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Abstract

This research discusses the structure of the queueing network, and
some related methods to solve it are shown. The different kinds of this
queue are considered based on their form. The essential processes like
the birth-death process and M/G/1 are regarded to form the behavior of
queueing network. Some theorems are given with supporting examples

to find the stationary distribution for the global balance equations.
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Introduction

Queueing network systems have been widely employed to characterize
and investigate source sharing systems, for instance, production,
communication, and computer systems. They have been established to be a
robust and flexible system performance evaluation and prediction method.
This model is a group of facilities centers demonstrating the system sources
that deliver the facility to customers by showing the users. According to the
queueing discipline, customers compete for the source service and possibly

wait to be served in the queue at the service centers.

This system's analysis evaluates performance procedures, such as source
utilization, throughput, and customer response time. The dynamic behavior
of this system can be explained by a set of random variables that define a
stochastic process. Under some constraints on this system, it is possible to
define an associated underlying stochastic Markov process and compute the
performance indices by its solution. Product-form queueing networks have
a brief closed-form appearance of the stationary state distribution that grants
us to explain practical algorithms to calculate average performance
measures with polynomial time complexity in the number of model

components.



Queueing systems were initially used to evaluate telephonic systems'

obstruction and then study computer and communication systems [1-5].

In this work, we introduce queueing network models and their
properties. Queueing networks extend the basic queueing systems that are
stochastic models first introduced to represent the entire system by a single

service center.



Chapter One

Elementary Queueing
Systems




Chapter One

Elementary Queueing Systems

Queueing system is a system that customers arrive at the service center and
ask for resource service. They possibly wait to be served in queueing discipline and

leave the service center after getting their services.

service facility

arrivals m7 O\ departures
B, '}—’
N4

queue

Under exponential and independence assumptions, one can define an
associated stochastic continuous-time Markov process to represent system behavior.
The performance of system indices is derived from the solution of the Markov
process. This section is included necessary concepts and the essential details to
overhand our work in different areas. We assume that any random variable (in short,

r.v.) is a real-valued function defined over the sample space (.

1.1. Markov Processes

We begin this section by defining some essential concepts related to Markov

processes. The stochastic process is a set of random variables



{X(t):t €T}

defined over the same probability space indexed by the parameter t, called time, and
each X(t) random variable takes values in the set I" called state space of the
process. Both T (time) I" and (space) can be either discrete or continuous. A process
Is called a continuous-time process if the time parameter t is continuous, and it is

called a discrete-time process if the time parameter t is discrete.

We also define the joint probability distribution function of the random

variables X (t;) as
priX(t)) < x1, X(ty) < xy, ..., X(t,) < x,,}
for any set of times, tiet; €eT,x; € I',11 <i<n,n=1.

The discrete-time process {X,,;: n = 1,2,...} is called discrete-time Markov
process (Markov chain) if the state at time n+ 1 only depends on the state

probability at time n and is independent of the previous history
pr{ Xnt1 = j|1Xo = ip, X1 = i1, o, X = i} = pri{Xng1 = J|Xn = in} = Pij,

vn > 0,Vj, i, i, ...,in €I Where P = [p;;] is called transition probability

matrix. We define the (i, j)th entry of the mth power of the transition matrix P by

pl?lj =pr Xman =Jj1Xn =10)



where PY is the identity matrix.

The continue-time process {X(t); t € T} is called the continue-time Markov

process if

priX(t) = jlX(to) = ig; ...; X(t1) = iy; s X (&) = i} = pri{X(¢) = j|X(t,)

= in} = pij,
Vg ty, ety tity <ty <...< t, <t,¥n > 0,Y],ig, iy, o, in €T

A state j € I is called accessible from a state i € I'if there is a number m €
N, with pr(X,,, = j|X, = i) > 0and denoted it by i — j. For any two states i,j €
I, ifi - jandj — ihold, then i and j are said to communicate and indicate it by
i & j. The communication relation between states is an equivalence relation.
Therefore, we can divide the space I of a Markov chain into a partition of countably
many equivalence classes concerning the communication of states. Any such
equivalence class shall be called a communication class. A communication class
C c T that does not allow access to states outside itself holds is called closed. If a
Markov chain has only one communication class, i.e., if all states communicate, it is

irreducible. Otherwise, it is called a reducible.



Define T; as the stopping time of the first visit to the state j € I', and denote
by T; = min{n € N: X,, = j}. The conditional distribution of T; given X, = i, can

be established by forall i,j € I .

Dij» k=1
Al p=pr =k =0=0%" 4y ks, k22 (12)
h#j

Foralli,j € I, we define f;; as the probability of ever visiting state j after

beginning in state i by
fij = pr(Tj < 00|X0 = i) = z F. (i, )).
k=1
Therefore, if we are summing up overall k € N of the equation (1.2) leads to

fij =pij + z Pinfnj-
h+j

Now, we define the random variable N; as the total number of visits to the state

Jj € I . The conditional probability of N; given X, = j is given by

pr(N; =m|Xo =) = f77 (1~ fj;) (1.3)

and the distribution of N; is geometrically distributed for i # j as below expression



PT(Nj = m|X0 = i) = {fij ]3,7}1—1(1 _fjj), m=>=>1

Forall j € I', we sum up overall m in the above equation (1.3), we will get

(1, fi<1
pr(N; < oo|X, =) ={0, fj]j’ _1

A state j € I' is called recurrent if f;; = 1 and transient otherwise. Define
the potential matrix R = (7;;); jeg Of the Markov chain by its entries
ryj = E(N;|Xo = i)

for all i, j € I' such that the entry r;; is the condition expected of N; given X, = i.

We can be computed 7;; by

(0]
— n
Tij = Z pij
n=0

forall i,j € I'. From the above equations, we can conclude that for all i,j € T,
Tij = (1—f}])_1and rij = fl]rl]
In specific, r;; is finite if j is transient and infinite if j is recurrent.

Recurrence and transience of states are class properties concerning the relation <.

Additionally, a recurrent communication class is permanently closed. If the state j €



I is transient, then lim p;; = 0, regardless of the initial i € I". A recurrent state j €
n=oo

I' with rj; < oo, will be called positive recurrent. Otherwise, j is called null

recurrent.

We define the period of the state j as the greatest common divisor (in short,
gcd) of the step n that makes the transition probability of state j to itself is not zero.

In other words, this period is given by
d(j) = ged {n > 1:p](-;.l) > 0}.

The state j is periodic if p d(j) > 1, it has periodic d(j). If d(j) = 1, then

state j is called aperiodic.

The Markov chain {X,;:n = 1,2,...}is called homogeneous if the one-step

conditional probability is independent on time n where this probability is given as
pij = priXy = jlXo =i} =pr{Xpy =jlX, =i}, vYn>0,Vi,jeTr.

If the stability conditions hold, we can compute the stationary probability

vector
T = 1y, Ty, My e ], T = priX =j}L,Vjer

for ergodic Markov chain (irreducible and with positively recurrent aperiodic

states) as below system of global balance equations



m = P with };m; = 1.

A continuous-time Markov process {X(t):t € T} is called homogeneous if
the one-step conditional probability only depends on the interval width where this

probability is given as
pij =pr{X(s) =jIX(0) =i} =pr{X(t+s)=jIX(t) =i} V¢>O0,VijE T

We also define the matrix Q = [q;;] of transition rates (infinitesimal
generator) where if the stability conditions hold, we compute the stationary
probability vector © = [m,, m;, 7y, ...] for ergodic Markov process as below

system of global balance equations
mQ = 0 with Z m; = 1.
j

The residence time of the process in each state is distributed according to
geometric for discrete-time Markov processes and exponential distribution for

continuous-time Markov processes.

1.2. Birth-Death Markov Processes

Let state-space denote by I' = N. The continuous-time Markov chain with
discrete state space is called the birth-death process if the only non-zero state

transitions are from state i to statesi —1,i,i+ 1,Vi € I'. Let P be probability



transition matrix and let Q be the matrix of transition rates as tri-diagonal. Let A; be

birth transition rate i > 0 and let u; be death transition rate i > 1 such that

WY +2), j=ii>0.
A‘OI l == O.
-/.o / 1 7. k-1 7 .
e, TR S ‘Y.{"('...‘rt .-- 7 _ﬂ-—‘ﬁ’—' e
‘\OJ.Q _lx_l/;__ -_/1'\:,4}., ‘,5_14___' I:,L_ _’tb_:—l\ e
*1 =~ Hx Mo

The sufficient condition for the stationary distribution of this process is
HkO:Vk > ko,l{k < 247

The birth and death rates are constant such that the birth transition rate is given as
A; = A, 1 = 0 and the birth transition rate is givenas y; = u, i = 1. Letp = £ / u,

thenp < 1
=0 P =1-p  mo=m G/ me=(A-pph, k20

Therefore, m; has the geometric distribution.

10



1.3. Queueing Systems
The queueing system is described by the arrival process, the service process,

the number of servers and their service rate, the queueing discipline process, the

system or queue capacity, and the population constraint.

queue
population

In a single service center, we denote the following by A is an interarrival time,

w is a number of customers in the queue, t,, is queue waiting time, s is number of

customers in service, t, is service time, n is number of customers in the system and
t.- is response time.

11



Kendall’s notation is a way to symbolize the queue by A/B/X/Y/Z such that
A is an interarrival time distribution (A), B is a service time distribution (ts), X is the
number of servers (m), Y is system capacity (in the queue and in service), and Z is
gueueing discipline. We assume that Y = oo, Z = FCFS (default), A and B are “D”
deterministic (constant), “M” exponential (Markov), “Ek” Erlang-k, or “G” general.

Examples of queueing systems are D/D/1, M/M/1, M/M/m (m>0), M/G/1, G/G/1.

System analysis depends on the two kinds of systems. First of all, transient
system, if for a time interval, we have given the initial conditions. Second of all,
stationary system if we have a system in steady-state conditions (stable systems).
Analysis of the associated stochastic process represents system behavior using
Markov stochastic process or birth and death processes as an example. The average
number of customers in the system is N = E[n] and mean response time R = E[t,].

Some fundamental relations in queueing systems

N=w+s

t, = t, + tg

n = E[w] + E[s]

R = E[t,] + E[t]
Theorem 1.1. (Little’s Formula)

the average number of customers in the system is equal to the throughput
times the average response time

N = XR,E[w] = XE[t,,]

12



where X is throughput time.

The scheduling algorithms classify by the following roles

FCFS first come first served

LCFS last come first served

LCFSPr idem with pre-emption (Immediate service)
Random

Round Robin  each customer is served for a fixed quantum o
PS * Processor Sharing for 6—0
all the customers are served at the same time
for service rate u and n customers, each

receives service with rate u /n

IS * Infinite Serves no queue (delay queue)
SPTF Shortest Processing Time First
SRPTF Shortest Remaining Processing Time First

We can consider the following conditions

1. with/without priority.
2. Abstract priority/dependent on service time.
3. with/without pre-emption.

3.1.1. D/D/1 System

In this system, the deterministic arrivals are constant interarrival time (a), and
the deterministic service for each customer has the same service demand (s). Let

n(t) be the number of customers in the system at time t.

13
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N,

The transient analysis has the following conditions:

1.1fs <a,thenn(t) =0duringia+s <t < (i+1a,i=0.

2.1f s < a,thenn(t) =1duringia <t <ia+s,i =0.

3.1f s = a,thenn(t) = 1during t = 0.

4.1f s > a, thenn(t) = [t/a] - [t/s] during t = 0.

The stationary analysis has happened when s < a, and the arrival rate less than or
equal the service rate (1/a < 1/s), then the system reaches the steady-state

(stability condition). When n € {0,1}, we have

prin =0} = (a —s)/a
prin =1} =s/a
w=0ty,=0t =s (deterministicr.v.)
X =1/a throughput

U =s/a utilization

14



3.1.2. M/M/1 System

In this queue, we have the arrival Poisson process with rate A and the
exponential service time (exponential interarrival time) with rate u. So, E[ts] = 1/u.

This system has a single server, and it includes n states. The associated
stochastic process has the birth-death continuous-time Markov chain with constant
rates A and u

NG

A A A A A A

Y £ ) £ ) A T

OJSPECHIOJO]
u w u il u u

The stationary analysis of this system appears when A < u (stability
condition). This leads us to that the traffic intensity is p = A/u and stationary state
probability

nw=pr{n = k} keN
me=p*(1-p) k=0

The essential characters of the queue are

n=_P"_
1-p
R=1/(u-4) (Little’s formula)
X=£Land U =p

Ew]=p%/(1-p)

15



E[tw]=(1/u)p/(1 — p) (Little’s formula)
3.1.3. M/M/m System

In this case, the arrival Poisson process is with rate A and the exponential
service time (exponential interarrival time) is with rate u. Therefore, E[ts]= 1/ u.

N\
SV,

2
_ (u)
A ————» ),
>—<

( m

)

The system has n state, and the associated stochastic process is birth-death
continuous-time Markov chain with rates A« = £ and y;, = min{k, m}u.

A A A A A A A A A
260~ Gmig Cmg G - S (5§ ]
u 2 mu mu mLL

A
w o (m-hHu mu mu muL muL

The stationary analysis of the system is given by A <mu (stability
condition). The traffic intensity is p = A/mu, and the stationary state probability is

T, = mo(mp)¥ /k! 1<k<m
T, = mom™p* /m! k >m
m-1
mo = ) [(mp)/kl + (mpY™ fm! [1/(1 = p)]]
k=0

The essential characters of the queue are
N=mp+amp/(L-p)
R=an/(Mu@-p)»)+1/u (Little’s formula)
X=KU=p

pr{n(t) = m}=Yem Tx = Mo (mp)™ /m! (1 —p)

16



E[wl=amp/(1-rp)?
E[tw] =7mm / (1 -p )W) (Little’s formula)
3.1.4. M/M/co System
In this queue, the arrival process is Poisson with rate A and the service time

(interarrival time) is exponential with rate u. Hence, E[t]= 1/ u.

The system is with infinite identical servers, and the system has n states. The
associated stochastic process of this system is birth-death continuous-time Markov
chain with rates £, = A and =k L.

Q@ ®®

21 (k 1)1 (k+1)u (k+2)u

The stationary analysis of this model is always stable, and the traffic intensity p =
A/u. The stationary state probability is the Poisson distribution with the below
formula

T, =e Ppk/k! k=0
The important roles of the queue are
n=p,R=1/u, X=KU=p
E[w] =E[t,] =0

17



where this queue has delay.

3.1.5. M/G/1 System

This system with a single server has the arrival Poisson process with rate £
and general service time (exponential interarrival time) with rate (. So, we have

E[ts] = 1/ and Cg = (Var [ t])¥?/ E[ts]

7\
A >
NeA

The state defined as n (number of customers in the system) does not lead to a Markov
process.

The state description n for system M/M/1 gives a (birth-death) continuous-
time Markov chain because of the exponential distribution (memoryless property).
We can use a different (more detailed) state definition to define a Markov process
(e.g., the number of customers and the amount of service provided to the customer
currently in service). The associated Markov process is not birth-death, and the
analysis depends on an embedded Markov process and Z-transform technique.

Theorem 1.2. (Khinchine Pollaczeck)

For any queueing discipline independent of service time without pre-emption,
we have

p*(1+cp)

Ew]=p+ 20=p)

The stability condition is A < u, then
N=E[w] +I E[tg]
R=N/X

18



Theorem 1.3. (Poisson Arrivals See Time Average, in short PASTA)

The state distribution and moments seen by a customer at arrival time are the
same as those observed by a customer at arbitrary times in steady-state conditions.

19
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Queueing Networks




Chapter Two

Queueing Networks

2.1. Preliminaries

Queueing Network (in short, QN) is a system model set of service centers
representing the system resources (that provide service) to a collection of customers
(that represent the users). That means a queueing network describes the system as a
set of interacting resources. For example, stochastic models of resource sharing
systems computer, communication, traffic, manufacturing systems, and customers
compete for the resource service. QN is a powerful and versatile tool for system
performance evaluation and stochastic models based on queueing theory that
represents the system as a set of interacting resources.

QN is a collection of service centers that provide service to a set of customers.
There are several kinds of QN, such as

1. open external arrivals and departures,

20



2. closed constant number of customers (finite population),

P12
—

4

N customers

3. mixed if it is open for some types of customers, closed for other types.

Customers arrive to a service center (node) (possibly external arrival for open
QN), ask for resource service, and possibly wait to be served (queueing discipline)
at completion time exit the node and immediately move to another node or leave the
QN. In closed QN, customers are always in a queue or service.

Informally, a QN is defined by the set of service centers 2 = {1,..., M }, the
set of customers, and the network topology. Each service center is defined by the
number of servers (independent and identical servers), the service rate (either
constant or dependent on the station state), and the queueing discipline. Customers
are described by their total number (closed QN), the arrival process to each service
center (open QN), the service demand to each service center (such as expressed in
units of service), and the service rate of each server (units of service / units of time).

The service time is given as the service demand over the service rate.

21



The network topology models the customer behavior among the
interconnected service centers where we assume that a probabilistic model
represents a non-deterministic behavior. Let p;; be the probability that a customer
completing its service in station i immediately moves to station j,1 <i,j < M. We
assume that p;, is the probability that a customer completing its service in station i
Immediately exits the network from the station i for open QN. The routing
probability matrix is denoted by P =[p;;],1 <i,j <M where 0 < p;; <1,

L1 pij = 1 for each station i.

A QN is well-formed if it has a well-defined long-term customer behavior,
where for a closed QN, every station is reachable from any other with a non-zero
probability. At the same time, for an open QN, add a virtual station 0 that represents
the external behavior, generates external arrivals, and absorbs all departing

customers, so obtaining a closed QN.
2.2. Types of Customers

In simple QN, we often assume that all the customers are statistically identical.
Modeling real systems can require to identify different types of customers depending
on service time and routing probabilities. Several kinds of customers have many
concepts, for example, class and chain. A chain forms a permanent categorization
of customers, and a customer belongs to the same chain during its whole activity in

the network. A class is a temporary classification of customers, and a customer can

22



switch from a class to another during its activity in the network (usually with a
probabilistic behavior).

The customer service time in each station and the routing probabilities usually
depend on its class. There are other kinds of customers, multiple-class with single-
chain QN and multiple-class with multiple-chain QN. Let R be a set of classes of the
QN, R be a number of classes, C be a set of chains, and C be the number of chains.
Classes can be partitioned into chains, such that there cannot be a customer switch
from classes belonging to different chains. Let P© be the routing probability
matrix of customers for each chain ¢ € C. Let pirjs{¢) be the probability that a
customer completing its service in station i class r immediately moves to station j,
classs, 1 <i,j < M,r,s inR, classes of chain c. Let piro© be the probability that a
customer is completing its service in station i class » and immediately exits the
network. Let K© be the population of a closed chain ¢ € C. Let poi® be the
probability of an external arrival to station i class r for an open chain d € C.

A ON is said to be open if all its chains are open, closed if they are all closed, and
mixed otherwise.
Example 2.1. (multiple-class and multiple-chain QN)

Let M=2 (stations), R=3 (classes), C=2 (chains), and R ={1,2,3} such that

chain 1 is open and formed by classes 1 and 2 and chain 2 is closed and formed by

class 3.

23



Class 2

l_ Station 1 . Station 2

Class 1 'L’ /\ >
1111 R et
“Cassz

Let Rjbe a set of classes served by station i and define the set
={(i,r): r € Riset, 1<i<M, class r € chain c}.

Let R© be a set of classes served by station i and belonging to chain c. Therefore,
we have the following

R: ={1,2,3}, R, ={1,3}

E:={(1.1). (1.2),(21)}, E2={(1.3), (2.3)}

R,M = ={1,2}, R,M ={1}, R, =R,® = {3}

Example 2.2. (single-class and multiple-chain QN)
There is only one in each chain, so R=C. Let M=3 (stations), R=2 (classes), C=2
(chains), and R ={1,2} such that no class switching, chain 1 is open and formed by

one class, and chain 2 is closed and formed by one class.

Chain 1
Station 1 * Station 2

¥ ) | 111 .

A —— =
PR SR PR,
Chain 2 | i
! Station 3 |
! W

_——
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2.3. QN Performance Indices

The local performance indices related to single resource i (a service center) is

given as
ni number of customers in the station i Ui utilization
Xi throughput
. . . i | h
nir number of customers in station i and class r NI | mean queue lengt
Ri mean response time

ni © number of customers in station i and chain

Let ti be customer passage time through the resource and let the distribution of n; be

mi(n;) at arbitrary times.

The global performance indices related to the overall network is given as

U utilization

X throughput

N mean population
(for open networks )

R mean response time

The Network model parameters (single class, single chain) is denoted by

M number of nodes A total arrival rate

K number of customers (closed network) w; service rate of node i

P=[p;;] routing matrix Poi arrival probability at node i
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ei visit ratio at node i, and the solution of traffic equations

e; = Apoi + X €jpji

S=(Sy,...,.Sm) system state

Si node i state which includes n;, 1<i<M

For example, if we have M nodes, R classes, and C chains, single-class multi-chain

(R=C).

n = (Ny,..., Ny) network state

Ni = (Nis,..., njr) station i state, 1<i<M

2.4. Markovian QN

Markovian network is the network behavior that a homogeneous continuous-
time Markov process M can represent. Let S be a network state, E be a set of all
feasible states of the QN, E be a discrete state space of the process, and Q be an
infinitesimal generator. If P (network routing matrix) is irreducible, then there exists
stationary state distribution © = {n(S), SEE} as a solution of the global balance

equations

Q = 0,Zsepm(S) = 1
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Solution algorithm for the evaluation of average performance indices and joint
queue length distribution at arbitrary times () in Markovian QN considers the

following steps:

1. Definition of system state and state-space E.
2. Definition of transition rate matrix Q.
3. Solution of global balance equations to derive .

4. Computation from n of the average performance indices.

This method becomes unfeasible as |E| grows, i.e., proportionally to the

dimension of the model (number of customers, nodes, and chains). For example, a

M+K—1).

single class closed QN with M nodes and K customers, then |E| = ( K

Different methods deal with this case, like exact product-form solutions under

special constraints and approximate solution methods.
Example 2.3. (two-node cyclic QN)

Assume that QN is a closed network with FCFS service discipline and

exponential service time. Moreover, it has an independent service time. Let S =

— M ——

(S1,S,) be a system state with S; = n;.

<

K customers
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The behave of QN govern by the birth-death Markov process with a closed-form

solution 5 . 5
2 > 2
Ox ,
Rz A
l‘11 p'1 LJ'1 L11

Since p = (l/p2), then
mt (N1, N2)=(1/G) p"?, 0<m<K , np=K-n;
G = Zogsk P = 1 — p** )/ (1= p)
(K —k k) = n(K, 0)pX 0<k<K
n(K,0) = (1-p)/(1—p**)
Example 2.4. (Tandem QN)

Let QN be an open network with the arrival Poisson process and exponential
service times. Furthermore, it has an independence assumption with FCFS

discipline, and its state system is S = (Sy, Sz) with §; = n;.

; = o

Let E = { (ny, n2) | >0} be a state space with m(ny, ny) stationary state

probability. The behave of QN is not subjected to the birth-death Markov process.

so it has a complex structure of global balance equations. However, node 1 can be
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analyzed independently as M/M/1 system with parameters A and ;. Therefore, we

have

m(K)=pi* (1-p1)  k>0ifpr=A/ w<l.
The arrival process of node 2 is subjected to the following theorem
Theorem 2.5. (Burke’s Theorem)

The departure process of a stable M/M/1 is a Poisson process with the same

parameters as the arrival process.

Burke theorem also holds for M/M/m and M/G/o0

Poisson(».) —® || =Xp ®  Poisson(n)

So, node 2 has a Poisson arrival process (), and isolated node 2 is an M/M/1 system

with parameters A and p,. Hence, we get
1K) = p2* (1-p2) k>0 if pa=A/ o<l
Moreover, for the independence assumption
n(ng, N2)= my(N) m2(n2)= pa™ p2" (1-p1) (1-p2)

That satisfies the process global balance equation 7Q=0.
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Some extensions as an immediate application of Burke theorem’s together
with the property of composition and decomposition of Poisson processes leads to
a closed form solution of the state probability for a class of QN with exponential
service time distribution, FCFS discipline, exponential interarrival time (Poisson

arrivals, parameter vy; ), and independence assumption.

The acyclic probabilistic routing topology (triangular routing matrix P)

M
Tl'(nl,nz, ...,TlM) = 1_[ pri{ni}
i=f

where

pr;(k) = pf(1 - p;) k=0 if p;=24/u<

1 traffi ti
and A; = y; + ZiApji 0<i<M (traffic equations)

Coxian distributions are formed by a network of exponential stages such as
L exponential stages. Stage ¢ has a service rate u £ and probabilities a#, b# such

that af + bf = 1.

,m : R
- ~
A SN
-~
- -~
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Coxian distributions have rational Laplace transform can be used to represent
general distribution with rational Laplace transform, and it is helpful to approximate
any general distribution with known bounds. PH-distributions (phase-type) have

similar representations and properties.
2.5. Product-form Queueing Networks

The product-form solution of the stationary state probability m can be
computed (under certain constraints) as the product of a set of functions, each
dependent only on the state of a station. Other average performance indices can be
derived by state probability &, for example, Jackson theorem for open exponential-
FCFS networks, Gordon-Newell theorem for closed exponential-FCFS networks,
and BCMP theorem for open, closed, or mixed QN with various types of nodes.
Moreover, the computationally efficient exact solution algorithms are considered,
such as convolution algorithm and mean value analysis. The solution is obtained as
if the QN is formed by independent M/M/1 (or M/M/m) nodes. The types of nodes

are given
1) FCFS and exponential chain independent service time
2) PS

3) IS and Coxian service time
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4) LCFCPr

For types 2-4, the service rate may also depend on the customer chain. Let ;©
denote the service rate for node i and chain c. Let 1 = p; for each chain c, for type-
1 nodes. Consider single-class multiple-chain QN such that open, closed, or mixed
QN with M nodes of types 1-4 and Poisson arrivals with parameter A(n) dependent
on the overall QN population n. Assume that we have R classes, C chains, and K©
be the population for each closed chain ¢ € C. Let the external arrival probabilities
denote by poi© for each open chain ¢ € C and the routing probability matrices
denote by P© for each chain c € C. The traffic equation system derives the visit

ratio of (relative) throughputs ;©
Theorem 2.6. (BCMP stand by Baskett, Chandy, Muntz, Palacios 1975)

For open, closed, or mixed QN with M nodes of types 1-4 and the assumptions
above, let pi© = ¢{© / 1;© for each node i and each chain c. If the system is stable,
i.e., if pi® <1 Vi,Vc, then the steady-state probability can be computed as the product-

form:

n(S) = ~d(m) [T, gi(ny)
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where G is a normalizing constant. The function d(n)=1 for closed network, and for

open and mixed network, this function depends on the arrival functions as follows:

d(n) = ﬁ A(k),d(m) = ﬁ “ﬁl Ac(K)
k=0 k=0

c=1

for arrival rates dependent on the number of customers in the network n, or in the

network and chain c, functions g;(n;) depend on node type as follows:

The functions gi(n;) depend only on node i, parameters &©, u;© and state n;©

for nodes of type 1, 2, and 4 (FCFS, PS, and LCFSPr)

©

c (© 0
gi(n;) = I_I g_:_@gT__

c=1 rli
for nodes of type 3 (IS)

Where ni© number of customers in node i and chain ¢

n; number of customers in node i

33



The proof is based on the detailed definition of the network state and by
substitution of the product-form expression into the global balance equations of the

associated continuous-time Markov process.
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Chapter Three

Conclusions and Future Works

3.1. Conclusions

In this research, we propose queueing network systems and their properties.
The queueing network model extends the elementary systems as stochastic models

were first established to characterize the entire system by a single service center.

3.2. Future Works

In the upcoming, we want to discover the queueing network with stochastic
models but a non-Markovian version. Moreover, we hope to find some essential

properties with some applications in real-life situations.
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