑋
(𝑓−1(𝑉))

 is 𝒞 −closed in 𝑋. Therefore 𝒞𝑓−1(𝑉) ∈ 𝔍𝒞𝑋.Hence 𝑓𝒞 is shrink 𝒞 − 

continuous. 

Proof 3:  

Let 𝑓𝒞 is shrink 𝒞 − continuous function, since cl𝒞(𝒞𝐵) is 𝒞 −closed subset 

of 𝒞𝑌, by part 2 , then 𝑓−1(cl𝒞(𝒞𝐵)) is 𝒞 −closed in 𝑋, since 

cl𝒞(𝑓−1(cl𝒞(𝒞𝐵))) =𝒞  𝑓−1(cl𝒞(𝒞𝐵)), 𝒞𝐵 ≼𝒞 cl𝒞(𝒞𝐵), then 

𝒞𝑓−1(B) ≼𝒞 𝑓−1(cl𝒞(𝒞𝐵)), therefore cl𝒞(𝒞𝑓−1(B)) ≼𝒞 𝑓−1(cl𝒞(𝒞𝐵)) . 

Conversely, let 𝒞𝐹 be any 𝒞 −closed in 𝑌, so that cl𝒞(𝒞𝐹) =𝒞 𝒞𝐹  . By 

hypothesis cl𝒞(𝒞𝑓−1(F)) ≼𝒞 𝑓−1(cl𝒞(𝒞𝐹)) =𝒞 𝒞𝑓−1(F). But 

𝒞𝑓−1(F) ≼𝒞 cl𝒞(𝒞𝑓−1(F)), therefore cl𝒞(𝒞𝑓−1(F)) =𝒞 𝒞𝑓−1(F) and 𝒞𝑓−1(F) is 

𝒞 −closed in 𝑋, by part 2, then 𝑓𝒞 is shrink 𝒞 − continuous function. 
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Proof 4: 

Let 𝑓𝒞 is shrink 𝒞 − continuous function and 𝒞𝐴 center set in 𝑋, since 𝒞𝑓(𝐴) 

center set in 𝑌 and by part 3, then cl𝒞(𝒞𝑓−1(𝑓(𝐴))) ≼𝒞 𝑓𝒞
−1(cl𝒞(𝒞𝑓(𝐴))), since 𝑓  

is (1 − 1) function, then cl𝒞(𝒞𝐴) ≼𝒞 𝑓𝒞
−1(cl𝒞(𝒞𝑓(𝐴))), by proposition 2.1.1.6 

(1), then 𝑓𝒞(cl𝒞(𝒞𝐴)) ≼𝒞 cl𝒞(𝒞𝑓(𝐴)). 

 Conversely, let 𝒞𝐵 be an arbitrary 𝒞 −closed in 𝑌, then 𝒞𝑓−1(𝐵) ≼𝒞 𝒞𝑋. By 

hypothesis 𝑓𝒞(cl𝒞(𝒞𝑓−1(𝐵)) ≼𝒞 cl𝒞(𝒞𝑓(𝑓−1(𝐵))), therefore 

𝑓𝒞(cl𝒞(𝒞𝑓−1(𝐵)) ≼𝒞 cl𝒞(𝒞𝐵), by proposition 2.1.1.6 (2), then 

cl𝒞(𝒞𝑓−1(𝐵)) ≼𝒞 𝑓𝒞
−1(cl𝒞(𝒞𝐵)). But 𝒞𝐵 is 𝒞 −closed, then cl𝒞(𝒞𝐵)  =𝒞 𝒞𝐵, 

there fore cl𝒞(𝒞𝑓−1(𝐵)) ≼𝒞 𝒞𝑓−1(𝐵). Hence 𝒞𝑓−1(𝐵) is 𝒞 −closed in 𝑋, by part 2, 

then 𝑓𝒞 is shrink 𝒞 − continuous. 

 Proof 5:  

Let 𝑓𝒞 is shrink 𝒞 − continuous function, since int𝒞(𝒞𝐵) is 𝒞 −open in 𝑌, 

by part 1 , then 𝑓𝒞
−1(int𝒞(𝒞𝐵)) is 𝒞 −open ≼𝒞 𝒞𝑋, therefore 

int𝒞(𝑓𝒞
−1(int𝒞(𝒞𝐵)))  =𝒞 𝑓𝒞

−1(int𝒞(𝒞𝐵)), since int𝒞(𝒞𝐵)  ≼𝒞 𝒞𝐵 and by part 

4, then 𝑓𝒞
−1(int𝒞(𝒞𝐵))  ≼𝒞 𝒞𝑓−1(B). Hence 𝑓𝒞

−1(int𝒞(𝒞𝐵)) ≼𝒞 int𝒞(𝒞𝑓−1(B)). 

Conversely, let 𝒞𝑈 be any 𝒞 −open set in 𝑌, so that int𝒞(𝒞𝑈) =𝒞 𝒞𝑈 . By 

hypothesis 𝒞𝑓−1(𝑈) =𝒞 𝑓−1(int𝒞(𝒞𝑈)) ≼𝒞 int𝒞(𝒞𝑓−1(𝑈)), therefore 

int𝒞(𝒞𝑓−1(𝑈)) =𝒞 𝒞𝑓−1(𝑈). Hence 𝒞𝑓−1(𝑈)  is 𝒞 − open in 𝑋, by part 1, then 𝑓𝒞 is 

shrink 𝒞 − continuous function. 

Proof 6:  

Let 𝑓𝒞 is shrink 𝒞 − continuous function and 𝒞𝐴 center set in 𝑋, since 𝒞𝑓(𝐴) 

center set in 𝑌 by part (5) , then 𝑓𝒞
−1(int𝒞(𝒞𝑓(𝐴))) ≼𝒞 int𝒞(𝒞𝑓−1(𝑓(𝐴))), since 𝑓  
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is (1 − 1) function, then 𝑓𝒞
−1(int𝒞(𝒞𝑓(𝐴))) ≼𝒞 int𝒞(𝒞𝐴), by proposition 

2.1.2.3(6) , then int𝒞(𝒞𝑓(𝐴)) ≼𝒞 𝑓𝒞(int𝒞(𝒞𝐴)). 

 Conversely, let 𝒞𝑈 be an arbitrary 𝒞 −open in 𝑌, then 𝒞𝑓−1(𝑈) ≼𝒞 𝒞𝑋. By 

hypothesis int𝒞(𝒞𝑓(𝑓−1(𝑈))) ≼𝒞 𝑓𝒞(int𝒞(𝒞𝑓−1(𝑈)), therefore 

int𝒞(𝒞𝑈) ≼𝒞 𝑓𝒞(int𝒞(𝒞𝑓−1(𝑈)), by proposition 2.1.2.3(5) , then 

𝑓𝒞
−1(int𝒞(𝒞𝑈)) ≼𝒞 int𝒞(𝒞𝑓−1(𝑈)). But 𝒞𝑈 is 𝒞 −open, then int𝒞(𝒞𝑈)  =𝒞 𝒞𝑈, 

therefore 𝒞𝑓−1(𝑈) ≼𝒞 int𝒞(𝒞𝑓−1(𝑈)). Hence 𝒞𝑓−1(𝑈) is 𝒞 −open in 𝑋, by 

proposition 2.1.2.3(1), then 𝑓𝒞 is shrink 𝒞 − continuous. 

Proposition 2.1.2.4: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌),  𝑔: (𝑌, 𝛿𝑌) → (𝑍, 𝛿𝑍) be a 𝛿 − homeomorphism 

shrink functions. If 𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) and 𝑔𝒞: (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) →

(𝑍, 𝛿𝑍, 𝔍𝒞𝑍) are shrink 𝒞 − continuous functions, then 𝑔𝒞°𝑓𝒞 is shrink 𝒞 − 

continuous. 

Proof:  

Let  𝒞𝐴 center set in 𝑍, since 𝑔𝒞 is shrink 𝒞 − continuous, by proposition 

2.1.2.3(1), then 𝒞𝑔−1(𝐴) is 𝒞 −open in 𝑌, and since 𝑓𝒞 is shrink 𝒞 − continuous, 

by proposition 2.1.2.3(1), then 𝒞𝑓−1(𝑔−1(𝐴)) is 𝒞 −open in 𝑋, therefore 

𝒞(𝑔°𝑓)−1(𝐴) is 𝒞 −open in 𝑋. Hence 𝑔𝒞°𝑓𝒞 is shrink 𝒞 − continuous. 

Definition 2.1.2.5:  

Let  𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a shrink function, we call that 

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is shrink 𝒞 − open function if 𝒞𝑓(𝐴) 𝒞 −open 

subset of 𝒞𝑌 for each 𝒞𝐴 𝒞 −open subset of 𝒞𝑋. And 𝑓𝒞 is said to be shrink 𝒞 − 

closed function if 𝒞𝑓(𝐹) 𝒞 −closed subset of 𝒞𝑌 for each 𝒞𝐹 𝒞 −closed subset of 

𝒞𝑋. 
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Example 2.1.2.6: 

Let (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) and (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) are 𝒞 − topological space such that 

X = {1,2,3} , 𝑌 = {𝑎, 𝑏, 𝑐}  and 𝛿𝑋 ,𝛿𝑌 are discrete proximity,  where 𝔍𝒞𝑋 =

{𝒞𝑋, 𝒞∅, 𝒞{1}, 𝒞{2}, 𝒞{1,2}} and 𝔍𝒞𝑌 = {𝒞𝑌, 𝒞∅, 𝒞{𝑎}, 𝒞{𝑐}, 𝒞{𝑎,𝑐}} are 𝒞 − topologies 

on 𝑋, 𝑌 respectively. Define 𝑓  from (𝑋, 𝛿𝑋) into  (𝑌, 𝛿𝑌) such that 𝑓(1) = 𝑐 and 

𝑓(2) = 𝑎. 𝑓(3) = 𝑏 Then 𝑓𝒞 is shrink 𝒞 − open function. 

Proposition 2.1.2.7: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿 − homeomorphism shrink function, then 

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is shrink 𝒞 − open function if and only if 

1. 𝑓𝒞(int𝒞(𝒞𝐸)) ≼𝒞 int𝒞(𝒞𝑓(𝐸)), for each 𝒞𝐸  center set subset of 𝒞𝑋. 

2. cl𝒞(𝒞𝑓(𝐸)) ≼𝒞 𝑓𝒞(cl𝒞(𝒞𝐸) , for each 𝒞𝐸  center set subset of 𝒞𝑋. 

Proof 1: 

Let 𝑓𝒞 is shrink 𝒞 − open function and 𝒞𝐸  center set in 𝑋, since int𝒞(𝒞𝐸)  𝒞 − 

open set in 𝑋, then 𝑓𝒞(int𝒞(𝒞𝐸)) 𝒞 − open ≼𝒞 𝒞𝑌, since int𝒞(𝒞𝐸)) ≼𝒞 𝒞𝐸  and  

by proposition 2.1.1.6(1) , then 𝑓𝒞(int𝒞(𝒞𝐸)) ≼𝒞 𝒞𝑓(𝐸). Hence 

𝑓𝒞(int𝒞(𝒞𝐸)) ≼𝒞 int𝒞(𝒞𝑓(𝐸)). 

Conversely, let 𝒞𝑈 be an arbitrary 𝒞 −open in 𝑋, then 𝒞𝑈 =𝒞 int𝒞(𝒞𝑈), 

therefore 𝒞𝑓(𝑈) =𝒞 𝑓𝒞(int𝒞(𝒞𝑈)). By hypothesis 𝑓𝒞(int𝒞(𝒞𝑈)) ≼𝒞 int𝒞(𝒞𝑓(𝑈)), 

then 𝒞𝑓(𝑈) ≼𝒞 int𝒞(𝒞𝑓(𝑈)),thus  𝒞𝑓(𝑈) is 𝒞 −open in 𝑌. Hence 𝑓𝒞 is shrink 𝒞 − 

open function. 

Proof 2: 

Let 𝑓𝒞 is shrink 𝒞 − closed function and 𝒞𝐸  center set in 𝑋, since cl𝒞(𝒞𝐸)  𝒞 − 

closed set in 𝑋, then 𝑓𝒞(cl𝒞(𝒞𝐸)) 𝒞 − closed in 𝑌 , since 𝒞𝐸 ≼𝒞 cl𝒞(𝒞𝐸) and  by 
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proposition 2.1.1.6(1), then 𝒞𝑓(𝐸) ≼𝒞 𝑓𝒞(cl𝒞(𝒞𝐸)). Hence 

cl𝒞(𝒞𝑓(𝐸)) ≼𝒞 𝑓𝒞(cl𝒞(𝒞𝐸)). 

Conversely, let 𝒞𝐹 be an arbitrary 𝒞 −closed in 𝑋, then 𝒞𝐹 =𝒞 cl𝒞(𝒞𝐹). By 

hypothesis cl𝒞(𝒞𝑓(𝐹)) ≼𝒞 𝑓𝒞(cl𝒞(𝒞𝐹)) =𝒞 𝒞𝑓(𝐹),therefore cl𝒞(𝒞𝑓(𝐹)) ≼𝒞 𝒞𝑓(𝐹)  

,thus  𝒞𝑓(𝐹) is 𝒞 −closed in 𝑌. Hence 𝑓𝒞 is shrink 𝒞 − closed function. 

Definition 2.1.2.8:  

Let  𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a bijective shrink function, we call that 

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is shrink 𝒞 − homeomorphism function iff 𝑓𝒞 

and 𝑓𝒞
−1

 are shrink 𝒞 − continuous functions. 

Remarks 2.1.2.9:  

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) and  𝑔: (𝑌, 𝛿𝑌) → (𝑍, 𝛿𝑍) are 𝛿 − homeomorphism 

shrink function,  

1. If 𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is shrink 𝒞 − homeomorphism function, 

then 𝑓𝒞
−1

 is also shrink 𝒞 − homeomorphism function. 

2. If 𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) and 𝑔𝒞: (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) → (𝑍, 𝛿𝑍, 𝔍𝒞𝑍) are 

shrink 𝒞 − homeomorphism function, then 𝑔𝒞°𝑓𝒞 is shrink 𝒞 − 

homeomorphism function. 

Proposition 2.1.2.10: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿 − homeomorphism shrink function, then 

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is  

1. Shrink 𝒞 − homeomorphism function if and only if for each 𝒞𝐵 center set 

subset of 𝒞𝑌, then cl𝒞(𝒞𝑓−1(𝐵)) =𝒞 𝑓𝒞
−1(cl𝒞(𝒞𝐵) .  

2. Shrink 𝒞 − homeomorphism function if and only if for each 𝒞𝐵 center set 

subset of 𝒞𝑌, then int(𝒞𝑓−1(𝐵)) =𝒞 𝑓𝒞
−1(int𝒞(𝒞𝐵) 
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Proof :  

1. By propositions 2.1.2.3(3) and 2.1.2.7(2).    

2. By propositions 2.1.2.3(5) and 2.1.2.7(1). 

We now introduce some relationships between the concept of shrink 𝒞 − 

continuity and separation axioms in 𝒞 − topological space. 

Proposition 2.1.2.11: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿 − homeomorphism shrink function and  

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) be a shrink 𝒞 − open function if (𝑋, 𝛿𝑋, 𝔍𝒞𝑋)  

is 𝔍𝒞2 − space, then (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is 𝔍𝒞2 − space. 

Proof:  

Let 𝑓𝒞 is shrink 𝒞 − open function, (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝔍𝒞2 − space and let 

𝑦𝐾1
, 𝑦𝐾2

 are center points in 𝑌 such that 𝑦𝐾1
≠𝒞  𝑦𝐾2

 , since 𝑓 is bijective 

function, there exist 𝑥𝐻1
, 𝑥𝐻2

two center points in 𝑋 such that 𝑥𝐻1
≠𝒞  𝑥𝐻2

, where 

𝑓𝒞(𝑥𝐻1
) =𝒞 𝑦𝐾1

 and 𝑓𝒞(𝑥𝐻2
) =𝒞 𝑦𝐾2

. But (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝔍𝒞2 − space, there 

exist center open sets 𝒞𝐴1
and 𝒞𝐴2

in 𝒞𝑋 such that 𝑥𝐻1
∈ 𝒞𝐴1

, 𝑥𝐻2
∈ 𝒞𝐴2

 and 

𝒞𝐴1
⋏𝒞  𝒞𝐴2

=𝒞 𝒞∅, this mean 𝐴1𝛿𝑋𝐻1 and 𝐴2𝛿𝑋𝐻2, by proposition 2.1.1.4 , then 

𝑓𝒞(𝑥𝐻1
) ∈ 𝒞𝑓(𝐴1) and 𝑓𝒞(𝑥𝐻2

) ∈ 𝒞𝑓(𝐴2), therefore 𝑦𝐾1
∈ 𝒞𝑓(𝐴1) and 𝑦𝐾2

∈ 𝒞𝑓(𝐴2). 

Since 𝑓𝒞 is shrink 𝒞 − open function, then 𝒞𝑓(𝐴1) and 𝒞𝑓(𝐴2) are center open sets 

in 𝒞𝑌, by  proposition 2.1.1.8(2), 𝒞𝑓(𝐴1) ⋏𝒞 

𝒞𝑓(𝐴2) =𝒞 𝑓𝒞(𝒞𝐴1
⋏𝒞  𝒞𝐴2

) =𝒞 𝑓𝒞(𝒞∅) =𝒞 𝒞∅. Hence (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is 𝔍𝒞2 − 

space. 
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Proposition 2.1.2.12: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿 − homeomorphism shrink function and  

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) be a shrink 𝒞 − continuous function, if 

(𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is 𝔍𝒞2 − space, then (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝔍𝒞2 − space. 

Proof:  

Let 𝑓𝒞 is shrink 𝒞 − continuous function, (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is 𝔍𝒞2 − space and let 

𝑥𝐻1
, 𝑥𝐻2

  are center points in 𝑋 such that 𝑥𝐻1
≠𝒞   𝑥𝐻2

 , since 𝑓 is bijective 

function, there exist 𝑦𝐾1
 , 𝑦𝐾2

 two center points in 𝑌 such that 𝑦𝐾1
 ≠𝒞 𝑦𝐾2

 , 

where 𝑓𝒞
−1(𝑦𝐾1

) =𝒞 𝑥𝐻1
 and 𝑓𝒞

−1(𝑦𝐾2
) =𝒞 𝑥𝐻2

. But (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is 𝔍𝒞2 − 

space, there exist center open sets 𝒞𝐵1
and 𝒞𝐵2

in 𝑌 such that 𝑦𝐾1
∈ 𝒞𝐵1

, 𝑦𝐾2
∈

𝒞𝐵2
 and 𝒞𝐵1

⋏𝒞  𝒞𝐵2
=𝒞 𝒞∅, this mean 𝐵1𝛿𝑌𝐾1 and 𝐵2𝛿𝑋𝐾2, by proposition 

2.1.1.5, then 𝑓𝒞
−1(𝑦𝐾1

) ∈ 𝒞𝑓−1(𝐵1) and 𝑓𝒞
−1(𝑦𝐾2

) ∈ 𝒞𝑓−1(𝐵2), therefore 𝑥𝐻1
∈

𝒞𝑓−1(𝐵1) and , 𝑥𝐻2
∈ 𝒞𝑓−1(𝐵2). Since 𝑓𝒞 is shrink 𝒞 − open function, then𝒞𝑓−1(𝐵1) 

and 𝒞𝑓−1(𝐵2) are center open sets in 𝑋, by  proposition 2.1.1.8(4), 𝒞𝑓−1(𝐵1) ⋏𝒞 

𝒞𝑓−1(𝐵2) =𝒞 𝑓𝒞
−1(𝒞𝐵1

⋏𝒞  𝒞𝐵2
) =𝒞 𝑓𝒞

−1(𝒞∅) =𝒞 𝒞∅. Hence (𝑋, 𝛿𝑋, 𝔍𝒞𝑋)  is 

𝔍𝒞2 − space. 

Proposition 2.1.2.13: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿 − homeomorphism shrink function and  

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) be a shrink 𝒞 − homeomorphism function,  

1. If (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − regular space, then (𝑌, 𝛿𝑌 , 𝔍𝒞𝑌)  is  𝒞 − regular 

space. 

2. If (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − normal space, then (𝑌, 𝛿𝑌 , 𝔍𝒞𝑌)  is  𝒞 − normal 

space. 
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Proof 1:  

Let (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − regular space,  𝒞𝐹 is  𝒞 − closed in 𝑌 and  𝑦𝐾 be a 

center point in 𝑌 such that 𝑦𝐾 ∉ 𝒞𝐹, since 𝑓 is bijective function, there exist 𝑥𝐻 

center point in 𝑌 such that 𝑓𝒞(𝑥𝐻) =𝒞 𝑦𝐾, by proposition 2.1.1.5, then  𝑥𝐻 ∉

𝒞𝑓−1(𝐹), since 𝑓𝒞 is shrink 𝒞 − continuous function, then 𝒞𝑓−1(𝐹) is 𝒞 − closed  

in 𝑋 . But (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − regular space, there exist 𝒞 −open sets in 𝑋 

𝒞𝐴1
and 𝒞𝐴2

 such that 𝑥𝐻 ∈ 𝒞𝐴1
, 𝒞𝑓−1(𝐹) ≼𝒞 𝒞𝐴2

  and 𝒞𝐴1
⋏𝒞  𝒞𝐴2

=𝒞 𝒞∅, this 

mean 𝐴1𝛿𝑋𝐻 and 𝑓−1(𝐹)𝛿𝑋𝐵 ⇒ 𝐵𝛿𝑋𝐴2 for all 𝐵 subset of 𝑋. by propositions 

(2.1.1.4) and (2.1.1.6), then 𝑓𝒞(𝑥𝐻) ∈ 𝒞𝑓(𝐴1), 𝒞𝐹 ≼𝒞 𝒞𝑓(𝐴2), since 𝑓𝒞
−1

 is shrink 

𝒞 − continuous function, then 𝒞𝑓(𝐴1) and  𝒞𝑓(𝐴2) are 𝒞 −open sets in 𝑋, by 

proposition 2.1.1.8(2),  𝒞𝑓(𝐴1) ⋏𝒞 𝒞𝑓(𝐴2) =𝒞  𝒞𝑓(𝒞𝐴1⋏𝒞  𝒞𝐴2) =𝒞 𝒞∅. Hence 

(𝑌, 𝛿𝑌, 𝔍𝒞𝑌)  is  𝒞 − regular space. 

Proof 2:  

Let (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − normal space, 𝒞𝐹1
 , 𝒞𝐹2

 are  𝒞 − closed sets in 𝑌 such 

that 𝒞𝐹1
 ⋏𝒞  𝒞𝐹2

=𝒞 𝒞∅, since 𝑓𝒞 is shrink 𝒞 − continuous function, then 𝒞𝑓−1(𝐹1) 

and 𝒞𝑓−1(𝐹2) are 𝒞 − closed sets in 𝑋, since 𝑓 is bijective function, then 

𝒞𝑓−1(𝐹1) ⋏𝒞 𝒞𝑓−1(𝐹2) =𝒞 𝒞∅. But (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − normal space, there exist 

𝒞 −open sets in 𝑋 𝒞𝐴1
and 𝒞𝐴2

 such that 𝒞𝑓−1(𝐹1) ≼𝒞 𝒞𝐴1
, 𝒞𝑓−1(𝐹2) ≼𝒞 𝒞𝐴2

 and 

𝒞𝐴1
⋏𝒞  𝒞𝐴2

=𝒞 𝒞∅, this mean 𝑓−1(𝐹1)𝛿𝑋𝐵1 ⇒ 𝐵1𝛿𝑋𝐴1 and 𝑓−1(𝐹2)𝛿𝑋𝐵2 ⇒

𝐵2𝛿𝑋𝐴2 for all 𝐵1, 𝐵2 subsets of 𝑋. by proposition 2.1.1.6(i), then 𝒞𝐹1
≼𝒞 𝒞𝑓(𝐴1) 

and  𝒞𝐹2
≼𝒞 𝒞𝑓(𝐴2), by proposition 2.1.1.8(2), then 

𝒞𝑓(𝐴1) ⋏𝒞 𝒞𝑓(𝐴2) =𝒞   𝒞𝑓(𝒞𝐴1⋏𝒞  𝒞𝐴2) =𝒞 𝒞∅. Hence (𝑌, 𝛿𝑌 , 𝔍𝒞𝑌)  is  𝒞 − normal 

space. 
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 Reduction Central Continuous Function 2.2

In this section, we introduce a new definition of continuous functions for a 

special type of functions what we called reduction central continuous function 

on 𝒞 − topological spaces and show its important properties, in additional, we 

apply the separation axioms in these spaces.   

2.2.1 Reduction Central Function 

In this section, we introduce the definition of reduction central function and 

its most important properties. 

Definition 2.2.1.1:  

Let (𝑋, 𝛿𝑋), (𝑌, 𝛿𝑌) are proximity spaces, a function 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) , is 

called reduction function if the image for center set 𝒞𝐴 of 𝑋  is 

𝑓(𝒞𝐴) =𝒞 { 〈𝑓(𝐴), 𝐾〉 ∶ 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ  𝐾 ⊆ 𝑌, 𝑓(𝐴)𝛿𝑌𝐾    𝑖𝑓𝑓    𝐴𝛿𝑋𝑓−1(𝐾)} and 

the reverse  reduction function 𝑓 is of form 

𝑓−1(𝒞𝐵) =𝒞 {〈𝑓−1(𝐵), 𝐻〉: 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝐻 ⊆ 𝑋, 𝑓−1(𝐵)𝛿𝑋𝐻 𝑖𝑓𝑓 𝐵𝛿𝑌𝑓(𝐻)}. 

Proposition 2.2.1.2: 

 Let  𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be (1-1), 𝛿- continuous reduction function and 𝒞𝐵 

be center set in 𝑋, if  𝑥𝐴 ∈ 𝒞𝐵 then 𝑓𝒞(𝑥𝐴) ∈ 𝑓(𝒞𝐵). 

Proof:  

Let  𝑥𝐴 ∈  𝒞𝐵 , imply that 𝐴𝛿𝑋𝐵, by condition of 𝑓 is (1-1) function we get 

that 𝐴𝛿𝑋𝑓−1(𝑓(𝐵)) iff 𝐴𝛿𝑋𝐵 and by  𝛿- continuous, 𝑓(𝐴)𝛿𝑌𝑓(𝐵). Now if 

𝑓(𝐴)𝛿𝑌𝑓(𝐵) and 𝐴𝛿𝑋𝐵, given we have 𝐴𝛿𝑋𝑓−1(𝑓(𝐵)) iff 𝑓(𝐴)𝛿𝑌𝑓(𝐵). Hence 

𝑓(𝑥𝐴) ∈ 𝑓(𝒞𝐵). 
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Proposition 2.2.1.3:  

Let  𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be bijective, 𝑓−1 is 𝛿- continuous reduction 

function and 𝒞𝑉 center set in 𝑌, if  𝑦𝐴 ∈ 𝒞𝑉 then 𝑓−1
𝒞

(𝑦𝐴) ∈ 𝑓−1(𝒞𝑉). 

Proof:  

Let 𝑦𝐴 ∈  𝒞𝑉  iff 𝐴𝛿𝑌𝑉. To show that 𝑓−1(𝑉)𝛿𝑋 𝑓−1(𝐴) iff 𝑉𝛿𝑌 𝑓(𝑓−1(𝐴)), 

let 𝑓−1(𝑉)𝛿𝑋 𝑓−1(𝐴), but 𝐴𝛿𝑌𝑉 and 𝑓 is onto , so 𝑉𝛿𝑌 𝑓(𝑓−1(𝐴)). Now if 

𝑉𝛿𝑌 𝑓(𝑓−1(𝐴)) iff 𝐴𝛿𝑌𝑉, since 𝑓 is onto and by 𝛿-continuous of 𝑓−1 we get   

𝑓−1(𝐴)𝛿𝑋 𝑓−1(𝑉). Hence 𝑓−1
𝒞

(𝑦𝐴) ∈ 𝑓−1(𝒞𝑉).  

Proposition 2.2.1.4:  

Let  𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿- homeomorphism reduction function. 

Hence the following is correct: 

i. If 𝒞𝐴 ≼𝒞 𝒞𝐵, then 𝑓(𝒞𝐴) ≼𝒞 𝑓(𝒞𝐵) , for any 𝒞𝐴, 𝒞𝐵 ≼𝒞 𝒞𝑋 

ii. If 𝒞𝑌1
≼𝒞 𝒞𝑌2

, then 𝑓−1(𝒞𝑌1
) ≼𝒞 𝑓−1(𝒞𝑌2

) , for any 𝒞𝑌1
, 𝒞𝑌2

 ≼𝒞 𝒞𝑌. 

Proof: 

i. Let 𝒞𝐴 ≼𝒞 𝒞𝐵, through which we get ∀∅ ≠ 𝐻 ⊆ 𝑋, if 𝐴𝛿𝑋𝐻 then 𝐵𝛿𝑋𝐻. 

New let 𝑦𝑉 ∈ 𝑓(𝒞𝐴), so 𝑓(𝐴) 𝛿𝑌𝑉 iff 𝐴𝛿𝑋𝑓−1(𝑉), if 𝐴𝛿𝑋𝑓−1(𝑉) then 

𝐵𝛿𝑋𝑓−1(𝑉), from 𝛿- continuity and onto of 𝑓 we get 𝑓(𝐵) 𝛿𝑌𝑉, if 

𝑓(𝐴) 𝛿𝑌𝑉, by 𝛿- continuity of 𝑓−1 we get 𝐴𝛿𝑋𝑓−1(𝑉), then 𝐵𝛿𝑋𝑓−1(𝑉) 

and by 𝛿- continuity and onto of 𝑓 we get 𝑓(𝐵) 𝛿𝑌𝑉. Therefore 𝑓(𝐵) 𝛿𝑌𝑉 

iff 𝐵𝛿𝑋𝑓−1(𝑉). So 𝑦𝑉 ∈ 𝑓(𝒞𝐵). 

ii. Let 𝒞𝑌1
≼𝒞 𝒞𝑌2

, so ∀∅ ≠ 𝐾 ⊆ 𝑌, if 𝑌1 𝛿𝑌𝐾 then 𝑌2 𝛿𝑌𝐾, let 𝑥𝐴 ∈ 𝑓−1(𝒞𝑌1
), 

imply that 𝑓−1(𝑌1)𝛿𝑋𝐴 iff 𝑌1 𝛿𝑌𝑓(𝐴), for if 𝑌1 𝛿𝑌𝑓(𝐴) then 𝑌2 𝛿𝑌𝑓(𝐴), by 

using 1-1 𝛿- continuity of 𝑓−1 we get 𝑓−1(𝑌2)𝛿𝑋𝐴. For 𝑓−1(𝑌1)𝛿𝑋𝐴, by 

using onto 𝛿- continuity of 𝑓 we get if 𝑌1 𝛿𝑌𝑓(𝐴) then 𝑌2 𝛿𝑌𝑓(𝐴) by using 
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1-1 𝛿- continuity of 𝑓−1 we get 𝑓−1(𝑌2)𝛿𝑋𝐴, so 𝑓−1(𝑌2)𝛿𝑋𝐴 iff 𝑌2 𝛿𝑌𝑓(𝐴). 

Hence  𝑥𝐴 ∈ 𝑓(𝒞𝑌2
). 

Proposition 2.2.1.5: 

Let  𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿- homeomorphism reduction function and 

𝒞𝐴, 𝒞𝐵 ≼𝒞 𝒞𝑋, then the following are true: 

i. If 𝒞𝐵 =𝒞 𝑓(𝒞𝐴), then 𝒞𝐴 ≼𝒞 𝑓−1(𝒞𝐵). 

ii. If 𝒞𝐴 =𝒞 𝑓−1(𝒞𝐵)., then 𝑓(𝒞𝐴) ≼𝒞 𝒞𝐵. 

Proof:  

i. Let 𝑥𝐾 ∈ 𝒞𝐴 where 𝐾 ⊆ 𝑋, then 𝐴𝛿𝑋𝐾, by 𝛿- continuity of 𝑓 we get if 

𝐴𝛿𝑋𝐾 then 𝑓(𝐴) 𝛿𝑌𝑓(𝐾), but 𝒞𝐵 =𝒞 𝑓(𝒞𝐴), then 𝐵𝛿𝑌𝑓(𝐾), by 𝛿- 

continuity of 𝑓−1 we get 𝑓−1(𝐵)𝛿𝑋𝑓−1(𝑓(𝐾)) , since 𝑓 is 1-1 function , 

then 𝑓−1(𝐵)𝛿𝑋𝐾. Hence 𝑥𝐾 ∈ 𝑓−1(𝐵). 

ii. Let 𝑦𝐻 ∈ 𝑓(𝒞𝐴), then 𝑓(𝐴)𝛿𝑌𝐻  iff  𝐴𝛿𝑋𝑓−1(𝐻)  where 𝐻 ⊆ 𝑋, since 

𝒞𝐴 =𝒞 𝑓−1(𝒞𝐵), therefore 𝑓−1(𝐵)𝛿𝑋𝑓−1(𝐻), by 𝛿- continuity of 𝑓, then 

𝑓(𝑓−1(𝐵))𝛿𝑌𝑓(𝑓−1(𝐻)), but f is onto, then  𝐵𝛿𝑌𝐻. Hence 𝑦𝐻 ∈ 𝒞𝐵. 

Proposition 2.2.1.6: 

Let  𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿- homeomorphism reduction function, 

{𝒞𝐴∝
, ∝∈△}  and {𝒞𝐵∝

, ∝∈ ⋀} are families of center subsets of  ℂ𝑋 and ℂ𝑌 

respectively, where △ and ⋀  are arbitrary index sets, then:  

1. 𝑓(⋎𝒞 {𝒞𝐴∝
, ∝∈△})  =𝒞  ⋎𝒞 {𝑓(𝒞𝐴∝

), ∝∈△} 

2. 𝑓(⋏𝒞 {𝒞𝐴∝
, ∝∈△})  =𝒞 ⋏𝒞 {𝑓(𝒞𝐴∝

), ∝∈△} 

3. 𝑓−1(⋎𝒞 {𝒞𝐵∝
, ∝∈∧})  =𝒞  ⋎𝒞 {𝑓−1(𝒞𝐵∝

), ∝∈∧} 

4. 𝑓−1(⋏𝒞 {𝒞𝐵∝
, ∝∈∧})  =𝒞 ⋏𝒞 {𝑓−1(𝒞𝐵∝

), ∝∈∧} 
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Proof 1: 

Let 𝑦𝐻 ∈ 𝑓(⋎𝒞 {𝒞𝐴∝
, ∝∈△}) , there exist 𝑥𝐾 ∈⋎𝒞 {𝒞𝐴∝

, ∝∈△} such that   

𝑓(𝑥𝐾) = 𝑦𝐻 and 𝑓(𝐾) = 𝐻, for some ∝0∈△, 𝑥𝐾 ∈ 𝒞𝐴∝0
 such that 𝐴∝0

𝛿𝑋𝐾, by 

proposition(2.2.1.4), then  𝑓(𝑥𝐾)  ∈ 𝑓(𝒞𝐴∝0
) ∝0∈△,  therefore 

𝑓(𝐴∝0
)𝛿𝑌𝑓(𝐾) = 𝐻 iff 𝐴∝0

𝛿𝑋𝑓−1(𝑓(𝐾)) = 𝑓−1(𝐻). Thus 𝑦𝐻 ∈ 𝑓(𝒞𝐴∝0
) for 

some ∝0∈△. Hence 𝑦𝐻 ∈⋎𝒞 {𝑓(𝒞𝐴∝
), ∝∈△}. 

Conversely, let 𝑦𝐻 ∈⋎𝒞 {𝑓(𝒞𝐴∝
), ∝∈△}, then for some ∝0∈△, ∃𝑦 ∈ 𝑌, {𝑦}𝛿𝑌𝑌 

and 𝑓(𝐴∝0
)𝛿𝑌𝐻 iff so by Definition(2.2.1.1), then 𝐴∝0

𝛿𝑋𝑓−1(𝐻), by proposition 

(2.2.1.3) 𝑓−1(𝑦𝐻)  ∈ 𝒞𝐴∝0
 for  some ∝0∈△, by proposition (2.2.1.2) and 𝑓 is 

onto, then 𝑦𝐻  ∈ 𝑓(𝒞𝐴∝0
) for some ∝0∈△. Hence 𝑦𝐻 ∈  𝑓(⋎𝒞 {𝒞𝐴∝

, ∝∈△}). 

Proof 2: 

It is similar to part 1. 

Proof 3: 

Let 𝑥𝐾 ∈ 𝑓−1(⋎𝒞 {𝒞𝐵∝
, ∝∈∧}) , there exist 𝑦𝐻 ∈⋎𝒞 {𝒞𝐵∝

, ∝∈∧} such that   

𝑓−1(𝑦𝐻) = 𝑥𝐾 and 𝑓−1(𝐻) = 𝐾, for some ∝0∈∧, 𝑦𝐻 ∈ 𝒞𝐵∝0
 such that 𝐵∝0

𝛿𝑌𝐻, 

by proposition(2.2.1.3), then  𝑓−1(𝑦𝐻)  ∈ 𝑓−1(𝒞𝐵∝0
) ∝0∈∧,  therefore 

𝑓−1(𝐵∝0
)𝛿𝑋𝑓−1(𝐻) = 𝐾 iff 𝐵∝0

𝛿𝑌𝑓(𝑓−1(𝐻)) = 𝑓(𝐾). Thus 𝑥𝐾 ∈ 𝑓−1(𝒞𝐵∝0
) 

for some ∝0∈∧. Hence 𝑥𝐾 ∈⋎𝒞 {𝑓−1(𝒞𝐵∝
), ∝∈∧}. 

Conversely, let 𝑥𝐾 ∈⋎𝒞 {𝑓−1(𝒞𝐵∝
), ∝∈∧}, then 𝑥𝐾 ∈ 𝑓−1(𝒞𝐵∝0

) for some 

∝0∈∧, 𝑥 ∈ 𝑋, {𝑥}𝛿𝑋𝑋, 𝐾𝛿𝑋𝑋  and 𝑓−1(𝐵∝0
)𝛿𝑋𝐾 , so by Definition(2.2.1.1)iff 

𝐵∝0
𝛿𝑌𝑓(𝐻), by proposition (2.2.1.2) 𝑓(𝑥𝐾)  ∈ 𝒞𝐵∝0

 for  some ∝0∈∧, by 

proposition (2.2.1.3) and 𝑓 is onto, then 𝑥𝐾  ∈ 𝑓−1(𝒞𝐵∝0
) for some ∝0∈∧. Hence 

𝑥𝐾 ∈ 𝑓−1(⋎𝒞 {𝒞𝐵∝
, ∝∈△}). 
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Proof 4: 

It is similar to part 3. 

2.2.2 Reduction Central Continuous Function 

In this section, we introduce the definition of reduction central continuous 

function and its most important properties. And the relationship of this type of 

functions with the separation axioms in 𝒞-topological space. 

Definition 2.2.2.1:  

Let  𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a reduction function and (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) , 

(𝑌, 𝛿𝑌, 𝔍𝒞𝑌) are 𝒞 − topological spaces, we call that 𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) →

(𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is a reduction 𝒞 − continuous function at the center point 𝑥𝐴 with 

respect to the function 𝑓, if for each 𝒞𝑉 ∈ 𝔍𝒞𝑌 such that 𝑓(𝐴) 𝛿𝑌𝑉, there exists 

𝒞𝑈 ∈ 𝔍𝒞𝑋 with 𝑈𝛿𝑋𝐴 satisfy that, for each 𝑓(𝑈) 𝛿𝑌𝐾, 𝐾 ⊆ 𝑌, then  𝑉𝛿𝑌𝐾. And 

𝑓𝒞 is called a reduction 𝒞 − continuous, if its reduction 𝒞 − continuous function 

at each center point in 𝒞𝑋. 

Proposition 2.2.2.2: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿 − homeomorphism reduction function, then 

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is  

1. Reduction 𝒞 − continuous function if and only if for each 𝒞𝑉 ∈ 𝔍𝒞𝑌, then 

𝑓𝒞
−1(𝒞𝑉) ∈ 𝔍𝒞𝑋. 

2. Reduction 𝒞 − continuous function if and only if for each 𝒞𝐹 is 𝒞 −closed 

subset of 𝒞𝑌, then 𝑓𝒞
−1(𝒞𝐹) is 𝒞 −closed subset of 𝒞𝑋. 

3. Reduction 𝒞 − continuous function if and only if for each 𝒞𝐵 center set 

subset of 𝒞𝑌, then cl𝒞(𝑓𝒞
−1(𝒞𝐵)) ≼𝒞 𝑓𝒞

−1(cl𝒞(𝒞𝐵)). 

4. Reduction 𝒞 − continuous function if and only if for each 𝒞𝐴 center set 

subset of 𝒞𝑋, then 𝑓𝒞(cl𝒞(𝒞𝐴) ≼𝒞 cl𝒞(𝑓𝒞(𝒞𝐴)) . 
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5. Reduction 𝒞 − continuous function if and only if for each 𝒞𝐵 center set 

subset of 𝒞𝑌,  then 𝑓𝒞
−1(int𝒞(𝒞𝐵)) ≼𝒞 int𝒞(𝑓𝒞

−1(𝒞𝐵)) . 

6. Reduction 𝒞 − continuous function if and only if for each 𝒞𝐴 center set 

subset of 𝒞𝑋, then int𝒞(𝑓𝒞(𝒞𝐴))) ≼𝒞 𝑓𝒞(int𝒞𝒞𝐴) . 

Proof 1:  

Let 𝑓𝒞 is reduction 𝒞 − continuous function and 𝒞𝑉 ∈ 𝔍𝒞𝑌, and let 𝐴 ⊆ 𝑋 

such that 𝐴𝛿𝑋𝑓−1(𝑉), by 𝛿 − continuous of 𝑓 , then 𝑓(𝐴)𝛿𝑌𝑓(𝑓−1(𝑉)), but 

𝑓(𝑓−1(𝑉)) ⊆ 𝑉, then 𝑓(𝐴)𝛿𝑌𝑉, since 𝑓𝒞 is reduction 𝒞 − continuous, there 

exists 𝒞𝑈 ∈ 𝔍𝒞𝑋 such that 𝐴𝛿𝑋𝑈 and 𝑓𝒞(𝒞𝑈) ≼𝒞 𝒞𝑉 , by proposition (2.2.1.3) , 

then 𝑓𝒞
−1(𝑓𝒞(𝒞𝑈)) ≼𝒞 𝑓𝒞

−1(𝒞𝑉), then  𝒞𝑈 ≼𝒞 𝑓𝒞
−1(𝒞𝑉). Hence 𝑓𝒞

−1(𝒞𝑉) ∈

𝔍𝒞𝑋. Conversely, let 𝐴 ⊆ 𝑋 and 𝒞𝑉 ∈ 𝔍𝒞𝑌 such that 𝑓(𝐴)𝛿𝑌𝑉, by assumption,  

then  𝑓𝒞
−1(𝒞𝑉) ∈ 𝔍𝒞𝑋 and 𝑓𝒞(𝑓𝒞

−1(𝒞𝑉)) ≼𝒞 𝒞𝑉, but 𝑓(𝐴)𝛿𝑌𝑉, then 

𝑓−1(𝑓(𝐴))𝛿𝑋𝑓−1(𝑉), therefore 𝐴𝛿𝑋𝑓−1(𝑉), put 𝒞𝑈 =𝒞 𝑓𝒞
−1(𝒞𝑉) ∈ 𝔍𝒞𝑋. Hence 

𝑓𝒞 is reduction 𝒞 − continuous. 

Proof 2: 

Let 𝑓𝒞 is reduction 𝒞 − continuous function and 𝒞𝐹 is 𝒞 −closed in 𝑌, then 

𝒞𝑌
(𝐹)

∈ 𝔍𝒞𝑌 since 𝑓𝒞 is reduction 𝒞 − continuous and by part 1 , then 𝑓−1(𝒞𝑌
𝐹) ∈

𝔍𝒞𝑋. Hence 𝑓𝒞
−1(𝒞𝐹) is 𝒞 −closed in 𝑋. Conversely, let 𝒞𝑉 ∈ 𝔍𝒞𝑌, then 𝒞𝑌

(𝑉)
 is 

𝒞 −closed in 𝑌, by hypotheses, then 𝑓−1(𝒞𝑋
(𝑉)

) is 𝒞 −closed in 𝑋. Therefore 

𝑓𝒞
−1(𝒞𝑉) ∈ 𝔍𝒞𝑋.Hence 𝑓𝒞 is reduction 𝒞 − continuous. 

Proof 3: 

Let 𝑓𝒞 is reduction 𝒞 − continuous function, since cl𝒞(𝒞𝐵) is 𝒞 −closed 

subset of 𝒞𝑌, by part 2 , then 𝑓𝒞
−1(cl𝒞(𝒞𝐵)) is 𝒞 −closed in 𝑋, since 

cl𝒞(𝑓𝒞
−1(cl𝒞(𝒞𝐵))) =𝒞  𝑓𝒞

−1(cl𝒞(𝒞𝐵)) , 𝒞𝐵 ≼𝒞 cl𝒞(𝒞𝐵) , then 

𝑓𝒞
−1(𝒞B) ≼𝒞 𝑓𝒞

−1(cl𝒞(𝒞𝐵)), therefore cl𝒞(𝑓𝒞
−1(𝒞B)) ≼𝒞 𝑓𝒞

−1(cl𝒞(𝒞𝐵)) . 



CHAPTER TWO                                                                                                      Central Continuous Function   

 

47 
 

Conversely, let 𝒞𝐹 be any 𝒞 −closed in 𝑌, so that cl𝒞(𝒞𝐹) =𝒞 𝒞𝐹 . By 

hypothesis cl𝒞(𝑓𝒞
−1(𝒞F)) ≼𝒞 𝑓𝒞

−1(cl𝒞(𝒞𝐹)) =𝒞 𝑓𝒞
−1(𝒞F). But 

𝑓𝒞
−1(𝒞F) ≼𝒞 cl𝒞(𝑓𝒞

−1(𝒞F)), therefore cl𝒞(𝑓𝒞
−1(𝒞F)) =𝒞 𝑓𝒞

−1(𝒞F) and 

𝑓𝒞
−1(𝒞F) is 𝒞 −closed in 𝑋, by part 2, then 𝑓𝒞 is reduction 𝒞 − continuous 

function. 

Proof 4: 

Let 𝑓𝒞 is reduction 𝒞 − continuous function and 𝒞𝐴 center set in 𝑋, since 

𝑓𝒞(𝒞𝐴) center set in 𝑌 and by part 3, then 

cl𝒞(𝑓𝒞
−1(𝑓𝒞(𝒞𝐴)) ≼𝒞 𝑓𝒞

−1(cl𝒞(𝑓𝒞(𝒞𝐴))), since 𝑓  is (1 − 1) function, then 

cl𝒞(𝒞𝐴) ≼𝒞 𝑓𝒞
−1(cl𝒞(𝑓𝒞(𝒞𝐴))), by proposition (2.2.1.3) , then 

𝑓𝒞(cl𝒞(𝒞𝐴)) ≼𝒞 cl𝒞(𝑓𝒞(𝒞𝐴)). Conversely, let 𝒞𝐵 be an arbitrary 𝒞 −closed in 𝑌, 

then 𝑓𝒞
−1(𝒞𝐵) ≼𝒞 𝒞𝑋. By hypothesis 𝑓𝒞(cl𝒞(𝑓𝒞

−1(𝒞𝐵))) ≼𝒞 cl𝒞(𝑓𝒞(𝑓𝒞
−1(𝒞𝐵))), 

therefore 𝑓𝒞(cl𝒞(𝑓𝒞
−1𝒞𝐵)) ≼𝒞 cl𝒞(𝒞𝐵), by part 3 , then 

cl𝒞(𝑓𝒞
−1(𝒞𝐵)) ≼𝒞 𝑓𝒞

−1(cl𝒞(𝒞𝐵)). But 𝒞𝐵 is 𝒞 −closed, then cl𝒞(𝒞𝐵)  =𝒞 𝒞𝐵, 

there fore cl𝒞(𝑓𝒞
−1(𝒞𝐵)) ≼𝒞 𝑓𝒞

−1(𝒞𝐵). Hence 𝑓𝒞
−1(𝒞𝐵) is 𝒞 −closed in 𝑋, by 

part 2, then 𝑓𝒞 is reduction 𝒞 − continuous. 

Proof 5: 

Let 𝑓𝒞 is reduction 𝒞 − continuous function, since int𝒞(𝒞𝐵) is 𝒞 −open 

≼𝒞 𝒞𝑌, by part 1 , then 𝑓𝒞
−1(int𝒞(𝒞𝐵)) is 𝒞 −open ≼𝒞 𝒞𝑋, therefore 

int𝒞(𝑓𝒞
−1(int𝒞(𝒞𝐵)))  =𝒞 𝑓𝒞

−1(int𝒞(𝒞𝐵)), since int𝒞(𝒞𝐵)  ≼𝒞 𝒞𝐵 and by part 

4, then 𝑓𝒞
−1(int𝒞(𝒞𝐵))  ≼𝒞 𝑓𝒞

−1(𝒞B). Hence 

𝑓𝒞
−1(int𝒞(𝒞𝐵)) ≼𝒞 int𝒞(𝑓𝒞

−1(𝒞B)). Conversely, let 𝒞𝑈 be any 𝒞 −open set in 

𝑌, so that int𝒞(𝒞𝑈) =𝒞 𝒞𝑈 . By hypothesis 

𝑓𝒞
−1(𝒞U) =𝒞 𝑓𝒞

−1
(int𝒞(𝒞𝑈)) ≼𝒞 int𝒞(𝑓𝒞

−1(𝒞U)), therefore 
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int𝒞(𝑓𝒞
−1(𝒞U)) =𝒞 𝑓𝒞

−1(𝒞U). Hence 𝑓𝒞
−1(𝒞U)  is 𝒞 − open in 𝑋, by part 1, 

then 𝑓𝒞 is reduction 𝒞 − continuous function. 

Proof 6: 

Let 𝑓𝒞 is reduction 𝒞 − continuous function and 𝒞𝐴 center set in 𝑋, since 

𝑓𝒞(𝒞𝐴) center set in 𝑌 by part 5 , then 

𝑓𝒞
−1(int𝒞(𝑓𝒞(𝒞𝐴))) ≼𝒞 int𝒞(𝑓𝒞

−1(𝑓𝒞(𝒞A))), since 𝑓  is (1 − 1) function, then 

𝑓𝒞
−1(int𝒞(𝑓𝒞(𝒞𝐴))) ≼𝒞 int𝒞(𝒞𝐴), by proposition (2.2.1.3) , then 

int𝒞(𝑓𝒞(𝒞𝐴)) ≼𝒞 𝑓𝒞(int𝒞(𝒞𝐴)). Conversely, let 𝒞𝑈 be an arbitrary 𝒞 −open in 

𝑌, then 𝑓𝒞
−1(𝒞𝑈) ≼𝒞 𝒞𝑋. By hypothesis 

int𝒞(𝑓𝒞(𝑓𝒞
−1(𝒞𝑈))) ≼𝒞 𝑓𝒞(int𝒞(𝑓𝒞

−1(𝒞𝑈)), therefore 

int𝒞(𝒞𝑈) ≼𝒞 𝑓𝒞(int𝒞(𝑓𝒞
−1(𝒞𝑈)), by proposition (2.2.1.3) , then 

𝑓𝒞
−1(int𝒞(𝒞𝑈)) ≼𝒞 int𝒞(𝑓𝒞

−1(𝒞𝑈)). But 𝒞𝑈 is 𝒞 −open, then int𝒞(𝒞𝑈)  =𝒞 𝒞𝑈, 

therefore 𝑓𝒞
−1(𝒞𝑈) ≼𝒞 int𝒞(𝑓𝒞

−1(𝒞𝑈)). Hence 𝑓𝒞
−1(𝒞𝑈) is 𝒞 −open in 𝑋, by 

part 1, then 𝑓𝒞 is reduction 𝒞 − continuous. 

Definition 2.2.2.3:  

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a reduction function, we call that 

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is reduction 𝒞 − open function if 𝑓𝒞(𝒞𝐴) 

𝒞 −open subset of 𝒞𝑌 for each 𝒞𝐴 𝒞 −open subset of 𝒞𝑋. And 𝑓𝒞 is said to be 

reduction 𝒞 − closed function if 𝑓𝒞(𝒞𝐹) 𝒞 −closed subset of 𝒞𝑌 for each 𝒞𝐹 

𝒞 −closed subset of 𝒞𝑋. 

Proposition 2.2.2.4: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿 − homeomorphism reduction function, then 

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is 

1. Reduction 𝒞 − open function if and only if for each 𝒞𝐸  center set subset 

of 𝒞𝑋, then 𝑓𝒞(int𝒞(𝒞𝐸)) ≼𝒞 int𝒞(𝑓𝒞(𝒞𝐸)) . 
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2. Reduction 𝒞 − closed function if and only if for each 𝒞𝐸  center set subset 

of 𝒞𝑋, then cl𝒞(𝑓𝒞(𝒞𝐸)) ≼𝒞 𝑓𝒞(cl𝒞(𝒞𝐸) . 

Proof 1:  

Let 𝑓𝒞 is reduction 𝒞 − open function and 𝒞𝐸  center set in 𝑋, since int𝒞(𝒞𝐸)  

𝒞 − open set in 𝑋, then 𝑓𝒞(int𝒞(𝒞𝐸)) 𝒞 − open ≼𝒞 𝒞𝑌, since int𝒞(𝒞𝐸)) ≼𝒞 𝒞𝐸  

and  by proposition (2.2.1.4) , then 𝑓𝒞(int𝒞(𝒞𝐸)) ≼𝒞 𝑓𝒞(𝒞𝐸). Hence 

𝑓𝒞(int𝒞(𝒞𝐸)) ≼𝒞 int𝒞(𝑓𝒞(𝒞𝐸)). Conversely, let 𝒞𝑈 be an arbitrary 𝒞 −open in 

𝑋, then 𝒞𝑈 =𝒞 int𝒞(𝒞𝑈), therefore 𝑓𝒞(𝒞𝑈) =𝒞 𝑓𝒞(int𝒞(𝒞𝑈)). By hypothesis 

𝑓𝒞(int𝒞(𝒞𝑈)) ≼𝒞 int𝒞(𝑓𝒞(𝒞𝑈)), then 𝑓𝒞(𝒞𝑈) ≼𝒞 int𝒞(𝑓𝒞(𝒞𝑈)),thus  𝑓𝒞(𝒞𝑈) is 

𝒞 −open in 𝑌. Hence 𝑓𝒞 is reduction 𝒞 − open function. 

Proof 2:  

Let 𝑓𝒞 is reduction 𝒞 − closed function and 𝒞𝐸  center set in 𝑋, since cl𝒞(𝒞𝐸)  

𝒞 − closed set in 𝑋, then 𝑓𝒞(cl𝒞(𝒞𝐸)) 𝒞 − closed in 𝑌 , since 𝒞𝐸 ≼𝒞 cl𝒞(𝒞𝐸) and  

by proposition (2.2.1.4), then 𝑓𝒞(𝒞𝐸) ≼𝒞 𝑓𝒞(cl𝒞(𝒞𝐸)). Hence 

cl𝒞(𝑓𝒞(𝒞𝐸)) ≼𝒞 𝑓𝒞(cl𝒞(𝒞𝐸)). Conversely, let 𝒞𝐹 be an arbitrary 𝒞 −closed in 𝑋, 

then 𝒞𝐹 =𝒞 cl𝒞(𝒞𝐹). By hypothesis cl𝒞(𝑓𝒞(𝒞𝐹)) ≼𝒞 𝑓𝒞(cl𝒞(𝒞𝐹)) =𝒞 𝑓𝒞(𝒞𝐹), 

therefore cl𝒞(𝑓𝒞(𝒞𝐹)) ≼𝒞 𝑓𝒞(𝒞𝐹)  ,thus  𝑓𝒞(𝒞𝐹) is 𝒞 −closed in 𝑌. Hence 𝑓𝒞 is 

reduction 𝒞 − closed function. 

Definition 2.2.2.5:  

Let  𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a bijective reduction function, we call that 

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is reduction 𝒞 − homeomorphism function iff 𝑓𝒞 

and 𝑓𝒞
−1

 are reduction 𝒞 − continuous functions. 

Proposition 2.2.2.6: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿 − homeomorphism reduction function, then 

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is  
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1. Reduction 𝒞 − homeomorphism function if and only if for each 𝒞𝐵 center 

set subset of 𝒞𝑌, then cl𝒞(𝑓𝒞
−1(𝒞𝐵)) =𝒞 𝑓𝒞

−1(cl𝒞(𝒞𝐵) .  

2. Reduction 𝒞 − homeomorphism function if and only if for each 𝒞𝐵 center 

set subset of 𝒞𝑌, then int(𝑓𝒞
−1(𝒞𝐵)) =𝒞 𝑓𝒞

−1(int𝒞(𝒞𝐵)). 

Proof :   

Direct proof by proposition (2.2.2.2)  

We now introduce some relationships between the concept of reduction 𝒞 − 

continuity and separation axioms in 𝒞 − topological space. 

Proposition 2.2.2.7: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿 − homeomorphism reduction function and  

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) be a reduction 𝒞 − open function if (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) 

is 𝔍𝒞2 − space, then (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is 𝔍𝒞2 − space. 

Proof:  

Let 𝑓𝒞 is reduction 𝒞 − open function, (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝔍𝒞2 − space and let 

𝑦𝐾1
, 𝑦𝐾2

 are center points in 𝑌 such that 𝑦𝐾1
≠𝒞  𝑦𝐾2

 , since 𝑓 is bijective 

function, there exist 𝑥𝐻1
, 𝑥𝐻2

two center points in 𝑋 such that 𝑥𝐻1
≠𝒞  𝑥𝐻2

, where 

𝑓𝒞(𝑥𝐻1
) =𝒞 𝑦𝐾1

 and 𝑓𝒞(𝑥𝐻2
) =𝒞 𝑦𝐾2

. But (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝔍𝒞2 − space, there 

exist center open sets in 𝑋 𝒞𝐴1
and 𝒞𝐴2

 such that 𝑥𝐻1
∈ 𝒞𝐴1

, 𝑥𝐻2
∈ 𝒞𝐴2

 and 

𝒞𝐴1
⋏𝒞  𝒞𝐴2

=𝒞 𝒞∅, this mean 𝐴1𝛿𝑋𝐻1 and 𝐴2𝛿𝑋𝐻2, by proposition (2.2.1.2) , 

then 𝑓𝒞(𝑥𝐻1
) ∈ 𝑓𝒞(𝒞𝐴1

) and 𝑓𝒞(𝑥𝐻2
) ∈ 𝑓𝒞(𝒞𝐴2

) , therefore 𝑦𝐾1
∈ 𝑓𝒞(𝒞𝐴1

) and 

𝑦𝐾2
∈ 𝑓𝒞(𝒞𝐴2

) . Since 𝑓𝒞 is reduction 𝒞 − open function, then 𝑓𝒞(𝒞𝐴1
)  and 

𝑓𝒞(𝒞𝐴2
) are center open sets in 𝑌, by  proposition (2.2.1.6), 𝑓𝒞(𝒞𝐴1

)   ⋏𝒞 

𝑓𝒞(𝒞𝐴2
) =𝒞 𝑓𝒞(𝒞𝐴1

⋏𝒞  𝒞𝐴2
) =𝒞 𝑓𝒞(𝒞∅) =𝒞 𝒞∅. Hence (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is 𝔍𝒞2 − 

space. 



CHAPTER TWO                                                                                                      Central Continuous Function   

 

51 
 

Proposition 2.2.2.8: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿 − homeomorphism reduction function and  

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) be a reduction 𝒞 − continuous function, if 

(𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is 𝔍𝒞2 − space, then (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝔍𝒞2 − space. 

Proof:  

Let 𝑓𝒞 is reduction 𝒞 − continuous function, (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is 𝔍𝒞2 − space and 

let 𝑥𝐻1
, 𝑥𝐻2

  are center points in 𝑋 such that 𝑥𝐻1
≠𝒞   𝑥𝐻2

 , since 𝑓 is bijective 

function, there exist 𝑦𝐾1
 , 𝑦𝐾2

 two center points in 𝑌 such that 𝑦𝐾1
 ≠𝒞 𝑦𝐾2

 , 

where 𝑓𝒞
−1(𝑦𝐾1

) =𝒞 𝑥𝐻1
 and 𝑓𝒞

−1(𝑦𝐾2
) =𝒞 𝑥𝐻2

. But (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is 𝔍𝒞2 − 

space, there exist center open sets in 𝑌 𝒞𝐵1
and 𝒞𝐵2

 such that 𝑦𝐾1
∈ 𝒞𝐵1

, 𝑦𝐾2
∈

𝒞𝐵2
 and 𝒞𝐵1

⋏𝒞  𝒞𝐵2
=𝒞 𝒞∅, this mean 𝐵1𝛿𝑌𝐾1 and 𝐵2𝛿𝑋𝐾2, by proposition 

(2.2.1.3) , then 𝑓𝒞
−1(𝑦𝐾1

) ∈ 𝑓𝒞
−1(𝒞𝐵1

) and 𝑓𝒞
−1(𝑦𝐾2

) ∈ 𝑓𝒞
−1(𝒞𝐵2

), therefore 

𝑥𝐻1
∈ 𝑓𝒞

−1(𝒞𝐵1
) and , 𝑥𝐻2

∈ 𝑓𝒞
−1(𝒞𝐵2

). Since 𝑓𝒞 is reduction 𝒞 − open 

function, then 𝑓𝒞
−1(𝒞𝐵1

) and 𝑓𝒞
−1(𝒞𝐵2

).  are center open sets in 𝑋, by  

proposition (2.2.1.6), 𝑓𝒞
−1(𝒞𝐵1

) ⋏𝒞 𝑓−1(𝒞𝐵2
) .  =𝒞 𝑓𝒞

−1(𝒞𝐵1
⋏𝒞  𝒞𝐵2

) =𝒞  

𝑓𝒞
−1(𝒞∅) =𝒞 𝒞∅. Hence (𝑋, 𝛿𝑋, 𝔍𝒞𝑋)  is 𝔍𝒞2 − space. 

Proposition 2.2.2.9: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a 𝛿 − homeomorphism reduction function and  

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) be a reduction 𝒞 − homeomorphism function, 

then : 

1. If (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − regular space, then (𝑌, 𝛿𝑌 , 𝔍𝒞𝑌)  is  𝒞 − regular 

space. 

2. If (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − normal space, then (𝑌, 𝛿𝑌 , 𝔍𝒞𝑌)  is  𝒞 − normal 

space. 
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Proof 1:  

Let (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − regular space,  𝒞𝐹 is  𝒞 − closed in 𝑌 and  𝑦𝐾 be a 

center point in 𝑌 such that 𝑦𝐾 ∉ 𝒞𝐹, since 𝑓 is bijective function, there exist 𝑥𝐻 

center point in 𝑌 such that 𝑓𝒞(𝑥𝐻) =𝒞 𝑦𝐾, by proposition (2.2.1.3), then  

𝑥𝐻 ∉ 𝑓𝒞
−1(𝒞𝐹), since 𝑓𝒞 is reduction 𝒞 − continuous function, then 𝑓𝒞

−1(𝒞𝐹) is 

𝒞 − closed  in 𝑋 . But (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − regular space, there exist 𝒞 −open 

sets in 𝑋 𝒞𝐴1
and 𝒞𝐴2

 such that 𝑥𝐻 ∈ 𝒞𝐴1
, 𝑓𝒞

−1(𝒞𝐹) ≼𝒞 𝒞𝐴2
  and 

𝒞𝐴1
⋏𝒞  𝒞𝐴2

=𝒞 𝒞∅, this mean 𝐴1𝛿𝑋𝐻 and 𝑓−1(𝐹)𝛿𝑋𝐵 ⇒ 𝐵𝛿𝑋𝐴2 for all 𝐵 

subset of 𝑋. by proposition (2.2.1.2), then 𝑓𝒞(𝑥𝐻) ∈ 𝑓𝒞(𝒞𝐴1
), 𝒞𝐹 ≼𝒞 𝑓𝒞(𝒞𝐴2

), 

since 𝑓𝒞
−1

 is reduction 𝒞 − continuous function, then 𝑓𝒞(𝒞𝐴1
) and  𝑓𝒞(𝒞𝐴2

) are 

𝒞 −open sets in 𝑋, by proposition (2.2.1.6), 

𝑓𝒞(𝒞𝐴1
) ⋏𝒞 𝑓𝒞(𝒞𝐴2

) =𝒞  𝑓𝒞(𝒞𝐴1
⋏𝒞 𝒞𝐴2

) =𝒞 𝒞∅. Hence (𝑌, 𝛿𝑌, 𝔍𝒞𝑌)  is  𝒞 − 

regular space. 

Proof 2:  

Let (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − normal space, 𝒞𝐹1
 , 𝒞𝐹2

 are  𝒞 − closed sets in 𝑌 such 

that 𝒞𝐹1
 ⋏𝒞  𝒞𝐹2

=𝒞 𝒞∅, since 𝑓𝒞 is reduction 𝒞 − continuous function, then 

𝑓𝒞
−1(𝒞𝐹1

) and 𝑓𝒞
−1(𝒞𝐹2

) are 𝒞 − closed sets in 𝑋, since 𝑓 is bijective function, 

then 𝑓𝒞
−1(𝒞𝐹1

) ⋏𝒞 𝑓𝒞
−1(𝒞𝐹2

) =𝒞 𝒞∅. But (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − normal space, there 

exist 𝒞 −open sets in 𝑋 𝒞𝐴1
and 𝒞𝐴2

 such that 𝑓𝒞
−1(𝒞𝐹1

) ≼𝒞 𝒞𝐴1
, 

𝑓𝒞
−1(𝒞𝐹2

) ≼𝒞 𝒞𝐴2
 and 𝒞𝐴1

⋏𝒞  𝒞𝐴2
=𝒞 𝒞∅, this mean 𝑓−1(𝐹1)𝛿𝑋𝐵1 ⇒ 𝐵1𝛿𝑋𝐴1 

and 𝑓−1(𝐹2)𝛿𝑋𝐵2 ⇒ 𝐵2𝛿𝑋𝐴2 for all 𝐵1, 𝐵2 subsets of 𝑋. by proposition 

(2.2.1.2), then 𝒞𝐹1
≼𝒞 𝑓𝒞(𝒞𝐴1

) and  𝒞𝐹2
≼𝒞 𝑓𝒞(𝒞𝐴2

), by proposition (2.2.1.6), 

then 𝑓𝒞(𝒞𝐴1
)  ⋏𝒞  𝑓𝒞(𝒞𝐴2

) =𝒞   𝑓𝒞(𝒞𝐴1
⋏𝒞 𝒞𝐴2

) =𝒞 𝒞∅. Hence (𝑌, 𝛿𝑌, 𝔍𝒞𝑌)  is  

𝒞 − normal space. 
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 Stronger Central Continuous Function 2.3

In this section, we introduce a new definition of continuous functions for a 

special type of functions what we called stronger central continuous function on 

𝒞 − topological spaces and show its important properties, in additional, we 

apply the separation axioms in these spaces. 

2.3.1 Stronger Central Function 

In this section, we present the definition of stronger central function and its 

most important properties. 

Definition 2.3.1.1:  

Let (𝑋, 𝛿𝑋) be a proximity space and 𝛿𝑌 = 𝑓(𝛿𝑋) be a proximity on 𝑌, a 

function 𝑓: (𝑋, 𝛿𝑋) → 𝑌 is called stronger function if the image for center set 𝒞𝐴 

in 𝑋 is 𝒞𝑓(𝐴) = {〈𝑓(𝐴), 𝐵〉: 𝑓(𝐴)𝛿𝑌𝐵, 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝐵 ⊆ 𝑌}, and the inverse of 

stronger 𝒞-function 𝑓 is of form 𝒞𝑓−1(𝐵) = { 〈𝑓−1(𝐵), 𝐻〉: 𝑓−1(𝐵)𝛿𝑋𝐻, 

𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝐻 ⊆ 𝑋}. 

Proposition 2.3.1.2: 

Let (𝑋, 𝛿𝑋) be a proximity space, 𝑓: (𝑋, 𝛿𝑋) → 𝑌, a give bijective stronger 

function, and 𝒞𝐵 be center set in 𝑋. If  𝑥𝐴 ∈ 𝒞𝐵, then  𝑓𝒞(𝑥𝐴) ∈ 𝒞𝑓(𝐵). 

Proof:  

Let  𝑥𝐴 ∈  𝒞𝐵 , imply  𝐴𝛿𝑋𝐵. But 𝑓 is (1 − 1) and by 𝛿𝑌 = 𝑓(𝛿𝑋), so we get 

that 𝐴𝛿𝑋𝐵 iff 𝑓−1(𝑓(𝐴))𝛿𝑋𝑓−1(𝑓(𝐵)) iff 𝑓(𝐴)𝛿𝑌𝑓(𝐵). Hence 𝑓𝒞(𝑥𝐴) ∈ 𝒞𝑓(𝐵). 

Proposition 2.3.1.3:  

Let (𝑋, 𝛿𝑋) are proximity space, 𝑓: (𝑋, 𝛿𝑋) → 𝑌, give onto stronger function 

and 𝒞𝑉 be center set in 𝑌, if  𝑦𝐴 ∈ 𝒞𝑉 then 𝑓−1
𝒞

(𝑦𝐴) ∈ 𝒞𝑓−1(𝑉). 
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Proof:   

Let 𝑦𝐴 ∈  𝒞𝑉 , iff  𝐴𝛿𝑌𝑉 iff  𝑓−1(𝐴)𝛿𝑋 𝑓−1(𝑉), by 𝛿𝑌 = 𝑓(𝛿𝑋),  then 

𝑓−1
𝒞

(𝑦𝐴) ∈ 𝒞𝑓−1(𝑉). 

Proposition 2.3.1.4:  

Let (𝑋, 𝛿𝑋) are proximity space, 𝑓: (𝑋, 𝛿𝑋) → 𝑌, a give bijective stronger 

function,. Hence the following is correct: 

i. If 𝒞𝐴 ≼𝒞 𝒞𝐵, then 𝒞𝑓(𝐴) ≼𝒞 𝒞𝑓(𝐵) , for any center sets   𝒞𝐴, 𝒞𝐵 in 𝑋. 

ii. If 𝒞𝑌1
≼𝒞 𝒞𝑌2

, then 𝒞𝑓−1(𝑌1) ≼𝒞 𝒞𝑓−1(𝑌2) , for any center sets 𝒞𝑌1
, 𝒞𝑌2

 in 𝑌. 

Proof: 

i. Let 𝑦𝑉 ∈  𝒞𝑓(𝐴)  iff  𝑓(𝐴)𝛿𝑌𝑉 iff 𝑓−1(𝑓(𝐴))𝛿𝑋 𝑓−1(𝑉) iff 𝐴𝛿𝑋 𝑓−1(𝑉), 

then 𝐵𝛿𝑋 𝑓−1(𝑉) iff 𝑓−1(𝑓(𝐵))𝛿𝑋 𝑓−1(𝑉) iff 𝑓(𝐵)𝛿𝑌𝑉 . Hence 𝑦𝑉 ∈

𝒞𝑓(𝐵). 

ii. Let 𝒞𝑌1
≼𝒞 𝒞𝑌2

, then frome it we get, ∀∅ ≠ 𝐾 ⊆ 𝑌, if 𝑌1𝛿𝑌 𝐾, imply 

𝑌2𝛿𝑌 𝐾, let 𝑥𝐴 ∈  𝒞𝑓−1(𝑌1) iff  𝐴𝛿𝑋𝑓−1(𝑌1) iff 𝑓−1(𝑓(𝐴))𝛿𝑋 𝑓−1(𝑌1),  

because 𝑓 is 1-1, iff 𝑓(𝐴)𝛿𝑌 𝑌1, by 𝛿𝑌 = 𝑓(𝛿𝑋), then 𝑓(𝐴)𝛿𝑌𝑌2  iff 

𝑓−1(𝑓(𝐴))𝛿𝑋 𝑓−1(𝑌2) iff 𝐴𝛿𝑋𝑓−1 (𝑌2) . Hence 𝑥𝐴 ∈  𝒞𝑓−1(𝑌2). 

Proposition 2.3.1.5:  

Let (𝑋, 𝛿𝑋) be a proximity space, 𝑓: (𝑋, 𝛿𝑋) → 𝑌  give bijective stronger 

function, {𝒞𝐴∝
, ∝∈△}  and {𝒞𝐵∝

, ∝∈ ⋀} are families of center subsets of  ℂ𝑋 and 

ℂ𝑌 respectively, where △ and ⋀  are arbitrary index sets, then:  

1. 𝑓𝒞(⋎ {𝒞𝐴∝
, ∝∈△})  =𝒞  ⋎ {𝒞𝑓(𝐴∝), ∝∈△} 

2. 𝑓𝒞(⋏ {𝒞𝐴∝
, ∝∈△})  =𝒞 ⋏ {𝒞𝑓(𝐴∝), ∝∈△} 

3. 𝑓𝒞
−1(⋎ {𝒞𝐵∝

, ∝∈∧})  =𝒞  ⋎ {𝒞𝑓−1(𝐵∝), ∝∈∧} 

4. 𝑓𝒞
−1(⋏ {𝒞𝐵∝

, ∝∈∧})  =𝒞 ⋏ {𝒞𝑓−1(𝐵∝), ∝∈∧} 
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Proof 1:  

Let 𝑦𝐾 ∈ 𝑓𝒞(⋎ {𝒞𝐴∝
, ∝∈△}) , iff there exist 𝑥𝐻 ∈ ⋎ {𝒞𝐴∝

, ∝∈△} such that 

𝑓𝒞(𝑥𝐻) =𝒞 𝑦𝐾, iff for some ∝0∈△, 𝑥𝐻 ∈ 𝒞𝐴∝0
 such that 𝐴∝0

𝛿𝑋𝐻, by proposition 

(2.3.1.2), then 𝑓𝒞(𝑥𝐻) ∈ 𝒞𝑓(𝐴∝0) for some ∝0∈△, because 𝑓(𝐴∝0
)𝛿𝑌𝑓(𝐻), 

therefore 𝑓(𝐴∝0
)𝛿𝑌𝐾. thus 𝑦𝐾 ∈ 𝒞𝑓(𝐴∝0) for some ∝0∈△, Hence 𝑦𝐾 ∈⋎

{𝒞𝑓(𝐴∝), ∝∈△}.  

Conversely, let 𝑦𝐾 ∈⋎ {𝒞𝑓(𝐴∝), ∝∈△}, then 𝑦𝐾 ∈ 𝒞𝑓(𝐴∝0) for some ∝0∈△, this 

mean 𝑓𝒞(𝐴∝0
)𝛿𝑌𝐾, by proposition (2.3.1.3), then 𝑓𝒞

−1 (𝑦𝐾) ∈ 𝒞𝑓−1(𝑓(𝐴∝0)), 

therefore 𝑓−1(𝑓(𝐴∝0))𝛿𝑋𝑓−1(𝐾), since 𝑓 is onto, then 𝐴∝0𝛿𝑋𝑓−1(𝐾), thus 

𝑓−1(𝑦𝐾)  ∈ 𝒞𝐴∝0
 for some ∝0∈△, by proposition (2.3.1.2), then 

𝑓𝒞(𝑓𝒞
−1 (𝑦𝐾)) ∈  𝑓𝒞(⋎ {𝒞𝐴∝

, ∝∈△} ). Hence  𝑦𝐾 ∈  𝑓𝒞(⋎ {𝒞𝐴∝
, ∝∈△} ). 

Proof 2: 

Let 𝑦𝐾 ∈ 𝑓𝒞(⋏ {𝒞𝐴∝
, ∝∈△}) , then there exist 𝑥𝐻 ∈ ⋏ {𝒞𝐴∝

, ∝∈△} such that 

𝑓𝒞(𝑥𝐻) =𝒞 𝑦𝐾, iff for each  ∝∈△, then 𝑥𝐻 ∈ 𝒞𝐴∝
 such that 𝐴∝𝛿𝑋𝐻, by 

proposition (2.3.1.2), then 𝑓𝒞(𝑥𝐻) ∈ 𝒞𝑓(𝐴∝) for each  ∝∈△, because 

𝑓(𝐴∝)𝛿𝑌𝑓(𝐻)    ∀∝∈△, therefore 𝑦𝐾 ∈ 𝒞𝑓(𝐴∝) for each  ∝∈△, Hence 𝑦𝐾 ∈⋏

{𝒞𝑓(𝐴∝), ∝∈△}.  

Conversely, let 𝑦𝐾 ∈⋏ {𝒞𝑓(𝐴∝), ∝∈△}, then 𝑦𝐾 ∈ 𝒞𝑓(𝐴∝) for each  ∝∈△,  by 

proposition (2.3.1.3), then 𝑓𝒞
−1 (𝑦𝐾) ∈ 𝒞𝑓−1(𝑓(𝐴∝)) this mean 

𝑓−1(𝑓(𝐴∝))𝛿𝑋𝑓−1(𝐾), since 𝑓 is (1-1), then 𝐴∝𝛿𝑋𝑓−1(𝐾)   ∀∝∈△, therefore 

𝑓−1(𝑦𝐾)  ∈ 𝒞𝐴∝
 for each  ∝∈△, thus 𝑓−1(𝑦𝐾)  ∈ ⋏ {𝒞𝐴∝

, ∝∈△} ). by 

proposition (2.3.1.2), then 𝑦𝐾 ∈ 𝑓( ⋏ {𝒞𝐴∝
, ∝∈△}). 
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Proof 3: 

Let 𝑥𝐻 ∈ 𝑓𝒞
−1(⋎ {𝒞𝐵∝

, ∝∈∧}), there exists  𝑦𝐾 ∈⋎ {𝒞𝐵∝
, ∝∈∧}, such that 

𝑓𝒞
−1(𝑦𝐾) = 𝑥𝐻   𝑓𝑜𝑟 𝐾 ⊆ 𝑌, then for some ∝0∈∧, 𝑦𝐾 ∈ 𝒞𝐵∝0

 such that 𝐵∝0
𝛿𝑌𝐾 

, by proposition (2.3.1.3), then 𝑓𝒞
−1 (𝑦𝐾) ∈ 𝒞𝑓−1(𝐵∝0), this mean 𝑓−1(𝐵∝0

) 

𝛿𝑋𝑓−1(𝐾), then for some ∝0∈∧, 𝑥𝐻 ∈ 𝒞𝑓−1(𝐵∝0). Hence  𝑥𝐻 ∈⋎ {𝒞𝑓−1(𝐵∝), ∝∈∧}. 

Conversely, let 𝑥𝐻 ∈⋎ {𝒞𝑓−1(𝐵∝), ∝∈∧}, then 𝑥𝐻 ∈ 𝒞𝑓−1(𝐵∝0) for some ∝0∈∧, by 

proposition (2.3.1.2), then 𝑓𝒞(𝑥𝐻) ∈ 𝒞𝑓(𝑓−1(𝐵∝0)), this mean 

𝑓(𝑓−1(𝐵∝0
)) 𝛿𝑌𝑓(𝐻). But 𝑓(𝑓−1(𝐵∝0

)) ⊆ 𝐵∝0
, therefore 𝐵∝0

𝛿𝑌𝑓(𝐻), then 

𝑓𝒞(𝑥𝐻) ∈ 𝒞𝐵∝0
 for some ∝0∈∧, thus 𝑓𝒞(𝑥𝐻) ∈⋎ {𝒞𝐵∝0

, ∝∈∧}, by proposition 

(2.3.1.3), then 𝑥𝐻 ∈ 𝑓𝒞
−1(⋎ {𝒞𝐵∝

, ∝∈∧}). 

Proof 4: 

Let 𝑥𝐻 ∈ 𝑓𝒞
−1(⋏ {𝒞𝐵∝

, ∝∈∧}), there exists  𝑦𝐾 ∈⋏ {𝒞𝐵∝
, ∝∈∧}, such that 

𝑓𝒞
−1(𝑦𝐾) = 𝑥𝐻   𝑓𝑜𝑟 𝐾 ⊆ 𝑌, then for each ∝∈∧, 𝑦𝐾 ∈ 𝒞𝐵∝

 such that 𝐵∝𝛿𝑌𝐾 , by 

proposition (2.3.1.3), then 𝑓𝒞
−1 (𝑦𝐾) ∈ 𝒞𝑓−1(𝐵∝), this mean 𝑓−1(𝐵∝) 𝛿𝑋𝑓−1(𝐾), 

then for each ∝∈∧, 𝑥𝐻 ∈ 𝒞𝑓−1(𝐵∝). Hence  𝑥𝐻 ∈⋏ {𝒞𝑓−1(𝐵∝), ∝∈∧}. 

Conversely, let 𝑥𝐻 ∈⋏ {𝒞𝑓−1(𝐵∝), ∝∈∧}, then 𝑥𝐻 ∈ 𝒞𝑓−1(𝐵∝) for each ∝∈∧, 

by proposition (2.3.1.2), then 𝑓𝒞(𝑥𝐻) ∈ 𝒞𝑓(𝑓−1(𝐵∝)), this mean 

𝑓(𝑓−1(𝐵∝)) 𝛿𝑌𝑓(𝐻). But 𝑓(𝑓−1(𝐵∝)) ⊆ 𝐵∝, therefore 𝐵∝𝛿𝑌𝑓(𝐻), then 

𝑓𝒞(𝑥𝐻) ∈ 𝒞𝐵∝
 for each ∝∈∧, thus 𝑓𝒞(𝑥𝐻) ∈⋏ {𝒞𝐵∝

, ∝∈∧}, by proposition 

(2.3.1.3), then 𝑥𝐻 ∈ 𝑓𝒞
−1(⋏ {𝒞𝐵∝

, ∝∈∧}). 
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2.3.2 Stronger Central Continuous Function 

In this section, we introduce the definition of stronger central continuous 

function and its most important properties. And the relationship of this type of 

functions with the separation axioms in 𝒞-topological space. 

Definition2.3.2.1:  

Let  𝑓: (𝑋, 𝛿𝑋) → 𝑌 be a Stronger function and (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) , (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) 

are 𝒞 − topological spaces, we call that 𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is a 

Stronger 𝒞 − continuous function at the center point 𝑥𝐴 with respect to the 

function 𝑓, if for each 𝒞𝑉 ∈ 𝔍𝒞𝑌 such that 𝑓(𝐴) 𝛿𝑌𝑉, there exists 𝒞𝑈 ∈ 𝔍𝒞𝑋 with 

𝑈𝛿𝑋𝐴 satisfy that, for each 𝑓(𝑈) 𝛿𝑌𝐾, 𝐾 ⊆ 𝑌, then  𝑉𝛿𝑌𝐾. And 𝑓𝒞 is called a 

Stronger 𝒞 − continuous, if its Stronger 𝒞 − continuous function at each center 

point in 𝒞𝑋. 

Example2.3.2.2: 

Let (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) and (𝑌, 𝑓(𝛿𝑋), 𝔍𝒞𝑌) are 𝒞 − topological space such that 

= {1,2} , 𝑌 = {𝑎, 𝑏}  and 𝛿𝑋 is discrete proximity,  where 

𝔍𝒞𝑋 = {𝒞𝑋, 𝒞∅, 𝒞{1}, 𝒞𝑋
({1})

} and 𝔍𝒞𝑌 = {𝒞𝑌, 𝒞∅, 𝒞{𝑎}, 𝒞𝑋
({𝑎})

} are 𝒞 − topologies. 

Define 𝑓  from (𝑋, 𝛿𝑋) into  𝑌 such that 𝑓(1) = 𝑎 and 𝑓(2) = 𝑏. Then 𝑓𝒞 is 

Stronger 𝒞 − continuous function at the center point 2{2}. 

Now we present some equivalent theorems for the definition of stronger 

𝒞 − continuous function in 𝒞-topological space. 

Proposition2.3.2.3: 

Let 𝑓: (𝑋, 𝛿𝑋) → 𝑌 be a bijective stronger function, then 𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) →

(𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is  

1. Stronger 𝒞 − continuous function if and only if for each 𝒞𝑉 ∈ 𝔍𝒞𝑌, then 

𝒞𝑓−1(𝑉) ∈ 𝔍𝒞𝑋. 
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2. Stronger 𝒞 − continuous function if and only if for each 𝒞𝐹 is 𝒞 −closed 

subset of 𝒞𝑌, then 𝒞𝑓−1(𝐹) is 𝒞 −closed subset of 𝒞𝑋. 

3. Stronger 𝒞 − continuous function if and only if for each 𝒞𝐵 center set 

subset of 𝒞𝑌, then cl𝒞(𝒞𝑓−1(B)) ≼𝒞 𝑓−1(cl𝒞(𝒞𝐵)). 

4. Stronger 𝒞 − continuous function if and only if for each 𝒞𝐴 center set 

subset of 𝒞𝑋, then 𝑓𝒞(cl𝒞(𝒞𝐴) ≼𝒞 cl𝒞(𝒞𝑓(𝐴)) . 

5. Stronger 𝒞 − continuous function if and only if for each 𝒞𝐵 center set 

subset of 𝒞𝑌,  then 𝑓𝒞
−1(int𝒞(𝒞𝐵)) ≼𝒞 int𝒞(𝒞𝑓−1(B)) . 

6. Stronger 𝒞 − continuous function if and only if for each 𝒞𝐴 center set 

subset of 𝒞𝑋, then int𝒞(𝒞𝑓(𝐴))) ≼𝒞 𝑓𝒞(int𝒞𝒞𝐴) . 

Proof 1:  

Let 𝑓𝒞 is Stronger 𝒞 − continuous function and 𝒞𝑉 ∈ 𝔍𝒞𝑌, and let 𝐴 ⊆ 𝑋 such 

that 𝐴𝛿𝑋𝑓−1(𝑉), by 𝛿𝑌 = 𝑓(𝛿𝑋),  then 𝑓(𝐴)𝛿𝑌𝑓(𝑓−1(𝑉)), but 𝑓(𝑓−1(𝑉)) ⊆ 𝑉, 

then 𝑓(𝐴)𝛿𝑌𝑉, since 𝑓𝒞 is Stronger 𝒞 − continuous, there exists 𝒞𝑈 ∈ 𝔍𝒞𝑋 such 

that 𝐴𝛿𝑋𝑈 and 𝒞𝑓(𝑈) ≼𝒞 𝒞𝑉, by proposition (2.3.1.4) , then 

𝒞𝑓−1(𝑓(𝑈)) ≼𝒞 𝒞𝑓−1(𝑉), then  𝒞𝑈 ≼𝒞 𝒞𝑓−1(𝑉). Hence 𝒞𝑓−1(𝑉) ∈ 𝔍𝒞𝑋. 

Conversely, let 𝐴 ⊆ 𝑋 and 𝒞𝑉 ∈ 𝔍𝒞𝑌 such that 𝑓(𝐴)𝛿𝑌𝑉, by assumption,  then  

𝒞𝑓−1(𝑉) ∈ 𝔍𝒞𝑋 and 𝒞𝑓(𝑓−1(𝑉)) ≼𝒞 𝒞𝑉, but 𝑓(𝐴)𝛿𝑌𝑉, then 𝑓−1(𝑓(𝐴))𝛿𝑋𝑓−1(𝑉), 

therefore 𝐴𝛿𝑋𝑓−1(𝑉), put 𝒞𝑈 =𝒞 𝒞𝑓−1(𝑉) ∈ 𝔍𝒞𝑋. Hence 𝑓𝒞 is Stronger 𝒞 − 

continuous. 

Proof 2:  

Let 𝑓𝒞 is Stronger 𝒞 − continuous function and 𝒞𝐹 is 𝒞 −closed in 𝑌, then 

𝒞𝑌
(𝐹)

∈ 𝔍𝒞𝑌 since 𝑓𝒞 is Stronger 𝒞 − continuous and by part 1 , then 𝒞𝑋
(𝑓−1(𝐹))

∈

𝔍𝒞𝑋. Hence 𝒞𝑓−1(𝐹) is 𝒞 −closed in 𝑋. 
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Conversely, let 𝒞𝑉 ∈ 𝔍𝒞𝑌, then 𝒞𝑌
(𝑉)

 is 𝒞 −closed in 𝑌, by hypotheses, then 

𝒞𝑋
(𝑓−1(𝑉))

 is 𝒞 −closed in 𝑋. Therefore 𝒞𝑓−1(𝑉) ∈ 𝔍𝒞𝑋.Hence 𝑓𝒞 is Stronger 𝒞 − 

continuous. 

Proof 3:  

Let 𝑓𝒞 is Stronger 𝒞 − continuous function, since cl𝒞(𝒞𝐵) is 𝒞 −closed subset of 

𝒞𝑌, by part (2) , then 𝑓−1(cl𝒞(𝒞𝐵)) is 𝒞 −closed in 𝑋, since 

cl𝒞(𝑓−1(cl𝒞(𝒞𝐵))) =𝒞  𝑓−1(cl𝒞(𝒞𝐵)) , 𝒞𝐵 ≼𝒞 cl𝒞(𝒞𝐵) , then 

𝒞𝑓−1(B) ≼𝒞 𝑓−1(cl𝒞(𝒞𝐵)), therefore cl𝒞(𝒞𝑓−1(B)) ≼𝒞 𝑓−1(cl𝒞(𝒞𝐵)) . 

Conversely, let 𝒞𝐹 be any 𝒞 −closed in 𝑌, so that cl𝒞(𝒞𝐹) =𝒞 𝒞𝐹 . By 

hypothesis cl𝒞(𝒞𝑓−1(F)) ≼𝒞 𝑓−1(cl𝒞(𝒞𝐹)) =𝒞 𝒞𝑓−1(F). But 

𝒞𝑓−1(F) ≼𝒞 cl𝒞(𝒞𝑓−1(F)), therefore cl𝒞(𝒞𝑓−1(F)) =𝒞 𝒞𝑓−1(F) and 𝒞𝑓−1(F) is 

𝒞 −closed in 𝑋, by part 2, then 𝑓𝒞 is Stronger 𝒞 − continuous function. 

Proof 4:  

Let 𝑓𝒞 is Stronger 𝒞 − continuous function and 𝒞𝐴 center set in 𝑋, since 𝒞𝑓(𝐴) 

center set in 𝑌 and by part (3), then cl𝒞(𝒞𝑓−1(𝑓(𝐴))) ≼𝒞 𝑓𝒞
−1(cl𝒞(𝒞𝑓(𝐴))), since 𝑓  

is (1 − 1) function, then cl𝒞(𝒞𝐴) ≼𝒞 𝑓𝒞
−1(cl𝒞(𝒞𝑓(𝐴))), by proposition (2.3.1.4) , 

then 𝑓𝒞(cl𝒞(𝒞𝐴)) ≼𝒞 cl𝒞(𝒞𝑓(𝐴)). 

 Conversely, let 𝒞𝐵 be an arbitrary 𝒞 −closed in 𝑌, then 𝒞𝑓−1(𝐵) ≼𝒞 𝒞𝑋. By 

hypothesis 𝑓𝒞(cl𝒞(𝒞𝑓−1(𝐵)) ≼𝒞 cl𝒞(𝒞𝑓(𝑓−1(𝐵))), therefore 

𝑓𝒞(cl𝒞(𝒞𝑓−1(𝐵)) ≼𝒞 cl𝒞(𝒞𝐵), by proposition (2.3.1.4) , then 

cl𝒞(𝒞𝑓−1(𝐵)) ≼𝒞 𝑓𝒞
−1(cl𝒞(𝒞𝐵)). But 𝒞𝐵 is 𝒞 −closed, then cl𝒞(𝒞𝐵)  =𝒞 𝒞𝐵, 

there fore cl𝒞(𝒞𝑓−1(𝐵)) ≼𝒞 𝒞𝑓−1(𝐵). Hence 𝒞𝑓−1(𝐵) is 𝒞 −closed in 𝑋, by part 2, 

then 𝑓𝒞 is Stronger 𝒞 − continuous. 
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 Proof 5: 

Let 𝑓𝒞 is Stronger  𝒞 − continuous function, since int𝒞(𝒞𝐵) is 𝒞 −open ≼𝒞 𝒞𝑌, 

by part 1 , then 𝑓𝒞
−1(int𝒞(𝒞𝐵)) is 𝒞 −open ≼𝒞 𝒞𝑋, therefore 

int𝒞(𝑓𝒞
−1(int𝒞(𝒞𝐵)))  =𝒞 𝑓𝒞

−1(int𝒞(𝒞𝐵)), since int𝒞(𝒞𝐵)  ≼𝒞 𝒞𝐵 and by part 

4, then 𝑓𝒞
−1(int𝒞(𝒞𝐵))  ≼𝒞 𝒞𝑓−1(B). Hence 𝑓𝒞

−1(int𝒞(𝒞𝐵)) ≼𝒞 int𝒞(𝒞𝑓−1(B)). 

Conversely, let 𝒞𝑈 be any 𝒞 −open set in 𝑌, so that int𝒞(𝒞𝑈) =𝒞 𝒞𝑈 . By 

hypothesis 𝒞𝑓−1(𝑈) =𝒞 𝑓−1(int𝒞(𝒞𝑈)) ≼𝒞 int𝒞(𝒞𝑓−1(𝑈)), therefore 

int𝒞(𝒞𝑓−1(𝑈)) =𝒞 𝒞𝑓−1(𝑈). Hence 𝒞𝑓−1(𝑈)  is 𝒞 − open in 𝑋, by part 1, then 𝑓𝒞 is 

Stronger  𝒞 − continuous function. 

Proof 6: 

Let 𝑓𝒞 is Stronger  𝒞 − continuous function and 𝒞𝐴 center set in 𝑋, since 𝒞𝑓(𝐴) 

center set in 𝑌 by part 5 , then 𝑓𝒞
−1(int𝒞(𝒞𝑓(𝐴))) ≼𝒞 int𝒞(𝒞𝑓−1(𝑓(𝐴))), since 𝑓  

is (1 − 1) function, then 𝑓𝒞
−1(int𝒞(𝒞𝑓(𝐴))) ≼𝒞 int𝒞(𝒞𝐴), by proposition 

(2.3.1.4) , then int𝒞(𝒞𝑓(𝐴)) ≼𝒞 𝑓𝒞(int𝒞(𝒞𝐴)). 

 Conversely, let 𝒞𝑈 be an arbitrary 𝒞 −open in 𝑌, then 𝒞𝑓−1(𝑈) ≼𝒞 𝒞𝑋. By 

hypothesis int𝒞(𝒞𝑓(𝑓−1(𝑈))) ≼𝒞 𝑓𝒞(int𝒞(𝒞𝑓−1(𝑈)), therefore 

int𝒞(𝒞𝑈) ≼𝒞 𝑓𝒞(int𝒞(𝒞𝑓−1(𝑈)), by proposition (2.3.1.4) , then 

𝑓𝒞
−1(int𝒞(𝒞𝑈)) ≼𝒞 int𝒞(𝒞𝑓−1(𝑈)). But 𝒞𝑈 is 𝒞 −open, then int𝒞(𝒞𝑈)  =𝒞 𝒞𝑈, 

therefore 𝒞𝑓−1(𝑈) ≼𝒞 int𝒞(𝒞𝑓−1(𝑈)). Hence 𝒞𝑓−1(𝑈) is 𝒞 −open in 𝑋, by part 1, 

then 𝑓𝒞 is Stronger 𝒞 − continuous. 
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We now introduce some relationships between the concept of stronger  𝒞 − 

continuity and separation axioms in 𝒞 − topological space. 

Proposition2.3.2.4: 

Let 𝑓: (𝑋, 𝛿𝑋) → 𝑌 be a bijective stronger 𝒞 −function and  

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) be a stronger  𝒞 −continuous function, if 

(𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is 𝔍𝒞2 − space, then (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝔍𝒞2 − space. 

Proof:  

Let 𝑓𝒞 is stronger 𝒞 − continuous function, (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is 𝔍𝒞2 − space and let 

𝑥𝐻1
, 𝑥𝐻2

  are center points in 𝑋 such that 𝑥𝐻1
≠𝒞   𝑥𝐻2

 , since 𝑓 is bijective 

function, there exist 𝑦𝐾1
 , 𝑦𝐾2

 two center points in 𝑌 such that 𝑦𝐾1
 ≠𝒞 𝑦𝐾2

 , 

where 𝑓𝒞
−1(𝑦𝐾1

) =𝒞 𝑥𝐻1
 and 𝑓𝒞

−1(𝑦𝐾2
) =𝒞 𝑥𝐻2

. But (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is 𝔍𝒞2 − 

space, there exist 𝒞𝐵1
and 𝒞𝐵2

 center open sets in 𝑌  such that 𝑦𝐾1
∈ 𝒞𝐵1

, 

𝑦𝐾2
∈ 𝒞𝐵2

 and 𝒞𝐵1
⋏𝒞  𝒞𝐵2

=𝒞 𝒞∅, this mean 𝐵1𝛿𝑌𝐾1 and 𝐵2𝛿𝑌𝐾2, by 

proposition (2.3.1.3) , then 𝑓𝒞
−1(𝑦𝐾1

) ∈ 𝒞𝑓−1(𝐵1) and 𝑓𝒞
−1(𝑦𝐾2

) ∈ 𝒞𝑓−1(𝐵2), 

therefore 𝑥𝐻1
∈ 𝒞𝑓−1(𝐵1) and , 𝑥𝐻2

∈ 𝒞𝑓−1(𝐵2). By proposition (2.3.2.3), then 

𝒞𝑓−1(𝐵1) and 𝒞𝑓−1(𝐵2) are center open sets in 𝑋, by  proposition (2.3.1.5), then 

𝒞𝑓−1(𝐵1) ⋏𝒞 𝒞𝑓−1(𝐵2) =𝒞 𝑓𝒞
−1(𝒞𝐵1

⋏𝒞  𝒞𝐵2
) =𝒞 𝑓𝒞

−1(𝒞∅) =𝒞 𝒞∅. Hence 

(𝑋, 𝛿𝑋, 𝔍𝒞𝑋)  is 𝔍𝒞2 − space. 

Proposition2.3.2.5: 

Let 𝑓: (𝑋, 𝛿𝑋) → 𝑌 be a bijective stronger function and  𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) →

(𝑌, 𝛿𝑌, 𝔍𝒞𝑌) be a stronger  𝒞 −homeomorphism function, then  

1. If (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − regular space, then (𝑌, 𝛿𝑌 , 𝔍𝒞𝑌)  is  𝒞 − regular 

space. 
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2. If (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − normal space, then (𝑌, 𝛿𝑌 , 𝔍𝒞𝑌)  is  𝒞 − normal 

space. 

Proof 1:  

Let (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − regular space,  𝒞𝐹 is  𝒞 − closed in 𝑌 and  𝑦𝐾 be a center 

point in 𝑌 such that 𝑦𝐾 ∉ 𝒞𝐹, since 𝑓 is bijective function, there exist 𝑥𝐻 center 

point in 𝑌 such that 𝑓𝒞(𝑥𝐻) =𝒞 𝑦𝐾, by proposition (2.3.1.3), then  𝑥𝐻 ∉ 𝒞𝑓−1(𝐹), 

since 𝑓𝒞 is stronger  𝒞 −continuous function, then 𝒞𝑓−1(𝐹) is 𝒞 − closed  in 𝑋 . 

But (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − regular space, there exist 𝒞𝐴1
and 𝒞𝐴2

  are 𝒞 −open sets 

in 𝑋  such that 𝑥𝐻 ∈ 𝒞𝐴1
, 𝒞𝑓−1(𝐹) ≼𝒞 𝒞𝐴2

  and 𝒞𝐴1
⋏𝒞  𝒞𝐴2

=𝒞 𝒞∅, this mean 

𝐴1𝛿𝑋𝐻 and 𝑓−1(𝐹)𝛿𝑋𝐵 ⇒ 𝐵𝛿𝑋𝐴2 for all 𝐵 subset of 𝑋. by propositions 

(2.3.1.2) and (2.3.1.4), then 𝑓𝒞(𝑥𝐻) ∈ 𝒞𝑓(𝐴1), 𝒞𝐹 ≼𝒞 𝒞𝑓(𝐴2), since 𝑓𝒞
−1

 is 

stronger  𝒞 − continuous function, then 𝒞𝑓(𝐴1) and  𝒞𝑓(𝐴2) are 𝒞 −open sets in 𝑋, 

by proposition (2.3.1.5),  𝒞𝑓(𝐴1) ⋏𝒞 𝒞𝑓(𝐴2) =𝒞  𝒞𝑓(𝒞𝐴1⋏𝒞 𝒞𝐴2) =𝒞 𝒞∅. Hence 

(𝑌, 𝛿𝑌, 𝔍𝒞𝑌)  is  𝒞 − regular space. 

Proof 2:  

Let (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − normal space, 𝒞𝐹1
 , 𝒞𝐹2

 are  𝒞 − closed sets in 𝑌 such 

that 𝒞𝐹1
 ⋏𝒞  𝒞𝐹2

=𝒞 𝒞∅, since 𝑓𝒞 is stronger  𝒞 −continuous function, then 

𝒞𝑓−1(𝐹1) and 𝒞𝑓−1(𝐹2) are 𝒞 − closed sets in 𝑋, since 𝑓 is bijective function, then 

𝒞𝑓−1(𝐹1) ⋏𝒞 𝒞𝑓−1(𝐹2) =𝒞 𝒞∅. But (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − normal space, there exist 

𝒞 −open sets in 𝑋 𝒞𝐴1
and 𝒞𝐴2

 such that 𝒞𝑓−1(𝐹1) ≼𝒞 𝒞𝐴1
, 𝒞𝑓−1(𝐹2) ≼𝒞 𝒞𝐴2

 and 

𝒞𝐴1
⋏𝒞  𝒞𝐴2

=𝒞 𝒞∅, this mean 𝑓−1(𝐹1)𝛿𝑋𝐵1 ⇒ 𝐵1𝛿𝑋𝐴1 and 𝑓−1(𝐹2)𝛿𝑋𝐵2 ⇒

𝐵2𝛿𝑋𝐴2 for all 𝐵1, 𝐵2 subsets of 𝑋. by proposition (2.3.1.2), then 𝒞𝐹1
≼𝒞 𝒞𝑓(𝐴1) 

and  𝒞𝐹2
≼𝒞 𝒞𝑓(𝐴2), by proposition (2.3.1.5), then 

𝒞𝑓(𝐴1) ⋏𝒞 𝒞𝑓(𝐴2) =𝒞   𝒞𝑓(𝒞𝐴1⋏𝒞  𝒞𝐴2) =𝒞 𝒞∅. Hence (𝑌, 𝛿𝑌 , 𝔍𝒞𝑌)  is  𝒞 − normal 

space. 
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 Weaker  Central Continuous Function 2.4

In this section, we introduce a new definition of continuous functions for a 

special type of functions what we called weaker central continuous function on 

𝒞 − topological spaces and show its important properties, in additional, we 

apply the separation axioms in these spaces. 

 

2.4.1 Weaker Central Function 

In this section, we introduce the definition of weaker central function and its 

most important properties. 

Definition 2.4.1.1:  

Let (𝑌, 𝛿𝑌) be a proximity space and 𝛿𝑋 = 𝑓−1(𝛿𝑌) be a proximity on 𝑋, a 

function 𝑓: 𝑋 → (𝑌, 𝛿𝑌) is called weaker function if the image for center set 𝒞𝐴 

in 𝑋 is 𝒞𝑓(𝐴) = {〈𝑓(𝐴), 𝐵〉: 𝑓(𝐴)𝛿𝑌𝐵, 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝐵 ⊆ 𝑌}, and the inverse of 

weaker 𝒞-function 𝑓 is of form 𝒞𝑓−1(𝐵) = { 〈𝑓−1(𝐵), 𝐻〉: 𝑓−1(𝐵)𝛿𝑋𝐻, 

𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝐻 ⊆ 𝑋}. 

Proposition 2.4.1.2: 

Let (𝑌, 𝛿𝑌) be a proximity space, 𝑓: 𝑋 → (𝑌, 𝛿𝑌) a give weaker 𝒞 -function, 

and 𝒞𝐴 be center set in 𝑋. If  𝑥𝐵 ∈ 𝒞𝐴 then  𝑓𝒞(𝑥𝐵) ∈ 𝒞𝑓(𝐴). 

Proof:  

Let  𝑥𝐵 ∈  𝒞𝐴 , imply 𝐴𝛿𝑋𝐵. And by specifying 𝛿𝑋, we have 𝑓(𝐴)𝛿𝑌𝑓(𝐵), 

therefore 𝑓(𝑥𝐵) ∈ 𝒞𝑓(𝐴).  

Proposition 2.4.1.3:  

Let (𝑌, 𝛿𝑌) be a proximity space, 𝑓: 𝑋 → (𝑌, 𝛿𝑌) a give surjective weaker 𝒞 -

function and 𝒞𝑉 be center set in 𝑌, if  𝑦𝐴 ∈ 𝒞𝑉 then 𝑓−1
𝒞

(𝑦𝐴) ∈ 𝒞𝑓−1(𝑉). 
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Proof:   

Let 𝑦𝐴 ∈  𝒞𝑉 , iff  𝐴𝛿𝑌𝑉 iff  𝑓(𝑓−1(𝐴))𝛿𝑌 𝑓(𝑓−1(𝑉)) because f is surjective 

iff  by 𝛿𝑋 = 𝑓−1(𝛿𝑌),  then 𝑓−1(𝐴)𝛿𝑋 𝑓−1(𝑉), therefore  𝑓−1(𝑦𝐴) ∈ 𝒞𝑓−1(𝑉). 

Proposition 2.4.1.4:  

Let (𝑌, 𝛿𝑌) be a proximity space, 𝑓: 𝑋 → (𝑌, 𝛿𝑌) a give surjective weaker 𝒞 -

function. Hence the following is correct: 

i. If 𝒞𝐴 ≼𝒞 𝒞𝐵, then 𝒞𝑓(𝐴) ≼𝒞 𝒞𝑓(𝐵) , for any center sets   𝒞𝐴, 𝒞𝐵 in 𝑋. 

ii. If 𝒞𝑌1
≼𝒞 𝒞𝑌2

, then 𝒞𝑓−1(𝑌1) ≼𝒞 𝒞𝑓−1(𝑌2) , for any center sets 𝒞𝑌1
, 𝒞𝑌2

 in 𝑌. 

Proof: 

i. Let 𝒞𝐴 ≼𝒞 𝒞𝐵, and form it we get ∀𝐻 ⊆ 𝑋 , 𝐴𝛿𝑋𝐻 , imply 𝐵𝛿𝑋𝐻. For any 

∅ ≠ 𝐾 ⊆ 𝑌  and 𝑓(𝐴)𝛿𝑌𝐾. But 𝑓 is surjective, there exist 𝐻 ⊆ 𝑋  such 

that 𝑓(𝐻) = 𝐾, so 𝑓(𝐴)𝛿𝑌𝑓(𝐻) iff 𝐴𝛿𝑋𝐻 because 𝛿𝑋 = 𝑓−1(𝛿𝑌), then 

𝐻𝛿𝑋𝐵  iff 𝐾 = 𝑓(𝐻)𝛿𝑌𝑓(𝐵) because 𝛿𝑋 = 𝑓−1(𝛿𝑌). Therefore 

𝒞𝑓(𝐴) ≼𝒞 𝒞𝑓(𝐵). 

ii. Let 𝒞𝑌1
≼𝒞 𝒞𝑌2

 and from it we get  ∀∅ ≠ 𝐾 ⊆ 𝑌, if 𝑌1𝛿𝑌 𝐾, imply 𝑌2𝛿𝑌 𝐾, 

let 𝐻 be non-empty subset of 𝑋 such that 𝑓−1(𝑌1)𝛿𝑋𝐻 iff 

𝑓(𝑓−1(𝑌1))𝛿𝑌𝑓(𝐻) because 𝛿𝑋 = 𝑓−1(𝛿𝑌) iff 𝑌1𝛿𝑌𝑓(𝐻), imply 

𝑌2𝛿𝑌𝑓(𝐻) iff  𝑓(𝑓−1(𝑌2)) )𝛿𝑌𝑓(𝐻) iff 𝑓−1 (𝑌2)𝛿𝑋𝐻. Therefore 

𝒞𝑓−1(𝑌1) ≼𝒞 𝒞𝑓−1(𝑌2). 

Proposition 2.4.1.5:  

Let (𝑌, 𝛿𝑌) be a proximity space, 𝑓: 𝑋 → (𝑌, 𝛿𝑌) a give bijective weaker 𝒞 -

function, {𝒞𝐴∝
, ∝∈△}  and {𝒞𝐵∝

, ∝∈ ⋀} are families of center subsets of  ℂ𝑋 and 

ℂ𝑌 respectively, where △ and ⋀  are arbitrary index sets, then:  

1. 𝑓𝒞(⋎ {𝒞𝐴∝
, ∝∈△})  =𝒞  ⋎ {𝒞𝑓(𝐴∝), ∝∈△} 
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2. 𝑓𝒞(⋏ {𝒞𝐴∝
, ∝∈△})  =𝒞 ⋏ {𝒞𝑓(𝐴∝), ∝∈△} 

3. 𝑓𝒞
−1(⋎ {𝒞𝐵∝

, ∝∈∧})  =𝒞  ⋎ {𝒞𝑓−1(𝐵∝), ∝∈∧} 

4. 𝑓𝒞
−1(⋏ {𝒞𝐵∝

, ∝∈∧})  =𝒞 ⋏ {𝒞𝑓−1(𝐵∝), ∝∈∧} 

Proof 1:  

Let 𝑦𝐾 ∈ 𝑓𝒞(⋎ {𝒞𝐴∝
, ∝∈△}) , iff there exist 𝑥𝐻 ∈ ⋎ {𝒞𝐴∝

, ∝∈△} such that 

𝑓𝒞(𝑥𝐻) =𝒞 𝑦𝐾, iff for some ∝0∈△, 𝑥𝐻 ∈ 𝒞𝐴∝0
 such that 𝐴∝0

𝛿𝑋𝐻, by proposition 

(2.4.1.2), then 𝑓𝒞(𝑥𝐻) ∈ 𝒞𝑓(𝐴∝0) for some ∝0∈△, because 𝑓(𝐴∝0
)𝛿𝑌𝑓(𝐻), 

therefore 𝑓(𝐴∝0
)𝛿𝑌𝐾. Thus 𝑦𝐾 ∈ 𝒞𝑓(𝐴∝0) for some ∝0∈△, Hence 𝑦𝐾 ∈⋎

{𝒞𝑓(𝐴∝), ∝∈△}.  

Conversely, let 𝑦𝐾 ∈⋎ {𝒞𝑓(𝐴∝), ∝∈△}, then 𝑦𝐾 ∈ 𝒞𝑓(𝐴∝0) for some ∝0∈△, this 

mean 𝑓𝒞(𝐴∝0
)𝛿𝑌𝐾, by proposition (2.4.1.3), then 𝑓𝒞

−1 (𝑦𝐾) ∈ 𝒞𝑓−1(𝑓(𝐴∝0)), 

therefore 𝑓−1(𝑓(𝐴∝0))𝛿𝑋𝑓−1(𝐾), since 𝑓 is onto, then 𝐴∝0𝛿𝑋𝑓−1(𝐾), thus 

𝑓−1(𝑦𝐾)  ∈ 𝒞𝐴∝0
 for some ∝0∈△, by proposition (2.4.1.2), then 

𝑓𝒞(𝑓𝒞
−1 (𝑦𝐾)) ∈  𝑓𝒞(⋎ {𝒞𝐴∝

, ∝∈△} ). Hence  𝑦𝐾 ∈  𝑓𝒞(⋎ {𝒞𝐴∝
, ∝∈△} ). 

Proof 2: 

Let 𝑦𝐾 ∈ 𝑓𝒞(⋏ {𝒞𝐴∝
, ∝∈△}) , then there exist 𝑥𝐻 ∈ ⋏ {𝒞𝐴∝

, ∝∈△} such that 

𝑓𝒞(𝑥𝐻) =𝒞 𝑦𝐾, iff for each  ∝∈△, then 𝑥𝐻 ∈ 𝒞𝐴∝
 such that 𝐴∝𝛿𝑋𝐻, by 

proposition (2.4.1.2), then 𝑓𝒞(𝑥𝐻) ∈ 𝒞𝑓(𝐴∝) for each  ∝∈△, because 

𝑓(𝐴∝)𝛿𝑌𝑓(𝐻)    ∀∝∈△, therefore 𝑦𝐾 ∈ 𝒞𝑓(𝐴∝) for each  ∝∈△, Hence 𝑦𝐾 ∈⋏

{𝒞𝑓(𝐴∝), ∝∈△}.  

Conversely, let 𝑦𝐾 ∈⋏ {𝒞𝑓(𝐴∝), ∝∈△}, then 𝑦𝐾 ∈ 𝒞𝑓(𝐴∝) for each  ∝∈△,  by 

proposition (2.4.1.3), then 𝑓𝒞
−1 (𝑦𝐾) ∈ 𝒞𝑓−1(𝑓(𝐴∝)) this mean 

𝑓−1(𝑓(𝐴∝))𝛿𝑋𝑓−1(𝐾), since 𝑓 is (1-1), then 𝐴∝𝛿𝑋𝑓−1(𝐾)   ∀∝∈△, therefore 
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𝑓−1(𝑦𝐾)  ∈ 𝒞𝐴∝
 for each  ∝∈△, thus 𝑓−1(𝑦𝐾)  ∈ ⋏ {𝒞𝐴∝

, ∝∈△} ). by 

proposition (2.4.1.2), then 𝑦𝐾 ∈ 𝑓( ⋏ {𝒞𝐴∝
, ∝∈△}). 

Proof 3: 

Let 𝑥𝐻 ∈ 𝑓𝒞
−1(⋎ {𝒞𝐵∝

, ∝∈∧}), there exists  𝑦𝐾 ∈⋎ {𝒞𝐵∝
, ∝∈∧}, such that 

𝑓𝒞
−1(𝑦𝐾) = 𝑥𝐻   𝑓𝑜𝑟 𝐾 ⊆ 𝑌, then for some ∝0∈∧, 𝑦𝐾 ∈ 𝒞𝐵∝0

 such that 𝐵∝0
𝛿𝑌𝐾 

, by proposition (2.4.1.3), then 𝑓𝒞
−1 (𝑦𝐾) ∈ 𝒞𝑓−1(𝐵∝0), this mean 𝑓−1(𝐵∝0

) 

𝛿𝑋𝑓−1(𝐾), then for some ∝0∈∧, 𝑥𝐻 ∈ 𝒞𝑓−1(𝐵∝0). Hence 𝑥𝐻 ∈⋎ {𝒞𝑓−1(𝐵∝), ∝∈∧}. 

Conversely, let 𝑥𝐻 ∈⋎ {𝒞𝑓−1(𝐵∝), ∝∈∧}, then 𝑥𝐻 ∈ 𝒞𝑓−1(𝐵∝0) for some ∝0∈∧, by 

proposition (2.4.1.2), then 𝑓𝒞(𝑥𝐻) ∈ 𝒞𝑓(𝑓−1(𝐵∝0)), this mean 

𝑓(𝑓−1(𝐵∝0
)) 𝛿𝑌𝑓(𝐻). But 𝑓(𝑓−1(𝐵∝0

)) ⊆ 𝐵∝0
, therefore 𝐵∝0

𝛿𝑌𝑓(𝐻), then 

𝑓𝒞(𝑥𝐻) ∈ 𝒞𝐵∝0
 for some ∝0∈∧, thus 𝑓𝒞(𝑥𝐻) ∈⋎ {𝒞𝐵∝0

, ∝∈∧}, by proposition 

(2.4.1.3), then 𝑥𝐻 ∈ 𝑓𝒞
−1(⋎ {𝒞𝐵∝

, ∝∈∧}). 

Proof 4: 

Let 𝑥𝐻 ∈ 𝑓𝒞
−1(⋏ {𝒞𝐵∝

, ∝∈∧}), there exists  𝑦𝐾 ∈⋏ {𝒞𝐵∝
, ∝∈∧}, such that 

𝑓𝒞
−1(𝑦𝐾) = 𝑥𝐻   𝑓𝑜𝑟 𝐾 ⊆ 𝑌, then for each ∝∈∧, 𝑦𝐾 ∈ 𝒞𝐵∝

 such that 𝐵∝𝛿𝑌𝐾 , by 

proposition (2.4.1.3), then 𝑓𝒞
−1 (𝑦𝐾) ∈ 𝒞𝑓−1(𝐵∝), this mean 𝑓−1(𝐵∝) 𝛿𝑋𝑓−1(𝐾), 

then for each ∝∈∧, 𝑥𝐻 ∈ 𝒞𝑓−1(𝐵∝). Hence  𝑥𝐻 ∈⋏ {𝒞𝑓−1(𝐵∝), ∝∈∧}. 

Conversely, let 𝑥𝐻 ∈⋏ {𝒞𝑓−1(𝐵∝), ∝∈∧}, then 𝑥𝐻 ∈ 𝒞𝑓−1(𝐵∝) for each ∝∈∧, 

by proposition (2.4.1.2), then 𝑓𝒞(𝑥𝐻) ∈ 𝒞𝑓(𝑓−1(𝐵∝)), this mean 

𝑓(𝑓−1(𝐵∝)) 𝛿𝑌𝑓(𝐻). But 𝑓(𝑓−1(𝐵∝)) ⊆ 𝐵∝, therefore 𝐵∝𝛿𝑌𝑓(𝐻), then 

𝑓𝒞(𝑥𝐻) ∈ 𝒞𝐵∝
 for each ∝∈∧, thus 𝑓𝒞(𝑥𝐻) ∈⋏ {𝒞𝐵∝

, ∝∈∧}, by proposition 

(2.4.1.3), then 𝑥𝐻 ∈ 𝑓𝒞
−1(⋏ {𝒞𝐵∝

, ∝∈∧}). 
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2.4.2 Weaker Central Continuous Function 

In this section, we introduce the definition of weaker central continuous 

function and its most important properties. And the relationship of this type of 

functions with the separation axioms in 𝒞-topological space. 

Definition2.4.2.1:  

Let  𝑓: 𝑋 → (𝑌, 𝛿𝑌) be a weaker function and (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) , (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) are 

𝒞 − topological spaces, we call that 𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is a weaker 

𝒞 − continuous function at the center point 𝑥𝐴 with respect to the function 𝑓, if 

for each 𝒞𝑉 ∈ 𝔍𝒞𝑌 such that 𝑓(𝐴) 𝛿𝑌𝑉, there exists 𝒞𝑈 ∈ 𝔍𝒞𝑋 with 𝑈𝛿𝑋𝐴 satisfy 

that, for each 𝑓(𝑈) 𝛿𝑌𝐾, 𝐾 ⊆ 𝑌, then  𝑉𝛿𝑌𝐾. And 𝑓𝒞 is called a weaker 𝒞 − 

continuous, if its weaker 𝒞 − continuous function at each center point in 𝑋. 

Now we present some equivalent theorems for the definition of weaker 𝒞 − 

continuous function in 𝒞-topological space. 

Proposition2.4.2.2: 

Let 𝑓: 𝑋 → (𝑌, 𝛿𝑌) be a bijective weaker 𝒞 −function, then 𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) →

(𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is  

1. Weaker 𝒞 − continuous function if and only if for each 𝒞𝑉 ∈ 𝔍𝒞𝑌, then 

𝒞𝑓−1(𝑉) ∈ 𝔍𝒞𝑋. 

2. Weaker 𝒞 − continuous function if and only if for each 𝒞𝐹 is 𝒞 −closed 

subset of 𝒞𝑌, then 𝒞𝑓−1(𝐹) is 𝒞 −closed subset of 𝒞𝑋. 

3. Weaker 𝒞 − continuous function if and only if for each 𝒞𝐵 center set 

subset of 𝒞𝑌, then cl𝒞(𝒞𝑓−1(B)) ≼𝒞 𝑓−1(cl𝒞(𝒞𝐵)). 

4. Weaker 𝒞 − continuous function if and only if for each 𝒞𝐴 center set 

subset of 𝒞𝑋, then 𝑓𝒞(cl𝒞(𝒞𝐴) ≼𝒞 cl𝒞(𝒞𝑓(𝐴)) . 

5. Weaker 𝒞 − continuous function if and only if for each 𝒞𝐵 center set 

subset of 𝒞𝑌,  then 𝑓𝒞
−1(int𝒞(𝒞𝐵)) ≼𝒞 int𝒞(𝒞𝑓−1(B)) . 
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6. Weaker 𝒞 − continuous function if and only if for each 𝒞𝐴 center set 

subset of 𝒞𝑋, then int𝒞(𝒞𝑓(𝐴))) ≼𝒞 𝑓𝒞(int𝒞𝒞𝐴) . 

 

Proof 1:  

Let 𝑓𝒞 is weaker 𝒞 − continuous function, 𝒞𝑉 ∈ 𝔍𝒞𝑌 and  𝐴 ⊆ 𝑋 such that 

𝐴𝛿𝑋𝑓−1(𝑉), by 𝛿𝑋 = 𝑓−1(𝛿𝑌),  then 𝑓(𝐴)𝛿𝑌𝑓(𝑓−1(𝑉)), but 𝑓(𝑓−1(𝑉)) ⊆ 𝑉, 

then 𝑓(𝐴)𝛿𝑌𝑉, since 𝑓𝒞 is weaker  𝒞 − continuous, there exists 𝒞𝑈 ∈ 𝔍𝒞𝑋 such 

that 𝐴𝛿𝑋𝑈 and 𝒞𝑓(𝑈) ≼𝒞 𝒞𝑉, by proposition (2.4.1.3) , then 

𝒞𝑓−1(𝑓(𝑈)) ≼𝒞 𝒞𝑓−1(𝑉), then  𝒞𝑈 ≼𝒞 𝒞𝑓−1(𝑉). Hence 𝒞𝑓−1(𝑉) ∈ 𝔍𝒞𝑋. 

Conversely, let 𝐴 ⊆ 𝑋 and 𝒞𝑉 ∈ 𝔍𝒞𝑌 such that 𝑓(𝐴)𝛿𝑌𝑉, by assumption,  then  

𝒞𝑓−1(𝑉) ∈ 𝔍𝒞𝑋 and 𝒞𝑓(𝑓−1(𝑉)) ≼𝒞 𝒞𝑉, but 𝑓(𝐴)𝛿𝑌𝑉, then 𝑓−1(𝑓(𝐴))𝛿𝑋𝑓−1(𝑉), 

therefore 𝐴𝛿𝑋𝑓−1(𝑉), put 𝒞𝑈 =𝒞 𝒞𝑓−1(𝑉) ∈ 𝔍𝒞𝑋. Hence 𝑓𝒞 is weaker  𝒞 − 

continuous. 

Proof 2: Let 𝑓𝒞 is weaker 𝒞 − continuous function and 𝒞𝐹 is 𝒞 −closed in 𝑌, 

then 𝒞𝑌
(𝐹)

∈ 𝔍𝒞𝑌 since 𝑓𝒞 is weaker 𝒞 − continuous and by part 1 , then 

𝒞𝑋
(𝑓−1(𝐹))

∈ 𝔍𝒞𝑋. Hence 𝒞𝑓−1(𝐹) is 𝒞 −closed in 𝑋. 

Conversely, let 𝒞𝑉 ∈ 𝔍𝒞𝑌, then 𝒞𝑌
(𝑉)

 is 𝒞 −closed in 𝑌, by hypotheses, then 

𝒞𝑋
(𝑓−1(𝑉))

 is 𝒞 −closed in 𝑋. Therefore 𝒞𝑓−1(𝑉) ∈ 𝔍𝒞𝑋.Hence 𝑓𝒞 is weaker 𝒞 − 

continuous. 

Proof 3:  

Let 𝑓𝒞 is weaker 𝒞 − continuous function, since cl𝒞(𝒞𝐵) is 𝒞 −closed subset of 

𝒞𝑌, by part (2) , then 𝑓−1(cl𝒞(𝒞𝐵)) is 𝒞 −closed in 𝑋, since 
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cl𝒞(𝑓−1(cl𝒞(𝒞𝐵))) =𝒞  𝑓−1(cl𝒞(𝒞𝐵)) , 𝒞𝐵 ≼𝒞 cl𝒞(𝒞𝐵) , then 

𝒞𝑓−1(B) ≼𝒞 𝑓−1(cl𝒞(𝒞𝐵)), therefore cl𝒞(𝒞𝑓−1(B)) ≼𝒞 𝑓−1(cl𝒞(𝒞𝐵)) . 

Conversely, let 𝒞𝐹 be any 𝒞 −closed in 𝑌, so that cl𝒞(𝒞𝐹) =𝒞 𝒞𝐹 . By 

hypothesis cl𝒞(𝒞𝑓−1(F)) ≼𝒞 𝑓−1(cl𝒞(𝒞𝐹)) =𝒞 𝒞𝑓−1(F). But 

𝒞𝑓−1(F) ≼𝒞 cl𝒞(𝒞𝑓−1(F)), therefore cl𝒞(𝒞𝑓−1(F)) =𝒞 𝒞𝑓−1(F) and 𝒞𝑓−1(F) is 

𝒞 −closed in 𝑋, by part 2, then 𝑓𝒞 is weaker 𝒞 − continuous function. 

Proof 4:  

Let 𝑓𝒞 is weaker 𝒞 − continuous function and 𝒞𝐴 center set in 𝑋, since 𝒞𝑓(𝐴) 

center set in 𝑌 and by part (3), then cl𝒞(𝒞𝑓−1(𝑓(𝐴))) ≼𝒞 𝑓𝒞
−1(cl𝒞(𝒞𝑓(𝐴))), since 𝑓  

is (1 − 1) function, then cl𝒞(𝒞𝐴) ≼𝒞 𝑓𝒞
−1(cl𝒞(𝒞𝑓(𝐴))), by proposition (2.4.1.3) , 

then 𝑓𝒞(cl𝒞(𝒞𝐴)) ≼𝒞 cl𝒞(𝒞𝑓(𝐴)). 

 Conversely, let 𝒞𝐵 be an arbitrary 𝒞 −closed in 𝑌, then 𝒞𝑓−1(𝐵) ≼𝒞 𝒞𝑋. By 

hypothesis 𝑓𝒞(cl𝒞(𝒞𝑓−1(𝐵)) ≼𝒞 cl𝒞(𝒞𝑓(𝑓−1(𝐵))), therefore 

𝑓𝒞(cl𝒞(𝒞𝑓−1(𝐵)) ≼𝒞 cl𝒞(𝒞𝐵), by proposition (2.4.1.3) , then 

cl𝒞(𝒞𝑓−1(𝐵)) ≼𝒞 𝑓𝒞
−1(cl𝒞(𝒞𝐵)). But 𝒞𝐵 is 𝒞 −closed, then cl𝒞(𝒞𝐵)  =𝒞 𝒞𝐵, 

there fore cl𝒞(𝒞𝑓−1(𝐵)) ≼𝒞 𝒞𝑓−1(𝐵). Hence 𝒞𝑓−1(𝐵) is 𝒞 −closed in 𝑋, by part 2, 

then 𝑓𝒞 is weaker 𝒞 − continuous. 

 Proof 5: 

Let 𝑓𝒞 is weaker  𝒞 − continuous function, since int𝒞(𝒞𝐵) is 𝒞 −open ≼𝒞 𝒞𝑌, by 

part 1 , then 𝑓𝒞
−1(int𝒞(𝒞𝐵)) is 𝒞 −open ≼𝒞 𝒞𝑋, therefore 

int𝒞(𝑓𝒞
−1(int𝒞(𝒞𝐵)))  =𝒞 𝑓𝒞

−1(int𝒞(𝒞𝐵)), since int𝒞(𝒞𝐵)  ≼𝒞 𝒞𝐵 and by part 

4, then 𝑓𝒞
−1(int𝒞(𝒞𝐵))  ≼𝒞 𝒞𝑓−1(B). Hence 𝑓𝒞

−1(int𝒞(𝒞𝐵)) ≼𝒞 int𝒞(𝒞𝑓−1(B)). 



CHAPTER TWO                                                                                                      Central Continuous Function   

 

70 
 

Conversely, let 𝒞𝑈 be any 𝒞 −open set in 𝑌, so that int𝒞(𝒞𝑈) =𝒞 𝒞𝑈 . By 

hypothesis 𝒞𝑓−1(𝑈) =𝒞 𝑓−1(int𝒞(𝒞𝑈)) ≼𝒞 int𝒞(𝒞𝑓−1(𝑈)), therefore 

int𝒞(𝒞𝑓−1(𝑈)) =𝒞 𝒞𝑓−1(𝑈). Hence 𝒞𝑓−1(𝑈)  is 𝒞 − open in 𝑋, by part 1, then 𝑓𝒞 is 

weaker  𝒞 − continuous function. 

Proof 6: 

Let 𝑓𝒞 is weaker  𝒞 − continuous function and 𝒞𝐴 center set in 𝑋, since 𝒞𝑓(𝐴) 

center set in 𝑌 by part 5 , then 𝑓𝒞
−1(int𝒞(𝒞𝑓(𝐴))) ≼𝒞 int𝒞(𝒞𝑓−1(𝑓(𝐴))), since 𝑓  

is (1 − 1) function, then 𝑓𝒞
−1(int𝒞(𝒞𝑓(𝐴))) ≼𝒞 int𝒞(𝒞𝐴), by proposition 

(2.4.1.3) , then int𝒞(𝒞𝑓(𝐴)) ≼𝒞 𝑓𝒞(int𝒞(𝒞𝐴)). 

 Conversely, let 𝒞𝑈 be an arbitrary 𝒞 −open in 𝑌, then 𝒞𝑓−1(𝑈) ≼𝒞 𝒞𝑋. By 

hypothesis int𝒞(𝒞𝑓(𝑓−1(𝑈))) ≼𝒞 𝑓𝒞(int𝒞(𝒞𝑓−1(𝑈)), therefore 

int𝒞(𝒞𝑈) ≼𝒞 𝑓𝒞(int𝒞(𝒞𝑓−1(𝑈)), by proposition (2.4.1.3) , then 

𝑓𝒞
−1(int𝒞(𝒞𝑈)) ≼𝒞 int𝒞(𝒞𝑓−1(𝑈)). But 𝒞𝑈 is 𝒞 −open, then int𝒞(𝒞𝑈)  =𝒞 𝒞𝑈, 

therefore 𝒞𝑓−1(𝑈) ≼𝒞 int𝒞(𝒞𝑓−1(𝑈)). Hence 𝒞𝑓−1(𝑈) is 𝒞 −open in 𝑋, by part 1, 

then 𝑓𝒞 is weaker 𝒞 − continuous. 

We now introduce some relationships between the concept of weaker  𝒞 − 

continuity and separation axioms in 𝒞 − topological space. 

Proposition2.4.2.3: 

Let 𝑓: 𝑋 → (𝑌, 𝛿𝑌) be a bijective weaker 𝒞 −function and  

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) be a weaker 𝒞 −continuous function, if 

(𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is 𝔍𝒞2 − space, then (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝔍𝒞2 − space. 
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Proof:  

Let 𝑓𝒞 is weaker 𝒞 − continuous function, (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is 𝔍𝒞2 − space and let 

𝑥𝐻1
, 𝑥𝐻2

  are center points in 𝑋 such that 𝑥𝐻1
≠𝒞   𝑥𝐻2

 , since 𝑓 is bijective 

function, there exist 𝑦𝐾1
 , 𝑦𝐾2

 two center points in 𝑌 such that 𝑦𝐾1
 ≠𝒞 𝑦𝐾2

 , 

where 𝑓𝒞
−1(𝑦𝐾1

) =𝒞 𝑥𝐻1
 and 𝑓𝒞

−1(𝑦𝐾2
) =𝒞 𝑥𝐻2

. But (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) is 𝔍𝒞2 − 

space, there exist 𝒞𝐵1
and 𝒞𝐵2

 center open sets in 𝑌  such that 𝑦𝐾1
∈ 𝒞𝐵1

, 

𝑦𝐾2
∈ 𝒞𝐵2

 and 𝒞𝐵1
⋏𝒞  𝒞𝐵2

=𝒞 𝒞∅, this mean 𝐵1𝛿𝑌𝐾1 and 𝐵2𝛿𝑌𝐾2, by 

proposition (2.4.1.2) , then 𝑓𝒞
−1(𝑦𝐾1

) ∈ 𝒞𝑓−1(𝐵1) and 𝑓𝒞
−1(𝑦𝐾2

) ∈ 𝒞𝑓−1(𝐵2), 

therefore 𝑥𝐻1
∈ 𝒞𝑓−1(𝐵1) and , 𝑥𝐻2

∈ 𝒞𝑓−1(𝐵2). By proposition (2.4.2.2), then 

𝒞𝑓−1(𝐵1) and 𝒞𝑓−1(𝐵2) are center open sets in 𝑋, by  proposition (2.4.1.4), then 

𝒞𝑓−1(𝐵1) ⋏𝒞 𝒞𝑓−1(𝐵2) =𝒞 𝑓𝒞
−1(𝒞𝐵1

⋏𝒞  𝒞𝐵2
) =𝒞 𝑓𝒞

−1(𝒞∅) =𝒞 𝒞∅. Hence 

(𝑋, 𝛿𝑋, 𝔍𝒞𝑋)  is 𝔍𝒞2 − space. 

Proposition2.4.2.4: 

Let 𝑓: 𝑋 → (𝑌, 𝛿𝑌) be a bijective weaker 𝒞 −function and  𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) →

(𝑌, 𝛿𝑌, 𝔍𝒞𝑌) be a weaker 𝒞 −homeomorphism function, then  

1. If (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − regular space, then (𝑌, 𝛿𝑌 , 𝔍𝒞𝑌)  is  𝒞 − regular 

space. 

2. If (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − normal space, then (𝑌, 𝛿𝑌 , 𝔍𝒞𝑌)  is  𝒞 − normal 

space. 

Proof 1:  

Let (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − regular space,  𝒞𝐹 is  𝒞 − closed in 𝑌 and  𝑦𝐾 be a center 

point in 𝑌 such that 𝑦𝐾 ∉ 𝒞𝐹, since 𝑓 is bijective function, there exist 𝑥𝐻 center 

point in 𝑌 such that 𝑓𝒞(𝑥𝐻) =𝒞 𝑦𝐾, by proposition (2.4.1.2), then  𝑥𝐻 ∉ 𝒞𝑓−1(𝐹), 

since 𝑓𝒞 is weaker  𝒞 −continuous function, then 𝒞𝑓−1(𝐹) is 𝒞 − closed  in 𝑋 . 

But (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − regular space, there exist 𝒞𝐴1
and 𝒞𝐴2

  are 𝒞 −open sets 
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in 𝑋  such that 𝑥𝐻 ∈ 𝒞𝐴1
, 𝒞𝑓−1(𝐹) ≼𝒞 𝒞𝐴2

  and 𝒞𝐴1
⋏𝒞  𝒞𝐴2

=𝒞 𝒞∅, this mean 

𝐴1𝛿𝑋𝐻 and 𝑓−1(𝐹)𝛿𝑋𝐵 ⇒ 𝐵𝛿𝑋𝐴2 for all 𝐵 subset of 𝑋. by propositions 

(2.4.1.2) and (2.4.1.3), then 𝑓𝒞(𝑥𝐻) ∈ 𝒞𝑓(𝐴1), 𝒞𝐹 ≼𝒞 𝒞𝑓(𝐴2), since 𝑓𝒞
−1

 is weaker  

𝒞 − continuous function, then 𝒞𝑓(𝐴1) and  𝒞𝑓(𝐴2) are 𝒞 −open sets in 𝑋, by 

proposition (2.4.1.4),  𝒞𝑓(𝐴1) ⋏𝒞 𝒞𝑓(𝐴2) =𝒞  𝒞𝑓(𝒞𝐴1⋏𝒞 𝒞𝐴2) =𝒞 𝒞∅. Hence 

(𝑌, 𝛿𝑌, 𝔍𝒞𝑌)  is  𝒞 − regular space. 

Proof 2:  

Let (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − normal space, 𝒞𝐹1
 , 𝒞𝐹2

 are  𝒞 − closed sets in 𝑌 such 

that 𝒞𝐹1
 ⋏𝒞  𝒞𝐹2

=𝒞 𝒞∅, since 𝑓𝒞 is weaker  𝒞 −continuous function, then 

𝒞𝑓−1(𝐹1) and 𝒞𝑓−1(𝐹2) are 𝒞 − closed sets in 𝑋, since 𝑓 is bijective function, then 

𝒞𝑓−1(𝐹1) ⋏𝒞 𝒞𝑓−1(𝐹2) =𝒞 𝒞∅. But (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) is 𝒞 − normal space, there exist 

𝒞 −open sets in 𝑋 𝒞𝐴1
and 𝒞𝐴2

 such that 𝒞𝑓−1(𝐹1) ≼𝒞 𝒞𝐴1
, 𝒞𝑓−1(𝐹2) ≼𝒞 𝒞𝐴2

 and 

𝒞𝐴1
⋏𝒞  𝒞𝐴2

=𝒞 𝒞∅, this mean 𝑓−1(𝐹1)𝛿𝑋𝐵1 ⇒ 𝐵1𝛿𝑋𝐴1 and 𝑓−1(𝐹2)𝛿𝑋𝐵2 ⇒

𝐵2𝛿𝑋𝐴2 for all 𝐵1, 𝐵2 subsets of 𝑋. by proposition (2.4.1.2), then 𝒞𝐹1
≼𝒞 𝒞𝑓(𝐴1) 

and  𝒞𝐹2
≼𝒞 𝒞𝑓(𝐴2), by proposition (2.4.1.4), then 

𝒞𝑓(𝐴1) ⋏𝒞 𝒞𝑓(𝐴2) =𝒞   𝒞𝑓(𝒞𝐴1⋏𝒞  𝒞𝐴2) =𝒞 𝒞∅. Hence (𝑌, 𝛿𝑌 , 𝔍𝒞𝑌)  is  𝒞 − normal 

space.
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Chapter Three: Center Compactness   

In this chapter we give several characterizations of Center Compactness, 

where the concept of 𝒞 −  compact spaces within the central topological spaces 

was introduce and the topological properties of this space and its relationship to 

the axioms of separation were studied. Also in section two we introduce new 

concept, namely ℒ𝒞 - compact space and its relationship to the axioms of 

separation were studied. In section three and fore we introduce new concepts 

namely 𝒜𝒞 − compact  and ℋ𝒞 − closed, and we study their properties. 

 Center Compactness   3.1

In this section, we introduce a new type of compactness in center 

topological space has been presented, that is called a 𝒞 −  compact. 

Furthermore, the relationship between this concept and the separation axioms in 

center topological space had been studied.  

Definitions  3.1.1:  

Let ℋ = {𝒞𝐴𝑖
; 𝑖 ∈ 𝐼} be the collection of non-empty center sets define on 

(𝑋, 𝛿) is called is  𝒞 − 𝑐𝑜𝑣𝑒𝑟 of the center set 𝒞𝑋 if  𝑋 = ⋃ 𝐴𝑖𝑖∈𝐼  and ∀ 𝐻 ⊆ 𝑋 

such that 〈𝑋, 𝐻〉 ∈ 𝒞𝑋  , ∃𝑖∘ ∈ 𝐼. 〈𝐴𝑖∘
, 𝐻〉 ∈ 𝒞𝐴𝑖∘

. And this collection is called 

finite 𝒞 − 𝑐𝑜𝑣𝑒𝑟 if 𝐼 is finite set. 

Also is called 𝒞 − 𝑐𝑜𝑣𝑒𝑟 of the non-empty center set 𝒞𝐴 if 𝐴 = ⋃ 𝐴𝑖𝑖∈𝐼  and 

∀ 𝐻 ⊆ 𝑋 such that 〈𝐴, 𝐻〉 ∈ 𝒞𝐴 , ∃𝑖∘ ∈ 𝐼. 〈𝐴𝑖∘
, 𝐻〉 ∈ 𝒞𝐴𝑖∘

. Where 𝐼 be any non-

empty index. And the mention is said to the family ℋ is  𝒞 − 𝑜𝑝𝑒𝑛 𝑐𝑜𝑣𝑒𝑟, if 

each members is 𝒞 − 𝑜𝑝𝑒𝑛. In other words, if 𝒞𝐴𝑖  is 𝒞 − open set for all 𝑖, then 

the  {𝒞𝐴𝑖  ,   𝑖 ∈ 𝐼} said to be  𝒞 −  open cover. 
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Definition 3.1.2:  

Let  (𝑋, 𝛿, 𝔍𝒞) be a 𝒞-topological space, the universal set 𝒞𝑋 (a non-empty 

center set 𝒞𝐴) is called 𝒞 − compact space  if each 𝒞 − open cover {𝒞𝑈∝
 , 𝛼 ∈ Γ} 

of 𝒞𝑋 (𝒞𝐴) has finite ∆ subset of  Γ such that ∀ 𝐻 ⊆ 𝑋, there exist 𝛼0 ∈

∆, 𝑈𝛼0
𝛿𝐻.  

Remarks and examples 3.1.3: 

i. The indiscrete −𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑠𝑝𝑎𝑐𝑒 , then every center sets are              𝒞 −  

compact space. 

ii. The discrete −𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑠𝑝𝑎𝑐𝑒 , then every center sets are                  𝒞 −  

compact space if and only if it’s finite. 

iii. If 𝐴 ⊆ 𝐵 then 𝒞A ≼𝒞 𝒞B because if 〈𝐴, 𝐻〉 ∈ 𝒞𝐴, then 𝐴𝛿𝐻, but 𝐴 ⊆ 𝐵, thus 

𝐵𝛿𝐻, that mean 〈𝐵, 𝐻〉 ∈ 𝒞𝐵, so 𝒞A ≼𝒞 𝒞B. From this fact we conclude that 

every center set is center subset of universal center set 𝒞X. 

Theorem 3.1.4 : 

Each 𝒞 − closed subset of 𝒞 −compact 𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑠𝑝𝑎𝑐𝑒 (𝑋, 𝛿, 𝔍𝒞) is 

𝒞 − compact set. 

Proof: 

Let 𝒞𝐴 be any non-empty 𝒞 − closed set in   𝒞 − compact space (𝑋, 𝛿, 𝔍𝒞). 

And ℋ = {𝒞𝐴𝜆
 ,   𝜆 ∈ Λ} be 𝒞 − open cover to 𝒞𝐴 , so 𝒞𝑋

(𝐴)
 be 𝒞 − open set. 

Thus for each 𝐵 ⊆ 𝑋, ∀𝑥 ∈ 𝑋 such that {𝑥}𝛿𝐵 and ∃𝜆° ∈ Λ , 𝐵𝛿𝐴𝜆°
, from the 

concept of 𝒞 − compact space of 𝒞𝑋  , then there exists finite subset 𝐼 of Λ say 

{𝒞𝐴1, 𝒞𝐴2, … , 𝒞𝐴𝑛 , 𝒞𝑋
(𝐴)

 } such that ∀ 𝐻 ⊆ 𝑋, there exist 𝜆𝑖° ∈ I, 𝐴𝜆°
𝛿𝐻 , Hence 

𝒞𝐴 is 𝒞 − compact set.  
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Theorem 3.1.5: 

Each 𝒞 − compact subset of ℑ𝒞2− space (𝑋, 𝛿, 𝔍𝒞)  is 𝒞 − closed set. 

Proof:  

Let 𝒞𝐴 be any non-empty 𝒞 − compact set, so by Proposition (1.2.11 part 

4) we get that 𝒞𝐴 =𝒞⋎𝒞𝑥𝛼𝐵𝜆
∈𝒞𝐴

𝑥𝛼𝐵𝜆
, then for any 𝛼∘, 𝜆∘ , 𝑥𝛼∘ ∈ 𝑋  such that 

{𝑥𝛼∘}𝛿𝐵𝜆∘ and 𝐵𝜆∘𝛿𝐴,  and for the fact that 𝒞𝐴 ⋏𝒞 𝒞𝑋
(𝐴)

=𝒞 𝒞∅ we get for any 

𝑦 ∈ 𝑋, {𝑦}𝛿𝐵, 𝐵𝛿̅𝐴   and for each 𝛼 𝑎𝑛𝑑  𝜆, 𝑦𝐵 ≠ 𝑥𝛼𝐵𝜆
. But (𝑋, 𝛿, 𝔍𝒞) is 

ℑ𝒞2−𝑠𝑝𝑎𝑐𝑒, so there exists two disjoint 𝒞 − 𝑜𝑝𝑒𝑛 set 𝒞𝑈𝜆
and 𝒞𝑉𝜆

containing 

𝑥𝛼𝐵𝜆
 and 𝑦𝐵 respectively, thus 𝒞𝐴 =𝒞⋎𝒞𝑥𝛼𝐵𝜆∈𝒞𝐴

𝑥𝛼𝐵𝜆
≼𝒞  ⋎𝒞 {𝒞𝑈𝜆

, 𝑥𝛼𝐵𝜆
∈

 𝒞𝑈𝜆
}, therefore by 𝒞 − compactness then exists finite index 

𝛼1, 𝛼2, … , 𝛼𝑛,    𝜆1, 𝜆2, … , 𝜆𝑛  such that  𝒞𝐴 ≼𝒞

𝑛
⋎𝒞

𝑖 = 1
{𝒞𝑈𝜆𝑖

, 𝑥𝛼𝑖𝐵𝜆𝑖
∈  𝒞𝑈𝜆𝑖

}. And 

𝒞𝑉 =𝒞  
𝑛

⋏𝒞

𝑖 = 1
𝒞𝑉𝜆𝑖

 is 𝒞 − 𝑜𝑝𝑒𝑛 center set containing 𝑦𝐵 such that ∀𝑦 ∈ 𝑋, ∀𝐵 ⊆

𝑋, {𝑦}𝛿𝐵 and 𝐵𝛿𝑉, so 𝐵𝛿̅𝐴 and 𝑉𝛿̅𝐴. Hence 𝒞𝐴 is 𝒞 − closed center set. 

Definition 3.1.6: 

A family of center sets { 𝒞𝐴𝜆
, 𝜆 ∈ Λ} will be said to have the a finite 

intersection property if then exists finite index Λ∘ subset of Λ and a non-empty 

subset 𝐻 𝑜𝑓 𝑋 such that 〈𝐴𝜆𝑖
, 𝐻〉 ∈ 𝒞𝐴𝜆𝑖

 ∀𝑖 ∈ Λ∘ and will denoted by  𝒞𝐹𝐼𝑃.  

Theorem 3.1.7: 

A 𝒞 − 𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑠𝑝𝑎𝑐𝑒 (𝑋, 𝛿, 𝔍𝒞) is 𝒞 − compact if and only if any 

family ℱ = {𝒞𝐹𝜆
 , 𝜆 ∈ Λ} of center 𝒞-closed sets having the property 𝒞𝐹𝐼𝑃, 

satisfy that there exists anon-empty subset 𝐾 of 𝑋 such that 〈𝐹𝜆 , 𝐾〉 ∈ 𝒞𝐹𝜆
 ∀𝜆 ∈

Λ. 
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Proof: 

Suppose (𝑋, 𝛿, 𝔍𝒞) is 𝒞 − compact space and ℱ = {𝒞𝐹𝜆
 , 𝜆 ∈ Λ} be a 

family of 𝒞-closed center sets with property 𝒞𝐹𝐼𝑃. Let us if possible that for each 

non-empty subsets 𝐻 of 𝑋, ∀𝜆 ∈ Λ such that 𝐹𝜆𝛿̅𝐻  . From this fact we get that 

for some 𝜆 ∈ Λ, ∀𝑥 ∈ X, {x}𝛿𝑋 and {x} 𝛿̅𝐹𝜆. So then exists    𝜆1, 𝜆2, … , 𝜆𝑛 with 

property 𝒞𝑋 =𝒞

𝑛
⋎𝒞

𝑖 = 1
𝒞𝑋

(𝐹𝜆𝑖
)
 , through at this we get that for each non-empty 

subset 𝐾 of 𝑋, that for each 𝑖 = 1,2, . . . , 𝑛 𝐹𝜆𝑖
𝛿̅𝐾, so the family ℱ  do not have a 

property 𝒞𝐹𝐼𝑃, which contradiction with assumption. Therefore there exists a 

non-empty 𝐻 subset of 𝑋 satisfy that, ∀𝜆 ∈ Λ, 𝐹𝜆𝛿𝐻.  

Conversely, if possible that  𝒞𝑋 is not 𝒞 − compact, then there exists 𝒞 −

 open cover say ℋ = {𝒞𝐴𝜆
 ,   𝜆 ∈ Λ} has no finite sub cover, then for each finite 

subset Λ∘ of Λ, that is ⋎𝒞𝜆∈Λ∘
𝒞𝐴𝜆

≠𝒞 𝒞𝑋, then there exists a non-empty subset 𝐻 

of 𝑋 such that 〈𝐴𝜆, 𝐻〉 ∈ 𝒞𝑋
(𝐴𝜆)

 for each 𝜆 ∈ Λ∘ . But ℋ is not 𝒞 − open cover of 

𝒞𝑋, so for this fact we get that for each non-empty subset 𝐾 of 𝑋 we have for 

each 𝜆 ∈ Λ, 𝑋𝛿̅𝐾, this contradiction with assumption because each  𝒞𝑋
(𝐴𝜆)

 is 

𝒞 −closed. Therefore (𝑋, 𝛿, 𝔍𝒞) is 𝒞 − compact center space. 

The relation between 𝒞 −compact and center separation axioms has 

been presented by some theorems and properties as below. 

Theorem 3.1.8: 

 If (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 −topological space then: 

a) If 𝒞𝐴 and 𝒞𝐵 are 𝒞 −compact, then  𝒞𝐴⋃𝐵 is 𝒞 −compact. 

b) If 𝒞𝐴 is 𝒞 −closed and 𝒞𝐵 is 𝒞 −compact in ℑ𝒞2− space 𝑋, then 𝒞𝐴 ∧ 𝒞𝐵 is 

𝒞 −compact. 
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c) If 𝒞𝐴 and 𝒞𝐵 are 𝒞 −compact sets in ℑ𝒞2− space 𝑋, then  𝒞𝐴 ⋏𝒞 𝒞𝐵 is 

𝒞 −compact. 

Proof: 

a) Let ℋ = {𝒞𝐴𝜆
 ,   𝜆 ∈ Λ} be any 𝒞 −  𝑜𝑝𝑒𝑛 cover of 𝒞𝐴⋃𝐵, but 𝐴, 𝐵 ⊆ 𝐴 ∪

𝐵 , thus the family ℋ be 𝒞 −  𝑜𝑝𝑒𝑛 cover of 𝒞𝐴 and 𝒞𝐵,. But 𝒞𝐴 and 𝒞𝐵 

are 𝒞 −compactness, so there exists finite subsets Λ1 𝑎𝑛𝑑 Λ2 of Λ 

such that   𝒞𝐴 ≼𝒞⋎𝒞 𝜆∈Λ1
𝒞𝐴𝜆

 and 𝒞𝐵 ≼𝒞⋎𝒞 ∝∈Λ2
𝒞𝐴∝

 , then we get that 

𝒞𝐴⋃𝐵 ≼𝒞 (⋎𝒞 𝜆∈Λ1
𝒞𝐴𝜆

) ⋎𝒞 (⋎𝒞 ∝∈Λ2
𝒞𝐴∝

) 

=𝒞⋎𝒞 𝛾∈(Λ1∪Λ2)
𝒞𝐴𝛾

 . But Λ1 ∪ Λ2 is finite subset of Λ. Hence 𝒞𝐴⋃𝐵 is 

𝒞 −compact center set. 

b) and c) are directly by theorem 3.1.4 and the fact the 𝒞 − intersection of 

two 𝒞 −closed center set is 𝒞 − closed center set. 

Theorem  3.1.9: 

If (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 −topological space then: 

a) Every 𝒞 −compact  ℑ𝒞2 − space is 𝒞 −regular. 

b) Every 𝒞 −compact  ℑ𝒞2 − space is 𝒞 −normal. 

c) If 𝒞𝐴 is 𝒞 −compact  subset of 𝒞 −regular, then for each  𝒞 −open 

𝒞𝐴 ≼𝒞 𝒞𝑈, there is an 𝒞 −open 𝒞𝑉  with 𝒞𝐴 ≼𝒞 𝒞𝑉 ≼𝒞 𝑐𝑙𝒞(𝒞𝑉) ≼𝒞 𝒞𝑈 

Proof: 

a) Let  𝑥𝐵 be a center point such that 𝐴𝛿̅𝐵, with 𝒞𝑋
(𝐴)

 is 𝒞 − 𝑜𝑝𝑒𝑛 and 

 𝑥𝐵 ∈ 𝒞𝑋
(𝐴)

 . Then for each  𝑦𝐻 ∈ 𝒞𝐴 we get that 𝐻𝛿̅𝐵. And by  ℑ𝒞2 − space 

we have two disjoint center sets 𝒞𝑈𝑦
 and 𝒞𝑉𝑦

 with property that 𝑈𝑦𝛿𝐵 and 

𝑉𝑦𝛿𝐻 , then the collection of center 𝒞 − 𝑜𝑝𝑒𝑛 set 

𝜉 = { 𝒞𝑉𝑦
; 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ  𝑦𝐵 ∈ 𝒞𝐴} is 𝒞 − 𝑜𝑝𝑒𝑛 cover. But 𝒞𝐴 is 𝒞 − 𝑐𝑙𝑜𝑠𝑒𝑑 of 
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𝒞 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 and by theorem 3.1.4 we have that 𝒞𝐴 is 𝒞 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 so, 

there exists 𝑦1, 𝑦2, … , 𝑦𝑛 such that for each non empty 𝐾 subset of 𝑋, 𝐾𝛿𝐴 

and 𝐾𝛿𝑉𝑦𝑖, put 𝒞𝑉 =𝒞

𝑛
⋎𝒞

𝑖 = 1
𝒞𝑉𝑦𝑖

 and 𝒞𝑈 =𝒞

𝑛
⋏𝒞

𝑖 = 1
𝒞𝑈𝑦𝑖

 having the property 

that for each non-empty subset 𝐾 of 𝑋 that is 𝑈𝛿̅𝐾 and 𝑉𝛿̅𝐾 . But 

𝒞𝐴 ≼𝒞 𝒞𝑉 and  𝑥𝐵 ∈ 𝒞𝑈, thus (𝑋, 𝛿, 𝔍𝒞) is 𝒞 – regular space. 

b) Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 −compact  ℑ𝒞2 − space and let 𝒞𝐻,  𝒞𝐾 are disjoint  𝒞 

–closed sets, so by part (a) that (𝑋, 𝛿, 𝔍𝒞) is 𝒞 – regular, then for each 

 𝑥𝐵 ∈  𝒞𝐻 there exists two disjoint center 𝒞 – open sets 𝒞𝑈𝑥
 and 𝒞𝑉𝑥

 such 

that B𝛿𝑈𝑥 and 𝒞𝐾 ≼𝒞 𝒞𝑉𝑥
, Therefore the collection of  𝒞 – open set 

{𝒞𝑈𝑥
 , 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ  𝑥𝐵 ∈  𝒞𝐻} is 𝒞– cover of 𝒞𝐻 but by theorem 3.1.4 𝒞𝐻 is 

𝒞 −compact then there exists finite center point  𝑥𝑖𝐵𝑖
 of 𝒞𝐻 such that 

𝒞𝐻 ≼𝒞 

𝑛
⋎𝒞

𝑖 = 1
𝒞𝑈𝑥𝑖

. Put 𝒞𝑈 =𝒞

𝑛
⋎𝒞

𝑖 = 1
𝒞𝑈𝑥𝑖

 and 𝒞𝑉 =𝒞

𝑛
⋏𝒞

𝑖 = 1
𝒞𝑉𝑥𝑖

 . The 𝒞 – 

open center sets 𝒞𝑈 and 𝒞𝑉 having the property that for each a non-empty 

subset 𝑀 of 𝑋 satisfy that 𝑈𝛿̅𝑀 and 𝑉𝛿̅𝑀. Hence (𝑋, 𝛿, 𝔍𝒞) is 𝒞 −normal 

space. 

Proposition 3.1.10: 

Let f: (X, δX) → (Y, δY) be a δ − homeomorphism shrink function and  

f𝒞: (X, δX, 𝔍𝒞X) → (Y, δY, 𝔍𝒞Y) be a shrink 𝒞 − homeomorphism function, then 

If 𝒞A is  𝒞 − compact set for each 𝒞A  subset of 𝒞X, then 𝒞f(A)  is      𝒞 − 

compact set subset of  𝒞Y. 

Proof:  

Let 𝒞𝐴 is 𝒞 − compact set in 𝑋 and let {𝒞𝑈∝
 , 𝛼 ∈ ∆} be 𝒞 −open cover of 

𝒞𝑓(𝐴) , then 𝒞𝑓(𝐴) =𝒞⋎𝒞 {𝒞𝑈∝
 , 𝛼 ∈ ∆}, this mean, for each ∅ ≠ 𝐾 ⊆ 𝑌, 𝐾𝛿𝑌𝑓(𝐴) 
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iff there exists 𝛼𝑜 ∈ ∆, 𝐾𝛿𝑌𝑈𝛼𝑜
, since 𝑓𝒞

−1
 is  shrink 𝒞 −continuous function, 

then 𝑓−1(𝐾)𝛿𝑋𝑓−1(𝑓(𝐴)) iff 𝑓−1(𝐾)𝛿𝑋𝑓−1(𝑈𝛼𝑜
), since 𝑓 is onto function, then 

𝑓−1(𝐾)𝛿𝑋𝐴, implies   𝑓−1(𝐾)𝛿𝑋𝑓−1(𝑈𝛼𝑜
) for some 𝛼𝑜 ∈ ∆,  since 𝑓𝒞 is  shrink 

𝒞 −continuous function, then  {𝒞𝑓−1(𝑈∝) , 𝛼 ∈ ∆} is 𝒞 −open cover of 𝒞𝐴. But  

𝒞𝐴 is 𝒞 − compact set, therefore 𝒞𝐴 =𝒞

𝑛
⋎𝒞

𝑖 = 1
{𝒞𝑓−1(𝑈𝑖) , 𝑖 ∈∧⊆ ∆}, then ∀𝐻 ⊆ 𝑋, 

𝐴𝛿𝑋𝐻 iff 𝐻𝛿𝑋𝑓−1(𝑈𝑖) such that 𝑖 = 1,2, … , 𝑛, since 𝑓 is 𝛿 − continuous 

function, then 𝑓(𝐴)𝛿𝑌𝑓(𝐻) iff 𝑓(𝐻)𝛿𝑌𝑓(𝑓−1(𝑈𝑖)), but 𝑓(𝑓−1(𝑈𝑖))  ⊆ 𝑈𝑖, then 

𝑓(𝐴)𝛿𝑌𝑓(𝐻) iff 𝑓(𝐻)𝛿𝑌𝑈𝑖 for some 𝑖 = 1,2, … , 𝑛. Thus 

𝒞𝑓(𝐴) =𝒞

𝑛
⋎𝒞

𝑖 = 1
{𝒞𝑈𝑖  , 𝑖 = 1,2, … , 𝑛}. Hence 𝒞𝑓(𝐴)  is 𝒞 − compact set in 𝑌. 

Proposition 3.1.11: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a reduction 𝛿 − homeomorphism reduction  

function and  f𝒞: (X, δX, 𝔍𝒞X) → (Y, δY, 𝔍𝒞Y) be a reduction 𝒞 − 

homeomorphism function, if 𝒞A is  𝒞 − compact set for each 𝒞A  subset of 𝒞X, 

then f𝒞(𝒞A)  is 𝒞 − compact set subset of  𝒞Y. 

Proof:  

Let 𝒞A is 𝒞 − compact set in X and let {𝒞U∝
 , α ∈ ∆} be 𝒞 −open cover of 

f𝒞(𝒞A) , then f𝒞(𝒞A) =𝒞⋎𝒞 {𝒞U∝
 , α ∈ ∆}, this mean, for each ∅ ≠ K ⊆ Y, 

KδYf(A) iff there exists αo ∈ ∆, KδYUαo
, since f𝒞

−1
 is  reduction 𝒞 −continuous 

function, then f −1(K)δXf −1(f(A)) iff f −1(K)δXf −1(Uαo
), since f is onto 

function, then f −1(K)δXA, implies   f −1(K)δXf −1(Uαo
) for some αo ∈ ∆,  since 

f𝒞 is  reduction 𝒞 −continuous function, then  {f𝒞(𝒞U∝
 ), α ∈ ∆} is 𝒞 −open 

cover of 𝒞A. But  𝒞A is 𝒞 − compact set, therefore 𝒞A =𝒞

n
⋎𝒞

i = 1
{f𝒞

−1(𝒞Ui
) , i ∈∧
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⊆ ∆}, then ∀H ⊆ X, AδXH iff HδXf −1(Ui) such that i = 1,2, … , n, since f is δ − 

continuous function, then f(A)δYf(H) iff f(H)δYf(f −1(Ui)), but f(f −1(Ui))  ⊆

Ui, then f(A)δYf(H) iff f(H)δYUi for some i = 1,2, … , n. Thus 

f(𝒞A) =𝒞

n
⋎𝒞

i = 1
{𝒞Ui  , i = 1,2, … , n}. Hence f𝒞(𝒞A)  is 𝒞 − compact set in Y. 

  𝓛𝓒 - Compact:   3.2

In this section we introduce and study notion of ℒ𝒞 - compact space in 𝒞 –

topological space, and its relationship to the axioms of separation were studied. 

Definition 3.2.1:  

A  𝒞-topological space (𝑋, 𝛿𝑥, 𝔍𝒞X) is said to be ℒ𝒞 - compact space if and 

only if every center point  𝑥𝐴 in 𝑋 has at least one 𝒞 – neighborhood 𝒞𝑁 whose 

𝑐𝑙𝒞(𝒞𝑁) is 𝒞 –compact. 

Theorem  3.2.2: 

Every 𝒞 –compact space (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 - compact space. 

Proof:  

Let (𝑋, 𝛿𝑥, 𝔍𝒞X) be 𝒞 –compact space and  𝑥𝐴 any center point  in 𝒞𝑋, then 

AδXX, then 𝒞𝑋 is 𝒞 – neighborhood of  𝑥𝐴 , but 𝑐𝑙𝒞(𝒞𝑋) =  𝒞𝑋 is 𝒞 –compact. 

Thus (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 - compact space. 

The following example shows the fact that the converse of the above 

theorem is not true. 

Example 3.2.3 

Let (𝑋, 𝛿𝑥, 𝔍𝒞X) be any 𝒞 –topological space such that 𝑋 is infinite set, then 

(𝑋, 𝛿𝑥, 𝔍𝒞X) is not 𝒞 –compact space. But its ℒ𝒞 - compact space. For let  𝑥𝐴 be 
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any 𝒞 − 𝑝𝑜𝑖𝑛𝑡  in 𝑋, then { 𝑥𝐴} is 𝒞 – neighborhood of  𝑥𝐴 whose 𝑐𝑙𝒞({ 𝑥𝐴} ) =

{ 𝑥𝐴} . Also { 𝑥𝐴} is a 𝒞 –compact for all  𝑥𝐴 𝒞 − 𝑝𝑜𝑖𝑛𝑡  in 𝑋, being finite.  

Theorem  3.2.4:  

Every  𝒞 − 𝑐𝑙𝑜𝑠𝑒𝑑  subspace of  ℒ𝒞 - compact space is ℒ𝒞 - compact. 

Proof:  

Let 𝒞𝐴 be 𝒞 − closed subspace of  ℒ𝒞 – compact space (𝑋, 𝛿𝑥, 𝔍𝒞X) and  𝑥𝐵 

𝒞 − 𝑝𝑜𝑖𝑛𝑡 in 𝑋 such that BδXA, and BδXX. Since (𝑋, 𝛿𝑥 , 𝔍𝒞X) is ℒ𝒞 – compact 

space, there exists 𝒞𝑁 𝒞 –  neighborhood  of   𝑥𝐵 such that  𝑐𝑙𝒞(𝒞𝑁 ) is 𝒞 –

compact. But the 𝒞𝑁 ⋏𝒞 𝒞𝐴 is 𝒞 –  neighborhood of   𝑥𝐵 and  𝑐𝑙𝒞(𝒞𝑁 ⋏𝒞 𝒞𝐴 ) is 

𝒞 − closed subset of 𝒞 –compact set 𝑐𝑙𝒞(𝒞𝑁 ) and is thus itself 𝒞 –compact. 

Proposition 3.2.5:  

Every  𝒞 − 𝑜𝑝𝑒𝑛  subspace of ℑ𝒞2− space ℒ𝒞- compact space is ℒ𝒞 – 

compact. 

Proof: 

Let 𝒞𝑉 be a 𝒞 − 𝑜𝑝𝑒𝑛  subspace of ℑ𝒞2− space ℒ𝒞 – compact (𝑋, 𝛿𝑥, 𝔍𝒞X) 

and  𝑥𝐵 𝒞 − 𝑝𝑜𝑖𝑛𝑡 in 𝑋 such that BδXV and BδXX, there exist 𝒞𝑁𝑥
 𝒞 − 𝑜𝑝𝑒𝑛  

with 𝑁𝑥δXB such that  𝑐𝑙𝒞(𝒞𝑁𝑥
 ) is 𝒞 –compact. But { 𝑥𝐵} is 𝒞 –compact set in 

𝑋, 𝒞𝑉 ⋏𝒞 𝒞𝑁𝑥
 is 𝒞 − 𝑜𝑝𝑒𝑛  such that BδX(𝑉 ∪ 𝑁𝑥) and (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℑ𝒞2− 

space and ℒ𝒞 – compact space. So there exists an 𝒞 − 𝑜𝑝𝑒𝑛  set 𝒞𝑈in 𝑋 such 

that 𝑐𝑙𝒞(𝒞𝑈 ) is 𝒞 –compact, but BδX𝑈 and 𝒞𝑈  ≼𝒞 𝑐𝑙𝒞(𝒞𝑈 ) ⟹  ∀𝐻δX𝑈 ⟹ 

𝐻δX(𝑉 ∪ 𝑁𝑥) ⟹ 𝐻δX𝑉 This implies that 𝑐𝑙𝒞(𝒞𝑈 ) is 𝒞 –compact 

(𝒞 –  neighborhood ) of   𝑥𝐵  subset of 𝒞𝑉. Hence 𝒞𝑉 is ℒ𝒞 – compact. 
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Proposition 3.2.6: 

Let (𝑋, 𝛿𝑥, 𝔍𝒞X) be a ℑ𝒞2− space . If 𝒞𝐴 and 𝒞𝐵 are ℒ𝒞 – compact spaces, 

then 𝒞𝐴 ⋏𝒞 𝒞𝐵 is ℒ𝒞 – compact space. 

Proof:  

Let  𝑥𝐻 ∈ 𝒞𝐴 ⋏𝒞 𝒞𝐵 such that HδXA and HδXB for all ∅ ≠ 𝐻 ⊆ 𝑋. And let 

𝒞𝑁1
 and 𝒞𝑁2

are 𝒞 –compact such that 𝑁1δXH  in 𝒞𝐴  and 𝑁2δXH in  𝒞𝐵, by 

theorem (3.1.8), then 𝒞𝑁1
⋏𝒞 𝒞𝑁2

 is 𝒞 – compact and 𝒞 –  neighborhood  of  𝑥𝐻. 

Thus 𝒞𝐴 ⋏𝒞 𝒞𝐵 is ℒ𝒞 – compact space. 

Proposition 3.2.7: 

A  ℑ𝒞2− space  (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 – compact if and only if each of its 

𝒞 − 𝑝𝑜𝑖𝑛𝑡𝑠 is an 𝒞 –interior point of some 𝒞 – compact subspace of 

(𝑋, 𝛿𝑥, 𝔍𝒞X). 

Proof: 

If (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 – compact, then for all  𝑥𝐴 in 𝑋 there exists 𝒞𝑁 such 

that 𝐴δXN and 𝑐𝑙𝒞(𝒞𝑁 ) is 𝒞 – compact, it follows that 𝑐𝑙𝒞(𝒞𝑁 ) is a 𝒞 – 

compact (𝒞 –  neighborhood ) of   𝑥𝐴 is an 𝒞 –interior point. Thus ∀  𝑥𝐴 is an 𝒞 

–interior point of some 𝒞 – compact. 

Conversely, let  𝑥𝐴 is 𝒞 − 𝑝𝑜𝑖𝑛𝑡 in 𝑋 be arbitrary. By hypothesis, there 

exists an 𝒞 – compact 𝒞𝐻 such that 𝐴δX𝐻, then 𝒞𝐻 is a 𝒞 –  neighborhood of  

 𝑥𝐴. Since (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℑ𝒞2− space, implies 𝒞𝐻 is 𝒞 – closed, so that 

𝑐𝑙𝒞(𝒞𝐻  ) = 𝒞𝐻, thus  𝑥𝐴 has a 𝒞 –  neighborhood whose 𝑐𝑙𝒞(𝒞𝐻  ) is 𝒞 – 

compact. And so (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 – compact. 
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Proposition 3.2.8: 

Every ℒ𝒞 – compact ℑ𝒞2− space is 𝒞 – regular space. 

Proof: 

Let (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 – compact ℑ𝒞2− space,  𝑥𝐴 be any 𝒞 − 𝑝𝑜𝑖𝑛𝑡 in 𝑋 

and 𝒞𝐹 any 𝒞 – closed set in 𝑋 such that 𝐴δX
̅̅ ̅𝐹 for each 𝐴 ⊆ 𝑋. Since 

(𝑋, 𝛿𝑥, 𝔍𝒞X) is ℑ𝒞2− space, then 𝒞𝐹 is 𝒞 – compact and for each 𝑦 ∈ 𝑋 and  

𝐵δX𝐹 , then there exists 𝒞𝐺 and 𝒞𝐻𝑦
 𝒞 − 𝑜𝑝𝑒𝑛  sets such that 𝐴δX𝐺, 𝐹δX𝐻𝑦 and 

𝒞𝐺 ⋏𝒞 𝒞𝐻𝑦
= 𝒞∅, the family of all {𝒞𝐻𝑦𝑖

  ,  𝑦𝐵 ∈ 𝒞𝐹} 𝒞 − 𝑜𝑝𝑒𝑛 cover of 𝒞 – 

compact 𝒞𝐻𝑦
 and hence a finite subfamily  𝒞𝐻𝑦1 ,   𝒞𝐻𝑦2

 , … , 𝒞𝐻𝑦𝑛
 such that 𝒞𝐻𝑦

 

≼𝒞 

𝑛
⋎𝒞

𝑖 = 1
𝒞𝐻𝑦𝑖

.  Hence (𝑋, 𝛿𝑥, 𝔍𝒞X) is 𝒞 – regular space. 

Proposition 3.2.9: 

Let f: (X, δX) → (Y, δY) be a δ − continuous onto shrink function and  

f𝒞: (X, δX, 𝔍𝒞X) → (Y, δY, 𝔍𝒞Y) be a shrink 𝒞 − continuous function, then If 

(X, δX, 𝔍𝒞X) is ℒ𝒞 – compact space, then (Y, δY, 𝔍𝒞Y) is ℒ𝒞 – compact space. 

Proof: 

Let 𝐵 ⊆ 𝑌 and 𝑦 ∈ 𝑌 such that {𝑦}δY𝐵, but 𝐵δY𝑌. Since 𝑓 is onto, then there 

exists 𝐴 ⊆ 𝑋 such that {𝑥}δX𝐴 and 𝑓𝒞( 𝑥𝐴) =  𝑦𝐵. But (X, δX, 𝔍𝒞X) is ℒ𝒞 – 

compact space, then there exists 𝒞N nbd for  𝑥𝐴 such that for each 𝐴 ⊆ 𝑋 such 

that 𝐴δX𝑁 and 𝑐𝑙𝒞(𝒞N) is 𝒞 –  compact set. Also 𝑓𝒞  is shrink 𝒞 − continuous 

function and by proposition (3.1.10), we get for each 𝐵 ⊆ 𝑌, {𝑦}δY𝐵, then 

𝐵δY𝑓(𝑁). Hence (Y, δY, 𝔍𝒞Y) is  ℒ𝒞 –  compact space  
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  𝓐𝓒 - Compact:   3.3

In this section we introduce and study notion of 𝒜𝒞 − compact space in 𝒞 

–topological space, and its relationship to the axioms of separation were studied. 

Definition 3.3.1:  

Let  (𝑋, 𝛿, 𝔍𝒞) be a 𝒞-topological space, the universal set 𝒞𝑋 (a non-empty 

center set 𝒞𝐴) is called 𝒜𝒞 − compact space  if each 𝒞 − open cover {𝒞𝑈∝
 , 𝛼 ∈

Γ} of 𝒞𝑋 (𝒞𝐴) has finite ∆ subset of  Γ such that ∀ 𝐻 ⊆ 𝑋, there exist 𝛼0 ∈

∆, 𝑐𝑙𝒞(𝑈𝛼0
)𝛿𝐻.  

Proposition 3.3.2: 

Every 𝒞 − compact space is an 𝒜𝒞 − compact space. 

 Proof: 

Let (𝑋, 𝛿, 𝔍𝒞) be 𝒞 − compact space and ℋ = {𝒞𝐴𝜆
 ,   𝜆 ∈ Λ} be a  𝒞 − 

open cover of 𝒞𝑋. Then there exists finite 𝐼 subset of Λ such that ∀ 𝐻 ⊆ 𝑋, there 

exist 𝜆0 ∈ I, 𝐴𝜆0
𝛿𝐻. Now since 𝒞𝐴𝜆

≼𝒞 𝑐𝑙𝒞(𝒞𝐴𝜆
). We have for each 𝜆 ∈ Λ ,

𝐻𝛿𝐴𝜆, then 𝐻𝛿𝑐𝑙(𝐴𝜆) . Therefore there exist 𝜆0 ∈ I, 𝑐𝑙(𝐴𝜆0
)𝛿𝐻. Hence 

(𝑋, 𝛿, 𝔍𝒞) is 𝒜𝒞 − compact space. 

Remark 3.3.3:  

Every 𝒞 – compact set is 𝒜𝒞 – compact set. 

The following example shows that the conversely of the above remark is 

not true. 

Example 3.3.4: 

Let 𝑋 =  {1,2,3, . . . } with 𝛿 be discrete proximity, define a 𝒞 −topology 𝔍𝒞 

on 𝒞X as follows: 
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𝔍𝒞 = {𝒞{1}, 𝒞{1,2}, 𝒞{1,2,3}, … } ⋎𝒞 {𝒞∅}.  

Now we will show that (X, 𝛿, 𝔍𝒞) is an 𝒜𝒞 – compact space.  

But (X, 𝛿, 𝔍𝒞) is not 𝒞 – compact space.  

For each ∅ ≠ 𝒞A𝛼
∈ 𝔍𝒞, we have 𝑐𝑙𝒞(𝒞A𝛼

) =𝒞 𝒞X.  

Now, let ℋ = {𝒞A𝛼
 ,   𝜆 ∈ Λ} be a  𝒞 − open cover of 𝒞X.  

This means 𝒞X =𝒞⋎𝒞 {𝒞A𝛼
 ,   𝜆 ∈ Λ}. 

Then there exists 𝛼𝑜 ∈ Λ such that 𝒞A𝛼𝑜
∈ 𝔍𝒞.  

But  𝑐𝑙𝒞(𝒞A𝛼
) =𝒞 𝒞X. Thus  (X, 𝛿, 𝔍𝒞) is an 𝒜𝒞 – compact space. 

Now we will show that (X, 𝛿, 𝔍𝒞) is not 𝒞 – compact space. 

Let Γ = {𝒞{1}, 𝒞{1,2}, 𝒞{1,2,3}, … } be a 𝒞 − open cover of 𝒞X, it is clear that Γ dose 

not have a finite subcover of  𝒞X. 

Proposition 3.3.5: 

Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 −Regular space, then (𝑋, 𝛿, 𝔍𝒞) is 𝒞 − compact 

space if and only if is 𝒜𝒞 − compact space. 

Proof: 

If (𝑋, 𝛿, 𝔍𝒞) is 𝒞 − compact space, then by Proposition (3.3.2) (𝑋, 𝛿, 𝔍𝒞) is 

𝒜𝒞 − compact space. Conversely, let  ℋ = {𝒞𝑈𝜆
 ,   𝜆 ∈ Λ} be a  𝒞 − open 

cover of 𝒞𝑋. For each 𝑥 ∈ 𝑋, 𝐴 ⊆ 𝑋 𝑎𝑛𝑑 {𝑥}𝛿𝐴, there exists 𝜆𝑥 such that 

𝐴𝛿𝑈𝜆𝑥
, but (𝑋, 𝛿, 𝔍𝒞) is 𝒞 −Regular space, then there exists 𝒞 −open set 𝒞𝐻𝜆𝑥

 

such that for each 𝑥 ∈ 𝑋, 𝐻𝜆𝑥 ⊆ 𝑋, {𝑥}𝛿𝐻𝜆𝑥 and  ∀𝐾 ⊆ 𝑋, 𝐾𝛿𝑐𝑙(𝐻𝜆𝑥), then 

𝐾𝛿𝑈𝜆𝑥
. Now, ℱ = {𝒞𝐻𝜆𝑥

 ,   𝑥 ∈ X} is a  𝒞 − open cover of 𝒞𝑋. But (𝑋, 𝛿, 𝔍𝒞) is 

𝒜𝒞 − compact space, then there exists finite 𝐼 subset of 𝑋 such that for each 
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𝑥 ∈ 𝑋, ∀𝐾 ⊆ 𝑋, 𝐾𝛿𝑋 and 𝐾𝛿𝑐𝑙(𝐻𝜆𝑥) for some 𝑥 ∈ 𝐼, therefore  𝐾𝛿cl𝜏(𝐻𝜆𝑥) for 

some 𝑥 ∈ 𝐼 . Hence (𝑋, 𝛿, 𝔍𝒞) is 𝒞 − compact space. 

Proposition 3.3.6: 

Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 −topological space and 𝒞A, 𝒞B are center sets in 𝑋  

such that 𝒞A is 𝒜𝒞 − compact set and 𝒞A ≼𝒞 𝒞B ≼𝒞 𝑐𝑙𝒞(𝒞A), then  𝒞B is 

𝒜𝒞 − compact set. 

Proof: 

Let ℋ = {𝒞𝑈𝜆
 ,   𝜆 ∈ Λ} be a  𝒞 − open cover of 𝒞B,  

⇒ For each 𝑦 ∈ 𝑋, {𝑦}𝛿𝐵, for some 𝜆𝑜 ∈ Λ, ∀∅ ≠ 𝐾 ⊆ 𝑋, 𝐾𝛿𝐵, then 𝐾𝛿𝑈𝜆𝑜
.  

But ∀𝐾𝛿𝐴, then 𝐾𝛿𝐵, 

 ⇒  for some 𝜆𝑜 ∈ Λ, ∀∅ ≠ 𝐾 ⊆ 𝑋, 𝐾𝛿𝐴, then 𝐾𝛿𝑈𝜆𝑜
.  

And 𝒞A is 𝒜𝒞 − compact set,  

⇒ there exists finite 𝐼 subset of Λ such that ∀∅ ≠ 𝐾 ⊆ 𝑋, 𝐾𝛿𝐴, then for some 

𝜆𝑜 ∈ 𝐼, 𝐾𝛿𝑐𝑙(𝑈𝜆𝑜
).  

⇒ ∀∅ ≠ 𝐾 ⊆ 𝑋, 𝐾𝛿𝑐𝑙(𝐴) iff for some 𝜆𝑜 ∈ 𝐼, 𝐾𝛿𝑐𝑙(𝑈𝜆𝑜
).  

But 𝒞B ≼𝒞 𝑐𝑙𝒞(𝒞A), then some 𝜆𝑜 ∈ 𝐼 , 𝐾𝛿𝐵, then 𝐾𝛿𝑐𝑙(𝑈𝜆𝑜
). 

Hence 𝒞B is 𝒜𝒞 − compact set. 

Corollary 3.3.7: 

Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 −topological space and 𝒞A be a 𝒜𝒞 − compact set in 

𝑋, then 𝑐𝑙𝒞(𝒞A) is also  𝒜𝒞 − compact set.  
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Proposition 3.3.8: 

Let f: (X, δX) → (Y, δY) be a δ − homeomorphism shrink function and  

f𝒞: (X, δX, 𝔍𝒞X) → (Y, δY, 𝔍𝒞Y) be a shrink 𝒞 − continuous function, then If 𝒞A is  

𝒜𝒞 –  compact set for each 𝒞A  subset of 𝒞X, then 𝒞f(A)  is 𝒜𝒞–  compact set 

subset of  𝒞Y. 

Proof: 

Suppose 𝒞A is  𝒜𝒞 –  compact set in 𝑋 and ℋ = {𝒞𝑈𝜆
 ,   𝜆 ∈ Λ} be a  𝒞 − 

open cover of 𝒞f(A) such that for each 𝐵 ⊆ 𝑋, ∀𝑥 ∈ 𝑋 such that {𝑥}𝛿𝐵 and 

∃𝜆° ∈ Λ , 𝐵𝛿𝐴𝜆°
. By proposition (2.1.1.8), then 𝒞A ≼𝒞 𝑓−1(𝒞f(A)) ≼𝒞    

𝑓−1 (⋎ 𝜆 {𝒞𝑈𝜆
}) =𝒞 ⋎ 𝜆 {𝒞𝑓−1(𝑈𝜆)}. Therefore Γ = {𝒞𝑓−1(𝑈𝜆) ,   𝜆 ∈ Λ} is 𝒞 − open 

cover of 𝒞A such that for each 𝐾 ⊆ 𝑋, ∀𝑥 ∈ 𝐴 such that {𝑥}𝛿𝐾 and ∃𝜆° ∈

Λ  and 𝐾𝛿𝑓−1(𝑈𝜆°
). But 𝒞A is  𝒜𝒞 –  compact set, then Γ has a finite subfamily 𝐼 

such that for some 𝜆° ∈ 𝐼, ∀ 𝐾 ⊆ 𝑋, ∀𝑥 ∈ 𝐴 such that {𝑥}𝛿𝐾 and ∃𝜆° ∈

I , 𝐾𝛿𝑓−1(𝑈𝜆°
). Whose center closure 𝒞A and by proposition (2.1.1.8) , that is to 

say: 

𝒞A ≼𝒞 𝑐𝑙𝒞(
n

⋎𝒞

i = 1
𝒞𝑓−1(U𝜆𝑖

) )   =𝒞 𝑐𝑙𝒞(𝑓−1(
n

⋎𝒞

i = 1
𝒞U𝜆𝑖

 )).  

     ≼𝒞 𝑓−1(𝑐𝑙𝒞(
n

⋎𝒞

i = 1
𝒞U𝜆𝑖

 )). Accordingly and by Proposition (2.1.1.6 ), then 

𝒞f(A) ≼𝒞 𝑓(𝑓−1(𝑐𝑙𝒞(
n

⋎𝒞

i = 1
𝒞U𝜆𝑖

 ))). 

           ≼𝒞 𝑐𝑙𝒞 (
n

⋎𝒞

i = 1
𝒞U𝜆𝑖

 ) =𝒞

n
⋎𝒞

i = 1
𝑐𝑙𝒞(𝒞U𝜆𝑖

).  

Thus 𝒞f(A)  is 𝒜𝒞– compact set. 
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Proposition 3.3.9: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a reduction 𝛿 − homeomorphism reduction 

function and  f𝒞: (X, δX, 𝔍𝒞X) → (Y, δY, 𝔍𝒞Y) be a reduction 𝒞 − 

homeomorphism function, if 𝒞A is  𝒜𝒞 – compact set for each 𝒞A  subset of 𝒞X, 

then f𝒞(𝒞A)  is 𝒜𝒞 – compact set subset of  𝒞Y. 

Proof: 

We prove the same way to prove Proposition (3.3.8). 

 𝓗𝓒 - closedness:   3.4

In this section, we give several characterization of 𝒞 − compact in center 

topological space, nearly ℋ𝒞 − closed space. Furthermore, the relationship 

between this concept and the separation axioms in center topological space had 

been studied.  

Definition 3.4.1:  

Let  (𝑋, 𝛿, 𝔍𝒞) be   𝔍𝒞2 − 𝑠𝑝𝑎𝑐𝑒, the universal set 𝒞𝑋 (a non-empty center 

set 𝒞𝐴) is called ℋ𝒞 − closed space  if each 𝒞 − open cover {𝒞𝑈∝
 , 𝛼 ∈ Γ} of 𝒞𝑋 

(𝒞𝐴) has finite ∆ subset of  Γ such that ∀ 𝐻 ⊆ 𝑋, there exist 𝛼0 ∈

∆, 𝑐𝑙𝒞(𝑈𝛼0
)𝛿𝐻.  

Remarks 3.4.2: 

i. Every ℋ𝒞 − closed space   is  𝒜𝒞 − compact space. 

ii. Every 𝒜𝒞 − compact space and 𝔍𝒞2 − 𝑠𝑝𝑎𝑐𝑒 is ℋ𝒞 − closed space. 

iii. Every ℋ𝒞 − closed space and 𝔍𝒞3 − 𝑠𝑝𝑎𝑐𝑒 is 𝒞 − compact space. 

iv. See the following diagram 
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The following example shows that the conversely of the above remark (i) is 

not true. 

Example 3.4.3:  

Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞-topological space, 

Where 𝑋 = {𝑎, 𝑏}, 𝐴𝛿𝐵 𝑖𝑓𝑓 𝐴 ∩ 𝐵 ≠ ∅)  

And    𝔍𝒞 = { 𝒞∅, {〈X, {a}〉}, {〈X, {b}〉}, {〈X, {a}〉, 〈X, {b}〉}, {〈X, {a}〉, 〈X, X〉}, 

           {〈X, {b}〉, 〈X, X〉}, {〈X, X〉}, {〈{a}, {a}〉, 〈{a}, X〉}, {〈{b}, {b}〉, 〈{b}, X〉}, 𝒞𝑋} 

Then (𝑋, 𝛿, 𝔍𝒞)  is 𝒜𝒞 − compact space.  

But is not 𝔍𝒞2 – 𝑆𝑝𝑎𝑐𝑒. Hence it is not ℋ𝒞 − closed space. 

Theorem 3.4.4: 

Every 𝒞 − compact space and 𝔍𝒞2 − 𝑠𝑝𝑎𝑐𝑒 is ℋ𝒞 − closed space. 

Proof: 

Let (𝑋, 𝛿, 𝔍𝒞) be 𝒞 − compact space and 𝔍𝒞2 − 𝑠𝑝𝑎𝑐𝑒 and Γ = {𝒞𝑈∝
 , 𝛼 ∈

Γ}  be  𝒞 − open cover of (𝑋, 𝛿, 𝔍𝒞) , then there exists finite 𝐼 subset of Γ such 
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that ∀𝑥 ∈ 𝑋 , ∀𝐻 ⊆ 𝑋, {𝑥}𝛿𝐻, then for some ∝𝑜∈  𝐼, 𝐻𝛿𝑈∝𝑜
, now since 

∀𝐻 ⊆ 𝑋, 𝐻𝛿𝑈∝𝑖
, then 𝐻𝛿𝑐𝑙(𝑈∝𝑖

). Hence (𝑋, 𝛿, 𝔍𝒞) is ℋ𝒞 − closed space. 

Theorem 3.4.5: 

Let (𝑋, 𝛿, 𝔍𝒞)  be 𝒞 − 𝑅𝑒𝑔𝑢𝑙𝑒𝑟 space   and 𝔍𝒞2 − 𝑠𝑝𝑎𝑐𝑒, then (𝑋, 𝛿, 𝔍𝒞)  

is ℋ𝒞 − closed space if and only if it is 𝒞 − compact space. 

Proof: 

Since (𝑋, 𝛿, 𝔍𝒞) is ℋ𝒞 − closed space, then (𝑋, 𝛿, 𝔍𝒞) is 𝒜𝒞 − compact 

space, but its 𝒞 − 𝑅𝑒𝑔𝑢𝑙𝑒𝑟 space, then by Proposition (3.3.5) we have (𝑋, 𝛿, 𝔍𝒞) 

is 𝒞 − compact space.  

Conversely, since (𝑋, 𝛿, 𝔍𝒞) is 𝒞 − compact space and 𝒞 − 𝑅𝑒𝑔𝑢𝑙𝑒𝑟 

space, and then by Proposition (3.3.5) we have (𝑋, 𝛿, 𝔍𝒞) is ℋ𝒞 − closed space. 

Proposition 3.4.6: 

Let f: (X, δX) → (Y, δY) be a δ − homeomorphism shrink function and  

f𝒞: (X, δX, 𝔍𝒞X) → (Y, δY, 𝔍𝒞Y) be a shrink 𝒞 − continuous function. If 

(X, δX, 𝔍𝒞X) is  ℋ𝒞 − closed space, then (Y, δY, 𝔍𝒞Y)  is ℋ𝒞 − closed space. 

Proof: 

Direct from define of ℋ𝒞 − closed space and by Proposition (3.3.8). 
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Chapter Four: Center Lindelofness   

In this chapter, we give several characterizations of Center lindelofness, 

where the concept of 𝒞 −  lindelof spaces within the central topological spaces 

was introduce and the topological properties of this space and its relationship to 

the axioms of separation were studied. Also in section two we introduce new 

concept, namely ℒ𝒞 - lindelof space and its relationship to the axioms of 

separation were studied. In section three and fore we introduce new concepts 

namely 𝒜𝒞 − lindelof  and ℋℒ𝒞 − closed, and we study their properties. 

 Center Lindelofness   4.1

In this section, we introduce a new type of lindeloftness in center 

topological space has been presented, that is called a 𝒞 −  lindelof. 

Furthermore, the relationship between this concept and the separation axioms in 

center topological space had been studied.  

Definition 4.1.1:  

Let  (𝑋, 𝛿, 𝔍𝒞) be a 𝒞-topological space, the universal set 𝒞𝑋 (a non-empty 

center set 𝒞𝐴) is called 𝒞 − lindelof space  if each 𝒞 − open cover {𝒞𝑈∝
 , 𝛼 ∈ Γ} 

of 𝒞𝑋 (𝒞𝐴) has countable ∆ subset of  Γ such that ∀ 𝐻 ⊆ 𝑋, there exist 𝛼0 ∈

∆, 𝑈𝛼0
𝛿𝐻.  

Remarks and examples 4.1.2: 

i. The indiscrete −𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑠𝑝𝑎𝑐𝑒 , then every center sets are 𝒞 −  

lindelof space. 

ii. The discrete −𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑠𝑝𝑎𝑐𝑒 , then every center sets are 𝒞 −  

lindelof space if and only if it’s countable. 

iii. Every 𝒞 −  compact space is 𝒞 −  lindelof space. 
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Theorem 4.1.3 : 

Each 𝒞 − closed subset of 𝒞 − lindelof 𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑠𝑝𝑎𝑐𝑒 (𝑋, 𝛿, 𝔍𝒞) is 

𝒞 − lindelof set. 

Proof: 

Let 𝒞𝐴 be any non-empty 𝒞 − closed set in   𝒞 − lindelof space (𝑋, 𝛿, 𝔍𝒞). 

And ℋ = {𝒞𝐴𝜆
 ,   𝜆 ∈ Λ} be 𝒞 − open cover to 𝒞𝐴 , so 𝒞𝑋

(𝐴)
 be 𝒞 − open set. 

Thus for each 𝐵 ⊆ 𝑋, ∀𝑥 ∈ 𝑋 such that {𝑥}𝛿𝐵 and ∃𝜆° ∈ Λ , 𝐵𝛿𝐴𝜆°
, from the 

concept of 𝒞 − lindelof space of 𝒞𝑋  , then there exists countable subset 𝐼 of Λ 

say {𝒞𝐴1, 𝒞𝐴2, … , 𝒞𝑋
(𝐴)

 } such that ∀ 𝐻 ⊆ 𝑋, there exist 𝜆𝑖° ∈ I, 𝐴𝜆°
𝛿𝐻 , therefore 

for each  𝐻 ⊆ 𝐴, ∀𝑥 ∈ 𝐴 there exist 𝜆𝑖° ∈ I, 𝐴𝜆°
𝛿𝐻 , Hence 𝒞𝐴 is 𝒞 − lindelof 

set.  

Theorem 4.1.4: 

Each 𝒞 − lindelof subset of ℑ𝒞2− space (𝑋, 𝛿, 𝔍𝒞)  is 𝒞 − closed set. 

Proof:  

Let 𝒞𝐴 be any non-empty 𝒞 − lindelof set, so by Proposition (1.2.11 part 4) 

we get that 𝒞𝐴 =𝒞⋎𝒞𝑥𝛼𝐵𝜆
∈𝒞𝐴

𝑥𝛼𝐵𝜆
, then for any 𝛼∘, 𝜆∘ , 𝑥𝛼∘ ∈ 𝑋  such that 

{𝑥𝛼∘}𝛿𝐵𝜆∘ and 𝐵𝜆∘𝛿𝐴,  and for the fact that 𝒞𝐴 ⋏𝒞 𝒞𝑋
(𝐴)

=𝒞 𝒞∅ we get for any 

𝑦 ∈ 𝑋, {𝑦}𝛿𝐵, 𝐵𝛿̅𝐴   and for each 𝛼 𝑎𝑛𝑑  𝜆, 𝑦𝐵 ≠ 𝑥𝛼𝐵𝜆
. But (𝑋, 𝛿, 𝔍𝒞) is 

ℑ𝒞2−𝑠𝑝𝑎𝑐𝑒, so there exists two disjoint 𝒞 − 𝑜𝑝𝑒𝑛 set 𝒞𝑈𝜆
and 𝒞𝑉𝜆

containing 

𝑥𝛼𝐵𝜆
 and 𝑦𝐵 respectively, thus 𝒞𝐴 =𝒞⋎𝒞𝑥𝛼𝐵𝜆∈𝒞𝐴

𝑥𝛼𝐵𝜆
≼𝒞  ⋎𝒞 {𝒞𝑈𝜆

, 𝑥𝛼𝐵𝜆
∈

 𝒞𝑈𝜆
}, therefore by 𝒞 − lindeloftness then exists countable index 

𝛼1, 𝛼2, … ,    𝜆1, 𝜆2, …,    such that  𝒞𝐴 ≼𝒞

∞
⋎𝒞

𝑖 = 1
{𝒞𝑈𝜆𝑖

, 𝑥𝛼𝑖𝐵𝜆𝑖
∈  𝒞𝑈𝜆𝑖

}. And 
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𝒞𝑉 =𝒞  
∞
⋏𝒞

𝑖 = 1
𝒞𝑉𝜆𝑖

 is 𝒞 − 𝑜𝑝𝑒𝑛 center set containing 𝑦𝐵 such that ∀𝑦 ∈ 𝑋, ∀𝐵 ⊆

𝑋, {𝑦}𝛿𝐵 and 𝐵𝛿𝑉, so 𝐵𝛿̅𝐴 and 𝑉𝛿̅𝐴. Hence 𝒞𝐴 is 𝒞 − closed center set. 

The relation between 𝒞 −lindelof and center separation axioms has 

been presented by some theorems and properties as below: 

Theorem 4.1.5: 

 If (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 −topological space then: 

a) If 𝒞𝐴 and 𝒞𝐵 are 𝒞 −lindelof, then  𝒞𝐴⋃𝐵 is 𝒞 − lindelof. 

b) If (𝑋, 𝛿, 𝔍𝒞)  is ℑ𝒞2− space, then 𝒞𝐴 ⋏𝒞 𝒞𝐵  is 𝒞 − lindelof. 

c) If 𝒞𝐴 is 𝒞 −closed and 𝒞𝐵 is 𝒞 − lindelof in ℑ𝒞2− space 𝑋, then 𝒞𝐴 ∧ 𝒞𝐵 

is 𝒞 − lindelof. 

d) If 𝒞𝐴 and 𝒞𝐵 are 𝒞 − lindelof sets in ℑ𝒞2− space 𝑋, then  𝒞𝐴 ⋏𝒞 𝒞𝐵 is 𝒞 − 

lindelof. 

Proof: 

a) Let ℋ = {𝒞𝐴𝜆
 ,   𝜆 ∈ Λ} be any 𝒞 −  𝑜𝑝𝑒𝑛 cover of 𝒞𝐴⋃𝐵, but 𝐴, 𝐵 ⊆ 𝐴 ∪

𝐵 , thus the family ℋ be 𝒞 −  𝑜𝑝𝑒𝑛 cover of 𝒞𝐴 and 𝒞𝐵,. But 𝒞𝐴 and 𝒞𝐵 

are 𝒞 −lindelofness, so there exists countable subsets Λ1 𝑎𝑛𝑑 Λ2 of Λ 

such that   𝒞𝐴 ≼𝒞⋎𝒞 𝜆∈Λ1
𝒞𝐴𝜆

 and 𝒞𝐵 ≼𝒞⋎𝒞 ∝∈Λ2
𝒞𝐴∝

 , then we get that 

𝒞𝐴⋃𝐵 ≼𝒞 (⋎𝒞 𝜆∈Λ1
𝒞𝐴𝜆

) ⋎𝒞 (⋎𝒞 ∝∈Λ2
𝒞𝐴∝

) 

=𝒞⋎𝒞 𝛾∈(Λ1∪Λ2)
𝒞𝐴𝛾

 . But Λ1 ∪ Λ2 is countable subset of Λ. Hence 𝒞𝐴⋃𝐵 

is 𝒞 −lindelof set. 

b), c) and d) are directly by theorem 4.1.3 and the fact the 𝒞 − intersection of 

two 𝒞 −closed set is 𝒞 − closed set. 
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Theorem  4.1.6: 

If (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 −topological space then: 

a) Every 𝒞 − lindelof  ℑ𝒞2 − space is 𝒞 −regular. 

b) Every 𝒞 − lindelof  ℑ𝒞2 − space is 𝒞 −normal. 

c) If 𝒞𝐴 is 𝒞 − lindelof  subset of 𝒞 −regular, then for each  𝒞 −open 

𝒞𝐴 ≼𝒞 𝒞𝑈, there is an 𝒞 −open 𝒞𝑉  with 𝒞𝐴 ≼𝒞 𝒞𝑉 ≼𝒞 𝑐𝑙𝒞(𝒞𝑉) ≼𝒞 𝒞𝑈 

Proof: 

a) Let  𝑥𝐵 be a center point such that 𝐴𝛿̅𝐵, but 𝒞𝑋
(𝐴)

 is 𝒞 − 𝑜𝑝𝑒𝑛 and  𝑥𝐵 ∈

𝒞𝑋
(𝐴)

 . Then for each  𝑦𝐻 ∈ 𝒞𝐴 we get that 𝐻𝛿̅𝐵. And by  ℑ𝒞2 − space we 

have two disjoint center sets 𝒞𝑈𝑦
 and 𝒞𝑉𝑦

 with property that 𝑈𝑦𝛿𝐵 and 

𝑉𝑦𝛿𝐻 , then the collection of center 𝒞 − 𝑜𝑝𝑒𝑛 set 

𝜉 = { 𝒞𝑉𝑦
; 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ  𝑦𝐵 ∈ 𝒞𝐴} is 𝒞 − 𝑜𝑝𝑒𝑛 cover. But 𝒞𝐴 is 𝒞 − 𝑐𝑙𝑜𝑠𝑒𝑑 of 

𝒞 − lindelof and by theorem 4.1.2 we have that 𝒞𝐴 is 𝒞 − 𝑙𝑖𝑛𝑑𝑒𝑙𝑜𝑓 , so 

there exists 𝑦1, 𝑦2, … such that for each non empty 𝐾 subset of 𝑋, 𝐾𝛿𝐴 and 

𝐾𝛿𝑉𝑦𝑖, put 𝒞𝑉 =𝒞

∞
⋎𝒞

𝑖 = 1
𝒞𝑉𝑦𝑖

 and 𝒞𝑈 =𝒞

∞
⋏𝒞

𝑖 = 1
𝒞𝑈𝑦𝑖

 having the property that 

for each non-empty subset 𝐾 of 𝑋 that is 𝑈𝛿̅𝐾 and 𝑉𝛿̅𝐾 . But 𝒞𝐴 ≼𝒞 𝒞𝑉  

and  𝑥𝐵 ∈ 𝒞𝑈, thus (𝑋, 𝛿, 𝔍𝒞) is 𝒞 – regular space. 

b) Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 −lindelof ℑ𝒞2 − space and let 𝒞𝐻,  𝒞𝐾 are disjoint  𝒞 

–closed sets, so by part (a) that (𝑋, 𝛿, 𝔍𝒞) is 𝒞 – regular, then for each 

 𝑥𝐵 ∈  𝒞𝐻 there exists two disjoint center 𝒞 – open sets 𝒞𝑈𝑥
 and 𝒞𝑉𝑥

 such 

that B𝛿𝑈𝑥 and 𝒞𝐾 ≼𝒞 𝒞𝑉𝑥
, Therefore the collection of  𝒞 – open set 

{𝒞𝑈𝑥
 , 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ  𝑥𝐵 ∈  𝒞𝐻} is 𝒞– cover of 𝒞𝐻 but by theorem 4.1.3 𝒞𝐻 is 

𝒞 −lindelof then there exists countable center point  𝑥𝑖𝐵𝑖
 of 𝒞𝐻 such that 
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𝒞𝐻 ≼𝒞 

∞
⋎𝒞

𝑖 = 1
𝒞𝑈𝑥𝑖

. Put 𝒞𝑈 =𝒞

∞
⋎𝒞

𝑖 = 1
𝒞𝑈𝑥𝑖

 and 𝒞𝑉 =𝒞

∞
⋏𝒞

𝑖 = 1
𝒞𝑉𝑥𝑖

 . The 𝒞 – 

open sets 𝒞𝑈 and 𝒞𝑉 having the property that for each a non-empty subset 

𝑀 of 𝑋 satisfy that 𝑈𝛿̅𝑀 and 𝑉𝛿̅𝑀. Hence (𝑋, 𝛿, 𝔍𝒞) is 𝒞 −normal space. 

Proposition 4.1.7: 

Let f: (X, δX) → (Y, δY) be a δ − homeomorphism function and  

f𝒞: (X, δX, 𝔍𝒞X) → (Y, δY, 𝔍𝒞Y) be a shrink 𝒞 − homeomorphism function, then 

If 𝒞A is  𝒞 − lindelof set for each 𝒞A  subset of 𝒞X, then 𝒞f(A)  is      𝒞 − lindelof 

set subset of  𝒞Y. 

Proof:  

Let 𝒞𝐴 is 𝒞 − lindelof set in 𝑋 and let {𝒞𝑈∝
 , 𝛼 ∈ ∆} be 𝒞 −open cover of 

𝒞𝑓(𝐴) , then 𝒞𝑓(𝐴) =𝒞⋎𝒞 {𝒞𝑈∝
 , 𝛼 ∈ ∆}, this mean, for each ∅ ≠ 𝐾 ⊆ 𝑌, 𝐾𝛿𝑌𝑓(𝐴) 

iff there exists 𝛼𝑜 ∈ ∆, 𝐾𝛿𝑌𝑈𝛼𝑜
, since 𝑓𝒞

−1
 is  shrink 𝒞 −continuous function, 

then 𝑓−1(𝐾)𝛿𝑋𝑓−1(𝑓(𝐴)) iff 𝑓−1(𝐾)𝛿𝑋𝑓−1(𝑈𝛼𝑜
), since 𝑓 is onto function, then 

𝑓−1(𝐾)𝛿𝑋𝐴, implies   𝑓−1(𝐾)𝛿𝑋𝑓−1(𝑈𝛼𝑜
) for some 𝛼𝑜 ∈ ∆,  since 𝑓𝒞 is  shrink 

𝒞 −continuous function, then  {𝒞𝑓−1(𝑈∝) , 𝛼 ∈ ∆} is 𝒞 −open cover of 𝒞𝐴. But  

𝒞𝐴 is 𝒞 − lindelof set, therefore 𝒞𝐴 =𝒞

∞
⋎𝒞

𝑖 = 1
{𝒞𝑓−1(𝑈𝑖) , 𝑖 ∈∧⊆ ∆}, then ∀𝐻 ⊆ 𝑋, 

𝐴𝛿𝑋𝐻 iff 𝐻𝛿𝑋𝑓−1(𝑈𝑖) such that 𝑖 = 1,2, …, since 𝑓 is 𝛿 − continuous function, 

then 𝑓(𝐴)𝛿𝑌𝑓(𝐻) iff 𝑓(𝐻)𝛿𝑌𝑓(𝑓−1(𝑈𝑖)), but 𝑓(𝑓−1(𝑈𝑖))  ⊆ 𝑈𝑖, then 

𝑓(𝐴)𝛿𝑌𝑓(𝐻) iff 𝑓(𝐻)𝛿𝑌𝑈𝑖 for some 𝑖 = 1,2, …. Thus 𝒞𝑓(𝐴) =𝒞

∞
⋎𝒞

𝑖 = 1
{𝒞𝑈𝑖  , 𝑖 =

1,2, … }. Hence 𝒞𝑓(𝐴)  is 𝒞 − lindelof set in 𝑌. 
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Proposition 4.1.8: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a reduction 𝛿 − homeomorphism function and  

f𝒞: (X, δX, 𝔍𝒞X) → (Y, δY, 𝔍𝒞Y) be a reduction 𝒞 − homeomorphism function, if 

𝒞A is  𝒞 − lindelof set for each 𝒞A  subset of 𝒞X, then f𝒞(𝒞A)  is 𝒞 − lindelof set 

subset of  𝒞Y. 

Proof:  

Let 𝒞A is 𝒞 − lindelof set in X and let {𝒞U∝
 , α ∈ ∆} be 𝒞 −open cover of 

f𝒞(𝒞A) , then f𝒞(𝒞A) =𝒞⋎𝒞 {𝒞U∝
 , α ∈ ∆}, this mean, for each ∅ ≠ K ⊆ Y, 

KδYf(A) iff there exists αo ∈ ∆, KδYUαo
, since f𝒞

−1
 is  reduction 𝒞 −continuous 

function, then f −1(K)δXf −1(f(A)) iff f −1(K)δXf −1(Uαo
), since f is onto 

function, then f −1(K)δXA, implies   f −1(K)δXf −1(Uαo
) for some αo ∈ ∆,  since 

f𝒞 is  reduction 𝒞 −continuous function, then  {f𝒞(𝒞U∝
 ), α ∈ ∆} is 𝒞 −open 

cover of 𝒞A. But  𝒞A is 𝒞 − lindelof set, therefore 𝒞A =𝒞

∞
⋎𝒞

i = 1
{f𝒞

−1(𝒞Ui
) , i ∈∧

⊆ ∆}, then ∀H ⊆ X, AδXH iff HδXf −1(Ui) such that i = 1,2, … , since f is δ − 

continuous function, then f(A)δYf(H) iff f(H)δYf(f −1(Ui)), but f(f −1(Ui))  ⊆

Ui, then f(A)δYf(H) iff f(H)δYUi for some i = 1,2, … . Thus 

f(𝒞A) =𝒞

∞
⋎𝒞

i = 1
{𝒞Ui  , i = 1,2, … }. Hence f𝒞(𝒞A)  is 𝒞 − lindelof set in Y. 
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  𝓛𝓒 - Lindelof:   4.2

In this section we introduce and study notion of ℒ𝒞 - lindelof space in 𝒞 –

topological space, and its relationship to the axioms of separation were studied. 

Definition 4.2.1:  

A 𝒞-topological space (𝑋, 𝛿𝑥, 𝔍𝒞X) is said to be ℒ𝒞 - lindelof space if and 

only if every center point  𝑥𝐴 in 𝑋 has at least one 𝒞 – neighborhood 𝒞𝑁 whose 

𝑐𝑙𝒞(𝒞𝑁) is 𝒞 –lindelof. 

Theorem  4.2.2: 

Every 𝒞 –lindelof space (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 - lindelof space. 

Proof:  

Let (𝑋, 𝛿𝑥 , 𝔍𝒞X) be 𝒞 –lindelof space and  𝑥𝐴 any center point  𝑥𝐴 in 𝑋, 

there exist 𝒞X such that AδXX, it is 𝒞 – neighborhood of  𝑥𝐴 where 𝑐𝑙𝒞(𝒞𝑋) =

 𝒞𝑋 is 𝒞 –lindelof. Thus (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 - lindelof space. 

The following example shows the fact that the converse of the above 

theorem is not true. 

Example 4.2.3 

Let (𝑋, 𝛿𝑥, 𝔍𝒞X) be any 𝒞 –topological space such that 𝑋 is uncountable set, 

then (𝑋, 𝛿𝑥, 𝔍𝒞X) is not 𝒞 –lindelof space. But its ℒ𝒞 - lindelof space. For let  𝑥𝐴 

be any 𝒞 − 𝑝𝑜𝑖𝑛𝑡  in 𝑋, then { 𝑥𝐴} is 𝒞 – neighborhood of  𝑥𝐴 whose 

𝑐𝑙𝒞({ 𝑥𝐴} ) = { 𝑥𝐴} . Also { 𝑥𝐴} is a 𝒞 –lindelof for all  𝑥𝐴 𝒞 − 𝑝𝑜𝑖𝑛𝑡  in 𝑋, being 

countable.  

Theorem  4.2.4: 

Every ℒ𝒞 - compact space (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 - lindelof space. 
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Theorem  4.2.5: 

Every ℒ𝒞 - compact space (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 - lindelof space. 

Theorem  4.2.6:  

Every  𝒞 − 𝑐𝑙𝑜𝑠𝑒𝑑  subspace of  ℒ𝒞 - lindelof space is ℒ𝒞 - lindelof. 

Proof:  

Let (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 – lindelof space,  𝒞𝐹 be 𝒞 − closed subspace of  ℒ𝒞 – 

lindelof space (𝑋, 𝛿𝑥, 𝔍𝒞X) and  𝑥𝐴 𝒞 − 𝑝𝑜𝑖𝑛𝑡 in 𝑋 such that AδXF, then AδXX. 

Since (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 – lindelof space, there exists 𝒞𝑉 𝒞 –  neighborhood  of  

 𝑥𝐴 such that  𝑐𝑙𝒞(𝒞𝑉  ) is 𝒞 – lindelof. But the 𝒞𝑁 ⋏𝒞 𝒞𝐹 is 𝒞 –  neighborhood 

of   𝑥𝐴 in 𝒞𝐹. Therefore  𝑐𝑙𝒞(𝒞𝑁 ⋏𝒞 𝒞𝐹  ) is 𝒞 − closed subset of 𝒞 –lindelof set 

𝑐𝑙𝒞(𝒞𝑁 ) and is thus it self 𝒞 –lindelof. This prove that 𝒞𝐹 is ℒ𝒞 – lindelof. 

Theorem  4.2.7:  

A 𝒞 − regular space is ℒ𝒞- lindelof space if and only if it has a center basis of 

𝒞 − closed 𝒞 –lindelof neighbourhoods. 

Proof: 

Let (𝑋, 𝛿𝑥, 𝔍𝒞X) is 𝒞 − regular ℒ𝒞 – lindelof space. For every 𝐴 ⊆ 𝑋 such that 

AδXX. Choose a 𝒞 − 𝑛𝑏𝑑 𝒞𝑈 such that AδXU and cl𝒞(𝒞𝑈) ≼𝒞 𝒞𝑈 . And let 𝒞𝑉 a 

𝒞 – lindelof such that AδX𝑉. By theorem (4.2.6), (𝒞𝑈 ⋏𝒞 𝒞𝑉) is 𝒞 – lindelof. 

Thus (𝑋, 𝛿𝑥, 𝔍𝒞X) has a center basis of 𝒞 − closed 𝒞 –lindelof neighbourhoods. 

The proof of the converse is easy and omitted. 

Corollary 4.2.8:  

i. Every  𝒞 − 𝑜𝑝𝑒𝑛  subspace of 𝒞 − regular ℒ𝒞- lindelof space is ℒ𝒞 – 

lindelof. 
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ii. Every  𝒞 − 𝑜𝑝𝑒𝑛  subspace of 𝒞 − regular 𝒞- lindelof space is ℒ𝒞 – 

lindelof. 

 

Proposition 4.2.9: 

Let (𝑋, 𝛿𝑥, 𝔍𝒞X) be a ℑ𝒞2− space . If 𝒞𝐴 and 𝒞𝐵 are ℒ𝒞 – lindelof spaces, 

then 𝒞𝐴 ⋏𝒞 𝒞𝐵 is ℒ𝒞 – lindelof space. 

Proof:  

Let  𝑥𝐻 ∈ 𝒞𝐴 ⋏𝒞 𝒞𝐵 such that KδXA and KδXB for all ∅ ≠ 𝑘 ⊆ 𝑋. And let 

𝒞𝑁1
 and 𝒞𝑁2

are 𝒞 –lindelof such that 𝑁1δXH  in 𝒞𝐴  and 𝑁2δXH in  𝒞𝐵, by 

theorem (4.1.5), then 𝒞𝑁1
⋏𝒞 𝒞𝑁2

 is 𝒞 – lindelof and 𝒞 –  neighborhood  of  𝑥𝐻. 

Thus 𝒞𝐴 ⋏𝒞 𝒞𝐵 is ℒ𝒞 – lindelof space. 

Proposition 4.2.10: 

A  ℑ𝒞2− space  (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 – lindelof if and only if each of its 

𝒞 − 𝑝𝑜𝑖𝑛𝑡𝑠 is an 𝒞 –interior point of some 𝒞 – lindelof subspace of (𝑋, 𝛿𝑥, 𝔍𝒞X). 

Proof: 

If (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 – lindelof, then for all  𝑥𝐵 in 𝑋 there exists 𝒞𝑀 such 

that 𝐵δXM and 𝑐𝑙𝒞(𝒞𝑁 ) is 𝒞 – lindelof, it follows that 𝑐𝑙𝒞(𝒞𝑀 ) is a 𝒞 – lindelof 

(𝒞 –  neighborhood ) of   𝑥𝐵 is an 𝒞 –interior point. Thus ∀  𝑥𝐵 is an 𝒞 –interior 

point of some 𝒞 – lindelof. 

Conversely, let  𝑥𝐵 is 𝒞 − 𝑝𝑜𝑖𝑛𝑡 in 𝑋 be arbitrary. By hypothesis, there 

exists an 𝒞 – lindelof 𝒞𝑈 such that 𝐵δX𝑈, then 𝒞𝑈 is a 𝒞 –  neighborhood of  

 𝑥𝐵. Since (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℑ𝒞2− space, implies 𝒞𝑈 is 𝒞 – closed, so that 

𝑐𝑙𝒞(𝒞𝑈  ) = 𝒞𝑈, thus  𝑥𝐵 has a 𝒞 –  neighborhood whose 𝑐𝑙𝒞(𝒞𝑈  ) is 𝒞 – 

lindelof. And so (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 – lindelof. 
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Proposition 4.2.11: 

Every ℒ𝒞 – lindelof ℑ𝒞2− space is 𝒞 – regular space. 

Proof: 

Let (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 – lindelof ℑ𝒞2− space,  𝑥𝐴 be any 𝒞 − 𝑝𝑜𝑖𝑛𝑡 in 𝑋 

and 𝒞𝐹 any 𝒞 – closed set in 𝑋 such that 𝐴δX
̅̅ ̅𝐹 for each 𝐴 ⊆ 𝑋. Since 

(𝑋, 𝛿𝑥, 𝔍𝒞X) is ℑ𝒞2− space, then 𝒞𝐹 is 𝒞 – lindelof and for each  𝑦𝐵 ∈ 𝒞𝐹 , then 

there exists 𝒞𝐺 and 𝒞𝐻𝑦
 𝒞 − 𝑜𝑝𝑒𝑛  sets such that 𝐴δX𝐺, 𝐹δX𝐻𝑦 and 

𝒞𝐺 ⋏𝒞 𝒞𝐻𝑦
= 𝒞∅, the family of all {𝒞𝐻𝑦𝑖

  ,  𝑦𝐵 ∈ 𝒞𝐹} 𝒞 − 𝑜𝑝𝑒𝑛 cover of 𝒞 – 

compact 𝒞𝐻𝑦
 and hence a countable subfamily  𝒞𝐻𝑦1 ,   𝒞𝐻𝑦2

, … such that 𝒞𝐻𝑦
 ≼𝒞 

∞
⋎𝒞

𝑖 = 1
𝒞𝐻𝑦𝑖

.  Hence (𝑋, 𝛿𝑥, 𝔍𝒞X) is 𝒞 – regular space. 

Proposition 4.2.12: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a δ − continuous onto function and  

𝑓𝒞: (𝑋, 𝛿𝑋, 𝔍𝒞𝑋) → (𝑌, 𝛿𝑌, 𝔍𝒞𝑌) be a shrink 𝒞 − continuous function, then If 

(X, δX, 𝔍𝒞X) is ℒ𝒞 – lindelof space, then (Y, δY, 𝔍𝒞Y) is ℒ𝒞 – lindelof space. 

Proof: 

Let  𝑦𝐵 ∈ 𝒞𝑌 such that for each 𝐵 ⊆ 𝑌, ∀𝑦 ∈ 𝑌, {𝑦}δY𝐵, 𝐵δY𝑌. Since 𝑓 is onto, 

then there exists 𝐴 ⊆ 𝑋 such that {𝑥}δX𝐴 and 𝑓𝒞( 𝑥𝐴) =  𝑦𝐵. But (X, δX, 𝔍𝒞X) is 

ℒ𝒞 – lindelof space, then there exists 𝒞N nbd for  𝑥𝐴 such that for each 𝐴 ⊆ 𝑋 

such that 𝐴δX𝑁 and 𝑐𝑙𝒞(𝒞N) is 𝒞 – lindelof set. Also 𝑓𝒞  is shrink 𝒞 − 

continuous function and by proposition (4.1.6), we get for each 𝐵 ⊆ 𝑌, {𝑦}δY𝐵, 

then 𝐵δY𝑓(𝑁). Hence (Y, δY, 𝔍𝒞Y) is  ℒ𝒞 – lindelof space  
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 𝓐𝓒 - Lindelof:   4.3

In this section we introduce and study notion of 𝒜𝒞 − lindelof space in 𝒞 –

topological space, and its relationship to the axioms of separation were studied. 

Definition 4.3.1:  

Let  (𝑋, 𝛿, 𝔍𝒞) be a 𝒞-topological space, the universal set 𝒞𝑋 (a non-empty 

center set 𝒞𝐴) is called 𝒜𝒞 − lindelof space  if each 𝒞 − open cover {𝒞𝐺∝
 , 𝛼 ∈

Γ} of 𝒞𝑋 (𝒞𝐴) has countable ∆ subset of  Γ such that ∀ 𝐻 ⊆ 𝑋, there exist 𝛼0 ∈

∆, 𝑐𝑙𝒞(𝐺𝛼0
)𝛿𝐻.  

Proposition 4.3.2: 

Every 𝒞 − lindelof space is an 𝒜𝒞 − lindelof space. 

 Proof: 

Let (𝑋, 𝛿, 𝔍𝒞) be 𝒞 − lindelof space and ℋ = {𝒞𝐺𝜆
 ,   𝜆 ∈ Λ} be a  𝒞 − 

open cover of 𝒞𝑋. Then there exists countable 𝐼 subset of Λ such that ∀ 𝐻 ⊆ 𝑋, 

there exist 𝜆0 ∈ I, 𝐺𝜆0
𝛿𝐻. Now since 𝒞𝐺𝜆

≼𝒞 𝑐𝑙𝒞(𝒞𝐺𝜆
). We have for each 

𝜆 ∈ Λ , 𝐻𝛿𝐺𝜆, then 𝐻𝛿𝑐𝑙(𝐺𝜆) . Therefore there exist 𝜆0 ∈ I, 𝑐𝑙(𝐴𝜆0
)𝛿𝐻. Hence 

(𝑋, 𝛿, 𝔍𝒞) is 𝒜𝒞 − lindelof space. 

Remark 4.3.3:  

Every 𝒞 – lindelof set is 𝒜𝒞 – lindelof set. 

Proposition 4.3.4: 

Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 −Regular space, then (𝑋, 𝛿, 𝔍𝒞) is 𝒞 − lindelof space 

if and only if is 𝒜𝒞 − lindelof space. 
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Proof: 

If (𝑋, 𝛿, 𝔍𝒞) is 𝒞 − lindelof space, then by Proposition (4.3.2) (𝑋, 𝛿, 𝔍𝒞) is 

𝒜𝒞 − lindelof space. Conversely, let  ℋ = {𝒞𝑈𝜆
 ,   𝜆 ∈ Λ} be a  𝒞 − open cover 

of 𝒞𝑋. For each 𝑥 ∈ 𝑋, 𝐴 ⊆ 𝑋 𝑎𝑛𝑑 {𝑥}𝛿𝐴, there exists 𝜆𝑥 such that 𝐴𝛿𝑈𝜆𝑥
, but 

(𝑋, 𝛿, 𝔍𝒞) is 𝒞 −Regular space, then there exists 𝒞 −open set 𝒞𝐻𝜆𝑥
 such that for 

each 𝑥 ∈ 𝑋, 𝐻𝜆𝑥 ⊆ 𝑋, {𝑥}𝛿𝐻𝜆𝑥 and  ∀𝐾 ⊆ 𝑋, 𝐾𝛿𝑐𝑙(𝐻𝜆𝑥), then 𝐾𝛿𝑈𝜆𝑥
. Now, 

ℱ = {𝒞𝐻𝜆𝑥
 ,   𝑥 ∈ X} is a  𝒞 − open cover of 𝒞𝑋. But (𝑋, 𝛿, 𝔍𝒞) is 𝒜𝒞 − lindelof 

space, then there exists countable 𝐼 subset of 𝑋 such that for each 𝑥 ∈ 𝑋, 

∀𝐾 ⊆ 𝑋, 𝐾𝛿𝑋 and 𝐾𝛿𝑐𝑙(𝐻𝜆𝑥) for some 𝑥 ∈ 𝐼, therefore  𝐾𝛿cl𝜏(𝐻𝜆𝑥) for some 

𝑥 ∈ 𝐼 . Hence (𝑋, 𝛿, 𝔍𝒞) is 𝒞 − lindelof space. 

Proposition 4.3.5: 

Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 −topological space and 𝒞A, 𝒞B are center sets in 𝑋  

such that 𝒞A is 𝒜𝒞 − lindelof set and 𝒞A ≼𝒞 𝒞B ≼𝒞 𝑐𝑙𝒞(𝒞A), then  𝒞B is 

𝒜𝒞 − lindelofset. 

Proof: 

Let ℋ = {𝒞𝑈𝜆
 ,   𝜆 ∈ Λ} be a  𝒞 − open cover of 𝒞B,  

⇒ For each 𝑦 ∈ 𝑋, {𝑦}𝛿𝐵, for some 𝜆𝑜 ∈ Λ, ∀∅ ≠ 𝐾 ⊆ 𝑋, 𝐾𝛿𝐵,                     

then 𝐾𝛿𝑈𝜆𝑜
. But ∀𝐾𝛿𝐴, then 𝐾𝛿𝐵, 

 ⇒  for some 𝜆𝑜 ∈ Λ, ∀∅ ≠ 𝐾 ⊆ 𝑋, 𝐾𝛿𝐴, then 𝐾𝛿𝑈𝜆𝑜
.  

And 𝒞A is 𝒜𝒞 − lindelof set,  

⇒ there exists countable 𝐼 subset of Λ such that ∀∅ ≠ 𝐾 ⊆ 𝑋, 𝐾𝛿𝐴, then for 

some 𝜆𝑜 ∈ 𝐼, 𝐾𝛿𝑐𝑙(𝑈𝜆𝑜
).  

⇒ ∀∅ ≠ 𝐾 ⊆ 𝑋, 𝐾𝛿𝑐𝑙(𝐴) iff for some 𝜆𝑜 ∈ 𝐼, 𝐾𝛿𝑐𝑙(𝑈𝜆𝑜
).  
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But 𝒞B ≼𝒞 𝑐𝑙𝒞(𝒞A), then some 𝜆𝑜 ∈ 𝐼 , 𝐾𝛿𝐵, then 𝐾𝛿𝑐𝑙(𝑈𝜆𝑜
). 

Hence 𝒞B is 𝒜𝒞 − lindelof set. 

Corollary 4.3.6: 

Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 −topological space and 𝒞A be a 𝒜𝒞 − lindelof set in 

𝑋, then 𝑐𝑙𝒞(𝒞A) is also  𝒜𝒞 − lindelof set.  

Proposition 4.3.7: 

Let f: (X, δX) → (Y, δY) be a δ − homeomorphism function and  

f𝒞: (X, δX, 𝔍𝒞X) → (Y, δY, 𝔍𝒞Y) be a shrink 𝒞 − continuous function, then If 𝒞A is  

𝒜𝒞 – lindelof set for each 𝒞A  subset of 𝒞X, then 𝒞f(A)  is 𝒜𝒞–  lindelof set 

subset of  𝒞Y. 

Proof: 

Suppose 𝒞A is  𝒜𝒞 –  lindelof set in 𝑋 and ℋ = {𝒞𝑈𝜆
 ,   𝜆 ∈ Λ} be a  𝒞 − 

open cover of 𝒞f(A) such that for each 𝐵 ⊆ 𝑋, ∀𝑥 ∈ 𝑋 such that {𝑥}𝛿𝐵 and 

∃𝜆° ∈ Λ , 𝐵𝛿𝐴𝜆°
. By proposition (2.1.1.8), then 𝒞A ≼𝒞 𝑓−1(𝒞f(A)) ≼𝒞    

𝑓−1 (⋎ 𝜆 {𝒞𝑈𝜆
}) =𝒞 ⋎ 𝜆 {𝒞𝑓−1(𝑈𝜆)}. Therefore Γ = {𝒞𝑓−1(𝑈𝜆) ,   𝜆 ∈ Λ} is 𝒞 − open 

cover of 𝒞A such that for each 𝐾 ⊆ 𝑋, ∀𝑥 ∈ 𝐴 such that {𝑥}𝛿𝐾 and ∃𝜆° ∈

Λ  and 𝐾𝛿𝑓−1(𝑈𝜆°
). But 𝒞A is  𝒜𝒞 –  lindelof set, then Γ has a countable 

subfamily 𝐼 such that for some 𝜆° ∈ 𝐼, ∀ 𝐾 ⊆ 𝑋, ∀𝑥 ∈ 𝐴 such that {𝑥}𝛿𝐾 and 

∃𝜆° ∈ I , 𝐾𝛿𝑓−1(𝑈𝜆°
). Whose center closure 𝒞A and by proposition (2.1.1.8) , that 

is to say: 

𝒞A ≼𝒞 𝑐𝑙𝒞(
∞
⋎𝒞

i = 1
𝒞𝑓−1(U𝜆𝑖

) )   =𝒞 𝑐𝑙𝒞(𝑓−1(
∞
⋎𝒞

i = 1
𝒞U𝜆𝑖

 )).  
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     ≼𝒞 𝑓−1(𝑐𝑙𝒞(
∞
⋎𝒞

i = 1
𝒞U𝜆𝑖

 )). Accordingly and by Proposition (2.1.1.6 ), then 

𝒞f(A) ≼𝒞 𝑓(𝑓−1(𝑐𝑙𝒞(
∞
⋎𝒞

i = 1
𝒞U𝜆𝑖

 ))). 

           ≼𝒞 𝑐𝑙𝒞 (
∞
⋎𝒞

i = 1
𝒞U𝜆𝑖

 ) =𝒞

∞
⋎𝒞

i = 1
𝑐𝑙𝒞(𝒞U𝜆𝑖

).  

Thus 𝒞𝑓(𝐴)  is 𝒜𝒞– lindelof set. 

Proposition 4.3.8: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a reduction 𝛿 − homeomorphism function and  

f𝒞: (X, δX, 𝔍𝒞X) → (Y, δY, 𝔍𝒞Y) be a reduction 𝒞 − homeomorphism function, if 

𝒞A is  𝒜𝒞 – lindelof set for each 𝒞A  subset of 𝒞X, then 𝑓𝒞(𝒞𝐴)  is 𝒜𝒞 – lindelof 

set subset of  𝒞Y. 

Proof: 

We prove the same way to prove Proposition (3.3.7).Type equation here. 

 𝓛𝓒 - Closedness: 4.4

In this section, we give several characterization of 𝒞 − lindelof in center 

topological space, nearly ℒ𝒞 − closed space. Furthermore, the relationship 

between this concept and the separation axioms in center topological space had 

been studied.  

Definition 4.4.1:  

Let  (𝑋, 𝛿, 𝔍𝒞) be   𝔍𝒞2 − 𝑠𝑝𝑎𝑐𝑒, the universal set 𝒞𝑋 (a non-empty center 

set 𝒞𝐴) is called ℒ𝒞 − closed space  if each 𝒞 − open cover {𝒞𝑈∝
 , 𝛼 ∈ Γ} of 𝒞𝑋 

(𝒞𝐴) has countable ∆ subset of  Γ such that ∀ 𝐻 ⊆ 𝑋, there exist 𝛼0 ∈

∆, 𝑐𝑙𝒞(𝑈𝛼0
)𝛿𝐻.  
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Remarks 4.4.2: 

i. Every ℒ𝒞 − closed space   is  𝒜𝒞 − lindelof space. 

ii. Every 𝒜𝒞 − lindelof  space and 𝔍𝒞2 − 𝑠𝑝𝑎𝑐𝑒 is ℒ𝒞 − closed space. 

iii. Every ℒ𝒞 − closed space and 𝔍𝒞3 − 𝑠𝑝𝑎𝑐𝑒 is 𝒞 − lindelof  space. 

iv. See the following diagram 

 

 

The following example shows that the conversely of the above remark (i) is 

not true. 

Example 4.4.3:  

Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞-topological space, 

Where 𝑋 = {𝑎, 𝑏}, 𝐴𝛿𝐵 𝑖𝑓𝑓 𝐴 ∩ 𝐵 ≠ ∅)  

And    𝔍𝒞 = { 𝒞∅, {〈X, {a}〉}, {〈X, {b}〉}, {〈X, {a}〉, 〈X, {b}〉}, {〈X, {a}〉, 〈X, X〉}, 

           {〈X, {b}〉, 〈X, X〉}, {〈X, X〉}, {〈{a}, {a}〉, 〈{a}, X〉}, {〈{b}, {b}〉, 〈{b}, X〉}, 𝒞𝑋} 

Then (𝑋, 𝛿, 𝔍𝒞)  is 𝒜𝒞 − lindelof  space.  
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But is not 𝔍𝒞2 – 𝑆𝑝𝑎𝑐𝑒. Hence it is not ℒ𝒞 − closed space. 

Theorem 4.4.4: 

Every 𝒞 − lindelof  space and 𝔍𝒞2 − 𝑠𝑝𝑎𝑐𝑒 is ℒ𝒞 − closed space. 

Proof: 

Let (𝑋, 𝛿, 𝔍𝒞) be 𝒞 − lindelof  space and 𝔍𝒞2 − 𝑠𝑝𝑎𝑐𝑒 and Γ = {𝒞𝑈∝
 , 𝛼 ∈

Γ}  be  𝒞 − open cover of (𝑋, 𝛿, 𝔍𝒞) , then there exists countable 𝐼 subset of Γ 

such that ∀𝑥 ∈ 𝑋 , ∀𝐻 ⊆ 𝑋, {𝑥}𝛿𝐻, then for some ∝𝑜∈  𝐼, 𝐻𝛿𝑈∝𝑜
, now since 

∀𝐻 ⊆ 𝑋, 𝐻𝛿𝑈∝𝑖
, then 𝐻𝛿𝑐𝑙(𝑈∝𝑖

). Hence (𝑋, 𝛿, 𝔍𝒞) is ℒ𝒞 − closed space. 

Theorem 4.4.5: 

Let (𝑋, 𝛿, 𝔍𝒞)  be 𝒞 − 𝑅𝑒𝑔𝑢𝑙𝑒𝑟 space  and 𝔍𝒞2 − 𝑠𝑝𝑎𝑐𝑒, then (𝑋, 𝛿, 𝔍𝒞)  is 

ℒ𝒞 − closed space if and only if it is 𝒞 − lindelof  space. 

Proof:  

Since (𝑋, 𝛿, 𝔍𝒞) is ℒ𝒞 − closed space, then (𝑋, 𝛿, 𝔍𝒞) is 𝒜𝒞 − lindelof  space, 

but its 𝒞 − 𝑅𝑒𝑔𝑢𝑙𝑒𝑟 space, then by Proposition (4.3.4) we have (𝑋, 𝛿, 𝔍𝒞) is 

𝒞 − lindelof  space.  

Conversely, since (𝑋, 𝛿, 𝔍𝒞) is 𝒞 − lindelof  space and 𝒞 − 𝑅𝑒𝑔𝑢𝑙𝑒𝑟 

space, and then by Proposition (4.3.4) we have (𝑋, 𝛿, 𝔍𝒞) is ℒ𝒞 − closed space. 

Proposition 4.4.6:  

Let f: (X, δX) → (Y, δY) be a δ − homeomorphism function and  

f𝒞: (X, δX, 𝔍𝒞X) → (Y, δY, 𝔍𝒞Y) be a shrink 𝒞 − continuous function. If 

(X, δX, 𝔍𝒞X) is  ℒ𝒞 − closed space, then (Y, δY, 𝔍𝒞Y)  is ℒ𝒞 − closed space. 

Proof:  

Direct from define of ℒ𝒞 − closed space and by Proposition (4.3.7).  



 

 



CHAPTER FIVE                                                                                                  Center Countable Compactness   

 

107 
 

Chapter Five: Center Countable Compactness   

In this chapter, we give several characterizations of center countable 

compactness, where the concept of 𝒞 −  countable compact spaces within the 

central topological spaces was introduce and the topological properties of this 

space and its relationship to the axioms of separation were studied. Also in 

section two we introduce new concept, namely ℒ𝒞 - countable compact space 

and its relationship to the axioms of separation were studied. In section three and 

fore we introduce new concepts namely 𝒜𝒞 − countable compact  and 

ℋ𝒞 − countable closed, and we study their properties. 

 Center Countable Compactness   5.1

In this section, we introduce a new type of compactness in center 

topological space has been presented, that is called a 𝒞 − countable compact 

space Furthermore, the relationship between this concept and the separation 

axioms in center topological space had been studied.  

Definition 5.1.1:  

Let  (𝑋, 𝛿, 𝔍𝒞) be a 𝒞-topological space, the universal set 𝒞𝑋 (a non-empty 

center set 𝒞𝐴) is called 𝒞 − countable compact space  if each 𝒞 − countable 

open cover {𝒞𝑈∝
 , 𝛼 ∈ Γ} of 𝒞𝑋 (𝒞𝐴) has finite ∆ subset of  Γ such that ∀ 𝐻 ⊆ 𝑋, 

there exist 𝛼0 ∈ ∆, 𝑈𝛼0
𝛿𝐻.  

Remarks 5.1.2: 

i. Every 𝒞 −  compact space is 𝒞 − countable compact space. 

ii. A 𝒞 − countable compact space is 𝒞 −  compact space if and only if it is  

𝒞 −  lindelof space. 
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Theorem 5.1.3 : 

Each 𝒞 − closed subset of 𝒞 − countable compact topological space 

(𝑋, 𝛿, 𝔍𝒞) is 𝒞 − countable compact set. 

Proof: 

Let 𝒞𝐴 be any non-empty 𝒞 − closed set in   𝒞 − countable compact space 

(𝑋, 𝛿, 𝔍𝒞). And ℋ = {𝒞𝐴𝜆
 ,   𝜆 ∈ Λ} be 𝒞 − countable open cover to 𝒞𝐴 , so 𝒞𝑋

(𝐴)
 

be 𝒞 − open set. Thus for each 𝐵 ⊆ 𝑋, ∀𝑥 ∈ 𝑋 such that {𝑥}𝛿𝐵 and ∃𝜆° ∈

Λ , 𝐵𝛿𝐴𝜆°
, from the concept of 𝒞 − countable compact space of 𝒞𝑋  , then there 

exists finite subset 𝐼 of Λ say {𝒞𝐴1, 𝒞𝐴2, … , 𝒞𝐴𝑛, 𝒞𝑋
(𝐴)

 } such that ∀ 𝐻 ⊆ 𝑋, there 

exist 𝜆𝑖° ∈ I, 𝐴𝜆°
𝛿𝐻 , Hence 𝒞𝐴 is 𝒞 − countable compact set.  

Theorem 5.1.4: 

Each 𝒞 − countable compact subset of ℑ𝒞2− space (𝑋, 𝛿, 𝔍𝒞)  is 𝒞 − closed set. 

Proof:  

Let 𝒞𝐴 be any non-empty 𝒞 − countable compact set, so by Proposition 

(1.2.11 part 4) we get that 𝒞𝐴 =𝒞⋎𝒞𝑥𝛼𝐵𝜆
∈𝒞𝐴

𝑥𝛼𝐵𝜆
, then for any 𝛼∘, 𝜆∘ , 𝑥𝛼∘ ∈ 𝑋  

such that {𝑥𝛼∘}𝛿𝐵𝜆∘ and 𝐵𝜆∘𝛿𝐴,  and for the fact that 𝒞𝐴 ⋏𝒞 𝒞𝑋
(𝐴)

=𝒞 𝒞∅ we get 

for any 𝑦 ∈ 𝑋, {𝑦}𝛿𝐵, 𝐵𝛿̅𝐴   and for each 𝛼 𝑎𝑛𝑑  𝜆, 𝑦𝐵 ≠ 𝑥𝛼𝐵𝜆
. But (𝑋, 𝛿, 𝔍𝒞) is 

ℑ𝒞2−𝑠𝑝𝑎𝑐𝑒, so there exists two disjoint 𝒞 − 𝑜𝑝𝑒𝑛 set 𝒞𝑈𝜆
and 𝒞𝑉𝜆

containing 

𝑥𝛼𝐵𝜆
 and 𝑦𝐵 respectively, thus 𝒞𝐴 =𝒞⋎𝒞𝑥𝛼𝐵𝜆∈𝒞𝐴

𝑥𝛼𝐵𝜆
≼𝒞  ⋎𝒞 {𝒞𝑈𝜆

, 𝑥𝛼𝐵𝜆
∈

 𝒞𝑈𝜆
}, therefore by 𝒞 − countable compactness then exists finite index 

𝛼1, 𝛼2, … , 𝛼𝑛,    𝜆1, 𝜆2, … , 𝜆𝑛  such that  𝒞𝐴 ≼𝒞

𝑛
⋎𝒞

𝑖 = 1
{𝒞𝑈𝜆𝑖

, 𝑥𝛼𝑖𝐵𝜆𝑖
∈  𝒞𝑈𝜆𝑖

}. And 
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𝒞𝑉 =𝒞  
𝑛

⋏𝒞

𝑖 = 1
𝒞𝑉𝜆𝑖

 is 𝒞 − 𝑜𝑝𝑒𝑛 center set containing 𝑦𝐵 such that ∀𝑦 ∈ 𝑋, ∀𝐵 ⊆

𝑋, {𝑦}𝛿𝐵 and 𝐵𝛿𝑉, so 𝐵𝛿̅𝐴 and 𝑉𝛿̅𝐴. Hence 𝒞𝐴 is 𝒞 − closed center set. 

Theorem 5.1.5: 

 If (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 −topological space then: 

a) If 𝒞𝐴 and 𝒞𝐵 are 𝒞 − countable compact, then  𝒞𝐴⋃𝐵 is 𝒞 − countable 

compact. 

b) If 𝒞𝐴 is 𝒞 −closed and 𝒞𝐵 is 𝒞 − countable compact in ℑ𝒞2− space 𝑋, then 

𝒞𝐴 ∧ 𝒞𝐵 is 𝒞 − countable compact. 

c) If 𝒞𝐴 and 𝒞𝐵 are 𝒞 − countable compact sets in ℑ𝒞2− space 𝑋, then  

𝒞𝐴 ⋏𝒞 𝒞𝐵 is 𝒞 − countable compact. 

Proof: 

a) Let ℋ = {𝒞𝐴𝜆
 ,   𝜆 ∈ Λ} be any 𝒞 −  countable 𝑜𝑝𝑒𝑛 cover of 𝒞𝐴⋃𝐵, but 

𝐴, 𝐵 ⊆ 𝐴 ∪ 𝐵 , thus the family ℋ be 𝒞 −  countable 𝑜𝑝𝑒𝑛 cover of 

𝒞𝐴 and 𝒞𝐵,. But 𝒞𝐴 and 𝒞𝐵 are 𝒞 − countable compact, so there exists 

finite subsets Λ1 𝑎𝑛𝑑 Λ2 of Λ such that   𝒞𝐴 ≼𝒞⋎𝒞 𝜆∈Λ1
𝒞𝐴𝜆

 and 

𝒞𝐵 ≼𝒞⋎𝒞 ∝∈Λ2
𝒞𝐴∝

 , then we get that 

𝒞𝐴⋃𝐵 ≼𝒞 (⋎𝒞 𝜆∈Λ1
𝒞𝐴𝜆

) ⋎𝒞 (⋎𝒞 ∝∈Λ2
𝒞𝐴∝

) 

=𝒞⋎𝒞 𝛾∈(Λ1∪Λ2)
𝒞𝐴𝛾

 . But Λ1 ∪ Λ2 is finite subset of Λ. Hence 𝒞𝐴⋃𝐵 is 𝒞 − 

countable compact center set. 

b) and c) are directly by theorem 5.1.3 and the fact the 𝒞 − intersection of 

two 𝒞 −closed center set is 𝒞 − closed center set. 
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Theorem  5.1.6: 

If (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 −topological space : 

a) Every 𝒞 − countable compact   ℑ𝒞2 − space is 𝒞 −regular. 

b) Every 𝒞 − countable compact  ℑ𝒞2 − space is 𝒞 −normal. 

Proof: 

a) Let  𝑥𝐵 be a center point such that 𝐴𝛿̅𝐵, but 𝒞𝑋
(𝐴)

 is 𝒞 − 𝑜𝑝𝑒𝑛 and 

 𝑥𝐵 ∈ 𝒞𝑋
(𝐴)

 . Then for each  𝑦𝐻 ∈ 𝒞𝐴 we get that 𝐻𝛿̅𝐵. And by  ℑ𝒞2 − 

space we have two disjoint center sets 𝒞𝑈𝑦
 and 𝒞𝑉𝑦

 with property that 

𝑈𝑦𝛿𝐵 and 𝑉𝑦𝛿𝐻 , then the collection of center 𝒞 − 𝑜𝑝𝑒𝑛 set 𝜉 =

{ 𝒞𝑉𝑦
; 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ  𝑦𝐵 ∈ 𝒞𝐴} is countable 𝒞 − 𝑜𝑝𝑒𝑛 cover. But 𝒞𝐴 is 

𝒞 − 𝑐𝑙𝑜𝑠𝑒𝑑 of 𝒞 −  countable 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 and by theorem 5.1.3 we have 

that 𝒞𝐴 is 𝒞 − countable 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 so, there exists 𝑦1, 𝑦2, … , 𝑦𝑛 such that 

for each non empty 𝐾 subset of 𝑋, 𝐾𝛿𝐴 and 𝐾𝛿𝑉𝑦𝑖, put 𝒞𝑉 =𝒞

𝑛
⋎𝒞

𝑖 = 1
𝒞𝑉𝑦𝑖

 

and 𝒞𝑈 =𝒞

𝑛
⋏𝒞

𝑖 = 1
𝒞𝑈𝑦𝑖

 having the property that for each non-empty subset 

𝐾 of 𝑋 that is 𝑈𝛿̅𝐾 and 𝑉𝛿̅𝐾 . But 𝒞𝐴 ≼𝒞 𝒞𝑉 and  𝑥𝐵 ∈ 𝒞𝑈, thus 

(𝑋, 𝛿, 𝔍𝒞) is 𝒞 – regular space. 

b) Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 − countable compact  ℑ𝒞2 − space and let 𝒞𝐻,  𝒞𝐾 are 

disjoint  𝒞 –closed sets, so by part (a) that (𝑋, 𝛿, 𝔍𝒞) is 𝒞 – regular, then for 

each  𝑥𝐵 ∈  𝒞𝐻 there exists two disjoint center 𝒞 – open sets 𝒞𝑈𝑥
 and 𝒞𝑉𝑥

 

such that B𝛿𝑈𝑥 and 𝒞𝐾 ≼𝒞 𝒞𝑉𝑥
, Therefore the collection of  𝒞 – open set 

{𝒞𝑈𝑥
 , 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ  𝑥𝐵 ∈  𝒞𝐻} is 𝒞– cover of 𝒞𝐻 but by theorem 5.1.3 𝒞𝐻 is 

𝒞 − countable compact then there exists finite center point  𝑥𝑖𝐵𝑖
 of 𝒞𝐻 such 
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that 𝒞𝐻 ≼𝒞 

𝑛
⋎𝒞

𝑖 = 1
𝒞𝑈𝑥𝑖

. Put 𝒞𝑈 =𝒞

𝑛
⋎𝒞

𝑖 = 1
𝒞𝑈𝑥𝑖

 and 𝒞𝑉 =𝒞

𝑛
⋏𝒞

𝑖 = 1
𝒞𝑉𝑥𝑖

 . The 𝒞 

𝒞 – open sets 𝒞𝑈 and 𝒞𝑉 having the property that for each a non-empty 

subset 𝑀 of 𝑋 satisfy that 𝑈𝛿̅𝑀 and 𝑉𝛿̅𝑀. Hence (𝑋, 𝛿, 𝔍𝒞) is 𝒞 −normal 

space. 

Proposition 5.1.7: 

Let f: (X, δX) → (Y, δY) be a δ − homeomorphism shrink function and  

f𝒞: (X, δX, 𝔍𝒞X) → (Y, δY, 𝔍𝒞Y) be a shrink 𝒞 − homeomorphism function, then 

If 𝒞A is  𝒞 − countable compact set for each 𝒞A  subset of 𝒞X, then 𝒞f(A)  is      

𝒞 − countable compact set subset of  𝒞Y. 

Proof:  

Let 𝒞𝐴 is 𝒞 − countable compact set in 𝑋 and let {𝒞𝑈∝
 , 𝛼 ∈ ∆} be countable 

𝒞 −open cover of 𝒞𝑓(𝐴) , then 𝒞𝑓(𝐴) =𝒞⋎𝒞 {𝒞𝑈∝
 , 𝛼 ∈ ∆}, this mean, for each 

∅ ≠ 𝐾 ⊆ 𝑌, 𝐾𝛿𝑌𝑓(𝐴) iff there exists 𝛼𝑜 ∈ ∆, 𝐾𝛿𝑌𝑈𝛼𝑜
, since 𝑓𝒞

−1
 is  shrink 

𝒞 −continuous function, then 𝑓−1(𝐾)𝛿𝑋𝑓−1(𝑓(𝐴)) iff 𝑓−1(𝐾)𝛿𝑋𝑓−1(𝑈𝛼𝑜
), 

since 𝑓 is onto function, then 𝑓−1(𝐾)𝛿𝑋𝐴, implies   𝑓−1(𝐾)𝛿𝑋𝑓−1(𝑈𝛼𝑜
) for 

some 𝛼𝑜 ∈ ∆,  since 𝑓𝒞 is  shrink 𝒞 −continuous function, then  {𝒞𝑓−1(𝑈∝) , 𝛼 ∈

∆} is 𝒞 −open cover of 𝒞𝐴. But  𝒞𝐴 is 𝒞 − countable compact set, therefore 

𝒞𝐴 =𝒞

𝑛
⋎𝒞

𝑖 = 1
{𝒞𝑓−1(𝑈𝑖) , 𝑖 ∈∧⊆ ∆}, then ∀𝐻 ⊆ 𝑋, 𝐴𝛿𝑋𝐻 iff 𝐻𝛿𝑋𝑓−1(𝑈𝑖) such that 

𝑖 = 1,2, … , 𝑛, since 𝑓 is 𝛿 − continuous function, then 𝑓(𝐴)𝛿𝑌𝑓(𝐻) iff 

𝑓(𝐻)𝛿𝑌𝑓(𝑓−1(𝑈𝑖)), but 𝑓(𝑓−1(𝑈𝑖))  ⊆ 𝑈𝑖, then 𝑓(𝐴)𝛿𝑌𝑓(𝐻) iff 𝑓(𝐻)𝛿𝑌𝑈𝑖 for 

some 𝑖 = 1,2, … , 𝑛. Thus 𝒞𝑓(𝐴) =𝒞

𝑛
⋎𝒞

𝑖 = 1
{𝒞𝑈𝑖  , 𝑖 = 1,2, … , 𝑛}. Hence 𝒞𝑓(𝐴)  is 

𝒞 − countable compact set in 𝑌. 
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Proposition 5.1.8: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a reduction 𝛿 − homeomorphism reduction  

function and  f𝒞: (X, δX, 𝔍𝒞X) → (Y, δY, 𝔍𝒞Y) be a reduction 𝒞 − 

homeomorphism function, if 𝒞A is  𝒞 − countable compact set for each 𝒞A  

subset of 𝒞X, then f𝒞(𝒞A)  is 𝒞 − countable compact set subset of  𝒞Y. 

Proof:  

Let 𝒞A is 𝒞 − countable compact set in X and let {𝒞U∝
 , α ∈ ∆} be countable 

𝒞 −open cover of f𝒞(𝒞A) , then f𝒞(𝒞A) =𝒞⋎𝒞 {𝒞U∝
 , α ∈ ∆}, this mean, for each 

∅ ≠ K ⊆ Y, KδYf(A) iff there exists αo ∈ ∆, KδYUαo
, since f𝒞

−1
 is  reduction 

𝒞 −continuous function, then f −1(K)δXf −1(f(A)) iff f −1(K)δXf −1(Uαo
), since 

𝑓 is onto function, then f −1(K)δXA, implies   f −1(K)δXf −1(Uαo
) for some 

αo ∈ ∆,  since f𝒞 is  reduction 𝒞 −continuous function, then  {f𝒞(𝒞U∝
 ), α ∈ ∆} is 

𝒞 −open cover of 𝒞A. But  𝒞A is 𝒞 − countable compact set, therefore 

𝒞A =𝒞

n
⋎𝒞

i = 1
{f𝒞

−1(𝒞Ui
) , i ∈∧⊆ ∆}, then ∀H ⊆ X, AδXH iff HδXf −1(Ui) such 

that i = 1,2, … , n, since f is δ − continuous function, then f(A)δYf(H) iff 

f(H)δYf(f −1(Ui)), but f(f −1(Ui))  ⊆ Ui, then f(A)δYf(H) iff f(H)δYUi for some 

i = 1,2, … , n. Thus f(𝒞A) =𝒞

n
⋎𝒞

i = 1
{𝒞Ui  , i = 1,2, … , n}. Hence f𝒞(𝒞A)  is 𝒞 − 

countable compact set in Y. 
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 𝓛𝓒 - Countable Compact:   5.2

In this section we introduce and study notion of ℒ𝒞 - countable compact 

space in 𝒞 –topological space, and its relationship to the axioms of separation 

were studied. 

Definition 5.2.1:  

A  𝒞-topological space (𝑋, 𝛿𝑥, 𝔍𝒞X) is said to be ℒ𝒞 - countable compact 

space if and only if every center point  𝑥𝐴 in 𝑋 has at least one 𝒞 – neighborhood 

𝒞𝑁 whose 𝑐𝑙𝒞(𝒞𝑁) is 𝒞 – countable compact. 

Theorem  5.2.2: 

Every 𝒞 – countable compact space (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 - countable compact 

space. 

Proof:  

Let (𝑋, 𝛿𝑥, 𝔍𝒞X) be 𝒞 – countable compact space and  𝑥𝐴 any center point  

in 𝒞𝑋, then AδXX, then 𝒞𝑋 is 𝒞 – neighborhood of  𝑥𝐴 , but 𝑐𝑙𝒞(𝒞𝑋) =  𝒞𝑋 is 𝒞 – 

countable compact. Thus (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 - countable compact space.  

Theorem  5.2.3:  

Every  𝒞 − 𝑐𝑙𝑜𝑠𝑒𝑑  subspace of  ℒ𝒞 - countable compact space is ℒ𝒞 - 

countable compact. 

Proof:  

Let 𝒞𝐴 be 𝒞 − closed subspace of  ℒ𝒞 – countable compact space 

(𝑋, 𝛿𝑥, 𝔍𝒞X) and  𝑥𝐵 𝒞 − 𝑝𝑜𝑖𝑛𝑡 in 𝑋 such that BδXA, and BδXX. Since 

(𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 – countable compact space, there exists 𝒞𝑁 

𝒞 –  neighborhood  of   𝑥𝐵 such that  𝑐𝑙𝒞(𝒞𝑁 ) is 𝒞 – countable compact. But the 
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𝒞𝑁 ⋏𝒞 𝒞𝐴 is 𝒞 –  neighborhood of   𝑥𝐵 and  𝑐𝑙𝒞(𝒞𝑁 ⋏𝒞 𝒞𝐴 ) is 𝒞 − closed subset 

of 𝒞 – countable compact set 𝑐𝑙𝒞(𝒞𝑁 ) and is thus itself 𝒞 – countable compact. 

Proposition 5.2.4:  

Every  𝒞 − 𝑜𝑝𝑒𝑛  subspace of ℑ𝒞2− space ℒ𝒞- countable compact space is 

ℒ𝒞 – countable compact. 

Proof: 

Let 𝒞𝑉 be a 𝒞 − 𝑜𝑝𝑒𝑛  subspace of ℑ𝒞2− space ℒ𝒞 – countable compact 

(𝑋, 𝛿𝑥, 𝔍𝒞X) and  𝑥𝐵 𝒞 − 𝑝𝑜𝑖𝑛𝑡 in 𝑋 such that BδXV and BδXX, there exist 𝒞𝑁𝑥
 

𝒞 − 𝑜𝑝𝑒𝑛  with 𝑁𝑥δXB such that  𝑐𝑙𝒞(𝒞𝑁𝑥
 ) is 𝒞 – countable compact. But { 𝑥𝐵} 

is 𝒞 – countable compact set in 𝑋, 𝒞𝑉 ⋏𝒞 𝒞𝑁𝑥
 is 𝒞 − 𝑜𝑝𝑒𝑛  such that BδX(𝑉 ∪

𝑁𝑥) and (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℑ𝒞2− space and ℒ𝒞 – countable compact space. So there 

exists an 𝒞 − 𝑜𝑝𝑒𝑛  set 𝒞𝑈in 𝑋 such that 𝑐𝑙𝒞(𝒞𝑈 ) is 𝒞 – countable compact, but 

BδX𝑈 and 𝒞𝑈  ≼𝒞 𝑐𝑙𝒞(𝒞𝑈 ) ⟹  ∀𝐻δX𝑈 ⟹ 𝐻δX(𝑉 ∪ 𝑁𝑥) ⟹ 𝐻δX𝑉 This 

implies that 𝑐𝑙𝒞(𝒞𝑈 ) is 𝒞 – countable compact (𝒞 –  neighborhood ) of   𝑥𝐵  

subset of 𝒞𝑉. Hence 𝒞𝑉 is ℒ𝒞 – countable compact. 

Proposition 5.2.5: 

Let (𝑋, 𝛿𝑥 , 𝔍𝒞X) be a ℑ𝒞2− space . If 𝒞𝐴 and 𝒞𝐵 are ℒ𝒞 – countable 

compact spaces, then 𝒞𝐴 ⋏𝒞 𝒞𝐵 is ℒ𝒞 – countable compact space. 

Proof:  

Let  𝑥𝐻 ∈ 𝒞𝐴 ⋏𝒞 𝒞𝐵 such that KδXA and KδXB for all ∅ ≠ 𝑘 ⊆ 𝑋. And let 

𝒞𝑁1
 and 𝒞𝑁2

are 𝒞 – countable compact such that 𝑁1δXH  in 𝒞𝐴  and 𝑁2δXH in  

𝒞𝐵, by theorem (5.1.6), then 𝒞𝑁1
⋏𝒞 𝒞𝑁2

 is 𝒞 – countable compact and 

𝒞 –  neighborhood  of  𝑥𝐻. Thus 𝒞𝐴 ⋏𝒞 𝒞𝐵 is ℒ𝒞 – countable compact space. 
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Proposition 5.2.6: 

A  ℑ𝒞2− space  (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 – countable compact if and only if each 

of its 𝒞 − 𝑝𝑜𝑖𝑛𝑡𝑠 is an 𝒞 –interior point of some 𝒞 – countable compact 

subspace of (𝑋, 𝛿𝑥, 𝔍𝒞X). 

Proof: 

If (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 – countable compact, then for all  𝑥𝐴 in 𝑋 there exists 

𝒞𝑁 such that 𝐴δXN and 𝑐𝑙𝒞(𝒞𝑁 ) is 𝒞 – countable compact, it follows that 

𝑐𝑙𝒞(𝒞𝑁 ) is a 𝒞 – countable compact (𝒞 –  neighborhood ) of   𝑥𝐴 is an 𝒞 –

interior point. Thus ∀  𝑥𝐴 is an 𝒞 –interior point of some 𝒞 – countable compact. 

Conversely, let  𝑥𝐴 is 𝒞 − 𝑝𝑜𝑖𝑛𝑡 in 𝑋 be arbitrary. By hypothesis, there 

exists an 𝒞 – countable compact 𝒞𝐻 such that 𝐴δX𝐻, then 𝒞𝐻 is a 

𝒞 –  neighborhood of   𝑥𝐴. Since (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℑ𝒞2− space, implies 𝒞𝐻 is 

𝒞 – closed, so that 𝑐𝑙𝒞(𝒞𝐻  ) = 𝒞𝐻, thus  𝑥𝐴 has a 𝒞 –  neighborhood whose 

𝑐𝑙𝒞(𝒞𝐻  ) is 𝒞 – countable compact. And so (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℒ𝒞 – countable 

compact. 

Proposition 5.2.7: 

Every ℒ𝒞 – countable compact ℑ𝒞2− space is 𝒞 – regular space. 

Proof: 

Let (𝑋, 𝛿𝑥 , 𝔍𝒞X) is ℒ𝒞 – countable compact ℑ𝒞2− space,  𝑥𝐴 be any 

𝒞 − 𝑝𝑜𝑖𝑛𝑡 in 𝑋 and 𝒞𝐹 any 𝒞 – closed set in 𝑋 such that 𝐴δX
̅̅ ̅𝐹 for each 𝐴 ⊆ 𝑋. 

Since (𝑋, 𝛿𝑥, 𝔍𝒞X) is ℑ𝒞2− space, then 𝒞𝐹 is 𝒞 – countable compact and for each 

𝑦 ∈ 𝑋 and  𝐵δX𝐹 , then there exists 𝒞𝐺 and 𝒞𝐻𝑦
 𝒞 − 𝑜𝑝𝑒𝑛  sets such that 𝐴δX𝐺, 

𝐹δX𝐻𝑦 and 𝒞𝐺 ⋏𝒞 𝒞𝐻𝑦
= 𝒞∅, the family of all {𝒞𝐻𝑦𝑖

  ,  𝑦𝐵 ∈ 𝒞𝐹} countable 

𝒞 − 𝑜𝑝𝑒𝑛 cover of 𝒞 – countable compact 𝒞𝐻𝑦
 and hence a finite subfamily  
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𝒞𝐻𝑦1 ,   𝒞𝐻𝑦2
 , … , 𝒞𝐻𝑦𝑛

 such that 𝒞𝐻𝑦
 ≼𝒞 

𝑛
⋎𝒞

𝑖 = 1
𝒞𝐻𝑦𝑖

.  Hence (𝑋, 𝛿𝑥, 𝔍𝒞X) is 𝒞 – 

regular space. 

Proposition 5.2.8: 

Let f: (X, δX) → (Y, δY) be a δ − continuous onto shrink function and  

f𝒞: (X, δX, 𝔍𝒞X) → (Y, δY, 𝔍𝒞Y) be a shrink 𝒞 − continuous function, then If 

(X, δX, 𝔍𝒞X) is ℒ𝒞 – countable compact space, then (Y, δY, 𝔍𝒞Y) is ℒ𝒞 – 

countable compact space. 

Proof: 

Let 𝐵 ⊆ 𝑌 and 𝑦 ∈ 𝑌 such that {𝑦}δY𝐵, but 𝐵δY𝑌. Since 𝑓 is onto, then there 

exists 𝐴 ⊆ 𝑋 such that {𝑥}δX𝐴 and 𝑓𝒞( 𝑥𝐴) =  𝑦𝐵. But (X, δX, 𝔍𝒞X) is ℒ𝒞 – 

countable compact space, then there exists 𝒞N nbd for  𝑥𝐴 such that for each 

𝐴 ⊆ 𝑋 such that 𝐴δX𝑁 and 𝑐𝑙𝒞(𝒞N) is 𝒞 –  countable compact set. Also 𝑓𝒞  is 

shrink 𝒞 − continuous function and by proposition (5.1.8), we get for each 

𝐵 ⊆ 𝑌, {𝑦}δY𝐵, then 𝐵δY𝑓(𝑁). Hence (Y, δY, 𝔍𝒞Y) is  ℒ𝒞 – countable compact 

space  

  𝓐𝓒 - Countable Compact:   5.3

In this section, we introduce and study the notion of 𝒜𝒞 − countable  

compact space in 𝒞 –topological space, and its relationship to the axioms of 

separation were studied. 

Definition 5.3.1:  

Let  (𝑋, 𝛿, 𝔍𝒞) be a 𝒞-topological space, the universal set 𝒞𝑋 (a non-empty 

center set 𝒞𝐴) is called 𝒜𝒞 −  countable compact space  if each countable 𝒞 − 

open cover {𝒞𝑈∝
 , 𝛼 ∈ Γ} of 𝒞𝑋 (𝒞𝐴) has finite ∆ subset of  Γ such that ∀ 𝐻 ⊆ 𝑋, 

there exist 𝛼0 ∈ ∆, 𝑐𝑙𝒞(𝑈𝛼0
)𝛿𝐻.  
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Proposition 5.3.2: 

Every 𝒞 − countable compact space is an 𝒜𝒞 − countable compact 

space. 

 Proof: 

Let (𝑋, 𝛿, 𝔍𝒞) be 𝒞 − countable compact space and ℋ = {𝒞𝐴𝜆
 ,   𝜆 ∈ Λ} 

be a countable 𝒞 − open cover of 𝒞𝑋. Then there exists finite 𝐼 subset of Λ such 

that ∀ 𝐻 ⊆ 𝑋, there exist 𝜆0 ∈ I, 𝐴𝜆0
𝛿𝐻. Now since 𝒞𝐴𝜆

≼𝒞 𝑐𝑙𝒞(𝒞𝐴𝜆
). We have 

for each 𝜆 ∈ Λ , 𝐻𝛿𝐴𝜆, then 𝐻𝛿𝑐𝑙(𝐴𝜆) . Therefore there exist 𝜆0 ∈ I,

𝑐𝑙(𝐴𝜆0
)𝛿𝐻. Hence (𝑋, 𝛿, 𝔍𝒞) is 𝒜𝒞 − countable compact space. 

Remark 5.3.3:  

Every 𝒞 – countable compact set is 𝒜𝒞 – countable compact set. 

The following example shows that the conversely of the above remark is 

not true. 

Example 5.3.4: 

Let 𝑋 =  {𝑥1, 𝑥2, 𝑥3, . . . } with 𝛿 be discrete proximity, define a 

𝒞 −topology 𝔍𝒞 on 𝒞X as follows: 

𝔍𝒞 = {𝒞{𝑥1}, 𝒞{𝑥1,𝑥2}, 𝒞{𝑥1,𝑥2,𝑥3}, … } ⋎𝒞 {𝒞∅}.  

Now we will show that (X, 𝛿, 𝔍𝒞) is an 𝒜𝒞 – countable compact space.  

But (X, 𝛿, 𝔍𝒞) is not 𝒞 – countable compact space.  

For each ∅ ≠ 𝒞A𝛼
∈ 𝔍𝒞, we have 𝑐𝑙𝒞(𝒞A𝛼

) =𝒞 𝒞X.  

Now, let ℋ = {𝒞A𝛼
 ,   𝜆 ∈ Λ} be a countable  𝒞 − open cover of 𝒞X.  
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This means 𝒞X =𝒞⋎𝒞 {𝒞A𝛼
 ,   𝜆 ∈ Λ}, then there exists 𝛼𝑜 ∈ Λ such that 𝒞A𝛼𝑜

∈

𝔍𝒞.  

But  𝑐𝑙𝒞(𝒞A𝛼
) =𝒞 𝒞X. Thus  (X, 𝛿, 𝔍𝒞) is an 𝒜𝒞 – countable compact space. 

Now we will show that (X, 𝛿, 𝔍𝒞) is not 𝒞 – countable compact space. 

Let Γ = {𝒞{𝑥1}, 𝒞{𝑥1,𝑥2}, 𝒞{𝑥1,𝑥2,𝑥3}, … } be a countable 𝒞 − open cover of 𝒞X, it is 

clear that Γ dose not have a finite subcover of  𝒞X. 

Proposition 5.3.5: 

Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 −Regular space, then (𝑋, 𝛿, 𝔍𝒞) is 

𝒞 − countable compact space if and only if is 𝒜𝒞 −  countable compact 

space. 

Proof: 

If (𝑋, 𝛿, 𝔍𝒞) is 𝒞 − countable compact space, then by Proposition (5.3.2) 

(𝑋, 𝛿, 𝔍𝒞) is 𝒜𝒞 − countable compact space. Conversely, let  ℋ = {𝒞𝑈𝜆
 ,   𝜆 ∈

Λ} be a countable 𝒞 − open cover of 𝒞𝑋. For each 𝑥 ∈ 𝑋, 𝐴 ⊆ 𝑋 𝑎𝑛𝑑 {𝑥}𝛿𝐴, 

there exists 𝜆𝑥 such that 𝐴𝛿𝑈𝜆𝑥
, but (𝑋, 𝛿, 𝔍𝒞) is 𝒞 −Regular space, then there 

exists 𝒞 −open set 𝒞𝐻𝜆𝑥
 such that for each 𝑥 ∈ 𝑋, 𝐻𝜆𝑥 ⊆ 𝑋, {𝑥}𝛿𝐻𝜆𝑥 and  ∀𝐾 ⊆

𝑋, 𝐾𝛿𝑐𝑙(𝐻𝜆𝑥), then 𝐾𝛿𝑈𝜆𝑥
. Now, ℱ = {𝒞𝐻𝜆𝑥

 ,   𝑥 ∈ X} is a countable 𝒞 − open 

cover of 𝒞𝑋. But (𝑋, 𝛿, 𝔍𝒞) is 𝒜𝒞 − countable compact space, then there exists 

finite 𝐼 subset of 𝑋 such that for each 𝑥 ∈ 𝑋, ∀𝐾 ⊆ 𝑋, 𝐾𝛿𝑋 and 𝐾𝛿𝑐𝑙(𝐻𝜆𝑥) for 

some 𝑥 ∈ 𝐼, therefore  𝐾𝛿cl𝜏(𝐻𝜆𝑥) for some 𝑥 ∈ 𝐼 . Hence (𝑋, 𝛿, 𝔍𝒞) is 𝒞 −

countable compact space. 
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Proposition 5.3.6: 

Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 −topological space and 𝒞A, 𝒞B are center sets in 𝑋  

such that 𝒞A is 𝒜𝒞 − countable compact set and 𝒞A ≼𝒞 𝒞B ≼𝒞 𝑐𝑙𝒞(𝒞A), then  

𝒞B is 𝒜𝒞 − countable compact set. 

Proof: 

Let ℋ = {𝒞𝑈𝜆
 ,   𝜆 ∈ Λ} be a countable  𝒞 − open cover of 𝒞B,  

⇒ For each 𝑦 ∈ 𝑋, {𝑦}𝛿𝐵, for some 𝜆𝑜 ∈ Λ, ∀∅ ≠ 𝐾 ⊆ 𝑋, 𝐾𝛿𝐵,  then 𝐾𝛿𝑈𝜆𝑜
.  

But ∀𝐾𝛿𝐴, then 𝐾𝛿𝐵, 

 ⇒  for some 𝜆𝑜 ∈ Λ, ∀∅ ≠ 𝐾 ⊆ 𝑋, 𝐾𝛿𝐴, then 𝐾𝛿𝑈𝜆𝑜
.  

And 𝒞A is 𝒜𝒞 − countable compact set,  

⇒ there exists finite 𝐼 subset of Λ such that ∀∅ ≠ 𝐾 ⊆ 𝑋, 𝐾𝛿𝐴, then for some 

𝜆𝑜 ∈ 𝐼, 𝐾𝛿𝑐𝑙(𝑈𝜆𝑜
).  

⇒ ∀∅ ≠ 𝐾 ⊆ 𝑋, 𝐾𝛿𝑐𝑙(𝐴) iff for some 𝜆𝑜 ∈ 𝐼, 𝐾𝛿𝑐𝑙(𝑈𝜆𝑜
).  

But 𝒞B ≼𝒞 𝑐𝑙𝒞(𝒞A), then some 𝜆𝑜 ∈ 𝐼 , 𝐾𝛿𝐵, then 𝐾𝛿𝑐𝑙(𝑈𝜆𝑜
). 

Hence 𝒞B is 𝒜𝒞 − countable compact set. 

 

Corollary 5.3.7: 

Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞 −topological space and 𝒞A be a 𝒜𝒞 − countabl 

compact set in 𝑋, then 𝑐𝑙𝒞(𝒞A) is also  𝒜𝒞 − countable compact set.  
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Proposition 5.3.8: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a δ − homeomorphism shrink function and  

f𝒞: (X, δX, 𝔍𝒞X) → (Y, δY, 𝔍𝒞Y) be a shrink 𝒞 − continuous function, then If 𝒞A is  

𝒜𝒞 – countable compact set for each 𝒞A  subset of 𝒞X, then 𝒞f(A)  is 𝒜𝒞– 

countable compact set subset of  𝒞Y. 

Proof: 

Suppose 𝒞A is  𝒜𝒞 – countable compact set in 𝑋 and ℋ = {𝒞𝑈𝜆
 ,   𝜆 ∈ Λ} 

be a countable 𝒞 − open cover of 𝒞f(A) such that for each 𝐵 ⊆ 𝑋, ∀𝑥 ∈ 𝑋 such 

that {𝑥}𝛿𝐵 and ∃𝜆° ∈ Λ , 𝐵𝛿𝐴𝜆°
. By proposition (2.1.1.8), then 

𝒞A ≼𝒞 𝑓−1(𝒞f(A)) ≼𝒞    𝑓−1 (⋎ 𝜆 {𝒞𝑈𝜆
}) =𝒞 ⋎ 𝜆 {𝒞𝑓−1(𝑈𝜆)}. Therefore Γ =

{𝒞𝑓−1(𝑈𝜆) ,   𝜆 ∈ Λ} is countable 𝒞 − open cover of 𝒞A such that for each 𝐾 ⊆ 𝑋, 

∀𝑥 ∈ 𝐴 such that {𝑥}𝛿𝐾 and ∃𝜆° ∈ Λ  and 𝐾𝛿𝑓−1(𝑈𝜆°
). But 𝒞A is  𝒜𝒞 – 

countable compact set, then Γ has a finite subfamily 𝐼 such that for some 𝜆° ∈ 𝐼, 

∀ 𝐾 ⊆ 𝑋, ∀𝑥 ∈ 𝐴 such that {𝑥}𝛿𝐾 and ∃𝜆° ∈ I , 𝐾𝛿𝑓−1(𝑈𝜆°
). Whose center 

closure 𝒞A and by proposition (2.1.1.8) , that is to say: 

𝒞A ≼𝒞 𝑐𝑙𝒞(
n

⋎𝒞

i = 1
𝒞𝑓−1(U𝜆𝑖

) )   =𝒞 𝑐𝑙𝒞(𝑓−1(
n

⋎𝒞

i = 1
𝒞U𝜆𝑖

 )).  

     ≼𝒞 𝑓−1(𝑐𝑙𝒞(
n

⋎𝒞

i = 1
𝒞U𝜆𝑖

 )). Accordingly and by Proposition (2.1.1.6 ), then 

𝒞f(A) ≼𝒞 𝑓(𝑓−1(𝑐𝑙𝒞(
n

⋎𝒞

i = 1
𝒞U𝜆𝑖

 ))). 

           ≼𝒞 𝑐𝑙𝒞 (
n

⋎𝒞

i = 1
𝒞U𝜆𝑖

 ) =𝒞

n
⋎𝒞

i = 1
𝑐𝑙𝒞(𝒞U𝜆𝑖

).  

Thus 𝒞f(A)  is 𝒜𝒞– countable compact set. 
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Proposition 5.3.9: 

Let 𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) be a reduction 𝛿 − homeomorphism reduction 

function and  f𝒞: (X, δX, 𝔍𝒞X) → (Y, δY, 𝔍𝒞Y) be a reduction 𝒞 − 

homeomorphism function, if 𝒞A is  𝒜𝒞 – countable compact set for each 𝒞A  

subset of 𝒞X, then f𝒞(𝒞A)  is 𝒜𝒞 – countable compact set subset of  𝒞Y. 

Proof: 

We prove the same way to prove Proposition (5.3.8). 

  𝓗𝓒 - Countable closedness:   5.4

In this section, we give several characterization of 𝒞 − countable compact 

in center topological space, nearly ℋ𝒞 − countable closed space. Furthermore, 

the relationship between this concept and the separation axioms in center 

topological space had been studied.  

Definition 5.4.1:  

Let  (𝑋, 𝛿, 𝔍𝒞) be   𝔍𝒞2 − 𝑠𝑝𝑎𝑐𝑒, the universal set 𝒞𝑋 (a non-empty center 

set 𝒞𝐴) is called ℋ𝒞 − countable closed space  if each countable 𝒞 − open 

cover {𝒞𝑈∝
 , 𝛼 ∈ Γ} of 𝒞𝑋 (𝒞𝐴) has finite ∆ subset of  Γ such that ∀ 𝐻 ⊆ 𝑋, there 

exist 𝛼0 ∈ ∆, 𝑐𝑙𝒞(𝑈𝛼0
)𝛿𝐻.  

Remarks 5.4.2: 

i. Every ℋ𝒞 − countable closed space   is  𝒜𝒞 − countable compact space. 

ii. Every 𝒜𝒞 − countable compact space and 𝔍𝒞2 − 𝑠𝑝𝑎𝑐𝑒 is ℋ𝒞 −

countable closed space. 

iii. Every ℋ𝒞 − countable closed space and 𝔍𝒞3 − 𝑠𝑝𝑎𝑐𝑒 is 

𝒞 − countable compact space. 
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The following example shows that the conversely of the above remark (i) is 

not true. 

Example 5.4.3:  

Let (𝑋, 𝛿, 𝔍𝒞) be a 𝒞-topological space, 

Where 𝑋 = {𝑎, 𝑏}, 𝐴𝛿𝐵 𝑖𝑓𝑓 𝐴 ∩ 𝐵 ≠ ∅)  

And    𝔍𝒞 = { 𝒞∅, {〈X, {a}〉}, {〈X, {b}〉}, {〈X, {a}〉, 〈X, {b}〉}, {〈X, {a}〉, 〈X, X〉}, 

           {〈X, {b}〉, 〈X, X〉}, {〈X, X〉}, {〈{a}, {a}〉, 〈{a}, X〉}, {〈{b}, {b}〉, 〈{b}, X〉}, 𝒞𝑋} 

Then (𝑋, 𝛿, 𝔍𝒞)  is 𝒜𝒞 − countable compact space.  

But is not 𝔍𝒞2 – 𝑆𝑝𝑎𝑐𝑒. Hence it is not ℋ𝒞 − countable closed space. 

Theorem 5.4.4: 

Every 𝒞 − countable compact space and 𝔍𝒞2 − 𝑠𝑝𝑎𝑐𝑒 is ℋ𝒞 −

countable closed space. 

Proof: 

Let (𝑋, 𝛿, 𝔍𝒞) be 𝒞 − countable compact space and 𝔍𝒞2 − 𝑠𝑝𝑎𝑐𝑒 and 

Γ = {𝒞𝑈∝
 , 𝛼 ∈ Γ}  be countable 𝒞 − open cover of (𝑋, 𝛿, 𝔍𝒞) , then there exists 

finite 𝐼 subset of Γ such that ∀𝑥 ∈ 𝑋 , ∀𝐻 ⊆ 𝑋, {𝑥}𝛿𝐻, then for some ∝𝑜∈  𝐼, 

𝐻𝛿𝑈∝𝑜
, now since ∀𝐻 ⊆ 𝑋, 𝐻𝛿𝑈∝𝑖

, then 𝐻𝛿𝑐𝑙(𝑈∝𝑖
). Hence (𝑋, 𝛿, 𝔍𝒞) is 

ℋ𝒞 − countable closed space. 

Theorem 5.4.5: 

Let (𝑋, 𝛿, 𝔍𝒞)  be 𝒞 − 𝑅𝑒𝑔𝑢𝑙𝑒𝑟 space   and 𝔍𝒞2 − 𝑠𝑝𝑎𝑐𝑒, then (𝑋, 𝛿, 𝔍𝒞)  

is ℋ𝒞 − countable closed space if and only if it is 𝒞 − countable compact 

space. 
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Proof: 

Since (𝑋, 𝛿, 𝔍𝒞) is ℋ𝒞 − countable closed space, then (𝑋, 𝛿, 𝔍𝒞) is 

𝒜𝒞 − countable compact space, but its 𝒞 − 𝑅𝑒𝑔𝑢𝑙𝑒𝑟 space, then by 

Proposition (5.3.5) we have (𝑋, 𝛿, 𝔍𝒞) is 𝒞 − countable compact space.  

Conversely, since (𝑋, 𝛿, 𝔍𝒞) is 𝒞 − countable compact space and 𝒞 −

𝑅𝑒𝑔𝑢𝑙𝑒𝑟 space, and then by Proposition (5.3.5) we have (𝑋, 𝛿, 𝔍𝒞) is ℋ𝒞 −

countable closed space. 

Proposition 5.4.6: 

Let f: (X, δX) → (Y, δY) be a δ − homeomorphism shrink function and  

f𝒞: (X, δX, 𝔍𝒞X) → (Y, δY, 𝔍𝒞Y) be a shrink 𝒞 − continuous function. If 

(X, δX, 𝔍𝒞X) is  ℋ𝒞 − countable closed space, then (Y, δY, 𝔍𝒞Y)  is ℋ𝒞 −

countable closed space. 

Proof: 

Direct from define of ℋ𝒞 − countable closed space and by Proposition 

(5.3.8).  
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Conclusion and future work 

Through this study related to the proximity theory, which was limited 

to the 𝒞 −set in the center topological space with the presence of the 

proximity space. We found types of functions using the 𝒞 −set and the 

effect was obvious by studying the transition behavior of items and 

sets for each of these types of functions and obtained significant 

results, In addition to the possibility of applying these results to some 

of the research presented before In light of the new definitions 

presented for compactness and some of its types in this study and the 

results presented therein. Also, we can add several studies, including: 

1. With the concept of the 𝒞 −sets present in the central topological 

spaces, it is possible to further study the concept of 𝒞 − net, 𝒞 − 

filter and 𝒞 − ideal.  

2. Expanding the concept of compactness and its types and 

studying the relationship between them and the topological 

concepts 𝒞 − net, 𝒞 − filter and 𝒞 − ideal.  

3. Studying some relationships between the concept of 𝒞 −

 compactness and the central sequences after this concept is 

presented. 

 



 

 



 

125 
 

REFERENCES  

[1] A. Abdulsada and Luay A. Al Swidi “Center set of Proximity Space”, 

accepted in international scientific conference of the university of Babylon 

(ISCUB-2019).  

[2] A. Abdulsada and Luay A. Al Swidi ,“Some Properties of 𝒞-Topological 

Space” 2019 First International Conference of Computer and Applied Sciences 

(CAS); IEEE; P. 52-56.  

[3] A. Abdulsada and Luay A. Al Swidi ,“Separation Axioms of Center 

Topological Space”, Jour of Adv Reserch in Dynamical & Control System, Vol. 

12, No. 5, P(186- 192), 2020.  

[4] A. Abdulsada and Luay A. Al Swidi, “𝒞-Ideal Via 𝒞-Topological Space” 

International Journal of Recent Technology and Engineering (IJRTE) ISSN: 

2277-3878, Volume-8 Issue-5, January 2020.  

[5] A. Abdulsada and Luay A. Al Swidi , A paper entitled “Compatibility of 

Center Ideals with Center Topology” was submitted to Al Ain University 

Conference – Dhi qa 

[6] S. Willard, General Topology, Addison Wesley, Reading, Mass (1970). 

References 104  

[7] S.A. Naimpally And B.D. Warrack, Proximity Spaces, Cambridge Tracts 

No. 59, Cambridge, 1970.  

[8] Sweety Agrawal, Constructions in (Fibrewise) Proximity Spaces, Master 

Thesis, Harish Chandra P.G. college, Varanasi, Department of Mathematics 

(2012)  

[9] V.A Efremovic, The Geometry of Proximity I, Mat. Sb. 31, 73 (In Russian) 

(1952) 189-200.  

[10] V.A. Efremovic, Infinitesimal Spaces, Dokl. Akad. Nauk, SSSR 76(1951) 

341-343.  

 [11] Y.M. Smirnov, On Proximity Spaces, Mat. Sb. 37 (73) 543-574, In 

(Russian); English Translation in Am. Math. Soc. Transl. Ser. 2, 38 (1952) 5-35.  



 

126 
 

 [12] Y. K. Altalkany and Luay A. Al Swidi, Focal Function in i-Topological 

Spaces via Proximity Spaces, Journal of Physics Conference 

Series DOI: 10.1088/1742-6596/1591/1/012083,(2020) 

 

 

https://www.researchgate.net/journal/Journal-of-Physics-Conference-Series-1742-6596
https://www.researchgate.net/journal/Journal-of-Physics-Conference-Series-1742-6596
http://dx.doi.org/10.1088/1742-6596/1591/1/012083


 

 

 المستخلص

اء دوال وفضاءات جديدة في الفضاءات التبولوجية المركزية من خلال تهدف هذه الدراسة إلى بن

نظرية القرب ، ودراسة جميع المفاهيم التبولوجية التي يمكن دراستها فيه. كذلك العلاقات التي تربط بين 

تلك الفضاءات ضمن هذا الفضاء. حيث تم استعراض بعض المفاهيم الاساسية لنظرية القرب وكذلك 

والخواص الجبرية لتلك المجموعة وعرض بناء الفضاءات التبولوجية المركزية والتي  ets – 𝒞مفهوم 

 تمثل المرحلة الاولى من هذا العمل.

المرحلة الثانية : تم تقديم مفهوم الدالة في الفضاءات الت ولوجية المركزية مع دراسة خوا ها الرياضية 

حيث تم تعريف عدة ال على بديهيات الفصل المركزية.وتاثير تلك الدووكذلك مفهوم الاستمراية والتكافؤ 

 :دوال منها 

 Shrink central function        

 Reduction central function  

 Stronger central function     

 Weakly central function      

رف اعتمد تصنيف الدوال اعلاه حسب تواجد فضاءات القرب في المجال والمجال المقابل حيث ع

الصنف الاول والثاني بافتراض ان الدالة معرفة من فضاء القرب الى فضاء القرب اما الصنف الثالث 

فعرف من فضاء القرب الى مجموعة تم تعريف علاقتها من خلال علاقة المجال اما الصنف الاخير 

  فتم تعريفه من مجموعة الى فضاء القرب وتم تعريف العلاقة بنفس اسلوب الصنف الثالث.

𝒞المرحلة الثالثة: تم تقديم مفهوم الفضاءات  − compact   ( وبعض من تصنيفات ذلك الفضاءℒ𝒞 – 

compact  و𝒜𝒞 − compact   و ℋ𝒞 − closed  ). 

𝒞المرحلة الرابعة : تم تقديم مفهوم الفضاءات  − lindelof  ( وبعض من تصنيفات ذلك الفضاءℒ𝒞 – 

lindelof  و𝒜𝒞 − lindelof   و ℋℒ𝒞 − closed  ). 

𝒞المرحلة الخامسة: تم تقديم مفهوم الفضاءات  −  countable compact    وبعض من تصنيفات ذلك

𝒜𝒞و  ℒ𝒞 – countable compactالفضاء ) − countable compact   و ℋ𝒞 − countable 

closed  ) 

ة الدوال التي تم بنائها في الخواص التبولوجية بواسط   حيث تم  في المراحل الثلاثة الاخيرة دراسة 

مركزية وعلاقة تلك الفضاءات مع بديهيات الفصل اللتلك الفضاءات الخاصية الوراثية و المرحلة الاولى

 .اتحاد وتقاطع تلك الفضاءاتوالتاثير المتبادل بينهما وكذلك 
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