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 Abstract  

This study aims to build new formulas and connection between geometric 

function theory (especially sandwich theorems) and Viete’s theorem in 

elementary algebra through Newton's identities, and all the algebraic concepts 

that can be related with it. The relationships between those theorems within  

Hardy space, where some basic concepts of  Viete’s theorem are reviewed. The 

algebraic properties of symmetric group with new formula that defined as 

ordered cyclic subgroups, this represents in the first stage of this work.  

The second stage: We introduced concepts of companion matrix in the 

Hardy spaces by studying algebraic properties as well as the concepts of 

composition of matrices. Indeed the effect of operators on the powers' traces of 

companion matrix, which effects on the complete homogeneous symmetric 

functions class that involving an ordered cyclic operator. Several operators have 

been identified in many details such as: 

 Newton's identities by companion matrix. 

 A new formula of complete homogeneous symmetric functions.  

 Derivation the ordered cyclic operator. 

 Derivation the inverse of the ordered cyclic operator.  

The third stage: The concept of differential subordination and 

superordination for type of meromorphic complete symmetric functions that 

defined by some operators were introduced (ordered cyclic subgroups, 

fundamental differential for ordered cyclic operator). 

     The fourth stage: The concepts of (third and fourth )- order differential 

subordination,  superordination and sandwich theorems for class of complete 

homogeneous symmetric functions of three - order  and four - order   and some 

classifications of that concept are introduced (linear differential for cyclic 

operator of this functions, composition of inverse for an ordered cyclic 

operator).  
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Introduction  

The geometric function theory is the branch of complex analysis which 

deals with the geometric properties of analytic functions. It was founded around 

the turn of the 20th century and has remained one of the active fields of the 

current research. Moreover, in spite of the famous coefficient problem, 

"Bieberbach Conjecture" that was solved by Louis de Branges in 1985,it 

suggests various approaches and directions for the study of geometric function 

theory [20]. 

The first aim of the study presented of this thesis is the use of the concept 

of symmetric polynomials, this type of identities was identified by Albert Girard 

(1629) [21], It was rediscovered and axiomatized by Isaac Newton around 1666 

[34]. Newton's identities, also known as the Girard–Newton formulae, gave 

relations between two types of symmetric polynomials, namely between power 

sums and elementary symmetric polynomials. Evaluated at the roots of a monic 

polynomial 𝑃(𝑥) in one variable, that allow expressing the sums of the k-th 

powers of all roots of 𝑃(𝑥) (counted with their multiplicity) in terms of the 

coefficients of 𝑃(𝑥), without actually finding those roots. 

Where the idea of the concept of convergence crystallized through Hardy 

space, we may define it as a relationship as follows:  

 Let 𝑓  be analytic at all points within a circle 𝐶 with center at 𝑧0 and radius 𝑟0. 

Then at each point 𝑧 inside 𝐶, the power series ∑ 𝑎𝑛(𝑧 − 𝑧0)
𝑛∞

𝑛=0 , converges 

uniformly to 𝑓(𝑧) in the open unit disk 𝕌 = {𝑧 ∈ ℂ: |𝑧| < 1}. 
 

     The second aim of our work is the derivation some cyclic operator. A 

frobenius matrix is a special kind of square matrix from numerical mathematics. 

Some researchers use the transpose of this matrix, which (dually) cycles 

coordinates, and is more convenient for some purposes. There was a suggestion 
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method by the scientist Barakat[11] to calculate the sum of the powers for the 

eigenvalues of a diagonal matrix and works iteratively through Newton's 

identities to get the elementary symmetric functions for these eigenvalues, 

which represent the coefficients of the characteristic polynomial. Each 

homomorphic function  that takes 𝕌 into itself we associate the composition 

operator 𝐶 defined by: 

 𝐶 𝑓 = 𝑓 ∘   (𝑓 ∈ ℋ
2) 

The Littlewood  subordination theorem tells us that the operator 𝐶 takes 

the Hardy space ℋ2 into itself. Littlewood's principle also supplies an estimate 

which shows that 𝐶  is a bounded operator on ℋ2, see [48,14] for more details. 

       Let ℋ(𝕌) denotes the analytic function class in the open unit disk 𝕌, the 

resolvent det (I —  А)−1 of a complex matrix А is naturally an analytic function 

of eigenvalues λ ∈ ℂ and this eigenvalues are isolated singularities. In general 

any matrix has finitely eigenvalues. The resolvent set of  А is defined as follows: 

𝜚(𝐴) = {𝜆 ∈ ℂ: 𝜆𝐼 − 𝐴 is invertible} 

and the spectrum of А is expressed by ϑ(А) = ℂ/ϱ(А). Macdonald [34] defined 

the characteristic polynomial for finite distinct eigenvalues and this class 

represent the subclasses of analytical functions ℋ[𝑎, 𝑛] which denoted by ℍ 

such that ℋ[𝑎, 1] = ℍ  and has coefficients of the form 

ℎ𝑛 = ∑
(−1)𝑛−𝑘 𝕤1

𝑗1𝕤2
𝑗2 … 𝕤𝑛

𝑗𝑛

𝑗1!   𝑗2! … 𝑗𝑛!  1
𝑗1  2𝑗2…𝑛𝑗𝔫 

𝑗1+𝑗2+⋯+𝑗𝑛=𝑘
𝑗1+2𝑗+3𝑗3+⋯+𝑛𝑗𝑛=𝑛

 . 

    Indeed we can be reduces a class ℍ to the class ℋ of normalized univalent 

analytical functions and composed of functions of the following form: 
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𝐻(𝑧) − ℎ0
ℎ1

= 𝑧 +∑𝑎𝑛

∞

𝑛=2

𝑧𝑛; 𝑎𝑛 =
ℎ𝑖
ℎ1
, (𝑧 ∈  𝕌).   

This thesis is devoted for studying differential subordination and 

superordination results for types of meromorphic univalent functions that are 

defined by some operators. A differential subordination in the complex plane is 

the generalization of the differential inequality on the real line. The concept of 

differential subordination plays a very important role in functions of real 

variable. In the theory of complex-valued function, there are several differential 

applications in which a characterization of a function is determined by a 

differential condition. Scientific research have contributed on the differential 

subordination and superordination with sandwich theorems as [20,29,36,42]. 

     It is very important for us to find new observational and theoretical results in 

this field with various applications. The cornerstone of geometric function 

theory is the theory of univalent functions, but new related topics appeared and 

developed with many interesting results and applications. 

This thesis consists of five chapters: 

In chapter one, the most important basics of our work are given, by presenting 

necessary theorems and results. The first section view the concept of symmetric 

group and its most important characteristics, theories and examples. The second 

section shows with the concept of  Newton's identities and its algebraic 

properties. The third section discuss with the concept of Hardy space and cyclic 

operator. The last section concerned with important definitions and theorems 

related with sandwich theorem.  
      

Chapter two consists of three sections. In section one, a new construction will 

describe in detail in application to cyclic groups, though it could have been 

introduced at once for symmetric group. In second section, a new formula has 

been derived with theorems of abstract algebra that is deeper than the 
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elementary properties of symmetric groups. Namely, proceeding from the 

description this group by using given of cyclic groups, it's called ordered cyclic 

subgroups. We introduce a new formula of symmetric group as direct product of 

ordered cyclic subgroup. Third section shows Lagrange's theorem in terms of 

ordered cyclic subgroup. 

Chapter three consists of four sections. Section one is introduced the 

composition of complete homogeneous symmetric functions as an analytic 

function which defined in open unit disk. In section two, we recall and founded 

newton's identities for characteristic polynomials by companion matrix. In 

section three, we derived a new formula for coefficients of complete 

homogeneous symmetric in terms of powers of traces' matrix. In section four, 

we derived an ordered cyclic operator. In section five, we deals with the inverse 

for an ordered cyclic operator. 

      

Chapter four consists of three sections. In section one; we introduced several 

results on second-order differential subordination and superordination for class 

of complete elementary functions. Second section is represents with sandwich 

theorems for certain analytic completely homogeneous symmetric functions 

class defined by a new cyclic operator. Here, we derive some results certain 

complete homogeneous symmetric functions by using differential subordination 

and superordination defined by an ordered cyclic operator. In the third section 

deals with the sandwich results of complete homogeneous symmetric functions 

defined by a differential for ordered cyclic operator. 

      

Chapter five consists of three sections. In section one; we introduced several 

results on (third and fourth)-order differential subordination and superordination 

for class of complete elementary functions. The second section concerned with 

third-order differential subordination results for analytic functions associated 

with a certain diffrrential of an ordered cyclic operator. The third section deals 
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with the fourth-order differential subordination and superordination results of 

meromorphic multivalent functions defined by the inverse for ordered cyclic 

operator. Here, we obtain some applications of fourth-order differential 

subordination and superordination results involving traces function for powers 

of matrix transformation 𝕀𝕚(𝐻(𝑧)) for meromorphic multivalent functions.
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Chapter One: Definitions and Fundamental Concepts  

 Introduction 1.1

In this chapter, we deal with the most important special mathematical tools 

in the process of building a thesis, as they are the mainstay of our work. The 

main aspect of the proximity relationship includes its definition, its most 

important characteristics and the construction processes that were the basic 

building block for building the concept of  ordered cyclic subgroup, and which 

was the starting point for the process of building modern concepts that was 

adopted in this thesis. The first chapter contains four parts:  

The first section deals with the concept of symmetric group and its most 

important characteristics, theorems and examples. The second section dealt with 

the concept of  Newton's identities and its algebraic properties. The third section 

dealt with the concept of Hardy space and cyclic operator. The last topic 

concerned important definition and theorems about sandwich theorem.   

 Symmetric Group 1.2

In this section, we review the concept of symmetric group and its basic 

properties, also give some examples and basic theorems that we need in our 

work.  

Definition 1.2.1 [15]: Let 𝑋 be a set with 𝑛 elements, which label as  1, 2, . . . , 𝑛 , 

a permutation of  𝑋 is a bijective function  𝜎: 𝑋 → 𝑋. 

A permutation 𝜎 can describe by the following form:  

(
1

𝜎(1) 
 
2
𝜎(2)

 
…
…  

𝑛
𝜎(𝑛)) . 

Because 𝜎 is bijective, each element of 𝑋 occurs exactly once on the second 

line. The set of all permutations with composition of functions is called a  

symmetric group and denoted by 𝑆𝑛 . 
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Definition1.2.2[19]: A permutation is called a k-cycle if it fixes all elements 

except 𝑘 elements, let it be 𝑎0, . . , 𝑎𝑘−1 and acts on those according to: 

σ(𝑎0) = 𝑎1, σ(𝑎1) = 𝑎2, … , σ(𝑎𝑘−2) = 𝑎𝑘−1, σ(𝑎𝑘−1) = 𝑎0. 

Such a cycle is denoted by listing the elements it moves between parentheses in 

such a manner that the image of each element is listed immediately after it: 

σ = (𝑎0 𝑎1  … 𝑎𝑘−1), 

we may start with any element in the cycle: 

(𝑎0 𝑎1  … 𝑎𝑘−2 𝑎𝑘−1) = (𝑎1 𝑎2  … 𝑎𝑘−1 𝑎0) = ⋯ = (𝑎𝑘−1𝑎0 𝑎1… 𝑎𝑘−2). 

A cycle of length 1 is the identity permutation. A cycle of length 2 is called a 

transposition. Two cycles are said to be disjoint if they have no elements in 

common . 

Definition 1.2.3[15]: Let 𝜑 be a permutation of a set 𝑋. An element 𝑥 ∈  𝑋 is 

called a fixed point of 𝜑 if 𝜑(𝑥) = 𝑥. That is, the fixed points of a permutation 

are the points not moved by the permutation. For example, 𝜑 = (
1 2 3 4 5 6
1 3 2 6 5 4

)  

has fixed points {1, 5}, since 𝜑(1) = 1 and 𝜑(5) = 5 and everything else is 

sent to something different. 

Definition 1.2.4[19]: Let (𝐺,∗) and (𝐺′,∗′) be two groups. We say that 𝐺 and 𝐺′ 

are isomorphic if there is a bijective map 𝜑: 𝐺 →  𝐺′. That is to say, for every g 

and g' in G, 𝜑(𝑔 ∗ 𝑔′) =  𝜑(𝑔) ∗ ′𝜑(𝑔′), and the mapping φ is called 

isomorphism. 

Theorem 1.2.5(Cayley’s Theorem)[19]: Let 𝐺 be a group, then 𝐺 is isomorphic 

to a subgroup of a permutation group. Moreover, if 𝐺 is a finite, then so is the 

permutation group, so that every finite group is a subgroup of 𝑆𝑛, for some 𝑛. 
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Definition 1.2.6 [32]: The order of an element 𝑎 in a group is the least positive 

integer 𝑚 such that 𝑎𝑚 = 𝑒, if no positive powers of 𝑎 equals the identity 𝑒, 𝑎 

has order infinity. The group 𝐺 cyclic if it contains some elements x whose 

powers primary to power of  G ,this element is said to generate the group. 

Proposition 1.2.7[19]: A cyclic permutation of  𝑛 elements has order 𝑛. 

Theorem 1.2.8[15]: If 𝐺 and 𝐺′ are two cyclic groups of the same order, then 𝐺 

and 𝐺′ are isomorphic.  

Lemma  1.2.9[15]:  Let 𝜎 be a permutation of 𝑋. If  𝑘 is the smallest (strictly) 

positive integer such that 𝜎𝑘(𝑥) = 𝑥, then the elements 

 {𝑥, 𝜎(𝑥), 𝜎2 (𝑥), . . . , 𝜎𝑘−1 (𝑥)} are all distinct. 

Theorem 1.2.10[19]: Any permutation 𝜙 can be written as a product of disjoint 

cycles. 

Theorem 1.2.11(Lagrange's Theorem)[ 13]: If 𝐺 is a finite group of order 𝑛 

and 𝐻 is a subgroup of 𝐺 of order 𝑘, then 𝑘|𝑛 and 
𝑛

𝑘
 is the number of distinct 

cosets of 𝐻 in 𝐺. 

Definition 1.2.12[28]: A permutation matrix is a square matrix obtained from 

the same size identity matrix by a permutation of rows. Every row and column 

has a single 1 with 0's everywhere else. There are 𝑛! permutation matrices of 

size 𝑛. 

Example 1.2.13[28]: The permutation matrices of order two are given 

by[
1 0
0 1

] , [
0 1
1 0

] and of order three are given by 

[
1 0 0
0 1 0
0 0 1

] , [
1 0 0
0 0 1
0 1 0

] , [
0 1 0
1 0 0
0 0 1

] , [
0 0 1
1 0 0
0 1 0

] , [
0 1 0
0 0 1
1 0 0

] , [
0 0 1
0 1 0
1 0 0

]. 

A permutation matrix is nonsingular, and the determinant is always ∓1. In 

addition, a permutation matrix A satisfies 
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𝐴𝐴𝑇  =  𝐼, 

where 𝐴𝑇 is a transpose of a matrix 𝐴 and I is the identity matrix. 

Definition1.2.14[28]: A square matrix is called a Frobenius matrix if  it has the 

following three properties: 

1) All entries on the main diagonal are ones, 

2) The entries below the main diagonal of at most one column are arbitrary, 

3) Every other entry is zero. 

     Frobenius matrices are named after Ferdinand Georg Frobenius. An 

alternative name for this class of matrices is Gauss transformation. 

Example 1.2.15[37]:  A Moore matrix is a matrix of the form: 

𝑀 =

[
 
 
 
 𝑥1 𝑥1

𝑞

𝑥2 𝑥2
𝑞

… 𝑥1
𝑞𝑛−1

… 𝑥2
𝑞𝑛−1

⋮ ⋮
𝑥𝑚 𝑥𝑚

𝑞
⋱ ⋮

… 𝑥𝑚
𝑞𝑛−1

]
 
 
 
 

 

    It is a matrix defined over a finite field. The Moore matrix has successive 

powers of the Frobenius automorphism applied to the first column. Therefore, it 

is an 𝑚 × 𝑛 n matrix. 

Definition 1.2.16[46]: The Stirling numbers of the first kind 𝑠(𝑛,𝑚) are defined 

such that the number of  permutation of n elements which contain exactly m 

permutation cycles is the nonnegative number 

|𝑠(𝑛,𝑚)| = (−1)𝑛−𝑚𝑠(𝑛,𝑚) 

This means that 𝑠(𝑛,𝑚) = 0 for m > n and 𝑠(𝑛, 𝑛) = 1.  

    The usual stirling numbers of the first kind is a special case of a general 

function 𝑑𝑟(𝑛, 𝑘) which is related to the number of cycles in a permutation. 

Definition1.2.17 [46]: The number of ways of partitioning a set of  𝑛 elements 

into 𝑚 nonempty sets (i.e., 𝑚 set blocks), is called a Stirling set number of the 

second kind. The Stirling numbers of the second kind are variously and denoted 
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by  𝑆(𝑛,𝑚). Since a set of 𝑛 elements can only be partitioned in a single way 

into 1 or  𝑛 subsets, 𝑆(𝑛, 1) = 𝑆(𝑛, 𝑛) = 1.  

Example 1.2.18 [46]: The set {1,2,3} can be partitioned into three subsets in one 

way: {{1}, {2}, {3}}, into two subsets in three ways:{{1,2}, {3}} , {{1,3}, {2}}, 

and {{2,3}, {1}} , and into one subset in one way: {{1,2,3}}. 

 Newton's Identities 1.3

Newton's identities give relations between two types of symmetric 

polynomials, namely between power sums and elementary symmetric 

polynomials. Evaluated at the roots of a monic polynomial 𝑃(𝑥) in one variable, 

they allow expressing the sums of the k-th powers of all roots of  polynomial  in 

terms of the coefficients of 𝑃(𝑥), without actually finding those roots. These 

identities were found by Isaac Newton around 1666, apparently in ignorance of 

earlier work (1629) by Albert Girard. They have applications in many areas of 

mathematics, including Galois theory, invariant theory, group theory, 

combinatorics, as well as further applications outside mathematics, including 

general relativity. In this section we introduce some definition and theorems of  

newton's identities. 

Definition 1.3.1[34]: A polynomial 𝑝(𝑥1, 𝑥2 , … , 𝑥𝑛) is called a symmetric 

polynomial if it satisfies:  

𝑝(𝑥𝜑(1), 𝑥𝜑(2) , … , 𝑥𝜑(𝑛)) = 𝑝(𝑥1, 𝑥2 , … , 𝑥𝑛) 

for all permutations 𝜑 of {1, . . . , n}. The space of all symmetric polynomials in 

𝑥1, 𝑥2 , … , 𝑥𝑛 denoted by 𝛬𝑛.   

Definition 1.3.2[34]: Suppose 𝑥1, 𝑥2 , … , 𝑥𝑛are the 𝑛 roots of a polynomial  

𝑥𝑛 + 𝑎1𝑥
𝑛−1 +⋯+ 𝑎𝑛−1𝑥 + 𝑎𝑛. 

Then 

𝑒0 = 1, 
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𝑒1(𝑥1, 𝑥2 , … , 𝑥𝑛) =∑𝑥𝑖

𝑛

𝑖=1

= −𝑎1, 

𝑒2(𝑥1, 𝑥2 , … , 𝑥𝑛) = ∑ 𝑥𝑖1𝑥𝑖2

𝑛

1≤𝑖1<𝑖2≤𝑛

= 𝑎2, 

… 

𝑒𝑚(𝑥1, 𝑥2 , … , 𝑥𝑛) = ∑ 𝑥𝑖1 …𝑥𝑖𝑚

𝑛

1≤𝑖1<⋯ <𝑖𝑚≤𝑛

= (−1)𝑚𝑎𝑚, 

… 

𝑒𝑛(𝑥1, 𝑥2 , … , 𝑥𝑛) = 𝑥1𝑥2  … 𝑥𝑛. 

The polynomial 𝑒𝑚(𝑥1, 𝑥2 , … , 𝑥𝑛) is called the m-th symmetric polynomial in 

𝑥1, 𝑥2 , … , 𝑥𝑛. 

It has the following property: 

𝑒𝑚(𝑥𝜑(1), 𝑥𝜑(2) , … , 𝑥𝜑(𝑛)) = 𝑒𝑚(𝑥1, 𝑥2 , … , 𝑥𝑛), 

for all permutations 𝜑 of {1, . . . , n}. Recall a permutation of {1, . . . , 𝑛} is a one-

to-one correspondence: 

𝜑: {1, . . . , 𝑛}  →  {1, . . . , 𝑛}. 

Definition 1.3.3 [34]: For each 𝑘 ≥ 0, the complete symmetric polynomial is 

the sum of all monomials of degree k: 

ℎ𝑘(𝑥1, 𝑥2 , … , 𝑥𝑛) = ∑ 𝑥1
𝑑1 … 𝑥𝑛

𝑑𝑛

𝑑1+⋯+𝑑𝑛=𝑘

. 

 

In particular ℎ0(𝑥1, 𝑥2 , … , 𝑥𝑛) = 1.  

It is not hard to see that 

ℎ𝑘(𝑥1, 𝑥2 , … , 𝑥𝑛) = ∑ 𝑚𝜆(𝑥1, 𝑥2 , … , 𝑥𝑛) ,

𝜆∈Ρ(k,n)

 

𝑠uch that 𝑚𝜆 is the partition of k. 
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    Thus, for each nonnegative integer  k, there exists exactly one complete 

homogeneous symmetric polynomial of degree 𝑘 in 𝑛 variables. 

Another way of rewriting the definition is to take summation over all 

sequences  𝑖𝑘, without condition of ordering 𝑖𝑝 < 𝑖𝑝+1 : 

   ℎ𝑘(𝑥1, 𝑥2 , … , 𝑥𝑛) = ∑
𝑚1!𝑚2! … 𝑚𝑛!

𝑘!
𝑥𝑖12𝑥𝑖2  … 𝑥𝑖𝑛 

1≤𝑖1,…,𝑖𝑘≤𝑛

. 

     Define the generating function for ℎ𝑘 by: 

   𝐻𝑛(𝑡) =∑ℎ𝑘(𝑥1, 𝑥2 , … , 𝑥𝑛) 𝑡
𝑘

𝑘≥0

 . 

Then we have  

 

𝐻𝑛(𝑡) = ∑ 𝑥1
𝑑1 … 𝑥𝑛

𝑑𝑛  𝑡𝑑1+⋯+𝑑𝑛=𝑘 =
1

∏ (1−𝑡𝑥𝑖)
𝑛
𝑖=1

.𝑑1,…,𝑑𝑛≥0            

Theorem 1.3.4[34]: Consider the generating function of elementary symmetric 

polynomials: 

𝐸𝑛(𝑡) =∑𝑒𝑖(𝑥1, 𝑥2 , … , 𝑥𝑛) 𝑡
𝑖

𝑛

𝑖=1

 =∏ (1 − 𝑡𝑥𝑖)
𝑛

𝑖=1
. 

Clearly we have 𝐻(𝑡)𝐸(−𝑡)  =  1, 

or equivalently, 

∑𝑒𝑟ℎ𝑛−𝑟

𝑛

𝑟=0

= 0       for all 𝑘 ≥  1 .     

Here we have set 

  𝑒𝑟(𝑥1, 𝑥2 , … , 𝑥𝑛) = 0 ,  

for 𝑟 > 𝑛. 

Proposition 1.3.5[34]: The formula ∑ 𝑒𝑟ℎ𝑛−𝑟
𝑛
𝑟=0  can be inductively. 

 For 𝑘 =  1, 

   ℎ1 − 𝑒1 = 0, 

ℎence 
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   ℎ1 = 𝑒1 . 

For 𝑘 =  2, 

  ℎ2 −𝑒1 ℎ1 − 𝑒2 = 0 

hence 

ℎ2 = 𝑒1
2 − 𝑒2 = |

𝑒1 𝑒2
1 𝑒1

| . 

Inductively one finds: 

ℎ𝑘 = det(𝑒1−𝑖+𝑗)1≤𝑖,𝑗≤𝑛 .   

By symmetry between h and e in the above formula, one also get 

𝑒𝑘 = det(ℎ1−𝑖+𝑗)1≤𝑖,𝑗≤𝑛  .         

Here we have used the convention that 

   𝑒𝑖(𝑥1, 𝑥2 , … , 𝑥𝑛) = 0  for 𝑖 < 0 or  𝑖 > 𝑛 . 

Proposition 1.3.6[34]: The symmetry between ℎ and 𝑒 suggests the introduction 

of the following map 𝜔:𝛬𝑛 → 𝛬𝑛 

 

𝜔( ∑ 𝑎𝑚1,…,𝑚𝑛𝑒1
𝑚1 +⋯+ 𝑒𝑛

𝑚𝑛) = ∑ 𝑎𝑚1,…,𝑚𝑛ℎ1
𝑚1 +⋯+ ℎ𝑛

𝑚𝑛

𝑚1,…,𝑚𝑛𝑚1,…,𝑚𝑛

 , (1.2.1) 

and  

𝜔( ∑ 𝑎𝑚1,…,𝑚𝑛ℎ1
𝑚1 +⋯+ ℎ𝑛

𝑚𝑛) = ∑ 𝑎𝑚1,…,𝑚𝑛𝑒1
𝑚1 +⋯+ 𝑒𝑛

𝑚𝑛

𝑚1,…,𝑚𝑛𝑚1,…,𝑚𝑛

.          (1.2.2) 

 

It has the following properties: 

1)  𝜔 is a ring isomorphism, i.e. 𝜔(𝑝 +  𝑞) = 𝜔(𝑝) + 𝜔(𝑞), 𝜔(𝑝 ·  𝑞) =

𝜔(𝑝) · 𝜔(𝑞), for 𝑝, 𝑞 ∈ 𝑛. 

2) 𝜔(𝑒𝑖) = ℎ𝑖  𝑎𝑛𝑑 𝜔(ℎ𝑖) = 𝑒𝑖. 

3) 𝜔2 = 𝑖𝑑. 

In other words, if we define for 𝜆′ = (𝜆1
′ , … , 𝜆𝑘

′ ) ∈ 𝑝′(𝑘, 𝑛), 

ℎ𝜆′(𝑥1, 𝑥2 , … , 𝑥𝑛) = ℎ𝜆1′ (𝑥1, 𝑥2 , … , 𝑥𝑛)… ℎ𝜆𝑘
′ (𝑥1, 𝑥2 , … , 𝑥𝑛) 

{ℎ𝜆′}𝜆′∈𝑝′(𝑘,𝑛) is a basis of Λ𝑘
𝑛 . 
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Theorem 1.3.7[34]: For 𝑟 ≥ 1, the r-th Newton polynomial (power sum) in 

𝑥1, 𝑥2 , … , 𝑥𝑛 is    𝑝𝑟(𝑥1, 𝑥2 , … , 𝑥𝑛) = 𝑥1
𝑟 +⋯+ 𝑥𝑛

𝑟 . 

The generating function for them is 

𝑃𝑛 =∑ 𝑝𝑟(𝑥1, 𝑥2 , … , 𝑥𝑛)

𝑟≥1

𝑡𝑟−1 =∑∑𝑥𝑖
𝑟

𝑟≥1

𝑛

𝑖=1

𝑡𝑟−1 =∑
𝑥𝑖

1 − 𝑥𝑖𝑡

𝑛

𝑖=1

=
𝑑

𝑑𝑡
𝑙𝑜𝑔

1

∏ 1 − 𝑥𝑖𝑡
𝑛
𝑖=1

  .           

It's represented  Newton formulas. By comparing, one gets: 

𝑃𝑛(𝑡) =
𝐻𝑛
′ (𝑡)

𝐻𝑛(𝑡)
=
𝐸𝑛
′ (−𝑡)

𝐸𝑛(−𝑡)
 . 

By applying   𝜔 , one gets: 

𝜔(𝑝𝑛)(𝑡) = 𝑝𝑛(−𝑡)  or equivalently, 

𝜔(𝑝𝑟) = (−1)
𝑟−1𝑝𝑟  One also has 

𝐻𝑛
′ (𝑡) = 𝑝𝑛(𝑡)𝐻𝑛(𝑡)  , 𝐸𝑛

′ (𝑡) = 𝑝𝑛(𝑡)𝐸𝑛(−𝑡). 

Equivalently 

𝑘 ℎ𝑘 =∑𝑝𝑟ℎ𝑘−𝑟

𝑘

𝑟=1

   , 

𝑘 𝑒𝑘 =∑(−1)𝑟−1𝑝𝑟𝑒𝑘−𝑟

𝑘

𝑟=1

 .          

These are called the Newton formulas 

Proposition 1.3.8[34]: The formula ∑ 𝑝𝑟ℎ𝑘−𝑟
𝑘
𝑟=1     can be inductively. 

 For 𝑘 =  1, 

  𝑒1 =  𝑝1. 

For 𝑘 =  2, 

2𝑒2 =  𝑝1 𝑒1 − 𝑝2 = |
𝑝1 𝑝2
1 𝑝1

|. 

For 𝑘 =  3, 
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3! 𝑒3 =  2𝑝1 𝑒2 −  𝑝1 𝑒1 + 𝑝2 = |

𝑝1 𝑝2 𝑝3
2 𝑝1 𝑝2
0 1 𝑝1

|. 

 

By induction, one finds 

𝑘! 𝑒𝑘 =
|

|

𝑝1 𝑝2 𝑝3
𝑘 − 1 𝑝1 𝑝2
0 𝑘 − 2 𝑝1

 

… 𝑝𝑘−1         𝑝𝑘
… 𝑝𝑘−2            𝑝𝑘−1
… 𝑝𝑘−3            𝑝𝑘−2

    
 ⋮    ⋮ ⋮
  0        0    0
  0    0 0

    

 ⋱  ⋮              ⋮
… 𝑝1                 𝑝2
… 1               𝑝1

      
|

|
. 

 

One can also rewrite 𝑘 𝑒𝑘 as: 

  𝑝𝑘 =∑(−1)𝑘−𝑟−1  𝑒𝑘−𝑟   𝑝𝑟 + (−1)
𝑘−1  𝑘𝑒𝑘

𝑘−1

𝑟=1

. 

For 𝑘 =  1, 

  𝑝1 =  𝑒1. 

For 𝑘 =  2, 

𝑝2 =  𝑒1 𝑝1 − 2𝑒2 = |
𝑒1 2𝑒2
1 𝑒1

|. 

For 𝑘 =  3, 

𝑝3 =  𝑒1 𝑝2 −  𝑒2 𝑝1 + 3𝑒3 = |

𝑒1 𝑒2 3𝑒3
2 𝑒1 2𝑒2
0 1 𝑒1

|. 

By induction, one finds 

𝑝𝑘 =
|

|

𝑒1 𝑒2 𝑒3
1 𝑒1 𝑒2
0 1 𝑒1

 

… 𝑒𝑘−1         𝑘𝑒𝑘
… 𝑒𝑘−2 (𝑘 − 1)𝑒𝑘−1
… 𝑒𝑘−3 (𝑘 − 2)𝑒𝑘−2

⋮ ⋮ ⋮
0 0 0
0 0 0

    
⋱  ⋮              ⋮
… 𝑒1                 2𝑒2
… 1               𝑒1

      
|

|
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By applying 𝜔 ,one gets: 

𝑘! ℎ𝑘 =
|

|

𝑝1 𝑝2 𝑝3
−(𝑘 − 1) 𝑝1 𝑝2

0 −(𝑘 − 2) 𝑝1

 

… 𝑝𝑘−1         𝑝𝑘
… 𝑝𝑘−2            𝑝𝑘−1
… 𝑝𝑘−3            𝑝𝑘−2

      
   ⋮              ⋮      ⋮
  0                  0        0
  0              0     0

    

 ⋱  ⋮              ⋮
… 𝑝1                 𝑝2
… −1               𝑝1

      
|

|
, 

and 

(−1)𝑘−1𝑝𝑘 =
|

|

ℎ1 ℎ2 ℎ3
1 ℎ1 ℎ2
0 1 ℎ1

 

… ℎ𝑘−1         𝑘ℎ𝑘
… ℎ𝑘−2 (𝑘 − 1)ℎ𝑘−1
… ℎ𝑘−3 (𝑘 − 2)ℎ𝑘−2

⋮ ⋮ ⋮
0 0 0
0 0 0

    

⋱  ⋮              ⋮
… ℎ1                 2ℎ2
… 1               ℎ1

      
|

|
 

As a corollary, we have Λ𝑛 = ℂ[ℎ1, . . . , ℎ𝑛]. 

In other words, if we define for 𝜆′ = (𝜆1
′ , … , 𝜆𝑘

′ ) ∈ 𝑃′(𝑘, 𝑛) 

𝑝𝜆′(𝑥1, 𝑥2 , … , 𝑥𝑛) = 𝑝𝜆1′ (𝑥1, 𝑥2 , … , 𝑥𝑛)… 𝑝𝜆𝑘
′ (𝑥1, 𝑥2 , … , 𝑥𝑛), 

{𝑝𝜆′}𝜆′∈𝑃′(𝑘,𝑛)is a basis of Λ𝑘
𝑛 . 

 Hardy Space 1.4

In this section, we define the Hardy space ℋ2 and prove some basic 

results. We refer the reader to Duren's book [8] and J. H. shapiro [18]  for more 

details about Hardy space. Let 𝕌 be the unit disk in the complex plane 𝕌 = {𝑧 ∈

ℂ: |𝑧| < 1}, and let ℋ(𝕌) be the set of all complex valued functions which are 

analytic on 𝕌. Since pointwise sums and products of analytic functions are again 

analytic, then ℋ(𝕌) is a vector space over the field of the complex numbers. 

Before we give the definition of the Hardy space ℋ2, we recall Taylor theorem 

without proof. 

       We review some links between function theory and operator theory that are 

created by Littlewood's subordination principle. To each analytic function  that 
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takes the unit disk 𝕌 of the complex plane ℂ into itself, we associated the 

composition operator 𝐶 defined by: 

𝐶𝑓 = 𝑓 ∘   for all 𝑓 ∈ ℋ2. 

Theorem 1.4.1(Taylor) [17]: Let 𝑓  be analytic at all points within a circle 𝐶 

with center at 𝑧0 and radius 𝑟0. Then at each point 𝑧 inside 𝐶, the power series 

∑ 𝑎𝑛(𝑧 − 𝑧0)
𝑛∞

𝑛=0 , converges uniformly to 𝑓(𝑧), i.e., 

 𝑓(𝑧) = ∑ 𝑎𝑖(𝑧 − 𝑧0)
𝑛∞

𝑛=0  for all 𝑧 inside 𝐶, where 𝑎𝑛 =
𝑓(𝑛)(𝑧0)

𝑛!
   is said to be 

the n-th Taylor coefficient of the function 𝑓. 

Remark 1.4.2[17]: The  function 𝑓 belongs to ℋ(𝕌) ,then by Taylor theorem: 

𝑓(𝑧) = ∑𝑎𝑛𝑧
𝑛

∞

𝑛=0

 

Now, we give the definition of  Hardy space ℋ2. 

Definition 1.4.3[48]: The Hardy space ℋ2 is the set of all functions  

𝑓(𝑧) = ∑𝑎𝑛𝑧
𝑛

∞

𝑛=0

∈ ℋ(𝕌), 

such that ∑ |𝑎𝑛|
2 < ∞∞

𝑛=0 , i.e., ℋ2 = {𝑓 ∈ ℋ(𝕌):∑ |𝑎𝑛|
2 < ∞∞

𝑛=0 }.  

We can define an inner product on ℋ2 as follows: 

If 𝑓(𝑧) = ∑ 𝑎𝑛𝑧
𝑛∞

𝑛=0  and 𝑔(𝑧) = ∑ 𝑏𝑛𝑧
𝑛∞

𝑛=0 , are any functions in ℋ2, then the 

inner product of  𝑓 and 𝑔 is: 

〈𝑓, 𝑔〉 = ∑𝑎𝑛𝑏̅𝑛

∞

𝑛=0

. 

Remark 1.4.4 [14]: If 𝑓 is any function in ℋ2, then we define the norm of the 

function f as follows: 
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‖𝑓‖2 = 〈𝑓, 𝑓〉 = ∑|𝑎𝑛|
2

∞

𝑛=0

 

i.e., ℋ2 is a normed space. 

Definition 1.4.5 [47]:  

1) The function  is said to be self-map of 𝕌 if it takes the unit disk 𝕌 of the 

complex plane ℂ into itself. 

2) A one-to-one analytic map is called univalent. 

3) Let  be an analytic self-map of  𝕌. If  is univalent and onto 𝕌, then  is 

said to be a conformal automorphism of  𝕌 or just automorphism of  𝕌. 

Now, we give two examples of analytic functions: 

Example 1.4.6 [47]: For each  𝑝 ∈ 𝕌, define the special automorphism function:  

∝𝑝 (𝑧) =
𝑝−𝑧

1−𝑝̅𝑧
, for all  𝑧 ∈ ℂ̂ 

This function interchanges p with the origin, i.e., ∝𝑝 (𝑝) = 0 and ∝𝑝 (0) = 𝑝. 

Littlewood's Subordination Principle 1.4.7 [47]: Suppose  is an analytic self-

map of  𝕌, with (0) = 0. Then for each 𝑓 ∈ ℋ2, 𝐶𝑓 ∈ ℋ
2 and ‖𝐶𝑓‖ ≤ ‖𝑓‖. 

The following theorem gives the general case for the map  ( does not 

necessarily fix the origin). 

Theorem 1.4.8[48]: Let  be an analytic self-map of  𝕌, then 𝑓 ∘  ∈ ℋ2,  

‖𝑓 ∘ ‖ ≤ √
1+|(0)|

1−|(0)|
  for all 𝑓 ∈ ℋ2. 

Recall that if  𝑇 is bounded operator on a Hilbert space ℋ, then the norm of 

such an operator is defined by: 

‖𝑇‖ = sup {‖𝑇𝑓‖: 𝑓 ∈ ℋ, ‖𝑓‖ = 1} 

if ‖𝑇‖ ≤ 1, then 𝑇 is said to be a contraction on ℋ [48].  
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Corollary 1.4.9 [47]: Let  be an analytic self-map of  𝕌, then 𝐶 is bounded 

operator on ℋ2 and ‖𝐶‖ ≤ √
1+|(0)|

1−|(0)|
 . 

Remarks 1.4.10 [47]: 

1) If  is analytic self-map of  𝕌 that fixes the origin, then from corollary 

(1.3.9), 𝐶 is a contraction on ℋ2.  

2) One can easily show that 𝐶 ∘ 𝐶 = 𝐶 ∘  C o  and hence  

𝐶
𝑛 = 𝐶 ∘ ∘…∘ = 𝐶𝑛. 

3) If  is a conformal automorphism, then the composition operator 𝐶 is 

invertible operator and  𝐶
−1 = 𝐶−1. 

We recall that if  ℋ is a Hilbert space and 𝑇1, 𝑇2 are two operators on ℋ, then 

𝑇12, 𝑇2 are similar if there is an invertible operator 𝑆, such that  

𝑇2  S
1

T1S. 

Definition 1.4.11 [48]: The composition of operators 𝐶 and 𝐶 are said to be 

compositionally similar if there is a conformal automorphism mapping  of the 

unit ball 𝕌, such that: 

 = 𝛼−1 ∘ 𝜓 ∘ 𝛼. 

Proposition 1.4.12[48]:  Every compositionally similar composition operators 

are similar. 

Remark  1.3.13 [48]: If  is univalent self-map of 𝕌, then 𝜎 in the previous 

theorem is also univalent. 

Definitions  1.4.14 [48]: Let 𝑇 be a bounded linear operator on a Hilbert space 

ℋ, then T is cyclic if there exists a vector 𝑥  ℋ, such that the set span 

{𝑇𝑛𝑥: 𝑛  0, 1, … } is dense in ℋ. The vector x is called a cyclic vector for the 

operator T. 
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Theorem 1.4.15 [31]: Suppose that 𝑆, 𝑇, 𝑋 are bounded operators on  

a Hilbert space ℋ, such that 𝑆𝑋  𝑋𝑇, if 𝑇 is cyclic and 𝑋 has a dense range, 

then 𝑆 is also cyclic. 

Proposition 1.4.16 [30]: Let 𝑇 be an operator on a Hilbert space ℋ that has 

diagonal matrix A  diag(1,2, … ) with respect to some orthonormal basis 

{𝑒𝑛}, then 𝑇 is cyclic if and only if the diagonal entries {𝑗} are distinct. 

Lemma 1.4.17 [30]: If  𝑇 is a cyclic operator on 𝐻 has a matrix 𝐴  (𝑎𝑖𝑗) with 

cyclic vector 𝑥  (𝑥1, 𝑥2, … ), then the operator 𝑇̅ is cyclic with cyclic vector 

𝑥̅  (𝑥̅1, 𝑥̅2, … ), where 𝑥̅𝑖 is the complex conjugate of 𝑥𝑖, for all 𝑖 and 𝑇̅ is the 

operator that has the matrix 𝐴̅  (𝑎̅𝑖𝑗), (𝑎̅𝑖𝑗)  is the complex conjugate of (𝑎𝑖𝑗). 

Notation: Let (𝑧) = ∑ 𝑎𝑛𝑧
𝑛

𝑛  , 𝑎𝑛 ∈ ℂ , ∀ 𝑛; be an analytic self-map of 𝕌. We 

denote by ̅(𝑧) to the  map ∑ 𝑎𝑛𝑧
𝑛

𝑛 , where 𝑎̅𝑛 is the complex conjugate of  𝑎𝑛. 

Proposition  1.4.18 [30]: Let (𝑧) be an analytic self-map of  𝕌. If 𝐶 is a 

cyclic operator with cyclic vector 𝑓, then 𝐶̅ is a cyclic operator with cyclic 

vector 𝑓.̅ 

Corollary 1.4.19 [30]: Suppose that (𝑧) =
𝑃𝑛(𝑧)

𝑞𝑚(𝑧)
 is an analytic self-map of 𝕌, 

where 𝑃𝑛(𝑧) and 𝑞𝑚(𝑧) are polynomials of degree 𝑛 𝑎𝑛𝑑 𝑚, respectively. If 𝐶 

is a cyclic operator, then 𝐶 is a cyclic operator, where (𝑧) =
𝑃̅𝑛(𝑧)

𝑞̅𝑚(𝑧)
. 

Lemma 1.4.20 [12]: Let 𝑇 be an operator that has the matrix 𝐴  (𝑎𝑖𝑗) with 

respect to the orthonormal basis {𝑒𝑛}, then the matrix of  𝑇∗(the adjoint of 𝑇) 

with respect to the same orthonormal basis is 𝐴̅𝑡 = 𝑎̅𝑖𝑗   (𝑎𝑖𝑗), where 𝑎̅𝑖𝑗 is the 

complex conjugate of 𝑎𝑖𝑗.  

Theorem 1.4.21 [3]: Let  be a conformal automorphism of 𝕌 and has an 

interior fixed point 𝑝, then 𝐶 is cyclic if and only if ( ′(𝑝))𝑛 ≠ 1, for all 

𝑛  1, 2, … . 
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Recall that, the operator 𝑇 on ℋ is called a normal operator if 𝑇𝑇∗  𝑇∗𝑇 and 

called isometric if 𝑇∗𝑇  𝐼 [3]. 

Theorem 1.4.22[14]: Let  be an analytic self-map of  𝕌. If 𝐶 is cyclic, then  

is univalent on 𝕌. 

Theorem 1.4.23 [14]: Let  be an analytic self-map of  𝕌. If 𝐶 is cyclic, then 

its range is dense in ℋ2. 

Corollary 1.4.24 [14]: If 𝐶 is cyclic, then the set of polynomials in  is dense 

in ℋ2. Equivalently, the set of polynomials in 𝑧 is dense in ℋ2( (𝕌)). 

Let us say that a function 𝑓 ∈ ℋ2 is univalent almost everywhere on 𝜕𝕌 

provided that there is a set E  𝜕𝕌 having zero Lebesgue measure, such that f is 

univalent on 𝜕𝕌\E. 

Theorem 1.4.25 [14]: If 𝐶 is cyclic, then  is univalent almost everywhere on 

𝜕𝕌 . 

Proposition 1.4.25[14]: Let  be an analytic self-map of  𝕌. If ′(0)  0, then 

𝐶 is not cyclic. 

 

 The Differential Subordination 1.5

        In this section, we presented definitions, theorems, and the most important 

results on differential subordination and sandwich theorem of subclasses in 

geometric function theory. 

Definition 1.5.1 [29]: A set 𝐸 ⊆  ℂ is said to be starlike with respect to 𝑤0 ∈ 𝐸 

if the line segment joining 𝑤0 to every other point 𝑤 ∈ 𝐸 lies entirely in 𝐸. In a 

more picturesque language, the requirement is that every point of 𝐸 be visible 

from 𝑤0 . The set 𝐸 is said to be convex if it is starlike with respect to each of its 

points, that is, if the linear segment joining any two points of 𝐸 lies entirely in 

𝐸.  
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Definition 1.5.2 [20]: The class of all analytic functions denoted by 𝑆.  

A function 𝑓 ∈ 𝑆 is said to be starlike function of order 𝛽 if  

𝑅𝑒 (
𝑧𝑓′(𝑧)

𝑓(𝑧)
) > 𝛽, where  𝑧 ∈ 𝕌; 0 ≤ 𝛽 < 1. 

Denotes the class of all starlike functions of order 𝛽 in 𝕌 by 𝑆∗(𝛽) and 𝑆∗ the 

class of all starlike functions of order 0, 𝑆∗(0) = 𝑆∗. Geometrically, we can say 

that a starlike function is conformal mapping of the unit disk onto a starlike 

domain with respect to the origin. For example, the function 𝑓(𝑧) =
𝑧

(1−𝑧)2(1−𝛽)
, 

is starlike function of order 𝛽.  

Definition 1.5.3 [20]: A function 𝑓 ∈  𝑆 is said to be convex function of order 𝛽 

if 

𝑅𝑒 (1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) > 𝛽, where 0 ≤ 𝛽 < 1, 𝑧 ∈ 𝕌 . 

Denotes the class of all convex functions of order 𝛽 in 𝑈 by 𝐶(𝛽) and 𝐶 for the 

convex function of order 0 by 𝐶(0) = 𝐶. We note that 𝐶(𝛽) ⊂ 𝑆∗(𝛽) . 

Definition 1.5.4 [20]: A function 𝑓 analytic in the unit disk 𝕌 is said to be close- 

to-convex of order 𝛼; (0 ≤ 𝛼 < 1) if there is a convex function g such that  

𝑅𝑒 (
𝑓′(𝑧)

𝑔′(𝑧)
) > 𝛼, ∀ 𝑧 ∈ 𝕌. 

We denote by 𝐾(𝛼), the class of close - to - convex functions of order 𝛼 𝑖𝑛 𝕌.  

We note that 𝐶(𝛼) ⊂ 𝑆∗(𝛼) ⊂ 𝐾(𝛼).  

Definition 1.5.5 [29]: Let 𝑓 be an analytic function in the unit disk. If the 

equation 𝑤 = 𝑓(𝑧) has never more than p-solutions in 𝕌, then 𝑓 is said to be p-

valent in 𝕌. The class of all p-valent analytic functions is denoted by 𝐴𝑝 and 

expressed in one of the following forms: 

𝑓(𝑧) = 𝑧𝑝 + ∑ 𝑎𝑘

∞

𝑘=𝑝+1

𝑧𝑘, 𝑧 ∈ 𝕌; 𝑝 ∈ ℕ, 

and let 𝑓 be a function analytic in the punctured unit disk 𝕌 If the equation 

𝑤=𝑓(𝑧) has never more than p-solutions in 𝕌, then 𝑓 is said to be p-valent in 
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𝕌∗. The class of all p-valent meromorphic functions is denoted by 𝐴∗(𝑝) and 

expressed in one of the following forms:  

𝑓(𝑧) = 𝑧−𝑝 + ∑ 𝑎𝑘

∞

𝑘=𝑝+1

𝑧𝑘, 𝑧 ∈ 𝕌; 𝑝 ∈ ℕ, 

Definition 1.5.6 [20]: Let 𝑓 ∶  ℝ ⟶  ℂ be a function. We call 𝑓 a Schwarz 

function, if for all 𝑐 ∈  ℝ , 𝑛 ∈ ℕ0 = ℕ ∪ {0}, then 𝑓(𝑛)(𝑥) = 0(|𝑧|𝑐). where 

"capital 𝑂 " is defined as follows:  

Let {𝑎𝑛} 𝑎𝑛𝑑 {𝑏𝑛} be any two sequences and 𝑏𝑛 ≥ 0 for all 𝑛. If there exists a 

constant number 𝜏 > 0 such that 𝑎𝑛 ≤ 𝜏𝑏𝑛 (for all 𝑛), then we write 

 𝑎𝑛 = 𝑂(𝑏𝑛). 

Definition 1.5.7[35]: Let  𝑓1 and 𝑓2  are analytic in 𝕌 , we say that the function  

𝑓1 is subordinate to 𝑓2 𝑜𝑟, 𝑓2 is said to be superordinate to 𝑓1 if there exists a 

Schwarz function 𝑤 in 𝕌 𝑤𝑖𝑡ℎ 𝑤(0) = 0, and  │𝑤(𝑧)│ < 1 (𝑧 ∈ 𝕌) where  

𝑓1(𝑧) = 𝑓2(𝑤(𝑧)). In such a case, we write 𝑓 1 ≺ 𝑓 2 or 𝑓 1(𝑧) ≺ 𝑓 2(𝑧) 

(𝑧 ∈ 𝕌).  

Particularly, if the function 𝑓2 is univalent in 𝕌, then 𝑓1 ≺ 𝑓2 if and only if  

𝑓1(0) = 𝑓2(0) and 𝑓1(𝕌) ⊂ 𝑓2(𝕌). 

Definition 1.5.8 [35]: The set of all functions q that are analytic and injective 

𝑜𝑛 𝕌̅ ∖ 𝐸(𝕢), denote 𝑏𝑦 𝑄, where 𝕌̅ = 𝕌 ∪ {𝑧 ∈ 𝜕𝕌}, and 

 𝐸(𝕢) = {𝜉 ∈ 𝜕𝕌: lim𝜉→0 𝕢(𝑧) = ∞ }, such that 𝕢′(𝜉) ≠ 0 𝑓 𝑜𝑟 𝜉 ∈ 𝜕𝕌 ∖ 𝐸(𝕢). 

Further, let the subclass of 𝑄 for which 𝑓(0) = 𝑎 be denoted by 𝑄(𝑎), 

𝑄(0) =  𝑄0 and 𝑄(1) ≡ 𝑄1 = {𝑓 ∈ 𝑄: 𝑓(0) = 1}.  

Lemma 1.5.9 [35]: Let the function 𝕢(𝑧) be univalent in the open unit disc 𝕌 

and let 𝜽 and 𝝋 be analytic in a domain 𝐷 containing 𝑞(𝕌) with 𝝋(𝑤) ≠ 0 

when 𝑤 ∈ 𝕢(𝕌). put 𝑄(𝑧) = 𝑧𝕢′(𝑧)𝝋(𝕢(𝑧)) and ℎ(𝑧) = 𝜽(𝕢(𝑧) + 𝑄(𝑧). 

Suppose that 

1)  𝑄(𝑧)is starlike univalent in 𝕌, 
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2)  𝑅𝑒 (
𝑧ℎ′(𝑧)

𝑄(𝑧)
) > 0, 𝑧 ∈ 𝕌. 

If  ℎ  is analytic in 𝕌  with ℎ(0) = 𝕢(0), ℎ(𝕌) ⊆ 𝐷  and  

𝜽(ℎ(𝑧)) + 𝑧ℎ′(𝑧)𝝋(ℎ(𝑧)) ≺ 𝜽(𝕢(𝑧)) + 𝑧𝕢′(𝑧)𝝋(𝕢(𝑧)),         (1.5.1)  

then ℎ(𝑧) ≺ 𝕢(𝑧), 𝑎𝑛𝑑 𝕢(𝑧) is the best dominant. 

Lemma 1.5.10[2]: Let 𝕢(𝑧) be convex univalent function in open unit disk 𝕌, 

let 𝜓 ∈ ℂ, 𝛾 ∈ ℂ∗ = ℂ ∖ {0} with 

𝑅𝑒 (1 +
𝑧𝕢′′(𝑧)

𝕢′(𝑧)
) > 𝑚𝑎𝑥 {0,−𝑅𝑒 (

𝜓

𝛾
)}.                              (1.5.2) 

𝐼𝑓  ℎ(𝑧) is analytic in 𝕌 with ℎ(0) = 𝕢(0) and  

𝜓ℎ(𝑧) + 𝛾𝑧ℎ′(𝑧) ≺ 𝜓𝕢(𝑧) + 𝛾𝑧𝕢′(𝑧),                                          (1.5.3) 

  then ℎ(𝑧) ≺ 𝕢(𝑧); 𝑧 ∈ 𝕌  and 𝕢 is the best dominant. 

Lemma 1.5.11[14]: Let 𝕢(𝑧)  be convex univalent in the unit disk 𝕌 and 𝑙𝑒𝑡  

𝜽 𝑎𝑛𝑑 𝝋  be analytic in a domain 𝐷  containing 𝕢(𝕌). Suppose that " 

1) 𝑅𝑒 {
𝜽′(𝕢(𝑧))

𝝋(𝕢(𝑧))
} > 0  𝑓𝑜𝑟  𝑧 ∈ 𝕌, 

2) 𝑧𝕢′(𝑧)𝝋(𝕢(𝑧))  is starlike univalent in 𝑧 ∈ 𝕌. 

If ℎ(𝑧) ∈  ℋ[𝕢(0), 1] ∩ 𝑄, with ℎ(𝕌) ⊆ 𝐷, 𝑎𝑛𝑑 𝜽(ℎ(𝑧) + 𝑧ℎ′(𝑧)𝝋(ℎ(𝑧)) is 

univalent in 𝕌 , and 

𝜽(𝕢(𝑧)) + 𝑧𝕢′(𝑧)𝝋(𝕢(𝑧)) ≺ 𝜽(ℎ(𝑧)) + 𝑧ℎ′(𝑧)𝝋(ℎ(𝑧)),               (1.5.4) 

then 𝕢(𝑧) ≺ ℎ(𝑧), 𝑎𝑛𝑑  𝕢(𝑧); 𝑧 ∈ 𝕌 is the best subordinant. 

Lemma 1.5.12[14]: Let 𝕢(𝑧) be convex univalent in 𝕌  𝑎𝑛𝑑  𝕢(0) = 1. Let  

𝛾 ∈ ℂ,  𝑡ℎ𝑎𝑡 𝑅𝑒{𝛾} > 0. I𝑓 ℎ(𝑧) ∈ ℋ[𝕢(0), 1] ∩ 𝑄 𝑎𝑛𝑑  ℎ(𝑧) + 𝛾𝑧ℎ′(𝑧)  is 

univalent in 𝕌, then" 
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 𝕢(𝑧) + 𝛾𝑧𝕢′(𝑧) ≺ ℎ(𝑧) + 𝛾𝑧ℎ′(𝑧),                                     (1.5.5)  

which implies that 𝕢(𝑧) ≺ ℎ(𝑧) 𝑎𝑛𝑑  𝕢(𝑧) is the best subordinant. 

Definition 1.5.13 [35]: Let 𝝍:ℂ3 × 𝕌 → ℂ and ℎ(𝑧) be univalent in 𝕌. If 𝕡(𝑧) is 

analytic in 𝕌 and satisfies the second - order differential subordination: 

𝝍(𝕡(𝑧), 𝑧𝕡′(𝑧), 𝑧2𝕡′′(𝑧); 𝑧) ≺ ℎ(𝑧),           (1.5.6) 

then 𝕡(𝑧) is called a solution of the differential subordination (1.5.6). The 

univalent function 𝕢(𝑧) is called a dominant of the solutions of the differential 

subordination (1.5.6), moreover simply dominant, if 𝕡(𝑧) ≺ 𝕢(𝑧) for all 𝕡 (𝑧) 

satisfying (1.5.6). A univalent dominant 𝕢̂(𝑧) that satisfies 𝕢̂(𝑧)  ≺  𝕢(𝑧) for all 

dominant 𝕢(𝑧) of (1.5.6) is said to be the best dominant of (1.5.6), is unique up 

to a relation of 𝕌. 

Definition 1.5.14[36]: Let h and k are two analytic functions in 𝕌 and 

𝝓(𝑟, 𝑠, 𝑡;  𝑧): ℂ3 × 𝕌 → ℂ. If ℎ and 𝝓(ℎ(𝑧), 𝑧ℎ′(𝑧), 𝑧2ℎ′′(𝑧);  𝑧) are univalent 

functions in 𝕌 and if h satisfies the second-order superordination  

𝑘(𝑧) ≺ 𝝓(ℎ(𝑧), 𝑧ℎ′(𝑧), 𝑧2ℎ′′(𝑧);  𝑧),                                    (1.5.7) 

then ℎ is called a solution of the differential superordination (1.5.7). A function 

𝕢 ∈ 𝐻(𝕌) is called a subordinant of (1.5.7), if  ℎ(𝑧) ≺ 𝕢(𝑧) for all the functions 

ℎ satisfying (1.5.7).  A univalent subordinant 𝕢̂ that satisfies 𝕢(𝑧) ≺ 𝕢̂(𝑧) for all 

the subordinants 𝕢 of (1.5.7), is said to be the best subordinant. 

 Definition 1.5.15 [35]: Let 𝝓 = ℂ3 × 𝕌 → ℂ and 𝐾(𝑧) be univalent in 𝕌 .If  

ℎ(𝑧) is analytic in 𝕌 and satisfies the second-order differential subοrdination :  

𝝓(ℎ(𝑧), 𝑧ℎ′(𝑧), 𝑧2ℎ′′(𝑧);  𝑧) ≺ 𝑘(𝑧),                                         (1.5.8) 

then ℎ is called a solution of the differential subοrdination (1.5.8), and the 

univalent function 𝕢(𝑧) is called a dominant of the solution of the differential 

subοrdination(1.5.8), or more simply dominant if ℎ(𝑧) ≺ 𝕢(𝑧) for all 

𝕡(𝑧) satisfying (1.5.8).  A univalent dominant 𝕢̂(𝑧) that satisfies 𝕢̂(𝑧) ≺ 𝕢(𝑧) 
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for all dominant 𝕢(𝑧) of (1.5.8), is said to be the best dominant is unique up to a 

relation of 𝕌. 

Definition 1.5.16 [36]: Let 𝝍: ℂ3 × 𝕌 → ℂ and ℎ(𝑧) be analytic in 𝕌. If 𝕡(𝑧) 

𝑎𝑛𝑑 𝝍(𝕡(𝑧), 𝑧𝕡′(𝑧), 𝑧2𝕡′′(𝑧);  𝑧) are univalent in 𝕌 and if 𝕡(𝑧)satisfies the 

second - order differential superordination:  

ℎ(𝑧)  ≺  𝝍(𝕡(𝑧), 𝑧𝕡′(𝑧), 𝑧2𝕡′′(𝑧);  𝑧),                    (1.5.9) 

then 𝕡(𝑧) is called a solution of the differential superordination (1.5.9).  

An analytic function 𝕢(𝑧)is called a subordinant of the solutions of the 

differential superordination (1.5.9) or more simply a subordinant, if  

𝕢(𝑧) ≺ 𝕡(𝑧) for all 𝕡(𝑧)satisfying (1.5.9). A univalent subordinant 𝕢̂(𝑧)that 

satisfies 𝕢̂(𝑧) ≺ 𝕢(𝑧) for all dominant 𝕢(𝑧) of (1.5.9) is said to be the best 

subordinant.  

Definition 1.5.17 [2]: Let 𝜫:ℂ4 × 𝕌 → ℂ and suppose that the function ℎ(𝑧) is 

univalent in 𝕌. If the function 𝕡(𝑧) is analytic in 𝕌 and satisfies the following 

third-order differential subordination: 

𝜫(𝕡(𝑧), 𝑧𝕡′(𝑧), 𝑧2𝕡′′(𝑧), 𝑧3𝕡′′′(𝑧);  𝑧) ≺ ℎ(𝑧),               (1.5.10) 

then 𝑝(𝑧) is called a solution of the differential subordination (1.5.10). 

Furthermore, a given univalent function 𝕢(𝑧) is called a dominant of the 

solutions of (1.5.10) or more simply, a dominant if 𝕡(𝑧) ≺ 𝕢(𝑧) for all 𝑝(𝑧) 

satisfying (1.5.10). A dominant 𝕢̂(𝑧)that satisfies 𝕢̂(𝑧) ≺ 𝕢(𝑧) ≺𝑞(𝑧) for all 

dominants 𝕢(𝑧)of (1.5.10) is said to be the best dominant.  

Lemma 1.5.18 [2]: Let 𝕡 ∈ ℋ[𝑎, 𝑛] with 𝑛 ∈ ℕ\{1} 𝑎𝑛𝑑 𝕡 ∈ 𝑄(𝑎) satisfying 

the following conditions: 𝑅𝑒 {
𝜉2𝕢′′(𝜉)

𝕢′(𝜉)
} ≧ 0 𝑎𝑛𝑑 |

𝑧𝕡′(𝑧)

𝕢′(𝜉)
| ≦ k,   

where 𝑧 ∈ 𝕌, 𝜉 ∈ 𝜕𝕌\𝐸(𝕢) and 𝑘 ≧ 𝑛. If 𝛺 is a set in ℂ, 𝜫 ∈ 𝛹𝑛[𝛺, 𝕢], and 

𝜫(𝕡(𝑧), 𝑧𝕡′(𝑧), 𝑧2𝕡′′(𝑧), 𝑧3𝕡′′′(𝑧);  𝑧) ⊂ Ω,  

then 𝕡(𝑧) ≺ 𝕢(𝑧), (𝑧 ∈ 𝕌). 
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Definition 1.5.19 [2]: Let 𝛺 be a set in ℂ , 𝕢 ∈ 𝑄 and 𝑛 ∈ ℕ\{1}. The class of 

admissible functions 𝛹𝑛[𝛺, 𝕢] consists of those functions 𝝍:ℂ4 × 𝕌 → ℂ that 

satisfy the following admissibility condition : 𝝍(𝑟, 𝑠, 𝑡, 𝑢; 𝑧) ∉ 𝛺 whenever  

𝑟 = 𝕢(𝜁), 𝑠 = 𝑘𝜁𝕢′(𝜁), 𝑅𝑒 {
𝑡

𝑠
+ 1} ≥ 𝑘𝑅𝑒 {1 +

𝜁𝕢′′(𝜁)

𝕢′(𝜁)
}, 

𝑅𝑒 {
𝑢

𝑠
} ≥ 𝑘2𝑅𝑒 {1 +

𝜁2𝕢′′′(𝜁)

𝕢′(𝜁)
}, 

𝑤ℎ𝑒𝑟𝑒 𝑧 ∈ 𝕌, 𝜁 ∈  𝜕𝕌 ∖ 𝐸(𝕢) and 𝑘 ≥ 𝑛.  

Definition 1.5.20[5,9]: Let 𝝓:ℂ5 × 𝕌 → ℂ and suppose ℎ(𝑧) be univalent 

function in 𝕌. If 𝕡(𝑧) is analytic function in 𝕌 and satisfies the following 

fourth-order differential subordination: 

 𝝓(𝕡(𝑧) , 𝑧𝕡′(𝑧) , 𝑧2𝕡′′(𝑧) , 𝑧3𝕡′′′(𝑧), 𝑧4𝕡′′′′(𝑧); 𝑧) ≺ ℎ(𝑧),    (1.5.11) 

then 𝕡(𝑧) is called a solution of the differential subordination (1.5.11). 

 A univalent function 𝕢(𝑧)  is called a dominant of the solutions of (1.5.11), or, 

more simply, a dominant 𝕢(𝑧) if 𝕡(𝑧) ≺ 𝕢(𝑧)) for all 𝕡(𝑧)satisfying (1.5.11).  

A dominant 𝕢̂(𝑧) which satisfies 𝕢̂(𝑧) ≺ 𝕢(𝑧) for all dominants 𝕢(𝑧) of 

(1.5.11) is said to be the best dominant.  

Definition 1.5.21 [5,9]: 𝐿𝑒𝑡 𝝓: ℂ5 × 𝕌 → ℂ and suppose that ℎ(𝑧) be analytic 

function in 𝕌. If 𝕡(𝑧) and (𝕡(𝑧) , 𝑧𝕡′(𝑧) , 𝑧2𝕡′′(𝑧) , 𝑧3𝕡′′′(𝑧), 𝑧4𝕡′′′′(𝑧); 𝑧), 

are univalent functions in 𝕌 and satisfies the following fourth-order differential 

superordination  

ℎ(𝑧) ≺ 𝝓(𝕡(𝑧), 𝑧𝕡′(𝑧), 𝑧2𝕡′′(𝑧), 𝑧3𝕡′′′(𝑧), 𝑧4𝕡′′′′(𝑧); 𝑧),     (1.5.12)  

then 𝕡(𝑧) is called a solution of the differential superordination (1.5.12).  

An analytic function 𝕡(𝑧) is called a subordinant of the solution of (1.5.12), or, 

more simply, a subordinant, if 𝕢(𝑧) ≺  𝕡(𝑧)for all 𝕡(𝑧) satisfying (1.5.12).  

A univalent subordinant 𝕢̂(𝑧) which satisfies 𝕢(𝑧) ≺  𝕢̂(𝑧) for all subordinants 

of (1.5.12) is said to be the best subordinant. We note that the best subordinant 

is unique up to rotation of  𝕌.  
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Lemma 1.5.22[9]: Let 𝕡 ∈ 𝐻[𝑎, 𝑛] with 𝝓 ∈ 𝛹𝓃
′ [𝛺, 𝕢]. If 

 𝝓(𝕡(𝑧), 𝑧𝕡′(𝑧), 𝑧2𝕡′′(𝑧), 𝑧3𝕡′′′(𝑧), 𝑧4𝕡′′′′(𝑧); 𝑧), 

is a univalent in 𝕌 and 𝕡(𝑧) ∈ Q(a) satisfy the following admissibility 

conditions:  

𝑅𝑒 {
𝑧2𝕢′′′(𝜉)

𝕢′(𝜉)
} ≧ 0  ,𝑎𝑛𝑑 𝑎𝑛𝑑 |

𝑧2𝕡′′(𝑧)

𝕢′(𝜉)
| ≦

1

𝑚
,  where 𝑧 ∈ 𝕌, 𝜁 ∈ 𝜕𝕌 𝑎𝑛𝑑  

𝑚 ≧ 𝑛 ≧ 3, then  

Ω ⊂ {𝝓(𝕡(𝑧), 𝑧𝕡′(𝑧), 𝑧2𝕡′′(𝑧), 𝑧3𝕡′′′(𝑧), 𝑧4𝕡′′′′(𝑧); 𝑧), : z ∈ 𝕌}, 

implies that 𝕢(𝑧) ≺ 𝕡(𝑧), (𝑧 ∈ 𝕌). 

Definition 1.5.23 [5,9]: Let 𝛺 be a set in ℂ, 𝕢(𝑧) ∈ 𝒬  𝑎𝑛𝑑 𝑛 ∈ ℕ ∖ {2}. The 

class 𝛹𝓃[𝛺, 𝕢] of admissible functions consists of those functions  

𝝓:ℂ5 × 𝕌 → ℂ that satisfy the following admissibility conditions: 

𝝓(𝕩, 𝕪, 𝕫,𝕨, 𝕧; 𝜁) ∉ 𝛺,  

𝕩 = 𝕢′(𝜁), 𝕪 = 𝑘𝑧𝕢′(𝜁), {𝑅𝑒
𝕫

𝕪
+ 1} ≦ 𝑘𝑅𝑒 {

𝜁𝕢′′(𝜁)

𝕢′(𝜁)
+ 1}, 

and 

𝑅ℯ {
𝕨

𝕪
} ≦ 𝑘2𝑅𝑒 {

𝜁2𝕢′′′(𝜁)

𝕢′(𝜁)
} , 𝑅ℯ {

𝕨

𝕪
} ≦ 𝑘3𝑅𝑒 {

𝑧3𝕢′′′′(𝜁)

𝕢′(𝜁)
}, 

where 𝑧 ∈ 𝕌, 𝜁 ∈ 𝜕𝕌 𝑎𝑛𝑑 𝑚 ≧ 𝑛 ≧ 3. 

Definition 1.5.24 [5,9]: Let 𝛺 be a set in ℂ,𝕢(𝑧) ∈ ℋ[𝑎, 𝑛] 𝑤𝑖𝑡ℎ 𝕢′(𝑧) ≠ 0.  

The class 𝛹𝓃
′ [𝛺, 𝕢] of admissible functions consists of those functions 

 𝝓:ℂ5 × 𝕌̅ → ℂ that satisfy the following admissibility conditions: 

𝝓(𝕩, 𝕪, 𝕫, 𝕦,𝕨; 𝜁) ∈ 𝛺, whenever 

𝕩 = 𝕢′(𝑧), 𝕪 =
𝑧𝕢′(𝑧)

𝑚
, {𝑅𝑒

𝕫

𝕪
+ 1} ≦

1

𝑚
𝑅𝑒 {

𝑧𝕢′′(𝑧)

𝕢′(𝑧)
+ 1}, 

and 

𝑅ℯ {
𝕨

𝕪
} ≦

1

𝑚2
𝑅𝑒 {

𝑧2𝕢′′′(𝑧)

𝕢′(𝑧)
} , 𝑅ℯ {

𝕨

𝕪
} ≦

1

𝑚3
𝑅𝑒 {

𝑧3𝕢′′′′(𝑧)

𝕢′(𝑧)
}, 

where 𝑧 ∈ 𝕌, 𝜁 ∈ 𝜕𝕌 𝑎𝑛𝑑 𝑚 ≧ 𝑛 ≧ 3. 
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Chapter Two: New Formula for Symmetric Group  

 Introduction 2.1

The symmetric group 𝑆𝑛 plays a fundamental role in mathematics. It arises 

in all sorts of different contexts, so its importance can hardly be overstated. We 

have already seen from Cayley’s theorem that every finite group can be treated 

as a subgroup of  𝑆𝑛 for some n. Also 𝑆𝑛 plays a role in describing the structure 

of the general linear group, as well as, certain other linear groups[19]. The 

purpose of this chapter is to derive new ways of representing its elements of 𝑆𝑛 

and some of the elementary properties of  𝑆𝑛. It is customary in the theory of  

symmetric groups, we use the composition notation for the group operation, we 

say the composition of permutations 𝑓1 and 𝑓2 denoted by  𝑓1  ∘  𝑓2, the identity 

subgroup 𝐼 = (1), the multiples 𝑓𝑘 for some integer number  𝑘. 

This construction  will described in detail in cyclic groups, though it could 

have been introduced at once for symmetric group. In second section, a new 

formula has been derived with theorems of abstract algebra that is deeper than 

the elementary properties of symmetric groups. Proceeding from the description 

this group by using cyclic groups, it's called ordered cyclic subgroups. This 

formula will give us a simple description to express the group of symmetries. 

We introduce a new formula of symmetric group as direct product of ordered 

cyclic subgroup. In third section we review Lagrange's theorem in terms of 

ordered cyclic subgroup. 

 Symmetric Group as Direct Product of an Ordered Cyclic 2.2

subgroups 

A permutations regarded as a two composition  is a permutation group with 

respect to the composition  of cycles. If 𝐶1 and 𝐶2 are two distinct order of this 

kind, then any element  in the cycle that issues from the origin is uniquely 
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represented by the composition of it's projections on the cyclic subgroups 𝐶1 and 

𝐶2. Similarly, any element of three composition permutation can be uniquely 

written as the composition of three elements belonging to three given ordered 

cyclic subgroups 𝐶1, 𝐶2 and 𝐶3, provided the cycles do not lie in the same cyclic 

an so on. 

Definition 2.2.1: For 𝑗 ∈ ℕ we define an ordered cycle permutation of order 𝑗, 

𝑐𝑗 = ( 1 2  3 …  𝑗) 

which it generated an ordered cyclic subgroup of order 𝑗,  

𝐶𝑗 = {𝑐𝑗 , 𝑐𝑗
2, … , 𝑐𝑗

𝑗
}, 

and can be rewriting as cyclic permutations set as follows: 

𝐶𝑗 = {( 1 2  3 …  𝑗), ( 1 2  3 …   𝑗)
2, … , ( 1 2  3 …   𝑗)𝑗 = (1)}. 

Example 2.2.2: If 𝑗 = 4, the ordered cycle permutation of order 4, 

 𝑐4 = ( 1 2  3 4) which it generated an ordered cyclic subgroup of order 4, 

𝐶4 = {𝑐4 , 𝑐4
2, 𝑐4

3, 𝑐4
4} and can be rewriting as cyclic permutations set as follows: 

𝐶4 = {(1 2 3 4), (13)(24), (1432), (1)}. 

Remark 2.2.3: We considered the elements within the cycle that order lower 

than 𝑘 are fixed element, for instance that of 𝑐𝑗 = (1 2… 𝑗), the elements 

𝑗 + 1, 𝑗 + 2,… , 𝑘 are fixed elements. 

Proposition 2.2.4: The inverse of a permutation 𝑐1
𝑘1 ∘ 𝑐2

𝑘2 ∘ … ∘ 𝑐𝑘
𝑘𝑙   for all 

 𝑗 = 1,2,… , 𝑙, is a permutation  𝑐𝑘
𝑙−𝑘𝑙 ∘ … ∘ 𝑐2

2−𝑘2;;  𝑘𝑙 = 1,… , 𝑙 and (𝑐1
𝑘1)

−1
=

𝑐1
𝑘1 = 1. 

Proof: 
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    Let 𝐶𝑗 be an ordered cyclic subgroup for all 𝑗 = 1,2,… , 𝑘, the inverse of cycle 

𝑐𝑗
𝑘 ∈ 𝐶𝑗 is the cycle 𝑐𝑗

𝑗−𝑘
∈ 𝐶𝑗;  𝑘 = 1,2,… , 𝑗. 

       From properties of composition of function (𝑓 ∘ 𝑔)−1 = 𝑔−1 ∘ 𝑓−1 , using 

the generalization of this property and the relation (𝑐𝑗
𝑘)
−1
= 𝑐𝑗

𝑗−𝑘
and   

(𝑐1
𝑘1 ∘ 𝑐2

𝑘2 ∘ … ∘ 𝑐𝑙
𝑘𝑙)

−1
= 𝑐𝑙

𝑙−𝑘𝑙 ∘ … ∘ 𝑐2
2−𝑘2;  (𝑐1

𝑘1)
−1
= 𝑐1

𝑘1 = 1 ; 𝑘𝑙 = 1,… , 𝑙. 

                                                                                                                        ∎ 

Example 2.2.5: To find he inverse of a permutation (123) with respect to above 

proposition can be written as: 

 (123) = (1) ∘ (12)1 ∘ (123)1  ∘ (1234)1  is a permutation  

 (123)−1 = (1234)4−1 ∘ (123)3−1 ∘ (12)2−1  ∘ (12) 

               = (1234)3 ∘ (123)2 ∘ (12)1  ∘ (1) 

                  = (1432)  ∘ (132)   ∘ (12)    ∘ (1) = (132)       

Corollary 2.2.6: Let 𝐶𝑗   be ordered cyclic subgroup of order 𝑗, then 

({𝐶𝑗}𝑗=1,2,…,𝑘 ,∘) is a group. 

Proof: 

     It follows directly from theorems closure and associative of symmetric group, 

every subgroup of symmetric group contains identity element, and proposition 

(2.2.4).                                                                                                              ∎                                  

Theorem 2.2.7: A symmetric group 𝑆𝑘 can be represented as composition of 

ordered cyclic subgroups {𝐶𝑗}𝑗=1,2,…,𝑘 . 

Proof:  

    Assume that X = {1, 2, . . . , n}, its known the symmetric set is contain all 

permutation 𝜑: X → 𝑋 . 
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    Let {𝐶𝑗} be ordered cyclic subgroups of  𝑆𝑘 have order 𝑗 respectively, every 

{𝐶𝑗}; 𝑗 = 1,2,… , 𝑘 has 𝑗 cycles which it represented cyclic permutation. 

    To prove the computations' set 𝐶1 ∘ 𝐶2 ∘ … ∘ 𝐶𝑘 is equivalent  to the set  𝑆𝑘. 

For any element 𝑥 = 1,2,… , 𝑘 in 𝐶𝑘, the set {𝑥, 𝑐𝑘
1(𝑥), 𝑐𝑘

2(𝑥), … , 𝑐𝑘
𝑘−1(𝑥)} 

distinct elements for all x, by Lemma (1.1.9), i.e. the element x will be linked 

with k distinct elements in 𝐶𝑘 , for any element 𝑥 = 1,2,… , 𝑘. 

     After this, that k distinct elements will be linked by composition operation 

with k-1 distinct elements in 𝐶𝑘−1 for any element 𝑦 = 1,2,… , 𝑘 − 1 with 

observe the element k is a fixed element in the set {𝑦, 𝑐𝑘
1(𝑦), 𝑐𝑘

2(𝑦),… , 𝑐𝑘
𝑘−1(𝑦)}, 

which contain k-1 distinct element for any elements 𝑦 = 1,2,… , 𝑘 − 1 . And so 

we get 4 distinct elements will be associated with 3 distinct elements in 𝐶3 for 

any element 𝑧 = 1,2,3 with observe the element 4 is associated with himself. 

i.e., 𝑘, 𝑘 − 1,… ,4 are fixed elements in the set {𝑧, 𝑐3
1(𝑧), 𝑐3

2(𝑧)}, which contain 

3 distinct elements for any element 𝑦 = 1,2,3 . 

    Also 𝐶2 = {(1), (1 2)} ,the element 1 is associated with 1 and 2, the element 2 

is linked with 1 and 2, and 3 is a fixed element in 𝐶2. By Writing the 

corresponding cycle after the one previously written, with continue choosing 

previously unused elements and writing out the cycles they traverse until every 

element of  X has been named, where: 

1)   𝑥𝑗+1 is an element of  𝑋 that does not occur among the 𝜎𝑗(𝑥𝑠) with 𝑠 ≤

𝑗. 

2) For each element of  𝑋 appears exactly once among the 𝜎𝑙(𝑥𝑗). 

3) 𝜎𝑗(𝑥𝑗) = 𝑥𝑗. 

4) For each 𝑘𝑗 ≥ 1 when 𝑘𝑗 = 1, then the cycle containing 𝑥𝑗 is (𝑥𝑗).   
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    The total number of permutation are conclusion from distinct 𝑘 elements in 

𝐶𝑘 which composition with distinct 𝑘 − 1 elements in 𝐶𝑘−1 and so on until we 

obtain 𝑘! distinct permutation.                                                                        ∎                  

Example 2.2.8: Let 𝑆3 = {(1), (12), (23), (13), (123), (132)} is a symmetric 

group of order 3 with respect to above theorem can be written as 

 𝑆3 = 𝐶1 ∘ 𝐶2 ∘ 𝐶3 such that 𝐶1 = {(1)}, 𝐶2 = {(1), (12)}, and 

 𝐶3 = {(1), (123), (132)} are ordered cyclic subgroups of order 1,2, and 3 

respectively as follows: 

(1) ∘ (1) ∘ (1) = (1), 

(1) ∘ (1) ∘ (123) = (123), 

(1) ∘ (1) ∘ (132) = (132), 

(1) ∘ (12) ∘ (1) = (12), 

(1) ∘ (12) ∘ (123) = (23), 

(1) ∘ (12) ∘ (132) = (13). 

    All of this, show the composition of first three ordered cyclic subgroups 

generated the symmetric group of order 3. 

Remark 2. 2.9: Let 𝐶𝑗 be ordered cyclic subgroup of order 𝑗, the cycles which 

are generated of this subgroup are cycles have order 𝑘 divided the order of 

ordered cyclic group. i.e.,𝑘| 𝑗 . 

Example  2.2.10: Let 𝐶4 be an ordered cyclic subgroup of order 4 

((1234) ) = {(1234), (13)(24), (1432), (1)} = 𝐶4, 

((1432) ) = {(1432), (13)(24), (1234), (1)} = 𝐶4. 
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The generators of 𝐶4 are (1234), (1432) since o(1234) =1, o(1432) =3. 

Theorem 2.2.11: A symmetric group 𝑆𝑘 is called the direct product  of its 

ordered cyclic subgroups 𝐶1, 𝐶2,…, 𝐶𝑘  

𝑆𝑘 = 𝐶1 ∘ 𝐶2 ∘ … ∘ 𝐶𝑘,                         (2.2.1) 

if every permutation 𝑠 of 𝑆𝑘 is uniquely written as the composition  of powers of 

the cycles 𝑐1, 𝑐2,…, 𝑐𝑘 respectively, taken in the ordered cyclic subgroups 

𝐶1, 𝐶2,…, 𝐶𝑘 

𝑠 = 𝑐𝑗1 ∘ 𝑐𝑗2 ∘ … ∘ 𝑐𝑗𝑘  .                             (2.2.2) 

Proof : 

     The notation (2.2.1) is called the direct decomposition of the group 𝑆𝑘, the 

ordered cyclic subgroups 𝐶𝑗; 𝑗 = 1,2,… , 𝑘 are direct product of this 

decomposition, and the cycles 𝑐𝑗𝑙 in (2.2.2) is a component of the permutation in 

the direct product 𝐶𝑗 of the decomposition (1), 𝑗 = 1,2,… , 𝑘 . 

    If we are given a direct decomposition (2.2.1) of a symmetric group 𝑆𝑘 and if 

the direct product 𝐶𝑗; of this decomposition (all or some of them), are 

themselves decomposed into a direct product , 

𝐶𝑗 = 𝐶𝑗1 ∘ 𝐶𝑗2 ∘ … ∘ 𝐶𝑗𝑘𝑗 ; 𝑘𝑗 ≥ 1,                          (2.2.3) 

then the group 𝑆𝑘 is the direct product of all its cyclic subgroups 

𝐶𝑗𝑙;, 𝑖 = 1,2,… , 𝑘, 𝑙 = 1,2,… , 𝑘𝑗. 

    Indeed, for an arbitrary permutation  𝑠 of 𝑆𝑘 we have the notation (2.2.2) 

relative to the direct decomposition (2.2.1) and for each component 𝑐𝑗𝑙; 

𝑗 = 1,2,… , 𝑘,  𝑙 = 1,2,… , 𝑘𝑗  we have the notation 
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𝑠 = 𝑐𝑗1 ∘ 𝑐𝑗2 ∘ … ∘ 𝑐𝑗𝑘  ,                                      (2.2.4) 

relative to the direct decomposition (2.2.3) of the cyclic group 𝐶𝑗. 

It is clear that 𝑠 is the composition of all cycle 𝑐𝑗𝑙; 𝑗 = 1,2,… , 𝑘, 𝑙 = 1,2,… , 𝑘𝑗 ,  

the uniqueness of this notation follows from that we must obtain precisely 

equality (2.2.2) by taking any notation of the permutation 𝑠 as composition  of 

the cycles, taken one each in the cyclic group in the subgroups 𝐶𝑗𝑙, and by 

adding the composition belonging to the same subgroup 𝐶𝑗𝑙 ; 𝑗 = 1,2,… , 𝑘. 

On the other hand, each cycle 𝑐𝑗𝑙 only has one notation of the type (2.2.4). 

    The definition of a direct product  may be restated. First let us introduce a 

new concept, if it is given that a symmetric group 𝑆𝑘 has certain ordered cyclic 

subgroup 𝐶1, 𝐶2, … , 𝐶𝑚, then we denote by {𝐶1, 𝐶2, … , 𝐶𝑚} the set of permutation 

𝑠𝛼 of 𝑆𝑘 which can in at least one way be written as a composition of cycles 

𝑐𝛼1, 𝑐𝛼2, … , 𝑐𝛼𝑚  taken in the cyclic subgroups 𝐶1, 𝐶2, … , 𝐶𝑚 respectively, 

𝑠𝛼 = 𝑐𝛼1 ∘ 𝑐𝛼2 ∘ … ∘ 𝑐𝛼𝑚 .                                  (2.2.5) 

The set {𝐶1, 𝐶2, … , 𝐶𝑚} will be ordered cyclic subgroups of 𝑆𝑘. 

    Take in {𝐶1, 𝐶2, … , 𝐶𝑚} a permutation 𝑠𝛽 with notation (2.2.5), and also cycles 

𝑐𝛽𝑗 with a similar notation  

𝑠𝛽 = 𝑐𝛽1 ∘ 𝑐𝛽2 ∘ … ∘ 𝑐𝛽𝑚, 

where 𝑐𝛽𝑗 is a cycle in 𝐶𝑗  ; 𝑗 =  1, 2, . . . , 𝑚. Then 

𝑠𝛼 ∘ 𝑠𝛽 = (𝑐𝛼1 ∘ 𝑐𝛼2 ∘ … ∘  𝑐𝛼𝑚) ∘ (𝑐𝛽1 ∘ 𝑐𝛽2 ∘ … ∘ 𝑐𝛽𝑚) 

𝑠𝛼
−1 = 𝑐𝛼𝑚

−1 ∘ … ∘  𝑐𝛼2
−1 ∘  𝑐𝛼1

−1 which is to say that the elements 𝑠𝛼 ∘ 𝑠𝛽 and 𝑠𝛼
−1 

also have at least one notation of the type (2.2.5) hence, belong to the set 

{𝐶1, 𝐶2, … , 𝐶𝑚}.  
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    The ordered cyclic subgroup {𝐶1, 𝐶2, … , 𝐶𝑚} contains each of the 𝐶𝑗𝑚 ; 

𝑗 = 1,2,… ,𝑚. Indeed, every subgroup of the group 𝑆𝑘 contains the identity 

permutation of this group, for instance in the ordered cyclic subgroup 𝐶2, any 

cycle 𝑐2,  the identity permutation (1) of ordered cyclic subgroup {𝐶3, … , 𝐶𝑚}, 

we obtain the following notation of type (2.2.5) for element 𝑐𝛼: 

𝑐2 = (1) ∘ 𝑐2… ∘ (1). 

    Thus 

𝑆𝑘 =∘ {𝐶1, 𝐶2, … , 𝐶𝑘} ,                                                        (2.2.6) 

and if the intersection of each ordered cyclic subgroups {𝐶𝑗} ; 𝑗 = 2,… , 𝑘 with 

the subgroup generated by all preceding  ordered cyclic subgroups 

{𝐶1, 𝐶2, … , 𝐶𝑗−1} contains identity alone : 

{𝐶1, 𝐶2, … , 𝐶𝑗−1}  ∩ 𝐶𝑗 = {(1)}; 𝑗 = 2,… , 𝑘  .                (2.2.7) 

     Indeed, if the symmetric group 𝑆𝑘 has the direct decomposition (1), then for 

any permutation 𝑠 of 𝑆𝑘 the notation (2.2.2) exist, therefore it have notation 

(2.2.6) follows uniqueness of the notation (2.2.2) for any cycle 𝑐𝑗, for some 𝑖, the 

intersection {𝐶1, 𝐶2, … , 𝐶𝑗−1}  ∩ 𝐶𝑗 = {(1)} contained a non-identity permutation 

𝑠, then on the one hand, s could be written as a cycle 𝑐𝑗 in 𝐶𝑗 ,i.e., 𝑠 = 𝑐𝛼𝑗 and so  

𝑠 = (1) ∘ … ∘ 𝑐𝛼𝑗 ∘ … ∘ (1),                                                 (2.2.8) 

and  s as a permutation of the subgroup {𝐶1, 𝐶2, … , 𝐶𝑗−1} would have a notation 

of the form 𝑠 = 𝑐𝛼1 ∘ 𝑐𝛼2 ∘ … ∘ 𝑐𝛼𝑗−1 which is to say that 

𝑠 = 𝑐𝛼1 ∘ 𝑐𝛼2 ∘ … ∘ 𝑐𝛼𝑗−1 ∘ (1) ∘ … ∘ (1).                            (2.2.9) 

     It evident that (2.2.8) and (2.2.9) are two distinct notation of type (2.2.2) for 

the element 𝑠 . 
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Conversely, we assume that every permutation 𝑠 of  𝑆𝑘 is uniquely written as 

the composition  of powers of the cycle 𝑐1, 𝑐2,…, 𝑐𝑘 . i.e., the notations (2.2.6) 

and (2.2.7) hold.  

     From (2.2.6) it follows that any permutation 𝑠 of 𝑆𝑘 has at least one notation 

of type (2.2.2). However, let there be two distinct notations of type (2.2.2) for 

some permutation 𝑠: 

𝑠 = 𝑐𝛼1 ∘ 𝑐𝛼2 ∘ … ∘ 𝑐𝛼𝑘 = 𝑐𝛽1 ∘ 𝑐𝛽2 ∘ … ∘ 𝑐𝛽𝑘  .                            (2.2.10) 

Then an 𝑗; 𝑗 ≤ 𝑘 such that  

𝑐𝛼𝑘 = 𝑐𝛽𝑘 , 𝑐𝛼(𝑘−1) = 𝑐𝛽(𝑘−1), … , 𝑐𝛼(𝑗+1) = 𝑐𝛽(𝑗+1),                (2.2.11) 

but  𝑐𝛼𝑗 ≠ 𝑐𝛽𝑗, 

that is                           𝑐𝛼𝑗 ∘  (𝑐𝛽𝑗)
−1
≠ (1).                                                 (2.2.12) 

From (2.2.10) and (2.2.11) follows however, the equality  

𝑐𝛼𝑗 ∘  (𝑐𝛽𝑗)
−1

= (𝑐𝛼1 ∘  (𝑐𝛽1)
−1
) ∘ (𝑐𝛼2 ∘  (𝑐𝛽2)

−1
) ∘ … 

∘ (𝑐𝛼(𝑗−1) ∘  (𝑐𝛽(𝑗−1))
−1
) 

Which contradicts  (2.2.7) due to (2.2.12). The theorem is proved.                    ∎ 

     The concept direct product may be regarded from quite a different angle. 

Suppose k arbitrary a symmetric group among cyclic subgroups 𝐶1, 𝐶2, … , 𝐶𝑘   

which there may be isomorphic, denoted by 𝑆𝑘 to the set of all possible systems 

of the form 

(𝑐𝛼1, 𝑐𝛼2, … , 𝑐𝛼𝑘)                                          (2.2.13) 
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 composed of cycles taken one at a time in each of the ordered cyclic subgroups 

{𝐶1, 𝐶2, … , 𝐶𝑘} . 

    Indeed, the associativity of this composition follows from the validity of these 

properties in each of the specified ordered cyclic subgroups ;the role of identity 

is played by the system ((1)1, (1)2, … , (1)𝑘) where (1)𝑖 denotes the identity 

permutation of  the ordered cyclic subgroups 𝐶𝑗; 𝑗 = 1,2,… , 𝑘.  

    The inverse of (2.2.13) is the system ( (𝑐𝛼(𝑘−1))
−1
,  (𝑐𝛼𝑘)

−1, … ,  (𝑐𝛼1)
−1). 

    Thus the symmetric group 𝑆𝑘 can be constructed as the direct product of the 

ordered cyclic subgroups  

𝑆𝑘 = 𝐶1 ∘ 𝐶2 ∘ … ∘ 𝐶𝑘 

    This expression is justified by the fact the symmetric group 𝑆𝑘, which is the 

direct product of the ordered cyclic subgroups 𝐶1, 𝐶2, … , 𝐶𝑘 in the sense just 

defined, can be decomposed into direct product of the ordered cyclic subgroups 

𝐶1
′, 𝐶2

′ , … , 𝐶𝑘
′  which are isomorphic, respectively, to the groups 𝐶1, 𝐶2, … , 𝐶𝑘 . 

    Namely, denote by 𝐶𝑗
′ ; 𝑗 = 1,2,… , 𝑘 the set of permutations of  𝑆𝑘,that is 

systems of type (2.2.13), with an arbitrary permutation 𝑐𝛼𝑗 of  𝑆𝑘 in the j-th 

ordered cyclic subgroups, all other cycle being occupied by identity of the 

corresponding ordered cyclic : these will thus be systems of the form 

((1), (1), … , (1), 𝑐𝛼𝑖  , (1),… , (1))                  (2.2.14) 

    The notation (2.2.14) of composition  shows that the set 𝐶𝑗
′  is a subgroup of 

the symmetric group 𝑆𝑘.  

    We obtain the isomorphisnm of this subgroup and subgroup 𝐶𝑗, by associating 

to each system (2.2.14) a permutation  𝑐𝛼𝑗 of the j-th ordered cyclic subgroups.             
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It remains to prove that the symmetric group 𝑆𝑘 is the direct product of the 

ordered cyclic subgroups 𝐶1
′, 𝐶2

′ , … , 𝐶𝑘
′ , 

    Indeed, any permutation  (2.2.13) of  𝑆𝑘 may be represented as a composition  

of cycles of the indicated ordered cyclic subgroups: 

(𝑐𝛼1, 𝑐𝛼2, … , 𝑐𝛼𝑘)

= (𝑐𝛼1, (1),… , (1)) ∘  ((1), 𝑐𝛼1, … , (1))… 

∘  ((1), (1),… , 𝑐𝛼𝑘)           …               

     The uniqueness of this representation follows from the fact that distinct 

systems of type (2.2.13) are distinct permutation  of  the symmetric group 𝑆𝑘. If 

we have two Systems of ordered cyclic subgroups, 𝐶1, 𝐶2, … , 𝐶𝑘 and 

𝐶1′, 𝐶2′, … , 𝐶𝑘′ and the subgroups 𝐶𝑗 and 𝐶1′, are isomorphic. 𝑗 = 1, 2,… , 𝑘 

𝑆𝑘 = 𝐶1 ∘ 𝐶2 ∘ … ∘  𝐶𝑘 

𝑆𝑘′ = 𝐶1
′ ∘ 𝐶2

′ ∘ … ∘  𝐶𝑘
′ , 

then the symmetric groups  are also isomorphic. 

        Also if for 𝑗 =  1, 2, . . . , 𝑘 then there exist isomorphism 𝜑𝑗  between 

subgroups 𝐶𝑗 and 𝐶𝑗′, which associates with each cycle 𝑐𝛼𝑗 of  𝐶𝑗 a cycle 𝜑(𝑐𝛼𝑖) 

of  𝐶𝑖′, thus the mapping 𝜑 which associate with every permutation 

(𝑐𝛼1, 𝑐𝛼2, … , 𝑐𝛼𝑘) of  𝑆𝑘 there exist a permutation of 𝑆𝑘′defined by the equation 

(𝑐𝛼1, 𝑐𝛼2, … , 𝑐𝛼𝑘) = (𝜑𝑖(𝑐𝛼1), 𝜑2(𝑐𝛼2), … , 𝜑𝑘(𝑐𝛼𝑘)), 

will obviously be an isomorphic mapping of the symmetric group  𝑆𝑘 onto the 

symmetric group  𝑆𝑘′.    

                                                                                   ∎ 
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 Lagrange Theorem  in Terms of Ordered Cyclic Subgroups 2.3

Lagrange's theorem is one of the essential theorems for abstract algebra and 

it's uses in many important theorems. Before proving Lagrange's theorem, we 

state some proposition. It is easy to see a relationship between symmetric groups 

as follows: 

𝑆𝑚 ⊆ 𝑆𝑛 ↔ 𝑚 ≤ 𝑛, 

 such that, fix the final 𝑛 −  𝑚 elements of {1, . . . , 𝑛} so that   

𝑆𝑚 = {𝜎 ∈ 𝑆𝑛: 𝜎(𝑗) = 𝑗, ∀𝑗 > 𝑚}. 

In fact 𝑆𝑚 is a subgroup of  𝑆𝑛 in precisely (
𝑛
𝑚
) different ways: each copy of 𝑆𝑚 

arises by fixing 𝑛 −𝑚 elements of the set {1, . . . , 𝑛} there are precisely 

(
𝑛

𝑛 −𝑚
) = (

𝑛
𝑚
) ways of choosing these fixed elements. 

Proposition 2.3.1: Let 𝐶𝑘 be an ordered cyclic subgroups of a symmetric group 

𝑆𝑘 of order 𝑘, then 𝑆𝑘 can be represented as composition 𝑆𝑘−1 ∘ 𝐶𝑘 

Proof: 

Let {𝐶𝑗}𝑗=1,2,…,𝑘 be ordered cyclic subgroups of  𝑆𝑘 of order 𝑗. 

From theorem (2.2.7), 𝑆𝑘 =∘ {𝐶𝑗}𝑗=1,2,…,𝑘 and 𝑆𝑘−1 =∘ {𝐶𝑗}𝑗=1,2,…,𝑘−1 ,  

thus 𝑆𝑘 = {𝑆𝑘−1 ∘ 𝐶𝑘}.                                                                                          ∎ 

Example 2.3.2:Let  𝑆3 = {𝑆2 ∘ 𝐶3} 

It's known 𝑆2 = {(1), (12)}, 𝐶3 = {(1), (123), (132)}, 

𝑆2 ∘ 𝐶3 = {(1) ∘ (1), (12) ∘ (1), (1) ∘ (123), (12) ∘ (123), (1) ∘ (132), (12)

∘ (132)} = {(1), (12), (123), (23), (132), (13)} = 𝑆3 

Proposition 2.3.3: Let 𝐶𝑘
−1 be an inverse ordered cyclic subgroups of a 

symmetric group 𝑆𝑘 of order 𝑘 ,then 𝑆𝑘−1 can be represented as composition of 

 𝑆𝑘−1 = {𝑆𝑘 ∘ 𝐶𝑘
−1}. 

Proof: 

Let {𝐶𝑘
−1} be an inverse for an  ordered cyclic subgroup of  𝑆𝑘 of order 𝑘. 
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From proposition (2.3.1) , 𝑆𝑘 = {𝑆𝑘−1 ∘ 𝐶𝑘} and 𝑆𝑘 =∘ {𝐶𝑗}𝑗=1,2,…,𝑘, so by 

composition two sides with 𝐶𝑘
−1,we obtain 

 {𝑆𝑘 ∘ 𝐶𝑘
−1} = {(𝑆𝑘−1 ∘ 𝐶𝑘) ∘ 𝐶𝑘

−1} = {𝑆𝑘−1 ∘ (𝐶𝑘 ∘ 𝐶𝑘
−1)} = 𝑆𝑘−1,    

then 𝑆𝑘−1 = {𝑆𝑘 ∘ 𝐶𝑘
−1}.                                                                                       ∎ 

Example 2.3.4: Let 𝑆2 = {𝑆3 ∘ 𝐶3
−1}, such that   

  𝑆3 = {(1), (12), (123), (23), (132), (13)}, 𝐶3 = {(1), (132), (123)}. 

Thus 

{𝑆3 ∘ 𝐶3
−1} = {(1) ∘ (1), (12) ∘ (1), (123) ∘ (1), (23) ∘ (1), (132) ∘ (1), (13)

∘ (1), (1) ∘ (1), (12) ∘ (132), (123) ∘ (132), (23) ∘ (132), (132)

∘ (132), (13) ∘ (132), (1) ∘ (123), (12) ∘ (123), (123)

∘ (123), (23) ∘ (123), (132) ∘ (123), (13) ∘ (123)}

= {{(1), (12)}} = 𝑆2. 

Lemma  2.3.5: If  𝑆𝑘 is a symmetric group with subgroup 𝑆𝑘−1, then there is a 

one to one correspondence between 𝑆𝑘−1 and any coset of  𝑆𝑘−1. 

Proof: 

 Let C be a left coset of  𝑆𝑘−1 in 𝑆𝑘, then there is a 𝑐𝑘
𝑗
∈ 𝐶𝑘; 𝑗 = 1,… , 𝑘 such that 

𝐶 = 𝑐𝑘
𝑗
∘ 𝑆𝑘−1 Define 𝑓: 𝑆𝑘−1  →  𝐶 by 𝑓(𝑠) = 𝑐𝑘

𝑗
∘ 𝑠, 𝑠 ∈ 𝑆𝑘−1 . 

1)  𝑓 is one to one. 

If 𝑠1 ≠ 𝑠2; 𝑠1, 𝑠2 ∈ 𝑆𝑘−1, then since by Lemma 1.1.9, 𝑠1 ∘ 𝑐𝑘
𝑗
≠ 𝑠2 ∘ 𝑐𝑘

𝑗
. 

 Hence  𝑓(𝑠1) ≠ 𝑓(𝑠2) 

2)  𝑓 is onto. 

If 𝑐 ∈ 𝐶, then since 𝐶 = 𝑐𝑘
𝑗
∘ 𝑆𝑘−1, there is an 𝑠 ∈ 𝑆𝑘−1 such that 𝑐𝑘

𝑗
∘ 𝑠 = 𝑐.  

It follows that 𝑓(𝑠) = 𝑐 and as 𝑐 was arbitrary, 𝑓 is onto.                                  ∎ 

Lemma  2.3.6: If  𝑆𝑘 is a symmetric group with subgroup 𝑆𝑘−1, then there is a 

one to one correspondence between 𝑆𝑘 and any coset of  𝑆𝑘. 

Proof:  
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 Let 𝐶−1 be a left coset of  𝑆𝑘 in 𝑆𝑘−1, then there is a 𝑐𝑘
−𝑗
∈ 𝐶𝑘

−1; 𝑗 = 1,… , 𝑘 

such that 𝐶−1 = 𝑐𝑘
−𝑗
∘ 𝑆𝑘 . Define 𝑔: 𝑆𝑘  →  𝐶

−1 by 𝑔(𝑠) = 𝑐𝑘
−𝑗
∘ 𝑠, 𝑠 ∈ 𝑆𝑘 . 

1)  𝑔 is one to one. 

If 𝑠1 ≠ 𝑠2; 𝑠1, 𝑠2 ∈ 𝑆𝑘, then since by Lemma 1.1.9, 𝑠1 ∘ 𝑐𝑘
−𝑗
≠ 𝑠2 ∘ 𝑐𝑘

−𝑗
. 

 Hence  𝑔(𝑠1) ≠ 𝑔(𝑠2) 

2)  𝑔 is onto. 

If 𝑐−1 ∈ 𝐶−1, then since 𝐶 = {𝑐𝑘
𝑗
∘ 𝑆𝑘}, there is an 𝑠 ∈ 𝑆𝑘 such that 𝑐𝑘

𝑗
∘ 𝑠 = 𝑐.  

It follows that 𝑓(𝑠) = 𝑐−1 

and as 𝑐−1 was arbitrary, 𝑔 is onto.                                                               ∎ 

Definition 2.3.7: Let 𝑆𝑘−1 be a symmetric group of size 𝑛 − 1 and 𝐶𝑘 is an 

ordered cyclic subgroup of 𝑆𝑘 ,the relation ~ is  defined as 𝑐𝑘
𝑗1~𝑐𝑘

𝑗2  if and only if 

the left cosets  {𝑐𝑘
𝑗1 ∘ 𝑆𝑘−1} = {𝑐𝑘

𝑗2 ∘ 𝑆𝑘−1} ∀𝑐𝑘
𝑗1 , 𝑐𝑘

𝑗2 ∈ 𝐶𝑘.    

Lemma 2.3.8: If 𝑆𝑘 is a group with subgroup 𝑆𝑘−1, then the relation ~ is an 

equivalence relation. 

Proof : 

 The essence of this proof is that ~ is an equivalence relation because it is 

defined in terms of set equality and equality for sets is an equivalence relation. 

The details are below. 

1) ~ is reflexive. 

Let 𝑠𝛼 ∈ 𝑆𝑘 be given. Then, 𝑠𝛼 ∘ 𝑆𝑘−1 = {𝑠𝛼 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘−1} and as this set is well 

defined, 𝑠 ∘ 𝑆𝑘−1 = 𝑠 ∘ 𝑆𝑘−1. 

2) ~ is symmetric. 

Let 𝑠𝛼 , 𝑠𝛽 ∈ 𝑆𝑘 with 𝑠𝛼~𝑠𝛽, then by the definition of ~, {𝑠𝛼 ∘ 𝑆𝑘−1} =

{𝑠𝛽 ∘ 𝑆𝑘−1}.  

That is, {𝑠𝛼 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘−1} = {𝑠𝛽 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘−1} and as set equality is symmetric, 

{𝑠𝛽 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘−1} = {𝑠𝛼 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘−1}. 
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Hence, 𝑠𝛽~𝑠𝛼 and as 𝑠𝛼 and 𝑠𝛽 were arbitrary, ~ is symmetric. 

3) ~ is transitive. 

Let 𝑠𝛼 , 𝑠𝛽 , 𝑠𝜕 ∈ 𝑆𝑘 with 𝑠𝛼~𝑠𝛽 and 𝑠𝛽~𝑠𝜕. Then, 

{𝑠𝛼 ∘ 𝑆𝑘−1} = {𝑠𝛼 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘−1} = {𝑠𝛽 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘−1} = 𝑠𝛽 ∘ 𝑆𝑘−1 and 

{𝑠𝛽 ∘ 𝑆𝑘−1} = {𝑠𝛽 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘−1} = {𝑠𝜕 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘−1} = 𝑠𝜕 ∘ 𝑆𝑘−1 as set equality 

is transitive, it follows that 

𝑠𝛼 ∘ 𝑆𝑘−1 = {𝑠𝛼 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘−1} = {𝑠𝜕 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘−1} = 𝑠𝜕 ∘ 𝑆𝑘−1. 

That is, 𝑠𝛼~𝑠𝜕, and as 𝑠𝛼 , 𝑠𝛽 , 𝑠𝜕 ∈ 𝑆𝑘 are arbitrary, ~ is transitive. 

                                                                                                         ∎ 

Lemma 2.3.9: Let 𝑆𝑛 be a symmetric group and ~ be an equivalence relation on 

𝑆𝑛. If {𝑠𝛼 ∘ 𝑆𝑘−1} and {𝑠𝛽 ∘ 𝑆𝑘−1} are two equivalence classes with 

 {𝑠𝛼 ∘ 𝑆𝑘−1} ∩ {𝑠𝛽 ∘ 𝑆𝑘−1} ≠ ∅, then {𝑠𝛼 ∘ 𝑆𝑘−1} = {𝑠𝛽 ∘ 𝑆𝑘−1}. 

Proof:  

To prove the lemma, we must show that {𝑠𝛼 ∘ 𝑆𝑘−1} ⊂ {𝑠𝛽 ∘ 𝑆𝑘−1} and 

 {𝑠𝛽 ∘ 𝑆𝑘−1} ⊂ {𝑠𝛼 ∘ 𝑆𝑘−1}. As {𝑠𝛼 ∘ 𝑆𝑘−1} and {𝑠𝛽 ∘ 𝑆𝑘−1} are arbitrarily 

labeled, it suffices to show the former. 

Let 𝑠𝛼𝑘 ∈ {𝑠𝛼 ∘ 𝑆𝑘−1} and suppose {𝑠𝛼 ∘ 𝑆𝑘−1} ∩ {𝑠𝛽 ∘ 𝑆𝑘−1} ≠ ∅, there is 

𝑠𝛼𝛽 ∈ {𝑠𝛼 ∘ 𝑆𝑘−1} ∩ {𝑠𝛽 ∘ 𝑆𝑘−1}. As {𝑠𝛼 ∘ 𝑆𝑘−1} is an equivalence class of ~ and 

both 𝑎 and 𝑐 are in {𝑠𝛼 ∘ 𝑆𝑘−1}, it follows that {𝑠𝛼𝑘  ~ 𝑠𝛼𝛽}. 

Now since {𝑠𝛼𝑘  ~ 𝑠𝛼𝛽 } ,  𝑠𝛼𝛽 ∈ {𝑠𝛽 ∘ 𝑆𝑘−1} and {𝑠𝛽 ∘ 𝑆𝑘−1} is an equivalence 

class of ~, it follows that 𝑠𝛼𝑘 ∈ {𝑠𝛽 ∘ 𝑆𝑘−1} and then {𝑠𝛼 ∘ 𝑆𝑘−1} = {𝑠𝛽 ∘ 𝑆𝑘−1}.  

∎                                               

Theorem 2.3.10: If 𝑆𝑘  is a finite group of order 𝑘! and 𝑆𝑘−1 is a subgroup of  

𝑆𝑘−1 of order (𝑘 − 1)!, then (𝑘 − 1)!/𝑘! and 𝑘 is the number of distinct cosets 

of  𝑆𝑘−1 in 𝑆𝑘. 

Proof : 
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 Let ~ be the left coset equivalence relation defined in definition 2.3.7. It 

follows from lemma 2.3.8 that ~ is an equivalence relation and by Lemma 2.3.4 

any two distinct cosets of ~ are disjoint. Hence,we can write 

𝑆𝑘 = {(1) ∘ 𝑆𝑘−1} ∪ {𝑐𝑘
1 ∘ 𝑆𝑘−1} ∪ … {𝑐𝑘

𝑘−1 ∘ 𝑆𝑘−1} 

where the {𝑐𝑘
𝑗
∘ 𝑆𝑘−1}, 𝑗 = 1,2,… , 𝑘 are the disjoint left cosets of  𝑆𝑘−1 

guaranteed by Lemma 2.3.9.   

By theorem 1.2.11, the cardinality of each of these cosets is the same as the 

order of 𝑆𝑘−1, and so 

|𝑆𝑘| = |{(1) ∘ 𝑆𝑘−1}| + |{𝑐𝑘
1 ∘ 𝑆𝑘−1}| + ⋯+ |{𝑐𝑘

𝑘−1 ∘ 𝑆𝑘−1}| = 𝑘(𝑘 − 1)! = 𝑘!  

 ∎          

Example 2.3.11: If  𝑆3 = {(1) ∘ (1), (12) ∘ (1), (1) ∘ (123), (12) ∘ (123), (1) ∘

(132), (12) ∘ (132)} = {(1), (12), (123), (23), (132), (13)} 

and 

 𝐶4 = {(1), (1234), (13)(24), (1432)} 

Then there are four distinct cosets of  𝑆3 in 𝑆4:  

𝑆3 ∘ (1) = {(1), (12), (123), (23), (132), (13)} = 𝑆3, 

𝑆3 ∘ (1234) = {(1234), (234), (1342), (134), (34), (12)(34)}, 

𝑆3 ∘ (13)(24) = {(13)(24), (1324), (243), (1243), (124), (24)}, 

𝑆3 ∘ (1432) = {(1432), (143), (14), (142), (1423), (14)(23)}. 

Definition 2.3.12:  let 𝑆𝑘 be a symmetric group of size 𝑛 and 𝐶𝑘
−1 is an ordered 

cyclic subgroup of  𝑆𝑘 ,the relation ~ is  defined as 𝑐𝑘
−𝑗1~𝑐𝑘

−𝑗2  if and only if the 

left cosets  𝑐𝑘
−𝑗1 ∘ 𝑆𝑘 = 𝑐𝑘

−𝑗2 ∘ 𝑆𝑘∀𝑐𝑘
−𝑗1 , 𝑐𝑘

−𝑗2 ∈ 𝐶𝑘
−1.    

Lemma 2.3.13:  If  𝑆𝑘 is a group with subgroup 𝑆𝑘−1, then the relation ~ is an 

equivalence relation. 
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Proof: 

 The essence of this proof is that ~ is an equivalence relation because it is 

defined in terms of set equality and equality for sets is an equivalence relation. 

The details are below. 

1)~ is reflexive. 

Let 𝑠𝛼
−1 ∈ 𝑆𝑘 be given. Then, 𝑠𝛼

−1 ∘ 𝑆𝑘 = {𝑠𝛼
−1 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘} and as this set is well 

defined, 𝑠 ∘ 𝑆𝑘 = 𝑠 ∘ 𝑆𝑘. 

2)~ is symmetric. 

Let 𝑠𝛼
−1, 𝑠𝛽

−1 ∈ 𝑆𝑘 with 𝑠𝛼
−1~𝑠𝛽

−1, then by the definition of ~, 

 {𝑠𝛼
−1 ∘ 𝑆𝑘} = {𝑠𝛽

−1 ∘ 𝑆𝑘}. That is, {𝑠𝛼
−1 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘} = {𝑠𝛽

−1 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘} and as set 

equality is symmetric, {𝑠𝛽
−1 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘} = {𝑠𝛽

−1 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘}. 

Hence, 𝑠𝛽
−1~𝑠𝛼

−1 and as 𝑠𝛼
−1and 𝑠𝛽

−1 are arbitrary, ~ is symmetric. 

3)~ is transitive. 

Let 𝑠𝛼
−1, 𝑠𝛽

−1, 𝑠𝜕
−1 ∈ 𝑆𝑘 with 𝑠𝛼

−1~𝑠𝛽
−1 and 𝑠𝛽

−1~𝑠𝜕
−1.  

Then, 𝑠𝛼
−1 ∘ 𝑆𝑘 = {𝑠𝛼

−1 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘} = {𝑠𝛽
−1 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘} = 𝑠𝛽

−1 ∘ 𝑆𝑘 and 

𝑠𝛽
−1 ∘ 𝑆𝑘 = {𝑠𝛽

−1 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘} = {𝑠𝜕
−1 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘} = 𝑠𝜕

−1 ∘ 𝑆𝑘 As set equality is 

transitive, it follows that 

𝑠𝛼
−1 ∘ 𝑆𝑘 = {𝑠𝛼

−1 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘} = {𝑠𝜕
−1 ∘ 𝑠: 𝑠 ∈ 𝑆𝑘} = 𝑠𝜕

−1 ∘ 𝑆𝑘 or 𝑠𝛼
−1 ∘ 𝑆𝑘 =

𝑠𝜕
−1 ∘ 𝑆𝑘. That is, 𝑠𝛼

−1~𝑠𝜕
−1, and as 𝑠𝛼

−1, 𝑠𝛽
−1, 𝑠𝜕

−1 ∈ 𝑆𝑘 are arbitrary, ~ is 

transitive.                                                                                                       ∎ 

Lemma 2.3.14:  Let 𝑆𝑛 be a symmetric group and ~ be an equivalence relation 

on 𝑆𝑛. If {𝑠𝛼
−1 ∘ 𝑆𝑘} and {𝑠𝛽

−1 ∘ 𝑆𝑘} are two equivalence classes with 

 {𝑠𝛼
−1 ∘ 𝑆𝑘} ∩ {𝑠𝛽

−1 ∘ 𝑆𝑘} ≠ ∅, then {𝑠𝛼
−1 ∘ 𝑆𝑘} = {𝑠𝛽

−1 ∘ 𝑆𝑘}. 

Proof:  

To prove the lemma, we must show that (𝑠𝛼
−1 ∘ 𝑆𝑘) ⊂ (𝑠𝛽

−1 ∘ 𝑆𝑘) and 

 (𝑠𝛽
−1 ∘ 𝑆𝑘) ⊂ (𝑠𝛼

−1 ∘ 𝑆𝑘). As 𝑠𝛼
−1 ∘ 𝑆𝑘 and 𝑠𝛽

−1 ∘ 𝑆𝑘 are arbitrarily labeled, it 

suffices to show the former. 
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Let 𝑠𝛼𝑘 ∈ 𝑠𝛼
−1 ∘ 𝑆𝑘 and suppose (𝑠𝛼

−1 ∘ 𝑆𝑘) ∩ (𝑠𝛽
−1 ∘ 𝑆𝑘) ≠ ∅, there is 

 𝑠𝛼𝛽 ∈ (𝑠𝛼
−1 ∘ 𝑆𝑘) ∩ (𝑠𝛽

−1 ∘ 𝑆𝑘). As {𝑠𝛼
−1 ∘ 𝑆𝑘} is an equivalence class of ~ and 

both 𝑠𝛼𝑘   and 𝑠𝛼𝛽  are in 𝑠𝛼
−1 ∘ 𝑆𝑘, it follows that 𝑠𝛼𝑘  ~ 𝑠𝛼𝛽.  

Now since 𝑠𝛼𝑘  ~ 𝑠𝛼𝛽 ,  𝑠𝛼𝛽 ∈ {𝑠𝛽
−1 ∘ 𝑆𝑘} and {𝑠𝛽

−1 ∘ 𝑆𝑘} is an equivalence class 

of ~, it follows that 𝑠𝛼𝑘 ∈ {𝑠𝛽
−1 ∘ 𝑆𝑘} and then {𝑠𝛼

−1 ∘ 𝑆𝑘} = {𝑠𝛽
−1 ∘ 𝑆𝑘} .                   

∎                                               

Example 2.3.15:  

If  𝑆4 = {

(1), (12), (123), (23), (132), (13),
(1234), (234), (1342), (134), (34), (12)(34),
(13)(24), (1324), (243), (1243), (124), (24),
(1432), (143), (14), (142), (1423), (14)(23)

}. 

From example 2.3.4 

𝑆4 =

{
 

 
𝑆3 ∘ (1),

𝑆3 ∘ (1234),

𝑆3 ∘ (13)(24),

𝑆3 ∘ (1432) }
 

 
, 

and  𝐶4
−1 = {(1), (1432), (13)(24), (1234)} 

𝐶4
−1 ∘ 𝑆4 =

{
 

 
𝑆3 ∘ (1) ∘ (1),

𝑆3 ∘ (1234) ∘ (1432),

𝑆3 ∘ (13)(24) ∘ (13)(24),

𝑆3 ∘ (1432) ∘ (1234) }
 

 
= 𝑆3 . 
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Chapter Three: Some Operators For Complete 

Homogeneous  Symmetric Functions  

 Introduction 3.1

A Frobenius matrix is a special kind of square matrix from numerical 

mathematics. Some researchers use the transpose of this matrix, which (dually) 

cycles coordinates, and is more convenient for some purposes. There is 

suggestion method by the scientist Randic [45] to calculate the sum of the 

powers for the eigenvalues and works iteratively through Newton's identities to 

get the elementary symmetric functions for the eigenvalues, which represent the 

coefficients of the characteristic polynomial. 

For every analytic function  that takes 𝕌 into itself we associate the 

composition operator 𝐶 defined by: 

𝐶𝑓 = 𝑓 ∘   (𝑓 ∈ 𝐻
2) 

The Littlewoods a subordination theorem (1.3.7) tells us that the operator 

𝐶 takes the Hardy space 𝐻2 into itself. Littlewood's principle also supplies an 

estimate which shows that 𝐶  is a bounded operator on 𝐻2, see [14, 48] for 

more details. 

If  be an analytic self-map of 𝔼, then 
𝑛
=  ∘  ∘ … ∘  (n-times). 

        This chapter consists of five sections. The section one is introduction. In 

section two, we recall and derived  newton's identities for characteristic 

polynomials by companion matrix. In section three, we derived a new formula 

for coefficients of complete homogeneous symmetric in terms of powers of 

traces' matrix. In section four, we derived an ordered cyclic operator. In section 

five, we derived an inverse for an ordered cyclic operator. 
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 Derivation of Newton's Identities for Characteristic 3.2

Polynomials by Companion Matrix   

If 𝐴 is an 𝑚 ×𝑚 matrix with entries from some field 𝐾 such that 𝐴 is similar to 

the companion matrix over 𝐾 of its characteristic polynomial 𝑝(𝑡) and there 

exists a cyclic vector 𝑣 in 𝑉 = 𝐾𝑚 for 𝐴, meaning that {𝑣, 𝐴𝑣, 𝐴2𝑣, . . . , 𝐴𝑚−1𝑣} 

is a basis of  𝑉. Equivalently, such that 𝑉 is cyclic as a 𝐾[𝐴]-𝑚𝑜𝑑𝑢𝑙𝑒 and 

𝑉 = 𝐾[𝐴]/(𝑝(𝐴)).  

Definition 3.2.1: Let {𝑎𝑛} be an iterative sequence, the Frobenius companion 

matrix of the monic polynomial   𝑝(𝑡) = 𝑡𝑛 + 𝑎1𝑡
𝑛−1 +⋯+ 𝑎𝑛−1𝑡 + 𝑎𝑛; 𝑡 ∈ 𝐾 

is defined as: 

𝐶(𝑝) =  

[
 
 
 
 
0
1
0
⋮
0

        

0
0
1
⋮
0

       

…
…
…
⋱ 
⋯

     

0
0
0
⋮
1

      

−𝑎𝑛
−𝑎𝑛−1
−𝑎𝑛−2
⋮
−𝑎1

  

]
 
 
 
 

, 

and the transpose's matrix 

𝐶𝑇(𝑝) =

[
 
 
 
 
0
0
⋮
0
−𝑎𝑛

        

1
0
⋮
0

−𝑎𝑛−1

      

0
1
⋮
0

−𝑎𝑛−2

       

…
…
⋱
…
…

       

0
0
⋮
1
−𝑎1]

 
 
 
 

. 

The transpose generates the sequence, in the sense that: 

𝐶𝑇(𝑝) [

𝑎𝑘
𝑎𝑘+1
⋮

𝑎𝑘+𝑚−1

] = [

𝑎𝑘+1
𝑎𝑘+2
⋮

𝑎𝑘+𝑚

], 

increments the series by 1. The vector (1 , 𝑡 , 𝑡2, … , 𝑡𝑚−1) is an eigenvector of 

this matrix for eigenvalue 𝑡, when t is a root of the characteristic polynomial 

𝑝(𝑡). If  𝑝(𝑡) has distinct roots 𝜆1, 𝜆2, … , 𝜆𝑚 (the eigenvalues of  𝐶𝑇(𝑝)), then 

𝐶(𝑝) is diagonalizable as follows: 
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𝕍𝐶𝑇(𝑝)𝕍−1 = 𝑑𝑖𝑎𝑔 {𝜆1, 𝜆2, … , 𝜆𝑚} ;𝕍 =

[
 
 
 1
1
⋮
1

   

𝜆1
𝜆2
⋮   
𝜆𝑚

     

𝜆1
2

𝜆2
2

⋮ 
𝜆𝑚
2

   

…
…
 ⋱ 
…

     

𝜆1
𝑚−1

𝜆2
𝑚−1

⋮ 
𝜆𝑚
𝑚−1]

 
 
 
 . 

where 𝕍 is the Vandermonde matrix corresponding to the 𝜆′𝑠. In that case,[2] 

traces of powers 𝑗 of 𝐶𝑇(𝑝) readily yield sums of the same powers m of all roots 

of 𝑝(𝑡), 𝑇𝑟((𝐶𝑇(𝑝))𝑗) = ∑𝜆𝑘
𝑗
; 𝑘 = 1,2,… ,𝑚 . 

If 𝑝(𝑡) has a non-simple root, then 𝐶(𝑝) isn't diagonalizable (its Jordan 

canonical form contains one block for each distinct root). The scientist Radink 

explained [37] that:  

𝐶𝑇(𝑝) =

[
 
 
 
 
0
0
⋮
0
−𝑎𝑛

        

1
0
⋮
0

−𝑎𝑛−1

      

0
1
⋮
0

−𝑎𝑛−2

       

…
…
⋱
…
…

       

0
0
⋮
1
−𝑎1]

 
 
 
 

; 𝑡𝑟(𝐶𝑇(𝑝)) = −𝑎1. 

(𝐶𝑇(𝑝))
2

=

[
 
 
 
 
 
0
0
⋮
0
−𝑎𝑛
𝑎𝑛𝑎1

    

0
0
⋮
0

−𝑎𝑛−1
−𝑎𝑛+𝑎𝑛−1𝑎1  

1
0
⋮
0

−𝑎𝑛−2
−𝑎𝑛−1+𝑎𝑛−2𝑎1

     

…
 
⋱
 
…
…

    

0
0
⋮
1
−𝑎1

−𝑎2 + 𝑎1
2]
 
 
 
 
 

;  𝑡𝑟 ((𝐶𝑇(𝑝))
2
)

= 𝑎1
2−2𝑎2. 

(𝐶𝑇(𝑝))
3

=

[
 
 
 
 
 
 

0
0
⋮
0
−𝑎𝑛
𝑎1𝑎𝑛

−𝑎1
2𝑎𝑛 + 𝑎2𝑎𝑛

    

0
0
⋮
0

−𝑎𝑛−1
−𝑎𝑛+𝑎1𝑎𝑛−1

𝑎1𝑎𝑛−𝑎1
2𝑎𝑛−1 + 𝑎2𝑎𝑛−1  

0
0
⋮
0

−𝑎𝑛−2
−𝑎𝑛−1+𝑎1𝑎𝑛−2

𝑎1𝑎𝑛−1−𝑎1
2𝑎𝑛−2 + 𝑎2𝑎𝑛−2

     

…
…
⋱
 
…
…
…

    

0
0
⋮
1
−𝑎1

−𝑎2 + 𝑎1
2

−𝑎3 + 2𝑎1𝑎2 − 𝑎1
3]
 
 
 
 
 
 

; 

;𝑡𝑟 ((𝐶𝑡(𝑝))
3
) = −𝑎1

3−3𝑎3 + 3𝑎1𝑎2,  
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𝑎nd so on by taking 𝑡𝑟 ((𝐶𝑇(𝑝))
𝑗
) ; 𝑗 = 1,2,… , 𝑛 ,that yields to :  

𝑡𝑟 ((𝐶𝑇(𝑝))
1
) = −𝑎1 = 𝕤1; 𝑎1 = −𝕤1,  

𝑡𝑟 ((𝐶𝑇(𝑝))
2
) = 𝑎1

2−2𝑎2 = 𝕤2; 𝑎2 =
1

2
(( 𝕤1)

2 − 𝕤2), 

𝑡𝑟 ((𝐶𝑇(𝑝))
3
) = −𝑎1

3−3𝑎3 + 3𝑎1𝑎2 =  𝕤3 ;𝑎3 =
1

3
(
−( 𝕤1)

3

2
+ 3𝕤1 𝕤2 −  𝕤3), 

⋮ 

Example 3.2.1: Let 𝑝(𝑡) = 𝑡4 + 𝑎1𝑡
3 + 𝑎2𝑡

2 + 𝑎3𝑡 + 𝑎4 be a characteristic 

polynomial which has four distinct eigenvalues 𝜆1, 𝜆2, 𝜆3, 𝜆4, the Frobenius 

companion matrix of this polynomial is defined as: 𝐶(𝑝) = [

0 0
1 0

0 −𝑎4
0 −𝑎3

0 1
0 0

0 −𝑎2
1 −𝑎1

], 

𝐶𝑇(𝑝) = [

 0  1
   0      0   

 0  0
   1      0   

0 0
−𝑎4 −𝑎3

0 1
−𝑎2 −𝑎1

] ; 𝑡𝑟(𝐶𝑇(𝑝)) = −𝑎1 . 

(𝐶𝑇(𝑝))
2

= [

 0            0        
   0                0          

   
     1              0        

         0                    1          
−𝑎4 −𝑎3
𝑎1𝑎4 −𝑎4 + 𝑎3𝑎1

−𝑎2 −𝑎1
−𝑎3 + 𝑎2𝑎1 𝑎1

2 − 𝑎2

] ; 𝑡𝑟 ((𝐶𝑇(𝑝))
2
)

= 𝑎1
2 − 2𝑎2 . 
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(𝐶𝑇(𝑝))
3

=

[
 
 
 

 0            0        
  −𝑎4                −𝑎3          

   
     0                       1        

         −𝑎2                           −𝑎1          
𝑎1𝑎4 −𝑎4 + 𝑎3𝑎1

−𝑎1
2𝑎4 + 𝑎2𝑎4 𝑎1𝑎4 − 𝑎1

2𝑎3 + 𝑎3𝑎2

−𝑎3 + 𝑎2𝑎1 𝑎1
2 − 𝑎2

−𝑎4 + 𝑎3𝑎1 + 𝑎2
2−𝑎1

2𝑎2 −𝑎1
3 − 𝑎3 + 2𝑎2𝑎1]

 
 
 
; 

𝑡𝑟 ((𝐶𝑇(𝑝))
3
) = −𝑎1

3 + 3𝑎2𝑎1 − 3𝑎3. 

(𝐶𝑇(𝑝))
4

=

[
 
 
 
 

 −𝑎4            −𝑎3        
  𝑎1𝑎4                −𝑎4 + 𝑎3𝑎1          

   
     −𝑎2                      −𝑎1        

         −𝑎3 + 𝑎2𝑎1                          𝑎1
2 − 𝑎2          

−𝑎1
2𝑎4 + 𝑎2𝑎4 𝑎1𝑎4 − 𝑎1

2𝑎3 + 𝑎3𝑎2
𝑎1
3𝑎4 + 𝑎3𝑎4 − 2𝑎1𝑎2𝑎4 −𝑎1

2𝑎4+𝑎3
2 + 𝑎1

3𝑎3 + 𝑎2𝑎4 − 2𝑎1𝑎2𝑎3

−𝑎4 + 𝑎3𝑎1 + 𝑎2
2−𝑎1

2𝑎2 −𝑎1
3 − 𝑎3 + 2𝑎2𝑎1

𝑎1𝑎4 − 𝑎1
2𝑎3 − 2𝑎1𝑎2

2 + 𝑎1
3𝑎2 + 2𝑎3𝑎2 𝑎1

4 − 𝑎4 + 2𝑎1𝑎3 + 𝑎2
2 − 3𝑎1

2𝑎
2]
 
 
 
 

; 

𝑡𝑟 ((𝐶𝑇(𝑝))
4
) = 𝑎1

4 + 4𝑎1𝑎3 + 2𝑎2
2−3𝑎1

2𝑎2 − 4𝑎4. 

 

  Derivation of the Formula for 𝒉𝒌 in Terms of 𝕤𝒌   3.3

If  𝐴 =  (𝑎𝑖𝑗)𝑚×𝑚, 𝑎𝑖𝑗 ∈  ℂ, be a diagonal  complex matrix, the rational  

polynomial   
1

𝑑𝑒𝑡 (𝐼 — 𝐴) 
  which have  factors into  

1

∏ (1−𝑧𝜆𝑙)
𝑚
𝑙=1

   where  𝜆𝑙  are the 

eigenvalues of the matrix. The coefficients ℎ1, ℎ2, .··, ℎ𝑛 , …  of this polynomial 

𝐻(𝑧) = ℎ0 + ℎ1𝑧 + ℎ2𝑧
2 +⋯+ ℎ𝑘𝑧

𝑘 +⋯ ; 𝑧 ∈ 𝔼 , 

are given in terms of the eigenvalues 𝜆1, 𝜆2, … , 𝜆𝑚 by  

ℎ𝑘(𝜆1, 𝜆2 , … , 𝜆𝑚) = ∑ 𝜆1
𝑗1 … 𝜆𝑚

𝑗𝑚

𝑛

𝑗1+⋯+𝑗𝑚=𝑘

. 

ℎ𝑘(𝜆1, 𝜆2 , … , 𝜆𝑚) = ∑
𝑚1!𝑚2! … 𝑚𝑚!

𝑘!
𝜆𝑗1𝜆𝑗2  … 𝜆𝑗𝑚 . 

1≤𝑗1,…,𝑗𝑘≤𝑚

 

The symmetric powers of the eigenvalues 𝜆𝑙 are defined by 

 𝕤𝑛 = trace (𝐴
𝑛) = ∑ 𝜆𝑙

𝑛𝑚
𝑙=1 .The summation here is over all the eigenvalues of 

𝐴. We start with identities 

𝕤1 − ℎ1 = 0, 
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𝕤2 − ℎ1𝕤1 + 2ℎ2 = 0, 

𝕤3 − ℎ1𝕤2 + ℎ2𝕤1 − 3ℎ3 = 0, 

𝕤4 − ℎ1𝕤3 + ℎ2𝕤2 − ℎ3𝕤1 + 4ℎ4 = 0, 

⋮ 

Consider the formal power series   

𝕊(𝑧) = ∑ 𝕤𝑛 𝑧
𝑛∞

𝑛=0  and 𝐻(𝑧) = ∑ (−1)𝑛−1ℎ𝑛 𝑧
𝑛∞

𝑛=0 . 

It is convenient to take 𝕤0 = 0  𝑎𝑛𝑑  𝑎0 = 1.Then, by newton's identities and 

applying 𝜔, one gets: 

𝜔(ℎ𝑛)(𝑡) = 𝑎𝑛(−𝑡) or equivalently, 𝜔(ℎ𝑛) = (−1)
𝑛−1𝑎𝑛 we obtain identities 

similar to newton's identities and are equivalent to the formal differential 

equation: 

𝕊(𝑧)𝐻(𝑧) +  𝑧𝐻́(𝑧) =  0, 

𝕊(𝑧)𝐻(𝑧) +  𝑧𝐻́(𝑧)

= (∑𝕤𝑛 𝑧
𝑛

∞

𝑛=0

)(∑(−1)𝑛−1ℎ𝑛 𝑧
𝑛

∞

𝑛=0

)

+∑(−1)𝑛−1𝑛ℎ𝑛 𝑧
𝑛

∞

𝑛=0

= (−1 + ℎ0) + (𝕤1 − ℎ1)𝑧 + (𝕤2 − ℎ1𝕤1 + 2ℎ2)𝑧
2

+ (𝕤3 − ℎ1𝕤2 + ℎ2𝕤1 − 3ℎ3)𝑧
3

+ (𝕤4 − ℎ1𝕤3 + ℎ2𝕤2 − ℎ3𝕤1 + 4ℎ4)𝑧
4 +⋯ = 0 + 0 + 0 +⋯

= 0 . 

This can be solved by separating the variables: 

𝕊(𝑧) = −
𝑧𝐻́(𝑧)

𝐻(𝑧)
, 

and 

∫𝕊(𝑧)𝑑𝑧 = −∫
𝑧𝐻́(𝑧)

𝐻(𝑧)
𝑑𝑧 = − ln𝐻(𝑧) + 𝑐 . 
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We can integrate the left side term by term to get  

∫∑𝕤𝑛 𝑧
𝑛−1

∞

𝑛=1

𝑑𝑧 = ∑𝕤𝑛
𝑧𝑛

𝑛

∞

𝑛=1

= − ln𝐻(𝑧) + 𝑐 . 

When 𝑧 = 0, the left side is 0 and the right side is 𝑐. So, 𝑐 = 0 and we have two 

power series whose coefficients involve ℎ𝑛 and 𝕤𝑛. 

Since ln𝐻(𝑧) = −∑ 𝕤𝑛
𝑧𝑛

𝑛
∞
𝑛=1 , and that yields 𝐻(𝑧) = 𝑒−

∑ 𝕤𝑛
𝑧𝑛

𝑛
∞
𝑛=1 . Expanding 

using the power series for the exponential function, 

𝐻(𝑧) = 1 −
1

1!
(∑ 𝕤𝑛

𝑧𝑛

𝑛

∞

𝑛=1

) +
1

2!
(∑ 𝕤𝑛

𝑧𝑛

𝑛

∞

𝑛=1

)

2

−
1

3!
(∑ 𝕤𝑛

𝑧𝑛

𝑛

∞

𝑛=1

)

3

+⋯    . 

Therefore, collecting coefficients of 𝑧𝑛in this series as before, 

(−1)𝑛−1ℎ𝑛 =
1

1!

𝕤𝑛
𝑛
+ ∑

1

2!

𝕤𝑗1  𝕤𝑗2
𝑗1 𝑗2𝑗1+𝑗2=2

𝑗1,𝑗2≥1

− ∑
1

3!

𝕤𝑗1  𝕤𝑗2 𝕤𝑗3
 𝑗1 𝑗2𝑗3

+⋯ 
𝑗1+ 𝑗2+𝑗3=3
𝑗1, 𝑗2,𝑗3≥1

= ∑
(−1)𝑘−1 𝕤1

𝑗1𝕤2
𝑗2… 𝕤𝑛

𝑗𝑛

𝑗1!   𝑗2! … 𝑗𝑛!  1
𝑗1 2𝑗2…𝑛𝑗𝑛  

𝑗1+𝑗2+⋯+𝑗𝑛=𝑘
𝑗1+2𝑗2+3𝑗3+⋯+𝑛𝑗𝑛=𝑛

 . 

One also has 

ℎ𝑛 = ∑
(−1)𝑘−1 𝕤1

𝑗1𝕤2
𝑗2… 𝕤𝑛

𝑗𝑛

𝑗1!   𝑗2! … 𝑗𝑛!  1
𝑗1 2𝑗2…𝑛𝑗𝑛 

𝑗1+𝑗2+⋯+𝑗𝑛=𝑘
𝑗1+2𝑗2+3𝑗3+⋯+𝑛𝑗𝑛=𝑛

 , 

and in fact the magnitude of the coefficient 

𝑛!

𝑗1! 1
𝑗1   𝑗2! 2

𝑗2…  𝑗𝑛!  𝑛
𝑗𝑛
 , 

is the number of permutations of  𝑛 symbols composed of 𝑗𝑙) cycles of length 𝑙 

for 𝑙 =  1,2, . . . 𝑛. .,  
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ℎ𝑛 = ∑
𝑛!

𝑛!
.

(−1)𝑘−1 𝕤1
𝑗1𝕤2

𝑗2… 𝕤𝑛
𝑗𝑛

𝑗1!   𝑗2! … 𝑗𝑛!  1
𝑗1  2𝑗2 …𝑛𝑗𝑛 

𝑗1+𝑗2+⋯+𝑗𝑛=𝑘
𝑗1+2𝑗2+3𝑗3+⋯+𝑛𝑗𝑛=𝑛

  . 

It also provides a check on computations, viz 

∑
𝑛!

𝑗1! 1
𝑗1  𝑗2! 2

𝑗2…  𝑗𝑛!  𝑛
𝑗𝑛

𝑗1+𝑗2+⋯+𝑗𝑛=𝑘
𝑗1+2𝑗2+3𝑗3+⋯+𝑛𝑗𝑛=𝑛

, 

it  equals to |𝑠(𝑛, 𝑘)| = (−1)𝑛−𝑘𝑠(𝑛, 𝑘) where 𝑠(𝑛, 𝑘)  are the well-

known Sterling numbers of the first kind. 

 

ℎ𝑛 = ∑
 𝑠(𝑛, 𝑘) 𝕤1

𝑗1𝕤2
𝑗2… 𝕤𝑛

𝑗𝑛

𝑛! 
𝑗1+𝑗2+⋯+𝑗𝑛=𝑘

𝑗1+2𝑗2+3𝑗3+⋯+𝑛𝑗𝑛=𝑛

 . 

Example 3.3.1: Let  𝐴 = [1] be a diagonal matrix with eigenvalue 𝜆1 = 1. The 

powers of trace of 𝐴 

𝕤1 = 1, 𝕤2 = 1, 𝕤3 = 1, 𝕤4 = 1,…    , 

𝕤1
2 = 1, 𝕤1

3 = 1, 𝕤1
4 = 1,…     , 

ℎ𝑛 = ∑
 |𝑠(𝑛, 𝑘)| 𝕤1

𝑗1𝕤2
𝑗2… 𝕤𝑛

𝑗𝑛

𝑛! 
 .

𝑗1+𝑗2+⋯+𝑗𝑛=𝑘
𝑗1+2𝑗2+3𝑗3+⋯+𝑛𝑗𝑛=𝑛

 

𝑠(1,1) = 1, 

𝑠(2,1) = −1, 𝑠(2,2) = 1, 

𝑠(3,1) = 2, 𝑠(3,2) = −3, 𝑠(3,3) = 1, 

𝑠(4,1) = −6, 𝑠(4,2) = 11, 𝑠(4,3) = −6, 𝑠(4,4) = 1, 

ℎ0 = 1, 
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ℎ1 = ∑
 |𝑠(1,1)|𝕤1

1

1! 
𝑖1=1

= 1(1) = 1, 

ℎ2 = ∑
 |𝑠(2, 𝑘 = 1,2)| 𝕤1

𝑗1𝕤2
𝑗2  

2! 
=

𝑗1+𝑗2=1,2
𝑗1+2𝑗2=2

𝑠(2,1)𝕤1
0𝑆𝕤2

1 −  𝑠(2,2)𝕤1
2𝕤2
0

2! 
=
1 + 1

2

= 1, 

ℎ3 = ∑
 |𝑠(3, 𝑘 = 1,2,3)| 𝕤1

𝑗1𝕤2
𝑗
 𝕤3
𝑗3

3! 
𝑗1+𝑗2+𝑗3=1,2,3
𝑗1+2𝑗2+3𝑗3=3

=
 |𝑠(3,1)|𝕤1

0𝕤2
0 𝕤3

1 + |𝑠(3,2)|𝕤1
1𝕤2
1𝕤3
0 + |𝑠(3,3)| 𝕤1

0𝕤2
0 𝕤1

3

3! 

=
 2 (1) +  3(1) + (1)

3! 
= 1, 

ℎ4 = ∑
 |𝑠(4, 𝑘 = 1,2,3,4)| 𝕤1

𝑗1𝕤2
𝑗2  𝕤3

𝑗3𝕤4
𝑗4

4! 
𝑗1+𝑗2+𝑗3+𝑗4=1,2,3,4
𝑗1+2𝑗2+3𝑗3+4𝑗4=4

=
 |𝑠(4,1)| 𝕤10𝕤20 𝕤30𝕤41 + |𝑠(4,2)| {𝕤11𝕤20 𝕤31𝕤40 + 𝕤10𝕤22 𝕤30𝕤40} + |𝑠(4,3)| 𝕤12𝕤21 𝕤30𝑆40 + |𝑠(4,4)| 𝕤14𝕤20 𝕤30𝕤40

4! 

=
6(1) + 8(1) + 3(1) + 6 (1) + 1(1)

4! 
= 1 . 

𝐻(𝑧) =
1

1 − 𝑧
= 1 + 𝑧 + 𝑧2 + 𝑧3 + 𝑧4 +⋯  

Example 3.3.2: Let  𝐴 = [
𝑖 0
0 1 + 𝑖

] be a diagonal matrix with eigenvalues 

 𝜆1 = 𝑖, 𝑎𝑛𝑑 𝜆2 = 1 + 𝑖 . 

The powers of trace of 𝐴 

𝕤1 = 1 + 2𝑖, 𝕤2 = −1 + 2𝑖, 𝕤3 = −2 + 𝑖, 𝕤4 = −3,…  

𝕤1
2 = −3 + 4𝑖, 𝕤1

3 = −11 − 2𝑖, 𝕤1
4 = −7 − 24𝑖, 𝕤2

2 = −3 − 4𝑖 . 
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∑
 |𝑠(𝑛, 𝑘)| 𝕤1

𝑗1𝕤2
𝑗2… 𝕤𝑛

𝑗𝑛

𝑛! 
 .

𝑗1+𝑗2+⋯+𝑗𝑛=𝑘
𝑗1+2𝑗2+3𝑗3+⋯+𝑛𝑗𝑛=𝑛

 

𝑠(1,1) = 1, 

𝑠(2,1) = −1, 𝑠(2,2) = 1, 

𝑠(3,1) = 2, 𝑠(3,2) = −3, 𝑠(3,3) = 1, 

𝑠(4,1) = −6, 𝑠(4,2) = 11, 𝑠(4,3) = −6, 𝑠(4,4) = 1, 

𝑠(5,1) = 24, 𝑠(5,2) = −50, 𝑠(5,3) = 35, 𝑠(5,4) = −10, 𝑠(5,5) = 1, 

ℎ0 = 1, 

ℎ1 = ∑
 |𝑠(1,1)|𝕤1

1

1! 
𝑖1=1

=
 1(1 + 2𝑖)

1! 
= 1 + 2𝑖, 

ℎ2 = ∑
 |𝑠(2, 𝑘 = 1,2)| 𝕤1

𝑗1𝕤2
𝑗2  

2! 
=

𝑗+𝑗2=1,2
𝑗1+2𝑗2=2

𝑠(2,1)𝕤1
0𝕤2
1 +  𝑠(2,2)𝕤1

2𝕤2
0

2! 

=
(1)(−1 + 2𝑖) + (1)(−3 + 4𝑖)

2
= −2 + 3𝑖 , 

ℎ3 = ∑
 |𝑠(3, 𝑘 = 1,2,3)| 𝕤1

𝑗1𝕤2
𝑗2  𝕤3

𝑗3

3! 
𝑗1+𝑗2+𝑗3=1,2,3
𝑗1+2𝑗2+3𝑗3=3

=
 |𝑠(3,1)|𝕤1

0𝕤2
0 𝕤3

1 + |𝑠(3,2)|𝕤1
1𝕤2
1𝕤3
0 + |𝑠(3,3)| 𝕤1

0𝕤2
0 𝕤1

3

3! 

=
 (2) (−2 + 𝑖) + (3)(1 + 2𝑖)(−1 + 2𝑖) + (11 − 2𝑖)

3! 
= −5, 
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ℎ4 = ∑
 |𝑠(4, 𝑘 = 1,2,3,4)| 𝕤1

𝑗1𝕤2
𝑗2  𝕤3

𝑗3𝕤4
𝑗4

4! 
𝑗1+𝑗2+𝑗3+𝑗4=1,2,3,4
𝑗1+2𝑗2+3𝑗3+4𝑗4=4

=
 |𝑠(4,1)| 𝕤10𝕤20 𝕤30𝕤41 + |𝑠(4,2)| {𝕤11𝕤20 𝕤31𝕤40 + 𝕤10𝕤22 𝕤30𝕤40} + |𝑠(4,3)| 𝕤12𝕤21 𝕤30𝕤40 + | 𝑠(4,4)| 𝕤14𝕤20 𝕤30𝕤40

4! 

=
(6)(−3) + 8(−4 − 3𝑖) + (3)(−3 − 4𝑖) + (6)(−5 − 10𝑖) + (−7 − 24𝑖)

4! 
= −4 − 5𝑖 . 

𝐻(𝑧) =
1

(1 − 𝑖𝑧)(1 − (1 + 𝑖)𝑧)

= 1 + (1 + 2𝑖)𝑧 + (−2 + 3𝑖)𝑧2 + (−5)𝑧3 + (−4 − 5𝑖)𝑧4 +⋯   . 

 Derivation of an Ordered Cyclic Operator   3.4

From definition 2.2.1, can be defined an ordered cyclic operator of complete 

homogeneous  symmetric function and we conclude the action of  an ordered 

cyclic operator 𝒯𝕚 of order 𝕚 on each coefficient ℎ𝑛 of complete homogeneous  

symmetric function ;i.e. 𝒯𝕚(ℎ𝑛) = ℎ𝑛+𝕚 is similar to an action of ordered cyclic 

subgroups 𝐶𝑛
𝕚  of order 𝕚 on 𝑆𝑛 ;i.e.𝐶𝑛

𝕚 ∘ 𝑆𝑛 = 𝑆𝑛+𝕚 . 

Here 𝒯𝕚(𝐻(𝑧)) is represented univalent function because the coefficient ℎ𝕚 is 

coefficient of 𝑧0 and so on .  

Definition 3.4.1: Let 𝐶𝑚 be an ordered cyclic subgroup of symmetric group  𝑆𝑚 

and ℳ𝑚is an ordered cyclic matrices for symmetric matrices of size m as 

follows: 

𝓂𝑚
0 = 𝐼𝑚 =

[
 
 
 
 
 
1 0 0
0 1 0
0 0 1

0 … 0
0 … 0
0 … 0

0 0 0
⋮ ⋮ ⋮
0 0 0

1 … 0
⋮ ⋱ ⋮
0 … 1]

 
 
 
 
 

, 
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𝓂𝑚
1 =

[
 
 
 
 
 
0 1 0
1 0 1
0 0 0

… 0 0
… 0 0
⋱ 0 0

0 0 0
0 0 0
1 0 0

… 1 0
… 0 1
… 0 0]

 
 
 
 
 

… ,𝓂𝑚
𝑚−1 =

[
 
 
 
 
 
0 0 0
1 0 0
0 1 0

… 0 1
… 0 0
… 0 0

0 0 1
0 0 0
0 0 0

… 0 0
⋱ 0 0
… 1 0]

 
 
 
 
 

. 

We define the isomorphism 𝒯: (𝐶𝑚,∘) → (ℳ𝑚, . ) such that 𝒯(𝑐𝑚
𝕚 ) = 𝓂𝑚

𝕚  for 

all 𝕚. 

 Example 3.4.2:  Let 𝐶4 be an ordered cyclic subgroup of 𝑆4 and ℳ4 is a binary 

matrix of size 4 as follows: 

𝐶4 = {𝑐4
0 = (1), 𝑐4

1 = (1234), 𝑐4
2 = (13)(24), 𝑐4

3 = (1432)} 

ℳ4 = {𝓂4
0,𝓂4

1 ,𝓂4
2 ,𝓂4

3};𝓂4
0 = 𝐼4,𝓂4

1 = [

0 1
0 0

0 0
1 0

0 0
1 0

0 1
0 0

], 

𝓂4
2 = [

0 0
0 0

1 0
0 1

1 0
0 1

0 0
0 0

] ,𝓂4
3 = [

0 0
1 0

0 1
0 0

0 1
0 0

0 0
1 0

]. 

Such that the 𝒯(𝑐4
𝕚) = 𝓂4

𝕚  for all 𝕚 = 0,1,2,3. 

Also these matrices act on the sequence {𝑎𝑛} as follows:   

𝓂𝑚
𝕚 [

𝑎 𝑘
𝑎𝑘+1
⋮

𝑎𝑘+𝑛−1

] = [

𝑎 𝑘+𝕚
𝑎𝑘+𝕚+1
⋮

𝑎𝑘+𝕚+𝑛−1

], it follows from that :  

𝓂𝑚
𝕚 (𝐶𝑇(𝑝) [

𝑎 𝑘
𝑎𝑘+1
⋮

𝑎𝑘+𝑛−1

]) = 𝓂𝑚
𝕚 ([

𝑎 𝑘+1
𝑎𝑘+2
⋮

𝑎𝑘+𝑛

]) = [

𝑎 𝑘+𝕚+1
𝑎𝑘+𝕚+2
⋮

𝑎𝑘+𝕚+𝑛

].  

It's satisfies for each powers of companion matrix and thus follow action of 

ordered cyclic operator of elementary symmetric polynomials  
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𝑡𝑟

(

  
 
𝓂𝑚
𝕚

(

 
 

[
 
 
 
 
0
0
⋮
0
−𝑎𝑛

        

1
0
⋮
0

−𝑎𝑛−1

      

0
1
⋮
0

−𝑎𝑛−2

       

…
…
⋱
…
…

       

0
0
⋮
1
−𝑎1]

 
 
 
 

)

 
 

)

  
 
= −𝑎1+𝕚, 

 

  

𝑡𝑟

(

 
 
 
 

𝓂𝑚
𝕚

(

 
 
 

[
 
 
 
 
 
0
0
⋮
0
−𝑎𝑛
𝑎𝑛𝑎1

    

0
0
⋮
0

−𝑎𝑛−1
−𝑎𝑛+𝑎𝑛−1𝑎1  

1
0
⋮
0

−𝑎𝑛−2
−𝑎𝑛−1+𝑎𝑛−2𝑎1

     

…
 
⋱
 
…
…

    

0
0
⋮
1
−𝑎1

−𝑎2 + 𝑎1
2]
 
 
 
 
 

)

 
 
 

)

 
 
 
 

= 𝑎1+𝕚
2 −2𝑎2+𝕚 , 

𝑡𝑟 (𝓂𝑚
𝕚 ((𝐶𝑇(𝑝))

3
)) =

𝑡𝑟

(

 
 
 
 
 

𝓂𝑚
𝕚

(

 
 
 
 
 

[
 
 
 
 
 
 

0
0
⋮
0
−𝑎𝑛
𝑎1𝑎𝑛

−𝑎1
2𝑎𝑛 + 𝑎2𝑎𝑛

    

0
0
⋮
0

−𝑎𝑛−1
−𝑎𝑛+𝑎1𝑎𝑛−1

𝑎1𝑎𝑛−𝑎1
2𝑎𝑛−1 + 𝑎2𝑎𝑛−1  

0
0
⋮
0

−𝑎𝑛−2
−𝑎𝑛−1+𝑎1𝑎𝑛−2

𝑎1𝑎𝑛−1−𝑎1
2𝑎𝑛−2 + 𝑎2𝑎𝑛−2

     

…
…
⋱
 
…
…
…

    

0
0
⋮
1
−𝑎1

−𝑎2 + 𝑎1
2

2𝑎1𝑎2 − 𝑎1
3]
 
 
 
 
 
 

)

 
 
 
 
 

)

 
 
 
 
 

=

−𝑎1+𝕚
3 −𝑎3+𝕚 + 3𝑎1+𝕚𝑎2+𝕚 ,  

⋮ 

𝑎nd so on by taking 𝑡𝑟 (𝓂𝑚
𝕚 (𝐶𝑇(𝑝))

𝑘
) ; 𝑘 = 1,2,… , 𝑛 ,that yields to :  

𝑡𝑟 (𝓂𝑚
𝕚 (𝐶𝑇(𝑝))

1
) = −𝑎1+𝕚 = 𝕤1,  

𝑡𝑟 (𝓂𝑚
𝕚 (𝐶𝑇(𝑝))

2
) = 𝑎1+𝕚

2 −2𝑎2+𝕚 = 𝕤2; 𝑎2+𝕚 =
1

2
(( 𝕤1)

2 − 𝕤2), 
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𝑡𝑟 (𝓂𝑚
𝕚 (𝐶𝑇(𝑝))

3
) = −𝑎1+𝕚

3 −𝑎3+𝕚 + 3𝑎1+𝕚𝑎2+𝕚𝑎3+𝕚 =  𝕤3; 𝑎3+𝕚

=
1

3
(
−( 𝕤1)

3

2
+ 3𝕤1 𝕤2 −  𝕤3). 

⋮ 

Example 3.4.3: Let 𝑝(𝑡) = 𝑧4 + 𝑎1𝑧
3 + 𝑎2𝑧

2 + 𝑎3𝑧 + 𝑎4 be a characteristic 

polynomial  

𝓂4
𝕚 (𝐶𝑇(𝑝)) =

[

0 1
0 0

0 0
1 0

0 0
1 0

0 1
0 0

]

𝕚

[

 0  0
   0      0   

 0  0
   0      0   

0 0
−𝑎4 −𝑎3

0 0
−𝑎2 −𝑎1

] ; 𝑡𝑟 (𝓂4
𝕚 (𝐶𝑇(𝑝))) = −𝑎1+𝕚; 𝕚 =

0,1,2,3. 

𝓂4
𝕚 (𝐶𝑇(𝑝))

2
=

[

0 1
0 0

0 0
1 0

0 0
1 0

0 1
0 0

]

𝕚

[

 0            0        
   0                0          

   
     0              0        

         0                    0          
−𝑎4 −𝑎3
𝑎1𝑎4 −𝑎4 + 𝑎3𝑎1

−𝑎2 −𝑎1
−𝑎3 + 𝑎2𝑎1 𝑎1

2 − 𝑎2

] ; 𝑡𝑟 (𝓂4
𝕚 (𝐶𝑇(𝑝))

2
) =

𝑎1+𝕚
2 − 2𝑎2+𝕚; 𝕚 = 0,1,2,3.  

𝓂4
𝕚 (𝐶𝑇(𝑝))

3

= [

0 1
0 0

0 0
1 0

0 0
1 0

0 1
0 0

]

𝕚

[
 
 
 

 0            0        
  −𝑎4                −𝑎3          

   
     0                       0        

         −𝑎2                           −𝑎1          

𝑎1𝑎4 −𝑎4 + 𝑎3𝑎1
−𝑎1

2𝑎4 + 𝑎2𝑎4 𝑎1𝑎4 − 𝑎1
2𝑎3 + 𝑎3𝑎2

−𝑎3 + 𝑎2𝑎1 𝑎1
2 − 𝑎2

−𝑎4 + 𝑎3𝑎1 + 𝑎2
2−𝑎1

2𝑎2 −𝑎1
3 − 𝑎3 + 2𝑎2𝑎1]

 
 
 

; 

𝑡𝑟 (𝓂4
𝕚 (𝐶𝑇(𝑝))

3
) = −𝑎1+𝕚

3 + 3𝑎2+𝑖𝑎1+𝕚 − 3𝑎3+𝕚; 𝕚 = 0,1,2,3. 

𝓂4
𝕚
(𝐶𝑇(𝑝))

4

= [

0 1
0 0

0 0
1 0

0 0
1 0

0 1
0 0

]

𝑖

 

[
 
 
 

 −𝑎4            −𝑎3        
  𝑎1𝑎4                −𝑎4 + 𝑎3𝑎1          

   
     −𝑎2                      −𝑎1        

         −𝑎3 + 𝑎2𝑎1                          𝑎1
2 − 𝑎2          

−𝑎1
2𝑎4 + 𝑎2𝑎4 𝑎1𝑎4 − 𝑎1

2𝑎3 + 𝑎3𝑎2
𝑎1
3𝑎4 + 𝑎3𝑎4 − 2𝑎1𝑎2𝑎4 −𝑎1

2𝑎4+𝑎3
2 + 𝑎1

3𝑎3 + 𝑎2𝑎4 − 2𝑎1𝑎2𝑎3

−𝑎4 + 𝑎3𝑎1 + 𝑎2
2−𝑎1

2𝑎2 −𝑎1
3 − 𝑎3 + 2𝑎2𝑎1

𝑎1𝑎4 − 𝑎1
2𝑎3 − 2𝑎1𝑎2

2 + 𝑎1
3𝑎2 + 2𝑎3𝑎2 𝑎1

4 − 𝑎4 + 2𝑎1𝑎3 + 𝑎2
2 − 3𝑎1

2𝑎2]
 
 
 
; 

𝑡𝑟 (𝓂4
𝕚 (𝐶𝑇(𝑝))

4
) = 𝑎1+𝕚

4 + 4𝑎1+𝕚𝑎3+𝕚 + 2𝑎2+𝕚
2 −3𝑎1+𝕚

2 𝑎2+𝕚 − 4𝑎4+𝕚; 𝕚 = 0,1,2,3 . 
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It follows from acting of ordered cyclic operator on characteristic polynomial  

𝒯𝕚(𝑝(𝑧)) = 𝒯𝕚(𝑎0𝑧
𝑛 + 𝑎1𝑧

𝑛−1 +⋯+ 𝑎𝑛−1𝑧 + 𝑎𝑛)

= 𝑎𝕚𝑧
𝑛 + 𝑎1+𝕚𝑧

𝑛−1 +⋯+ 𝑎𝑛−1+𝕚𝑧 + 𝑎𝑛+𝕚; 𝑛 𝑚𝑜𝑑 𝕚 . 

 

By applying 𝜔, one gets: 

𝜔(𝑎𝑛)(𝑡) = ℎ𝑛(−𝑡)or equivalently, 

𝜔(𝑎𝑛) = (−1)
𝑛−1ℎ𝑛 One also has 

𝒯𝕚(𝐻(𝑧)) = 𝒯𝕚(ℎ0 + ℎ1𝑧 + ℎ2𝑧
2 +⋯+ ℎ𝑘𝑧

𝑘 +⋯)

= ℎ𝕚 + ℎ1+𝕚𝑧 + ℎ2+𝕚𝑧
2 +⋯+ ℎ𝑘+𝕚𝑧

𝑘 +⋯  . 

With start with identities 

𝕤1 − ℎ1+𝕚 = 0, 

𝕤2 − ℎ1+𝕚𝕤1 + 2ℎ2+𝕚 = 0, 

𝕤3 − ℎ1+𝕚𝕤2 + ℎ2+𝕚𝕤1 − 3ℎ3+𝕚 = 0, 

𝕤4 − ℎ1+𝕚𝕤3 + ℎ2+𝕚𝕤2 − ℎ3+𝕚𝕤1 + 4ℎ4+𝕚 = 0, 

⋮ 

 

Consider the formal power series  𝕊(𝑧) = ∑ 𝕤𝑛 𝑧
𝑛∞

𝑛=0  and 𝒯𝕚(𝐻(𝑧)) =

∑ (−1)𝑛−1ℎ𝑛+𝕚 𝑧
𝑛∞

𝑛=0 .It is convenient to take 𝕤0 = 0  𝑎𝑛𝑑  𝑎0 = 1 . 

Then, by newton's identities and applying 𝜔, one gets: 

𝜔(ℎ𝑛)(𝑡) = 𝑎𝑛(−𝑡) or equivalently, 𝜔(ℎ𝑛) = (−1)
𝑛−1𝑎𝑛 we obtain identities 

similar to newton's identities and are equivalent to the formal differential 

equation: 

𝕊(𝑧)𝒯𝕚(𝐻(𝑧)) +  𝑧𝒯𝕚 (𝐻́(𝑧)) =  0, 
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𝕊(𝑧)𝒯𝕚(𝐻(𝑧)) +  𝑧𝒯𝕚 (𝐻́(𝑧))

= (∑𝕤𝑛 𝑧
𝑛

∞

𝑛=0

)(∑(−1)𝑛−1ℎ𝑛+𝕚 𝑧
𝑛

∞

𝑛=0

)

+∑(−1)𝑛−1𝑛ℎ𝑛+𝕚 𝑧
𝑛

∞

𝑛=0

= (−1 + ℎ𝕚) + (𝕤1 − ℎ1+𝕚)𝑧 + (𝕤2 − ℎ1+𝕚𝕤1 + 2ℎ2+𝕚)𝑧
2

+ (𝕤3 − ℎ1+𝕚𝕤2 + ℎ2+𝕚𝕤1 − 3ℎ3+𝕚)𝑧
3

+ (𝕤4 − ℎ1+𝕚𝕤3 + ℎ2+𝕚𝕤2 − ℎ3+𝕚𝕤1 + 4ℎ4+𝕚)𝑧
4 +⋯ 

= 0 + 0 + 0 +⋯ = 0 . 

This can be solved by separating the variables: 

𝕊(𝑧) = −
𝑧𝒯𝕚 (𝐻́(𝑧))

𝒯𝕚(𝐻(𝑧))
; 𝕚 = 0,1,2,…  

and 

∫𝕊(𝑧)𝑑𝑧 = −∫
𝑧𝒯𝕚 (𝐻́(𝑧))

𝒯𝕚(𝐻(𝑧))
𝑑𝑧 = − ln𝒯𝕚(𝐻(𝑧)) + 𝑐 . 

We can integrate the left side term by term to get  

∫∑𝕤𝑛 𝑧
𝑛−1

∞

𝑛=1

𝑑𝑧 = ∑𝕤𝑛
𝑧𝑛

𝑛

∞

𝑛=1

= − ln𝒯𝕚(𝐻(𝑧)) + 𝑐. 

When 𝑧 = 0, the left side is 0 and the right side is 𝑐. So, 𝑐 = 0 and we have two 

power series whose coefficients involve ℎ𝑛 and 𝕤𝑛. 

Since ln 𝒯𝕚(𝐻(𝑧)) = −∑ 𝕤𝑛
𝑧𝑛

𝑛
∞
𝑛=1 , and that yields 𝒯𝕚(𝐻(𝑧)) = 𝑒−

∑ 𝕤𝑛
𝑧𝑛

𝑛
∞
𝑛=1 . 

Expanding using the power series for the exponential function, 
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𝒯𝕚(𝐻(𝑧)) = 1 −
1

1!
(∑ 𝕤𝑛

𝑧𝑛

𝑛

∞

𝑛=1

) +
1

2!
(∑ 𝕤𝑛

𝑧𝑛

𝑛

∞

𝑛=1

)

2

−
1

3!
(∑ 𝕤𝑛

𝑧𝑛

𝑛

∞

𝑛=1

)

3

+⋯ 

Therefore, collecting coefficients of 𝑧𝑛in this series as before, 

(−1)𝑛−1ℎ𝑛+𝕚 =
1

1!

𝕤(𝑛+𝕚)
(𝑛 + 𝕚)

+ ∑
1

2!

𝕤𝑗1  𝕤𝑗2
𝑗1𝑗2𝑗1+𝑗2=2

 𝑗1,𝑗2≥1

− ∑
1

3!

𝕤𝑗1  𝕤𝑗2 𝕤 𝑗3
𝑗1 𝑗2 𝑗3

+⋯ 
𝑗1+𝑗2+𝑗3=3
𝑗1,𝑗2,𝑗3≥1

= ∑
(−1)𝑘−1 𝕤1

𝑗1𝕤2
𝑗2 … 𝕤

(𝑛+𝕚)

𝑗(𝑛+𝕚)

𝑗1!   𝑗2! … 𝑗(𝑛+𝕚)!  1
𝑗1 2𝑗2 …(𝑛 + 𝕚)𝑗(𝑛+𝕚) 

𝑗1+𝑗2+⋯+𝑗(𝑛+𝕚)=𝑘

𝑗+2𝑗2+3𝑗3+⋯+(𝑛+𝕚)𝑗(𝑛+𝕚)=(𝑛+𝕚)

. 

One also has 

ℎ𝑛+𝕚 = ∑
(−1)𝑛−𝑘  𝕤1

𝑗1𝕤2
𝑗2… 𝕤

(𝑛+𝕚)

𝑗(𝑛+𝕚)

𝑗1!   𝑗2! … 𝑗(𝑛+𝕚)!  1
𝑗1  2𝑗2 …(𝑛 + 𝕚)𝑗(𝑛+𝕚)  

𝑗1+𝑗2+⋯+𝑗(𝑛+𝕚)=𝑘

𝑗+2𝑗2+3𝑗3+⋯+(𝑛+𝕚)𝑗(𝑛+𝕚)=(𝑛+𝕚)

, 

and in fact the magnitude of the coefficient 

(𝑛 + 𝕚)!

𝑗1! 1
𝑗1  𝑗2! 2

𝑗2…  𝑗(𝑛+𝕚)!  (𝑛 + 𝕚)
𝑗(𝑛+𝕚)

 , 

is the number of permutations of  (𝑛 + 𝕚) symbols composed of 𝑗𝑙- cycles of 

length 𝑙 for 𝑙 =  1,2, . . . (𝑛 + 𝕚), 

ℎ𝑛+𝕚

= ∑
(𝑛 + 𝕚)!

(𝑛 + 𝕚)!
.

(−1)𝑛−𝑘  𝕤1
𝑗1𝕤2

𝑗2… 𝕤
(𝑛+𝕚)

𝑗(𝑛+𝕚)

𝑗1!   𝑗2! … 𝑗(𝑛+𝕚)!  1
𝑗1 2𝑗2 …(𝑛 + 𝕚)𝑗(𝑛+𝕚)  

𝑗1+𝑗2+⋯+𝑗(𝑛+𝕚)=𝑘

𝑗+2𝑗2+3𝑗3+⋯+(𝑛+𝕚)𝑗(𝑛+𝕚)=(𝑛+𝕚)

 . 

It also provides a check on computations, viz 

∑
𝑛!

𝑗1! 1
𝑗1  𝑗2! 2

𝑗2…  𝑗𝑛!  𝑛
𝑗𝑛

𝑗1+𝑗2+⋯+𝑗(𝑛+𝕚)=𝑘

𝑗+2𝑗2+3𝑗3+⋯+(𝑛+𝕚)𝑗(𝑛+𝕚)=(𝑛+𝕚)

 , 
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it  equals to |𝑠(𝑛 + 𝕚, 𝑘)| = (−1)𝑛−𝑘𝑠(𝑛 + 𝕚, 𝑘)where 𝑠(𝑛 + 𝕚, 𝑘)  are the 

well-known Sterling numbers of the first kind. 

 

ℎ𝑛+𝕚 = ∑
 𝑠(𝑛 + 𝕚, 𝑘)  𝕤1

𝑗1𝕤2
𝑗2 … 𝕤

(𝑛+𝕚)

𝑗(𝑛+𝕚)

(𝑛 + 𝕚)! 
 .

𝑗1+𝑗2+⋯+𝑗(𝑛+𝕚)=𝑘

𝑗+2𝑗2+3𝑗3+⋯+(𝑛+𝕚)𝑗(𝑛+𝕚)=(𝑛+𝕚)

 

Example  3.4.4: From example 3.3.2 , the polynomial 

𝐻(𝑧) =
1

(1 − 𝑖𝑧)(1 − (1 + 𝑖)𝑧)

= 1 + (1 + 2𝑖)𝑧 + (−2 + 3𝑖)𝑧2 + (−5)𝑧3 + (−4 − 5𝑖)𝑧4 +⋯   . 

Then 𝒯1(𝐻(𝑧)) = (1 + 2𝑖) + (−2 + 3𝑖)𝑧 + (−5)𝑧2 + (−4 − 5𝑖)𝑧3 +⋯   . 

 

 Derivation The Inverse of an Ordered Cyclic Operator 3.5

      From proposition 2.2.4 can be defined an inverse for an ordered cyclic 

operator and we conclude the action of  inverse for ordered cyclic operator 𝒯−𝕚 

of order 𝕚 on each coefficient ℎ𝑛 of complete homogeneous  symmetric function 

;i.e.𝒯−𝕚(ℎ𝑛) = ℎ𝑛−𝕚 is similar to the action of inverse of ordered cyclic 

subgroups 𝐶𝑛
−𝕚 of order 𝕚 on 𝑆𝑛 ;i.e.𝐶𝑛

−𝕚 ∘ 𝑆𝑛 = 𝑆𝑛−𝕚 .  

Here 𝒯−𝕚(𝐻(𝑧)) is represented multivalent function because the coefficient ℎ0 

is coefficient of 𝑧𝕚 when the coefficients of 𝑧0,1,…,𝕚−1is equal to zero .  

Definition 3.5.1: Let 𝐶𝑚
−1 be an inverse for an ordered cyclic subgroup of 

symmetric group  𝑆𝑚 and ℳ𝑚
−1is an inverse for an ordered cyclic matrices for 

symmetric matrices of size m as follows: 

𝓂𝑚
−𝑚 = 𝓂𝑚

0 = 𝐼𝑚 =

[
 
 
 
 
 
1 0 0
0 1 0
0 0 1

0 … 0
0 … 0
0 … 0

0 0 0
⋮ ⋮ ⋮
0 0 0

1 … 0
⋮ ⋱ ⋮
0 … 1]

 
 
 
 
 

, 
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𝓂𝑚
−1 = 𝓂𝑚

𝑚−1 =

[
 
 
 
 
 
0 0 0
1 0 0
0 1 0

… 0 1
… 0 0
… 0 0

0 0 1
0 0 0
0 0 0

… 0 0
⋱ 0 0
… 1 0]

 
 
 
 
 

, … ,𝓂𝑚
−(𝑚−1)

 

= 𝓂𝑚
1 =

[
 
 
 
 
 
0 1 0
0 0 1
0 0 0

… 0 0
… 0 0
⋱ 0 0

0 0 0
0 0 0
1 0 0

… 1 0
… 0 1
… 0 0]

 
 
 
 
 

. 

We define the isomorphism 𝒯: (𝐶𝑚
−1,∘) → (ℳ𝑚

−1, . ) such that 𝒯(𝑐𝑚
−𝕚) = 𝓂𝑚

−𝕚 for 

all 𝕚. 

Example 3.5.2: Let 𝐶4
−1 be an inverse for an ordered cyclic subgroup of 𝑆4 and 

ℳ4
−1is a binary matrix of size 4 as follows: 

𝐶4
−1 = 𝑐4

−4 = 𝑐4
0 = (1), 𝑐4

−1 = (1432), 𝑐4
−2 = (13)(24), 𝑐4

−3 = (1234)} 

ℳ4 = {𝓂4
0,𝓂4

−1,𝓂4
−2,𝓂4

−3};𝓂4
0 = 𝐼4,𝓂4

−1 = [

0 0
1 0

0 1
0 0

0 1
0 0

0 0
1 0

] ,𝓂4
−2

= [

0 0
0 0

1 0
0 1

1 0
0 1

0 0
0 0

] ,𝓂4
−3 = [

0 1
0 0

0 0
1 0

0 0
1 0

0 1
0 0

]. 

Such that the 𝒯(𝑐4
−𝕚) = 𝓂4

−𝕚 for all 𝑖 = 0,1,2,3. 

 Also, these matrices act on the sequence {𝑎𝑛} as follows:   
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𝓂𝑚
−𝕚 [

𝑎 𝑘
𝑎𝑘+1
⋮

𝑎𝑘+𝑛−1

] = [

𝑎 𝑘−𝕚
𝑎𝑘+𝕚−1
⋮

𝑎𝑘−𝕚+𝑛−1

] it follows from that :  

𝓂𝑚
−𝕚(𝐶𝑇(𝑝) [

𝑎 𝑘
𝑎𝑘+1
⋮

𝑎𝑘+𝑛−1

]) = 𝓂𝑚
−𝕚([

𝑎 𝑘+1
𝑎𝑘+2
⋮

𝑎𝑘+𝑛

]) = [

𝑎 𝑘−𝕚+1
𝑎𝑘−𝕚+2
⋮

𝑎𝑘−𝕚+𝑛

].  

It's satisfies for each powers of  companion matrix, thus the action of ordered 

cyclic operator of elementary symmetric polynomials  

𝑡𝑟

(

  
 
𝓂𝑚
−𝕚

(

 
 

[
 
 
 
 
0
0
⋮
0
−𝑎𝑛

        

1
0
⋮
0

−𝑎𝑛−1

      

0
1
⋮
0

−𝑎𝑛−2

       

…
…
⋱
…
…

       

0
0
⋮
1
−𝑎1]

 
 
 
 

)

 
 

)

  
 
= −𝑎1−𝕚, 

  

𝑡𝑟

(

 
 
 
 

𝓂𝑚
−𝕚

(

 
 
 

[
 
 
 
 
 
0
0
⋮
0
−𝑎𝑛
𝑎𝑛𝑎1

    

0
0
⋮
0

−𝑎𝑛−1
−𝑎𝑛+𝑎𝑛−1𝑎1  

1
0
⋮
0

−𝑎𝑛−2
−𝑎𝑛−1+𝑎𝑛−2𝑎1

     

…
 
⋱
 
…
…

    

0
0
⋮
1
−𝑎1

−𝑎2 + 𝑎1
2]
 
 
 
 
 

)

 
 
 

)

 
 
 
 

= 𝑎1−𝑖
2 −2𝑎2−𝑖 , 

𝑡𝑟 (𝓂𝑚
−𝕚 ((𝐶𝑇(𝑝))

3
)) =

𝑡𝑟

(

 
 
 
 
 

𝓂𝑚
−𝕚

(

 
 
 
 
 

[
 
 
 
 
 
 

0
0
⋮
0
−𝑎𝑛
𝑎1𝑎𝑛

−𝑎1
2𝑎𝑛 + 𝑎2𝑎𝑛

    

0
0
⋮
0

−𝑎𝑛−1
−𝑎𝑛+𝑎1𝑎𝑛−1

𝑎1𝑎𝑛−𝑎1
2𝑎𝑛−1 + 𝑎2𝑎𝑛−1  

0
0
⋮
0

−𝑎𝑛−2
−𝑎𝑛−1+𝑎1𝑎𝑛−2

𝑎1𝑎𝑛−1−𝑎1
2𝑎𝑛−2 + 𝑎2𝑎𝑛−2

     

…
…
⋱
 
…
…
…

    

0
0
⋮
1
−𝑎1

−𝑎2 + 𝑎1
2

2𝑎1𝑎2 − 𝑎1
3]
 
 
 
 
 
 

)

 
 
 
 
 

)

 
 
 
 
 

=

−𝑎1−𝕚
3 −𝑎3−𝕚 + 3𝑎1−𝕚𝑎2−𝕚 ,  

⋮ 
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𝑎nd so on by taking 𝑡𝑟 (𝓂𝑚
−𝕚(𝐶𝑇(𝑝))

𝑘
) ; 𝑘 = 1,2,… , 𝑛 ,that yields to :  

𝑡𝑟 (𝓂𝑚
−𝕚(𝐶𝑇(𝑝))

1
) = −𝑎1−𝕚 = 𝕤1,  

𝑡𝑟 (𝓂𝑚
−𝕚(𝐶𝑇(𝑝))

2
) = 𝑎1−𝕚

2 −2𝑎2−𝑖 = 𝕤2; 𝑎2−𝑖 =
1

2
(( 𝕤1)

2 − 𝕤2), 

𝑡𝑟 (𝓂𝑚
−𝕚(𝐶𝑇(𝑝))

3
) = −𝑎1−𝕚

3 −3𝑎3−𝕚 + 3𝑎1−𝕚𝑎2−𝕚𝑎3−𝕚 =  𝕤3; 𝑎3−𝕚

=
1

3
(
−( 𝕤1)

3

2
+ 3𝕤1 𝕤2 −  𝕤3), 

⋮ 

Example 3.5.3: Let 𝑝(𝑡) = 𝑧4 + 𝑎1𝑧
3 + 𝑎2𝑧

2 + 𝑎3𝑧 + 𝑎4 be a characteristic 

polynomial  

𝓂4
−𝕚(𝐶𝑇(𝑝)) = [

0 0
1 0

0 1
0 0

0 1
0 0

0 0
1 0

]

𝕚

[

 0  0
   0      0   

 0  0
   0      0   

0 0
−𝑎4 −𝑎3

0 0
−𝑎2 −𝑎1

] ; 𝑡𝑟 (𝓂4
−𝕚(𝐶𝑇(𝑝)))

= −𝑎1−𝕚; 𝕚 = 0,1,2,3. 

𝓂4
−𝕚(𝐶𝑇(𝑝))

2

= [

0 0
1 0

0 1
0 0

0 1
0 0

0 0
1 0

]

𝕚

[

 0            0        
   0                0          

   
     0              0        

         0                    0          
−𝑎4 −𝑎3
𝑎1𝑎4 −𝑎4 + 𝑎3𝑎1

−𝑎2 −𝑎1
−𝑎3 + 𝑎2𝑎1 𝑎1

2 − 𝑎2

] ; 𝑡𝑟 (𝓂4
−𝕚(𝐶𝑇(𝑝))

2
)

= 𝑎1−𝕚
2 − 2𝑎2−𝕚;  𝕚 = 0,1,2,3. 

𝓂4
−𝕚(𝐶𝑇(𝑝))

3

= [

0 0
1 0

0 1
0 0

0 1
0 0

0 0
1 0

]

𝕚

[
 
 
 

 0            0        
  −𝑎4                −𝑎3          

   
     0                       0        

         −𝑎2                           −𝑎1          
𝑎1𝑎4 −𝑎4 + 𝑎3𝑎1

−𝑎1
2𝑎4 + 𝑎2𝑎4 𝑎1𝑎4 − 𝑎1

2𝑎3 + 𝑎3𝑎2

−𝑎3 + 𝑎2𝑎1 𝑎1
2 − 𝑎2

−𝑎4 + 𝑎3𝑎1 + 𝑎2
2−𝑎1

2𝑎2 −𝑎1
3 − 𝑎3 + 2𝑎2𝑎1]

 
 
 

; 

𝑡𝑟 (𝓂4
−𝕚(𝐶𝑇(𝑝))

3
) = −𝑎1−𝕚

3 + 3𝑎2−𝕚𝑎1−𝕚 − 3𝑎3−𝕚; 𝕚 = 0,1,2,3. 
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𝓂4
−𝕚(𝐶𝑇(𝑝))

4
= [

0 0
1 0

0 1
0 0

0 1
0 0

0 0
1 0

]

𝕚

 

[
 
 
 

 −𝑎4            −𝑎3        
  𝑎1𝑎4                −𝑎4 + 𝑎3𝑎1          

   
     −𝑎2                      −𝑎1        

         −𝑎3 + 𝑎2𝑎1                          𝑎1
2 − 𝑎2          

−𝑎1
2𝑎4 + 𝑎2𝑎4 𝑎1𝑎4 − 𝑎1

2𝑎3 + 𝑎3𝑎2
𝑎1
3𝑎4 + 𝑎3𝑎4 − 2𝑎1𝑎2𝑎4 −𝑎1

2𝑎4+𝑎3
2 + 𝑎1

3𝑎3 + 𝑎2𝑎4 − 2𝑎1𝑎2𝑎3

−𝑎4 + 𝑎3𝑎1 + 𝑎2
2−𝑎1

2𝑎2 −𝑎1
3 − 𝑎3 + 2𝑎2𝑎1

𝑎1𝑎4 − 𝑎1
2𝑎3 − 2𝑎1𝑎2

2 + 𝑎1
3𝑎2 + 2𝑎3𝑎2 𝑎1

4 − 𝑎4 + 2𝑎1𝑎3 + 𝑎2
2 − 3𝑎1

2𝑎2]
 
 
 
; 

𝑡𝑟 (𝓂4
−𝕚(𝐶𝑇(𝑝))

4
) = 𝑎1−𝕚

4 + 4𝑎1−𝕚𝑎3−𝕚 + 2𝑎2−𝕚
2 −3𝑎1−𝕚

2 𝑎2−𝕚 − 4𝑎4−𝕚; 𝕚 = 0,1,2,3. 

It follows from acting of ordered cyclic operator on characteristic polynomial  

𝒯−𝕚(𝑝(𝑧)) = 𝒯−𝕚(𝑎0𝑧
𝑛 + 𝑎1𝑧

𝑛−1 +⋯+ 𝑎𝑛−1𝑧 + 𝑎𝑛) = 𝑎−𝕚𝑧
𝑛 + 𝑎1−𝕚𝑧

𝑛−1 +

⋯+ 𝑎𝑛−1−𝕚𝑧 + 𝑎𝑛−𝕚; 𝑛 𝑚𝑜𝑑 − 𝕚. 

By applying 𝜔, one gets: 

𝜔(𝑎𝑛)(𝑡) = ℎ𝑛(−𝑡)or equivalently, 

𝜔(𝑎𝑛) = (−1)
𝑛−1ℎ𝑛 One also has 

𝒯−𝕚(𝐻(𝑧)) = 𝒯−𝕚(ℎ0 + ℎ1𝑧 + ℎ2𝑧
2 +⋯+ ℎ𝑘𝑧

𝑘 +⋯)

= ℎ−𝕚 + ℎ1−𝕚𝑧 + ℎ2−𝕚𝑧
2 +⋯+ ℎ𝑘−𝕚𝑧

𝑘 +⋯   . 

With start with identities 

𝕤1 − ℎ1−𝕚 = 0, 

𝕤2 − ℎ1−𝕚𝕤1 + 2ℎ2−𝕚 = 0, 

𝕤3 − ℎ1−𝕚𝕤2 + ℎ2−𝕚𝕤1 − 3ℎ3−𝕚 = 0, 

𝕤4 − ℎ1−𝕚𝕤3 + ℎ2−𝕚𝕤2 − ℎ3−𝕚𝕤1 + 4ℎ4−𝕚 = 0, 

⋮ 

 

Consider the formal power series  𝕊(𝑧) = ∑ 𝕤𝑛 𝑧
𝑛∞

𝑛=0  and  

𝒯−𝕚(𝐻(𝑧)) = ∑ (−1)𝑛−1ℎ𝑛+𝕚 𝑧
𝑛∞

𝑛=0 .It is convenient to take 𝕤0 = 0  and 

  𝑎0 = 1.  

Then, by newton's identities and applying 𝜔, one gets: 
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𝜔(ℎ𝑛)(𝑡) = 𝑎𝑛(−𝑡)or equivalently, 𝜔(ℎ𝑛) = (−1)
𝑛−1𝑎𝑛 we obtain identities 

similar to newton's identities and are equivalent to the formal differential 

equation: 

𝕊(𝑧)𝒯−𝕚(𝐻(𝑧)) +  𝑧𝒯−𝕚 (𝐻́(𝑧)) =  0, 

𝕊(𝑧)𝒯−𝕚(𝐻(𝑧)) +  𝑧𝒯−𝕚 (𝐻́(𝑧))

= (∑𝕤𝑛 𝑧
𝑛

∞

𝑛=0

)(∑(−1)𝑛−1ℎ𝑛−𝕚 𝑧
𝑛

∞

𝑛=0

)

+∑(−1)𝑛−1𝑛ℎ𝑛−𝕚 𝑧
𝑛

∞

𝑛=0

= (−1 + ℎ−𝕚) + (𝕤1 − ℎ1−𝕚)𝑧 + (𝕤2 − ℎ1−𝕚𝕤1 + 2ℎ2−𝕚)𝑧
2

+ (𝕤3 − ℎ1−𝕚𝕤2 + ℎ2−𝕚𝕤1 − 3ℎ3−𝕚)𝑧
3

+ (𝕤4 − ℎ1−𝕚𝕤3 + ℎ2−𝕚𝕤2 − ℎ3−𝕚𝕤1 + 4ℎ4−𝕚)𝑧
4 +⋯ 

= 0 + 0 + 0 +⋯ = 0 . 

This can be solved by separating the variables: 

𝕊(𝑧) = −
𝑧𝒯−𝕚 (𝐻́(𝑧))

𝒯−𝕚(𝐻(𝑧))
; 𝕚 = 0,1,2,…  , 

and 

∫𝕊(𝑧)𝑑𝑧 = −∫
𝑧𝒯−𝕚 (𝐻́(𝑧))

𝒯−𝕚(𝐻(𝑧))
𝑑𝑧 = − ln𝒯−𝕚(𝐻(𝑧)) + 𝑐 . 

We can integrate the left side term by term to get  

∫∑𝕤𝑛 𝑧
𝑛−1

∞

𝑛=1

𝑑𝑧 = ∑𝕤𝑛
𝑧𝑛

𝑛

∞

𝑛=1

= − ln𝒯−𝕚(𝐻(𝑧)) + 𝑐 . 

When 𝑧 = 0, the left side is 0 and the right side is 𝑐. So, 𝑐 = 0 and we have two 

power series whose coefficients involve ℎ𝑛 and 𝕤𝑛. 
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Since ln 𝒯−𝕚(𝐻(𝑧)) = −∑ 𝕤𝑛
𝑧𝑛

𝑛
∞
𝑛=1 , and that yields 𝒯−𝕚(𝐻(𝑧)) = 𝑒−

∑ 𝕤𝑛
𝑧𝑛

𝑛
∞
𝑛=1 . 

Expanding using the power series for the exponential function, 

𝒯−𝕚(𝐻(𝑧)) = 1 −
1

1!
(∑ 𝕤𝑛

𝑧𝑛

𝑛

∞

𝑛=1

) +
1

2!
(∑ 𝕤𝑛

𝑧𝑛

𝑛

∞

𝑛=1

)

2

−
1

3!
(∑ 𝕤𝑛

𝑧𝑛

𝑛

∞

𝑛=1

)

3

+⋯   . 

Therefore, collecting coefficients of 𝑧𝑛in this series as before, 

(−1)𝑛−1ℎ𝑛−𝕚 =
1

1!

𝕤𝑛−𝕚
𝑛 − 𝕚

+ ∑
1

2!

𝕤𝑗1  𝕤𝑗2
𝑗1 𝑗2𝑗1+𝑗2=2

𝑗1,𝑗2≥1

− ∑
1

3!

𝕤𝑗1  𝕤𝑗2 𝕤𝑗3
𝑗1 𝑗2 𝑗3

+⋯ 
𝑗1+ 𝑗2+𝑗3=3
𝑗1,𝑗2,𝑗3≥1

= ∑
(−1)𝑘−1 𝕤1

𝑗1𝕤2
𝑗2 … 𝕤

(𝑛−𝕚)

𝑗(𝑛−𝕚)

𝑗1!   𝑗2! … 𝑗(𝑛−𝕚)!  1
𝑗1 2𝑗2 …(𝑛 − 𝕚)𝑗(𝑛−𝕚)  

𝑗1+𝑗2+⋯+𝑗(𝑛−𝕚)=𝑘

𝑗1+2𝑗2+3𝑗3+⋯+(𝑛−𝕚)𝑗(𝑛−𝕚)=(𝑛−𝕚)

 . 

One also has 

ℎ𝑛−𝕚 = ∑
(−1)𝑛−𝑘  𝕤1

𝑗1𝕤2
𝑗2 … 𝕤

(𝑛−𝕚)

𝑗(𝑛−𝕚)

𝑗1!   𝑗2! … 𝑗(𝑛−𝕚)!  1
𝑗1  2𝑗2…(𝑛 − 𝕚)𝑗(𝑛−𝕚)  

𝑗1+𝑗2+⋯+𝑗(𝑛−𝕚)=𝑘

𝑗1+2𝑗2+3𝑗3+⋯+(𝑛−𝕚)𝑗(𝑛−𝕚)=(𝑛−𝕚)

 , 

and in fact the magnitude of the coefficient 

(𝑛 − 𝕚)!

𝑗1! 1
𝑗1  𝑗2! 2

𝑗2…  𝑗(𝑛−𝕚)!  (𝑛 − 𝕚)
𝑗(𝑛−𝕚)

 , 

is the number of permutations of  𝑛 − 𝕚 symbols composed of 𝑗𝑙- cycles of 

length 𝑙 for 𝑙 =  1,2, . . . (𝑛 − 𝕚),  

ℎ𝑛−𝕚 = ∑
(𝑛 − 𝕚)!

(𝑛 − 𝕚)!
.

(−1)𝑛−𝑘 𝕤1
𝑗1𝕤2

𝑗2 … 𝕤(𝑛−𝕚)
𝑗(𝑛−𝕚)

𝑗1!  𝑗2! … 𝑗(𝑛−𝕚)! 1
𝑗1  2𝑗2 …(𝑛 − 𝕚)𝑗(𝑛−𝕚)  

𝑗1+𝑗2+⋯+𝑗(𝑛−𝕚)=𝑘

𝑗1+2𝑗2+3𝑗3+⋯+(𝑛−𝕚)𝑗(𝑛−𝕚)=(𝑛−𝕚)

 . 

It also provides a check on computations, viz 
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∑
(𝑛 − 𝕚)!

𝑗1! 1
𝑗1   𝑗2! 2

𝑗2…  𝑗(𝑛−𝕚)!  (𝑛 − 𝕚)
𝑗(𝑛−𝕚)

𝑗1+𝑗2+⋯+𝑗(𝑛−𝕚)=𝑘

𝑗1+2𝑗2+3𝑗3+⋯+(𝑛−𝕚)𝑗(𝑛−𝕚)=(𝑛−𝕚)

 , 

 

it  equals to |𝑠(𝑛 − 𝕚, 𝑘)| = (−1)𝑛−𝑘𝑠(𝑛 − 𝕚, 𝑘)where 𝑠(𝑛 − 𝕚, 𝑘)  are the 

well-known Sterling numbers of the first kind. 

 

ℎ𝑛−𝕚 = ∑
 𝑠(𝑛 − 𝕚, 𝑘) 𝕤1

𝑗1𝕤2
𝑗2… 𝕤

(𝑛−𝕚)

𝑗(𝑛−𝕚)

(𝑛 − 𝕚)! 
𝑗1+𝑗2+⋯+𝑗(𝑛−𝕚)=𝑘

𝑗1+2𝑗2+3𝑗3+⋯+(𝑛−𝕚)𝑗(𝑛−𝕚)=(𝑛−𝕚)

 . 

Example  3.5.4: From example 3.3.2 , the polynomial 

𝐻(𝑧) =
1

(1 − 𝑖𝑧)(1 − (1 + 𝑖)𝑧)

= 1 + (1 + 2𝑖)𝑧 + (−2 + 3𝑖)𝑧2 + (−5)𝑧3 + (−4 − 5𝑖)𝑧4 +⋯   . 

Then 𝒯−1(𝐻(𝑧)) = 𝑧 + (1 + 2𝑖)𝑧2 + (−2 + 3𝑖)𝑧3 + (−5)𝑧4 + (−4 −

5𝑖)𝑧5 +⋯   . 
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Chapter Four: Differential Subordination and 

Superordination Results for Completely 

Homogeneous Symmetric Functions Class  

 Introduction 4.1

    This chapter is devoted for studying differential subordination and 

superordination results for type of special meromorphic univalent functions 

defined by some operators. A differential subordination in the complex plane is 

the generalization of the differential inequality on the real line. The concept of 

differential subordination plays a very important role in functions of real 

variable. In the theory of complex-valued function, there are several differential 

applications in which a characterization of a function is determined by a 

differential condition. Miller and Mocanu [36] have contributed number of 

papers on differential subordinations and superordinations. Many textbooks 

studied the differential subordination and superordination with sandwich 

theorems such as Duren [20], Goodman[29] and Pommerenke [42].This chapter 

is divided into three sections. The first section is introduction. In the second 

section is concerned with sandwich theorems for certain analytic completely 

homogeneous symmetric functions class defined by a new cyclic operator. Here, 

we derive some results certain of completely homogeneous symmetric functions 

by using differential subordination and superordination defined by an ordered 

cyclic operator such that ℋ(𝕌) denotes the analytic function class in the open 

unit disk 𝕌 =  {|𝑧| < 1; 𝑧 ∈ ℂ}, and let ℋ[𝑎, 𝑝] denotes the subclass of 

functions 𝑓 ∈ ℋ(𝕌) as: 

ℋ[𝑎, 𝑝] = {𝑓 ∈ ℋ: 𝑓(𝑧) = 𝑎 + 𝑎𝑝𝑧
𝑝 + 𝑎𝑝+1𝑧

𝑝+1 +⋯}; 𝑎 ∈  ℂ, 𝑝 ∈  𝑁 

=  {1, 2, . . . }. 
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    The resolvent 𝑑𝑒𝑡 (𝐼 —  А)−1 of a complex matrix  А is naturally an analytic 

function of eigenvalues 𝜆 ∈ ℂ and this eigenvalues are isolated singularities. In 

general, any matrix has finitely eigenvalues. The resolvent set of  А is defined as 

follows : 

𝜚(𝐴) = {𝜆 ∈ ℂ: 𝜆𝐼 − 𝐴 is invertible} 

and the spectrum of А is expressed by 𝜗(А) = ℂ/𝜚(А). 

    For distinct eigenvalues 𝜆1, 𝜆2 , … , 𝜆𝑚 , the polynomial  

𝐻(𝑧) = ℎ0 + ℎ1𝑧 + ℎ2𝑧
2 +⋯+ ℎ𝔫𝑧

𝔫 +⋯ 

are given in terms of the eigenvalues𝜆1, 𝜆2, … , 𝜆𝑚 by  

𝐻(𝑧) = ∑ℎ𝑛 𝑧
𝑛, ℎ𝑛 = ∑

𝓂1!𝓂2! … 𝓂𝓂!

𝑛!
𝜆𝑗1𝜆𝑗2  … 𝜆𝑗𝓂  

1≤𝑗1,…,𝑗𝑚≤𝓂

∞

𝑛=0

; 𝑧 

∈ ℂ.                                                                                                     (4.1.1) 

    This formula can also be written in terms of  the distinct powers of traces of 

matrix as follows:  

𝐻(𝑧) = ∑ℎ𝑛 𝑧
𝑛

∞

𝑛=0

; ℎ𝑛

= ∑
(−1)𝑛−𝑘  𝕤1

𝑗1𝕤2
𝑗2 … 𝕤𝑛

𝑗𝑛

𝑗1!   𝑗2! … 𝑗𝑛!  1
𝑗1  2𝑗2 …𝑛𝑗𝔫 

𝑗1+𝑗2+⋯+𝑗𝑛=𝑘
𝑗1+2𝑗+3𝑗3+⋯+𝑛𝑗𝑛=𝑛

 .                   (4.1.2) 

   This class represent the subclasses of analytical functions ℋ[𝑎, 𝑛] and denoted 

by ℍ such that ℋ[𝑎, 1] = ℍ  and has coefficients of the form (4.1.2), i.e. when 

the value of 𝑛 is equal to one, and can be reduces a class ℍ to "the class ℋ of 

normalized univalent analytical functions and composed of functions of the 

following form: 

𝐻(𝑧) − ℎ0
ℎ1

= 𝑧 +∑𝑎𝔫

∞

𝔫=2

𝑧𝔫; 𝑎𝑛 =
ℎ𝔦
ℎ1
, (𝑧 ∈  𝕌).                                        
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To each analytic function  in open unit disk 𝕌 into itself, we associated the 

composition operator 𝐶 defined by:" 

𝐶𝐻 = 𝐻 ∘   for all 𝐻 ∈ ℍ. 

Then, we define ordered cyclic operator  𝕋𝕚  of 𝑓 as follows:  

𝒯𝕚(𝐻(𝑧)) = (𝐶𝒯𝕚𝐻)(𝑧) = (𝒯
𝕚 ∘ 𝐻)(z) =  𝒯𝕚(𝐻(𝑧)) = 𝒯𝕚 (ℎ0 +∑ℎ𝑛𝑧

𝑛

∞

𝑛=1

)

= ℎ𝕚 +∑ℎ𝑛+𝕚𝑧
𝑛

∞

𝑛=1

 ℎ𝑛+𝕚 ∈ ℂ.  

     Let 𝕢(𝑧) be convex univalent in 𝕌 𝑤𝑖𝑡ℎ 𝕢(0) = 1and 𝜂 ∈ ℂ ∖ {0}.  

Suppose that 

 𝑅𝑒 (1 +
𝑧𝕢′′(𝑧)

𝕢′(𝑧)
) > 𝑚𝑎𝑥 (0,−𝑅𝑒 (

1

𝜂
)). 

If 

𝑒1(𝑧) = (1 + 𝜂) (𝒯
𝕚(𝐻(𝑧))) − 𝜂 (𝒯𝕚(𝐻(𝑧)))(

𝑧 (𝒯𝕚+1(𝐻(𝑧)))
′

𝒯𝕚+1(𝐻(𝑧))
), 

𝑒1(𝑧) ≺ 𝕢(𝑧) + 𝜂𝑧𝕢
′(𝑧),  

then 𝒯𝕚𝐻(𝑧) ≺ 𝕢(𝑧),and 𝕢(𝑧) is the best dominant.  

    The third section deals with the sandwich results of completely homogeneous 

symmetric functions defined by an differential for ordered cyclic operator. Here, 

we establish subordination and superordination results for completely 

homogeneous symmetric functions defined by the cyclic operator  in open unit 

disk. We get a number of sandwich-type results, such as, let 𝑞𝑗 be two univalent 

convex functions in 𝕌 in condition for 𝕢𝑗(0) = 1, 𝕢𝑗(𝑧) ≠ 0, ( 𝑗 = 1,2). 

Assume that 𝕢1 𝑎𝑛𝑑 𝕢2 satisfy the conditions 

𝑒2(𝑧) ≺ 𝕩 + 𝕪𝕢(𝑧) + 𝕫(𝕢(𝑧))
2
+ 𝜂 (

𝑧𝕢′(𝑧)

𝕢(𝑧)
) 
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and 

𝕩 + 𝕪𝕢(𝑧) + 𝕫(𝕢(𝑧))
2
+ 𝜂 (

𝑧𝕢′(𝑧)

𝕢(𝑧)
) ≺ 𝑒2(𝑧), 

respectively. If 𝐻 ∈ ℍ, and suppose that H satisfies the next condition: 

(𝑧𝐷́)
𝑛+1

(𝒯𝕚(𝐻(𝑧))) ∈ ℋ[𝕢(0),1] ∩ Q, 

and (𝑧𝐷́)
𝑛+1

(𝒯𝕚(𝐻(𝑧))) ≠ 0 𝑎𝑛𝑑 𝑒2(𝑧) is univalent in 𝕌, then 

𝕩 + 𝕪𝕢(𝑧) + 𝕫(𝕢(𝑧))
2
+ 𝜂 (

𝑧𝕢′(𝑧)

𝕢(𝑧)
) ≺ 𝑒2(𝑧)

≺ 𝕩 + 𝕪𝕢(𝑧) + 𝕫(𝕢(𝑧))
2
+ 𝜂 (

𝑧𝕢′(𝑧)

𝕢(𝑧)
), 

Implies that: 

𝕢1(𝑧)) ≺ 𝑡(𝑧𝐷́)
𝑛+1

(𝒯𝕚(𝐻(𝑧))) + (1 − 𝑡)(𝑧𝐷́)
𝑛
(𝒯𝕚(𝐻(𝑧))) ≺ 𝕢2(𝑧), 

where 𝕢1(𝑧) 𝑎𝑛𝑑 𝕢2(𝑧)are the best subordination and best dominant 

respectively. 

 

  Sandwich Theorems for Certain Completely Homogeneous 4.2

Symmetric Functions Defined by an Ordered Cyclic Operator 

Cyclic Operator   

    Let ℍ = ℋ[𝑎, 1] denote the class of functions 𝐻 of the form: 

 𝐻(𝑧) = ∑ℎ𝑛

∞

𝑛=0

𝑧𝑛, ℎ𝑛 ∈ ℂ ,                                   

and 

𝒯𝕚(𝐻(𝑧)) = 𝐻(𝑧) = ∑ℎ𝑛+𝕚

∞

𝑛=0

𝑧𝑛, ℎ𝑛+𝕚 ∈ ℂ , 

which are analytic univalent in the open unit disk 𝕌 = {𝑧: 𝑧 ∈ ℂ, │𝑧│ < 1}.  

Miller and Mocanu [36] consider the problem 𝑜𝑓 determining  conditions an 

admissible functions 𝛹 such that (1.5.6) is satisfied, then it implies that  
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 𝕡(𝑧) ≺ 𝕢(𝑧), for all functions 𝕡(𝑧) ∈ ℋ. Moreover they found conditions so 

that 𝕢 is the smallest function with this property called the best domainant of the 

subordination (1.5.6). Also, they studied the dual problem and determined 

conditions on 𝜳 such that (1.5.9) is satisfied, implies 𝕢(𝑧) ≺ 𝕡(𝑧), for all 

functions 𝕢 ∈ 𝑄, that satisfy the superordination (1.5.9). They also found 

conditions so that the function 𝑞 is the largest function with this property, called 

the best subordinant of the superordination (1.5.9). See also [6,8,10,22]. 

For the function 𝒯𝕚(𝐻(𝑧)) ∈ ℍ, we using the results (see [2,10]) to obtain 

sufficient conditions for normalized analytic functions to satisfy : 

𝕢1(𝑧) ≺
𝑧(𝒯𝕚(𝐻(𝑧)))

′

𝒯𝕚(𝐻(𝑧))
≺ 𝕢2(𝑧), 

where 𝕢1 𝑎𝑛𝑑 𝕢2 are given univalent functions in 𝕌 with 𝕢1(0) = 𝕢2(0) = 1. 

Also, Al-Ameedee et al. [1] and El-Ashwah and Aouf [22] derived some 

differential subordination and superordination results for analytic functions in 𝕌. 

Recently, several authors obtained some sandwich results for subclasses of 

analytic functions (see [2,6,7,8,10]). 

Lemma (4.2.1): Let 𝐻 ∈ ℍ,  an ordered cyclic operator 𝒯𝕚 for an analytic 

function 𝐻 is given as :  

𝒯𝕚(𝐻(𝑧)) = ∑  ℎ𝑛+𝑖𝑧
𝑛

𝑛

𝑘=0

, 𝑧 ∈ 𝕌, 

we define the ordered cyclic operator of degree 1 as follows: 

𝒯1:ℍ → ℍ,    𝑏𝑦 

𝒯1(𝐻(𝑧)) = ∑  ℎ𝑛+1𝑧
𝑛

𝑛

𝑘=0

, 𝑧 ∈ 𝕌, 

and                                     
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𝒯𝕚(𝐻(𝑧)) = ∑  ℎ𝑛+𝕚𝑧
𝑛

𝑛

𝑘=0

, 𝑧 ∈ 𝕌, 

where  

𝒯0(𝐻(𝑧)) = 𝐻(𝑧). 

Proof:  

Let 𝐻(𝑧) ∈ ℍ,  then  

𝒯1(𝐻(𝑧)) = 𝐶𝒯1𝐻(𝑧) = 𝐻 ∘ 𝒯
1(𝑧) = 𝒯1 (∑ℎ𝑘

∞

𝑘=1

𝑧𝑘) = ∑ℎ𝑛+1

∞

𝑛=1

𝑧𝑛,   

and 

𝒯2(𝐻(𝑧)) = 𝐶𝒯2𝐻(𝑧) = (𝐻 ∘ 𝒯
2)(𝑧) = (𝐻 ∘ 𝒯 ∘ 𝒯)(𝑧) = 𝒯 (𝒯 (∑ℎ𝑘

∞

𝑘=1

𝑧𝑘))

= 𝒯 (∑ℎ𝑛+1

∞

𝑛=1

𝑧𝑛) = ∑ℎ𝑛+2

∞

𝑛=1

𝑧𝑛, 

… so on  

𝒯𝕚(𝐻(𝑧)) = (𝐶𝒯𝕚𝐻)(𝑧) = (𝐻 ∘ 𝒯
𝕚)(𝑧) = (𝐻 ∘ 𝒯… ∘ 𝒯⏟    

𝕚−𝑡𝑖𝑚𝑒𝑠

) (𝑧)

= 𝒯 (𝒯 (…  𝒯 (∑ℎ𝑛

∞

𝑛=0

𝑧𝑛)… )) =

= ∑ℎ𝑛+𝕚

∞

𝑛=0

𝑧𝑛  .                                                                   (4.2.1) 

  This, complete the proof.                                                                                    ∎ 

By the simple calculations, and using  
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z (𝒯𝕚(𝐻(𝑧)))
′
= −𝒯𝕚(𝐻(𝑧))𝕊(z).                                                        (4.2.2) 

That is the main purpose of this idea to find sufficient conditions for certain 

normalized analytic functions 𝒯𝕚(𝐻(𝑧)) to satisfy: 

𝕢1(𝑧) ≺ 𝑡𝑧𝒯
𝕚+1(𝐻(𝑧)) + (1 − 𝑡)𝑧𝒯𝕚(𝐻(𝑧)) ≺ 𝕢2(𝑧), 

𝕢1(𝑧) ≺ 𝑧(𝑧𝐷́)
𝑛
𝒯𝕚(𝐻(𝑧)) ≺ 𝕢2(𝑧), 

the univalent functions 𝕢1(𝑧) 𝑎𝑛𝑑 𝕢2(𝑧) in 𝕌 with 𝕢1(0) = 𝕢2(0) = 1. 

Theorem (4.2.2): Let 𝕢(𝑧) 𝑏𝑒 convex univalent in 𝕌 𝑤𝑖𝑡ℎ 𝕢(0) = 1  𝑎𝑛𝑑  𝜂 ∈

ℂ ∖ {0}.  

Assume that 

𝑅𝑒 {1 +
𝑧𝕢′′(𝑧)

𝕢′(𝑧)
} > 𝑚𝑎𝑥 {0,−𝑅𝑒 (

1

𝜂
)},                                       (4.2.3) 

if   

𝑒1(𝑧) = (1 + 𝜂) (𝒯
𝕚(𝐻(𝑧))) − 𝜂 (𝒯𝕚(𝐻(𝑧))) (

𝑧(𝒯𝕚+1(𝐻(𝑧)))
′

𝒯𝕚+1(𝐻(𝑧))
),                 (4.2.4)  

𝑒1(𝑧) ≺ 𝕢(𝑧) + 𝜂𝑧𝕢
′(𝑧),                                                      (4.2.5) 

then 

𝒯𝕚𝐻(𝑧) ≺ 𝕢(𝑧),                                                                         (4.2.6) 

and 𝕢(𝑧)  is the best dominant. 

Proof:  

If we consider the analytic function  

𝕡(𝑧) = 𝒯𝕚𝐻(𝑧);   𝕚 = 0,1,2,… , 𝑧 ∈ 𝕌,                                (4.2.7) 
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differentiating (4.2.7)  with respect to 𝑧 , we have 𝕡′(𝑧) = (𝒯𝕚𝐻(𝑧))
′
. 

Now, using the identity (4.2.2), we obtain 

𝑧𝕡′(𝑧)

𝕡(𝑧)
=
𝑧 (𝒯𝕚+1(𝐻(𝑧)))

′

𝒯𝕚+1(𝐻(𝑧))
, 

therefore 

𝑧𝕡′(𝑧) =
z𝒯𝕚(𝐻(𝑧)) (𝒯𝕚+1(𝐻(𝑧)))

′

𝒯𝕚+1(𝐻(𝑧))
.                                    (4.2.8) 

Since 𝑒1(𝑧) = (1 + 𝜂) (𝒯
𝕚(𝐻(𝑧))) − 𝜂 (𝒯𝕚(𝐻(𝑧)))(

𝑧(𝒯𝕚+1(𝐻(𝑧)))
′

𝒯𝕚+1(𝐻(𝑧))
), 

𝑒1(𝑧) ≺ 𝕢(𝑧) + 𝜂𝑧𝕢
′(𝑧).  

thus, the subordination (4.2.5) is equivalent to  

𝕡(𝑧) + 𝜂𝑧𝕡′(𝑧) ≺ 𝕢(𝑧) + 𝜂𝑧𝕢′(𝑧).                                                     (4.2.9) 

Application of Lemma (1.5.10) with 𝛾 = 𝜂 , 𝜓 = 1, we obtain (4.2.5).                ∎         

Taking 𝕢(𝑧) =
1+𝐴𝑧

1+𝐵𝑧
  (−1 ≤ 𝐵 < 𝐴 ≤ 1), in Theorem (4.2.2), we get the 

following result. 

Corollary (4.2.3): Let 𝜂 ∈ ℂ ∖ {0}, and suppose that  

𝑅𝑒 (
1 + 𝑧

1 − 𝑧
) > 𝑚𝑎𝑥 {0,−𝑅𝑒 (

1

𝜂
)}. 

If 𝐻 ∈ ℍ is satisfy the following subordination condition: 

(𝒯𝕚(𝐻(𝑧))) + (𝒯𝕚(𝐻(𝑧)))(
𝑧 (𝒯𝕚+1(𝐻(𝑧)))

′

𝒯𝕚+1(𝐻(𝑧))
) ≺

1 + 𝑧

1 − 𝑧
+

2𝑧

(1 − 𝑧)2
 , 
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then 

𝑧 (𝒯𝕚+1(𝐻(𝑧)))
′
≺
1 + 𝑧

1 − 𝑧
  , 

and  
1+𝑧

1−𝑧
 is the best dominant. 

Theorem (4.2.4): Let 𝕢(𝑧) be a convex univalent in unit disk 𝕌 with 𝕢(0) = 1,  

𝕢(𝑧) ≠ 0 and 
𝑧𝕢′(𝑧)

𝕢(𝑧)
 is starlike univalent function in 𝕌, 

𝜂 ∈ ℂ ∖ {0}, 𝑎, 𝜆, 𝜇, 𝜚 , 𝕩, 𝕪, 𝕫 ∈ ℂ, 𝐻 ∈  ℍ , and suppose that  𝐻  and  𝕢  satisfy 

the next two conditions  

𝑡𝑧 (𝒯𝕚+1(𝐻(𝑧))) + (1 − 𝑡)𝑧 (𝒯𝕚(𝐻(𝑧))) ≠ 0, 𝑧 ∈ 𝕌, 0 ≤ 𝑡 ≤ 1, (4.2.10) 

and 

𝑅𝑒 {1 +
𝕪

𝜂 
𝕢(𝑧) +

2𝕫

𝜂 
(𝕢(𝑧))

2
− 𝑧

𝕢′(𝑧)

𝕢(𝑧)
+ 𝑧

𝕢′′(𝑧)

𝕢′(𝑧)
} > 0.  

 If 

𝑒2(𝑧) = 𝑎 + 𝜆𝕢(𝑧) + 𝜇𝕫𝕢
2(𝑧) + 𝜚

𝑧𝕢′(𝑧)

𝕢(𝑧)
,                                       (4.2.11) 

such that  

                 𝑒2(𝑧)

= 𝕩 + 𝕪(𝑡𝑧 (𝒯𝕚+1(𝐻(𝑧))) + (1 − 𝑡)𝑧 (𝒯𝕚(𝐻(𝑧))))                             

+ 𝕫 (𝑡𝑧 (𝒯𝕚+1(𝐻(𝑧))) + (1 − 𝑡)𝑧 (𝒯𝕚(𝐻(𝑧))))

+ 𝜂 [
𝑡𝑧 (𝒯𝕚+1(𝐻(𝑧)))

′
+ (1 − 𝑡)𝑧 (𝒯𝕚(𝐻(𝑧)))

′

𝑡𝒯𝕚+1(𝐻(𝑧)) + (1 − 𝑡)𝒯𝕚(𝐻(𝑧))
],                                 (4.2.12) 
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and  

𝑒2(𝑧) ≺ 𝕩 + 𝕪𝕢(𝑧) + 𝕫(𝕢(𝑧))
2
+ 𝜂 

𝑧𝕢′(𝑧)

𝕢(𝑧)
,                                    (4.2.13) 

then  𝑡𝑧𝒯𝕚+1(𝐻(𝑧)) + (1 − 𝑡)𝑧𝒯𝕚(𝐻(𝑧)) ≺ 𝕢(𝑧),                                     (4.2.14) 

and 𝕢(𝑧)  is the best dominant. 

Proof:  

 Define analytic function 𝕡(𝑧)  by  

𝕡(𝑧) = 𝑡𝒯𝕚+1(𝐻(𝑧)) + (1 − 𝑡)𝒯𝕚(𝐻(𝑧))                                      (4.2.15) 

 Then the function 𝕡(𝑧)  is analytic in 𝕌  and 𝕡(0) = 1, differentiating (4.2.15) 

with respect to 𝑧,  we get 

𝑧𝕡′(𝑧)

𝕡(𝑧)
=
𝑡𝑧 (𝒯𝕚+1(𝐻(𝑧))) ′ + (1 − 𝑡)𝑧 (𝒯𝕚(𝐻(𝑧))) ′

𝑡𝒯𝕚+1(𝐻(𝑧)) + (1 − 𝑡)𝒯𝕚(𝐻(𝑧))
.                  (4.2.16) 

By setting 𝜽(𝑤) = 𝕩 + 𝕪𝑤 + 𝕫𝑤2   𝑎𝑛𝑑  𝝓(𝑤) =
𝜂 

𝑤
, it can be easily observed 

that 𝜽(𝑤) is analytic in ℂ , 𝝓(𝑤)  is analytic in ℂ ∖ {0}  𝑎𝑛𝑑   𝝓(𝑤) ≠ 0 , 𝑤 ∈

ℂ ∖ {0}. Also we get  

𝑄(𝑧) = 𝑧𝕢′(𝑧)𝝓(𝑧) = 𝜂 
𝑧𝕢′(𝑧)

𝕢(𝑧)
  , 𝑧 ∈ 𝕌 𝑎𝑛𝑑   ℎ(𝑧) = 𝜽(𝕡(𝑧)) + 𝑄(𝑧)

= 𝕩 + 𝕪𝕢′(𝑧) + 𝕫(𝕢(𝑧))
2
+ 𝜂 

𝑧𝕢′(𝑧)

𝕢(𝑧)
 , 

It is clear that  𝑄(𝑧) is starlike univalent in 𝕌 , and that  

𝑅𝑒 (
𝑧ℎ′(𝑧)

𝑄(𝑧)
) = 𝑅𝑒 (1 +

𝕪

𝜂 
𝕢(𝑧) +

2𝕫

𝜂 
(𝕢(𝑧))

2
− 𝑧

𝕢′(𝑧)

𝕢(𝑧)
+ 𝑧

𝕢′′(𝑧)

𝕢′(𝑧)
) > 0; 𝑧

∈ 𝕌. 



Chapter Four     Differential Subordination and Superordination  Results… 

82 
 

Using (4.2.16), the hypothesis (4.2.13) can be equivalently written as  

𝜃(𝕡(𝑧)) + 𝑧𝕡′(𝑧)𝜙(𝕡(𝑧)) ≺ 𝜙(𝕢(𝑧)) + 𝑧𝕢′(𝑧)𝜙(𝕢(𝑧)), 

thus, by applying Lemma (1.5.9), and the function 𝕢(𝑧) is the best dominant.  ∎ 

Theorem (4.2.5): Let 𝕢(𝑧) be a convex univalent function in 𝕌 with 𝕢(0) = 1,  

𝑅𝑒{𝜂} > 0.  Let   𝐻 ∈ ℍ  ,satisfies  

𝒯𝕚(𝐻(𝑧)) ∈ ℋ[𝕢(0), 1] ∩ 𝑄.                                                             

If the function 𝑒1(𝑧) defined by (4.2.4) is univalent 𝑖𝑛 𝕌 and  

𝕢(𝑧) + 𝜂𝑧𝕢′(𝑧) ≺  𝑒1(𝑧),                                                                     (4.2.17) 

 then 

𝕢(𝑧) ≺ 𝒯𝕚(𝐻(𝑧)) ,                                                                                   (4.2.18) 

and 𝕢(𝑧) is the best subordinant. 

Proof: 

 Define the analytic function  𝕡(𝑧) 𝑏𝑦 

𝕡(𝑧) = 𝒯𝕚(𝑓(𝑧))                                                                                     (4.2.19) 

Differentiating (4.2.19) with respect to 𝑧, we have 

𝑧𝕡′(𝑧)

𝕡(𝑧)
=
𝑧 (𝒯𝕚+1(𝐻(𝑧)))

′

𝒯𝕚+1(𝐻(𝑧))
.                                                                   (4.2.20) 

After some computation and using (4.2.2), from (4.2.20), we get  

𝑒1(𝑧) = 𝕡(𝑧) + 𝜂𝑧𝕡
′(𝑧), 

now, by using Lemma (1.5.10), we get the desired result. 
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Taking 𝕢(𝑧) =
1+𝐴𝑧

1+𝐵𝑧
 , (−1 ≤ 𝐵 < 𝐴 ≤ 1), in Theorem (4.2.5), we get the 

following corollary.                                                                                              ∎ 

Corollary (4.2.6): Let −1 ≤ 𝐵 < 𝐴 ≤ 1 , 𝜂 ∈ ℂ ∖ {0} with 𝑅𝑒{𝜂} > 0 , also let 

𝒯𝕚(𝐻(𝑧)) ∈ ℋ[𝕢(0), 1] ∩ 𝑄. 

If the function 𝑒1(𝑧) given by (4.2.4) is univalent in 𝕌 and 𝐻 ∈  ℍ satisfies the 

following superordination condition  

1 + 𝐴𝑧

1 + 𝐵𝑧
+ 𝜂

(𝐴 − 𝐵)𝑧

(1 + 𝐵𝑧)2
≺ 𝑒1(𝑧), 

then 

1 + 𝐴𝑧

1 + 𝐵𝑧
≺ 𝒯𝕚(𝐻(𝑧)), 

and the function 
1+𝐴𝑧

1+𝐵𝑧
  is the best subordinant.                                                     ∎ 

Theorem (4.2.7): Let 𝕢(𝑧) be convex univalent in unit disk 𝕌, with 𝕢(0) = 1,  

𝕢(𝑧) ≠ 0, 𝑎𝑛𝑑  
𝑧𝕢′(𝑧)

𝕢(𝑧)
, is starlike in 𝕌, let 𝜂 ∈ ℂ ∖ {0}  𝑎𝑛𝑑  𝕩, 𝕪 ∈ ℂ. Further 

assume that 𝕢  satisfies  

𝑅𝑒 {(𝕪 + 2𝕫𝕢(𝑧))
𝕢(𝑧)𝕢′(𝑧)

𝜂
} > 0, (𝑧 ∈ 𝕌).                                 (4.2.21) 

Let 𝐻(𝑧) ∈,ℍ, and suppose that 𝐻(𝑧) satisfies the next condition  

𝑡𝑧𝒯𝕚+1(𝐻(𝑧)) + (1 − 𝑡)𝑧𝒯𝕚(𝐻(𝑧)) ≠ 0; 𝑧 ∈ 𝕌, (0 ≤ 𝑡 ≤ 1), (4.2.22) 

and  

𝑡𝑧𝒯𝕚+1(𝐻(𝑧)) + (1 − 𝑡)𝑧𝒯𝕚(𝐻(𝑧)) ∈ ℋ[𝕢(0), 1] ∩ 𝑄.                 (4.2.23) 

If the function 𝑒2(𝑧), given by (4.2.11)  is univalent in  𝕌 ,𝑎𝑛𝑑  
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𝕩 + 𝕪𝕢(𝑧) + 𝕫(𝕢(𝑧))
2
+ 𝜂 

𝑧𝕢′(𝑧)

𝕢(𝑧)
≺ 𝑒2(𝑧),                                  (4.2.24) 

then  

𝕢(𝑧) ≺ 𝑡𝑧𝒯𝕚+1(𝐻(𝑧)) + (1 − 𝑡)𝑧𝒯𝕚(𝐻(𝑧)),                                     (4.2.25) 

and 𝕢(𝑧) is the best subordinant. 

Proof :  

     Let the function 𝕡(𝑧) defined on 𝕌 by (4.2.14). 

Then a computation show that 

𝑧𝕡′(𝑧)

𝕡(𝑧)
=
𝑡𝑧𝒯𝕚+1(𝑓(𝑧))

′
+ (1 − 𝑡)𝑧𝒯𝕚(𝑓(𝑧))

′

𝑡𝒯𝕚+1(𝑓(𝑧)) + (1 − 𝑡)𝕋𝒯𝕚(𝑓(𝑧))
,                              (4.2.26) 

by setting 

𝜣(𝑤) = 𝕩 + 𝕪𝑤 + 𝕫𝑤2, 𝑎𝑛𝑑  𝝓(𝑤) =
𝜂

𝑤
  , (𝑤 ∈ ℂ ∖ {0}). 

 We see that 𝜣(𝑤)  is analytic in ℂ, 𝝓(𝑤)  is analytic in ℂ ∖ {0}, and that  

𝝓(𝑤) ≠ 0 (𝑤 ∈ ℂ ∖ {0}). Also , we get  

𝑄(𝑧) = 𝑧𝕢′(𝑧)𝝓(𝕢(𝑧)) = 𝜂
𝑧𝕢′(𝑧)

𝕢(𝑧)
 , 𝑧 ∈ 𝕌 

 it observed 𝑡ℎ𝑎𝑡 𝑄(𝑧) is starlike univalent 𝑖𝑛 𝕌,  𝑎𝑛𝑑 𝑡ℎ𝑎𝑡  

𝑅𝑒 (
𝑧𝜣′(𝕢(𝑧))

𝝓(𝕢(𝑧))
) = 𝑅𝑒 {𝕪 + 2𝕫𝕢(𝑧)

𝕢(𝑧)𝕢′(𝑧)

𝜂
} > 0 . 

By making use (4.2.25) the hypothesis (4.2.23) can by equivalently written as  

𝜣(𝕢(𝑧)) + 𝑧𝕢′(𝑧)𝝓(𝕢(𝑧)) ≺ 𝜣(𝕡(𝑧)) + 𝑧𝕡′(𝑧)𝝓(𝕡(𝑧)), 

thus, by applying Lemma (1.5.11),  the proof is complete.                                  ∎ 
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Combination Theorem (4.2.1) with Theorem (4.2.7) , we obtain the following 

sandwich Theorem. 

Theorem (4.2.8): Let 𝕢1 and  𝕢2 be convex univalent functions 𝑖𝑛 𝕌 with 

𝕢1(0) = 𝕢2(0) = 1   𝑎𝑛𝑑 𝕢2  satisfies  (4.2.3). Suppose that 𝑅𝑒{𝜂} > 0. If 

𝐻 ∈  ℍ, such that  

𝒯𝕚(𝐻(𝑧)) ∈ ℋ[𝕢(0), 1] ∩ 𝑄, 

and the function 𝑒1(𝑧),  is univalent in 𝕌 and satisfies  

𝕢1(𝑧) + 𝜂𝑧𝕢1
′(𝑧) ≺  𝑒1(𝑧) ≺ 𝕢2(𝑧) + 𝜂𝑧𝕢2

′(𝑧),                            (4.2.27) 

where  𝑒1(𝑧) is given by (4.2.4),  then 

𝕢1(𝑧) ≺ 𝒯
𝕚(𝐻(𝑧)) ≺ 𝕢2(𝑧), 

where 𝕢1 and  𝕢2, are respectively the best subordinant and best dominant of  

(4.2.27) .                                                                                                              ∎ 

Combining Theorem (4.2.4)  with Theorem (4.2.8), we obtain the following 

sandwich theorem: 

Theorem (4.2.9): Let 𝕢𝑗  , be two convex univalent  functions 𝑖𝑛 𝕌, such that  

𝕢𝑗(0) = 1, 𝕢𝑗(𝑧) ≠ 0, 𝑎𝑛𝑑  
𝑧𝕢𝑗

′(𝑧)

𝕢𝑗(𝑧)
 (𝑗 = 1,2) is starlike univalent in 𝕌, let 

𝜂 ∈ ℂ ∖ {0}   𝑎𝑛𝑑  𝕩, 𝕪, 𝕫 ∈ ℂ.  Suppose that 𝕢1  and  𝕢2  satisfies (4.2.14), 𝑎𝑛𝑑 

( 4.2.25), respectively. 

𝐼𝑓  𝐻 ∈  ℍ, and suppose that 𝐻 satisfies the next condition  

𝑡𝑧 𝒯𝕚+1(𝐻(𝑧)) + (1 − 𝑡)𝑧 𝒯𝕚(𝐻(𝑧)) ≠ 0, (𝑧 ∈ 𝕌, 0 ≤ 𝑡 ≤ 1), 

and  

𝑡𝑧 𝒯𝕚+1(𝐻(𝑧)) + (1 − 𝑡)𝑧 𝒯𝕚(𝐻(𝑧)) ∈ ℋ[𝕢(0), 1] ∩ 𝑄. 
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If the function 𝑒2(𝑧) given 𝑏𝑦 (4.2.11)  is univalent in 𝕌 , and  

𝕩 + 𝕪𝕢1(𝑧) + 𝕫(𝕢1(𝑧))
2
+ 𝜂 

𝑧𝕢1
′(𝑧)

𝕢1(𝑧)
≺ 𝑒2(𝑧)

≺ 𝕩 + 𝕪𝕢2(𝑧) + 𝕫(𝕢2(𝑧))
2
+ 𝜂 

𝑧𝕢2
′(𝑧)

𝕢2(𝑧)
,                 (4.2.28) 

then   

𝕢1(𝑧) ≺ 𝑡𝑧𝒯
𝕚+1(𝐻(𝑧)) + (1 − 𝑡)𝑧𝒯𝕚(𝐻(𝑧)) ≺ 𝕢2(𝑧), 

and 𝕢1𝑎𝑛𝑑 𝕢2 are the best subodinant and best dominant respectively of 

(4.2.28). 

 

 Sandwich Results of Complete Homogeneous Symmetric 4.3

Functions Defined by Differential of Ordered Cyclic Operator   

    Let ℋ = ℋ(𝕌) be the class of analytic functions in the open unit disk  

𝕌 = {𝑧 ∈ ℂ: |𝑧| < 1}. For positive integer 𝑝 𝑎𝑛𝑑 𝑎 ∈ ℂ. Let ℋ[𝑎, 𝑝] be the 

subclass of ℋ and 

ℋ[𝑎, 𝑝] = {𝑓 ∈ ℋ: 𝑓(𝑧) = 𝑎 +∑𝑎𝑛𝑧
𝑛

∞

𝑛=𝑝

. 

Let ℍ = ℋ[𝑎, 1] denote the class of functions 𝐻 of the form: 

 𝐻(𝑧) = ∑ℎ𝑛

∞

𝑛=0

𝑧𝑛, ℎ𝑛 ∈ ℂ ,                                   

and 

𝒯𝕚(𝐻(𝑧)) = 𝐻(𝑧) = ∑ℎ𝑛+𝕚

∞

𝑛=0

𝑧𝑛, ℎ𝑛+𝕚 ∈ ℂ , 

which are analytic univalent in the open unit disk 𝕌 = {𝑧: 𝑧 ∈ ℂ, │𝑧│ < 1}.  

For the function 𝒯𝕚(𝐻(𝑧)) ∈ ℍ, The Differential operator representing the 

computation of  a derivative, 𝐷′ ≡
𝑑

𝑑𝑧
 sometimes also called the Newton-Leibniz 
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operator. The second derivative is then denoted 𝐷′
2
 ,the third 𝐷′

3
, etc. The 

integral is denoted 𝐷′
−1

.  A fundamental identity for this operator is given by  

(𝑧𝐷′)𝑛 =∑𝑆(𝑛, 𝑘)𝑧𝑘𝐷′
𝑘

𝑛

𝑘=0

 

where 𝑆(𝑛, 𝑘) is a Stirling number of the second kind [46] giving:  

(𝑧𝐷′)1 = 𝑧𝐷′ 

(𝑧𝐷′)2 = 𝑧𝐷′ + 𝑧2𝐷′
2
 

(𝑧𝐷′)3 = 𝑧𝐷′ + 3𝑧2𝐷′
2
+ 𝑧3𝐷′

3
 

(𝑧𝐷′)4 = 𝑧𝐷′ + 7𝑧2𝐷′
2
+ 6𝑧3𝐷′

3
+ 𝑧4𝐷′

4
 

and so on . 

then fundamental differential operator of  𝐻 is defined as: 

(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧))) = ∑𝑘𝑛ℎ𝑘+𝕚

∞

𝑘=0

𝑧𝑘, ℎ𝑛+𝕚 ∈ ℂ , 

Miller and Mocanu [35,36] consider the problem of determining  conditions an 

admissible functions 𝜳 such that (1.5.6) is satisfied and implies 𝕡(𝑧) ≺ 𝕢(𝑧), 

for all functions 𝕡(𝑧) ∈ ℋ. Moreover they found conditions so that 𝕢 is the 

smallest function with this property called the best domainant of the 

subordination (1.5.6). Also, they studied the dual problem and determined 

conditions on 𝛹 such that (1.5.9) is satisfied, implies 𝕢(𝑧) ≺ 𝕡(𝑧), for all 

functions 𝕢 ∈ 𝑄, that satisfy the superordination (1.5.9). They also found 

conditions so that the function 𝕢 is the largest function with this property, called 

the best subordinant of the superordination (1.5.9). See also [6,8,10,22].  

Using the results (see [1]) to obtain sufficient conditions for normalized analytic 

functions to satisfy : 
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𝕢1(𝑧) ≺
𝑧 ((𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧))))

′

(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧)))
≺ 𝕢2(𝑧), 

where 𝕢1 𝑎𝑛𝑑 𝕢2 are given univalent functions in 𝕌 𝑤𝑖𝑡ℎ 𝕢1(0) = 𝕢2(0) = 1.  

Lemma (4.3.1): Let 𝐻 ∈ ℍ,  a fundamental identity for operator is given as :  

(𝑧𝐷′)𝑛 =∑𝑆(𝑛, 𝑘)𝑧𝑛𝐷′
𝑘

𝑛

𝑘=0

, 

we define the differential operator of degree 1 

𝑧𝐷′: ℍ → ℍ,    𝑏𝑦 

𝑧𝐷′ (𝒯𝕚(𝐻(𝑧))) = 𝑧 (𝒯𝕚(𝐻(𝑧)))
′

𝑧
; 𝑧 ∈ 𝕌 

then                                    (𝑧𝐷′)2 (𝒯𝕚(𝐻(𝑧))) = (𝑧𝐷′ + 𝑧2𝐷′
2
) (𝒯𝕚(𝐻(𝑧))) ; 

(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧))) =∑𝑆(𝑛, 𝑘)𝑧𝑛𝐷′
𝑙

𝑛

𝑙=0

(𝒯𝕚(𝐻(𝑧))) ; 

where  

(𝑥𝐷′)0(𝐻(𝑧)) = 𝐻(𝑧). 

Proof: 

 Let 𝒯𝕚(𝐻(𝑧)) ∈ ℍ,  then 

(𝑧𝐷′) (𝒯𝕚(𝐻(𝑧))) = 𝑧𝐻(𝑧)′ =∑𝑘ℎ𝑘

∞

𝑘=1

𝑧𝑘,   

𝑎𝑛𝑑 (𝑧𝐷′)2 (𝒯𝕚(𝐻(𝑧))) = (𝑧𝐷′ + 𝑧2𝐷′
2
) (𝒯𝕚(𝐻(𝑧))) = 𝑧 (𝒯𝕚(𝐻(𝑧)))

′
+

𝑧2 (𝒯𝕚(𝐻(𝑧)))
′′
= ℎ1+𝕚𝑧 + 2ℎ2+𝕚𝑧

2 + 3ℎ3+𝕚𝑧
3 + 4ℎ4+𝕚𝑧

4 +⋯+ 𝑘ℎ𝑘+𝕚𝑧
𝑛 +
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⋯ + 2ℎ2+𝕚𝑧
2 + 6ℎ3+𝕚𝑧

3 + 12ℎ4+𝕚𝑧
4 +⋯+ 𝑛(𝑛 − 1)ℎ𝑘+𝕚𝑧

𝑘 +⋯ = ℎ1+𝕚𝑧 +

4ℎ2+𝕚𝑧
2 + 9ℎ3+𝕚𝑧

3 + 16ℎ4+𝕚𝑧
4 +⋯+ 𝑛2ℎ𝑘+𝕚𝑧

𝑘 +⋯ = ∑ 𝑘2ℎ𝑘+𝕚
∞
𝑘=0 𝑧𝑘,   

… so on  

(𝑧𝐷′)𝑛𝐻(𝑧) = ∑ 𝑆(𝑛, 𝑙)𝑧𝑙𝐷́𝑙𝑛
𝑙=0 (𝐻(𝑧)) = ℎ1+𝕚𝑧 + 2ℎ2+𝕚𝑧

2 + 3ℎ3+𝕚𝑧
3 +

4ℎ4+𝕚𝑧
4 +⋯+ 𝑘ℎ𝑘+𝕚𝑧

𝑛 +⋯ + 6ℎ2+𝕚𝑧
2 + 18ℎ3+𝕚𝑧

3 + 36ℎ4+𝕚𝑧
4 +⋯+

3𝑘(𝑘 − 1)ℎ𝑘+𝕚 +⋯+ 6ℎ3+𝕚𝑧
3 + 24ℎ4+𝕚𝑧

4 +⋯+ 𝑘(𝑘 − 1)(𝑘 − 2)ℎ𝑘+𝕚𝑧
𝑘 +

⋯+⋯+ 𝑘(𝑘 − 1)(𝑘 − 2)… (𝑘 − 𝑛 + 1)ℎ𝑘+𝕚𝑧
𝑘 +⋯ = ∑ 𝑘𝑛ℎ𝑘+𝕚

∞
𝑘=0 𝑧𝑘.                                                   

(4.3.1) 

  This, complete the proof.                                                                                    ∎ 

By the simple calculations, and using  

𝑧 ((𝑧𝐷′)𝑛𝒯𝕚(𝐻(𝑧)))
′
= 𝑧 (∑𝑘𝑛ℎ𝑘+𝕚

∞

𝑘=1

𝑧𝑘)

′

=∑𝑘𝑛+1ℎ𝑘+𝕚

∞

𝑘=1

𝑧𝑘

= (𝑧𝐷′)𝑛+1𝒯𝕚(𝐻(𝑧)),                                                             (4.3.2) 

    That is the main purpose of this idea to find sufficient conditions for certain 

normalized analytic functions 𝒯𝕚(𝐻(𝑧)) to satisfy: 

𝕢1(𝑧) ≺ 𝑡𝑧(𝑧𝐷
′)𝑛+1𝒯𝕚(𝐻(𝑧)) + (1 − 𝑡)𝑧(𝑧𝐷′)𝑛𝒯𝕚(𝐻(𝑧)) ≺ 𝕢2(𝑧), 

𝕢1(𝑧) ≺ 𝑧(𝑧𝐷
′)𝑛𝒯𝕚(𝐻(𝑧)) ≺ 𝕢2(𝑧), 

the univalent functions 𝕢1(𝑧) and 𝕢2(𝑧) in 𝕌 with 𝕢1(0) = 𝕢2(0) = 1. 

Theorem 4.3.2: Suppose that 𝕢(𝑧) is a convex univalent in 𝕌 with 𝕢(0) = 1, 

and 

 𝑅𝑒 {1 +
𝑧𝕢′′(𝑧)

𝕢′(𝑧)
} > 𝑚𝑎𝑥 {0,−𝑅𝑒 (

1

𝜂
)} ;  𝜂 ∈ ℂ ∖ {0},.                                    (4.3.3) 

If   
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𝑒1(𝑧) = (1 + 𝜂)(𝑧𝐷
′)𝑛 (𝒯𝕚(𝐻(𝑧))) − 𝜂𝑧 (

(𝑧𝐷′)𝑛+1𝒯𝕚(𝐻(𝑧))

(𝑧𝐷′)𝑛𝒯𝕚(𝐻(𝑧))
− 1),     (4.3.4)  

𝑒1(𝑧) ≺ 𝕢(𝑧) + 𝜂𝑧𝕢
′(𝑧),                                                (4.3.5) 

then 

(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧))) ≺ 𝕢(𝑧),                                     (3.3.6) 

and 𝕢(𝑧)  is the best dominant. 

Proof : 

      If we consider the analytic function   

𝕡(𝑧) =
𝑧(𝑧𝐷′)𝑛𝒯𝕚(𝐻(𝑧))

𝑧
;  𝑧 ∈ 𝕌,                                                      (4.3.7) 

differentiating (4.3.7)  with respect to 𝑧 , we have 

𝕊(𝑧)𝒯𝕚𝐻(𝑧) +  𝑧𝒯𝕚𝐻́(𝑧) =  0 

𝕡(𝑧)′ = (
𝑧(𝑧𝐷′)𝑛𝒯𝕚(𝐻(𝑧))

𝑧
)

′

=
𝑧(𝑧𝐷′)𝑛+1𝒯𝕚(𝐻(𝑧)) − 𝑧(𝑧𝐷′)𝑛𝒯𝕚(𝐻(𝑧))

𝑧2
 

𝑧𝕡(𝑧)′ = (𝑧𝐷′)𝑛+1𝒯𝕚(𝐻(𝑧)) − (𝑧𝐷′)𝑛𝒯𝕚(𝐻(𝑧)) 

     Now, using the identity (4.3.2), we obtain 

𝑧𝕡′(𝑧)

𝕡(𝑧)
=
(𝑧𝐷′)𝑛+1𝒯𝕚(𝐻(𝑧)) − (𝑧𝐷′)𝑛𝒯𝕚(𝐻(𝑧))

(𝑧𝐷′)𝑛𝒯𝕚(𝐻(𝑧))
, 

therefore 

𝑧𝕡′(𝑧) =
(𝑧𝐷′)𝑛+1𝒯𝕚(𝐻(𝑧))

(𝑧𝐷′)𝑛𝒯𝕚(𝐻(𝑧))
− 1,                                     (4.3.8) 

Since 𝑒1(𝑧) = (1 + 𝜂) (
𝑧(𝑧𝐷′)𝑛𝒯𝕚(𝐻(𝑧))

𝑧
) − 𝜂 (

(𝑧𝐷′)𝑛+1𝒯𝕚(𝐻(𝑧))

(𝑧𝐷′)𝑛𝒯𝕚(𝐻(𝑧))
− 1), 
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𝑒1(𝑧) ≺ 𝕢(𝑧) + 𝜂(𝑧𝕢
′(𝑧)) 

thus, the subordination (4.3.3) is equivalent to  

𝕡(𝑧) + 𝜂𝑧𝕡′(𝑧) ≺ 𝕢(𝑧) + 𝜂𝑧𝕢′(𝑧).                                                    (4.3.9) 

Application of Lemma (1.5.10) with 𝛾 = 𝜂 , 𝜓 = 1we obtain (4.3.6).              ∎ 

Taking 𝕢(𝑧) =
1+𝐴𝑧

1+𝐵𝑧
  (−1 ≤ 𝐵 < 𝐴 ≤ 1), in Theorem (4.3.2), we get the 

following result. 

Corollary 4.3.3: Let 𝜂 ∈ ℂ and (−1 ≤ 𝐵 < 𝐴 ≤ 1). Suppose 𝑡ℎ𝑎𝑡  

𝑅𝑒 (
1 − 𝐵𝑧

1 + 𝐵𝑧
) > 𝑚𝑎𝑥 {0,−𝑅𝑒 (

1

𝜂
)}. 

If 𝐻 ∈ ℍ is satisfies the following subordination condition: 

(𝑧𝐷′)𝑛𝒯𝕚(𝐻(𝑧)) +
(𝑧𝐷′)𝑛+1𝒯𝕚(𝐻(𝑧))

(𝑧𝐷′)𝑛𝒯𝕚(𝐻(𝑧))
− 1 ≺

1 + 𝐴𝑧

1 + 𝐵𝑧
+
(𝐴 − 𝐵)𝑧

(1 + 𝐵𝑧)2
 , 

then 

(𝑧𝐷́)
𝑛
𝒯𝕚(𝐻(𝑧)) ≺

1 + 𝐴𝑧

1 + 𝐵𝑧
, 

and  
1+𝐴𝑧

1+𝐵𝑧
 is the best dominant.                                                                            ∎ 

Taking 𝐴 = 1  𝑎𝑛𝑑  𝐵 = −1,  in Theorem (4.3.2), we get the following result. 

Corollary (4.3.4): Let 𝜂 ∈ ℂ, and suppose that  

𝑅𝑒 (
1 + 𝑧

1 − 𝑧
)𝑚𝑎𝑥 > {0,−𝑅𝑒 (

1

𝜂
)}. 

If 𝐻 ∈ ℍ, the following subordination condition: 

(𝑧𝐷′)𝑛𝒯𝕚(𝐻(𝑧)) +
(𝑧𝐷′)𝑛+1𝒯𝕚(𝐻(𝑧))

(𝑧𝐷′)𝑛𝒯𝕚(𝐻(𝑧))
− 1 ≺

1 + 𝑧

1 + 𝑧
+

2𝑧

(1 + 𝑧)2
, 

then 
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(𝑧𝐷′)𝑛𝒯𝕚(𝐻(𝑧)) ≺
1 + 𝑧

1 − 𝑧
, 

and  
1+𝑧

1−𝑧
is the best dominant.                                                                               ∎ 

Theorem 4.3.5: Let 𝕢(𝑧) be convex univalent in unit disk 𝕌 𝑤𝑖𝑡ℎ 𝑞(0) = 1, 

 𝑞(𝑧) ≠ 0 and 
𝑧𝕢′(𝑧)

𝕢(𝑧)
 is starlike univalent 𝑖𝑛 𝕌, 𝜂 ∈ ℂ ∖ {0},  𝑎, 𝜆, 𝜇, 𝜚, 𝕩, 𝕪, 𝕫 ∈

ℂ,𝐻 ∈  ℍ , suppose that  (𝑧𝐷′)𝑛+1 (𝒯𝕚(𝐻(𝑧)))  and   (𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧)))  

satisfy the following two conditions  

𝑡𝑧(𝑧𝐷′)𝑛+1 (𝒯𝕚(𝐻(𝑧))) + (1 − 𝑡)𝑧(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧)))

𝑧
≠ 0, 𝑧 ∈ 𝕌, 0 ≤ 𝑡

≤ 1,                                                                                                                         (4.3.10) 

and 

𝑅𝑒 {1 +
𝕪

𝜂 
𝕢(𝑧) +

2𝕫

𝜂 
(𝕢(𝑧))

2
− 𝑧

𝕢′(𝑧)

𝕢(𝑧)
+ 𝑧

𝕢′′(𝑧)

𝕢′(𝑧)
} > 0.          (4.3.11) 

 Then if 

𝑒2(𝑧) = 𝑎 + 𝜆𝕢(𝑧) + 𝜇𝕫𝕢
2(𝑧) + 𝜚

𝑧𝕢′(𝑧)

𝕢(𝑧)
,                         (4.3.12) 

if  

                 𝑒2(𝑧) = 𝕩 + 𝕪 (𝑡(𝑧𝐷
′)𝑛+1 (𝒯𝕚(𝐻(𝑧))) + (1 − 𝑡)(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧))))       

+ 𝕫 (𝑡(𝑧𝐷′)𝑛+1 (𝒯𝕚(𝐻(𝑧))) + (1 − 𝑡)(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧))))
2

+ 𝜂(
𝑡𝑧 ((𝑧𝐷′)𝑛+1 (𝒯𝕚(𝐻(𝑧))))

′

+ (1 − 𝑡)𝑧 ((𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧))))
′

𝑡(𝑧𝐷′)𝑛+1 (𝒯𝕚(𝐻(𝑧))) + (1 − 𝑡)(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧)))

− 1),                                                                                                                 (4.3.13) 
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and  

𝑒2(𝑧) ≺ 𝕩 + 𝕪𝕢(𝑧) + 𝕫(𝕢(𝑧))
2
+ 𝜂 

𝑧𝕢′(𝑧)

𝕢(𝑧)
   ,                              (4.3.14) 

Then 

𝑡𝑧(𝑧𝐷′)𝑛+1 (𝒯𝕚(𝐻(𝑧))) + (1 − 𝑡)(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧)))  ≺ 𝕢(𝑧),     (4.3.15) 

and 𝕢(𝑧)  is the best dominant. 

Proof :  

Define analytic function 𝕡(𝑧)  by  

𝕡(𝑧) =
𝑡𝑧(𝑧𝐷′)𝑛+1 (𝒯𝕚(𝐻(𝑧))) + (1 − 𝑡)𝑧(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧)))

𝑧
.         (4.3.16) 

 Then the function 𝕡(𝑧)  is analytic in 𝕌  and 𝑝(0) = 1, differentiating (4.3.16)  

with respect to 𝑧,  we get 

𝑧𝕡′(𝑧)

𝕡(𝑧)
=
𝑡𝑧((𝑧𝐷′)𝑛+1(𝒯𝕚(𝐻(𝑧))))

′

+(1−𝑡)𝑧((𝑧𝐷′)𝑛(𝒯𝕚(𝐻(𝑧))))
′

𝑡(𝑧𝐷′)𝑛+1(𝒯𝕚(𝐻(𝑧)))+(1−𝑡)(𝑧𝐷′)𝑛(𝒯𝕚(𝐻(𝑧)))
.                  (4.3.17)  

By setting 𝜽(𝑤) = 𝕩 + 𝕪𝑤 + 𝕫𝑤2   𝑎𝑛𝑑  𝝓(𝑤) =
𝜂 

𝑤
, it can be easily observed 

that 𝜃(𝑤) is analytic in ℂ , 𝝓(𝑤)  is analytic in ℂ ∖ {0} and 

   𝝓(𝑤) ≠ 0 ,𝑤 ∈ ℂ ∖ {0}. 

Also we get  

𝑸(𝑧) = 𝑧𝕢′(𝑧)𝝓(𝑧) = 𝜂 
𝑧𝕢′(𝑧)

𝕢(𝑧)
  , 𝑧 ∈ 𝕌   𝑎𝑛𝑑   

 ℎ(𝑧) = 𝜽(𝕢(𝑧)) + 𝑸(𝑧) = 𝕩 + 𝕪𝕢′(𝑧) + 𝕫(𝕢(𝑧))
2
+ 𝜂 

𝑧𝕢′(𝑧)

𝕢(𝑧)
 , 
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It is clear that  𝑸(𝑧) is starlike univalent in 𝕌 , and that  

𝑅𝑒 (
𝑧ℎ′(𝑧)

𝑄(𝑧)
) = 𝑅𝑒 (1 +

𝕪

𝜂 
𝕢(𝑧) +

2𝕫

𝜂 
(𝕢(𝑧))

2
− 𝑧

𝕢′(𝑧)

𝕢(𝑧)
+ 𝑧

𝕢′′(𝑧)

𝕢′(𝑧)
) > 0, 𝑧 ∈ 𝕌.  

By using (4.3.15), the hypothesis (4.3.12) can be equivalently written as  

𝜽(𝕡(𝑧)) + 𝑧𝕡′(𝑧)𝝓(𝕡(𝑧)) ≺ 𝝓(𝕢(𝑧)) + 𝑧𝕢′(𝑧)𝝓(𝕢(𝑧)), 

thus, by applying Lemma (1.5.9), and the function 𝕢(𝑧) is the best dominant.   ∎ 

Theorem (4.3.6): Let 𝕢(𝑧) be a convex univalent function in 𝕌 with 𝕢(0) = 1, 

 𝑅𝑒{𝜂} > 0.  Let   𝐻 ∈ ℍ  ,satisfies  

𝑧(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧)))

𝑧
∈ ℋ[𝕢(0), 1] ∩ 𝑄.         

If the function 𝑒1(𝑧) defined by (4.3.2) is univalent 𝑖𝑛 𝕌 and  

𝕢(𝑧) + 𝜂𝑧𝕢′(𝑧) ≺  𝑒1(𝑧),                                                                  (4.3.18) 

 then 

𝕢(𝑧) ≺
𝑧(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧)))

𝑧
 ,                                                        (4.3.19) 

and 𝕢(𝑧) is the best subordinant. 

Proof:  

Define the analytic function  𝕡(𝑧) 𝑏𝑦 

𝕡(𝑧) =
𝑧(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧)))

z
.                               (4.3.20) 

Differentiating (4.3.20) with respect to 𝑧, we have 
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𝑧𝕡′(𝑧)

𝕡(𝑧)
=
𝑧 ((𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧))))

′

(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧)))
− 1.                             (4.3.21) 

After some computation and using ((4.3.2)from (4.3.22)we get  

𝑒1(𝑧) = 𝕡(𝑧) + 𝜂𝑧𝕡
′(𝑧), 

now, by using Lemma (1.4.10), we get the desired result. 

Taking 𝕢(𝑧) =
1+𝐴𝑧

1+𝐵𝑧
 , (−1 ≤ 𝐵 < 𝐴 ≤ 1), in Theorem (4.3.5), we get the 

following corollary.                                                                                             ∎ 

Corollary (4.3.7): Let −1 ≤ 𝐵 < 𝐴 ≤ 1 , 𝜂 ∈ ℂ ∖ {0} 𝑤𝑖𝑡ℎ 𝑅𝑒{𝜂} > 0 , also let 

𝑧(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧)))

𝑧2
∈ ℋ[𝕢(0), 1] ∩ 𝑄. 

If the function 𝑒1(𝑧) given by (4.3.4) is univalent in 𝕌 and 𝐻 ∈  ℍ satisfies the 

following superordination condition  

1 + 𝐴𝑧

1 + 𝐵𝑧
+ 𝜂

(𝐴 − 𝐵)𝑧

(1 + 𝐵𝑧)2
≺ 𝑒1(𝑧), 

then 

1 + 𝐴𝑧

1 + 𝐵𝑧
≺
𝑧(𝑧𝐷́)

𝑛
(𝒯𝕚(𝐻(𝑧)))

𝑧2
, 

and the function  
1+𝐴𝑧

1+𝐵𝑧
  is the best subordinant.                                                   ∎ 

Theorem (4.3.8): Let 𝕢(𝑧) be convex univalent in unit disk 𝕌, with 𝕢(0) = 1,  

𝕢(𝑧) ≠ 0, 𝑎𝑛𝑑  
𝑧𝕢′(𝑧)

𝕢(𝑧)
, is starlike in 𝕌, let 𝜂 ∈ ℂ ∖ {0}  and   𝜎, 𝛼 ∈ ℂ. Further 

assume that 𝕢  satisfies  
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𝑅𝑒 {(𝕪 + 2𝕫𝕢(𝑧))
𝕢(𝑧)𝕢′(𝑧)

𝜂
} > 0; 𝑧 ∈ 𝕌.                                (4.3.22) 

Let 𝐻(𝑧) ∈ ℍ, and suppose that 𝐻(𝑧) satisfies the next condition  

𝑡(𝑧𝐷′)𝑛+1 (𝒯𝕚(𝐻(𝑧))) + (1 − 𝑡)(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧))) ≠ 0, (𝑧 ∈ 𝕌),

(0 ≤ 𝑡 ≤ 1) ,                                                                               (4.3.23) 

and  

𝑡(𝑧𝐷′)𝑛+1 (𝒯𝕚(𝐻(𝑧))) + (1 − 𝑡)(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧)))

∈ ℋ[𝕢(0), 1] ∩ 𝑄.                                                                         (4.3.24) 

If the function 𝑒2(𝑧), given by (4.3.11)  is univalent in  𝕌 ,and  

𝕩 + 𝕪𝕢(𝑧) + 𝕫(𝕢(𝑧))
2
+ 𝜂 

𝑧𝕢′(𝑧)

𝕢(𝑧)
≺ 𝑒2(𝑧),                                   (4.3.25) 

then  

𝕢(𝑧) ≺ 𝑡(𝑧𝐷′)𝑛+1 (𝒯𝕚(𝐻(𝑧)))

+ (1 − 𝑡)(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧))),                                    (4.3.26) 

and 𝕢(𝑧) is the best subordinant. 

Proof:  

    Let the function 𝕡(𝑧) defined on 𝕌 by (4.3.16). 

Then a computation show that 

𝑧𝕡′(𝑧)

𝕡(𝑧)
=
𝑡𝑧 ((𝑧𝐷′)𝑛+1 (𝒯𝕚(𝐻(𝑧)))) ′ + (1 − 𝑡)𝑧 ((𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧)))) ′

𝑡(𝑧𝐷′)𝑛+1 (𝒯𝕚(𝐻(𝑧))) + (1 − 𝑡)(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧)))

− 1,                                                                                                 (4.3.27) 
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by setting 

𝜣(𝑤) = 𝕩 + 𝕪𝑤 + 𝕫𝑤2, 𝑎𝑛𝑑  𝝓(𝑤) =
𝜂

𝑤
  , (𝑤 ∈ ℂ ∖ {0}). 

 We see that 𝜣(𝑤)  is analytic in ℂ, 𝝓(𝑤)  is analytic in ℂ ∖ {0}, and that  

𝝓(𝑤) ≠ 0 (𝑤 ∈ ℂ ∖ {0}). Also, we get  

𝑄(𝑧) = 𝑧𝕢′(𝑧)𝜙(𝕢(𝑧)) = 𝜂
𝑧𝕢′(𝑧)

𝕢(𝑧)
 , 𝑧 ∈ 𝕌, 

 it observed 𝑡ℎ𝑎𝑡 𝑄(𝑧) is starlike univalent 𝑖𝑛 𝕌,  𝑎𝑛𝑑 𝑡ℎ𝑎𝑡  

𝑅𝑒 (
𝑧𝜣′(𝕢(𝑧))

𝝓(𝕢(𝑧))
) = 𝑅𝑒 {𝕪 + 2𝕪𝕢(𝑧)

𝕢(𝑧)𝕢′(𝑧)

𝜂
} > 0 . 

By making use (4.3.25) the hypothesis (4.3.23) can by equivalently written as  

𝜣(𝕢(𝑧)) + 𝑧𝕢′(𝑧)𝝓(𝕢(𝑧)) ≺ 𝜣(𝕡(𝑧)) + 𝑧𝕡′(𝑧)𝝓(𝕡(𝑧)), 

thus, by applying Lemma (1.4.11),  the proof is complete.                                     ∎ 

Combination Theorem (4.3.2) with Theorem (4.3.8) , we obtain the following 

sandwich Theorem. 

Theorem (4.3.9): Let 𝕢1 𝑎𝑛𝑑  𝕢2 be convex univalent functions 𝑖𝑛 𝕌 with 

𝕢1(0) = 𝕢2(0) = 1   𝑎𝑛𝑑 𝕢2  satisfies  (4.3.1). Suppose that 𝑅𝑒{𝑦} > 0 ,  

𝐻 ∈  ℍ such that  

(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧))) ∈ ℋ[𝕢(0), 1] ∩ 𝑄, 

and the function 𝑒1(𝑧),  is univalent in 𝕌 and satisfies  

𝕢1(𝑧) + 𝜂𝑧𝕢1
′(𝑧) ≺  𝑒1(𝑧) ≺ 𝕢2(𝑧) + 𝜂𝑧𝕢2

′(𝑧),                        (4.3.28) 

where  𝑒1(𝑧) is given by (4.3.2),  then 
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𝕢1(𝑧) ≺ (𝑧𝐷
′)𝑛 (𝒯𝕚(𝐻(𝑧))) ≺ 𝕢2(𝑧), 

where 𝕢1  and  𝕢2, are respectively the best subordinant and best dominant of  

(4.3.26).                                                                                                              ∎ 

Combining Theorem (4.3.5)  with Theorem (4.3.9), we obtain the following 

sandwich theorem: 

Theorem (4.3.10): Let 𝕢𝑗;  𝑗 = 1,2  be two convex univalent  functions 𝑖𝑛 𝕌, 

such that  𝕢𝑗(0) = 1, 𝕢𝑗(𝑧) ≠ 0, 𝑎𝑛𝑑  
𝑧𝕢𝑗

′(𝑧)

𝕢𝑗(𝑧)
is starlike univalent in 𝕌, let 

𝜂 ∈ ℂ ∖ {0}   𝑎𝑛𝑑  𝕩, 𝕪, 𝕫 ∈ ℂ.  Suppose that 𝕢1  𝑎𝑛𝑑  𝕢2  satisfies (4.3.10) 𝑎𝑛𝑑 

(4.3.20), respectively. 

𝐼𝑓  𝐻 ∈  ℍ, and suppose that 𝐻 satisfies the next condition  

𝑡(𝑧𝐷′)𝑛+1 (𝒯𝕚(𝐻(𝑧))) + (1 − 𝑡)(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧))) ≠ 0, (𝑧 ∈ 𝕌,

0 ≤ 𝑡 ≤ 1), 

and  

𝑡𝑧(𝑧𝐷′)𝑛+1 (𝒯𝕚(𝐻(𝑧))) + (1 − 𝑡)𝑧(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧)))

𝑧2
∈ ℋ[𝕢(0), 1] ∩ 𝑄. 

If the function 𝑒2(𝑧) given by (4.3.12)  is univalent in 𝕌 , and  

𝕩 + 𝕪𝕢1(𝑧) + 𝕫(𝕢1(𝑧))
2
+ 𝜂 

𝑧𝕢1
′(𝑧)

𝕢1(𝑧)
≺ 𝑒2(𝑧)

≺ 𝕩 + 𝕪𝕢2(𝑧) + 𝕫(𝕢2(𝑧))
2
+ 𝜂 

𝑧𝕢2
′(𝑧)

𝕢2(𝑧)
,          (4.3.29) 

then 𝕢1(𝑧) ≺ 𝑡(𝑧𝐷
′)𝑛+1 (𝒯𝕚(𝐻(𝑧))) + (1 − 𝑡)(𝑧𝐷′)𝑛 (𝒯𝕚(𝐻(𝑧))) ≺ 𝕢2(𝑧), 

and 𝕢1𝑎𝑛𝑑 𝕢2 are the best subodinant and best dominant respectively of 

(4.3.29).                                                                                                          ∎
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Chapter Five: (Third and Fourth) - Order Differential 

Subordination and superordination for Completely 

Homogeneous Symmetric Functions Class   

 Introduction 5.1

This chapter is totally dedicated for study of several results on (third and 

fourth)-order differential subordination and superordination for class of 

complete elementary functions. In fact the concept of differential subordination 

considered important in functions of real variable and this concept enables us to 

study the range of original function. In the theory of complex-valued function, 

there are various differential applications in which a characterization of a 

function is determined from a differential condition. Many of papers on 

differential subordinations contributed by Miller and Mocaun [36]. The 

differential subordination was presented by text books by Duren [20], Goodman 

[29] and Pommerenke [42].  

This chapter is divided into two sections. The first section is concerned with 

third-order differential subordination results for analytic functions associated 

with a certain diffrrential of an ordered cyclic operator, we study suitable classes 

of admissible functions and establish the properties of third-order differential 

subordination by making use a certain differential operator of analytic functions 

in 𝕌 and have the normalized Taylor-Maclaurin series of the form : 

𝑓(𝑧) = 𝑧 +∑𝑎𝑛𝑧
𝑛

∞

𝑛=2

; 𝑧 ∈ 𝕌. 

Some new conclusions on differential subordination with some corollaries are 

obtained, such as, let 𝝓 ∈ 𝐽𝑗[𝛺, 𝕢]. If the functions 𝐻 ∈ ℍ 𝑎𝑛𝑑 𝕢 ∈ 𝑄0, satisfy 

the following conditions:  

𝑅𝑒 (
𝜉𝕢′′(𝜉)

𝕢′(𝜉)
) ≧ 0 , |

𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝕢′(𝜉)
| ≦ 𝑘, and  
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{𝝓(𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) , 𝔻𝛼,𝛽

𝕛+1
(𝒯𝕚(𝐻(𝑧))) ,𝔻𝛼,𝛽

𝕛+2
(𝒯𝕚(𝐻(𝑧))) , 𝔻𝛼,𝛽

𝕛+3
(𝒯𝕚(𝐻(𝑧))) ; 𝑧) , 𝑧

∈ 𝕌} ⊂ 𝛺, 

then  

𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) ≺ 𝕢(𝑧), 𝑧 ∈ 𝕌. 

The second section deals with the fourth-order differential subordination and 

superordination results of meromorphic multivalent functions defined by the 

inverse of an ordered cyclic operator. We obtain some applications of fourth-

order differential subordination and superordination results involving trace' 

powers of companion matrix for the inverse of ordered cyclic operator 𝕀𝕚(𝐻(𝑧)) 

of complete homogenous symmetric polynomial.  

Also we obtain several sandwich-type results, such as, let 𝝓 ∈ 𝒜𝒿[𝛺, 𝕢].  

If 𝐻 ∈ ℍ and 𝕢 ∈ 𝑄0 and satisfy the following conditions: 

𝑅𝑒 (
𝜁2𝕢′′′(𝜁)

𝕢′(𝜁)
) ≧ 0, |

𝕋𝕚+2(𝐻(𝑧))

𝕢′(𝜁)
| ≦ 𝑘2, 

and 

{𝝓(𝕋𝕚(𝐻(𝑧)), 𝕋𝕚+1(𝐻(𝑧)), 𝕋𝕚+2(𝐻(𝑧)), 𝕋𝕚+3(𝐻(𝑧)), 𝕋𝕚+4(𝐻(𝑧)))} ⊂ 𝛺, 

then 

𝕋𝕚(𝐻(𝑧)) ≺ 𝕢(𝑧) (𝑧 ∈ 𝕌). 

 

 Third-Order Differential Subordination Results for  5.2

Complete Homogeneous Symmetric Functions Associated with a 

Certain Differential of Cyclic Operator   

      let ℍ = ℋ(𝑎, 1) be the subclass of ℋ in which the functions satisfy the 

following form: 

𝐻(𝑧) = ∑ℎ𝑛𝑧
𝑛

∞

𝑛=0

; 𝑧 ∈ 𝕌.                                                                         (5.2.1) 
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      Let 𝑆 be a subclass of  ℋ which are analytic in 𝕌 and have the normalized 

Taylor-Maclaurin series of the form: 

𝑓(𝑧) =
𝐻(𝑧) − 1

ℎ1
; 𝑧 ∈ 𝕌.                                                                       (5.2. .2) 

      For a function 𝑓(𝑧) ∈ ℍ given by (5.2.1), the cyclic composition of 𝐻(𝑧) 

denoted by 𝒯𝕚 is defined by 

𝒯𝕚(𝐻(𝑧)) = 𝒯𝕚(∑ ℎ𝑛
∞
𝑛=0 𝑧𝑛) = ∑ ℎ𝑛+𝕚

∞
𝑛=0 𝑧𝑛                                   (5.2.3)    

     The geometric function theory relies heavily on the study of operators.  

Now, we introduce new operator by using the cyclic composition in this study. 

Definition 5.2.1: Let 𝐻 ∈ ℍ, 𝛼, 𝛽 ∈ 𝑁0 and 𝛼 + 𝛽 ≠ 0 ,we define the operator 

𝔻𝛼,𝛽
1 : ℍ → ℍ, 

by 

𝔻𝛼,𝛽
1 (𝒯𝕚(𝐻(𝑧))) =

𝛼

𝛼 + 𝛽
𝔻𝛼,𝛽
0 (𝒯𝕚(𝐻(𝑧))) +

𝛽

𝛼 + 𝛽
𝑧 (𝔻𝛼,𝛽

0 (𝒯𝕚(𝐻(𝑧))))
′

= ∑
𝛼 + 𝑛𝛽

𝛼 + 𝛽
ℎ𝑛

∞

𝑛=0

𝑧𝑛. 

Where 𝔻𝛼,0
1 (𝒯𝕚(𝐻(𝑧))) = 𝒯𝕚(𝐻(𝑧)), and 𝔻𝛼,0

1 (𝒯𝕚=0(𝐻(𝑧))) = 𝐻(𝑧). 

Suppose that 𝐻 ∈ ℍ, 𝛼, 𝛽 ∈ 𝑁0 and 𝛼 + 𝛽 ≠ 0 

𝔻𝛼,𝛽
1 (𝐻(𝑧)) =

𝛼

𝛼 + 𝛽
𝔻𝛼,𝛽
0 (𝒯𝕚(𝐻(𝑧))) +

𝛽

𝛼 + 𝛽
𝑧 (𝔻𝛼,𝛽

0 (𝒯𝕚(𝐻(𝑧))))
′

=
𝛼

𝛼 + 𝛽
∑ℎ𝑛+𝕚

∞

𝑛=0

𝑧𝑛 +
𝛽

𝛼 + 𝛽
𝑧 (∑𝑛ℎ𝑛+𝕚

∞

𝑛=0

𝑧𝑛−1)

=
𝛼

𝛼 + 𝛽
∑ℎ𝑛+𝕚

∞

𝑛=0

𝑧𝑛 +
𝛽

𝛼 + 𝛽
∑𝑛ℎ𝑛+𝕚

∞

𝑛=0

𝑧𝑛 = ∑
𝛼 + 𝑛𝛽

𝛼 + 𝛽
ℎ𝑛+𝕚

∞

𝑛=0

𝑧𝑛. 

In general  
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𝔻𝛼,𝛽
𝕛+1(𝐻(𝑧)) =

𝛼

𝛼 + 𝛽
𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) +

𝛽

𝛼 + 𝛽
𝑧 (𝔻𝛼,𝛽

𝕛
(𝒯𝕚(𝐻(𝑧))))

′

=∑(
𝛼 + 𝑛𝛽

𝛼 + 𝛽
)
𝕛

ℎ𝑛+𝕚

∞

𝑛=0

𝑧𝑛,                                                             (5.2. .4) 

where 𝔻𝛼,0
𝕚+1(𝐻(𝑧)) = 𝐻(𝑧). 

By simple calculation, we obtain 

𝛽𝑧 (𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))))

′

= (𝛼 + 𝛽)𝔻𝛼,𝛽
𝕛+1(𝐻(𝑧)) − 𝛼𝔻𝛼,𝛽

𝕛
(𝒯𝕚(𝐻(𝑧))),    (5.2.5)  

       The notion of the third-order differential subordination can be found in the 

work of  Ponnusamy and Juneja [43]. The recent work by several authors (see 

[7,26,49,50] ), on the differential subordination attracted many researchers in 

this field. For example, see [1,6,8,10,16,18,27,33,38,44,51].  

In this research, we investigate suitable classes of admissible functions 

associated with the new differential operator 𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) and establish the 

properties of third-order differential subordination by making use a certain new 

differential cyclic operator of analytic functions in 𝕌 and have the Taylor-

Maclaurin series of the form: 

𝐻(𝑧) = ∑ℎ𝑛+𝕚

∞

𝑛=0

𝑧𝑛; 𝑧 ∈ 𝕌. 

      Some new results on differential subordinations with some corollaries are 

obtained. Here, we obtain the symmetry of the differential superordination 

results.  

     We establish a set of acceptable functions so that (1.5.10) holds. We 

construct the following new class of admissible functions for this purpose, 

which will be needed to establish the key third-order differential subordination 

theorems for the operator 𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) described by (5.2.4). 
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Definition 5.2.2: Let 𝛺 be a set in ℂ 𝑎𝑛𝑑 𝕢 ∈ 𝑄0⋂𝐻0. The class 𝐽𝑗[𝛺, 𝕢] of 

admissible functions consists of those functions 𝝓: ℂ4 × 𝕌 → ℂ, that satisfy the 

following admissibility conditions: 

𝝑(𝕩, 𝕪, 𝕫,𝕨; 𝑧) ∉ 𝛺, 

𝕩 = 𝕢(𝜉), 𝕪 =
𝑘𝜉𝕢′(𝜉) + 𝛼𝕢(𝜉)

𝛼 + 𝛽
, 

𝑅𝑒 (
2𝛼(𝛼𝕩+𝛽𝕪)+𝛼𝛽(𝕩+𝕪)+𝛽2(𝕪+𝕫)

(𝛼+𝛽)(𝛼𝕩+𝛽𝕪)
) ≧ 𝑘𝑅𝑒 (

𝜉𝕢′′(𝜉)

𝕢′(𝜉)
+ 1), 

and 

𝑅𝑒 (
𝛼3𝕩 + 3𝛼2𝛽𝕪 + 3𝛼𝛽2𝕫 + 𝛽3𝕨

(𝛼 + 𝛽)2(𝛼𝕩 + 𝛽𝕪)
) ≧ 𝑘2𝑅𝑒 (

𝜉2𝕢′′′(𝜉)

𝕢′(𝜉)
) , 

where 

 𝑧 ∈ 𝕌, 𝜉 ∈ 𝜕𝕌 ∖ 𝐸(𝕢) and 𝑘 ≧ 2. 

Theorem 5.2.3: Let  𝛟 ∈ 𝐽𝑗[𝛺, 𝕢] If the functions 𝐻 ∈ ℍ 𝑎𝑛𝑑 𝕢 ∈ 𝑄0, satisfy 

the following conditions: 

𝑅𝑒 (
𝜉𝕢′′(𝜉)

𝕢′(𝜉)
) ≧ 0 , |

𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝕢′(𝜉)
| ≦ 𝑘 ,               (5.2.6) 

and 

{𝝓(𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) , 𝔻𝛼,𝛽

𝕛+1
(𝒯𝕚(𝐻(𝑧))) ,𝔻𝛼,𝛽

𝕛+2
(𝒯𝕚(𝐻(𝑧))) , 𝔻𝛼,𝛽

𝕛+3
(𝒯𝕚(𝐻(𝑧))) ; 𝑧) : 𝑧

∈ 𝕌} ⊂ 𝛺,                                                                                                                  (5.2.7) 

then  

𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) ≺ 𝕢(𝑧), (𝑧 ∈ 𝕌). 

Proof: 
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 Define the analytic function 𝕡(𝑧) in 𝕌 by  

𝕡(𝑧) = 𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))).                                                                     (5.2.8) 

Form equations (5.2.5) and (5.2.8), we have 

𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧))) =

𝛽𝑧𝕡′(𝑧) + 𝛼𝕡(𝑧)

𝛼 + 𝛽
 .              (5.2.9) 

By a similar argument, we get 

𝔻𝛼,𝛽
𝕛+2
(𝒯𝕚(𝐻(𝑧))) =

𝛽2𝑧2𝕡′′(𝑧) + 2𝛼𝛽𝑧𝕡′(𝑧) + 𝛼2𝕡(𝑧)

(𝛼 + 𝛽)2
 ,            (5.2.10) 

and 

 𝔻𝛼,𝛽
𝕛+3
(𝒯𝕚(𝐻(𝑧))) =

𝛽3𝑧3𝕡′′′(𝑧)+3𝛼𝛽2𝑧2𝕡′′(𝑧)+3𝛼2𝛽𝑧𝕡′(𝑧)+𝛼3𝕡(𝑧)

(𝛼+𝛽)3
.         (5.2.11) 

Define the transformation from ℂ4 𝑡𝑜 ℂ by 

𝕩(𝑟, 𝑠, 𝑡, 𝑢) = 𝑟, 𝕪(𝑟, 𝑠, 𝑡, 𝑢) =
𝛽𝑠 + 𝛼𝑟

𝛼 + 𝛽
, 

 𝕫(𝑟, 𝑠, 𝑡, 𝑢) =
𝛽2𝑡 + 2𝛼𝛽𝑠 + 𝛼2𝑟

(𝛼 + 𝛽)2
,                               (5.2.12) 

𝕨(𝑟, 𝑠, 𝑡, 𝑢) =
𝛽3𝑢 + 3𝛼𝛽2𝑡 + 3𝛼2𝛽𝑠 + 𝛼3𝑟

(𝛼 + 𝛽)3
.         (5.2.13) 

Let  

𝜫(𝑟, 𝑠, 𝑡, 𝑢) = 𝜙(𝕩, 𝕪, 𝕫,𝕨; 𝑧) 

= 𝝓(𝑟,
𝛽𝑠 + 𝛼𝑟

𝛼 + 𝛽
,
𝛽2𝑡 + 2𝛼𝛽𝑠 + 𝛼2𝑟

(𝛼 + 𝛽)2
,
𝛽3𝑢 + 3𝛼𝛽2𝑡 + 3𝛼2𝛽𝑠 + 𝛼3𝑟

(𝛼 + 𝛽)3
).   (5.2.14) 

Using the equations (5.2.8) to (5.2.11), and from the equation (5.2.14), we have 



Chapter Five        (Third and Fourth) - Order Differential Subordination … 
 

105 
 

𝜫(𝕡(𝑧), 𝑧𝕡′(𝑧), 𝑧2𝕡′′(𝑧), 𝑧3𝕡′′′ (𝑧); 𝑧)

= 𝝓(𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) , 𝔻𝛼,𝛽

𝕛+1
(𝒯𝕚(𝐻(𝑧))) ,𝔻𝛼,𝛽

𝕛+2
(𝒯𝕚(𝐻(𝑧))) , 𝔻𝛼,𝛽

𝕛+3
(𝒯𝕚(𝐻(𝑧))) ; 𝑧) : 𝑧

∈ 𝕌.                                                                                                                               (5.2.15) 

Hence, clearly (5.2.14) becomes 

𝜫(𝕡(𝑧), 𝑧𝕡′(𝑧), 𝑧2𝕡′′(𝑧), 𝑧3𝕡′′′ (𝑧); 𝑧 ) ∈ 𝛺, 

we note that 

1 +
𝑡

𝑠
=
2𝛼(𝛼𝕩 + 𝛽𝕪) + 𝛼𝛽(𝕩 + 𝕪) + 𝛽2(𝕪 + 𝕫)

(𝛼 + 𝛽)(𝛼𝕩 + 𝛽𝕪)
 

and 

𝑢

𝑠
=
𝛼3𝕩 + 3𝛼2𝛽𝕪 + 3𝛼𝛽2𝕫 + 𝛽3𝕨

(𝛼 + 𝛽)2(𝛼𝕩 + 𝛽𝕪)
 

Thus clearly, the admissibility condition for 𝝓 ∈ 𝐽𝑗[𝛺, 𝕢] in Definition 5.1.1, is 

equivalent to admissibility condition 𝜫 ∈ 𝛹2[𝛺, 𝕢] as given in Definition 1.5.19 

with 𝑛 = 2. 

Therefore, by using (5.2.6) and Lemma 1.5.18, we have 𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) ≺ 𝕢(𝑧). 

∎                                                                  

Our next result is consequence of Theorem 5.2.3, when the behavior of 𝕢(𝑧) on 

𝜕𝕌 is not known. 

Corollary 5.2.4: Let 𝛺 ⊂ ℂ and let the function 𝕢 be univalent in 𝕌 with 

𝕢(0) = 1. Let 𝝓 ∈ 𝐽𝑗[𝛺, 𝕢𝑝] for some 𝑝 ∈ (0,1), where 𝕢𝑝(𝑧) = 𝕢(𝑝𝑧). If the 

function 𝐻 ∈ ℍ and 𝕢𝑝 satisfies the following conditions: 
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𝑅𝑒 (
𝜉𝕢𝑝

′′(𝜉)

𝕢𝑝
′ (𝜉)

) ≧ 0 , (
𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝕢𝑝
′ (𝜉)

) ≦ 𝑘, (𝑧 ∈ 𝕌; 𝑘 ≧ 2; 𝜉 ∈ 𝜕𝕌 ∖ 𝐸(𝕢𝑝), 

and 

(𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) , 𝔻𝛼,𝛽

𝕛+1
(𝒯𝕚(𝐻(𝑧))) ,𝔻𝛼,𝛽

𝕛+2
(𝒯𝕚(𝐻(𝑧))) , 𝔻𝛼,𝛽

𝕛+3
(𝒯𝕚(𝐻(𝑧))) ; 𝑧) ∈

𝛺, 

then 

𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) ≺ 𝕢(𝑧), (𝑧 ∈ 𝕌). 

Proof : 

 By applying theorem 5.2.3, we get  

𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) ≺ 𝕢𝑝(𝑧), 𝑧 ∈ 𝕌. 

The result asserted by corollary 5.2.4 is now deduced from following 

subordination property 𝕢𝑝(𝑧) ≺ 𝕢(𝑧), 𝑧 ∈  𝕌. 

If 𝛺 ≠ ℂ, is a simply connected domain, the 𝛺 = ℎ(𝕌) for some conformal 

mapping ℎ(𝑧) of 𝕌 on to 𝛺. In this case the class 𝐽𝑗[ℎ(𝕌) , 𝕢] is written 

as 𝐽𝑗[ℎ , 𝕢]. This leads to the following immediate consequence of Theorem 

5.2.3.                                                                                                                    ∎ 

Theorem 5.2.5: Let 𝝓 ∈ 𝐽𝑗[ℎ, 𝕢]. If the function 𝐻 ∈ ℍ 𝑎𝑛𝑑 𝕢 ∈ 𝑄0, satisfy the 

following conditions: 

𝑅𝑒 (
𝜉𝕢𝑝

′′(𝜉)

𝕢𝑝
′ (𝜉)

) ≧ 0 , |
𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝕢𝕡
′ (𝜉)

| ≦ 𝑘                                   (5.2 .16) 
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and 

𝛟(𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) , 𝔻𝛼,𝛽

𝕛+1
(𝒯𝕚(𝐻(𝑧))) ,𝔻𝛼,𝛽

𝕛+2
(𝒯𝕚(𝐻(𝑧))) , 𝔻𝛼,𝛽

𝕛+3
(𝒯𝕚(𝐻(𝑧))) ; 𝑧) ≺

ℎ(𝑧),                                                                                                                            (5.2.17) 

then 

𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧))) ≺ 𝕢(𝑧), 𝑧 ∈ 𝕌. 

The next result is an immediate consequence of corollary 5.2.4. 

Corollary 5.2.6: Let 𝛺 ⊂ ℂ and let the function 𝕢 be univalent in 𝕌 with 

𝕢(0) = 1. Also let 𝜙 ∈ 𝐽𝑗[𝛺, 𝕢𝑝] for some 𝑝 ∈ (0,1), where 𝕢𝑝(𝑧) = 𝕢(𝑝𝑧). If 

the function 𝐻 ∈ ℍ and 𝕢𝕡 satisfies the following conditions:  

𝑅𝑒 (
𝜉𝕢𝑝

′′(𝜉)

𝕢𝑝
′ (𝜉)

) ≧ 0 , |
𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝕢𝑝
′ (𝜉)

| ≦ 𝑘 , 𝑧 ∈ 𝕌; 𝑘 ≧ 2; 𝜉 ∈ 𝜕𝕌 ∖ 𝐸(𝕢𝑝), 

and 

𝛟(𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) , 𝔻𝛼,𝛽

𝕛+1
(𝒯𝕚(𝐻(𝑧))) ,𝔻𝛼,𝛽

𝕛+2
(𝒯𝕚(𝐻(𝑧))) , 𝔻𝛼,𝛽

𝕛+3
(𝒯𝕚(𝐻(𝑧))) ; 𝑧)

≺ ℎ(𝑧),                                                                                   

then 

𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) ≺ 𝒯𝕚(𝐻(𝑧)), 𝑧 ∈ 𝕌. 

The following result yield the best dominant of differential subordination 

(5.2.17).                                                                                                               ∎ 

Theorem 5.2.7: Let the function ℎ be univalent in 𝕌. Also let 𝝓:ℂ4 × 𝕌 → ℂ 

and 𝜫 given by (5.2.14). Suppose that following differential equation 

𝜫(𝕢(𝑧), 𝑧𝕢′(𝑧), 𝑧2𝕢′′(𝑧), 𝑧3𝕢′′′(𝑧); 𝑧) = ℎ(𝑧).                                 (5.2.18) 
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Then 

𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) ≺ 𝒯𝕚(𝐻(𝑧)), 𝑧 ∈ 𝕌, 

and 𝕢(𝑧) is the best dominant. 

Proof: 

 From theorem 5.2.3, we see that 𝕢 is a dominant of (5.2.17) since 𝕢 satisfies 

(5.2.16), it is also a solution of (5.2.17). Therefore, 𝕢 will be dominated by all 

dominants. Hence 𝕢 is the best dominant. This completes the proof of theorem 

5.2.7.                                                                                                                     ∎ 

In view of definition 5.2.2, and in special case when 𝕢(𝑧) = 𝑀𝑧 (𝑀 > 0), the 

class 𝐽𝑗[Ω, 𝕢], of admissible functions, denoted by 𝐽𝑗[Ω,𝑀]  is expressed 

follows. 

Definition 5.2.8: Let 𝛺 be set in ℂ and 𝑀 > 0. The class 𝐽𝑗[Ω,𝑀] of admissible 

functions consists of those functions 𝝓:ℂ4 × 𝕌 → ℂ, such that 

𝝓

(

 
 
 
 
 

𝑀𝑒𝑖𝜃 ,

(
𝛽𝐾 + 𝛼𝑀

(𝛼 + 𝛽)
) 𝑒𝑖𝜃 ,

(
𝛽2𝐿 + 2𝛼𝛽𝑧𝐾 + 𝛼2𝑀

(𝛼 + 𝛽)2
) 𝑒𝑖𝜃 ,

(
𝛽3𝑁 + 3𝛼𝛽2𝐿 + 3𝛼2𝛽𝑧𝐾 + 𝛼3𝑀

(𝛼 + 𝛽)3
) 𝑒𝑖𝜃

)

 
 
 
 
 

,∉ 𝛺,                         (5.2.19) 

where 𝑧 ∈ 𝕌, 𝑅𝑒(𝐿𝑒−𝑖𝜃) ≧ (𝐾 − 1)𝐾𝑀 and 𝑅𝑒(𝑁𝑒−𝑖𝜃) ≧ 0, ∀ 𝜃 ∈ ℝ; 𝑘 ≧ 0. 

Corollary 5.2.9:  Let  𝛟 ∈ 𝐽𝑗[Ω,𝑀]. If the function 𝐻 ∈ ℍ satisfies the 

following conditions |𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))| ≦ 𝑘𝑀 , 𝑧 ∈ 𝕌; 𝑘 ≧ 2;  𝑀 > 0, 

and 
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(𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) ,𝔻𝛼,𝛽

𝕛+1
(𝒯𝕚(𝐻(𝑧))) , 𝔻𝛼,𝛽

𝕛+2
(𝒯𝕚(𝐻(𝑧))) ,𝔻𝛼,𝛽

𝕛+3
(𝒯𝕚(𝐻(𝑧)))) ; 𝑧

∈ 𝛺, 

then|𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧)))| < 𝑀. 

In special case, when 𝛺 = 𝑞(𝕌) = {𝜔: |𝜔| < 𝑀}, the class 𝐽𝑗[Ω,𝑀]. It is simple 

denoted by 𝐽𝑗[𝑀].                                                                                                 ∎ 

Corollary 5.2.9 can now be rewritten in the following . 

Corollary 3.2.10: Let 𝝓 ∈ 𝐽𝑗[𝑀]. If the function 𝐻 ∈ ℍ satisfies the following 

conditions |𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))| ≦ 𝑘𝑀 , 𝑧 ∈ 𝕌; 𝑘 ≧ 2;  𝑀 > 0, 

and 

|𝝓 (𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) , 𝔻𝛼,𝛽

𝕛+1
(𝒯𝕚(𝐻(𝑧))) ,𝔻𝛼,𝛽

𝕛+2
(𝒯𝕚(𝐻(𝑧))) , 𝔻𝛼,𝛽

𝕛+3
(𝒯𝕚(𝐻(𝑧))) ; 𝑧)| <

𝑀, 

then 

|𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧)))| < 𝑀.                                                                                    ∎ 

Corollary 5.2.11: Let 𝑘 ≧ 2,0 ≠ 𝕢 ∈ ℂ 𝑎𝑛𝑑 𝑀 > 0. If the function 𝐻 ∈ ℍ 

satisfies the following conditions: 

|𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))| ≦ 𝑘𝑀, 

and |
𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧)))

| ≦
𝑀𝑧

|𝛼+𝛽|
, then |𝔻𝛼,𝛽

𝕛
(𝒯𝕚(𝐻(𝑧)))| ≦ 𝑀. 

Proof: 

 Let 𝝓(𝕩, 𝕪, 𝕫,𝕨; 𝑧) =
𝕪

𝕩
 and 𝛺 = ℎ(𝕌), where  
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ℎ(𝑧) =
𝑀𝑧

|𝛼 + 𝛽|
, 𝑀 > 0, 

use Corollary 5.2.9, we need to show that 𝝓 ∈ 𝐽𝑗[𝛺,𝑀], that is the admissibility 

condition (5.2.19), is satisfied.  

This follows readily, since it is seen that |𝝓(𝕩, 𝕪, 𝕫,𝕨; 𝑧)| = |
(𝑘−1)𝑀𝑒𝑖𝜃

𝛼+𝛽
| ≧

𝑀

|𝛼+𝛽|
, 

where 𝑧 ∈ 𝕌 , 𝜃 ∈ ℝ 𝑎𝑛𝑑 𝑘 ≧ 2. The required result now follows from 

Corollary 5.2.9. This completes the proof .                                                          ∎  

Definition 5.2.12: Let 𝛺 be a set in ℂ 𝑎𝑛𝑑 𝕢 ∈ 𝑄1⋂𝑆1, the class 𝐽𝑗,1[𝛺, 𝕢] of 

admissible functions consists of those functions 𝝓: ℂ4 × 𝕌 → ℂ,which satisfy 

the following admissibility conditions 𝝓(𝕩, 𝕪, 𝕫,𝕨; 𝑧) ∉ 𝛺 whenever 

𝕩 = 𝕢(𝜉), 𝕪 =
𝛽𝐾𝜉𝕢′(𝜉) + 𝛼𝕢(𝜉)

(𝛼 + 𝛽)
, 

𝑅𝑒 (
2𝛼(𝛼𝕩 + 𝛽𝕪) + 𝛼𝛽(𝕩 + 𝕪) + 𝛽2(𝕪 + 𝕫)

(𝛼 + 𝛽)(𝛼𝕩 + 𝛽𝕪)
) ≧ 𝑘𝑅𝑒 (

𝜉𝕢′′(𝜉)

𝕢′(𝜉)
+ 1) 

and  

𝑅𝑒 (
𝛼3𝕩 + 3𝛼2𝛽𝕪 + 3𝛼𝛽2𝕫 + 𝛽3𝕨

(𝛼 + 𝛽)2(𝛼𝕩 + 𝛽𝕪)
) ≧ 𝑘2𝑅𝑒 (

𝜉2𝕢′′′(𝜉)

𝕢′(𝜉)
) , 

𝕩(𝑟, 𝑠, 𝑡, 𝑢) = 𝑟, 𝕪(𝑟, 𝑠, 𝑡, 𝑢) =
𝛽𝑠 + 𝛼𝑟

𝛼 + 𝛽
, 

 𝕫(𝑟, 𝑠, 𝑡, 𝑢) =
𝛽2𝑡 + 2𝛼𝛽𝑠 + 𝛼2𝑟

(𝛼 + 𝛽)2
,                                 (5.2.20) 

𝕨(𝑟, 𝑠, 𝑡, 𝑢) =
𝛽3𝑢 + 3𝛼𝛽2𝑡 + 3𝛼2𝛽𝑠 + 𝛼3𝑟

(𝛼 + 𝛽)3
 , 

𝑅𝑒 ( 
𝛼3𝕩 + 3𝛼2𝛽𝕪 + 3𝛼𝛽2𝕫 + 𝛽3𝕨

(𝛼 + 𝛽)2(𝛼𝕩 + 𝛽𝕪)
) ≧ 𝑘2𝑅𝑒 (

𝜉2𝕢′′′(𝜉)

𝕢′(𝜉)
), 
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where 𝑧 ∈ 𝕌, 𝜉 ∈ 𝜕𝕌 ∖ 𝐸(𝕢) 𝑎𝑛𝑑 𝑘 ≧ 𝑛. 

Theorem 5.2.13: Let 𝝓 ∈ 𝐽𝑗,1[𝛺, 𝕢]. If the function 𝐻 ∈ ℍ 𝑎𝑛𝑑 𝕢 ∈ 𝑄1, satisfy 

the following conditions: 

𝑅𝑒 (
𝜉𝕢′′(𝜉)

𝕢′(𝜉)
) ≧ 0, 

 |
𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝑧𝕢′(𝜉)
| ≦ 𝑘                             (5.2.21) 

and 

{𝛟(
𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧)))

𝑧
,
𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝑧
,
𝔻𝛼,𝛽
𝕛+2
(𝒯𝕚(𝐻(𝑧)))

𝑧
,
𝔻𝛼,𝛽
𝕛+3
(𝒯𝕚(𝐻(𝑧)))

𝑧
; 𝑧) , 𝑧

∈ 𝕌} ⊂ Ω,                                                                                                               (5.2.22) 

then 

𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧)))

𝑧
≺ 𝕢(𝑧); 𝑧 ∈ 𝕌. 

Proof:  

Define 𝕡(𝑧) 𝑖𝑛 𝕌, by 

𝕡(𝑧) =
𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧)))

𝑧
,                                                                     (5.2.23) 

from equation (5.2.5) and (5.2.8,22), we have 

𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝑧
=
(𝛼 + 𝛽)𝕡(𝑧) + 𝛽𝑧𝕡′(𝑧)

𝛼 + 𝛽
 .                                   (5.2.24) 

By a similar argument, we get 
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𝔻𝛼,𝛽
𝕛+2
(𝒯𝕚(𝐻(𝑧)))

𝑧

=
(𝛼 + 𝛽)2𝕡(𝑧) + 2𝛽(𝛼 + 𝛽)𝑧𝕡′(𝑧) + 𝛽2𝑧2𝕡′′(𝑧)

(𝛼 + 𝛽)2
,                             (5.2.25) 

and  

𝔻𝛼,𝛽
𝕛+3
(𝒯𝕚(𝐻(𝑧)))

𝑧
=

(𝛼+𝛽)3𝕡(𝑧)+(𝛼+𝛽)(5𝛽2+3𝛼𝛽) 𝑧𝕡′(𝑧)+3𝛽2(3𝛼+4𝛽)𝑧2𝕡′′(𝑧)+𝛽3𝑧3𝕡′′′(𝑧)

(𝛼+𝛽)3
.               (5.2.26)  

Define the transformation from ℂ4 to ℂ by 

𝕩(𝑟, 𝑠, 𝑡, 𝑢) = 𝑟, 𝕪(𝑟, 𝑠, 𝑡, 𝑢) =
(𝛼 + 𝛽)𝑟 + 𝛽𝑠

𝛼 + 𝛽
, 𝕫(𝑟, 𝑠, 𝑡, 𝑢)

=
(𝛼 + 𝛽)2𝑟 + 2𝛽(𝛼 + 𝛽)𝑠 + 𝛽2𝑡

(𝛼 + 𝛽)2
                                                             (5.2.27) 

and 

𝕨(𝑟, 𝑠, 𝑡, 𝑢)

=
(𝛼 + 𝛽)3𝑟 + (𝛼 + 𝛽)(5𝛽2 + 3𝛼𝛽) 𝑠 + 3𝛽2(3𝛼 + 4𝛽)𝑡 + 𝛽3𝑧2𝑢

(𝛼 + 𝛽)3
.    (5.2.28) 

Let 

𝜫(𝑟, 𝑠, 𝑡, 𝑢) = 𝝓(𝕩, 𝕪, 𝕫,𝕨; 𝑧)

=  𝝓

(

 
 
 
 

 𝑟,
(𝛼 + 𝛽)𝑟 + 𝛽𝑠

𝛼 + 𝛽
,

(𝛼 + 𝛽)2𝑟 + 2𝛽(𝛼 + 𝛽)𝑠 + 𝛽2𝑡

(𝛼 + 𝛽)2
,

(𝛼 + 𝛽)3𝑟 + (𝛼 + 𝛽)(5𝛽2 + 3𝛼𝛽) 𝑠 + 3𝛽2(3𝛼 + 4𝛽)𝑡 + 𝛽3𝑧2𝑢

(𝛼 + 𝛽)3 )

 
 
 
 

.   (5.2.29) 

The proof will make use of lemma (1.5.18). Using the equations (5.2.22) to 

(5.2.25) and from the equation (5.2.29), we have 
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𝜫(𝕡(𝑧), 𝑧𝕡′(𝑧), 𝑧2𝕡′′(𝑧), 𝑧3𝕡′′′(𝑧); 𝑧) =

𝛟(𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) , 𝔻𝛼,𝛽

𝕛+1
(𝒯𝕚(𝐻(𝑧))) ,𝔻𝛼,𝛽

𝕛+2
(𝒯𝕚(𝐻(𝑧))) , 𝔻𝛼,𝛽

𝕛+3
(𝒯𝕚(𝐻(𝑧))) ; 𝑧). 

(5.2.29)  

Hence, clearly (5.2.21) becomes  

𝜫(𝕡(𝑧), 𝑧𝕡′(𝑧), 𝑧2𝕡′′(𝑧), 𝑧3𝕡′′′(𝑧); 𝑧)∈𝛺. 

We note that 

𝑡

𝑠
+ 1 =

2(𝛼 + 𝛽)2𝕩 + 3𝛽(𝛼 + 𝛽)𝕪 + 𝛽2𝕫

(𝛼 + 𝛽)((𝛼 + 𝛽)𝕩 + 𝛽𝕪)
, 

and 

𝑢

𝑠
=
(𝛼 + 𝛽)3𝕩 + (𝛼 + 𝛽)(5𝛽2 + 3𝛼𝛽) 𝕪 + 3𝛽2(3𝛼 + 4𝛽)𝕫 + 𝛽3𝕨

(𝛼 + 𝛽)2((𝛼 + 𝛽)𝕩 + 𝛽𝕪)
. 

Thus clearly, the admissibility condition for 𝝓 ∈ 𝐽𝑗,1[𝛺, 𝕢] in definition 5.2.4 is 

equivalent to admissibility condition for 𝜫 ∈ 𝛹2[𝛺, 𝕢], as given in definition 

1.4.20 with 𝑛 ≧ 2. 

Therefore, by using (5.2.20) and lemma (1.4.18), we have 

𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧))) 𝑧 ≺ 𝕢(𝑧). 

If 𝛺 ≠ ℂ, is a simply connected domain, the 𝛺 = ℎ(𝕌) for some conformal 

mapping ℎ(𝑧) of 𝕌 onto 𝛺. In this case the class 𝐽𝑗,1[ℎ(𝕌), 𝕢 ] is written 

as 𝐽𝑗,1[ℎ, 𝕢 ].                                                                                                        ∎ 

This leads to the following immediate consequence of theorem 5.2.13 is stated 

below. 
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Theorem 5.2.14: Let 𝝓 ∈ 𝐽𝑗,1[𝛺, 𝕢]. If 𝐻 ∈ ℍ and 𝕢 ∈ 𝑄1, satisfy the following 

conditions: 

 𝑅𝑒 (
𝜉𝕢′′(𝜉)

𝕢′(𝜉)
) ≧ 0, |

𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝑧𝕢′(𝜉)
| ≦ 𝑘,                                                (5.2.30) 

and 

𝝓(
𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧)))

𝑧
,
𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝑧
.
𝔻𝛼,𝛽
𝕛+2
(𝒯𝕚(𝐻(𝑧)))

𝑧
,
𝔻𝛼,𝛽
𝕛+3
(𝒯𝕚(𝐻(𝑧)))

𝑧
; 𝑧)

≺ ℎ(𝑧),                                                                                                                          (5.2.31) 

then 
𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧)))

𝑧
≺ 𝕢(𝑧), 𝑧 ∈ 𝕌.                                                                       ∎ 

In view of definition 5.2.11, and in special case when 𝕢(𝑧) = 𝑀𝑧, (𝑀 > 0), the 

class 𝐽𝑗,1[𝛺, 𝕢], of admissible functions, denoted by 𝐽𝑗,1[𝛺,𝑀] is expressed 

follows. 

Definition 5.2.15: Let 𝛺 be set in ℂ 𝑎𝑛𝑑 𝑀 > 0. The class 𝐽𝑗,1[𝛺,𝑀] of 

admissible functions consists of those function 𝝓:ℂ4 × 𝕌 → ℂ,𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  

𝝓

(

 
 
 
 

𝑀𝑒𝑖𝜃 ,

(
(𝛼+𝛽)𝑀+𝛽𝐾

𝛼+𝛽
) 𝑒𝑖𝜃 ,

(
(𝛼+𝛽)2𝑀+2𝛽(𝛼+𝛽)𝐾+𝛽2𝐿

(𝛼+𝛽)2
) 𝑒𝑖𝜃 ,

(
(𝛼+𝛽)3𝑀+(𝛼+𝛽)(5𝛽2+3𝛼𝛽) 𝐾+3𝛽2(3𝛼+4𝛽)𝐿+𝛽3𝑧2𝑁

(𝛼+𝛽)3
) 𝑒𝑖𝜃)

 
 
 
 

,∉ 𝛺,          (5.2.32)  

whenever, 𝑧 ∈ 𝕌, 𝑅𝑒(𝐿𝑒−𝑖𝜃) ≧ (𝐾 − 1)𝐾𝑀 

and 𝑅𝑒(𝑁𝑒−𝑖𝜃) ≧ 0, ∀ 𝜃 ∈ ℝ; 𝑘 ≧ 0. 

Corollary 5.2.16: Let 𝝓 ∈ 𝐽𝑗,1[𝛺,𝑀]. If the function 𝐻 ∈ ℍ satisfies the 

following conditions: 
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 |
𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝑧
| ≦ 𝑘𝑀, (𝑧 ∈ 𝑈; 𝑘 ≧ 2;  𝑀 > 0), 

and 𝝓(
𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧)))

𝑧
,
𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝑧
.
𝔻𝛼,𝛽
𝕛+2
(𝒯𝕚(𝐻(𝑧)))

𝑧
,
𝔻𝛼,𝛽
𝕛+3
(𝒯𝕚(𝐻(𝑧)))

𝑧
; 𝑧) ∈ 𝛺, 

then |
𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧)))

𝑧
| < 𝑀. 

When 𝛺 = 𝕢(𝕌) = {𝜔: |𝜔| < 𝑀}, the class 𝐽𝑗,1[𝛺,𝑀] is simple denoted by 

𝐽𝑗,1[𝛺,𝑀].                                                                                                            ∎ 

Corollary 5.2.16 can now be rewritten in the following from. 

Corollary 5.2.17: Let 𝝓 ∈ 𝐽𝑗,1[𝛺,𝑀]. If the function 𝐻 ∈ ℍ satisfies the 

following conditions |
𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝑧
| ≦ 𝑘𝑀, (𝑧 ∈ 𝕌; 𝑘 ≧ 2;  𝑀 > 0) 

And |𝝓(
𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧)))

𝑧
,
𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝑧
.
𝔻𝛼,𝛽
𝕛+2
(𝒯𝕚(𝐻(𝑧)))

𝑧
,
𝔻𝛼,𝛽
𝕛+3
(𝒯𝕚(𝐻(𝑧)))

𝑧
; 𝑧)| < 𝑀, 

then  |𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧)))| < 𝑀.  

Definition 5.2.18: Let 𝛺 be a set in ℂ .𝐴𝑙𝑠𝑜 𝕢 ∈ 𝑄1⋂𝑆1, the class 𝐽𝑗,2[𝛺, 𝕢] of 

admissible functions consists of those functions 𝝓: ℂ4 × 𝕌 → ℂ,which satisfy 

the following admissibility conditions 𝝓(𝕩, 𝕪, 𝕫,𝕨; 𝑧) ∉ 𝛺 

whenever 𝕩 = 𝕢(𝜉), 𝕪 =
(𝛼+𝛽)𝑟+𝛽𝑠

𝛼+𝛽
, 

𝑅𝑒 (
2(𝛼 + 𝛽)2𝕩 + 3𝛽(𝛼 + 𝛽)𝕪 + 𝛽2𝕫

(𝛼 + 𝛽)((𝛼 + 𝛽)𝕩 + 𝛽𝕪)
) ≧ 𝑘 𝑅𝑒 (

𝜉𝕢′′(𝜉)

𝕢′(𝜉)
+ 1), 

and  
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𝑅𝑒 (
(𝛼 + 𝛽)3𝕩 + (𝛼 + 𝛽)(5𝛽2 + 3𝛼𝛽) 𝕪 + 3𝛽2(3𝛼 + 4𝛽)𝕫 + 𝛽3𝕨

(𝛼 + 𝛽)2((𝛼 + 𝛽)𝕩 + 𝛽𝕪)
)

≧ 𝑘2𝑅𝑒 (
𝜉2𝕢′′′(𝜉)

𝕢′(𝜉)
) , 

where 𝑧 ∈ 𝕌, 𝜉 ∈ 𝜕𝕌 ∖ 𝐸(𝕢) 𝑎𝑛𝑑 𝑘 ≧ 𝑛. 

Theorem 5.2.19: Let 𝝓 ∈ 𝐽j,2[𝛺, 𝕢]. If the function 𝐻 ∈ ℍ 𝑎𝑛𝑑 𝕢 ∈ 𝑄1, satisfy 

the following conditions: 𝑅𝑒 (
𝜉𝕢′′(𝜉)

𝕢′(𝜉)
) ≧ 0, 

|
𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝔻
𝛼,𝛽

𝕛
(𝒯𝕚(𝐻(𝑧)))

| ≦ 𝑘,                                     (5.2.33) 

and {𝝓(
𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧)))

,
𝔻𝛼,𝛽
𝕛+2
(𝒯𝕚(𝐻(𝑧)))

𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

,
𝔻𝛼,𝛽
𝕛+3
(𝒯𝕚(𝐻(𝑧)))

𝔻𝛼,𝛽
𝕛+2
(𝒯𝕚(𝐻(𝑧)))

,
𝔻𝛼,𝛽
𝕛+4
(𝒯𝕚(𝐻(𝑧)))

𝔻𝛼,𝛽
𝕛+3
(𝒯𝕚(𝐻(𝑧)))

; 𝑧) ;  𝑧 ∈

𝑈} ⊂ 𝛺,                                                                                                                   (5.2.34) 

then  
𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧)))

≺ 𝕢(𝑧), (𝑧 ∈ 𝕌). 

Proof:  

Define the analytic function 𝕡(𝑧) 𝑖𝑛 𝕌 by 

 𝕡(𝑧) =
𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝔻𝛼,𝛽
𝕛
(𝒯𝕚(𝐻(𝑧)))

.                                                   (5.2.35) 

From equations (5.2.5) and (5.2.35), we have 

𝔻𝛼,𝛽
𝕛+2
(𝒯𝕚(𝐻(𝑧)))

𝔻
𝛼,𝛽

𝕛+1
(𝒯𝕚(𝐻(𝑧)))

=
(𝛼 + 𝛽)𝕡2(𝑧) + 𝛽𝑧𝕡′(𝑧)

(𝛼 + 𝛽)𝕡(𝑧)
.                        (5.2.36) 

By a similar argument, we get 
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𝔻𝛼,𝛽
𝕛+3
(𝒯𝕚(𝐻(𝑧)))

𝔻
𝛼,𝛽

𝕛+2
(𝒯𝕚(𝐻(𝑧)))

=
(𝛼 + 𝛽)2𝕡3(𝑧) + 3(𝛼 + 𝛽)𝛽𝑧𝕡(𝑧)𝕡′(𝑧) + 2𝛽2𝑧𝕡′(𝑧) + 2𝛽2𝑧2𝕡′′(𝑧)

(𝛼 + 𝛽)2𝕡2(𝑧) + 𝛽(𝛼 + 𝛽)𝑧𝕡′(𝑧)
, (5.2.37) 

and  

𝔻𝛼,𝛽
𝕛+4
(𝒯𝕚(𝐻(𝑧)))

𝔻
𝛼,𝛽

𝕛+3
(𝒯𝕚(𝐻(𝑧)))

=
𝑑𝛽2𝑧3𝕡′′′(𝑧) + 𝑎𝑏 + 𝑐 + 𝑑𝑒

𝑎2
, (5.2.38) 

where 

𝑎(𝑧) = ((𝛼 + 𝛽)2𝕡3(𝑧) + 3(𝛼 + 𝛽)𝛽𝑧𝕡(𝑧)𝕡′(𝑧) + 𝛽2𝑧𝕡′(𝑧) + 𝛽2𝑧2𝕡′′(𝑧)), 

𝑏(𝑧) = ((𝛼 + 𝛽)2𝕡3(𝑧) + (𝛼 + 𝛽)𝛽𝑧𝕡(𝑧)𝕡′(𝑧) − 𝛽2𝑧𝕡′(𝑧) − 𝛽2𝑧2𝕡′′(𝑧)), 

𝑐(𝑧) = (𝛽2𝑧𝕡′(𝑧) + 𝛽2𝑧2𝕡′′(𝑧))
2
, 

𝑑(𝑧) = ((𝛼 + 𝛽)𝛽𝕡2(𝑧) + 𝛽2𝑧𝕡′(𝑧)), 

𝑒(𝑧) = ((𝛼 + 𝛽)2𝕡3(𝑧) + 3(𝛼 + 𝛽)𝛽𝕡(𝑧)𝑧2𝕡′′(𝑧) + 3(𝛼 + 𝛽)𝛽𝑧2𝕡′(𝑧)𝕡′(𝑧)

+ 3(𝛼 + 𝛽)𝛽𝑧𝕡(𝑧)𝕡′(𝑧) + 3𝛽2𝑧2𝕡′′(𝑧) + 𝑧𝕡′(𝑧)). 

We now define the transformation from ℂ4 to ℂ by 

             𝕩(𝑟, 𝑠, 𝑡, 𝑢) = 𝑟, 𝕪(𝑟, 𝑠, 𝑡, 𝑢) =
(𝛼+𝛽)𝑟2+𝛽𝑠

(𝛼+𝛽)𝑟
, 

𝕫(𝑟, 𝑠, 𝑡, 𝑢) =
(𝛼 + 𝛽)2𝑟3 + 3(𝛼 + 𝛽)𝛽𝑟𝑠 + 𝛽2𝑠 + 𝛽2𝑡

(𝛼 + 𝛽)2𝑟2 + 𝛽(𝛼 + 𝛽)𝑠
,              (5.2.39) 

and  
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𝕨(𝑟, 𝑠, 𝑡, 𝑢)

=
𝑑(𝑟, 𝑠, 𝑡, 𝑢)𝛽2𝑢 + 𝑎(𝑟, 𝑠, 𝑡, 𝑢)𝑏(𝑟, 𝑠, 𝑡, 𝑢) + 𝑐(𝑟, 𝑠, 𝑡, 𝑢) + 𝑑(𝑟, 𝑠, 𝑡, 𝑢)𝑒(𝑟, 𝑠, 𝑡, 𝑢)

(𝑎(𝑟, 𝑠, 𝑡, 𝑢))
2 ,  

  (5.2.40) 

where  

𝑎(𝑟, 𝑠, 𝑡, 𝑢) = ((𝛼 + 𝛽)2𝑟3 + 3(𝛼 + 𝛽)𝛽𝑟𝑠 + 𝛽2𝑠 + 𝛽2𝑡), 

𝑏(𝑟, 𝑠, 𝑡, 𝑢) = ((𝛼 + 𝛽)2𝑟3 + (𝛼 + 𝛽)𝛽𝑟𝑠 − 𝛽2𝑠 − 𝛽2𝑡), 

𝑐(𝑟, 𝑠, 𝑡, 𝑢) = (𝛽2𝑠 + 𝛽2𝑡)2, 

𝑑(𝑟, 𝑠, 𝑡, 𝑢) = ((𝛼 + 𝛽)𝛽𝑟2 + 𝛽2𝑠), 

𝑒(𝑟, 𝑠, 𝑡, 𝑢) = ((𝛼 + 𝛽)2𝑟3 + 3(𝛼 + 𝛽)𝛽𝑟𝑡 + 3(𝛼 + 𝛽)𝛽𝑠2 + 3(𝛼 + 𝛽)𝛽𝑟𝑠

+ 3𝛽2𝑡 + 𝑠). 

Let 

𝜫(𝑟, 𝑠, 𝑡, 𝑢) = 𝝓(𝕩, 𝕪, 𝕫,𝕨; 𝑧)

= 𝝓

(

 
 
 
 
 

𝑟,
(𝛼 + 𝛽)𝑟2 + 𝛽𝑠

(𝛼 + 𝛽)𝑟
,

(𝛼 + 𝛽)2𝑟3 + 3(𝛼 + 𝛽)𝛽𝑟𝑠 + 𝛽2𝑠 + 𝛽2𝑡

(𝛼 + 𝛽)2𝑟2 + 𝛽(𝛼 + 𝛽)𝑠
,

𝑑(𝑟, 𝑠, 𝑡, 𝑢)𝛽2𝑢 + 𝑎(𝑟, 𝑠, 𝑡, 𝑢)𝑏(𝑟, 𝑠, 𝑡, 𝑢) + 𝑐(𝑟, 𝑠, 𝑡, 𝑢) + 𝑑(𝑟, 𝑠, 𝑡, 𝑢)𝑒(𝑟, 𝑠, 𝑡, 𝑢)

(𝑎(𝑟, 𝑠, 𝑡, 𝑢))
2

)

 
 
 
 
 

. 

                  (5.2.41) 

The proof will make use of lemma 1.4.17. Using the equations (5.2.35) to 

(5.2.38), and from the equation (5.2.41), we have 
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𝜫(𝕡(𝑧), 𝑧𝕡′(𝑧), 𝑧2𝕡′′(𝑧), 𝑧3𝕡′′′(𝑧); 𝑧)

= 𝝓(
𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝔻
𝛼,𝛽

𝕛
(𝒯𝕚(𝐻(𝑧)))

,
𝔻𝛼,𝛽
𝕛+2
(𝒯𝕚(𝐻(𝑧)))

𝔻
𝛼,𝛽

𝕛+1
(𝒯𝕚(𝐻(𝑧)))

,
𝔻𝛼,𝛽
𝕛+3
(𝒯𝕚(𝐻(𝑧)))

𝔻
𝛼,𝛽

𝕛+2
(𝒯𝕚(𝐻(𝑧)))

,
𝔻𝛼,𝛽
𝕛+4
(𝒯𝕚(𝐻(𝑧)))

𝔻
𝛼,𝛽

𝕛+3
(𝒯𝕚(𝐻(𝑧)))

; 𝑧) . 

Hence, clearly (5.2.34) becomes 

𝜫(𝕡(𝑧), 𝑧𝕡′(𝑧), 𝑧2𝕡′′(𝑧), 𝑧3𝕡′′′(𝑧); 𝑧) ∈ 𝛺. 

We note that 

1 +
𝑡

𝑠
=
2(𝛼+𝛽)

2
𝕩4+5(𝛼+𝛽)𝛽𝕩2𝕪+2𝛽

2
𝕩𝕪+𝛽

2
𝕪2+2𝛽

2
𝕩𝕫

((𝛼+𝛽)𝕩2+𝛽𝕪)
2

, 

and  

𝑢

𝑠

=
(𝛼 + 𝛽)𝕩(𝑑(𝕩, 𝕪, 𝕫, 𝕦)𝛽2𝑢 + 𝑎(𝕩, 𝕪, 𝕫, 𝕦)𝑏(𝕩, 𝕪, 𝕫, 𝕦) + 𝑐(𝕩, 𝕪, 𝕫, 𝕦) + 𝑑(𝕩, 𝕪, 𝕫, 𝕦)𝑒(𝕩, 𝕪, 𝕫, 𝕦))

((𝛼 + 𝛽)𝕩2 + 𝛽𝕪) (𝑎((𝕩, 𝕪, 𝕫, 𝕦)))
2 . 

Thus clearly, the admissibility condition for 𝝓 ∈ 𝐽𝑗,2[𝛺, 𝕢], in definition 5.2.6 is 

equivalent to admissibility condition for 𝜫 ∈ 𝛹2[𝛺, 𝕢], as given in definition 

1.4.19 with 𝑛=2. 

Therefore, by using (5.2.33) and lemma 1.4.17, we have 

𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝔻
𝛼,𝛽

𝕛
(𝒯𝕚(𝐻(𝑧)))

≺ 𝕢(𝑧).                                     (5.2.43) 

This completes the proof of Theorem 5.2.19.                                                     ∎ 

If 𝛺 ≠ ℂ, is simply-connected domain, then 𝛺 = ℎ(𝕌) for some conformal 

mapping ℎ(𝑧) 𝑜𝑓 𝕌 on to 𝛺. In this case, the class 𝐽𝑗,2[ℎ(𝕌) , 𝕢] is written as 

𝐽𝑗,2[ℎ , 𝕢]. An immediate consequence of Theorem (5.2.11) is now stated below 

without proof. 
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Theorem 5.2.20: Let 𝝓 ∈ 𝐽𝑗,2[𝛺, 𝕢]. If 𝐻 ∈ ℍ 𝑎𝑛𝑑 𝕢 ∈ 𝑄1, satisfy the following 

conditions (5.2.34), and 

𝝓(
𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝔻
𝛼,𝛽

𝕛
(𝒯𝕚(𝐻(𝑧)))

,
𝔻𝛼,𝛽
𝕛+2
(𝒯𝕚(𝐻(𝑧)))

𝔻
𝛼,𝛽

𝕛+1
(𝒯𝕚(𝐻(𝑧)))

,
𝔻𝛼,𝛽
𝕛+3
(𝒯𝕚(𝐻(𝑧)))

𝔻
𝛼,𝛽

𝕛+2
(𝒯𝕚(𝐻(𝑧)))

,
𝔻𝛼,𝛽
𝕛+4
(𝒯𝕚(𝐻(𝑧)))

𝔻
𝛼,𝛽

𝕛+3
(𝒯𝕚(𝐻(𝑧)))

; 𝑧)

≺ ℎ(𝑧),                                                                                                                  (5.2.44) 

then 

𝔻𝛼,𝛽
𝕛+1
(𝒯𝕚(𝐻(𝑧)))

𝔻
𝛼,𝛽

𝕛
(𝒯𝕚(𝐻(𝑧)))

≺ 𝕢(𝑧), 𝑧 ∈ 𝕌. 

                                                                                                 ∎ 

 Fourth-Order Differential Subordination and Superordination 5.3

Results for Completely Homogeneous Symmetric Defined by the 

Inverse of an Ordered Cyclic Operator 

  Assume that ℍ denotes the class of functions of the form 

𝐻(𝑧) = ∑ℎ𝑛

∞

𝑛=0

𝑧𝑛, 𝑧 ∈ 𝕌 ,                  (5.3.1) 

let 𝐻 ∈ ℍ given by (5.3.1) the inverse  𝕀𝕚 of 𝐻(𝑧) is defined as follows:  

𝕀𝕚 (𝐻(𝑧)) = ∑ℎ𝑛−𝕚

∞

𝑛=0

𝑧𝑛, 𝑧 ∈ 𝕌 𝑎𝑛𝑑 𝕚 = 0,1,2,…, 

it is easily verified from (5.3.2), that  

𝑧(𝕀𝕚(𝐻(𝑧)))
′

𝕀𝕚(𝐻(𝑧))
= −𝕊(z) and 𝑧 (𝕀𝕚(𝐻(𝑧)))

′
= −𝕀𝕚(𝐻(𝑧))𝕊(z).      (5.3.3) 

        In recent years, there are many authors presented and dealing with the 

theory of second-order differential subordination and superordination see 

([1,10,16,36]). Also, many authors discussed the theory of the third-order 

differential subordination and superordination see ([2,5]). In 2011, Antonino and 
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Miller [2] presented basic concepts and extended the theory of the second-order 

differential subordination in the open unit disk introduced by Miller and Mocanu 

[36] to the third case. Atshan et al. ([5,9]) extended the third-order case to 

fourth-order differential subordination and determined properties of functions 𝕢 

that satisfy the following fourth-order differential subordination:  

𝜙(𝕢(𝑧), 𝑧𝕢′(𝑧), 𝑧2𝕢′′(𝑧), 𝑧3𝕢′′′(𝑧), 𝑧4𝕢′′′′(𝑧); 𝑧) ≺ ℎ(𝑧), 

where ℎ be analytic univalent function in 𝕌,𝕢 is analytic function and 

 𝝓:ℂ5 × 𝕌 → ℂ. Now, we extended the third-order case to fourth-order 

differential superordination and determined properties of the function 𝕢 that 

satisfy the following fourth-order differential superordination 

ℎ(𝑧) ≺ 𝝓(𝕢(𝑧), 𝑧𝕢′(𝑧), 𝑧2𝕢′′(𝑧), 𝑧3𝕢′′′(𝑧), 𝑧4𝕢′′′′(𝑧); 𝑧), 

where ℎ(𝑧) be analytic univalent function in 𝕌, 𝕡 is analytic function  

𝝓:ℂ5 × 𝕌 → ℂ. To prove our main result, we need the basic concepts in the 

theory of fourth-order.  

We present some results for differential subordination and superordination for 

analytic functions defined by the inverse of an cyclic operator  𝕀𝕚 of 𝐻(𝑧). 

Second, we define the following class of admissible functions, which are needed 

in proving the differential theorems associated with 𝕀𝕚 defined by (5.3.2).  

Definition 5.3.1: Let 𝛺 be a set in ℂ and 𝕢 ∈ 𝑄0. The class 𝒜𝑗[𝛺, 𝕢] of 

admissible functions consists of those functions 𝝓: ℂ5 × 𝕌 → ℂ, that satisfy the 

following admissibility conditions: 

𝝓(𝕩, 𝕪, 𝕫, 𝕦,𝕨; 𝑧) ∉ 𝛺, 

whenever 𝕩 = 𝕢(𝜉), 𝕪 = 𝕀(𝐻(𝑧))𝕡(𝑧) −
𝕊(𝑧)𝕡2(𝑧)

𝑧𝕡′(𝑧)
,  

𝑅𝑒 (
𝕀3(𝕡(𝑧))

𝕀(𝕡(𝑧))
) ≧ 𝑘2𝑅ℯ (

𝜁2𝕢′′′(𝜁)

𝕢′(𝜁)
) and  𝑅𝑒 ( 

𝕀4(𝕡(𝑧))

𝕀(𝕡(𝑧))
)  ≧ 𝑘3𝑅𝑒 (

𝜁3𝕢′′′′(𝜁)

𝕢′(𝜁)
),  

where 𝑧 ∈ 𝕌, 𝜁 ∈ 𝜕𝕌 ∖ 𝐸(𝕢) and 𝑘 ≧ 3.  
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Theorem 5.3.2: Let 𝜙 ∈ 𝒜𝑗[𝛺, 𝕢]. If 𝐻(𝑧) ∈ ℍ 𝑎𝑛𝑑 𝕢 ∈ Q0 and satisfy the 

following conditions 

 𝑅𝑒 (
ζ2𝕢′′′(ζ)

𝕢′(ζ)
) ≧ 0, |

ζ2(𝕀𝕚+2(𝐻(𝑧)))

𝕢′(ζ)
| ≦ k2,                             (5.3.4)   

and 

{𝜙 (𝕀𝕚(𝐻(𝑧)), 𝕀𝕚+1(𝐻(𝑧)), 𝕀𝕚+2(𝐻(𝑧)), 𝕀𝕚+3(𝐻(𝑧)), 𝕀𝕚+4(𝐻(𝑧)))  }

⊂ 𝛺,                                                                                                   (5.3.5) 

then 𝕀𝕚(𝐻(𝑧)) ≺ 𝕢(𝑧) (𝑧 ∈ 𝕌).  

Proof: 

 Define the analytic function 𝕡 𝑖𝑛 𝕌 by 

𝕡(𝑧) = 𝕀𝕚(𝐻(𝑧)); 𝑧 ∈ 𝕌.                                                (5.3.6) 

Then, differentiating (5.3.6) with respect to 𝑧 and using (4.3.3), we have  

𝕡′(𝑧) = (𝕀𝕚(𝐻(𝑧)))
′
and 

𝑧𝕡′(𝑧)

𝕡(𝑧)
= −𝕊(z).                   (5.3.7) 

𝕀𝕚+1(𝐻(𝑧)) = −
𝑧 (𝕀𝕚+1(𝐻(𝑧)))

′

𝕊(z)
= −

𝑧 (𝕀 ∘ 𝕀𝕚(𝐻(𝑧)))
′

𝕊(𝑧)

= −(
𝑧𝕀(𝐻(𝑧)) (𝕀𝕚(𝐻(𝑧)))

′
+ 𝑧𝕀𝕚(𝐻(𝑧)) (𝕀(𝐻(𝑧)))

′

𝕊(𝑧)
) =

= 𝕀(𝐻(𝑧))𝕡(𝑧) −
𝕊(𝑧)𝕡2(𝑧)

𝑧𝕡′(𝑧)
      

Further computations show that 

𝕀𝕚+2(𝐻(𝑧)) = −
𝑧 (𝕀𝕚+2(𝐻(𝑧)))

′

𝕊(z)
= −

𝑧 (𝕀 ∘ 𝕀𝕚+1(𝐻(𝑧)))
′

𝕊(z)

= 𝕀(𝐻(𝑧))𝕡(𝑧) −
𝕀(𝐻(𝑧))𝑧𝕡′(𝑧)

𝕊(𝑧)
+ 2𝕊(𝑧)𝕡(𝑧)

+
𝕀(𝐻(𝑧))𝑧2𝕡′(𝑧)𝕊′(𝑧) ((𝕡(𝑧))

2
) − 𝕊(𝑧)(𝕡(𝑧))

2
𝕀(𝐻(𝑧))(𝑧𝕡′(𝑧) + 𝑧2𝕡′′(𝑧))

𝕊(𝑧)(𝑧𝕡′(𝑧))
2  
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  𝕀𝕚+3(𝐻(𝑧)) =

= (
(2𝑧2𝕡′

′(𝑧)
𝕀(𝐻(𝑧))𝕡2(𝑧) + 𝑧𝕡′(𝑧)𝕀(𝐻(𝑧))) (2𝑧𝕡′(𝑧)(2𝑧2𝕡′′(𝑧) + 𝑧𝕡′(𝑧)))

𝕊3(𝑧)(𝑧𝕡′(𝑧))
4 )

+ (
𝑧5𝕡′(𝑧)𝕡′(𝑧)𝕡′′′(𝑧)

𝕊3(𝑧)(𝑧𝕡′(𝑧))
4 )                                                                                          (5.3.9)  

and  

 

𝕀𝕚+4(𝐻(𝑧)) = (
𝑧5𝕡′(𝑧)𝕡′′(𝑧)𝕡′′′′(𝑧)

𝕊5(𝑧)(𝑧𝕡′(𝑧))
6 ) 

+(𝕀(𝐻(𝑧))) (𝕀(𝐻(𝑧))𝕡(𝑧) − 2𝕊(𝑧)𝕀(𝐻(𝑧))𝑧𝕡′(𝑧)

+
𝕊(𝑧)𝕀(𝐻(𝑧))𝑧𝕡′(𝑧) − 𝕀(𝐻(𝑧))𝑧𝕊′(𝑧)𝑧𝕡′(𝑧) + 𝕊(𝑧)𝕀(𝐻(𝑧))𝑧2𝕡′′(𝑧)

𝕊2(𝑧)
)

−
𝑧 (𝕀(𝐻(𝑧))) (𝕀(𝐻(𝑧))𝕊2(𝑧)𝕡(𝑧) − 2𝕊3(𝑧)𝕀(𝐻(𝑧))𝑧𝕡′′(𝑧) + 𝕊(𝑧)𝕀(𝐻(𝑧))𝕡′(𝑧))

′

𝕊5(𝑧)(𝑧𝕡′(𝑧))
6

−
−𝕀(𝐻(𝑧))𝑧𝕊′(𝑧)𝑧𝕡′(𝑧) + 𝕊(𝑧)𝕀(𝐻(𝑧))𝑧2𝕡′′(𝑧)

𝕊5(𝑧)(𝑧𝕡′(𝑧))
6  .                                                           (5.3.10)   

                                                                     

We, now define the transformation ℂ5 to ℂ , 

𝕩(𝑟, 𝑠, 𝑡, 𝑢, 𝑤) = 𝑟, 

𝕪(𝑟, 𝑠, 𝑡, 𝑢, 𝑤) = 𝕀(𝐻(𝑧))𝑟 −
𝕊(𝑧)𝑟2

𝑠
, 

𝕫(𝑟, 𝑠, 𝑡, 𝑢, 𝑤)

= 𝕀(𝐻(𝑧))𝑟 −
𝕀(𝐻(𝑧))𝑠

𝕊(𝑧)
+ 2𝕊(𝑧)𝕡(𝑧)

+
𝕀(𝐻(𝑧))𝑧𝕊′(𝑧)𝑠𝑟2 − 𝕊(𝑧)𝑟2𝕀(𝐻(𝑧))(𝑠 + 𝑢)

𝕊(𝑧)𝑠2
, 

𝕦(𝑟, 𝑠, 𝑡, 𝑢, 𝑤) = (
(2𝑡𝕀(𝐻(𝑧))𝕡2(𝑧)+𝑠𝕀(𝐻(𝑧)))(2𝑠(2𝑡+𝑠))

𝕊3(𝑧)(𝑧𝕡′(𝑧))
4 ) + (

𝑠𝑡𝑢

𝕊3(𝑧)(𝑠)4
)       (5.3.11)  
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and 

 𝕨(𝑟, 𝑠, 𝑡, 𝑢, 𝑤) = (
𝑧5𝕡′(𝑧)𝕡′′(𝑧)𝕡′′′′(𝑧)

𝕊5(𝑧)(𝑧𝕡′(𝑧))
6 ) 

+(𝕀(𝐻(𝑧)))(𝕀(𝐻(𝑧))𝕡(𝑧) − 2𝕊(𝑧)𝕀(𝐻(𝑧))𝑧𝕡′(𝑧)

+
𝕊(𝑧)𝕀(𝐻(𝑧))𝑧𝕡′(𝑧) − 𝕀(𝐻(𝑧))𝑧𝕊′(𝑧)𝑧𝕡′(𝑧) + 𝕊(𝑧)𝕀(𝐻(𝑧))𝑧2𝕡′′(𝑧)

𝕊2(𝑧)
)

−
𝑧 (𝕀(𝐻(𝑧))) (𝕀(𝐻(𝑧))𝕊2(𝑧)𝕡(𝑧) − 2𝕊3(𝑧)𝕀(𝐻(𝑧))𝑧𝕡′′(𝑧) + 𝕊(𝑧)𝕀(𝐻(𝑧))𝕡′(𝑧))

′

𝕊5(𝑧)(𝑧𝕡′(𝑧))
6

−
−𝕀(𝐻(𝑧))𝑧𝕊′(𝑧)𝑧𝕡′(𝑧) + 𝕊(𝑧)𝕀(𝐻(𝑧))𝑧2𝕡′′(𝑧)

𝕊5(𝑧)(𝑧𝕡′(𝑧))
6  .                                 (5.3.12) 

Let 

 𝝌(𝑟, 𝑠, 𝑡, 𝑢, 𝑤; 𝑧) = 𝝓(𝕩, 𝕪, 𝕫, 𝕦,𝕨; 𝑧).                              (5.3.13) 

The proof will make use Lemma 1.5.22. Using the equations (5.3.7) to (5.3.10), 

we have from (5.3.11) that 

𝝌(𝕡(𝑧), 𝕀(𝕡(𝑧)), 𝕀2(𝕡(𝑧)), 𝕀3(𝕡(𝑧)), 𝕀4(𝕡(𝑧)); 𝑧) =

 𝝓(𝕀𝕚(𝐻(𝑧)), 𝕀𝕚+1(𝐻(𝑧)), 𝕀𝕚+2(𝐻(𝑧)), 𝕀𝕚+3(𝐻(𝑧)), 𝕀𝕚+4(𝐻(𝑧))).                (5.3.14)  

Hence, clearly (5.3.5) becomes 

𝝌(𝕡(𝑧), 𝕀(𝕡(𝑧)), 𝕀2(𝕡(𝑧)), 𝕀3(𝕡(𝑧)), 𝕀4(𝕡(𝑧)); 𝑧) ∈  𝛺,  

we note that 
𝑡

𝑠
+ 1 =

𝕀2(𝕡(𝑧))

𝕀(𝕡(𝑧))
+ 1, 

𝑢

𝑠
=
𝕀3(𝕡(𝑧))

𝕀(𝕡(𝑧))
  

and 
𝑤

𝑠
=
𝕀4(𝕡(𝑧))

𝕀(𝕡(𝑧))
.  

Therefore, the admissibility condition for 𝝓 ∈ 𝒜𝑗[𝛺, 𝕢], in Definition 5.3.1 is 

equivalent to admissibility condition for 𝝌 ∈ 𝛹3[𝛺, 𝕢],  as given in Definition 
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1.5.23 with 𝑛 = 3. Therefore, by using (5.3.4) and Lemma 1.5.22, we obtain 

𝕡(𝑧) = 𝕀𝕚(𝐻(𝑧)) ≺ 𝕢(𝑧).  

This completes the proof of  Theorem 5.3.2.                                                       ∎ 

Our next corollary, is an extension of  Theorem 5.3.2 to the case when the 

behavior of 𝕢(𝑧) ∈ 𝜕𝕌, is not known.  

Corollary 5.3.3: Let 𝛺 ⊂ ℂ, and let the function 𝕢(𝑧)be univalent in 𝕌 𝑤𝑖𝑡ℎ 

𝕢(0) = 1.  Let 𝝓 ∈ 𝒜𝑗[𝛺, 𝕢] for some 𝑝 ∈ (0,1), where 𝕢𝑝(𝑧) = 𝕢(𝑝𝑧). If  

𝐻 ∈ ℍ 𝑎𝑛𝑑 𝕢𝑝 satisfies the following conditions:  

𝑅𝑒 (
𝕀3(𝕢(ζ))

ζ2𝕀(𝕢(ζ))
) ≧ 0, 

 |
𝕀𝕚+2(𝐻(𝑧))

ζ𝕚+2𝕀(𝕢(ζ))
| ≦ k2, (𝑧 ∈ 𝕌, ζ ∈ ∂𝕌 ∖ E(𝕢𝑝)and k ≧ 3),                        (5.3.15) 

and 

𝝓(𝕀𝕚(𝐻(𝑧)), 𝕀𝕚+1(𝐻(𝑧)), 𝕀𝕚+2(𝐻(𝑧)), 𝕀𝕚+3(𝐻(𝑧)), 𝕀𝕚+4(𝐻(𝑧)))   

≺ ℎ(𝑧),                                                                                                                 (5.3.16) 

then 𝕀𝕚(𝐻(𝑧)) ≺ 𝕢(𝑧), 𝑧 ∈ 𝕌.  

Proof: 

 By using theorem 5.3.2, yield 𝕀𝕚(𝐻(𝑧)) ≺ 𝕢𝑝(𝑧), (𝑧 ∈ 𝕌),   

then we obtain the result from 𝕢𝑝(z) ≺ 𝕢(𝑧), (𝑧 ∈ 𝕌).  

This completes the proof of Corollary 5.3.1.  

If 𝛺 ≠ ℂ is simply-connected domain, then 𝛺 = ℎ(𝕌) for some conformal 

mapping ℎ(𝑧) 𝑜𝑓 𝕌 onto 𝛺. In this case, the class 𝒜𝑗[ℎ(𝕌) , 𝕢] is written an 

𝒜𝑗[ℎ, 𝕢]. The following two results are immediate consequence of theorem 

5.3.2 and Corollary 5.3.3.                                                                                  ∎ 

Theorem (5.3.4): Let 𝝓 ∈ 𝒜𝑗[ℎ(𝕌) , 𝕢] If 𝐻 ∈ ℍ 𝑎𝑛𝑑 𝕢 ∈ 𝒬0 satisfy the 

following conditions (5.3.4), and 

 𝝓(𝕀𝕚(𝐻(𝑧)), 𝕀𝕚+1(𝐻(𝑧)), 𝕀𝕚+2(𝐻(𝑧)), 𝕀𝕚+3(𝐻(𝑧)), 𝕀𝕚+4(𝐻(𝑧))) ≺

ℎ(𝑧),                                                                                                       (5.3.17) 
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then 𝕀𝕚(𝐻(𝑧)) ≺ 𝕢(𝑧)(𝑧 ∈ 𝕌).                                                                           ∎ 

Corollary 5.3.5: Let 𝛺 ⊂ ℂ, and let the function 𝕢 be univalent in 𝕌 with 

𝕢(0) = 1. Let 𝝓 ∈ 𝒜𝒿[𝛺, 𝕢] for some 𝑝 ∈ (0,1), where 𝕢𝑝(𝑧) = 𝕢(𝑝𝑧).  If 

𝐻 ∈ ℍ 𝑎𝑛𝑑 𝕢𝑝 satisfies the conditions (5.3.15) and  

𝝓(𝕀𝕚(𝐻(𝑧)), 𝕀𝕚+1(𝐻(𝑧)), 𝕀𝕚+2(𝐻(𝑧)), 𝕀𝕚+3(𝐻(𝑧)), 𝕀𝕚+4(𝐻(𝑧))) ≺ ℎ(𝑧),   

(5.3.18)  

then 𝕀𝕚(𝐻(𝑧)) ≺ 𝕢(𝑧)(𝑧 ∈ 𝕌).                                                                            ∎ 

The following result yield the best dominant of differential subordination 

(5.3.15).  

Theorem 5.3.6: Let the function ℎ be univalent in 𝕌. Also let 

𝝓 (𝕢(𝑧), 𝕀(𝐻(𝑧))𝕢(𝑧) −

𝕊(𝑧)𝕢2(𝑧)

𝑧𝕢′(𝑧)
 , (

(2𝑧2𝕢′′(𝑧)𝕀(𝐻(𝑧))𝕢2(𝑧)+𝑧𝕢′(𝑧)𝕀(𝐻(𝑧)))(2𝑧𝕢′(𝑧)(2𝑧2𝕢′′(𝑧)+𝑧𝕢(𝑧)))

𝕊3(𝑧)(𝑧𝕡′(𝑧))
4 ) +

(
𝑧5𝕢′(𝑧)𝕢′(𝑧)𝕢′′′(𝑧)

𝕊3(𝑧)(𝑧𝕢′(𝑧))
4 ) , 𝐴, 𝐵)  = ℎ(𝑧),                                                             (5.3.19)  

𝐴

= (
(2𝑧2𝕢′′(𝑧)𝕀(𝐻(𝑧))𝕢2(𝑧) + 𝑧𝕢′(𝑧)𝕀(𝐻(𝑧))) (2𝑧𝕢′(𝑧)(2𝑧2𝕢′′(𝑧) + 𝑧𝕢′(𝑧)))

𝕊3(𝑧)(𝑧𝕢′(𝑧))
4 )

+ (
𝑧5𝕢′(𝑧)𝕢′(𝑧)𝕢′′′(𝑧)

𝕊3(𝑧)(𝑧𝕢′(𝑧))
4 ) 

𝐵 = (
𝑧5𝕢′(𝑧)𝕡′′(𝑧)𝕢′′′′(𝑧)

𝕊5(𝑧)(𝑧𝕢′(𝑧))
6 ) 
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+(𝕀(𝐻(𝑧)))(𝕀(𝐻(𝑧))𝕡(𝑧) − 2𝕊(𝑧)𝕀(𝐻(𝑧))𝑧𝕡′(𝑧)

+
𝕊(𝑧)𝕀(𝐻(𝑧))𝑧𝕢′(𝑧) − 𝕀(𝐻(𝑧))𝑧𝕊′(𝑧)𝑧𝕢′(𝑧) + 𝕊(𝑧)𝕀(𝐻(𝑧))𝑧2𝕢′′(𝑧)

𝕊2(𝑧)
)

−
𝑧 (𝕀(𝐻(𝑧))) (𝕀(𝐻(𝑧))𝕊2(𝑧)𝕢(𝑧) − 2𝕊3(𝑧)𝕀(𝐻(𝑧))𝑧𝕢′′(𝑧) + 𝕊(𝑧)𝕀(𝐻(𝑧))𝕡𝕢′(𝑧))

′

𝕊5(𝑧)(𝑧𝕢′(𝑧))
6

−
−𝕀(𝐻(𝑧))𝑧𝕊′(𝑧)𝑧𝕢′(𝑧) + 𝕊(𝑧)𝕀(𝐻(𝑧))𝑧2𝕢′′(𝑧)

𝕊5(𝑧)(𝑧𝕢′(𝑧))
6  

has a solution 𝕢(𝑧) with 𝕢(0) = 1, which satisfies the condition (4.3.4). 

 If 𝐻 ∈ ℍ, satisfies the condition (5.3.15) and if  

𝝓(𝕀𝕚(𝐻(𝑧)), 𝕀𝕚+1(𝐻(𝑧)), 𝕀𝕚+2(𝐻(𝑧)), 𝕀𝕚+3(𝐻(𝑧)), 𝕀𝕚+4(𝐻(𝑧)))  is analytic in 𝕌 

then 𝕀𝕚(𝐻(𝑧)) ≺ 𝕢(𝑧)(𝑧 ∈ 𝕌) and 𝕢(𝑧) is the best dominant. 

Proof:  

      Using Theorem 5.3.2, that 𝕢(𝑧)is a dominant of (5.3.15). Since 𝕢(𝑧)satisfies 

(5.3.17), it is also a solution of (5.3.15). Therefore, 𝕢(𝑧)will be dominated by all 

dominant.                                                                                                           ∎ 
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Conclusion and Future Work 

     Through this study related to the Geometric theory, which was 

limited to the complete homogenous symmetric function with the 

some operator which defined by the effect of composition relation 

of analytic function on Hardy space. We found types of an ordered 

cyclic operator using the cyclic subgroups and the effect was 

obvious by studying the transition behavior of items and sets for 

each of these types of functions and obtained significant results, In 

addition to the possibility of applying these results to some of the 

research presented before In light of the new definitions presented 

for compactness and some of its types in this study and the results 

presented therein. Also, we can add several studies, including: 

1. With the concept of the ordered cyclic subgroups  present in the 

symmetric polynomials, it is possible to further study the 

concept of an ordered cyclic subgroups  and an ordered cyclic 

subgroups. 

2. Expanding the concept of composition and its types and studying 

the relationship between them and the algebrical concepts an 

ordered cyclic subgroups  and an ordered cyclic subgroups.   
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 المستخلص

( ائرالشة  نظريةة خاصةة) الهندسيةالدالة  نظرية بين وربط جديدة صيغ بناء إلى الدراسة هذه تهدف

 دراسةتها يمكةن التةي الجبريةة المفةاهي  جمية  ودراسةة نيةتتن, مت ابقةا  خةل  من الجبر في فيت ونظرية

 الأساسةية المفةاهي  بعة  مراجعةة تمت حيث. هاردي فضاء داخل النظريا  تلك بين العلقا  كذلك. فيها

 واشةةتقا  المجمتعةةة لتلةةك الجبريةةة والخصةةائ  التبةةديل  مجمتعةةة مفهةةت  إلةةى بالإضةةافة ,فيةةت لنظريةةة

 المرحلةة تمثةل والتةي , المرتبة الدائرية الجزئية الزمر من جديد نتع بدلالة التناظرية للزمرة جديدة صيغة

 .العمل هذا من الأولى

 خصائصةةها دراسةةة خةةل  مةةن هةةاردي فضةةاء فةةي المصةةاحبة المصةةفتفة مفهةةت  تقةةدي  تةة : الثانيةةة المرحلةةة

لمصفتفة ا ثرالمختلفة لأالقتى  على فعل المؤثرا و المصفتفا  تركيب مفهت ت رقنا الى  وكذلك الجبرية

حيث  مثم .الدائريةة الصةيغ تتضةمن التةي الكاملةة المتجانسةة المتماثلةة الق رية وبالتالي تأثيرهةا علةى الةدوا 

 :منها  مؤثراتصيغ ومعريف عدة 

 .ممطابقات نيومن باسمخدام المصفوفة المرافقة 

 .صيغة جديدة للدوال الممناظرة الممجانسة الممكاملة 

 .اشمقاق المؤثر الدائري المرمب 

 .اشمقاق المؤثر النظير للمؤثر الدائري المرمب 

 المتجانسة متناظرةللدوا  ال subordination , superordination) ) يمفهتم تقدي  ت :  الثالثة المرحلة

التفاضةةلي الاشةةتقا   , مرتبةةةال دوريةةةالزمةةر الجزئيةةة ال) المةةؤثرا  بعةة  هتةةحددالةةذي  شةةكلالمتكاملةةة وبال

 (.مرتبال دوريللمؤثر ال الاساسي

, subordination) مفهت  تقدي  ت : الرابعة المرحلة superordination) من الرتبة الثالثة والرابعة 

 للمؤثرتفاضلي  مؤثر) هاردي فضاءفي مؤثرا  ال وبع  كاملةمتالالمتجانسة المتناظرة  لصنف الدوا 

 .(المؤثر الدائري المرتب معكتسل التركيب و كاملةالمت متجانسةال متماثلةال دالةلل الخ ي بالصيغة الدورية

 من الرتب الثانية والثالثة الرابعة وبصيغ متعددة.  
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