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Abstract

This study aims to build new functions and spaces in the central topological
spaces through proximity theory, and to study all the topological concepts that
can be studied in it. As well as the relationships between those spaces within this
space. Where some basic concepts of proximity theory were reviewed, as well as
the concept of C-set and the algebraic properties of that set and the construction
of central topological spaces, which represents the first stage of this work.

The second stage: The concept of function in the central topological spaces was
introduced by studying their mathematical properties as well as the concept of
continuity and equivalence and the effect of those functions on the central
axioms of the class. Several functions have been identified, including:

e Shrink central function

e Reduction central function
e Stronger central function
e Weakly central function

The classification of the above functions was adopted according to the
presence of proximity spaces in the domain and the corresponding domain,
where the first and second class were defined assuming that the function was
defined from the proximity space to the proximity space, while the third class
was defined from the proximity space to a set whose relationship was defined
through the domain relationship, while the last class was defined from a set to
the proximity space and the relationship was defined in the same manner as the
third category.

The third stage: The concept of C —compact spaces and some
classifications of that space were introduced (LC — compact space, AC —
compact space and H'C — closed space).

The fourth stage: The concept of C — lindelof spaces and some
classifications of that space were introduced (LC - lindelof spaces, AC —
lindelof spaces and H LC — closed spaces).

The five stage: The concept of C — countable compact spaces and some
classifications of that space were introduced (LC — countable compact space,
AC — countable compact space and H'C — countable closed space).



In the last three stages, the topological properties were studied by means of
the functions constructed in the first stage, the heredity properties of those
spaces, the relationship of those spaces to the axioms of central separation and
the mutual influence between them, as well as the union and intersection of

those spaces.
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Introduction

The first pillar of the study presented in this thesis is the use of the concept
of proximity relation, this type of relationship was identified at the beginning of
the last century by F. Riesz (1909) [10], It was rediscovered and axiomatized by
V. A. Efremovi¢(1934) [9], under the name of infinitesimal space , Where he
used the concepts of proximity space to put forward his theory known as “theory
of enchainment” which did not see the light and does not realize the

development at that time.

Where the idea of the concept of proximity crystallized through metric
space, this is because the metric space (X, d) , we may define it as a relationship
o on P(X) as follows:

AéB ifandonly if D(A,B) = 0,
Where D (A,B) = inf {d(a,b):a € A,b € B}.

This definition reflects a nearness between A and B. The concept of
nearness was initiated by F. Riesz in the year 1908.
After a period of time, the definition of proximity neighbourhoods was provided
by V. A. Efremovic¢ [9], An equivalent set of axioms is obtained to obtain the
proximity space. Proximity theory continued to develop rapidly by many
researchers it has been translated into many research papers that have been
directly and indirectly applied and in different fields. We review some lines of
research in this field.

e In 1986, Kiinzi [7] studied the concept of proximity within a topological
space by coarsest quasi-proximity. In the same year, a research paper was
published by Mee-Kyoung [8], that quasi-proximity spaces that it causes
quasi-uniformity It has the same feature and quasi-uniformity It is a

structure that has the same closure in topological spaces.



e Also uses Latecki, Longin and Frank Prokop in 1995 [10], semi-
proximity spaces To provide a relationship between topological concepts
digital image processing in R™.

e In 2019 , researcher Yiezi [12], using proximity spaces To extract new
spaces called i-topological proximity spaces. Then the concept of focal

focal functions was introduced through the concept of focal set.

The second and fundamental pillar of our work is the center topological
spaces. In 2019, researchers D. A. Abdulsada, L. A. Al-Swidi, presented a
concept for the first time, center set via proximity relation, through this
concept, a new space called central topological spaces is built [1] . Several
concepts were introduced within this space such as (C-open, C-closed, C-
neighborhood, C-closure, C-interior) sets [2], Where the same researchers
studied the central separation axioms in center topological spaces such as (Jeo-
space, Jqi-Space, Jep-space, C-regular, C-normal, Jes-Space and Jes-
space)[3,4,5].

This dissertation consists of five chapters:
In chapter one, the most important basics of proximity space are given, C — set
and C — topological spaces, by presenting the most important algebraic and

topological properties of these concepts.

Chapter two consists of four sections. In section one; we introduced the
concept of sharing central function in proximity spaces. We studied the most
important properties of these functions, continuity, and its relationship to the
separation axioms in C — topological spaces. In section two; we introduced the
concept of reduction central function in proximity spaces. We studied the most
important properties of these functions, continuity, and its relationship to the
separation axioms in C — topological spaces. For the third and fourth sections,
we have introduced two types of functions called stronger central function and

2



weaker central function , in which these two functions are characterized by
having a single relationship on either X or Y space. As in the first section, these

functions and their continuity are studied in the central topological spaces.

Chapter three consists of four sections. In section one; we introduced the
concept of C — compact spaces in central topological spaces and studied their
topological properties and their relationship to the central separation axioms. In
the other sections of this chapter, we introduce the concepts (LC — compact
space, AC — compact space and HC — closed space) and the topological

properties of each of these spaces.

In Chapter four, we give several characterizations of Center lindelofness,
where the concept of C — lindelof spaces within the central topological spaces
was introduce and the topological properties of this space and its relationship to
the axioms of separation were studied. Also in section two we introduce new
concept, namely LC - lindelof space and its relationship to the axioms of
separation were studied. In section three and fore we introduce new concepts

namely AC — lindelof and H LC — closed, and we study their properties.

Chapter five consists of four sections. In section one; we introduced the
concept of C — countable compact spaces in central topological spaces and
studied their topological properties and their relationship to the central
separation axioms. In the other sections of this chapter, we introduce the
concepts (LC — countable compact space, AC — countable compact space and
HC — countable closed space) and the topological properties of each of these

spaces.
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CHAPTER ONE Center Set & C-Topological space

Chapter One: Center Set & C-Topological space

In this chapter, we deal with the most important special mathematical tools
in the process of building a thesis, as they are the mainstay of our work. The
main aspect of the proximity relationship includes its definition, its most
important characteristics and the construction processes that were the basic
building block for building the concept of C - set, and which was the starting
point for the process of building modern concepts that was adopted in this thesis.
The first chapter contains two parts:

The first topic deals with the concept of proximity space and its most
important characteristics, theories and examples. The second topic dealt with the
concept of C - set and its algebraic properties, as well as the topological

concepts through the concept of C - topological spaces.

1.1 Proximity Space
In this part, we review the concept of proximity space and its basic

properties, also give some examples and basic theories that we need in our work.

Definition 1.1.1[7].

A binary relation § on the power set of X is called an Efremovio
proximity on X if and only if it satisfies the following axioms for each
A B,C,E C X:

B1l. AdSB implies B&A,;
B2. (AU B)4C ifand only if ASC or B6C;
B3. ASBimpliesA # @,B # ©;

B4. AN B # @ implies ASB.

B5. AS8B implies that there exists a subset E such that ASE and X — ESB;

The pair (X, 8) is called a proximity space. In addition, if § also satisfies:

4



CHAPTER ONE Center Set & C-Topological space

B6. Vx,y € X:({x}é{y}implies x =y), then the pair (X,5) is called a
separated proximity space.
Note, strictly speaking one should use the notation A6B ((A,B) € § ) or
ASB ((4,B) ¢ & ), when the sets A and B are either near (&) each other or far
(8) each other.

Let (X,8) be a proximity space. For a subset A of X define cl(4) = {x €
X : {x}6A} Then 'cl' is a Kuratowski closure operator on X. The topology
obtained by this operator is called the topology induced by &, and is denoted by
Ts.

Note that for subsets A and B of a proximity space (X, d), ASB if and only
if cly (A)oclr (B) # @.

Definition 1.1.2 [7].

If on a set X, there is a topology T and a proximity & such that T = T, then

T and ¢ are said to be compatible.

Examples 1.1.3.

% Let X be a non-empty set. For A,B € P(X), AéB ifandonly if ANB #
@. 6 is a separated proximity. The proximity defied in this way is called

discreate proximity and (X, &) called discreate proximity space.

% Let X be any non-empty set and define ASB iff A=@and B+ @. 5 isa
proximity on X. If X contains two or more points, then § is not a separated
proximity. & defined in this way is called the trivial proximity and (X, §)

called trivial proximity space.
% Let (X, d) be a pseudomatric space. Define ASB iff d(4,B) = 0,

Where, d(A,B) = inf{d(a,b) : a € Aand b € B}. So § is a proximity
on (X,d). § defined in this way is called the pseudomatric proximity and
(X,d, ) called pseudo-matric proximity space.

5



CHAPTER ONE Center Set & C-Topological space

< Consider a normal space (X, T). Define ASB iff clr (A) N clr (B) # @.
4§ is a proximity space on X. & defined in this way is called the normal

proximity and (X, T, §) called normal proximity space.

The following theorem shows the most important properties of the proximity
relationship, which has an important mathematical content in the construction

process.

Theorem 1.1.4[7]:

Let (X, &) be a proximity space. Then
(@) If A6Band B < C, then A6C;
(b) If A6B and C S B, then ASC;
(c) If there exists a point x € X such that A5{x} and {x}&B, then AéB;
(d) AS@ forevery A € X;
The axiom B5 has basic equivalents for the purpose of simplifying its
concept, as shown in the following proposition.

Proposition 1.1.5[7]:

If § is a proximity relation on a set X, then the axiom (B5) in (definition

1.1.1) is equivalent to each of the following statements:
(B5') If ASB, then there are sets C and D such that A5C, B6D and CUD = X;

(B5'") If ASB, then there are sets C and D such that A6X — C, X — DSB and

CoéD:;

(B5"") If ASB, then there are sets € and D such that Cn D = @, A6X — C and
BSX —D.



CHAPTER ONE Center Set & C-Topological space

Now we will review the definition of neighborhoods in proximity spaces

and their properties and characteristics.

Definition 1.1.6 [7].

Let (X,d) be a proximity space. We say that the sets A,B < X are in the
relation <« and write A « B if A6X — B. When A « B, we call B a proximity or
&-neighborhood of A.

Neighborhoods have properties and we will notice that they are
synonymous with neighborhoods properties in usual topology, as shown in the

following Proposition, which has an important influence.

Proposition 1.1.7[8].

Let (X, &) be a proximity space. Then the relation « satisfies the following

properties:

Ol X<KX;

02. IfA«KB,thenA c B;

03. AcB «KCcDimpliessdA « D;

O4. ALK BimpliessX —B KX — A4;

05. AKLByistruefork=1,2,...,nifandonly if A < Ny=; By;

06. If A K< B, then there existsaset C ¢ X suchthat A « C < B.
If 6 is a separated proximity, then

O7. {x}<KX-—{y}ifandonlyifx = y.

Corollary 1.1.8]8]:

If A, K B fork =1,2,...,n, for N;-, By # @ then:
1. U‘;(l:l Ak << n};":l Bk.

2. U1 Ar < Uk=q Be.



CHAPTER ONE Center Set & C-Topological space

3. Nig=1Ax L Ni=q Bx.
4. Nk=14k < Uk=1 By

We will now go through the process of creating a topology from proximity
space (X,6) and this topology is produced by introducing the definition of a

closed set.

Definition 1.1.9[11]:

Let (X, ) be a proximity space. A subset F c X is defined to be closed if
and only if {x}&F implies x € F. t4 is the family of complements of all the sets

defined in such a way, such that is a topology on the set X.

Proposition 1.1.10[7, 11]:

If G is a subset of a proximity space (X, 6 ), then G is open in topology s

if and only if {x}6X — G forevery x € G.

Proposition 1.1.11[7]:

If A and B are subsets of a proximity space (X, &), then A§B implies:
@cl,,(BycXx — A,
(b) B c int, (X — A).

Where the closure and the interior are taken with respect to the topology

Ts-

Proposition 1.1.12[7]:

Let (X, &) be a proximity space. For any subsets A and B of X, then:
(@) A < B implies cl,,(A) < B;

(b) A < B implies A < int, (B).



CHAPTER ONE Center Set & C-Topological space

Proposition 1.1.13[7]:

The intersection of all &-neighborhoods of a set A is equal to the

T5 —closure of the set A.

Proposition 1.1.14[7]:

The topology 75 generated by a proximity relation § on a space X is

regular.

Now we review the concept of continuity in the space of proximity and the
most important basic characteristics of continuity that have been adopted in our

work through the following definition and theories.

Definition 1.1.15[71]:

Let (X,6x) and (Y,8y) be two proximity spaces. The mapping f :
(X,6x) = (Y,6y) is said to be proximally or §-continuous if A6xB implies
f(A)éyf(B) for every two sets A, B C X.

Theorem 1.1.16]7]:

A mapping f : (X,6x) — (Y,d8y) of a proximity space (X,dy) into a
proximity space (Y,dy) is &-continuous if and only if for every two sets
P,Q c Y, P&,Q implies f~1 (P)8xf~(Q).

Corollary 1.1.17[7]:

Let f:X — (Y,6y) be a mapping from a set X on a proximity space
(Y,8y). Then 65, = f~1(8y ) is the coarsest proximity on X for which f is a §-

continuous mapping.



CHAPTER ONE Center Set & C-Topological space

Theorem 1.1.18[7]:

Let (X, 6x) be a proximity space, f : (X,8x) — Y agiven mapping and &y
be a relation on the set Y defined by: 46, B if and only if f~1 (4)8y f~1(B).
Whenever &y, defined in this way, is a proximity on Y, then 8y = f(6x). This is
the case if f is surjective and if for 4,B c Y, f~1 (A)8yx f~1(B), there exist
C,DcY such that CcnD=0¢f1TASbfY-C and
"1 (B)8yx f~X(Y — D), then &y is_proximity on Y.

1.2 Center Sets Theory
In this part, we review the concept of the center sets and present some of

the algebraic properties of these sets.

Definition 1.2.1[1]:

Let (X, &) be a proximity space and A € X. A center set of A is defined by
Cs ={(A,B): B € X and ASB}

Example 1.2.2:

Let X = {a, b} and & discrete proximity, then the following center sets are:
Cy = 0;

Crgy = {{{a} {a}), {{a}, X)};

Cpy = {{{b}, {b}), ({b}, X)};

Cx = (X, {a}), (X, {b}) (X, X)}.

Example 1.2.3:

Let X = {1,2,3} and d defined by

d(1,1) =d(2,2) =d(3,3) =0
d:<1d(1,2) =d(2,1) =d(2,3) =d(3,2) = 1, then (X,d) is pseudomatric
d(1,3) =d(3,1) =4

space. Define 6 pseudo-matric proximity, then the following center sets are:

10



CHAPTER ONE Center Set & C-Topological space

Cyp = 0;

Cry = ({13 {1), ({13, {1,2}), ({1}, {1,3}), ({1}, X)};
Coy = ({2} {2}), ({2}, {1,2}), ({2}, {2,3}), ({2}, X)};
Cay = ({3}, {33), ({3}, {1,3}1), ({3}, {2,3}), ({3}, X)};

c VUZ}UD<U2}BD<UZ}UZD}
2} (1,23, {1,3}), ({1,23,{2,3}), ({1,2}, X))’

c VUS}UD<U3}BD<U3}UZD}
37 ({1,33,{1,3}), ({1,3},{2,3}), ({1,3}, X))

c ?&3}&D<&3}BD<&3}UZD}
23} 7 (({2,3},{1,3}), ({2,3},{2,3}), ({2,3}, X))’

Cx = {(X, {11, (X, {2}), (X, {3}, (X, {1,2}), (X, {1,3}), (X, {2,3}), (X, X) }.

Example 1.2.4:

Let X ={a,b,c}and T = {@,{a}, {b, c}, X}, then (X, T) is normal space.
Define § normal proximity, then the following are center sets,
Cy = 0;
Cry = {{{a}, {a}), ({a}, {a, b}), ({a}, {a, c}), {{a}, X)};

c _{Gw{m>GM{G)GM{abD<w}MCD}
3 ({b}, {b, c}), ({b}, X)

e {({C} {b}), ({c} {c}) (L} {a, b}), ({c} a, C})}
= ({c},{b, c}), {{c}, X)

c ?mb}mDQaM{mumb}@»«aM{amq
teb} = ({a, b}, {a, c}), {{a, b}, {b, c}), {{a, b}, X) !

{({a, c},{a}), {a, c},{b}), {a,c},{c}).{{a,c}{a, b}).}.
({a, c}{a, c}). {a, c}, {b, c}), ({a, c}, X) ’

{({b, c}, {b}), {{b, c}, {c}),{{b, c}.{a, b}>,}.
({b, c}{a, c}), ({b, c},{b, c}), {{b, c}, X))’

C{a.c}

Cib,c}

11



CHAPTER ONE Center Set & C-Topological space

Cx = X, {a}), (X, {b}), (X, {c}), (X, {a, b}), (X, {a, c}), (X, {b, c}), (X, X)}.

We review the algebraic relationships of the center set through the

following definition.

Definition 1.2.5. [1]

For two center sets C4 and Cg over a proximity space (X, §), we say that

1. C4is a center subset of Cy if and only if for each (4, C) € C,, implies
(B,C) € Cg. We write Cy <¢ Cp. In (Example 1.2.4) C(43 <¢ Crap} -

2. C,is a center equal to Cg if and only if C, is a center subset of Cz and
Cp is a center subset of C,.We write C4 = Cz . In (Example 1.2.4)
Ciwy =¢ Ciey =¢ Ci,cy and Ciapy =¢ Cia,c; =c Cx-

3. Cx ={(X,A): @ # A c X}isuniverse center.

4. Cy = @ is Null center set.

5. The center complement of C, is define by:

Cop.C, = {(X,B) € Cx : (A,B) & C,}
Clearly, Cop.Cx = Cy and Cop.Cy = Cx. We denote cop.C, by C’)((A).

6. The center difference is define by:

C,s—Cs={(A,C): (4,C) € Cyand (B,C) & Cg).

7. Center union of G, and Cy is define by:
CyVeCg ={(AUB,C): (A,C)E Cyor(B,C)E Cg}

8. Center intersection of C, and Cj is define by:
CyAe Cg ={(AUB,C): (A,C) € Cqand (B,C) € Cp}

Example 1.2.6:

Let (X, §) be a proximity space such that X = {1,2,3} and § is discreate
proximity. Then the following are center sets:

Coay = ({13 {1, ({13, {1,2}), ({13, {1,3}) ({1}, X)}

12



CHAPTER ONE Center Set & C-Topological space

Coy = ({2} 23), ({2}, {1,2}), ({2}, {2,3}) ({2}, X)}
Ciy Ae Cpoy = {{{1,2},{1,2}), {{1,2}, X)}

ey :{<{1,2},{1}>,<{1,2},{2}>,<{1,2},{1,2}>,<{1,2},{1,3}>,}
t} 7o ({1,2},{2,3}) ({1,2}, X)

cop. 8{1} = {<X! {2}>! (X, {3}>, (X, {2'3})}
cop. 8{2} = {<X! {1}>! (X, {3}>, (X, {1'3})}

The following theorem show the most of the algebraic properties of the
Center union, Center intersection and center difference between the center sets
in(X, o).

Proposition 1.2.7[1]

Suppose that C4 and Cjp are center sets of (X, §), then:

Cy Ve Cy = Cy

Cy A Cy = Cy

Cy Ve Cp = C,

Cy Ae Cp = Cy

CyYe Cop.Cy = Cy

Cq Ae Cop.Cy = Cy

Cop.(Cy Ye Cg) = Cop.Cy Ap Cop.Cp
Cop.(C4 Ao Cg) = Cop.C4 Ye Cop.Cp

Cop. (Cop. (C’A)) =c Cy.

10.(C4 Ye Cp) Yo Cc = C4 Ve (Cp Ye Co).

11.(C4 A¢c Cg) A Cc = C4 Ac (Cp A¢ Co).

12.(C4 Ye Cp) Ae Cc = (C4 Ae Cc) Ye (Cp A¢ Cc).
13.(C4a Ae Cp) Ye Cc = (C4 Ve Cc) Ae (Cp Ye Cc).
14.C4, — Cg =¢ C4 Ae cOp.Cp

15.(C5 = C4) Ye (Cc — C4) = (Cp Ye Cc) — Cy.

© oo N o 0~ WD
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Definition 1.2.8[1]

Let (X, &) be aproximity space and {C’Ai 1€ I} be a family of center sets.
Then

1. veCy ={(UA;,C): (A;,C) € Cy, for somei € I}.
2. AeCy ={(UA;,C): (A4;,C) € Cy, foreachi €}.
Proposition 1.2.9 [1]:

If Cy,Cp, Cc and {Cy, : i € I} be a center set, then:
. Cy<eCgand Cg < Cr = C4 <¢ C¢

. Ca, ¢ Cp foreachi €l =Y Cy, <¢ Cp

. Cp <¢ Cy, foreachi €1 = Cg <¢A¢ Cy,

. Cop. (Yc CAi) =A¢ (Cop.C’Ai)

. Cop.(Ac Cy,) =Ye (Cop.Cy,)

. Cy < Cg = Cop.Cy < Cop.Cy

o o AW DN

We now present the definition of the central point as well as the concept of

belonging through the following definition.

Definition 1.2.10[1]:

Let (X, 8) be a proximity space and {x}, B € X, such that {x}éB. Then
xg = {{({x}, B)} is called a center pointin (X,&) . And if C, center setin (X, 9).
Then xz € C4 ifand only if (A, B) € C4.

Proposition 1.2.11[1]:

Let {C,, : i € I} be a family of center sets in (X, &). Then

1. Ifxgp € C4, foreachi € I, then xg EAe Cy,.

2. If3i € I'suchthat xg € C4, then xg €V Cy,.
3. Cy, ¢ Cy, iffforeach xz € C4, = x5 € Cy,,.
4. (Ve)xzec,Xs = Ca

14



CHAPTER ONE Center Set & C-Topological space

Definition 1.2.12[1]:

Let (X,8) be a proximity space, then go(X) is a family of all center set,
center subset, universe center, empty set, center complement of all center sets,

also the center union and center intersection of the center sets with each of them.

Any center set that will be mentioned in this dissertation is one of the sets

mentioned above.

1.3 C- Toplogical Space

In this part, we review the concept of central topological spaces and
introduce some important topological concepts (C-open, C-closed, C-
neighborhood and the separation axioms of center topological space) with their
properties. It will be a starting point for us to introduce new concepts in these

spaces.

Definition 1.3.1]2]:

Let(X, 5) be a proximity space and 3. € #(X) , then 3. is said to be a
center topology (C-topology) if the following hold:

1. Cy Cx € e
2. {CAI:IEI}ESC:YC{CAI:IEI}ESC

3. Ca,»Ca, € Jc = Ca, Ac Ca, € J¢

The triplet (X,6,3c) is called a center topological space (C-topological

space) and the members of J. are said to be center open (C-open).

3Jc is called indiscrete C-topology if 3. = {Cx,Cp} and called discrete C-
topology if 3. = o (X).

15
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Definition 1.3.2[2]:

Let (X,5,3:) be a C-topological space and C, be center open, then

C)((A) = cop. C,, called center closed (C-closed).
Clearly, if C’)((A) Is C-closed, then cop. (C’)((A)) =, Cy4 IS center open.

Proposition 1.3.3[2]:

Let (X, 6, Jc) be C-topological space and $. be a collection of all C-closed
sets of (X, d,3¢). Then

1. Cx,Cp € He

2. (€M :ienep. =r{C? iel}epe.

3. e, e eg. = e v, e e g,

4. Je=1{Cs:cop.(Cy) € He}-

5. If 3¢ indiscrete C-topology, then S = (H¢)¢, where (He)¢ family of all

center complement center closed

6. If 3. non-indiscrete C-topology on (X, §), then:

3¢ = (H¢)C is C-topology.

It is not necessary Je = 3%, but for each cop.c € 3¢, there is €, € 3¢
50 that cop.CP =. ¢, and for each C, € 3¢, there is cop.C € 3% so that
Cs =¢ cop.C’)((A).
Example 1.3.4:

Let (X,68) be a proximity space such that X = {a, b,c} and & is discrete

proximity. Then

~ b
\SC = {C@, C{b}' C){( }, Cx}
Where,

CQ):@

16
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C{b} = {({b}, {b}), <{b}' {a' b}), <{b}' {br C})' <{b}rX)}
Cy) = (X, (b)), (X, {a, bY), (X, (b, c}), (X, X)}

CX = {(X’ {a}>’ (XJ {b}>l <X’ {C}>J <X’ {a' b})' (X’ {a’ C})' (Xl {bl C})l <X’ X)}
is a C-topology on (X, §). Hence:

He = { Co» C)(({b}), CX} Is the collection of all C-closed sets where,

eV = ((x, {a}), (X, {c}), (X, {a, c})}.

Note that C’)(({b}) is a C-closed and

Cpy #c cop-CIPY = cop. (X, {a}), (X, {c}), (X, {a,c})} =
{(X, {b}), <Xr {ar b}), (X, {b, C}), (X, X>} * C{b}

The following theorem and example gives the concept of subspaces from

central topological spaces.

Theorem 1.3.5[2]:

Let (X, 5, Jc) be C-topological space and Cy be a center set of X, then
Jer = {€Y Ac Cy : Cy € ¢ }is C-topological space of CY.

Example 1.3.6:

Let X = {a, b} and § discrete proximity, then
3e = {Cq), Cia}» C’){(a}, C’X} Is C-topological space and assume Y = {b}, then

Y = {(X,b), (X, X)}. So, Sey = {Co, (X, X)}, CY} is C-topological space on CY

and (CY, 6, :”56;) Is center subspace of (X, 8, 3¢).

Theorem 1.3.7[2]:

Let (CY, 6, Jey) be a subspace of (X,38,3e). C)((B) is C-closed in ¢Y iff

there exists a C-closed set € in X, such that ¢ = ¢} Ac €7 .

17
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Now we present the definition of C-closure through the following

definition.

Definition 1.3.8]2]:

Let (X,0,3-) be aC-topological space and Cg be a center set.

Then the C-closure of Cg, denoted by cl-(Cg) is:
cle(Cg) =Ac {C’)((A) : C’)((A) is C — closed and Cg <¢ C’)((A)}

Theorem 1.3.9[2]:

Let (X,65,3c) be a C-topological space and C4 be a center set, then center
point xy € cls(C,) if and only if for every C-open set Cy, xy € Cy, then

Cy Ae Cy % Cy.

Theorem 1.3.10[2]:

Let (X,65,3:) be a C-topological space, and let C, be a center set, then for

any C-open set C;, C; Ae cle(Cy) < cle(Cq A Cy).

The following theorem, reviews the main properties of C-closure set in

central topological spaces.

Theorem 1.3.11]2].

Let (X,5,3c) be a C-topological space, Cg and Cp are center sets over
(X, 8). Then the following hold:

=

cle(Cp) is the smallest C-closed set such that Cg < cle(Cp).

Cp <¢ cle(Cp)

N

3. ¢ isac-closed set if and only if ¢{* = cl. (C’)((B)).

&

Clc(c(z)) = C@ and CIC(CX) = Cx.
5. Clc(Clc(CB)) = Clc(cB)

6. Cg <¢ Cg implies clz(Cp) <¢ cle(CE).

18
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7. cle(CB) Ye cle(Cg) = cle(Cp Ye Cr).
8. cle(Cp A¢ Cg) <¢ cle(Cp) Ac cle(CE).

Now we present the definition of C- neighborhood in C-topological space

through the following definition.

Definition 1.3.12[2]:

Let (X,6,3c) be a C-topological space , C, be a center set and xg be a
center point. Then C, is said to be a C-neighborhood of xg, if there exists a C-

open set Cy; such that xg € Cy <¢ Ca.

Theorem 1.3.13[2]:

1. If a center set C, of C-topological space is C-open set, then is a C-
neighborhood of each of its center points.

2. If C, is a C-neighborhood of each of its points, then, there exists C-open
set Cy, suchthat Cy =¢ Cy, .

3. If a center set C, a subset of Cx is open if and only if it is a C-
neighborhood of each of its centers points.

Example 1.3.14.

Let (X, 8,3¢) be a C-topological space such that
X ={ab}, e = {C’x. Cy, c}{(a}} where § is discreate proximity:
Cy = 0,
Cx = {{{X, {aP)}, {(X, (b))}, {(X, X)}} and
ey = {{4X, {ah} (X, X)})
Now, let Cgay = {{{{a}, {a})}, {{{a}, X)}},

then it is C-neighborhood of each its center point, but is not C-open set.
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Proposition 1.3.15]2]:

Let (X, 6, Jc) be a C-topological space, then:

1. Each center point xy has a C-neighborhood.

2. 1f C4 and Cg are C-neighborhoods of some xy, then C4 Ae Cp IS also a C-
neighborhood of xy;.

3.if C, is a C-neighborhood of xy and C, < Cp, then Cp is also a C-
neighborhood of xy;.
The following definition, introduces the concept of the set of C-interior

points in C-topological space.

Definition 1.3.16]2]:

Let (X, 5, 3¢) be a C-topological space, C, be a center set and xg be a center
point, xg is said to be an C-interior point of C, iff C, is a C-neighborhood of x5,
that is, iff there exists a C-open set Cy, Xg € Cy <¢ Ca. The set of all C-interior

points of C, is called C-interior of C, and denoted by int-(C,).

Theorem 1.3.17[2]:

Let (X,5,3.) bea C-topological space and C, be a center set, then:

inte(Cp) =Ve {C; : C; isC —openand C; <¢ C, }.

The following theorem, reviews the main properties of C-interior set in

central topological spaces.

Theorem 1.3.18[2]:

Let (X, 8, 3¢) be a C-topological space , C, and Cy are center sets, then:

1. intc(CA) = C@ or intc(CA) c CA-
2. inte(Cp) is C-open
3. lntc(CQ)) = CQ) and intc(CX) = Cx.
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intc (CA) <(3 CA-

If C, is a C-open set, then C, = inte(Cy).

4
5
6. IfC, = inte(C,), then C4 is a C-open set.
7. inte(inte(Cy)) = inte(Cy)

8. Ca <¢ Cp implies ints(Cp) <¢ inte(Cp).
9. inte(Ca) Ae inte(Cp) = inte(Cy Ae Cp).
10. inte(Cy) Ye inte(Cp) <¢ inte(Ca Ve Cg).

Theorem 1.3.19[2]:

Let C, be a center set of C-topological space over a C-topological space
(X,6,3¢c) - Then

1. inte(cop. Ca) = cop. (cle(Ca)).
2. cle(cop.Cy) = cop. (inte(Cy)).
3. inte(C,) = cop. (clc(cop. C’A)).
4. cle(Cy) = cop. (intc(cop. C’A)).

Now, we review the concepts of the separation axioms in center topological
spaces (J¢o-space, Je1-space, Je,-space, C-regular, C-normal, J.3-space and

Jc4-Space) with the characteristics of these concepts are introduced.

Definition 1.3.20 [2]:

A C-topological space (X, 8,Jc) called J-o-space if and only if for each
Xk, Yy, center points such that xx #, yy, there exists at least one center open set

C,4 Or Cg such that xx € C4, yy & C4 Or yy € Cp, xx & Cg.

Definition 1.3.21[3]:

A C-topological space (X, 8,Jc) called J-,-space if and only if for each
Xg1, Vg2, Center points such that xz,; #, yg,, there exists center open sets C,;

and C,, such that xg; € C41, Y52 & C41 aNd yg, € Cyz, Xg1 & Caz.
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Definition 1.3.22[3]:

A C-topological space (X, 8,J.) called J-,-space if and only if for each
Xg1, Vg2, Center points such that xz,; #¢ yg,, there exist center open sets C,;

and Cy4, such that xz; € C41, ¥z € Cyqp and Cyq Ae Cyp = Cy.

Proposition 1.3.23 [3]:

1. If (X, 8,3¢) IS Jeq-Space, then (X, 85, J¢) IS Jep-Space.
2. 1f (X, 8,3¢) IS Jep-space, then (X, 8, 3e) 1S Je1-Space.
Example 1.3.24

Let (X,68,3:) be a C-topological space where, X ={1,2} and § is

desecrate proximity. Then
Je = {Co, {(X, {11}, {(X, {1}), (X, {2})}, Cx}
Is Jc0-Space but not J-;-space.

Example 1.3.25:

Let (X, 6, Jc) be a C-topological space where, X is infinite and
Je =Cy U{C, : cop.C, is finite}.
Then (X, 6, J¢) IS Je1-Space, since if xg #¢ Vg,
thenxg € Cx — yg, Y5 € Cx — yg and yy € Cy — xp, xg & Cx — Xp.
(X, 8,3¢) is not Fp,-Space, because if possible, there exists two center open sets
Cs, Cy such that C; A Cy = Cy, then cop. (C; Ae Cy) = Cy.
Hence cop.C; Y cop.Cy = Cyx. But cop.C, and cop. Cy are finite sets and so

their union is also finite which is a contradiction since X is infinite.

Theorem 1.3.26[3]:

Let (X,6,3:) be a J.,-topological space. Then, for each center point xg

there exists C-open set C; such that cop.xg =, C;.
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Proposition 1.3.27[3]:

Let (X,6,3:) be a C-topological space and C, be a center set of X. If

(X,8,3c) isaJei-space, then (G, 6, 3C§) IS a Je;-Space.

Proposition 1.3.28[3]:

Let (X,6,3c) be a C-topological space and Cy be a center set of X. If

(X,8,3¢) isaJe,-space, then (CY, 5,36)1;) IS a §p,-Space.

Theorem 1.3.29]3]:

If (X,6,3c) Iis a center §q,-space and for any xpq, yg, € Cx such that
Xg1 * Vg2, then there exists the center closed sets Cr; and Cp, such that

Xp1 € Cr1,Yp2 & Cpy and xp; € Cry, Y2 € Cpp and Cpy Ve Cpp = Cy.

Definition 1.3.30[3]:

A C-topological space (X, 8, Jc) called C-regular space if and only if C’)((F)

a center closed set in (X,6,3c) and xg € Cx such that x; & C)((F), then there

exists the center open sets C,,; and C,, such that xz € CAl,C’)((F )

<¢ C4, and
Ca1 Ae Cyp = Cy.

In the following theory, we give the properties of the C-regular spaces in
the middle.

Theorem 1.3.31[3]:

Let (X,5,3c) be a C-topological space. At that point the accompanying
articulations are equivalent:
1. (X,6,53c) is C-regular.
2. If ¢4 is center open in (X, 6, Jc) and xg € C,, then there is the center  open
Cg, xg € Cp and xg € clpoCy <¢ Cy.
3. If xz € Cy center point, then, xz has a center neighborhood base C, such that
e <¢ ¢4, where ¢ is center closed.
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The following theory explains that the regularity of the center is a central

hereditary property:

Theorem 1.3.32[3]:

If (X,8,5:) be a C-regular space. Then (CY, 6, SC}Q Is a C-regular space

where (CY, 6,?54) Is center subspace of (X, &, J¢).

Theorem 1.3.33[3]:

A space (X, 6,3c) is C-regular if and only if for each xz € Cy and for each
center closed set C4 in (X,8,3¢), xg & Cy4, there exists two center open sets
Cua1,Cay In (X,8,3¢) such that xz € Cyq, Cq < Cyy aNd cleCyq Ag CleCyy =
Cy.

Definition 1.3.34[3]:

A C-topological space called 5q5-space, if and only if is C-regular space

and a J.,-space.

Definition 1.3.35[3]:

A C-topological space (X, 8, 3¢) is called, ¢-normal space if and only if for
each two center closed sets C’}((F ), C)((E) such that C’)((F ) Ae C)((E) = Cy, there exist
two center open sets C,;, C4, Such that C’,((F) <c¢ Ca1, C)((E) <¢ G4, and
Ca1 Ae Caz = Cyp.

Definition 1.3.36[3]:

A C-topological space called Jq,-space, if and only if is C-normal space

and a 5., -space.
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The following theory gives the advantages or characteristics of C-normal

space.

Theorem 1.3.37[3]:

A C-topological space (X, §,Jc) is C-normal if and only if for each center
closed set C)((F ) and center open set Cg such that C)((F) <¢ Cg, there exists the
center open set Cy, C’)((F) <¢ Cy such that C’}((F) <c Cy <¢ cleCy < Cg.

Theorem 1.3.38 [3]:

Every center closed subspace of a C-normal space is C-normal.
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Chapter Two: Central Continuous Function

This chapter consists of four sections. In section one, are clarified the basic
concepts of shrink central continuous function. In section two, the concept of
the center set, with an explanation of the most important algebraic properties is

presented.

2.1 Shrink Central Continuous Function

In this section, we define of a special type of functions based on the
concept of proximity relation is presented in conjunction with central set theory
for the purpose of finding a special definition of continuity between center
topological spaces and the transfer of topological properties, where we call

shrink central continuous function.

2.1.1 Shrink Central Function
In this section, we introduce the definition of sharing central function and its

most important properties.

Definition 2.1.1.1:

Let (X, dy), (Y, 6y) are proximity spaces, a function f: (X,6x) = (Y, dy) , IS
called shrink function if the image for center set C4 of X is
Cray = {(f(A),B):f(A)byB, foreach B €Y}, and the inverse of shrink
function £ is of form -1y = {(f ~*(B), H): f " (B)JxH, for each H € X}.
Example 2.1.1.2:

Let X = {1,2} and &y be a discrete proximity, define function from X into X
such that /(1) = 2, f(2) = 1, then the center set in X as Cy, Cy, Cyqy and Cyyy,

thereforef (Cp) =¢ Cy.f (Cx) =c {{f(X), B): f(X)yB}
=c {(X, (11, (X, (21, (X, X)} =¢ Cx, f(Cy) =c {2}, {21, ({2}, X)} =¢ Cyz
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and  f(Cpy) =¢ {{1L{IN{1LX)} =¢ Cu;. And f71(Cy) =¢ Cy.
f7HCx) =¢ Cx., fH(Cp1y) =¢ Cpzy and f1(Crzy) =¢ Cypyy

Definition 2.1.1.3:

Let f be a shrink function from proximity space (X,dy) into proximity
space (Y,dy), the image of center point x, in Cy is of the form,
f(xy) =¢ {{f ()}, f(A))}. And the inverse image of center point yz in Cy is of

the form f~*(yp) =¢ {({F O} F 1B

For example 2.1.1.2 the center point in Cx as : 1y, 143, 2y and 2¢,, then

fx) =c L DL N =c ({2} X)) =¢ 2x,  f(2x) =c {{f (D)} D)}
= ({11 X} =clx, f(ly)=c {TFOL LA} =c {{2}, 2D} =¢ 25
and f(2(z) =¢ {F ()} FU2DN} =¢ {1} (13N} =¢ 110y,

Proposition 2.1.1.4:

Let f:(X,dx) = (Y, 6y) be a§- continuous shrink function and Cy be
center setin X, if x, € Cp then f(x,) € Cr(p).

Proof:

Let x, € Cp , imply that AdxB, but f is §- continuous, so f(A)dy f(B).
Hence fe(x4) € Cy(p)-

Proposition 2.1.1.5:

Let f:(X,8x) = (Y,8y) be bijective and f~! is &- continuous shrink

function and Cy center setinY, if y, € C, then f‘lc(yA) € Cr-10y-
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Proof:

Lety, € G, , imply that Aé,V, but f~1 is &-continuous, so
f7H(A)8x f7H(B). Hence f ™. (va) € Cr-1y).

Proposition 2.1.1.6:

Let f:(X,d8x) — (Y,6y,) be a §- homeomorphism shrink function. Hence the

following is correct:

I IfC4 <¢ Cg, then Cr(ay <¢ Cr(py , for any center sets Cy4, Cp in X.
il. If Gy, <¢ Cy,, then Cp-1(y,y <¢ Cp-1(y,y , fOr any center sets Cy,, Cy, in'Y.

Proof:

I. Letyy € Cray , imply that f(A)6,V, by using the defined injection
function and §-continuous of f~1 we get A6y f~1(V), then B8y f~1(V),
by using the onto and §-continuous of f we get f(B)d&yV . Hence
Vv € Crpy.

il.  Letx, € C-1(y,y , imply that A8y f~1(Y;), by using the onto and 6-
continuous of f we get Y;8y f(A4), then Y,6y f(A), by using 1-1 and §-
continuous of f~1 we get f~1 (¥,)6x4 . By definition (2.1.1.1) we get
X4 € Cr-1y,)-

Proposition 2.1.1.7:

Let f:(X,6yx) » (Y,8y) be a 6- homeomorphism shrink function and

C4, Cg <¢ Cy, then the following are true:

i. If CB =C Cf(A)’ then CA <C’ Cf_l(B)'

|| If CA :(;’ Cf—l(B), then Cf(A) <C CB'
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Proof:

I. Let x5y € C, such that H € X imply that A6yH, since f is §-continuous,
then f(A)Syf(H). But Cp =¢ Cr(ay then f(H)SyB, since f~1 is 6-
continuous, then f~(f(H))8xf~1(B), since f~Y(f(H)) S H, then
Hé&yf~(B). Hence xy € Cs-1(p).

ii. Letyg € Craysuchthat K €Y, then f(A)SyK, since f~1 is §-continuous,
then f=1(f(A))8xf~1(K) and since f~1(f(4)) = A, then Adxf1(K) .
But C4 =¢ Cr-1(5), then fH(K)8xf~*(B), since f is §-continuous, then
fUENSyf(F(B)) and f(f~(K)) = K, then K8y B. Thus y, € Cp.

Proposition 2.1.1.8:

Let f:(X,dx) = (Y, 8y) be a §- homeomorphism shrink function, {C, , xEA}
and {Cp_, x€ A} are families of center subsets of Cy and Cy respectively, where

A and A are arbitrary index sets, then:
L fe(v{Ca, x€EA}) =¢ Y {Cra,y XEA}
2. fe(M{Ca,p XEA}) =¢ A{Cf(a,y, XEA}
3. fe H(Y{Cp,, XEA}) =¢ Y {C-1(5,, XEA}

4, fC‘_l(A {Cp,, XEA}) =¢ A{Cf-1(5,) XEA}
Proof 1:

Let yx € fe(Y {Cy ,xEA}) , iff for some x,EA, x € X,H € X such that
{x}6xH, A, 6xH such that fe(xy) =¢ yx, by proposition (2.1.1.4), then
fe(xy) € CF(Aug) for some o,EA, because f(A«,)byf(H), therefore

f(Ax,)6yK. thus yx € Cr(An,) for some €A, Hence yix €Y {Cr(a, ), XEA}
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Conversely, let yx €Y {Cr(a,), xEA}, then for some €A, y €Y,K S Y such
that {y}6yK and fe¢(A«,)0yK, by proposition (2.1.1.5), then ol (vg) €
Cr-1(f(an): therefore  f~1(f(Awxo))0xf ' (K), since f is onto, then
AxoSxf 1 (K), thus f71(K) € G4, for some ,€A, by proposition (2.1.1.4),

then fo(fe ™" (k) € fe(Y {Ca,, XEA}). Hence yx € fe(V{Ca,, XEA}).
Proof 2:

Let yx € fe(A{Cy, ., xEAY) , then for each x€A, Ix € X,H € X such that
{x}6xH, Ax6xH such that f-(xy) =¢ yg, by proposition (2.1.1.4), then
fe(xy) € Crra, for each €A, because f(A.)dyf(H) VXEA, therefore

Yk € Cr(a,) foreach «eA, Hence yx €A {Cr(a, ), XEA}.

Conversely, let yx €A {Cr(a, ), XEA}, then for each x€A, Jy € Y, K < Y such
that {y}6yK and  f(A.)dyK, by  proposition (2.1.1.5),

thenf ~1(f (A))Sxf 1 (K), this meanf."" (yx) € Cr-1(r(ay)y Since f is (1-1),
then A, 0xf '(K) Vx€A, therefore f~(yx) € G, for each «€A, thus
f k) € A{C,,, xEA}).Dy proposition (2.1.1.4), then yx € f(A{C,_ , XEA}).

Proof 3:

Letx, € fo" ' (Y {Cp,, XEA}), then for some xzEA, there exists y €Y, K €Y
such that {y}6y K, B«,6yK and fo~'(yx) = xy , by proposition (2.1.1.5), then
ot (vp) € Cr-1(g,,)» this mean f~1(Bx,) 8xf ' (K), then for some o« €A,

xH € Cf_l(Boco)' Hence xH ey {Cf_l(Boc)'OCE/\}'

Conversely, let xy €Y {Cf-1(p,), XEA}, then for some o« €A, x € X,H € X
such that {x}éxyH and f~'(B.,)0xH, by proposition (2.1.1.4), then
f(f "' (Bx,)) Oyf(H). But f(f *(Bx,)) € B, therefore B, 8yf(H), then
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fe(xy) € Ch,, for some «,€A, thus f-(xy) €Y {Cs,, XEA}, by proposition

(2.1.1.5), then x € fo "' (¥ {Cp_, XEA}).
Proof 4:

Let x4 € fo ™' (A {Cp,, XEA}), then for each <€A, Iy €Y, K Y such that
{y}6yK, B6yK and f-"'(yx) = x5, by proposition (2.1.1.5), then f-~" (vx) €
Cp-1(p,), this mean f~1(By) 6xf~'(K), then for each x€A, xy € Cp-1(5,,.

Hence xy €A {C-1(5,, XEA}.

Conversely, let xy €A {Cf-1(5 ), xEA}, then for each x€A, x € X, H € X such
that {x}6yH and f~1(B,)6xH , by proposition (2.1.1.4), then f-(xy) €
Crir-1(8,)) this mean f(f~1(Bx)) 8yf(H). But f(f~'(Bx)) € B, therefore
B,0yf(H), then fe(xy) € Cp, for each €A, thus fe(xy) EA{Cp , XEA}, by

proposition (2.1.1.5), then xy € fz~" (A {Cp,, XEA})

2.1.2 Shrink Central Continuous Function
In this section, we introduce the definition of Sharing Central Continuous

Function and its most important properties. And the relationship of this type of
functions with the separation axioms in C-topological space.
Definition 2.1.2.1:

Let f:(X,6x) = (Y, 38y) be ashrink function and (X, 6x, Jcx) , (Y, 6y, Sey)

are C — topological spaces, we call that fz: (X, dx, Jex) = (Y, 8y, Jey) IS a

shrink ¢ — continuous function at the center point x, with respect to the
function f, if for each C, € .y such that f(A4) 6yV, there exists Cy € Jex With
UébxA satisfy that, for each f(U) 6yK, K €Y, then Vé&,K. And f is called a
shrink C — continuous, if its shrink € — continuous function at each center point

in Cy.
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Example 2.1.2.2:

Let (X,6x,3cx) and (Y,6y,Jey) are C — topological space such that
={1,2} , Y ={a,b} and 6y ,5y are discrete proximity, where Jox =
{Cx, Cy, Cr13, C’)(({l})} and Jcy = {Cy, Cy, Crq}, C’}(({“D} are C — topologies. Define
f from (X, 6y) into (Y, dy) suchthat f(1) = a and f(2) = b. Then f; is shrink

C — continuous function at the center point 1.

Now we present some equivalent theorems for the definition of shrink C —

continuous function in C-topological space.

Proposition 2.1.2.3:

Let f:(X,6x) = (Y,6y) be a § — homeomorphism shrink function, then

fe: (X, 6x,3cx) = (Y, 6y, Jey) 1s shrink € — continuous function if and only if

. Cr-1) € Jex, for each Cy € Jey.

. Cp-1(py IS C —closed subset of Cy, for each Cp is C —closed subset of Cy .

1

2

3. cle(Cr-1(my) <c f(cle(Cp)), center set subset of Cy.

4. fe(cle(Cy) <S¢ cle(Cray) , Tor each C4 center set subset of Cy.
5

. fe ' (inte(Cp)) <c inte(Cr-1(m)), for each Cp center set subset of Cy .

o

inte(Creay)) <e fe(inteCy) , for each G4 center set subset of Cy.

Proof 1:

Let fe is shrink C — continuous function and C,, € 3¢y, and let A € X such
that ASyf~1(V), by & — continuous of f , then f(A)Syf(f~1(V)), but
(V) €V, then f(A)6,V, since fe is shrink € — continuous, there exists
Cy € Jex such that A6xU and Cyyy <¢ Cy, by proposition (2.1.1.6) , then

Cf—l(f(U)) <C Cf—l(v), then CU <C Cf—l(v). Hence Cf—l(V) E SCX'
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Conversely, let A € X and Cy € 3¢y such that f(A4)6,V, by assumption,
then Cr1v) € Jex and Crir-1vy) Se Cvibut — f(A)SyV, then
fH(f(A)Sxf~H(V), therefore ASyf~'(V), put Cy =¢ Cs-1(y € Jex- Hence

fe 1s shrink € — continuous.
Proof 2:

Let f- is shrink C — continuous function and Cp is C —closed in Y, then

-1
C’,SF) € Jey since fe is shrink ¢ — continuous and by part 1 , then C’)((f ) e

JSex- Hence Cp-1(py is € —closed in X.

Conversely, let C, € 3¢y, then C’,SV) iIs C —closed in Y, by hypotheses, then
C’,((f_l(v)) is C —closed in X. Therefore Cr-1(yy € Jcx-Hence fe is shrink € —
continuous.

Proof 3:

Let f- is shrink C — continuous function, since cl-(Cg) is C —closed subset
of G, by part 2 , then f~1(cle(Cg)) is C —closed in X, since

cle(f 71 (cle(Cp))) =¢ f(cle(Cr)), Cp <¢ cle(Cp), then
Cr-18) <c f~(cle(Cp)), therefore Clc(cf—l(B)) <e f71(cle(Cp)) .

Conversely, let Cr be any C —closed in Y, so that clo(Cr) =¢ Cr . By
hypothesis Clc(cf—l(F)) <e (e (CR) =¢ Cp-1(p)- But
Cf_l(F) <C ClC(Cf_l(F))’ therefOI’e Clc(ef—l(F)) =c Cf_l(F) and Cf_l(F) |S

C —closed in X, by part 2, then f. is shrink C — continuous function.
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Proof 4:

Let fe is shrink C — continuous function and C, center set in X, since Cr )
center set in Y and by part 3, then cle(Cr-1¢r(ay)) <¢ fe ' (cle(Creay)). since f
is (1 — 1) function, then cle(Cy) <¢ fo ' (cle(Creay)), by proposition 2.1.1.6

(1), then fC(CIC(CA)) <C CIC(Cf(A))

Conversely, let Cz be an arbitrary C —closed in Y, then C¢-1 5y <¢ Cx. By
hypothesis fe(cle(Cr1(m)) <e cle(Crr-1(my): therefore
fe(cle(Cr-1(5)) Se cle(Cp), by  proposition 2116  (2), then
cle(Cr-10p)) <e fe T(cle(Cp)). But Cp is € —closed, then cle(Cp) =¢ Cs,
there fore ch(C’f—l(B)) <¢ Cs-1(p)- Hence Cp-1py is C —closed in X, by part 2,

then f is shrink C — continuous.

Proof 5:

Let f- is shrink C — continuous function, since int:(Cg) is C —openinY,
by part 1 , then f. '(inte(Cg)) is C —open < Cx, therefore
inte(f- " (inte(Cp))) = f-"'(inte(Cp)), since inte(Cz) <¢ Cz and by part
4, then fz ™" (inte(Cp)) <S¢ Cp-1¢p)- Hence fz ™' (inte(Cp)) <¢ inte(Cr-1(py).

Conversely, let C;; be any C —open set in Y, so that int.(Cy) =¢ Cy . By
hypothesis Cr1qyy =c¢ fH(inte(Cy)) <e inte(Crr¢yyy), therefore
intc(cf—l(u)) =¢ Cp-1(y)- Hence Ce-1(yyy is € — open in X, by part 1, then f; is

shrink ¢ — continuous function.
Proof 6:

Let f¢ is shrink € — continuous function and C, center set in X, since Cr 4

center set in ¥ by part (5) , then fz ™" (inte(Cray)) <¢ inte(Cr-1(5ay). Since f
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is (1—1) function, then fc‘l(intc((ff(A))) <¢ inte(C4), by proposition
2.1.2.3(6) , then inte(Cray) <e fe(inte(Cy)).

Conversely, let C;, be an arbitrary C —open in Y, then C¢-1(4y <¢ Cx. By
hypothesis inte(Crer-1y) Se fe(inte(Cr1¢y)), therefore
inte(Cy) <¢ fe(inte(Cr-1y), by  proposition  2.1.2.3(5) , then
fe '(inte(Cy)) <¢ inte(Cr-1(yy)- But €y is € —open, then inte(Cy) =¢ Cy,
therefore C-1yy <¢ inte(Cp-1y)). Hence Cp-1yy is C—open in X, by

proposition 2.1.2.3(1), then f; is shrink C — continuous.

Proposition 2.1.2.4:

Let f: (X,6x) = (Y,6y), g:(Y,6y) = (Z,8,) be a § — homeomorphism
shrink functions. If fz: (X, 65, Jex) = (Y, 6y, 3ey) and ge: (Y, 8y, Jey) —
(Z,84,3cz) are shrink C — continuous functions, then gq°fe is shrink C —

continuous.
Proof:

Let C, center set in Z, since g is shrink C — continuous, by proposition

2.1.2.3(1), then C4-1(4y is € —open in Y, and since fe is shrink C — continuous,
by proposition 2.1.2.3(1), then Cg-1(4-14), IS C —open in X, therefore

Cgor)-1(a) IS C —open in X. Hence g¢°fe is shrink C — continuous.

Definition 2.1.2.5:
Let f:(X,6x) = (Y,6y) be a shrink function, we call that

fe: (X,6x,3ex) = (Y, 6y, Jey) is shrink € — open function if Cr,) C —open
subset of Cy for each C, C —open subset of Cyx. And f is said to be shrink C —
closed function if C¢y C —closed subset of Cy for each Cr C —closed subset of

Cy.
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Example 2.1.2.6:

Let (X,6x,3cx) and (Y,6y,Jey) are C — topological space such that
X=1{1,23},Y ={a,b,c} and 6y ,6, are discrete proximity, where Jox =
{Cx, Cy, C13, Cr23, Cr1 .23} and Jey = {Cy, Cy, Cia}, Cicy Ca 3} are € — topologies
on X, Y respectively. Define f from (X, 6y) into (Y, &y ) such that f(1) = c and
f(2) =a. f(3) = b Then f is shrink C — open function.

Proposition 2.1.2.7:

Let f:(X,d6x) = (Y,8y) be a 6§ — homeomorphism shrink function, then
fe: (X, 6%, 3cx) = (Y, 6y, Jey) is shrink € — open function if and only if

1. fe(inte(Cg)) <¢ inte(Crgy), for each Gy center set subset of Cy.

2. ch(C’f(E)) <¢ fe(cle(Cg) , for each Cg center set subset of Cy.

Proof 1:

Let f is shrink C — open function and Cj center set in X, since int,(Cg) C —
open set in X, then f(int:(Cg)) C — open <. Cy, since int(Cr)) <¢ Cg and

by proposition 2.1.1.6(1) , then fe(inte(Cg)) <¢ Cr(gy. Hence

fe(inte(Cg)) <¢ inte(Cregy)-

Conversely, let C; be an arbitrary C —open in X, then Cy =, int:(Cy),
therefore Cryy =¢ fe(inte(Cy)). By hypothesis fe(inte(Cy)) <¢ intc(cf(u)),
then Cryy <¢ intc(cf(u)),thus Cr(uy Is C —open in Y. Hence fe is shrink C —

open function.

Proof 2:

Let f is shrink € — closed function and C center set in X, since clo(Cg) C —
closed set in X, then f-(cle(Cg)) C — closed in Y, since C; < clz(Cr) and by
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proposition 2.1.1.6(2), then Crry <c fe(cle(Cp)). Hence

cle(Creey) <e fe(cle(Cp)).

Conversely, let Cr be an arbitrary C —closed in X, then Cp =, clo(Cr). By

hypothesis  cle(Crry) <e fe(cle(Cr)) =¢ Crry therefore  cle(Criry) <e Crer)

thus Crpy is C —closed in Y. Hence f is shrink C — closed function.

Definition 2.1.2.8:
Let f:(X,dx) — (Y,dy) be a bijective shrink function, we call that

fe: (X, 6%, 3ex) = (Y, 6y, Jey) is shrink ¢ — homeomorphism function iff f

and f-~" are shrink ¢ — continuous functions.

Remarks 2.1.2.9:
Let f: (X,dx) = (Y,8y) and g:(Y,dy) = (Z,6,) are § — homeomorphism

shrink function,

1. If fo: (X, 8%, Jex) = (Y, 6y, Jey) IS shrink € — homeomorphism function,
then f-"" is also shrink ¢ — homeomorphism function.

2. If fer (X, 6x,3ex) = (Y, 8y, Jey) and ge: (Y, by, Jey) = (Z, 62, 3¢z) are
shrink ¢ — homeomorphism function, then ge°fr is shrink C —
homeomorphism function.

Proposition 2.1.2.10:

Let f: (X, 8x) = (Y, 8y) be a & — homeomorphism shrink function, then
fer (X, 6x, Jex) = (Y, 6y, Jey) is

1. Shrink ¢ — homeomorphism function if and only if for each Cz center set
subset of Cy, then cle(Cr-1(5)) =¢ fo " (cle(Cp) -
2. Shrink ¢ — homeomorphism function if and only if for each Cp center set

SUbSEt Of Gy, then lnt(Cf—l(B)) =c fc_l(intc (CB)
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Proof :

1. By propositions 2.1.2.3(3) and 2.1.2.7(2).
2. By propositions 2.1.2.3(5) and 2.1.2.7(1).

We now introduce some relationships between the concept of shrink C —

continuity and separation axioms in C — topological space.

Proposition 2.1.2.11:

Let f:(X,6x) » (Y,8y) be a § — homeomorphism shrink function and
fe: (X, 6x,3cx) = (Y, 8y, Jey) be ashrink € — open function if (X, 6y, Jex)

IS Jep — Space, then (Y, 8y, Jey) 1S Jea — Space.
Proof:

Let f- is shrink C — open function, (X, 6y, Jex) IS Jep — Space and let
Yk,» Yk, are center points in Y such that y, #e yg, , since f is bijective
function, there exist xy_, xy,two center points in X such that x, #¢ xy,, where
fe(xm,) =c ¥, and fe(xy,) =c y,- But (X, 6%, 3Jex) is ez — space, there
exist center open sets C, and C,,in Cx such that x, € C,,, xy, € Cy, and
Ca, Ae Ca, =c Cy, this mean A;8xH; and A,6xH,, by proposition 2.1.1.4 , then
fe(xu,) € Creap and fe(xy,) € Crea,), therefore yx € Crea,y and yx, € Crea,)-
Since fe is shrink ¢ — open function, then Cr 4,y and Cr(,4,) are center open sets
in Cy, by proposition 2.1.1.8(2), Crap Ae
Cra, =c fe(Ca, Ae Ca,) =c fe(Cp) =¢ Cy. Hence (Y,6y,3ey) is Jez —
space.
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Proposition 2.1.2.12:

Let f:(X,6x) » (Y,8y) be a § — homeomorphism shrink function and
fe: (X,6x,3cx) = (Y, 6y,3cy) be a shrink € — continuous function, if

(Y, by, Jey) is Je, — Space, then (X, &y, Jex) IS Je, — Space.
Proof:

Let f- is shrink C — continuous function, (Y, &y, J¢y) 1S Jcz — Space and let
Xy, Xy, are center points in X such that xy ¢ xy, , since f is bijective
function, there exist yx ,yg, two center points in Y such that y, #c v, ,
where fo ™' (yk,) =c xu, and fo'(Vk,) =¢ Xu,- BUt (¥,8y,Jey) is ez —
space, there exist center open sets Cp and Cp,inY such that yx € Cp , Yk, €
Cp, and Cp, A¢ Cp, =¢ Cy, this mean B;8yK; and B,6xK,, by proposition
2.1.15, then fz"*(yk,) € Cr-1(5,y and fo~" (vk,) € Cs-1g,), therefore x, €
Cr-1(p,) aNd , xy, € Cp-1(p,y. Since fe is shrink C — open function, thenCr-1(p
and Cg-1(5,) are center open sets in X, by proposition 2.1.1.8(4), C¢-15,y A¢
Cr-1(s, =c fe  (Cs, Ac Cg,) =¢ fe ' (Cg) =¢ Cp. Hence (X,8x,Jex) s

Je2 — Space.

Proposition 2.1.2.13:

Let f:(X,6x) » (Y,8y) be a § — homeomorphism shrink function and

fe: (X, 6x,3cx) = (Y, 6y, Jey) be ashrink € — homeomorphism function,

1. If (X,68x,3cx) is C — regular space, then (Y, 6y, Jey) IS C — regular
space.
2. If (X,6x,3¢ex) IS C— normal space, then (Y, 8y, Jey) IS C — normal

space.

39



CHAPTER TWO Central Continuous Function

Proof 1:

Let (X, 6, Jex) is C — regular space, Cris C — closed inY and y, be a
center point in Y such that y, & Cg, since f is bijective function, there exist xy
center point in Y such that f-(xy) =¢ yx, by proposition 2.1.1.5, then x, €&
Cs-1(ry, SINCE fe is shrink € — continuous function, then C¢-1fy is € — closed
in X . But (X,dy,3¢ex) is C — regular space, there exist C —open sets in X
Cyq,and Cy, such that xy € Cy , Cr-1(py Se Ca, aNd Gy, Ae Cyu, =¢ Cp, this
mean A,8xH and f~1(F)6yB = Bé&yA, for all B subset of X. by propositions
(2.1.1.4) and (2.1.1.6), then fe(xy) € Cra,), Cr <¢ Cr(a,), SiNce fo~ " is shrink
C — continuous function, then Cr,,y and Cr4,y are C —open sets in X, by
proposition  2.1.1.8(2), Cr,) Ac Crea,) =c Cf(eAlAC i) =C Cy. Hence

(Y, by, Sey) Is C — regular space.
Proof 2:

Let (X, 6x, Jcx) is € — normal space, Cr, , Cr, are C — closed sets in Y such
that Cr, Ae Cr, =¢ Cy, since fe is shrink € — continuous function, then Cp-1(r )
and Cr-15,) are C — closed sets in X, since f is bijective function, then
Cr-1(rp) Ae Cr1(r,) =¢ Cg- BUt (X, 8%, Jex) is € — normal space, there exist
C —open sets in X Cy,and C4, such that Cp-1py <¢ Ca,s Cp-1(r,) <S¢ Ca, and
Ca, Ae Ca, =¢ Cp, this mean f~1(F)6xB; = B;6xA; and f~'(F,)6xB, =
B,6xA, for all By, B, subsets of X. by proposition 2.1.1.6(i), then Cp, <¢ Cr(a,)
and Cr, <¢ Cra,) by proposition 2.1.1.8(2), then
Crean) Ae Criay) =c¢ Crea,reca,) =c Co- Hence (Y,d8y,3cy) IS C — normal

space.
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2.2 Reduction Central Continuous Function

In this section, we introduce a new definition of continuous functions for a
special type of functions what we called reduction central continuous function
on C — topological spaces and show its important properties, in additional, we

apply the separation axioms in these spaces.

2.2.1 Reduction Central Function
In this section, we introduce the definition of reduction central function and

its most important properties.

Definition 2.2.1.1:

Let (X, 6x), (Y, 6y) are proximity spaces, a function f: (X, 8x) — (Y, 6y) , is
called reduction function if the image for center set ¢4, of X is

f(Cy) =c {{f(A),K): foreach KCY, f(A)6,K iff Abxf 1(K)} and
the reverse reduction function f IS of form

f7H(€p) =¢ {fT1(B), H): for each H S X, f~H(B)6xH if f By f(H)}.

Proposition 2.2.1.2:

Let f:(X,dx) — (Y,6y) be (1-1), 8- continuous reduction function and Cpg
be center set in X, if x4 € Cp then f-(x4) € f(Cp).

Proof:

Let x, € Cp , imply that A6y B, by condition of f is (1-1) function we get
that ASyf~1(f(B)) iff A6yB and by §&- continuous, f(4)8yf(B). Now if
f(A)6yf(B) and ASyB, given we have A8y f~1(f(B)) iff f(A)6yf(B). Hence

f(xa) € £(Cp).
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Proposition 2.2.1.3:

Let f:(X,8y) = (Y,8y) be bijective, f~1 is §- continuous reduction
function and Cy center setinY, if y, € Cy then =1 ,(y4) € f71(C).

Proof:

Lety, € G, iff A6, V. To show that f=1(V)éy f~1(4) iff VSy f(f1(4)),
let F~1(V)6y f1(A), but A8,V and f is onto , so V&, f(f~1(4)). Now if
Véy f(f~1(4)) iff ASyV, since f is onto and by §-continuous of f~1 we get
fH(A)8x f7H(V). Hence £~ .(va) € fH(Cv).

Proposition 2.2.1.4:

Let f:(X,6x)— (Y,8y) be a &- homeomorphism reduction function.

Hence the following is correct:

I. IfC, <¢ Cp, then f(Cy) <¢ f(Cp) , forany Gy, Cp <¢ Cyx
ii. IfCy, <¢ Cy,, then f~1(Cy,) <¢ f~'(Cy,) , forany Cy,, Gy, <¢ Cy.

Proof:

I. Let C4 <¢ Cg, through which we get V@ +# H € X, if ASxH then BéxH.
New let y, € f(C4), SO f(A) 6,V iff ASyf~1(V), if ASyf~1(V) then
B&yf~1(V), from &- continuity and onto of f we get f(B)6,V, if
f(A4) 8,V, by 8- continuity of f~1 we get ASyf~1(V), then B8, f~1(V)
and by &- continuity and onto of f we get f(B) 6yV. Therefore f(B) 6,V
iff B6yf~1 (V). So y, € f(Cp).

ii. Let Cy, <¢ Cy,,S0V@ # K CY,ifY; 6,K thenY, 6y K, let x, € f~1(Cy,),
imply that f~1(Y;)6xA iff Y, 6,f(A), for if Y; 6, f(A) then Y, &,/ (A), by
using 1-1 &- continuity of f=1 we get f~1(¥;)8xA. For f~1(Y))6xA, by
using onto &- continuity of f we get if Y; 6y f(4) then Y, &y f(A4) by using
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1-1 8- continuity of f~1 we get f~1(Y,)6xA4, so f~1(Y,)8xA iff Y, 6, (4).
Hence x, € f(Cy,).
Proposition 2.2.1.5:

Let f:(X,6x) — (Y,6,) be a §- homeomorphism reduction function and

C,,Cg <¢ Cy, then the following are true:

i. If CB =c f(CA)! then CA <C f_l(CB).
“ If CA :C f_l(CB)., then f(CA) <C CB'

Proof:

I. Let xx € C4 where K C X, then A6xK, by §- continuity of f we get if
AS4K then f(A)8,f(K), but Cz =¢ f(C,), then B&,f(K), by &-
continuity of f~1 we get f~1(B)8xf~1(f(K)) , since f is 1-1 function ,
then f~1(B)6xK. Hence x, € f~1(B).

ii. Let yy € f(Cy), then f(A)6yH iff ASyf '(H) where H C X, since
C, =c f71(Cp), therefore f~1(B)6yxf 1 (H), by &- continuity of f, then
F(fFY(B))Sy f(f1(H)), but f is onto, then BS, H. Hence y, € Cjp.

Proposition 2.2.1.6:

Let f:(X,6yx)—» (Y,8y) be a &- homeomorphism reduction function,
{C4, xEA} and {Cp ,x€ A} are families of center subsets of Cyx and Cy

respectively, where A and A are arbitrary index sets, then:

L f(ve{Cy,, x€A}) =c Ve {f(Ca,) XEA}
2. f(Ac{Ca X€A}) =¢ Ac {f(Ca,), XEA}
3. [T (Ve {Cp o XENY) =¢ Ve {f 1 (Cp,), XEA}
4. f (Ae {Cpr XEN}) =¢ Ac {f 1 (Cs,), XEA}
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Proof 1:

Let yy € f(Ye{Cy,,XEA}) , there exist xx €Ve {Cy ,xEA} such that
f(xg) =yy and f(K) = H, for some x,€EA, xx € Ca, such that A, 6xK, by
proposition(2.2.1.4),  then f(xg) € f(CAOCO) X EA, therefore
f(Au) Sy f(K) = H iff Ay 8xf T (F(K)) = f71(H). Thus yy € £(Cy,,) for

some X EA. Hence yy €Ve {f(Cy4, ), XEA}L

Conversely, let y, €ve {f(Cy, ), xEA}, then for some xy€A, Iy €Y, {y}§,Y
and f (A«,) Sy H iff so by Definition(2.2.1.1), then A%cSXf‘l(H), by proposition
(2.2.1.3) f~i(yy) € Ca, for some x,€A, by proposition (2.2.1.2) and f is

onto, then y,; € f(C’AOCO) for some xo€EA. Hence yy € f(Ye {Ca,, XEA}D).

Proof 2:
It is similar to part 1.
Proof 3:

Let xx € f~1 (Ve {Cp,, XEA}) , there exist yy €Ye {Cp , xEA} such that
f(yy) = xx and f1(H) = K, for some x,EA, yy € C,, such that By 6y H,
by proposition(2.2.1.3), then  f~1(yy) € f‘l(C’BocO) x,EA, therefore
f71(Bu)OxfH(H) = K iff By 8y f(f ' (H)) = f(K). Thus xx € f~*(Cs,,)

for some oc,EA. Hence xx €Y {f ~1(Cp, ), XEA}

Conversely, let xx €ve {f1(Cp,), XEA}, then xi € f‘l(C’BKO) for some
€A, x € X, {x}6xX, K6xX and f~'(By,)0xK , so by Definition(2.2.1.1)iff
B.,6yf(H), by proposition (2.2.1.2) f(xg) € Che, for some «,€EA, by
proposition (2.2.1.3) and f is onto, then x; € f‘l(C’BMO) for some «,EA. Hence
xx € f 7 (Ve (Ca, XEAY).

44



CHAPTER TWO Central Continuous Function

Proof 4:
It is similar to part 3.

2.2.2 Reduction Central Continuous Function
In this section, we introduce the definition of reduction central continuous

function and its most important properties. And the relationship of this type of

functions with the separation axioms in C-topological space.

Definition 2.2.2.1:

Let f:(X,6x)—= (Y,8y) be a reduction function and (X,dx,3ex)
(Y,d6y,3cy) are C — topological spaces, we call that fp: (X,dy, Jex) —
(Y, 6y, 3ey) is a reduction C — continuous function at the center point x, with
respect to the function f, if for each C, € J.y such that f(A) 6,V, there exists
Cy € Jex With Uy A satisfy that, for each f(U) 6yK, K € Y, then V§yK. And
fe is called a reduction C — continuous, if its reduction C — continuous function

at each center point in Cy.

Proposition 2.2.2.2:

Let f: (X, 8x) — (Y, 6y) be a§ — homeomorphism reduction function, then
f(;’: (X, 5XIS(;’X) - (Y' SYJSC’Y) iS

1. Reduction ¢ — continuous function if and only if for each C, € J.y, then
fe ' (Cy) € Jex-

2. Reduction ¢ — continuous function if and only if for each C is ¢ —closed
subset of Gy, then f>~*(Cr) is € —closed subset of Cy.

3. Reduction ¢ — continuous function if and only if for each Cz center set
subset of Gy, then cle(fz ™ (Cp)) <e fe ' (cle(Cr)).

4. Reduction C — continuous function if and only if for each C, center set
subset of Cy, then fe(cle(Cy) <¢ cle(fe(Cy)) -
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5. Reduction € — continuous function if and only if for each Cp center set
subset of Cy, then £~ " (inte(Cp)) <¢ inte(fo™"(Cp)) -

6. Reduction C — continuous function if and only if for each C, center set
subset of Cy, then inte(f=(C4))) <¢ fe(int:C,) .

Proof 1:

Let f- is reduction C — continuous function and Cy € Jey, and let A € X
such that A8y f~1(V), by 6§ — continuous of f , then f(A)&yf(f~1(V)), but
f(fF~Y(V)) €V, then f(A)6,V, since f- is reduction C — continuous, there
exists Cy € Jex such that A6xyU and f-(Cy) <¢ Cy, by proposition (2.2.1.3) ,

then fo ™" (fe(Cu)) <S¢ fe '(Cy), then €y <¢ fe ' (Cy). Hence f7'(Cy) €
Jex- Conversely, let A € X and G, € 3¢y Such that f(A)6yV, by assumption,

then  fe ' (Cy) €Sex and  fe(fe '(Cy)) <S¢ Gy, but f(A)SyV, then
FYHf(A)Sxf~L(V), therefore A8y f~1(V), put Cy =¢ fo~ " (Cy) € Sex. Hence
fe 1s reduction € — continuous.

Proof 2:

Let f- is reduction C — continuous function and Cr is C —closed in Y, then
C’,SF) € ey since f- is reduction € — continuous and by part 1, then f~1(¢{) €
Sex. Hence f- 1 (Cr) is € —closed in X. Conversely, let C, € Sey, then C’,EV) IS
C —closed in Y, by hypotheses, then f‘l(C’)((V)) Is C —closed in X. Therefore

fo 1 (Cy) € Sex.Hence £ is reduction € — continuous.
Proof 3:

Let f- is reduction C — continuous function, since cl-(Cg) is C —closed
subset of Gy, by part 2 , then fo '(cle(Cp)) is C —closed in X, since
cle(fe ™ (de(Cp))) =¢ fe ' (cle(Cp)) : Cp <¢ cle(Cp) ,  then
fe ' (Ce) <c¢ fe ' (cle(Cp)), therefore  cle(fe ™ (Cp)) <c fe ' (cle(Cr))
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Conversely, let Cr be any C —closed in Y, so that clo(Cr) =¢ Cr . By
hypothesis ce(fe 7' (CR) <¢ fe 7 (cle(Cr)) =c fe " (Cr). But
fe H(Cp) <¢ Clc(fc_l(ep)), therefore Clc(fc_l(CF)) =c fo '(Cp) and
fo 1 (Cp) is C —closed in X, by part 2, then f- is reduction C — continuous

function.
Proof 4:

Let f- is reduction C — continuous function and C, center set in X, since

fe(Cl) center set in Y and by part 3, then

cle(F: Y (Fo(C)) e fo  (e(£2(CL))), since f is (1—1) function, then

cle(Cy) <¢ fo t(cle(f=(CL))), by  proposition  (2.21.3) ,  then
fe(cle(Cy)) <c cle(fe(CQ)). Conversely, let Cg be an arbitrary ¢ —closed in Y,

then f~*(Cp) <¢ Cx. By hypothesis fc(Clc(fc_l(cB))) <¢ cle(fe(fe ™ (Cp))),
therefore  fo(cle(fo'Cp)) <S¢ cle(Cg), by  part 3,  then
cle(fo77(Cp)) <¢ fo (cle(Cp)). But Cp is € —closed, then cle(Cs) =¢ Cj,
there fore cle(fz "' (Cs)) <¢ fo~ '(Cg). Hence f.~'(Cp) is € —closed in X, by

part 2, then f, is reduction C — continuous.
Proof 5:

Let f- is reduction C — continuous function, since int-(Cg) IS C —open
<¢ Cy, by part 1 , then fo '(inte(Cz)) is C —open <. Cy, therefore
inte(f- " (inte(Cp))) = f-'(inte(Cp)), since inte(Cz) <¢ Cz and by part
4, then fo 1 (inte(CR)) <e fo “(Cy). Hence
fo ' (inte(Cp)) <¢ inte(fz ™ (C)). Conversely, let €, be any € —open set in
Y, SO that inte(Cy) =¢ Cy : By hypothesis

fel(Cy) =¢ fo (inte(Cy)) <c inte(fe ™" (Cy)), therefore
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inte(fz"'(Cy)) =c fo~ " (Cy). Hence f,~*(Cy) is C — open in X, by part 1,

then f; is reduction C — continuous function.
Proof 6:

Let f- is reduction C — continuous function and C, center set in X, since

fe(Cy) center set in Y by part 5 : then
fo H(inte (fo (C))) <¢ inte(fo ™ (f2(Ca))), since £ is (1 — 1) function, then
fo l(inte(f2(C))) <¢ inte(C,), by  proposition  (2.2.1.3) ,  then
inte(f2(Cn)) <¢ fe(inte(C4)). Conversely, let C,; be an arbitrary ¢ —open in
Y, then fo N (Cy) <e Cy. By hypothesis
inte(fe(fe " (Cu))) <e fe(inte(fe ™ (Cy)), therefore
inte(Cy) <¢ fe(inte(fo""(Cy)), by  proposition  (22.13) ,  then

fe ' (inte(Cy)) <¢ inte(fe ™1 (Cy)). But €y is € —open, then int:(Cy) =¢ Cy,
therefore f>~'(Cy) <¢ inte(fz~(Cy)). Hence f,~(Cy) is € —open in X, by

part 1, then f; is reduction C — continuous.

Definition 2.2.2.3:
Let f:(X,0x) = (Y,6y) be a reduction function, we call that

fe: (X,6x,3cx) = (Y, 8y,3ey) is reduction € — open function if fz(C4)
C —open subset of ¢, for each C, C —open subset of Cyx. And f; is said to be
reduction C — closed function if f-(Cr) C —closed subset of C, for each Cp

C —closed subset of Cy.

Proposition 2.2.2.4:

Let f: (X,8x) = (Y,8y) be a 8§ — homeomorphism reduction function, then
fC’: (X; 5X:S(;’X) - (Y, 6Y’S(;’Y) iS

1. Reduction € — open function if and only if for each C center set subset

of Cx, then fe(inte(Cg)) <¢ inte(fe(CE)) -
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2. Reduction C — closed function if and only if for each C; center set subset

of Cy, then cle(fe(Cg)) <¢ fe(cle(Ck) .
Proof 1:

Let f- is reduction C — open function and C center set in X, since int:(Cy)
C — open set in X, then f-(inte(Cr)) C — open < Cy, since int:(Cg)) <¢ Cg
and by proposition (2.2.1.4) , then fz(inte(Cy)) <¢ fe(Cgr). Hence
fe(inte(Cp)) <¢ inte(fe(Cg)). Conversely, let C,; be an arbitrary ¢ —open in
X, then Cy = inte(Cy), therefore f-(Cy) =¢ fe(inte(Cy)). By hypothesis

fe(inte(Cy)) <¢ inte(fe(Cy)), then fo(Cy) <¢ inte(fe(Cy)).thus  fe(Cy) is
C —openinY. Hence f; is reduction C — open function.

Proof 2:

Let f- is reduction C — closed function and Cg center set in X, since cl-(Cg)
C — closed set in X, then f-(clo(Cg)) C — closed in Y , since C; < clz(Cr) and
by  proposition (2.2.1.4), then fe(CE) <¢ fe(cle(CEr)). Hence
cle(fe(Cg)) <¢ fe(cle(Cg)). Conversely, let Cr be an arbitrary ¢ —closed in X,
then Cp =¢ cle(Cp). By hypothesis cle(fe(Cr)) <¢ fe(cle(Cr)) =¢ fe(Cr),
therefore cle (f¢ (Cr)) <¢ fe(Cr) thus f-(Cr) is C —closed in Y. Hence f, is

reduction € — closed function.

Definition 2.2.2.5:

Let f:(X,6x) — (Y,8y) be a bijective reduction function, we call that
fe: (X, 6x,3cx) = (Y, 6y, Jey) IS reduction € — homeomorphism function iff f,

and f-~" are reduction ¢ — continuous functions.

Proposition 2.2.2.6:

Let f: (X, 8x) = (Y, 8y) be a § — homeomorphism reduction function, then
fc: (X, 6X;SCX) - (Y, 5y,:§cy) |S
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1. Reduction ¢ — homeomorphism function if and only if for each Cz center
set subset of Cy, then cle(fz " (Cp)) =¢ fo ' (cle(Cp) -

2. Reduction ¢ — homeomorphism function if and only if for each Cz center
set subset of Cy, then int(fz "' (Cp)) =¢ fz~ " (inte(Cp)).

Proof :
Direct proof by proposition (2.2.2.2)

We now introduce some relationships between the concept of reduction C —

continuity and separation axioms in C — topological space.

Proposition 2.2.2.7:

Let f:(X,6x) = (Y,8y) be a § — homeomorphism reduction function and
fe: (X, 6x,3cx) = (Y, 8y, Jcy) be areduction € — open function if (X, 6y, Jex)

IS 3o — Space, then (Y, 6y, Jey) 1S ez — Space.
Proof:

Let fe is reduction C — open function, (X, 6y, Jex) 1S Jeo — Space and let
Yk, Yk, are center points in Y such that y, #e yg, , since f is bijective
function, there exist xy_, xy,two center points in X such that x, #¢ xy,, where
fe(xm,) =c ¥, and fe(xy,) =c y,- But (X,6x,3Jex) is ez — space, there
exist center open sets in X C4 and C4, such that x, € C4,, xy, € C4, and
Ca, Ae Ca, =¢ Cy, this mean A;6xH; and A,6xH,, by proposition (2.2.1.2) ,
then fz(xu,) € fe(Ca,) and fe(xy,) € fz(Ca,) , therefore yx € fo(C4,) and
Yk, € fe(Ca,) . Since fe is reduction C — open function, then f-(C4,) and
fe(Cy4,) are center open sets in Y, by proposition (2.2.1.6), fe(Ca,) Ac
fe(Ca,) =¢ fe(Ca, Ac Ca,) =¢ fe(Cp) =c Cp. Hence (Y,6y,Jey) 1S Jez —
space.
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Proposition 2.2.2.8:

Let f:(X,d6y) — (Y,8y) be a 6§ — homeomorphism reduction function and
fe: (X,6x,3cx) = (Y,6y,3cy) be a reduction C — continuous function, if

(Y, by, Jey) is Je, — Space, then (X, &y, Jex) IS Je, — Space.
Proof:

Let f is reduction € — continuous function, (Y, &y, J¢ey) IS Jc2 — Space and
let x, ,xy, are center points in X such that x, #c xp, , since f is bijective
function, there exist yx ,yg, two center points in Y such that y, #c v, ,
where fo ™' (yk,) =c xu, and fo'(Vk,) =¢ Xu,- BUt (¥,8y,Jey) is ez —
space, there exist center open sets in Y Cp and Cp, such that y, € Cp,, Yk, €
Cp, and Cp, A¢ Cp, =¢ Cy, this mean B;8yK; and B,6xK,, by proposition
(2.2.1.3) , then fo"'(yk,) € fo "' (Cs,) and fo"'(yk,) € fo '(Cg,), therefore
Xy, € fo '(Cp,) and ,xy, € fo"'(Cg,). Since fe is reduction € — open
function, then fc_l(C’Bl) and fc_l(C’Bz). are center open sets in X, by
proposition (2.2.1.6), fo ' (Cs) Ae fX(Cs). =c¢ fo '(C, Ac Cr,) =¢

fe 1 (Cp) =¢ Cy. Hence (X, 8x, Jex) is Jez — space.

Proposition 2.2.2.9:

Let f:(X,6x) = (Y,d8y) be a § — homeomorphism reduction function and
fe: (X, 6x,3cx) = (Y,6y,3ey) be a reduction ¢ — homeomorphism function,
then :

1. If (X,68yx,3cx) is C — regular space, then (Y,6y,Jey) IS C — regular
space.
2. If (X,6y,3¢ex) is C— normal space, then (Y, 8y, Jey) is C — normal

space.
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Proof 1:

Let (X, dx,Jex) is C — regular space, Cr is C — closed in Y and vy be a
center point in Y such that y, & Cg, since f is bijective function, there exist xy

center point in Y such that f-(xy) =¢ yx, by proposition (2.2.1.3), then

xy & f-"1(Cr), since fe is reduction € — continuous function, then f>~*(Cy) is

C — closed in X . But (X, dy,Jcx) is C — regular space, there exist C —open
sets in X Cyand G, such that xy €Ca, fo '(Cp) <¢Csy,  and
Ca, Ae Ca, =¢ Cp, this mean A;6xH and f~'(F)6xB = BéxA, for all B
subset of X. by proposition (2.2.1.2), then fe(xy) € fc(C4,), Cr <¢ fc(Ca,),
since fo~" is reduction € — continuous function, then fe(C4,) and fe(Cy,) are
C —open sets in X, by proposition (2.2.1.6),

fe(Ca,) Ac fe(Ca,) =¢ fe(Ca, Ac Ca,) =¢ Cy- Hence (Y,6y,3Jey) is C—
regular space.

Proof 2:

Let (X, 6y, Jex) is € — normal space, Cr, , Cr, are C — closed sets in Y such
that Cr, Ac Cr, =c Cg, Since fe is reduction € — continuous function, then
fe ' (Cr,) and f, 7" (Cp,) are € — closed sets in X, since f is bijective function,
then o~ (Cr,) Ae fo ™ (Cr,) =¢ Cg. But (X, 8y, Jex) is € — normal space, there
exist C—open sets in X Cyand C,, such that fc_l(Cpl) <¢ Ca,
fo N (Cr,) <S¢ Ca, and Ca, Ae Ca, =¢ Cg, this mean f~1(F,)8xB; = B16x4;
and f~1(F,)6yB, = B,64xA, for all B;,B, subsets of X. by proposition
(2.2.1.2), then Cp, <¢ fe(Ca,) and Cg, <¢ fc(Ca,), by proposition (2.2.1.6),

then fe(Ca,) Ac fe(Ca,) =c fe(Ca, Ac Ca,) =¢ Cy. Hence (Y,6y,Jey) s
C — normal space.
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2.3 Stronger Central Continuous Function

In this section, we introduce a new definition of continuous functions for a
special type of functions what we called stronger central continuous function on
C — topological spaces and show its important properties, in additional, we

apply the separation axioms in these spaces.

2.3.1 Stronger Central Function
In this section, we present the definition of stronger central function and its

most important properties.

Definition 2.3.1.1:

Let (X,5x) be a proximity space and 6, = f(6x) be a proximity on Y, a
function f: (X, 8x) — Y is called stronger function if the image for center set C4
in X is Cpay = {{f(4),B): f(A)byB, for each B €Y}, and the inverse of
stronger C-function f is of form Cp-15) = {(f"(B),H): f~(B)&xH,
foreach H € X}.

Proposition 2.3.1.2:

Let (X,dx) be a proximity space, f: (X,6yx) = Y, a give bijective stronger

function, and Cp be center set in X. If x, € Cg, then fe(x4) € Cr(p).

Proof:

Let x, € Cg, imply ASxB.But fis (1 —1) and by 6y = f(Jdx), SO we get
that A8y B iff f~H(f(A))8xf~*(f(B)) iff f(A)Syf(B). Hence f(x4) € Crg.

Proposition 2.3.1.3:

Let (X, 6x) are proximity space, f: (X, 6x) — Y, give onto stronger function

and Cy, be center setin Y, if y, € Cy then f~*.(y,) € Cs-1(p).

53



CHAPTER TWO Central Continuous Function

Proof:

Lety, € C, , iff A8,V iff f1(A)8y f~1(V), by &y = f(8y), then
f1.() € Cr1)-

Proposition 2.3.1.4:

Let (X, 8x) are proximity space, f: (X, dy) — Y, a give bijective stronger

function,. Hence the following is correct:

I. 1fC4 <¢ Cp, then Cr 4y <¢ Cr(py , fOr any center sets C,, Cp in X.
il. If Gy, <¢ Cy,, then Cp-1(y,y <¢ Cp-1(y,y , fOr any center sets Cy,, Cy, in'Y.

Proof:

i, Letyy € Cray Iff AV iff fTI(F(A))Sy f1(V) iff ASy f72(V),
then B8y f~1(V) iff f~1(f(B))8y f~1(V) iff f(B)SyV . Hence y, €
Cr@):

il.  Let Gy, <¢ Cy,, then frome it we get, VO # K €Y, if Y,y K, imply
Y,0y K, letxy € Cp1py, iff  ASyf~2(Y) iff f7H(F(A))Ex (1),
because f is 1-1, iff f(A)éy Yy, by 6y = f(6x), then f(A)6yY, iff
FUF(A))8x fH(Yy) iff ASxf ™1 (Y,) . Hence xy € Cp-1y,).

Proposition 2.3.1.5:

Let (X, 8x) be a proximity space, f: (X, 6x) = Y give bijective stronger
function, {C,_, x€A} and {Cp , xE A} are families of center subsets of Cy and

Cy respectively, where A and A are arbitrary index sets, then:

L fe(V{C4,, XEA}) =¢ Y {Cfa,) XEA}
2. fe(MCy,, XEAY) =¢ ACf(a,) XEA}
3. fe H(Y{Cp,, XEA}) =¢ Y {Cf-1(5,, XEA}
4. fo (M Cp,, XEAY) =¢ A{Cs-1(5,), XEN}
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Proof 1:

Let yx € fe(Y {Cy, , xEA}) , iff there exist xy € Y {C, ,xEA} such that
fe(xy) =¢ vk, iff for some x,€EA, xy € Ca, such that A, 6xH, by proposition
(2.3.1.2), then fqo(xy) € Cr(Aug) for some oo€A, because f(Ax,)dyf(H),

therefore f(A«,)éyK. thus Yk € Cray,) for some o,EA, Hence yy €Y

{Cf(Aoc)’ OCEA}

Conversely, let yx €V {Cr(4,), XEA}, then yx € Cr4, ) for some o €A, this
mean fe(A«,)0yK, by proposition (2.3.1.3), then ot (vx) € Cr1(f(4sy))
therefore f~1(f(Axo))dxf " 1(K), since f is onto, then A.,8xf 1(K), thus
f'k) €€y, for some €A, by proposition (2.3.1.2), then

fe(fe™ k) € fe(Y {Ca, xEAY). Hence yi € fo(Y {Ca,, XEA}).
Proof 2:

Let yx € fe(A{Cy,, xEA}) , then there exist xy; € A{C, ,xEA} such that
fe(xy) =c yk, iff for each €A, then xy; € C,  such that A,6xH, by
proposition (2.3.1.2), then fe(xy) € Cra, for each xEA, because
f(A)Syf(H) VxEA, therefore yx € Cr(4,) for each <€A, Hence yx €A
{Cria,) XEA}.

Conversely, let yx €EA{Cra,), XEA}, then yx € Criu, ) for each «€A, by
proposition (2.3.1.3), then fo ' (vk) € Cr1(£(4.)) this mean
F Y (A))Sxf 1K), since f is (1-1), then A Sxf1(K) V€A, therefore
f'(yk) €Cy, for each  xeA, thus f~'(yx) €A{C,,,xXEA}). by
proposition (2.3.1.2), then yx € f(A{C,, , XEA}).
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Proof 3:

Let xy € fo ' (Y {Cp,, XEA}), there exists yx €Y {Cp_, xEA}, such that
fe '(yk) = xy for K €Y, then for some o¢o€A, yx € Cp,such that By, &y K
, by proposition (2.3.1.3), then f-~! (yx) € Cf-l(B%), this mean f‘l(BOCO)

8xf~*(K), then for some oy €A, xy; € Cr-1(8,,)- HeENCE xpy €V {Cp-1(p,), XEA}.

Conversely, let xy €V {C¢-1(5,, XEA}, then xy € Cf'l(B«o) for some x,EA, by
proposition (2.3.1.2), then fe(xy) € Cr(f1(Buy)) this mean
f(f ' (Bx,)) Oyf(H). But f(f *(Bx,)) € By, therefore B, 8yf(H), then
fe(xy) € Ch,, for some «,€A, thus f-(xy) €Y {C’B«o’ xEA}, by proposition

(2.3.1.3), then x; € fo "' (v {Cp_, XEA}).
Proof 4.

Let x, € f- (A {Cp, ., XEA}), there exists yx EA{Cp , XEA}, such that
fe ' (k) =xy for K €Y, then for each <€A, y, € Cp_ such that B,SyK , by
proposition (2.3.1.3), then fo~* (yx) € Cp-1(p,, this mean f~1(By) 8xf 1 (K),

then for each €A, xy € Cp-1(5 . Hence xy EA{Cp-1p, ), XEA}L

Conversely, let xy €A {Cr-1(p ), XEA}, then xy € Cr-1(p y for each e,

by  proposition  (2.3.1.2), then  fe(xy) € Crp-1p,y), this  mean

f(fFYBY) 6y f(H). But f(f 1(By)) S By, therefore B.8yf(H), then
fe(xy) € Cp, for each €A, thus fe(xy) EA{Cp , XEA}, by proposition

(2.3.1.3), then x; € fo ' (A {Cp_, XEA}).
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2.3.2 Stronger Central Continuous Function
In this section, we introduce the definition of stronger central continuous

function and its most important properties. And the relationship of this type of
functions with the separation axioms in C-topological space.
Definition2.3.2.1:

Let f:(X,d8x) — Y be a Stronger function and (X, 6y, 3cx) » (Y, 8y, Jey)

are C — topological spaces, we call that fz: (X, dx, Jex) = (Y, 8y, Jey) IS a
Stronger C — continuous function at the center point x, with respect to the
function £, if for each C, € Jpy such that f(A) &, V, there exists C; € Jex With
UébxA satisfy that, for each f(U) 6yK, K € Y, then Vé,K. And f; is called a
Stronger C — continuous, if its Stronger C — continuous function at each center

pointin Cy.

Example2.3.2.2:

Let (X, 6y, 3ex) and (Y, f(6x), Jey) are C — topological space such that
={1,2} , Y ={a,b} and 6y iIs discrete proximity, where
Jex = {Cx, Cg, Cp1ys (3)(({1})} and Jey = {Cy, Cy, Crq» C’)(({a})} are C — topologies.
Define f from (X,6y) into Y such that f(1) = a and f(2) = b. Then f- is

Stronger C — continuous function at the center point 2,;.

Now we present some equivalent theorems for the definition of stronger

C — continuous function in C-topological space.

Proposition2.3.2.3:

Let f:(X,dx) = Y be a bijective stronger function, then f,: (X,dx, Jex) —
(Y, 8y, Jey) is

1. Stronger C — continuous function if and only if for each C, € 3¢y, then

Cf_l(V) € SC’X'
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2. Stronger C — continuous function if and only if for each Cr is C —closed
subset of Cy, then Cs-1(fy is € —closed subset of Cx.

3. Stronger C — continuous function if and only if for each Cz center set
subset of Cy, then cle(Cr-1(my) <¢ £ (cle(Cp)).

4. Stronger C — continuous function if and only if for each C, center set
subset of Cy, then fe(cle(Cy) <c cle(Cray) -

5. Stronger C — continuous function if and only if for each Cy center set
subset of Cy, then fz ™" (intp(Cp)) <¢ inte(Cr1(g)) -

6. Stronger C — continuous function if and only if for each C, center set
subset of Cy, then inte(Cray)) <e fe(inteCy) .

Proof 1:

Let f is Stronger C — continuous function and C, € 3¢y, and let A € X such

that Ay f~*(V), by 6y = f(8x), then fF(A)Syf(f T (V)), but f(f (V) €V,
then f(A)6,V, since f is Stronger C — continuous, there exists C;; € Jex such
that A5y U and Cr(yy <¢ Cy, by proposition (2.3.1.4) , then

Cf_l(f(U)) <C Cf_l(V)’ then CU <@ Cf_l(V)' Hence Cf_l(V) E \NSCX'

Conversely, let A € X and C, € Jey such that f(A)6,V, by assumption, then
Cr-1r) € Jex and Cr(p-1(yy) e Cy, but £(A)6yV, then f~H(f(A)8xf~ (V),
therefore Ay f~1(V), put Cy =¢ Cr-1ry € Jex- Hence f is Stronger C —

continuous.
Proof 2:

Let f- is Stronger C — continuous function and Cr is C —closed in Y, then

(F) -~ ; : _ ; FF)
Cy, ~ € Jey since fe is Stronger € — continuous and by part 1, then Cy €

Jex. Hence Cp-1(py is € —closed in X.
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Conversely, let C, € Jey, then C’S’) Is C —closed in Y, by hypotheses, then

eV ™ js ¢ —closed in X. Therefore Cr-1vy € Jex-Hence fe is Stronger € —

continuous.
Proof 3:

Let f- is Stronger C — continuous function, since cl-(Cg) is C —closed subset of
Cy, by part (2) , then f1(cle(Cg)) is C —closed in X, since
cle(f 1 (cle(Cp))) =¢ f~1(cle(Cp)) ) Cp <¢ cle(Cp) ’ then
Cr-1y <S¢ f1(cle(Cp)), therefore cle(Cr-1(p)) <¢ f1(cle(Cp)) -

Conversely, let Cr be any C —closed in Y, so that clo(Cr) =¢ Cr . By
hypOtheSIS Cle(Cf—l(F)) <e f_l(Clc(CF)) =C Cf—l(F) But
Cf—l(F) <C Clc(Cf—l(F)), therefore ClC(Cf_l(F)) =c Cf—l(F) and Cf—l(F) IS

C —closed in X, by part 2, then f, is Stronger C — continuous function.

Proof 4:

Let fc is Stronger C — continuous function and C, center set in X, since Cry)
center set in Y and by part (3), then cle(Cp-1(£(4y)) <e¢ fe'l(cle(cf(A))), since f
is (1 — 1) function, then cle(C,) <¢ fo~ ' (cle(Creay)), by proposition (2.3.1.4)

then fe(cle(Ca)) <¢ cle(Cray).

Conversely, let Cz be an arbitrary C —closed in Y, then Cp-15) <¢ Cx. By
hypothesis fe(@e(Cr18y) <S¢ cle(Crer1eay)s therefore
fe(cle(Cr1(5)) Se cle(Cp), by  proposition  (2.3.1.4) ,  then
cle(Cr-10p)) Se fe T(cle(Cp)). But Cp is € —closed, then cle(Cp) =¢ Cs,
there fore cle(Cr-1(5)) <¢ Cs-1(5). HeNce Cp-1(py is € —closed in X, by part 2,

then f; is Stronger C — continuous.
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Proof 5:

Let f- is Stronger C — continuous function, since int-(Cp) is C —open <. Cy,
by part 1 , then f. '(inte(Cg)) is C —open < Cy, therefore
inte(f- " (inte(Cg))) =e fo *(inte(Cp)), since int(Cz) <¢ Cp and by part
4, then f™ ' (inte(Cp)) <S¢ Cp-1py. Hence fo™ ' (inte(Cp)) <c inte(Cr1(p)).

Conversely, let C; be any C —open set in Y, so that int.(Cy) =¢ Cy . By
hypothesis Cr1py =¢ fH(inte(Cy)) < inte(Cr1(yy), therefore
inte(Cr-11y)) =¢ C-1y). Hence Ce-1yyy is € — open in X, by part 1, then f¢ is

Stronger C — continuous function.
Proof 6:

Let fe is Stronger C — continuous function and C, center set in X, since Cr,)
center set in Y by part 5, then fz ™" (inte(Cray)) <¢ inte(Cr-1(say). since f
is (1—1) function, then fz~'(inte(Cray)) <¢ inte(C,), by proposition

(2.3.1.4) , then inte(Cray) <S¢ fe(inte(Cy)).

Conversely, let Cy be an arbitrary C —open in Y, then Cp-1(y) <¢ Cx. By
hypothesis inte(Crr-10y) e fe(inte(Cr-1), therefore
inte(Cy) <e¢ fe(inte(Cr-1¢yy), by  proposition  (23.1.4) ,  then
fe *(inte(Cy)) < inte(Cr-1(yy). But €y is € —open, then inte(Cy) =¢ Cy,
therefore C-1yy <¢ inte(Cs-1(y)). Hence Cp-1(yy is € —open in X, by part 1,

then f; is Stronger C — continuous.
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We now introduce some relationships between the concept of stronger C —

continuity and separation axioms in C — topological space.

Proposition2.3.2.4:

Let f:(X,6y) Y be a bijective stronger ¢ —function and
fe: (X,6x,3cex) = (Y,6y,3cy) be a stronger C —continuous function, if

(Y, 8y, Jey) IS Jep — Space, then (X, 8y, Jex) IS Je, — Space.
Proof:

Let f- is stronger C — continuous function, (Y, &y, Jey) 1S 3z — Space and let
Xy, Xy, are center points in X such that xy #c xy, , since f is bijective
function, there exist yx ,yg, two center points in Y such that yx #c v, ,
where fo ™' (vk,) =c xu, and fo'(Vk,) =¢ Xu,- BUt (¥, 8y, Jey) is ez —
space, there exist Cg and Cg, center open sets in Y such that yx € Cg,,
sz € CBZ and 631 AC CBZ =c C@, thlS mean Bl6yK1 and 326yK2, by
proposition (2.3.1.3) , then fz™(yk,) € Ci-1zy and fe '(yk,) € Cr-1(s,),
therefore xy, € Cp-1(5,) and ,xy, € C-1(5,). By proposition (2.3.2.3), then
Cr-1(p,) and Cr-1(p,y are center open sets in X, by proposition (2.3.1.5), then
Cr1y  Ae  Criy) =c fe (Ca, Ae Cs,) =¢ fe ' (Cp) =¢ Cp.  Hence

(X, 6X; SCX) IS SCZ - Space

Proposition2.3.2.5:

Let f: (X,8x) — Y be a bijective stronger function and fz: (X, 8y, Sex) =

(Y, 6y, Jey) be a stronger ¢ —homeomorphism function, then

1. If (X,68x,3cx) is C — regular space, then (Y, 6y, Jey) IS C — regular
space.
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2. If (X,6x,3¢ex) IS C— normal space, then (Y, 8y, Jey) IS C — normal
space.

Proof 1:

Let (X, 8y, Jcx) iS C — regular space, Cris C — closed inY and yy be a center
point in Y such that y, & Cp, since f is bijective function, there exist x, center
point in Y such that fe(xy) =¢ Yk, by proposition (2.3.1.3), then xy & Cr-1(p),
since f¢ is stronger C —continuous function, then Cp-1(ry is C — closed in X .
But (X, 8y, Jcex) is C — regular space, there exist C, and C,, are C —open sets
in X such that x; € C4,, Cr-1(py S¢ Ca, aNd Gy, Ae Cy, =¢ Cp, this mean
A6xH and f~1(F)6yB = B&yA, for all B subset of X. by propositions
(2.3.1.2) and (2.3.1.4), then fo(xy) € Cra,y Cr e Cra,y SiNCE fo ' s
stronger C — continuous function, then Cr4,y and Cr 4, are C —open sets in X,
by proposition (2.3.1.5), Cra,) Ac Crra,) =c Crearcca,) =c Co Hence

(Y, 6y, Jey) Is C — regular space.
Proof 2:

Let (X, 8x,Jex) is € — normal space, Cr, , Cr, are C — closed sets in Y such
that Cr, Ae Cfr, =¢ Cg, Since fe is stronger C —continuous function, then
Cr-1(r and Cr-1(5,) are C — closed sets in X, since f is bijective function, then
Cr-1(rp) Ae Cr1(r,) =¢ Cg- BUt (X, 8%, Jex) is € — normal space, there exist
C —open sets in X C,,and C4, such that Cp-1py <¢ Ca,s Cp-1(r,) <S¢ Ca, and
Ca, Ae Ca, =¢ Cp, this mean f~1(F)6xB; = B;6xA; and f~'(F,)6xB, =
B,6xA, for all By, B, subsets of X. by proposition (2.3.1.2), then Cp, <¢ Cr(a))
and Cr, <¢ Cf(a,) by proposition (2.3.1.5), then
Crean) Ae Criay) =c¢ Creareca,) =c Co- Hence (Y,d8y,3cy) IS C — normal

space.
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2.4 Weaker Central Continuous Function

In this section, we introduce a new definition of continuous functions for a
special type of functions what we called weaker central continuous function on
C — topological spaces and show its important properties, in additional, we

apply the separation axioms in these spaces.

2.4.1 Weaker Central Function
In this section, we introduce the definition of weaker central function and its

most important properties.

Definition 2.4.1.1:

Let (Y, 8,) be a proximity space and 6y = f~1(8y,) be a proximity on X, a
function f: X — (Y, &y) is called weaker function if the image for center set C4
in X is Cpay = {{f(4),B): f(A)byB, for each B €Y}, and the inverse of
weaker C-function f is of form Cp-15) = {(f"(B),H): f~'(B)éxH,
foreach H € X}.

Proposition 2.4.1.2:

Let (Y, dy) be a proximity space, f: X — (Y, §y) a give weaker C -function,

and C4 be center set in X. If xg € C4 then fe(xp) € Cr(a).
Proof:

Let x5 € C4 , Imply AdyxB. And by specifying 6y, we have f(A)dyf(B),
therefore f (xg) € Cr(a).

Proposition 2.4.1.3:

Let (Y, 6y) be a proximity space, f: X — (Y, y) a give surjective weaker C -

function and C be center setinY, if y, € Cy, then f‘lc(yA) € Cr-10y-
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Proof:

Lety, € Gy, iff A8,V iff f(f~1(4)dy f(f~1(V)) because f is surjective
iff by 6y = f~(6y), then f~1(A)8x f~(V), therefore f~'(y4) € Cr-1(yy.

Proposition 2.4.1.4:

Let (Y, 6y) be a proximity space, f: X — (Y, 8y) a give surjective weaker C -

function. Hence the following is correct:

I. 1fC4 <¢ Cp, then Cr 4y <¢ Cr(py , fOr any center sets C,, Cp in X.
il. If Gy, <¢ Cy,, then Cp-1(y,y <¢ Cp-1(y,y , fOr any center sets Cy,, Cy, in'Y.

Proof:

I. LetCy <¢ Cp,and formitweget VH € X , A6xH , imply By H. For any
@+KCY and f(A)6yK. But f is surjective, there exist H € X such
that f(H) = K, so f(A)6yf(H) iff A5yH because 8y = f~1(8y), then
HéxB iff K= f(H)5,f(B) because 6y = f"1(6y). Therefore
Crw) Se Cres)-

ii.  LetCy, <¢ Cy, and fromitweget V@ # K €Y, if 16y K, imply Y6y K,
let H be non-empty subset of X such that f~1(Y;)6xH iff
fUTTYD)Sf(H) because &y = f~(8y) iff Yi8yf(H), imply
,6.f(H) iff  f(fY(V,))éyf(H) iff f~1(Y,)6xH. Therefore

Cr-1(ry) e Cr1(v,)-

Proposition 2.4.1.5:

Let (Y, 6y) be a proximity space, f: X — (Y, 8y) a give bijective weaker C -
function, {C,_, x€A} and {Cp_, x€ A} are families of center subsets of Cy and

Cy respectively, where A and A are arbitrary index sets, then:

1. f@(Y {CAO(, OCEA}) =cY {cf(Ao()' OCEA}
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2' fC(A {CAMJ OCEA}) :C A {Cf(Aoc)’ OCEA}

4. fo (A {Cp,, XEN}) =¢ A{Cf-1(5,) XEA}
Proof 1:

Let yx € fe(Y {Cy, , xEA}) , iff there exist xy € Y {C, ,xEA} such that
fe(xy) =¢ vk, iff for some x,EA, xy € Ca, such that A, 6xH, by proposition
(24.1.2), then fe(xy) € Cpa,, ) for some o€A, because f(Ax,)dyf(H),

therefore f (A, )0yK. Thus Yk € Cra,) for some o,EA, Hence yy €Y

{Cf(Aoc)’ OCEA}

Conversely, let yx €Y {Cf(a,), XEA}, then yg € Cr4, ) for some o €A, this
mean fe(A«,)0yK, by proposition (2.4.1.3), then ot (vx) € Cr1(f(4sy))
therefore f~1(f(Axo))dxf " 1(K), since f is onto, then A.,8xf 1(K), thus
Yy € C4,, Tor some o €A, by proposition (2.4.1.2), then

fe(fe™ k) € fe(Y {Ca, xEAY). Hence yi € fe(Y {Ca,, XEA}).
Proof 2:

Let yx € fe(A{C4,, xEA}) , then there exist x; € A {C, , xEA} such that
fe(xy) =c yk, iff for each €A, then xy; € C, such that A.6xH, by
proposition (2.4.1.2), then fe(xy) € Cra, for each xEA, because

f(A)byf(H) VxEA, therefore yx € Cria, ) for each «€A, Hence yx €A
{Cf(Aoc)’ OCEA}

Conversely, let yx €EA{Cra,), XEA}, then yy € Criu, ) for each «€A, by

proposition  (2.4.1.3),  then  fo7' (k) € Cirpayyy  this  mean
FYf(AD))Sxf 1K), since f is (1-1), then A Sxf 1(K) V€A, therefore
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f'(yk) €Cy, for each  xeA, thus f~'(yx) €A{C,,,xXEA}). by
proposition (2.4.1.2), then yx € f(A{Cy, , XEA}).

Proof 3:

Let xy € fo ' (Y {Cp,, XEA}), there exists yx €V {Cp_, x€EA}, such that
fe~'(yk) = xy for K €Y, then for some o<,€A, yx € Cp, such that B Sy K
, by proposition (2.4.1.3), then f-~! (yx) € Cf-l(B%), this mean f‘l(BOCO)

8xf~*(K), then for some oy €A, xy; € Cr-1(8,,)- HeNCE xy EV {Cr-1(p,), XEA}L

Conversely, let xy €V {C¢-1(5,, XEA}, then xy € C’f-l(Bo(O) for some x,EA, by
proposition (2.4.1.2), then fe(xy) € Cf(f—l(Bo(O)), this mean
f(f ' (Bx,)) Oyf(H). But f(f *(Bx,)) € By, therefore B, 8yf(H), then
fe(xu) € Cp, for some oo €A, thus fe(xy) €Y {Cp, . xEA}, by proposition

(2.4.1.3), then x; € fo "' (¥ {Cp,, XEA}).
Proof 4:

Let xy € fo '(A{Cp_, xEA}), there exists yyx EA {Cp_, XEA}, such that
fe ' (k) =xy for K €Y, then for each <€A, yy € Cp_ such that B,SyK , by
proposition (2.4.1.3), then fo~* (yx) € Cp-1(p,, this mean f~1(By) 8xf 1 (K),

then for each <€A, xy € Cr-15,)- Hence xy EA {C’f-l(Bm), XEA}.

Conversely, let xy €A {Cr-1(p ), XEA}, then xy € Cr-1(p ) for each e,
by  proposition  (2.4.1.2), then  fe(xy) € Crp-1p,y), this  mean

f(fFYBY) 6y f(H). But f(f 1(By)) € By, therefore B.8yf(H), then
fe(xy) € Cp, for each €A, thus fe(xy) EA{Cp,, XEA}, by proposition

(2.4.1.3), then x; € fo ' (A {Cp,, XEA}).
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2.4.2 Weaker Central Continuous Function
In this section, we introduce the definition of weaker central continuous

function and its most important properties. And the relationship of this type of
functions with the separation axioms in C-topological space.
Definition2.4.2.1:

Let f:X — (Y, dy) be a weaker function and (X, 8x, Jcx) , (Y, Oy, Jey) are

C — topological spaces, we call that f: (X, 8, Jcex) = (Y, 6y, Jey) IS @ weaker
C — continuous function at the center point x, with respect to the function f, if
for each C, € ey such that f(A) 6,V, there exists Cy € Jex With Udy A satisfy
that, for each f(U) 6yK, K €Y, then VéyK. And f, is called a weaker C —

continuous, if its weaker C — continuous function at each center point in X.

Now we present some equivalent theorems for the definition of weaker C —

continuous function in C-topological space.

Proposition2.4.2.2:

Let f: X — (Y,6y) be a bijective weaker C —function, then f: (X, 8y, J¢ex) —
(Y, SY' SC“Y) iS

1. Weaker C — continuous function if and only if for each C, € J.y, then
Cr-1v) € Jex-

2. Weaker C — continuous function if and only if for each Cr is C —closed
subset of Cy, then Cp-1(f) is C —closed subset of Cy.

3. Weaker ¢ — continuous function if and only if for each Cz center set
subset of Cy, then cle(Cr-1(5)) <¢ f1(cle(Cp)).

4. Weaker C — continuous function if and only if for each C, center set
subset of Cy, then fe(cle(Cy) <¢ Cle(Creay) -

5. Weaker ¢ — continuous function if and only if for each Cg center set

subset of Cy, then fz ™" (inte(Cp)) <¢ inte(Cr-1¢g)) -
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6. Weaker C — continuous function if and only if for each C, center set

subset of Cy, then inte(Cra))) < fe(inteCy) .

Proof 1:

Let f- is weaker C — continuous function, C, € 3.y and A € X such that

Adxf71(V), by 8x = f7(8y), then fF(A)Syf(f*(V)), but f(f 1 (V)) €V,
then f(A4)6,V, since f is weaker C — continuous, there exists C; € Jex Such
that A6xU and Cr(yy <¢ Cy, by proposition (2.4.1.3) , then

Cf_l(f(U)) <C Cf_l(V)’ then CU <C Cf_l(V)' HenCE Cf_l(V) E SCX'

Conversely, let A € X and C, € Jey such that f(A)dyV, by assumption, then
Cr-1ry € Jex and Cr(p-1(yy) e Cy, but £(A)6yV, then f~H(f(A)8xf 1 (V),
therefore A8y f~1(V), put Cy =¢ Cr-1v) € Jex- Hence f is weaker € —

continuous.

Proof 2: Let f, is weaker C — continuous function and Cr is C —closed in Y,

then C,EF) € Jey Since fe- is weaker C — continuous and by part 1 , then

-1
C’)((f (F) e Jex- Hence Cp-1(py is € —closed in X.

Conversely, let C, € Jey, then Cév) is C —closed in Y, by hypotheses, then

-1
C’)((f ) is ¢ —closed in X. Therefore Cr-1ry € Jex-Hence fe is weaker C —

continuous.
Proof 3:

Let f- is weaker C — continuous function, since cl(Cg) is C —closed subset of
Cy, by part (2) , then f~1(cle(Cg)) is C —closed in X, since
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cle(f 71 (cle(Cp))) =¢ f1(cle(Cp)) : Cp <¢ cle(Cp) : then
Cr-1my ¢ f1(cle(Cp)), therefore cle(Cr-1(p)) <¢ f1(cle(Cp)) -

Conversely, let Cr be any C —closed in Y, so that clo(Cr) =¢ Cr . By
hypothesis Clc(ef—l(F)) <e (e (CR) =¢ C-1(p)- But

C —closed in X, by part 2, then f is weaker C — continuous function.

Proof 4:

Let fo is weaker C — continuous function and C, center set in X, since Cry)
center set in Y and by part (3), then cle (Cr-1(r(ay)) <e¢ fe ' (cle(Creay)). since f
is (1 — 1) function, then cle(C,) <¢ fe " (cle(Creay)). by proposition (2.4.1.3)

then fe(cle(Ca)) <¢ cle(Cray).

Conversely, let Cz be an arbitrary C —closed in Y, then C¢-15) <¢ Cx. By
hypothesis fe(cle(Cr1(my) <e cle(Crir-1(my): therefore
fe(cle(Cr-1(5)) Se cle(Cp), by  proposition  (24.13) ,  then
cle(Cr-10m)) Se fo T(cle(Cp)). But Cp is € —closed, then cle(Cp) =¢ Cs,
there fore cle(Cr-1(5)) <¢ Cs-1(5). HeNce C-1(py is € —closed in X, by part 2,

then f; is weaker C — continuous.

Proof 5:

Let f- is weaker C — continuous function, since int,(Cp) is C —open <, Cy, by
pat 1 , then f. '(inte(Cg)) is C —open <, Cyx, therefore
inte(fe ' (inte(Cp))) =¢ fe ' (inte(Cp)), since inte(Cp) <¢ Cp and by part
4, then f™ " (inte(Cp)) <S¢ Cr-1py. Hence fo™ ' (inte(Cp)) <c inte(Cr1(p)).
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Conversely, let C; be any C —open set in Y, so that inte(Cy) =¢ Cy . By
hypothesis Cr-1py =¢ fH(inte(Cy)) <¢ intC(C’f-l(U)), therefore
intc(cf—l(u)) =¢ Cp-1(y)- Hence Cr-1(yyy is € — open in X, by part 1, then f; is

weaker C — continuous function.
Proof 6:

Let fe is weaker C — continuous function and C, center set in X, since Cry)
center set in Y by part 5, then fz ™" (inte(Cray)) <¢ inte(Cr-1(say). since f
is (1—1) function, then fz~'(inte(Cra))) <¢ inte(C,), by proposition

(2.4.1.3) , then inte(Cray) <e fe(inte(Cy)).

Conversely, let Cy be an arbitrary C —open in Y, then Cp-1(y) <¢ Cx. By
hypothesis inte(Crr-10y) e fe(inte(Cr1), therefore
inte(Cy) <e¢ fe(inte(Cr-1¢yy), by  proposition  (24.1.3) ,  then
fe~t(inte(Cy)) < inte(Cr-1(yy). But €y is € —open, then inte(Cy) =¢ Cy,
therefore Cq-1(y <¢ inte(Cs-1(y)). Hence Cp-1(yy is € —open in X, by part 1,

then f is weaker C — continuous.

We now introduce some relationships between the concept of weaker C —

continuity and separation axioms in C — topological space.

Proposition2.4.2.3:

Let f:X - (Y,6y,) be a Dijective weaker ¢ —function and
fe: (X,6x,3cx) = (Y, 6y,3cy) be a weaker C —continuous function, if

(Y, 8y, Jey) IS Je, — Space, then (X, 8y, Jex) IS Je, — Space.
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Proof:

Let f- is weaker C — continuous function, (Y, 8y, Jey) IS Jep — Space and let
Xy, Xy, are center points in X such that xy ¢ xy, , since f is bijective
function, there exist yg ,yg, two center points in Y such that y, +#c v,
where fc_l(ZVKl) =¢ xy, and fe_l()’Kz) =¢ xy,. But (Y,8y,3cy) 1S Jez —
space, there exist Cp and Cp, center open sets in Y such that yx, € Cp,,
sz € CBZ and 631 AC CBZ =c GQ), thIS mean Bl6yK1 and B26yK2, by
proposition (2.4.1.2) , then fz"'(yk,) € Cr-1s,y and fo™ (yx,) € Cr-1(s,),
therefore xy, € Cp-1(5,) and ,xy, € C-1(p,). By proposition (2.4.2.2), then
Cr-1(p,) and Cs-1(p,y are center open sets in X, by proposition (2.4.1.4), then
Criy  Ae  Crimy =c fe (Ca, Ae Cs,) =c fe ' (Cp) =¢ Cp.  Hence

(X, 6Xr SC’X) is SSC'Z — Space.

Proposition2.4.2.4:

Let f: X — (Y, 8y) be a bijective weaker C —function and f¢: (X, 8x, Jcx) —

(Y, &y, Jcy) be a weaker € —homeomorphism function, then

1. If (X,68x,3cx) is C — regular space, then (Y, 6y, Jey) is C — regular
space.

2. If (X,6y,3¢ex) is C— normal space, then (Y, 8y, Jey) is C — normal
space.

Proof 1:

Let (X, 8y, Jcx) is C — regular space, Cris C — closed inY and yy be a center
point in Y such that y, & Cg, since f is bijective function, there exist x center
point in Y such that fz(xy) =¢ Yk, by proposition (2.4.1.2), then xy & Cr-1(p),
since fe is weaker C —continuous function, then C¢-1(f is € — closed in X .

But (X, 8y, Jex) is C — regular space, there exist C4 and C,, are C —open sets
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in X such that x; € C4,, Cr-1(py S¢ Ca, aNd Cy, Ae Cy, =¢ Cp, this mean
A6xH and f~1(F)6yB = B&yA, for all B subset of X. by propositions
(2.4.1.2) and (2.4.1.3), then fz(xy) € Cra,y, Cr <S¢ Cra,), SiNce fo " is weaker
C — continuous function, then Cr4,y and Cr4,) are C —open sets in X, by
proposition  (2.4.1.4),  Cra,) Ac Crra,) =c Creancca,) =c Co Hence

(Y, 6y, 3ey) Is C — regular space.
Proof 2:

Let (X, 8x,Jex) is € — normal space, Cr, , Cr, are C — closed sets in Y such
that Cr, Ae Cg, =¢ Cp, since fe is weaker C —continuous function, then
Cr-1(r,) @nd Cp-1(5,) are C — closed sets in X, since f is bijective function, then
Cr-1(rp) Ae Cr1(r,) =¢ Cg- BUt (X, 8%, Jex) IS € — normal space, there exist
C —open sets in X Cy,and C4, such that Cp-1py <¢ Ca,s Cp-1r,) <S¢ Ca, and
Ca, Ae Ca, =¢ Cp, this mean f~'(F)6xB; = B,6xA; and f~'(F,)6xB, =
B,6xA, for all By, B, subsets of X. by proposition (2.4.1.2), then Cr, <¢ Cra))
and Cr, <¢ Cra,) by proposition (2.4.1.4), then
Cran) Ae Criay) =c Crearcca,) =c Co- Hence (Y, 68y, 3cy) IS C — normal

space.
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Chapter Three: Center Compactness

In this chapter we give several characterizations of Center Compactness,
where the concept of C — compact spaces within the central topological spaces
was introduce and the topological properties of this space and its relationship to
the axioms of separation were studied. Also in section two we introduce new
concept, namely LC - compact space and its relationship to the axioms of
separation were studied. In section three and fore we introduce new concepts

namely AC — compact and H'C — closed, and we study their properties.

3.1 Center Compactness

In this section, we introduce a new type of compactness in center
topological space has been presented, that is called a C — compact.
Furthermore, the relationship between this concept and the separation axioms in

center topological space had been studied.

Definitions 3.1.1:

Let H = {C’Ai;i € I} be the collection of non-empty center sets define on
(X,6) is called is C — cover of the center set Cy if X = U;;4; and VH € X
such that (X,H) € Cx,3i. € 1. (4;,H) € Cy, . And this collection is called

finite C — cover If I is finite set.

Also is called C — cover of the non-empty center set C, if A = U;¢; 4; and
V H C X such that (4,H) € C4,3i, € 1. (A;,H) € C4, . Where I be any non-

empty index. And the mention is said to the family H is C — open cover, if
each members is C — open. In other words, if C4; is C — open set for all i, then

the {C4;, i €I} saidtobe C — open cover.
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Definition 3.1.2:

Let (X,d,3c) be a C-topological space, the universal set Cy (a non-empty
center set Cy) is called € — compact space if each C — open cover {Cy_,a € I'}
of Cx (C4) has finite A subset of T such that VH C X, there exista, €
A, Uy SH.

Remarks and examples 3.1.3:

I. The indiscrete —topological space , then every center sets are C—
compact space.
Ii. The discrete —topological space , then every center sets are C—

compact space if and only if it’s finite.

iii. If A € B then C, < Cg because if (A, H) € C4, then A6H, but A € B, thus
BG&H, that mean (B, H) € Cg, S0 C5 <¢ Cg. From this fact we conclude that
every center set is center subset of universal center set Cy.

Theorem 3.1.4:

Each C — closed subset of C —compact topological space (X,6,J¢) is

C — compact set.
Proof:

Let C, be any non-empty C — closed set in  C — compact space (X, 6, J¢).
And H ={C,,, A€ A} be C— open cover to C, , SO C)((A) be C — open set.
Thus for each B € X, Vx € X such that {x}6B and 31- € A,BJ§A,., from the

concept of C — compact space of Cy , then there exists finite subset I of A say
{CAl,CAz, eeer Cans C’}((A)} such that V H € X, there exist A;. € 1, A;.6H , Hence

C4 IS C — compact set.
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Theorem 3.1.5:

Each C — compact subset of J.,_ space (X, §,Jc) is C — closed set.
Proof:

Let C, be any non-empty C — compact set, so by Proposition (1.2.11 part

4) we get that C4 =¢Ve, 5., €C
aB)

., XaB;, then for any a,, A, , x4, € X such that

{x4.}0B,., and B,,64, and for the fact that C, A¢ C’}((A) =¢ Cy We get for any
y € X,{y}6B, BSA andforeachaand A,yz # Xqp,- BUt (X,8,3c) IS
Sez-Space, so there exists two disjoint € — open set Cy,and Cy,containing

Xqp, and yg respectively, thus C, =eVey g ec, XaBs S Ve {Cu, XaB, €

Cy,}, therefore by C— compactness then exists finite index
n
A1, Ay ooy Ay, A, Ag, o, Ay SUCh that Cy <¢ Ve {Cy,, Xaiy € Cuyt ANd
i=1
n
Cv =¢ Ac Cy,, is C — open center set containing yp such that Vy € X,VB <
i=1

X, {y}6B and B8V, so B§A and VSA. Hence C, is C — closed center set.

Definition 3.1.6:

A family of center sets {C4,,4 € A} will be said to have the a finite

intersection property if then exists finite index A, subset of A and a non-empty
subset H of X such that (4, ,H) € C4, Vi € A, and will denoted by Cgp.

Theorem 3.1.7:

A C —topological space (X,6,3c) is C —compact if and only if any
family F = {CFA, AE A} of center C-closed sets having the property Cg;p,
satisfy that there exists anon-empty subset K of X such that (F},K) € Cp, VA €
A.
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Proof:

Suppose (X,8,3¢) is € —compact space and F = {Cr,, 1 € A} be a
family of C-closed center sets with property Cr;p. Let us if possible that for each
non-empty subsets H of X, VA € A such that F;6H . From this fact we get that
for some 1 € A, Vx € X, {x}6X and {x} §F,. So then exists 14, 4,, ..., 4, with

" (F)‘i)
property Cx =¢ Ve Cy

i=1
subset K of X, that foreachi = 1,2,...,n F,—liSK, so the family F do not have a

, through at this we get that for each non-empty

property Cr;p, Which contradiction with assumption. Therefore there exists a
non-empty H subset of X satisfy that, VA € A, F;8H.

Conversely, if possible that Cy is not C — compact, then there exists C —

open cover say ' = {C,, , A € A} has no finite sub cover, then for each finite

subset A, of A, thatis V¢, ., Ca, #¢ Cx, then there exists a non-empty subset H

of X such that (4,, H) € C’)((A’l) foreach 1 € A, . But H is not C — open cover of

Cy, so for this fact we get that for each non-empty subset K of X we have for

each 1 € A, X&K, this contradiction with assumption because each C)((Al) is

C —closed. Therefore (X, 8, J¢) is C — compact center space.

The relation between ¢ —compact and center separation axioms has

been presented by some theorems and properties as below.

Theorem 3.1.8:

If (X, 8,3c) be a C —topological space then:

a) If ¢, and Cp are C —compact, then C, 5 is C —compact.
b) If C, is C —closed and Cy is C —compact in J.,_ space X, then C, A Cy IS

C —compact.
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c) If C, and Cy are C —compact sets in Jq,_ space X, then C4 Ae Cp 1S
C —compact.

Proof:

a) LetH = {C,,, A € A}beany C — open cover of Cyp, but A,B € AU
B , thus the family H be C — open cover of C4 and Cg,. But C4 and Cp
are C —compactness, so there exists finite subsets A, and A, of A

such that C4 <¢Ve Aen, C4, and Cp <¢Ve e, Ca, » then we get that

Caur <¢ (Ve A€, CAA) Ye (Vc xeA, CA“)
=cVe yem,uny) Ca, - But A; UA, Is finite subset of A. Hence C,p IS

C —compact center set.

b) and c) are directly by theorem 3.1.4 and the fact the C — intersection of

two C —closed center set is C — closed center set.

Theorem 3.1.9:

If (X, 5,3¢c) be a C —topological space then:

a) Every C —compact 3., — space is C —regular.
b) Every C —compact 3, — space is C —normal.
c) IfC4is C —compact subset of C —regular, then for each C —open

C4 <¢ Cy, thereisan C —open Cy, with C4 <¢ Cy <¢ cle(Cy) <¢ Cy
Proof:

a) Let xz be a center point such that ASB, with C’)((A) IS C —open and

Xg € C’)((A) . Then for each y, € C, we get that H6B. And by Je, — space

we have two disjoint center sets Cu, and Cy, with property that U,,6B and
V,6H , then the collection of center C—open set

§ = {(:’Vy;for each yg € C4} is C — open cover. But C, is C — closed of
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C — compact and by theorem 3.1.4 we have that C, is C — compact S0,

there exists y;, y,, ..., 5, such that for each non empty K subset of X, KA

n n
and K8V,;, put Gy =¢ Ve Cy,, and Cy = Ac Cu,, having the property

i=1 i=1
that for each non-empty subset K of X that is USK and VSK . But

C4s <¢ Cy and xg € Cy, thus (X, 8, J¢) is C — regular space.

b) Let (X,d,3.) be aC —compact 3., — space and let Cy, Ck are disjoint C
—closed sets, so by part (a) that (X,d,3¢c) is C — regular, then for each

xp € Cy there exists two disjoint center C — open sets Cy_ and €y, such

that B6U, and Ck <¢ Cy,, Therefore the collection of C — open set

{Cy,, for each xg € Cy} is C- cover of Cy but by theorem 3.1.4 Cy is

C —compact then there exists finite center point x;, of Cy such that

n n n
Cy <¢ Ye CUx.' Put Cy = Ve CUxi and Cy =¢ Ac Cin . The ¢ -
i=1 i=1 i=1

open center sets C, and Cy, having the property that for each a non-empty
subset M of X satisfy that U6M and VSM. Hence (X, 8, ¢) is C —normal

space.

Proposition 3.1.10:

Let f: (X,6x) — (Y,6y) be a 6§ — homeomorphism shrink function and
fo: (X, 8x, Jex) = (Y, Oy, Jey) be a shrink ¢ — homeomorphism function, then
If C4 is C — compact set for each C, subset of Cx, then Cyay s C—

compact set subset of Cy.
Proof:

Let C, is C — compact set in X and let {C,_,a € A} be C —open cover of

Cr(ay » then Cray =¢Ye {Cy, , a € A}, this mean, foreach @ # K € Y, K6y f(A)
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iff there exists a, € A, Kby U, , since fo~'is shrink ¢ —continuous function,
then f~1(K)8xf~1(f(A)) iff f~1(K)Sxf ™1 (Uy,), since f is onto function, then
fH(K)SxA, implies  f~1(K)8xf~*(U,,) for some a, € A, since f¢ is shrink

C —continuous function, then {Cs-1(y,,,a € A} is C —open cover of C,. But

n
C, is C — compact set, therefore C, =¢ Ve {Cp-1(y,,i EAS A}, then VH < X,
i=1

ASyH iff HS,f~1(U;) such that i =1,2,..,n, since f is § — continuous

function, then f(A)6y f(H) iff f(H)Syf(f~1(UY)), but £(f~1(U;)) € U;, then

f(A)dyf(H) iff  f(H)6yU; for some i=12,..,n. Thus
n

Cra) =¢ Ye {Cy, ,i =1,2,..,n}. Hence Cs(,y is C — compact setiny.
i=1

Proposition 3.1.11:

Let f:(X,dx) — (Y,6y) be a reduction § — homeomorphism reduction
function and fo: (X, 6%, 3ex) = (Y, 0y, 3ey) be a reduction C—
homeomorphism function, if C, is C — compact set for each C, subset of Cx,

then f-(C4) 1S C — compact set subset of Cy.

Proof:

Let C, is € — compact set in X and let {Cy_,a € A} be C —open cover of
fe(Ca) , then fo(Ca) =¢Ye{Cy,,a € A}, this mean, for each @ # K<Y,
K&yf(A) iff there exists a, € A, K&yU,_, since f.~' is reduction € —continuous
function, then f~'(K)8xf~*(f(A)) iff f~1(K)8xf*(Uy, ), since f is onto
function, then f~*(K)8xA, implies f~*(K)8xf~*(U,_ ) for some a, € A, since

fe is reduction C —continuous function, then {f-(Cy_),a € A} is C —open

n
cover of C,. But Cp IS C — compact set, therefore C, = Ve {fc‘l(CUi) ,1 EN
i=1
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C A}, then VH C X, ASxH iff H6xf~1(U;) such thati = 1,2, ..., n, since fis § —
continuous function, then f(A)8yf(H) iff f(H)8yf(f~1(U;)), but f(f~1(U;)) <

U;, then f(A)6yf(H) iff f(H)6yU; for some i=1,2,..,n. Thus
n

f(Ca) =¢ Ye {Cy, ,i=12,..,n}. Hence f(C,) is C — compact setiny.
i=1

3.2 LC - Compact:

In this section we introduce and study notion of LC - compact space in C —

topological space, and its relationship to the axioms of separation were studied.

Definition 3.2.1:

A C-topological space (X, 6,, Jex) IS said to be LC - compact space if and
only if every center point x, in X has at least one C — neighborhood Cy whose

cle(Cy) is C —compact.

Theorem 3.2.2:

Every C —compact space (X, d,, Jex) 1S LC - compact space.
Proof:

Let (X, 6,, Jcx) be € —compact space and x4 any center point in Cy, then
AbxX, then Cy is C — neighborhood of x, , but cl-(Cyx) = Cx IS C —compact.
Thus (X, 6,, Jex) IS LC - compact space.

The following example shows the fact that the converse of the above

theorem is not true.

Example 3.2.3

Let (X, d,, Jex) be any C —topological space such that X is infinite set, then

(X, d,, Jex) IS not C —compact space. But its LC - compact space. For let x, be
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any C — point in X, then { x4} is C — neighborhood of x, whose cl.({ x,4}) =

{ x4} . Also {x,}isaC —compact for all x, C — point in X, being finite.

Theorem 3.2.4:

Every C — closed subspace of LC - compact space is LC - compact.
Proof:

Let C, be C — closed subspace of LC — compact space (X, 8,, Jex) and xg
C — point in X such that B6xA, and B&xX. Since (X, 6,, Jex) IS LC — compact

space, there exists Cy C - neighborhood of xz such that cl.(Cy) is C —

compact. But the Cy Ae C,4 IS C - neighborhood of xg and clo(Cy Ac Cy ) IS

C — closed subset of ¢ —compact set cl-(Cy ) and is thus itself ¢ —compact.

Proposition 3.2.5:

Every C — open subspace of J.,_ space LC- compact space is LC —

compact.
Proof:

Let C, be a C — open subspace of 3.,_ space LC — compact (X, &y, Jex)
and xp C — point in X such that B6xV and B6xX, there exist Cy_C — open
with N,8xB such that cl¢(Cy, ) is € —compact. But { xz} is C —compact set in
X, Cy Aec Cy, is C —open such that Bdx(V UN,) and (X, 8y, Jex) IS Sea-
space and LC — compact space. So there exists an C — open set Cyin X such
that cl.(Cy ) is € —compact, but B6xU and Cy <. cle(Cy) = VHéxU =
H6x(VUN,) = HO6xV This implies that cl.(Cy) is C -—compact

(C - neighborhood ) of xy subset of C,. Hence C,, is LC — compact.
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Proposition 3.2.6:

Let (X, 6y, 3ex) be a 3e,_ space . If C4 and Cp are LC — compact spaces,

then C4 A¢ Cp IS LC — compact space.
Proof:

Let x5 € C4 A Cp such that H6xA and H6yxB for all @ # H € X. And let
Cy, and Cy,are C —compact such that N;6xH in ¢, and N,6xH in Cg, by

theorem (3.1.8), then Cy, Ac Cy, is C — compact and C - neighborhood of xj.

Thus C, Az Cg IS LC — compact space.

Proposition 3.2.7:

A STe,- space (X, 6,, 3ex) IS LC — compact if and only if each of its
C —points is an C -interior point of some C - compact subspace of
(X, 6, Jex)-

Proof:

If (X,0,,SJex) is LC — compact, then for all x4 in X there exists Cy such
that A6xN and cl.(Cy ) Is C — compact, it follows that cl-(Cy) is a C —

compact (C - neighborhood ) of x4 is an C —interior point. Thus V x4 is an C

—interior point of some C — compact.

Conversely, let x, iIs C — point in X be arbitrary. By hypothesis, there
exists an C — compact Cy such that ASxH, then Cy is a C - neighborhood of
X4. Since (X, 6, Jex) 1S Jepa— Space, implies Cy is C-closed, so that
cle(Cy ) = Cy, thus x, has a C - neighborhood whose cl.(Cy ) is C —
compact. And so (X, &,, Jex) IS LC — compact.
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Proposition 3.2.8:

Every LC — compact J;,_ space is C — regular space.
Proof:

Let (X, 6y, Jex) 1S LC — compact J-,_ space, x4 be any C — point in X
and Cr any C-closed set in X such that A8yF for each A € X. Since
(X, 64, Jex) 1S Jep— Space, then Cr is C — compact and for each y € X and
B&yF , then there exists C, and Cy, C — open sets such that AdxG, FéxH, and

Cs Ae Cy, = Cy, the family of all {C’Hyl. , Vg € Cr} C — open cover of C —

compact Cy,, and hence a finite subfamily Ch,,, Chyy» e Chypy such that Ch,
n
<¢ Ye Cy,,;. Hence (X, 8y Jex) IS C —regular space.
i=1

Proposition 3.2.9:

Let f: (X,8x) — (Y,6y) be a 6 — continuous onto shrink function and
fe: (X, 8x, Jex) = (Y, 0y, Jey) be a shrink ¢ — continuous function, then If

(X, 8%, Jex) is LC — compact space, then (Y, 8y, Jey) IS LC — compact space.

Proof:

Let BCY and y € Y such that {y}6yB, but B&yY. Since f is onto, then there
exists A € X such that {x}6xA and f-(x4) = yg. But (X,0x, Jex) 1S LC —
compact space, then there exists Cy nbd for x, such that for each A € X such
that ASxN and cl-(Cy) Is C — compact set. Also f- is shrink ¢ — continuous
function and by proposition (3.1.10), we get for each B € Y, {y}&yB, then
B&yvf(N). Hence (Y, 8y, Jey) IS LC — compact space
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3.3 AC-Compact:

In this section we introduce and study notion of AC — compact space in C

—topological space, and its relationship to the axioms of separation were studied.

Definition 3.3.1:

Let (X,d,3c) be a C-topological space, the universal set Cy (a non-empty
center set C,) is called AC — compact space if each C — open cover {Cy_,a €
I'} of Cx (C,) has finite A subset of T such that V H € X, there exist a, €
A, cle(Uq,)6H.

Proposition 3.3.2:

Every C — compact space is an AC — compact space.
Proof:

Let (X,8,3¢c) be C — compact space and H ={C4,, A€EA} bea C—
open cover of Cy. Then there exists finite I subset of A such that vV H € X, there
exist 4o € I, Ay 6H. Now since C4, <¢ cle(Cy,). We have for each 1€ A,
H&A,, then HGcl(A;) . Therefore there existdg €1, cl(A4,,)6H. Hence
(X,6,3c) IS AC — compact space.

Remark 3.3.3:

Every C — compact set is AC — compact set.

The following example shows that the conversely of the above remark is

not true.

Example 3.3.4:

Let X = {1,2,3,...} with § be discrete proximity, define a C —topology 3.

on Cx as follows:
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Se =1{Cuy Cr12) Caz3) - } Ye {Co}-

Now we will show that (X, 8, J.) is an AC — compact space.

But (X, 8, J3¢) is not C — compact space.

For each @ # C, € J¢, We have cle(Ca,) =¢ Cx.

Now, let 7 = {Ca,, A € A}bea C — open cover of Cy.

This means Cx =¢Ye {Ca,, A € A}

Then there exists a, € A such that Cag, € RYP

But cle(Ca,) =c Cx. Thus (X, 8,3¢) is an AC — compact space.
Now we will show that (X, §, J.) is hot C — compact space.

Let I' = {Cy13, C1,23, Cpa 2,33 - } be @ € — open cover of Cy, it is clear that T dose

not have a finite subcover of Cy.

Proposition 3.3.5:

Let (X,5,3c) be a C —Regular space, then (X,6,Jc) is C — compact

space if and only if is AC — compact space.
Proof:

If (X,38,3¢) Is C — compact space, then by Proposition (3.3.2) (X, §,J¢) is
AC — compact space. Conversely, let H ={Cy,, A €A} be a C — open
cover of Cy. For each x € X, A € X and {x}JA, there exists A, such that
AbU,_, but (X,8,3¢) is C —Regular space, then there exists C —open set Cy,
such that for each x € X, H;, € X,{x}0H,;,, and VK € X,K&cl(H;,), then
Kb8U, . Now, F = {Cy, , x € X}isa C — open cover of Cx. But (X,6,J¢) is

AC — compact space, then there exists finite I subset of X such that for each
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x €X,VK € X, K6X and Kécl(H,,) for some x € I, therefore Kécl,(H,,) for

some x € I . Hence (X, §,3¢) is C — compact space.

Proposition 3.3.6:

Let (X,8,3c) be a C —topological space and C,, Cg are center sets in X
such that C, IS AC — compactset and C, <¢ Cg <¢ cle(Ca), then Cg is

AC — compact set.

Proof:

Let H = {Cy,, A€ A}bea C — open cover of Cg,

= Foreach y € X, {y}é6B, forsome 4, € A, V@ # K < X,K6B, then K§U, .
But VKA, then K6B,

= forsome 4, € A, V@ # K < X, K6A, then K6U, .

And C, is AC — compact set,

= there exists finite I subset of A such that V@ #+= K € X, K54, then for some
Ao €1, Kbcl(U,,).

= V0@ # K € X,Kécl(A) iff for some A, € I, K6cl(Uy,).
But Cg <¢ clc(Ca), then some A, € I, K6B, then K&cl(U;,).

Hence Cg is AC — compact set.

Corollary 3.3.7:

Let (X,6,Jc) be a C —topological space and C, be a AC — compact set in
X, then cls(Cyp) isalso AC — compact set.
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Proposition 3.3.8:

Let f: (X,6x) — (Y,6y) be a &§ — homeomorphism shrink function and
fo: (X, 8x, Jex) = (Y, 8y, Jey) be a shrink € — continuous function, then If C4 is
AC — compact set for each C, subset of Cx, then Cyny is AC— compact set

subset of Cy.

Proof:

Suppose Cp is AC — compact set in X and H = {Cy,, A€ A}bea C—
open cover of Cr,y such that for each B € X, Vx € X such that {x}6B and
3. € A,BSA;,. By proposition (2.1.1.8), then Ca <c " (Cia)) <c
F(Ya{Cu,}) =¢ Y1 {Cr1w,} Therefore T = {C-1y,), A €A} is C— open
cover of C, such that for each K € X, Vx € A such that {x}6K and 34. €
A and K6f7'(U,.). But G, is AC — compact set, then T has a finite subfamily I

such that for some . €1, VK S X, Vx € A such that {x}6K and 31. €
I,Ké6f7'(U,). Whose center closure C, and by proposition (2.1.1.8) , that is to

say:

n n

Ca <S¢ cle( Ye Crru,y) =e cle(f71( Ye Cu,, ))-
i=1 i=1

n
<e f7'(cle( Ye Cy, )). Accordingly and by Proposition (2.1.1.6 ), then
i=1
n

Cra) <c f(f_l(Clc(_ Vclculi ))).
1 =

n n
<C Clc( Ye CUli ) =c Ye ClC(cU/li)'
i=1 i=1

Thus Cg(a) is AC— compact set.
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Proposition 3.3.9:

Let f:(X,d8x) — (Y,8y) be a reduction 6§ — homeomorphism reduction
function and fo: (X, 6%, 3ex) = (Y, 0y, 3ey) be a reduction C —
homeomorphism function, if C4 is AC — compact set for each C, subset of Cx,

then f-(C4) 1S AC — compact set subset of Cy.

Proof:

We prove the same way to prove Proposition (3.3.8).

34 HC - closedness:

In this section, we give several characterization of ¢ — compact in center
topological space, nearly H'C — closed space. Furthermore, the relationship
between this concept and the separation axioms in center topological space had
been studied.

Definition 3.4.1:

Let (X,8,3c) be SJe, — space, the universal set Cy (a non-empty center
set Cy) is called H'C — closed space if each C — open cover {Cy_,a € I'} of Cy
(C4) has finite A subset of T such that VH C X, there exista, €
A, cle(Ug,)6H.

Remarks 3.4.2:

I. Every HC — closed space is AC — compact space.
ii. Every AC — compact space and ., — space is HC — closed space.
ii. Every HC — closed space and 5.3 — space is C — compact space.

iv. See the following diagram
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C — compact

HC — closed AC — compact

The following example shows that the conversely of the above remark (i) is

not true.

Example 3.4.3:

Let (X, 8,¢) be a C-topological space,
Where X = {a, b}, ASB iff AN B # @)
And - Je = { Cp, {(X, {ah)}, {(X, {b}}, {(X, {a}), (X, {b})}, {{X, {a}), (X, X)},
{(X, {b}), (X, X)}, {(X, X)}, {{{a}, {a}), ({a}, X)}, {{{b}, {b}), {{b}, X)}, Cx}
Then (X, 8,3¢) is AC — compact space.
But is not ¢, - Space. Hence it is not #¢€ — closed space.

Theorem 3.4.4:

Every C — compact space and J., — space is HC — closed space.
Proof:

Let (X,6,3¢) be € — compact space and Je, — space and I' = {Cy_,a €

I'} be C — open cover of (X,4,3c) , then there exists finite I subset of I" such
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that vx € X , VH € X, {x}6H, then for some «,€ I, H5U, , now since
VH € X, H6U,,, then Hécl(U,,). Hence (X, §, J¢) is HC — closed space.

Theorem 3.4.5:

Let (X,6,3c) be C— Reguler space and S, — space, then (X, 6, J¢)

IS HC — closed space if and only if it is C — compact space.
Proof:

Since (X, 6,3¢) is HC — closed space, then (X, §,J¢) is AC — compact
space, but its C — Reguler space, then by Proposition (3.3.5) we have (X, §, 3¢)

IS C — compact space.

Conversely, since (X,68,3c) is C— compact space and C — Reguler

space, and then by Proposition (3.3.5) we have (X, §, 3¢) is HC — closed space.

Proposition 3.4.6:

Let f: (X,6x) — (Y,6y) be a &§ — homeomorphism shrink function and
fo: (X, 8%, 3ex) = (Y, 0y, Jey) be a shrink ¢ — continuous function. If

(X, 8%, Jex) IS HC — closed space, then (Y, 8y, Jey) 1S HC — closed space.
Proof:

Direct from define of HC — closed space and by Proposition (3.3.8).
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CHAPTER FOUR Center Lindelofness

Chapter Four: Center Lindelofness

In this chapter, we give several characterizations of Center lindelofness,
where the concept of C — lindelof spaces within the central topological spaces
was introduce and the topological properties of this space and its relationship to
the axioms of separation were studied. Also in section two we introduce new
concept, namely LC - lindelof space and its relationship to the axioms of
separation were studied. In section three and fore we introduce new concepts

namely AC — lindelof and HLC — closed, and we study their properties.

4.1 Center Lindelofness

In this section, we introduce a new type of lindeloftness in center
topological space has been presented, that is called a C — lindelof.

Furthermore, the relationship between this concept and the separation axioms in

center topological space had been studied.

Definition 4.1.1:

Let (X,d,3c) be a C-topological space, the universal set Cy (a non-empty
center set C,) is called € — lindelof space if each C — open cover {Cy_,a € T’}
of Cy (C4) has countable A subset of T such that V H € X, there exist a, €
AU, 6H.

Remarks and examples 4.1.2:

I.  The indiscrete —topological space , then every center sets are C —
lindelof space.

Ii. The discrete —topological space , then every center sets are C —
lindelof space if and only if it’s countable.

iii. Every C — compact space is C — lindelof space.
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Theorem 4.1.3 :

Each C — closed subset of C — lindelof topological space (X,68,3c) is
C — lindelof set.

Proof:

Let C, be any non-empty C — closed set in € — lindelof space (X, 8, J¢).
And H ={C4,, A€ A} be C— open cover to C, , SO C)((A) be C — open set.
Thus for each B € X, Vx € X such that {x}6B and 31. € A,BJ§A,., from the
concept of € — lindelof space of Cx , then there exists countable subset I of A
say {C’Al, Cuz, ...,C’)((A) } such that V H € X, there exist Ao € I, A;.6H , therefore

for each H € A, Vx € A there exist A, €1, A;.6H , Hence C, is C — lindelof

set.

Theorem 4.1.4:

Each C — lindelof subset of 3.,_ space (X, §,J¢) is C — closed set.
Proof:

Let C4 be any non-empty C — lindelof set, so by Proposition (1.2.11 part 4)

we get that C, =Cvcxa3/1 ., XaB;, then for any a., A4, , x4, € X such that

eC
{x4.}0B,., and B,,64, and for the fact that C, A¢ C’)((A) =¢ Cy We get for any
y € X,{y}6B, BSA andforeacha and A,yz # Xep,- BUt (X,6,3c) is
Sez-Space, so there exists two disjoint € — open set Cy,and Cy,containing

Xqp, and yg respectively, thus C, =eVey, g ec, XaBs S Ve {Cup XaB, €

Cy,}, therefore by C — lindeloftness then exists countable index
(00}
C(l, az, P /11,/12,..., SUCh that CA <C YC {CU/U’ xal’B/u. € CU/IL'}' And
i=1
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(00)

Cv =¢ Ac Cy,, is C — open center set containing yg such that Vy € X,VB <
i=1

X, {y}6B and B8V, so B§A and VSA. Hence C, is C — closed center set.

The relation between C —lindelof and center separation axioms has

been presented by some theorems and properties as below:

Theorem 4.1.5:

If (X, 5,3¢) be a C —topological space then:

a) If G4 and Cg are C —lindelof, then G4 is € — lindelof.

b) If (X, 5,Jc) is Je,_ space, then G4 Ae Cp is € — lindelof.

c) If C, is C —closed and Cp is C — lindelof in J-,_ space X, then C, A Cp
is C — lindelof.

d) If ¢, and Cy are C — lindelof sets in J,_ space X, then C, Ae Cg is C —
lindelof.

Proof:

a) Let H = {C4,, A€ A}beanyC — open cover of Cyp, but 4,B € AU
B , thus the family # be C — open cover of C, and Cp,. But C4 and Cp
are C —lindelofness, so there exists countable subsets A; and A, of A

such that C4 <¢Ve Aen, C4, and Cp <¢Ve e, Ca, » then we get that

Caup <c (Ve AEA, CA/’[) Ve (VC x€EA, CAoc)

=cVe yea,uny) Cay - But A; U A, is countable subset of A. Hence C, 5

is ¢ —lindelof set.
b), ¢) and d) are directly by theorem 4.1.3 and the fact the C — intersection of

two C —closed set is C — closed set.
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Theorem 4.1.6:

If (X, 5,3¢c) be a C —topological space then:

a) Every C — lindelof 3., — space is C —regular.

b) Every C — lindelof 3, — space is ¢ —normal.

c)

If ¢, is C — lindelof subset of C —regular, then for each € —open

C4 <¢ Cy, thereisan C —open C, with C4 <¢ Cy <¢ cle(Cy) <¢ Cy

Proof:

a)

b)

Let x5 be a center point such that A5B, but C’,((A) IS C —open and xz €

C’)((A) . Then for each y, € C, we get that H5B. And by S, — space we
have two disjoint center sets Cu, and Cy, with property that U, 6B and
V,6H , then the collection of center C—open  set
¢ = {C’Vy;for each yg € C4} is C — open cover. But C, is C — closed of

C — lindelof and by theorem 4.1.2 we have that C, is C — lindelof , so
there exists y,, y,, ... such that for each non empty K subset of X, K64 and

(00} (00}
K&V, put Cy =¢ Ye Cv; and Cy =¢ Ac Cu,, having the property that
i=1 i=1

for each non-empty subset K of X that is USK and V3K . But G, < Cy

and xg € Cy, thus (X, 8, J¢) is C — regular space.

Let (X,6,Jc) be a C —lindelof 3., — space and let Cy, Cg are disjoint C
—closed sets, so by part (a) that (X,d,Jc) is C — regular, then for each

xp € Cy there exists two disjoint center C — open sets Cy;_and Cy_ such

that BSU, and Ck <¢ Cy,, Therefore the collection of C — open set

{Cy,, for each xg € Cy} is C- cover of Cy but by theorem 4.1.3 Cy is

C —lindelof then there exists countable center point Xip, of Cy such that
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(0] (00} (00)
CH %C YC’ CUx-' Put CU =c YC’ CUxi and CV =c AC’ Cin . The C -
i=1 i=1 i=1
open sets Cy; and Gy, having the property that for each a non-empty subset

M of X satisfy that U6M and V&M. Hence (X, 8,S¢) is C —normal space.

Proposition 4.1.7:

Let f:(X,6x) » (Y,6y) be a &6— homeomorphism function and
fo: (X, 8x, Jex) = (Y, Oy, Jey) be a shrink ¢ — homeomorphism function, then

If Ca is C — lindelof set for each C, subset of Cy, then Cgay is € — lindelof

set subset of Cy.
Proof:

Let C4 is C — lindelof set in X and let {C,_,a € A} be C —open cover of
Creay » then Cray =¢Ye {Cy, » a € A}, this mean, foreach @ # K € Y, K6y f(A)
iff there exists a, € A, Kby U,,, since fo~'is shrink ¢ —continuous function,
then £~ (K)Sxf~1(f (A)) iff f~1(K)Sxf ™' (Uy,), since f is onto function, then
fTH(K)SxA, implies  f~Y(K)Sxf~"(U,,) for some a, € A, since f¢ is shrink

C —continuous function, then {C¢-1(y_y,a € A} is C —open cover of C,. But

(00}
C, is C — lindelof set, therefore C4 =¢  Ye {Cp-1(y,) , i EAC A}, then VH <€ X,
[ =

A8y H iff HSyf~1(U;) such that i = 1,2, ..., since f is § — continuous function,
then f(A)Syf(H) iff fUDSyf(f™H(U)), but f(f~H(U)) SU;, then

(0]

f(A)6yf(H) iff f(H)6yU; for some i = 1,2,.... Thus Crsy =¢ Ye {Cy, ,i =
i=1

1,2,...}. Hence Cr 4 is C — lindelof setin Y.
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Proposition 4.1.8:

Let f:(X,dx) — (Y, 8y) be a reduction § — homeomorphism function and
fo: (X, 8x, Jex) = (Y, 8y, Jey) be a reduction € — homeomorphism function, if
Ca IS C — lindelof set for each C, subset of Cx, then f-(C,) is C — lindelof set

subset of Cy.

Proof:

Let C4 is C — lindelof set in X and let {Cy_,a € A} be C —open cover of
fe(Ca) , then fo(Ca) =¢Ve{Cy,,a € A}, this mean, for each @ # K<Y,
K&yf(A) iff there exists a, € A, K&yU,_, since f.~' is reduction € —continuous
function, then f~'(K)xf~*(f(A)) iff f~1(K)8xf *(Uy, ), since f is onto
function, then = (K)8xA, implies = (K)8xf~' (U, ) for some a, € A, since

fe is reduction C —continuous function, then {f-(Cy_),a € A} is C —open

(00}
cover of C5. But C, is C — lindelof set, therefore C, = Ve {fc‘l(CUi) ,1 EA
i=1
C A}, then VH C X, ASxH iff H84xf~1(U;) such that i = 1,2, ..., since f is § —
continuous function, then f(A)S8yf(H) iff f(H)8f(f~1(U;)), but f(f~1(U;)) <
U;, then f(A)6yf(H) iff f(H)8yU; for some i=1,2,... Thus
(00)

f(Ca) =¢ Ye {Cy, ,i=12,.. }. Hence f(C,) is C — lindelof setin Y.
i=1
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4.2 LC - Lindelof:

In this section we introduce and study notion of LC - lindelof space in C —

topological space, and its relationship to the axioms of separation were studied.

Definition 4.2.1:

A C-topological space (X, 6,, Jex) is said to be LC - lindelof space if and
only if every center point x, in X has at least one C — neighborhood Cy whose
cle(Cy) is € —lindelof.

Theorem 4.2.2:

Every C —lindelof space (X, 6,, 3¢x) 1S LC - lindelof space.

Proof:

Let (X,6,, 3ex) be C —lindelof space and x4 any center point x, in X,
there exist Cx such that AdyX, it is C — neighborhood of x, where cl-(Cx) =
Cyx is C —lindelof. Thus (X, 6,, Jex) is LC - lindelof space.

The following example shows the fact that the converse of the above

theorem is not true.

Example 4.2.3

Let (X, 6,, Jex) be any C —topological space such that X is uncountable set,
then (X, 8,, Jex) 1s not C —lindelof space. But its LC - lindelof space. For let x4
be any C —point in X, then {x,} is C — neighborhood of x, whose
cle({x4}) = {x4}.Also { x4} is a C —lindelof for all x, C — point in X, being

countable.

Theorem 4.2.4:

Every LC - compact space (X, 6., Jex) 1S LC - lindelof space.
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Theorem 4.2.5:

Every LC - compact space (X, &,, Jex) 1S LC - lindelof space.

Theorem 4.2.6:

Every C — closed subspace of LC - lindelof space is LC - lindelof,
Proof:

Let (X,3,,Jex) is LC — lindelof space, Cr be C — closed subspace of LC —
lindelof space (X, 6,, 3cx) and x4 C — point in X such that A8xF, then AdxX.
Since (X, 6,, Jex) IS LC — lindelof space, there exists €, C - neighborhood of
x, such that cl-(Cy ) is C — lindelof. But the Cy A¢ Cr is C - neighborhood

of x4 Iin Cr. Therefore clo(Cy Ae Cr ) is C — closed subset of C —lindelof set
cle(Cy ) and is thus it self C —lindelof. This prove that C is LC — lindelof.

Theorem 4.2.7:

A C — regular space is LC- lindelof space if and only if it has a center basis of

C — closed ¢ —lindelof neighbourhoods.
Proof:

Let (X,d,, 3cx) IS C — regular LC — lindelof space. For every A € X such that
AdxX. Choose a C — nbd Cy such that AdxU and cle(Cy) <. Cy - And let C, a
C — lindelof such that A8xV. By theorem (4.2.6), (Cy Ae Cy) is C — lindelof.
Thus (X, 6, Jex) has a center basis of ¢ — closed € —lindelof neighbourhoods.

The proof of the converse is easy and omitted.

Corollary 4.2.8:

I. Every C — open subspace of C — regular £LC- lindelof space is LC —

lindelof.
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ii. Every C — open subspace of C — regular C- lindelof space is LC —

lindelof.

Proposition 4.2.9:

Let (X, 3d,, Jex) be a Jq,_ space . If C4 and Cy are LC — lindelof spaces,

then C, A Cg IS LC — lindelof space.
Proof:

Let x5y € C4 Ae Cp such that K6xA and K&yB for all @ + k € X. And let
Cy, and Cy,are C —lindelof such that N;86xH in ¢, and N,8xH in Cg, by

theorem (4.1.5), then Cy, A¢ Cy, is C — lindelof and € - neighborhood of xj.
Thus C, A Cp is LC — lindelof space.

Proposition 4.2.10:

A Sep- space (X, 6y, Jex) 1S LC — lindelof if and only if each of its

C — points is an C —interior point of some C — lindelof subspace of (X, §,, Jex)-
Proof:

If (X,6,, Jex) 1S LC — lindelof, then for all xp in X there exists C,, such
that B6xM and cl-(Cy ) is C — lindelof, it follows that cl-(C), ) is a C — lindelof

(C - neighborhood ) of xjg is an C —interior point. Thus V xj is an C —interior

point of some C — lindelof.

Conversely, let xgz is C —point in X be arbitrary. By hypothesis, there
exists an C — lindelof Cy such that B6xU, then Cy; is a C - neighborhood of
xg. Since (X,8,,Jex) 1S Jep— Space, implies Gy is C -closed, so that
cle(Cy ) = Cy, thus xz has a C - neighborhood whose cl.(Cy ) is C —
lindelof. And so (X, 8,, Jex) is LC — lindelof.
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Proposition 4.2.11:

Every LC — lindelof J;,_ space is C — regular space.
Proof:

Let (X,4,,3cx) 1S LC — lindelof J.,_ space, x4, be any C — point in X
and Cr any C-closed set in X such that A8yF for each A € X. Since
(X, 64, Jex) 1S Jea— Space, then Cr is C — lindelof and for each yg € Cr , then

there exists C; and Cu, C—open sets such that A6xG, FéxH, and
Cs Ae Cy, = Cy, the family of all {C’Hyl. , Vg € Cr} C — open cover of C —

compact Cy,, and hence a countable subfamily Chyy, Chyyr oo such that Cu, <c

(00)
Ye Cy,,. Hence (X, &y, Jex) Is C —regular space.
=1

Proposition 4.2.12:

Let f:(X,0x) = (Y,6y) be a &— continuous onto function and
fe: (X,6x,3cx) = (Y,6y,3cy) be a shrink ¢ — continuous function, then If

(X, 6%, Jex) is LC — lindelof space, then (Y, 6y, Jey) 1S LC — lindelof space.

Proof:

Let yg € Cy such that foreach B C Y, Vy €Y, {y}6yB, B&yY. Since f is onto,
then there exists A € X such that {x}6xA and f-(x,4) = yg. But (X, 6x, J¢ex) iS
LC — lindelof space, then there exists Cy nbd for x, such that for each A € X
such that A6xN and cl-(Cy) is C — lindelof set. Also f- is shrink C —
continuous function and by proposition (4.1.6), we get for each B € Y, {y}6yB,
then B&yf (N). Hence (Y, 8y, Jey) IS LC — lindelof space
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4.3 AC - Lindelof:

In this section we introduce and study notion of AC — lindelof space in C —

topological space, and its relationship to the axioms of separation were studied.

Definition 4.3.1:

Let (X,d,3c) be a C-topological space, the universal set Cy (a non-empty
center set Cy) is called AC — lindelof space if each C — open cover {C;_,a €
'} of Cx (C,4) has countable A subset of T such that V H € X, there exist a, €
A, cle(Gg,)6H.

Proposition 4.3.2:

Every C — lindelof space is an AC — lindelof space.
Proof:

Let (X,8,3c) be C —lindelof space and H ={C;,, A €A} bea C—
open cover of Cy. Then there exists countable I subset of A such that V H € X,
there exist A, € I, G 6H. Now since Cg, <¢ cle(Cg,). We have for each
A €A, H6Gy, then Hécl(Gy) . Therefore there exist Ay € 1, cl(A,,)6H. Hence
(X,6,3c) is AC — lindelof space.

Remark 4.3.3:

Every C — lindelof set is AC — lindelof set.

Proposition 4.3.4:

Let (X,8,3¢) be a C —Regular space, then (X, §,J¢) is C — lindelof space
if and only if is AC — lindelof space.
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Proof:

If (X,6,3c) is C — lindelof space, then by Proposition (4.3.2) (X, 6§, 3¢) is
AC — lindelof space. Conversely, let H = {Cy,, A € A}bea C — open cover
of Cx. For each x € X, A € X and {x}6A, there exists 4, such that A§U,_, but
(X,8,3¢) is C —Regular space, then there exists C —open set Cy, _such that for
each x € X, Hy, € X,{x}0H;, and VK < X,KG&cl(H,,), then K5U, . Now,
F ={Cy,, , x €X}isa C — open cover of Cy. But (X, §, J¢) is AC — lindelof
space, then there exists countable I subset of X such that for each x € X,

VK € X, K6X and Kécl(H,,) for some x € I, therefore K&cl,(H,,) for some
x €1 .Hence (X,8,3¢) is C — lindelof space.

Proposition 4.3.5:

Let (X,6,3c) be a C —topological space and C4, Cg are center sets in X
such that C, is AC — lindelof set and C, <¢ Cg <¢ cle(Cp), then Cp iS
AC — lindelofset.

Proof:

LetH = {Cy,, A € A}bea C — open cover of Cg,

= For each yeX, {y}é6B, for some A,€AN VO+KCXKSB,
then K6U, . But VKA, then K6B,

= forsome A1, € A, VO + K € X, K§A, then KU, .
And C, is AC — lindelof set,

= there exists countable I subset of A such that V@ # K € X, K6A, then for
some 4, € I, Kécl(Uy,).

= V0@ # K € X,Kécl(A) iff for some A, € I, K6cl(Uy,).
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But Cg <¢ clc(Ca), then some A, € I, K6B, then K&cl(U;,).
Hence Cg is AC — lindelof set.

Corollary 4.3.6:

Let (X, 8,3¢c) be a C —topological space and C, be a AC — lindelof set in
X, then cls(Cp) isalso AC — lindelof set.

Proposition 4.3.7:

Let f:(X,6x) » (Y,6y) be a &6— homeomorphism function and
fo: (X, 8x, Jex) = (Y, 8y, Jey) be a shrink € — continuous function, then If C4 is
AC — lindelof set for each €, subset of Cx, then Cgay is AC— lindelof set

subset of Cy.

Proof:

Suppose Cp is AC — lindelof set in X and H = {Cy,, A €A} bea C—
open cover of Cr,y such that for each B € X, Vx € X such that {x}6B and
3. € A,BSA;,. By proposition (2.1.1.8), then Ca <c f(Cia) <c
f(Ya{Cu,}) =¢ Y1 {Cr1wy} Therefore T = {Cr1y,), A €A} is C— open
cover of C, such that for each K € X, Vx € A such that {x}6K and 34. €
A and Ké6f7'(Uy.). But C, is AC — lindelof set, then T' has a countable
subfamily I such that for some A- € I, VK € X, Vx € A such that {x}6K and
- € I,K6f7'(U,.). Whose center closure C, and by proposition (2.1.1.8) , that
IS to say:

(00) (00)

Ca <¢ cle( Ye Cr1u,y) =c cle(f( Ye Cu,, ))-
i=1 i=1
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(00}
<e f7'(cle( Ye Cy, )). Accordingly and by Proposition (2.1.1.6 ), then
i=1
(0 0)

Cra) <c f(f_l(Clc(_ Vclculi ))).
1=

(00] (0/0]
<e Clc( Ve Cy, ) =c¢ Ve cle(Cy,)-
i=1 i=1

Thus Cs 4y is AC- lindelof set.

Proposition 4.3.8:

Let f: (X, dx) — (Y, 6y) be a reduction § — homeomorphism function and
fe: (X, 8x, Jex) = (Y, Oy, Jey) be a reduction € — homeomorphism function, if
Ca IS AC — lindelof set for each C, subset of Cx, then f-(C,) is AC — lindelof

set subset of Cy.

Proof:

We prove the same way to prove Proposition (3.3.7).Type equation here.

4.4 LC - Closedness:

In this section, we give several characterization of C — lindelof in center
topological space, nearly LC — closed space. Furthermore, the relationship
between this concept and the separation axioms in center topological space had

been studied.

Definition 4.4.1:

Let (X,6,3c) be Je» — space, the universal set Cy (a non-empty center
set C,) is called LC — closed space if each C — open cover {Cy_,a € I'} of Cy
(C4) has countable A subset of T such that VH C X, there exista, €
A, cle(Uy,)SH.
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Remarks 4.4.2:

I. Every LC — closed space is AC — lindelof space.
ii. Every AC — lindelof space and 5., — space is LC — closed space.
li. Every LC — closed space and J.3 — space is C — lindelof space.

Iv. See the following diagram

:sez/ /‘seg Sc;\\
362
Lo

The following example shows that the conversely of the above remark (i) is

not true.

Example 4.4.3:

Let (X, 5,S¢) be a C-topological space,
Where X = {a,b}, A6B if f AN B # 0)
And  Je = { Cp, {{X,{a})}, {{X, {b})}, {(X, {a}), (X, {b})}, {(X, {a}), (X, X)},
{(X, {b}), (X, X)}, {(X, X)}, {{{a}, {a}), ({a}, X)}, {{{b}, {b}), {{b}, X)}, Cx}

Then (X, §,J¢) 1S AC — lindelof space.
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But is not 3., - Space. Hence it is not LC — closed space.

Theorem 4.4.4:

Every C — lindelof space and 5., — space is LC — closed space.
Proof:

Let (X, 4,3¢) be C — lindelof space and 3z, — space and I' = {Cy_,a €
[} be C — open cover of (X,38,3c) , then there exists countable I subset of I’
such that vx € X , VH < X, {x}6H, then for some «,€ I, H5U,._, now since
VH € X, H5U,,, then H&cl(U,). Hence (X, 6, 3¢) is LC — closed space.

Theorem 4.4.5:

Let (X,6,3c) be C — Reguler space and 3., — space, then (X, §,J¢) is

LC — closed space if and only if it is C — lindelof space.
Proof:

Since (X, 6,3¢) is LC — closed space, then (X, §,J¢) is AC — lindelof space,
but its C — Reguler space, then by Proposition (4.3.4) we have (X,3d,3¢) i

C — lindelof space.

Conversely, since (X,8,3c) is C —lindelof space and C — Reguler

space, and then by Proposition (4.3.4) we have (X, 6, 3¢) is LC — closed space.

Proposition 4.4.6:

Let f:(X,6x) = (Y,6y) be a &6— homeomorphism function and
fo: (X, 8%, Jex) = (Y, 0y, Jey) be a shrink ¢ — continuous function. If

(X, 6%, Jex) IS LC — closed space, then (Y, 8y, Jey) 1S LC — closed space.

Proof:

Direct from define of LC — closed space and by Proposition (4.3.7).
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Chapter Five: Center Countable Compactness

In this chapter, we give several characterizations of center countable
compactness, where the concept of C — countable compact spaces within the
central topological spaces was introduce and the topological properties of this
space and its relationship to the axioms of separation were studied. Also in
section two we introduce new concept, namely LC - countable compact space
and its relationship to the axioms of separation were studied. In section three and
fore we introduce new concepts namely AC — countable compact and

HC — countable closed, and we study their properties.

5.1 Center Countable Compactness

In this section, we introduce a new type of compactness in center
topological space has been presented, that is called a ¢ — countable compact
space Furthermore, the relationship between this concept and the separation

axioms in center topological space had been studied.

Definition 5.1.1:

Let (X,d,3c) be a C-topological space, the universal set Cy (a non-empty
center set C,) is called C — countable compact space if each C — countable
open cover {Cy_,a € I'} of Cy (C,) has finite A subset of I'suchthatVv H € X,

there exist ay € A, Uy 6H.

Remarks 5.1.2:

i. Every C — compact space is C — countable compact space.
ili. A C — countable compact space is C — compact space if and only if it is

C — lindelof space.

107



CHAPTER FIVE Center Countable Compactness

Theorem 5.1.3 :

Each C — closed subset of C — countable compact topological space

(X,8,3¢) Is C — countable compact set.
Proof:

Let C, be any non-empty C — closed set in C — countable compact space

(X,6,3c). And H = {C4,, A€ A} be C — countable open coverto C, , SO C)((A)
be C — open set. Thus for each B € X, Vx € X such that {x}6B and 34. €

A,B&A,., from the concept of ¢ — countable compact space of Cy , then there

exists finite subset I of A say {C’Al, Cuzs o Cany C’)((A) } such that V H € X, there

exist A, € I, A;.6H , Hence C4 is C — countable compact set.

Theorem 5.1.4:

Each € — countable compact subset of J.,_ space (X, 8, Je) is C — closed set.
Proof:

Let C, be any non-empty C — countable compact set, so by Proposition

(1.2.11 part 4) we get that C, =¢ Ve, e, XaBy then for any a,, A, ,x,, €EX
as)y

6

such that {x,.}6B;. and B;,64, and for the fact that C, A¢ C)((A) =¢ Cy We get
forany y € X, {y}6B, B5A and for each @ and A,yp # x4p,. But (X,8,3¢) is
Jez-space, so there exists two disjoint C — open set Cy,and Cy,containing
Xqp, and yg respectively, thus C, =eVey pec, XaBs Se Ve {Cu, Xap, €

Cy,}, therefore by C— countable compactness then exists finite index

n
C(l, az, ...,an, /11,/12, ...,/1-,1 SUCh that CA <C YC {CUAL" xaiBli € CU/IL'}' And
i=1

108



CHAPTER FIVE Center Countable Compactness

n
Cv =¢ Ac Cy,, is C — open center set containing yy such that Vy € X,VB <
i=1
X, {y}6B and B8V, so B§A and VSA. Hence C, is C — closed center set.

Theorem 5.1.5:

If (X, 5,3¢) be a C —topological space then:

a) If C4 and Cg are C — countable compact, then G,z is C — countable
compact.

b) If C, is C —closed and Cj is C — countable compact in J3.,_ space X, then
C, A Cg is C — countable compact.

c) If ¢, and Cy are C — countable compact sets in J.,_ space X, then
C4 Ae Cg is C — countable compact.

Proof:

a) Let H ={C,,, A€ A} be any C — countable open cover of Cyp, but
A,B € AUB , thus the family ' be C — countable open cover of
C, and Cp,. But C4 and Cz are C — countable compact, so there exists

finite subsets A, and A, of A such that Cqa <eYe gen, C4, and

Cp <eVe o A, Ca,, , then we get that

Caup <¢ (Ve AEA, CA/’[) Ve (VC x€EA, CAoc)

=cVe yem,uny) Ca, - ButA; UA,; is finite subset of A. Hence Cy 5 IS C —

countable compact center set.
b) and c) are directly by theorem 5.1.3 and the fact the C — intersection of

two C —closed center set is C — closed center set.

109



CHAPTER FIVE Center Countable Compactness

Theorem 5.1.6:

If (X, 5,3¢) be a C —topological space :

a) Every C — countable compact 3., — space is C —regular.

b) Every C — countable compact 3., — space is C —normal.
Proof:

a) Let xp be a center point such that ASB, but C’)((A) Is C — open and
Xg € C)((A) . Then for each y, € G, we get that H6B. And by S, —
space we have two disjoint center sets Cy, and Cy, with property that

U,6B and V,6H , then the collection of center C —open set ¢ =
{va;for each ygp € C4} is countable C —open cover. But C, is

C — closed of C — countable compact and by theorem 5.1.3 we have

that C, is C — countable compact so, there exists y;, y,, ..., y, such that

n
for each non empty K subset of X, K6A and K6V,,;, put Gy =¢ Ve Cy;
i=1
n
and Cy =¢ Ae¢ Cu,, having the property that for each non-empty subset
i=1

K of X that is USK and VSK . But G, <. Cy and xp € Cy, thus
(X, 8,3¢) is C —regular space.

b) Let (X,d,3c) be aC — countable compact 3., — space and let C, Cy are
disjoint C —closed sets, so by part (a) that (X, §, J3¢) is C — regular, then for
each xp € Cy there exists two disjoint center C — open sets C;_and Cy,

such that BSU,, and Ck <¢ Cy,, Therefore the collection of C — open set

{Cy,, for each xg € Cy} is C- cover of Cy but by theorem 5.1.3 Cy is

C — countable compact then there exists finite center point x;, of Cy such

110



CHAPTER FIVE Center Countable Compactness

n n n
that CH <C YC’ eux.. PUt CU =c YC’ CUxi and CV =c AC’ Cin . The C
C — open sets Cy and Cy having the property that for each a non-empty
subset M of X satisfy that US§M and VSM. Hence (X, 8, 5¢) is C —normal

space.

Proposition 5.1.7:

Let f: (X,8¢) — (Y,8y) be a 6 — homeomorphism shrink function and
fo: (X, 8x, Jex) = (Y, Oy, Jey) be a shrink ¢ — homeomorphism function, then

If C4 is C — countable compact set for each C, subset of Cx, then Ce,) s

C — countable compact set subset of Cy.
Proof:

Let C, is C — countable compact set in X and let {C;,_,a € A} be countable
C —open cover of Crgy , then Criay =¢Ve {Cy, , @ € A}, this mean, for each
@+ K<Y, Kb f(A) iff there exists a, € A, K&yUg,, since fo"'is shrink
C —continuous function, then f~'(K)8xf ' (f(A)) iff f~ (K)Sxf " (Uq,),
since f is onto function, then f~*(K)&xA, implies  f~'(K)8xf~'(U,,) for
some a, € A, since f¢ is shrink € —continuous function, then {C-1y,,, @ €

A} is C —open cover of C4. But C4 is C — countable compact set, therefore

n
Ca =¢ Ye {Cp1(y, i EAS A}, then VH C X, ASxH iff Héyf~1(U;) such that
i=1

i=1,2,..,n, since f is §— continuous function, then f(A)dyf(H) iff
fH)Syf(F~H(U), but f(fTH(U)) < Uy, then f(A)Sy f (H) iff f(H)8,U; for
n

some i =1,2,..,n. Thus Cray =¢ Ye {Cy, ,i =1,2,..,n}. Hence Cr,y s
i=1

C — countable compact setinY.
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Proposition 5.1.8:

Let f:(X,d8x) — (Y,8y) be a reduction 6§ — homeomorphism reduction
function and fo: (X, 6%, 3ex) = (Y, 0y, 3ey) be a reduction C —
homeomorphism function, if C4 is C — countable compact set for each C,

subset of Cx, then f-(C4) is C — countable compact set subset of Cy.

Proof:

Let C, is C — countable compact set in X and let {Cy_ , « € A} be countable
C —open cover of f-(Cp) , then fe(Ca) =cVe {Cy, , a € A}, this mean, for each
@ + K<Y, K&yf(A) iff there exists a, € A, K&yU,_, since f.~' is reduction
C —continuous function, then £~ (K)8xf~*(f(A)) iff f~1(K)dxf " (Ug, ), since
f is onto function, then f~'(K)8xA, implies  f~*(K)8xf~' (U, ) for some
o, € A, since fe is reduction € —continuous function, then {f:(Cy_), a € A} is

C —open cover of C,. But C, is C — countable compact set, therefore
Ca =¢ \;lc {fe‘l(C’Ui),i EAC A}, then VH € X, ASxH iff H8xf~1(U;) such
i=1
that i =1,2,...,n, since f is 6 — continuous function, then f(A)&yf(H) iff
f(H)Syf(f~1(U,)), but f(f~1(U;)) <€ Uj, then f(A)Syf(H) iff f(H)8yU; for some
i=1,2,..,n Thus f(Cy) =¢ \:lc {Cy, ,i=12,..,n}. Hence fc(Cy) is C—
i=1
countable compact set in Y.
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5.2 LC - Countable Compact:

In this section we introduce and study notion of LC - countable compact
space in C —topological space, and its relationship to the axioms of separation

were studied.

Definition 5.2.1:

A C-topological space (X, 6,, J¢ex) IS said to be LC - countable compact
space if and only if every center point x, in X has at least one C — neighborhood

Cy Whose cl-(Cy) is C — countable compact.

Theorem 5.2.2:

Every C — countable compact space (X, 6., 3¢x) IS LC - countable compact

space.

Proof:

Let (X, d,, Jex) be C — countable compact space and x4 any center point
in Cy, then A8xX, then Cy is C — neighborhood of x, , but clo(Cyx) = Cx iSC —

countable compact. Thus (X, 8,, Jex) IS LC - countable compact space.

Theorem 5.2.3:

Every C — closed subspace of LC - countable compact space is LC -

countable compact.
Proof:

Let C4 be C — closed subspace of LC - countable compact space
(X,6,,3cx) and xp C—point in X such that B&xA, and BoyxX. Since

(X,6,,3cx) IS LC — countable compact space, there exists Cy

C - neighborhood of xg such that cl-(Cy ) is C — countable compact. But the
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Cy Ae C,4 1S C - neighborhood of x5 and cl-(Cy Ae C4) is C — closed subset

of C — countable compact set cl-(Cy ) and is thus itself ¢ — countable compact.

Proposition 5.2.4:

Every C — open subspace of J3.,_ space LC- countable compact space is

LC — countable compact.
Proof:

Let C, be a C — open subspace of J-,_ space LC — countable compact
(X, 65, Jex) and xg C — point in X such that B6xV and B6xX, there exist Cy_
C — open with N,.8xB such that cl¢(Cy, ) is C — countable compact. But { x5}
is C — countable compact set in X, C, A¢ Cy, is C — open such that B6x(V U
N,) and (X, &, Jex) 1S Jez— Space and LC — countable compact space. So there
exists an C — open set Cyin X such that cl-(Cy ) is C — countable compact, but
BSxU and Cy <. cle(Cy) = VH8U = H8x(VUN,) = H&xV This
implies that cl-(Cy ) is C — countable compact (C - neighborhood ) of xj

subset of . Hence Cy is LC — countable compact.

Proposition 5.2.5:

Let (X,08,, 3cx) be a Je,— space . If C4and Cz are LC — countable

compact spaces, then C4 A Cy is LC — countable compact space.
Proof:

Let xy; € C4 Ae Cp such that K6xA and K&6yB for all @ + k € X. And let
Cy, and Cy,are C — countable compact such that N;8xH in C, and N,6xH in

Cp, by theorem (5.1.6), then Cy, AcCy, is C — countable compact and

C - neighborhood of xy. Thus C4 A¢ Cp IS LC — countable compact space.
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Proposition 5.2.6:

A Je,- space (X, 64, Jex) IS LC — countable compact if and only if each
of its C — points is an C —interior point of some C — countable compact

subspace of (X, 6., Jex)-
Proof:

If (X, 6, 3ex) 1S LC — countable compact, then for all x, in X there exists

Cy such that A6xN and cl-(Cy ) is C — countable compact, it follows that

cle(Cy) iIs a C — countable compact (C - neighborhood ) of x4 is an C —

interior point. Thus vV x4 is an C —interior point of some C — countable compact.

Conversely, let x, iIs C — point in X be arbitrary. By hypothesis, there

exists an C — countable compact C, such that A8xH, then C, is a
C - neighborhood of x,. Since (X,d,, Jex) 1S Jea— Space, implies Cy s
C -closed, so that cl.(Cy ) = Cy, thus x, has a C - neighborhood whose

cle(Cy ) is C — countable compact. And so (X, d,, 3ex) IS LC — countable

compact.

Proposition 5.2.7:

Every LC — countable compact J.,_ space is C — regular space.
Proof:

Let (X,6,, 3ex) IS LC — countable compact 3., space, x, be any

C — point in X and G any C - closed set in X such that ASyF for each A € X.
Since (X, 65, Jex) 1S Jeo— Space, then Cr is C — countable compact and for each

y € X and B&xF , then there exists C; and Cy, C — open sets such that A8xG,
FéxH, and Cg; Ac Cu, = Cp, the family of all {Cy  , yp € Cr} countable

C — open cover of C — countable compact Cu, and hence a finite subfamily
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n
Ch,,, Chyy s Cyy such that Cu, <c Ye Cu,. Hence (X, 6y, Sex) IS C —
i=1
regular space.

Proposition 5.2.8:

Let f: (X,6x) — (Y,86y) be a 6 — continuous onto shrink function and
fo: (X, 8%, Jex) = (Y, 0y, Jey) be a shrink ¢ — continuous function, then If
(X, 0%, Jex) IS LC — countable compact space, then (Y, 8y, Jey) IS LC —

countable compact space.

Proof:

Let BC Y and y € Y such that {y}6yB, but B&yY. Since f is onto, then there
exists A € X such that {x}6xA and f-(x4) = yg. But (X,0x, Jex) 1S LC —
countable compact space, then there exists Cy nbd for x, such that for each
A C X such that ASxN and cle(Cy) is C — countable compact set. Also f- is
shrink ¢ — continuous function and by proposition (5.1.8), we get for each
B c Y, {y}6yB, then B&yf(N). Hence (Y, 8y, Jey) IS LC — countable compact

space

5.3 AC - Countable Compact:
In this section, we introduce and study the notion of AC — countable
compact space in C —topological space, and its relationship to the axioms of

separation were studied.

Definition 5.3.1:

Let (X,d,3c) be a C-topological space, the universal set Cy (a non-empty
center set C,) is called AC — countable compact space if each countable C —

open cover {Cy_,a € I'} of Cx (C,) has finite A subset of I' suchthatv H € X,
there exist ay € A, cle(Ug,)0H.
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Proposition 5.3.2:

Every C — countable compact space is an AC — countable compact

space.
Proof:

Let (X,8,3c) be C — countable compact space and H = {C,,, 1€ A}
be a countable C — open cover of Cy. Then there exists finite I subset of A such
that v H < X, there exist 1o € I, A; 6H. Now since C,, <¢ cle(Cy,). We have
for each A€ A, HSA,, then Hécl(A;) . Therefore there exist 4, €1,
cl(A;,)6H. Hence (X, 6, 3¢) is AC — countable compact space.

Remark 5.3.3:

Every C — countable compact set is AC — countable compact set.

The following example shows that the conversely of the above remark is

not true.

Example 5.3.4:

Let X = {x;,x,,x3,...} with & be discrete proximity, define a

C —topology 3. on Cx as follows:

e = {C{x1}’ c{xpxz}’ c{x11x2:x3}’ } Ve {C(Z)}
Now we will show that (X, §, J¢) is an AC — countable compact space.

But (X, 8, J¢) is not C — countable compact space.
For each @ # C € J¢, We have cle(Ca,) =¢ Cx.

Now, let 7 = {Ca,,, A € A} be acountable C — open cover of Cy.

117



CHAPTER FIVE Center Countable Compactness

This means Cx =¢Ye {Ca,, A € A}, then there exists a, € A such that Ca,, €

o~

Se-
But cle(Ca,) =c Cx. Thus (X,8,Je) is an AC — countable compact space.
Now we will show that (X, §, J.) is hot C — countable compact space.

Let T' = {Cyx,1» Crx, 2,3 Crapxp x5} -} D€ @ COUNtable € — open cover of Cy, it is

clear that I" dose not have a finite subcover of Cy.

Proposition 5.3.5:

Let (X,6,3c) be a C—Regular space, then (X,6,3c) IS
C — countable compact space if and only if is AC — countable compact

space.
Proof:

If (X,8,3¢) IS C — countable compact space, then by Proposition (5.3.2)
(X, 68,3¢) is AC — countable compact space. Conversely, let H ={Cy,, 1€
A} be a countable C — open cover of Cyx. For each x € X, A € X and {x}JA,
there exists A, such that AU, _, but (X, §,3¢) is C —Regular space, then there
exists C —open set Cy, such that for each x € X, Hy, < X,{x}6H,, and VK <
X,K&cl(Hyy), then K6U,_. Now, F = {Cy, , x € X} is a countable C — open
cover of Cy. But (X, §,J¢) is AC — countable compact space, then there exists
finite I subset of X such that for each x € X, VK € X, K6X and K&cl(H,,) for
some x € I, therefore Ké&cl (H;,) for some x € I . Hence (X,68,3¢) is C —

countable compact space.
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Proposition 5.3.6:

Let (X,8,3¢c) be a C —topological space and C,, Cg are center sets in X
such that C, IS AC — countable compact set and Cp < Cg <¢ cle(Cp), then

Cg IS AC — countable compact set.

Proof:

Let H = {Cy,, A€ A}beacountable C — open cover of Cg,

= Foreach y € X, {y}é6B, forsome 4, € A, V@ # K < X,KéB, then K6U,_.
But VKA, then K6B,

= forsome 4, € A, V@ # K < X, K6A, then K6U, .

And C, is AC — countable compact set,

= there exists finite I subset of A such that V@ #+= K € X, K54, then for some
Ao €1,K6cl(Uy,).

= V0 + K € X,Kbcl(A) iff for some A, € I, K&cl(Uy,).
But Cp <¢ cle(Ca), then some A, € I, K&B, then K6cl(U,, ).

Hence Cg is AC — countable compact set.

Corollary 5.3.7:

Let (X,68,3:) be a C —topological space and C, be a AC — countabl

compact set in X, then cl-(C,) is also AC — countable compact set.
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Proposition 5.3.8:

Let f:(X,6x) = (Y,6y) be a 6§ — homeomorphism shrink function and
fo: (X, 8x, Jex) = (Y, 8y, Jey) be a shrink € — continuous function, then If C4 is
AC — countable compact set for each C, subset of Cx, then Cg,y is AC-

countable compact set subset of Cy.

Proof:

Suppose Cy is AC — countable compact set in X and H = {Cy,, A € A}
be a countable C — open cover of Cyay such that for each B € X, Vx € X such
that {x}6B and 3A-€ A,B6A,;. By proposition (2.1.1.8), then
Ca <c F(Cray) <e¢ (va{eu}) = Ya{Criwp} Therefore T'=
{C/w,» A€ A}is countable C — open cover of C, such that for each K < X,
Vx € A such that {x}6K and 34- € A and K67 '(U.). But G, is AC -

countable compact set, then T has a finite subfamily I such that for some 4. € I,
VK CS X, Vx €A such that {x}6K and 31- € 1,K8f '(U,.). Whose center
closure C, and by proposition (2.1.1.8) , that is to say:

n n

Ca <¢ cle( Ye Cr1u,y) =c cle(f~H( Ye Cu,, ))-
i=1 i=1

n
<e f7(cle( Ye Cy, ). Accordingly and by Proposition (2.1.1.6 ), then
i=1
n

Creay Se f(FH(cleC Vclc'uli )))-
1 =

n n
sc Clc< YC CUli ) =e Yc ClC(CU}Li)'
i=1 i=1

Thus C(a) is AC- countable compact set.
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Proposition 5.3.9:

Let f:(X,d8x) — (Y,8y) be a reduction 6§ — homeomorphism reduction
function and fo: (X, 6%, 3ex) = (Y, 0y, 3ey) be a reduction C —
homeomorphism function, if C4 is AC — countable compact set for each C,

subset of Cx, then f-(C4) is AC — countable compact set subset of Cy.

Proof:

We prove the same way to prove Proposition (5.3.8).

54 JHC - Countable closedness:

In this section, we give several characterization of C — countable compact
in center topological space, nearly H'C — countable closed space. Furthermore,
the relationship between this concept and the separation axioms in center

topological space had been studied.

Definition 5.4.1:

Let (X,8,3c) be SJe, — space, the universal set Cy (a non-empty center
set C,) Is called HC — countable closed space if each countable C — open

cover {Cy_ ,a € I'} of Cx (C,) has finite A subset of I' such that v H € X, there
exist ag € A, cle(Ugy,)0H.

Remarks 5.4.2:

I. Every H{C — countable closed space is AC — countable compact space.

Ii. Every AC — countable compact space and S, —space is HC —

countable closed space.

lii. Every  HC — countable closed  space  and Se3 — Space IS

C — countable compact space.
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The following example shows that the conversely of the above remark (i) is

not true.

Example 5.4.3:

Let (X, 8,3¢) be a C-topological space,
Where X = {a, b}, ASB if f AN B % 0)
And - Je = { Cp, {(X, {ah}, {(X, {b}H}, {(X, {a}), (X, {b})}, {{X, {a}), (X, X)},
{(X, {b}), (X, X)}, {{X, X)}, {{{a}, {a}), {{a}, X)}, {({b}, {b}), ({b}, X)}, Cx}

Then (X, 6,3¢) is AC — countable compact space.

But is not ., - Space. Hence it is not HC — countable closed space.

Theorem 5.4.4:

Every C — countable compact space and J., —space is HC —

countable closed space.
Proof:

Let (X,8,3c) be C — countable compact space and J., — space and
I'={Cy, ,a €T} be countable C — open cover of (X, §,3¢) , then there exists
finite I subset of I" such that Vx € X , VH € X, {x}JH, then for some «,€ I,
H&U,, now since VH € X, H6U., then Hécl(Uy,). Hence (X,6,3c) is

HC — countable closed space.

Theorem 5.4.5:

Let (X,5,3:) be C— Reguler space and 3., — space, then (X, 6, J¢)
IS HC — countable closed space if and only if it is C — countable compact

space.
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Proof:

Since (X,6,3c) is HC — countable closed space, then (X,8,3¢) Is
AC — countable compact space, but its C — Reguler space, then by

Proposition (5.3.5) we have (X, §,J¢) IS C — countable compact space.

Conversely, since (X,68,Jc) IS C — countable compact space and C —
Reguler space, and then by Proposition (5.3.5) we have (X,6,3¢) is HC —

countable closed space.

Proposition 5.4.6:

Let f: (X,6x) — (Y,6y) be a &§ — homeomorphism shrink function and
fo: (X, 8%, Jex) = (Y, 0y, Jey) be a shrink ¢ — continuous function. If
(X, 0%, Jex) IS HC — countable closed space, then (Y, 8y, Jey) IS HC —

countable closed space.

Proof:

Direct from define of H'C — countable closed space and by Proposition
(5.3.8).
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Conclusion and future work

Through this study related to the proximity theory, which was limited
to the C —set in the center topological space with the presence of the
proximity space. We found types of functions using the ¢ —set and the
effect was obvious by studying the transition behavior of items and
sets for each of these types of functions and obtained significant
results, In addition to the possibility of applying these results to some
of the research presented before In light of the new definitions
presented for compactness and some of its types in this study and the

results presented therein. Also, we can add several studies, including:

1. With the concept of the C —sets present in the central topological
spaces, it is possible to further study the concept of C — net, C —
filter and C — ideal.

2. Expanding the concept of compactness and its types and
studying the relationship between them and the topological
concepts C — net, C — filter and C — ideal.

3. Studying some relationships between the concept of C —
compactness and the central sequences after this concept is

presented.
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