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Abstract

The topic of modulus of smoothness still gets the interest of many
researchers, for its applicable usage in different fields, especially for function
approximation. Few researchers used General Jacobian form as a weight in
the modulus of smoothness. Therefore, in thesis work a new General
Jacobian Weight was defined, through which we define the modulus of
smoothness of weighted type, named as General Jacobian Weighted
Modulus of Smoothness. Properties of our modulus are studied here to be
easily used with functions from spaces L}, ,,, especially when 0 < p < 1.The
properties of our weight were also studied, in addition to the relationship
with classical Jacobian weights .

One of the most important results, whose usage is wide in the theory of
approximation of functions, is the equivalence between our General Jacobian
Weighted Modulus of Smoothness and the K-functional One. The role of that
equivalence is to prove the major approximation theories later .

For the need of approximation functions with neural networks, the
expertise of approximation is used to define a new activation function has
been defined in addition to a new neural network. Many properties of our
activation function are studied especially its differentiability. Also, functions

from spaces L}, , are approximated by the neural networks with the above

activation function. Moreover, the degree of approximation is estimated
using a previously defined modulus of smoothness in order that we relate
concepts to each other eventually.

Lastly, a realistic evidence on the importance of approximation in
learning through a widely used backpropagation algorithm is provided, and

some examples show the approximation abilities through MATLAB.
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Chapter One

Briefiintroductionjto
Approximationfand

NeurallNetworks



1.1 Brief History of Approximation Functions

Approximation functions are important in many fields, including
applied mathematics and computer science. The necessity of approximating
functions arises in different situations, for example when there is a need to
replace a certain function with a smoother or simpler one. Also, it is useful
when there is a requirement to establish a functional dependence on the basis

of empirical data.

Chebyshev is considered to be the first to lay the foundations for the
approximation of functions, through his book [1] in 1853 which he dealt with

laying the mathematical foundations for the theory of machines.

In 1885 , Weierstrass [2] proved his famous theorem on the
approximation of continuous functions by algebraic polynomials which

states that :

"Any continuous function on a bounded interval can be uniformly

approximated by polynomial functions."[2]

In 1912 , Sergei Bernstein [3] introduced his famous polynomials to

prove the Weierstrass Approximation theorem:

"If F(x) is any continuous function in the interval [0,1], it is always possible,
regardless how small &, to determine a polynomial P,(x) = apx™ +

a,x" 1 + -+ a,, of degree at most n high enough such that we have
|F(x) — RBi(x)| <&,
for every point in the interval under consideration."[3]

In 1946 , Salem [4] approximated continuous functions by Partial

Sums of Fourier Series.

In 1968 , De Boor [5] approximated continuous functions by

polynomial spline functions on [a, b] of degree k — 1 on .



In 1974 , Motornyi [6] approximated periodic function by

trigonometric polynomials.

Since 1989, researchers began using neural networks to approximate
functions which is preferred to be used for approximation because it is a
universal approximator to learn any continuous function to reach to the

approximation target.

Where in 1989, Cybenko [7] was the first who used neural networks
in approximation theory, where he proved that any continuous function is
approximated by a single hidden-layer feedforward neural network. In other
words, UAT concludes that the principle of NNs is function approximation.
Many other researchers have used neural networks to approximate functions
with different activation functions such as Sigmoid [8], Logsig [9], ReLU
[10], Tanh [11].

1.2 The History of Neural Networks

The history of neural networks is much older than most people think,
the idea of a "thinking machine™ can be traced back to ancient Greece as well
as the ancient Egyptians, we'll focus on the key events that led to the
development of thinking about neural networks. In the following section, we

introduce important stations for development of neural networks :

In 1943, McCulloch and Pitts[12] ,were the first who proposed the
MLP model of neurons. The model is based on known principles of the
biological processes of neurons and it is the first mathematical model of
neurons. Also MLP model is the first attempt to describe the working

principle of the brain in human history.

In 1958, Frank Rosenblatt [13] was credited with developing the
Perceptron model. He took McCulloch and Pitts ' work one step further by

introducing weights into the equation. Using the IBM 704, Rosenblatt made



the computer able to learn how to characterize cards that were placed on the

left versus the cards that are placed on the right.

e Weights
Constant Q)\
— WO
B Q}\)
w,
inputs — 14%
X, n-1 Step Function
,--'7 W
n
xr.'

Figure 1.1 The Perceptron Model
In 1969, Marvin Minsky [14] ,in his book Perceptron, discussed the
impossibility of creating a multi-layer neural network, disrupts the networks,

deep learning, and artificial intelligence in general.

The failure of solving some problems by the perceptron networks had
led to find other networks capable of solving such problems .Where as in
1974, Paul Werbos [15] discovered the backpropagation algorithm for such
networks, it was not widely published, until 1986 when Rumelhart, Geoffrey
and Ronald [16] have modeled a new formula for the algorithm known as

backpropagation with error :
m n
1
e=32, 2,01~ 4)"
i=1 j=1

where i is an index over cases ( input - output pairs ) , j is an index over

output units , y is the actual state of an output unit and d is the desired state

Until 2006, researchers didn't know how to train neural networks to

bypass traditional methods, except for some specialized problems. What



changed in 2006 was the discovery of learning techniques in so-called deep

neural networks. These technologies are now known as deep learning .

In 2006, Hinton, Osindero and Teh [17] demonstrated the initial
training technique for neural networks. He pointed out that it is possible to
train a multi-layer neural network initially and effectively, if each layer is
trained individually using a finite Boltzmann machine, and then he continued

the training through the method of backpropagation of errors.

Today, deep neural networks and deep learning achieve outstanding
performance on many important problems in computer vision, speech
recognition, and natural language processing. It is widely published by

companies such as Google, Microsoft, and Facebook.

1.3 Modului of Smoothness

Moduli of smoothness vary among researches in their structures. The
idea began with defining the weighted norm by Hunt [18] in 1973. It is not
clear when the first weighted modulus of smoothness was introduced, but it
is probably defined first by Ditizian and Totik in their book [19] in 1987,
they were working on linking the weighted moduli of smoothness to the

weighted approximation [20] in weighted spaces such as in [21].

In 1999, Ditzian Define a modulus of smoothness on the unit sphere
[22], also relate this modulus to best approximation by spherical harmonics

of smaller order .

In 2002, Draganov [23] defined a new modulus of smoothness for

trigonometric polynomial approximation .

In 2007, Jianjun defined weighted modulus in terms of the classical
Jacobi weights [24]

wap(x) =1 -1+ x)#, (1.3.1)



where x € [-1,1],a¢ and f € J5 which is given by

__,m
p
[0,00), |fp:oo

( 1 ) If 0 <p< o
Js = '

Since 2014, Koputon , Leviatan and Shevchuk have made many

generalizations to the modulus defined with weights

+a +[5’

W27 () = (1= x = 8p(0)/2)2 (1 + x - 8900 /D)7,

in their papers [25] , [26] and [27], as follow

7"

Wz “z ()A oo (F

where f € L}, , ,o(x) =V1—x?and a,B € Jp, k €N.

1.4 Results Summary

In this work, in addition to the study of the approximation of functions,
the modulus of smoothness has been studied. The question here is: what is
the relationship between the modulus of smoothness and the approximation
of functions? To answer this question, when using the approximation
process, it is important to have a calculated measure of its error. For the next
chapter, we define a new modulus of smoothness through a weight which is

called the generalized Jacobian weight is define as follow:

M

W) () = 1_[

j=

590(x)

where —1 =2z, < --- <z = 1,4 € Js. So we define the modulus

wir(f,8), = sup [[Wa, 08 (PO,



we can use the General Jacobian Weighted Modulus of Smoothness
(GJWMS) which is used as an accurate measure of the structural properties
of the function, for getting the best approximation and the fast approach to

ZEero .

It includes some important properties that show the relationship
among our weight , the classical Jacobian weight and the generalized
Jacobian weight. Moreover, we discuss the relationship between our
generalized jacobian weighted modulus of smoothness and the K-functional,

in the following theorem, we get the equivalence between them as follow:
Theorem I

let0 <p<landifk € N,r€Ny,f € L}, thenfor0 < § <2/k:

c(k, T, DKL (F7,8%), < g (£D,8), < 0 (F7,6),
<c(k,r, p)K,fr(f(r), 6")p .
In chapter three , we introduce a new activation function through
which the neural network was defined . Some properties of the activation
function was included to get theories related to the approximation of

functions using neural networks, through the equivalence between our

General Jacobian Weighted Modulus of Smoothness and the K-functional .
Definition II (Activation Function)
For any x € [—1,1], define

_ 0 ifx<0
R(x) _{1—<p(x) if x>0 ’

where ¢(x) = V1 —x?.



Lemma III (Activation Function Properties)

1. The domain and rang of R are both [—1,1]
2.|R(x)| <1, Vxe[-11]

3. 1 R@l, < (2)7, Vxe[-1,1]

4. R is differentiable and the first derivative of R is:

where ¢(x) = V1 —x? and x € (—1,1).
5. The general form of derivatives of R is:

m .
l

m) cx
RW() = ) ey S
i=0 (‘P(X))
where
1 , ifbothi and m are even or both are odd
Oim = 0 0.W.

Definition IV (Neural Network)

Let x € [-1,1] and f € L,

Nar (f7, %) = Zi (5) 00 tp@reo) |

j=1i=1
where a € [—-1,1] and x = w;x; + b;.

In the following theorem, functions were approximated from the space

Ly, , by neural network with degree of approximation lower than the modulus

of smoothness.



Theorem V (Direct Theorem)

Letk € N,vr € Ny,0 <p <1 thenforany f € L, ,, there exist Ny, € Q

in (Definition IV), that satisfies
IF? = Naw F,, < el P, (£, 6)
for§ > 0.

Theorem III (Inverse Theorem)

Letk € N,y € Ny,0 <p <1 thenforany f € L}, ,, there exist Ny, of

form in Definition IV, satisfies
wpr(F7,6) < el p[If @) = Noy (F7, )],

If the function is differentiable with degree r + 1, it can be
approximated using the derivative of the neural network with degree of
approximation lower than the modulus of smoothness, The following

theorem shows this :
Theorem IV

Letr e Ng,0<p<1landfe L}

. 1
1F+0 () — N(f(rﬂ);x)”z < co?, (f(r+1) ';)

Theorem V

Letr eNp,0<p<1andfe Ly,
1 .
w?, (f(r+1) 'E) < c||fT+D () — N(f(r“),x)”p.
p

In chapter four , we deal with an introduction to learning of the neural

network, in addition to how to learn the neural network, and then we



approximated some functions using the backpropagation algorithm applied
in MATLAB.



Chapter Two

WeightedliVioduluslof
Smoothness!



2.1 Introduction and preliminaries

Weighted modulus of smoothness has several uses in function
approximation, especially for estimating the degree of approximation, so
many authors were investigating other weights for different spaces and
moduli. The weighted modulus of smoothness is much better than others for
its ability to approach to zero as fast as the good weight is chosen. The
standards of choosing the weights is studied in details in [19]. Jacobian
weights [24] are of the most important defined weights for their usage in
different purposes in approximation. The classical Jacobin weights are given
by (1.3.1). They were used widely to define weighted moduli of smoothness.
Some generalizations were made but the last-defined weighted DT modulus

of smoothness is given by [27]

¢
wk,r(f “, t)a,ﬁ,p
gragtB g r)
= Sup Wi (D Bhpey (FH75) ,  (21.1)

p
where f € L}, ,, p(x) = V1 —x?and a,B € J5,k €EN.

On the other hand, generalized Jacobian weight is a good choice for
usage in our work. Studying approximation on finer partition of the interval
[—1,1 ] may led to more accurate degree of approximation. For this purpose

, we study generalized Jacobian weight with M > 2, given by [28]:

M
W(x) = 1_[|x — 7Y , (2.1.2)
j=1

where =1 =2z, <<z =1,4 € Js.

Since we need to use approximation in L, space, L,, space is defined

in the following definition :



Definition 2.1.1 :

For a measurable function f:[—1,1] = R and an interval I € [-1,1], the

Ly, space for 0 < p < oo and a weight function W is defined as follow:

Lwp() = {f 1 1WfllL,q <o},

where

1/p
1Nl = ( f FIP dx> [27]
i

Definition 2.1.2 :

Let 0 < p < o0, ¢(x) =V1—x2 and for r € N, ,we have
LL,WnD ={f| fM¢" € Ly,(N)}, r=1

where LY ,(W) = Ly ,.

Definition 2.1.3 : [27]

Forke Ny,h>0,x € [-1,1],and f : [-1,1] » R, let

Ag(f, X, [_Ll])
k

_ Z(I;)(—l)k‘if(x—%+ih> if [x—%,x+% c [-1,1]

i=0
0 otherwise,

be the kth symmetric difference, and let AX (£, x) = AK(f, x,[-1,1]) .
By (2.1.2) , we define our new weights as follow :

Definition 2.1.4:

ForjeN,6§ >0,M > 2,¢p(x) =Vv1—x2%1 € Js,x € (—1,1), we have :



M

wi@ =] |

j=1

A
S ()|
M

X—2zj— (2.1.3)

So we define our new weighted modulus of smoothness is given as follow :
Definition 2.1.5 :

For keN,h>0,f € L, and x € Ds, we define the generalized

Jacobian weighted modulus of smoothness as follow
w? (f®, 5) = sup W, h(x)Aﬁ<p(x)(f(r),x)||p . (2.1.4)

where

and

D oo (Fr %, [—1,1])
k

z ) (—1)k ( o L in [ ] P
=_O<i> \*~ ””) x xM_[’]
1=
0 otherwise .

Remarks 2.1.6

e Note that, when § = 0, our improved generalized Jacobian weight (2.1.3)
returns to the generalized Jacobi weight (2.1.2).

e Moreover, when § = 0,M = 2, (2.1.3) returns to (1.3.1) ( the classical
Jacobian weight ).

o If ] ={a, B}, withM = 2, (2.1.4) returns to (2.1.1), so we conclude a

general case of (2.1.4).



For the proofs of equivalence to the K-functional, we can be helped by

the following averaged moduli of smoothness.

Definition 2.1.7

Letk € N,reNy,0<p<landfe€ L,,,

t 1/p

: 1 ,
wkf‘(f(r)’a)p = ?j. j.lwk]h(x)Al;p(x)(f(r)'x” dxdt ,

0 Dkn

Definition 2.1.8 [26]

Letk € N,reNy,1<p<owandf € Lj

by’
1
1 t 1-t* D
3.4 _ k p
0100, =7 [ sty axas
0 —1+t*
1
1 t* —1+At" p
e p
5] [ @B (. P s
0o -1
. t* 1 1/p
e p
+| = f f |w ()AL oy (f TP, 0)| dxdu |,
0 1-At*

where t* = 2k?t?, Ais a constant and w = wg "

The role of K-functional comes from the relationship among moduli,
properties of GIWMS and for function approximation too..

Definition 2.1.9 : [27]

Fork e N, reNyandf € L}, ,(wgp) ,0 <p < oo, define



Kicr (f, 6%) Hloase™(F? =),

n 6k||wa,ﬁg0k+rg(k+r) ”p} _

a,B,p _geLk”( Wap )

Kopoton in his paper [27] studied all cases of p, he confined g to be a
polynomial for the case of 0 < p <1 since K-functional may become

identically zero.

To have a closer look to the modulus of smoothness, we give the following
example for the modulus of smoothness with General Jacobian Weight of a

function from L}, ,[—1,1] .
Example 2.1.10

Let f(x) = x? + 1, M = 3 the general Jacobian weight Waj(x) can be
estimated with /] = {1,1,1}, and taking the maximum value of h as § so that

the modulus of smoothness of order k = 2 of f is as follow

wf (f,8)5 = sup [W) )80 (f 01

1
SVl —x2  6%x(1 — x?

su f x3—6J(1—x2)x? + 3x+ x(3x)_x

ShS

~1

63(\/1 - x2)3
B 27

(2h?(1 —x2%)) | dx

SVl —x%2  §%x(1 — x?)
3 3 B

1
Sf x3 =8¢ (1—x2)x? + X
“1

3(+/1 — +2 3
95X 127 <) (262(1 — x2)) dx

10



1 3
= f (2x38%2(1 — x?)) — 283x%(1 — x?)2
-1
(1—x2) 263x%/(1 —x?2) N 28% (1 — x?%)?
3 3

3

1
~ 2x6% +22°6% — (255(1 x2)2 /(1 - xZ)) dx

When Integral the previous amount, we will get inverse trigonometric

functions, through which we get the following result:

—0—Zg3 4143 ——53+0 040" 55
B 8 3 216
_—37‘[+8T[—2T[ 3 51 5

B 24 216

_3_7T 3_5_7T65

24 216 '

for 6 < 1, for example § = 0.1 we get :

wy (f,8)) < 0.00039

2.2 Properties of General Jacobian Weight

Here are some general properties of Jacobi weight (1.3.1) from [26], they are

useful to our work.
Lemma 2.2.1:

Kopotun [26] studied the properties of ¢ in his set {x |1— M > |x|} \

{+1} , by using some similar steps, for D = {x | 1- "’(x) > |x |} \

{+1} M > 2, we get:
. (1-x)<2(1-uw) and

1+x)<2(1+uw , if u € [min{0,x}, max{0, x}]

11



i p(x) <) iflul<|x]<1 ,u € [min{0,x}, max{0,x}]
and x € Dg
iii.  S|p(x)| <1forx € Ds

iv. Ifyx)=x +$ and |8;] < 6 then y’(x) S% forall x € Dy

V. Ifé;> 6, thenDs, C Ds,

The following lemma relates our improved generalized Jacobi weight W
given in (2.1.3) to the classical Jacobian weight (1.3.1), we find that W is

equivalentto ¢ .

Lemma 2.2.2:
; J ] o) Sp(x)
i W) < ) forxeDsandu € [—|x| - L2 x| + 22|

ii. W(g](x)s p(x) forx € Dg
i. M) <MMW/ (x) forx €Dy

Proof :

1) By lemma 2.2.1 (ii)

21j

2 2 2 So(x) M So((x)
0?(u) - WE@) 2 ¢? (x| + 2£2) - [PL, |x — 2 - 2

21j

1= (i + 5 - I e 222

>0 ,Vx €Dy .
Proof of (ii) is a special case of (i) when u = x , thatis if x € Dy ,then:
thj(x) < p(x) .
i) Letz; € [; = [Zj_l ,Zj] , then
Since 1+ |[x|=[x—z]| ,

but for M > 2 we get :

12



1+ x| < M|x—z]| ,

and
1—|x| < M|x -z
So
5p(x)
@*(x) < M? [y
M M
5o (x)
2 2
[Toico=[ T |-
j=1 j=1 M
2
M
o0p(x
p*M(x) < MMl_[|x—zj— (p]\/(l)llj
j=1

oM(x) < MMW (x). =

More properties are proved in the next lemma , we get an equivalence

between W/ and w, p.
Lemma223: Forxe®Ds , a,B €Jsand M = 2:

i W) <My, 5 (x)
il wep(x) < MIEFHEIW (x)
Proof :

i) Let 4j = {«,B,0,0,0,0,0,...}, then

M

6 X
W,(x)zl—[ <p()
j=
_ Sp(x)|* spx)|B
—|x‘zf‘ % | Y

13



sp(x)|P
M

= [1= (=252 (=220

- i - 22 (5 -2

< M%w, o (x)MFlwg g (x)

a
S|x—1—5(’1)\f1x)

|x+1—

— M'“'*'mwa,ﬁ(x).
i) wa,p(X) = wqp(x)wep(x)

< Ml"‘la)a’o (x 6(.0(x)) MIBly op (x _ 6<;1>V§x))

= M|“|+|3|W5](x) _

2.3 Properties of Generalized Weighted Modulus of
Smoothness

Now , we begin studying properties of our improved generalized

weighted modulus of smoothness (2.1.4) in the following lemmas:

Lemma 2.3.1:

Letk e N,y €Ny, 0<p<1,f,g€Ly,thenforall§d>0:

wf (fT +97,8) < c(p) (wf.(F, 5), +wp,(9,5) )
i wp (f7,8) < c@ B
ii. wp (fM,8) <cpk) ||wapfT >||
iv. we(f7,8)< wp (fM,6) foré<é
V. @ M y8) < 1+ *wf (FP,8) ,foro<y<1
v (f®,y6) Nrwl (F7,8) y

Vi 02(F0,8),, < c@ ol (F7,8), ,

14



Where c is a positive constant depends p , k

Proof :

) g, (F0 +90,8), = sup [[We, (B, (T +9T, 0],

= sup Wi GO (B f 7 + Ay g™ ),
By quasi-triangle inequality of ||||,, ,when 0 < p < 1 we have :
wf (fO + g™, ),
<c (Ozganw,{h(x)Aﬁgo(x) 0l + sup W, ()8 (g“,x)IIp)
= c(p) (wkr(f(r) 8),+wf,(9,6) )
) @y (17,0), = 28 Wi G50 (7. 9

Wy () i (%) ceipe (x

i=0

Lpy(®kn)

1
P /v

IA

i=0 Dkh

< c@R I,

i) w,. (F ™, 5) = SUp W, h(x)A;cl‘P(x)(f(r)'x)”Lp(:th)

from (ii) and Lemma 2.2.3(i) we get :

wWer(F7,8) < e 1) [lwapf T, -

15



Iv) Since Waj (x) is monotone non-decreasing with respect to §, then
@i (£7:0), = U [Wen g 0,

< sup |W, OB 00 F 7, 0|
0<hs<éd P

= wlio,r(f(r)' 6,)19 '
v) Noting that y6 < §, v comes immediately from (iv)
wer (f710), wg (f7,6), < A+ 1w, (F7.6),

vi) It is clear by Definition 2.1.5 , Definition 2.1.7 and Lemma
2.2.3.(ii) that

HrlI0 )y < @O ([ 0) 5, -

The most important property of any modulus, is its convergence to zero
because it is strongest guarantee of approximation, so we prove that in the
next lemma, we follow some assumptions from Kopotun [26] , but with

essential different techniques due to our modulus of smoothness .
Lemma 2.3.2 :

IfreNy,0<p<landfe€lL,,,then

Jim wf (f,6) =0

Proof:
If e > 0then3 § > 0 such that

[ ool e (G e

Set

16



(r) ;
Oy = ), if x €Dg
9" x) {O , otherwise

Since g™ € Lp[—1,1], 3 8, > 0 such that
€
w,‘f(g(’"),S)p <E , 0<6 <96,
For each h > 0 by Lemma 2.3.1 (i) ,we have

W GOk o (F D, %) “p

< e ([ W (0, |

+ [ Wi Gk (F7 = 90, x) “p)

=) (||A§<p(x)(9(r)'x) ”p + [ W OBk (FP = g®,x) ”p)

S A e e

fFOx + (i

+ (i — %) ho(x) ’ dx);>

By lemma 2.2.2 (i) and letting u(x) = x + (i - %) ho(x), we get from

M = 2 and monotonicity of ¢ that:

||ijh(x)A;(Lgo(x)(f(T),X) ||p <
c(p) (E + 2o(7) (f:gkh <<PT (x + (i - %) h<p(x)>> |f(r) (x + (i B
XY hep) — g (x+ (i = L) no|” dx>’°>

17



1

k
< c(p) §+zz (J (<p (u)|f<r)(u) g(r)(u)|) du)

1

<cp)|s3 Z( )(J[ 11\%|<p7”(u)f(r)(u)|p>5

Then the proof is done .m

N M
N ™
IA
m

Kopotun [26] proved the following property of ¢ for 1 < p < oo, later
Sharba and Bhaya proved the same property for 0 <p <1 in [29]. It IS

important to guarantee ¢ .

Lemma 2.3.3: [26][29]

Let0 <p <oandr € Ny, if g € L},}) then
lo*g ™|, < e

forany y = Osuchthat y >r — 1.

The following property is always true for previous defined moduli of

smoothness , it is true here to for clear .

Lemma 2.3.4: [26] [29]

Letk € N,7r€N,,0<p <o,if f € B}, thenford = 2/k
wer(fT,2/k) = wp(fD,6),

Lemma 2.3.5

Ifk € N,reNj,a,p €/, 0<p<wand f€ L?w then

w X (f,8) <clk,r,aBw(f0, c(k)8),, 5., 0 <8 <c(k)

wmﬁ¢rp

18



Proof:

For 0 < p < 1, by Definition 2.1.7 and Definition 2.1.8

t 1-t* %
* p
w"’k(f(r)’5)wa.ﬁ(x)<pr(x).p - f J e (0™ (X)Aw(x) f@,x)|" dxdr
—1+t*
1
t* —1+At* D
+ j f [0ap (V@™ COBE, oy (£, 2)[]
1/p
p
+ ] j [0 (IO (B (70| s
1-At*

Now, by lemma 2.2.3 (ii) and lemma 2.2.2(iii) we get:

wp(f,6)

Wa,p(X)P" (X),p

S|

<clkralpB) f j |Wk]h(x)Aw(x)(f(r),x)|p dxdt

—1+t*

1
t* —1+At* D

1
* FJ j (W GBS oy (f 7, )| e
-1

0

t*
1
“\&
0

So, we obtain that:

1/p

1

p
f |lw/ (x)Au(p(x)(f(r),x)| dxdu
At*

1-

wy(f,8) oy Scma, B (fT, c(k)b)

afp

we get the last inequality by the same steps from [19]
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The following lemma is true from [27] ,forp > 1.
Lemma 2.3.6 [27]

Ifk € N,reNy,a,p €Js,1<p<wandf € L;W, then

i Ko (f,6)p < cOX(f,)wp » 0<8<8,

-n (p
i KE(F,09) 1, < Nlowpp fO, < o0
Using Lemma 2.2.3 we obtain that Lemma 2.3.6 is valid for 0 < p < 1.

2.4 Equivalence between K-functional and GJWMS

In this section, we discuss the relationship between our General
Jacobian Weighted Modulus of Smoothness and the K-functional of
Koputon [27]. This relationship may open the doors wide to improve the

degree of best approximation in terms of our above modulus.
Theorem 2.4.1 :
let0 <p<1,k € N,reN,,f€ L, and for 0 < § <2/k we get:

e, D)KL (FD,6%) < w0 (F,6) < wf, (F7,6),

<c(k,r, p)Klfr(f(T)' 6k)P .

Proof of :

The Upper estimate of Theorem 2.4.1 :

Ifk € N,reNy,,0<p<landf € L?,'(p, then

wer(f,6) < el p)KL, (F7.6%) ,¥8>0

By lemma 2.3.5 and monotonicity of K-functional, we suppose that § > 2/k

and take g € L3}, sowegetg € Ly, from Lemma 2.3.4, wherever:

20



OB (F0,8), = f, (7= 9,8), + 0f, (4.5),

Let 0<h<4§ and yi:=x+(i—£)hgo(x) for0<i<k and M >2

.From Lemma 2.2.1(ii) we get y,(x) < 1/2 for x € Dyy.

For0<p<1

a),(gr(f(r) g, 5) = SUP ||th(yl)A <p(x)(f(r) - g™, x)”

k p

Z( ) Wi, 0)(fO ) = 9P )| dx

i=

=supJ
0<hsé

Dkn

S (x) S (x)
Since W[, (y) < M!**lFly, ,(y) fory € [x—%,x+(p7x] and 0 <

6<2

We get:

of (10 - g,0), <

>

p
— g dx

> ()

— "I

M|a|+|B| Sup
0<h<é

j P )P )wg ) [F o)

Dkn

p

= Mlal+IBl gup

Sup sup o Wl|l¢" ) was ) [F P 1)

O<i<k

= c(p, k)|  wa g (f - g“)llﬁj

To estimate the second term w? (g™, 6) we can use the identity:
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AR(f,x) = FOx+u + - +uy) dy, . dy,, [26]

|

SE e S
|

Elw\x SES

we have
wier (97, 5) = ool W ()8 (9, )”L p(Dkn)

ne ne
M M
= sup Wk]h J J gEI(x +ug + -+ uy) dy, - dy,
0<hs<é

he h

M M

Lpy(®kn)
By Lemma 2.2.3(i) we get

wk r (g ™ 6)

ho  ho
M M
MI@+Bl sup j j(a)a’ﬁg("”))(x+u1+...+uk)du1 oty
0<h<é h_(p _h_(p
M M Lyp(Dkn)
ho — ho
M M
< M@+Bl¢(p) sup j . j”(waﬁg("”))(x
0<h<é _h_(p he
M M
+ u1+...+uk)||Lp(ﬂ(x’u)) dy, - dy

he(x) he(x)

Foreachusatisfying—l<x+u—T< xX+u+ < 1, we have

||a)a,[;g(k+r) (x+u+ uk)”p d

¥——=3

22



x+u+%%

_ —(k+1) k+r (k+7)
j o (@) (@) wa g™ * (a) ||Lp(c,q(x,u)) da

x+u—hﬁ(p

x+u+%%

= Maei?(fc)u |~ (@) J - ||¢k+r(a)wa,ﬁg(k+r)(“)”Lp(ﬂ(x.u» da,

x+u—ﬁ

where

ho(x ho(x
<p]v(l)’x+u+ @ (x)

A(x,u) = [x +u-—

To complete the proof, we have

—=g

MI«+18l sup f(

0<h<é UqUsz..
Dkn \ _he

SN

S

P
sup |<p D] || p** T w,, g(k”)” dy, ...duk) dx

< c(k, 7, D)9+ e pg“||”

So
wk r(f(r) 6) — wkr(f(r) g(r),(g)p + wltgr(g(r)'6)p

< ) (|loape™ (r = g,

+ 6k||wa’ﬁq)k+rg(k+r)”p) m

The next prove ,we follow some assumptions from Kopotun [27] , but with

essential different techniques due to our modulus of smoothness .
The Lower Estimate of Theorem 2.4.1

let0 <p<landifk € N,reNg,f € L, then

K (FD,6%) 5., < c@wf(f7,8) ) < eI, (f,6), (2.4.1)
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Proof :

By lemma 2.3.6 (i) with weight « = w, z@" and lemma 2.3.5 we obtain ,

for0<p<1,

K555y = Kig (7.5, < it (F0.0)

wa,gPTP wa,gP" D

< cw,’;f‘;(fﬁ“),c(k)&)p , 0<6<c(k).

Hence, we have
Kipr(f©,85) 5., S copa(F0,c)8), , 0<8
<c(k), (2.4.2)

Now we assume that 0 < § < 2/6 , and let M = max{1, ¢;, 2/kc(k)} then
from (2.4.2) we obtain

S k
% % *P
Ko (f0,65) 5 < MK, (f“),(M) ) < cwy? <f<r>, 7
a

c(k)é )
B.p p

< cw;f’;(fm,a)p,

then by Lemma 2.3.1 (vi) we get :

cw;‘;f‘;(fm,(s)p < cw,‘gr(f@,a)p . =
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Chapter Three
NeurallNetwork



3.1 Introduction and Preliminaries
Neural networks, also known as artificial neural networks (ANN) or
simulated neural networks (SNNSs), are a subsets of machine learning and lie

at the heart of deep learning algorithms.

Neural networks perform their tasks like neurons in the human brain
using certain algorithms and those algorithms recognize patterns hidden in
the raw data, divide and classify them into groups. Over time, these networks

learn and gradually improve their performance.

weights
inputs
Xi
activation
functon
X net input
net,-
% QY \—9
o @ activation
3
transfer
: function
X, BJ'
4 threshold

Figure 3. 1 Neural networks
Acrtificial Neural Networks (ANNS) contains several layers of neurons,
an input layer x = (xq, ... ....,x4) € R%, one or more hidden layers with
an activation function o, and an output layer. The general mathematical

formula of any neural network is:

d

Nd(x) = Z CjU(Wij + b]) ’
j=1

where

w; are the weights, ¢; € R are coffients and b; € R are bases.

7=



The range of functions that are approximated by neural networks is
very wide, due to their applications in different fields, they can approximate
any function with some conditions, such as continuity, integrability and

sufficient training sets.

To understand more about the relationship of neural networks in the
approximation of functions, we first need to the activation function and its
importance in neural networks. In neural networks we have neurons, each
neuron receives inputs and performs weighted summation operations on
them, then passes the resulted summation into the activation function. That
turns it into an output. The question now is, what if no activation function is
used and the neurons are allowed to give the sum of data to the inputs as well
as to the outputs?. In this case, the calculation will be very simple because
the weighted sum of the inputs has no range. Hence, an important use of
activation functions is to keep the output data restricted to a certain range.
Its activation functions help neural networks learn complex relationships in
data. Another use of the activation function is to add nonlinearity to the data.

Nonlinear functions are always chosen as the activation functions.

After we have shown the importance of the activation function, the
universal approximation theory [30] will tell us about the relationship
between the neural network and the approximation of functions, it states as

follow:

“The standard multi-layer feed-forward network with one hidden layer,
which includes an infinite number of hidden neurons, is a universal
approximation between continuous functions in the subgroups that are
compact in R™ . [30]

In many papers, the degree of best approximation is given by modulus

of continuity such as [31] [32], or modulus of smoothness of order two [33].

0
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A few little papers studied the degree of best neural approximation with kth

order modulus of smoothness such as [34].

There are many activation functions(see Figure 3.2) , each type has

advantages and disadvantages, as well as the way it works.
ACTIVATION
FUNCTION PLOT EQUATION DERIVATIVE RANGE
Linear / f(x) = x f'(x) =1 (-00, 00)
. l _Jo ifz<0 (o ifz 40
Binary Step ! ) fx) = { 1 ifz>0 Flx) = {undeﬁned ;f::: =0 {O’ 1 }
nE 1 .
sigmoid | ————_|f} =0l = 1= |f® = f@(1-f@=) | (0, 1)
Hyperbolic L ~ _e et a1 — 2
Tangent(tanh) | 7 f(x) = tanh(a) = Z—"= Fix) = f(z) ('1, 1)
Rectified Linear _foifxx0 | . O ifz <0
Unit(ReLU) flx) = { x ifxs0 || ¥= {llmdcﬁmd te=0 1 [0, 00) .
Softplus f(x) = In(1 + ) flx) = 1 (0, 1)
—— l1+e®
_Jo0e iz<0|gany_ ) 0.01 ifz <0 )
Leaky ReLU / f(x)-{z ifz >0 Pbd {1 ife >0 ( 1, 1)
Exponential (e* 1) ifz<0 oct ifz <0
o = Jale 1) ife<0lapy=01  ife>0
Linear Unit(ELU) Fix) {I ifz>0 Fi) { 1 ifz=0anda=1 [0,- 00)

Figure 3. 2 Types of Activation Functions

Since to the drawbacks of some activation functions, we define a new

formula, as follow :
Definition 3.1.1

For any x € [—1,1], define

0

R(x) = {1 — (%)

where ¢(x) = V1 — x2.

ifx<0
if x>0 ’

N

(3.1.1)
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141

121

y-axis

04r
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Figure 3. 3 Activation function R(x)

By the above activation function, we define a new neural network :

Definition 3.1.2

Let x € [-1,1] and f € L},

Nap(F, ) = zi () coirOme@rE @12

j=11i=1
where a € [—1,1] and x = w;x; + b;.

Set O, . to be the family of all neural networks of degree d of any function

from B}, of the form (3.1.2).

The degree of best approximation by neural network in (3.1.2) is given by:
Definition 3.1.3:

Letd eN,r€Ny, 0<p<landfe L,

0
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En(f)p = inf lf7C) = Nay (FT, 20

3.2 Activation Function Properties
We study the following properties of R that are important in neural

networks and approximation
Lemma 3.2.1

1. The domain and rang of R are both [—1,1]

2.|R(x)| <1, Vxe[-11]
3. MRMI, < (2)7, vVxe[-11]
4. R is differentiable and the first derivative of R is:
R'( ) X
x e
@ (x)

where ¢(x) = V1 —x? and x € (—1,1).

5. The general form of derivatives of R is:

m .
l

m) cx
RD() = ) s bim
i=0 (‘P(x))
where
(1 , if both i and m are even or both are odd
Oim = 0 ) 0.W.
Lemma 3.2.2

Letx € (—1,1)and 0 <p < 1, thenit's clear that from (3.1.1)
I R'(x)||z < c(p).

On the other hand, the norm of the general form of derivatives of R is

unbounded.

0
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lemma 3.2.3
Letx e (—1,1),0 <p<landm =2

IR = ¢

where c is positive constant.

Proof:
m ; p
cx
Z m+i-1 6im
i=0 ((15(?5)) p
1|2 cxt p
=f Z m+i—1 6im dx
—11i=0 (qb(x))
i jl X p
< c —7| dx
i=o 1 (¢(X)) '
Sine
1 X p
J m+i—-1 dx
-1{(p(x))

is unbounded, then ||R(m)(x)||z >c .m

3.3 Auxiliary Results

Lemma 3.3.1

Leta,B €], ,r€Ny,0<p<1andf € L}, thenthereexists N €

Qqy St

loas )0 @ (FP@ = Ny FP, 0N < c@IF D) = Nap (£, 0|7

0
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Proof:

|loas 0™ CO(f P @) = Noy PO, )Y
1
= [loas0™@(FO @ = Nap (70, 00)[” d
-1

From lemma 2.2.2 (iii) and lemma 2.2.3 (ii) we get:

1
[ (0as @ @O0 = Nap (7, ) d
-1

1

p
< j (e (W) (f“)(x)—zvd,r(f(”,x))) dx

-1

then by lemma 2.2.2 (i) we get:
1 , )
<o) [ ((#00)'(FO@ = Nar(F©,2)) dx

< @ |(FO@ = Ne, GO0 - m
Lemma 3.3.2

Leta,B €], ,T€ENy, 0<p<1,M<nandfe€e Ly, thenforN € Q

loas@™Ner FO < cllF O
Proof:

|loas@™Nar O =

f | a5 (X)" ()N (f D, )| dx

i



From Lemma 2.2.2 (iii) and Lemma 2.2.3 (ii) we get :

1

= f e (w] (x))sz,r(f“),x)r dx

-1

p
2

i( ) DR O (hp(@)R)

1i=1

Mm.

‘ wf(x)

J

g
o (e
g

( D O (hp(@))(1 - ¢(x))

Mw

Il
=

k
‘ W) () o mo@)we - 1)

i=1

In the last inequality, we use the fact that (x) — 1 < WSJ (%)

k 1%
< ¢ f ‘ (W) ) z (=D O (@)W (x)
3 k ’
- ‘w’oc) Z ) (DO (@)

And then by lemma 2.2.2 (i) we get:

g




p

k
k .
< | |[(0)' Y ()0 Ong@) | dx
i=1

-1

=clfof7.
Lemma 3.3.3
Foranyk e N,r €Ny, 0<p<1,f€L},
[N P, 017 < caof (£, 6)7

Proof:

Let x € [-1,1]

INa,- (O, 07

1

d k k p
B Z (i)(_l)k_if M (hp(@)R(x) | dx

j=1i=1

k k p
= ;(i)<—1>"‘if<”<h<o(a>)(<p<x)—1) dx

-1
In the next inequality, we use again the fact that p(x) — 1 < W(g] (x)

1
p

W) <x)i (%) o= mp@) | dx

7=



= cwf (f0,8) =

We also need the following lemma that is immediately comes from the
same techniques of Lemma 3.3.1 with Lemma 2.2.3 (i) (cW{s(x) <
w4 p(x) ) and Lemma 2.2.2 (ii) .

Lemma 3.3.4

Leta,B €], , TENy,0<p<1,M<nandf€ L;,Kp

I(F ) = Ny (FO, 0|7
< [|oas (97 G (FOG) = Nar (F0, 0|

The following Theorems show the approximation of functions from

the spaces L}, , to neural networks from (3.1.2).

3.4 Ly, Function Approximation by NNs
Theorem 3.4.1

Letk € N,7 € Ny,0 <p <1 thenforany f € L} ,, there exist N, , € Q

in (3.1.2), that satisfies

lF® = N FO < cCep)aot, (£, 6)
foré6 > 0.

Proof:

From Lemma 3.3.4 we get :

I(F G = N, (FO, 0)|7

< [l0ap (0" @ (FP () = Nayp (F O, )]

By Definition 2.1.9 we get :

0
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|wa,p ()™ () (f T () _Nd,r(f(r)rx))” < K, (f®,6%)

a,B,p

Then by Theorem 2.4.1 we obtain:

Kir(F7,0%) g pp < c0ler(f7,8) -

S0 |(f V@) = N FO, D)} < 0. ), (F7,5) m

Theorem 3.4.2

Letk € N,r € N,,0 <p <1 thenforany f € L}, ,, there exist N, , of

form in definition 3.1.2, satisfies
wpr(F7,6)" < el PIf @) = Noy (F, )]

Proof:

In this proof, we benefit from the equivalence between modulus (2.1.5) and

K- functional to estimate the degree of approximation .

By using lemmas 3.3.1, 3.3.2, 3.3.3 we obtain

lFOell < ||(Fr e - Nd,r(f<r>,x))||z + [INar(FO, 0

<[ (FO@ - N O R+ et (r0.6)]
since

Ko (F0,6%) 5, < IFP 00 = Nap (FO, 2|7+ 84177 o) -

Nd’r(f(r), x) ”2 + c(p, k)wl‘gr(f(r), 6)2,

then by Theorem 2.4.1 we get :

wf (F®, 5) < () || (F7 ) = Nay (£, x))|| +c()w? (f@,a)z

7=



wf,(F,8)" < clh,DIf V@) = No, (F7, )], -

In the following theorem, we prove that if a function f has a derivative
greater than r, then the function can be approximated by the derivative of the

neural network.
Theorem 3.4.3

Letr eNp,0<p<1andfe Ly,

, 1
lree - NG| < cwf, (F00,)
Proof :

lFe P00 - NG, 0|7

1 p
jl f(r+1)(x) z< )( 1)k- lf(’r+1) (hQDTEa))gDZCx)

p
where we use the fact that |ﬁ| < |Mp(x)M|P

dx

p
<

(1)kl

(r+1)(x) _ f(r+1) <h(p(a)> P

n

o(x)

i=

I+ (x) — N(f(r+1)’x)||z

| |

i=1 -1

|P dx

f(r+1)( ) f(r+1)< (,0( )>

By Lemma 2.2.2 (ii) we get:

||f(r+1)(x) _ N(f(rﬂ)'x)nz

0
ﬁﬂ



< c

k
g ()

hw(a))

n

p

= Cwl(gr (f(r+1) ,X —

By Lemma 2.3.1 (v) we get:
koo (coen 1
< c(14nx — ho(a)) wp, (f -~

< cwy, (f(r“) %) . u

From Theorem 3.4.3 we can readily prove the next converse theorem by

using the same steps of Theorem 3.4.2 .
Corollary 3.4.4

Letr e Ng,0<p<1landfe L}

1 .
w?, (f(r+1) %) < || () - N(f(r“),x)”z-
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4.1 Introduction of Deep Learning

To solve problems in a more qualified way or use different methods
to get the best result, the neural network needs to be trained all the time. So
when we introduce new information to the network, it learns how to operate
according to the new situation. If the tasks we solve are more difficult, then

the learning will be deeper.

In the traditional work of programming, a computer is programmed to
do what it does, by breaking down large problems into many small problems
that a computer can easily do. On the contrary, in a neural network, we do
not program the computer to solve the problem. In lieu, the network learns

from the monitoring data and discovers a solution to its problem.

The basic principle of learning neural networks is to reduce the error
that results from the difference between the obtained value and the actual
value by updating the weights and biases that we have entered at the

beginning of the neural network.

As with many problems that NNs solve, function approximation gets
benefits from learning to get the best approximation with a better degree of

approximation.

According to UAT, learning can be applied in the backward stage so

that the results are more accurate from those without learning.
Learning neural networks is being done in three different ways or strategies:

1) Supervised learning: Also called the training stage, different patterns of
data (visual, audio or text) are recognized, and then the results of processing
these data is compared with the desired ideal results through a reverse
process in which the data goes backwards from the layers. This process of
putting the output as input is called (Backpropagation) and then correct these

errors to reach the desired result.
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2) Unsupervised learning: This learning method is used when processing
data for which there is no previous information about its outcome. The
network analyzes the data and builds a function to determine the error to
reduce it as much as possible to reach the highest possible degree of
accuracy.

3) Reinforcement Learning: This learning style is based mainly on
observation. The information is processed and the results reached, are
estimated by the neural network. If it is positive, it is treated each time in the
same way, but if it is negative, the network will process it in different ways

next time to reach positive results.

4.2 Backpropagation Algorithm

There are many learning algorithms for neural networks, for example
- Particle Swarm Optimization algorithm [35] , Genetic Algorithm [36] , GA-
PSO algorithm[37] , etc. But the backpropagation algorithm (BP) is the most

successful algorithm for training neural networks, in practical tasks .

The BP algorithm is a supervised learning method, which includes two
operations: forward propagation and backward propagation of the error. That
IS, the error output is calculated in the forward propagation process, and then
we make an adjustment to the weights and rules in order to reduce this error

and this is done in the back propagation process.

BP algorithm consists of three layers, the first layer is a set of data (the
input). The second layer is the hidden layer where there is a loop through
which the output is calculated. The third layer is a set of data (the output).
When the data passes through those layers, it is processed to give what is
called the error function, which is the resulting difference between the output

we get and the accurate output.

In the following steps, we introduce the main stages of BP algorithm

for function approximation.
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4.2.1 Backpropagation Algorithm Steps : [38]

I. Forward Computation : First of all, a function f is given here with a
training example with an input layer denoted by the vector

(X1, X5, X3, e one , X,n,) and the required output layer represented by the vector

(1, tar gy oo, b)) = (F (1), £ (2D, e e ,f(xm)), the induced local
output in layer [ for neuron j is:

m
l l -
Uj( )(k) = 2 (‘)j(i,zc yi( 1) k),
i=1

where yi(l_l)(k) is the output in the previous layer [ — 1 of neuron i at

iteration k.

wj(il) is the weight that is fed from neuron i of neuron j in layer [.

If [ = 1, the first hidden layer, gives :

Where x; € R is the jth component of the vector input

By using an activation function R of any type, the output signal of

neuron j in layer L is :

yj(l) = R, (Uj.k)-

If [ = L (where L is the depth of the network ), we get :

v (k) = o; (k).

We compare the obtained results with the actual results. If they do not
match, we calculate the value of the difference between them for each neuron

of the output layer, which represents the error value:

If the error value is large, we will reduce the error value by updating the
weights value through the next step.
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Neuron j

=b; (k) t; (k)

vi(k) R y(R)

Ty
R

> O e(k)

L J
C
A

Ym (k)

Figure 4. 1 Forward Layer

ii. Backward Computation : This stage begins with calculating {]@ (i.e.

local gradients) :

l
Y

(L) (k)R ( (@) (k)) ) for neuron j in output layer L
(4.2.1)

(L) (k) Z C(Hl) (KHw (Hl) (k), forneuron j in hidden layer I,
where

R]'- : Derivative of the activation function .

After that, we update the weights by the following rule :
wPk+1) = 0P (k) + ado} k+1)+10 Uy k)

where
AP (k—1) =niP k- Dy Tk - 1),
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n is the learning-rate parameter, and « is constant.

If the value of 1 is smaller, the change in network weights are smaller
from one iteration to the next. Thus, we make n very large in order to speed
up the learning rate, as well as for the changes in the network weights to be
large . Then we calculate the error and iterations are repeated until we reach

the acceptable error value.

(1 (k) Rll(vl (k))
< O € (k)

W1 j (k)

oK) ) Ry(ual)

¢ (k)
> O €n (k)
Rin (v (K))
) o em(®)

Figure 4. 2 Backward layer

[ Backpropagation Algorithm ]

1. Inputm, f,x,n

2: forj=1-m do

3 t] = (tl' tz, t3, ...... ) tm) ) t] = f(x])
4: fork=1-n do
S: Uj(l) (k) = Xiz4 w,-(il,zc yi(l_l)(k)
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6: if =1 then

7 yP (k) = x;(k)  input value

8: forl=1-L do

9: if [ =L then

10: ¥ (k) = 0;(k) output value

11: if e;(k) = tj(k) —o;(k) <ethen
12: go to end

13: else

14: (Y=

e (R, (v (1))

R; (v (k) iy ¢ P () wff 7 (k)

15: wlk+1) = 0P (k) +
a o (k+ 1) + 0P )y ™ ()

16: return to vj(l) (k)
17: end if
18: end for
19: end if
20: end for
21: end for
22: end
4.3 Experimental Results

In this section, we introduce some numerical example for function that

are learned to be approximated by NNs with BP algorithm.
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4.3.1 Periodic Function

We apply BP algorithm to approximate the function :

fx)=1+ sin(%x), x € [—2,2]

as shown in Figure 4.3.
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Main data function

Approximation data function

Figure 4. 3 Approximation of the Function in Example 4.3.1

0.5 1

1.5 2

The calculated error are shown in Figure 4.4, we notice that it approaches to

zero after about 103 iteration .
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Figure 4. 4 Approximation error value of Example 4.3.1
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4.3.2 Quadratic Function

We apply BP algorithm to approximate the function :

fx)=x*, x€[01]
as shown in Figure 4.5.

1

0.8 R
06 7
= L
= 0.4 5
S
0.2 ﬂ .
5
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0 JrrsrEE ™ !
Approximation data function
—0.2 1 1 1 1 4 4 4
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.8 0.9
X

Figure 4.5 Approximation of the function in Example 4.3.2

The calculated error are shown in Figure 4.6, we notice that it approaches to

zero after about 103 iteration .
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Figure 4. 6 Approximation error value of Example 4.3.2
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4.3.3 Exponential Function
We apply BP algorithm to approximate the function :
f(x)=¢e*, x€[0,1]

as shown in Figure 4.7.
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Figure 4. 7 Approximation of the function in Example 4.3.3

The calculated error are shown in Figure 4.8, we notice that it approaches to

zero after about 103 iteration .
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4.4 Future Work about Learning Approximation

Since in chapter three we defined a neural network with a new
activation function and we studied the derivative of this function, we found
that it is bounded, so :

1. We can study the degree of best approximation of this activation
function of the neural network that we defined in (3.1.2) with the
Backward layer using the derivative and compare the degree of
approximation that results from this layer with the degree of
approximation that results from (4.2.1) , Where in this process we
need to adjust the weights .

2. The intering of the activation function that we defined in (3.1.1) in the
BP algorithm, as well as the comparison between its work and other
types of activation functions.
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Conclusions

For the importance of moduli of smoothness improvements were
made to the existing moduli, so new generalized models of smoothness were
defined related to very important tool, which is Jacobian weight.
Furthermore, this modulus was used as a measurement of approximation of

functions from the space L}, , by using neural networks, which are also

defined.

A new definition of activation function is presented because of the
drawback of previous activation functions and the continuous need for more

effective over. In addition, neural networks are considered an universal

approximators, where it can approximation any Lp function.

For their ability to learn, NNs have been taken advantage of to obtain

more accurate numerical results using the BP algorithm, some examples of

that property have been given using MATLAB.
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