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Abstract

Since the first invention of the polar code by Arikan, the research field of
this code is still active. The main core of this field focuses on improving the
performance of the polar codes with a finite code length and improving the
hardware implementation of these codes. The hardware implementation can
be improved by overcoming the throughput bottleneck created by the trade-
off issue between resource utilization and throughput. This dissertation
suggests several turbo-polar schemes in addition to their corresponding
hardware implementation using the Soft-Cancelation (SCAN) algorithm as a
constituent decoder. These turbo schemes and other polar schemes are
presented in this study with four scenarios.

First, the original and modified polar codes are simulated and
implemented using the Xilinx Kintex-7 Field Programmable Gate Array
(FPGA) device with the pipelining directive and arbitrary-precision data
types. Second, the Parallel Concatenated Turbo Polar Code (PCTPC) scheme
has been presented with Systematic Polar Codes (SPCs) as constituent
encoding units. On the decoder side, two SCAN decoders with a single
internal iteration are used as Soft-In-Soft-Out (SISO) algorithms to construct
the iterative decoding algorithm of the suggested PCTPC. This scheme
mitigates the issue of error floor that typical turbo convolutional codes have.
At Bit Error Rate (BER) of 107°, the suggested PCTPC scheme achieves
gains of more than 0.5dB over the original turbo convolutional code.

Third, the Parallel Concatenated Turbo Polar Convolutional Code
(PCTPCC) has been introduced using the Systematic Polar Code (SPC) and
Recursive Systematic Convolutional (RSC) code as constituent units. The
proposed polar-convolutional iterative decoding algorithm has been
constructed using a SCAN decoder with a single internal iteration for the SPC
and the Soft-Output Viterbi Algorithm (SOVA) or the Logarithmic Maximum

|



A Posteriori (LogMap) decoder for the RSC. The proposed PCTPCC scheme
has been suggested to further improve the PCTPC scheme by replacing one of
the constituent SPCs with an RSC. At BER & FER of 107°, the LogMap-
PCTPCC(Nc=384, K=128) exceeds the PCTPC(Nc=384, K=128) scheme by
gains of about 0.525dB and 0.5dB, respectively.

Fourth, the Serial Concatenated Turbo Polar-Convolutional Code
(SCTPCC) has been proposed to eliminate the error floor problems even
more. The SCTPCC scheme consists of outer-SPC and inner-RSC codes with
rates of 2/3 and 1/2, respectively. This scheme outperforms the parallel turbo
polar schemes but has a growing complexity level due to the inner code
length being twice as long as the outer code. At FER of 10~°, the SOVA and
LogMap SCTPCC schemes exceed the SOVA and LogMap PCTPCC
schemes by gains of 0.34dB and 0.36dB, respectively. Although the SCTPCC
scheme outperforms the PCTPCC schemes in high SNR regions, the
simulation results show that the proposed PCTCC schemes reveal better
performance in terms of BER and FER than the proposed SCTPCC schemes

in low SNR regions.
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Chapter One
Introduction

1.1. Introduction

Shannon left the door of telecommunication research open through his
rigorous foundation: "a mathematical theory of communication”[1]. The
coding research field has been striving to find a practical coding design that
achieves Shannon's channel capacity ever since. Practically, approaching
Shannon's limit is the most interesting and oldest challenge within the coding
community since that time. This challenge continues to be the main subject of
research using various channel models. Until the 1990s, with the creation of
the Low-Density Parity Check (LDPC) and turbo codes, all research was
fairly modest. These new coding styles can approach the capacity of an
Additive White Gaussian Noise (AWGN) channel up to a fraction of a decibel
(dB) of SNR. In many practical cases, these codes solve the problem of
achieving the channel capacity (Shannon limit). Nevertheless, none of these
codes can be proven to reach Shannon's limit, and they can't work well with
the finite length regime [2][3][4]. Additionally, the LDPC and turbo codes
have other troubles, such as high encoder complexity [5], the latency and
complexity of their iterative decoding algorithm are non-deterministic, and
error floors[6]-[9]. Moreover, due to their random structure, these codes have
many implementation challenges, such as memory-access problems and
routing congestion [10][11]. Therefore, the aim of obtaining a practical
coding design that achieves the channel capacity is still open on any channel.

Arikan introduced the solution for this seven-decade-old problem by
creating the polar code utilizing the channel polarization concept [12]. Over a
wide range of Binary-Input Discrete Memoryless Channels (BI-DMC), polar
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code is the first code used to prove the asymptotical achievement of the
channel capacity. The BI-DMC channel class was the initial target to prove
the channel capacity achievement, but later the results were extended to a
general Discrete Memoryless Channel (DMC). Polar code has changed the
performance equation in the coding theory since its first invention in 2009
[12]. The attention of most researchers in the information theory field has
been focused on the polar code. Moreover, the polar code acted as a
motivation to discover other proven capacity-achieving codes.

Polar codes have many attractive attributes, such as lack of error floors,
low computational and fixed complexity at decoder and encoder, simple
implementations, efficient utilization of silicon area, and deterministic
structure. Several of these features have been demonstrated in the literature.
As a result of these features, the 3rd Generation Partnership Project (3GPP)
recommended using polar codes in the 5G system on 17-November 2016. In
the Enhanced Mobile Broadband (eMBB) system, these codes are introduced
for the 5G applications as a control channel coding scheme [13]. Despite all
of the advantages of polar code, implementing it in practical systems still
faces several challenges. These challenges include reducing the latency,
creating an efficient systematic encoder, enhancing the code performance, and
so on [3].

In terms of Bit Error Rate (BER) and Frame Error Rate (FER), the first
polar code with a Successive Cancellation Decoder (SCD) performs poorly
with finite-code lengths. Two methods can achieve the performance
improvement of the original polar code. The first method is based on
proposing a new decoder scheme, such as Belief Propagation (BP),
Successive Cancellation list (SCL), Soft Cancellation (SCAN), Simplified
Successive Cancellation (SSC), Soft Successive Cancellation List (SSCL),

Fast-SSC, and others. At the same time, the second method can be achieved
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by introducing the Turbo Polar Codes (TPCs). The TPCs can be classified
into serial and parallel concatenated codes. This dissertation will present
several methods and models to improve the performance of polar codes,

especially with a finite code length and a small SNR

1.2. Literature Survey

Since Arkan's seminal paper [12] in 2009 till the present, there have been
thousands of research papers and studies on polar codes, making up a sizable
portion of the literature. It is impossible to review all these works, so the
literature survey in this dissertation will focus on the design of the
fundamental polar codes, the practical implementation of the polar codes, and
the Turbo Polar Codes(TPCs). The inferior performance of Polar codes at a
finite code length; due to the use of a suboptimal SC decoder, a lower
minimum distance structure of the code itself, and the sequential handling of
the decoder, is the foremost challenge when compared with the state-of-the-
art codes. This challenge is the core of a large amount of research which can
be divided into two groups, as discussed below.

1.2.1. Polar Decoders Survey

The first strategy involves introducing new polar decoders to improve
the code performance in terms of delay and error correction. In 2008, Arikan
introduced the belief propagation (BP) decoder as the early attempt in this
approach [14]. After that, the step that achieved qualitative leaps in the
performance of the polar code was the introduction of the successive
cancellation list (SCL) decoder in 2011 by Tal and Vardy [15] and the Soft
Cancellation (SCAN) decoder by Fayyaz in 2013 [16][17]. The performance
of the SCL decoder is more approach to that of the Maximum-Likelihood
(ML) decoder [15]. As stated in [15], the polar codes with the SCL decoder
outperform the state-of-the-art Low-Density-Parity-Check codes used in the
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WIMAX standard but with a high level of complexity. In contrast, the SCAN
decoder offers promising features in terms of complexity and error correction
performance. Further decoding algorithms are introduced to improve the
performance of the polar code including linear program decoder [18], multi-
dimensional decoder [19], ordered-statistic decoder [20], and others.

To overcome the practical challenges mentioned earlier, the hardware
implementation of the decoders mentioned above using various processors is
the core of several research works, especially the successive cancellation (SC)
and successive cancellation list (SCL) decoders. In [21]-[24], Dizdar 2016,
Sarkis 2016, Berhault 2017, and Giard 2018, repectively, implement the
polar codes with different decoding algorithms. The main objective of these
works is to obtain high throughput with less consumption of resources..

1.2.2. Concatenated Polar Codes Survey

The second improvement strategy involves introducing parallel and
serial concatenated turbo-polar codes. This strategy is more efficient than the
first in improving the delay and error correction performance with finite-code
lengths. The first serial concatenated polar code is constructed by
concatenating the polar code with a Cyclic Redundancy Check (CRC) code in
a serial structure [15]. In [15], Tal and Vardy use the CRC code with the
polar code to considere L decoding paths concurrently at each decoding stage,
where L is an integer parameter, where L is an integer parameter. At the end
of the decoding process, the most likely among the L paths is selected as the
single codeword at the decoder output. Then, the polar code is concatenated
serially with another polar code or with other different codes such as Reed-
Solomon, BCH, LDPC, and Convolutional codes[25]-[31]. In [26], Eslami
and Pishro-Nik introduced the Polar-LDPC code to analyzing the
performance of finite-length polar codes over the binary erasure channel
(BEC). The code analysis along with bit error rate (BER) simulations
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demonstrated that finite-length polar codes showed superior error floor
performance compared to the conventional capacity-approaching coding
techniques. In [28], Wang and Krishna showed that the convolutional-polar
codes; for the AWGN channel; outperform the stand-alone polar code and
RS-polar codes. In addition, Wang and Krishna showed that the BCH-polar
codes outperform the stand-alone polar codes with the Binary Erasure
Channel(BEC).

Moreover, the second strategy includes the Parallel Concatenated Turbo
Polar Codes (PCTPCs). This arrangement showed promising performance,
especially at a low signal-to-noise ratio. In 2015, Qingshuang Zhang and his
colleagues proposed the first parallel turbo polar code using the Systematic
Polar Codes (SPCs) and the Recursive Systematic Convolutional Code
(RSC) as constituent components [32]. This code depends on separating the
information bit-stream into multiple short blocks, and then each block is
encoded by an individual SPC encoder. Although this code performs well, it
is more complex than other models due to the approach of using multiple
short blocks. The iterative decoding algorithm of Qingshuang scheme consists
of BCJR and BP decoders for RSC and SPC codes, respectively. In 2016, the
same team introduced a new PCTPC scheme consisting of two SPC codes as
constituent components [33]. The complexity of this new scheme is less than
the old one. In 2017 and 2018, another team consisting of Zhenzhen Liu and
her colleagues exploited the second Qingshuang scheme to examine other
decoding algorithms [34], [35]. They used Soft Successive Cancellation List
(SSCL) and SCAN decoders to construct the iterative decoding algorithms of
the 2017 and 2018 schemes, respectively. In addition, they utilized the BP
decoder and a scaling factor optimization algorithm in the 2018-scheme. The
complexity analysis of previous PCTPC schemes shows that the SCAN

decoder offers lower complexity than the other decoding algorithms. Another
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scheme of PCTPC is presented in [36], which is the Punctured Turbo Polar
Code (PTPC). This scheme is proposed to get a compatible code rate by
puncturing some parity bits. As stated in [36], the asymmetric puncturing
strategy (i.e., the parity bits of the first branch are more than those of the
second branch) outperforms the symmetric puncturing strategy.

Finally, the Zhenzhen team has exploited the advantages of serial and
parallel concatenated turbo codes to construct a new coding scheme known as
the Three-Dimensional Polar Code (3D-PC) [37]. This code consists of
Systematic PCTPC as the outer code and Rate-1 RSC as the inner code. The
3D-PC code has been presented to overcome the error-floor problem inherent
in the parallel turbo codes.

In this dissertation, the FPGA hardware implementation of the non-
systematic and systematic polar codes with the SCAN decoder are
implemented by introducing further solutions for the practical challenges.
Furthermore, the performance of polar codes in finite-length regime is further
improved by introducing new serial and parallel concatenated turbo polar
codes. These suggested systems handle the deteriorated performance and the
high complexity of some previously presented concatenated turbo polar

codes.

1.3. Dissertation Objectives

The main objectives of this study can be summarized as follows:
e Introducing new solutions to polar codes' challenges in terms of code
design and hardware implementation.
e Addressing the following problems:
v' The deteriorated performance of polar codes in a finite code-length
regime.

v The high complexity of the decoding algorithms.
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v" The error-floor problem facing the PCTPC.
v The hardware challenges.
e |Introducing a new FPGA implementation for the non-systematic and
systematic polar codes, and also for the concatenation turbo polar codes.
1.4. Contributions Summary

The contributions aspects of this study can be summarized as follows:

1) Enhancement
e Improving the existing SCAN-SCAN Turbo Polar Codes(SSTPCs).
2) Proposals

e Proposing a new Parallel Concatenated Turbo Polar-Convolutional Code
(PCTPCC). This code is presented to improve the performance of the
polar code at a low SNR. The proposed PCTPCC scheme consists of
systematic polar and convolutional codes.

e Proposing a new Serial Concatenated Turbo Polar-Convolutional Code
(SCTPCC). The performance of the PCTPC at a high SNR deteriorates
because of the error floor problem, so this scheme is suggested to
improve polar codes' performance at this ratio.

3) Hardware Implementation

e Suggesting a new FPGA architecture to implement the encoder and
decoder of the systematic and Non-Systematic polar codes with a SCAN
decoder.

e Introducing FPGA architectures to implement the schemes mentioned
previously in the enhancement and proposals sections.

In both above suggestions, we introduce a trade-off between the

latency and resource requirements and choose the best option.

1.5. Dissertation Outline

In this section, the structure of this dissertation is presented as follows:

7
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1)

1)

V)

Chapter Two: This chapter shows the main theory of polar code
construction and the basics of polar and convolutional codes in terms of
encoder and decoder. Moreover, this chapter provides an introduction
to the structure of the Field Programmable Gate Array (FPGA).
Chapter Three: The Concatenated Turbo Polar Codes (CTPCs) schemes
are presented in this chapter for both serial and parallel types. This
chapter contains the encoders' and decoders' designs of these codes and
the theoretical aspect of some issues related to the concatenated turbo
polar codes. Moreover, some case studies are presented in this chapter.
Chapter Four: This chapter presents the implemented designs of the
proposed schemes with the simulation results of these schemes. The
simulation results of these schemes are also compared with other
schemes and illustrated in the form of BER and FER graphs. Moreover,
the FPGA implementation results of the studied schemes(enhanced &
proposed) are shown along with the analysis and discussion of these
results.
Chapter Five: The conclusions and some future works are presented in

this chapter.
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Chapter Two

Concatenated Codes Construction and FPGA

Architecture

2.1. Introduction

This chapter illustrates the construction strategy of polar codes and the
preliminaries of polar and convolutional codes in terms of encoding and
decoding. A brief description of FPGA architecture is also introduced. Several
decoding algorithms can be used to decode the coded message of polar and
convolutional codes. However, this chapter only presents the SC and SCAN
algorithms for polar codes and the SOVA and LogMap algorithms for

convolutional codes.

2.2. The Parameters Notations

Generally, three parameters are required to specify a linear block code,
which are the information length (K), code length (N), and the minimum
hamming distance (d,,;;)- These parameters are written as a triple
(N,K, d,,;,) for any linear block code and convolutional code. Polar codes
also follow this strategy as follows.

Four parameters are required to specify a polar code, namely,
information length (K), codeword length (N), frozen bits indices vector (F) of
length (N — K), and frozen bits vector (Sz). The N-input set (S) consists of
two subsets, which are a K-information subset (Szc) and a frozen subset (Sz)
of length N — K. A polar code can be specified by a four-tuple (N, K, F, S¢)
or by a triple (N, K, F) if the frozen bits (S¢) are set to zeros. The zero frozen
bits vector is the default case of polar codes.
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The operations c, U, and \ represent the subset relation of two sets, union
relation, and the set difference relation on two sets, respectively, for instance:
Fc N, N=F°UF,and F¢ = N\F. In this dissertation, the g, notation is
used as a row shorthand vector, i.e. (G, Gmt1s oo - ,qn), such as a3 =
[ay, a;, ay, az]. Moreover, the QM notation is a row vector consisting of M
elements. The A(i}~1,n) expression is used for matrix notation to identify all
rows from index 0 to (M — 1) in column n of matrix A. The (i) ') notation

defines a range of indices.

2.3. The Channel Modelling
The Binary Input Additive White Gaussian Noise Channel (BI-AWGN)

iIs employed to demonstrate the construction of polar codes. The E,/N,
expression is used to define the SNR, where N, and E, are the noise power
spectral density and the energy per information bit, respectively. The coded

bits vector (C) is modulated using a BPSK scheme to get the modulated
vector (Y), i.e., 1 » +/RE, and 0 - —/RE, where (R = %) is the code

rate, and the (RE,) is the energy per coded bit. The channel output is depicted
in Figure (2.1) and as follows [3]:

N,
R=Y +n, n~G (0, 7) (2.1)

Where G(O,%) IS a zero-mean Gaussian distribution with variance % R

is the received values across the channel, Y is the modulated input values,
and n is the noise values inside the channel. The channel output can be

expressed as an LLR of the received symbol as follows [3]:

fR|C(7’|C =0) _ —4r\/RE),

K2l p Gle=D " TN,

(2.2)

10
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Where € = [c° c',..,c",R = [r%r',...,r"], and frc(.) defines the

Likelihood Probability Density Functions (LPDF) in an AWGN channel [3]:

No
fric(rle = 0)~G (—\/ EREb'?) (2.3)
No
fric(rle = 1)~G (+ EREb'?) (2.4)
n
Y R

Figure (2.1): The Channel Model.

2.4. Symmetric-Capacity and Bhattacharyya-Parameter

These two parameters are essential for constructing polar codes over a
Binary-Input Discrete memoryless Channel (BI-DMC).
Definition-2.1. The Symmetric Capacity I(W) is the highest transmission rate

over channel W. At this rate, reliable communication between a transmitter
and receiver can be achieved. The Symmetric Capacity is expressed as
follows [39] [40]:

1 W(r|c)
(W) 2 —W(r|c)log (2.5)
ZZZ 2W(rlc = 0) + W(rlc = 1)]

Where W(r|c) is the channel transition probability.

Definition-2.2. The Bhattacharyya-Parameter Z(W) is defined as an Upper-

Bound (UP) on the probability of ML decision error when a 1 or O is
transmitted across channel W. This parameter's value, which ranges from

zero to one like the value of I(W), is used to estimate the channel reliability.

11
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The mathematical expression of the Bhattacharyya-Parameter can be defined
as follows [39] [40]:

Z(w) 2 Z JW(r|c=0) x W(r|c = 1) (2.6)

TER

(W) has a value of about one only if Z(W) has a value of roughly zero

and vice versa.

2.5. Polar Codes Construction

The polar code's construction is simply the selection of the frozen bits
indices set (F). Although Polar codes have several construction methods, only
the Bhattacharyya approximation method is presented in this chapter. The
polar code construction is based on the principle of channel polarization,
which in turn consists of two steps: channel combining and channel splitting
[3][12][41].

2.5.1. Channel Polarization

Channel polarization is the process of obtaining N polarized channels
(Wf:1<i<N) out of N independent BI-DMC channels by recursively
combining and splitting these independent channels. When N becomes large,
the symmetric capacity of some of these polarized channels is close to 1
(completely noiseless channels), whereas it is close to O for others (totally
noisy channels). The error-free channels (noiseless channels) are assigned for
information bits, and the noisy channels are used to send fixed bits (frozen

bits) known to the transmitter and receiver [12][42].

2.5.1.1. Channel Combining
The first channel polarization step combines N independent BI-DMC
channels (like AWGN channels) recursively to create a vector channel

Wy: CN —» RN, where N = 2"; n > 0. The first level (n = 0) of the channel

12
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combination starts with one copy of the BI-DMC channel W to create W,
ie, N=2°=1, W, 2 W. The second level (n = 1) creates the channel
W,: C? - R? by combining two independent BI-DMC channels, as illustrated
in Figure (2.2). The transition probabilities of the channel W, are as follows
[12]:

Wz(r12|512) = W(ri|sy D s)W(r3]s3) (2.7)

Figure (2.2) shows the third level (n = 2) of the channel combination by
combining two copies of the channel W, to create the channel W,: C* - R*.

The transition probabilities of this channel are as follows [12]:
W, (rflst) = W (rf|s; @ 53,53 B sa )W, (15|52, 54) (2.8)
After the second level of the channel combination, the odd-even
permutation matrices (R,) are required, as shown in Figure (2.3). These
matrices are used to connect the recursive channels with each other, such as
between the inputs of W, & W,, also between these of Wy & W, and so on.

In the fourth level, the matrices R, and Rg are required to construct the
channel Wg: €8 — R8, as shown in Figures (2.3) and (2.4).

Figure (2.5) shows the general form of the channel combination with

Ry. To create this general form, two independent copies of the channel W

2

are combined to create the final channel Wy. As illustrated in general form,

the input vector SV is converted to another vector, i.e., X¥by applying the

second-order polar encoding where {x2i—1 = Syi_1 D Syi, Xp; = Sy for1 <

[ < g} Then, this vector is transformed into an odd-even permutation vector
(i.e. Y = [x1, %3, ., Xy_1, Xp, Xg, ..., Xy]) after being multiplied by the odd-
even permutation matrix Ry [12].

It can be observed that the mapping from the inputs of the created
channel Wy, to the inputs of the underlying channel W¥(i.e., SN - CcV )isa

13
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linear process over GF(2). This linear process can be performed as follows

[12]:

cN =SN.G,

Where (Gy) is the generator matrix.
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Figure (2.2): Second Level of Channel Combination [42].
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Figure (2.5): The General Form of Channel Combination [42].

2.5.1.2. Channel Splitting

The second step of channel polarization after creating the vector channel
(Wy) is channel splitting. This step splits back the channel (W) into N
different channels (W,\(,l): C->RVxC\-L1<I<N,Ce{0,1}) with the

following transition probabilities [12]:

1
l 1y e
WA(,)(r{V,S{ Ys) = z FWN(HNLS{V) (2.10)

N N-1
S1+1€C

Where the (", si™1) and (s;) are the output and input of the channel wh,

respectively. Figure(2.6) illustrates the binary-input channels Wz(l) and WZ(Z)

which can be called W~ and W* with the following transition probabilities
[12]:

D2 a 1 212 1
w, (r{ls1) = ZEWZ(H |s{) = ZEW(7"1|51 @ s )W(rzls;)  (2.11)
52 Sz
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1 1
WZ(Z)(HZ;SHSZ) = sz(r12|512) = EW(T1|S1 D s)W(r;ls2) (2.12)

The new binary-input channels (W~ & W) have the following
properties[40], [42], [43]:

o I(W7)+I1(W*) = 2I(W): Where the I(W) is the capacity of the
underlying channel (W).

e Z(W™)<2Z(W) —[Zz(W)]?

o Z(W*) =[z(W)]?

Thus, the channel capacity of (W) is greater than that of the original BI-

DMC and also greater than that of (W™) [i.e.,, IIW*) = 1(W) = I(W7)].

As the length of polar codes increases, the channel capacities of (W) and

(W~) tend to 1 and 0, respectively, as shown in Figure (2.7) [40], [44], [45].

szl) r ----------- > 5
N ML 1| C
S1 > > > T @) > > W > r
| \7\/ Wz Known* "
------ - = =17 C r=== cy
s3 : > W > 15 I s, > W > T,
|
1 | R —
(@) (b)
Figure (2.6): The New Binary-Input Channels (Wz(l)&wz(z)) or (W-&W)

[42].

Arikan, in his seminal paper [12], used the Bhattacharyya parameters to
find the indices of reliable channels. These parameters can be estimated
recursively after n-steps polarizing process, where after an it"*-step there are
2% bit channels with reliabilities Z® = {z}:1 = 0,1,2, ..., 2} — 1}. Figure (2.8)

shows this n-steps polarizing process. The initial value of the Bhattacharyya

_Ep, —1
parameter Z© = ¢ %™ where Z(® = ¢Go? for the AWGN channel. For
the AWGN channel with ¢ = 0.683, the construction of PC(N=8, K=4) is
illustrated in Figure (2.8), where F¢ = {4,6,7,8} is the indices vector of the
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more reliable channels.
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Figure (2.7): The Martingale/Histogram Plot of the Channel Capacity
I(W"):1=01,..,N = 2" forn = 10 [44].
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Figure (2.8): The Construction Process of Polar Codes Based on
Bhattacharyya Parameters.
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2.6. Polar Codes(N, K, F)

As a linear code, the Polar codes can be separated into two types: Non-
Systematic and Systematic polar codes. In the first, the information bits don't
appear in the codewords, while in the latter, they appear at specific locations.

Both codes are illustrated below:

2.6.1. Non-Systematic Polar Codes (NSPCs)

A polar code can be defined by three parameters: Code-Length (N), a
frozen subset (F), and an information subset length (K). Where N = 2™, n >
0, and F<={1,2,..,N}. If it is assumed that the source bits are S =
(51,S2, v ..., Sy) @nd the user information is S¢c (i.e.,Sgcc S), the codeword
C can be generated as[46]-[50]:

C=S%G=3S5x(By=x*F") (2.13)

Where By is N X N bit-reversal-permutation-matrix, G is the generator
matrix, ®n is the nt* Kronecker product, and F®" is an nt"* order Hadamard
matrix as follows [49], [50]:

on _ [FED 0 ] o1 _[1 O
F _[F@("‘l) pon| where FT = (2.14)
and
B 10
By = Ry (L® By ) ,where 1332_[0 : (2.15)
2
For example:
_ _ 1 0].[1 0
B, = Ry(L®B,) =Ry« (|5 1]®[5 7))
1 00 0 [L 00O [1 OO O
_foo 1 0of fo 1 0oof_Jo0 10
o100l foo 10/ o100
o000 1l lo oo 1 lo oo 1

There are two encoding models for polar codes: The first assumes
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G = By * F®™ as shown in Figure (2.4) for Gg and the second assumes
G = F®" as shown in Figure (2.9). The second model requires a reverse-
indexed input vector instead of a normal-indexed one. Algorithm-1 in
appendix-I shows the necessary implementation steps of the Non-Systematic

polar encoder using the second model.

I's, . ——
5T ! 3T o B
5'1 q ” '\.J '\..J rd w Jb r1
s N X n V2 A . ”
I VAL s/ 2y
52 é ] '\JJ ra L w _P rz
53 l A3 ¥3
2 A SE3
S3 > % 1 T 'EI_J_) 3
: 7 o | X4 Vs 1 Cs ”
ss—> & - ‘.:\} ‘;E——n—) s
; ” S3 [ Xy ¥
2 Na A BN |
5'5_) E ” ’\';(, ’\;\JI > W T Ig
s oM Ys S
36—) ﬁ r >\\J ‘;E__ﬁ Tg
| 54 X7 1 ¥
u NG an |
57_) ” ’\‘;ij > W T) ry
I Sg Xg ys Cg
.5'3_) 'Y ” > Ty

Figure (2.9): Encoder Structure of a Polar Code with N=4 [42].

2.6.2. Systematic Polar Codes (SPCs)
Since the source vector (S) can be separated into two sub-vectors (S¢c) and

(S¢), the encoded vector (C) in Equation (2.13) can be rewritten as [51]:
C = Sj:'c * GTC + Sg:' * Gj:' (216)

Where F = {1,2, ... ... ,N}/F€, Grand Ggc are sub-matrices of the original
generator matrix (G) with row-indices corresponding to F and F¢,
respectively.

The systematic polar code can be constructed based on the polar code in
[51]. Assume that the subsets (1) and (A) denote the indexes of user bits and
parity bits of the output systematic polar encoded vector (C). So Equation

(2.16) can be rewritten as:
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CAC = Sj:'C * Gj:c 1€ + S_f]:' * G.'Fﬂc (217)
C/IZSTC*GTCA_l_ST*GT/I (218)

Where Gzc ;¢ is a sub-matrix of G with row and column indexes in subsets
(F€) and (A°) respectively, similarly for the remaining sub-matrices. Since the
user bits (C ,c) of the systematic polar code is known, and the frozen bits (S¢)
are set to zero and known in both the encoder and decoder, the input bits
(Sxc) of the systematic polar code in Equation (2.17) can be determined as
[51]:

Sge = (Cse = Sg * G y¢) * (Gpe ye) ™ (2.19)
So Equation (2.18) can be rewritten as follows to calculate the parity bits (C,):
Cr = [(Cpe) * (Gge o)™ ] * Ge (2.20)
The systematic polar code is constructed using Equations (2.19) and (2.20),

and Algorithm-3 in appendix-I describes the procedure for implementing a

systematic polar encoder.

2.6.3. The Factor Graph of Polar Codes

The Factor graph is a creative method to construct a polar code
graphically. Polar code factor graph representation comprises N(n + 1)
individual nodes separated into (n + 1) columns labeled by p € {0,1,..,n}.
Each of these columns consists of 27 sets represented by @ € {0,1,..,2P — 1}.
Each set in a factor graph comprises 2™7P nodes indexed by w €
{0,1,..,2"7P — 1}. The factor graph sets are represented by cbg to define the
group of nodes at a p-column in a @-set. The factor graph representation of a
polar code consists of 2N — 1 such c1>g groups [52].

Figure (2.10) shows the factor graph representation of polar code
(N =8, K=4) with four columns (p =0,1,2,3), fifteen sets ({d3},
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{02, 013, {99, ..., d3}, {$2, 2 ... dS, d3}), and 32 nodes. These nodes can be
represented by the trio (p, @, ). For example, the first node at the top left side

can be indexed by (p = 0,0 = 0, w = 0), the third node in the second column

by(p =1,0 = 0,w = 2), and so on.

p=0 p=1 p=2 p=3

Figure (2.10): The Factor Graph of a Polar Code (N = 8,K = 4,F =

2.6.4. Successive Cancellation Decoder (SCD)

Arikan proposed the SC decoder as the native polar decoding algorithm
in 2009 [12]. For polar code (N, K, F), a decoding tree of an n-depth can be
used to illustrate the decoding process, where n = log, N. Figures (2.11) and
(2.12) show the decoder structure and 3-depth tree for polar code (8,4),
respectively. In the decoding tree and at the t-stage, there is (2%) nodes. Each
node receives and propagates (a,.,,,n-c_,) and (B..,nc_,) Vectors,
respectively, from and to the parent node, where 0 < t < n. The received soft

! and the propagated hard information f:

information a_ . n-t_, zz+2""t-1

consist of 2™t values as shown in Figure (2.12) (e.g., the first node of the
second stage receives four LLRs a}.; [a}, al, a}, ai] from the root node and

propagates four binary bits fts [BS, 81,53, 83]). To compute the LLRs
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(af*t:0<1<2™—-1) of the left child of the t-node, the following

expression must be applied:

t+1 _ ( t t
ar = flag, ap m-en (2.21)
P | P | Py | [Py
=a? L';';:__ 1 1 =-=-L o 2 2 I'_"_"_:_ 3 3 I‘:;'L
S S N TN Y N I
> « | | * ! 1 !
| | ---
R, =af 8° | at I
P :li‘ | @ ! 1
- A . - I !
> + | |._| I+ I :mjl
Ry =ab 0 Dt ——- 3 TTO
B : L
y T 1 2
> + 1 L « L - | 1
Ry =a3 £3 : : aj : a B3 773
0 : M I'I N N\ T b : 3 :m3|
- o b QM M gt TTZT -t
e S S L W L
> + : [R3 LS e : \
| I
Rs = af gy ! |G oo B 1™
— I..I | * ;s
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R;=a] B :ﬂ% | | e
- Py . I~ . L it
> + |_I!.I__'+ + ||..|'+ - |..|| :m7|

t Reverse-indexed LLRs from Channel

Normal-indexed LLRs from Decoder

Figure (2.11): The Factor Graph of the Polar Code with N=8.
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Figure (2.12): Decoding Tree of Polar Code with N=8.
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While the LLRs (af**:0 < [ < 2™ — 1) of the right child are computed after
estimating the hard information (8f™1:0 <1 < 2™ — 1) of the left child as
[53]-[56]:

aft = g(alt_zn_(t+1), ar, ﬁltj;n—(t+1)) (2.22)

The message bits (m;:0 <i < 2" —1) are estimated based on the

values of LLRs «a;*, where these LLRs can be computed as:

Pr(R,Mg,i—1|m; = 0))

n __
! =198 (R eI =) (2:23)

Where R is the received Log-Likelihood Ratio (LLR) vector of the
transmitted codewords through a channel. Based on the following rule, the

message bits 71; can be computed as:

. {O ifai* >0 (2.24)

mi = .
1 otherwise

The estimated value of the frozen bit is 7;=0, regardless of the value of the

n
al.

The feedback hard-information (8f™*: 0 < I < 2™ — 1) can be computed
by a linear combination of some decoded hard bits that were computed

previously; as illustrated below:
t+1 _ pt+2 t+2
(=B @B e (2.25)
t+1 _ pt+2
B on-t+2) = By on-(t+2) (2.26)

Where ' = m;.

The functions f and g are defined as follows [53]-[56]:
f(a,b) = sign(a * b) * min(|al, |b) (2.27)

g(a,b,B) = [(=1)'"2F xa] +b (2.28)
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The decoding process needs an extra step for systematic polar codes to
obtain the systematic information bits. To estimate the information bits, the
outcomes of the decoder (m;,) must be re-encoded (i.e., multiplied by
generator matrix [G]) to obtain the systematic information (B7). This extra
step can be avoided by propagating the hard decisions (i1,) in the decoding
tree.

After the last iteration of the SC decoder, the resulting matrices « and
contain information about noisy received LLRs, recovered encoded bits, and
estimated message bits. Where B(i)~1,0) contains hard reversed-indexed
information for the recovered encoded bits; while, a(i)~!,n) contains LLRs
for message bits that correspond to the hard decisions at f(i}~1,n). Noisy
received LLRs at a(i) 1, 0) are not updated throughout the decoding process.
For example, if message bits m =[0,0,1,0] are encoded with a polar
encoder (N = 8,K = 4), then the reversed-indexed coded bits are C =
[1,1,1,1,0,0,0, 0] (refer to Algorithm-1). Noisy received LLRs R=[-1.27, -
0.234, -1.884, 0.26, 1.311, 2.179, 1.273, 2.051] are received through AWGN
channel with SNR = 2dB. In the beginning, a(ij,0) is initialized with noisy
received data (i.e., R vector). After the last iteration, the SC decoder has the
following  information:  3(i},0) = [1,1,1,1,0,0,0,0], B(i3,3) =
[0, 0, 0, 0, 0, 0, 1, 0], a(ij,3) =[—0.234, 1.038, —0.025, 2.56, 1.50,
4.83, —3.13, 9.94]. Although the first and third decoded LLRs are negative
values, the estimated hard bits at these locations are zeros because the first
and third bits are frozen bits.

For systematic polar code, the output of a polar encoder (N = 8,K = 5)
isC=1[0,0,1,1,1,1,1, 1] (refer to Algorithm-3), if d = [1,0,1,1,1] is the
input, where the vector C in the reversed-indexed form. Noisy received LLRs
R =[1.388, —1.36, —0.50,—2.52,—1.76,—0.55,—0.91, —0.829] are

received through the same channel above. The SC decoder has the following
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information after finishing the decoding process: B(i3,0) = [0, 0, 1, 1, 1,
1, 1, 1], B(@,3)=1[0, 0,0, 0, 1, 0, 0, 1], a(iZ,3) =[-0.50, 0.051,
—0.857, 0.5287, —0.026, 1.77, 3.057, —7.12]. If the indices of B(ij,0)
are reversed, the result will be £(i7,3) =[0,1,1,1,0, 1, 1, 1], which matches

the systematic encoded bits.

2.6.5. Soft Cancellation (SCAN) Algorithm

Based on the SC's schedule, the SCAN decoder massively reduces the
decoding complexity compared to the flooding schedule of the belief-
propagation decoder [57]. The SCAN algorithm propagates the soft
information in both directions (i.e., from right to left and vice versa).
Although the propagation of soft information in both directions somewhat
increases the complexity and latency compared to the SC decoder, it improves
the performance of the decoding process. The SC decoder's polar factor graph
in Figure (2.11) can be used with the SCAN decoder. In the beginning, the
received noisy LLRs from the channel are assigned to the vector (a}) at left;
where 0 <i < 2™ —1. The knowledge of frozen bits' locations can be
exploited by the SCAN decoder to initialize the vector B;* by a-prior
information, where the frozen locations are filled by infinity value because
these locations correspond to zero bits. Whereas the locations of information
may be zero or one equiprobably, so they are filled with zero LLRs (see
Equation (2.23)) as follows [57]-[59]:

{oo ifi€eF (2.29)

0 otherwise

While computing af* with af.;_; which has already been computed,; ocjt
(Where 0 <t <n,0<j<2™—1)is partially populated from the top left to
the bottom right. This partially computed a matrix can be used as a-prior

information to update g from the top right to the bottom left. At the final step,

25



Chapter Two Concatenated Codes Construction and FPG Architecture

with a fully populated af (whent =nandj = 2™ — 1), all nodes of the factor
graph contain soft extrinsic information (LLRs), which correspond to the
values of the fully populated g matrix. Initially, all values of f are zeros
except 5, where 0 < i < 2™ — 1, so there is no extrinsic information that the
SCAN decoder can use at the first iteration. Whereas at the second iteration
and other successive iterations, the SCAN decoder exploits the extrinsic
information computed with previous iterations [17]. Algorithm-4 in appendix-
| describes the procedure for implementing a SCAN decoder.

The updating process can be described as follows based on the factor
graph of the basic polar kernel in Figure (2.13) [61][62]:

ay t = f(ab,af + i) (2.30)

ai b =al +f(ah,B5Y) (2.31)

Bo = f(B5 BT + o) (232)

Bi =BT+ (B ap) (2.33)
Where f is the box-plus operator (FH) as follows:

x By 22 = 2tanh! |tanh (;) X tanh (%)] (2.34)

The previous form of box-plus requires more memory resources and
execution time, so the hardware-friendly approximation in Equation (2.27)
can be used instead of the previous equation. Where the f(x,y) in Equation
(2.27) is the expression x HH y [57], [61]-[63].

For the same example mentioned in the previous section with message
bit m = [0, 0, 1, 0], the output of the SCAN decoder (Algorithm-4) after five
iterations consists of the following outcomes: a(ij,3) = [1.27, 2.581, 2.514,
5.098, 1.504, 4.828, -3.128, 4.828] and £(ij,0) =[-1.858, -2.894, -1.244,-
3.388, 3.683, 2.815, 3.555, 2.777]. The calculated message-LLRs can be
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extracted from the first vector a(ij,3) which are [5.098, 4.828, -3.128,
4.828]. The hard decisions for these LLRs are [0, 0, 1, 0], which match the
original message bits. The other output vector is (i3, 0) which contains
LLRs corresponding to the reverse-indexed coded bits vector C =
[1,1,1,1,0,0,0,0].

For systematic polar codes, the message bits appear in the coded vector.
Therefore, the resulted-extrinsic LLRs of the coded bits (i3, 0) can be
exploited by the decoder to decode the received LLRs after the last iteration
of the SCAN. For the same systematic example illustrated previously for the
systematic SC decoder, the noisy LLRs R =[1.388,—1.36, —0.50,
—-2.52, —1.76, —0.55, —0.91, —0.829] received from the channel are
allocated to «(i},0). Finally, if the values of B(ij,0) are summed with
a(ij,0) and reversed, the estimated hard decisions for the resulted values are

[0,1,1,1,0,1, 1, 1], which match the normal-indexed systematic encoded bits.

t t i1 t-1
(g By g 0
—0 - - 0-
» -+ » <+

t t i—1 t—1
a; ﬁl ay B
_. . 7 . .'
re -+ 4 +

Figure (2.13): The Factor Graph of the Basic Polar Kernel.

2.7. Convolutional Codes

Convolutional codes are linear codes that handle the input sequence as a
bits stream rather than discrete blocks, as in block codes. Convolutional codes
are preferred in practical applications over bock codes due to their excellent
performance and use of a soft-decision decoding algorithm. The convolutional

code receives K bit-symbols at a time and produces N bit-symbols, so the
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code rate R = 5.
N

2.7.1. Convolutional Encoder

The encoder of convolutional codes consists of several digital elements
(i.e., D-registers) and XOR operations. The output of the convolutional
encoder depends on the past and present inputs. Thus, the D-registers are used
to save past inputs. The message and encoded bits relate to each other by a
bijective relationship. Therefore, every encoded bit is associated with a single
message bit (i.e., one-to-one). The convolutional encoders are classified into
two types based on the generator matrix: Recursive and Non-recursive codes
[64].

The recursive convolutional codes have a generator matrix comprising
only polynomials entries (e.g., G=[1+x%?+x3 1+x+x3]). The
encoders of these codes also can be called feedforward encoders and Finite-
Impulse-Response (FIR) encoders. The encoded output (C = [cg, ¢y, ..., Cn])
of the message input d = [d,, d4, ..., d;] can be expressed as follows [64]-
[66]:

C=4d.G (2.35)

The other type is the Non-recursive convolutional codes. The generator
matrix of these codes contains rational functions rather than just polynomials.

A Non-recursive encoder is known as a feedback encoder or Infine-Impulse-

1+x

Response (IIR) encoder (e.g., G =[ ]). By using Equation (2.35), a

1+x+x3

Non-recursive encoder has an infinite-bit-stream as encoded output instead of
the finite-bit-stream due to the rational functions of the generator matrix [64],
[65].

Both previously mentioned types can be systematic or non-systematic
codes. The generator matrix of the systematic one contains a K-unity matrix.

In contrast, the non-systematic generator matrix has no K-unity matrix, where
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K is the number of the input stream bits. Figure (2.14) shows the encoder’s

1+x+x3]
14x2+x3]°

structure of the Recursive Systematic Code (RSC) with G = [1

The polynomials of the generator matrix are commonly expressed by a
binary vector representing the existence of the polynomial coefficients or by
the equivalent octal form. For example, G = [1 +x?+x3 1+ x+ x3]
can be expressed by g!=[1011] and g2 =[1101] or g! = (13)gand

g% = (15)s.

» Coit
Mg
N
F 3
d v
m -...'/r-h\\ |... -~
-—\\\___,.f'l Ll D L D L D
Y v
N L/ g

Figure (2.14): The Encoder Structure of RSC(13,15)g with R=1/2.

2.7.2. LogMAP Algorithm

This algorithm is the modified version of the MAP algorithm (i.e., the
BCJR algorithm). The BCJR algorithm uses probability values rather than
Log-Likelihood Ratios (LLRs) and requires many multiplication operations.
Also, the BCJR algorithm requires a normalization operation to calculate the
final probability metrics. These issues make implementing this algorithm
more complex and require more resources and latency, especially for codes
with large codeword lengths. The estimation of metrics in logarithmic form
can be used instead of probability metrics to overcome the high complexity of
the BCJR algorithm. Therefore LogMap algorithm has less complexity
compared to the BCJR algorithm. The LogMap algorithm exploits the
logarithmic representation to use the addition operations rather than the
multiplication operations [64], [67].

All received information values (R) may be used to decode the received
bit at time ¢ since the output of the convolutional encoder at a time t depends

29



Chapter Two Concatenated Codes Construction and FPG Architecture

on the outputs at earlier times and impacts the outputs at later times. The
LogMap algorithm uses the forward and backward passes to incorporate the
information of bits transmitted before and after time ¢.

Since the inputs of the convolutional encoder are the message bits, the
received bits can be decoded by tracking which state transition occurred and
then finding which bits were sent before the channel. The set (S*) contains
the state transitions that correspond to 1-input bits, while the set (S™) contains
the state transitions that correspond to O-input bits [67]. For example, the
encoder of RSC(5,7) in Figure (2.15) has the following:

S7(Se Se+) = {(S0,S0), (51, 52), (S2, 53), (83, $1)}
S+(St_!5t+) = {(50,52), (51150)' (52151)' (53153)}

Where: 0 <t~ <2™,0 < t* < 2™, and m =number of D-registers.

Se d”;;gac” e+ Current state | Input| Next State | Output
© o — —@ 00 S¢- dr Se+ cr | cf
111\:[{:”';', So ] 00 | 0 | S, ] 00 0] 0

o1 e ™ o1 S, | 00 1 | S, | 10 ] 1| 1
s, | ol 0 | S, |10 0] 0

s, | o1 1 | S, | 00| 1 |1

10 10 S, 10 0 | S, | 11| 0| 1
S, 10 1 |5, |01 ] 1o

S, 11 0 |[s, o1 |01

11 &5 1 S, 11 1 | s, |11 | 1] 0

Figure (2.15): The Trellis Diagram and the State Transition Table of
RSC(7,5)g with R=1/2.

The procedure of the LogMap algorithm can be summarized as follows [64],

[67]:

1)  The inputs of the LogMap algorithm are a posteriori probabilities (APPS)
of received information and APPs for the message bits (a-prior

information).
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ii) Calculate the log metrics (I'T) for all given T where T = 1,2, ..., k.
IT[Se-, Se+] = In[p(dT = di-+)] + In[p(rT|ce- ¢+ )] (2.36)
Where:
e In[p(d” =d,-,+)]: Is the APP of the message-bits for all T. where:
p(d" = d,- ,+): is the a-prior source probabilities.
e In[p(rT|c,-+)]: Is the APP of the channel transition probabilities. For the
AWGN channel:

1 1
In[p(rT|c,-¢+)] = In e(_W”rT_CT”Z) (2.37)

q

1
In[p(rTlc,-¢+)] = <——2 lrT — CT||2> +In

- (2.38)

21mo?

IrT — cT|| is the euclidean distance between rTand c”. For BPSK, q = 2.

iii) Forward Recursion: Calculate the log probability A7 (S,-), which is the
logarithmic representation of the probability that the encoder is in the
state (S;-) at time T based on the received information at the time before
T.

2Mm_1
AT(S,-) = In Z AT (ST (S5e7) (2.39)
=0
AT(S-) = W[ﬂ-l(sj) +I7(S;,5:-)] (2.40)
MAX|[x,y] = In[e* + e¥] (2.41)

Where: A°(S,) =0, T =1,2,...,k,andt~ =0,1,...,2™m — 1.
iv) Backward Recursion: Calculate the log probability BT (S,+), which is the
logarithmic representation of the probability that the encoder is in the

state (S;+) at time T based on the received information at a time after T.
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2m—1
BT(S,+) = In z eB SIS .5)) (2.42)
j=0
BT (S+) = _Mf_xx[BTﬂ(sj) + I'T*1(S,+,5))] (2.43)

Where: B¥*1(S,) =0, T =k, k—1,..2,1,and tt =0,1,...,2™ — 1.
v) Calculate the state transition metrics (u” (S.-,S,+)) for both S~and S* as

follows:
ur (Se-, Se+) = ATH(S-) + TT[Se-, S+ ] + BT (Sy+) (2.44)
Where: T = 1,2, ..., k.
vi) Calculate the output LLRs (L) of the LogMap algorithm as follows:
Ly = L(dT|rT) = lnz ehT(Sem54) 4 lnz e (5t ) (2.45)
S~ st

Ly = L(d"[r") = MAX[u" (S¢-, S¢+)] — MAX[W" (S,-,S¢)] (246)

T1.TY — 1 P(@7=0ITT)
Where L(d"|r") = lnp(deler).

vii) Calculate the hard output decision of the LogMap algorithm as follows:

dT—{O if Ly =0

~ if Ly <0 (247)

The LogMap decoder can handle the LLRs inputs and outputs to facilitate the
decoding process, as shown in Algorithm-12 (refer to Appendix-I).

2.7.3. Soft Output Viterbi Algorithm (SOVA)

The SOVA algorithm is an alternative to the highly complex MAP
decoding family. This algorithm has two differences from the traditional
Viterbi Algorithm (VA): First, the Soft Output Viterbi Algorithm requires a-
prior probabilities about the message bits to calculate modified path metrics.

Secondly, SOVA can use its soft output to indicate the output decision

32



Chapter Two Concatenated Codes Construction and FPG Architecture

reliability. This makes the SOVA decoder suitable for an iterative turbo
decoding algorithm [65].

The low complexity of the Viterbi family came from the fact that the
Viterbi family doesn't require calculating the full path probabilities for each
possible codeword. The best path is chosen at each trellis node as a survivor
path, and the other paths are ignored. Thus the complexity of the Viterbi
family is drastically reduced compared to the MAP family. For SOVA, the
metrics of the Maximum Likelihood (ML) path are used in addition to the
metrics of the competition paths at each node of the ML path to calculate the
path metric difference (4;), which is the output LLR of the SOVA, as shown
below.

The SOVA procedure can be summarized as follows [65], [68]-[70]:

1) The inputs of the SOVA algorithm are the soft received information and
APPs for the message bits (a-prior information). These inputs can be in an

LLR expression or a log expression.

ii) Calculating the LLR branch metrics (uT) for all given T, where T =
1,2, ...,k. The LLR branch metrics (u7) correspond to the log branch

metrics (I'T) but in the LLR expression rather than the log expression.

I'T[S;-, Se+] =log[p(d” = dy-¢+)] + log[p(r7|ci- 1+)] (2.48)

WSSl = 5 Lo+ 702 (2.49)

i=1
Where:
T _ 1.p@dT=0) . o . i
Q' = lnm . Is LLR of the a-prior information of message bits.
n: The output lines” number of the convolutional encoder.

. The LLRs of the received sequence.
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L.: The channel reliability.

Ep

Le= 202

*4a xR (2.50)

a: The fading amplitude
E,: The transmitted energy per bit.

iii) Calculating the LLR path metrics (MT) for all given T where T =
1,2,..,k.

M =M+ uT[S,-, S+ ] (2.51)
where: My =0, 0 <j<2™and0 <i < 2™,

iv) Estimating the maximum likelihood (ML) path by tracking the maximum
path metric (MjT) fromT = k to T = 0. If there is trellis termination, the

first state of the maximum likelihood path is the initial or the zero state,
i.e., ML(T = k) = S,.

v) Calculating the path metric difference (Agj), where 0 <j <2™. As

shown in Figure (2.16), if two paths (e. g., P and PT(Z)) reach the state

(S;) at time T with the LLR path metrics M,y and M},y, and the first
path is selected as the survivor path (i.e., M} > M(,)), then the path

metric difference (A]-T) will be calculated as follows:
T _ T T

vi) Calculating the a-posteriori LLR output of the SOVA (L;) as:

— T1,- TN — AT : i
Lr=r(@ My =d"+ _ min (A% (2.53)
dT=dT
Where

e dT: The trellis input-bit of the ML path at time T. Where, d” = +1 for 0-
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bit and d” = —1 for 1-bit.

e d]: The values of trellis input-bit at time T for paths that have merged
with the ML path and discarded at one of the states that the ML path goes
through.

e §: The decoding depth, which is usually equal to 5(m + 1).

e s..;. A state through which the ML path passes.

o Agml: The path metric difference in the state (s,,,;) at time i.

vii)  Calculate the hard output decision of the SOVA algorithm as follows:

aT_{o if Ly >0

1 if Ly <0 (2.54)

Viterbi algorithm observation has shown that the merged paths at a state
(S]-T) typically come from the same path at some time before T. This time is
estimated to equal the time of (&) transitions through the trellis. The value of
(8) is estimated to be approximately five times the constrained length of the
convolutional encoder. This value is known as the window or decoding depth
[66], [71]. Thus, the SOVA calculates the LLR of a bit (dT) at a time (T + §).
Algorithm-11 in appendix-1 describes the procedure for implementing a
SOVA decoder with LLRs for inputs and outputs.

S S
° o . ° o
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P
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/
r/.
o / o °
/
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¢ 0 [

Figure (2.16): Trellis with Two Merged Paths.
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Just for instance, if we consider § = 4 in Figure (2.17), then the LLR
estimation of d? can be done at T=6. At this moment, the SOVA algorithm
checks which of the following trellis input bits are different from the bit (d?):
dZ,dZ,d?,d3, and d5. After the comparison, dZ,dZ% and d3 are ignored
because they are similar to the bit (d?). We can notice that the paths of both
(d2) and (d3) are identical to the ML path at T=2, so they are discarded.
Finally, only the path metric differences associated with bits (d2) and (d2)

are used to estimate the LLR of bit (d?) as follows:
Ly = L(d?|r?) = +1 * min(A3,A3)

T=0 T=1 T=2 T=3 T=4 T=5 T=6 T=7 T=8 T=9

d? e dg . .
N\ i Agg."' Ag_(,." AE‘(,)’. A2 (".
Va o .

\ ” ,“,’
51 ® ®
Ay [ ] o
S ® [ ]

Figure (2.17): Simplified Trellis Diagram for the Output LLR Estimation.

2.8. Concatenated Turbo Codes

Channel coding is a crucial part of new communication systems
predominated by severe restrictions on bandwidth and power. Channel coding
can be achieved by introducing redundant bits into the information sequence,
thus allowing the receiver to correct errors during channel transmission. In
1948, Shannon proved in his landmark paper the theoretical presence of good
codes could be used as channel coding [72]. Shannon claimed in this paper
that these good codes allow the transmitting of data virtually with no error at
rates up to the maximum channel capacity and with surprisingly low
transmitted power, contrary to popular belief at that time [73]. Shannon's
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paper has not presented the methodology for constructing such codes. The
question of "how to construct the capacity-achieving codes?" is left
unanswered. This question has motivated intensive research endeavors for
decades and has led to the discovery of several codes. However, there is still a
large gap (about 3dB or more) between the practical performance and what
the theory promised until the early 90s. In 1993, this performance gap was
narrowed by the invention of the Convolutional Turbo Codes (CTC) [74] and
quickly followed in 1994 by the introduction of Block Turbo Codes (BTC)
[75].

Dave Forney introduced the first idea of concatenated codes in 1965 by
concatenating two relatively simple codes as inner and outer codes [76]. This
step has constituted a significant turning point in the channel coding field
since 1965. All proposals that attempted to get close to Shannon's limit before
Forney's proposal were unmanageable due to the enormous complexity of the
decoding algorithms. Forney introduced a manageable decoding algorithm
using relatively simple codes as constituent codes. The complexity of this
algorithm increases with the block length algebraically rather than
exponentially [77]. This section presents the serial and parallel concatenated
turbo codes in terms of encoders and decoders.

2.8.1. Parallel Concatenated Codes

The parallel concatenated codes made the first genuine attempt to
approach the Shannon limit with moderate complexity [74]. These codes
perform very well in regions of low SNRs and produce high coding gains.
However, their performance deteriorates in regions of high SNRs due to error
floor problems. Classically, the parallel concatenated codes encoder can be
formed by concatenating two or more identical (or not) constituent codes
separated by an interleaver, as depicted in Figure (2.18). For example, the
original turbo code proposed by Berrou, Glavieux, and Thitimajshima
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consists of two identical Recursive Systematic Convolutional (RSC) codes
with matrix interleaver where the information bits are inserted row by row
and then read pseudo-randomly [74]. Many other parallel turbo codes are
constructed using nonsystematic recursive convolutional codes as constituent
codes instead of RSC codes [78], [79]. Perez and Benedetto demonstrated in
[87] and [88] that recursive convolutional codes can yield codewords with
higher weight than non-recursive convolutional codes, even when the weight
of input information is low [82]. This property is a crucial benefit of parallel

turbo codes since error occurrences are dominated by codewords with low

weight.
Original User Information Bits
d > P
dm 1 U
P
> Interl > i >| N
>| Interleaver my >] Constituent Code-1 >
dn’z pZ (’I‘j C
> Interleaver m, >] Constituent Code-2 > -
R
d™ p"| E
> Interleaver m, >] Constituent Code-n > R

Figure (2.18): The Construction of Parallel Concatenated Code Encoder.

The iterative decoding algorithms of parallel concatenated codes are
constructed using SISO algorithms. The SISO decoding algorithms vary
depending on the constituent codes. The first convolutional iterative decoding
algorithm is presented as follows:

Figure (2.19) depicts the overall structure of a convolutional iterative
decoding algorithm. This algorithm consists of two SISO decoders linked
together through an interleaver similar to that used in a turbo encoder [71]. As
shown in Figure (2.19), the inputs of each decoder include three branches:

received LLRs of the systematic encoded message bits, received LLRs of
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parity bits of the associated constituent encoder, and a-prior information from
the other SISO decoder regarded as a decoder decision about the systematic
user bits. The SISO decoders must exploit both soft inputs that include
received information through the channel and the a-prior information to yield
the soft outputs associated with the decoded user's bits. The soft output of the
SISO decoders represents the probability that each bit has been successfully
decoded. Soft outputs are commonly expressed by Log-Likelihood Ratios
(LLRs), whose magnitude represents the bit's sign, and the amplitude

represents the probability of a correct decision.
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Figure (2.19): Construction of the Convolutional Iterative Decoding
Algorithm.

The SISO decoders of the convolutional iterative decoding algorithm can
be the Maximum A-Posteriori (MAP) algorithm[83], LogMap algorithm [84],
Max LogMap algorithm, or the Soft Output Viterbi Algorithm (SOVA) [69].
The MAP and Max LogMap algorithms are outside the scope of this
dissertation, while the LogMap algorithm and SOVA are presented previously
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in the this chapter. The MAP algorithm outperforms all remaining algorithms
but with a high degree of complexity. In contrast, the SOVA has less
complexity but with about 0.6dB degradation compared to the MAP
algorithm [85].

In Figure (2.19), the decoding algorithm works iteratively. In the first
iteration, the first SISO decoder delivers a soft output as its estimation of the
user's bits, depending only on the received information from the channel
because the a-prior information from the second SISO decoder at the first
iteration is zero. This soft output of the first decoder is then fed to the second
SISO decoder as a-prior information. The second SISO decoder uses this
information along with the received information to determine its estimation of
the user's bits. After completing the first iteration, the second iteration can
now start. In the second iteration, the first SISO decoder decodes the same
received LLRs of the encoded bits, but currently, with a-prior information
provided in the first iteration from the second decoder about the user's bits.
The soft output of the first decoder in the second iteration is more accurate
due to the a-prior information. Now, the second decoder can use this soft
output as a-prior information. This process is repeated with each iteration;
thus, the bit error rate of the decoded bits tends to decline. However, the
performance gains achieved with increasing iterations numbers decline as the
number of iterations is grown. As a result, around five iterations are often
employed for complexity and performance considerations [71].

The SOVA and LogMap algorithm can receive a-prior information and
produce a-posteriori LLR per input bit in the received sequence, as illustrated
in Sections 2.7.2 and 2.7.3. Therefore, this feature qualifies SOVA and
LogMap algorithm for a convolutional iterative decoding algorithm. The
convolutional iterative decoding algorithm comprises two SISO decoders

linked serially in a closed loop, as illustrated in Figure (2.19). In this
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algorithm, each SISO decoder estimates the user's bits using a different parity
check sequence. The turbo iterative decoding algorithm handles the channel
outputs on a frame basis.

As stated in [71], [86]—[88], the soft outputs of the SISO decoders can be

decomposed into three unique terms as follows:
b=¢g+e+Ry (2.55)

Where:
b: The soft output of a SISO decoder (a-posteriori information).
R,: The received weighted channel output of the message sequence.
€: The extrinsic information created by a SISO decoder.
¢: The a-prior information from a SISO decoder.
The extrinsic information that is passed between the SISO decoders can be

computed as follows:
eE=b—@—Ry (2.56)

R, and (¢) are subtracted to prevent sending information that the alternate
decoder already has.
The following steps are a summary of the convolutional iterative
decoding algorithm [70]:
1. The inputs of the first SISO decoder are:
1) R,: received LLRs of the systematic user's bits scaled by the channel
reliability constant (L.).
i) Rp1: received LLRs of the parity check bits of the first constituent
encoder scaled by the channel reliability constant (L.).
iii) ¢, : a-prior information received from the second SISO decoder after
de-interleaving the extrinsic information (&,). In the first iteration, this

information is zero (i.e., ¢; = 0).
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The a-posteriori LLR (b,) of the first SISO decoder can be estimated by
using Equations (2.46) and (2.53) for the LogMap algorithm and SOVA,
respectively.

2. The extrinsic information (&,) from the first SISO can be determined by:
& =by—Rg— ¢ (2.57)

3. The inputs of the second SISO decoder are:

i) R7: interleaved received LLRs of the systematic user's bits scaled by
the channel reliability constant (L,).

I1) Rp2: received LLRs of the parity check bits of the second constituent
encoder scaled by the channel reliability constant (L.).

1) @,: a-prior information received from the first SISO decoder after
interleaving the extrinsic information ().

The output of the second SISO decoder is the a-posteriori LLR (b,),

which is calculated as in the first decoder.

4. The extrinsic information (e,) from the second SISO can be determined
by:
& =by, —Rj — ¢, (2.58)

5. The sequence (&,) is de-interleaved and returned to the first SISO decoder
as a-prior information (¢, ) for the next iteration.

6. The estimated bits (d) are obtained by interleaving the second decoder's
output (b,) before using a simple threshold detector.

The a-prior information of both SISO decoders can be scaled by specific

factors (SF; & SF,) to improve the performance of the iterative decoding

algorithm, as shown in Figure (2.19). Sometimes the a-prior information

contains exaggerated information about the user's bits, especially at the initial

iterations. Therefore, these factors can play significant roles in the decoding

process.
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2.8.2. Serial Concatenated Codes

Serially concatenated codes consist of an outer code with an interleaver
and an inner code. The interleaver permutes the codewords bits of the outer
code, and then they are fed to the inner code. A serially concatenated code can
be constructed with a number (h) of cascaded codes separated by (h — 1)
interleavers. David Forney wanted in [76] to develop a family of codes whose
error probability reduced exponentially at rates below capacity while
decoding complexity increased algebraically. Forney came up with
concatenated code as a multilayer coding structure. This code is the first
version of the serial concatenated codes. In Forney's approach, a short
convolutional code is used as an inner code with a maximum likelihood
decoding algorithm. At the same time, a long high-rate algebraic nonbinary
Reed-Solomon code is used as an outer code with a strong error-correction
algorithm that could use information about the reliability of the inner decoder
as a-prior information [81].

In 1996, S. Benedetto came up with the idea of Serial Concatenated
Convolutional Codes (SCCC) [81]. The SCCC incorporates the properties of
Forney's serial concatenated and Turbo codes in a convenient signal-to-noise
ratio range to produce outstanding decoding performance through iterative
decoding. CCSDS131.2-0O-1 standard was introduced in September 2007 by
employing the serial concatenated convolutional turbo codes (i.e., SCCC
codes) in telemetry systems to get performance very close to Shannon's limit.
Furthermore, at high SNR, it was discovered that SCCCs performed better
than Parallel Concatenated Convolutional Codes (PCCCs) in terms of both the
frame error rate and the bit error rate [89]. The major dissimilarity between
SCCC code and Forney's concatenated code is that SCCC employs a random
interleaver to randomize the burst errors and allow an iterative interchange of

soft information between the inner and outer decoders.
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The methodology of the SCCC code can be used with other constituent
codes such as block codes [90]-[92] (e.g., Reed-Solomon and BCH [89], [93],
[94]), polar codes [25], [95], [96] and others to construct modified serially
concatenated codes. In this section, the methodology, construction, and
iterative decoding algorithms of Serial Concatenated Convolutional Codes
(SCCC) is explained as follows:

The ground-breaking concept of parallel turbo codes presented in [74]
has sparked an enormous amount of interest in studying serial concatenated
schemes. The encoding technique of SCCC differs from that of PCCC
schemes. Where the outer encoder first encodes the original user message (d).
Unlike PCCC, the second encoder (i.e., inner encoder) receives the outer
encoder's interleaved output as input rather than the interleaved user message
(d) as in PCCC. The SCCC technique, like the PCCC scheme, can achieve a
higher code rate by puncturing a low-rate component encoder or employing
high-rate constituent codes. Without code termination, the overall code rate
for the SCCC model in Figure (2.20) is:

R =R+ RO (2.59)

Where SRtand R° are the inner and outer code rates, respectively. Both
constituent codes in Figure (2.20) are systematic and recursive convolutional
codes. However, it is observed that just the inner encoder is essential to be
RSC in SCCC to obtain high interleaving gain. At the same time, the outer
code is responsible for correcting burst errors and enhancing performance in
the error floor region[89]. Table (2.1) shows the generator polynomials of

several convolutional codes.
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Figure (2.20): Serial Concatenated Convolutional Code.

In Figure (2.20), the first code (i.e., inner code) is an RSC code with a
1/2 rate, while the second code (i.e., outer code) is an RSC code with a 2/3
rate. Accordingly, the overall code rate is 1/3, as indicated by Equation (2.59).
A uniform interleaver of length N links these constituent codes with each
other.

Table (2.1): Generator polynomials of Convolutional Codes [81].

G(x) Description
1+ x? _ _
1,——— Recursive code with 1/2 rate
1+ x + x2

[1+x+x2 1+x?] Non-Recursive code with 1/2 rate

1+ x?
1+ x + x2 Recursive code with 2/3 rate
0 1 _14x
1+ x+x2
1+x x 1

1+4x 1 14x Non-Recursive code with 2 /3 rate
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Figure (2.20) shows the first iterative decoding algorithm of the SCCC,
which has a complexity that is not much more than that required to decode the
two constituent codes separately. In this algorithm, Benedetto used two
maximum a posteriori (MAP) decoding algorithms applied to both constituent
codes [81]. This Map algorithm is clearly different from those Map
algorithms of PCCC. In PCCC, the MAP algorithm provides only soft outputs
for information sequences, while the SCCC requires soft outputs for
information and parity sequences. Therefore the MAP algorithm of the PCCC
is modified to produce soft outputs for information and parity sequences.

The mechanism of the iterative decoding algorithm shown in Figure
(2.20) can be summarized as follows [81]:

1) During the first iteration, the inner MAP decoder is fed with the received
soft information (R) of the inner encoder output without a-prior

information from the outer MAP decoder (i.e., ‘™" = 0).
inf.

inner

2) The soft inner output of the information sequence (O ) is used to

compute the inner extrinsic information (¢:*"¢") by subtracting the inner a-

prior information (™€) from it, as follows:

inner _ pinf. _
€ - Oinner %

inner (260)

3) The inner extrinsic information ("7 is de-interleaved to determine the
outer a-prior information (°“t€") which is routed to the outer decoder as
input.

4) The second input of the outer decoder labeled (a prior) is permanently fed

with a zero vector, as shown in Figure (2.20).
5) The first output of the outer decoder (Oi"f ) IS routed to a hard decision

outer

element that provides the decoded information bits (dX).
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inf.+parity
outer

6) The second output of the outer decoder (O ) is used to compute
the outer extrinsic information (£°“t€") by subtracting the input

information (@ °%t¢") from it, as follows:

outer _ pinf.tparity _  outer
€ = 0 or 7, (2.61)

7) The first iteration is complete at this point, and the second iteration begins
by repeating steps 1-6, but this time with a-prior information from the
outer decoder fed into the inner decoder.

8) After the last iteration, the output in step (5) is used to recover the
information bits.

The inner and outer MAP algorithms in the iterative decoding algorithm

shown in Figure (2.20) can be replaced by any convolutional decoding

algorithm that can provide soft output for information and parity sequences

such as SOVA, LogMap, and Maximum LogMap algorithms [89], [97], [98].

2.9. Field Programmable Gate Arrays (FPGAS)

Field Programmable Gate Arrays (FPGAS) are semiconductor devices
with several distinctive features that make them more suitable for
communications applications. The fundamentals, applications, and

architecture of FPGASs will be illustrated in this section.

2.9.1. Fundamentals and Applications

FPGAs are digital integrated circuits consisting of an enormous number
of Programmable Logic Blocks (PLBs) with programmable interconnections
between them. These interconnections determine the programmable logic
blocks needed to perform a specific task. A design engineer can perform
various tasks by programming or configuring these devices. Based on the
implementation technique, FPGAs can be classified into one-time and multi-

time programmable FPGAs. As indicated by the name, the former can only be
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programmed once, while the latter can be re-programmed as often as the
designer desires [99], [100].

On the other side of the spectrum, two technologies could replace an
FPGA: Application-Specific Standard Parts (ASSPs) and Application-
Specific Integrated Circuits (ASICs). Although these devices can perform
extremely large and complex functions and hold hundreds of millions of logic
gates, they are still the second choice after the FPGA, especially in small and
medium innovative design companies. FPGAs are better than ASSPs and
ASICs in several points, such as low cost, very simple design changes, and
faster time-to-market. In addition, ASSPs and ASICs are specifically designed
to handle a particular application and can't be used with other applications
[99], [100].

Currently, high-performance FPGAs are available in markets, where
they contain millions of gates and feature several embedded elements such as
high-speed input/output (1/0O) devices, microprocessor cores, and others.
Thus today’s FPGAs can be employed in several fields, such as image
processing, radar, DSP applications, software-defined radio, and
communications devices.

Based on programming technology, FPGAs can be categorized into three
categories [99], [100]:

e Anti-fuse FPGAs: These devices are programmed by utilizing a specific
programmer that burns a set of fuses. After burning these fuses, the
configured device cannot be reprogrammed again. Therefore the anti-fuse
FPGAs are One Time Programmable (OTP) devices used for special
functions and cannot be altered anymore, making them unsuitable for
prototyping and development purposes. These devices are more suitable for
military and aerospace applications because they are nonvolatile (i.e., they

save their configuration data after a power outage), rad-hard (i.e., their
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radiation immunity is very high, unlike SRAM-based devices that are

affected by radiation), and anti-reverse-engineered devices.

e Flash FPGAs: These devices are also programmed offline by a device
programmer and can be reprogrammed many thousands of times in the
future. Flash FPGAs are available in In-System Programmable (ISP) forms
but with a longer programming time. These devices consume high power
because of the numerous pull-up resistors connected internally. However,
Flash FPGAs have several advantages, such as retaining their configuration
data after a power outage (i.e., nonvolatile), using the security concept of a

multi-bit key, and requiring little physical space.

e SRAM FPGAs: These devices are unlimitedly reprogrammed by loading
the circuit configuration in SRAMs. SRAM-based FPGAs offer extremely
quick reconfiguration with the opportunity for partial reconfiguration
offered by some devices like the Xilinx, so they are commonly used. As a
result, the implementation and testing of the new designs become more
rapid and flexible, allowing the way to accommodate evolving protocols
and standards easily. The main downside of these devices is related to
security issues and the volatility of the configuration data with every
powered-up. The former can be scaled using bit-stream encryption but still
has some security issues, while the latter demands either a specific external

memory element or an onboard microprocessor.

2.9.2. FPGA Architecture

The architecture of the FPGA is different from one company to another,
but most of the architectural features are the same in all FPGAs. Figure (2.21)
shows the Xilinx FPGA architecture. Sometimes, the DSP blocks are
designed to be close and aligned to the embedded RAM blocks, as will be

shown later. Several common architectural features of various FPGAS are
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illustrated as follows:
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Figure (2.21): The Full Xilinx FPGA Underlying Fabric [101].

[7] DSP Block

2.9.2.1. Granularity

Based on the granularity, there are two FPGA types, either fine-grained
or coarse-grained. Before illustrating these types, the underlying fabric of an
FPGA must be presented to understand the distribution of the enormous
number of Configurable Logic Blocks (CLBs) in a sea of programmable
interconnects. Figures (2.21) and (2.22) show the full and partial underlying
fabrics [99].

Firstly, each CLB in the fine-grained architecture is responsible for a
straightforward process. For instance, this logic block can be programmed to
act as a 3-input function, as a logic process (e.g., OR, AND, NOR, etc.), or as
a storage process (e.g., D-FlipFlop, D-latch, etc.).

Secondly, a single CLB of the coarse-grained architecture has many
logical processes, such as four multiplexers, four 4-input LUTSs, four D-
FlipFlops, and others.

The number of connections required for each fine-grained CLB is larger

than that of the coarse-grained block. This number of connections is relatively
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large compared to the size of functionality that a fine-grained CLB can
accomplish. Compared to the functionality amount, this number decreases as
the order of the granularity increases from medium to high granularity. The
number of programmable interconnects is very important because it is closely

associated with the amount of propagation delay through an FPGA [99].

<_,_‘7_\__ Programmable
‘ : «-—interconnect
4

~__ Programmable
T _— logic blocks

Figure (2.22): The Partial FPGA Underlying Fabric [99].

2.9.2.2. Logic Blocks

The logic block is the basic inner structure of an FPGA. This block is
repeated several times and linked with each other by configurable
interconnects to perform complicated logic processes, execute memory
functions, and others. A configurable logic block (CLB) structure varies based
on the company that configured it. The Xilinx configurable logic block
consists of two or four slices, where each slice includes two logic cells, as
shown in Figure (2.23). A logic cell consists of a 4-input Lookup-Table
(LUT), a register, and a multiplexer, as illustrated in Figure (2.24), where the
LUT can be acted as a 16-bit shift register or a 16x1 RAM [99], [100].

Figure (2.25) shows the structure of a Xilinx CLB. The inner blocks of
the CLB (between LCs and between Slices) are connected by configurable
interconnects, but these interconnections are not presented in Figure (2.25) for
simplicity. The logic-blocks hierarchy from LC to slice and then to CLB is

51



Chapter Two Concatenated Codes Construction and FPG Architecture

linked with another type of hierarchy for configurable interconnects. The
interconnects between LCs are faster than those between slices, which in turn
is faster than those between CLBs [99], [100].

Slice

Logic cell (LC)

MUX REG

Logic cell (LC)

MUX REG

Figure (2.23): A Simple Xilinx Slice with Two Logic Cells [99].
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Figure (2.24): The Construction of a Simple Xilinx Logic Cell (LC) [99].
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Configurable logic block (CLB)
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Logic cell Logic cell
Slice Slice
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Figure (2.25): A Simple Xilinx CLB with Four Slices [99].

2.9.2.3. Embedded RAMs

Several applications need to employ memory; thus, current FPGAs
contain comparatively large blocks of Embedded-RAMs known as e-RAM.
Based on the FPGA architecture, these blocks are either placed around the
FPGA's periphery or scattered in columns across the FPGA chip, as shown in
Figure (2.21). An FPGA may contain tens to thousands of these chunks to

provide enormous memory for various applications [99].

2.9.2.4. Embedded Multipliers and Adders

The software multipliers and adders constructed using a large number of
CLBs are very slow compared to the hardware multipliers and adders.
Therefore, these components with other devices are added as DSP blocks in
the form of scattered columns in the FPGA chip, as shown in Figure (2.21).
For instance, Some Xilinx FPGAs possess a DSP-Block called a DSP-48
which can perform a 25-bit pre-adder, an 18-bitx25-bit multiplier, and a 48-
bit accumulator [99], [102].
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2.9.2.5. Embedded Processor Cores

Practically any part of an electronic design can be implemented either as
hardware by employing registers, logic gates, and others, or as software by
using instruction codes executed on a microprocessor. In the same way,
processor cores can be implemented as hardware or software [99].

A hardware microprocessor core can be implemented either in a stripe or
inside an FPGA fabric. As shown in Figure (2.26), the stripe of the first is
located on the side of the primary FPGA fabric. The Stripe and the FPGA
fabric can be fabricated either on a single silicon chip or double chips and
packaged as a Multi-Chip Module (MCM). A microprocessor Stripe also
includes multipliers, e-RAMs, 1/0 devices, and others, apart from those in the
main FPGA frame. Secondly, the microprocessor cores can be implanted
within the FPGA fabric without requiring a second fabric to build these cores.
In this case, the e-RAMs and 1/0O blocks must be able to take into account the
existence of these cores. Depending on the device's features, an FPGA fabric
can include one, two, or four microprocessor cores.

The second option is the soft microprocessor cores. These cores can be
implemented by dedicating a set of CLBs to configure them without needing
to implant these cores within the FPGA fabric. Soft-Cores are slower and
more primitive than their hard counterparts, so a hardware microprocessor is

preferred for complex functions.

2.9.2.6. Clock Managers

The clock signal is an important requirement for any synchronous
element within an FPGA. This signal is commonly generated outside FPGA
and then fed to a special hardware block called a clock manager to generate
several pictures of a clock signal. These pictures are first processed by the
clock manager to handle the signal troubles such as frequency and phase

shifts and then fed to the special clock’s input pins. The copies of the clock
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signal at these pins can be used to derive many synchronous elements[99].

Main FPGA fabric The “Stripe”
SN
=1
uP
RAM Microprocessor
core, special RAM,
N peripherals and
Vo /0, etc.
etc.
-1

Figure (2.26): The Main FPGA Fabric with the Stripe of Hard-Core [99].

2.9.2.7. General-Purpose 1/0

The 1/0O blocks are illustrated around the circumference of the FPGA
fabric in a ring, as shown in Figure (2.21). These 1/O blocks have various
standards, voltage thresholds, and terminating resistors to prevent signals-
reflecting-back [99].

2.9.2.8. Gigabit Transceivers

These blocks are special hardware devices used to send and receive data
at incredibly high speeds permitting them to deal with a huge amount of data
bits per second. The gigabit transceivers employ one pair of differential
signals to receive (RX) information and another to send (TX) information. In
fact, a single transceiver block supports multi-transceivers (say four), and

each FPGA board may include many such transceiver blocks [99].

2.9.2.9. Intellectual Property
It is impractical to construct every FPGA design from scratch in light of
today's large and complicated designs. The common functions can be
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designed as programmable functional blocks that can be used with every
FPGA design. This idea can help designers to focus on the novel portion of
the design that differentiates their designs from other competing designs and
reduces design time and resource requirements. Each block of these
functional blocks is known as Intellectual Property (IP) [99].

IP can be classified as hard and soft, where each FPGA vendor delivers
its own IPs. Firstly, the hard IPs are pre-implemented blocks like gigabit
interfaces, adders, multipliers, microprocessor cores, and others. These blocks
are designed to be compatible with FPGA devices, providing efficient
performance and power consumption. Secondly, the soft IPs are used as a
source-level library of high-level functions that can be embedded in the
design code of a user. These soft libraries can be defined at the Register
Transfer Level (RTL) of abstraction by utilizing a Hardware Description
Language (HDL), like VHDL or verilog [99].
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Chapter Three

Proposed Concatenated Turbo Polar Codes

3.1. Introduction

The original concatenated codes can be updated using the modern codes
as constituent codes rather than the convolutional or BCH codes.
Furthermore, recent research on modified concatenated codes presents
encouraging performance results, motivating the coding community to
continue developing in this field. In this dissertation, the polar codes have
been used as constituent codes to construct the proposed turbo polar codes.
This chapter presents the proposed parallel and serial concatenated turbo polar
codes in terms of encoders, decoders, complexity, and some case studies.

These codes are designed by using a polar code

3.2. Parallel Concatenation Turbo Polar Code (PCTPC)

The encoder scheme of the proposed PCTPC has been designed by using
two identical systematic polar codes as constituent codes as shown in Figure
(3.1). In this scheme, The source bits (d) are first fed to the first SPC encoder
(i.e., SPC(N,K)) that will encode them. Then, the same bits (d) are
interleaved via an Srandom interleaver (i) to be encoded by the second SPC
encoder. The coded output (C € {0,1}) of the PCTPC encoder comprises three
vectors multiplexed together: the source vector (¢! = d), the parity vector of
SPC-1 (c? = p?), and the parity vector of SPC-2 (c3 = p?). These vectors are

multiplexed to yield the overall coded vector (C) that includes N, bits (i.e.,

K
2N-K

. The

N, = 2N — K). The code rate of the PCTPC is given by: R =

coded vector (C) is modulated by the BPSK modulator and transmitted
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BPSK
through the channel, where € — Y; Y = (1, Y5, e, v, ), ¥i € {+1,—1}

and is given by:

Vi = 1-— 2Ci (31)
S ——— =
d . d "y é E- ,Ul
—T1> / —— = /| >
i E M
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Figure (3.1): The Encoder of the Proposed PCTPC Scheme.

On the other side, Figure (3.2) depicts the overall structure of the
proposed polar iterative decoding algorithm. Despite the differences in the
construction of the SISO decoders, this structure is comparable to that of the
convolutional iterative decoding algorithm. The SISO polar decoders have
distinct internal architecture based on the methodology of polar codes. There
are several decoding algorithms designed for polar codes, including
Successive Cancellation (SC), Successive Cancellation List (SCL),
Successive Cancellation Stack (SCS), Belief Propagation (BP), Soft
Cancellation (SCAN), Soft Successive Cancellation list (SSCL), and so on.
However, only SCAN, BP, and SSCL decoders can accept and produce soft
information; thus, only these decoders can be used with a polar iterative
decoding algorithm. In this study, the SCAN algorithm (refer to Algorithm-4)

is employed with all studied schemes.
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Figure (3.2): Construction of the Polar Iterative Decoding Algorithm.

The mechanism of the proposed polar iterative decoding algorithm can

be summarized as follows (refer to Algorithm-8):

1)

2)

The received LLRs from the channel are separated into three vectors,

namely, Ry, R,,,and R,,,, which are the LLRs of the systematic message

p1s p2:

bits, the parity bits of the first constituent encoder, and the parity bits of
the second constituent encoder, respectively.

R; , R,,,and the scaled a-prior information (¢3;) are the inputs of the

pls
SCAN-1 decoder that has one output (b;). The internal procedure of
SCAN-1 is shown in Figure (3.2) (The small red box on the top right).
Based on the (F€) and (F) sets, R, is merged with R,; and used to
initialize the first column of a matrix (ie., a?|i=0,1,..,N —1) of
SCAN-1 decoder, where the vector (R,;) corresponds to F¢ indices while
the vector (R,;) corresponds to F indices. The modified information
sequence (R,) of the SCAN decoder can be computed as follows:
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3) At the first iteration, the scaled a-prior information (¢7) is zero due to the
a-prior information (¢,) from the second SISO decoder is zero.
4) The extrinsic LLR (&;) can be calculated as follows [34], [36]:

Z*Rd
g2

— @7 (3.3)

€1=b1

Where o® is the noise variance.

5) The extrinsic LLR (&;) is interleaved and passed to the SCAN-2 decoder
as a-prior information (¢,).

6) Ry . Ry, and the scaled a-prior information (¢3) are the inputs of the
SCAN-2 decoder that has one output (b,). The internal procedure of
SCAN-2 is the same as SCAN-1 (see Figure (3.2): The red box).

7) The extrinsic LLR (&,) can be calculated as follows [34], [36]:

2 xR}

02

— @3 (3.4)

Ezzbz_

8) The extrinsic LLR (&,) is de-interleaved and passed to the SCAN-1
decoder as a-prior information (i.e., ¢,). At this point, the first iteration
ends, and steps (2 to 8) are repeated for the second iteration, and so on.

9) After the last outer iteration, the estimated bits (d) are obtained by
applying a hard decision to the output of the SCAN-2 decoder (b,) and
then de-interleaving it.

10) The stopping mechanism of the iterative decoding process can be
developed based on two criteria. The first one depends on the number of
outer iterations, where the iterative decoding process is finished after the
last iteration. The second criterion depends on a particular rule. If this rule
Is satisfied, the iterative decoding process is terminated. Immediately after
each iteration, the estimated vector (X) is calculated to be used for

estimating the vector (S), as follows [32]:
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S=%+[Gy]' =% *Gy (3.5)

The frozen bits of the vector (S) are fixed with polar codes and known at
the receiver, so these bits with the frozen bits of the vector (S) can be used
to satisfy the second criterion of the stopping mechanism through the

following:
STF = Sz + S (3.6)

If the STF factor equals zero, the iterative decoding process stops.

Otherwise, the decoding process continues [32].

3.3. Parallel Concatenation Turbo Polar-Convolutional Code
(PCTPCC)

As mentioned earlier, the parallel concatenated codes can be constructed
using two non-identical codes, for instance, convolutional and polar codes,
BCH and convolutional codes, and so on. Therefore, in this case, polar and
convolutional codes are used to construct the proposed PCTPCC scheme.
Figure (3.3) shows the encoder structure of the proposed PCTPCC. The
presented scheme consists of the SPC and RSC codes concatenated parallelly.
The source vector (d) of length K bits is first fed to the RSC encoder (i.e.,
RSC(13,15)) that will encode it to produce the first parity sequence (p!) of
length K. The same bits (d) are then interleaved via an LTE interleaver (i) to
be encoded by the SPC encoder (i.e. SPC(N,K) ). As mentioned earlier with
the PCTPC, the encoded output (C € {0,1}) comprises three vectors
multiplexed together: the source vector (¢! = d), the parity vector of RSC
(c? =pt), and the parity vector of SPC (c¢3 =p?). These vectors are
multiplexed to yield the overall coded vector (C) that includes N, bits (i.e.,

N. = 2N — K). Therefore, the code rate of the proposed PCTPCC can be

K
2N-K'

determined by: R =
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Figure (3.3): The Encoder of the Proposed Parallel Concatenated Turbo Polar-
Convolutional Code.

The proposed polar-convolutional iterative decoding algorithm of
proposed PCTPCC is a hybrid algorithm between the convolutional and polar
iterative decoding algorithms, which are presented in sections 2.8.1 and 3.2,
respectively. This algorithm consists of two SISO decoders, one for
convolutional codes and the other for polar codes. This study uses SOVA (or
LogMap) and SCAN decoders for the RSC and SPC codes, respectively, to
construct this algorithm (refer to Algorithm-13).

If the received LLRs R = (1,1, ... ... ,Ty,) are received through an

AWGN channel, the expression of the received message is:
R=Y+y=0Q2C—-1)+y (3.7)

Where C is the encoded sequence and y = (nq,ny,n3 ..., ..., Ny ) is a
noise vector with noise variance 2. The received vector (R) is demultiplexed
into three parts: Ry, Ry, and Ry, as shown in Figure (3.4). The first SISO
decoder receives three inputs: the received LLRs of the source bits (R,;), the
LLRs of the parity bits of the RSC encoder (R,;), and a-prior information
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(¢,) from the second SISO decoder. This a-prior information is zero at the
first iteration. Then, the output of the first decoder (b,) is used to estimate the

extrinsic information (&;) as follows [34], [36]:

e = b — R (3.8)
1= b1 > ¥1 .
o
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Figure (3.4): Construction of the Polar-Convolutional Iterative Decoding
Algorithm.

The a-prior information (¢,) is estimated by interleaving the extrinsic
information (&;) of the first SISO decoder. This a-prior message is summed
with the interleaved LLRs of the user bits (R]) and then fed to the SCAN
decoder as input with the LLRs of the parity bits of the SPC encoder (R,,,).
These LLRs are multiplexed with each other based on the (F¢) and (F) sets of
the polar code and then used to initialize the first column of the matrix a of
the SCAN decoder, as illustrated in Figure (3.4) (see the red box). After the
SCAN decoder has finished its work, the output is determined by summing
the first columns of the matrices a and . For more explanation, the full detail
of the SCAN decoder is explained in Section 2.6.5 and Algorithm-4.
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The extrinsic information of the second SISO decoder is calculated as
follows by helping the output of the SCAN decoder [34], [36]:

2 *RY

& =b, — o2 P2 (3.9)

This extrinsic sequence is de-interleaved and fed to the first SISO
decoder as a-prior information. After the last iteration, the estimated bits (d)
of the user information are calculated from the output of the second SISO
decoder by taking the hard decision of the LLRs (b,) and de-interleaving
them. As mentioned in Section 2.8.1, the a-prior information of both SISO
decoders can be scaled by specific factors (SF; & SF,) to improve the
performance of the iterative decoding algorithm, as shown in Figure (3.4).

3.4. Serial Concatenation Turbo Polar-Convolutional Codes
(SCTPCC)

Arikan's proposal of polar codes is a significant advancement in coding
theory. It has attracted much interest because these codes have been proven to
operate exceptionally well over BI-DMC. Moreover, under SC decoding, they
offer a low level of complexity. However, since the successive cancellation
algorithm is prone to error propagation, the performance of polar codes in the
finite length regime deteriorates. This problem has sparked enormous research
in studying polar codes' improvements. In the previous sections, the parallel
turbo polar codes are introduced as one of these improvements. The parallel
concatenation polar codes outperform the original ones decoded with the SC
decoder and still have a competing level of complexity. However, the
performance of these codes deteriorates in high signal-to-noise regions due to
error floor problems. Therefore, serial concatenation polar-convolutional
codes are introduced to enhance the parallel concatenated polar code's error

floor performance.
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Figure (3.5) illustrates the structure of the proposed SCTPCC scheme.
This code consists of a systematic polar code and a recursive systematic
convolutional code as constituent codes. The SPC code is used as the outer
code (C,) with a rate R° = K/N,,;e, and the RSC code is used as the inner
code (G;) with a rate R" = Nyyrer/Ninner» Where K, Ny, eor ,and Nipe, are
the lengths of the message bits, outer coded bits, and inner coded bits,
respectively. These codes are joined by an interleaver of length N, ;e 1O
generate a serial concatenated code with a rate R = K/N,y¢er-- The length of
the interleaver must be compatible with the length of the outer codewords.
Commonly, the code rates of the constituent codes are carefully chosen to get
a rate-compatible code, such as 2/3 and 1/2 to get 1/3 overall code rate.

As illustrated in Figure (3.5), the outputs of the outer code are arranged
in the normal-indices order of the polar construction, where the message and
parity bits are placed in the information and frozen locations of the polar code
structure, respectively. As for the codewords bits of the inner code, they are

placed in the odd-even pattern.

even Crodd
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Cpl = [Cpirff'cp;m‘ity] [Crmf parity

a

Polar
K Encoder

N outer

inf
Oinner R=[REF", R?Tf;j

]

SCAN i e = [Igccanvlgmn] SOVA

Decoder
oparity LogMap

inner

Decoder

(pautm SFZ
£

| . dA{( out e H mne1
SF 1
ter F F
0" = [05¢an, Oeqn] inner
95
gouter ;mmn

Figure (3.5): Serial Concatenation Turbo Polar-Convolutional Codes.
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Serial concatenated polar-convolutional codes are decoded similarly to
parallel concatenated polar-convolutional codes using the SOV A decoder (or
LogMAP) for the convolutional code and the SCAN algorithm for the polar
code, as shown in Figure (3.5). The mechanism of the serial iterative
decoding algorithm can be summarized as follows:

a) The odd-even indexed received LLRs (R) drive the inner decoder (SOVA
or LogMap) with the scaled a-prior information (@i*"€"), which is
received from the outer decoder (SCAN).

b) At the first iteration, the inner a-prior information (@™*¢") from the

SCAN decoder is zero.

inf

c) The output of the inner decoder (0,,,.,) is used to determine the inner

extrinsic information as follows:

ginner — Oinf inner (3.10)

inner — Ps
d) After de-interleaving and scaling the inner extrinsic information (g"1e"),
the scaled outer a-prior information is defined as follows:

(p;)uter = SF, * ﬂ—l(ginner) (3.11)

e) The scaled outer a-prior information (@2“t") drives the outer SCAN
decoder after its indices are reversed, as shown in Figure (3.5).
f) By using the output of the SCAN decoder, the outer extrinsic information

can be computed as follow:
gouter = Oouter — (pguter (3.12)

g) The outer extrinsic information is interleaved and scaled to generate the
scaled inner a-prior information (¢ *€") which is used to drive the inner

decoder, as follows:

gosinner = SF, * n.(gouter) (3.13)
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h) After the last iteration, the estimated bits (dX) are obtained by applying
the hard decision to the output of the SCAN decoder (0£S,,).

3.5. Complexity Analysis

The previous iterative decoding algorithms include two SISO decoders,
as illustrated in the Figures mentioned earlier (i.e., Figures (2.19, 2.20, 3.2,
3.4, and 3.5)). These decoders consume the greatest amount of complexity,
while the other components (e.g., Encoder, multiplexer, interleaver, and so
on) consume less complexity compared to the complexity of SISO decoders.
As a result, it is possible to analyze the complexity of iterative decoding
without considering the complexity of these components. The following
complexity analysis is based on calculating the number of addition and
subtraction operations. The complexity of the individual turbo SISO decoders
is presented first, followed by an explanation of the overall complexity of the
concatenated codes.

For convolutional codes, the RSC codes can be decoded by several
algorithms such as MAP, Log-MAP (LMAP), Max-Log-MAP (MLM), and
SOVA algorithms. The following expressions describe the worst-case

complexity of these decoders [103]:

fsova =21 (Ngp +1.5) + 3 (3.14)
fum =2 (Ng +5) + 3 (3.15)
fimap = 2" (Ng +11) = 3 (3.16)
fuap = 2™ (N + 14) + 33 (3.17)

Where Ny is the symbols’ number of the RSC encoder, and m is the
number of the encoder memory elements. The previous expressions can be
bound as follows:

fSOVA < 2m+1(NR + 15) + 3 = 0[2m+1 * NR] (318)
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Fimap < 2™H(Ng + 11) — 3 = O[2™H1(Ng + 11)] (3.20)
Fuap < 2L (Ng + 14) 4 33 = 0[2™1 (Ng + 14)] (3.21)

From the previous expressions, the MAP algorithm is considered the
most complex, followed by LMAP, MLM, and the SOVA algorithm is the
least complex.

As mentioned previously, only the SCAN, BP, and SSCL decoders of
polar codes can be used with the turbo iterative decoding algorithms.
Therefore, the total complexity formulas of these decoders are estimated as
follows [33], [34], [36]:

fscan = Is; * (N * logN) (3.22)
fap = Ia, * (N % logN) (3.23)
fssct = liise * (N * logN) (3.24)

Where N is the code length of the SPC code; Isand I, represent the
inner iterations numbers of the SCAN and BP decoders, respectively, whereas
I;;s¢ 1S the list size of the SSCL decoder. The BP decoder requires sixty inner
iterations (i.e., Ip, = 60) to approach the performance of the SCAN decoder
when working with only two inner iterations (i.e., I;, =2) [17], [36].
Obviously, the inner iterations of the SCAN decoder are smaller than the
inner iterations of the BP decoder. For the SSCL decoder, the list size (I;;5;) iS
always 32 or 64 [15], [34]. Therefore, the complexity of the SCAN decoder is
smaller than the others.

The total complexity of the concatenated schemes is estimated by
considering the complexity of each individual SISO algorithm and adding

them together. For example, the complexity expression of the Parallel
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Concatenated Turbo Polar-Convolutional Code (PCTPCC) scheme, which
consists of SOVA and SCAN algorithms, is:

fSOVA_SCAN_parallel = O(Iouter [Isi * NlogN + 2m+L & NR]) (3.25)

where [,,:. IS the outer iterations' number between SOVA and SCAN
decoders.

The expressions of the complexity for different codes are listed in Table
(3.1). The SCAN and SOVA algorithms provide a medium complexity level
for the concatenated schemes compared to other turbo-polar codes. The
complexity level of the SCAN decoder is much less than that of the BP and
SSCL decoders since the inner iterations (/;,) of the SCAN are less than the

inner iterations (I,) of BP and the list size (/;;5.) of SSCL.

On the other side of the spectrum, the expressions of the complexity of
serial concatenated turbo codes are also based on the same expressions of the
individual decoding algorithms mentioned earlier (e.g., SOVA, LogMap,
SCAN). However, the total complexity of the serial concatenated turbo
schemes is larger than that of the parallel concatenated turbo codes schemes.
This considerable complexity comes from the fact that the input to the inner
code is the coded sequence generated by the outer code, not the original
information. Thus, the complexity of the inner SISO algorithm of the serial
concatenated turbo scheme will increase, increasing the total complexity.
Moreover, the outer code should not only produce a-prior information about
the information but also on the party bits.

Referring to Figure (3.5), if the code rate of both SPC(N,K) and
RSC(Ng, N) is 1/2, then the complexity of the SCTPCC scheme is:

fSOVA_SCAN_Serial = O(Iouter [Isl- * NlogN + 2m+ 1« NRD (3.26)
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Where Np = N Symbols; each symbol has two coded bits. Although the
expressions (3.25) and (3.26) are the same, the complexity of expression
(3.26) is greater than that of expression (3.25) because the N in Equation
(3.26) is twice that in Equation (3.25) (i.e., in Equation (3.26), N, = N, while

in Equation (3.25), N = N/2).

Table (3.1): Expressions of Complexity for Several Polar Codes.

Code Scheme

Complexity Expression

Complexity
level

Parallel Concatenated Turbo

O[Iouter * (2 * IBi

Level-1(Most

Polar Code with BP [35] * Nlogjv)] Complicated)
Parallel Concatenated Turbo | O[l,yter * (2 * Ljjg; Level-2
Polar Code with SSCL [34] * NlogN)]
Parallel Concatenated Turbo

; o[l 2 x I
Polar Code with SCAN[35], | O outer * (2+1; Level-3
[36] * NlogN )]
Parallel Concatenated Turbo
Polar-Convolutional Code | 0 Jouterllsi * 1\/212@ vopy | Level4
with (SOVA & SCAN) + 2777« Ng])
Parallel Concatenated Turbo
Polar-Convolutional Code | 0 Uouter [I;im*+]1\”1(\),g N 11 Level-5
with (LMAP&SCAN) +2™ (Ng + 11D
Parallel Concatenated Turbo
ggrolxlutional Code with O (Iyyter [2™F2 % Ng]) Level-6
Parallel Concatenated Turbo | O( N(logN)? x loglog N Level-7
RS-Polar Code [27] + Nlog N)
Standalone SSCL Ljist * NlogN Level-8
Standalone BP Ig, * NlogN Level-9
Standalone SCAN I;, * Nlog N Level-10

Standalone SC

O[Nlog N|

Level-11 (Less
Complicated)

3.6. Case Studies

Two straightforward examples are considered to clarify the details of the
iterative decoding algorithms, which are covered in Sections 3.3 and 3.4. The

first one is presented to explain the iterative decoding of the parallel
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concatenated turbo polar-convolutional code, while the second is presented to
explain the iterative decoding of the serial concatenated turbo polar-

convolutional code. These case studies are presented as follows:

3.6.1. Case Study-I

In this sub-section, a simple example is considered to explain the
iterative decoding algorithm of a parallel concatenated turbo polar-
convolutional code. Table (3.2) lists the properties of this concatenated code,
and Figures (3.6) and (3.4) depict its encoder and decoder structures,
respectively. The input sequence (x) is assumed to be (001110), and the
encoder trellis's initial state is zero. After applying the trellis termination, the
two bits required to end the trellis at the zero state are {0, 0}, as shown in
Table (3.3). The received sequence in Table (3.3) was created by adding
AWGN with variance ¢? = 0.796 to the transmitted channel sequence
(which has E,/N, = 4dB). Therefore, according to Equation (2.50), the

channel reliability (L.) equals 2.5, given that the fading amplitude a=1.
RSC(7,5)

Me
\/
d {)f\ M
> > D >» D
NN
W
d L
v T
SRandom I C
Interleaver P —
SPC(16,8) L
— — E
S p— p— P X
kS + - o 2
aEE=— = e
PR - = S

Figure (3.6): The Turbo Encoder of the Considered Code in Case Study-I.
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Table (3.2): The Code Characteristics in Case Study-I

Component encoders | RSC(N=16, K=8) and SPC(N=16, K=8)

RSC parameters n=2, k=n-1=1, Constraint length=3, g=(7,5)s

SPC parameters ¢©=1{10,11,13,8,12,14,15,16}, K = 8

Interleaver S-Random=>»{6,3,0,1,4,7,2,5}

Applied to the first encoder by adding two

Trellis termination | 4 o)ic terminating bits

Puncturing No

SOVA for RSC and SCAN for SPC

Component decoders
P Isi = 2, Iouter =2

Modulation Binary Phase Shift Keying (BPSK)

Table (3.3): Input and Transmitted Sequences of the Considered Code in Case

Study-1.

Input | Systematic Parity Bits Transmitted Received

bits bits Coderl Coder2 | Sequence | Sequence(L, *1;)
0 0 01 -1,-1,1 -3.55, -6.52, 0.13
0 0 01 -1,-1,1 0.79, -0.07, 3.37
1 1 10 1,1,-1 0.55, 3.56, -5.55
1 1 00 1,-1,-1 3.33,-0.34,2.18
1 1 11 1,1,1 -0.68, 2.79, 0.28
0 0 00 -1,-1,-1 1.15, -3.88, -1.86
0 0 01 -1,-1,1 -1.68, -2.37, 2.56
0 0 01 -1,-11 2.55,-0.76, -0.38
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I) Firstiteration
a) SOVAY"

As stated in the previous sections, in the first iteration, there is no a-prior
information from the second SISO decoder to the first SISO decoder, and
hence we have ¢, = 0 for all T, corresponding to an a-prior probability of
0.5. Figure (3.7) illustrates the trellis of the SOVA decoder in the first
iteration. According to Equation (2.51), the metrics indicated at each node in
Figure (3.7) are determined by cross-correlation of the expected and received
channel sequences for a given path. The SOVA decoder maximizes these
metrics to discover the Maximum Likelihood (ML) route, represented by the
bold line in Figure (3.7). This procedure resembles the Viterbi algorithm's
mechanism. Figure (3.8) is a simplified version of Figure (3.7) that displays
the Maximum Likelihood path and the eliminated competing paths. In
addition, the metric differences (Agj) defined in Equation (2.52) are also

shown in this Figure. Table (3.4) summarizes the values given in Figures (3.7)

and (3.8).
T=0 T=1 T=2 T=3 T=4 T=5 T=6 T=17 T=8
' - 6y 385 4. 10.985 13.01 15 145 13075
So " j 7 ' . » ?\ L
7, ’ e \ P ’ ; - ' %'Q” s
$1
S2
S3
«pT
InputhlR (-3.55,-6.52) (0.79,-0.07) (0.55,3.56) (3.33,-0.34) (-0.68,2.79) (1.15,-3.88)(-1.68,-2.37) (2.55,-0.76)
T
A-prior% 0 0 (0) 0 ) (0) ) )

Decoded bits ~ (0) 1) (0) 1) (0) (0) (1) 1)

Figure (3.7): Trellis of SOVA Decoder in the First Iteration (Case Study-I).
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T=0 T=1 T=2 T=3 T=4 T=5 T=6 T=7 T=8
Sy LS
AY
Ay
S, ®
S3 ®

¥ T
Inpur%(-s.ss,-a.iz) (0.79,-0.07) (0.55,3.56) (3.33,-0.34) (-0.68,2.79) (1.15,-3.88)(-1.68, -2.37) (2.55.-0.76)

A-prior “’T (0) (0) (0) (0) (0) (0) ©) 0

Decoded LLR (-13.87) (0.96) (-0.96) (3.84) (-0.96) (-3.01)  (0.96) (0.96)
Figure (3.8): Simplified Trellis of SOVA Decoder in the First Iteration(Case
Study-1).
Table (3.4): The SOVA Outputs in the First Iteration.
Trellis | Decoded Matric Update | Decoded LLR
Stage T | Bitd” | Difference Agml Sequence (L)
1 0 - - -13.87
2 1 - - 0.96
3 0 13.87 111 -0.96
4 1 3.84 1110 3.84
5 0 8.09 10010 -0.96
6 0 3.58 110110 -3.01
7 1 3.01 1110000 0.96
8 1 0.96 11010110 0.96

At T=1 & 2, there are no competing paths merged with the maximum
likelihood path, so there are no matric differences and update sequences. The
update sequence indicates whether the ML and competing paths are different
or the same. If these paths are different at a certain T, the update sequence at
this T is one, and if they are similar, the update sequence is zero. At stage T
of the trellis, the Least Significant Bit (LSB) represents d”, the next bit
represents d” 1 and so on until the Most Significant Bit (MSB) represents d®.
The outputs (£;) of the SOVA decoder is estimated in Figure (3.8) and Table
(3.4) according to Equation (2.53).
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Table (3.5) depicts the first decoder's extrinsic information generated by

Equation (3.8), which is then interleaved by the S-random interleaver given in

Table (3.2) and then utilized as a-prior information for the SCAN decoder, as
illustrated in Table (3.6).

Table (3.5): The Extrinsic Information of the SOVA in the 1% Iteration.

Trellis | Decoder LLR | | ?\-PI’IO_I’ Received Extrinsic
Stage T | Output (b]) n ormTatlon SystematlcT Info. (&)
(") Info. (L, * R")
1 -13.87 0 -3.55 -10.32
2 0.96 0 0.79 0.17
3 -0.96 0 0.55 -1.51
4 3.84 0 3.33 0.51
5 -0.96 0 -0.68 -0.28
6 -3.01 0 1.15 -4.16
7 0.96 0 -1.68 2.64
8 0.96 0 2.55 -1.59
Table (3.6): The SCAN Inputs in the 1% iteration.
Interleaved | A-prior Info. | Received | . ,5r _ | Normal- | Inverse-
Sys. Received (pf = 2" parity ISCf}TN (R;f | Indexed | Indexed
Info. (RT) n(e)) | info. (R%) | Ra*®2) | oy
-1.68 2.64 0.13 0.96 0.13 0.13
3.33 0.51 3.37 3.84 3.37 -0.38
-3.55 -10.32 -5.55 -13.87 -5.55 0.28
0.79 0.17 2.18 0.96 2.18 -0.96
-0.68 -0.28 0.28 -0.96 0.28 -5.55
2.55 -1.59 -1.86 0.96 -1.86 -13.87
0.55 -1.51 2.56 -0.96 2.56 2.56
1.15 -4.16 -0.38 -3.01 0.96 -0.96
-0.38 3.37
3.84 3.84
-13.87 -1.86
0.96 0.96
-0.96 2.18
0.96 0.96
-0.96 0.96
-3.01 -3.01
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b) SCANY"

The SCAN decoder employs the information from the SOVA decoder as
a-prior information to support its operation. So, we hope to get a better
decoding performance than the performance of the first decoder. The input
vector of the SCAN decoder consists of two sets corresponding to the frozen
and unfrozen indices of polar construction (i.e., F¢ & F). The first set that
corresponds to the (F¢) set contains information about the encoded user's bits.
This information is generated by adding the interleaved version of the
received systematic information sequence (R;) with the a-prior information
(pl) from the SOVA decoder. On the other hand, the received information
that corresponds to the parity sequence of the second component encoder is
the second set corresponding to the (F) set. Both sets are merged to generate
the input vector (Igc4y) Of the SCAN decoder, as shown in Table (3.6). The
SCAN decoder accepts the negative bit-reversal-indices version of this vector.
Thus, this vector must be applied to a bit-reversal-indices algorithm and then

multiplied by -1 before applying it to the SCAN decoder.

The SCAN decoder can be constructed by two matrices, namely a & .
The first (i.e., a) is used to save the LLRs corresponding to the nodes' values
of the factor graph of the polar code, while the second (i.e., §) contains soft
decision information about the nodes' bits. Initially, the first column of the
matrix () is initialized by the negative inverse-indexed version of the input
vector (Is-4x) and the last column of the matrix (B) is initialized by a vector
consisting of zero values in the unfrozen indices (F¢) and infinity values (i.e.,
a large value such as 1000) in the frozen indices (¥), as illustrated in Table
(3.7).

According to Equations (2.30-2.33), the matrices a & § are updated

concurrently. Table (3.8) shows the timeline of updating the matrices o & f3
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Table (3.7): The Initial Values of a & 8 Matrices of the SCAN Decoder in the
First Iteration.

a(0,:) | a(l,: Dl a@B3,:) | a(4,: £(0,:) | B(L:)| B2,:)| B3,:) | B(4,:
-0.13 | 1000
0.38 | 1000
-0.28 | 1000
0.96 | 1000
5.55 1000
13.87 1000
-2.56 1000
0.96 0
-3.37 1000
-3.84 0
1.86 0
-0.96 0
-2.18 0
-0.96 0
-0.96 0
3.01 0

Table (3.8): The Schedule for Updating Matrices a & .

according to the colours of the cells. The matrix « is updated from the upper-
left corner to the lower-right corner, while the matrix g is updated from the
upper-right corner to the lower-left corner, as illustrated in Table (3.9). At the
first iteration of the SCAN decoder, there is no extrinsic information that the
SCAN decoder can use because the matrix £ is initialized by zero values
except the last column. Whereas at the second iteration of the SCAN decoder
and other successive iterations, the SCAN decoder exploits the extrinsic
information computed with previous iterations, as illustrated by Table (3.10).
After the last iteration, the output of the SCAN decoder is computed by
adding the first column values of the matrix a with the first column values of

the matrix 8. This output vector is computed in the negative inverse-indexed

77



Chapter Three

Proposed Concatenated Turbo Polar Codes

Table (3.9): The Values of « & 8 Matrices After 1* Iteration of the SCAN

Decoder in the First Iteration.

a(0,:) | a(1,:) | a(2,: a(3,:) | a(4,: 3(0,: B(1,: B(2,: ((3,: B(4,:
-0.13 1000
0.38 1000
-0.28 1000
0.96 1000
5.55 -0.41 | -0.41 | -0.41 1000 | 1000
13.87 459 | 0 |-041 999.59 | 1000
-2.56 1000
0.96 0 | 0
-3.37 1000
-3.84 0
1.86 -1.35 0
-0.96 . 0
-2.18 0
-0.96 0
-0.96 0
3.01 0

Table (3.10): The Values of & & B Matrices After 2™ Iteration of the SCAN
Decoder in the First Iteration.

a(0,:) | a(L,:) | a(2,:) | a(3,:) | a(4,:) B0,:) | ()| B(2,:) B(@3,:)) | B4,:)
-0.13 1000
0.38 1000
-0.28 1000
0.96 1000
5.55 -0.15 | -0.15 | -0.15 1000
13.87 434 | 2.16 | 2.01 1000
-2.56 1000
0.96 0
-3.37 1000
-3.84 0
1.86 -1.35 0
-0.96 -1.8 0
-2.18 0
-0.96 0
-0.96 0
3.01 0
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version, as illustrated in Table (3.11). Therefore, it must be converted to the
positive normal-indexed version to estimate the extrinsic information (&,) of
the second SISO decoder according to Equation (3.9), as illustrated in Table
(3.12). The hard output (d) of the SCAN decoder is estimated by applying the
soft output (05, ) to threshold element after de-interleaving it, as illustrated
in Table (3.11). After the first iteration of the iterative decoding algorithm,
there are still two errors in the decoded bits, as demonstrated in this output
(i.e., d).

Table (3.11): The SCAN Outputs in the 1% iteration.

Inverse-Indexed | Normal-Indexed | O§ésy | m™[O56ay] Decoded user
Oscan (Neg) Oscan (Neg) | (Neg) (Neg) bits (d)
-0.43 -0.43 1.8 14.17 0
-0.43 -6.1 -6.32 -2.89 1
0.43 6.1 14.17 -1.35 1
0.43 -2.89 -2.89 -6.32 1

6.1 0.43 0.43 0.43 0
14.17 0.65 0.65 1.8 0
-1.35 -1.35 -1.35 1.8 0
-1.35 1.8 1.8 0.65 0

-6.1 -0.43
-6.32 -6.32
0.65 14.17
0.65 -2.89
-2.89 0.43
-2.89 0.65

1.8 HLE)

1.8 1.8
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Table (3.12): The Extrinsic Information of the SCAN Decoder in the First

Iteration.
: Interleaved . A-prior Info.
Stage | r A-prior : Extrinsic T _1
Oscan 7y | SYs. Received (p1 =1 (&)
T Info. (¢5) Info. (R™) Info. (&,)
1 -1.8 2.64 -1.68 -2.76 -0.3
2 6.32 0.51 3.33 2.48 1.93
3 |-1417| -10.32 -3.55 -0.3 2.31
4 2.89 0.17 0.79 1.93 2.48
5 -0.43 -0.28 -0.68 0.53 0.53
6 -0.65 -1.59 2.55 -1.61 1.21
7 1.35 -1.51 0.55 2.31 -2.76
8 -1.8 -4.16 2.55 1.21 -1.61
I1) Second iteration
SOVA2™

a)

In the second iteration and subsequent iterations, the first SISO decoding

algorithm (i.e., SOVA) can employ extrinsic information from the second

SISO algorithm (i.e., SCAN) as a-prior information. This extrinsic

information is de-interleaved and then utilized as a-prior information (¢T) for

the SOVA decoder from the SCAN decoder, as illustrated in Table (3.12) and

Figure (3.9).
T=20 T=1 Tr=2 r=3 T=4 T=5 Tr=6 r=7 r=8
5.185 3.86 0.65 5pgs 8895 7575 11465 12.225 15.63 15.54
& @ > - > - >
SO .\\ Q\\ N ,Q’Z%l”‘.\\ ’4, AN /'.\\ )P,hb?a, \\ QB}’»X.\\ )P/'\%‘»j.
\ . \\ A ”'z \\\ L \\\,/ \\\”,, \\ ”,, \\ ,:,
\\ AN -3.793,\ 6.16 ,’\’\‘ 10.145 '« 11405’,’\‘ 13_33§,>\ 12.62,’>\
5 [ . N A oW o &ﬁ%‘\\ B % - S
\ Y ¥ q R N
\ N < /a )\/ 9 \a '\, \\'4
3.423
s, .
S, e e @ e-ER e PR g

. T
Input%(-&ss, -6.52) (0.79,-0.07) (0.55,3.56) (3.33,-0.34) (-0.68,2.79) (1.15,-3.88)(-1.68. -2.37) (2.55,-0.76)

A-prior “’; (-0.15)  (0.965) (1.155) (1.24) (0.265) (0.605) (-1.38) (-0.805)

Decoded bits ~ (0) (0) (1) (D (1) (0 (0) (0)

Figure (3.9): Trellis of SOVA Decoder in the 2™ Iteration(Case Study-1).
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Figures (3.9) and (3.10) illustrate the trellis that is utilized by the SOVA
decoder in the second iteration. It is clear that this decoder makes use of the
same received information sequence that it did in the previous iteration. On
the other hand, in contrast to Figures (3.7) and (3.8), Figures (3.9) and (3.10)
now possess a-prior information, which will aid the SOVA decoder in
selecting the appropriate path through the trellis and enable it to do it more
efficiently. Once more, a bold line indicates the chosen maximum likelihood
path, and it is plain to see that the correct path (i.e., 00111000) has been
selected this time. Table (3.13) summarizes the values given in Figures (3.9)
and (3.10).

For the second iteration, Table (3.14) depicts the first decoder's extrinsic
information generated by Equation (3.8), which is then interleaved by the S-
random interleaver given in Table (3.3) and then utilized as a-prior
information for the SCAN decoder, as illustrated in Table (3.15). Figure (3.9)
and Table (3.13) show that the SOVA decoder in the second iteration
succeeded in estimating the correct path (i.e., 00111000).

T=0 T=1 Tr=2 Tr=3 T=4 T=5 T=6 T=7 T=28

Sa &

2
P

\\ \\
54 ® N ® \ ,. ‘7

N Y N LT
\ Y L%
) I’ \\ -
\\“ ,f’ ) ," N\
52 ° [ 4

S3 ™ ™

. T
Iupur%(-a.ss,-asz) (0.79,-0.07) (0.55,3.56) (3.33,-0.34) (-0.68,2.79) (1.15,-3.88)(-1.68, -2.37) (2.55,-0.76)

A-prior “’?T (-0.15) (0.965) (1.155) (1.24) (0265)  (0.605) (-1.38) (-0.805)

Decoded LLR (-14.07) (-1.58) (1.58) (6.36) (1.58) (-1.58) -5.7) (-2.83)

Figure (3.10): Simplified Trellis of SOVA Decoder in the Second Iteration
(Case Study-I).
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Table (3.13): The SOVA Outputs in the Second Iteration.

Trellis | Decoded Matric Update Decoded
Stage T | Bitd” | Difference A_‘;ml Sequence LLR (L)
1 0 - - -14.07
2 0 - - -1.58
3 1 14.07 111 1.58
4 1 6.36 1110 6.36
5 1 3.89 10010 1.58
6 0 1.58 110110 -1.58
7 0 5.7 1100010 -5.7
8 0 2.83 10100110 |-2.83
Table (3.14): The Extrinsic Information of the SOVA Decoder in the 2™
iteration.
Trellis | Decoder LLR | A-Prior Received Systematic | Extrinsic
Stage T | Output (bT) | Info. (¢T) | Info. (L, * RT) Info. (&)
1 -14.07 -0.3 -3.55 -10.22
2 -1.58 1.93 0.79 -4.3
3 1.58 2.31 0.55 -1.28
4 6.36 2.48 3.33 0.55
5 1.58 0.53 -0.68 1.73
6 -1.58 1.21 1.15 -3.94
7 -5.7 -2.76 -1.68 -1.26
8 -2.83 -1.61 2.55 -3.77
b) SCAN2™

As the SCAN's steps in the first iteration, the same steps are repeated in
the second iteration, but this time with different a-prior information. Tables
(3.15)-(3.20) illustrate the procedure of the SCAN decoder in the second
iteration, from calculating the a-prior information to estimating the extrinsic
information and decoded bits.

Table (3.19) demonstrates that the SCAN decoder in the second iteration
also selects the correct path (i.e., 00111000). This result brings us to the end
of our example of the iterative decoding algorithm of the parallel
concatenated turbo polar-convolutional code utilizing the SOVA and SCAN

algorithms.
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Table (3.15): The SCAN Inputs in the 2" iteration.

Interleaved | A-prior Info. | Received | . 5. _ | Normal- | Inverse-
Sys. Received (pf = 2" parity ISC';‘TN (RT ~ | Indexed | Indexed
info.(RE) | m(e) | info. (RE) | Ra*92) | g | g,
-1.68 -1.26 0.13 -2.94 0.13 0.13
3.33 0.55 3.37 3.88 3.37 -0.38
-3.55 -10.22 -5.55 -13.77 -5.55 0.28
0.79 -4.3 2.18 -3.51 2.18 1.05
-0.68 1.73 0.28 1.05 0.28 -5.55
2.55 -3.77 -1.86 -1.22 -1.86 | -13.77
0.55 -1.28 2.56 -0.73 2.56 2.56
1.15 -3.94 -0.38 -2.79 -2.94 -0.73
-0.38 3.37
3.88 3.88
-13.77 | -1.86
-3.51 -1.22
1.05 2.18
-1.22 -3.51
-0.73 -2.94
-2.79 -2.79

Table (3.16): The Initial VValues of a&pB of the SCAN Decoder in the 2™

Iteration.

a(l,:

a(0,:

-0.13
0.38
-0.28
-1.05
5.55

13.77
-2.56
0.73
-3.37
-3.88
1.86
1.22
-2.18
3.51
2.94
2.79

83

L(4,:
1000
1000
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0
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Table (3.17): The Values of « & 8 Matrices After 1* Iteration of the SCAN

Decoder in the Second Iteration.

a(0,:
-0.13
0.38
-0.28
-1.05
5.55
13.77
-2.56
0.73
-3.37
-3.88
1.86
1.22
-2.18
3.51
2.94
2.79

a(l,:) | a(2,:) | a(3,:) | a(4,: 3(0,: B(1,: B(2,: B(3,: B(4,:
1000
1000
1000
1000
0.15 | 0.15 | 0.15 1000 | 1000
482 | 0.61 | 0.76 1000.15 | 1000
1000
0
1000

0

-1.58 0

: 0

0

0

0

0

Table (3.18): The Values of a & 8 Matrices after 2" Iteration of the SCAN

Decoder in the Second lteration.

a(0,:)) | a(l,:) | a(2,:) | a(3,:) | a(4,: B0,:) | B(1,: B(2,: B(3,: B(4,:
-0.13 1000
0.38 1000
-0.28 1000
-1.05 1000
5.55 041 | 0.41 | 041 1000
13.77 457 | 434 | 4.75 1000.41 | 1000
-2.56 1000
0.73 0
-3.37 1000
-3.88 0
1.86 0
1.22 1.08 0
-2.18 0
3.51 0
2.94 0
2.79 0
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Table (3.19): The SCAN Outputs in the 2" iteration.

Inverse-Indexed | Normal-Indexed | 0¢8,y | ™~ 1[05E4n] | Decoded user
Oscan (Neg) Oscan (Neg) | (Neg) (Neg) bits (d)
-1.08 -1.08 5.48 17.65 0
-1.08 -7.0 -7.0 1.08 0
-1.08 9.68 17.65 -1.58 1
-1.08 1.08 1.08 -7.0 1
9.68 -1.08 -1.08 -1.08 1
17.65 2.83 2.83 5.48 0
-1.58 -1.58 -1.58 5.48 0
-1.58 5.48 5.48 2.83 0

-7.0 -1.08
-7.0 -7.0
2.83 17.65
2.83 1.08
1.08 -1.08
1.08 2.83
5.48 -1.58
5.48 5.48
Table (3.20): The Extrinsic Info. of the SCAN Decoder in the 2™ iteration.
. Interleaved Sys. Extrinsic
Stage T | Oscay | A-prior Info. (¢3) Received Info. (R7) | Info. (&)
1 -5.48 -1.26 -1.68 -2.54
2 7.0 0.55 3.33 3.12
3 -17.65 -10.22 -3.55 -3.88
4 -1.08 -4.3 0.79 2.43
5 1.08 1.73 -0.68 0.03
6 -2.83 -3.77 2.55 -1.61
7 1.58 -1.28 0.55 2.31
8 -5.48 -3.94 1.15 -2.69

3.6.2. Case Study-I1

A simple example is used in this subsection to describe the iterative

decoding algorithm of a Serial concatenated turbo polar-convolutional code.

The characteristics of this concatenated code are listed in Table (3.21), and its

encoder and decoder structures are seen in Figure (3.5). The input sequence

(x) is assumed to be (101101), and the encoder trellis's initial state is zero.
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The received sequence in Table (3.22) was created by adding AWGN with
variance 2 = 0.637 (i.e., E,/N,=4dB) to the transmitted channel sequence.
Therefore, according to Equation (2.50), the channel reliability (L.) equals
3.14, given that the fading amplitude a=1.

Table (3.21): The Code Characteristics in Case Study-II.
Component encoders | RSC(N=16, K=8) and SPC(N=8, K=5)

RSC parameters n=2, k=n-1=1, Constraint length=3, g=(7,5)s
SPC parameters F¢={4,5678},K=5
Interleaver S-Random=>»{6,3,0,1,4,7,2,5}

SOVA for RSC and SCAN for SPC

Component decoders
I =1, Loyter = 2

Modulation Binary Phase Shift Keying (BPSK)
Scaling Factors SF, =1,5F, =1
Table (3.22): Input and Transmitted Sequences of the Considered Code in
Case Study-I1.
Input | Quter | Interleaved | Inner | Transmitte | Received Sequence
bits | O/P | Outer O/P | O/P | d Sequence (Lo *17/2)
1 1 1 11 +1+1 2.25, 1.144
0 0 1 10 +1-1 5.50, 0.99
1 0 1 11 +1+1 -1.61, 4.84
1 1 0 00 -1-1 -5.22, -3.76
0 0 0 00 -1-1 -4.28, -5.33
1 0 00 -1-1 -7.63, -3.78
1 0 00 -1-1 -5.65, -0.64
0 1 11 +1+1 -0.78, -2.18

I) Firstiteration
a) SOVAY

Figure (3.11) illustrates the trellis of the SOVA decoder in the first
iteration with zero a-prior values from the second SISO decoder. The metrics

given at each node are generated by cross-correlation of the expected and
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received channel sequences for a given path, according to Equation (2.51).
The SOVA decoder maximizes these metrics to find the Maximum
Likelihood (ML) path, which is seen in Figure (3.11) by the bold line. This
procedure resembles the Viterbi algorithm's mechanism. Figure (3.12) is a
simplified version of Figure (3.11) that displays the maximum likelihood path

and the eliminated competing paths, as well as the metric differences (Agj)

defined in Equation (2.52). The values in Figures (3.11) and (3.12) are
summarized in Table (3.23).

The output of the SOVA decoder in Table (3.23) shows that there is still
one decoding error in the last bit position. Hopefully, the SOVA decoder can
correct it at the next iteration. Table (3.24) depicts the SOVA decoder's
extrinsic information generated by Equation (3.10), which is de-interleaved
by the S-random interleaver given in Table (3.21) and then utilized as a-prior
information for the SCAN decoder in the same iteration. These a-prior values
are LLRs about the inner encoder inputs, which are the outputs of the outer
encoder at the same time. Therefore they can be used as inputs for the outer
SCAN decoder.

T=0 T=1 T=2 T=3 =4 T=5 T=06 T=7 T=8

-3.394 9 884 11.134 20.114 29.724 41.134 47424 50.384
o )

So « & ~1%—1—L4 1' o xkgb,. B Ny 50
A N, 7904 5334 X, “006> 15364 % 17114, 3 29.476)\: 36.244
\ b
54 0 \\ o X &5&9 *ig,% (A 4
Q L4 Fp N

\ 7
\ PRa
\‘ ’ \3.096,»’ X ,' 143147 cU.oloy s 3¢ 844 v 44.464
4 s ’ - N s ’
S, . ' ,fa Y ;
3.394
-1.116 . R . . : . 33.444

S3 [ ° o A S - AL~ VSR ' A - E ST

Input— (2.25,1.144) (5.50,099) (-1.61.4.84) (-3.22,-3.76) (-4.28.-5.33) (-7.63.-3.78) (-5.65.-0.64) (-0.78,-2.18)

Lhme:

A-prior .

) ©) U] ©) (0) 0) 0) 0)

Decoded bits (1) 1 1 (0) (0) (0) (0) (0)
Figure (3.11): Trellis of SOVA Decoder in the First Iteration (Case Study-II).
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r=3

Tr=4

T=5

T==6

Tr=7 Tr=8

24248&/" 2376& g 28328& w® 3718& =* 366& "23868& e

. RIS

% T
Inpur% (2.25.1.144) (5.50,0.99) (-1.61.4.84) (-3.22.-3.76) (-4.28.-5.33) (-7.63.-3.78) (-5.65,-0.64) (-0.78,-2.18)

)

. Li’:me
A-prior “2 (0)

Decoded LLR(+23.868) (+23.76)

©

(+23.76)

(0

(—23.76)

() (©

(-28.328) (—37.18)

(—36.6)

(0 (0

(—23.868)

Figure (3.12): Simplified Trellis of SOVA in the 1* Iteration(Case Study-11).
Table (3.23): The SOVA Outputs in the First Iteration.

Trellis | Decoded Matric Update | Decoded

Stage T | Bitd” | Difference Agml Sequence | LLR (L)
1 1 - - +23.868
2 1 - - +23.76
3 1 24.248 111 +23.76
4 0 23.76 1110 -23.76
5 0 28.328 10101 -28.328
6 0 37.18 110110 -37.18
7 0 36.6 1000110 -36.6
8 0 23.868 10000001 | -23.868

Table (3.24): The Extrinsic Information of the SOVA Decoder in the 1%
Iteration.

Trellis| SOVA | A-Prior | Extrinsic | Outer a-Prior Info. | Inverse-
Stage | output | Info. Info. pouter = Indexed
T (OLl:r]: er) (winner) (Sinner) n.—l(ginner) = Iscan Lecan
1 +23.868 0 +23.868 +23.76 23.76

2 +23.76 0 +23.76 -23.76 -28.328

3 +23.76 0 +23.76 -36.6 -36.6

4 -23.76 0 -23.76 +23.76 +23.868
5 -28.328 0 -28.328 -28.328 -23.76
6 -37.18 0 -37.18 -23.868 -23.868
7 -36.6 0 -36.6 +23.868 +23.76
8 -23.868 0 -23.868 -37.18 -37.18
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15 t

b) SCAN
The outer SISO decoder in an SCTPCC uses an extrinsic sequence from

the inner SISO decoder as input after de-interleaving it. To be accepted as
input for the outer SCAN decoder, this normal-indexed information must be
converted to the reverse-indexed version, as illustrated in Table (3.24). Since
the SCAN decoder operates with negative LLR values, the inverse-indexed
LLRs (Isc4n) are multiplied by -1 and used as initial values for « matrix of
the outer SCAN decoder, as shown in Table (3.25). This SCAN decoder
follows the same procedure in Case Study-I, except that it employs a single
inner iteration rather than two.

Tables (3.26) and (3.27) show the outputs and extrinsic information of
the outer SCAN decoder, respectively. The hard output of the first iteration
shows that the iterative decoding algorithm requires another iteration because
there is still one decoding error in the third position, as depicted in Table
(3.27).

Table (3.25): The Initial Values of a & 8 of the SCAN Decoder in the 1%
iteration.

+23.76 0 0
+23.868| 0 0
-23.76 0 0
+37.18 0 0

In the Serial Concatenated Turbo codes, the outer SISO decoder must be
able to produce soft outputs for the information and parity sequences because
these sequences are required to calculate the a-prior information for the inner

SISO decoder. In this case study, the inner a-prior information (@™"€") is
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determined by the outer extrinsic information (£°“t€") after interleaving it

according to Equation (3.13), as illustrated in Table (3.28).

Table (3.26): The Values of « & 8 Matrices After 1¥ Iteration of the SCAN

Decoder in the First Iteration.

a(0,: a(l,: a(2,: a(3,: 0,: 1,: 2,: 3,:
-23.76 1000
+28.328 1000
+36.6 1000
-23.868 0
+23.76 | 52.088 | -47.628 | -0.108 0 0
+23.868 | -47.628 | 0.108 | 0.108 0 0
-23.76 0.108 | -47.628 | -47.628 0
+37.18 60.94 | 60.94 0

Table (3.27): The SCAN Outputs in the 1% iteration.
Inverse-Indexed | Normal-Indexed |  0¢5,y | Decoded user
Oscan (Neg) Oscan (Neg) (Neg) bits (d)
-47.628 -47.628 -47.628 1
52.088 -0.108 52.088 0
60.36 60.36 0.108 0
-47.628 -47.628 -47.628 1
-0.108 52.088 60.94 0
0.108 0.108
-47.628 -47.628
60.94 60.94
Table (3.28): The Extrinsic Information of the SCAN Decoder in the 2™
iteration.

Stage A-prior Info. Extrinsic Inner a-prior Info.
T OSCAN ((pouter) Info. (gouter) (pinner — 7.l.(gouter)
1 47.628 | +23.76 23.868 23.76
2 0.108 |-23.76 23.868 23.868
3 -60.36 | -36.6 -23.76 23.868
4 47.628 | +23.76 23.868 23.868
5 |-52.088 | -28.328 -23.76 -23.76
6 -0.108 | -23.868 23.76 -23.76
7 47.628 | +23.868 23.76 -23.76
8 -60.94 |-37.18 -23.76 23.76
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I1) Second Iteration

a) sovaz™
The inner SISO decoding algorithm (i.e., SOVA) can use extrinsic
information from the outer SISO algorithm (i.e., SCAN) as a-prior
information in the second and subsequent iterations. As shown in Table (3.28)
and Figure (3.13), this extrinsic information is interleaved and used as a-prior
information for the inner SOVA decoder from the outer SCAN decoder.
Figures (3.13) and (3.14) show the trellis used by the SOVA decoder in

the second iteration. Evidently, this decoder uses the same received

information sequence as it did in the previous iteration, but this time with a-
prior information. This a-prior information will help the SOVA decoder to
choose the correct path through the trellis and enable it to do so more
efficiently. Once more, the bold line in Figures (3.13) and (3.14) indicates the
chosen maximum likelihood path, and it is plain to see that the correct path
(i.e., 11100001) has been selected this time. The inner extrinsic information
can be computed using Equation (3.10) and LLR values in Table (3.29) and
then used as input for the outer SCAN decoder, as illustrated in Table (3.30).

T=0 Tr=1 Tr=2 T=3 T=4% T=5 T=6 T=7 T=8
-15.274 33 698 46.882 43. 9"8 65418 88.708 106.878 97 958
S S e L P SRS (R
\ N i ﬁ »%99? M‘b 99{”5"
\ 3L 718/ 8634, % 27.028)\ 39.006- 76396, %% Sl. 13@ 107.846
S o O o E % \
t \

S3 [ ] [ ] - U PV A e

" T
Inpur% (2.25.1.144) (5.50,0.99) (-1.61,4.84) (-5.22,-3.76) (-4.28,-5.33) (-7.63,-3.78) (-5.65,-0.64) (-0.78,-2.18)

Inner
A-priorL"T(ll.SS) (11.934)  (11.934)  (11.934)  (-11.88)  (-11.88)  (-11.88)  (11.88)

Decoded bits (1) (1) (1) (0 (0) (0) () (M

Figure (3.13): Trellis of SOVA Decoder in the 2™ Iteration (Case Study-11).
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T=0 T=1 T=2 T=3 T=4 T=5 Tr=6 r=7 r=28

S « N it 95.744S /5" 5234 Q =% Soms (, ¥ 72-992&'5'. 48.652 S'i.\ *

% T
Inputﬂ (2.25,1.144) (5.50,0.99) (-1.61.4.84) (-5.22,-3.76) (-4.28.-5.33) (-7.63,-3.78) (-5.65.-0.64) (-0.78,-2.1%)

Aprior M7 (1188)  (11.934)  (11.934)  (11.934)  (11.88)  (-11.88)  (-11.88)  (11.88)

Decoded LIR(32.34) (95.744)  (43.58)  (-3234)  (-59.88)  (-72.992)  (-48.652) (+43.58)

Figure (3.14): Simplified Trellis of SOVA in the 2" Iteration(Case Study-II).

Table (3.29): The SOVA Outputs in the Second lIteration.

Trellis | Decoded Matric Update | Decoded
Stage T | Bitd” | Difference Agml Sequence | LLR (L)
1 1 - - 32.34

2 1 - - 95.744

3 1 95.744 111 43.58

4 0 32.34 1001 -32.34

5 0 59.88 11100 -59.88

6 0 72.992 111000 -72.992

7 0 48.652 1001000 |-48.652

8 1 43.58 10001100 | +43.58

Table (3.30): The Extrinsic Information of the SOVA in the 2" Iteration.

Trellis| SOVA | A-Prior | Extrinsic | Outer a-Prior Info. | Inverse-
Stage | output | Info. Info. pouter = Indexed
T (0;11{ er) ((pinner) (Einner) n—l(ginner) — ISCAN ISCAN
1 32.34 23.76 8.58 19.712 19.712
2 95.744 |23.868 |71.876 |-56.208 -36.12
3 43.58 23.868 |19.712 |-24.892 -24.892

4 -32.34 | 23.868 |-56.208 | 71.876 8.58

5 -59.88 | -23.76 |-36.12 |-36.12 -56.208
6 -72.992 | -23.76 | -49.232 |19.82 19.82

/ -48.652 | -23.76 | -24.892 |8.58 71.876
8 +43.58 |23.76 19.82 -49.232 -49.232
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an

b)  SCAN

The same steps of the SCAN decoder in the previous iteration are
repeated in the second iteration but with a different input sequence. Tables
(3.30)-(3.34) illustrate the procedure of the SCAN decoder in the second
iteration, from calculating the outer a-prior information (°%t¢") to estimate
the extrinsic information and decoded bits. Table (3.33) demonstrates that the
SCAN decoder in the second iteration has corrected all bit errors and has
obtained the correct transmitted user bits (i.e., 10110). This result brings us to
the end of our example of the iterative decoding algorithm of the serial
concatenated turbo polar-convolutional code utilizing the SOVA and SCAN

algorithms.

Table (3.31): The Initial Values of a & 8 of the SCAN Decoder in the 1%
iteration.

Table (3.32): The Values of « & 8 Matrices After 1¥ Iteration of the SCAN
Decoder in the Second Iteration.
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Table (3.33): The SCAN Outputs in the 2" iteration.

Inverse-Indexed | Normal-Indexed |  0¢5,y | Decoded user
Oscan (Neg) Oscan (Neg) (Neg) bits (d)

-55.832 -55.832 -119.988 1
55.832 76.028 55.832 0
33.472 33.472 -76,028 1
-33.472 -119.988 -33.472 1
76.028 55.832 97.344 0
-76.028 -76,028
-119.988 -33.472

97.344 97.344

Table (3.34): The Extrinsic Information of the SCAN Decoder in the 2"
iteration.

Stage A-prior Info. | Extrinsic Inner a-prior Info.
T Oscan (goouter) Info. (gouter) gomner = n.(gouter)
1 55.832 | 19.712 36.12 24.892
2 -76.028 | -56.208 -19.82 48.112
3 | -33.472 |-24.892 -8.58 36.12
4 1119.988 | 71.876 48.112 -19.82
5 |-55.832|-36.12 -19.712 -19.712
6 76,028 | 19.82 56.208 -48.112
7 33.472 | 8.58 24.892 -8.58
8 |-97.344 | -49.232 -48.112 56.208
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Chapter Four

Simulation and Practical Results

4.1. Introduction

In This Chapter, several schemes of polar codes are simulated and
implemented to overcome some challenges, such as achieving high
throughput and low complexity, improving finite-length codes performance,
and enhancing the error floor performance of Turbo Polar Codes. These
schemes are designed using Matlab R2020b and C language\Visual Studio
2017 on PC-Cori7-16GbyteRAM. In addition, they are implemented using the
Kintex-7 FPGA device from Xilinx. The FPGA implementation of these
schemes is performed based on Vivado HLS and SDK platforms.

The simulation results of the proposed schemes are compared with other
state-of-art polar codes in terms of complexity, resource consumption,
throughput, Bit-Error-Rate (BER), and Frame-Error-Rate (FER) performance.
In this chapter, the AWGN channel has been considered to simulate these
codes with an SNR range from 0dB to 5dB. The studied schemes in this
chapter can be classified into three categories: Original Systematic and Non-
Systematic polar codes, Parallel Concatenated Turbo Polar codes, and Serial

Concatenated Turbo Polar codes.

4.2. Non-Systematic and Systematic Polar Codes

According to Equations (2.13), (2.19), and (2.20), the Non-Systematic

and Systematic polar codes can be implemented. The construction of these

codes is based on determining the sets of frozen and free bits (i.e., F & F¢).
In this section, the polar construction method is designed on a Signal-to-Noise
ratio of 0.3dB. Furthermore, all encoded sequences presented in this section
are decoded using the SCAN decoder.
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4.2.1. FPGA Implementation of the SPC and NSPC

The FPGA implementation of polar codes is based on constructing the
IPs of the encoder and decoder. These IPs are built based on algorithms 1-4 in
Appendix-1 using Vivado HLS and Vivado IP integrator. Figure (4.1) shows
the practical design of the systematic polar code, including the IPs of the
systematic encoder, SCAN decoder, AWGN channel, and pseudo-random
binary source. For the Non-Systematic polar codes, the same circuit in Figure
(4.1) is used with the required modifications to the encoder and decoder's IPs.
The FPGA implementation of each system suffers from a trade-off between
maximizing performance and minimizing resource utilization. This gap
between performance and recourse utilization has been minimized in this
study by using pipeline directives and arbitrary precision data types.

The arbitrary precision data types include integer and fixed-point types.
The integer type is defined as ap_[u]int<W>. The signed integer type is
defined as “ap_int<W>”, while the definition “ap_uint<W>" is used to define
the unsigned integer number. The bit-size <W> in the previous definitions is
an integer number ranging from 1 to 1024. On the other side, the fixed-point
type is defined as: “ap [u]fixed<W, I, Q, O, N>". The W and | are the bits
number used to represent an entire float number and the integer part of this
number, respectively. Moreover, the Q and O values are used to define the
Quantization and Overflow modes. Finally, the N value defines the saturation
bits number in overflow wrap modes. The user guide in [104] can be

consulted for further information.
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Figure (4.1): The FPGA Implementation of the Systematic Polar Code.
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Table (4.1) presents the resource utilization of the SCAN decoder
implementation with several code lengths and four solutions. The first
solution represents the original implementation of the SCAN decoder without
directives or an arbitrary precision data type, while the second solution is
designed with a pipelining directive. The second solution is re-implemented
in the third solution using both integer and fixed-point arbitrary precision data
types. Whereas in the fourth solution, the second solution is re-implemented
by using only the integer arbitrary precision. The integer arbitrary precision
data type is defined in the third and fourth solutions with a width (W) ranging
from one to twelve bits. While the fixed-point arbitrary precision data type is
defined in the third solution as ap_fixed<16, 8, AP_RND _INF, AP_SAT>.

On the other side, Table (4.2) shows the resource utilization of the
implementation of the polar encoders with different code lengths and three
solutions. The first two solutions match the first two of the decoder, which are
the original and the pipelining versions, while the third solution has been
implemented with the pipeline directive and the arbitrary precision integer
data types. Furthermore, as an indication of performance, Table (4.3)
illustrates the throughputs of the polar encoders and the SCAN decoder for
code length (N=256, K=128) as a case study.

Table (4.1) shows that the first and the fourth solutions achieve the best
resource utilization, but given the performance in Table (4.3), the fourth
solution outperforms the first. Table (4.3) shows that the fourth solution of the
SCAN decoder achieves the best performance compared to the other
solutions. Moreover, Figure (4.2) shows that all solutions have the same BER
and FER performance. Therefore the fourth solution can be chosen as a
golden solution. The resource utilization and throughput of the Systematic

and Non-Systematic SCAN decoders are almost identical, so the presented
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results in Tables (4.1) and (4.3) can be used to analyze both the Systematic
and Non-Systematic SCAN decodes.

Table (4.1): The resource utilization of the SCAN decoder with several code

lengths
Code Type Solutions | BRAM18K | DSP48E FF LUT
D1 10 19 4260 7705
SCAN D2 14 22 5068 8097
(N=64, K=32) D3 12 13 6778 | 22208
D4 14 15 4557 7039
D1 10 15 4166 7122
SCAN D2 14 18 4547 7646
(N=128, K=64) D3 12 13 5917 22205
D4 14 15 4049 6900
D1 22 19 4262 7862
SCAN D2 26 22 4648 8180
(N=256, K=128) D3 18 13 6207 | 22471
D4 26 15 4140 7137
D1 38 19 4259 7634
SCAN D2 42 22 4743 8192
(N=512, K=256) D3 26 13 6384 | 22352
D4 42 15 4196 7189
D1 70 28 4418 7230
SCAN D2 74 31 4680 | 7577
(N=1024, K=512) D3 42 26 6417 22198
D4 74 28 4407 7039
Solution D1=>»without pipelining + Standard variables types
Solution D2=>»with pipelining + Standard variables types
Solution D3=>with pipelining + Integer&Fixed-point Arbitrary Precision types
Solution D4=>»with pipelining + Integer Arbitrary Precision type

Table (4.2) shows that the resource utilizations of the Systematic polar
Encoder (SPE) and Non-Systematic Polar Encoder (NSPE) in the first

99



Chapter Four

Simulation and Practical Results

solution are the perfect choices compared with other solutions. However, we

can note from Table (4.3) that the performance of these encoders in the first

solution is inferior to that of other solutions. Therefore, when considering the

performance and resource utilization together, the third solution can be

selected as the best solution compared to other solutions.

Table (4.2): The resource utilization of polar encoders with several code

lengths.

Code Type Solutions | BRAM18K | DSP48E FF LUT
El 10 0 2282 | 3006

SPE
(N=256, K=128) E2 12 0 5047 | 17017
’ E3 12 0 2658 | 6657
El 40 1 2384 | 3182
(N=51§PI|E<=256) E2 42 128 | 17414 | 26441
’ E3 42 0 3264 | 10759
El 10 0 2306 | 3038

SPE
(N=128, K=85) E2 12 0 4824 | 15130
| E3 12 0 2640 | 8335
El 10 0 2325 | 3051

SPE
(N=256, K=85) E2 12 0 4850 | 15324
| E3 12 0 2664 | 8525
El 26 0 2191 | 2895
(szé\'eSPKE:lzg) E2 26 0 14823 | 19783
' E3 23 0 2795 | 6599
Modified E1 11 0 2166 | 2984
NSPE E2 11 0 2199 | 3037
(N=256, K=128) E3 11 0 2079 | 2889

100

Solution E2 =» with pipelining + Standard variables types

Solution E1 =» without pipelining + Standard variables types

Solution E3 =» with pipelining + Integer Arbitrary Precision type
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Table (4.3): The Throughputs of SPC & NSPC Encoders and SCAN Decoder

with Code Length(256,128).

Codes C/S | Solutionl | Solution2 Solution3 Solution4
SCAN Thr.

(N=256, K=128) | (b/s) 88.888K | 0.12138M | 0.113926M | 0.124102M
SPE Thr.

(N=256,K=128) | (bls) 0.1894M | 0.73476M | 0.73476M | 0.73476M
NSPE Thr.

(N=256,K=128) | (bis) 32.3426K | 77.42173K | 77.42173K | 77.42173K

Modified NSPE | Thr.

(N=256.K=128) | (b/s) 2.92569M | 2.92853M 3.3551M 3.3551M

Solution1=>» SolutionD1+ SolutionE1l | Solution3=» SolutionD3+ SolutionE3

Solution2=>» SolutionD2+ SolutionE2 | Solution4=» SolutionD4+ SolutionE3
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Figure (4.2): The Practical Performance of the SPC(256,128) with 4 Solutions
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The FPGA implementation of the original non-systematic encoder
depicted in algorithm-2 (Appendix-1) consumes a lot of resources and with
lower throughput, as shown in Tables (4.2) and (4.3). Therefore, the modified
Non-Systematic Encoder in algorithm-3 is suggested to enhance the resource
utilization and performance of the original polar encoder. Tables (4.2) and
(4.3) show that the modified polar encoder outperforms the original NSPE

regarding resource utilization and throughput.
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Figures (4.3) and (4.4) depict the resource utilization of the overall
Systematic and Non-Systematic polar systems (i.e., including binary source,
Encoder, AWGN channel, and Decoder) with the four solutions depicted in
Table (4.3). These Figures (i.e., 4.3 and 4.4) show that resource utilizations of
all solutions are close to each other, with little progression to the first and
fourth solutions over the others. The differentiation between these solutions
can be expanded by entering the performance in Table (4.3) in this issue.
Table (4.3) shows that the fourth solution, which includes solution-E3 and
Solution-D4 of encoder and decoder, outperforms the other solutions. In the
fourth solution, the Pipelining and the arbitrary precision integer data type
play a central role in reducing latency and resource utilization for the system

as a whole.

FPGA Utilization of SPC(N=256, K=128) Implementation
30

o
S 3
.5 20
= 15
o 10
]
5 5
0
Solutionl Solution?2 Solution3 Solution4
m LUT % (Total=203800) 24.67 26.08 26.71 25.04
m FF % (Total=407600) 11.3 12.03 11.71 11.39
BRAM % (Total=445) 11.24 11.46 10.56 11.46
m DSP % (Total=840) 10.95 11.43 11.07 11.31

Figure (4.3): The Resource Utilization of the FPGA Implementation of the
SPC(N=256, K=128).

Finally, we can conclude that the original Non-Systematic Polar Encoder
(NSPE) consumes more resources and processing time than the systematic
Polar Encoder (SPE), as shown in Tables (4.2) and (4.3). The SPE consumes

less time and resources because it requires fewer operations and deals with
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relative small matrices (i.e., Gzc ,c and Ggc ;) compared to the Kronecker

matrix (F ") needed in the NSPE.

FPGA Utilization of NSPC(N=256, K=128) Implementation

= 30
9\_, 25
c
S 20
T 15
N
—_— 10
o
- 5
0 . . . .
Solutionl Solution2 Solution3 Solution4
m LUT % (Total=203800) 24.72 28.37 26.87 25.06
® FF % (Total=407600) 11.28 14.44 11.62 11.29
BRAM % (Total=445) 12.13 12.13 10.9 11.8
m DSP % (Total=840) 10.95 11.43 11.07 11.31

Figure (4.4): The Resource Utilization of the FPGA Implementation of the
NSPC(N=256, K=128).

4.2.2. Simulation Result of the SPC and NSPC

This section compares the performance of Non-Systematic and
Systematic polar codes using simulation results from three different polar
scenarios. The first case includes four polar codes with code rates 1/2 and
lengths 128 and 1024, while in the second case, four polar codes are presented
with lengths 128 and rates 1/3 and 2/3. Finally, in the third case, the
simulation and practical results of the polar code (64,32) are compared. All
codes in this sub-section are simulated with a three-iterations SCAN decoder
and a maximum error limit of 1000 frames. The maximum error limit is
defined as the maximum number of frames in which an error occurs during
the performance estimation of a specific E, /N,,.

Figure (4.5) compares the simulation results of four polar codes, namely
SPC(N=128, K=64), SPC(N=1024, K=512), NSPC(N=128, K=64), and
NSPC(N=1024, K=512). This Figure shows that the BER and FER

performance of polar codes are improved as the code length increases, where
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SPC(N=1024, K=512) has about 1.5dB gain over the SPC(N=128, K=64) at
BER and FER of 10~*. This enhancement is due to the improvement of
channel polarization and the minimum Hamming distance by increasing the
code length. Figure (4.5) also shows that the FER performance of the
systematic and the Non-systematic polar codes is identical, while the BER
performance of the systematic codes is better than that of the Non-systematic
codes. Where the SPC(N=1024, K=512) and SPC(N=128, K=64) have about
0.25dB and 0.2dB gains over the NSPC(N=1024, K=512) and NSPC(N=128,
K=64), respectively, at BER of 107%.
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107" [—SPC-BER(N=128,K=64,l0=3)
- SPC-FER(N=128,K=64,l0=3)
—+-NSPC-BER(N=128,K=64,l0=3)
- NSPC-FER(N=128,K=64,0=3)
10%-  |-*SPC-BER(N=1024,K=512,l0=3)
-% SPC-FER(N=1024,K=512,l0=3)
—+-NSPC-BER(N=1024,K=512,l0=3)

-% NSPC-FER(N=1024,K=512,l0=3)

10-10 | | l | ]
0.5 1 15 2 25 3 3.5 4 45 5

Eb/No (dB)

Figure (4.5): The Simulation Results of Polar Codes with a Rate of 1/2.

As shown earlier in the second chapter (i.e., Section 2.5), the channel-
splitting process creates three groups of channels: good, bad, and oscillating.
The number of good and bad channels is almost equal, while the number of
oscillating channels is much less than that of the good and bad channels,
especially with increasing the code length. Therefore, high-performance polar

codes can be obtained using only good channels to transmit information.

104



Chapter Four Simulation and Practical Results

Thus, we get polar codes with a rate of less than one-half. These codes
perform better than those with a rate of one-half or more, as depicted in
Figure (4.6). Figures (4.5) and (4.6) show that the polar codes with a rate of
1/3 have BER and FER performance better than those of polar codes with
rates of 1/2 and 2/3. Compared to SPC(N=128, K=85) and NSPC(N=128,
K=85), SPC(N=128, K=32) and NSPC(N=128, K=32) have about 0.5dB and
0.65dB performance gains, respectively, at BER of 107%,

10°

‘
-
-
-

BER,FER
=

\—%—SPC-BER(N=128,K=85,l0=3)
-% SPC-FER(N=128,K=85,l0=3)
—¥-NSPC-BER(N=128,K=85,l0=3)
=% NSPC-FER(N=128,K=85,l0=3)
—¥—SPC-BER(N=128,K=32,l0=3)
-% SPC-FER(N=128,K=32,l0=3)
—¥—NSPC-BER(N=128,K=32,l0=3) '
-% NSPC-FER(N=128,K=32,0=3) 1

-
o
IS

—
<
n

| | | |
0 05 1 15 2 25 3 35 4 45 5
Eb/No (dB)

Figure (4.6): The Simulation Results of Polar Codes with Rates of 1/3 & 2/3.

Finally, Figure (4.7) compares the simulation and practical SDK results
of SPC(N=64, K=32) and NSPC(N=64, K=32) in order to optimize the FPGA
implementation of the systematic and non-systematic polar codes discussed in
the previous subsection. This comparison demonstrates that the performance
of these codes is identical. Therefore we can conclude that our FPGA
implementation in subsection 4.2.1 is functionally equivalent to the

simulation design
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Figure (4.7): A Comparison Between the Simulation and Practical Results of
SPC and NSPC.

4.3. Parallel Concatenated Turbo Polar Codes (PCTPCs)

The parallel concatenated turbo polar codes can be implemented based
on the systematic polar codes implemented in the previous section (i.e.,
section 4.2). Figures (3.1) and (3.2) show the encoder and decoder of the
proposed PCTPC. In this section, the iterative decoding algorithm of the
presented PCTPC scheme is implemented with a single-iteration SCAN
decoder, S-random interleaver, eight outer iterations, and also with fixed
scaling factors for each examined SNR as follows:
SF_1=[0.5,0.5,0.5,0.5,0.5, 0.67, 0.75, 0.55, 0.8, 0.87, 0.9].

SF 2=10.7,0.7,0.7,0.7,0.7, 0.75, 0.75, 0.75, 0.8, 0.87, 0.95].

These factors are chosen experimentally with SNRs from 0dB to 5dB
and a step value of 0.5dB. In addition, this iterative decoding algorithm is
implemented with an error frame limit of 1000 and frames number ranging
from 50000 to 3000000.
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4.3.1. FPGA Implementation of the PCTPCs

The FPGA implementation of the suggested PCTPC scheme is
performed based on the construction of Vivado IPs for the turbo encoder and
decoder illustrated in Figures (3.1) and (3.2), respectively. Algorithms 7 & 8
illustrate the implementation procedure of these IPs. The PCTPC encoder
shown in algorithm-7 consists of two identical systematic polar encoders,
while the iterative decoding algorithm (i.e., Algorithm-8) consists of two
SISO-SCAN decoders. This subsection presents the FPGA implementation of
the suggested PCTPC scheme using SPC (N=128, K=64), a single-iteration
SCAN decoder, eight outer iterations, and a turbo rate of 1/3. Figure (4.8)
shows the FPGA implementation of this scheme with five Vivado IPs for the
encoder, decoder, demultiplexer, binary source, and AWGN channel. These
IPs are designed and implemented using the Vivado HLS and Vivado IP
integrator.

In the previous section, the performance and resource utilization analysis
of the systematic encoder and SCAN decoder shows that the third encoder
solution (E3) and the fourth decoder solution (D4) are the best. Therefore,
these solutions are used in this section to implement the PCTPC scheme.
Table (4.4) shows the FPGA resources required to implement the encoder and
the iterative decoding algorithm of the suggested PCTPC with the solutions
(E3) and (D4). The FPGA resources required to implement the systematic
polar encoder are almost the same as those used to implement the encoder of
the parallel concatenated turbo polar codes, with some differences. These
resources are used twice to build the suggested turbo encoder because this
encoder consists of two identical systematic polar encoders. Although the
encoder of the suggested PCTPC scheme uses almost the same resources as
SPE, its throughput is not more than half that of the single systematic polar

encoder, as shown in Table (4.5).
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Figure (4.8): The FPGA Implementation of the Suggested PCTPC Scheme.
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Table (4.4): The FPGA Resource Utilization of the Encoder and Decoder of
the PCTPC Scheme.

Code Type Solutions | BRAM18K | DSP48E | FF | LUT
(szgTZIT%:EM) E3 9 0 2070 | 6614
(Nf:;lp%:lzlzg) E3 11 0 2446 | 9927
(PNC:Tlgg_?(C:%g D4 23 24 | 7350 | 14948

Table (4.5): The Throughput of the PCTPC's Encoder and Decoder.

Codes Throughput (b/s)
PCTPC-E (Nc=192, K=64) 0.73001M
PCTPC-SCAN (Nc=192, K=64) 24.0884K

The FPGA implementation of the iterative decoding process presented in
Algorithm-8 (Appendix-1) can be achieved by two strategies. The first
strategy involves implementing the entire decoding algorithm by Vivado and
creating a Vivado IP to perform the all-decoding process (compact form), as
shown in Figure (4.8). In the first strategy, the MicroBlaze is only responsible
for the controlling and routing purposes, while the decoding process is
performed by the Vivado IP, which is designed for the iterative decoding
algorithm. On the other side, the second strategy uses the MicroBlaze to
construct the outer framework of the iterative decoding algorithm. In this
strategy, the SISO decoders (i.e., SCAN decoder) are implemented as Vivado
IPs, while the remaining operations between these decoders include
calculating a-prior and extrinsic information, interleaving and bit reversing
operations, etc., are performed by the MicroBlaze (distributed form). The first
strategy consumes more FPGA resources than the second, as shown in Figure

(4.9), but at the expense of throughput.
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FPGA Utilization of PCTPC(Nc=192, K=64) Implementation

B DSP % (Total=840) m BRAM % (Total=445) M FF % (Total=407600) m LUT % (Total=203800)

Distributed Form

25.64

Compact Form

27.11

Figure (4.9): The Resource Utilization of the FPGA Implementation of the
PCTPC with SPC(N=128, K=64) and Rate of 1/3.

4.3.2. Simulation Results of the PCTPCs

The simulation results of the suggested PCTPC scheme are presented
with various code lengths, Signal-to-Noise ratios, and outer iterations to
analyze and compare this scheme with the original polar and turbo codes.
Therefore, this subsection presents the PCTPC's results in four scenarios.
First, the behavior of the PCTPC at different code lengths is discussed and
compared with the behavior of the original systematic polar codes. Second,
the iterative decoding algorithm of the suggested scheme is tested with
various numbers of outer-iteration. While in the third case, we compare the
performance of the PCTPC with that of the original turbo convolutional code.
Finally, the simulation and practical results of PCTPC are compared in the
last scenario. The simulation results in this subsection are calculated in terms
of average BER and FER. These average results are estimated by testing the
suggested scheme several times with the same code length and with different
input and noise sequences and taking the average of the runs.

Figure (4.10) shows the BER and FER performance of PCTPC schemes
constructed using the constituent codes SPC(128,64) and SPC(256,128). This
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Figure depicts that the performance of the suggested PCTPC scheme
improves with increasing the code length, especially at high SNRs. As
mentioned earlier, the performance of the constituent polar codes improves at
large code lengths due to the perfect channel polarization, and thus the
performance of PCTPC improves. Figure (4.10) illustrates that the suggested
PCTPC outperforms the original systematic polar codes. At BER and FER of
10~* and a code length of 128, the suggested PCTPC achieves BER and FER
gains of 0.8dB and 1.2dB, respectively. Therefore, we can conclude from the
previous results that the suggested scheme can be used to improve the

performance of the polar codes at a finite code-length regime.
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Figure (4.10): The BER and FER Performance of PCTPC scheme and
SPC(N=128, K=64).

The second scenario shows the effect of the outer iterations on the BER
and FER performance of the suggested PCTPC. Figures (4.11) and (4.12)
illustrate the performance of the PCTPC(Nc=192, K=64) and
PCTPC(Nc=384, K=128) with three, six, and eight iterations. At BER of
10~*, PCTPC with eight iterations outperforms PCTPC with six and three
iterations by 0.1dB and 0.4dB gains, respectively. While at FER of 1074,

111



Chapter Four Simulation and Practical Results

PCTPC with eight iterations outperforms PCTPC with six and three iterations
by 0.1dB and 0.55dB gains, respectively. The performance of the suggested
PCTPC at six iterations is close to that of eight, as shown in Figures (4.11)
and (4.12). Therefore, the six iterations can be used to avoid excessive

complexity and latency as the number of iterations increases.

Average FER&BER

10°

-% BER-PCTPC-SCAN-SCAN(Nc=384,K=128,R=1/3,l0=3)
—0—FER-PCTPC-SCAN-SCAN(Nc=384,K=128,R=1/3,l0=3)

1 0-8 -% BER-PCTPC-SCAN-SCAN(Nc=384,K=128,R=1/3,l0=6)
- FER-PCTPC-SCAN-SCAN(Nc=384,K=128,R=1/3,l0=6)
-3 BER-PCTPC-SCAN-SCAN(Nc=384,K=128,R=1/3,l0=8)
~9~FER-PCTPC-SCAN-SCAN(Nc=384,K=128,R=1/3,l0=8)
1010 ' | 1 I | I | |
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
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Figure (4.11): The Performance of the PCTPC(Nc=192, K=64) with 3, 6, and
8 Iterations

The error floor problem is the main issue facing traditional turbo
convolutional codes. The suggested PCTPC scheme is introduced to reduce
this problem in the turbo schemes. In the third scenario, Figure (4.13) shows
the superiority of PCTPC over the original turbo convolutional code at high
SNRs. The suggested PCTPC achieves gains of more than 0.5dB at FER &
BER of 10™* & 1075, respectively, as shown in Figure (4.13). Therefore, the
suggested PCTPC can replace traditional turbo codes in applications that have
challenges with error floor problems. Finally, the last scenario compares the
simulation and practical results of the suggested PCTPC scheme. Figure
(4.14) shows the practical results are very close to the simulation results, with

some differences due to the noise generated during the processing operation.

112



Chapter Four Simulation and Practical Results

100” ------ *------‘g-

Yy

<>

n

o

L

D W
"
"

104:

108

Average FER&BER

-t FER-PCTPC-SCAN-SCAN(SPC(256,128),R=1/3,l0=3)|
: ~0~BER-PCTPC-SCAN-SCAN(SPC(256,128),R=1/3l0=3)
10%- - FER-PCTPC-SCAN-SCAN(SPC(256,128),R=1/3,l0=6)

: ~9-BER-PCTPC-SCAN-SCAN(SPC(256,128),R=1/3,l0=6)
-t FER-PCTPC-SCAN-SCAN(SPC(256,128),R=1/3,l0=8)
~~BER-PCTPC-SCAN-SCAN(SPC(256,128),R=1/3,l0=8)

|

]

05 1 15 2 25 3 35 4 45 5
Eb/No (dB)

Figure (4.12): The Performance of the PCTPC(Nc=384, K=128) with 3, 6,
and 8 Iterations.
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Figure (4.13): Performance Comparison Between the Suggested PCTPC and
the Original Turbo Convolutional Code.
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Figure (4.14): Performance Comparison Between the Simulation and Practical
Results of the Suggested PCTPC scheme.

4.4. Parallel Concatenated Turbo Polar-Convolutional Codes
(PCTPCC:s)

The proposed PCTPCC scheme has been constructed by parallel
concatenation of systematic polar and convolutional codes. Figures (3.3) and
(3.4) illustrate the turbo encoder and iterative decoding algorithm of the
proposed PCTPCC. Figure (3.3) shows that the turbo encoder consists of an
RSC(13,15) with trellis termination as a recursive systematic convolutional
encoder and an SPC(N, K) with different lengths as a systematic polar
encoder. While the iterative decoder in Figure (3.4) consists of SOVA or
LogMap as a convolutional decoding algorithm and SCAN as a polar
decoding algorithm.

In this section, the proposed PCTPCC is implemented with the following
parameters: LTE Interleaver, Decoding depth of 20 for SOVA decoder,
Single-Iteration for SCAN decoder, 1-8 Outer iterations, Error limit of 1000
frames, 50000- 30000000 Frames, and SF1=[1,1,1,1,1,1,1,09,1,1, 1] &
SF2=[0.45, 0.45, 0.45, 0.45, 0.45, 0.45, 0.4, 0.5, 0.4, 0.4, 0.3] as scaling
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factors. These factors are chosen experimentally with SNRs from 0dB to 5dB

with a step value of 0.5dB.

4.4.1. FPGA Implementation of the PCTPCCs

The FPGA implementation of the proposed PCTPCC scheme is achieved
based on the creation of Vivado IPs for the turbo encoder and decoder
illustrated in Figures (3.3) and (3.4). These Vivado IPs are constructed based
on algorithms 10 and 13 in appendix-l. The PCTPCC encoder presented in
algorithm-10 comprises systematic convolutional and polar encoders, whereas
the iterative decoding algorithm (i.e., Algorithm-13) comprises SCAN and
SOVA decoders. This subsection presents the FPGA implementation of the
proposed PCTPCC (Nc=192, K=61) scheme, which is designed using
RSC(13,15), SPC(128,64), a single-iteration SCAN decoder, twenty depth-
SOVA decoder (or LogMap), eight outer iterations, convolutional trellis
termination, and a turbo rate of 0.317. The FPGA implementation of this
scheme is shown in Figure (4.15), which includes five Vivado IPs for the
encoder, decoder, demultiplexer, binary source, and awgn channel. The
Vivado HLS and Vivado IP integrator are used to develop and implement
these IPs.

The proposed PCTPCC is implemented with the third encoder solution
(E3) and the fourth decoder solution (D4), as the implemented PCTPC
scheme in the previous section. Table (4.6) shows the FPGA resources
required to implement the encoder and the iterative decoding algorithm of the
suggested PCTPCC with the solutions (E3) and (D4). The iterative decoding
algorithm is implemented with both SOVA and LogMap algorithms; thus, the
resource utilization is presented in Table (4.6) with both algorithms. RSC and
SPC encoders consume the FPGA resources required to implement the
PCTPCC's encoder. The RSC encoder requires fewer resources than the SPC

encoder because constructing the recursive systematic convolutional encoder
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Figure (4.15): The FPGA Implementation of the Suggested PCTPCC Scheme.
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iIs more straightforward than the systematic polar encoder. Therefore
PCTPCC's encoder requires fewer resources than PCTPC's encoder, which

consists of two systematic polar encoders, as shown in Tables (4.4) and (4.6).

The FPGA implementation of the iterative decoding process presented in
Algorithm-13 (Appendix-1) is implemented with SOVA and LogMap
decoders. As mentioned earlier in chapter three (Section 3.4), the SOVA
decoder has less complexity than the LogMap decoder. Table (4.6) shows that
the proposed iterative decoding algorithm of the PCTPCC scheme with
SOVA decoder (i.e., SOVA-PCTPCC scheme) consumes fewer resources
compared to that using LogMap (i.e., LogMap-PCTPCC scheme). Thus the
first algorithm has better throughput than the second, as shown in Table (4.7).
Moreover, the FPGA implementation of the SOVA iterative decoding
algorithm consumes less power and generates a lower junction temperature
than the LogMap iterative decoding algorithm. In this section, the entire
decoding algorithm is implemented as Vivado IP, as shown in Figure (4.15),
while the MicroBlaze is only employed for control and routing purposes to

increase system throughput and reduce decoding latency.

Table (4.6): The FPGA Resource Utilization of the Encoder and Decoder of
the PCTPCC Scheme.

Code Type Solutions | BRAM18K | DSP48E | FF | LUT
B 7 0 | 1858 | 3825
e EE 9 0 | 1994 | 6268
?ﬁ;'zgf'slggﬁ D4 22 24 | 8490 | 12920
(Newsgs Ke1ze) | DA 35 26 | 8320 | 13320
P&Tczg:é:'-lzi'gﬂf)‘p D4 22 47 | 12607 | 16741
FEEI;%Z"?’EM?{’ D4 34 47 | 1254417615
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Table (4.7): The Throughput of the PCTPCC's Encoder and Decoder.

Codes Throughput (b/s)
PCTPCC-E (Nc=192, K=61) 1.33037 M
PCTPCC-SOVA (Nc=192, K=61) 16.4398K
PCTPCC-LogMap (Nc=192, K=61) 16.0000K

4.4.2. Simulation Results of the PCTPCCs

The proposed PCTPCC scheme has been tested with various values of
code lengths, SNRs, and outer iterations. The simulation results are presented
in this subsection to analyze the suggested PCTPCC and compare it with the
original polar and turbo codes. These results can be classified into several
cases; Firstly, the BER and FER performance of the PCTPCC is estimated
with both SOVA and LogMap decoders and with a fixed number of outer
iterations. Then, this performance is compared with the performance of the
original convolutional turbo codes. Finally, the practical results of the
PCTPCC scheme implemented in the previous subsection have been
presented and compared with the simulation results. The simulation results
are also calculated in terms of average BER and FER, as in the previous
section.

Figure (4.16) shows the BER and FER performance of the original
SPC(128,64) and the proposed SOVA-PCTPCC scheme with different code
lengths and with almost 1/3 code rate. As stated earlier with the PCTPC
scheme, this Figure depicts that the performance of the suggested SOVA-
PCTPCC also improves with increasing the code length, especially at high
SNRs. At BER and FER of 1075, Figure (4.16) shows that the SOVA-
PCTPCC (SPC(512,256), %R=0.33) outperforms the SOVA-PCTPCC
(SPC(256, 128), R= 0.32) by gains of about 0.16dB and 0.3dB, while it
outperforms the SOVA-PCTPCC (SPC(128,64), R =0.317) by gains of about

118



Chapter Four Simulation and Practical Results

0.85dB and 1.14dB. Moreover, at BER and FER of 107*, the proposed
PCTPCC achieves BER and FER gains of 0.8dB and 1.1dB, respectively,
over the original systematic polar code. Therefore, we can use the proposed

PCTPCC to replace the original polar code at a finite code-length regime.

- FER-PCTPCC-SOVA-SCAN(SPC(128,64),RSC(13,15),R=0.317,Io=8)?
| -6-BER-PCTPCC-SOVA-SCAN(SPC(128,64),RSC(13,15),R=0.317,I0=8)‘
- -t FER-PCTPCC-SOVA-SCAN(SPC(ZSB,128),RSC(13,15),R=0.32,Io=8)i
8 -©~BER-PCTPCC-SOVA-SCAN(SPC(256,128),RSC(13,15),R=0.32,l0=8) |
10 |- FER-PCTPCC-SOVA-SCAN(SPC(512,256),RSC(13,15),R=0.33,Io=8)}
-©-BER-PCTPCC-SOVA-SCAN(SPC(512,256),RSC(13,15),R=0.33,l0=8) |
- |-% FER-SPC(128,64) ‘
-©-BER-SPC(128,64) |
10-10 ' | | | | i

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Eb/No (dB)

Figure (4.16): The BER and FER Performance of the SOVA-PCTPCC
scheme and the SPC(N=128, K=64).

The proposed PCTPCC scheme can be further improved by using the

Average FER & BER

LogMap decoder with the SCAN decoder to construct the iterative decoding
algorithm instead of the SOVA decoder, as shown in Figure (4.17). At BER
and FER of 107, this Figure shows that the LogMap-PCTPCC (Nc=384,
K=125) scheme outperforms the SOVA-PCTPCC (Nc=384, K=125) scheme
by gains of about 0.125dB and 0.21dB, repectively.
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Figure (4.17): Performance Comparison Between the SOVA-PCTPCC and
LogMap-PCTPCC schemes.

Figures (4.18) and (4.19) show the effect of the outer iterations on the
BER and FER performance of the suggested PCTPCC scheme with both
SOVA and LogMap decoders. These Figures illustrate the performance of the
SOVA-PCTPCC and LogMap-PCTPCC schemes with three, six, and eight
iterations. At BER and FER of 107, Figure (4.18) shows that the SOVA-
PCTPCC(Nc=384, K=125) scheme with eight iterations outperforms that
scheme with three iterations by about 0.2dB and 0.165dB gains, respectively.
At the same time, Figure (4.19) shows that the LogMap-PCTPCC(Nc=384,
K=125) scheme with eight iterations outperforms that scheme with three
iterations by about 0.225dB and 0.3dB gains, respectively, at BER and FER
of 107%. As illustrated in the previous section with the PCTPC scheme,
Figures (4.18) and ( 4.19) show that the performance of the suggested
PCTPCC at six iterations is close to that of eight. Therefore the six iterations
can be used to overcome the higher complexity and latency as the number of

iterations increases.
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Figure (4.18): The Performance of the SOVA-PCTPCC with 3, 6, and 8
Iterations: (a) BER Performance, (b) FER Performance.

Figure (4.20) compares the original convolutional turbo code and the
proposed PCTPCC with K=64 and I,,,,;.,,= 8. This Figure shows the proposed
PCTPCC scheme handles the error floor problem inherent in the traditional
turbo convolutional codes. At FER of 10~*, the proposed SOVA-PCTPCC

outperforms the original convolutional turbo code by about 0.4dB gain, while
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at BER of 107, it exceeds the original convolutional turbo code by more

than 0.35dB gain. Finally, the last case compares the simulation and practical
results of the suggested SOVA-PCTPCC scheme. Figure (4.21) shows the

practical results are very close to the simulation results. Therefore, we can

conclude the FPGA implementation work well as the simulator.
\
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Figure (4.19): The Performance of the LogMap-PCTPCC with 3, 6, and 8

Iterations: (a) BER Performance, (b) FER Performance.
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Figure (4.20): Performance Comparison Between the Proposed PCTPCC and
the Original Turbo Convolutional Code.
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Figure (4.21): Performance Comparison Between the Simulation and Practical
Results of the Propsed PCTPCC scheme.
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4.5. Serial Concatenated Turbo Polar-Convolutional Codes
(SCTPCC:s)

The proposed SCTPCC scheme has been constructed by serially
concatenating systematic polar and convolutional codes. Figures (4.22) and
(3.5) illustrate the turbo encoder and iterative decoding algorithm of the
proposed SCTPCC. Figure (4.22) shows that the proposed serial encoder
consists of an SPC(N, K) with a rate of 2/3 as outer code and an RSC(13,15)
with a rate of 1/2 as inner code; thus, the overall rate of this scheme is 1/3.
While the iterative decoder in Figure (3.5) consists of SOVA or LogMap as a

convolutional decoding algorithm and SCAN as a polar decoding algorithm.

RSC(13,15), R=172

SPC(V,K),R=23
gi======= Ny 2

d| H s S Rand

B ik et = A WY [l M N I

e w1 Interleaver (| Ol 2
PH: < H¥ AP ¢
| P B g4 v ' 'IF—'
!

Figure (4.22): The Encoder of the Proposed Serial Concatenated Turbo Polar-
Convolutional Code.

In this section, the proposed SCTPCC is implemented with the following
parameters: S-Random Interleaver, decoding depth of 20 for SOVA decoder,
single-iteration for SCAN decoder, 1-8 outer iterations, error limit of 1000
frames, 50000- 20000000 frames, SF1=0.5 & SF2=0.55 as fixed scaling
factors. These factors are chosen experimentally with SNRs from 0dB to
4.5dB.

4.5.1. FPGA Implementation of the SCTPCCs
The FPGA implementation of the proposed SCTPCC scheme is
performed based on the creation of Vivado IPs for the turbo encoder and

decoder illustrated in Figures (4.22) and (3.5), respectively. These Vivado IPs
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are constructed based on Algorithms 14 and 15 in appendix-l. The encoders
and decoders that make up these algorithms are the same as those used in the
PCTPCC algorithms (i.e., Algorithms 10 and 13), but with the SCTPCC
scheme, they are linked in serial procedure rather than the parallel style. This
subsection presents the FPGA implementation of the proposed SCTPCC,
which is designed using RSC(13,15), SPC(128,85), a single-lteration SCAN
decoder, twenty depth-SOVA decoder (or LogMap), eight outer iterations,
and a turbo rate of 0.33. The FPGA implementation of this scheme is shown
in Figure (4.23), which includes four Vivado IPs for the encoder
(Serial_Turbo_Encoder), decoder (Serial SOVA SCAN), binary source
(Pseudo_random), and AWGN channel (GenG).

The third encoder solution (E3) and the fourth decoder solution (D4) are
used in this section to implement the proposed SCTPCC scheme as used
previously with PCTPC and PCTPCC schemes. The FPGA resources required
to implement the encoder and the iterative decoding algorithm of the
suggested SCTPC are presented in Table (4.8) with two cases. Firstly, the
proposed system is implemented with a data length of 85 bits and then with a
length of 170 bits. Moreover, Table (4.8) shows the FPGA resources of the
proposed iterative decoding algorithm with both SOVA and LogMap decoder.
The proposed SCTPCC scheme requires more resources than the PCTPCC
scheme because the inner code of the SCTPCC scheme has a 1/2 code rate;
thus inner code length is twice the outer code length. So, the proposed scheme
uses an SPC(N,yter = 128, K, :er = 85) as the outer code and an
RSC(Kiner = 128, Nipner = 256) as the inner code for a data length of 85.
Tables (4.6) and (4.8) show that the PCTPCC with a data length of 64
requires fewer resources compared to the SCTPCC with a code length of 85

despite both using a systematic polar code with a length of 128.
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Figure (4.23): The FPGA Implementation of the Suggested SCTPCC scheme.
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Table (4.8): The FPGA Resource Utilization of the Encoder and Decoder of

the SCTPCC scheme.
: BRAM- | DSP-
Code Type Solutions 18K 4SE FF | LUT
SCTPCC-E
E3 9 0 2017 | 7983
(Ninner= 2561 Kouter= 85)
SETHCEEHE E3 17 0 | 2339 | 14317

(Ninner= 5121 Kouter= 170)
SCTPCC-SOVA

D4 22 35 | 8569 |13088
(Ninner= 256, Koyter= 85)
SCTPCC-SOVA
D4 36 37 | 8575 | 13727
(Ninner= 512, Kouter= 170)
SCTPCC-LogMap
D4 24 56 | 12499 | 16786
(Ninner: 256, Kouter= 85)
SCTPCC-LogMap D4 35 58 | 12504 | 17547

(Ninner: 5121 Kouter: 170)
The proposed serial iterative decoding algorithm (i.e., Algorithm-15) is

implemented using SOVA and LogMap decoders. Table (4.8) shows that this
algorithm with SOVA decoder (i.e., SOVA-SCTPCC scheme) consumes
fewer resources than that of LogMap (i.e., LogMap-SCTPCC scheme). Thus
the SOVA-SCTPCC algorithm has better throughput than the LogMap-
SCTPCC algorithm, as shown in Table (4.9). Moreover, the FPGA
implementation of the SOVA iterative decoding algorithm consumes less

power and generates a lower junction temperature than the LogMap iterative

Table (4.9): The Throughput of the SCTPCC's Encoder and Decoder.

Codes Throughput (b/s)
SCTPCC-E
(Ninner= 256! Kouter= 85)
SCTPCC-SOVA
(Ninner= 256’ Kouter= 85)
SCTPCC-LogMap
(Ninner= 256’ Kouter= 85

decoding algorithm, as shown in Figures (4.24) and (4.25). In this section,

1.319966 M

12.956544K

7.4486645K

the entire decoding algorithm is implemented as Vivado IP, as shown in
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Figure (4.23), while the MicroBlaze is only employed for control and routing

purposes to increase system throughput and reduce decoding latency.

power
PLL Total On-Chip Power 2.092W
H 0,
MMCM Junction Temperature 28'70C
Thermal Margin 56.3 C
BUFG (30.9W)
10 Eff_ectlve Thermal 1.8°C/W
resistance
DSP
BRAM
FF
LUTRAM
LUT 25.92
0 5 10 15 20 25 30
| Utilization %
LUT LUTRAM | FF BRAM | DSP 10 BUFG | MMCM | PLL
Utilization 52819 5840 47028 58.5 112 76 3 1 1
Available 203800 | 64000 407600 | 445 840 500 |32 10 10
Utilization % | 25.92 9.13 11.54 13.15 | 13.33 | 15.2 |9.38 10 10
Figure (4.24): The Resource and Power Utilization of the FPGA
Implementation of the SOVA-SCTPCC scheme.
power
PLL Total On-Chip Power 2.19W
Junction Temperature | 28.9 °C
MMCM o
Thermal Margin 56.1C
BUFG (30.8 W)
10 Eff_ectlve Thermal 1.8°C/W
resistance
DSP
BRAM
FF
LUTRAM
LUT 27.61
0 5 10 20 25 30
| Utilization %
LUT LUTRAM FF BRAM | DSP 10 BUFG MMCM | PLL
Utilization 56278 6033 50604 49.5 133 76 3 1 1
Available 203800 | 64000 407600 | 445 840 500 |32 10 10
Utilization % | 27.61 9.43 12.42 11.12 | 15.83 | 15.2 | 9.38 10 10

Figure (4.25): The Resource and Power Utilization of the FPGA
Implementation of the LogMap-SCTPCC scheme.
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4.5.2. Simulation Result of the SCTPCCs

The proposed SCTPCC scheme has been tested with various values of
code lengths, SNRs, and outer iterations. In this subsection, the simulation
results of this scheme are presented and discussed in detail with various
scenarios. Firstly, the average BER and FER performance of the SCTPCC
are estimated with both SOVA and LogMap decoders and with several outer
iterations. Then, this performance is compared with the performance of the
systematic polar codes and the practical FPGA implementation. The
simulation results are also calculated in terms of average BER and FER, as in
the previous sections.

Figure (4.26) shows the BER and FER performance of the original
SPC(128,64) and the proposed SOVA-SCTPCC scheme with different code
lengths and a 1/3 code rate. The BER and FER performance of the SOVA-
SCTPCC scheme improves with increasing the code length. Therefore the
SOVA-SCTPCC (SPC(256,170), RSC(13,15)) outperforms the SOVA-
SCTPCC(SPC(128,85), RSC(13,15)) by gains of 0.65dB at BER and FER of
107>, as depicted in Figure (4.26). Furthermore, this Figure shows the
superiority of the SOVA-SCTPCC over the original systematic polar code by
about 0.94dB at BER of 10~*. So, the SOVA-SCTPCC achieved its first goal
by improving the polar code's performance in a finite code-length regime. The
proposed SCTPCC scheme can be further enhanced by replacing the SOVA
decoder with a LogMap decoder in the iterative decoding algorithm, as
illustrated in Figure (4.27). At BER and FER of 107>, this Figure shows that
the LogMap-SCTPCC(SPC(256,170), RSC(13,15)) outperforms the LogMap-
SCTPCC(SPC(128,85), RSC(13,15)) by gains of about 0.475dB and 0.57dB.
Moreover, Figure (4.28) show that the LogMap-SCTPCC (N, ,.r= 256,
K,y ter= 85) scheme outperforms the SOVA-SCTPCC (Njpner = 256, K, yter
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= 85) scheme by gains of about 0.1dB and 0.11dB at BER & FER of 1075,

respectively.
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Figure (4.26): The BER and FER Performance of the SOVA-SCTPCC
scheme and the SPC(N=128, K=64).
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Figure (4.27): The BER and FER Performance of the LogMap-SCTPCC
scheme and the SPC(128,64).
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Figure (4.28): Performance Comparison Between the SOVA-SCTPCC and
LogMap-SCTPCC Schemes.

Figures (4.29) and (4.30) show the effect of the outer iterations on the
BER and FER performance of the suggested SCTPCC scheme with both
SOVA and LogMap decoders. These Figures show that the performance can
be improved by increasing the outer iterations from three to eight. At BER of
107® and FER of 107°, Figure (4.29) shows that the SOVA-
SCTPCC(Nipner= 512, K,uter= 170) scheme with eight iterations
outperforms the same scheme with three and six iterations by about (0.25dB
& 0.45dB) and (0.07dB & 0.13dB) gains, respectively. At the same time,
Figure (4.30) shows that the LogMap-SCTPCC(N;per= 256, Kyyter= 85)
scheme with eight iterations outperforms the same scheme with three and six
iterations by about (0.2dB & 0.2dB) and (0.05dB & 0.05dB) gains,
respectively, at BER of 107¢ and FER of 107°. Figures (4.29) and (4.30)
show that the performance of the suggested SCTPCC at six iterations is close
to that of eight. Therefore the six iterations can be used to overcome the

higher complexity and latency as the number of iterations increases. Finally,
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Figure (4.31) shows that the practical results of the SOVA-SCTPCC scheme
are almost identical to the simulation results. Therefore we can conclude the

FPGA implementation work well as the simulator.
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Figure (4.29): The Performance of the SOVA-SCTPCC with 3, 6, and 8
Iterations: (a) BER Performance, (b) FER Performance.

132



Chapter Four Simulation and Practical Results

Average BER
=
T

—_
=
&>

—&-BER-SCTPCC-LogMap-SCAN(N-inner=256, K-outer=85, Ro=2/3, Ri=1/2, l0=3)
~*-BER-SCTPCC-LogMap-SCAN(N-inner=256, K-outer=85, Ro=2/3, Ri=1/2, lo=6)
-k-BER-SCTPCC-LogMap-SCAN(N-inner=256, K-outer=85, Ro=2/3, Ri=1/2, lo=8)
108 -8-BER-SCTPCC-LogMap-SCAN(N-inner=512, K-outer=170,Ro=2/3, Ri=1/2, l0=3)
-8-BER-SCTPCC-LogMap-SCAN(N-inner=512, K-outer=170,Ro=2/3, Ri=1/2, 10=6)
-8-BER-SCTPCC-LogMap-SCAN(N-inner=512, K-outer=170,Ro=2/3, Ri=1/2, l0=8)

V474

2 25 3 35 4 45
Eb/No (dB)

(@)

-
~ -

b T
-

Average FER
=
IS
T

}
-# FER-SCTPCC-LogMap-SCAN(SPC(128,85 ),RSC(13,15),R0=2/3,Ri=1/2,l0=3) NN ;
~# FER-SCTPCC-LogMap-SCAN(SPC(128,85 ),RSC(13,15),R0=23,Ri=1/2,l0=6) |
~% FER-SCTPCC-LogMap-SCAN(SPC(128,85 ),RSC(13,15),R0=2/3,Ri=1/2,0=8 e 11
- FER-SCTPCC-LogMap-SCAN(SPC(256,170),RSC(13,15),Ro=2/3,Ri=1/2,l0=3) L

I

I

}

[}

—

=

2
T T

-& FER-SCTPCC-LogMap-SCAN(SPC(256,170),RSC(13,15),R0=2/3,Ri=1/2,l0=6)
-& FER-SCTPCC-LogMap-SCAN(SPC(256,170),RSC(13,15),R0=2/3,Ri=1/2,0=8

2 25 3 35 4 45
EbiNo (dB)

(b)
Figure (4.30): The Performance of the LogMap-SCTPCC with 3, 6, and 8
Iterations: (a) BER Performance, (b) FER Performance.
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Figure (4.31): Performance Comparison Between the Simulation and Practical
Results of the Suggested SCTPC scheme.

4.6. Comparison between the Proposed PCTPC and PCTPCC,
and Other Schemes

It is very important to compare the various concatenated polar codes
mentioned previously in this chapter with other similar codes. Therefore, in
this section, the proposed parallel concatenated polar codes are compared
with each other and with other codes in [33]-[36]. Table (4.10) summarizes
the parameters of the proposed concatenated codes and the other codes in
[33]-[36].

Figure (4.32) shows that the proposed SOVA-PCTPCC(Nc=384,
K=125) outperforms the proposed PCTPC(Nc=384, K=128) scheme with
gains of 0.4dB and 0.295dB at BER & FER of 107°. While the LogMap-
PCTPCC(Nc=384, K=125) exceeds the PCTPC(Nc=384, K=128) by gains of
about 0.525dB and 0.5dB. At BER of 107*, the SOVA and LogMap
PCTPCC(Nc=192, K=61) schemes outperform the PCTPC(Nc=192, K=64)
with gains of 0.075dB and 0.145dB, respectively, as shown in Figure (4.33).
This Figure also shows that the PCTPC scheme roughly matches the Z.Liu
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SSCL-PCTPC scheme of I;;;; = 32, although the complexity of the proposed
PCTPC scheme is greater than that of the SSCL-PCTPC scheme. The SOVA-
PCTPCC exceeds the D.Wu BP-PCTPCJ[33], Z.Liu SCANPCTPCJ[34], and
Z.Liu BP-PCTPC[34] schemes by gains of 0.215dB, 0.43dB, 0.55dB,

respectively, at BER of 107%.

Furthermore, Figure (4.33) shows the

superiority of the LogMap-PCTPCC over the D.Wu BP-PCTPCJ[33], Z.Liu
SCAN-PCTPC[34], and Z.Liu BP-PCTPC[34] schemes by gains of 0.285dB,
0.5dB, 0.6dB, respectively.

Table (4.10): Parameters of the Studied Schemes

Code Name/ Constituent Codes Rate Iterations KIN

Author Code-I Code-II Inner | Outer ¢
E;PCTPC/ D.Wu SPC(128,64) 13 50 6 64/192
[B?)IZ-]PCTPC/ Z.Liu SPC(128,64) 13 60 6 64/192
SCAN-PCTPC/ 64/192
Z.Liu [34] SPC(128,64) 1/3 - 6
SSCL-PCTPC/ L = 64/192
7 Liu [34] SPC(128,64) 1/3 8.64 6
Optimized BP- 64/192
PCTPC/ Z.Liu [35] SPC(128, 64) 1/3 60 3
Optimized SCAN- 64/192
PCTPC/ Z.Liu [35] SPC(128, 64) 13 ) 0
Punctured PCTPC/ SPC(128,64) 1/2 4 18 64/128
Y.Qi [36] SPC(512,256) 1/3 256/768

SPC(128,64) 64/192

Proposed PCTPC SPC(256,128) 1/3 1 3-8
Proposed RSC SPC(128,64) 61/192
SOVA-PCTPCC & (13.15) SPC(256,128) | =1/3 | 1 3-8 | 125/384
LogMap-PCTPCC =) | SpC(512,256) 255/768
Proposed SPC(128,85)
SOVA-SCTPCC & | SPC(256,170) | gsﬁs) ~13| 1 | 38 1875(5/255162
LogMap-SCTPCC | SPC(512,341) ’ 341/1024
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As a comparison, Figures (4.34) and (4.35) show the superiority of the
SOVA and LogMap PCTPCC(Nc=192, K=61) schemes over the optimized
Z.Liu-2018 SCAN-PCTPC(Nc=192, K=64) and BP-PCTPC(Nc=192, K=64)
schemes. At a BER of 107>, the proposed SOVA-PCTPCC scheme exceeds
the optimal-SF and 1s-SF SCAN-PCTPC(Nc=192, K=64) schemes by gains
of 0.025dB and 0.25dB, respectively, as shown in Figure (4.34). At the same
time, the proposed LogMap-PCTPCC(Nc=192, K=61) scheme exceeds the
optimal-SF and 1s-SF SCAN-PCTPC(Nc=192, K=64) schemes by gains of
0.14dB and 0.375dB, respectively, at a BER of 107>, At the same BER,
Figure (4.35) shows that the proposed SOVA and LogMap (Nc=192,
K=61)schemes outperform the optimal-SF BP-PCTPC(Nc=192, K=64)
scheme by gains of 0.245dB and 0.375dB, respectively.
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Figure (4.32): Performance Comparison Between the Suggested PCTPC and
PCTPCC Schemes.

Eventually, Figure (3.36) shows that the proposed PCTPC and SOVA-
PCTPCC(Nc=192, K=61) schemes outperform the punctured Y.Qi-2019
PCTPC(Nc=128, K=64) scheme by gains of 0.3dB and 0.5dB, respectively, at
FER of 10™*. While at FER of 1075 and a rate of 0.33, the proposed SOVA-
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PCTPCC(Nc=768, K=253) scheme exceeds the Y.Qi-2019 PCTPC(Nc=768,
K=256) scheme by a gain of 0.4dB. Furthermore, due to the single-iteration
SCAN algorithm, the proposed PCTPCC scheme has less complexity than the
Y.Qi-2019 scheme that uses the fourth-iteration SCAN algorithm.
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Figure (4.33): Performance Comparison Between the Proposed Parallel
Concatenated Codes and other Codes in [33] (i.e., D.Wu-2016) and [34] (i.e.,
Z.Liu-2017).
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Figure (4.34): Performance Comparison Between the Proposed Parallel
Concatenated Codes and SCAN-PCTPC in [35] (Z.Liu-2018).
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Figure (4.36): Performance Comparison Between the Proposed Parallel
Concatenated Codes and SCAN-PCTPC in [36] (i.e., Y.Qi-2019).
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4.7. Comparison between the Proposed Parallel and Serial
Turbo Schemes, and Other Schemes

The previous section shows that the proposed parallel schemes
outperform other schemes presented in [33]-[36]. In this section, the
performance of the proposed SCTPCC scheme is compared with the proposed
parallel schemes and the same schemes presented in the previous section.
Figure (4.37) shows that the proposed PCTCCs outperform the proposed
SCTPCCs in low SNR regions, while the SCTPCC superiors the PCTPCCs in
high SNR regions. At BER & FER of 1072, the PCTCC(Nc=192, K=61)
schemes exceed the SOVA and LogMap SCTPCC(N;,per=256, K,y ter=85)
schemes by gains of (0.3dB &0.19dB) and (0.225dB & 0.125dB),
respectively. While at FER of 107>, the SOVA-SCTPCC(N;,er-=256,
K, ,ter=85) scheme outperforms the SOVA and LogMap PCTPCC(Nc=192,
K=61) schemes with gains of 0.34dB & 0.25dB, respectively, and the
LogMap-SCTPCC(N;yner=256, K, +r=85) scheme outperforms them with
gains of 0.4dB and 0.36dB. At BER of 107% the SOVA-
SCTPCC(N;jner=256, K,y ter=85) scheme superiors the SOVA and LogMap
PCTPCC(Nc=192, K=61) schemes by gains of 0.26dB & 0.15dB,
respectively, and the LogMap-SCTPCC(N;;,per=256, K,y :er=85) scheme
superiors them by gains of 0.36dB and 0.255dB.

The second scenario in this section includes a comparison between the
proposed SCTPCC and the polar turbo codes in [33]-[36], as shown in
Figures (4.38) and (4.39). First, at a BER of 10~*, the 6"-iteration LogMap-
SCTPCC(N;jner=256, K,y ter=85) scheme superiors the Z.Liu-2017 SCAN-
PCTPC(Nc=192, K=64) and BP-PCTPC(Nc=192, K=64) schemes by gains of
about 0.5dB and 0.6dB. Second, at a BER of 1075, the 6"-iteration LogMap-
SCTPCC(N;jyner=256, K, :er=85) outperforms the D.Wu-2016 BP-
PCTPC(Nc=192, K=64) with gains of about 0.45dB, and the 3"-iteration
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LogMap-SCTPCC(N;pner=256, K,y ter=85) outperforms the Z.Liu-2018 BP-
PCTPC(Nc=192, K=64) with a gain of about 0.5dB. Third, at a BER of 107¢,
the 6M-iteration LogMap-SCTPCC(Nipner=256, K,y 1,=85) scheme
outperforms the Z.Liu-2017 SSCL-PCTPC(I;;5,=64) and Z.Liu-2018 SCAN-
PCTPC(Nc=192, K=64) schemes with gains of about 0.22dB and 0.31dB.
Notably, the Z.Liu-2017 SSCL-PCTPC(Nc=192, K=64) scheme with a list
size of 64 almost matches the proposed 8"-iteration LogMap-
PCTPCC(Nc=192, K=61) scheme, as shown in Figure (4.38), despite the
Z.Liu scheme being more sophisticated than the proposed PCTPCC one.
Finally, Figure (4.39) shows the proposed 8"-iteration LogMap-
SCTPCC(N;yner=256, K,y:er=85) exceeds the Y.Qi-2019 punctured 18"-
iteration SCAN-PCTPC(Nc=128, K=64) scheme by a gain of 0.95dB at FER
of 107* Moreover, at FER of 107>, the proposed SOVA-
SCTPCC(N;jyner=1024, K, :er=341) scheme outperforms the Y.Qi-2019
punctured and unpunctured schemes with gains of 0.11dB and 0.9dB,

respectively.

10° IR 1: _____ T E|
_____ *- : L =* =
1015 Ll S 4
. R
S
b B
102 =sivd
" sl =
w 1
w
%108 - 4
w
@ 3.
8104 iy 9
= —%-BER-PCTPCC-SOVA-SCAN (Nc=192, K=61, R=0.317,l0=6) LR
Z % FER-PCTPCC-SOVA-SCAN(Nc=192, K=61, R=0.317,l0=6) . e v—
10 —*-BER-PCTPCC-LogMap-SCAN(Nc=192, K=61, R=0.317,l0=6) lier Sl
% FER-PCTPCC-LogMap-SCAN(Nc=192, K=61, R=0.317,l0=6) AR R
~k-BER-SCTPCC-SOVA-SCAN (N-inner=256, K-outer=85, R=0.33, lo=6) : T *
B % FER-SCTPCC-SOVA-SCAN(N-inner=256, K-outer=85, R=0.33, lo=6) W vJ
107 = —%-BER-SCTPCC-LogMap-SCAN(N-inner=256, K-outer=85, R=0.33, lo=6) TRY N
B % FER-SCTPCC-LogMap-SCAN(N-inner=256, K-outer=85, R=0.33, lo=6) i
o IS g A 1
0.5 1 15 2 2.5 3 35 4 45 5

Eb/No (dB)

Figure (4.37): Performance Comparison Between the Proposed Parallel and
Serial Concatenated Codes.
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Figure (4.38): Performance Comparison Between the Proposed Serial
Concatenated Codes and other Codes in [33]-[35](i.e., D.Wu-2016, Z.Liu-
2017, and Z.Liu-2018).
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Figure 4.39: Performance Comparison Between the Proposed Serial
Concatenated Codes and SCAN-PCTPC in [36] (i.e., Y.Qi-2019).
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4.8. Discussion

The previous results show that the deteriorated performance of the finite
length polar codes can be improved by using the concatenated turbo polar
codes. The proposed concatenated codes are divided into Parallel and Serial
Concatenated Turbo Polar Codes. The PCTPC scheme outperforms the
original polar codes due to the proposed iterative SCAN decoding algorithm
that exploits the prior information exchanged between the constituent SISO
decoders to produce a robust decoding algorithm. Furthermore, the PCTPC
can be further improved by replacing one of the SPC with an RSC to create
the PCTPCC. The PCTPCC outperforms the PCTPC and reduces the error
floor problem that typical parallel concatenation codes have. The superiority
of PCTPCCs over the PCTPCs returns to the fact that some polar decoders
produce invalid codewords in some decoding failures, in contrast to
convolutional decoders, which produce valid codewords despite all decoding
failures. These invalid codewords can deteriorate the code performance due to
successive decoding errors occurring within the system. Therefore, the good
error floor performance of polar codes and convolutional decoders' ability to
produce only valid codewords make PCTPCCs perform very well and
outperform the other PCTPCs. Moreover, the SCTPCC is presented in this
dissertation to largely eliminate the error floor problem. The SCTPCC offers
well-improved performance compared to other polar codes.

The low complexity of the proposed concatenated codes returns to the
single iteration of the SCAN decoder. Complexity analysis shows that the
proposed codes offered an excellent complexity level compared to other
concatenated polar codes. Therefore, the FPGA implementation of the

proposed codes requires a modest utilization of resources.
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5.1. Conclusions

In this study, several turbo polar codes are presented in addition to the
original systematic and Non-Systematic polar codes based on the Soft
Cancellation (SCAN) algorithm. Moreover, these codes are implemented
using the Xilinx version of Kintex-7™ Field Programmable Gate Array
(FPGA) to overcome some of the hardware implementation challenges. The
proposed turbo polar codes can be classified into Parallel and Serial Turbo
Polar Codes. The parallel category includes Parallel Concatenated Turbo
Polar Codes (PCTPCs) and Parallel Concatenated Turbo Polar-Convolutional
Codes (PCTPCCs), while the serial category includes Serial Concatenated
Turbo Polar-Convolutional Codes (SCTPCCs).

Several points were reached during the implementation of the proposed

systems, which are summarized below:

1. The Proposed polar codes are introduced to improve the performance of
polar codes in the finite code-length regime with a modest complexity
level.

2. The single-Iteration SCAN decoding algorithm has played a central role in
reducing the complexity level of the proposed concatenated turbo polar
codes compared to current state-of-the-art codes.

3. The PCTPC schemes Outperforms the original SPC with an acceptable
complexity level.

4. The introduction of the PCTPCCs can further aggrandize the enhancement
achieved by PCTPCs.
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5. The superiority of PCTPCCs over the TPCs returns to the fact that some
polar decoders produce invalid codewords in some decoding failures, in
contrast to convolutional decoders, which produce valid codewords despite
all decoding failures. These invalid codewords can deteriorate the code
performance due to successive decoding errors occurring within the
system. Therefore, the good error floor performance of polar codes and
convolutional decoders' ability to produce only valid codewords make
PCTPCCs perform very well and outperform the other TPCs.

6. Although the proposed PCTPCC reduces the error floor problem inherent
in the parallel turbo codes, this problem persists. Therefore, the SCTPCCs
have been presented to eliminate this problem largely.

7. At High SNR, the SCTPCC scheme outperforms the PCTPCC schemes,
whereas, the PCTPCCs are superior to SCTPCCs in low SNR regions.

8. The trade-off between minimizing resource utilization and maximizing
throughput complicates choosing the perfect FPGA implementation of the
proposed codes.

9. The pipeline directive and the arbitrary precision data types can be used to
reach the appropriate solution that achieves acceptable resource utilization

and good throughput.

5.2. Recommendations For Future Works

In this section, some future suggestions are listed to improve the
proposed schemes and codes, as follows:
1. Other constituent SISO decoders like Soft Successive Cancellation list
(SSCL) and BP could replace the SCAN decoder. On the other hand, The
CRC code can be used to increase the reliability of the selected decoding

path.
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. The performance of Turbo Polar Codes can be further enhanced by
replacing the fixed scaling factors with adaptive ones depending on the
relationship between intrinsic and extrinsic information. Furthermore, the
average number of iterations can be reduced using an early termination
mechanism.

. Use the proposed systems with multiple-access techniques such Sigle-
Carrier or Multi-Carriers FDMA-DS-CDMA to improve the BER
performance by reducing the system PAPR (Peak to Average Power
Ratio).

. Improve the performance of an optical system by using the proposed polar
codes with the all-optical OFDM system.

. Reimplement the FPGA designs by two separate boards with wireless

connection.
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Appendix-1 Algorithms

Algorithm-1: Non-Systematic Polar Encoder (NSPE [d, G, F, N, C])

Inputs: Message Bits(d), Generator Matrix(G), Frozen set(F), and Code Length (N)
Outputs: Encoded vector (C)

1 Fori=0-K-1 » Prepare Input Vector (U)

2 ’ in-"c = d;

3 End

4 Fori=0-N-K-1

S \ Ut =0 » Frozen bits are zero values
6 End

7 Get the reverse indexed version of U = U"

8 C=UxG Where G = F®n » Multiplication in Binary Mode

Algorithm-2: Modified Non-Systematic Polar Encoder (MNSPE[d, G, F, N, C])

Inputs:
Message Bits (d), Generator Matrix (G), Frozen Indices(¥), and Code Length (N)
Outputs: Encoded vector (C)

1. Fori=0->K-1 » Prepare Input Vector (U)
9 ‘ U;C = d,
10 End
11 Fori=0-N—-K-1
12 ut=0
13 End
14  Get the reverse indexed version of U = U"
15 N k/2

Fork = P om— 0
16 Forj=0——"2",N_1
17 ) i++

Fori=0— k-1

18 | Cli+il=U+il®U[k+j+i]
19 End
20 End
21 End

Algorithm-3: Systematic Polar Encoder (SPE [d, G¢cgc, Ggeg, F, N, C])

Inputs: Message Bits (d), Ggegc, and Ggeg, Frozen set (F), Code Length (N).
Outputs: Encoded vector (C)

1 Fori=0-K-1 » Allocate the user bits to encoded inf. location
2 | cle = g Where 1 =F¢ & A=F
3 End
4 Fori=0-N-K-1 » Prepare the input vector of SPE (S)
5 | SL =0 » Frozen bits are zero values
6 End
7 » Estimate the information bits of the input vector of the SPE

Spe = (Cpe = S5 * Gy 1) * (Gpe o)™ Eq.(2.19)
8 » Estimate the parity bits of the systematic encoded vector

Cy=1[(Cpe) * (Gge )] * Ge Eq.(2.20)




Appendix-1 Algorithms

Algorithm-4: SCAN Decoder (SCAN[R,N, I, F, d])

Inputs: Code Length (N), Received LLRs (R); Iterations Number (1); Frozen Set (F).
Outputs: Decoded user bits (d)
Get the reverse indexed version of R = R"

20
21
22
23
24
25
26
27
28

29

30
31

n =log, N
» Initialization
a (i,0) <« R} where0 <i<2"-1
: © ifi€F
Alm) < { 0 otherwise
B(i,j) «0, where0<i<N-1land0<j<n-1
Fori=0-1
Forg=0->(N—-1)
UpdateAlphaMap(n, @)
If @ is odd then UpdateBetaMap(n, @)
End
End

If NSPE is used

End

Fori=0- (N—1)
| 054N =  (i,n) + B(i,n)
End
Fori=0- (K —1)
if (07¢*N); = Othend; « 0
Else d; — 1
End

If SPE is used

Fori=0->(N—-1)
| 05¢4N = ¢ (i,0) + B(i, 0)
End
Get the reverse indexed version of 0S¢AN = QSCAN.T

Fori=0->(K—-1)

if (03¢°N7) ;= Othend; « 0

Elsed; — 1
End

End

Algorithm-5: UpdateAlphaMap (p, @) Function

Inputs: p, @
Outputs: updated Alpha Map
if p = 0 then return
9
v < 3]
if @ is even then UpdateAlphaMap (p — 1, ¥)
Foro=0-(2"P-1)

1

~No ok~ w N

if @ is even

| @p-1 (B, @) < ap(h, 20) B [ap (P, 20 + 1) + Bpa (¢ + 1, w)]
End
Continue to Next Page
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8 Else

9 | @pr (B,0) « @y, 20 + 1) + [@, (P, 20) B fp-1 (9 — 1, )]
10 End

11 End

Algorithm-6: UpdateBetaMap (p, @) Function

Inputs: p, @

Outputs: Updated Beta Map

by

9 if @ is odd

10 Forow=0-(2"?-1)

11 Bp W, 2w) « Bp—1(? — 1, w) B [Bp-1(®, w) + ap (), 2w + 1)]

12 Bp W, 20+ 1) « By1(®,w) + [Bp-1(? — 1, w) H a, (Y, 2w)]
13 End

14 if Y is odd then UpdateBetaMap (p — 1, ¥)

15 End

Algorithm-7: Turbo Polar Encoder (TPE[d, Gfcgc, Ggeg, 1, N, E ])

Inputs: Message Bits(d), Ggege, Grer, Interleaver(mr), Frozen set(F), Code Length(N)
Outputs: Turbo Encoded Vector (E)
1 » Estimate parity bits of the first encoder
pl = C; = SPE [d, Ggege, Ggeg, F,N]
2 » Estimate the interleaved message bits
d™ = n(d)
3 » Estimate parity bits of the second encoder
p? = C? = SPE(d™, Ggepe, Gyeg)
4 » Multiplexing the Bits of Message, First Parity, and Second Parity to Form the Turbo
Encoded vector (E) .

5 If puncturing is required

6 For index = 0 Ay 3K where K= length of Message Bits
7 Eingex = d; wherei = 0,1, ..., K

8 Eindex+1 = even indexed bits of p?

9 Eindex+2 = 0odd indexed bits of p?

10 End

11 End

12 Else

13 For index = 0 5 3K

14 Eindex = d; wherei = 0,1, ..., K

15 Eindex+1 = P} where j = 0,1,...,N — K
16 Eindex+2 =D} wherej = 0,1,..,N — K
17 End

18 End
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Algorithm-8: Polar Iterative Decoding Algorithm

Inputs: Received LLRs (R), Interleaver (1), puncture type, Outer Iterations Number (1,),
SCAN lterations Number (Ig;), Frozen Set (), Scaling factors (SF; & SF,) and Code Length
(N).

Outputs: Estimated decoded bits (d)

1 Demultiplexing the received LLRs (R) into Three vectors: Ry, Rp1, and Ry,

2 Fori=0-1, » Quter iterations loop
3 @5 = SF, x (¢,), Where ¢, = 171(&,) » First a-prior information
4 [FEANT =Ry + ¢f & 13N =Ry, » Input vector of SCAN-1
> 0%. = SCAN1(I5¢4N1 N, I, F) » LLRs of the input sequence
6 1 2*Rg s 2 . .. .

& =0z, — — i ,Where L, = o » Extrinsic information of SCAN-1
7 s . .

@5 = SF, * (p,) Where ¢, = m(&;) » Second a-prior information
8 I59AN2 = (Ry) + 0f & 1SN =R, > Input vector of SCAN-2
d 0%. = SCAN2(I5¢4N2 N, I, F) » LLRs of the interleaved input sequence
10 «

g, = 0%, -2 ”a(fd) — @5, Wherel, = % » Extrinsic information of SCAN-2
11 End

12 »Deinterleaving the decoded LLRs of the Second SCAN decoder:
04 = 7-[_1(072:(5)
13 Fori=0-(K—-1)

14 If 08>0 then d; < 0
15 Elsed; — 1
16  End

Algorithm-9: The Recursive Systematic Convolutional Encoder Algorithm
RSCE (d' [GFF' GFB]Z' Tfﬂ [Cp)' Cd] )

Inputs: Message bits (d), Generator polynomials [Ggr, Grg],, Termination Factor (75)
Outputs: Parity bits (C?) and modified Message bits C¢

1 If (Tr==1) » The Trellis Termination is required

2 \ Kyew =K —m Where : m=No. of D-elements & K= length of Message
3 End

4 Else Kyew = K

5 Fori=0-m—-1

6 | PS[i] =0 » Initialize the Present State Vector

7 End

8 Forj=0 - Ky, — 1

9 Fori=0-m-—1

10 | FB = FB @ (Grgli + 1] * PS[i]) » Feedback Effect
11 End

Continue to Next Page
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12 Fori=0-m-1

13 | FF = FF @ (Ggpli + 1] * PS[i]) » Feedforward Effect
14 End

15 Parity[j] = Message[i] © FF &© FB

16 Fori=(m-1)-1

i; En\dPS[l] = PSli—1] Update Present State
19 PS[0] = Messageli] ©® FB

20 End

21 If (Tr==0) i.e. The Trellis Termination is not Required

22 Fori=0-m—-1

23 | Parity[Kyew +j] = 0

24 End

25 End

26 Else

27 Fori=0-m-—1

28 Fori=0-m-1

29 | FB = FB @ (Gggli + 1] * PS[i])  » Feedback Effect

30 End

31 Fori=0-m-1

32 | FF = FF @ (Gggli + 1] * PS[i]) » Feedforward Effect
33 End

34 Message[Kyew + i] = FB

35 Parity[Kyew + i] = FF

36 Fori=(m-1)-1

g; En‘dPS[l] = PSli—1] Update Present State
39 PS[0] = FB @ FB

40 End

41  End

Algorithm-10: PCTPCC Encoder (PCTPCCE[d, Ggcge, Ggeg,, N, [Grp, Grglz, E])

Inputs: Message Bits (d), Ggege, Greg, Interleaver (), and Code Length (N), Frozen Set (F)
Convolutional Generator polynomials [Ggg, Grg],-
Outputs: Turbo Encoded Vector (E)
1 » Estimate parity bits of the first encoder
[p',d] = RSCE(d, [Grr, Grpl2, 1)
2 » Estimate the interleaved message bits
d™ = n(d)
3 » Estimate parity bits of the second encoder
p? =C, = SPE(d"™,Gycpec,Greg, F,N)

4 » Multiplexing the Bits of Modified Message, First Parity, and Second Parity to Form

the Turbo Encoded vector (E) .

5 If puncturing is required
+3
6 Forindex = 0 — 3K Where K= length of message bits
Eindgex = d; Wherei = 0,1, ..., K

Continue to Next Page
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8 Eindgex+1 = even indexed bits of p*
9 Eingex+2 = odd indexed bits of p?
10 End
11 End
12 Else
13 . +3
Forindex = 0 — 3K
14 Eingex = d; wherei = 0,1, .., K
15 Eindgex+1 = p} wherej = 0,1,...,N — K
16 Eindex+2 = 10,2 wherej = 0,1,...,N — K
17 End
18 End

Algorithm-11: The Soft-Output Viterbi Algorithm (SOVA)
SOVA(R, ¢, Ty, Trellis information, UserLLR)

Inputs: Received LLRs(R), a-prior information(¢), Termination Factor(Ty), Trellis information
(LastOutput[2™][2™], LastState[2™][2], NextOutput[2™][2™], NextState[2™][2])
Outputs: LLRs of user sequence (UserLLR)

1 Initialize the path metric of all trellis states by infinity value ~ » Metrics[2™][k] = o

2 Fort=0-k—1 » Path Metrics Calculation
3 For state =0 - 2M™ -1
4 Pyo = R[2t + 0] * LastOutput[state][0] + » Zeros Paths(Eq.(2.51))

R[2t + 1] * LastOutput|state][1] —

[
]

@ + Metrics[LastState [state [O]] [LastState [state] [1]]
5 Py = R[2t + 0] * LastOutput[state][2] + » Ones Paths(Eq.(2.51))
R[2t + 1] * LastOutput[state][3] +
% + Metrics[LastState[state] [2]] [LastState [state][S]]
6 If Pyo > Puy
7 Metrics[state][t + 1] = Py,
8 Mdif f[state][t + 1] = Pyo — Py »Eq.(2.52)
9 DecodedBits[state][t + 1] =0
10 End
11 Else
12 Metrics[state][t + 1] = Py
13 Mdif f[state][t + 1] = Pyy — Puo »Eq.(2.52)
14 DecodedBits[state][t + 1] =1
15 End
16 End
17 End

Continue to Next Page
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18

20
21
22

23
24
25

26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45

If (T, == 1)
ML(T=k)=0 P state S
EstimatedBits[k] = DecodedBits[k][0]
End
Else
ML(T = k) = jlmaxMetrics[j][k]
Wherej = 0-2m -1
EstimatedBits[k] = DecodedBits[k][j]
End
Fori=k—-1-> 0
ML(T = 1) = jlmaxMetrics[j][k]
Wherej = 0-2"—-1
EstimatedBits[i] = DecodedBits[i][j]
End
Fort=0-k—-1
LLR = o
Fori=0-9$§
If (t+i<k)
Bit = 1 — EstimatedBits[t + i]

P state S Y

P state S Y

Forj=i—1-0

End
If (Bit # EstimatedBits|[t])

End

End

End

End

UserLLR = (2 * EstimatedBits[t + i] — 1) * LLR
End

> ML path Estimation

» Decoding Depth

Ignored_state = LastState[ML[t + i + 1]][Bit]
Bit= DecodedBits[Ignored_state][t + j + 1]

Ignored_state = LastState[Ignored_state]][Bit]

If(LLR > Mdiff[ML[t + i+ 1]][t + i + 1])
| LLR = Mdif f[ML[t + i+ 1]][t + i + 1]

output
LLR
( Calculation
eq.(2.42)
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Algorithm-12: LogMap Algorithm  (LogMapIR, ¢, Tf, Trellis information, UserLLR])

Inputs: Received LLRs(R), a-prior information(¢), Termination Factor(T¢), Trellis information
(LastOutput[2™][2™], LastState[2™][2], NextOutput[2™][2™], NextState[2™][2])
Outputs: LLRs of user sequence (UserLLR)

1 » Initialization
2 Alpha[0][0]=0
3 Alphali][0] = —oo}{Nstate™ where Nstate=2™
4 if (T; == 1)
5 Beta[0][K — 1] =0 Where K=length of message bits
6 Betali][K — 1] = —oo}{3tate™D
7 End
8 Else Beta[i][K — 1] = 0}Vstete™D
9 » Forward Recursion
10 Forl=1-K
11 For state = 0 — Nstate — 1
12 [l] - _ }(Nstate 1)
13 I[LastState[state][0]] =

—1 = R[2] — 2] + R[2]l — 1] * LastOutput[state][1] — log (ﬁ)
14 I[LastState[state][1]] = +1 = R[2] — 2] +

R[2] — 1] * LastOutput[state][3] + @[l — 1] — log (ﬁ)

15 Templi] = (I[i] + Alphali][l — 1]) 15"
16 S = sum elements of vector Temp
17 if(S < e3%) Alpha|[state][l] = —o
18 Else Alpha|state][l] = log(S)
19 End
20 TempMax[l] = largest value of Alphali]l ]}(Nsmte 2
21 Alphali][l]—= TempMax[l] }Vstete™
22 End
23 » Backward Recursion
24 Foril=K—-2-0
25 For state = 0 —» Nstate — 1
26 F[i] — _ }(Nstate 1)
27 [[NextState[state][0]] =

—1 % R[21 + 2] + R[2l + 3] * NextOutput[state][1] — log <ﬁ)
28 [[NextState[state][1]] = +1 * R[21 + 2] +

R[2l + 3] * NextOutput[state][3] + @[l + 1] — log (ﬁ)

29 Templi] = (T[i] + Beta[i][l + 1]) }Vsete™
30 S = sum elements of vector Temp
31 if (S <e300) Beta[state][l] = —o
32 Else Beta[state][l] = log(S)
33 End Continue to Next Page
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34 ’ Betali][l]-= TempMax[l + 1] }(Nsmte 2
35 End
36 » Compute the soft-output
37 Forl=0-K-1
38 For state = 0 - Nstate — 1
39 [y = —1=*R[2l] + R[2] + 1] * LastOutput[state][1] —log (ﬁ)
40

Iy = +1*R[2l] + R[2] + 1] * LastOutput|state][3] + ¢[l] — log (1 ool )
41 Temp,[state] = exp(Ty + Alpha[LastState[state][[0]][l] + Beta[state][!])
42 Temp, [state] = exp(T; + Alpha[LastState [state][[1] ] [[] + Beta[state][l])
43 End
44 So = sum elements of vector Temp, & S; = sum elements of vector Temp,
45 UserLLR[l] = Sy + S,
46 End

Algorithm-13: Convolutional-Polar Iterative Decoding Algorithm

Inputs: Received LLRs (R), Interleaver (1), puncture type, Outer Iterations Number (1,),
SCAN lterations Number (Ig;), Frozen Set (), Scaling factors (SF; & SF,) and Code Length
(N).

Outputs: Estimated decoded bits (d)

17 Demultiplexing the received LLRs (R) into Three vectors: Ry, R,q, and R,

18 Fori=0-1, » Outer iterations loop

19 @; = SF, * (¢1) Where ¢, = 17 1(&) » SOVA a-prior information
20 I = Ra& 330" = Ry » Input vector of SOVA (or LogMap)
21

» Decoded LLRs of the input sequence
Ofns = SOVA(IS°"4, 93, Ty = 1, Trellis information)
22 Z*Rd

& = O,nf —@;, WherelL, = % » SOVA Extrinsic information
23 @3 = SF, * (¢,) Where ¢, = 1(&;) » SCAN a-prior information
24 IFEN = (Ry) + 5 & 13N =R, » Input vector of SCAN
25 0%. = SCAN(IS“AN N, I, F) » Decoded LLRs of the interleaved input
26 «

g, = 02, — 2TRD _ s Where L. = % » SCAN Extrinsic information
27 End

28  »Deinterleaving the decoded LLRs of the Second SCAN decoder:
0% = 77:_1(092—"0)
29 Fori=0-(K—-1)

30 If 08>0 thend; « 0
31 Elsed; — 1
32 End
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Algorithm-14: SCTPCC Encoder

Inputs: Message Bits (d), Ggege, Greg, Interleaver (m), and Code Length (N), Frozen Set(F),
Convolutional Generator polynomials [Grg, Grg]2-

Outputs: Turbo Encoded Vector (E)

» Estimate the output of the outer systematic polar encoder

1

2

w

~No o1 A~

Cl = SPE(d, GTCTCI GTCT'T' N)

» Estimate the interleaved version of polar encoded sequence:

Cr =m(ChH

» Estimate parity bits of the inner recursive systematic polar encoder

[pz’ CT'] = RSCE( CT, [GEF, Grgl2, 0)

+2
For index = 0 — 2N where N= length of polar encoded sequence

Eingex = (CT); wherei = 0,1,...,N

a2
Eindex+1 =Di

End

Algorithm-15: Serial Convolutional-Polar Iterative Decoding Algorithm

Inputs: Received LLRs (R), Interleaver (), Outer Iterations Number (I,), SCAN lIterations
Number (Iscqr), Frozen Set (F), Scaling factors (SF; & SF;, SFqamping) @and Code Length (N).

Outputs: Estimated decoded bits (d)
Fori=0-1, » Outer iterations loop

1

oa A~ W DN

10
11
12

13
14

Oimer = SF1 * (Qinner), Where @inner = T(Eouter) W Inner a-prior information
[59VA = R » Input vector of inner SOVA (or LogMap)
Ot = SOVA(IS"4, @5 er, Ty = 0, Trellis information)

inner

Einner = Omf* — Qinner » Inner Extrinsic information

» QOuter a-prior information

Pouter = SF2 * (Pouter), Where @oyer = n_l(ginner)
I5CAN = @5 or » Input vector of outer SCAN
» LLRs of the input sequence

oouter — [0§):Iéter, Og:uter] — SCAN(ISCAN,N, Isi'T)

Eouter = SFdamping * Qouter — qoSuter » Outer Extrinsic information
End
Fori=0-(K—-1) Where K= length of message bits

If (02¥¢™);> 0 then d; « 0

Else d; « 1
End

A-10



DAl

atese IS Uaiy Al e ylly (alald) ol e IS ¢S5 Y ok 368 J ol Bia
Cppmini 5 83 ganall 3230 J sl dadail (3 el el (it e Jlaall 13gd a5 a sl S
DU (e 53] B Cpend oy ge )l 2l Gauaad ) ALYl sal) 03] 3 el il
o2 B Al s 3 sall aladinl Gy Alalid) A e @l dala ) e e Caladl)
Adadl) gl (el 2l Jigla g Ay gil) Apadll g 3lail) e ppaal) ) B a3 ¢ s g hY)
& gl oda (e ay | Sae il il A ) 5AS (SCAN) aclill cladYl e 5 Sas aladinly
ol ol A ) DA (e da g sy oda

AL Aalaiall L) gl 48 shime aladinly Alaedll s Ala) Akl ) gell 25 a8 ¢ Y
Integer ) 4adal) Liail) Clildl g1l e alaieWhs Xilinx 48 08 e Jaall (& dae ll
{(Pipelining Directive) ¥ Lsha 4 5 (Arbitrary-Precision Data types
bl 3 sa 1) 2asind YA (e (PCTPC) o) siall Jusluiall sl 3oyl 23 gad gt o3 ¢l
GSia (o (il aladinl by eyl GlSie caila e A5 8a a5 pali=S (SPCS) dangiall
dacli Ala Ry ORI ilie ) ) AS gaaY) Sl Sl 53 (SCAN) aclill ey ae 53
O gasaill 13 Jiy = 58l PCTPC zasad (5l Sl Saajill ol dua )53 oL&Y (SISO)
(BER) i) (& Uadll Jana vind Zualiil) i) 5o 5 5il) o) ST an) 55 ) Uadl) dpua ) A0
2l el Ao Jwany 0.5 e 28 il 7 il PCTPC zised 38y <1076 (U
e i sl

el 2233l (PCTPCC) () sial) Juduaiall adadl) 48D )l 23 ad s o3 oG
sl o3 4 €a jualin€ (RSC) ol Sl oagiall Laddill Sa,ll 5 (SPC) oagiall bl
Ul slalYl aa i i Adand g s jiall Apdadll @Dl Ay ) Sl ee i Gl Ayl A
RSC 3« SOVA & LogMap il cil€Sia s SPC e ll sala¥) ) <ill 53 (SCAN)
Jse0V aal Jladul @iyh oo PCTPCzaselll (uusid 33038 PCTPCC zisadl) )yl a3
by Wad Jaes 5 (BER) @l Uad Jaxe 2ic RSC 30 PCTPC 2 seill 45 58l 4yl
k= LogMap-PCTPCC(Nc=384, K=128) gisll Gsi «1076 ol (FER)
e duad 0.5 5 Juwd 0.525 Jos @l il PCTPC (NCc=384, K=128) 73 saill
R



33431 (SCTPCC) Jubusiall kel gy sill adadl) 2Dl Sl ) 580 a3 el
>4 SPC 3« (e SCTPCC g3 s 058y Uadll daia i 3K o pliaill 6 daalisall
kil Filall e zdsall 13 @i Nl Je 1/2 5 2/3 @Y A3l RSC e
Jsb Canm gy A2 el Jsha (Y 15080 &l e didal (5 ghonas alialy 43K1 5 4 ) giall A 5l
5 SOVA-SCTPCC 1)k Gsih «1075 dull (FER) JaY) Uad Jass die | 2 )il 3l
& LogMap-PCTPCC s SOVA-PCTPCC ¢ 4 e LogMap-SCTPCC
73 e (35 SCTPCC zase o e a2 W e Jsill e Janws 0.36 5 dav 0.34
PCTCC gilas of sWSlaall gilis jelah cddlall elia uall ) 3 L3y 4 (3halia 4 PCTPCC
slagall ) s,y 4 shladl & 4s j8d) SCTPCC il Lo (35 da il
Laddial)



Jlyall desygmon
golall Saddly gllall oalasill dy154
J—als i—n0ola
i wsiall g [i wasiall i lé
dyilyyasall

slocic ULy guies yoiill goghadll 510 520l Ayt i
dl LI Gyl soll 5Ll g all 444800 gle
gsiunoll gllall 2yl Jlaoll 3 dso ll

da s kY
S E U S P SR (S /5 1

@o\Jjﬁﬂ\uJJd.quua.muAg)és
YLt g Sl g ySIYI/ANL oSl duaied)

J= 5o
gAbd) gl gy Gt £Y 5
A Lunod! Sd)!
o> @BEN des daxf .0

» 1444 £ 2023



