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Abstract

Analytic Number Theory is the main part of the pure mathematics , which
regards the core several topics such as mathematical algebra and complex
analysis . The distribution of numbers and the related counting functions
of primes and integers are studied by several authors. Morever , The
distribution of generalized primes, generalized integers and their
generalized counting functions (called beurling instead of generalized
sometimes) are studied during the last fifty years. There are many results
published about the relation of counting function of g- prime 1,(x) and
counting function of g- integer N, (x)involving the generalized Riemann
Zeta function ¢, (o + it).for € (0,1) . The aim of this work is to obtain a
new system, which is an arithmetic function for prime numbers with an

arithmetic function for generalized prime numbers for example (IT,N)
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Introduction

During the seventh defined by Bukowski weird numbers and as an
update , learners of mathematics at Central Washington University
broken Kravitz in 2013 and discovered the largest primitive weird
number which is
1,304,478,802,221,037,336,898,806,955,880,590,950,108,213,611,

184,211,428,152,436,309,358, 012, ,494,920, 476,023,972,998,
095,015,247,872, Comprising of 127 Digits .

Searched in weird numbers and the weird number n is w positive integer,
for which the sum of n proper divisors is higher than the number n itself,
and there is no subset of proper divisors that sums up to n.Simply put,

wei-rd numbers are numbers that are abundant but not pseudoperfec.

As well as in 19" century the scientist Beurling state that any sequence of

Reals B = {p; pa, ... ... } satisfying : 1 < p1, pn < Pnyq and that the
sequence of the actual primes {2,3,5...} aould be a case of an called
Beurling primes or generalized primes .This can form the sequence of
generalized (or Beurling )integers N, formed by the products of the form

n ag
=k=0 pk

where k be a natural numbers and a; € N U {0}Beurling counting
function of primes and of integers are stated as :

T[g(x) = Zpr peg 1 and Ng(x) = Yn<xnen 1.

All these generalization have been investigated by Beurling (in 1937) and
then several authors studied it such as Diamond and Hilberdink and so on .
This subject now one word regarded it as a main of the attention of
several authors and a phD student in variouse areas around the world
which includes many open problems and different branches .Additionally,
authors study the generalization of primes in two main entries : Either in
the analytic style or in algebraic style where in both cases still the
Riemann — Zeta function as a main open problem.



In this thesis , Beurling prime systems are followed (i.e. the generalization
of primes ).Moreover, an idea about the link between the counting
function of primes and of integers involving the generalization of Riemann
— Zeta function is given . We will improve the known upper bounds of the
generalized integer function by using a sequence of weird numbers .

The aim of thesis is suppose that we have a sequence of weird numbers .

Apply this sequence as a special case of x . By the way, this sequence
satisfies the rules of Beurling prime .

In fact, the first chapter it examines the prime numbers as well as the
primes and integers arithmetic functions and also the definition of the
Riemann Zeta function

The second chapter Developing Landau’s idea, Arne Beurling in 1930s
introduced generalised (or Beurling) primes. In his definition, from any
sequence of reals

P={pl, p2, p3...} satisfying1l<pl<p2<..<pn<.., and pn > oo

asn - oo

called ‘generalised primes’, can be formed the sequence of generalised (or
Beurl-ing) integers N formed by the products of the form H%‘zl p?i .where
k€ Nand a; € NU {0}

In this sense, Beurling generalises the notion of prime numbers and the
natural numbers obtained from them. The generalised primes need not be
actual primes,nor even integers and the generalised integers need not to
be a uniquely factoris-able. Therefore, P and N are not sets in general, but
multisets where elements can occur with a certain multiplicity. Beurling
defined T, (x) to be the counting function of g-primes less than or equal
to x and NP (x) to be the counting func-tion of g-integers less than or equal
to x (counting multiplicities). Beurling was interested to see under which
conditions on N and the multiplicative structure, a Prime Number
Theorem holds.

The third chapter we give background to Beurling (or generalised)

prime systems and the associated Beurling zeta function and put the
2



theory in its historical context. First, we introduce discrete g-prime
systems with some examples, while in the second section we will
define the ‘continuous’ version of g-prime systems with some
examples. Here 1, and N, are still increasing functions but need not
be step functions. Now &, is defined as the Mellin transform of N,, .
That is

b ()= [ 2 dNp()

In the last part, we list relevant known results which are necessary
for our work

In four chapter , For the reader, writing N, m,, <§p, ... to inform the reader

that these are the generalized (or Beurling) counting function (of integers
and primes) and the Beurling Zeta function.

Beurling in 1937 stated that any infinite and positive real sequence such
that the first element must precisely>1 called a generalized primes.
Further, the sequence of Beurling integers can be build by using the
fundamental theorem of arithmetic’s. This article fos on addressing
examples of discrete and continues Beurling’s prime systems. .The
difficulty of this work is when you have a discrete prime system , then its
possible to build a continuous prime system, while the converse is
impossible mostly. Further, this work shows the relation between Beurling
counting functions and Beurling Zeta function as well.



Chapter one

Prime and Natural
Numbers with
Arithmatical Function



Introduction

Number theory is a core of the pure science . So its beneficid to address
the prime numbers and the natural numbers creating from those actual
primes. Moreover, talk about some counting functions of primes
m(x), Y (x))andcounting function of integers N(x) as well as the Riemann —
Zeta function. Whereas , the second branch study the generalization of
what mention above , such as the generalized (or Burling ) primes,
natural , counting functions and generalization of the Riemann — zeta
function.

1.1. Prime Numbers

Definition 1.1.1 [41]. The natural number P is prime if it is greater than 1
and divisibe only by P and 1 .The first few primes few primes are
2,3,5,7,11,13,17,19,23,29,31,........

The function that counts the prime numbers less than x € R is

m(x) = 21

p<x

Euclide ,the Greek mathematician proved that every natural number is
either a prime number or a uniquely product of different powers prime
numbers . thise is called The Fundamental Theorem of Arithmetic, and

the function that counts the naturals less than the integer x is

N(x)=zl

n<x
nenN

Lemma 1.1.2 [41]

An integer n = 2 is composite if and only if has factors a and b such
that.

l1<a<nandl1l < b <n. Suchthatn = ab



Proof . Let n> 2 .The if direction is obvious . For only if, assume that

n is composite . Then it has a positive integer factor a such that
a # 1,a # n.This means that there is ab with

n = ab.Since n and a are positive ,Soisb Hencel <aand1<b
a<nandb <n.Sincea #1and a # nwe have
1<a<nlfb=1thena=n,Whichis

also not possible .So 1 < b < n, Finishing this half of the argument .

Lemma 1.1.3 [41]
Ifn > 1 then there is a prime p such that p|n.

Proof : Let F denote the set of all integers greater than 1 that have no
primeDivisor . We must show that F is empty .| f F is not empty then by
the Well -Ordering Property it has a smallest member call it m Now

m > 1land has no prime divisor .Then m cannot be prime

(as every number is a divisor of itself ).
Hence, m is composite . Thearefore by lemma 2.2, ( m=ab ) where

l<a<mandl<b<m.sincel<a<m

the factor a is not a member of F . so a must have a prime divisor p|a
and a|m So, by Theorem p|m . Thise contradicts the assumption that m
has no prime divisor . Therefore , the set F must be empty .

Theorem 1.1.4 (Euclids Theorem ) [41]. "There are infinitely many primes

Proof. Assume to get a contradiction that there are only a finitely many
primesp; = 2,p, = 3,...,pn, Consider the number

Since p; = 2,Clearly N = 2 .50 N has a prime divisor p . that prime
must be one of p4, ....., p,, since that list was assumed exhaustive .
However observe that the equation



N=p; (p1P2---Pi-1 Pit1 ---Pn ) t1

Along with 0 < 1 < p; shows by lemma 2.3, that n is not divisible by
p;' .this is a contradiction it follows that assumption that there are only
finitely many primes is not true .

Theorem 1.1.5 [41].

If n > 1 is composite then n has a prime divisor p < vn

Proof: Let n > 1 be composite Thenn = abwhere1l <a <n,and 1 <
b<n

We claim that at least one of a or b is less than or equal to vn . 'for if not
thena >+/n andb > +/n,and hence n = ab+v/n .v/n = n which is

impossible . Suppose , without loss of generality , that a < v/n .since 1 <
a, by lemma 2.3 there are is a prime p such that p|a. Hence, by
Transitivity

in Theorem , sine a|n we have p|n . By Comparison in theorem, since p|a
we havep < a < vn.

"We can use theorem to help compute whether an integer is prime ".
given

n > 1, we need only try to divide it by all primes p < +/n ,if none of
these

divides ; n then n must be prime .

Example : consider the number" 97". Note that v97 < +/100 = 10, The
primes

less than (10) are 2,3,5, and 7. None of these divides 97 ; and so 97 is
prime



1.2. The Prime Counting Function
Definition 1.2.1[41]:
Let x be a positive real number > 1,then 7(x);is defined as follows :
m(x) =), psx 1 Thatis m(x)is the number of primes less than or
p prime

equal to x it is also called the prime counting function or the prime
distribution function .

Example:The prime numbers up to 50 are :
2,3,5,7,11,13,17,19,23,29,31,37,41,43,47,
Thuse ; we have

(1) =0,7(2) =1,7(3) = 2,7(10) = 4.7(20) = 8,7 (30) = 10,...

Definition 1.2.2 [41] : 60(x)
If X >0 we define cheby shev's 8 — function by the equation

0(x) = z logp

<X

Where (p) runs over all primes < x.

Definition 1.2.3[41] : for every integern > 1 we define:
log p if n = p™ for some prime pandsomem > 1

A(n) =

0. other wi
Here is a short table of values A(n), other wise

(n) 1 2 3 4 5 6 7 8 9 10

A(x) =0 log2 log3 log2 log5 0 log7 log2 log3 O



The proof the next theorem shows how this function arises naturally
from the fundamental theorem of arithmetic .

Theorem 1.2.4[41]: ifn > 1 we have,
log(n) = z A(d)

din

Theorem 1.2.5[41] :ifn > 1 we have

A(n) = z M(d) logg — —Z M(d) log(d)

din din

Definition 1.2.6 [41] : Y(x)
For x > 0 we define che by sher's 1 -function by formula ;
Y = ) x
n<x

Thus the asymptotic formula in (1) states that:

. Y(x)
lim =
x—1 X

1

since A(n) = 0 unlessn is a prime Power ; we can write the definition
of W(x); as follows :

Y(x) = anx A(n) = fnzl Zp(p) Am= anzl Zpgx logp

Definition 1.2.7 [41] : Euller’s totient function

For n € N; define ¢(n) to be the number of Positive integers less than
or equal to n and comprime to m

n

dm= Y 1

m=1
(nm)=1

Definition 1.2.8 [41]: The divisor function d(n)



Forn € N:letd (n) denote the number of divisors of n. we can write

d(n)=z 1

din
Definition 1.2.9 [41] : The function o(n)

this as :

for n € N, leto(n) denote the sum of the divisors of n . we can this

function as :
o(n) = Z n

din
Definition 1.2.10 [41]: The mobius function M is defined as follows

lifa=1
M(a) = { 0 if a > 1 and containts a sequare prime factor
(D" a>1and a = p1p, ....pn (i.€ sequarefree)

For example, M (2) = —-1,M(4) =0

Theorem 1.2.11 [41]: If n > 1 we have:

> M@ =[] =]

din

liouville's function A(n) 1.2.12 [26]: An important example of a
completely multiplicative function is liouvillés function A, wich is
defined as follows .

Definition 1.2.13 [26]: we define (1) = 1,and ifn = P ...P3* we
define:

A(n) = (—=1)@t*ek The definition shows at once that 1 is
completely multiplicative .The next theorem describes the divisor
sum of A.

Theorem 1.2.14[26] : for everyn > 1 we have:

10



1 if nis aperft square
Za/n Md)=

0 otherwise

Also; 17'(n) = |[M(n)| for all n .
Proof: let
gm) = Xam A(d) ;" thengis

Multiplication so to determine g(n) we need only compute g(p 2) for
prime powers we have :

gP)* = Xapa A(d) =1+ A(p) +A(p) + - +A(p)*

oLt (—1) = 0 if a is odd

H i e s
ence If 1 ifa is even

k
— ai
n= | | bi
i=1

We have

k
g(n) = 1_[ g(p®)

if any exponent ai is and then g(P") =0 so g(n) =0

if all the exponents ai are even then g(piai) = 1forallland g(n) =1

this shows that g(n) = 1 ifnis a square ,and g(n) = 0 other wise
also .

A7) = M(m)A(n) = M*(n) = [M(n)]

11



Difinition 1.2.15[26] : An arithmetical function is real or complex
valued function defined on the set of natural numbers.

The following arithmetical functions are needed for our work. For all
natural number a one can have g, (a) is summing the divisors of a with
power a and defined as

0., (n) = z 4

d%n
For example, 0,(4500) = 38

Definition 1.2.16 [27]:

The function N(x) is the counting function which count the number of

integer numbers less than or equal to x i.e N(X)=Y,n<x 1
nenN

Note that here we mean by say n is integer forx € z™

1.3 Prime Number Theorem and the prime counting
function [28]

The question ‘How many primes are there?’ and How big is the nth prime
are Closely related. If we could answer either of them exactly with a
simple formula Then we could also answer the other but we cannot . The
best mathematicians Have managed is to get more or less close to the
exact answers .The number of Primesless than or equal to n is denoted by
m(n). Thise should not be misleading There is no connection between the
7 in T(n) and the constant m that is related to the circle .Since all
primes except 2 and 3 are of the form 6n + 1,we can say that at most one
—third of numbers are prime, but this is a gross over — estimate Noticing
that they are also of the theform30n+ 1,7,11, or 13 means that at most
eight out of thity, or 26.66%, can be prime, but this is also a feeble figure
, not least because the number of primes decreases the further we go but

12



this proportion stays the same.The prime number theorem asserts that as

n increases ,m(n) asymptotically Approaches ﬁ meaning that nsln)

logn

tends to 1 as n tends to infinity .In notation :n(n)~$ . Thisis a

brilliantly simple estimate , and a pretty good one ,though not the best : it

also turned out to be very difficult to prove. The approximation é to

1 .
m(n) also means that of the numbers 1 to n, roughly Toan are prime .we

could also say that the proba — bility of a random number between 1 and

n being prime is approxi -mately @. It also means that the average gap

between two consecutive primes near the number x is close to log x .
Thus ,when x is round about 100, log x is approximately , so roughly every
fifth number should be prime

1.4 Historical view of the prime Number theorem number

theorem (P.N.T) [28]

During ninetieth century,Legendre was the first to put a version of the
prime

number theorem into print .In 1798 he claimed in his book Essai sur la
theorie des.

The youthful causs had also been studying prime numbers, and in 1792 at
the age of fifteen, he proposed the estimate,

m(x)is approximately L; (x)=f2x$ dt

Gauss ‘s conjecture is equivalent to the prime number theorem #

There was then a long pause until Tchebycheff proved in (1851) that if ,

13



@/logx does have a limit then the limit must be 1;through he was
unable to take the final step and show that the limit existed A year he
proved that if n is large enough;then,

(0.92...)
log x

(1.105...)x
log x

<m(x) <

The final step was taken entirely independently by de la vallee poussin

(1866-1962) and Jacques Hadamard (1865-1963), coinciden-tally two of
the longest — lived mathematicians ever .they proved that indeed

1logx
n(x) = L; (x) + an error term of the order of x™ 2

De la valle’e poussin also showed that gauss’s estimate L;(x) is a better

approximation to (x)than x/(logx — a) no matter what value is assigned
to the constant a (and also that the best value forais 1

1.5 Arithmetical Functions

Definition 1.5.1[41] For any two arithmetical functions w,q € S, the
convolution is defined by

a

wra@ = [ w(})dao

-1
And in term of summation convolution can be defined as
W)@ = ) wba(7)
£ b
<a

Definition 1.5.2 [41] If w and q are arithmetical function then Dirichlet
convolution for w and g is known as

h@@) = ) wib)a(;)

bla
14



Theorem 1.5.3 [41] Multiplication of Dirichlet series

Let W and Q be two Dirichlet series defined as

W(s) = Z Wrgl) foru> a
n=1

Q(s) = Z qr(lr:) foru>b
n=1

Then in the half plane that both series are converges absolutely we have

- h
W) = Y

n=1

Where h(s) is Dirichlet convolution of w(s) and q(s)

Theorem 1.5.4 [41] Uniqueness Theorem
For any two absolutely convergent Dirichlet series for u > u,

W(s) = z Wrgl) q(n)

and Q(s) = Z -
n=1

If W(s) = Q(s) for any s in an infinite sequence {Sk} such that S, — o

as K — oo then w(n) = q(n) for any n .

Theorem 1.5.5 [41] Mobius inversion formula

f(2) = ) g(b)

bla
15
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Indicates that

ZOEDWOME

bla
besides the converse is true .

Theorem 2 which is determine the connection between Euler’s function
and Mobius function is already one of applications of Mobius inversion
formula .

1.6 Zeta function

zeta function {(s) is a function defined as a series by {(s) = Z;‘;’zlé . It was

studied firstly by Euler where in 1737 , he provided a linking between zeta
function and prime numbers by proving the identity

1 1 . . .
i(s) = 230:1; = [Ipis prime T ;5 - That is sometimes , zeta function

named by Euler zeta function .

After then , Riemann entered the complex numbers in the study of zeta
function by taking complex values of s and now , zeta function is
widespread as Riemann zeta function . Zeta function is analytically
continues and converges if R(s) > 1. Thusfors =u +it,uandtare
reals , we have

(00] (00]

Z(S) — z n—(u+it) — z e—(u+it)log(n)

n=1 n=1

0]
= Z n~Y e~itlog(M hence |n’| = n"
n=1

Actually , zeta function {(s) is a Mellin transform of f(x) = [x] (see[41]) .
In fact , Riemann zeta function is analytic at all the points of the complex
plane except at the simple pole s =1 with residue 1 and this proved in [41]
. In particular , if s is near 1 then

16
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1
) ===V

lim
s—1

Where y is Euler-Mascheroni constant and equal approximately to
0.57721665 (see[21]) . If t = O then zeta function is divergent for u =1 and
absolutely convergent for u > 1 . This was proved in elementary calculus .

Many mathematicians tried to dilate the concept of zeta function , in 1901
Ernest Barnes defined zeta function and named Shintani zeta function as :

1

s,wlay, ...,an) =
inls wiay N) Z (w+ayng + -+ ayay)®
nq,... 0N

As a generalization , Adolf Hurwits defined zeta function with respect to
two complex numbers s and r with real parts graeter than one and zero
respectively as

-1
U HZO (n+r)s

This series is absolutely convergent for all s and r in the half plane

u > 1 and analytic in the same half plane where Riemann zeta function is

(s, 1).

In 1996 Crandall defined zeta function with respect zeros of Airy function

as
Ca;(s) OOE !
A L a3
1=1

where R(s) > % and A; is Airy function which is defined as

Ai(x) = 1] 1t3 + xt)dt
(%) == cos(3 xt)
0
and a; are the zeros of Airy function such that |a;| <|a,| <...

17
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One of the most important usage of zeta function is when Euler proved in
1737 Euclid's theorem ( which is talking about the infiniteness of prime

numbers ) by showing that the series Zﬁ is divergent ( where p run through

all prime numbers ) . He inferred this result from the fact that zeta function
tend to infinity whens=1.

Another formula of zeta function can be written if s € (0,1) as

1 1-s
¢(s) =gm(2;—f_s)

n<a

And by this formula one can get the following theorem

Theorem 1.6.1[41]

Ifa>1ands > 0,s # 1then

1-s

i)

n<a

18



Chapter two

Generalized prime

numbers



2.1 Introduction

The Swedish mathematician Arne Carl-August Beurling (1905 — 1986)
produce in 1937 a new concept in Number Theory . He defined the
generalized prime numbers by positive increasing real sequence all of its
terms greater than one and tend to infinity and mathematically represented
as P, = {rj}iz;, 1 <r; <r, <. . The sequence

N, = {n;} that consists of all numbers of the form rj*.ry? ...rp™ is called
generalized integer numbers where a;,a,,a,, € NU {0} . All r; is called

Beurling primes and n; are Beurling's integers. Clearly, the elements of P,
and N, may occur more than one time with specific multiplicity . (P, N,,)

is called generalized primes system and briefly ,g-primes system .Naturally
, the generalized counting functions of primes and integers will be defined
as

T, (%) = Z 1 andso N,(x) = z 1
psx,pePp nsx,neNp

And as all the arithmetic and counting functions mentioned earlier , the
analogue zeta function will be named Beurling zeta function and defined by
Dirichlet series as C,(s) = ZHEND n~° and by Euler product as

60 = [ |1

peEPy

As a Mellin transformation of N, (x) zeta function can be defined as

[00]

p(S) =J xS dNp(x)

The generalization of the PNT which was by Beurling is as the following

20



Theorem 2.1.1 [1]. (Beurling's Prime Number Theorem)

X
logY (x)

If Np(x)sz+O( ) forsomeK>0andy>§then

Beurling also proved that it is necessary that y be greater than %to ensure
the Beurling PNT .

Many mathematicians tried to give equivalent theorems to Beurling's
generalized prime number theorem . Nyman , for example, and not as a
limitation in [5] gave a development of Beurling's generalized prime
Number Theory but un fortunately there were some mistakes in the proof .
After then , G.Debruyne and J.Vindas in [8] fixed the mistakes and gave
the following theorem

Theorem 2.1.2 [8]

For a generalized number system and for complex number s = u + it the
following four statements are equivalent

1. For some K > 0 the generalized counting function of integers
satisfies Np(x) = Kx + O( ) , forally eN

X
log¥(x)

2. Forsome K > 0, the function F(s) = (,(s) — 1—1 has C*®-

extensiontou > 1 thereis © > 0
such that F™ (1 + it) = O(Jt|*),for alln € N

3. Forsome K > 0 and each # > 0 the function

F(s) = 3y (s) -

satisfies
1—s

F™(u+it) = 0(1 + |t|*),for u> 1 andalln € N with global Oen-
constants

X
log¥(x)

4. I, = li(x) + O( ) for any y € N where li(x) = fX &

2 log(t)
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Nyman in [5] said that the conditions 1 and 4 is equivalent also to :

Foranyx > 0andn €N,

(n) Y — n 1 — "

uniformly on the region u > 1 and |t| = » . Actually , the equivalence is
almost imposable because it does not tell us any information about
(p neer s = 1 and that was be noticed by Ingham in [3]

2.2 . The Generaliesed (Beurling counting function):

1, (x),Np (%), defined respectively ;by:
Ty (x) = ZpEP,psx 1 and Np (x) = ZnEN,nex 1.
The methods invariably involve the associated

2.3 Beurling Zeta function

1 1
S;p(S)zl_[].—P—Sz %

PEP nenN

l/)’P (x) = ZpRSx,pEP,keN log p =Znsx,neN Ap (TL),

Wher 4, denotes the (generalized)von mangoldt function ,defined by:
A,(n) =logpifn=p™forp € Pand m € N,and A,(n) =0
otherwise.

This is because these functions are directly related to &,(s) via

_ oo Np(x) E'(s) oo Pp(x)
& (s)=s [, xi"'l dx and —==5s xp dx.
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Chapter Three
Beurling Prime Systems



Introduction

we give background to Beurling (or generalised) prime systems and
the associated Beurling zeta function and put the theory in its
historical context. First we introduce discrete g-prime systems with
some examples, while in the second section we will define the
continuous version of g-prime systems with some examples. Here m,,
and N, are still increasing functions but need not

be step functions. Now &, is defined as the Mellin transform of N,
That is

£ (s) = f x5 dNp(x)

In the last part we list relevant known results which are necessary for
our work Let F denote the space of all functions f: R—C such that fis
right- bounded variation with f(x) = 0, ¥x € (-o,1) continuous and of
local. LetF* < F such that for any f € F*, fis an increasing function.
For a €R, let

F,={fe€eF:f(1)=a}and E} =F, nF*

3.1 Types of g-prime systems
There are two types of g-prime systems but first it needs to move our

attention to understand the outer g-prime system (Np ,Hp). Here for
N, € Fi" = {all increasing functions with f(1) = 1}

and I, € Fy = {all increasing functions with f(1) = 0}
with N, = exp * II,,.

We refer to the function f = exp,gif f x g, = f|, where Clearly if
I, € F§ then exp * I, € F{ hence any II, € F§ generates an outer g-

prime with N, = exp = I1,,.
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Definition 3.1.1 [12]. A g-prime system is an outer g-prime system if there
exist m, € F§ and I1,(x) = Zgilinp(xl/a). T, can be defined by Mobius
function as

T[p(X) = 2 ?Hp (Xl/a)

The generation of Chebyshev function is denoted by

Pp(x) = f Xlog(t) dIT, (t) . Note that Y, (x) € Fg
1

Definition 3.1.2[12]. The discrete g-prime system is a generalized prime
system which T, is an increasing step function with integer jumps. In this

case ,(x) will equal to

log(p)

pKsx, keN
peEP

Definition 3.1.3 [12]. The continuous g-prime system is a generalized
prime system which T, is increasing and need not to be step function.

Example 3.1.3.1. 1[12]

At first , if one can take out the prime 2 from the sequence of the actual
primes P = {2,3,5,7,11, ... } and see by the fundamental theorem of
arithmetic that sequence of Beurling's integers will contain all odd integers
and

T, (x) = m(x) — 1 and thus N, (x) = %1] = g + 0(1)

Example 3.1.3. 2[12]

Let W={w, },=, be the sequence or weird numbers and consider the
sequence P, = {w;}i>, such that each w, appears n+1 times

P,={70,836,836,4030,4030,4030,5830,5830,5830,5830,7192,7192,7192,71
92,7192,...}
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Then N, will contain 1, all weird numbers and their multiplicities and all
the powers of all weird numbers and their multiplicities

)

-1
Example3.1.3. 3 Let I, (x) = flx 1102 ¢

x> 1.this means that clearly I, € F;" and

—t1
logt

lpp(x)—jlogt I3, (x) dt—flogt

=J(1—t‘1)dt =x—1—logx €F;

Y,(x)=x—1—-logx ,x>0 ,,(x)€ Fy
Now

Ny()=]; log t d Np(t) =[Ny (D) d 1, ()

Letu=> —t=-— —>dt=—-du
t u u

=x [} Np)(1 = 2)
[Xlog t dNy(®) = x [FNp(u) (12 %

ij(u) du — jx%u) du

1

X
N, (x)log x — f
1

N (x)logx Jx

(Np(x)log x), Ny ()

X x2

x (N, (x) log x + Np (x )) — Ny (x)l xog N, (x)

x2 x2




x Ny(x)" log x N N, (x) B Np(x)logx  Np(x)

x2 x2 x2 x2

Np(x)' logx _ Np(x)log x

x x2

r_ Np()
= le(x) = P27

Ny(x) . Np(x)"
X

N,(x)" = Np(x) =

R |

So log N,(x) =logx+c
Ny(x) =cx but N,(1)=1 ,c=1

Ny(x)=x ,x 21
3.2 Some known results from literature

1. Beurling in 1937 [1] proved that if N, (x) and Il (x) are increasing
functions in [1, oo] and related by the relation

(0]

| 57 Ny = el am

1

Where s is complex with R(s) > 1 and if N,(1) = 1 and
N, (%) = kx + O(xlog™*(x))

for some positive integer k and 3 then the Burling Prime Number
Theorem is satisfied if 2 > 3/2 and he gave an example in which if 2
= 3/2 but Burling Prime Number Theorem fails to hold.

2. Nyman , in 1947 in [5] showed that for x tend to infinity , if there is
a positive real number K then for any j >0

N, (x) = Kx + 0(x(log(x))™
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Iff
T, (%) = li(x) + O(x(log(x))™

3. Dimond in 1969 in [18] showed that if
N, (x) = kx + O(x(log(x)) 2(x) x e~(0glogN* )

withk > 0 and a > g then

a. {(s) = f,” xS dN,(x) has no zeros on the line u = 1
b. T, ()~

_x
log(x)

4. Mallaivin, in 1969 in [27] proved that for 0 < a« < 1 and

a. b,c>0N,(x)=cx+0 (Xe_b(log(x))s) implying

b. M) =1i(x) + O(Xe‘a(log(x))a) where
a = 10 for some a.
5. Diamond again in 1970 [17] , enhanced Mallavin's result conversely
by showing that

Np(X) = px + 0 (Xe—b(logxloglogx)ﬁ)

for some b > 0 where 3 = ﬁ If

I, (x) = li(x) + 0(xe~2008N™)

holds for 0 < a < 1 and for some posative constanta.

6. Diamond , in 1977 [19] showed as a converse of Beurling's PNT,
that there exist a positive constant ¢ such that

t

e dt < oo.

N, (x)~cx as x — oo if fzoo t=2 |1'Ip(t) —
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7. Kahane , in 1997 [24] presented a great extension to the Beurling's
PNT. he proved that

(0]

J

1

(N(H) — at)log(t)
t

2 dt
_<oo
t

for some a > 0 implies the Beurlings PNT.

8. Balanzario, in 1998 in [ep] proved that
E
Hp(X) = ll(X) + O(Xe_a(log(x))z)
and
1
Np(X) = cx + Q4 (xe DU0B)?)

For some positive a, b and c.

9. Hilberdink , in 2006 in [41] improved Diamond result in [hda] as :
Let g, (x) = x+ O(x?) for soma € (0,1) then

1

1 2
Np (X) =bx+0 Xe_c<10g(x)10g10g(x)>
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Chapter Four

Some examples of
Discrete and continues

Beurling prime systems



Introduction
For the reader, writing N, 7, gp, ... to inform the reader that these are

the generalized (or Beurling) counting function(of integers and primes)
and the Beurling Zeta function. Beurling in 1937 stated that any infinite

and positive real sequence such that the first element must precisely>1
called a generalized primes. Further, the sequence of Beurling integers can
be build by using the fundamental theorem of arithmetic’s. This article
focus on addressing an examples of discrete and continues beurling’s
prime systems. .The difficulty of this work is when you have a discrete
prime system then its possible to build a continuous prime system, while
the converse is impossible mostly. Further, this work shows the relation
between Beurling counting functions and Beurling Zeta function as well.

The aim of the paper

Is to show there are a discrete and counting g-prime systems with

some difference of the define of (x)

The well know counting functions of prime and integers defined as

W (x) =<1 H(x) = Zpsxlogp , n(x) = Z'psl 1

4.1. The link between the counting function ¥ (x), N(x) and
Beurling Zeta function

Wels)=f,"x™  dN(x)

(2)-% =5 [7x757 y(x) d(x)

(3)—%]0;; s)=s floox‘s‘l y(x) dx
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So, any information a bout 7(x)or N(x) give information a
bout £(s) and ricervers

¥, (x) or

T, (S)

_

$p(s) < Ny (%)

Figure(1) Shows the triangular relation

We able to introduce F the space of all function f:R — ¢ such that f is
right — continuous and of local bounded variation with f(x)=0 , Vx €
(—o,1).let F* € Fsuch that for any

F € F* ,f is anincreasing function.For a €R.

4.2. Types of g -prime systems
There are two types of g — prime systems as shown in the follows examples

Example 4.5.1 :* [On Chebyshev’s for beurling’s generalized primes]

Suppose that n(x) = [ 11;;_:

G (logt)dt exist with
G(logt)=1+ 2 7;11 a; cos(jx)so ,as mention in [*]after deep details

s+p—1

ES)=[—— Io<iji<n(1 —

_aj .
=)o <j| <n

N(X) =cx+o(x(logx)™)
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THIS show there counting g -prime(Tl(x), N(x)) there is a counting g —

prime system

M(x) =li(x) + E;(x)
N(x) =li(x) + Ez(x)

Example2 : using the definition of TI(x) = f K17 G (logt)dt with fixed
g(logt) to be constan and p € (0, 5) then

|
[STIEN

X

dt

I, (x) = jl logt

Y(x) = j I, G dt

1

h(x) = fx(1 - t‘%) dt
1

Px)=((x—-1)—Vx +2,p(x) =x—+/x +1
X X 1
Jl logtd N(t) = Jl N(\/_F)d Y(t)dt
dt

letu=£—>t=f,—= —x dt—_—xdu
t u - du

jxlogtdzv(t)=f N(= )(1—t21)dt

X
X —2

jllogth(t)=le(u)(1—;)2 (ﬁ)du

X

L.H.S—>f logt dN(t) ,let u=logt
1
1
duzgdt,dvsz(t),va(t)

X X X
j udv = uv — f vdu = f logt dN(t)
1 1 1

=logx N;(x)|¥ — fXN(t) dt = logxN(x) — fxm dt

RH.S— [¥N)(1 - (5)2) (5)du

=logx Ny () - ;M2 dt = [T N@(1 - &) (&) du
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=[[NwW)(G - = 3)du—f N(u)(—— )du

w2’

logxN; (x) —J [(—( )+N( )(__ ]
uZ
d -
e (00 ) =N () + M09 =

d N(x) 1 1
a (lng Nl(X)) = T + N(X) (; — F)

e

()

— (long(x)) =

N(x).logx + Nlix) N(x) (2 - 1)

N;(x) 1
X

N, (x)
X

N (x).logx =

N(x).logx =

NX) 1 1

N, (x) xlogx (1= ;)

d 1
dx logl, (x) = dx (xlogx ( B ;>)

logN;(x) —J (1 ——))

xlogx

1 1

pLOGN(X) — efm(l—g)

N,(1D) =1
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The above shows that thereis adiscreat G-P systems(y(X), N1(x))

1
xlogx

PY(x) =x—+x+1,N,(x) =

1 1
( —;)

so there is a system such that (T4 (x),N(x)) exist

I, (x) = li(x) + EQ(x)
Ny (%) = li(x) + E3 (x)
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Chapter Five

Conclusion and Future
work



Conclusion

Chapter three shows the restricting of the gap between the error term of
|No(x) — tx| and itself in Riemann hypothesis . The important question
here is : Can anyone get restrict the error term furthermore? This question
leads to a big future work . For more precise , anyone can restrict the gap
by using other sequences but , a big challenge will be forced because of the
difficulty of manipulation that should use to get closer from Riemann
hypothesis .
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Future work

This work opens window to the reader for enhancing the results in
chapter three and the guide line is Riemann hypothesis .

Finding a sequence of odd primitive weird numbers by applying
the given algorithm in chapter three .

Decreasing key generation time of proposed RSA algorithm in
chapter four by enhancing the keys generation algorithm .

Mix the proposed RSA algorithm in chapter four with other
cryptography algorithms
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