Republic of Iraq
Ministry of Higher Education
and Scientific Research

University of Babylon

College of Education for Pure Sciences

New Techniques to Find the
Feasible and Optimal Solution

for the Transportation Problems

A Dissertation
Submitted to The Council of The College of Education for
Pure Sciences in University of Babylon in Partial Fulfillment
of The Requirements for the Degree of Doctor of Philosophy
in Education / Mathematics

By
Yaqoob Ali Hussein Najem

Supervised by
Prof. Dr. Mushtak A.K. Shiker Al-Jenabi

2022 A.D. 1444 A.H



s 7

A A
Al a8 oo 55 0 LB

»
e

GRRARARI AR
“ -0
edalng
~
S % Se o
o

| M0 oue

\

0 S

\}/

RAR
A Rer -~
% 5
v,
a!. P -

0w

S

Q2
o
Q2
B9
Q2
o
Q2
B9
Q2
o
Q2
B9
Q2
o 3
Q2
B9
Q2
o
Q2
S
Q2
o3
Q2
B9
Q2
o 3
Q2
B9
Q2
o
Q2
B9
Q2
bo 3
Q2
S
Q2
o
Q2
S
Q2
B9
Q2
S
Q2
B9
Q2
B9
Q2

B9
Q2

S
Q2

b2 3]
Q2

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%m

G A AR A

b,
4

iy

VRN oLl 5y o

D B B B B B B B B B B B B B B R ERBR B2 8RR



<>

@

L N ) N (PP ST kW W (N

(Gomptl o) e

S T B N NPT PR
e Rl
e
e P
NN G 69)




| would like to deeply thank my supervisor Prof. Dr. Mushtak A. K. Sheker
for his valuable efforts and instructions, for guiding the course of the
research, and for his support while writing this dissertation. 1 wish him good
health and success.

| wish to record my thanks to the staff of the Department of Mathematics for
their guidance and encouragement during my work and all my teachers. |
wish them the best of luck and success.

| wish to express the deepest thanks to my family for their support & help
during the period of this work.

Finally, I should like to thank all those who had helped in the achievement of
this work.




Contents

1 General Introduction
1.1 Introduction . . . . . . . . .. ...
1.2 Historical Introduction . . . . . .. .. ... ... ...
1.3 Mathematical Formulation of TP . . . . . .. ... ..
1.4  Network diagram to TP . . . . ... ... ... ...
1.5 Matrix Terminology . . . . . . . . . .. ... ... ...

1.6 Structure of the Study . . . . .. ... ... ... ...

2 Important Definitions and Basic Concepts
2.1 Imtroduction . . . . . . . . ...
2.2 Some Important Definitionsof TP . . . . . . . . . . ..
2.3 The Classical Approach to Solve TP . . . . . . . ...
2.4 The Classical Methods to Find IBFS . . . .. ... ..
2.4.1 North West Corner Method . . . . .. ... ..
2.4.2  Least Cost Method . . . . . . ... ... ....
2.4.3 Vogel’s Approximation Method . . . . . . . ..
2.5 Optimality Test . . . . . ... ... ... ... ... ..
2.5.1 Stepping Stone Method . . . . . . .. ... ...
2.5.2 Modified Distribution Method . . . . . . . ..

2.6 Some Basic Concepts of Graph Theory . . . . . .. ..

3 New Method to Find IBFS

3.1 Introduction . . . . . . . . . . .. ... ...

o N O

©

12
13
13
15
17
20
20
23
27

32



6

3.2 Largest Deference Method Algorithm . . . . ... ..

3.3 Analytical Examples of Largest Deference Method . . .

Analysis of Special Case to TP

4.1 Introduction . . . . . . . . ... ... ... ..
4.2 Some Theorems of a Special Case . . . . . . ... ..

4.3 Analytical Examples of a Special Case . . . ... ..

New Methods to Find OS

5.1 Introduction . . . . . . . ... ... L.
5.2 Matrix Method . . . . . ... ...
5.3 Analytical Examples of Matrix Method . . . . . . ..
54 YM Method . . . . . ...
5.5 Analytical Examples of YM Method . . . . . . . . ..

New Technique Based on Graph Theory

6.1 Introduction . . . . . . . . . .. ...

6.2 Deference Absolute Method . . . . . . . .. . .. ..

6.3 Analytical Examples of Deference Absolute Method . .

Conclusion and Future Works

7.1 Conclusion . . . . . . . . ...

7.2 Future Works . . . . . . .. . ...

IT

33

49
49
49
51

58
o8
o8
29
72
73

80
80
80
82



List of Tables

1.1

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9

4.1
4.2

0.1
5.2
5.3
5.4
5.5
0.6
5.7

The Mathematical Symbols . . . . . . . ... ... ..

The abbreviations . . . . . . . . . . .. .. ... ...
The Mathematical Formulation to TP . . . . . . . . ..

Calculate [;; = a;; —Cy . . . . o ..o 0oL
Recalculate I;; to Iteration 2 . . . . . . . ... ... ..
Recalculate I;; to Iteration 3 . . . . . .. ... ... ..
Recalculate I;; to Iteration 4 . . . .. ... ... ...
Recalculate I;; to Iteration 5 . . . . . ... ... ...
Recalculate I;; to Iteration 6 . . . . .. ... ... ..
Recalculate I;; to Iteration 7 . . . . . ... ... ...
Recalculate I;; to Iteration 8 . . . ... .. ... ...

Comparison Between LDM and the Classical Methods

Closed Paths . . . . . . . . . ...
IBFS and OS . . . . . . . . . . ...

Closed Paths of the Corresponding Cells . . . . . . ..
Closed Paths of the Corresponding Cells . . . . . . ..
Closed Paths Of the Corresponding Cells . . . . . . . .
Comparison of the OS and the Number of Index . . . .
Closed Paths of the Cells . . . . . ... .. ... ...
Closed Paths After Improvement . . . . . ... .. ..

Comparison of OS and Number of Index . . . . . . ..

I1I



6.1 Closed Paths of the Cell 3D
6.2 Closed Paths of the Cell 2C

6.3 Comparison of OS and Number of Index . . . . . . ..

IV



List of Figures

1.1

2.1
2.2
2.3
2.4
2.5
2.6

6.1
6.2
6.3
6.4
6.5
6.6

The Digram Representation of TP . . . . . . . . .. .. 7
Aloopis Formed . . . ... ... ... ... ... ... 12
Do not Form Aloop . . . . . .. .. .. ... ..... 12
Example of Graph. . . . . . ... ... ... ... ... 27
A weighted graph G. . . . . . ... ... 28
A step by step to find a minimum spanning tree . . . 30
The digraph . . . . .. ..o 31
Weighted Graph to Matrix Solution . . . . ... . .. 83
Minimum Spanning Tree . . . . . . . ... ... ... 83
Complement of Minimum Spanning Tree . . . . . . .. 84
Digraph to the Solution after Improvement . . . . . . 85
Minimum Spanning Tree after Improvement . . . . . . 85
Complement of Minimum Spanning Tree after

Improvement . . . . .. .. ... ... 86



List of Algorithms

_~ W

o oo O O Ot

North West Corner Method Algorithm (NWCM) . . . 13
Least Cost Method Algorithm (LCM) . . .. ... .. 15
Vogel’s Method Algorithm (VAM) . . . ... ... ... 17
Stepping Stone Method Algorithm . . . . . . ... .. 20
The Modified Distribution Method Algorithm . . . . . 23
Kruskal’s Algorithm . . . . . . ... ... ... ... .. 29
Largest Deference Method Algorithm . . . . .. .. .. 32
Matrix Method Algorithm . . . . ... ... ... ... 58
YM Method Algorithm . . . . . ... ... ... .... 72
Deference Absolute Method Algorithm . . . . . .. .. 80

VI



‘Jooxd o1y puy

}/ XLIpew o) Jo asodsuriy, GV
‘d. I, ut [ uoryeurysep 09 1 urigtio woij yyed Areas ur paddrys serjrijuenb jo requnu oy J, g
(suwm(oo Jo IequInu 9Yj}) SUOIJRUIISOP JO ID(UINU O J, U
(SMOI JO IoqUUNU 9T[) SOINOSAI JO IOQUINT O T, w
u -z 1 =[ {(esnoyerem) suoryeur)sop I0j Xoput oy J, r
w7 T =1 {(A1099]) SUISLIO I0] Xopul oY, ?
‘d.I, ut yyed A1oas je [ worjeurisep 0} I UISLIO WO SpooS jo Ajryuenb ouo j1odsuery jo 3800 oy J, firy
syuoweImbar u yoes 103 serjrjuenb ojqereay ‘q
Ayoeded w yoeo Jo serjrjuenb ojqereay '
[oquIAG

uondrIosa(J

S[oqUIAG TesryewoyIeIN Y, :T °[qe],

VII



Table 2: The abbreviations
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Abstract

In this work, three new methods are proposed to find and
test the optimal solution (OS) to transportation problems (matrix
method based on matrix multiplication with its transpose, YM
method and absolute difference method based on graph theory). The
distinguishing feature of these techniques is that the calculations are
easy and more logical so that the person can understand and benefit
from them, especially for those who make a decision. This work also
presented a new method for finding the basic solution, the method of
the largest difference, which can be developed into a direct method for
finding the optimal solution, representing a new approach in solving
transportation problems. We also proved that there are special cases
that do not need methods to solve them, but the solution is always
optimal in any way, even if the filling is random, and we explained it

with theories and examples that show that special case.
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Chapter 1

General Introduction

1.1 Introduction

The transportation problem (TP) is a type of linear programming
problem that involves transporting a single homogeneous product
from several sources (such as manufacturing or supply hubs) to
multiple sinks (destinations or warehouses). When dealing with TP,
the practitioner generally has a certain amount of capacity at each
supply point and a certain amount of demand at each demand point
[1]. Transportation problems are of great importance in public life
and in particular for decision makers and logistics management to
achieve appropriate and required solutions. It requires institutions
and factories, whether public or private, to satisfy customers as much
as possible in terms of product quality and the lowest cost of the
product. Transportation plays a very important role in reducing the
cost to customers until institutions and factories achieve the revenues
they seek. Transportation is an essential necessity for assignment,
which allows the production and consumption of products in different
locations. Whereas, according to TP model, many of the problems
that face us in the process of transporting goods can be solved

in terms of increasing revenue and profits, reducing the total cost



of transportation, or reducing the total transportation time and so
on. The model of TP has a great importance not only in the
problem of transportation, but also is important in several areas,
including the assignment of a number of operators to a number of
jobs, the appropriate distribution of teachers to courses according to
specialization, in the assignment of clerks for different counters, and
so on. The importance of the issue of TP, as some of them were
mentioned in this study, made researchers focus of their attention and

conducting extensive studies on this topic.

1.2 Historical Introduction

In (1941), Hitchcock devised a transportation mathematical model
problem[2]. In (1955), Charnes and Cooper created the stepping
stone approach([3]. In (1957), Munkres, introduced algorithms to solve
the public assignment problem (AP) and TP[4]. In (1963), Dantzig
employed the simplex approach to solve transportation difficulties
[5].  In(1967), Klein devised a primitive method for calculating
minimum cash flows with applicability to problems of assignment
and transportation [6]. In (1972), Hadley also mentioned the issue
of transportation [7]. Linear Programming is the title of his book.
Goal programming was researched by Lee in (1972) [8] and Ignizio in
(1976) to solve TP [9]. In (1979), Kwak used a goal programming
paradigm to the topic of improved transportation [10]. In (1986),
Ahuja introduced a minimax algorithm [11]. Also, in (1986), Currin

investigated TP with unacceptable pathways [12]. In (1988), Sultan



and Goyal investigated the initial basic feasible solution(IBFS) and
degeneracy resolution in TP [13]. In (1989), Arsham and Kahn,
proposed a new algorithm to solve the TP. The proposed method
used only one process, the Gauss Jordan axis, which is used in the
Simplex method. The final table can be used for post-optimality
analysis of a TP. This algorithm looks faster than simplex, more
general than the stepping stone, and simpler than both to solve the
public TP[14]. In (1990), Kirca and Statir are a couple offered a
method for finding a first solution to TP [15]. In (1995), Krzysztof
and Goczyla presented a public transportation network [16]. In (1999),
Adlakha and Kowalski proposed a different approach based on the
notion of absolute points, a solution method for a specific TP has
been developed [17]. In(2000), Sharma proposed the heuristic 2 for
tackling the problem of uncapacitated transportation [18]. In(2002),
Sun exclusionary side restrictions and the branch and bound technique
were used to solve the transportation problem [19]. In (2002), Schrijver
studied transportation history and maximum flows [20]. In (2004),
Okunbor worked on the project and the management decision making
for TP through goal programmin [21]. In(2008), Zétkiewski presented
a numerical application for analysis and modelling dynamical flexible
systems in transportation [22]. In (2010), Klibi et al. discussed
the stochastic multi period location transportation problem [23].
In (2011), Korukogluand and Balli proposed an improved Vogel’s
approximation method (VAM) for TP [24]. Also, in (2011), Sharma
et al. solved the transportation problem using the phase-II approach

of the simplex [25]. In (2012), Sharma et al. used the integer

3



programming problem to aid them [26]. Also, in (2012), Sudhakar et
al. made a suggestion a novel method for determining the optimal
solution to a transportation problem [27]. In (2013), Rekha and
Joshi explored the topic of optimization [28]. In (2014), Rekha et
al. recommended a maximum minimum value [29]. Also in (2014),
Utpal Kanti Das, et al. identified in their study an arithmetic error
in VAM. The basic concept of VAM is to select the penalty cost for
rows and columns that get from finding the difference between the
two smallest costs in each row and each column and then allocating
the maximum in the least expensive cell to that row or column that
has the most penalty. Difficulty arises when the two smallest costs are
equal. In this case, they put a logical concept to solve this problem and
developed a new algorithm “Advanced Vogel’s Approximation Method
(AVAM)” to find an initial solution to the transportation problems
[30]. In (2015), Sarbjit and Singh, offered a degeneracy resolution
in the transportation problem [31]. In (2017), Ibrahim and Abaas,
applied study to find the best solution to the problem of transportation
in midland refineries by using the zero-poin [32]. In (2020), Hussein
and Shiker, introduced new modification to VAM to solve TP[33].
In (2020), Karagul and Sahin, proposed a new method to find an
initial basic feasible solution(IBFS) to TP called the Karagul Sahin
approximation method (KSAM). KSAM is a 5-step iterative method
[34].



1.3 Mathematical Formulation of TP

TP can be viewed in a special table using the mathematical
model for linear programming. TP model can be represented in a
tabular format with all relevant parameters. In the transportation
schedule, the availability of supply (a;) is displayed in each source in
the rightmost column and the destination requirement (b;) appears
in the under most row. Every cell appears one path. The oneness
transfer cost (Cj; ) is displayed in the top- right angle of the cell, and
the quantity of shipped matter (x;;) appears in the center of the cell. If
we have m origins and n destinations, the plants P, (i =1, 2, ... ,m)
transport the products a; to the storages W, (j = 1, 2,. . ., n)
which requires b; units. Let Cj; be the transporting cost of one

h

unit of product from " origin to j" destination and let x;; be the

" origin to j"* destination. The following

amount transported from 7’
equation (1) represents the transportation cost which its objective is

to determine the number of units to be transported from i* to j™:

m n
Minimize 7 = Z Z CijTij (1)
i=1 j=1
Such that
n

inj = q; : i= 1,2, ... m (supply constraints)

j=1

m

inj = b; , j= 1,2, ... n (demand constraints)

i=1

where z;; > 0 V ¢ and j [14]. The following table represents the

mathematical formulation to TP.



Table 1.1: The Mathematical Formulation to TP

Destinations (j)

Origins
Supply (a;)
D
Dl DZ Dn
AT X131 €11 X1z €12 Xip | Cin a;
S2 Xz1 €1 Xz €22 Xzp | C2p a
XU C!',j"
Sm Xmi Cmni Xm2 Cmnz e Xmn = Cmn Ay
m n
Deman(l(bj) b, b, b, Z a; = z b;

1.4 Network diagram to TP

TP can be represented by the network diagram as in figure (1.4).
The goal of the network diagram and formulation table is to determine
the value of variable x;; that will minimize the total cost of TP with
the fulfilment of the supply and demand conditions. The arrows that
link the origin and the destination are the path through which the

goods are transported [30].
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Figure 1.1: The Digram Representation of TP

1.5 Matrix Terminology

The matrix used in transportation models is made up of
squares called (cells) that are stacked vertically from (columns) and
horizontally from (rows). The row and column headings identify the
cell at the intersection of two rows and columns. As a result, cell
(A,4) is placed at the intersection of row A and column 4. Each cell
contains the unit transportation expensev. Each source’s availability

is listed in the last column, while the criteria are listed in the last row

1]



1.6 Structure of the Study

This dissertation includes seven chapters; chapter one contains

introduction and review, where the reset of the dissertation as follows:

e Chapter two introduces basic concept, important definitions and
presents the basics to TP and explains them in detail in regard
to the three classic methods of finding the initial solution to this
problem and the two known classic methods to find OS to TP.

Also introduces basic concepts to graph theory.

e Chapter three introduces a new technique named largest

deference method (LDM) to find IBFS to TP.

e Chapter four introduces some important theorems about a special

case of TP.

e Chapter five introduces a new two methods (matrix method and

YM method) to test and find OS.

e Chapter six introduces a novel technique based on graph theory,
it is called the difference absolute method (DAM) to testing and

finding OS to TP.

e Chapter seven contains conclusions and future works, summarizes
the conclusion that were obtained from this research study and

also mentions the suggested future works.



Chapter 2

Important Definitions and Basic

Concepts

2.1 Introduction

In this chapter, some basic concepts and important definitions, are

introduced, we’ll used them in the next chapters.

2.2 Some Important Definitions of TP

In this section we introduced basic concept and important definitions

of TP [1, 11, 17].

Definition 2.2.1 (Origin ( Source )): It is a location from which

shipment are dispatched.

Definition 2.2.2 (Destinations ( Warehouses ) ): It is the

location to which shipment are transported.

Definition 2.2.3 (Capacities ( Supplies )): The product available
in an origin to satisfy the requirement of the request center’s is said

to be the offer limit of that origin.

Definition 2.2.4 (Demands ( Requirements )): The quantity
9



required for a product to meet the demand is called the demand

requirement.

Definition 2.2.5 (Unit Transportation Cost): It is the cost
of transporting one unit of the consignment from a source to a

destination.

Definition 2.2.6 (Feasible Solution (F'S)): A feasible solution to
transportation problem is a collection of non - negative assigned
quantities z;; > 0 that meet the constraints (supply constraints and

demand constraints in TP).

Definition 2.2.7 (Basic Feasible Solution(BFS)): We say that a
feasible solution for TP is a basic feasible solution (BFS) when no
more than (m +n — 1) includes the positive assigned quantities, such
that m represents the number of rows while n represents the number

of columns in TP matrix.

Definition 2.2.8 (Optimal Solution(OS)): A feasible solution
(not necessarily basic) is said to be optimal if it minimizes the total

transportation cost.

Definition 2.2.9 (Non-Degenerate Basic Feasible Solution): A
basic feasible solution to a (m x n) TP that contains (m + n — 1)

allocations in independent position

Definition 2.2.10 (Degenerate basic feasible solution) : A basic
feasible solution that contains less than (m + n — 1) non-negative

allocations.

10



Definition 2.2.11 ( Algorithm ): A step-by-step problem-solving
procedure, especially an established, recursive computational course
of action for solving a problem in a finite number of steps is called an

Algorithm.

Definition 2.2.12 (Balanced (TP)): The (TP) is said to be
balanced transportation problem if total number of supply is same

as total number of demand. > 7", a; = Y7, b;.

Definition 2.2.13 (Unbalanced (TP)): The (TP) is said to be
unbalanced transportation problem if total number of supply is same

as total number of demand. 7", a; # > i, by,

Definition 2.2.14 ( Loop or Closed Path ): An ordered set of at
least four cells in transportation table is said to be a loop or closed

path provided, it includes two cases:

(a) Any two adjacent cells of the ordered set lie either in the same

row or in the same column, see figure(2.1).

(b) No three or more adjacent cells in the ordered set lie in the same

row or column, see figure(2.2).

11



Figure 2.1: A loop is Formed

Figure 2.2: Do not Form A loop

2.3 The Classical Approach to Solve TP

The classic approach includes several steps, the following are the

basic operations to find the optimal solution to the TP:

e Step 1: Formalize the TP mathematically(matrix of TP).

12



e Step 2: Find initial basic feasible solution (IBFS) by the classical

methods.

e Step 3: Determine and test if the solution is optimal or not by
MODI or SS method. If not, it should be improved. Until you
reach the goal(OS).

2.4 The Classical Methods to Find IBFS

This section introduces the algorithms to NWCM, LCM and VAM
[24].

2.4.1 North West Corner Method

Algorithm 1 North West Corner Method Algorithm (NWCM)

Step 1 : Select the north west (upper left hand) corner cell of the
transportation table and allocate as many units as possible equal

to the minimum between available supply and demand,

Step 2 : Adjust the supply and demand numbers in the respective rows

and columns,

Step 3 : If the demand for the first cell is satisfied, then move horizontally

to the next cell in the second row,

Step 4 : If the supply for the first row is exhausted, then move down to

the first cell in the second row,

Step 5 : If for any cell, supply equals demand, then the next allocation

can be made in either in the next row or column,

13



Step 6 : Continue the process until all supply and demand values are

exhausted.

Although NWCM gives a speedy answer due to the low

computing time, it produces a poor result since it is far from optimal.

Example 2.4.1 Take the following TP matrix

1 12]3] 4] 5 |Supply

I 191364 |1] 50

2 6 | 8 14]10] 5 30

3 2 11713112 7 40

Demand | 27 | 25|35 | 18 | 15

The rim values for 1=50 and 1=27 are compared. The smaller of
the two that is, min(50,27) = 27 is assigned to(1,1). This meets the

complete demand of 1 and leaves 50 - 27=23 units with 1

1 2131|415 |Supply

1 |9(27) 3|6 4|1] 23

2 6 8 14110 5 30

3 2 1711312 7 40

Demand 0 2513518 |15

The rim values for 1=23 and 2=25 are compared. The smaller
of the two that is, min(23,25) = 23 is assigned to(1,2). This exhausts

the capacity of 1 and leaves 25 - 23=2 units with 2

14



1 2 4 | 5 | Supply
1 9(27) | 3(23) 411 0
2 6 8 14110 5 30
3 2 17 |13 (12| 7 40
Demand 0 2 35 18] 15
So
1 2 3 4 5) Supply
1 9 (27) | 3 (23) 6 4 1 50
2 6 8 (2) |14 (28) 10 5 30
3 2 17 13(7) 12 (18) | 7 (15) 40
Demand | 27 25 35 18 15

2.4.2

SoIBFS=9x27+3x234+8%x2+14%x284+13x7+12x18+7x15 =
1132

Least Cost Method

Algorithm 2 Least Cost Method Algorithm (LCM)

Step 2 :

the cost matrix of the transportation table. If a tie occurs, choose

any one of them randomly,

between available supply and demand,

15

Step 1 : Identify the box having minimum unit transportation cost in

Allocate as many units as possible equal to the minimum




Step 3 : Adjust the supply and demand numbers in the respective rows

and columns,

Step 4 : No further consideration is required for the row or column which

is satisfied. If both the row and column are satisfied at a time,

delete only one of the two, and the remaining row or column is

assigned zero supply (or demand),

Step 5 : Continue the process for the resulting reduced transportation

table until all the rim conditions are satisfied.

Example 2.4.2 Take the following TP matrix

11 2 31|45 |Supply

1 81 3 | 841 150

2 6 | 1 (1413 30

3 22 7 13|11 7 240

Demand | 77 | 125 | 85 | 68 | 65

The smallest transportation cost is 1 in cell(1,5).
The allocation to this cell is min(150,65) = 65.
This satisfies the entire demand of 5 and leaves 150 - 65=85 units

with 1

16



112 3|4 5 Supply

1 8| 3 |8]|4/|1(65)| 85

2 6 1 (141 3 30

3 221 7 |13 11 7 240

Demand | 77 | 125 | 85 | 68 0
So IBFS is

1 2 3 4 5 | Supply
1 8 13(85)| 8 4 11(65)| 150
2 6 |1(30)| 14 1 3 30
3 22(77) | 7(10) | 13(85) | 11(68) | 7 240

Demand 7 125 85 68 65

Then, IBFS=3x8 +1x65+1x30422x77+7x 10413 x

85+ 11 x 68 = 3967

2.4.3 Vogel’s Approximation Method

Algorithm 3 Vogel’s Method Algorithm (VAM)

demand), balance the transportation problem,

lowest cell cost in the row and next to lowest cell cost in the same

row and put in front of the row on the right. In a similar fashion,

17

Step 1 : If either (total supply > total demand) or (total supply <

Step 2 : Determine the penalty cost for each row by taking difference of




calculate the penalty cost for each column and write them in the

bottom of the cost matrix below corresponding columns,

Step 3 : Choose the highest penalty costs and observe the row or column
to which this corresponds. If a tie occurs, choose any one of them

randomly;,

Step 4 : Make allocation min (Si,dj) to the cell having lowest unit

transportation cost in the selected row or column,

Step 5 : No further consideration is required for the row or column which
is satisfied. If both the row and column are satisfied at a time,
delete only one of the two, and the remaining row or column is

assigned zero supply (or demand),

Step 6 : Calculate fresh penalty costs for the remaining sub-matrix as in
Step 2 and allocate following the procedure of Steps 3, 4 and 5.

Continue the process until all rows and columns are satisfied,

Step 7 : Compute total transportation cost for the feasible allocations

using the original balanced transportation cost matrix.

Example 2.4.3 Take the following TP matrix

11213 |4 |Supply

1 31227 |14 60

2 |69 3]8, 27

3 214113, 1] 40

4 200116 |15 13

Demand | 29 | 25| 75 | 11

18



1 2 3 4 Supply | Row Penalty

1 3 22 7 14 60 7-3=4
2 6 9 3 8 27 6-3=3
3 2 4 13 1 40 2-1=1
4 20 1 6 15 13 6-1=5

Demand | 29 25 75 11

Column | 3-2=1 | 4-1=3 | 6-3=3 | 8-1=7

Penalty

The maximum penalty,7, occurs in column 4. The minimum
Cjj in this column is C34 = 1. The maximum allocation in this cell
is min(40,11) = 11. It satisfy demand of 4 and adjust the supply
of 3 from 40 to 29 (40-11=29).

1 2 3 4 Supply | Row Penalty
1 3 22 7 14 60 7-3=4
2 6 9 3 8 27 6-3=3
3 2 4 13 |1(11) 29 4-2=2
4 20 1 6 15 13 6-1=>5

Demand | 29 25 75 0

Column | 3-2=1 | 4-1=3 | 6-3=3 -

Penalty

Then IBFS is
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1 2 3 4 Supply Row Penalty
1 3(12) 22 | 7(48) 14 60 414 4| 4| 4] 4] 3]
2 6 9 3(27) 8 27 313133 3|1~
3 2(17) | 4(12) 13 | 1(11) 40 1 2] 2111 |- |-]-]
4 20 | 1(13) 6 15 13 505 -|-=1-1-1]-]
Demand 29 25 75 11
Column 1 3 3 7
Penalty 1 3 3 -
1 5 4 -
1 - 4 -
3 - 4 -
3 - 7 --
3 - - -

IBFS=3x 1247 x48+3x274+2x17+4x12+1x114+1x13 = 559

2.5 Optimality Test

The optimality test process is examining all unoccupied cell

to see if putting an allocation in it decreases the overall transit

cost. The stepping-stone method(SS) and the modified distribution

method(MODI) are the two methods utilized for this goal [24].

2.5.1 Stepping Stone Method

Algorithm 4 Stepping Stone Method Algorithm

Step 1 : Determine an initial basic feasible solution
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Step 2 : Make sure that the number of occupied cells is exactly equal to
m+n-1, where m is the number of rows and n is the number of

columns.

Step 3 : Select an unoccupied cell. Beginning at this cell, trace a
closed path, starting from the selected unoccupied cell until finally

returning to that same unoccupied cell,

Step 4 : Assign plus (+) and minus (-) signs alternatively on each corner
cell of the closed path just traced, beginning with the plus sign at

unoccupied cell to be evaluated,

Step 5 : Add the unit transportation costs associated with each of the
cell traced in the closed path. This will give net change in terms

of cost,
Step 6 : Repeat steps 3 to 5 until all unoccupied cells are evaluated,

Step 7 : Check the sign of each of the net change in the unit
transportation costs. If all the net changes computed are greater
than or equal to zero, stop; an optimal solution has been reached.

Otherwise, go to Step 8,

Step 8 : Select the unoccupied cell having the most negative net cost
change and determine the maximum number of units that can be
assigned to this cell. The smallest value with a negative position
on the closed path indicates the number of unit that can be
shipped to the entering cell. Add this number to the unoccupied
cell and to all other cells on the path marked with a plus sign.
Subtract this number from cells on the closed path marked with
a minus sign,
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Step 9 : Go to Step 3.

Example 2.5.1 Take the TP matrix in (Example 2.4.3), so IBFS by

VAM,

1 2 3 4 Supply
1 |3(12)| 22 |7@48)| 14 60
2 6 9 3 (27) 8 27
3 2 (17) |4 (12) 13 |1(11) 40
4 20 | 1(13) 6 15 13
Demand | 29 25 75 11

Iteration-1 of optimality test

1. Create closed path for unoccupied cells, get

Unoccupied cell Closed path Net cost change

12 12—11—31—32 22 -3 4 2-4=17

14 14—11-31—34 14-3 4+ 2-1=12

21 21—-23—13—11 6-3+7-3=7

22 22—23—-13—11-31-32 | 9-3 4+ 7-3 + 2 - 4=8
24 24—23—13—-11-31-34 |[8-3 4+ 7-3 4+ 2- 1=10
33 33—31—11—13 13-2+3-7=7

41 41—42—32—31 20-1+4-2=21

43 43—-42—32—31—=11-13 | 6 -1 +4-2 + 3-7=3
44 44—42—32—34 15-1+4+4-1=17

Since all net cost change 0. So final optimal solution is arrived.
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1 2 3 4 Supply

1 |3(12)| 22 |7(48)| 14 60

2 6 9 |3(27)| 8 27

3 127 4@(2)| 13 |1(11)| 40

4 20 |1(13)| 6 15 13

Demand 29 25 75 11

OS=3x1247Tx484+3 x27+2x 17+4x12+1x11+1x 13 = 559

2.5.2 Modified Distribution Method

Algorithm 5 The Modified Distribution Method Algorithm

Step 1 : Determine an initial basic feasible solution

Step 2 : Make sure that the number of occupied cells is exactly equal to
m+n-1, where m is the number of rows and n is the number of

columns.
Step 3 : Compute the row indices, u; and column indices v,

Step 4 : Determine the opportunity cost for non basic variable using .

dij = Cij — ui — vj,

Step 5 : If d;; > 0 for all unoccupied cells, Stop; the solution is optimal.

Otherwise, go to Step 6,

Step 6 : Identify the unoccupied cell with the negative opportunity cost

and select it as the incoming cell. If more than one unoccupied
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cell contains negative opportunity cost, select the cell with most

negative opportunity cost,

Step 7 : Draw a closed loop or stepping stone path associated with the

Step 8

Step 9 :

Step 10

incoming cell,

: Assign an alternate plus and minus signs on the corner points of
the closed path with a plus sign at the cell selected as the incoming

cell,

The smallest value among the cell with a minus sign on the
closed path indicates the number of units that can be shipped
to the incoming cell. Now, add this quantity to all the cells on
the corner points of the closed path marked with plus signs, and
subtract it from those cells marked with minus signs. If there is
a tie, select any one of the tied cell. The tied cells that are not

selected will be artificially occupied with a zero allocation,

: Go to Step 3.

Example 2.5.2 Take the TP matrix in (Example 2.4.3), so IBFS by

VAM method,
1 2 3 4 Supply
1 3 (12) 22 7 (48) 14 60
2 6 9 3 (27) 8 27

3 1217 4@2)| 13 |1(11)| 40

4 20 |1(13)| 6 15 13

Demand 29 25 75 11
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Iteration-1 of optimality test

1. Find w; and v; for all occupied cells(i,j),where Cj; = u; + v;

Substituting,us = 0, we get
e (51=us+v1=>vi=0C3 —us=>vi=2—0= vy =2
e (= +v=uyu=CH—v=yy=3-2=u,=1
e Cls=u;+v3=v3=Ci3—u=v3=7—1=v3 =06
o (o3 =us+v3=uy = Cy3 — 3= ug = 3 — 6=uy = —3
o (39 =uz +1v9=vy = C39 —uz=vyg =4 — 0=vy =4
e Cp=us+v=uy=0Cp—vv=>u=1—4=u = -3

° 034:U3—|—U4 $V4:O34—U3$V4:1—0$V4:1

1 2 3 4 Supply U;
1 [3@12)| 22 |7(48)| 14 60 | u =1
2 6 o [3(27)| 8 27 |up=-3

3 2(17)|4(12)| 13 |[1(11)| 40 | uz=0

4 20 1(13) 6 15 13 Uy = —3
Demand 29 25 75 11
v; v =2 |vw=4|v3=6|uv4=1

2. Find d;; for all unoccupied cells(i,j), where d;; = Cj; — (u; + v;)
L] dlnglg—(ul—l—w) :22—(1+4) =17
L] d142014—(ul+1}4) = 14—(1—|—1) =12

o dgl2021—(UQ—|—U1):6—(—3—|—2):7
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@ dyp=Cop— (Ug+1v9) =9 —(=3+4) =38
o doyy=Co— (ug+vy) =8—(=34+1)=10
o dyz=0C3— (us+uv3) =13—-(04+6) =7

e dy=Cy—(ug+v1)=20—(-3+2)=21
o dis=Cy3— (ug+v3) =6—(—3+6) =3

[ d44:C44—(U4+U4):15—(—3+1):17

1 2 3 4 Supply U;

1 |3(12)|22(17) | 7(48) | 14[12] | 60 | wy=1

2 6[7] | 98] |3(27) | 8[10] | 27 |uy=-3

3 |217) |4(12) | 137 | 111) | 40 | wz=0

4 20121] | 1(13) | 6[3] | 15[17) | 13 |uy= -3

Demand 29 25 75 11

v; vp=2|vy=4|v3=6|vs=1

Since all d;; > 0. So final optimal solution is arrived.

1 2 3 4 Supply
1 3 (12) 22 |7 (48) 14 60
2 6 9 3 (27) 8 27

3 1217 4@(2)| 13 |1(11)| 40

4 20 |1(13)| 6 15 13

Demand 29 25 75 11

OS=3x12+7Tx48+3x27T+2x 17+4x12+1x11+1x13 =559
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2.6 Some Basic Concepts of Graph Theory

In this section, some basic concepts of graph theory that have been

used in this work are discussed as follows.

Definition 2.6.1 (Graph) [35]: A graph G = (V, E) consists of two
finite sets. The vertex set V' of the graph, which is a non-empty set
of elements that are called vertices, and the edge set E of the graph,
which is a possibly empty set of elements that are called edges, such
that each edge e in FE is assigned as an unordered pair of vertices

(u,v), called the end vertices of e.

Example 2.6.1 : Let V = {vy, v, v3,v4} be vertex set and the edge
set is £ = {e1,e9,€e3,€4,€5}, where e; = 0109, €9 = vouU3, €3 = V3ly,
e, = v1vy and e; = vyvg are formed the graph G. The graph G(V, E)

is shown in the following figure.

V1 eq ()]

€y €2
€s

V4 €3 V3

Figure 2.3: Example of Graph.

Definition 2.6.2 (Subgraph) [36]: Let H be a graph with vertex set
V(H) and edge set E(H), and similarly let G be a graph with vertex
set V(G) and edge set E(G). Then, we say that H is a subgraph of G
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if V(H) C V(G) and E(H) C E(G).

Definition 2.6.3 (Spanning Subgraph) [36]: A spanning subgraph
of G is a subgraph H with V(H) = V(G),that is H and G have exactly

the same vertex set.

Definition 2.6.4 (Order and Size of a Graph) [36]: Let G =
(V, E) be a graph. The order of G is defined by | V |=n and | E |=m
is defined to be the size of G.

In figure 2.3, | V |=4 and | F |= 5.

Definition 2.6.5 (Weighted Graph) [35]: A weighted graph is a
graph in which each edge has a numerical weight. So, a weighted
graph consider as a special type of a labeled graph in which the labels

are numbers.

Example 2.6.2 The weighted graph is given in Figure 2.4.

141

Vs V2

V4 7 V3

Figure 2.4: A weighted graph G.
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Definition 2.6.6 (Tree) [36]: A connected graph with no cycle is

called a tree.

Definition 2.6.7 (Spanning Tree) [36]: A tree T is called a
spanning tree of a connected graph G if T' is a subgraph of G and
if T' contains all the vertices of GG. In other words, a spanning tree of

a graph G is a spanning subgraph of GG that is a tree.

Definition 2.6.8 (Minimum Spanning Tree)[36]: Let G be a
weighted graph in which each edge e has been assigned a real number
w(e), called the weight of the edge e. If H be a subgraph of a
weighted graph, the weight w(H) of H, is the sum of the weights
w(er) +w(eg) + ... +w(eg), where eq, ey, ..., e is the set of edges of H.
A spanning tree T' of a weighted graph G is called a minimal spanning
tree if its weight is minimum. In other words, w(7") is minimum, where
w(T) =w(er) + w(es) + ... + w(ex) and ey, 9, ..., e is the set of edges

of T. Algorithm 6 is used for finding the minimum spanning tree.

Algorithm 6 Kruskal’s Algorithm

Let G = (V, E) be a weighted connected graph.

e Step 1: Select one edge e; of G such that its weight w(e;) is

minimum.

o Step 2:
1: If edges eq, eo, ..., e, have been chosen, then select an edge ey 1
such that e, #e; fori=1,2,... k.
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2: The edges ey, eo, ..., €, ex11 does not form a circuit.
3: The weight of w(eg,1) is as small as possible subject to the

condition number 2 of step-2 above.

e Step 3:Stop, when all the vertices of G are in T' which is the

required spanning tree of G with n — 1 edges.

Example 2.6.3 Figure 2.5 shows how determining the minimum
spanning tree of the weighted graph in Figure 2.4 by using Kruskal’s

algorithm.

vy V1
1 1
2
Vs * —_
V2

(Step-1) K (Step-2)
V1
1
2

¢t
1
2
43
V2 vz
2 2
6
N Vs

(Step-3) (Step-4)

Figure 2.5: A step by step to find a minimum spanning tree

Definition 2.6.9 (Directed Graph) [35]

A directed graph (digraph), D = (V, Ar) consists of a non empty
finite set V(D) of elements called vertices, and a finite family Ar(D)
of ordered pairs of elements of V(D) called arcs. The digraph is given

in Figure 2.6.
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Figure 2.6: The digraph
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Chapter 3

New Method to Find IBFS

3.1 Introduction

In this chapter, introduced new technique named largest deference
method (LDM) to find IBFS . The largest difference method is a new
method to find IBFS to TP, this new method is presented in this
study. For obtaining a reasonable primary answer to a wide range
of TP. Analytical examples and optimality testing of the conclusions
justify these methodologies. That distinguishes these methods is that
they just necessitate a few simple calculations. Also introduced some

new theorems of special case TP.

3.2 Largest Deference Method Algorithm

After writing the matrix of transportation problems and making it
balanced by the previously known methods, we start with the following

steps one after the other.

Algorithm 7 Largest Deference Method Algorithm

Step 1 : Calculate I;; = «;; — Cj; where «y; is largest cell’s cost in row
¢ and column j for all 7,5 in matrix TP except for the row or

column that is added in case of unbalanced TP,
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Step 2 : Designate the cell with the greatest difference than the cell that

corresponds to max;;(1;;),

Step 3 : Dictate the cell with the lowest cost in the row and column of

the cell corresponding to maw;;(l;;)

Step 4 : Recalculate [;; to remaining cells and repeat the previous three

steps.

3.3 Analytical Examples of Largest Deference
Method

Without a new condition or constraint, this strategy has been used

to many examples.

Example 3.3.1 Let’s take the next transportation problem with

four rows and six columns.

1 2 3 4 5 6 | Supply

1 11 |13 17|14 | 9 1 250

2 16 | 18 | 14 | 10 | 1 | 22 300

3 21 | 24 | 13 | 10 | 33 | 12 400

4 8 6 | 12 | 8 2 |11 250

Demand | 200 | 225 | 275 | 250 | 100 | 150

Step 1: Calculate [;; = a;; — Cj;
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Table 3.1: Calculate [;; = a;; — Cjj
I;; | The value | I;; | The value | [;; | The value | I;; | The value
I 10 I 6 I3 12 I 13
I 11 I 6 I3 9 Iy 18
I3 0 Lo 8 I35 20 Iys 5
Iy 3 Iy 12 I3y 23 Iy 6
I 24 L5 32 I35 0 Iy 31
L 18 I 0 I36 21 Iy 11
Iteration 1:mawx;;(1;;) = Iss = 32, so
1 2 3 4 5 6 | Supply
1 11 | 13 | 17 | 14 9 4 250
2 16 | 18 | 14 | 10 | 1(100) | 22 200
3 21 | 24 | 13 | 10 33 12 400
4 8 6 12 | 8 2 11 250
Demand | 200 | 225 | 275 | 250 0 150
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Table 3.2: Recalculate I;; to Iteration 2

I;; | The value | I;; | The value | [;; | The value | I;; | The value
I 10 I5 6 I3 3 I 13
I 11 I 6 I3o 0 Iyo 18
I3 0 Lo 8 I33 11 Iy3 5
Iy 3 Isy 12 I34 14 Iy 6
Lg 18 Lo 0 I3 12 Iy 11
Iteration 2:mawx;;(1;;) = I1s = 18, so
1 2 3 4 5 6 Supply

1 11 | 13 | 17 | 14 9 4(150) | 100

2 16 | 18 | 14 | 10 | 1(100) | 22 200

3 21 124 | 13 | 10 33 12 400

4 8 6 |12 | 8 2 11 250

Demand | 200 | 225 | 275 | 250 0 0
Table 3.3: Recalculate I;; to Iteration 3

I;; | The value | I;; | The value | I;; | The value | I;; | The value
I 10 I 5 I3 3 In 13
Lo 11 I 6 I3o 0 Iy 18
I3 0 Io3 4 Is3 11 Iy3 5
L4 3 Iy 8 I34 14 Iy 6
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Iteration 3: max;;(1;;) = Lo = 18, so

1 2 3 4 5 6 Supply
1 11 13 17 | 14 9 4(150) | 100
2 16 18 14 | 10 | 1(100) | 22 200
3 21 24 13 | 10 33 12 400
4 8 [6(225)| 12 | 8 2 11 25
Demand | 200 0 275 | 250 0 0
Table 3.4: Recalculate I;; to Iteration 4
I;; | The value | I;; | The value | I;; | The value | I;; | The value
I 10 I 5 I3 0 I 13
I3 0 I3 3 I33 8 Iy3 5
Iy 3 Iy 6 I34 11 Iy 6
Iteration 4: max;;(1;;) = Iy = 13, so
1 2 3 4 5 6 Supply
1 11 13 17 | 14 9 4(150) | 100
2 16 18 14 | 10 | 1(100) | 22 200
3 21 24 13 | 10 33 12 400
4 8(25) | 6(225) | 12 | 8 2 11 0
Demand | 175 0 275 | 250 0 0
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Table 3.5: Recalculate I;; to Iteration 5

I;; | The value | I;; | The value | I;; | The value
I, 10 15 5 I3 0
I3 0 I3 3 I35 8
I 3 Iy 6 I3y 11
Iteration 5: maz;;(1;;) = Is4 = 11, so
1 2 3 4 5 6 Supply
1 11 13 17 14 9 4(150) | 100
2 16 18 14 10 1(100) | 22 200
3 21 24 13 [ 10(250) | 33 12 150
4 8(25) | 6(225) | 12 8 2 11 0
Demand | 175 0 275 0 0 0

Table 3.6: Recalculate I;; to Iteration 6

I;; | The value | I;; | The value | I;; | The value
111 10 121 5 131 0
I3 0 1o 3 133 8

Iteration 6: max;;(1;;) = I;1 = 10, so

37




1 2 3 4 5 6 Supply
1 11(100) 13 17 14 9 4(150) 0
2 16 18 14 10 1(100) 22 200
3 21 24 13 | 10(250) 33 12 150
4 8(25) |6(225) | 12 8 2 11 0
Demand 75 0 275 0 0 0
Table 3.7: Recalculate I;; to Iteration 7
I;; | The value | I;; | The value
I 5 I3 0
[23 2 ]33 8
Iteration 7: max;;(1;;) = I3 = 8, so
1 2 3 4 5 6 Supply
1 11(100) 13 17 14 9 4(150) 0
2 16 18 14 10 1(100) 22 200
3 21 24 13(150) | 10(250) 33 12 0
4 8(25) | 6(225) 12 8 2 11 0
Demand 75 0 125 0 0 0
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Iteration 8:mawx;;(1;;) = lag = 2, so

Table 3.8: Recalculate I;; to Iteration &

I;; | The value
15 0
]23 2

1 2 3 4 5 6 Supply
1 11(100) 13 17 14 9 4(150) 0
2 16 18 | 14(125) 10 1(100) | 22 75
3 21 24 | 13(150) | 10(250) | 33 12 0
4 8(25) | 6(225) 12 8 2 11 0
Demand 75 0 0 0 0 0
Iteration 9,
1 2 3 4 5 6 | Supply
1 11(100) 13 17 14 9 4(150) 0
2 16(75) 18 | 14(125) 10 1(100) | 22 0
3 21 24 | 13(150) | 10(250) | 33 12 0
4 8(25) | 6(225) 12 8 2 11 0
Demand 0 0 0 0 0 0
Hence

39




1 2 3 4 5 6 | Supply
1 |11(100) | 13 17 14 9 | 4(150) | 250
2 16(75) | 18 | 14(125)| 10 | 1(100)| 22 | 300
3 21 24 | 13(150) | 10(250) | 33 12 | 400
4 8(25) | 6(225) | 12 8 2 11 250
Demand | 200 | 225 | 275 250 | 100 | 150

And IBFS= 11 x 100 +4 x 150 + 16 x 75 + 14 x 125+ 1 x 100 +

13 x 150 + 10 x 250 + 8 x 25 4 6 x 225 = 10750

Now by NWCM
1 2 3 4 5 6 Supply
1 11(200) | 13(50) 17 14 9 4(150) 250
2 16 18(175) | 14(125) 10 1 22 300
3 21 24 13(150) | 10(250) | 33 12 400
4 8 6 12 8 2(100) | 11(150) | 250
Demand | 200 225 275 250 100 150

And IBFS= 11 x200413 x 50+ 18 x 1754+ 14 x 125+ 13 x 150 4

10 x 250 + 2 x 100 + 11 x 150 = 14050

Now by LCM
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1 2 3 4 5 6 Supply
1 11(100) | 13 17 14 9 4(150) | 250
2 16(100) | 18 | 14(100) 10 1(100) | 22 300
3 21 24 | 13(175) | 10(225) | 33 12 400
4 8 6(225) 12 8(25) 2 11 250
Demand | 200 225 275 250 100 150

And IBFS=11 x 100 + 4 x 150 + 16 x 100 + 14 x 100 + 1 x 100 +

13 x 175 410 x 225 4+ +6 x 225 + 8 x 25 = 10875

Now by Vogel’s Method

1 2 3 4 5 6 Supply
1 11(100) | 13 17 14 9 4(150) | 250
2 16 18 14 10(200) | 1(100) | 22 300
3 21(75) 24 | 13(275) | 10(50) 33 12 400
4 8(25) | 6(225) 12 8 2 11 250
Demand | 200 225 275 250 100 150

And IBFS=11 x 100 + 4 x 150 4+ 10 x 200 + 1 x 100 + 21 x 75 +

13 x 275+ 10 x 50 + 21 x 75 + 6 x 225 = 11000

Now by MODI method found OS
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1 2 3 4 5 6 Supply
1 11(100) | 13 17 14 9 4(150) | 250
2 16(75) 18 14 10(125) | 1(100) | 22 300
3 21 24 | 13(275) | 10(125) | 33 12 400
4 8(25) | 6(225) 12 8 2 11 250
Demand | 200 225 275 250 100 150

OS5=11x 10044 x 150+ 16 x 75+ 14 x 125+ 1 x 100+ 13 x 150 4

10 x 250 + 8 x 25 + 6 x 225 = 10625

Example 3.3.2 Let’s take the next transportation problem with

three rows and four columns.

IBFS by NWCM is

1 | 2] 3] 4 |Supply

1 12 |5 | 7|8 50

2 16 |10 2 | 1 90

3 9 |14 5|7 150

Demand | 128 | 72 | 65 | 25
1 2 4 | Supply
1 12(50) 5 8 50
2 16(78) | 10(12) 1 90
3 9 14(60) | 5(65) | 7(25) | 150
Demand | 128 72 65 25
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IBFS=12 x 50 + 16 x 78 + 10 x 12 + 14 x 60 + 5 x 65 = 3308
IBFS by LCM is

1 2 3 4 Supply
1 12 5(50) 7 8 50
2 16 10 2(65) | 1(25) 90

3 |9(128) | 14(22)| 5 7 150

Demand | 128 72 65 25

IBFS=5 x50+ 12 x 65+ 1 x 254+ 9 x 128 + 14 x 22 = 1865
IBFS by VAM is

1 2 3 4 | Supply
1 12 5(50) 7 8 50
2 16 10 | 2(65) | 1(25) 90

3 19(128) | 14(22) | 5 7 150

Demand | 128 72 65 25

IBFS=5 x50+ 12 x 654+ 1 x 25+ 9 x 128 4+ 14 x 22 = 1865

IBFS by LDM is
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1 2 3 4 | Supply
1 12 5(50) 7 8 50
2 16 10 ] 2(65) | 1(25) 90
3 9(128) | 14(22) | 5 7 150
Demand | 128 72 65 25

OS by MODI method is

IBFS=5x504+12x 654+ 1 x 25+ 9 x 128 4+ 14 x 22 = 1865

1 2 3 4 | Supply
1 12 5(50) 7 8 50
2 16 | 10(22) | 2(43) | 1(25) 90
3 9(128) | 14 [5(22)| 7 150
Demand | 128 72 65 25

IBFS=5x50+4+10x22+2x434+1x254+9 x 128+5 x 25 = 1843

Example 3.3.3 Let’s take the next transportation problem with

three rows and three columns.

1] 2 3 | Supply
1 71 3 | 8 100
2 51 6 1 200
3 100 4 | 7 300
Demand | 80 | 170 | 350
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IBFS by NWCM is

1 2 3 Supply
1 7(80) | 3(20) 8 100
2 5 |6(150) | 1(50) 200
3 10 4 7(300) | 300
Demand | 50 30 60

IBFS by LCM is

IBFS=7 x 80+ 3 x 2046 x 150+ 1 x 50 + 7 x 300 = 3670

1 2 3 Supply
1 7 3(100) 8 100
2 5 6 1(200) | 200
3 10(80) | 4(70) | 7(150) | 300
Demand | 50 30 60

IBFS by VAM is

IBFS=3 x 100+ 1 x 200 + 10 x 80 +4 x 70 4+ 7 x 150 = 2630

1 2 3 Supply
1 7 3(100) 8 100
2 5 6 1(200) | 200
3 10(80) | 4(70) | 7(150) | 300
Demand | 50 30 60
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IBFS by LDM is

1 2 3 Supply
1 7 3(100) 8 100
2 5 6 1(200) | 200

3 | 10(80) | 4(70) | 7(150) | 300

Demand 50 30 60

IBFS=3 x 100 + 1 x 200 + 10 x 80 +4 x 70 + 7 x 150 = 2630
OS by MODI method is

1 2 3 Supply
1 7(80) | 3(20) 8 100
2 5 6 1(200) | 200
3 10 | 4(150) | 7(150) | 300
Demand | 50 30 60

IBFS=7x 8043 x 2041 x 200+ 4 x 150 + 7 x 150 = 2470

Example 3.3.4 Let’s take the next transportation problem with four

rows and four columns.
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1| 2 3 | 4 | Supply

1 73 8 | 4 100

2 5| 6 1 ]6 200

3 1] 4 77 300

Demand | 80 | 170 | 310 | 75

Now, by VAM IBFS is

1 2 3 4 | Supply
1 7 3 8(60) | 4(40) | 100
2 5 6 1(200) | 6 200

3| 1(80) | 4(170) | 7(50) | 7(40) | 300

Demand | 80 170 310 75

IBFS=8 x 60+4 x 40+1x 20041 x 8044 x 170+7x50+2x 35 = 2020
IBFS by LDM is

1 2 3 4 | Supply
1 7 1 3(100) 8 4 100
2 5 6 1(200) | 6 200

3 | 1(80) | 4(70) | 7(110) | 7(40) | 300

Demand | 80 170 310 75
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IBFS=3x10041x20041x80+4x704+7x110+7x404+2x35 = 1980
OS by MODI method is

1 2 3 4 Supply
1 7 3(60) 8 4(40) | 100
2 5 6 1(200) 6 200

3 |1(80) | 4(110) | 7(110) | 7 | 300

Demand | 80 170 310 75

IBFS=3x60+4x40+1x2004+1x80+4x110+7x110+2x35 = 1900
In terms of the IBFS, and near to OS the following table compares

the LDM method with the classical methods,

Table 3.9: Comparison Between LDM and the Classical Methods

Number of Example | NWCM | LCM | VAM | LDM | OS
3.3.1 14050 | 10875 | 11000 | 10750 | 10625
3.3.2 3308 | 1865 | 1865 | 1865 | 1843
3.3.3 3670 | 2630 | 2630 | 2630 | 2470
3.3.4 3740 | 1980 | 2020 | 1980 | 1900

Through the comparison table, we notice that the solution by
the proposed method is less or equal to the solution by the classical

methods, so the solution by LDM method is in way that is near to
OS.
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Chapter 4

Analysis of Special Case to TP

4.1 Introduction

Theories of special circumstances in which IBFS is always the
optimal solution and which are expected to be developed include
transportation problems and construction of an ideal model are
presented, so some important theories about TP are addressed in this

chapter.

4.2 Some Theorems of a Special Case

In this section, we presented a special case in which the initial
solution equals the optimal solution because the difference between
the costs of any two identical cells in any two given rows is constant.
Therefore, we presented the proofs that indicate this case and prove

them in general in the following theorems,

Theorem 4.2.1 In any matrix, Cj; — C,; = d;, where 0;, is constant,
for all two rows ¢, and column j such that ¢, is constant if and only
it Cjj — Cy. = oy, where oj;, is constant, for all row 7 and all two
columns 7, k. that is the deference between all two symmetric cells in
all two rows is constant if and only if the deference between all two
symmetric cells in all two columns is constant.
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Proof:

(=) Let C;j — C,; = 6 for any rows 4,7 and column j, then
Cij = 0ir + Cri 0 Cjj — Cy. = 6y + Cpj — (0ip + Crr) = Cpj — G,
that is the deference between all two symmetric cells in all two rows
is constant. Hence Cj; — Cj, = oy,

(<) Let C;; — Cy = o for any row ¢ and columns j, k,then
Cij = ojr + Cy, and Cyj = oji, + Cy, s0 Cyj — Cpj = oji, + Cy, —
(0jr + Crp) = Ci — Cyy, that is the deference between all two
symmetric cells in all two columns is constant. Hence Cj; — C; =

iy |

Note 4.2.1 If Cij - Czk: = 0k then Czk - Cij = O0kj SO Okj = —O0jk and

ojr+ o =0.

Note 4.2.2 If Cz’j - OTJ = 51'7« then er — Cz’j = 5” SO 52'7“ = _57“@' and
62'7’ + 57“2' = 0.

Note 4.2.3 In MODI method, If Cj; — C,; = 0;, for all two rows

i,7 and column j such that J;, is constant and since C;; = u; +v; then

5ik+0jk:uﬁrvj:5ik+uk+vj:ui+vj$6ik:ui—uk.

Note 4.2.4 In MODI method, If C;; — C;; = 0;, for all two rows
i, and column j such that J;, is constant and since Cj; = u; +v; then

ajk—l—C’Z-k:ui—l—vj:>ij—|—ui—|—vk:ui—|—vj:>0jk:vj—vk.

Note 4.2.5 The index of net cost change =0 for any simple closed

path since Cij —Ci+Chp — er = 0jk T+ Okj = 0
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Theorem 4.2.2 In balanced matrix TP, if C;; — C,.; = d;,., for all two
rows ¢, and column j such that J;. is constant, then IBFS=0S. that
is if the deference between all two symmetric cells in all two rows is
constant then IBFS by any method equal to OS.

Proof:

Since d;j = Cjj—u;j—v; = 04 +Cyj — Ui —Vj = Ojp +Up +0j —U; —Vj =

dir + 6, = 0 for all 7, j, then IBFS=0S. [ |

4.3 Analytical Examples of a Special Case

Example 4.3.1 Let’s take the next TP with three rows and three

columns.

1|2 3 | Supply

2 11317 100

Demand | 50 | 30 | 60

IBFS by NWCM is

1 2 3 Supply

1 | 11(25)| 13 | 17 25

2 1(25) | 3(30) | 7(45) | 100

3 4 6 |10(15)| 15

Demand 50 30 60
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IBFS=11x25+1x25+3 x30+7 x 45+ 10 x 15 = 855

Now by MODI method test and found OS.
Iteration 1 of optimality test

1: Find u; and v; for all occupied cells where Cj; = u; + v;
o Put,us =0, we get
e (yy=wt+v=>v1=Cy —upy=>v1=1-0=1
e(hH=wt+vy=>=u1=C;1 —v1=11-1=10
e Cyy=us+1v3=13=Cyo—us=3—-0=3
e (y3=ust+v3=>v3=0C3—uy=7—-0=7

e (53=u3st+v3=>u3=0C33—v3=10—7=3

So
1 2 3 Supply U;
1 11(25) 13 17 25 up = 10
2 1(25) | 3(30) | 7(45) 100 uy =0
3 4 6 10(15) 15 us3 =3

Demand 50 30 60

Uy 1}1:1 02:3 U3:7

2: Calculate d;; for all unoccupied cells (¢,7) where d;;

(UZ‘—FU]').
° d122012—(ul—|—1)2):13—(10+3):0
° dlnglg—(u1+vg):17—(10+7):0

° d31:Cgl—(U3—|—U1):4:(3+1):0
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o d322032—(U3+02):6—(3+3):O

Since all d;; > 0 so the solution is optimal. That is IBFS=05=855

Now by SS method test and found OS. The following Table contains

the closed paths to the unoccupied cells.

Table 4.1: Closed Paths

Unoccupied Cell Closed Path Index of Net Cost Change
12 12— 11 — 21 — 22 13-11+1-3=0
13 13— 11 — 21 — 23 17-11+1-7=0
31 31— 33 - 23 — 21 4-104-7-1=0
32 32 —» 33 — 23 — 22 6-104-7-3=0

Since all index of Net Cost Change=0 So IBFS=0S

Example 4.3.2 Let’s take the next TP with three rows and four

columns.

1 2 3 4 | Supply
1 11 | 13 | 17 | 14 250
2 16 | 18 | 22 | 19 300
3 15 | 17 | 21 | 18 400
Demand | 200 | 225 | 275 | 250

IBF'S by NWC method

1S
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1 2 3 4 Supply

1 11(200) | 13(50) | 17 14 250
2 16 | 18(175) | 22(125) | 19 300
3 15 17 | 21(150) | 18(250) | 400

Demand 200 225 275 250

IBFS=11 x 200 + 13 x 50 + 18 x 175 + 22 x 125 + 21 x 150 + 18 X
250=16400 =IBFS by any method=0S.

Example 4.3.3 Let’s take the next TP with three rows and four

columns.

1 12| 3] 4 | Supply

2 16 | 18 | 22| 19 30

3 6| 8129 124

Demand | 80 | 24 | 75| 25

IBFS by LCM is

1 2 3 4 Supply
1 6 | 8(24) | 12(26) 9 50
2 16 18 |2(30)2| 19 30

3 |6(80)| 8 |12(19)|9(25)| 124

Demand | 80 24 75 25
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IBFS=8 x24+412 x 26422 x 3046 x 80+ 12 x 19+ 9 x 25=2097
=IBFS by any method=0S.

Example 4.3.4 Let’s take the next TP with four rows and five

columns.

11 2 | 3|45 | Supply

3 0| 2 |16(13] 4 113

Demand | 20 | 123 | 27 | 50 | 70

IBFS by VAM method is

1 2 3 4 5 Supply
1 1 13(30)| 17 14 5(45) 75
2 6 8 22 19 | 10(15) 15
3 0(20) | 2(93) | 16 13 4 87
4 10 12 | 26(27) | 23(50) | 14(10) 87
Demand | 20 123 27 50 70

IBFS=3x304+5x45+10x15+0x 20+ 2 x 93426 x 27 + 23 X
50 + 14 x 10=2643 =IBFS by any method=0S.

Example 4.3.5 Let’s take the next TP with four rows and six

columns.
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1 12]13]4]| 5| 6 |Supply

2 22 124128302224 100

4 5 | 7111135 |7 160

Demand | 100 | 25 | 77 | 48 { 90 | 18

IBFS by VAM method is

1 2 3 4 5 6 Supply
1 1 | 313) | 7 9 1 3 13
2 22 | 24(12) | 28(40) | 30(48)| 22 | 24 | 100
3 10 12 |[16(37)| 18 |10(30) | 12(18)| 85
4 5(100) 7 11 13 5(60) 7 160
Demand | 100 25 77 48 90 18

IBFS=3 x 13+ 24 x 12428 x 40 + 30 x 48 + 16 x 37 + 10 x 30 +
12 x 18 4+ 5 x 100 4+ 5 x 60=2643 =IBFS by any method=0S.
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Table 4.2: IBFS and OS

Number Example | IBFS by any method | OS by any method
4.3.1 855 855
4.3.2 16400 16400
4.3.3 2097 2097
4.3.4 2643 2643
4.3.5 4795 4795
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Chapter 5

New Methods to Find OS

5.1 Introduction

In this chapter, new methods have been proposed to find OS to TP,
called (Matrix method and YM method) and applied the new methods
to solve many examples, in each of them and by comparing with (SS)
and (MODI) methods, it was found that OS which obtained by YM
method is equal to OS obtained by (SS) and (MODI) method, in
addition, the index number to reach OS in the newly proposed method
is less than the index number needed by the other two methods, which
indicates the efficiency and quality of the newly proposed methods.
The new methods are characterized by simplicity, ease, and no need
for complex calculations compared to traditional (SS) and (MODI)

methods used to solve TP.

5.2 Matrix Method

Algorithm 8 Matrix Method Algorithm

Step 1: Find (IBFS) by VAM method or LDM method,

Step 2: Define the solution matrix A by setting 1 for the filled cells and 0

for the other cells (empty cells),
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Step 3: Find M; = AA" and M, = AT A,

Step 4: Determine the zeros of the empty cells M; and M, and make a
closed path to the corresponding cells in (IBFS) table, by giving
(+1) to the checking cell, (—1) to the next cell in the path, and

so on for all cells in the path;

(a) If the improvement index for all closed paths is positive or
zero, then (IBFS) is the optimal solution.

(b) If there exist a negative improvement index for any closed
path, then determine the least value of products in the path
cells which has (—1) and subtract this value from these cells

and add it to the cells with (+1).

Step5: Repeat steps 2 — 4 until we reach an optimal solution.

5.3 Analytical Examples of Matrix Method

The new method (Matrix method) applied to solve a lot of examples,
in all of them, the solutions that obtained by our new method is equal
to the solutions that obtained by the classical methods, steepest stone
method (SS) and modified method (MODI), moreover, the number of
the index to reach the optimal solution by using the Matrix method is

less than the number of the index in the other two classical method.

Example 5.3.1 Let’s take the following TP matrix with five rows

and five columns.
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A | B | C | D| E |Supply

1 11 | 13 | 17 | 14 | 8 250
2 16 | 18 | 14 | 9 9 300
3 21 124 |13 |10 | 1 400
4 8 6 | 12 | 8 3 100

5 1 3 22 7 | 18 40

Demand | 200 | 225 | 275 | 250 | 140 1090

Firstly, to find IBFS by VAM method get:

A B C D E | Supply
1 11(160) | 13(90) | 17 14 8 250
2 16 | 18(35) | 14(15) |9(250) | 9 300
3 21 24 |13(260) | 10 |1(140)| 400
4 8 |6(100)| 12 8 3 100
5 1(40) 3 22 7 18 40
Demand | 200 | 225 | 275 | 250 | 140 | 1090

IBFS =11 x 160 + 13 x 90 + 18 x 35 4+ 14 x 154+ 9 x 250 + 13 X
2604+ 1 x 14046 x 100 4+ 1 x 40 = 10180

To test the solution, whether it is optimal solution or not, we
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create the solution matrix as follows:

/11000\ /10001\
01110 11010
A=loo0101|.4"={0o1100|.
01000 01000
\10000) \00100)

11010 01110

\10001) \001

O
—
\;

The zeros of the empty cells in the matrices M and M, corresponding
to the cells 1C,1D,1E,2E,3A,3D,4A,4C,4E,5B,5C, and 5D, while
we did not choose 3F and 5A because they correspond to filled cell.
The following table contains the closed paths to the corresponding

cells.
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Since all index of net cost change > 0 then the initial solution

is the optimal solution = 10180.

Example 5.3.2 Let’s take the following TP with three rows and

three columns.

A | B | C | Supply

1 1131]5 25
2 3148 30
3 4 1217 45

Demand | 48 | 27 | 25 100

Firstly, to find IBFS by LDM we get:

A B C | Supply

1 1(25)| 3 | 5 25
2 3(23)| 4 | 8(7) | 30
3 4 |(27)7018)| 45

Demand | 48 27 25

IBFS=1x254+3x23+8 X742 x 27+ 7 x 18 = 330.
To test the solution, whether it is optimal or not, and then

improve it to reach the optimal solution, created the solution matrix

as follows:
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100 110

A=l101|,A"=]l001],
011 011
110 20 1

Mi=1121 ]|, Mya=1]1011
01 2 112

The zeros of the empty cells in the matrices M and M, corresponding

to the cells 1C' , 3A and 1B.

The following table contains the closed paths to the corresponding

cells.

Table 5.2: Closed Paths of the Corresponding Cells

Unoc.Cell Closed Path Net Cost Change

1C 1C =21A — 24 = 2C +5 —-14+3 — 8 = —1

3A 3A—= 3C — 2C — 2A +4—-7+8—-3 = +1

1B 1B - 3B — 3C - 2C — 2A — 1A |4+3 -2 +7—-8+3—-1 =

+2

So the solution after improvement is
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2 13(30)| 4

3 4 |2(27)

Demand | 48 27

C | Supply
5(7) 25
8 30
7(18) 45
25

IBFS =1x184+3x30+5XxT7T+2x27T+7x 18 =323 So

1 01

A=l100 |, AT =

011

2 11

Mi=1110], M,

10 2

1160
0011,
1 01

2 01

=1 011

112

The following table contains the closed paths to the corresponding

cells.
Table 5.3: Closed Paths Of the Corresponding Cells
Unoc. Cell Closed Path Index of Net Cost Change
1B 1B - 3B —3C — 1C +3 =2 +7-5= +3
2C 2C —-2A— 1A — 1C +8 -3 +1-5= +1

Since all the index of net cost change >0 then we reached to the

optimal solution =323.
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Example 5.3.3 Take TP matrix with six rows and six columns

1] 2 3| 4 |5]| 6 |Supply

1 313 |7, 1198 50

2 6|8 [ 4 7 |1 10 130

3 2002 16 9 (22]1 140
4 8| 2 | 7|1 |3]8 100
o 120 8 | 7| 1 |22]6 40

Demand | 20 | 125 | 80 | 200 | 55 | 45 525

So
1 2 3 4 5 6 | Supply
1 3(20) | 3 7 1130)| 9 8 50
2 6 8 |4(75)| 7 |1(55)| 10 130
3 20 [2(95)| 6 9 22 | 1(45) 140
4 8 1230) 7 |1(70)| 3 8 100
5 12 8 7 | 1(40) | 22 6 40
6 22 11 | 5(5) [4(60)| 5 9 65
Demand | 20 125 80 | 200 | 55 45 525

OS=3x20+1%x30+4x75+1x55+2x95+1x45+2x
30+1x704+1x40+5x5+4x60=1115

Example 5.3.4 Take TP matrix with seven rows and seven columns

66



1] 2 3 | 4 |5|6 /| 7] Supply
1 16| 9 2 3 |11 8 |5 70
2 14118 | 9 1 1621 160
3 20011 | 4 | 6 | 2 (33|21 90
4 1] 7] 8|5 32|1]8 80
5 112 | 4 1 |22/ 5 |7 40
6 30019 | 11 22491 140
7 23] 7 | 2 1 31932 24
Demand | 50 | 120 | 150 | 100 | 34 | 70 | 80
So
1 2 3 4 5 6 7 | Supply
1 16 | 9(26) | 2(44) 3 11 8 5 70
2 14 18 9 1(100) | 6 |2(60)| 1 160
3 20 11 | 4(90) 6 2 33 21 90
4 1(10) | 7(70) 8 5 32 1 8 80
5 1(40) | 12 4 1 22 5 7 40
6 30 19 | 11(16) | 22 | 4(34) | 9(10) | 1(80) 140
7 23 | 7(24) 2 1 3 9 32 24
Demand | 50 120 150 100 34 70 80

OS=9x264+2x44+1x100+2x60+4x90+1x10+7 x

M0+1x40+11x16+4x34+9x10+1x80+7 x 24 = 2092

Example 5.3.5 Take TP matrix with four rows and four columns
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1|23 ]| 4 |Supply
1 313 | 7] 1 50
2 6| 84| 7 130
3 2002161 9 40
4 812 7] 1 100
Demand | 20 | 25 | 75 {200 | 320
So
1 2 3 4 Supply
1 3 3 7 1(50) 50
2 6(20) | 8 | 4(75)| 7(35) 130
3 20 |2(25)| 6 9(15) 40
8 2 7 | 1(100) 100
Demand | 20 25 75 200 320

OS =1x504+6x204+4x75+7Tx35+2x25+9x15+1x100 = 1000

Example 5.3.6 Take TP matrix with three rows and tree columns,

1| 2| 3 |Supply
1 91319 50
2 6 |18 30
3 20112 6 14
Demand | 59 | 25 | 10
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So

1 2 3 | Supply

1 9(29) [3(21)| 9 50
2 |6(30) 18 | 1 30
3 20 |12(4) |6(10)| 14

Demand | 59 25 10

OS=9%x294+3x214+6x304+12x4+6x10=0612

Example 5.3.7 Take TP matrix with five rows and five columns,

112134 5| Supply

1 {91395 1] 30

2 26 11|18 | 4 30

3 2 1211610 1 24

4 1007|612 70

5 711214 ]10| 6 20

Demand | 59 | 25|10 | 35| 65

So
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1 2 3 4 5 | Supply

1 |9(15) [3(25) | 9 5 |1(10)| 50

2 26 | 11 |1(10)| 8 |4(20)| 30
3 |2024)] 12 | 16 | 10 | 1 24
4 10 | 7 6 |1(35)|2(35)| 70
5 |7(200] 12 | 4 | 10 | 6 20

Demand | 59 25 10 35 65

OS=9x15+3x25+1x10+1x10+4x204+2x%x24+1x
35+2x3547x 20 =603

Example 5.3.8 Take TP matrix with four rows and four columns,

1 12] 3|4 |Supply

1 19131915 20

2 26 (1111 | 8 34

3 2120116 1 20

4 107161 15

Demand | 19 | 25| 10 | 35 89

So
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1 2 3 4 Supply
1 9 13(20)| 9 5 20
2 26 | 11(5) | 1(10) | 8(19) 34
3 2(19) | 20 16 | 1(1) 20
4 10 7 6 | 1(15) 15
Demand | 19 25 10 35 89

OS=3x204+11x5+1x104+8%x19+2x194+1x1+4+1x15 =331

The following table contains the comparison among Matrix method,

(SS) method, and (MODI) method in terms of the optimal solutions

and the number of index

Table 5.4: Comparison of the OS and the Number of Index

Example | (SS) Method | (MODI) Method | Matrix Method

OS |NO.Index| OS | NO.Index | OS | NO.Index
5.3.1 10180 16 10180 16 10180 12
5.3.2 323 4 323 4 323 3
5.3.3 1115 25 1115 25 1115 16
5.3.4 2092 36 2092 36 2092 30
5.3.5 1000 9 1000 9 1000 1
5.3.6 612 4 612 4 612 2
5.3.7 603 16 603 16 603 9
5.3.8 331 9 331 9 331 4
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By the number of indexes we mean the number of paths
that must be made or the equations required to reach the paths and
therefore to reach the cells to be improved. Here we found that the

proposed method reduces the number of indexes in combination with

the classical methods (SS and MODI).

54 YM Method

Algorithm 9 YM Method Algorithm

Step 1: Find (IBFS) by by using any method,
Step 2: Select the empty cells that are less or equal cost to some of the

allocation cells in their row or column |,

Step 3: Make a closed path for the cells selected from the previous step
in the (IBFS) table, by giving (+1) to the checking cell, (—1) to

the next cell in the path, and so on for all cells in the path;
(a) If the improvement index for all closed paths is positive or
zero, then (IBFS) is the optimal solution.

(b) If there exist a negative improvement index for any closed
path, then determine the least value of products in the path
cells which has (—1) and subtract this value from these cells

and add it to the cells with (+1).

Step 4: Repeat steps 2 — 3 until we reach an optimal solution.
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5.5 Analytical Examples of YM Method

The study applied these new method to find the optimal solution for
many examples. In this section, we’ll take a sample of these examples

to transportation cost matrices.

Example 5.5.1 : Let’s take the following TP matrix,

A | B | C | D |Supply

1 11 |13 | 17 | 14 250
2 16 | 18 | 14 | 9 300
3 21 | 24 | 13 | 10 400

Demand | 200 | 225 | 275 | 250

Firstly, to find IBFS by Vogel’s method we get:

A B C D Supply
1 11(200) | 13(50) 17 14 250
2 16 18(50) 14 9(250) 300
3 21 24(125) | 13(275) | 10 400
Demand | 200 225 275 250

IBFS = 11 x2004+13 x50+ 18 x 5049 x 250+24 x 1254+ 13 x 275 =
12575

To test the solution, whether it is optimal solution or not, we

select the empty cells that are less or equal cost to some of the

allocation cells in their row or column. as follows: 24, 2C, 3A, 3D
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and make a closed path to those cells in the following table. While we
did not choose 1C" and 1D because its cost is higher than packed cells

in its row and column.

Table 5.5: Closed Paths of the Cells

Unoccupied Cell Closed Path Index of Net Cost Change
2 A 2A—2B—1B—1A 16-18+13-11=0
2C 20—=3 C—3 B —2B 14-13 +24-18=5
3 A 3A—3B—1B—1A 21-24 +13-11 =-1
3D 3D—2D—2B—38 10-9+4+18-24 =-5

The solution after improvement

A B C D Supply
1 11(200) | 13(50) 17 14 250
2 16 18(175) 14 9(125) 300
3 21 24 13(275) | 10(125) 400
Demand | 200 225 275 250

The solution= 11 x 200 4+ 13 x 50 + 18 x 175 4+ 9 x 125 + 13 X
275 + 10 x 125 = 11950. Now we repeat steps 2 to 3 until we reach
the optimal solution. Blank cells whose cost is less than or equal to

the cost of some assignment cells in its row or column are as follows:

24, 2C.
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Table 5.6: Closed Paths After Improvement

Unoccupied Cell Closed Path Index of Net Cost Change

2A 2A— 2B - 1B — 1A 16-18 +13-11=0

2C 20— 3C — 3D — 2D 14 -13 +10-9= 2

positive indicator of net cost change, so the solution is optimal.

Example 5.5.2 Let’s take TP matrix with six rows and ten columns,

1121345 |67 |89 10| Supply

1 | 312 5|16 (1122 2|7 4| 230

2 11132 1|2| 5 [2110 | 5 |11 30| 100

3 8|1 244} 2 | 8|11 |4 | 7] 1] 270

4 112345 1 [9]15(22]1 8 50

5 3142|1137 8 |6 3 [19]34] 9 120

6 9| 7 12118 7 |23 2 |11| 7 |12| 144

Demand | 93 | 82 |50 | 75294 | 60 | 102 | 55 | 43 | 60
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Example 5.5.3 Let’s take TP matrix with three rows and three

columns,
1| 2] 3 |Supply

1 31215 30

2 11| 8 125

3 81 1] 2 70

Demand | 93 | 82 | 50
So
1 2 3 Supply
1 3(30) 2 5 30

2 11(63) | 8(12) | 1(50) | 125

3 8 | 1(70)| 2 70

Demand 93 82 50

OS=3x304+11 x63+8x124+1x50+1x70=999

Example 5.5.4 Let’s take TP matrix with six rows and six columns,
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1 2 3 4 5 6 | Supply
1 11 | 13|17 | 14 | 8 4 250
2 16 | 8 3 10| 1 |11 300
3 1 4 |13 | 6 3 1 400
4 8 6 | 12 | 8 2 | 11 250
5 1 3 2 7118 | 1 40
6 20 | 2 1 8 5 3 60
Demand | 200 | 225 | 275 | 250 | 125 | 225

So
1 2 3 4 5 6 Supply
1 11 13 17 | 14(25) 8 4(225) | 250
2 16 8 3(275) | 10 1(25) 11 300
3 1(200) | 4(125) | 13 6(75) 3 1 400
4 8 6 12 | 8(150) | 2(100) | 11 250
5 1 3(40) 2 7 18 1 40
6 20 2(60) 1 8 5 3 60
Demand | 200 225 275 250 125 225

OS=14x25+4x225+3 x275+1x25+1x200+4 x 125+
6 X 7548 x 15042 x 100+ 3 x 40 4+ 2 x 60 = 4890
The study applied the new method to solve a lot of examples, in

all of them, the solutions that obtained by our new method is equal to

the solutions that obtained by the classical methods, (SS) and (MODI)
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methods , moreover, the number of the index to reach OS by using
YM method is less than the number of the index in the other two
classical method. The following table contains the comparison among

YM method, (SS) method, and (MODI) method in terms of OS and

the number of indexes.

Table 5.7: Comparison of OS and Number of Index

No.Exam | (SS) Method | (MODI) Method | YM Method

OS | NO.ndex| OS |NO.Index| OS | NO.Index
5.5.1 11950 6 11950 6 11950 4
5.5.2 2256 45 2256 45 2256 13
5.5.3 999 4 999 4 999 2
5.5.4 4890 25 4890 25 4890 15

Here we found that the proposed method reduces the number

of indexes in combination with the classical methods (SS and MODI)
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Chapter 6

New Technique Based on Graph

Theory

6.1 Introduction

A novel technique called the difference absolute method (DAM) is
introduced in this chapter to locate and test the optimal solution for
diverse transportation challenges. The most appealing characteristic
of this approach is that it just requires simple arithmetic and logical
computations, making it accessible to even the most inexperienced
user. This strategy will be incredibly beneficial for those who are
capable decision-makers. Take care of logistics and supply chain
difficulties. You may easily apply this technique to the present

procedure because it is straightforward.

6.2 Deference Absolute Method

Algorithm 10 Deference Absolute Method Algorithm

Step 1: Find (IBFS) by using any method,

Step 2: Represent the solution matrix with a weighted graph by putting
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Step 3:

Step 4:

Step 5:

zero on the edges representing the allocation cell or unoccupied
cells whose allocation cell in its row or column is greater than
it is cost, and the weight of other cells is the difference absolute
between the cost of the empty cell with the largest allocation cell

in its row or column,

Find any minimum spanning tree for this graph and take the
complement of minimum spanning tree (the edges don’t belong to

MST and belong to weighted graph )

Select the cell with the largest weight edge. If the weights
are equal, choose the one in its row or column has the largest

allocation cell and then go to the next step,

Make a closed path for the cell with the largest weight in the
minimum complement of the spanning tree, and give (+1) for the
check cell, (-1) for the next cell in the path, and so on for all
cells in the path. If the optimization index of the closed path is
positive or zero, take the next cell with the largest weight in the
minimum complement of the spanning tree and make a path for

it as well,

(a) If the optimization index for a closed path is positive or zero
for all paths in the previous step, then IBFS is the optimal
solution,

(b) If there exist a negative improvement index for the closed path,
then determine the least value of products in the path cells

which has (—1) and subtract this value from these cells and

add it to the cells with (+1).
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Step 6: Repeat steps 2 — 5 until to reach an optimal solution.
6.3 Analytical Examples of Deference Absolute

Method

Example 6.3.1 : Let’s take TP matrix in (Example 5.5.1), so IBF'S

1S :

A B C D Supply
1 11(200) | 13(50) 17 14 250
2 16 18(50) 14 9(250) 300
3 21 24(125) | 13(275) | 10 400
Demand | 200 225 275 250

IBFS =11 x200+13 x50+ 18 x 50+9 x 250424 x 125+ 13 x 275 =
12575. Represent the solution matrix and locate the minimal

spanning tree with yellow edges by the following graph,
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Figure 6.1: Weighted Graph to Matrix Solution

So, the minimum spanning tree represents by the following figure,

Figure 6.2: Minimum Spanning Tree

0|

o o ©

And the complement of the minimum spanning tree represents

by the following figure,
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Figure 6.3: Complement of Minimum Spanning Tree

\EI—/

The cell with the largest weight in the complement of minimum

spanning is determine red edge to test the solution, whether it is

optimal solution or not, make a closed path to 3D cell only in the

following table,

Table 6.1: Closed Paths of the Cell 3D

Unoccupied Cell

Closed Path

Index of Net Cost Change

3D

3D—2D—2B—3B

10-9 4+ 18-24 =-5

So improvement solution is:

A B C D Supply
1 11(200) | 13(50) 17 14 250
2 16 18(175) 14 9(125) 300
3 21 24 13(275) | 10(125) 400
Demand | 200 225 275 250
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The solution= 11 x 200+ 13 x 504+ 18 X 1754+ 9 x 1254+ 13 x 275+

10 x 125 = 11950.
Now repeat steps 2 to 4 to the last table then, the following figure

represent the solution matrix and locate the minimum spanning tree

with yellow edges by the following graph,

Figure 6.4: Digraph to the Solution after Improvement

@

So, the minimum spanning tree represents by the following figure

Figure 6.5: Minimum Spanning Tree after Improvement

And the complement of the minimum spanning tree represents by

the following figure
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Figure 6.6: Complement of Minimum Spanning Tree after

Improvement

~

N

The cell with the largest weight in the complement of minimum

spanning is 2C', to test the solution, whether it is optimal solution or

not, make a closed path to 2C' cell in the following table,

Table 6.2: Closed Paths of the Cell 2C

Unoccupied Cell

Closed Path

Index of Net Cost Change

2C

20—=2D—3D—3C

14-9+10-13 =2

Since index of net cost change > 0,s0 IBFS is OS.

Example 6.3.2 Let’s take TP matrix with six rows and ten columns,
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1121345 |67 |89 10| Supply

1 312 5|16 |11,22 27|14 230
2 1113212 5 {2110 |5 |11]30 100
3 8|1 ]2 (44 2 |8 |11 4|71 270
4 1123|451 9|15 (22|18 50

5 3142113 7| 8 | 6| 3 [19]34] 9 120
6 9 | 7 12|18 7 |23 2 |11 7 | 12| 144

Demand | 93 | 82 | 50 | 75 [ 294 | 60 | 102 | 55 | 43 | 60
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Example 6.3.3 Let’s take TP matrix with three rows and three

columns,
1| 2] 3 |Supply

1 31215 30

2 1118 |1 125

3 81 1] 2 70

Demand | 93 | 82 | 50
So
1 2 3 Supply
1 3(30) 2 5 30

2 11(63) | 8(12) | 1(50) | 125

3 8 | 1(70)| 2 70

Demand 93 82 50

OS=3x304+11 x63+8x124+1x50+1x70=999

Example 6.3.4 Let’s take TP matrix with six rows and six columns,
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1 2 3 4 5 6 | Supply
1 11 | 13|17 | 14 | 8 4 250
2 16 | 8 3 10| 1 |11 300
3 1 4 |13 | 6 3 1 400
4 8 6 | 12 | 8 2 | 11 250
5 1 3 2 7118 | 1 40
6 20 | 2 1 8 5 3 60
Demand | 200 | 225 | 275 | 250 | 125 | 225

So
1 2 3 4 5 6 Supply
1 11 13 17 | 14(25) 8 4(225) | 250
2 16 8 3(275) | 10 1(25) 11 300
3 1(200) | 4(125) | 13 6(75) 3 1 400
4 8 6 12 | 8(150) | 2(100) | 11 250
5 1 3(40) 2 7 18 1 40
6 20 2(60) 1 8 5 3 60
Demand | 200 225 275 250 125 225

OS=14x25+4x225+3 x275+1x25+1x200+4 x 125+
6 X 7548 x 15042 x 100+ 3 x 40 4+ 2 x 60 = 4890
The study applied the new method to solve a lot of examples, in

all of them, the solutions that obtained by our new method is equal to

the solutions that obtained by the classical methods, (SS)and(MODI),
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moreover, the number of the index to reach OS by using DAM is less
than the number of the index in the other two classical method. Using
this method in most cases, the number of the index is equal to 1 in
each iteration. The following table contains the comparison among
DAM, (SS) method, and (MODI) method in terms of OS and the

number of indexes.

Table 6.3: Comparison of OS and Number of Index

No.Exam | (SS) Method (MODI) Method | DAM Method

OS | NO.Index| OS |NO.Index| OS |NO.Index
6.3.1 11950 6 11950 6 11950 1
6.3.2 2256 45 2256 45 2256 1
6.3.3 999 4 999 4 999 1
6.3.4 4890 25 4890 25 4890 1
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Chapter 7

Conclusion and Future Works

7.1 Conclusion

This study proposed a new method called largest difference method
(LDM) to find (IBFS) for (TP). The new method is characterized
by simplicity, ease and no need for complex calculations compared
to the classical method used for solving TP. Also in this work, we
proposed three new methods for finding OS to, which we named
(matrix method, YM method and DAM method). The new methods
are characterized by their simplicity, ease of use and no need for
complex calculations compared to (SS) and (MODI) methods used
to solve TP. By comparing with the two methods (SS) and (MODI),
we found that OS obtained by the YM method and the Matrix method
is equal to OS obtained by the (SS) and (MODI) method, in addition
the index of the new methods is less than the index number needed by
the other two methods, which indicates the efficiency and quality of
our new method. This study also showed that there are special cases
in TP where IBFS is equal to OS that can be benefited from and

developed to be an ideal model for decision makers to benefit from.
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7.2 Future Works

It is expected to obtain several works inspired by this study in the

future, including:

1) Developing the method of the largest difference to be a direct way

to obtain the optimal solution.
2) Developing the matrix method to include all size to TP.

3) Forming a general model for TP in which the solution is in an

optimal way to be used in practice.
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