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Abstract

The longitudinal electron scattering form factors have been calcu-
lated for some light nuclei as 3' P, 2> Na, 2" Al and Mg lies in the
sdpf-shell region. The core is taken at 0 nucleus. The shell model
calculations, were performed by Nushell code for windows. The core-
polarization effect is taken into account for all nuclei.

Bohr-Mottelson (BM) collective model is employed to calculate
the electron scattering form factors with Harmonic oscillator (HO),
Wood-Saxon’s (WS), and Skyrme-Hartree (SKX) as the potentials.

The sdpf-space was used with sdpfnow residual effective interac-
tion to calculate the eigenvalue and eigenvectors that used to calculate
the one body density matrix (OBDM) to be used in the calculations
of the inelastic and elastic electron scattering.

The experimental data are compared to the estimated inelastic
and elastic electron scattering for the nuclei under study. The influ-
ence of core polarization through effective proton and neutron charges
is shown to be highly important to include, and its agreement with
experimental evidence for the Coulomb CO0, C2, and C4 form factors
significantly. The calculations with HO potential agreement with the
experimental data for 2> Na nucleus, but SKX and WS potentials bet-
ter than HO potential for 3 P, 2" Al and ?* M g nuclei.
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Chapter one General Introduction

1.1 Introduction

The shell model is the most important theoretical tool for understand-

ing nucleus characteristics. It can provided qualitative insight in its
most basic single particle form, but it can also be utilized as a founda-
tion for far more complicated and comprehensive calculations. Soon, the
application’s expansion appears to be constrained[1]. The shell model
occupies a prominent role because it is a more fundamental framework
based on a smaller number of assumptions, as well as the fact that it has
proved exceedingly successful in describing the nuclei at low excitation
energies|2].

The shell model is consistent with quantum mechanics as well as
with the Pauli exclusion principle. There are a variety of potentials that
may be used to apply the nuclear shell model, including the infinite-
dimension potential, the Harmoic oscillator (HO) potential, the Wood-
Saxons (WS) potential, the Skyrme-Hartree (SKX) potential and many
more potentials[3].

Measured static moments or transition strength cannot be repro-
duced without form factors in the nucleons’ orbits in the Model space
(MS). The nuclear shell model calculation was done. The necessity
to scale the one-body operator matrix elements by effective charge to
match the experimental data reveals shortcomings in the wave function.
It’s feasible that adding an effective charge will bring the anticipated
photon point transition intensities and maximum form factors closer to
the actual values. Nonetheless, the observed and non-zero momentum
transfer values may differ dramatically[4].

There are certain phenomenological aspects to theoretical solu-
tions to the nuclear many-body problem; as a result, theory and ex-
periment are tightly linked. The actual example is the nuclear shell
model, which serves as a framework for the models and their crite-
ria[5]. The nuclear experiment relies on theory to assist choose the most
significant tests to support or reject model predictions. It is common
practice to utilize codes for nuclear shell models like OXBASH[6] and
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MSHELL[7] across the world, other common codes are ANTOINE[S];
RETSSCHIL[9); NATHAN[10]; NUSHELL|11]; and NUSHELL@MSU[12].

The shell model interactions based on two-body interaction strengths
has been presented, with fitting parameters derived from basic nuclear
interactions and the correct process. In order to two body matrix ele-
ments (TBME) is required [13], three sorts of nuclei may be identified
in the shell model:
1-Closed-shell nuclei: The nuclei that have a totally filled shell and an
empty outer shell. These nuclei contain the number of protons or neu-
trons or protons and neutrons equal to the magic numbers.
2-Only one of the shells contains a single particle, which represents the
lowest level above the full core.
3-Nuclei with a full shell except for one incompletely filled shell require
a single nucleon, which are referred to as single hole nuclei.

The nucleons in the shell that follow the inner shell are called valence
nucleons, and the closed-shell is similar to the inactive nucleus. The
valence shell refers to the outermost layer of that shell[14].

The scattering of electrons from nuclei can provide the most ex-
act data on nuclear size and charge distribution. Electron scattering is a
powerful and effective tool for analyzing nucleus structure[15]. Electrons
scattering is used as a probe for a variety of reasons. The first is the
electron-nucleus interaction with electromagnetic interactions, which is
the most well-known interaction and is accurately described by quantum
electrodynamics (QED). Second, the interaction between the electron
and the nucleus is so weak that it does not greatly affect the structure
of the nucleus. In addition, Within the one-photon exchange approxi-
mation, the interaction’s weakness allows one to operate in first-order
perturbation|[16].

The high-energy scattering of electrons results in vital knowledge
and important information about the nucleus. The size of the wave-
length of de Broglie associated with the electron as compared to the
range of nuclear forces determines the knowledge acquired from high
energy electron scattering by nuclei. When the incoming electron’s en-
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ergy is in the range of 100 MeV or more, the de Broglie wavelength is
in the range of the nucleus spatial extension. As a result, the electron
is an ideal probe for probing nuclear structures with this energy.[17].

Calculations using the Born approximation should be done for those
light elements that are available as acceptable experimental targets and
are based on shell-model wave functions. Efforts to create convincing
theories for heavy nuclei have progressed significantly and should be
pursued further. It was clear that the improved concepts would require
a significant amount of processing power[18]. It would be necessary for
professionals to change the theories and calculations to be attached to
carry out an efficient program with minimal duplication of effort.

Mott was the first to derive the scattering cross-section, which ex-
plained electron scattering and included the influence of electron spin.
The ”Nuclear form factor,” which is determined by the ratio of the mea-
sured cross-section to the Mott cross-section, the nuclear form factor is
dependent on the charge and magnetization distribution in the target
nuclei. By knowing the energies of the incident and scattering electrons,
as well as the scattering angle, the form factors may be calculated ex-
perimentally as a function of the momentum transfer (q)[19].

There are two types of electron scattering: The first is electron elas-
tic scattering, which investigates ground state features such as static
charge distribution and magnetic polarization, that occurs when the
electron scatters from the nucleus and leaves it in the ground state
without any change in energy between the incident electron and the
scattering electron.  The transition densities are determined by the
second type, inelastic electron scattering, that occurs when the electron
scatters from the nucleus and leaves it in the excited state with a differ-
ence in energy between the incident electron and the scattering electron.

Over the last fifty years, several nuclear models have been imple-
mented. The nuclear shell model, which proved highly successful in
explaining the nuclear structure, is one of these nuclear models[20]. By
splitting nuclei into closed shells and valence nucleons, two techniques
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for theoretical nuclear models are utilized to predict nuclei behavior.
One method relies on a microscopic perspective of the mobility of indi-
vidual nucleus particles and the residual interaction between them. Due
to the enormous number of nucleon interactions, this model becomes
intractable as the number of valence nucleons increases|21]. Instead,
a different strategy is adopted, which is based on the global behavior
of the nucleus. The simplest collective model, the semi-classical liquid
drop model, is widely used as a starting point for simulating the nucleus
at the microscopic level; in this model, the nucleus acts as a drop of lig-
uid, held together by the nucleus attracting each other. This model has
been expanded to include quantum mechanical collective motions like
rotation and vibrations, resulting in the Bohr and Mottelson collective
mode[21]. The nucleus in the collective model can rotate, vibrate, or
show both types of movement.

Electron scattering cross-section theoretical calculation for various
form factors, multi-pole transition probability, etc. Can all be found
from electron scattering. Wave functions derived from Schrodinger’s
differential equation, such as HO potential energy functions, WS po-
tential, and SKX potential are used in the calculation of nuclear shell
model wave functions[22].

The charge density difference (CDD), transition densities, and form
factors are all essential properties of nuclei that may be measured empir-
ically via high-energy electron scattering. The more momentum trans-
mitted to the nucleus, the more precise the data collected in these stud-
ies. The extended model space calculation combine all possible ways
to distribute the nucleons to the available single-particle orbits that are
significant in regions of light nuclei. The "model space” indicates the or-
bitals and the truncation within that set of orbitals assumed for a given
calculation. Generally, the best and most complete results are obtained
when the model space is as large as possible. However, the computa-
tion time increases exponentially with the size of the model space, and
empirical Hamiltonians are better determined in smaller model spaces.
The specific distribution of valance particles over a given set of valence
orbits will be called a partition. The complete or "full” model space
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includes all possible partitions for a given set of orbits. According to
the fact that the space model represents considered orbitals in the cal-
culations, considering the number of valence nucleons of Phosphorous
(A=31), Sodium (A=23), Aluminum (A=27) and Magnesium (A=25),
the appropriate model for performing the calculations for this nuclei are
sdpf model space.

1.2 Literature Survey

Odd-even nucleus structure (or even-odd nucleus structure) and even-
even has been studied extensively, and one may evaluate these studies
about the current work:

A. A. Al-saad,(2012)[23], calculated the C2 transitions of longitudi-
nal form factors in many states of " Li and > Na nuclei in a large extended
space with include admixture from higher multi-Aw. He was able to find
convergence between the experimental results and the obtained results.

To account for higher energy configurations beyond the sd—shell
model space, K. S. Jassim and H. A. Kassim (2013)[24] explored inelastic
electron scattering form factors in several odd-A sd-shell nuclei '70O,?" Al,
and K. The sd-shell model space makes advantage of the Wildenthal
interaction between two bodies. Researchers have studied the OBDM
elements for the longitudinal C2 and C4 transition for 2 Al nucleus and
the CP matrix elements interact is taken into account through first or-
der perturbation theory via the (M3Y) interaction. Sd-shell model cal-
culations cannot adequately describe both the transition strength and
the form factor; however, when CP effects are taken into account, the
form factor is dramatically altered, and the experimental data can be
accurately described in terms of both the absolute strength and the de-
pendence on the q.

Inelastic electron scattering in the *C nucleus is studied by N.
Adeeb et al. (2013)[25]. They studied the ~3/2 1/2 (3.68 MeV), ~5/2
1/2 (7.55 MeV), and ~3/2 1/2 (15.11) MeV states. The nine nucleons
outer the core and the *He makeup are inert (the model space of the
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nucleus). Using Cohen-Kurath interaction for 1p-shell model space and
MSDI as a residual interaction for higher configurations, form factors are
determined. When studying the effects of CP on the form factors, the
microscopic theory is used, which combines shell model wave function
and configurations for the single-particle matrix elements. The oscilla-
tor’s length parameter b is chosen to reproduce the nucleus’s measured
root mean square charge radius. The experimental data are well-aligned
when the CP effects are taken into account.

R.A.Rahhi et al. (2014)[26], investigated elastic electron scatter-
ing form factors for 1°C' nucleus by using Harmonic Oscillator(HO) as
potential while they found that the total form factors of stable *C nu-
cleus (non-halo) have the same behavior as the calculated form factors

of exotic 1?C nucleus (halo) through Plane Wave Born Approximation
(PWBA), but they differ in magnitude.

Some nuclei in fp-shell were studied by K. S. Jassim and Z. M.
Abdul-Hamza (2014)[27]. They used the GXPF1 interaction Tassie
model to calculate the Core-Polarization effects for 2=4448C, 46-48.50p,
and °%52Cr nuclei and the NN realistic interaction Michigan three range
Yukawa (M3Y) as a two-body interaction for the CP effect calculations.
The probability transition density B (C2) was calculated for some fp-
shell nuclei. By use HO potential to calculated form factors and the
compared with experimental data for all three maximum momentum
transfer areas q when using the Tassie model to include the CP effects,
notably at the first and second maximum momentum transfer regions.

Some nuclei in the p- and sd-shells were explored by F. A. Majeed
and L. A. Najim (2015)[28], for longitudinal and transverse electron
scattering form factors for some positive and negative parity states of
"Li, 3C, and YO nuclei. The higher energy configurations outside of
the p- and sd-shells have been considered in the computation. The mi-
croscopic theory has up to four excitation levels, ranging from the basic
1s -1p and 2s -1d orbits up to the upper permissible orbits. It has been
shown that the inclusion of higher excited configurations in the calcu-
lations of electron scattering form factors and probabilities density is



Chapter one General Introduction

essential to obtain a reasonable description compared to the available
experimental data, which is based on the Cohen-Kurath, Reehal, and
Wildenthal interactions, respectively, for the p- and s-shell model space.

A. A. Al-Sammarraie and F. I. Sharrad et al. (2015)[29], calculated
the electron nucleus scattering form factors for the 2 Mg nucleus. The
wave functions of radial single-particle matrix elements have been cal-
culated with the Woods-Saxon, harmonic oscillator, and Skyrme (Sk42)
potentials. They found that the results of the inelastic transverse form
factors agree well with the experimental data when using the Sk42 po-
tential, while the results of the elastic magnetic scattering show a signif-
icant difference in the values compared to with experimental data, but
the overall shape and other features of the form factors are satisfactory
when using the harmonic oscillator potential.

J. Liu et al.(2016),[30], researched multiple Coulomb scattering and
magnetic scattering of relativistic electrons for 27 Al, * N and %’ K nuclei.
Nuclear deformation and magnetic moments were taken into account as
contributions from the proton hole in the outermost orbit throughout
the research. The electron—nucleus scattering was used to obtain the
nuclear quadrupole moments Q. The researchers discovered that the re-
sults are in good agreement with the experimental quadrupole moments
Q by comparing them.

K. S. Jassim and R. A. Abdul-Nabi, (2016)[31], investigated the
isoscalar and isovector states of the 2*M g nucleus in sdpf shells were ex-
amined for form factors and decreased transition probabilities. The core
polarisation effects were computed using Michigan three-range Yakawa
as a realistic interaction. The large-scale space computations with core
polarisation effects were close to the experimental findings.

On the sdpf-space with Tassie model, K.S.Jassim and S. R. Sahib,
(2017)[32], investigated the elastic and inelastic electron scattering, de-
creased transition probabilities, and the CDD for the ' F nucleus with
and without effective charge. The wave function of radial single particle-
matrix components was calculated using SKX and HO potentials. The
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results were obtained using the shell model code Nushall@MSU. They
examined how the result of the CDD and B(WL) calculations is affected
by the potential.

J. Liu et al. (2017) [33], described the longitudinal form factors for
BN g, 2TAL 3P, %9C0o and »*Na nuclei. The distorted RMF model
and the DWBA method were utilised in the calculations. Theoretical
longitudinal form factors were quite close to experimental data. The
charge distributions of distorted odd-A nuclei were better described by
the deformed RMF model.

T. Liang et al.(2018)[34], is investigated the elastic electron scat-
tering for =2 X¢ nuclei by the deformed scattering model. The re-
searchers found that the minima of the Coulomb form factor of isotopes
are directly influenced by the nuclear deformation parameter (5, not
just the charge radius R¢. For the studies of electron scattering, nu-
clear deformation should be taken into account, especially in high mo-
mentum transfers. Nuclear deformation should be taken into account
while studying electron scattering, especially when substantial momen-
tum transfer is involved.

K. S. Jassim and S. R. Sahib in (2018)[35] have calculated energy
levels for the 2726M g, F, and 2" Al nuclei by using sdpf-now as effec-
tive interaction with the large-scale sdpf model space by using the shell
model code. They used the HO and SKX potentials to calculate the
wave functions of radial single-particle matrix elements.

The charge density distributions, elastic charge form factors, and
size radii for halo ' Be,'” C, and " Li nuclei were computed by A. R.
Ridha and Z. M. Abbas in (2018)[36]. Each nucleus core and halo com-
ponents are separated into two separate sections. The core is examined
using HO radial wave functions, whereas the halo is explored using WS
potential radial wave functions. For matter density distributions and
accessible size radii, there is an excellent match with experimental data.

A. D. Salman et al.(2019)[37], calculated the inelastic longitudi-
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nal electron scattering form factors for 946668 7n nuclei with the HO
and WS as a potentials used to calculate the wave functions of radial
single-particle matrix elements. To obtain theoretical conclusions, the
researchers employed NUSHELL code with M3Y and MSDI as a resid-
ual interaction. When compared to experimental data, they discovered
that form factors using F5PVH interactions with WS potential are bet-
ter than those using HO Potential in all regions of momentum transfer.

The coulomb form factors of Mg, Mg, *4S and, *°S for the oblate
and prolate states investigated by J. Liu et al.(2019)[38]. The shape
configurations of ground states are calculated by relativistic mean field
(RMF) model. The researchers discovered that the coulomb form fac-
tors of oblate and prolate nuclei are nearly comparable to the shape
coexistence of even-even nuclei, but that the calculations for odd-A nu-
clei diverge noticeably from the coexistence state and prolate or oblate
states.

P. Sarriguren et al.(2020)[39], calculated elastic electron scattering
within PWBA and within a deformed formalism for odd nuclei of 17O,
N Ca, Mg and, *?Co. The researchers compared the theoretical results
of both spherical and deformed nuclei with experiment data and they
found that the distorted image increases the data’s agreement. The odd
particle contributes the most to the magnetic form factor in odd-A de-
formed nuclei, according to the results. In comparison, nucleons play a
large role in charge form factors.

The energy levels and transition probabilities B(E2) and B(M1) for
2123 N g nuclei were investigated by A. K. Hasan et al.(2020)[40]. The
calculation performed using USDA and USDB interactions in sd-shell
model space. The researchers compared the experimental data to the
shell model results and discovered that the empirical data agrees well
with theoretical energy level projections.

H. M. Dlshad et al.(2020)[41], is investigated inelastic electron-
nucleus scattering form factors for ? Be nucleus with CP effects. They
used HO potential to calculate single-particle radial wave functions.
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They found the ground state Coulomb form factors CO transitions for
M3Y interaction and the ground state charge radii with folding effect
best fit the experimental data for Beryllium ?Be nucleus.

Shell model with self-consistent HF computations are used to ex-
plore the nuclear structure of the 2 Al nucleus. For positive parity states,
shell model computations were conducted with the entire sd model space
by R.A. Radhi et al.(2021)[42], The inferred conclusions for the longi-
tudinal and transverse form factors were reviewed and compared with
the available experimental data, according to the researchers. The CP
effects have been discovered to be critical in establishing a good descrip-
tion of the data.

I. AH. Ajeel et al. (2022)[43], studied the Coulomb C2 and C4 form
factors of O, 2 Ne, and, 22 Ne nuclei used the CP calculations, the TM
model and the BM collective one were utilized with the Wildenthal (W)
and USDA interactions for the sd-shell and used HO, WS and SKX po-
tentials to calculate single-particle radial wave functions. In comparison
to model space computations, the inclusion of CP effects good agree-
ment with experimental data. The outcomes of various potentials are
compared.

1.3 Aim of the Present Work

The present work aims to study the electron scattering longitudinal form

factors for some nuclei as ' P, 2" Al, 2> Na and many states for 2> M g nu-
cleus by using the shell model in sdpf-space. The calculations have been
performed using the large scale model by employing Bohr-Mottelson
(BM) collective model. The calculated form factors with sdpfnow as
a residual interaction for the studied nuclei will be compared with the
available empirical data.
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Chapter two Shell Model Formalism

2.1 Background for Shell Model

Schrodinger’s equation is almost always a part of every quantum me-
chanical issue. A correct Hamiltonian is one of the most critical phases
in this process. When dealing with a multi-body problem like the one
in nuclear physics, it is useful, to begin with the assumption of indepen-
dent particle motion so that the Hamiltonian is written as the sum of
individual components from each particle in the nucleus|22],

A
HO = ST+ U(r,) 21)

Where H is the unperturbed Hamiltonian, T; and U(r;) are the Ki-
netic energy and the potential energy, respectively.Since the Pauli Ex-
clusion Principle mandates that the wave functions for identical particles
be anti-symmetric, the eigenfunctions to the above equation are given
by the Slater determinant, which, for a two-particle system, is written
as[22],

¢ — Poy (1 1 (2) ‘ 1
a0 (

%' Pa 1; ZZZ (2) :—![%1(1)%2(2)—soal(2)soa2(1)]

\/2_

(2.2)
Where ¢, ., are the single-particle wave-functions, given the product
of radial and angular components. The only part of this expression that
is not explicitly defined is the radial part, R, (r). The details of this
function depend on the form of the potential U(r) of the eq. (3.1). It
turns out that the choice of this potential is not straight forward.
The shell model assumes that the interaction between nucleons in the
an average central potential can approximate the nucleus, called the
mean-field potential. The radial components of the single-nucleon wave
functions used in this work are obtained from three different potentials,
the harmonic oscillator (HO) potential with size parameter b, Woods-
Saxon (WS), and Skyrme (SKX) potential. For Skyrme interaction, it
can be expressed as effective two-body potential.

11



Chapter two Shell Model Formalism

2.1.1 Harmonic Oscillator (HO) Potential

Three-dimensional oscillator potential is a suitable approximation for
nuclear potential with light nuclei because it can readily manipulate the
wave functions of single particles. From the mean-field approximation,
each nucleon of mass (m) moves independently in a potential that rep-
resents the average interaction with the other nucleons in a nucleus.
Supposing that the potential depth at the center of the nucleus is U,,
then for each particle moves in a spherically symmetric harmonic oscilla-
tor potential with angular frequency (w), the Hamiltonian becomes[44]:

~U, (2.3)

Where U, = mW;RQ and R = RyAl/? fm.
The eigenvalue (Schrodinger’s) equation for the wave function (r, 8, p|nim;)
is given by[45]:

H,|nlm) = ey|nlmy) = ey|nl)|lmy) (2.4)

Where n, 1 and m; are the principal, orbital, and magnetic quantum
numbers, respectively. The corresponding wave functions are repre-
sented by:

(r, 9»%0\nlml> Ry (1) Y1, (0, 0)
(rlnl) = Ru(r) (2.5)
<07 90|lml> = Yéml(ev 90)

Where Y, (6, ¢) and R,;(r) are the spherical harmonics and the ra-
dial wave functions, respectively. The radial wave function for the HO
potential is given by[22]:

Ql—n+3 2l +2n — 1)” 2 jop?
nl e
[ @+ 1) ”]2(n 0 Jr

(=D 2% 20+ 1) oht1
kz_% R T

(2.6)

12



Chapter two Shell Model Formalism

The HO size parameter b which relates to the mass of nucleon (m) and
frequency (w) as associated with the HO potential[46]

o ar

One can reproduce the magic numbers by adding the strong spin-orbit
interaction term Vs to the single-particle Hamiltonian[22]

s = f(r).F (2.8)

Where f(r) is a radial function, the single-particle Hamiltonian be-

comes:

—h? mw?r?

R w24 _ re
H, = QmV + 5 U, + f(r)l.s (2.9)

For the jj coupling scheme between the spinor state function |Sm) and

the angular part of the spatial state function |lm;)[47]:
[nljm;) =Y [Smg)ndmy)(ImSmy|nljm;) (2.10)

mpms

Therefore, the Single-Particle Energy (SPE) is a function of the total
nucleon quantum number (j) and the [.§ potential causes a separation
of the (j=141/2) or (j=I-1/2) levels:

—(l+1)/2 forj=1-1)2
1/2 forj=1+1/2
For the HO potential, the value of (f (7)), depends on the mass number
of the nucleus that is evaluated from [48] and (f(r)),; given by:

(f(r)ym = (nl|f(r)|nl) ~ —20A72%3 Mew (2.12)

(nljm;|Visnljm;) = (f(r))n { (2.11)

The Pauli exclusion principle allows for a minimum number of oscillator

quanta N to be included in a shell model configuration, and are then
referred to as NAw configurations. It is found advantageous to treat
proton and neutron (neglecting the difference in masses) as two charge
states of one particle, called the nucleon. To distinguish the two charge
states of the nucleon, the isospin quantum number has been included
in analogy with the spin quantum number, t =1/2 with two possible
projections ¢t = +1/2.Hence, the state of each nucleon defined by the
quantum numbers n, [, j, my, t [49].

13
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2.1.2 Woods-Saxon Potential (WS)

In terms of the one-body potential, the WS potential is an excellent
option. In order to calculate the total binding energy, WS (or any other
one-body potential) cannot be utilized since it does not account for
unique two-body interactions[46]. To get the best match for nuclear
single-particle energies and nuclear radii, we use the WS parameters.
Solving the equation yields the radial components of the single-nucleon
wave functions of the WS potential[50].

R ('
241 dr? 24172

[

+ U(r)]R(j,r) = eR(j,r) (2.13)

Where y = m(p/n)(A — 1)/A is the reduced mass. The potential U(r)
include central, spin-orbital and coulomb parts and given by[51]:

U(r) = V,o(r) + Vis(r)l.s + §,,V(r) (2.14)

where V, is the nuclear potential depth, d,, is the equal to 1 for protons
and 0 for neutrons, V,(r) is the spin-independent central potential, V¢(r)
is the Coulomb potential. The central Woods-Saxon potential is:

Vo(r) = V,[1 + exp(r — Ry) /a,] (2.15)

The Coulomb potential for protons are based upon the Coulomb po-
tential for a sphere of radius R, given by [49]:

Ve(r) = {%[3 SR (2.16)

2

e r> R,

r

The spin-orbit potential Vis(r) is based [49] on the usual derivative of
a Fermi shape:

1d
Vis(r) = 18;5[1 + exp(r + Risfais)] ™" (2.17)

Where R and a are the nuclear radius, and the surface diffuseness,
respectively. The radii R,, R;s, and R, are usually expressed as:

Ry =rAY3, i=0lsorC (2.18)

14
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A typical set of parameters for the WS potential are V, = —53Meuw,

Vis = 22Mev, v, = 1y = 1.25fm, r. = 1.20fm and a, = a;;, =
0.65fm.One can find in the literature many other sets of parameters
which are better for specific nuclei or mass regions[49].

2.1.3 Skyrme Interaction (SK)

In 1958, Skyrme created the Skyrme interaction[52], which can be ex-
pressed as the sum of two- and three-body parts[53]. The SK forces
with the three-body term replaced by a density-dependent two-body
term. The SK force can be decomposed into a central V¢, spin-orbit Vj,
and tensor contribution V. V' is usually neglected[54]. The two body
term of SK force is written as a short range expansion in the form[55]

VIE =vep v, + V! (2.19)

AN | 2 g .
VIR =t,(1 + Xobo )6 (F) + (L4 xap0) (K7 0(7) + 3(F)k*) + t2(1 + xopo)

R 1 R
K'o(r)k + 6163(1 + X300 ) p" (R)O(T) + it4k'6(7) (0 + )
(2.20)

Where k = (Vq—V3)/2i and k' = (V, —V})/2i are relative momentum
operators. §(7) is the delta function. p, is the spin-exchange operator,
o the vector of Pauli spin matrices, and the SKyrme force parameters

are t07 tl; t27 t37 t47 Xos X1, X2, X3-

2.2 Bohr-Mottelson (BM) Collective Model

It has been shown that the shell model can describe many aspects of
the nucleus’s ground state and some stimulated states. However, it fails
conspicuously in explaining the observed significant electric quadrupole
moments (Q) of the nuclei in many cases and the quadrupole transition
rates B(E2). J. Rainwater(1950)[56] was the first who tried to explain
these failures of the shall model by introducing the idea of deformation
in the shape of the nuclear core due to the motion of the odd loose
nucleon outside the core in odd A nuclei. The motion leads to a polar-
ization of the even-even core, thus assuming a spheroidal shape. Such

15
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deformation would cause the quadrupole moment to be higher than the
single-particle value. A. Bohr and B. Mottelson (1953) further elabo-
rated the model, combining the single-particle and collective motions
into a unified model, which gave a complete description of the deformed
nuclei[57].

Bohr and Mottelson proposed the 5D quadrupole collective Hamilto-
nian, which describes the quadrupole vibrations and rotation in a unified
manner. [t is written as|[58],[59]]:

Hcoll - Tm’b + Trot + V(B) 7) (221)

1 1
Toiv = 5Dp5(8,7)8” + Das (B, 187 + 5 D5, (B00"  (222)

3
1 .
Trot - 5 ];_1 Jk’(ﬁ? 7)(102 (223)

Where ¢, are the components of the rotational angle on the three
intrinsic axes. The quadrupole deformation (/3,v) and the rotation an-
gles ¢y are treated as dynamical variables, and (3°,7") represent their
time-derivatives. The ¢ is called angular velocities. The quantities
(Ds,g, Ds~,andD, ) represent inertial masses of the vibrational motion
and T,;, represent the kinetic energies of vibrational motion.

The quantities Ji(3,~) in the rotational energy T, represent the
moments of inertia with respect to the intrinsic (body-fixed) axes. This
body-fixed frame, coupled with a time-dependent mean-field in real-
time, can serve as a reference for defining the intrinsic axes.The term
V (B, ) represent the potential energy as a function of § and .

The equation of the Bohr-Mottelson collective Hamiltonian from eq.(2.21)
is often referred to as the liquid drop model.However, what should em-
phasize is that the analogy with the classical liquid drop is irrelevant to
low-frequency quadrupole collective motions. Already in 1950’s, it was
recognized that the nucleus is ”an unusual idealized quantum fluid and
one is dealing with a most interesting new form of matter”[60].

Most nuclei may be regarded as a super-fluid of tiny size with a radius of
a few femtometers, and the nature of nuclear deformation is essentially

16
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different from that of surface shape oscillations of the classical liquid
drop; that is, the nuclear deformation is associated with quantum shell
structure and spontaneous breaking of the spherical symmetry in the
self-consistent mean filed.

The form of collective Hamiltonian from eq.(2.21) is quite general

and applicable to the various finite many-body systems, but values re-
veal the specific dynamical properties of the system of interest and the
(B,7) dependence of the collective inertia masses (Dgg, Dgy, D+, Ji;) as
well as the potential energy V (3, ).It is thus essential to extract these
variables microscopically and compare them with what experimental
data reveal to comprehend the dynamic features of the nucleus.
The Hamiltonian from eq.(2.21) is given in terms of the five curvilinear
coordinates ((,~ and the three Euler angles which are connected with
¢ by a linear transformation) and their time derivatives. For quanti-
zation in curvilinear coordinates, we can adopt the so-called Pauli pre-
scription[61].The microscopic derivation of the Bohr-Mottelson collec-
tive Hamiltonian. The quantized 5D quadrupole collective Hamiltonian
takes the following form|[59]:

A~

Hcoll - Tvib + Trot + V(B: 7) (224)

Here, the vibrational Kinetic energy term T}y is given by:

P L 10, [R O 2l 0
Lo == 5 wm oV wPrap) - 85(6W i)
1 o [R 0
T ey oV w81 Pngg) (229)

b s 31D )

Where the rotation energy term Tmt is given by:

. LR
Trot - ; (ﬁ ’}/) (226)

With ] 2 denoting three components of the angular-momentum operator
with respect to the intrinsic axis. In this study, we use the unit with

17
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h=1.
In the above equation|[62]:
B*W(B,7) = Dgs(B,7) D+ (B,7) — D5, (8,7) (2.27)

and Dy(8,v) (kK = 1,2,3) are the rotational inertial functions related
to the moments of inertia by[59]:

Ji(B,7) = 48°Dy(B,7) sin’(y — 27k /3) (2.29)

If all inertial masses (Dgg, D+~ 2, D1, Do, D3) are replaced by a com-
mon constant:
D and Dg, is ignored, the above T, is reduced to:

. 1, 10 ,0 1 0

55+ Frein(ay) 0y )

Only small-amplitude vibrations around a spherical Hartree-Fock Bo-

Tyin = _E(@% (2.30)

57

goliubov (HFB) equilibrium may be valid for such a drastic approxima-
tion in this context. The need to go beyond this simplest approximation
for the inertia masses has been pointed out[57].For recent experimental
data and phenomenological analyses of this problem[61].

The collective Schrodinger equation is[62][57]:

(Tvib + CZAjrot + V(ﬁa ’)/)) ’@baIM(ﬁv 7 Q) = Ea[ wa[M(ﬁ’ s Q) (231)

The collective wave function in the laboratory frame, ,12(5,7,2) is
the function of 3,y and () set of three Euler angles ). It is specified
by the total angular momentum I, its projection onto the z-axis in the
laboratory frame M, and « the distinguishes the eigenstates possessing
the same value of I and M. With the rotational wave function D!, ..,
they are written as[59]:

Yorar (8,72 = D Gark(B,7)(QUIME) (2.32)

k=even

Where

QUMK = \/ a0 D@+ (Dl @) (239
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The vibration wave functions in the body-fixed frame,¢.;x(5,7), are
normalized as:

/ 48 dy /G (B, ) 6ar (B, 1) = 1 (2.34)

Where
bar(B. 7 =D |arr(B,7)] (2.35)

k=even

and the volume element is given by /G (8, ) df dy with:
G(B,7) = 48°W(B,7)R(B, ) sin*(37) (2.36)

Thorough discussions of symmetries of the collective wave functions and
the boundary condition for solving the collective Schrodinger equation
are given in Refs.[63][64]]

Inserting (2.32) into the collective Schrodinger equation (2.31), we ob-
tain the egenvalue equation for vibrational wave functions[65].

[Tvib+v(ﬁa7)]¢aIK(6a7)+ Z <]MK|Tr0t‘]MK/>¢aIK’(ﬁ,’7)

k'=even

— LigJ ¢alK(6 7)
(2.37)

Solving this equation, we obtain quantum spectra and collective wave
functions.
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3.1 Electron Scattering

Plane waves are used to represent electrons in the electron scatter-
ing theory. In a non-relativistic situation, the Schrodinger equation is
satisfied by propagating a free electron in space:
oY

R, |
2m0v w = —Zha (31)

For an infinity large free space, the plane wave solution of the equation
(3.1) written as:
Y = exp(2mik,.r + iw't) (3.2)

Where k, = 1/) is the electron wave number and «' is angular fre-
quency.

The plan-wave Born approximation’s (PWBA) differential scattering
cross-section for scattering an electron into a material at an angle df2
from a charged nucleus Ze with mass M is given by|[66][67][68]:

do

d_Q =0M frec Z‘FJ(%Q)‘Q (33)

J

Where F)j(q, 0) is scattering amplitude and o), is the Mott cross-section
for scattering from a point like nuclear charge Ze and is defined as[69]:

Zacos (0/2)

2Ei3m2(9/2)]2 (34)

O'M:[

Where 6 is the angle of scattering, a = e?/hc = 1/137 is the fine
structure constant, 7Z is the atomic number of the target nucleus and
E; is the energy of incident electron. The recoil factor of the nucleus is

given by[66]:
free =1[1+ %sm%ep)}—l (3.5)

The energy transfer is w = E; — E’, E; is the incident electron energy,
E’ is the scattering electron energy, the three momentum transfer is q
and the four-momentum transfer is ¢, is given by[66]:

¢ = ¢ —w’ =4EE'sin*(0/2) (3.6)
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The form factor is given by the well-known multi-pole as a function of
momentum transfer q [70]:

47

ml(#”@(é])luiw (3.7)

[F(q))* =

Transverse (T) and longitudinal (L) are denoted by the superscript 7 in

the electron scattering multi-pole operator 77 (g), J; and J; are the total
angular momentum of the initial and final states, respectively. When
using the theory of Wigner-Eckert in isospin space, the form factor can
be written in terms of matrix element reduced contain both the angular
momentum (J) and isospin (T) and is given as:

A ) T T T,
PO =y 2 07 (] )
J ZQ(QJZ' + 1) T—Z(),l _TZf My Ty (38)

T (@ JT) 2

Where T = | 455
The rule of angular momentum and isospin can be written as:

= Jf| < T < Ji+ Jy (3.9)

T =Ty <T < T + Ty (3.10)

3.2 The One Body Density Matrix Elements (OBDM)

The work of Lee and Kurath is where the OBDM components are
found. The OBDM elements used in this work is related to the transition
amplitudes. A . (Ja, Jp) by:[71]

o At (JarJ
OBDMJ’tz(Za f7 ]au]b) -V 2Jf + 1% (311)

The transformation from L-S coupling basis to J-J coupling is given
by[71]:

- b 1/2 gy
AJ,tz (j(lvjb) = Z(jaijS)1/2 la 1/2 ja AJ,tz (LS) (3-12)
LS L S J
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Where the bracket ¢ .... 3 is the 9j-symbols and J = 2J+1. In isospin

representation, the value of the OBDMYT is obtained from the value of
OBDM’# as|72]:

OBDM™" :(—1)Tf—Tz{J§< L0 ) OBDM(ZAT =0, 2t.\/6

~Ty; 0 Ty
Ty 0 T, OBDM(ATzl)}
~Ty; 0 Ty 2

(3.13)

With ¢, = 1/2 for a proton and -1/2 for a neutron. The bracket < )
is 3j-symbol.

3.3 The Reduced Single-Particle Matrix Elements

The sum of the product of the elements of the One Body Density Matrix
(OBDM) times the single particle-matrix elements is the reduced matrix
element of the required operator T/ and given as[73]:

U, 1) = 37 OBDMP (7, Jp.a,b)(al T, 6 (314)
a,b

Where t, = —1/2 for neutron and 1/2 for proton. J is the multi-polarity
and J; and J; are initial and final states of nucleus,respectively.
la) and |b) are the single-particle wave function for initial and final states
[73]:

@) = [nala)|jama)|tt.) (3.15)

10) = [nalo) [ jorme) [tt-) (3.16)

Everyplace (n4,np) is the principle quantum numbers, (I,, [;) is the
orbital angular momentum numbers, (j,,7) is the total single-particle
angular momentum quantum numbers, (m,,my) is projection of (jq,7),
respectively and |tt,) is the single-particle isospin state.
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3.4 The Longitudinal Operator’s Reduced Single-
Particle Matrix Elements

The nucleon in a well-defined shell model state interacts with the elec-
tron in the single-particle model. It is the interaction of electrons with
the nucleus’s charge distribution that generates the longitudinal scat-
tering, as described by the Coulomb form factors. The longitudinal op-
erator, which is an irreducible operator of rank J in the nuclear Hilbert
space, is defined as[66]:

Tilg t:) = / dr j5(qr) You(r) p(F,t.) (3.17)

Where j;(qr) is the spherical Bessal function, Yy, (r) is the spherical
harmonic and p(7,t.) is the single nucleon charge density operator is
given by|[74]:

p(7t:) = e(t.)0(F — 13) (3.18)

Where §(7 — 7;) is Dirac deita function and e(t,) = £2=. From the
equations (2.17) and (2.18), one obtains:

Trar(a,t:) = e(t.) js(ar) You(r) (3.19)

The longitudinal operator of the reduced single-particle matrix element
between the initial |ny,ly, jp) and final |ng, 1, j.) states can be given
as[66]:

Na, laa ja> :e(tz)<naa laUJ(qT)'nCL? la>
(La1/2 jallY5 ()| ls1/2 jb)

aula; .a T [
(s Loy Jal| T (3.20)

Spherical harmonics are characterized by a decreased matrix element
given by|[67]:

(1a1/2 JallYr(r)111/2 o) =1/2(=1)% 2 [L 4 (= 1)l

\/(2ja+1)(2jb+1)(2J+1)[ja J g
A 1/2 0 —1/2
(3.21)
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The single-particle matrix element of the Bessel’s function in spherical
coordinate is[75]:

(nalalir(gr)|nyly) :/ drr®j;(qr) Ra, 1,(r) Ry, 1,(r) (3.22)
0

Where R, (r) and Ry, () are the radial parts of the single-particle

wave function for final and initial states. A Harmonic Oscillator (HO)
with size parameter b and the radial wave function component is used
to solve Schrodinger’s equation. The radial matrix elements of Bessel
function can be solved analytically as[73]:

J
(nalalgs(gr)|nuls) =1 & Y7 Pexp(=Y)[(ny — 1)!(ng — 1)1]*?

2.J + 1)

np—1 ng—1

C(np+ 10, + 1/2)T(ng + 1y + 1/2)]1/2 Z Z

mp=0m,=0
(—=1)(mp + my) 1
mglms! (Mp—m, — 1)1 (ng — my — 1)!
L(1/2(ly + la + 2mp + 2mg + J + 3)
F(mb + 1+ 3/2)F(ma + 1, + 3/2)
F(1/2(J =1y — 1y — 2my, — 2my); J +3/2;Y)
(3.23)

Where Y = (bq/2)?, T is gamma function and F is the confluent hyper-
geometric function, which may be evaluated by using[73]:

a(a + 1) y?

Flasbyy) =1+ —y + e (3.24)

0! T b+ 1)

It is possible to express the longitudinal form factor in terms of the
reduced many-particles matrix element of the transition operator as[22]:

1 A4r n
[F, (q))* = ;m“f“fﬁJUﬁ (3.25)

The reduced many-partical matrix element with spin-space is given
by|[73]:
(JRITF i) =  OBDM(Jy, Ji, a,b, J,t.){al| T7;_||b) (3.26)

a,b
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And can be written as[73]:

TR ) = €(tz)/ drr?j(qr)pse. (i, f,r) (3.27)
0
Where pj. is the transition charge density and given by[73]:

PJt, (7’) - Z OBDMJtZ (Za fa a, b) <nalaja”YJHnblbjb>Rnala (r)Rnblb(T)
a,b
(3.28)
Practical experiences showed that the electron is not a point but has a
finite size that must be corrected for. So the equation of nuclear form

factor must be multiplied by this correction which is found to be as[76]:

—0.43¢2

Fru(q) =™ (3.29)

And the center of mass correction is given by[76]:

q2 b2

Fc.m(Q) = e i1 (330)

Where A is the nuclear mass number and b is the Harmonic-Oscillator
size parameter. Corrections to eliminate the spurious states that arise
when using a shell model wave function are applied to the center of mass.
The effects of limited nucleus size, center of mass motion, and Coulomb
distortion of electron waves must be taken into consideration when cal-
culating the form factor.Thus, given multi-polarity J’s form factor in
terms of the matrix elements reduced both in angular momentum and
isospin spaces and using Wigner-Eckart theory as[77]:

. T T T
FUNP = —1) LTS < / Z
1F77(q)] Z2(2J; + 1) | TZO:I( ) ~Tzr My Tz

(AT (@I Frs(@) P Fem (@)

Where T, = % For electron scattering 17,; = T,y and M7 = 0 The

plane wave Born approximation is used to formulate the form factors

) (3.31)

presented thus far.
The single-particle energies are given by[22]:

—1/2(0+1){f(r))m forj=1-1/2
L1/20(f () forj=1+1/2
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With
(f(r))m ~20A723Mev,

3.33
hw = 45A7Y3 —95472/3 (3:33)

The momentum transfer is enhanced to first order by electron Coulomb
distortions, resulting in an effective transfer ¢.;; which is given by|7§]
[79]:

3 Ze2

1 _
Gess = qll + 2ER,

] (3.34)

Where R, = \/gers is the root mean square (rms) charge radius.

3.5 The Longitudinal Form Factor

It is at the photon point that we determine the electromagnetic tran-
sition probability, where the momentum transfer ¢ = k = E,/hc, where
E, is the excitation energy.The form factor at (q=k) is[77]:

47
|F7(k)* =

“ @itz /0 drv?j;(kr)p, (i, )]’ (3.35)

For this value of q, the center of mass and finite nucleon size correction

factors are almost equal to one.
At q=k=E,/hc

(kr)” (kr)”

. 1
Jitkr) = Gt T 3@+ 8

+ ) (3.36)

Retaining only the leading term in the series expansion of j;(kr), one
obtains:

, N (kr)?
Jrtkr) ~ G (3.37)
Then equation (3.35) becomes:
L Am 2
FHOP = 7 gl | [ drr/nti il 39)
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In the PWBA, the longitudinal form factor is given by Fourier trans-
formation of the transition density py;(r)[66]:

Fa)P =5 3 @)l (339
M;.M;
Where
pla) = [ €M) M (3.40)

The one-body density operator p(V)(#) may be used to represent the
density distribution of an A-point nucleon system and given by means
of the Dirac delta function as[80]:

pI() = Z 3(F — 7)e; (3.41)

For the one-body density operator, the many-particle wave function v
may be used to express the expected value and written as[70]:

A 00
(Wh(Fy, P, F) | pV (F) O (Fr, 7o, .. Ta)) :Z/ WH (P, oy . Fa)O(F — 7))
i=1 70

¢(T1, Fg, FA)dfldFQdFA
(3.42)

The single-particle wave function ¢;(rj) may be used to represent the
nuclear many-particle wave function 1 in terms of Slater determinants
and given by[70]:

1

VAl

Then, the coordinates are integrated to get the final result[70]

po(r) = ((71, 7, .7a) [P ()71, 7, ... 7)) (3.44)

Therefore, the density distribution of a system containing A nucleons

W7y, Py o F) = ——deti(F) (3.43)

may be obtained in terms of the single-particle wave function as[81]:

A
po(r) = Z ()] (3.45)
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Our single-particle states are defined using a HO basis to get an explicit
formula for the one-body density matrix elements:

Where ¢ = n,l,m, s;,t; while 1,,,(7), Xsi, and xy are space, spin, and
isospin wave functions, respectively. The space wave function of HO is
given by:

Ui (T) = Rt (r)Yim (0:, ¢:) (3.47)

The equation (3.45) can be written as[70]:

Z |9( F)|2 Z ‘stth (3.48)

nlm

Z ‘Rnl lm Z’ (/bi ‘2 Z ‘stth (349)

nlm Sisti
1) =4 Rualr) 3 Vim0 60) (3.50)
nl m

where the factor 4 in equation (3.50) takes into account the spin-isospin
degeneracy i.e., The charge density distribution does not depend on the
s; and t;, therefore these indices have been neglected by summing over
the projections mg and m; to obtain the factor 4. The second factor of
equation (3.50) can be written as[70]:

2l+1
Z\Yzm 0;, :)|* = (3.51)

The density of the system A nucleons written as[70]:

por) = 43 | Rulr)? 22 (352

nl

Nuclei with Z=N and a closed shell have their ground charge density
distributed is given by[70]:

21+ 1
= 2ZL\RM (3.53)
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The ground charge density distribution for open-shell nuclei can be
expressed as:

1 ) 1 )
- %2(21 + Dl Bu(r)]* + %NP\RM(TM (3.54)

Where I, N, are closed shell, number of protons in the unfilled orbit’s
and R,;(r) is given by:

1 =3 (2n 4 21 —

[

Rur) = L eyt e

(20 + 1) b;f(n—l)- (3.55)
1Fi(1—m, l+2 b2)

Fi(1—n,l+3 o bz) is the confluent hyper-geometric series and is given

by|[70]:

— (n—1)128 (2 + 1) o
1F1(1—nl+§ﬁ k_l (n—k — D)W (20 + 2k + 1) (/b)
(3.56)
With n!!=n(n-1)(n-4)....(2 or 1)
n!=n(n-1)(n-2)....1
b is the harmonic oscillator size parameter is given by|[70]:
b=1.005AY5 fm (3.57)

Size parameter b is dependent on the nuclear mass number A, which is
the case for HO wells.
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Chapter four Results and Discussion

4.1 Introduction

The electron scattering calculations have studied the longitudinal form

factor in the present over the momentum transfer or effect momentum
transfer ranges (0 < g or ¢.ff < 3). The shell model calculation was
performed using Nushell codes for Windows [82] within extended sdpf-
model space. All the calculations are performed using sdpfnow as a
residual effective interaction within a restricted model space is one of
the models, which succeeded in describing the static properties of nuclei
with effective charges are used. In this work, °0O nucleus was used as
the inert core and we used the Bohr-Mottelson (BM) collective model
to calculated the electron scattering form factors on sdpf-model space
for 3P, 2" Al, Na and ?*Mg nuclei. The HO, WS and SKX potential
have been used to calculate the wave functions of the single-particle ma-
trix elements. In this calculations the experimental data represent by
black point, the SK potential represent by brown solid curve, the WS
potentials represent by the blue dashed curve, and HO potential repre-
sent by the forest green doted curve. The proton and neutron effective
charges from the table (4.1). The OBDM elements used in present work
are calculated by generating the wave functions of a given transition in
the know nuclei from Nushell that contains the complete library of shell
model effective interaction.

4.2 The nucleus *'P

Phosphorous (P) has twenty-three known isotopes with mass numbers
between 2*p and *6p nuclei. Of these isotopes, only one stable isotope
31 P nucleus. The phosphorous nucleus contains 15 protons and 16 neu-
trons. The core used of 3 P nucleus is 10 nucleus. The valance nucleons
distributed on (1ds 2, 1dy 2, 2812, 1 f7/2, 2p3/2). The 31 P nucleus has elec-
tric quadrupole moments Q equals to 0.04fm? [83]. Figure (4.1) shows
the relation between longitudinal form factor F'(¢) and moment transfer
q. In this figure, the theoretical result of the 3! P nucleons is compared
with the experimental data in the region (0 < ¢ < 3). The theoretical
consequence of CO transition for 3 P nucleus (JI T = 1/27 1/2) With
(WS) potential good agreement with the experimental result in the first
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Table 4.1: The proton and neutron effective charges

Nuclei ep en
sLp 3.5e 2.be
S Na 1.35¢ | 0.35¢

2TAL (5/2 to 1/29) | 1.16e | 0.78e
2TAl (5/2 to 3/25) | 1.16e | 0.78e
2TAL (5/2 to 7/2) | 1.16e | 0.78e
Mg (5/2to 1/25) | 1.5e | 0.5e
Mg (5/2to 3/25) | 7.5e | T7.5e
Mg (5/2 to 5/25) | 0.01le | 0.0le
Mg (5/2 to 7/2) | 1.05e | 0.30e
Mg (5/2 to 9/2) | 0.35e | 0.35e
Mg (5/2 t0 9/25) | le | 0.35e
Mg (5/2 to 11/2) | 1.001e | 0.001e

and second maximum momentum transfer. The theoretical consequence
of 31 P nucleus with (HO) potential with size parameter b=1.78 fm was
obtained using the equation (3.57) approximation is in agreement with
the experimental result. The electron scattering form factor results with
(HO) potential shifted the calculations toward increased the momentum
transfer on the second and third maximum momentum transfer region.
But the theoretical consequence of 3! P nucleus with (SKX) potential is
in excellent agreement with the experimental result on the first, second,
and third maximum momentum transfer. These calculations were per-
formed using Bohr-Mottelson and all theoretical results more close to
experimental data.[84].
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Figure 4.1: The relation between moment transfer q and longitudinal

C0 form factor F(q) for 3P nucleus. All curves represent the calcu-
lation Bohr-Mottelson (BM) collective model with SKX, HO and WS
potentials.
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4.3 The nucleus *Na

Sodium has twenty known isotopes. The isotope sodium-23 is the only
stable isotope, so sodium is a mono-atomic element. The 23Na nucleus
has 11 protons (atomic number) and 12 neutrons. The ** Na nucleus has
electric quadrupole moments Q equals to 10.45fm? [85].

The longitudinal form factors (CO+C2) for the 3/2% state of the 2 Na
nucleus calculated on the sdpf-shells model with the sdpfnow as residual
effective interaction and Harmonic Oscillator (HO) as potential with
size parameter b = 1.69fm was obtained using the equation (3.57) to
calculate the wave functions of the radial single particle-matrix element
shown in Fig (4.2). The blue dashed curve represents the theoretical
calculation of CO longitudinal form factors, and C2 represent the grass
green dashed dotted. The forest green solid curve represents the C04+C2
form factors and sold curve in agreement with the experimental result in
region 0 < ¢ < 1 on the first maximum momentum transfer and region

1.4 < ¢ < 1.7. The calculations with WS and SKX potentials are failed
to described the experimental data. The experimental data are taken
from Ref [86].
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Figure 4.2: The relation between moment transfer q and longitudinal
C0, C2, and CO+C2 form factors F(q) for 2 Na nucleus. All curves
represent the calculation Bohr-Mottelson (BM) collective model with
Harmonic Oscillator (HO) potential.
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4.4 The nucleus 2" Al

The 2" Al nucleus has 13 protons and 14 neutrons. The 2" Al nucleus has
11 particles outside the core. The experiment data for 2” Al nucleus taken
from the ref [87]. The 2 Al nucleus has electric quadrupole moments Q
equals to 14.66 fm? [85].

4.4.1 The longitudinal form factor for 1/2; 1/2 state

Fig (4.3) shows the relation between longitudinal form factor F'(¢) and

effective moment transfer ¢.r;. In this figure, the theoretical result of
the 2" Al nucleus are compared with experimental result in the region
0 < gy < 3. The theoretical result of C2 transition for 27 Al nucleus.
(JFT =5/2" 1/2) to (JF T = 1/25 1/2) With WS potential agree-
ment with the experimental result in region 0.5 < g.rr < 1.2 on the first
maximum effective momentum transfer but in region 1.2 < g.pp < 1.8
and in region 2 < g.rr do not agree with experimental result and in-
creases the highest practical values. The theoretical result of 2” Al nu-
cleus with HO potential with b=1.74 was obtained using the equation
(3.57) agreement with the experimental result in region 0.8 < g.ry < 1.4
first maximum effective momentum transfer. The theoretical result of
27 Al nucleus with SKX potential good agreement with experimental re-
sult in region 0.5 < g.rf < 1.3 and 2 < q.

4.4.2 The longitudinal form factor for 3/2; 1/2 state

Fig (4.4) shows the relation between longitudinal form factor F'(¢) and
effective moment transfer g.¢s. In this figure, the theoretical result of
the 27 Al nucleus are compared with experimental result in the region
0 < geyr < 3. The theoretical result of C2 transition for 27 Al nucleus.
(JFT =5/2" 1/2) to (JF T = 3/25 1/2) with SKX potential agree-
ment with experimental result in region 0.5 < g.ry < 1.4 on the first
maximum effective momentum transfer and approximation agreement
with experimental result in region 2.1 < g.rr. The brown sold curve
represent, the theoretical result with HO potential with b=1.74 was ob-
tained using the equation (3.57) agreement with experimental result in
region ¢.rr < 2 but not good agreement in region 2 < g.ry. The theo-
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Figure 4.3: The relation between effective moment transfer ¢.r; and
longitudinal C2 form factor F(q) for 2" Al nucleus. All curves represent
the calculation Bohr-Mottelson (BM) collective model with SKX, HO

and WS potentials.
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Figure 4.4: The relation between effective moment transfer ¢.r; and
longitudinal C2 form factor F(q) for 2" Al nucleus. All curves represent
the calculation Bohr-Mottelson (BM) collective model with SKX, HO
and WS potentials.
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retical data with WS potential good agreement with the experimental
result on the first and second maximum effective momentum transfer.

4.4.3 The longitudinal form factor for 7/27 1/2 state

Fig (4.5) shows the relation between longitudinal form factor F'(¢) and

effective moment transfer (g.ss). In this figure, the theoretical result of
the 27 Al nucleus are compared with experimental result in the region 0 <
gesf < 3. The theoretical result of C2 and C4 transition for " Al.(JF T =
5/2% 1/2) to (JI T = 7/2% 1/2) with WS potential. The theoretical
calculation of C2 longitudinal form factors represent by the dark blue
dashed curve good agreement with experimental result in region 0.5 <
g < 2 on the first maximum momentum effective transfer but on second
maximum momentum effective transfer the curve up the experiments
data, the C4 represent by the twilight blue dashed dotted curve, and also
the C24-C4 longitudinal form factors represent by the blue solid curve
good agreement in the same region as the first maximum momentum
effective transfer.
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Figure 4.5: The relation between effective moment transfer (g.rs) and
longitudinal C2, C4, and C2+C4 form factors F'(g) for 2" Al nucleus. All
curves represent the calculation Bohr-Mottelson (BM) collective model
with WS4 potential.
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4.5 The nucleus Mg

The Magnesium nucleus has 21 known isotopes, but only three of these
isotopes (>720Mg) nuclei are stable. The nucleus of the isotope ?Mg
contains 12 protons and 13 neutrons. In the nuclear shell model, the
crusts are filled with nucleons in an increasing order with respect to en-
ergy when moving to higher crusts, as they represent the paired nucleons
inert core represents the filled shells, while the nucleons outside the core
represent the valence nucleons. 2°)M ¢ nucleus imagined as composed of
tightly bound core 0 nucleus plus nine loosely bound nucleons out-
side the core was split of sdpf-shell. All the calculation were performed
using NuShell with the SKX potential, WS potential, and HO potential
with b=1.718 was obtained from the equation (3.57). The experimental
data are taken from ref[88]. The Mg nucleus has electric quadrupole
moments Q equals to 19.92 fm? [85].

4.5.1 Form factor for the 5/2 — 1/2, transition

A comparison between the experimental and theoretical form factors
with the SKX, WS and, HO potentials for the C2 transition for Mg
nucleus is given in figure (4.6). The first momentum maximum of longi-
tudinal electrical transition form factors occurs at 0.89 fm~! momentum
transfer, and we observe that the theoretical are in agreement with ex-
perimental data in the region from 0.4 < g.;y < 1.4fm™! so by using
C2, a match was achieved between practical and theoretical values. The
curves of SKX, WS, and HO potentials are close to the practical results
on the first momentum maximum, but on the second momentum maxi-
mum the curve separated from each other. The SKX potential is better
slightly than other potential.

4.5.2 Form factor for the 5/2 — 3/2, transition

For scattered electron leaves the nucleus in the ground-state has(J™1" =
5/2 ~1/2) with E' = 0.0 Mev and the excited state (J™T = 3/2y ~1/2)
with = 2.801 Mev. The first effective momentum maximum of lon-
gitudinal electrical transition form factors occurs at 0.88fm ™! effective
momentum transfer in figure (4.7). On the first effective momentum
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Figure 4.6: The relation between effective moment transfer g.r; and
longitudinal C2 form factor F'(q) for 2° M g nucleus. The curves represent
the calculation Bohr-Mottelson (BM) collective model with the SKX,
WS, and HO potentials.
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maximum the three curves approximate each other and correspond to
the experimental results, but on the second effective momentum max-
imum The three curves diverge from each other.The SKX potential is
better slightly than other potential.

In the figure (4.8) the results dark brown dashed curve represent C2
transition, the red brown dashed doted curve represent C4 transition,
and the brown solid curve represent C2+C4 transition are closer to the
experimental data.[88] There is a good match between the theoretical
and practical values within the limits of region 0.5 < gepr < 1.3fm™1.
The inelastic form factor calculations were completed with SKX poten-
tial.

4.5.3 Form factor for the 5/2 — 5/2, transition

The figure (4.9) shows the results of longitudinal form factor with the

SKX, WS, and HO potentials. All the curves approximately agreement
with the experimental data, but the blue dashed curve with WS is best
agreement on the first effective momentum maximum.
The C2 and C4 form factors for the (5/2 ~1/2) ground state at 1.964
Mev are shown in Figure (4.10). The result with using BM collective
model with WS potential is closer to the data of Ref.[88] The C2 rep-
resent by the dark blue dashed curve, the C4 represent by the twilight
blue dashed dotted curve, and C2+C4 represent by blue solid curve.
There is a good match between the theoretical and experimental data.

4.5.4 Form factor for the 5/2 — 7/2 transition

The theoretical results in the figure (4.11) agreement with the experi-
mental data in the first effective momentum maximum. The blue dashed
curve with WS potential and the green dotted HO potential match bet-
ter than brown solid curve with SKX potential.

The calculation for the C2 and C4 longitudinal for the transitions from
the (5/2 ~1/2) ground state to the (7/2 ~1/2) with WS potential in fig-
ure (4.12). The dark blue dashed curve represent the C2 longitudinal,
the twilight blue dashed dotted curve represent C4 longitudinal, and the
blue solid curve is C24+C4. The Theoretical data of (C24C4) agreement
with the experimental data on the first effective momentum maximum.
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Figure 4.7: The relation between effective moment transfer ¢.r; and
longitudinal C2 form factor F'(q) for 2° M g nucleus. The curves represent
the calculation Bohr-Mottelson (BM) collective model with SKX, WS,
and HO potentials.
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Figure 4.8: The relation between moment transfer ¢.;; and longitudinal
C2, C4, and C2+C4 form factors F(q) for Mg nucleus. All curves
represent the calculation Bohr-Mottelson (BM) collective model with
SKX potential.
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Figure 4.9: The relation between effective moment transfer g.r; and
longitudinal C2 form factor F'(q) for 2° M g nucleus. The curves represent
the calculation Bohr-Mottelson (BM) collective model with SKX, WS,
and HO potentials.
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Figure 4.10: The relation between effective moment transfer g.;y and
longitudinal C2, C4, and C2+C4 form factors F'(q) for 2> M g nucleus. All
curves represent the calculation Bohr-Mottelson (BM) collective model
with WS potential.
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4.5.5 Form factor for the 5/2 — 9/2 transition

The all curves in figure (4.13) in the first effective momentum max-

imum agreement with the experimentally date. The WS potential is
better slightly than other potential.
Figure (4.14) represent the longitudinal C2 and C4 for the transitions
from the (5/2 ~1/2) ground state to the (9/2 ~1/2) in figure (4.14).
The fp-shell model calculations within including the effect of core polar-
ization by using the effective charge. Bohr-Mottelson model with WS4
potential are used in this calculation. In Figure (4.14) the dark blue
dashed line represent C2 longitudinal transition and the twilight blue
dashed dotted curve represent C4 longitudinal transition. Theoretical
data for C24C4 represent by blue solid curve are almost identical to the
experimental data.

4.5.6 Form factor for the 5/2 — 9/2, transition

The first effective momentum maximum in the figure (4.15) contains a

good match between the curves and the practical data. The WS poten-
tial is better slightly than other potential.
The electron excites the nucleus from the ground state (5/2 ~1/2) to the
state (9/29 ~1/2) with excitation energy of 4.059 MeV in figure (4.16).
The theoretical data is an excellent agreement with experimental data.
The dark blue dashed curve is the C2 longitudinal and the Twilight blue
dashed dotted curve represent C4 longitudinal. The Coulomb C2+4C4
form factors results with BM collective model with WS potential effect
have good agreement with data from ref [88].
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Figure 4.11: The relation between effective moment transfer g.;r and
longitudinal C2 form factor F'(q) for 2 Mg nucleus.The curves represent
the calculation Bohr-Mottelson (BM) collective model with SKX, WS,
and HO potentials.
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Figure 4.12: The relation between effective moment transfer g.;y and
longitudinal C2, C4, and C2+C4 form factors F'(q) for 2> M g nucleus. All
curves represent the calculation Bohr-Mottelson (BM) collective model
with Wood-Saxon’s potential.
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Figure 4.13: The relation between effective moment transfer g.;y and
longitudinal C2 form factor F'(q) for 2° M g nucleus. The curves represent
the calculation Bohr-Mottelson (BM) collective model with SKX, WS,
and HO potential.
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Figure 4.14: The relation between effective moment transfer g.;y and
longitudinal C2, C4, and C2+C4 form factors F'(q) for 2> M g nucleus. All
curves represent the calculation Bohr-Mottelson (BM) collective model
with WS potential.
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Figure 4.15: The relation between effective moment transfer g.;y and
longitudinal C2 form factor F'(g) for 2 M g nucleus. The curves represent
the calculation Bohr-Mottelson (BM) collective model with SKX, WS,
and HO potentials.
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Figure 4.16: The relation between effective moment transfer g.;y and
longitudinal C2, C4, and C2+C4 form factors F'(q) for 2> M g nucleus. All
curves represent the calculation Bohr-Mottelson (BM) collective model
with WS potential.
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Table 4.2: Potentials most consistent with the experimental data

Nuclei potentials

sp SKX

»Na HO

2TAL (5/2 to 1/2,) SKX
2TAL (5/2 to 1/3,) WS
2TAL (5/2 to 7/2) SKX

Mg (5/2 to 1/25) SKX
Mg (5/2 to 3/25) SKX
Mg (5/2 to 5/25) WS
Mg (5/2 to 7/2) WS
Mg (5/2 to 9/2) WS
BMg (5/2 to 9/2,) B
Mg (5/2 to 11/2) SKX

4.5.7 Form factor for the 5/2 — 11/2 transition

The electron excites the nucleus from the ground state (5/2 ~1/2) to the
state (11/2 ~1/2). The coulomb C4 in Figure (4.17) with SKX potential
better than the rest of the curves in conformity with the practical values
and the WS potential better than HO potential. The longitudinal C4

has almost in agreement with the experimental data.
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Figure 4.17: The relation between moment transfer ¢.rs and longitu-
dinal C4 form factor F(q) for > Mg nucleus. The curve represent the
calculation Bohr-Mottelson (BM) collective model with SKX, WS, and
HO potentials.
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4.6 Conclusions

The present study focus on Bohr-Mottelson model to calculate the

electron scattering form factors for some selected states of sdpf-shell

nuclei, therefore we had concluded the following:

1.

The sdpf-shells model space wave functions using the sdpfnow as

residual effective interaction has succeeded in describing some states
of 3P, 27 Al, Na and **M ¢ nuclei considered in this study.

. An excellent agreement was obtained between the theoretical results

and the experimental data by using the SKX potential capabilities
that are better than those of WS and HO potentials of the 3'P
nucleus.

. The electron scattering form factor results of 3! P nucleus with HO

potential shifted the calculations toward increased the momentum
transfer on the second and third maximum momentum transfer re-
gion.

. The calculations with HO potential agree with the experimental

data for 2>Na nucleus but the calculations with WS and SKX po-
tentials failed.

. The longitudinal form factor calculations of 2" Al nucleus with SKX

potential are better than WS and HO potentials in transition from
ground state to 1/2, but the results with WS potential is better
than other potentials in transitions to 3/29 and 7/2, when compared
the results with the experimental data.

. When comparing result of 2°M ¢ nucleus with the experimental data,

a good agreement is obtained when used the WS potential for tran-
sitions to 5/29, 7/2, 9/2, and 9/25 but for the transitions to 1/2,
3/29, and 11/2 with SKX potential is better than other potentials.

. The calculations with Harmonic Oscillation (HO), Wood-Saxons

(WS) and Skyrme-Hartree Fock (SKX) potentials for radial part
of the single-particle matrix elements are able to agree with the
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practical results of 3' P and ? Na nuclei and for some states of 27 Al
and 2°M g nuclei.

8. The Bohr-Mottelson (BM) collective model gives a good descrip-
tion of longitudinal form factor of some nuclei in C0O, C2, and C4
transitions as compared with experimental data.

9. The calculations of BM collective model with SKX potential suc-
ceeded compared with WS and HO potentials to comply with prac-
tical values of 3' P nucleus and the states of 2" Al but some states
25M

g.

o7
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4.7 Suggestions of Future Work

We suggest the following:

1. Extending this work in an attempt to include the other nuclei in the
sdpf-shell.

2. This work can be repeated by considering no-core shell model cal-
culations for the same nuclei and compare these calculations with
the present work.

3. Extending this work in an attempt using some other residual effec-
tive interaction such as sdpfmw, sdpfwb, or sdpfwa.

o8
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