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Abstract

This study aims to build new formulas and connection between geometric
function theory (especially sandwich theorems) and Viete’s theorem in
elementary algebra through Newton's identities, and all the algebraic concepts
that can be related with it. The relationships between those theorems within
Hardy space, where some basic concepts of Viete’s theorem are reviewed. The
algebraic properties of symmetric group with new formula that defined as
ordered cyclic subgroups, this represents in the first stage of this work.

The second stage: We introduced concepts of companion matrix in the
Hardy spaces by studying algebraic properties as well as the concepts of
composition of matrices. Indeed the effect of operators on the powers' traces of
companion matrix, which effects on the complete homogeneous symmetric
functions class that involving an ordered cyclic operator. Several operators have
been identified in many details such as:

e Newton's identities by companion matrix.

e A new formula of complete homogeneous symmetric functions.
e Derivation the ordered cyclic operator.

e Derivation the inverse of the ordered cyclic operator.

The third stage: The concept of differential subordination and
superordination for type of meromorphic complete symmetric functions that
defined by some operators were introduced (ordered cyclic subgroups,
fundamental differential for ordered cyclic operator).

The fourth stage: The concepts of (third and fourth )- order differential
subordination, superordination and sandwich theorems for class of complete
homogeneous symmetric functions of three - order and four - order and some
classifications of that concept are introduced (linear differential for cyclic
operator of this functions, composition of inverse for an ordered cyclic
operator).
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Introduction

The geometric function theory is the branch of complex analysis which
deals with the geometric properties of analytic functions. It was founded around
the turn of the 20th century and has remained one of the active fields of the
current research. Moreover, in spite of the famous coefficient problem,
"Bieberbach Conjecture" that was solved by Louis de Branges in 1985¢it
suggests various approaches and directions for the study of geometric function
theory [20].

The first aim of the study presented of this thesis is the use of the concept
of symmetric polynomials, this type of identities was identified by Albert Girard
(1629) [21], It was rediscovered and axiomatized by Isaac Newton around 1666
[34]. Newton's identities, also known as the Girard—Newton formulae, gave
relations between two types of symmetric polynomials, namely between power
sums and elementary symmetric polynomials. Evaluated at the roots of a monic
polynomial P(x) in one variable, that allow expressing the sums of the k-th
powers of all roots of P(x) (counted with their multiplicity) in terms of the

coefficients of P(x), without actually finding those roots.

Where the idea of the concept of convergence crystallized through Hardy

space, we may define it as a relationship as follows:

Let f be analytic at all points within a circle C with center at z, and radius r,.
Then at each point z inside C, the power series Y.o—, a,(z — z,)™, converges

uniformly to f(z) in the open unitdisk U = {z € C: |z|] < 1}.

The second aim of our work is the derivation some cyclic operator. A
frobenius matrix is a special kind of square matrix from numerical mathematics.
Some researchers use the transpose of this matrix, which (dually) cycles

coordinates, and is more convenient for some purposes. There was a suggestion



method by the scientist Barakat[11] to calculate the sum of the powers for the
eigenvalues of a diagonal matrix and works iteratively through Newton's
identities to get the elementary symmetric functions for these eigenvalues,
which represent the coefficients of the characteristic polynomial. Each
homomorphic function ¢ that takes U into itself we associate the composition

operator C,, defined by:
Cof =fo 0 (f €H?)

The Littlewood subordination theorem tells us that the operator C, takes

the Hardy space 72 into itself. Littlewood's principle also supplies an estimate

which shows that C,, is a bounded operator on H?, see [48,14] for more details.

Let H (U) denotes the analytic function class in the open unit disk U, the
resolvent det (I — A)~! of a complex matrix A is naturally an analytic function
of eigenvalues A € C and this eigenvalues are isolated singularities. In general

any matrix has finitely eigenvalues. The resolvent set of A is defined as follows:

0(A) = {1 € C: Al — Aisinvertible}
and the spectrum of A is expressed by 9(A) = C/o(A). Macdonald [34] defined
the characteristic polynomial for finite distinct eigenvalues and this class
represent the subclasses of analytical functions H'[a,n] which denoted by H

such that H[a, 1] = H and has coefficients of the form

-k JiJ J
(=DM s'sy? . syt

_]1' _]2' .]Tl' 1]1 2]2 n]" .

h, =

Jatizttjn=k

Indeed we can be reduces a class H to the class H of normalized univalent
analytical functions and composed of functions of the following form:



H(Z) ho 2 i,(Z =20

n:

This thesis is devoted for studying differential subordination and
superordination results for types of meromorphic univalent functions that are
defined by some operators. A differential subordination in the complex plane is
the generalization of the differential inequality on the real line. The concept of
differential subordination plays a very important role in functions of real
variable. In the theory of complex-valued function, there are several differential
applications in which a characterization of a function is determined by a
differential condition. Scientific research have contributed on the differential

subordination and superordination with sandwich theorems as [20,29,36,42].

It is very important for us to find new observational and theoretical results in
this field with various applications. The cornerstone of geometric function
theory is the theory of univalent functions, but new related topics appeared and

developed with many interesting results and applications.

This thesis consists of five chapters:
In chapter one, the most important basics of our work are given, by presenting
necessary theorems and results. The first section view the concept of symmetric
group and its most important characteristics, theories and examples. The second
section shows with the concept of Newton's identities and its algebraic
properties. The third section discuss with the concept of Hardy space and cyclic
operator. The last section concerned with important definitions and theorems

related with sandwich theorem.

Chapter two consists of three sections. In section one, a new construction will
describe in detail in application to cyclic groups, though it could have been
introduced at once for symmetric group. In second section, a new formula has

been derived with theorems of abstract algebra that is deeper than the
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elementary properties of symmetric groups. Namely, proceeding from the
description this group by using given of cyclic groups, it's called ordered cyclic
subgroups. We introduce a new formula of symmetric group as direct product of
ordered cyclic subgroup. Third section shows Lagrange's theorem in terms of

ordered cyclic subgroup.

Chapter three consists of four sections. Section one is introduced the
composition of complete homogeneous symmetric functions as an analytic
function which defined in open unit disk. In section two, we recall and founded
newton's identities for characteristic polynomials by companion matrix. In
section three, we derived a new formula for coefficients of complete
homogeneous symmetric in terms of powers of traces' matrix. In section four,
we derived an ordered cyclic operator. In section five, we deals with the inverse

for an ordered cyclic operator.

Chapter four consists of three sections. In section one; we introduced several
results on second-order differential subordination and superordination for class
of complete elementary functions. Second section is represents with sandwich
theorems for certain analytic completely homogeneous symmetric functions
class defined by a new cyclic operator. Here, we derive some results certain
complete homogeneous symmetric functions by using differential subordination
and superordination defined by an ordered cyclic operator. In the third section
deals with the sandwich results of complete homogeneous symmetric functions

defined by a differential for ordered cyclic operator.

Chapter five consists of three sections. In section one; we introduced several
results on (third and fourth)-order differential subordination and superordination
for class of complete elementary functions. The second section concerned with
third-order differential subordination results for analytic functions associated

with a certain diffrrential of an ordered cyclic operator. The third section deals

4



with the fourth-order differential subordination and superordination results of
meromorphic multivalent functions defined by the inverse for ordered cyclic
operator. Here, we obtain some applications of fourth-order differential

subordination and superordination results involving traces function for powers

of matrix transformation Hﬁ(H(z)) for meromorphic multivalent functions.



Chapter One Definitions and Fundamental Concepts

Chapter One: Definitions and Fundamental Concepts

1.1 Introduction

In this chapter, we deal with the most important special mathematical tools
in the process of building a thesis, as they are the mainstay of our work. The
main aspect of the proximity relationship includes its definition, its most
important characteristics and the construction processes that were the basic
building block for building the concept of ordered cyclic subgroup, and which
was the starting point for the process of building modern concepts that was
adopted in this thesis. The first chapter contains four parts:

The first section deals with the concept of symmetric group and its most
important characteristics, theorems and examples. The second section dealt with
the concept of Newton's identities and its algebraic properties. The third section
dealt with the concept of Hardy space and cyclic operator. The last topic

concerned important definition and theorems about sandwich theorem.

1.2  Symmetric Group
In this section, we review the concept of symmetric group and its basic
properties, also give some examples and basic theorems that we need in our

work.

Definition 1.2.1 [15]: Let X be a set with n elements, which label as 1,2,...,n,

a permutation of X is a bijective function o: X — X.
A permutation o can describe by the following form:
( 1 2 .. n )
(1) o(2) - o))"
Because ¢ is bijective, each element of X occurs exactly once on the second

line. The set of all permutations with composition of functions is called a

symmetric group and denoted by S, .



Chapter One Definitions and Fundamental Concepts

Definition1.2.2[19]: A permutation is called a k-cycle if it fixes all elements

except k elements, let it be a,, .., a;_, and acts on those according to:

o(ag) = ay,0(a;) = ay,...,0(ak_3) = ax_1,0(ax-1) = ay.

Such a cycle is denoted by listing the elements it moves between parentheses in

such a manner that the image of each element is listed immediately after it:
o= (apay - ax_1),
we may start with any element in the cycle:
(@p ay . Az Ag—1) = (a1 Az - A1 Ag) =+ = (A-1a0 Ay .. Ag—2)-

A cycle of length 1 is the identity permutation. A cycle of length 2 is called a
transposition. Two cycles are said to be disjoint if they have no elements in

common .

Definition 1.2.3[15]: Let ¢ be a permutation of a set X. An element x € X is

called a fixed point of ¢ if ¢(x) = x. That is, the fixed points of a permutation

123456)
132654

has fixed points {1, 5}, since ¢(1) =1 and ¢@(5) = 5 and everything else is

are the points not moved by the permutation. For example, ¢ = (

sent to something different.

Definition 1.2.4[19]: Let (G,*) and (G',*") be two groups. We say that G and G’

are isomorphic if there is a bijective map ¢: G — G'. That is to say, for every g

and ¢' in G, p(g*g) = @(g)*'p(g’), and the mapping ¢ is called
isomorphism.

Theorem 1.2.5(Cayley’s Theorem)[19]: Let G be a group, then G is isomorphic

to a subgroup of a permutation group. Moreover, if G is a finite, then so is the

permutation group, so that every finite group is a subgroup of S,,, for some n.



Chapter One Definitions and Fundamental Concepts

Definition 1.2.6 [32]: The order of an element a in a group is the least positive

integer m such that a™ = e, if no positive powers of a equals the identity e, a
has order infinity. The group G cyclic if it contains some elements x whose

powers primary to power of G ,this element is said to generate the group.

Proposition 1.2.7[19]: A cyclic permutation of n elements has order n.

Theorem 1.2.8[15]: If G and G’ are two cyclic groups of the same order, then G

and G' are isomorphic.

Lemma 1.2.9[15]: Let o be a permutation of X. If k is the smallest (strictly)

positive integer such that ¢*(x) = x, then the elements

{x,0(x),0% (x),...,0% 1 (x)} are all distinct.

Theorem 1.2.10[19]: Any permutation ¢ can be written as a product of disjoint

cycles.

Theorem 1.2.11(Lagrange's Theorem)[ 13]: If G is a finite group of order n

and H is a subgroup of G of order k, then k|n and % Is the number of distinct

cosetsof Hin G.

Definition 1.2.12[28]: A permutation matrix is a square matrix obtained from

the same size identity matrix by a permutation of rows. Every row and column
has a single 1 with 0's everywhere else. There are n! permutation matrices of

size n.

Example 1.2.13[28]: The permutation matrices of order two are given

by[1 O] [ (1)] and of order three are given by

0 1
1 0 O]t 0 OO0 1 OO0 O 1170 1 OJ([0 O 1
[010,001,100,100,001010
0O 0 1110 1 ofI0O O 1110 1 oOofl1 0 OlIL1 0 O

A permutation matrix is nonsingular, and the determinant is always +1.

addition, a permutation matrix A satisfies



Chapter One Definitions and Fundamental Concepts

where AT is a transpose of a matrix A and | is the identity matrix.

Definition1.2.14[28]: A square matrix is called a Frobenius matrix if it has the

following three properties:

1) All entries on the main diagonal are ones,

2) The entries below the main diagonal of at most one column are arbitrary,

3) Every other entry is zero.

Frobenius matrices are named after Ferdinand Georg Frobenius. An
alternative name for this class of matrices is Gauss transformation.

Example 1.2.15[37]: A Moore matrix is a matrix of the form:

_ n—1-
x; x8 a x
q n-1
X X a
M = 2 2 Xz
.q n-—1
Xm Xm .. xgl i

It is a matrix defined over a finite field. The Moore matrix has successive
powers of the Frobenius automorphism applied to the first column. Therefore, it
ISan m X n n matrix.

Definition 1.2.16[46]: The Stirling numbers of the first kind s(n, m) are defined

such that the number of permutation of n elements which contain exactly m
permutation cycles is the nonnegative number

|ls(n,m)| = (=1)" ™s(n,m)
This means that s(n,m) = 0 form > nand s(n,n) = 1.

The usual stirling numbers of the first kind is a special case of a general

function d,.(n, k) which is related to the number of cycles in a permutation.

Definition1.2.17 [46]: The number of ways of partitioning a set of n elements

into m nonempty sets (i.e., m set blocks), is called a Stirling set number of the

second kind. The Stirling numbers of the second kind are variously and denoted

9



Chapter One Definitions and Fundamental Concepts

by S(n,m). Since a set of n elements can only be partitioned in a single way
into 1 or n subsets, S(n,1) = S(n,n) = 1.

Example 1.2.18 [46]: The set {1,2,3} can be partitioned into three subsets in one
way: {{1},{2},{3}}, into two subsetsin three ways:{{1,2},{3}}, {{1,3},{2}},
and {{2,3},{1}}, and into one subset in one way: {{1,2,3}}.

1.3 Newton's Identities

Newton's identities give relations between two types of symmetric
polynomials, namely between power sums and elementary symmetric
polynomials. Evaluated at the roots of a monic polynomial P(x) in one variable,
they allow expressing the sums of the k-th powers of all roots of polynomial in
terms of the coefficients of P(x), without actually finding those roots. These
identities were found by Isaac Newton around 1666, apparently in ignorance of
earlier work (1629) by Albert Girard. They have applications in many areas of
mathematics, including Galois theory, invariant theory, group theory,
combinatorics, as well as further applications outside mathematics, including
general relativity. In this section we introduce some definition and theorems of

newton's identities.

Definition 1.3.1[34]: A polynomial p(x4,x5,...,x,) is called a symmetric

polynomial if it satisfies:

P(Xp1) Xp(2) » 1 Xp(m)) = P(X1, Xz, wee) Xn)
for all permutations ¢ of {1, .. ., n}. The space of all symmetric polynomials in
X1, X, , ..., Xy denoted by A,,.

Definition 1.3.2[34]: Suppose x4, x5 , ..., x,are the n roots of a polynomial

x4+ a x4+ a, g x + ay.
Then

€0=1,

10



Chapter One Definitions and Fundamental Concepts

n

e1(X1, X5, 0, Xp) = E X; = —ay,
i=1
n
e5(X1, X9 ) ) Xp) = E Xi Xi, = Ay,
1Si1<i25n

n

em (X1, Xy, e, Xp) = z Xi X = (—1D)May,

1<i; < <ip<n

en(X1, X3, iy Xp) = X1X3 ... Xp.
The polynomial e,,(x;1,x, , ..., x,) is called the m-th symmetric polynomial in
X1, X3 ) ey Xy
It has the following property:
em(Xp1)) Xp2) » 1 Xpm)) = €m (X1, X2, s Xn),
for all permutations ¢ of {1, ..., n}. Recall a permutation of {1,...,n}is a one-
to-one correspondence:
p:{1,...,n} - {1,...,n}
Definition 1.3.3 [34]: For each k > 0, the complete symmetric polynomial is

the sum of all monomials of degree k:

— d d
hi (X1, %5, oy X)) = z X% L x, .

dy+-+dy=k

In particular hy(xq, x5, ..., %) = 1.

It is not hard to see that

hy (x4, %5, 0, Xp) = z my(xq, Xy, 0, Xp)
AeP(kn)

such that m, is the partition of k.

11
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Thus, for each nonnegative integer Kk, there exists exactly one complete

homogeneous symmetric polynomial of degree k in n variables.

Another way of rewriting the definition is to take summation over all

sequences i, without condition of ordering i,, < i, :

L myIm,! ... m,!
(X1, X5, 0, Xp) = ol Xi,Xi, X

WlpsSn
Define the generating function for h;, by:
H,(t) = Z R (X1, Xp oy X)) 5

k=0
Then we have

_r
M, (1—tx)

Theorem 1.3.4[34]: Consider the generating function of elementary symmetric

H,(t) = Xa,,..d,20 X0t xpOn gt A=k =

polynomials:

n

E,(t) = Z e; (X, Xy, e, Xy) th = 1_[11(1 — tx;).

i=1
Clearly we have H(t)E(—t) =

or equivalently,

n
Zerhn_r =0 forallk > 1.
r=0

Here we have set
er(X1, X3, 0, X)) =0,
forr > n.
Proposition 1.3.5[34]: The formula }.;'_, e,-h,,_,- can be inductively.
Fork =

h1 — €1 = O,
hence

12



Chapter One Definitions and Fundamental Concepts

h1=61.
Fork = 2,
h2—61h1—62=0
hence
€1 €
h22812_82= 1 el|.

Inductively one finds:
h, = det(el_iﬂ-)

By symmetry between h and e in the above formula, one also get
ey = det(hy_;4 ;)

Here we have used the convention that

1<i,j<n ’

1<i,jsn '

e;(x1,%5,..,x,) =0 fori <0ori >n.

Proposition 1.3.6[34]: The symmetry between h and e suggests the introduction

of the following map w: 4,, - A,

m m m m
w( Z € et @) = Z G hT e B (12.0)
mq,..Mnp mq,..Mnp
and
0)( z aml,...,mnh;n1 + -t h;nn) = Z am1,...,mneln1 +- e*rrlnn' (1-2-2)
myq,... My my,...Mnp

It has the following properties:

1) w is a ring isomorphism, i.e. w(p + q) = w(p) + w(q),w(p - q) =

w(p) - w(q), forp,q € n.

2) w(e;) = h; and w(h;) = e;.

3) w? =id.
In other words, if we define for A’ = (43, ..., ;) € p'(k,n),

hyr (x4, %3 5 oy Xn) = Ry (X1, X2, o, X)) oo h/-l;c(xl,x2 ) eeer Xn)

{ha 32 epriny 18 @ basis of Ay

13



Chapter One Definitions and Fundamental Concepts

Theorem 1.3.7[34]: For r =1, the r-th Newton polynomial (power sum) in

. . .
X1, X ey X IS Dp(X1, Xy 5 ey Xp) = X1 + -+ X,

The generating function for them is

n
P, = z pr(xl,xz , ...,xn) tT1 = szr tm1 =

r=1 i=1r=21
_d l 1
a1t

It's represented Newton formulas. By comparing, one gets:

Hy(6)  Eh(=t)
Ho(t)  E,(—t)’

Pn(t) =

By applying w , one gets:

w(py)(t) = p,(—t) orequivalently,
w(p,;) = (—1)""1p, One also has

Hy(t) = pa (OH,(t) , En(t) = pr () En(—1).

Equivalently
k
khe= Dby
r=1

k
k €k = Z(_l)r_lprek—r .
r=1

These are called the Newton formulas

2=
{ 1—xit

n
=1

Proposition 1.3.8[34]: The formula ¥¥_, p,h,_, can be inductively.

Fork = 1,
€1 = P1-
Fork = 2,
P1 D2
2e;=pres—p2=|1q P1|'
Fork = 3,

14



Chapter One Definitions and Fundamental Concepts

b1 P2 P3
3le; = 2pie,— preg+p, =2 P11 D2
0 1 p,
By induction, one finds
P1 b2 p3 o Pr-1 Pk
k=1 p1 P2 . Dk Pk-1
Ile, — 0 k-2 pp . Dk-s Pk-2
€k = : : : : :
0 0 0 D1 P2
0 0 0 1 D1
One can also rewrite k e, as:
k-1
Pe= ) (DK ey byt (DR ke
r=1
Fork = 1,
b1 = é;1.
Fork = 2,
e, 2e,
= e 2e, = :
b2 1 P1 2 1 e
Fork = 3,
e, e, 3e;
Pz = e p,— e;p1+3e3=(2 e 2e
0 1 e
By induction, one finds
€1 €2 €3 €k-1 key
1 e e ex-2 (k—1)exq
_[0 1 & ex—3 (k—2)ex_,
Pk = . : :
0 0 O e, 2e,
0 0 O 1 ey

15



Chapter One Definitions and Fundamental Concepts

By applying w ,one gets:

P1 b2 p3 wo DPk-1 Pk
—(k—1) P1 P2 v Dr—2 Pk—1
0 0 0 T 21 P2
0 O 0 e _1 pl
and
hy h, hs v hp_q kh,
1 hy hy v hp_y (k—1)hy_4
(—1)k_1pk — 0 1 hl hk—3 (k - Z)hk_z
0O 0 O . hy 2h,
0O 0 O 1 h,

As a corollary, we have A,, = C[hy,..., h,].
In other words, if we define for A’ = (43, ..., 4;) € P'(k,n)

Pa (1, X2, e Xn) = Dpr (X1, X2, weey X)) o p%(xl,xz s Xn),

{Da}xepriemyis @ basis of A.

1.4 Hardy Space

In this section, we define the Hardy space #'2 and prove some basic
results. We refer the reader to Duren's book [8] and J. H. shapiro [18] for more
details about Hardy space. Let U be the unit disk in the complex plane U = {z €
C: |z| < 1}, and let H (U) be the set of all complex valued functions which are
analytic on U. Since pointwise sums and products of analytic functions are again
analytic, then ' (U) is a vector space over the field of the complex numbers.
Before we give the definition of the Hardy space # 2, we recall Taylor theorem

without proof.

We review some links between function theory and operator theory that are

created by Littlewood's subordination principle. To each analytic function ¢ that
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takes the unit disk U of the complex plane C into itself, we associated the

composition operator C,, defined by:
Cof =fooforall f € H>

Theorem 1.4.1(Taylor) [17]: Let f be analytic at all points within a circle C

with center at z, and radius r,. Then at each point z inside C, the power series

Yo an(z — zy)™, converges uniformly to f(z), i.e.,

@
f(z) =Yn-pa;(z—zy)" for all z inside C, where a, = I ®) s said to be

n!
the n-th Taylor coefficient of the function f.
Remark 1.4.2[17]: The function f belongs to H (U) ,then by Taylor theorem:

f(2) = i anz"

n=0

Now, we give the definition of Hardy space # 2.

Definition 1.4.3[48]: The Hardy space #?2 is the set of all functions

(00]

f@=) a3,

n=0
such that Yo°_ola,|? < oo, ie, H? = {f € H(U): X5 ola,|? < o}.
We can define an inner product on H? as follows:

If f(2) =Y oa,z" and g(z) = X2, b, z", are any functions in #£2, then the

inner product of f and g is:

(f.9) = i Qb

n=0

Remark 1.4.4 [14]: If f is any function in 7£2, then we define the norm of the

function f as follows:

17
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I =<, f) = ) lanl?
n=0

i.e., H? is a normed space.

Definition 1.4.5 [47]:

1) The function ¢ is said to be self-map of U if it takes the unit disk U of the

complex plane C into itself.
2) A one-to-one analytic map is called univalent.

3) Let ¢ be an analytic self-map of U. If ¢ is univalent and onto U, then ¢ is

said to be a conformal automorphism of U or just automorphism of U.
Now, we give two examples of analytic functions:

Example 1.4.6 [47]: For each p € U, define the special automorphism function:

_ bz &
X, (2) = r— forall ze C

This function interchanges p with the origin, i.e., &, (p) = 0 and o, (0) = p.

Littlewood's Subordination Principle 1.4.7 [47]: Suppose ¢ is an analytic self-
map of U, with ¢(0) = 0. Then for each f € #?2,C,f € H?and ||C,f| < IIfIl.

The following theorem gives the general case for the map ¢ (¢ does not

necessarily fix the origin).

Theorem 1.4.8[48]: Let ¢ be an analytic self-map of U, then f o ¢ € H 2,

1+ 9(0)] 2
o gl < |—/—== :
Ilf o ¢l < o)) forall f e H

Recall that if T is bounded operator on a Hilbert space H, then the norm of

such an operator is defined by:
ITIl = sup{lITfIl: f € H,IIfIl = 1}
if IT]| < 1, then T is said to be a contraction on # [48].

18
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Corollary 1.4.9 [47]: Let ¢ be an analytic self-map of U, then C, is bounded

operator on 2 and ||C, || < /it:zég;: .

Remarks 1.4.10 [47]:

1) If ¢ is analytic self-map of U that fixes the origin, then from corollary

(1.3.9), C, is a contraction on H 2.
2)  One can easily show that C,, > C,, = C,., = C, ,,and hence

n — —
Cp = Cpopo.op = Cy, -

3) If pis aconformal automorphism, then the composition operator C,, is

. : 1
invertible operator and C,* = C 1.

We recall that if H is a Hilbert space and Ty, T, are two operators on H, then
T,,, T, are similar if there is an invertible operator S, such that
T, =S'T,S.

Definition 1.4.11 [48]: The composition of operators C,, and C,, are said to be

compositionally similar if there is a conformal automorphism mapping o of the

unit ball U, such that:

Q= a_lolljoa_

Proposition 1.4.12[48]: Every compositionally similar composition operators

are similar.

Remark 1.3.13 [48]: If ¢ is univalent self-map of U, then ¢ in the previous

theorem is also univalent.

Definitions 1.4.14 [48]: Let T be a bounded linear operator on a Hilbert space

H, then T is cyclic if there exists a vector x € H, such that the set span
{T"x:n =0,1,...} is dense in H. The vector x is called a cyclic vector for the

operator T.
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Theorem 1.4.15 [31]: Suppose that S, T, X are bounded operators on

a Hilbert space H, such that SX =XT, if T is cyclic and X has a dense range,

then S is also cyclic.

Proposition 1.4.16 [30]: Let T be an operator on a Hilbert space H that has

diagonal matrix A =diag(44, A,,...) with respect to some orthonormal basis

{en}, then T is cyclic if and only if the diagonal entries {4;} are distinct.

Lemma 1.4.17 [30]: If T is a cyclic operator on H has a matrix A :(aij) with

cyclic vector x =(xy,x,, ...), then the operator T is cyclic with cyclic vector
x =(%;,%,, ...), Where X; is the complex conjugate of x;, for all i and T is the

operator that has the matrix 4 =(a;;), (a;;) is the complex conjugate of (a;;).

Notation: Let ¢(z) = )., a,z" ,a, € C,V n; be an analytic self-map of U. We

denote by ¢(z) to the map }.,, a,,z", where a,, is the complex conjugate of a,,.

Proposition 1.4.18 [30]: Let ¢(z) be an analytic self-map of U. If C, is a
cyclic operator with cyclic vector f, then C3 is a cyclic operator with cyclic
vector f.

Corollary 1.4.19 [30]: Suppose that ¢(z) = 5"—((22)) is an analytic self-map of U,

where P, (z) and g.,(z) are polynomials of degree n and m, respectively. If C,

Py (z)

is a cyclic operator, then C,, is a cyclic operator, where y(z) = e

Lemma 1.4.20 [12]: Let T be an operator that has the matrix A =(a;;) with

respect to the orthonormal basis {e,}, then the matrix of T*(the adjoint of T)
with respect to the same orthonormal basis is A® = a;j = (aij), where a;; is the

complex conjugate of a;;.

Theorem 1.4.21 [3]: Let ¢ be a conformal automorphism of U and has an

interior fixed point p, then C, is cyclic if and only if (¢'(p))" # 1, for all
n=12,...
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Recall that, the operator T on # is called a normal operator if TT* =T*T and
called isometric if T*T =1 [3].

Theorem 1.4.22[14]: Let ¢ be an analytic self-map of U. If C, is cyclic, then ¢

is univalent on U.

Theorem 1.4.23 [14]: Let ¢ be an analytic self-map of U. If C,, is cyclic, then

its range is dense in 72,

Corollary 1.4.24 [14]: If C, is cyclic, then the set of polynomials in ¢ is dense

in 7£2. Equivalently, the set of polynomials in z is dense in H 2 (¢ (U)).

Let us say that a function f € £ is univalent almost everywhere on dU
provided that there is a set E — dU having zero Lebesgue measure, such that f is

univalent on dU\E.

Theorem 1.4.25 [14]: If C,, is cyclic, then ¢ is univalent almost everywhere on

ou .

Proposition 1.4.25[14]: Let ¢ be an analytic self-map of U. If ¢'(0) =0, then

C, is not cyclic.

1.5 The Differential Subordination
In this section, we presented definitions, theorems, and the most important
results on differential subordination and sandwich theorem of subclasses in

geometric function theory.

Definition 1.5.1 [29]: Aset E < C is said to be starlike with respect to w, € E

if the line segment joining w,, to every other point w € E lies entirely in E. In a
more picturesque language, the requirement is that every point of E be visible
from w, . The set E is said to be convex if it is starlike with respect to each of its
points, that is, if the linear segment joining any two points of E lies entirely in
E.
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Definition 1.5.2 [20]: The class of all analytic functions denoted by S.

A function f € S is said to be starlike function of order g if

zf'(z) .
Re (f(z))>,8,where z€eU,0<p<1.

Denotes the class of all starlike functions of order g in U by $*(f) and S* the
class of all starlike functions of order 0, S*(0) = S*. Geometrically, we can say

that a starlike function is conformal mapping of the unit disk onto a starlike

domain with respect to the origin. For example, the function f(z) = G_Z)Zm,

Is starlike function of order .
Definition 1.5.3 [20]: A function f € S is said to be convex function of order
if

zf''(2)
f'(@)

Denotes the class of all convex functions of order £ in U by C(B) and C for the
convex function of order 0 by C(0) = C. We note that C(8) c S*(B) .
Definition 1.5.4 [20]: A function f analytic in the unit disk U is said to be close-

Re(1+

)>ﬁ,where0§ﬁ<1,ze[U.

to-convex of order a; (0 < a < 1) if there is a convex function g such that

"(z
Re <&> >a,VzeUl.
g (2)
We denote by K (a), the class of close - to - convex functions of order « in U.
We note that C(a) c S*(a) c K(a).

Definition 1.5.5 [29]: Let f be an analytic function in the unit disk. If the

equation w = f(z) has never more than p-solutions in U, then f is said to be p-
valent in U. The class of all p-valent analytic functions is denoted by Ap and

expressed in one of the following forms:

f(z) =zP + z a,z*,z € U;p €N,
k=p+1

and let f be a function analytic in the punctured unit disk U If the equation

w=f(z) has never more than p-solutions in U, then f is said to be p-valent in
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U*. The class of all p-valent meromorphic functions is denoted by A*(p) and

expressed in one of the following forms:

f(z2)=z"P+ z a, z¥,z€ U;p €N,
k=p+1

Definition 1.5.6 [20]: Let f : R — C be a function. We call f a Schwarz
function, if for all c € R,n € N, = N U {0}, then f™(x) = 0(|z|¢). where

"capital 0 " is defined as follows:

Let {a,} and {b,,} be any two sequences and b,, = 0 for all n. If there exists a
constant number t > 0 such that a,, < tb,, (for all n), then we write

a, = 0(b,).

Definition 1.5.7[35]: Let f; and f, are analytic in U, we say that the function

f1 is subordinate to f, or, f, is said to be superordinate to f; if there exists a
Schwarz function w in U with w(0) = 0, and | w(z) | < 1 (z € U) where
f1(z) = fo(w(2)). In such a case, we write f | < f , 0r f 1(2) < f 2(2)

(z € U).

Particularly, if the function f, is univalent in U, then f; < f, if and only if
f1(0) = f,(0) and f,(U) < £,(U).

Definition 1.5.8 [35]: The set of all functions g that are analytic and injective

on U\ E(q), denote by Q, where U = U U {z € 9U}, and

E(q) = {¢ € 0U:limg_( q(z) = o },such that q'(§) # 0 f or € € OU \ E(q)).
Further, let the subclass of Q for which £(0) = a be denoted by Q(a),

Q(0) = QoandQ(1) = Q. ={f € Q:f(0) = 1}.
Lemma 1.5.9 [35]: Let the function q(z) be univalent in the open unit disc U

and let 8 and ¢ be analytic in a domain D containing q(U) with ¢@(w) # 0

when w € q(U). put Q(z) = zq' (Z)¢((q1(z)) and h(z) = 0(q(2) + Q(2).
Suppose that

1) Q(=z)is starlike univalent in U,
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zh'!(2)
Q(2)

2) Re >0,z € U.
(%)

If h isanalyticin U with h(0) = q(0),h(U) € D and
B(h(z)) + Zh’(z)(p(h(z)) < B(q(z)) + Zq’(z)(p(cq](z)), (1.5.1)

then h(z) < q(2), and q(z) is the best dominant.

Lemma 1.5.10[2]: Let q(z) be convex univalent function in open unit disk U,
lety € C, y € C* = C\ {0} with

zq"'(2) Y
Re <1 + m) > max {O, —Re (?)} (1.5.2)
If h(z) isanalytic in U with h(0) = q(0) and
Yh(z) +yzh'(z) < Yq(z) + yzq'(2), (1.5.3)

then h(z) < q(2); z € U and q is the best dominant.

Lemma 1.5.11[14]: Let q(z) be convex univalent in the unit disk U and let

0 and ¢ be analytic in a domain D containing q(U). Suppose that

0'(q(2))
1) Re {—‘p(q(z))} >0 for z€e U,

2) zq'(z)e(q(z)) is starlike univalent in z € U.

If h(z) € H[q(0),1] nQ, with h(U) € D, and 0(h(z) + zh'(z2)(h(2)) is

univalentin U, and
0(((]1(2)) + Z(q]’(z)(p(cql(z)) < B(h(z)) + Zh’(z)(p(h(z)), (1.5.4)
then q(z) < h(z), and q(z);z € U is the best subordinant.

Lemma 1.5.12[14]: Let q(z) be convex univalentin U and q(0) = 1. Let
y € C, that Re{y} > 0.1f h(2) € H[q(0),1] n Q and h(z) + yzh'(z) is

univalent in U, then
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q(2) + yzq'(z) < h(2) + yzh'(2), (1.5.5)
which implies that q(z) < h(z) and q(z) is the best subordinant.

Definition 1.5.13 [35]: Let ¢: €3 x U - C and h(z) be univalent in U. If p(z2) is

analytic in U and satisfies the second - order differential subordination:

Y(p(2),zp'(2), 2*p" (2); 2) < h(2), (1.5.6)
then p(z) is called a solution of the differential subordination (1.5.6). The

univalent function q(z) is called a dominant of the solutions of the differential
subordination (1.5.6), moreover simply dominant, if p(z) < q(z) for all p (2)
satisfying (1.5.6). A univalent dominant @(z) that satisfies Gi(z) < q(z) for all
dominant q(z) of (1.5.6) is said to be the best dominant of (1.5.6), is unique up

to a relation of U.

Definition 1.5.14[36]: Let h and k are two analytic functions in U and
¢(r,s,t; 2):C3xU - C. If h and ¢p(h(2),zh'(2),z*h"(2); z) are univalent
functions in U and if h satisfies the second-order superordination

k(z) < ¢(h(z),zh'(2),2z%h" (2); z), (1.5.7)
then h is called a solution of the differential superordination (1.5.7). A function
q € H(U) is called a subordinant of (1.5.7), if h(z) < q(z) for all the functions

h satisfying (1.5.7). A univalent subordinant g that satisfies q(z) < @(z) for all
the subordinants q of (1.5.7), is said to be the best subordinant.

Definition 1.5.15 [35]: Let ¢p = C3 x U —» C and K(z) be univalent in U .If

h(z) is analytic in U and satisfies the second-order differential subordination :

¢P(h(2),zh' (2),z*h" (2); z) < k(2), (1.5.8)

then h is called a solution of the differential subordination (1.5.8), and the
univalent function q(z) is called a dominant of the solution of the differential
subordination(1.5.8), or more simply dominant if h(z) < q(z) for all

p(2) satisfying (1.5.8). A univalent dominant @(z) that satisfies G(z) < q(z)
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for all dominant q(z) of (1.5.8), is said to be the best dominant is unique up to a

relation of U.

Definition 1.5.16 [36]: Lety:C3 x U - C and h(z) be analytic in U. If p(2)
and P(p(2), zp'(2), z%p" (2); z) are univalent in U and if p(z)satisfies the

second - order differential superordination:

h(z) < Y(p(2),zp'(2),2°p" (2); 2), (1.5.9)
then p(2) is called a solution of the differential superordination (1.5.9).
An analytic function q(z)is called a subordinant of the solutions of the
differential superordination (1.5.9) or more simply a subordinant, if
q(z) < p(z) for all p(z)satisfying (1.5.9). A univalent subordinant @(z)that
satisfies @(z) < q(z) for all dominant q(z) of (1.5.9) is said to be the best
subordinant.
Definition 1.5.17 [2]: Let II: C* x U - C and suppose that the function h(z) is

univalent in U. If the function p(z) is analytic in U and satisfies the following
third-order differential subordination:

O(p(2),zp' (2),z%p" (2),23p""(2); z) < h(2), (1.5.10)
then p(z) is called a solution of the differential subordination (1.5.10).
Furthermore, a given univalent function q(z) is called a dominant of the
solutions of (1.5.10) or more simply, a dominant if p(z) < q(z) for all p(z)
satisfying (1.5.10). A dominant @(z)that satisfies @(z) < q(z) <q(=z) for all
dominants q(z)of (1.5.10) is said to be the best dominant.
Lemma 1.5.18 [2]: Let p € H[a,n] with n € N\{1} and p € Q(a) satisfying

2. .11 ’
the following conditions: Re {M} = 0 and |22 =k,

q'(§) q'($)
where z € U,& € JU\E(q) and k = n. If 2 is a set in C, IT € ¥,[,q], and
n(p(2),zp'(2),z2*p" (2),2°p""(2); z) € Q,
then p(2) < q(2), (z € U).
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Definition 1.5.19 [2]: Let 2 beasetin C,q € Q and n € N\{1}. The class of

admissible functions ¥,[2, q] consists of those functions ¥: C* x U — C that
satisfy the following admissibility condition : ¥(r, s, t, u; z) € (2 whenever

6«11”(()}
qQ') )

r=q({),s = k((ql’(f),Re{§+ 1} > kRe {1 +

u ¢q"" (9
Re {E} = kZRe {1 + W},
wherez € U,{ € dU \ E(q) and k = n.

Definition 1.5.20[5,9]: Let ¢:C> x U - C and suppose h(z) be univalent

function in U. If p(z) is analytic function in U and satisfies the following
fourth-order differential subordination:

d®(2),2p'(2) ,2°p" (2) , 2°p""(2), 2*p"" (2); 2) < h(2), (1.5.11)
then p(2) is called a solution of the differential subordination (1.5.11).
A univalent function q(z) is called a dominant of the solutions of (1.5.11), or,
more simply, a dominant q(z) if p(z) < q(2)) for all p(z)satisfying (1.5.11).
A dominant @(z) which satisfies @(z) < q(z) for all dominants q(z) of
(1.5.11) is said to be the best dominant.
Definition 1.5.21 [5,9]: Let ¢p: C*> x U - C and suppose that h(z) be analytic

function in U. If p(2) and (p(2) ,zp’(2) ,z%p" (2) ,z3p"" (2), z*p"" (2); 2),
are univalent functions in U and satisfies the following fourth-order differential
superordination

h(z) < ¢(p(2),zp'(2),2°p" (2),2°p"" (2), 2*p""" (2);2), (1.5.12)
then p(z) is called a solution of the differential superordination (1.5.12).
An analytic function p(z) is called a subordinant of the solution of (1.5.12), or,
more simply, a subordinant, if q(z) < p(z)for all p(z) satisfying (1.5.12).
A univalent subordinant @(z) which satisfies q(z) < @(z) for all subordinants
of (1.5.12) is said to be the best subordinant. We note that the best subordinant

IS unique up to rotation of U.
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Lemma 1.5.22[9]: Let p € H[a,n] with¢ € ¥, [, q]. If

d(p(2),2zp'(2),2°p" (2), 2°p"" (2), 2*p""" (2); 2),
is a univalent in U and p(z) € Q(a) satisfy the following admissibility

conditions:

z2p'' (2)

pUeS é , Where z € U, { € dU and

Re {%} = 0 ,and and

m Zn Z 3, then

0 c {p(p(2),zp'(2),2°p" (2), 2°p"" (2), z*p"" (2); 2),: 2 € U},
implies that q(z) < p(z), (z € U).
Definition 1.5.23 [59]: Let 2 be asetin C, q(z) € Q@ and n € N\ {2}. The

class ¥, [12, q] of admissible functions consists of those functions

¢: C> x U - C that satisfy the following admissibility conditions:
d(xY,zw,v;{) &1,

{q"({) N 1}’

X = (q]’(z)’y = kzq’((),{Re§+ 1} é kRe{ q,({)

and
w {Zq'”(c)} A {3 ””(5)}
Re{—{ = k?Re{>———==t Re]—{ = k3R )
e{y}— e{ "G e{y} Ta©
wherez € U, € 0Uand m=2n =2 3.

Definition 1.5.24 [5,9]: Let 2 be asetin C,q(z) € H[a,n] with q'(z) # 0.

The class ¥,,[2, q] of admissible functions consists of those functions

¢: C°> x U - C that satisfy the following admissibility conditions:
d(x,v,z,u,w; () €, whenever

o, 2q)' (z) 1 (zq"(2)
=q'(2),y= - {R §+1}§ER6{({]]’(Z) +1},

and

R {W} - 1 R { 2 III(Z)} ° { } - 1 ° { 3 IIII(Z)}
ey y— e e e - e )

y) m? q'(2) y)— m? q'(2)
wherez € U,{ € dUand m 2 n 2 3.
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Chapter Two: New Formula for Symmetric Group
2.1 Introduction

The symmetric group S,, plays a fundamental role in mathematics. It arises
in all sorts of different contexts, so its importance can hardly be overstated. We
have already seen from Cayley’s theorem that every finite group can be treated
as a subgroup of §,, for some n. Also S,, plays a role in describing the structure
of the general linear group, as well as, certain other linear groups[19]. The
purpose of this chapter is to derive new ways of representing its elements of S,
and some of the elementary properties of S,,. It is customary in the theory of
symmetric groups, we use the composition notation for the group operation, we
say the composition of permutations f; and f, denoted by f; o f,, the identity

subgroup I = (1), the multiples f* for some integer number k.

This construction will described in detail in cyclic groups, though it could
have been introduced at once for symmetric group. In second section, a new
formula has been derived with theorems of abstract algebra that is deeper than
the elementary properties of symmetric groups. Proceeding from the description
this group by using cyclic groups, it's called ordered cyclic subgroups. This
formula will give us a simple description to express the group of symmetries.
We introduce a new formula of symmetric group as direct product of ordered
cyclic subgroup. In third section we review Lagrange's theorem in terms of

ordered cyclic subgroup.

2.2 Symmetric Group as Direct Product of an Ordered Cyclic
subgroups

A permutations regarded as a two composition is a permutation group with
respect to the composition of cycles. If C; and C, are two distinct order of this
kind, then any element in the cycle that issues from the origin is uniquely
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represented by the composition of it's projections on the cyclic subgroups C; and
C,. Similarly, any element of three composition permutation can be uniquely
written as the composition of three elements belonging to three given ordered
cyclic subgroups C;, C, and C5, provided the cycles do not lie in the same cyclic

an so on.

Definition 2.2.1: For j € N we define an ordered cycle permutation of order j,

¢g=(123..))
which it generated an ordered cyclic subgroup of order j,

C] = {C] , Cjz, . C]-j},

and can be rewriting as cyclic permutations set as follows:

¢ ={(123..7),(123 .. D%...(123 .. )/ =D}

Example 2.2.2: If j = 4, the ordered cycle permutation of order 4,

c, = (12 34) which it generated an ordered cyclic subgroup of order 4,

C, = {c4,c2,c3,ci} and can be rewriting as cyclic permutations set as follows:
C, ={(1234),(13)(24),(1432), (1)}

Remark 2.2.3: We considered the elements within the cycle that order lower

than k are fixed element, for instance that of ¢; = (12...j),the elements

j+1,j+2,..,k are fixed elements.

.- . . k
Proposition 2.2.4: The inverse of a permutation c,* o c;? o ... o c,’ forall

— —k-. -1
j=1,2,..,1, is a permutation c,l( g o cz2 kz'; k,=1,..,land (Cfl) =

ki _
C1 -

Proof:
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Let C; be an ordered cyclic subgroup for all j = 1,2, ..., k, the inverse of cycle

c}‘ € C; isthe cycle ij—k €Ci; k=12,..,J.

From properties of composition of function (fog) ™t =g 1o f~1, using

j—k

the generalization of this property and the relation (c}“)_1 = ¢/ "“and

(c oc2 ...ocl) —cll o . o Zkz (c) —c1 =1;k=1,..,L
m

Example 2.2.5: To find he inverse of a permutation (123) with respect to above

proposition can be written as:
(123) = (1) o (12)1 0 (123)* o (1234)! is a permutation
(123)71 = (1234)* 10 (123)37 10 (12)271 0 (12)
= (1234)3 0 (123)2 0 (12)! = (1)
= (1432) 0(132) o (12) o (1) = (132)
Corollary 2.2.6: Let C; be ordered cyclic subgroup of order j, then

(16),-1s ) 52000
Proof:

It follows directly from theorems closure and associative of symmetric group,
every subgroup of symmetric group contains identity element, and proposition
(2.2.4). |

Theorem 2.2.7: A symmetric group S, can be represented as composition of

ordered cyclic subgroups {C; }

.....

Proof:

Assume that X ={1,2,...,n}, its known the symmetric set is contain all

permutation ¢: X —» X .
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Let {q} be ordered cyclic subgroups of S, have order j respectively, every

{Cj};j = 1,2, ..., k has j cycles which it represented cyclic permutation.
To prove the computations' set C; o C, o ...o Cy, is equivalent to the set S,,.

For any element x =1,2,..,k in C,, the set {x,ci(x),cZ(x),..,ck 1(x)}
distinct elements for all x, by Lemma (1.1.9), i.e. the element x will be linked

with k distinct elements in Cy, for any element x = 1,2, ..., k.

After this, that k distinct elements will be linked by composition operation
with k-1 distinct elements in C,_; for any element y =1,2,...,k —1 with
observe the element k is a fixed element in the set {y, c1(v), cZ(y), ...,ck ()},
which contain k-1 distinct element for any elements y = 1,2, ...,k — 1 . And so
we get 4 distinct elements will be associated with 3 distinct elements in C; for
any element z = 1,2,3 with observe the element 4 is associated with himself.
i.e., k,k—1,..,4 are fixed elements in the set {z, c3(2), c3(z)}, which contain

3 distinct elements for any element y = 1,2,3 .

Also C, = {(1), (1 2)} ,the element 1 is associated with 1 and 2, the element 2
is linked with 1 and 2, and 3 is a fixed element in C,. By Writing the
corresponding cycle after the one previously written, with continue choosing
previously unused elements and writing out the cycles they traverse until every

element of X has been named, where:
1) x;44 is an element of X that does not occur among the o7/ (x;) with s <
j.
2) For each element of X appears exactly once among the al(xj).
3) aj(xj) = X;j.

4) For each k; > 1 when k; = 1, then the cycle containing x; is (x;).
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The total number of permutation are conclusion from distinct k elements in
C,, which composition with distinct k — 1 elements in C,_, and so on until we

obtain k! distinct permutation. |

Example 2.2.8: Let S; = {(1),(12),(23),(13),(123),(132)} is a symmetric

group of order 3 with respect to above theorem can be written as

53 = Cl o Cz o Cg SUCh that Cl = {(1)}, CZ = {(1), (12)}, and

C; = {(1),(123),(132)} are ordered cyclic subgroups of order 1,2, and 3

respectively as follows:
(Do (1) (1) = (1),
(1) o (1) »(123) = (123),
(1) 2 (1) o (132) = (132),
(1) (12) o (1) = (12),
(1) = (12) » (123) = (23),
(1) o (12) o (132) = (13).

All of this, show the composition of first three ordered cyclic subgroups

generated the symmetric group of order 3.

Remark 2. 2.9: Let C; be ordered cyclic subgroup of order j, the cycles which

are generated of this subgroup are cycles have order k divided the order of

ordered cyclic group. i.e..k| j .

Example 2.2.10: Let C, be an ordered cyclic subgroup of order 4

((1234) ) = {(1234),(13)(24),(1432), (D} = C,,

((1432) ) = {(1432), (13)(24), (1234), (1)} = C,.
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The generators of C, are (1234), (1432) since 0(1234) =1, 0(1432) =3.

Theorem 2.2.11: A symmetric group S, is called the direct product of its

ordered cyclic subgroups Cy, Cs,..., Cy
Sk = Cl o Cz °..0° Ck, (221)

if every permutation s of S, is uniquely written as the composition of powers of
the cycles cy,c,,..., ¢, respectively, taken in the ordered cyclic subgroups
Ci,Cy,..., Cy

S =Cj1°Cj3° .0 Cj - (2.2.2)
Proof :

The notation (2.2.1) is called the direct decomposition of the group Sy, the

ordered cyclic subgroups C;;j =1,2,..,k are direct product of this
decomposition, and the cycles c¢;; in (2.2.2) is a component of the permutation in

the direct product C; of the decomposition (1), j = 1,2, ..., k .

If we are given a direct decomposition (2.2.1) of a symmetric group S, and if
the direct product C;; of this decomposition (all or some of them), are

themselves decomposed into a direct product ,

Cj = CpoCpo oGy ik =1, (2.2.3)
then the group S is the direct product of all its cyclic subgroups
C i =12,k 1 =12, .. kj.

Indeed, for an arbitrary permutation s of S, we have the notation (2.2.2)

relative to the direct decomposition (2.2.1) and for each component c;;;

j=12,..,k, 1 =12,.. k; we have the notation
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S =Cj1°Cjz © 0 Ciig s (2.2.4)
relative to the direct decomposition (2.2.3) of the cyclic group C;.
It is clear that s is the composition of all cycle ¢;;;j = 1,2, ..., k, [ = 1,2,...,kj,

the uniqueness of this notation follows from that we must obtain precisely
equality (2.2.2) by taking any notation of the permutation s as composition of

the cycles, taken one each in the cyclic group in the subgroups Cj;, and by

adding the composition belonging to the same subgroup C;; ;j = 1,2, ..., k.
On the other hand, each cycle c;; only has one notation of the type (2.2.4).

The definition of a direct product may be restated. First let us introduce a
new concept, if it is given that a symmetric group S, has certain ordered cyclic
subgroup C;, Cs, ..., C,,, then we denote by {C,, C,, ..., C,,,} the set of permutation
s, Of S, which can in at least one way be written as a composition of cycles

Ca1r Cazr - Cam taken in the cyclic subgroups Cy, C,, ..., C,, respectively,
Sqg = Caq1°Cq2 © ® Com - (2.2.5)
The set {C;, Cs, ..., C,,,} Will be ordered cyclic subgroups of S.

Take in {Cy, Cy, ..., Gy} @ permutation sz with notation (2.2.5), and also cycles
cp; With a similar notation
Sﬁ = Cﬁl o CBZ o .,.0 Cﬁm'

where cgjisacyclein ¢ ;j = 1,2,...,m. Then

Se ©Sg = (Cq1 9 Cap 0 e® Cam) © (c/;1 ©Cpp 0 .© c/;m)

Sa' = Cam © .. ° Cgy © Cqi Which is to say that the elements s, o s and sg*
also have at least one notation of the type (2.2.5) hence, belong to the set

{C1, Cy, ..., Cu 3.
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The ordered cyclic subgroup {C;, Cs, ..., C,} contains each of the Cj, ;

j=1,2,..,m. Indeed, every subgroup of the group S, contains the identity
permutation of this group, for instance in the ordered cyclic subgroup C,, any
cycle c,, the identity permutation (1) of ordered cyclic subgroup {Cs, ..., C;; },

we obtain the following notation of type (2.2.5) for element c,:
c; =(1) ocy ... o(1).
Thus
Sy =0 {C;,Cy, ..., C}, (2.2.6)

and if the intersection of each ordered cyclic subgroups {C]} 3 =2, ...,k with
the subgroup generated by all preceding ordered cyclic subgroups

{€1,C, ..., C;_1 } contains identity alone :
{C1,Cyy e, G} NG ={(D};j =2, ...,k . (2.2.7)

Indeed, if the symmetric group S; has the direct decomposition (1), then for
any permutation s of S, the notation (2.2.2) exist, therefore it have notation

(2.2.6) follows uniqueness of the notation (2.2.2) for any cycle c;, for some i, the
intersection {Cl, Cy,..e) Cj_l} N C; = {(1)} contained a non-identity permutation

s, then on the one hand, s could be written as a cycle ¢; in C; \i.e., s = ¢,; and so
s=(1) o..ocyjo..o(1), (2.2.8)

and s as a permutation of the subgroup {Cl, C,, ..., Cj_l} would have a notation

of the form s = ¢4y © ¢gp © ... 0 ¢4j—1 Which is to say that
S = Cg1°Cqp ® 0 Cqj—g ©(1)o..0(1). (2.2.9)

It evident that (2.2.8) and (2.2.9) are two distinct notation of type (2.2.2) for

the element s .

36



Chapter Two New Formula for Symmetric Group

Conversely, we assume that every permutation s of S is uniquely written as
the composition of powers of the cycle ¢4, c,,..., ¢i . i.e., the notations (2.2.6)
and (2.2.7) hold.

From (2.2.6) it follows that any permutation s of S has at least one notation
of type (2.2.2). However, let there be two distinct notations of type (2.2.2) for

some permutation s:
S = Cq1°Caz ® 0 Cq = CR1°CR2 0 u®Cpp - (2.2.10)
Then an j; j < k such that
Cak = CBks Ca(k-1) = CR(k—1)r - Ca(j+1) = CB(j+1)» (2.2.11)

but Ca’j * Cﬁj’

that is caje (c5)" = (D). (2.2.12)
From (2.2.10) and (2.2.11) follows however, the equality
Caj ° (Cﬁj)_l
— (e () ) o (can® (6p2) ") o
° (Ca(j—l) ° (Cﬁu—l))_l)
Which contradicts (2.2.7) due to (2.2.12). The theorem is proved. |

The concept direct product may be regarded from quite a different angle.
Suppose k arbitrary a symmetric group among cyclic subgroups C;, Cs, ..., Cy
which there may be isomorphic, denoted by S, to the set of all possible systems

of the form

(Cal, Ca2, ""C(Zk) (2213)
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composed of cycles taken one at a time in each of the ordered cyclic subgroups
{C1,Cy, ..., CL}.

Indeed, the associativity of this composition follows from the validity of these
properties in each of the specified ordered cyclic subgroups ;the role of identity
is played by the system ((1),,(1),,..., (1)) where (1); denotes the identity

permutation of the ordered cyclic subgroups C;;j = 1,2, ..., k.
The inverse of (2.2.13) is the system ( (ca(k_l))_l, (Cu) L, .., (cal)‘l).

Thus the symmetric group S, can be constructed as the direct product of the

ordered cyclic subgroups
Sk == C1°C2° "'OCk

This expression is justified by the fact the symmetric group S, which is the
direct product of the ordered cyclic subgroups Cy, C,, ..., C; in the sense just
defined, can be decomposed into direct product of the ordered cyclic subgroups

C{, Cy, ..., C;, which are isomorphic, respectively, to the groups C;, Cs, ..., Cy .

Namely, denote by C;;j = 1,2,..,k the set of permutations of S,that is
systems of type (2.2.13), with an arbitrary permutation c,; of Sy in the j-th

ordered cyclic subgroups, all other cycle being occupied by identity of the

corresponding ordered cyclic : these will thus be systems of the form

(1), 1), ... (D), cqi , (1), ..., (1) (2.2.14)

The notation (2.2.14) of composition shows that the set C; is a subgroup of

the symmetric group Sy.

We obtain the isomorphisnm of this subgroup and subgroup C;, by associating

to each system (2.2.14) a permutation c,; of the j-th ordered cyclic subgroups.
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It remains to prove that the symmetric group S, is the direct product of the

ordered cyclic subgroups C;, C5, ..., Cy,

Indeed, any permutation (2.2.13) of S, may be represented as a composition

of cycles of the indicated ordered cyclic subgroups:

(Calw Ca2) s Cak)
= (Car, (1), e, (1)) o (D), g, -er (1)) ...
o (1), (1), ., Car)
The uniqueness of this representation follows from the fact that distinct
systems of type (2.2.13) are distinct permutation of the symmetric group S;. If

we have two Systems of ordered cyclic subgroups, Cy,C,,...,C, and

Ci',C;', ..., €' and the subgroups C; and C,’, are isomorphic. j = 1,2, ..., k
Sp=Cy0Cy0..0 Cp
S’ =C{oCyo0..0 Cy,

then the symmetric groups are also isomorphic.

Also if for j = 1,2,...,kthen there exist isomorphism ¢; between
subgroups C; and C;’, which associates with each cycle c,; of C; a cycle ¢(cy;)

of C;/, thus the mapping ¢ which associate with every permutation

(Co1s Cazr r Cqe) OF Sy there exist a permutation of S, 'defined by the equation

(Cats Cazs s Car) = (Pi(Car), P2(Caz)s s Pi(Car))

will obviously be an isomorphic mapping of the symmetric group S, onto the

symmetric group Sy’
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2.3 Lagrange Theorem in Terms of Ordered Cyclic Subgroups
Lagrange's theorem is one of the essential theorems for abstract algebra and

it's uses in many important theorems. Before proving Lagrange's theorem, we

state some proposition. It is easy to see a relationship between symmetric groups

as follows:
SnE S, ©om<n,
such that, fix the final n — m elements of {1,...,n} so that
Sm={0 €8,:0(j) =J,Vj >m}.
In fact S,,, is a subgroup of S,, in precisely (7:11) different ways: each copy of S,
arises by fixing n —m elements of the set {1,...,n} there are precisely
( " ) = (;:l) ways of choosing these fixed elements.

n—m
Proposition 2.3.1: Let C;, be an ordered cyclic subgroups of a symmetric group

S, of order k, then S, can be represented as composition S;,_; o Cj
Proof:

Let {Cj}j=1,2,...,k be ordered cyclic subgroups of S, of order j.

..... j=1,2,..k—-1"
thus S, = {Sx_1 °© Ci}. |
Example 2.3.2:Let S; = {S, o C3}
It's known S, = {(1),(12)}, C5 = {(1),(123),(132)},
Sp0C3 ={(1) » (1),(12) » (1), (1)  (123), (12) » (123), (1) » (132), (12)
o (132)} = {(1),(12), (123),(23),(132), (13)} = S3

Proposition 2.3.3: Let C;' be an inverse ordered cyclic subgroups of a

symmetric group S of order k ,then S;_, can be represented as composition of

Sk—1={Sk° C¢'}.
Proof:

Let {C; '} be an inverse for an ordered cyclic subgroup of S, of order k.
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From proposition (2.3.1) , Sy = {Sk_1 ° C} and S, =o {Cj}j=12 so by

..... k'’
composition two sides with C; *,we obtain
{SkoC'y = {(Sk=1°Ci) ° C'} = {Sko1 © (C 0 C D} = S,
then Sp_; = {S, o C '} m
Example 2.3.4: Let S, = {S; o C5'}, such that
S3 ={(1),(12), (123), (23), (132), (13)}, (3 = {(1),(132), (123)}.
Thus
{S30 €57} ={(1) = (1),(12) » (1),(123) © (1), (23) » (1), (132) © (1), (13)
0 (1),(1)°(1),(12)2(132),(123) 2 (132),(23) 0 (132),(132)
o (132),(13) 2 (132), (1) o (123), (12) = (123), (123)
0 (123),(23) o (123),(132) o (123), (13) o (123)}
={{(L, A2)}} = $,.

Lemma 2.3.5: If S, is a symmetric group with subgroup S,_,, then there is a

one to one correspondence between S, _; and any coset of S,_;.

Proof:
Let C be a left coset of Sj_; in Sy, then there is a c,{ € Cy;j =1, ...,k such that
C = c,{ o Sy_, Define f:S,_; = Chyf(s) = c,{ ©S,SES;_;.

1) f isone to one.

If s; # s,; 51,5, € Sk_1, then since by Lemma 1.1.9, s; © c,{ # Sy 0 c,{.

Hence f(sy1) # f(s3)
2) f isonto.

If c € C, then since C = c,ﬁ o Sk_1, thereisan s € Sj_; such that c,{ °os =c.
It follows that f(s) = c and as ¢ was arbitrary, f is onto. |

Lemma 2.3.6: If S, isasymmetric group with subgroup Sj_;, then there is a

one to one correspondence between S, and any coset of Sj.

Proof:
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Let C~1 be a left coset of S, in S,_;, then there is a c,;j €EC,YLj=1,..k
suchthatC~t = c,:j oS, .Define g:S, - C 1byg(s) = c,:j ©5,5 €Sy .
1) g isone to one.

If s; # Sy; 51,5, € Sk, then since by Lemma 1.1.9, s; o c,;j * Sy 0 c,:j.

Hence g(s;) # g(s,)
2) g isonto.
If ¢~ € C~1, then since € = {c] o S}, there isan s € S such that ¢/ o s = c.
It follows that f(s) = ¢~
and as ¢~ was arbitrary, g is onto. |

Definition 2.3.7: Let S;_; be a symmetric group of size n —1 and Cj is an

ordered cyclic subgroup of S, ,the relation ~ is defined as c,{1~c,{2 if and only if
the left cosets {c/* o Sx_1} = {c/? o St_1} V', ¢)? € .

Lemma 2.3.8: If S, is a group with subgroup Sj_;, then the relation ~ is an

equivalence relation.
Proof :
The essence of this proof is that ~ is an equivalence relation because it is
defined in terms of set equality and equality for sets is an equivalence relation.
The details are below.

1) ~ is reflexive.
Lets, € Si be given. Then, s, o S;,_; = {s, © s:5 € S;,_;} and as this set is well
defined, s o S;,_; = s085;_;.

2) ~ is symmetric.

Let sq, 55 € Sk With s,~sg, then by the definition of ~, {s, oS4} =

{sp © Sk—1}:
That is, {sy ©s:5 € Sy_1} = {sg o s:s € 5;_1} and as set equality is symmetric,

{SB 05:S €Sy 1} ={sq 055 €Sk 4}.
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Hence, sg~s, and as s, and sz were arbitrary, ~ is symmetric.
3) ~ is transitive.
Let sq, S, Sg € Sy With s ~sp and sg~s,. Then,
{sgpoS_1}={syos:s€S,_1}= {sﬁ °©S:S € Sk—l} = Sp © Si_1 and
{sﬁ o Sk—l} = {Sﬁ °©S:S € Sk—l} ={s505:5 € Sp_1} = 55 0 S}_, as set equality
IS transitive, it follows that
S ©Si—1 ={Sg°5:SES)_1} ={s505:5€S,_1} =550°8,_1.
That is, so~s5, and as s, g, Sy € S are arbitrary, ~ is transitive.
|

Lemma 2.3.9: Let S,, be a symmetric group and ~ be an equivalence relation on

Sp. 1 {sq © Sy—1} and {sg o S;_, } are two equivalence classes with
{Sg ©Sk—1} N {Sﬁ ° Sk—l} + @, then {s, o S)_1} = {Sﬁ ° Sk—l}-
Proof:
To prove the lemma, we must show that {s, o Sy_,} < {sg ° Sx_,} and
{spoSk-1} ©{sqg°Sk-1}. As {sgoSk_,} and {sgoS,_,} are arbitrarily
labeled, it suffices to show the former.
Let s, € {5, °S5,_1} and suppose {s,oS,_{}N {sﬁ °oSi_1} # @, there is
Sap € {Sa © Sx—1} N {sp © S_1}. As {s, © Si_1} is an equivalence class of ~ and
both a and ¢ are in {s, o S,_,}, it follows that {s,; ~ sap}-
Now since {sax ~ Sap } . Sap € {sp © Sk—1}and {sg o Sx_,} is an equivalence
class of ~, it follows that s, € {sg © Si—1} and then {s, o Si_1} = {sp © Sk }.
m

Theorem 2.3.10: If S, is a finite group of order k! and S, _, is a subgroup of
S,—, of order (k — 1)!, then (k — 1)!/k! and k is the number of distinct cosets

of Si_,InS;.

Proof :
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Let ~ be the left coset equivalence relation defined in definition 2.3.7. It
follows from lemma 2.3.8 that ~ is an equivalence relation and by Lemma 2.3.4
any two distinct cosets of ~ are disjoint. Hence,we can write
Sk ={(1) o Sk_13 U{ck 0 Sp—1} U ... {cf 0S4}
where the {c,i ° Sk_l},j =1,2,...,k are the disjoint left cosets of S;_;
guaranteed by Lemma 2.3.9.

By theorem 1.2.11, the cardinality of each of these cosets is the same as the
order of S,,_;, and so
1Skl = {(L) o Se—a3l + [{eic 0 Si—ad] + 4 [{e ™" o Sea}| = k(k = Dt = k!

|

Example 2.3.11: If S5 = {(1) o (1),(12) o (1),(1) o (123),(12) o (123),(1) ©

(132),(12) » (132)} = {(1),(12),(123),(23),(132), (13)}

and
C, = {(1),(1234), (13)(24), (1432)}
Then there are four distinct cosets of S5 in S,
S50 (1) = {(1),(12),(123),(23), (132), (13)} = S5,
Sy o (1234) = {(1234), (234), (1342), (134), (34), (12)(34)},
S3 0 (13)(24) = {(13)(24), (1324), (243), (1243), (124), (24)},
S; o (1432) = {(1432), (143), (14), (142), (1423), (14)(23)}.

Definition 2.3.12: let S, be a symmetric group of size n and C; ' is an ordered

cyclic subgroup of S, ,the relation ~ is defined as c,;j1~c,;j2 if and only if the
left cosets ¢ ’* o Sy = ¢ 72 0 SV 2 € O

Lemma 2.3.13:_If S, is a group with subgroup S, _;, then the relation ~ is an

equivalence relation.
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Proof:
The essence of this proof is that ~ is an equivalence relation because it is
defined in terms of set equality and equality for sets is an equivalence relation.
The details are below.

1)~ is reflexive.
Let s, 1 € S, be given. Then, s;1 oS, = {s ;! os:s € S} and as this set is well
defined, s o S, = s 0 5.

2)~ is symmetric.
Lets, ', sz' € S, with s;*~sg*, then by the definition of ~,
{sat oSk} ={sz" o Si}. Thatis, {sz* o s:5 € S} = {sz"' o s:5 € S} and as set
equality is symmetric, {s;" o s:5 € S} = {s5" o 5:5 € S }.
Hence, sz '~s; ' and as s, 'and s * are arbitrary, ~ is symmetric.

3)~ is transitive.
Lets;',sp' 55" € S with sz ~sg " and sz ~s;5".
Then, sz o S = {sz' e s:s € §} = {s5" e s:5 € S} = 55" o Sy and
sploSy={sglesis€S}={s;" os:s €S} =555, As set equality is
transitive, it follows that
satoSy={sglosiseS}={sjlosis€S}=s3"0S or szloS, =
syt oS That is, sz'~s;", and as sg',sg',s;" €S, are arbitrary, ~ is
transitive. n

Lemma 2.3.14: Let S,, be a symmetric group and ~ be an equivalence relation

on S,. If {sz* o Sy} and {s5"* = S } are two equivalence classes with

{sat oS3 N {sgt o S} # @, then {sz* o S} = {sz" o S }.

Proof:

To prove the lemma, we must show that (sz* o S;) © (sz* o Si) and

(sg'oSk) c (szt o Sk). As szt oS, and szt oS, are arbitrarily labeled, it
suffices to show the former.
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Let Sux € 5z* o Sy and suppose (sz* o S) N (s5* o Si) # @, there is

Sap € (Sgt o Sp) N (s5t o Si). As {sz* S} is an equivalence class of ~ and
both s4;, and s, are in szt o Sy, it follows that sg; ~ S4p.

NOW since Sux ~ Sep, Sap € {Sz " ° Sk} and {sz* o S} is an equivalence class
of ~, it follows that s, €{sz'°S,} and then {sz' oS} ={sz" oS} .
m

Example 2.3.15:

(1),(12),(123),(23),(132),(13),
(1234),(234),(1342),(134),(34),(12)(34),
(13)(24),(1324),(243),(1243),(124),(24),\
(1432),(143),(14),(142), (1423),(14)(23)

If S4_=

From example 2.3.4

Sz 0 (1),
S50 (1234),
S30(13)(24), [’
S5 0(1432)

S4=

and C;' ={(1),(1432),(13)(24), (1234)}

Sz o (1)< (1),
S30(1234) 0 (1432),
S3 0 (13)(24) » (13)(24),
S30(1432) 0 (1234)

C4__1°S4_= =53.
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Chapter Three: Some Operators For Complete
Homogeneous Symmetric Functions

3.1 Introduction

A Frobenius matrix is a special kind of square matrix from numerical
mathematics. Some researchers use the transpose of this matrix, which (dually)
cycles coordinates, and is more convenient for some purposes. There is
suggestion method by the scientist Randic [45] to calculate the sum of the
powers for the eigenvalues and works iteratively through Newton's identities to
get the elementary symmetric functions for the eigenvalues, which represent the

coefficients of the characteristic polynomial.

For every analytic function ¢ that takes U into itself we associate the

composition operator C,, defined by:

Cof = f o9 (f EH)
The Littlewoods a subordination theorem (1.3.7) tells us that the operator
C,, takes the Hardy space H? into itself. Littlewood's principle also supplies an
estimate which shows that C,, is a bounded operator on H?, see [14, 48] for

more details.
If ¢ be an analytic self-map of E, then ¢ = @ o po ... o p(n-times).

This chapter consists of five sections. The section one is introduction. In
section two, we recall and derived newton's identities for characteristic
polynomials by companion matrix. In section three, we derived a new formula
for coefficients of complete homogeneous symmetric in terms of powers of
traces' matrix. In section four, we derived an ordered cyclic operator. In section

five, we derived an inverse for an ordered cyclic operator.
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3.2 Derivation of Newton's Identities for Characteristic

Polynomials by Companion Matrix

If A is an m X m matrix with entries from some field K such that A is similar to
the companion matrix over K of its characteristic polynomial p(t) and there
exists a cyclic vector v in V = K™ for A, meaning that {v, Av, A%v,..., A" v}

is a basis of V. Equivalently, such that V is cyclic as a K[A]-module and

= K[A]/(p(A)).

Definition 3.2.1: Let {a,} be an iterative sequence, the Frobenius companion

matrix of the monic polynomial p(t) =t" + at" 1+ -+ a,_t+a,;t €K

is defined as:
o 0 0  ~an j
[1 0 0 —Qn-1 |
Cp)=1o 1 0 —anz |,
[0 0 1 —q |
and the transpose's matrix
- 0 1 0 0 1
0 0 1 0
CT(p) =| : : :
0 0 0 1
__an _an_l _an_z _al_

The transpose generates the sequence, in the sense that:

Ak +1
ak+1 ak+2
ak+m 1 ak+m

t™~1) is an eigenvector of

C"(p)

increments the series by 1. The vector (1,t,t?, ...,
this matrix for eigenvalue t, when t is a root of the characteristic polynomial
p(t). If p(t) has distinct roots 1, 4,, ..., 4,, (the eigenvalues of CT(p)), then

C(p) is diagonalizable as follows:
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1 A A4 - AT

2 -1

VCT )V = diag (A Ay, o A} V = |+ 22 B A }
1 /1m /17271 /1%—1

where V is the Vandermonde matrix corresponding to the A's. In that case,[2]

traces of powers j of CT (p) readily yield sums of the same powers m of all roots

ofp(t),Tr((CT(p))j) = Z/lj k=1,2,..,m.

If p(t) has a non-simple root, then C(p) isn't diagonalizable (its Jordan
canonical form contains one block for each distinct root). The scientist Radink
explained [37] that:

- 0 1 0 0 1
0 0 1 0
CT(p) =| : : s . P Ler(CT(p)) = —ay.
0 0 0 1
l—a, —a,4 —Qay_, - —al
2
(€"(»)
0 0 1 0
0 0 0 0
_ : : : : ] T 2
=l o 0 0 1 (o))
—an —0an-1 —Aap-2 —
apd; —aptap_1a; —Ap_1tan_pa; - —a,+ a%—
3
(")
[ 0 0 0 0
0 0 0 0
= 0 0 0 1
—-a, —Qp-1 —Qp_»p —aq
a;an —apta;an_q —Ap_1+a10y_> —a; + a%
|—afa, + aa, a1ap—afan_; +aan_1 10n_1—{0n_; + 205,  —az+2a,a; — a5

tr ((Ct(p))3) = —aj—3az + 3a4a,,
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and so on by taking tr ((CT(p))j) ;j =1,2,...,n thatyields to :
tr ((CT(P))l) = Q1 = 81,41 = —Sy,

tr ((CT(p))Z) =af—2a, = s,;a, = %(( $1)° —S;),

tr ((CT(p))B) = _a%_3a3 + 3a1a2 = §3;043 = = >

1/-(sy)?
5

+ 381 S, — §3>,

Example 3.2.1: Let p(t) = t* + a,t3 + a,t? + ast + a, be a characteristic

polynomial which has four distinct eigenvalues 1, 4,, A5, A4, the Frobenius

0 0 0 —a,

: : : - : , 0 0 —aj
companion matrix of this polynomial is defined as: C(p) = 01 0 —al

2

0 01 —a

0 1 0 0
0 0 1 0
0 0 0 1

CT(p) = ;tr(CT(p)) = —a; .
—a, —az —d; —a;
2

(C"(»)

0 0 1 0

0 0 0 1 2
= | —a, —as —a; —a Al ((CT(p)) )

a,a, —a,+asa, —as; +a,a; a?-—a,

= a1 _— 2(12
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3
(™)
0 0 0 1
—Qy —as —a; -
= a,a, —a, + aza, —a; + a,a, a? — a,

2 2
—aja, +aya, aja,—ajaz+asa, —a,+aza; +as—a’a, —a;—as;+2a,a,

tr ((CT(p))g) = —aj + 3a,a, — 3as.

@)’

—a, —a;z —a; I

a,a, —a, + asza, —az + a,a, a?—a,
I —a?a, + aya, a,a, — ata; + aza, —a; + aza; +aj—aja, —aj — a3 + 2a,a, K
lad3a, + asa, — 2a,a,a, —a?a,+a2 + adas + aya, — 2a,a,a;  a,a, — atas — 2a,a% + ada, + 2a;a, at —a, + 2a,a5 + a2 — 3a%a2J

tr ((CT(p))4) = af + 4a a3 + 2a5—3a%a, — 4a,

3.3 Derivation of the Formula for hy in Terms of s,

If A = (ay),...a, € C, beadiagonal complex matrix, the rational

which have factors into ————— where A, are the

. 1
polynomial = e

eigenvalues of the matrix. The coefficients h,, h,, .., h,, , ... of this polynomial

H(z)=hy+hiz+h,z?+ -+ hzFk+-;z€E,

are given in terms of the eigenvalues 1, 1,, ..., 4,,, by

n
Ny Ay s oy A = Z AJr .. A, dm,
jrt-Fim=k
m;!m,!... m,!
Ny Ay s oy A = z LTI A,

1Sj1,...,ijm
The symmetric powers of the eigenvalues A, are defined by

s, = trace (A™) = ),/%, A}.The summation here is over all the eigenvalues of

A. We start with identities

Sl_h1=0,
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S, — h1§1 + th = 0,
53 - h1§2 + h2§1 - 3h3 == O,
Sy — h1§3 + hZSZ - h3§1 + 4‘h4 = 0,

Consider the formal power series

S(z) = Xn=osn 2" and H(z) = X3_o(—1)" hy, 2™
It is convenient to take s, = 0 and a, = 1.Then, by newton's identities and
applying w, one gets:
w(hy)(t) = a, (—t) or equivalently, w(h,) = (—1)" 'a,, we obtain identities
similar to newton's identities and are equivalent to the formal differential
equation:

S(z2)H(z) + zH(z) = 0,

S(z2)H(z) + zH(2)
= Sy 2" (- *h, z”)
(22

+ z (=D nh, z™
n=0

= (—1 + ho) + (Sl - hl)Z + (Sz - h1§1 + th)Zz

+ (§3 - h1§2 + h2§1 - 3h3)23

+ (§4 - h1§3 + h2§2 - h3§1 + 4h4)Z4 + - = O + 0 + O + .-
=0.

This can be solved by separating the variables:

zH(2)

S(z) = —m,

and

fS(z)dzz —jZ:((ZZ))dz= —InH(z)+c.
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We can integrate the left side term by term to get

stnzn‘ldz= 2§n7= —InH(z) +c.
n=1 n

=1

When z = 0, the left side is 0 and the right side is c. So, ¢ = 0 and we have two

power series whose coefficients involve h,, and s,,.

SincelnH(z) = —Z?f:ﬁn%, and that yields H(z) = e‘z;ﬁls"z?. Expanding

using the power series for the exponential function,

oS0 E) (52 35

n=1 n=1 n=1

Therefore, collecting coefficients of z"in this series as before,

(_1)n—1h =l§_n_|_ lm_ Z lm_|_
"oUn o La 2 jij, A 3D jija)s
Jit+j2=2 Jit+ j2+J3=3
j1,j221 jl,j25j321
k=1 J1J2 Jn
B (D" s'sy? .. sy,
il ool gl 11202 onin
jitip b= T 2 I
j1+2j2+3j3+"‘+njn:n
One also has

. (—1)k1 s{lséz Sfl"
n T gl il U 202 . qn

Jitizt+in=k
j1+2j2+3j3+"‘+njn:n

and in fact the magnitude of the coefficient

n!

jil 1 1202 . ! nin’
Is the number of permutations of n symbols composed of j;) cycles of length [
forl = 1,2,...n..,
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. n!  (—DF1slis)? . s
no n! gyl ol g 11202 L nin

ja+ i ¥k =k
j1+2j2+3j3+"'+njn:n

It also provides a check on computations, viz

n!

1101 1202 ., j.! nin’
jotip k= IV )2 Jn

]1+2]2+3]3++n]n:n
it equals to |s(n, k)| = (—=1)"*s(n, k) where s(n, k) are the well-

known Sterling numbers of the first kind.

s(n k) sitsl? ... s
h, = |
n!

Jitjzt+jn=k
J1+2j243j3++njp=n

Example 3.3.1: Let A = [1] be a diagonal matrix with eigenvalue A, = 1. The

powers of trace of A

s;=1s,=1,s;=1s,=1,... ,

JigJ J
|s(n, k)| s1's5? ... sy

n!
Jitjz++jn=k

J1+2j,+3j3++nj=n
s(1,1) =1,
s(21) =-1,5(2,2) =1,
s(3,1) =2,5(3,2) = -3,5(3,3) = 1,
s(4,1) = —6,5(4,2) = 11,5(4,3) = —6,5(4,4) = 1,

h0=1,
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1,1)[s1
o Y DIy

i1:1

s(2,k =12)|s]'s??  s(2,1)s9Ss} — s(2,2)s?s3  1+1

ha = 2! 2! 2
J1t+j2=12
J1+2j2=2
=1,
- Is(3,k = 1,2,3)| s]'s) s’
T 3!
J1tjz2+j3=1,23
J1+2j2+3j3=3
_Is@B1)Ists) s3 + [s(3,2)[sis383 + [s(3,3)] 93 7
- 3!
L2+ 3+
- 3! =1
e = Is(4,k = 1,2,3,4)| s*s)2 sl

4!
j1+j2+j3 +j4=1'2'3'4

J1+2j2+3j3+4j,=4

_1s(4,1)] S9S7 SIS% + s(4,2)| {S1S? S50 + IS5 SISG) + |s(4,3)| IS5 357 + [s(4,4)| SIS3 S3S2
- 4!

_6(1)+8()+3(D+6(1)+1(1) 1
= 2 =

1
H(z)=i=1+z+zz+z3+z4+---

Example 3.3.2: Let A = [(l) 1 3_ i] be a diagonal matrix with eigenvalues
A=i,and A, =1+1.
The powers of trace of A

$1 =1+2i,s, =—1+2i,83=-2+1i,5, =3, ..

s? = =3+ 4i,s3 = —11— 2i,5]{ = =7 — 24i,s5 = —3 — 4i.
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s(n, k)| sits)2 ... s

n!
Jitjzt++jn=k

J1+2ja+3ja++Njp=n
s(1,D) =1,
s(21) =-1,5(22) =1,
s(31) =2,5(32) = -3,5(33) =1,

s(4,1) = —6,5(4,2) = 11,5(4,3) = —6,s(4,4) = 1,

s(5,1) = 24,s5(5,2) = —50,s(5,3) = 35,s(5,4) = —10,s(5,5) =1,

h0=1,

s(1, )]st 11+ 2i
e Y RO 10520,

1!

i1=1

Is(2,k = 1,2)| s)*s2? _s(2,1)s9s5 + s(2,2)sis)
2! B 2!

h2=

J+Jj2=12
J1t+2j2=2

(1420 + (1D)(=3 + 40)
B 2

= —2+3i,

Is(3,k = 1,2,3)| s]'s)2 s]

hs = 31

Jitj2+j3=1,23
J1+2j2+3j3=3

|s(3,1)[s9s) st + |s(3,2)|sisisy + [s(3,3)] s¥s9 s3
3!

2) (=2 + D)+ ) (A +20)(~1+20) + (11 -20)

3! -
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Is(4,k = 1,2,3,4)| si's)2 sl

hy = 41

Jitiztjz+ja=1,234
J1+2j243j3+4j,=4

_ Is(41)] S¥sg S5S4 + Is(4,2)] {S1S? S35% + SS3 S353} + [s(4,3)] STS3 354 + | s(4.4)| S1S3 S§S4
B 4!

_(6)(—3) +8(—4 —30) + (3)(—3 — 4i) + (6)(=5 — 100) + (=7 — 24i) _
- X —

—4 —5i.

1
(1-iz) (A —(1+1i)2)
=1+ 1 +2)z+ (—-2+3)z*+ (-5)z> + (-4 - 5D)z* + - .

H(z) =

3.4 Derivation of an Ordered Cyclic Operator
From definition 2.2.1, can be defined an ordered cyclic operator of complete

homogeneous symmetric function and we conclude the action of an ordered
cyclic operator 7' of order i on each coefficient h,, of complete homogeneous
symmetric function :i.e. 7%(h,) = h,.; is similar to an action of ordered cyclic

subgroups C} of orderion S, ;i.e.CloS, =S,,;.

Here T1(H(z)) is represented univalent function because the coefficient h; is

coefficient of z° and so on.

Definition 3.4.1: Let C,,, be an ordered cyclic subgroup of symmetric group S,,

and M,,,is an ordered cyclic matrices for symmetric matrices of size m as

follows:
1 0 0 O 07
01 0O 0
ms=lo § 30 2 )
0000 . 1
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0 1 0 0 0 0 0 0 0 17
1 0 1 0 0 1 0 0 0 0

1 _10 0 O 0 O m-1_10 1 O 0 0
Mm =10 0 0 1 o|"'™Mm o o0 1 0 of
0 0 0 0 1 0 0 0 0 0

1 0 0 0 0 0 0 0 1 0

We define the isomorphism T': (Cpp,0) > (M, .) such that 7'(cl,) = ml,, for

all 1.

Example 3.4.2: Let C, be an ordered cyclic subgroup of S, and M, is a binary

matrix of size 4 as follows:

C, ={c? = (1),c} = (1234),c2 = (13)(24),c3 = (1432)}

(0 1 2 3, .0 _ 1 _
M, = {my, my, ms, my}; my = I, my =

_ oo O
S OO K
oS O O
o rO O

o rOoO O
_ oo O
S OO K
o RO O
_ oo O
O OO K

Such that the 7(c}) = m], forall i = 0,1,2,3.

Also these matrices act on the sequence {a,,} as follows:

Ak ] A ki
mi | [ = | SR it follows from that :
Ak +n—1] Ak +i+n-1
arg A k+1 A k+it1
mi | cT) ak:+1 —mi ak:+2 _ ak-|;ﬁ+2
| Ak +n-1 Ak +n Ak +i4n

It's satisfies for each powers of companion matrix and thus follow action of

ordered cyclic operator of elementary symmetric polynomials
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- 0 1 0 0 1
0 0 1 0
tr ’n’l’];n : : : . : = —Qq4i)
0 0 0 1
__a,n _an_l _an_z _al_
/ -0 0 1 0 7 \
0 0 0 0
tr| ml ; ; : . :
m 0 0 0 1
\ —an —Qn-1 —Qn-—2 !
— — 2
andy —Ap+ap_1a; —ap_1+an_2a —a; +ap
— 2
= A714— 20044
3
or (b (" @))")) =
0 0 0 0 ]
/ 0 0 0 0 \
- mgﬂ! 0 0 0 1 ! | _
_an _an—]_ _an_z _al
a,a, —a,+a,a,_1 —p_1ta a,_, o —ay +a?
[—afan + @20, 107 An_1 + A20n_1 Q10 1—GfAn 5 + Gan_; - 2a,a, — a3

3
—A74i— 341 T 3Q1410241

and so on by taking tr (mf;n(CT(p))k) sk =1,2,...,n that yields to :
tr (mf;n(CT(p))l) = ~A1+i = S1

) 2 1
tr (/mﬂm(CT(p)) ) = af+ﬁ—2a2+ﬁ =S2,045 = E(( $1)% —S,),
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P 3
i T — 3 — .
tr (mm(C (p)) )— 145~ Az4i T 3A1410241A345 = S35 A34j

1/—(s;)3
:§<%+3§1 SZ — §3>.

Example 3.4.3: Let p(t) = z* + a,z3 + a,z? + asz + a, be a characteristic

polynomial
mi(CT(p)) =
01 0 01'TO 0 0 0
0O 01 O 0 0 0 0 |. i(,T _ .
0 0 0 1] O 0 0 o [Pt (”’M(C (P))) = —Q4pl =
1 0 0 O —a, —az —a, —a
0,1,2,3
mi(CT(p))" =
01 0 o01i[ 0 0 0 0
0 010 0 0 0 0 _ ; 2\
00 0 1| —as —a, —a, —a, |t (mh(CT@)7) =
1 0 0 O a,1ay —Qa4 +azaq —az; +aya; af—a,
af;—2a,,;1=01.23
i(,-T 3
m4(C (P))
0 1 0 o 0 0 0 0
o o1 0 a4 —a3 —az e .
1o 0 0 1 aia, —ay + aza, —a; + aya, ai —a, ’
10 00 l—a%a4+a2a4 aja4 —afaz +aza; —a, + azay + aé—aa, —ad —asz+2a,a,
i/nAT 3 3 LB
tr (mh(CT®))") = —ai i + 3040145 — 305,51 = 0,1,2,3.
] , [0 10 07t
mieo’ <[t 8 3 Y
1 0 0 O
—Qy —as —a; —a
a,a, —a, + aza, —a; + aya, a? —a,

—a’a, + aya, a,a, — ata; + asa,

ada, + aza, — 2a,a,a,

—a, + aza, + ai—ala,
—a?a,+a? + ada; + aya, — 2a,a,a;  a,a, — ata; — 2a,a% + dda, + 2aza, af —a, + 2a,a; + af — 3a?a,

—a} —az + 2a,a,

a 4 o
tr (mﬂr(CT(p)) ) = af,; + 401440345 + 205, 3—30% 30544 — a1 =0,1,2,3 .
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It follows from acting of ordered cyclic operator on characteristic polynomial
Ti(p(2) =T (ayz" + a;z"* + -+ a,_,z + a,)

=a;z" + a; 432" ot ap_ 1452 + A nmod .

By applying w, one gets:
w(a,)(t) = h,(—t)or equivalently,
w(ay,) = (—=1)" h, One also has
T H(2)) = TUhy + hyz + hyz? + -+ hyzF + )
=hy + hypiZ + hpp32% + o+ hppz® + - .
With start with identities

S; —hi43 =0,
Sz = h141S1 + 2hp43 = 0,
S3 = h141S2 + hp4481 — 3h343 = 0,

Sy — h14iS3 + h4iS2 — h3y4S1 + 4hyy; =0,

Consider the formal power series S(z) = Y- s, z" and T1(H(2)) =

Yoo o(=1)" 1h, s z™.It is convenient to take s, = 0 and a, = 1.

Then, by newton's identities and applying w, one gets:

w(h,)(t) = a,(—t) or equivalently, w(h,) = (—=1)" 1a, we obtain identities
similar to newton's identities and are equivalent to the formal differential

equation:

S(2)TY(H(2)) + z7T" (H(z)) = 0,
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S@T'(H(@) + 27" (A(2))

- (ZO S z“) (;(—1)”-1hn+ﬁ z”)

=0
) (1) by 2"
n=0

= (=1+hy) + (s; — hy4)Z + (Sz — hy44S; + 2hy44)2°
+ (S3 = h141S2 + hpy4S1 — 3h344)2°

+ (S4 = hy4iS3 + horiS; — hayiSy + 4hgy)zt + -
=0+0+0+-=0.

This can be solved by separating the variables:

ZTﬁ(H(Z))-ﬁ=012

S =)

and

jS(Z)dZ= —J%dzz —InTi(H(z)) +c.

We can integrate the left side term by term to get

(e e] (0] Zn u
stn z" ldz = ZSn— = —-InTi(H(2)) +c.
n=1 n=1 n

When z = 0, the left side is 0 and the right side is c. So, ¢ = 0 and we have two

power series whose coefficients involve h,, and s,,.

Since InT(H(2)) = — X, Sné, and that yields T'(H(z)) = ¢~ ZrziSna

Expanding using the power series for the exponential function,
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2 3

TH(H(z>)—1—1<isnzn> ;(is%> _%(i§%> b

n=1 n=1 n=1

Therefore, collecting coefficients of z"in this series as before,

1 s 1s; s; 1s; s;.S;
_ynip L = = S ~ 2 % Z il £
D™ Ay 1U(n+1) - 2! jij 3! jiJj2J3

Jitiz2= J1+J2+J3=3
j1 ]2>1 J1.J2,J321

_AVk=1 J1J2 Jn+)
(=D s1'85" o St

il i 1)1 Q)2 i) ()
R F— Jit 2l e Joan! V1272 . (n+ 1)

J+2j243jz 4+ (M+D) jppny=(n+i)

One also has

_1\n—k J1gJ2 J+)
(=)™ " s1"83" o S

Jab G2l Jenan! D 272 o (n+ B) o

hn+1‘i -

Jitizt e timen=k
JH+2j2+3)3 4+ (4D j e =(n+i)
and in fact the magnitude of the coefficient
(n + i)!
Jal Ut 1272 L joap! (n4 D) oed”

is the number of permutations of (n + i) symbols composed of j;- cycles of
lengthl forl = 1,2,...(n + 1),
hn+ﬁ

. JigJ J(n+)
(n+1)! (D" sy'sy S(nn.:ﬁ)

(m+D!j! j,!.. Jensn)! 11272 . (n+ f)/an

Jitizt+im+n=k
J+2j243jz 4+ (1) jpen=(n+i)

It also provides a check on computations, viz

n!

1171 j,12J2 i1 nin’
i i | 1 2 .

Jitjzt+jmin=k / Y Jn
J+2j2+3jz 4+ (M+1)jnep=(n+i)
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it equals to |s(n + 1, k)| = (—1)* *s(n + i, k)where s(n + i, k) are the

well-known Sterling numbers of the first kind.

e J1gJ2 Jm+b)
s(m+1,k) $1°83" . Sy

ho . = -
ik L (n +1)!
Jitizt+im+n=k
J+2j2+3jz3+ -+ () jpen=(n+i)

Example 3.4.4: From example 3.3.2 , the polynomial
1
(1-iz) (A —(1+1i)2)
=1+ 1 +2)z+ (—-2+3)z*+ (-5)2> + (-4 - 5D)z* + - .

H(z) =

ThenTY(H(2)) = (1 +20) + (-2 + 3Dz + (—=5)z% + (—4 — 5))z° + - .

3.5 Derivation The Inverse of an Ordered Cyclic Operator

From proposition 2.2.4 can be defined an inverse for an ordered cyclic
operator and we conclude the action of inverse for ordered cyclic operator 71
of order 1 on each coefficient h,, of complete homogeneous symmetric function
i.e.77'(h,) = h,_; is similar to the action of inverse of ordered cyclic
subgroups C,; " of orderion S, ;i.e.C;l oS, =S, ;.

Here T-1(H(z)) is represented multivalent function because the coefficient h,

is coefficient of z! when the coefficients of z>%1=1is equal to zero .

Definition 3.5.1: Let C,;! be an inverse for an ordered cyclic subgroup of

symmetric group S,,, and M., is an inverse for an ordered cyclic matrices for

symmetric matrices of size m as follows:

10 0 0 .. 0
0100 ..0
_ 0010 ..0
Ml =mMm=In=lo 0 0 1 . of
0000 .1
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-1 _ m-1 _

SO RO OO
_ O oo OO

===
cooR oo
coococor

=m; =

=
TR N=

SO rOoO OO
o= oo OO

SO OO O
SO OO m O

We define the isomorphism T': (C;;1,0) = (M;1,.) such that T'(cyl) = m;,! for

all 1.

Example 3.5.2: Let C, ! be an inverse for an ordered cyclic subgroup of S, and

M, tis a binary matrix of size 4 as follows:

Cil=cp* =0 = (1),c;t = (1432),c;2 = (13)(24), c; 3 = (1234)}

— 0 -1 -2 -31. 0 _ -1 _
M, ={my,m, ,m;>,m>,my =1, m," =

oS o O
_ oo O

0
0
1
0

oro o
R oo O
coo R
cCoOo R
cor o
oro o

Such that the T(c; ™) = mj* forall i = 0,1,2,3.

Also, these matrices act on the sequence {a,, } as follows:
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ag a g—i
_i| Ak+1 Ar+i-1 | .
M) : = . it follows from that :
ak+n—1_ Ak —i+n-1
ag ar+1 ag—i+1
ay | la a, _:
—1 T +1 _ —i k+2 k ]1+2
my | C"(p) : = Mpn : = : .
_ak+n—1 Ak +n Ak —i+n

It's satisfies for each powers of companion matrix, thus the action of ordered

cyclic operator of elementary symmetric polynomials

r 0 1 0 0 1
0 0 1 0
tr| m;i| | ¢ : : 5 = —a;_j
0 0 0 1
—a, —a,.; —a,, —a,
/ -0 0 1 0 \
0 0 0 0
tr| m,, 0 0 0 1 |
\ —an —Qp-1 —Qp—2 —a /
— — 2
_anal an+an_1a1 an_1+an_2a1 _az + al_
— 2
=a_ Zaz—u
_ 3
tr (/mﬂ{] ((CT(p)) )) =
i 0 0 0 0
/ 0 0 0 0
—a, —Qp_q —Qp—3 —
aan —apta,a,4 —ap_1taay-; —a, +af
|—afa, + aza, aya,—afay_; + a0, 1 a1an_1—afan_p + Az0,_, 2a,a; — a3l

3
—aj_j—a3-i + 3a1-1a2-4,
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and so on by taking tr (m,‘,{i(CT(p))k) sk =1,2,...,n that yields to :

2 1 2
A{_—205_; = Sp;A5_; = E(( $1)° — S2),

S3; 03—

tr (mr_rf(CT(P))l) = —Q1-i = Sy,
tr (m;f(CT(P))Z) =
—i T 3 _ 3 —
tr (mm (C (P)) ) = —aj_;—3a3_; +3a;_10,_;a3_; =
1/— 3
= §< (jl) + 3§1 §2 - §3>;

Example 3.5.3: Let p(t) = z* + a,z3 + a,z? + asz + a, be a characteristic

polynomial
0 0 0 17°[ O 0 0 0

—i _11 0 0 O 0 0 0 0 |. s

M4H(CT(p))_l0 1 o0o|o o o o [r(Ecen)
0 01 Od]l—ag —az —a, —a
= —a,_;;1=0,1,2,3.

—f/ T 2
my'(CT(p))

00 0 1[0 0 0 0

1 0 00 0 0 0 0 _; 2
- 01 0 0 —ay —as —a; —aq ;tT(/I/YL4H(CT(p)))

0 0 1 0] Laay a, +aza, —az +aza, ai-—a,
=af_ﬁ—2a2_nﬁ 0,1,2,3
my'(C"(p))

00 0 17 0 0 0 0
11 0 0 0| —0q4 —as —a, -y
101 00 [ A104 —a4 tazay —az + aza, a? —a,

0 0 1 0)l-afas+aza, ajay—afaz+aza, —a,+aza; +ai—ala, —a}—a;+2a0

tr (mZﬁ(CT(p))3) =—a’_; +3a,_ja,_; — 3a;_3; 1 = 0,1,2,3.
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mil CT( ) 4 1 0 0 O

«+ =W =101 00
[ —a, —ag —a, —-a, 1
| a,a, —a, + aza, —a; + aa, a? —a, |
| —a?a, + aya, a,a, — ata; + asa, —a, + aza, + ai—ala, —ad —az + 2a5a, I’
|_afa4 +aza, — 2a,a,a, —ata,+ai+ada; +a,a, — 2a,0,a;  aja, — a?a; — 2a,02 + ada, + 2aza, ai —a, +2a,a; + a3 — 3a%a2J

tr (mZﬁ(CT(p))4) = aj_; + 4a,_jas_j + 2a5_;—3ai_sa,_5 — 4a,—i;1 = 0,1,2,3.

It follows from acting of ordered cyclic operator on characteristic polynomial
T p(2) =T apz" + a,z" 1 + - +a,_1z+a,) =a_;z" +a;_;z"* +

et ap_1-4Z + a,_;;nmod — 1.

By applying w, one gets:
w(a,)(t) = h,(—t)or equivalently,
w(ay,) = (—=1)" h, One also has
T (H(2) =T ho + hyz + hyz? + - + Ry 2" + )
=h_j+h_jz+hy 322+ + hy_z® + - .
With start with identities

$;—hi;1 =0,
S, —hy_;S1 + 2h,_; =0,
S3 — hy_;S, + hy_3S1 —3h3_; =0,
Sq — hy_1S3 + hy—yS2 — h3_4S1 +4hy; =0,

Consider the formal power series S(z) = Yo S, 2™ and
T H(2)) = T2 o(—1)" Lh, 44 z™ It is convenient to take s, = 0 and
ao == 1

Then, by newton's identities and applying w, one gets:
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w(hy)(t) = a,(—t)or equivalently, w(h,) = (—1)" 1a, we obtain identities
similar to newton's identities and are equivalent to the formal differential

equation:

S(z)T"(H(2)) + zT* (H(z)) =0,

S(2)T Y (H(z)) + zT 1 (FI(Z))

— (; s, zn> (;(—1)n—1hn_ﬁ zn>

(00]

+ z(—n"—lnhn_ﬁ n

n=0
= (=1+h_y) + (51 — hi—)z + (S, — hy_481 + 2hy_4)2?
+ (S5 — hy4Sp + hpy$1 — 3h3_;)Z°
+ (S4 — hy_iS3 + hoiS; — hy_3S1 + 4hy_y)z* + -
=0+0+0+-=0.

This can be solved by separating the variables:

Sy — zf]"‘ﬁ(l-'l(z)).n_o12
(2) =— T‘ﬁ(H(z)) 1=01,2,.. ,

and

jS(z)dz = — j Z;:H(S{Iiii))) dz = —In T_ﬁ(H(Z)) +c.

We can integrate the left side term by term to get

(0] (00 Zn n
fz s,z"ldz = z Sp,— = —lnT‘“(H(Z)) +c.
n=1 n=1 n

When z = 0, the left side is 0 and the right side is c. So, ¢ = 0 and we have two

power series whose coefficients involve h, and s,,.
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SinceInT(H(2)) = — X5 1§n " and that yields T-I(H(2)) = e ~IRas

Expanding using the power series for the exponential function,

00 0o 2 oo 3
i 1 z" 1 z" 1 z"
7o) = 1=g( 2o )l o) w2 w) e
n=1 n=1 n=1
Therefore, collecting coefficients of z"in this series as before,
(—1)" h, ; = i Sn—i + 151'1 Sja Z i§f1 Sja Sjs +
o 1ln-—1i 2! jij 31 ji1JjaJ
Jitj2=2 J1J2 J1+ J2+4J3=3 J1J2]3
J1J221 J1J2.J321
jn—ﬁ
~ (—Dktshsl S(T(l_ﬁ))

Jab g2l Jenep! V2 272 L (n— 1) b

Jitizt -+ im-n=k
J1+2j2+3j3++(n-1) j_p=(n—1)

One also has
k J1J Jm-i)
(D" *s'sy? s

(n-1)
hyi = S . Y N i) ’
Ji! Ja! e Jenep! 11 202 (n = 1)/ 0-D

Jitizt+im-n=k
J1+2j243jz3++(—1) jp_p=(n-1)

and in fact the magnitude of the coefficient

(n—1)!
Jal 11 jo1 202 o ! (n— 1) -0’

is the number of permutations of n — fi symbols composed of j;- cycles of
lengthl forl = 1,2,...(n — 1),

(n — 1)! (=1 * §{1§£2 s D

(n—1)
hy,_y = Z n—i

R (R L A A L O

J1+2j2+3)3+ -+ (-1 jp_p=(n—1)

It also provides a check on computations, viz
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(n—1)!

Jal 171 jp1 202 L gl (n— 1) -0’

Jitizt+im-n=k
J1+2j243j3++ (1) jp—p=(n—1)

it equals to |s(n — 1, k)| = (=1)"*s(n — i, k)where s(n — i, k) are the

well-known Sterling numbers of the first kind.

- J1glz Jn-1)
s(n—1i,k)s;'s;” ... S (n—1)
hyy = .

(n—1)!

Jitizttjm-n=k
J1t2j243jz3+ -+ (m—1)jpn-_n=Mn-1)
Example 3.5.4: From example 3.3.2 , the polynomial
1
1-i2)A-(1+1i2)
=1+ (1+42)z+ (-2+3i)z% + (=5)z3 + (=4 — 5)z* + -

H(z) =

Then T-1(H(2)) = z + (1 + 2i)z% + (=2 + 30)z% + (=5)z* + (—4 —
5i)z5 + - .
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Chapter Four: Differential Subordination and
Superordination Results for Completely
Homogeneous Symmetric Functions Class

4.1 Introduction

This chapter is devoted for studying differential subordination and
superordination results for type of special meromorphic univalent functions
defined by some operators. A differential subordination in the complex plane is
the generalization of the differential inequality on the real line. The concept of
differential subordination plays a very important role in functions of real
variable. In the theory of complex-valued function, there are several differential
applications in which a characterization of a function is determined by a
differential condition. Miller and Mocanu [36] have contributed number of
papers on differential subordinations and superordinations. Many textbooks
studied the differential subordination and superordination with sandwich
theorems such as Duren [20], Goodman[29] and Pommerenke [42].This chapter
is divided into three sections. The first section is introduction. In the second
section is concerned with sandwich theorems for certain analytic completely
homogeneous symmetric functions class defined by a new cyclic operator. Here,
we derive some results certain of completely homogeneous symmetric functions
by using differential subordination and superordination defined by an ordered
cyclic operator such that H (U) denotes the analytic function class in the open
unit disk U = {|z| < 1;z € C}, and let H[a,p] denotes the subclass of
functions f € H (U) as:

Hla,p] ={f€7—[:f(z)=a+apzp+ap+1zp+1+---};a € C,p €N
= (1,2,...}.
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The resolvent det (I — A)~! of a complex matrix A is naturally an analytic
function of eigenvalues A € C and this eigenvalues are isolated singularities. In
general, any matrix has finitely eigenvalues. The resolvent set of A is defined as
follows :

0(A) = {1 € C: Al — Aisinvertible}
and the spectrum of A is expressed by 9(A) = C/o(A).

For distinct eigenvalues 14, 4, , ..., 4,,, , the polynomial

H(z) = hyg+ hyz+ hyz? + -+ hz" 4 -

are given in terms of the eigenvaluesi,, 4,, ..., 4,, by

= mqlmy!l ... m,,!
H@D = ) hy2hy= ) - LA A sz
n=0 .

1<jq,jmSm
€ C. (4.1.1)
This formula can also be written in terms of the distinct powers of traces of

matrix as follows:

H(z) = Z h, z"; h,
n=0

B (=) k s{lséz s,];"
B Z il b gl 10 20z L ndn (4.1.2)

Jitjzt+jn=k

This class represent the subclasses of analytical functions H [a, n] and denoted
by H such that H[a,1] = H and has coefficients of the form (4.1.2), i.e. when
the value of n is equal to one, and can be reduces a class H to the class H of
normalized univalent analytical functions and composed of functions of the

following form:

H(z) = hy N h
—=Z+Zanzn;an =—,(z € ).
hy o hy
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To each analytic function ¢ in open unit disk U into itself, we associated the

composition operator C,, defined by:
C,H =Ho ¢ forall H € H.

Then, we define ordered cyclic operator T of f as follows:
TY(H(2) = (CrH)(2) = (T'o H)(z) = TV (H(2)) = T" (ho + Z hnz">
n=1

=y + z hy.iz" h.; € C.
n=1

Let q(z) be convex univalent in U with q(0) = 1landn € C \ {0}.

Suppose that
Re (1 + %) > max (O, —Re (%))
If
=14 (009) -2 ()|

e;(z) < q(2) +nzq'(2),

then T1H(z) < q(z),and q(z) is the best dominant.

The third section deals with the sandwich results of completely homogeneous
symmetric functions defined by an differential for ordered cyclic operator. Here,
we establish subordination and superordination results for completely
homogeneous symmetric functions defined by the cyclic operator in open unit
disk. We get a number of sandwich-type results, such as, let g; be two univalent
convex functions in U in condition for q;(0) =1,q;(z) #0,(j = 1,2).

Assume that q, and q, satisfy the conditions

zq (Z)>

e2(2) < x +yq(2) + z(q(2))” +1 ( a(z)
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and

zq'(z)
q(z)

respectively. If H € H, and suppose that H satisfies the next condition:

(z0)"" (T'(H(2)) € #[q(0),1] N Q,

and (zD)™" (Tﬁ(H(z))) # 0 and e,(z) is univalent in U, then

x+yq(@) +z(q@)”" +7 ( ) < e,(2),

zq'(2)
q(z)

> < ey(2)

zq' (Z)>
q2) /)

x +yq(2) +z(q(2)’ +1 (

<x+yq(2) + Z(((]](Z))Z +7 <
Implies that:
q,(2)) < t(zD)n+1 (Tﬁ(H(z))) +(1-— t)(z[))n (Tﬁ(H(z))) < q,(2),

where q,(z) and q,(z)are the best subordination and best dominant

respectively.

4.2  Sandwich Theorems for Certain Completely Homogeneous
Symmetric Functions Defined by an Ordered Cyclic Operator
Cyclic Operator

Let H = H'[a, 1] denote the class of functions H of the form:
H(z) = z h,z", h, € C,
n=0
and
THH) = HE) = ) by 2" s €C,
n=0

which are analytic univalent in the open unit disk U = {z: z € C, |z| < 1}.
Miller and Mocanu [36] consider the problem of determining conditions an

admissible functions ¥ such that (1.5.6) is satisfied, then it implies that
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P(z) < q(2), for all functions p(z) € H. Moreover they found conditions so
that q is the smallest function with this property called the best domainant of the
subordination (1.5.6). Also, they studied the dual problem and determined
conditions on ¥ such that (1.5.9) is satisfied, implies q(z) < p(z), for all
functions q € Q, that satisfy the superordination (1.5.9). They also found
conditions so that the function g is the largest function with this property, called
the best subordinant of the superordination (1.5.9). See also [6,8,10,22].

For the function T1(H(z)) € H, we using the results (see [2,10]) to obtain
sufficient conditions for normalized analytic functions to satisfy :

Z(Tﬁ(H(z))),
Ti(H(2))
where q; and q are given univalent functions in U with q;(0) = q,(0) = 1.
Also, Al-Ameedee et al. [1] and El-Ashwah and Aouf [22] derived some

differential subordination and superordination results for analytic functions in U.

ql(z) < < qZ(Z)!

Recently, several authors obtained some sandwich results for subclasses of
analytic functions (see [2,6,7,8,10]).

Lemma (4.2.1): Let H € H, an ordered cyclic operator 7' for an analytic

function H is given as :

n
T H(2)) = Z h,yiz™,z €1,
k=0

we define the ordered cyclic operator of degree 1 as follows:

T1:H -» H, by

n
Tl(H(Z)) = Z hpt12",z €T,
k=0

and
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n
Ti(H(2)) = z h,.:z",z €U,
k=0

where
TO(H(2)) = H(2).
Proof:

Let H(z) € H, then

0]

TYH(2)) = CraH(z) = H e T1(2) =:rl< h zk> = Y hy 2%
T Z k nZl 1

k=1

and

T2(H(z) = Cr2H(z) = (HoT?) (@) =(HoT o T)(2) =T | T (z hy zk>
k=1

=T (Z hpta Zn) = Z hpyo 2™,
n=1 n=1

... SO On

TWH(2)) = (CqH)(2) = (He T (2) = (H o ... 0 :r) (2)

i—times

- z By 2™ . (4.2.1)
n=0

This, complete the proof. ]

By the simple calculations, and using
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’ (:rﬁ(H(z)))' = —T(H(2))S(@). (4.2.2)

That is the main purpose of this idea to find sufficient conditions for certain

normalized analytic functions 71(H(z)) to satisfy:
q,(2) < tzT™*(H(2)) + (1 — )zT(H(2)) < q,(2),

01(2) < 2(2D)"T(H(2)) < q2(2),
the univalent functions q, (z) and q,(z) in U with @, (0) = q,(0) = 1.

Theorem (4.2.2): Let q(z) be convex univalent in U with q(0) =1 and n €
C\ {0}.

Assume that

zq''(2) 1
Re {1 + 1) } > max {0, —Re (ﬁ)} (4.2.3)
if
e (z) = (1+1n) (Tﬁ(H(z))) —1 (Tﬁ(H(z))) (%) (4.2.4)
e1(z) < q(z) + nzq'(2), (4.2.5)
then
TiH(z) < q(2), (4.2.6)

and q(z) is the best dominant.
Proof:
If we consider the analytic function

p(z) =T'H(2); 1=0,1,2,..,z€ T, (4.2.7)
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!

differentiating (4.2.7) with respect to z, we have p’'(z) = (TﬁH (z))

Now, using the identity (4.2.2), we obtain

(@ 7(THH (Z)))’
p(z)  THY(H(2)

therefore

2T (H@) (T (H@))

zp’(z) = T ) (4.2.8)
since e, (z) = (1 +n) (T (H(@)) —n (T (H(2)) (%)
e1(2) < q(2) + nzq'(2).
thus, the subordination (4.2.5) is equivalent to
P(2) +nzp'(2) < q(2) + nzq'(2). (4.2.9)
Application of Lemma (1.5.10) with y = n,3¥ = 1, we obtain (4.2.5). |
Taking q(z) = igz (-1 < B <A <1),inTheorem (4.2.2), we get the

following result.

Corollary (4.2.3): Letn € C\ {0}, and suppose that

e (1) marf-3e(3)

If H € H is satisfy the following subordination condition:

(Tﬁ(H(Z))) + (Tﬁ(H(z))) (Z (Tﬁ+1(H(Z))) > - 1+z N 2z

T+1(H(2)) 1-z (1-2)%’
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then

1+z
1—2z"'

z (TﬁH(H(Z))), <
and g is the best dominant.

Theorem (4.2.4): Let q(z) be a convex univalent in unit disk U with q(0) = 1,

q(z) # 0 and %S) Is starlike univalent function in U,

n €eC\{0},a,A,uo,xv,z€C, He H,andsuppose that H and q satisfy

the next two conditions

tz (Tﬁ“(H(z))) +(1—-t)z (:rﬁ(H(z))) £0,z€U,0<t<1, (42.10)

and
b - 4805
If
e,(2) = a4+ Aq() + uzq? (2) + 0 "L, (4.2.11)
q(z)
such that
e,(2)
=x+vy (tz (:Tﬁ+1(H(z))) +(1-0t)z (Tﬁ(H(Z))))
+z (tz (71 (H(2)) + 1 - D)z (frﬁ(H(z))))
| el o) +a-o(ro)))

tTH1(H(z)) + (1 — O)TY(H(2))
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and
e,(2) < x+yq(2) + z(q@)" +7 Zsll;), (4.2.13)
then tzT ™1 (H(2)) + (1 — )zT(H(2)) < q(2), (4.2.14)
and q(z) is the best dominant.
Proof:
Define analytic function p(z) by
p(z) = tTH(H(2)) + (1 — )TY(H(2)) (4.2.15)

Then the function p(z) is analytic in U and p(0) = 1, differentiating (4.2.15)

with respect to z, we get

2p'(z) 7 (Tﬁ“(H(z))) "+ (1-1t)z (Tﬁ(H(Z))) '
p(z)  tTH(H(2))+ (1 - )T(H(2))

(4.2.16)

By setting 8(w) = x + yw + zw? and ¢p(w) = "; it can be easily observed

that 8(w) is analyticin C, ¢p(w) isanalyticin C\ {0} and ¢(w) =0, w €
C \ {0}. Also we get

o, __zq'(2) 3
Q) =zq'(@)p(2) =1 1@ ,Zz€Uand h(z) =0(p(2)) +Q(2)
B , 2 z2q'(2)
=x+vyq'(2) +z(q(2) +7n oK

It is clear that Q(z) is starlike univalent in U , and that

zh(z)\ y 2z 2 9@, 9" _
Re( 00 ) = Re(l +17 q(2) + . (q(2)" -z e +z q’(z)) > 0;z

e U.
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Using (4.2.16), the hypothesis (4.2.13) can be equivalently written as

0(p(2)) + zp' (2D (p(2) < d(a(@) + zq' ()¢ (q(2)),
thus, by applying Lemma (1.5.9), and the function q(z) is the best dominant. m

Theorem (4.2.5): Let q(z) be a convex univalent function in U with q(0) = 1,

Re{n} > 0. Let H € H ,satisfies
Ti(H(2)) € #[q(0),1] N Q.
If the function e, (z) defined by (4.2.4) is univalent in U and
q(z) + nzq'(2) < e;(2), (4.2.17)
then
q(z) < TY(H(2)), (4.2.18)
and q(z) is the best subordinant.
Proof:
Define the analytic function p(z) by
p(z) =T (f(2)) (4.2.19)
Differentiating (4.2.19) with respect to z, we have

@ z(TTHE))
PG | TH(HD)

(4.2.20)

After some computation and using (4.2.2), from (4.2.20), we get

e;(z) = p(2) +nzp'(2),

now, by using Lemma (1.5.10), we get the desired result.
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Taking q(z) = izz ,(—1 < B < A <1),in Theorem (4.2.5), we get the
following corollary. |

Corollary (4.2.6): Let—1 < B<A<1,ne€cC\{0}withRe{n} > 0, also let

TY(H(2)) € H[q(0),1] n Q.

If the function e, (z) given by (4.2.4) is univalent in U and H € Hi satisfies the

following superordination condition

1+ Az (A—-B)z

- <
158z T +B: <@
then
14+ Az )
<TY H
5, < T H@)
and the function 1:—2§ is the best subordinant. ]

Theorem (4.2.7): Let q(z) be convex univalent in unit disk U, with q(0) = 1,

V4

q(z) # 0, and

211(5)' is starlike in U, letn € C\ {0} and x,y € C. Further

assume that q satisfies

q(2)q'(2)
n

Re {(y + 2zq(2)) } > 0,(z € ). (4.2.21)

Let H(z) €, H, and suppose that H(z) satisfies the next condition
tzT"H(H(2)+ 1 —0)zT (H(2)) £ 0;z€ U, (0 <t < 1),(4.2.22)
and
tzT "1 (H(2)) + (1 — t)zTY(H(2)) € H[q(0),1] n Q. (4.2.23)

If the function e, (z), given by (4.2.11) is univalentin U ,and
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2 zq'(z)
X +yq(z) + z(q(2))” +7n "o < e,(2), (4.2.24)
then
q(z) < tzT"(H(2)) + (1 - )zT(H(2)), (4.2.25)

and q(z) is the best subordinant.
Proof :
Let the function p(z) defined on U by (4.2.14).

Then a computation show that

2p'(2) _ 2T (f(2) + (1 - 02T (f(2)
p(z)  tTH(f(2)+ (1 - OTTY(f(2)

(4.2.26)

by setting
O(w) =x+yw + zw?,and p(w) = % ,(wecC\{0}.

We see that @(w) is analytic in C, ¢p(w) is analytic in C \ {0}, and that
d¢(w) =0 (weC\({0}). Also, we get

zq'(z)

,Zz€U
q(z)

Q(2) = zq' (2)¢(q(2)) = n
it observed that Q(z) is starlike univalent in U, and that

Re <Z@'((q1(z))

QI(Z)G]l'(Z)} -0
o(q(2)) n

) = Re {y + 2zq(2)

By making use (4.2.25) the hypothesis (4.2.23) can by equivalently written as

0(q(2)) + zq' (2)p(q(2)) < 0(p(2)) + zp' (2)P(p(2)),

thus, by applying Lemma (1.5.11), the proof is complete. ]
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Combination Theorem (4.2.1) with Theorem (4.2.7) , we obtain the following

sandwich Theorem.

Theorem (4.2.8): Let q; and q, be convex univalent functions in U with
q,(0) = q,(0) =1 and q, satisfies (4.2.3). Suppose that Re{n} > 0. If
H € H, such that

T(H(2)) € H[q(0),1] n Q,
and the function e, (z), is univalent in U and satisfies
q1(2) +nz2q,'(2) < e1(2) < q2(2) + nzq,'(2), (4.2.27)
where e, (z) is given by (4.2.4), then
4, (2) < T'(H(2)) < q2(2),

where @, and q,, are respectively the best subordinant and best dominant of
(4.2.27) . |

Combining Theorem (4.2.4) with Theorem (4.2.8), we obtain the following

sandwich theorem:

Theorem (4.2.9): Let q; , be two convex univalent functions in U, such that

zqj(2)
q;j(2)

q;(0) =1,q;(z) # 0, and (j = 1,2) is starlike univalent in U, let

n € C\ {0} and x,y,z € C. Suppose that q, and q, satisfies (4.2.14), and
(4.2.25), respectively.

If H € H, and suppose that H satisfies the next condition
tzT ™ (H(2)+ (1 —t)zTW(H(2)) #0,(z€U,0 <t < 1),
and
tzTWY(H(2) + 1 - )z T (H(2)) € H[q(0),1] n Q.
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If the function e, (z) given by (4.2.11) is univalentin U, and

zq, ' (2)
q1(2)

X +yq,(2) + z(q,(2))” +7 < e,(2)

zq' (2)
q.(2) °

<x+yq,(2) + z(q,(2)° +1 (4.2.28)

then

Q1 (2) < tzZT™H(H(2)) + (1 — )zT(H(2)) < q,(2),

and q, and q, are the best subodinant and best dominant respectively of
(4.2.28).

4.3 Sandwich Results of Complete Homogeneous Symmetric
Functions Defined by Differential of Ordered Cyclic Operator

Let H = H (U) be the class of analytic functions in the open unit disk
U = {z € C:|z| < 1}. For positive integer p and a € C. Let H|[a,p] be the

subclass of H and

(00

Hla,pl={f eH:f(2) =a+2anzn.

n=p

Let H = H [a, 1] denote the class of functions H of the form:

H(z) = Zhnz”,hn € C,
n=0

and
THH) = H@ = ) hyy 2" by €C,
n=0

which are analytic univalent in the open unit disk U = {z: z € C, |z| < 1}.

For the function TU(H(z)) € H, The Differential operator representing the

computation of a derivative, D’ = % sometimes also called the Newton-Leibniz
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operator. The second derivative is then denoted D> the third D'>, etc. The

integral is denoted D'~*. A fundamental identity for this operator is given by

n
(zD)" = 2 S(n, k)zkD'™¥
k=0

where S(n, k) is a Stirling number of the second kind [46] giving:
(zD)! = zD’
(zD")? = zD' + z%D'?
(zD")3 = zD' 4 3z2D'* + z3D"°
(zD')* = zD' + 7z2D'* + 623D"> + z*D"*
and so on.

then fundamental differential operator of H is defined as:
(D) (T'(H@)) = ) K"y 25 bt € €,
k=0

Miller and Mocanu [35,36] consider the problem of determining conditions an
admissible functions ¥ such that (1.5.6) is satisfied and implies p(2) < q(2),
for all functions p(z) € H. Moreover they found conditions so that q is the
smallest function with this property called the best domainant of the
subordination (1.5.6). Also, they studied the dual problem and determined
conditions on ¥ such that (1.5.9) is satisfied, implies q(z) < p(z), for all
functions q € Q, that satisfy the superordination (1.5.9). They also found
conditions so that the function q is the largest function with this property, called
the best subordinant of the superordination (1.5.9). See also [6,8,10,22].

Using the results (see [1]) to obtain sufficient conditions for normalized analytic

functions to satisfy :
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z(Gpy (Tﬁ(H(z))))'
(D) (Ti(H(2)))

where q; and q, are given univalent functions in U with q,(0) = q,(0) = 1.

qq(z) < < q(2),

Lemma (4.3.1): Let H € H, a fundamental identity for operator is given as :

n
(zD')" = 2 S(n, k)z"D’¥,
k=0

we define the differential operator of degree 1
zD":H - H, by

zD' (T'(H(2))) = z (:rﬁ(H(z)))'z ;z€U

then (zD")? (Tﬁ(H(Z))) = (zD' + ZZD'Z) (Tﬁ(H(Z)));

@D (THH@)) = Y sz (T'(H));
=0

where

(xD")°(H(2)) = H(2).
Proof:

Let T1(H(z)) € H, then
@0") (TH(H())) = 2H(2)' = z kh, z¥,
k=1

and (zD")? (T (H(2))) = (zD' + z2D") (T} (H(2))) = z (Tﬁ(H(z))), +
z2 (Tﬁ(H(z)))” = hy4iZ + 2hy132% + 3hg 4323 + 4hyy3z* + - + khy 2™ +
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- + 2h2+ﬁZ2 + 6h3+ﬁZ3 + 12h4+ﬁZ4 + -+ n(n - 1)hk+ﬁzk + .. = h1+ﬁZ +
4h2+ﬁ22 + 9h3+ﬁ23 + 16h4+ﬁz4 + cee + lehk+ﬁZk + s = Zlocozo kzhk_l_ﬁ Zk,

... SO On

(zD)"H(z) = XLy S(n, Dz'D' (H(2)) = hyyyz + 2hy 4422 + 3hgyz® +
4hy :z* + -+ khy3z™ + -+ + 6hy32% + 18h3,;23 + 36h, 2% + - +
B3k(k — Dhyyq + -+ + 6h3y323 + 24hy 2% + - + k(k — 1) (k — 2)hyiy2* +
et et k(b= 1)k —2) (b —n+ Dhygggz® + - = Xoro k™ hyss 25

(4.3.1)
This, complete the proof. |
By the simple calculations, and using
z ((zD’)"Tﬁ(H(Z)))’ =z (Z k™hy 4 q zk> = z k™ 1h, . zF
k=1 k=1
= (zD)"TY(H(2)), (4.3.2)

That is the main purpose of this idea to find sufficient conditions for certain

normalized analytic functions 71(H(z)) to satisfy:
1 (2) < tz(zD")"TY(H(2)) + (1 — )z(zD)"TY(H(2)) < q,(2),
q,(2) < z(zD)"T'(H(2)) < q2(2),
the univalent functions qy (z) and q,(z) in U with q, (0) = q,(0) = 1.

Theorem 4.3.2: Suppose that q(z) is a convex univalent in U with q(0) = 1,

and
Re {1 + %} > max {O, —Re (%)}, n € C\ {0},. (4.3.3)
If
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er(2) = (1+mED Y (T (H@)) —nz (i - 1), @34)

e1(2) < q(2) +nzq'(2), (4.3.5)

then

@) (T'(H(2)) < a(2), (3.3.6)
and q(z) is the best dominant.
Proof :

If we consider the analytic function

z(zD")"TY(H(2)) .
. ;

p(2) = €, (4.3.7)
differentiating (4.3.7) with respect to z, we have

STH(2) + zT'H(z) = 0

b2 = <z(zD’)”fTﬁ(H(z)))’ B z(zDY" 1T (H(2)) — z(zD")"T(H(2))

A z?
zp(2)’ = (zD")"1TYH(2)) — (zD")"TY(H(2))
Now, using the identity (4.3.2), we obtain

zp'(2) B (zD’)n“Tﬁ(H(z)) — (ZD’)nTﬁ(H(Z))

p(z) (zD)"Ti(H(2)) ’
therefore
o @) T(H@)
zp (2) = DY T(HD)) 1, (4.3.8)

z(zo’)nTﬁ(H(z))) _ ((zD')n"'lTﬁ(H(z)) _ 1)

Sincee;(z) =(1+1n) ( (zD")"T(H(z2))

Z
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e1(2) < q(2) + n(zq'(2))

thus, the subordination (4.3.3) is equivalent to

p(2) +nzp'(z) < q(z) + nzq'(2). (4.3.9)
Application of Lemma (1.5.10) with y = n,3¥ = 1we obtain (4.3.6). |
Taking q(z) = LAz (-1 < B <A<1),inTheorem (4.3.2), we get the

1+Bz

following result.

Corollary 4.3.3: Letn € Cand (-1 < B < A < 1). Suppose that

Re(1552) > maxfo.—re ()
e 1+ Bz max 30, —Re )

If H € H is satisfies the following subordination condition:

. (zD)"1TY(H(z)) 1+4z (A—-B)z
DHY"TYH + - —-1< ,
(Z ) ( (Z)) (ZD/)nTn(H(Z)) 1+ Bz (1 + BZ)Z
then
AN i 1+ Az
(zD) Ti(H(2)) < T By
and 1:‘; is the best dominant. n

Taking A =1 and B = —1, in Theorem (4.3.2), we get the following result.

Corollary (4.3.4): Letn € C, and suppose that

(e o-se(3)

If H € H, the following subordination condition:

(zD)"1TY(H(z)) - 14z N 2z
zD)'Ti(H(z)) = 14z (@A+2)?

(zD)"T(H(2)) +

then
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142z
1—-27

(zD)"T(H(2)) <
and gis the best dominant. ]

Theorem 4.3.5: Let q(z) be convex univalent in unit disk U with q(0) = 1,

q(z) # 0 and %S) is starlike univalent in U, n € C\ {0}, a,A, u,0,X,V¥,Z €

C,H € H, suppose that (zD')™*! (Tﬁ(H(z))) and (zD')™ (.Tﬁ(H(z)))

satisfy the following two conditions

tz(zD')* (T (H(2))) + (1 — Dz(zD")" (T (H(2)))

+#0,z€eU,0<t

VA
<1 (4.3.10)
and
Re {1 + T;Xq(z) + ? (a2)’ -z (21((22)) +z 21((22))} >0, (43.11)
Then if
e,(z) = a+ Aq(z) + uzq?(2) + o Z(;qllé? (4.3.12)
if

er@) = x +y (tGD Y (TH(H) ) + (1 - D@D (T'(H()))
+z <t(zD')”+1 (Tﬁ(H(z))) +(1—t)(zD)" (Tﬁ(H(z))))z
<tz ((ZD')"+1 (Tﬁ(H(Z))))I +(1-1t)z ((ZD')" (Tﬁ(H(z)))>,
+7n

t(zD" )1 (TH(H(2)) + (1 - (2D (T (H(2)))

- 1), (4.3.13)
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and

zq'(z)
qz)

e,(2) < x+yq(2) + z(cq](z))2 +1n (4.3.14)

Then

tz(zD")"*1 (Tﬁ(H(z))) +(1—t)(zD)" (Tﬁ(H(z))) <q(z), (43.15)
and q(z) is the best dominant.
Proof :

Define analytic function p(z) by

tz(zD )" (T H(2))) + (1 — t)z(zD)" (T (H(2)
p(z) = ( ( )) . ( ( )). (4.3.16)

Then the function p(z) is analytic in U and p(0) = 1, differentiating (4.3.16)

with respect to z, we get

zp'(2) _ tZ((ZD')nH(Tﬁ(H(Z))))’+(1—t)z((zD')n(Tﬁ(H(z)))>,
P(z) N t(zD’)n+1(Tﬁ(H(z)))+(1_t)(zD1)n(g~ﬁ(H(z)))

(4.3.17)

By setting O(w) = x + yw + zw? and ¢p(w) = "; it can be easily observed

that 8(w) is analytic in C, ¢(w) isanalyticin C \ {0} and
d(w)+=0,w €C\ {0}
Also we get

zq'(z)
q(2)

Q(2) = zq' (2)P(2) =1 ,2€U and

zq'(z)
q(z) ’

h(z) = 8(q(2)) + Q(2) = x +yq'(2) + z(q(®)” + 71
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It is clear that Q(z) is starlike univalent in U, and that

zh!(2) _ X Z_Z 2 . q’(2) q1(2)
Re(Z2) =Re(1+1a@ + 2 (a@) - 222 +242) > 0,z €.

By using (4.3.15), the hypothesis (4.3.12) can be equivalently written as
0(p(2)) +zp'(2)P(p(2)) < ¢(q(2) + zq' (2)p(q(2)),
thus, by applying Lemma (1.5.9), and the function q(z) is the best dominant. m

Theorem (4.3.6): Let q(z) be a convex univalent function in U with q(0) = 1,

Re{n} > 0. Let H € H ,satisfies

2(zD") (T(H(2)))

Z

€ H[q(0),1] n Q.
If the function e, (z) defined by (4.3.2) is univalent in U and
q(z) +nzq'(2) < e,(2), (4.3.18)

then

D™ (T (H
q(z)<Z(Z ) (Z( (Z))), (4.3.19)

and q(z) is the best subordinant.
Proof:

Define the analytic function p(z) by

z(zD)* (TY(H(2)
p(z) = (Z ( )) (4.3.20)

Differentiating (4.3.20) with respect to z, we have
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O ((zD’)n (Tﬁ(H(z))))l )
Pz (zp)n (:rﬁ(H(z)))

(4.3.21)

After some computation and using ((4.3.2)from (4.3.22)we get

e;(z) = p(2) +nzp'(2),

now, by using Lemma (1.4.10), we get the desired result.

Taking q(z) = 1:‘; ,(—1 < B < A<1),inTheorem (4.3.5), we get the
following corollary. ]

Corollary (4.3.7): Let—1 < B<A<1,n€C\{0}with Re{n} > 0, also let

2(zD")" (TH(H(2)))

ZZ

€ #[q(0),1] n Q.
If the function e, (z) given by (4.3.4) is univalent in U and H € H satisfies the

following superordination condition

1+Az+ (A—-B)z
1+ Bz 77(1+Bz)2

< e1(2),

then
,\N o
1+4z_ 2(2D)" (TH(H(2)))
1+ Bz 72 ’
and the function % is the best subordinant. ]

Theorem (4.3.8): Let q(z) be convex univalent in unit disk U, with q(0) = 1,

q(z) #0, and ZE(S), is starlike in U, letn € C\ {0} and o, a € C. Further

assume that q satisfies
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q(2)q'(2)
n

Re {(y + 2zq(2)) } >0;z € U. (4.3.22)

Let H(z) € H, and suppose that H(z) satisfies the next condition
tzD")" (T'(H(@)) + (1 — ©)(zD")" (T'(H(2))) # 0, (z € V),
0<t<1)), (4.3.23)
and
t@zD") (T (H(2)) + (1 - £)(zD")" (T} (H(2)))
e H[q(0),1] n Q. (4.3.24)
If the function e, (z), given by (4.3.11) is univalentin U ,and

!

zq'(2)

X+ yq(z) + z((ql(z))z +7 "o < e,(2), (4.3.25)
then
q(z) < t(zD")" (T'(H(2)))
+(1—t)(zD)" (Tﬁ(H(z))), (4.3.26)

and q(z) is the best subordinant.
Proof:
Let the function p(z) defined on U by (4.3.16).
Then a computation show that
(@) 1 ((zz)’)”+1 (Tﬁ(H(z)))) "+ (1-t)z ((ZD’)" (Tﬁ(H(z)))) ’

p(z) £(zD")"+ (Tﬁ(H(Z))) +(1—t)(zD)" (:Tﬁ(H(z)))
1 (4.3.27)
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by setting
O(wW) = x + yw + zw?, and (w) = % (w € C\ {0}).

We see that @(w) is analytic in C, ¢p(w) is analytic in C \ {0}, and that
d¢(w) =0 (w e C\ {0}). Also, we get

zq'(z) :
q(z) ’

Q(2) = zq' (D) p(q(2)) =1 €,

it observed that Q(z) is starlike univalent in U, and that

Re <Z@’((q1(z))

GH(Z)C(]]'(Z)} vy
»(q(2)) n

) = Re {y + 2yq(2)

By making use (4.3.25) the hypothesis (4.3.23) can by equivalently written as
0(q(2) + zq' (2)¢(a(2)) < 8(p(2)) + zp' (D) p(p(2)),
thus, by applying Lemma (1.4.11), the proof is complete. |

Combination Theorem (4.3.2) with Theorem (4.3.8) , we obtain the following

sandwich Theorem.

Theorem (4.3.9): Let q; and q, be convex univalent functions in U with
q.(0) = q,(0) =1 and q, satisfies (4.3.1). Suppose that Re{y} > 0,
H € H such that

D"y (TH(H(2))) € #[q(0), 11 n Q,
and the function e, (z), is univalent in U and satisfies

q1(2) + n1zq,'(2) < e1(2) < qx(2) + nzq,'(2), (4.3.28)

where e;(z) is given by (4.3.2), then
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q:(2) < 2DV (TH(H(2)) < @2(2),

where @, and q,, are respectively the best subordinant and best dominant of
(4.3.26). n

Combining Theorem (4.3.5) with Theorem (4.3.9), we obtain the following

sandwich theorem:

Theorem (4.3.10): Let q;; j = 1,2 be two convex univalent functions in U,

29 ®is starlike univalent in U, let
q;(z)

such that q;(0) =1,q;(z) # 0, and

n € C\ {0} and x,y,z € C. Suppose that q, and q, satisfies (4.3.10) and
(4.3.20), respectively.

If H € H, and suppose that H satisfies the next condition
tzD") (T'(H(2))) + (1 - 6)(zD")" (T'(H(2))) # 0,(z € U,
0<t<1),

and

tz(zD')"t1 (Tﬁ(H(Z))) + (1 —t)z(zD")" (Tﬁ(H(Z)))

ZZ

€ H[q(0),1] n Q.
If the function e, (z) given by (4.3.12) is univalentin U, and

zq, ' (2)
q1(2)

X+ yq,(2) + z(q,(2))” +7 < e,(2)

zq;' (2)

ROk (4.3.29)

< x+vyq,(z) + Z(@ﬂz (Z))2 +7

then @ (2) < t(zD")"! (:rﬁ(H(z))) +(1—t)(zD)" (:rﬁ(H(z))) < qu(2),

and q, and q, are the best subodinant and best dominant respectively of
(4.3.29). |
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Chapter Five: (Third and Fourth) - Order Differential
Subordination and superordination for Completely
Homogeneous Symmetric Functions Class

5.1 Introduction

This chapter is totally dedicated for study of several results on (third and
fourth)-order differential subordination and superordination for class of
complete elementary functions. In fact the concept of differential subordination
considered important in functions of real variable and this concept enables us to
study the range of original function. In the theory of complex-valued function,
there are various differential applications in which a characterization of a
function is determined from a differential condition. Many of papers on
differential subordinations contributed by Miller and Mocaun [36]. The
differential subordination was presented by text books by Duren [20], Goodman
[29] and Pommerenke [42].

This chapter is divided into two sections. The first section is concerned with
third-order differential subordination results for analytic functions associated
with a certain diffrrential of an ordered cyclic operator, we study suitable classes
of admissible functions and establish the properties of third-order differential
subordination by making use a certain differential operator of analytic functions

in U and have the normalized Taylor-Maclaurin series of the form :

(0]

f(z)=z+ZanZ";Z€[U.

n=2

Some new conclusions on differential subordination with some corollaries are
obtained, such as, let ¢ € J;[2, q]. If the functions H € H and q € Q,, satisfy

the following conditions:

DJLTE(Tﬁ(H(z)))
q' ()

< k, and
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{qb (JD)J;B (:rﬁ(H(z))) D (Tﬁ(H(z))) D} (Tﬁ(H(z))) , DL (:rf'(H(z))) ; z),z
€ tu} =)
then

]D)sz,ﬁ (Tﬁ(H(z))) < q(z),z €.
The second section deals with the fourth-order differential subordination and
superordination results of meromorphic multivalent functions defined by the
inverse of an ordered cyclic operator. We obtain some applications of fourth-
order differential subordination and superordination results involving trace'
powers of companion matrix for the inverse of ordered cyclic operator Hf‘(H (z))
of complete homogenous symmetric polynomial.
Also we obtain several sandwich-type results, such as, let ¢ € A4[2, q].
If H € H and q € Q, and satisfy the following conditions:

qquu({) r]I'ﬁ+2(H(Z))
Re( 7@ )50' 7@

<k2

— )

and

{d) (Tﬁ(H(Z)),Tﬁ+1(H(Z)),Tﬁ+2 (H(Z)),Tﬁ+3(H(Z)), ']I'ﬁ+4(H(Z)))} C _Q’
then

Ti(H(2)) < q(2) (z € U).

5.2 Third-Order Differential Subordination Results for
Complete Homogeneous Symmetric Functions Associated with a
Certain Differential of Cyclic Operator

let H = H (a, 1) be the subclass of H in which the functions satisfy the

following form:

H(z) = z h,z";z € U. (5.2.1)
n=0
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Let S be a subclass of H which are analytic in U and have the normalized
Taylor-Maclaurin series of the form:

H(z) -1
f(z) = — 7 e U. (5.2..2)
1

For a function f(z) € H given by (5.2.1), the cyclic composition of H(z)
denoted by 71 is defined by
THH(2) = T (Zrzo hn 2™) = Tnmo P 2" (5.2.3)
The geometric function theory relies heavily on the study of operators.

Now, we introduce new operator by using the cyclic composition in this study.

Definition 5.2.1: Let H € H, a, 8 € Ny and a + 8 # 0 ,we define the operator

D p: H — H,

by

z (]D)gﬁ (Tﬁ(H(z)))),

DL (TH(H(2)) = —B]D) 5 (T (H@)) +

_§a+nﬁh n
- a+p né

n=0

Where D% (T(H(2))) = T} (H(2)), and Do (T (H(2))) = H(2).

Suppose that H € H,a, 8 € Nyanda + 8 # 0

DL (H) = ks (7(H@)) + o2 (B8 (7))

-2 zh a2zt + p z Znh 4zttt
a+pf . nr a+f i
n=

n=0

a
= o _l_ﬂzohnﬂz +_znhn+n z Rt 2
n= n=0

In general
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D5 (H(2) = Dl (TH(H()) + 2 52 (Dl (7 @)))

Z (ixiﬁf) n+i 2" (5.2..4)

n:

where DL (H(2)) = H(2).

By simple calculation, we obtain

Bz (]Dllﬁ (Tﬁ(H(z)))>, = (a + D), (H(2) — ab}, (Tﬁ(H(z))), (5.2.5)

The notion of the third-order differential subordination can be found in the
work of Ponnusamy and Juneja [43]. The recent work by several authors (see
[7,26,49,50] ), on the differential subordination attracted many researchers in
this field. For example, see [1,6,8,10,16,18,27,33,38,44,51].

In this research, we investigate suitable classes of admissible functions
associated with the new differential operator ]D)]; 8 (Tﬁ(H (z))) and establish the

properties of third-order differential subordination by making use a certain new
differential cyclic operator of analytic functions in U and have the Taylor-

Maclaurin series of the form:

H(z) = Z h,ti1z™z €U,
n=0

Some new results on differential subordinations with some corollaries are
obtained. Here, we obtain the symmetry of the differential superordination
results.

We establish a set of acceptable functions so that (1.5.10) holds. We
construct the following new class of admissible functions for this purpose,

which will be needed to establish the key third-order differential subordination

theorems for the operator ]D)ljxﬁ (Tﬁ(H (z))) described by (5.2.4).
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Definition 5.2.2: Let 2 be a set in C and q € QyNH,. The class J;[{2, q] of

admissible functions consists of those functions ¢: C* x U — C, that satisfy the

following admissibility conditions:

I(X, Y,z W; z) & (2,

B _ kEq'(§) + aq($)
x=q(é),y= oy )
2a(ax+By) +aB(x+y)+B%(y+2) < §q9"'($)
Re( (a+B)(ax+By) ) = kRe( TG 1)’
and
<a3x +3a?By + 3aB?z + 33W> = 2 <52@]l"'(f)>
e 2 = k Re - 1/~ |
(a + B)*(ax + By) q (£)
where

z€ U, €dU\E(qandk = 2.

Theorem 5.2.3: Let ¢ € J;[2, q] If the functions H € H and q € Q,, satisfy

the following conditions:

(m”@) D5 (T (H))
Re
q'($)

q'($)

1\%

0,

<k, (5.2.6)

and
{¢ (n))ljw (:rﬁ(H(z))) DS (Tﬁ(H(z))) D (:rﬁ(H(z))) D (Tﬁ(H(z))) ; z) .7
€ tu} c 0, (5.2.7)
then
D5 (T'(H(@)) < a(2), (z € V).

Proof:
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Define the analytic function p(z) in U by

p(2) = DL, (T'(H(2)). (5.2.8)

Form equations (5.2.5) and (5.2.8), we have

Dl (T'(H@)) = i Zp’(z): B“p(z) . (5.2.9)
By a similar argument, we get
2 [ 2z°p"(2) + 2 '"(z) + a?
]Dljx,; (TH(H(Z))) — :8 AV (Z) (aafZsz(Z) a ]ID(Z) , (5210)

and

143 (o _ B2 (2)+3ap2p" (1) +3? Bzp' (1) +a*p(2)
is (TH(H(2)) = s . (5.2.11)

Define the transformation from C* to C by

s + ar
) )t) = ) ) )t) = —)
x(r,s, t,u) =r,y(r,s,t,u) oy
p*t + 2afs + a’r
z(r,s, t,u) = CEYL , (5.2.12)
p3u+ 3ap?t + 3a?Bs + a’r
w(r, s, t,u) = @+ B (5.2.13)
Let
I(r,s, t,u) = p(X,V, 2z, W, z)
+ ’t + 2afs + a’*r BPu+ 3af’t + 3a?Ps + a?
_ r,ﬁs ar}ﬁ afs 2 a r,ﬁ u+3af 0; ps + a°r (5214
a+pf (a+pB) (a+pB)

Using the equations (5.2.8) to (5.2.11), and from the equation (5.2.14), we have
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n(p(2),zp'(2),z°p" (2),2°p"" (2); 2)
= ¢ (D!, (T'(H(@)). DL, (T (H()), DL (TH(H(2) ), DY (T (H(2) ) 2) : 2
€ U. (5.2.15)

Hence, clearly (5.2.14) becomes

11 (p(2),2p' (), 2°p"(2),2°p" (22 ) €0,
we note that

t  2a(ax+py) +af(x+y) +p*(y+z)

1+5= (a + B)(ax + By)

and

u _a’x+3a’fy+3af’z+ BPw

s (a + B)*(ax + By)

Thus clearly, the admissibility condition for ¢ € J;[£2, q] in Definition 5.1.1, is
equivalent to admissibility condition IT € ¥,[{2, q] as given in Definition 1.5.19

withn = 2.
Therefore, by using (5.2.6) and Lemma 1.5.18, we have ]D)Jjw (Tﬁ(H(z))) < q(2).
]

Our next result is consequence of Theorem 5.2.3, when the behavior of q(z) on

dU is not known.

Corollary 5.2.4: Let 2 c C and let the function q be univalent in U with
q(0) = 1. Let ¢ € J;[02, q,] for some p € (0,1), where q,(z) = q(pz). If the

function H € H and q,, satisfies the following conditions:
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. <€qg<€>) o [P (')

2EY ) = < >0,
n© )= e >_k,(ZG[U,k_2,EE(3[U\E((qlp),

and

(]D)lll,[g (:rﬁ(H(z))) D (:rﬁ(H(z))) D} (:rﬁ(H(z))) , DL (:rﬁ(H(z))) ; z) €
{0,

then

D5 (T'(H(@)) < a(2), (z € V).
Proof :

By applying theorem 5.2.3, we get

]Djaﬁ (Tﬁ(H(z))) < q,(2),z € U.

The result asserted by corollary 5.2.4 is now deduced from following

subordination property q,(z) < q(z),z € U.

If 2 + C, is a simply connected domain, the 2 = h(U) for some conformal
mapping h(z) of U on to £. In this case the class /;[h(U) , q] is written
as /j[h,q]. This leads to the following immediate consequence of Theorem

5.2.3. ]

Theorem 5.2.5: Let ¢ € J;[h, q. If the function H € H and q € Q,, satisfy the

following conditions:

E%’(s‘)) _ |l (7' @)|
Re(q;,(f) =01 0o  |=F (5:2.16)
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and
o (D), (T (H()), DS (TH(H@)), DS (T (H@)), D5 (T (H (@) 2) <
h(z), (5.2.17)
then

]DD+1 (T“(H(Z))) < q(2),z€U.
The next result is an immediate consequence of corollary 5.2.4.

Corollary 5.2.6: Let 2 c C and let the function q be univalent in U with

q(0) = 1. Also let ¢ € J;[2, q,] for some p € (0,1), where g, (z) = q(pz). If

the function H € H and q,, satisfies the following conditions:

.. (Eq (f)) D5 (T'(H@))| _
@) G
and

1\

0,

Sk,zeUkz2¢e€dU\E(q,),

¢ (n))ljw (:rﬁ(H(z))) DS (Tﬁ(H(z))) I (T (H(z))) i (Tﬁ(H(z))) ; z)
< h(z),

then
D5 (T'(H(@)) < T'(H(2)),z € U.

The following result yield the best dominant of differential subordination
(5.2.17). |

Theorem 5.2.7: Let the function h be univalent in U. Also let ¢p: C* x U - C

and IT given by (5.2.14). Suppose that following differential equation

n(q(2),2q'(2),2°q" (2),2°q"(2); z) = h(2). (5.2.18)
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Then

D5 (T (H@)) < T (H(@),z € U,
and q(z) is the best dominant.
Proof:

From theorem 5.2.3, we see that q is a dominant of (5.2.17) since q satisfies
(5.2.16), it is also a solution of (5.2.17). Therefore, q will be dominated by all
dominants. Hence q is the best dominant. This completes the proof of theorem
5.2.17. |

In view of definition 5.2.2, and in special case when q(z) = Mz (M > 0), the
class /;[Q, q, of admissible functions, denoted by J;[Q, M] is expressed

follows.

Definition 5.2.8: Let 2 be setin Cand M > 0. The class J;[€, M] of admissible

functions consists of those functions ¢p: C* x U — C, such that

Me'?,
BK +aM\ ., \
( (@+p) )e ’
¢ (/)’ZL +(2aﬁz1<) + a2M> »i0 N30} (5.2.19)
a+p ’
BN + 3af’L +3a?BzK + a’M\
( (@ +p)3 ) )

where z € U,Re(Le™%) = (K — 1)KM and Re(Ne™%%) Z 0,v 0 € R; k = 0.

Corollary 5.2.9: Let ¢ € /;[Q, M]. If the function H € H satisfies the

following conditions |]D)f;’g (Tﬁ(H(z)))| SkM,zeU;k=z2; M >0,

and
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(Blp (/). B33 (7 (42). 155 (7 (49). 015 (7 (49
€ (),
then|D!, ; (T!(H(2)))| < M

In special case, when 2 = q(U) = {w: |w| < M}, the class J;[Q, M]. It is simple
denoted by J;[M]. |

Corollary 5.2.9 can now be rewritten in the following .

Corollary 3.2.10: Let ¢ € J;[M]. If the function H € H satisfies the following

conditions ]D)D+1 (fT (H(z)))| SkM,zeU;k=z2; M >0,

and
@ (D5 (7' (@), DS (T4 (H@)), DiE (T'(H @), DLS (TH(H()); 2)| <
M,

then
D!, 5 (TH(H(2))| < m. =

Corollary 5.2.11: Letk = 2,0 # q € Cand M > 0. If the function H € H

satisfies the following conditions:

D% (T (H@))| = k

”“(:r (H@))
”» (Tﬂ(H(z)))

= 22 then | D!, , (T'(H(2)))| = M

— la+pl

Proof:

Let p(X,V,Z W;z) = g and 2 = h(U), where

109



Chapter Five (Third and Fourth) - Order Differential Subordination ...

h(z)—M— M >0,
la + Bl

use Corollary 5.2.9, we need to show that ¢ € J;[2, M], that is the admissibility
condition (5.2.19), is satisfied.

_ i6
This follows readily, since it is seen that |¢(x, v, z, w; z)| = |(k 2";6 = |aIZﬂ|’
where z € U, 60 € R and k = 2. The required result now follows from
Corollary 5.2.9. This completes the proof . |

Definition 5.2.12: Let 2 be asetin C and q € Q,NS;, the class J; 1 [2, q] of

admissible functions consists of those functions ¢: C* x U — C,which satisfy

the following admissibility conditions ¢(x,y, z, w; z) & 2 whenever

_ BKEQ'©) + aq(®)
a(®),y et
2a(ax + By) + af(x+vy) + fA(y + z) £q''(6)
R"’( (@t B)(ax + BY) ) = "R‘”( 7@ 1)

and

a’x + 3a?By + 3ap?z + Biw = 2 <52Q1"'(f)>
Re( (@ + B)2(ax + By) >= “relta® )
s + ar

a+p’

x(r, s, t,u) =r,y(r,s,tu) =

p*t + 2afs + a’r
(a+p)? 7

z(r,s, t,u) = (5.2.20)

p3u+ 3ap?t + 3a?PBs + a’r
(a+B)? '

w(r, s, t,u) =

a’x + 3a?Py + 3aﬁ2z+[)’3\W>> 5 (fzqm(f)>
Re( (a+ B)?(ax+ fy) =T ® )

110



Chapter Five (Third and Fourth) - Order Differential Subordination ...

where z € U,¢é € dU \ E(q) and k = n.

Theorem 5.2.13: Let ¢ € J; [0, q]. If the function H € H and q € @y, satisfy

the following conditions:

Re (M) = 0,

q'(§)

D%ﬂg@)) <1k (52.21)
and
{ (ﬁgﬁ (71 @) i3 (7'(H@)) Dl (T (H@)) Pl (7 (@) )

& ’ ’ , i Z |,z
z A Z z
. U} ca (5.2.22)
then
D (7i(H
e { Z( @) <q(z);z € U.
Proof:
Define p(z) in U, by
D (T(H(2)
p(2) = s Z( ))’ (5.2.23)

from equation (5.2.5) and (5.2.8,22), we have

DI (T'(H®)) (@ +pp) + pzp'2)
z B a+pf '

(5.2.24)

By a similar argument, we get
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]D)D+2 (TH(H(Z)))
Z
2 ! 2,201
_(@+p)p@) + Zﬂgz - gfp () + 20" () (5.2.25)
and
ID)D+3(T (H(z)))
(@+B8)*p(2)+(a+B) (5B +3aB) zuz;(i;;:ﬂz(Ba+4ﬂ)zz (@452 (@) (5.2.26)
Define the transformation from C* to C by
x(r, s, t,u) =r,y(r,s, t,u) = (a +aﬁj_rﬁ+ 'BS, z(1, s, t, u)
2 2
_(@+p) T‘Eazi(g)‘z" B)s + Bt (5.2.27)
and
w(r,s, t,u)

3 2 2 3,2
_(a+p)r+(a+p)(h tjiﬁ;)? 3°Ba+4p)t+ Bz u (5.2.28)
Let
n(r,s,tu) = p(x,v,z,w; z)

(a+ B)r+pBs
" a+f ’
2 2
= ¢ (@t B)r Jzazi(g):’ Pstht . (5.2.29)
(a +B)°r + (a + B)Y(5B% +3ap) s + 3B7(3a + 4B)t + Bz%u
(a+p)3

The proof will make use of lemma (1.5.18). Using the equations (5.2.22) to
(5.2.25) and from the equation (5.2.29), we have
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n(p(2),zp’(2), z2°p" (2), 2°p"" (2); 2) =
o (D, (T'(H@)), D% (T'(H@)), D7 (T'(H(@)), D5 (T'(H(2)) : 2)
(5.2.29)
Hence, clearly (5.2.21) becomes
N(p(2),zp'(2), z2°p" (2), 2°p"" (2); 2) €.

We note that

£+ _ 2(a+p)*x+3B(a+ By + pz
s (a+P)((a+p)x+py)

)

and

u_(a+pB)°x+ (a+p)EF* +3ap)y +36*Ba + 4P)z + f*w
s (@ + B)*((a + B)x + By) |

Thus clearly, the admissibility condition for ¢ € J; ;[£2, q] in definition 5.2.4 is

equivalent to admissibility condition for IT € ¥, [, q], as given in definition
1.4.20 withn = 2.

Therefore, by using (5.2.20) and lemma (1.4.18), we have

]D)J;ﬁ (Tﬁ(H(z))) z < q(2).

If 2 # C, is a simply connected domain, the 2 = h(U) for some conformal

mapping h(z) of U onto (2. In this case the class J; 1 [~ (U), q ] is written
as/j1[h q]. |

This leads to the following immediate consequence of theorem 5.2.13 is stated

below.
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Theorem 5.2.14: Let ¢ € J;1[2,q]. If H € H and q € @4, satisfy the following

conditions:

k(7 (H(z)))
zq' (§)

1\

Re (M)

q’(®) 0,

<k, (5.2.30)

and

D, (Tﬁ(H(z))) s (7 (H(z))) D'’ (T“(H(z))) D' (T“(H(z)))

Z Z Z zZ

< h(2), (5.2.31)

D, (7! (H(2)))
z

then < q(z),zel. [ |

In view of definition 5.2.11, and in special case when q(z) = Mz, (M > 0), the
class J; ;1 [£2, q], of admissible functions, denoted by J; ;[£2, M] is expressed

follows.

Definition 5.2.15: Let 2 be setin C and M > 0. The class J; ;[2, M] of

admissible functions consists of those function ¢: C* x U — C,such that

Mei@)
(a+B)M+LK\ ;
( a+p ) 619,
¢ ((a+ﬁ)2M+2ﬁ(a+ﬁ)K+ﬁ2L) ol &0, (5.2.32)
(a+p)? ’
\((a+/3)3M+(a+ﬁ)(5/32+3a/3) K+3[32(3a+43)L+33z2N) ew/
(a+p)?

whenever, z € U, Re(Le ™) = (K — 1)KM
and Re(Ne™) = 0,v 0 € R; k = 0.

Corollary 5.2.16: Let ¢ € J; 1[2, M]. If the function H € H satisfies the

following conditions:

114



Chapter Five (Third and Fourth) - Order Differential Subordination ...

(i (g
]D)“'B(TZ(H( ))) é kM; (Z (= U}k ; 2, M > O);
i o <1D]l ,B(TﬁZ(H(Z))) D”*l(TZ(H(z))) D (7 “Z(H (Z))) DT :(H(Z))),z> €,
J i
then Da'ﬁ(TZ(H(Z))) <M.

When 2 = q(U) = {w: |w| < M}, the class J; ; [£2, M] is simple denoted by
]j,l [‘Q; M] u

Corollary 5.2.16 can now be rewritten in the following from.

Corollary 5.2.17: Let ¢ € J; 1[02, M]. If the function H € H satisfies the

i3 (Ti(H@))
VA

following conditions

=kM,(z€eU;k=2; M >0)

And

<M,

z zZ VA z

¢<D2B(Tﬁ(fl(z))) DJ’“(TH(H(Z))) i (7! (H(z))) b 3(7! (H(Z)))’ )

then |, (T'(H(@))| < M

Definition 5.2.18: Let 2 be asetin C .Also q € Q;NS;, the class J; ,[£2, q] of

admissible functions consists of those functions ¢: C* x U — C,which satisfy

the following admissibility conditions ¢(x,vy,z, w; z) & (2

whenever x = q(§),y = w,

a+pf

R (2(a + B)*x + 3B (a + By + ﬁzz> > 1 Re (Eccu”(f) N 1)
(@+p)((a+px+py) /) q@ )

and
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R <(a +B)3x+ (a+ B)(58% +3aB) y + 3%(Ba + 46)z + B3w )
(a + B)?((a + Bx + By)

fzqm(f)>

> 1,2 2 r M7

=k Re( 70 )
where z € U,é € dU \ E(q) and k = n.

Theorem 5.2.19: Let ¢ € Jj,[£2, q]. If the function H € H and q € @, satisfy

@

1\

0,

the following conditions: Re (

D (7'(H))
D!, (Ti(H(2)))

”*1(Tﬂ(y(z))) D A(TI(H@)) DLA(T(H@)) DLE(TH(H@)) )
e {¢< LT 0@) B @) (@) oRa(rnen) ) S

<k, (5.2.33)

U} c 0, (5.2.34)

]]+1( ]1( (Z)))

then o, (TH e )))

< q(2),(z € U).

Proof:

Define the analytic function p(z) in U by

ID)”“(T (H(z)))

p(z) = B (@)’ (5.2.35)
From equations (5.2.5) and (5.2.35), we have
D (T'(H@)) _ @+ pp*@) + 21'(2) 5236

D (Ti(H@)) @t Ap®
By a similar argument, we get
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D'+ (T (H(z)))
D”” s (T(H@))
_ @+ B)’'p*(2) +3(a + B)Bzp(2)p' (2) + 2B%2p’ (2) + 2B°2"p" (2)

(a+B)p?(2) + B(a + B)zp' (2) O
and
D' (T (H(Z))) dp?z*p"’ (z) ‘|2' ab+c+de ,(5.2.38)
]]))”*3 (TH(H(Z))) .
where

a(z) = ((a + B)*p*(2) + 3(a + B)Bzp(2)P (2) + B*2zp' (2) + B22*p" (2)),
b(z) = ((a + B)*P*(2) + (a + B)Bzp(2)P' (2) — B?2zp' (2) — B?z*p" (2)),
c(2) = (B2zp' (2) + B*2%p" (2))’,

d(z) = ((a + B)BP?*(2) + B*zp’' (2)),

e(2) = ((a + B)’p*(2) + 3(a + B)Bp(2)2°p" (2) + 3(a + BIBz*P' ()P’ (2)
+3(a + B)Bzp(2)p' (2) + 38%2°p" (2) + zp’(2)).

We now define the transformation from C* to C by

(a+B)r?+ps

x(r,s,tu) =ryrs tu) ==,

(a + B)?*r3 + 3(a+ B)Brs + f%s + B>t
(a+pB)°r?>+ B(a+ B)s

z(r, s, t,u) = (5.2.39)

and
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w(r,s, t,u)

d(r,s, t,u)B?u + a(r,s, t,wWb(r,s, t,u) + c(r,s, t,uw) + d(r,s, t,we(r,s, t,u)
= 2 )
(a(r, s, t, u))

(5.2.40)

where
a(r,s, t,u) = ((a + B)?r3 + 3(a + B)Prs + B?s + f?t),

b(r,s, t,u) = ((a + B)?r3 + (a + B)Brs — f%s — B?t),

c(r,s, t,u) = (B%s + B?t)?,
d(r,s, t,u) = ((a + p)Br* + B%s),

e(r,s,t,u) = ((a+ B)?r3 +3(a+ p)Brt + 3(a + B)Ls? + 3(a + B)Prs
+ 362t + s).

Let
n(r,s tu) = ¢(X,v,2zw;z)

r,
( (a + B)r? + Bs
(a+pB)r
(a + B)?*r3 + 3(a+ B)Brs + f%s + B>t
(a+B)2r2+ B(a+ B)s ’
Kd(r, s,t, WB?u + a(r,s, t,u)b(r,s, t,u) + c(r,s, t,u) + d(r,s, t,we(r, s, t,u)

(a(r, s, t, u))2

(5.2.41)

The proof will make use of lemma 1.4.17. Using the equations (5.2.35) to
(5.2.38), and from the equation (5.2.41), we have
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n(p(2),zp'(2),2°p" (2), z°p"" (2); 2)
D”“ 5 (T (H@)) D (Ti(H@)) DL (T (H@)) DI (T(H)) .
D!, (Ti(H(@)) DI (T (H(@)) D} (T (H(@)) DI (T (H@))

Hence, clearly (5.2.34) becomes

N(p(2),zp’(2), z°p" (2), 2°p"" (2); 2) € 2.

We note that

t_2(a+p) X4+5(a+ﬁ)ﬁx2y+2,8 xy+,8 y? +2[? XZ
’ ((a+B)x? + By)’

1+-

and
u
s
(a + ﬁ)x(d(x v, z,wW)B*u + a(x,y,z,w)b(X,v,zu) + c(X, v,z u) + d(x,v,z u)e(x,V,z, tul))
((a + B)x2 + By) (a((x Y,Z, rul)))

Thus clearly, the admissibility condition for ¢ € J; ,[2, q], in definition 5.2.6 is

equivalent to admissibility condition for IT € ¥, [, q], as given in definition
1.4.19 with n=2.

Therefore, by using (5.2.33) and lemma 1.4.17, we have

1]))”“ 5 (T (H@))
D, (T'(H@))

This completes the proof of Theorem 5.2.19. |

< q(2). (5.2.43)

If 2 # C, is simply-connected domain, then 2 = h(U) for some conformal
mapping h(z) of U onto £. In this case, the class J; ,[A(U) , q] is written as
J;2[h,q]. An immediate consequence of Theorem (5.2.11) is now stated below
without proof.
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Theorem 5.2.20: Let ¢ € J;,[2,q]. If H € H and q € @4, satisfy the following
conditions (5.2.34), and

1]))”“ 5 (T'(H@)) DL (T'(H@)) D3 (T'(H@)) Dy (:rﬂ(H(z)))
D!, , (T“(H(z))) D (T“(H(Z))) D’'2 (T“(H(z))) D" (T“(H(z)))
< h(2), (5.2.44)

then

DD“ (:r (H(z)))
D!, , (Ti(H@))

< q(2),z €.

5.3 Fourth-Order Differential Subordination and Superordination
Results for Completely Homogeneous Symmetric Defined by the
Inverse of an Ordered Cyclic Operator

Assume that H denotes the class of functions of the form
H(z) = 2 h,z%z€U, (53.1)
n=0
let H € H given by (5.3.1) the inverse I' of H(z) is defined as follows:
I' (H(2)) = z h,_;z",z€Uandi=0,1,2,..,
it is easily verified from (5.3.2), that

z(]Iﬁ(H(z))),

T = —S@)and 2 (I(H@)) = -T(H@D)S@. (533)

In recent years, there are many authors presented and dealing with the
theory of second-order differential subordination and superordination see
([1,10,16,36]). Also, many authors discussed the theory of the third-order
differential subordination and superordination see ([2,5]). In 2011, Antonino and
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Miller [2] presented basic concepts and extended the theory of the second-order
differential subordination in the open unit disk introduced by Miller and Mocanu
[36] to the third case. Atshan et al. ([5,9]) extended the third-order case to
fourth-order differential subordination and determined properties of functions q
that satisfy the following fourth-order differential subordination:
P(a(2),zq'(2), 2°q" (2), 2°q" (2), 2*q""" (2); 2) < h(2),
where h be analytic univalent function in U, q is analytic function and
¢:C>x U - C. Now, we extended the third-order case to fourth-order
differential superordination and determined properties of the function q that
satisfy the following fourth-order differential superordination
h(z) < ¢(q(2),2q'(2),2*q" (2), 2°q"" (2), 2*q""' (2); 2),
where h(z) be analytic univalent function in U, p is analytic function
¢:C> x U - C. To prove our main result, we need the basic concepts in the
theory of fourth-order.
We present some results for differential subordination and superordination for
analytic functions defined by the inverse of an cyclic operator I of H(z).
Second, we define the following class of admissible functions, which are needed
in proving the differential theorems associated with I defined by (5.3.2).
Definition 5.3.1: Let 2 be asetin Cand q € Q. The class A;[12, q] of

admissible functions consists of those functions ¢: C> x U — C, that satisfy the
following admissibility conditions:

P(x,y,zu,w;z) € 0,

whenever x = q(§),y = I(H(2)p(z) - 2222

113(]p)(z))> ) 22q""(Q) ( 114(113)(2))) 3 B3q"" ()
Re (S > g, (£27©) ang pe (LED)) > y3pe (L9
e(ﬂ(p(z)) - e( q'({) )a d Re I(p2) ) — 9( e )

wherez € U,{ € U \ E(q) and k = 3.
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Theorem 5.3.2: Let ¢ € A;[42, q]. If H(z) € H and q € Q, and satisfy the

following conditions

ZZ (Hﬁ+2(H(Z)))

Re (CZ«TT@) > o | S (5.3.4)
and
{6 (N(H@), I (H@), 172 (H(2)), I3 (H(2)), 1 (H(2))) |
c o, (5.3.5)

then I'(H(2)) < q(2) (z € U).
Proof:
Define the analytic function p in U by

p(z) = Hﬁ(H(Z));Z e U. (5.3.6)
Then, differentiating (5.3.6) with respect to z and using (4.3.3), we have

/ _ (i ' zp'(z) _

p'(2) = (]I (H(2))) and 22 = -8 (5.3.7)

Z(Hﬁ“(H(z))) ) z(u o Hﬁ(H(z)))
s@  S@

. (zH(H(z)) (1'(H@)) +21'(H@) (H(H(z)))'> _

Hﬁ+1(H(Z)) — _

S(2)

S(2)p*(2)
zp'(z)

=1(H@)p@ -

Further computations show that

z(P2(H(z)) (1 Hﬁ“(H(z)))
S(Z) o §(Z)

I(H(2))zp' (2)
S(2)

+MM@ﬁﬁwm9@Nm@»3—M@@@D%wgn@wanam%@)
S(2)(zp'(2))°

!

I*2(H(2)) = -

= I(H(@)p(2) - +25(2)p(2)
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Hﬁ+3(H(Z)) —
(ZZZp"(Z)H(H(Z))]p)Z(Z) + Z[p)’(Z)]I(H(Z))) (ZZ]]])'(Z) (222[[))”(2) + Z]p)’(z)))
S*(2)(zp' (2))"

. (zSp’(z)]}D'(Z)HJ)"'(Z)> (5.3.9)

$3(2)(zp' (2))"

and

14 (H(2)) = (zsp'(z)p"(z)p""<z)>
$5(2)(2p' (2))°

+ (H(H(z))) (H(H(z))[p)(z) — ZS(Z)]](H(Z))Z]p)’(Z)

N S(Z)H(H(z))zp’(z) — H(H(Z))ZS’(Z)Zp’(Z) + S(Z)H(H(Z))ZZI[D”(Z)>
$2(2)

z (]I(H(z))) (]I(H(z))SZ (2)p(2) - 28%(2)I(H(2))zp" (2) + S(z)n(H(z))p'(z))'

) $5(2) (2w’ (2))°
3 —]I(H(Z))ZS’(Z)Z[p)’(Z) + S(Z)H(H(z))zz[p)”(z)

$5(2)(zp' (2))° |

(5.3.10)

We, now define the transformation C° to C ,
x(r,s, t,u,w) =r,

y(r,s, t,u,w) = H(H(Z))r _ S(zs)rz’

z(r, s, t,u,w)

]I(H(z))s
S(2)
1(H(2))zS' (z)sr? — S(2)r?1(H(2))(s + w)

* S(2)s? :

2t1(H(2))p? (2) +51(H(2)) ) (25 (2t +5)) +( stu )
$3(2)(zp' (2))" $3(2)(s)*

= ]I(H(Z))r — + 2S(2)p(z)

u(r,s, t,u,w) = <( (5.3.11)
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and

zsp'(z)p'%z)p'"'(z))

w(r, s, t,u,w) = (
$5(2) (zp' (2))°

+ (]I(H(Z))) (H(H(z))]p)(z) — ZS(Z)H(H(Z))ZHD'(Z)

N S(Z)H(H(z))zp’(z) — ]I(H(z))zS’(z)Z]p)’(z) + S(Z)]I(H(z))zz]p)”(z)>
$%(2)

Lz (1(H@)) (1(H(@)S*@)p(2) - 25°@)1(H(2))zp" () + S(z)H(H(z))p'(z))'

S5(2) (20’ (2))°
_—I(H@))zS' (2)zp' (2) + s<z>£(H<z))zzp”<z) | (53.12)
S°(2)(zp' (2))
Let
x(r, s, t,u,w;z) = p(X, v,z u,w; z). (5.3.13)

The proof will make use Lemma 1.5.22. Using the equations (5.3.7) to (5.3.10),
we have from (5.3.11) that

x(p(2),1(p(2)),1*(p(2)), P (p(2)), 1*(p(2)); 2) =
¢ (1'(H(2), I (H(2)), I"?(H(2)), I3 (H(2)), I"*(H(2)) ). (5.3.14)
Hence, clearly (5.3.5) becomes

(P, 1(p(2),I*(p(2)), I*(p(2),1*(p(2)); 2) € 0,

I?(p(2) u _ B(p@)
1(p(2)) ‘s 1(p@)

we note that § +1=

w_ I'(p@)
and = T@)”

Therefore, the admissibility condition for ¢ € A;[£2, q], in Definition 5.3.1 is

equivalent to admissibility condition for y € ¥W5[£2, q], as given in Definition
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1.5.23 with n = 3. Therefore, by using (5.3.4) and Lemma 1.5.22, we obtain
p(2) =1'(H(2)) < q(2).

This completes the proof of Theorem 5.3.2. |
Our next corollary, is an extension of Theorem 5.3.2 to the case when the
behavior of q(z) € dU, is not known.

Corollary 5.3.3: Let 2 c C, and let the function q(z)be univalent in U with
q(0) = 1. Let ¢ € A;[02,q] for some p € (0,1), where q,(z) = q(pz). If

H € H and q, satisfies the following conditions:

Re(ﬂ3(q(c))) >0,

1(q@)
% = k% (z€U,{€dU\ E(qy)and k = 3), (5.3.15)
and
é (Hﬁ(H(z)), I1(H(2)), I*2(H(2)), 13 (H (2)), Hﬁ+4(H(z)))
< h(2), (5.3.16)

then I'(H(2)) < q(2),z € U.

Proof:

By using theorem 5.3.2, yield I'(H(2)) < q,(2), (z € U),

then we obtain the result from q,,(z) < q(2), (z € U).

This completes the proof of Corollary 5.3.1.

If 2+ C is simply-connected domain, then 2 = h(U) for some conformal
mapping h(z) of U onto . In this case, the class A;[h(U),q] is written an
A;[h, q]. The following two results are immediate consequence of theorem
5.3.2 and Corollary 5.3.3. ]
Theorem (5.3.4): Let ¢ € A;[h(U),q] If H € H and q € Q, satisfy the

following conditions (5.3.4), and
& (Hﬁ(H(z)), I1(H(2)), I*2(H(2)), I3 (H (2)), Hﬁ+4(H(z))) <
h(z), (5.3.17)
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then I'(H(2)) < q(2)(z € U). m
Corollary 5.3.5: Let 2 c C, and let the function q be univalent in U with
q(0) = 1. Let ¢ € Af[N2, q] for some p € (0,1), where q,(z) = q(pz). If

H € H and q, satisfies the conditions (5.3.15) and

¢ (I'(H(@), 1 (H()), I*2(H(2)), 143 (H(2)), I**(H(2)) ) < h(2),
(5.3.18)
then I'(H(2)) < q(2)(z € ). n
The following result yield the best dominant of differential subordination
(5.3.15).

Theorem 5.3.6: Let the function h be univalent in U. Also let

¢ (q(Z),H(H(Z))q(Z) -

S(2)q2(2) ((Zzthl”(z)H(H(z))(qlz(z) +qu’(z)]I(H(z)))<ZZ(q1’(z)(Zzzq”(z)+zq(z))>> N

zq/(2) $3(2)(zp' (2))"

z°q'(2)q' (2)q"" (2) _

( S @(2q' @) );A'B> = h(2), (5.3.19)

A

(20" @DUH@D)# (@) + 20 DI(H)) (220 () (272" (2) + 29 (2)))
S*(2)(za' (2))"

. (zsq'(z)q'(zm”'(z))
$3(2) (zq' (2))"

5 (qu'<z)p”<z)<q1""<z>>
$5(2)(za' ())°
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+(1(H(2))) <H(H(Z))]p)(z) — 2S(2)I(H(2))zp' (2)

N S(Z)H(H(z))chl’(z) — H(H(Z))ZS’(Z)Z((]]'(Z) + S(Z)H(H(Z))qu”(z)>
$%(z)
z (]I(H(z))) (]I(H(z))S2 (2)q(z) — 283 (2)1(H(2))zq" () + S(Z)H(H(Z))[[M]]’(Z)),
S5(2)(2q'(2))
_ —1(H(2))zS'(2)zq' (z) + S(2)I(H(2))z*q" (2)
S5(2) (zq (2))°
has a solution q(z) with q(0) = 1, which satisfies the condition (4.3.4).
If H € I, satisfies the condition (5.3.15) and if

¢ (ﬂﬁ(H(z)), I"*1(H(2)),1I"*2(H(2)), I"*3(H(2)), uﬁ+4(H(z))) is analytic in U
then I'(H(2)) < q(z)(z € U) and q(z) is the best dominant.

Proof:

Using Theorem 5.3.2, that q(z)is a dominant of (5.3.15). Since q(z)satisfies
(5.3.17), it is also a solution of (5.3.15). Therefore, q(z)will be dominated by all

dominant. ]
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Conclusion and Future Work

Through this study related to the Geometric theory, which was
limited to the complete homogenous symmetric function with the
some operator which defined by the effect of composition relation
of analytic function on Hardy space. We found types of an ordered
cyclic operator using the cyclic subgroups and the effect was
obvious by studying the transition behavior of items and sets for
each of these types of functions and obtained significant results, In
addition to the possibility of applying these results to some of the
research presented before In light of the new definitions presented
for compactness and some of its types in this study and the results

presented therein. Also, we can add several studies, including:

1. With the concept of the ordered cyclic subgroups present in the
symmetric polynomials, it is possible to further study the
concept of an ordered cyclic subgroups and an ordered cyclic
subgroups.

2. Expanding the concept of composition and its types and studying
the relationship between them and the algebrical concepts an

ordered cyclic subgroups and an ordered cyclic subgroups.
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