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Abstract

This study investigated some chaotic properties in G — space. Firstly
we generalize some definitions and discuss some chaotic concepts in
G —space which are commonly used in the mathematical literature
especially in dynamical system. Through this study, we present chaotic
concepts in G —space, and investigate new kinds of transitive such as (
strongly transitive, strictly orbit transitive, mild mixing, exactly Devany

chaotic, totally minimal, scattering, and F —system).

Secondly, we satisfied results including ( G —transitive points,
G —isolated points, G —quasi-isolated points or without G —quisi-isolated
points, G — w —transitive, open set G — transitive, orbit G— transitive). We
find that if a map is strictly orbit G —transitive then it is open set
G —transitive, and if a map is orbit G —transitive then it is strictly orbit
G —transitive. The relation between G —locally everywhere onto and other
chaotic notions like (G —transitive, totally G —transitive, G —strongly
blending) are studied, also we find that if a map is G —transitive and
G —strongly blending then it is weakly mixing. And we study another new

properties.

Finally, we study the product maps on the G x G — space. We
investigate that if the system (X; X X,,f; X hg) has one of the chaotic
properties that introduced in chapter one, then both (X;, f;) and (X3, hg)

have the same chaotic property.
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G Topological group
G(x) The orbit of x on G —space
Orb. (x) The orbit of f at x
7. The set of Integer numbers
N The set of Natural numbers
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fg Self-map on G —space X
A The closure of the set A
G-T G-transitive
G-0 Orbit G-transitive
G-SO0 Strictly orbit G-transitive
G—le.o. G-locally everywhere onto
G-w-T G — w —transitive
G—w.b G — weakly blending
G-s.b G —strongly blending
Iso. Pt. Isolated point

Qu. iso. pt.

Quasi isolated point
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Introduction

In modern mathematical sciences, study of dynamical systems has
been interesting field drawing to many mathematicians. A dynamical
system is composed of a number of states that are linked by rules or
conditions that determine the current state depending on previous states. In
topological dynamical system there are classical types, one is discrete and
other is continuous. Recently, lots of interesting study has been done for
discrete dynamical systems of the form z,., =f(z), i = 0,1,2,...,
where f is continuous self-map. A special class of dynamical systems
known as chaotic dynamical systems it has been studied in detail in past.
The Chaos theory is one of the most active areas in mathematics, it has
been interesting field drawing to many mathematicians due to its
interesting applications in various fields such as Physics, Economics and
Biology. Understanding this theory will simplify and forecast a
complicated system. We must be aware of all inputs and keep control over
them just as we must when working with any system. There are many
Scientists define the chaos theory in own sense as (Devaney, Gualic,
Wiggin, ...). But the most popular and stronger definition is Devaney's
definition of chaos. Chaos theory offers completely new concepts and
properties of maps in topological dynamical systems.

For instance chaos theory is being studied in other setting also, it has
been defined and studied for group actions, it extended to cover the action
of more general topological group G. A topological group is made up of
two basic concepts : group and topological space. Groups in the algebraic
sense with continuous group operations are defined as topological groups.
This means that a topological group's topology must be compatible with the
structure of the group. G —space is one of the spaces that we can study the
chaotic in dynamical systems for some properties. Many chaotic properties

of maps in G —space have been investigated by a many of mathematicians,
1



including ( transitivity, minimality, blending (strongly and weakly),
mixing, etc).

One of the most important properties in topological dynamics is
Topological Transitivity which introduced by G. D. Birkhoff in (1920) [5].
It is an important property in topological dynamics and also in the study
of chaos it is play an important role. It also defined on G-space as
G —transitive.

In [7] (1995), Crannell introduced the definitions of strongly
blending and weakly blending. He showed that in low dimension, maps
which are blend are not necessarily transitive. He gave the sufficient

condition that if the map is strongly blending, it is also transitive.

In [11] (2012), R. Das and T. Das they studied the notion of
transitivity on G —space and obtained its characterization. Also gave the
sufficient condition for topological G —transitive of the limit function.
They determined the necessary conditions for a sequence's limit function of

G — transitive maps to be G — transitive.

In [9] (2012), R. Das presented and gave the definition of
G —transitive subset for continuous map on a compact metric G —space.
Also, she showed under which a G —transitive subset of sequence of

continuous maps f,, is also a G —transitive subset of the limit map f.

In [8] (2012), R. Das Studied and discussed the definitions of some
chaotic notation for sequence maps in metric G —space in two ways
(iterative and successive) like G —periodic point, G —transitive, G —SDIC
and G —chaotic. Also gave some examples of maps which are G —chaotic

sequence.

In [10] (2013), R. Das she studied and discussed the sufficient
conditions when two maps G —chaotic then their product is G —chaotic,

also showed the product of two G —mixing maps is G —mixing.
2



In [1] (2015), M.Abbas and I. ALshara'a they gave some results and
generalized the definitions of locally eventually onto, weakly blending,
strongly blending and touhey property maps on G —space. They studied the
product maps between blending (strongly and weakly) maps in G —space ,
also studied the relations between strongly blending and Touhey property

with another notions in G —space.

In [12] ( 2016),M. Garge and R.Das they introduced and study
some chaotic properties which are stronger than forms of transitivity on
G —space like totally G —transitive,weakly G —mixing, strongly
G —mixing and G —minimal. They proof some results that showed the

relationship between these conceptions.

In [14] (2017), M.Garg and R.Das studied and discussed
G —transitivity and G —minimality maps with the notation G —regular
periodic decomposition on G —space. Also obtained by using the notion
above that a pseudoequivariant G —minimal map on connected G —space is

totally G —transitive.

In [2] (2017), M. Abass and |. AL-Shara'a define and studied the
convergence for some chaotic properties on G —space ,also proved some of
these properties ( minimal, blending, and mixing) of a sequence maps and

product on G —space.

In [15] (2017), 1.J.kadhiml and S.K. Jabur studied some dynamical
concepts on G —space and discussed the notation of Devaney's G —chaotic.
Also they defined the equicontinuous maps on G —space and proved some

results of this notation.

In [13] (2018), M. Garg and R.Das described various types of map
transitivity on G —space like (positive G —transitive, infinite G —transitive,

orbit G —transitive, G — w-transitive and G —transitive point ). These

3



notions were studied in detail, and also gave the sufficient conditions under

which orbit G —transitive implies G — w-transitive.

In [18] (2021), K. YAN, Q.LIU and F. ZENG studied several
topological concepts for group actions. They defined the nation of
scattering, mild mixing and another conceptions for group action, also they
showed a totally G —transitive with a dense set of G —periodic points is

weakly G —mixing.

Our work divided into three chapters. The first one consists of two
sections. Several definitions in G —space are introduce in section one. In
section two, we present some examples in G —space, and we also presented
some theorems and properties that have been proved in G —space by some

mathematical researchers and presented as a review of previous studies.

In chapter two, we have three sections, in section one we study some
results about the concepts that equivalent to G — transitive like ( orbit G —
transitive , strictly orbit G —transitive, positive G — transitive and open set
G —transitive ). In section two, we discuss some results about quasi-
isolated point with conditions. The relationships among several chaotic
properties in G —space are studied in section three as: ( G —locally
everywhere onto, totally G — transitive, G —strongly blending and weakly

G —mixing ).

In chapter three, the product maps are studied. This chapter divide into two

sections, in the first section we discuss the product for some properties in



G — space. In section two some chaotic properties studied for product maps

in G — space.



Chapter One

Basic Concepts



1.1- General facts about G —space

Let G be a finitely generated topological group. Let X be topological
space induced by matric space. In this section we will present some
definitions that we use them to prove our results and properties in

G —space.

we recall the definitions as suitable to our definitions form and our

writing style.

Definition 1.1.1 [4]

Let X be a Topological space, G be a topological group, and 6 : G X
X — X be a mapping. The triple (X, G, 6) is called a G —space if the

following three conditions satisfied:
I- f(e,x) = x, forall x € X, where e is the identity of G.

i- 0(g,0(k,x)) =60(g*k,x), forall x € X and g,k € G, where

is binary operation of the group G.

ili- @ is continuous

Definition 1.1.2 [10]

Let (X, t) be topological G —space and f:X — X be continuous
map. Let x be a point in X then the G —orbit of the point x define as

follows :

G(x) ={60(g,x): forsome g € G}



Let ¢ is trivial action of G on Xthenorb (x) = G (x) and if @ is

nontrivial action then orb(x) € G (x) as the following example:
Example 1.1.3:[3]

Let X ={0,1} ,7 ={¢,{0},X} and let G = {—1,1} under the discrete
topology with the action ¢: G X X — X defined by

(-1, x)=1—-x, o(1,x) =x,x € X.

Define the identity map g:X - X by g(0)=0,g(1)=1. Then g is

continuous on X . Thus we have

Orb(x) = orb(0) = {0}, and orb(x) = orb(1) = {1}
9(1,0) = 0,(—1,0) = 1 implies G(x) = G(0) = {0,1}
p(1,1) =1, (—1,1) = 0 implies G(x) = G(1) = {0,1}.

Thus, orb(x) < G(x)

Definition 1.1.4 [11]

Let (X, t) be topological G —space and f:X — X be continuous
map Then map f is called G —transitive if for every two non—empty open
subsets U and V of X , thereisk € Z and g € G such that

g.fka) n v =0,

Definition 1.1.5 [13]

Let (X, 7) be topological G —space and f:X — X be continuous
map. A point x € X is G —transitive point of the map f if its G — orbit,
G(x),Iisdensein X.



Definition 1.1.6 [13]

Let (X, 7) be topological G —space and f:X — X be continuous

map. The map f is G —orbit transitive if there is x € X such that

G(x) =X.

So we introduce a new kind of orbit transitive in G —space named

strictly orbit G —transitive as we show in the following definition:

Definition 1.1.7

Let (X, 7) be topological G —space and f:X — X be continuous
map. The map f is strictly orbit G — transitive if there is a point x €
X and such that

G(f () ={6,(f(x)) g €G}=X

Definition 1.1.8 [12]

Let (X, t) be topological G —space and f:X — X be continuous
map. The map f is totally G —transitive if f* is G-transitive for every
k> 1.

Definition 1.1.9 [13]

Let (X, t) be topological G —space and f:X — X be continuous
map. The map f is open —set G —transitive if for every two non-empty
open subsets U and V' of X thereisk € N g € G such that

8



g.fxWu) nv=+0.
Definition 1.1.10

Let (X, 7) be topological G —space and f:X — X be continuous
map. A point y € X is called G — w — limit point of x under f if for any k
€ N and any neighborhood U of y there exists integern > k such that
g.-f™*(x) € U. the set of all G — w —limit points of x under f denoted by

G — w(x, f),iscalled the G — w —Ilimit set of x.

Definition 1.1.11 [12]

Let (X, 7) be topological G —space and f:X — X be continuous

map. The map f is G — w —transitive if

G—w(xf)=nG(f"(x) =X, forsomex €X.

Definition 1.1.12 [13]

Let (X, 7) be topological G —space and f:X — X be continuous

map. The map f is G -infinite transitive if for every two non-empty open
subsets U and V of X, such that

Nf(U,V)=1{k eN:g.f*(U) nV #0,g €G}

is infinite.

Also, we define strongly transitive in G —space as follows :



Definition 1.1.13

Let (X, 7) be topological G —space and f:X — X be continuous
map. The map f is strongly G —transitive if for each non—empty V open

subset of X, thereisr € Nand g € G such that

x=|]Jorwm
k=0

Definition 1.1.14 [6]

Let (X, 7) be topological G —space and f:X — X be continuous
map. The map f is G —mixing if for every two non-empty open subsets U
and V of X, there is m e N and g € G such that for each k = m
satisfying

g.fxW) n v #o.

Remark 1.1.15

Let X, be G;-space and X, Dbe G,-space, let U; U, be nonempty open
subsets of X; and X, respectively. If f: X; — X;and h:X, — X, be maps
,then

(@ )(f x h)* (U, x Uy) =g.f*WUy) x q.h*(Uy)

forallke N,g e G,andq € G,.

10



Definition 1.1.16 [12]

Let (X, ) be topological G —space and f: X — X be continuous
map. The map f; is said to be weakly G —mixing if the Cartesian

product g. f X g.f is G X G-transitive. In other words, for any open sets
U,V,W andY nonempty of X, such that U x V and W X Y are open
subsets of X x X then thereisk enand (p,q) € G X G

G XH(UXVINWXY 0.
equivalently,
(@ h).(f¥W) xf¥(V) nWxY #0
And this equivalently
(g.-f¥U) xh.f5(V) NnWXY =0
Equivalently

g.-f*W) nw+gandh.f5(V) ny #0

We generalized the definition of locally everywhere onto to G —

space as we see in the following definition:

Definition 1.1.16

Let (X, t) be topological G —space and f:X — X be continuous
map. The map f is G —locally everywhere onto ( simple G — l.e.0) if for

all nonempty subset U of X, there isk € N and g € G such that

0(g.f*U)=X.

11



Definition 1.1.17 [12]

Let (X, 7) be topological G —space and f: X — X be continuous
map. The map f is G —minimal if for every G —orbit of x € X is dense in
X.

We define the backward minimal in G —space as follows:

Definition 1.1.18

Let (X, t) be topological G —space and f:X — X be continuous

map The map f is Backward G-minimal if the set
{y € X:g.f*(y) = x,forsome k € N}

isdensein X, forallx € X,g €G

Definition 1.1.19 [1]

Let (X, 7) be topological G —space and f:X — X be continuous
map. The map f is G-weakly blending if for any two non—empty open
sets U,V of X thereis k € N such that

91-f¥(U) Nngy. fe V) # B. g1,9,€G

Definition 1.1.20 [1]

Let (X, t) be topological G —space and f:X — X be continuous
map. The map f is G —Strongly blending if for any two nonempty open
sets U,V of X thereis k € N such that

91-f5WU) ngy. ff V)= W, 9,,9,€G
12



where W is open subset of X.

Definition 1.1.21 [16]

Let (X, ) be topological G —space and f: X — X be continuous
map. A point x € X is called G —periodic point of f,if thereexistg € G
and k € N such that

g.f*(x) = x.

Examplel.1.22 [3]

Let X ={0,1} ,t={¢, {0}, X} and let G = {—1,1} under the
discrete topology with the action ¢: G X X = X defined by

p(-1L,x)=1-x, ¢(L,x) =x,x €X.
Define a continuous map g: X - X by g(x) = 1 — x. then we have
g0 =1, g*©0)=g(g9(0)=g(1)=0
g(1) =0, g*(1) =g(9(1)) =g(0) =1
and ¢(1,0) =0, @(1,1) =1.
p(-1,1) =0, ¢*(-11) = ¢(p(-11)) = ¢(-1,0) = 1.
p(-10) =1,  ¢*(=10) = ¢(p(-1,0) = ¢(-1,1) = 0.

We notice that 1,0 are periodic point of period 2 under g and also

G —periodic point.

13



Definition 1.1.23 [1]

Let (X, 7) be topological G —space and f:X — X be continuous
map. The map f is G — Touhey if for all non—empty open subsets U and

Vof Xthereisk € Ng € G ,suchthatforanyx € U

0(g.f* () ev

where x is G —periodic point.

We define F —system, totally ¢ —minimal and Exactly devaney

chaotic in G —space as follows:

Definition 1.1.24

Let (X, t) be topological G —space and f:X — X be continuous
map. Then f is G — F-system if f is totally G-transitive and the set of

G —periodic point of f is dense in X.

Definition 1.1.25

Let (X, t) be topological G —space and f:X — X be continuous
map. The map f is G —Exactly Devaney chaotic if f is G — l.e.o and the

set of G —periodic point of f is dense in X.

14



1.2- Transitive, minimal and mixing in G —space

In this section, we introduce some theorems and propositions that

were generalized in G — space.

Now, we will describe some implication that have been proven in the
literature that some conditions implies G —transitivity in G —space. The
authors found that these relations between them as the following

propositions :
Proposition 1.2.1:

i. Dense G —orbit implies G —transitive. [16]
li. G —strongly blending with dense G —periodic points implies
G —transitive. [16]

lii. G — minimal implies G —transitive. [ 14]

In our study, we proof that if a map f is G —l.e.o., then it is

G —transitive.

Now the G — transitivity implies some properties as following

propositions:

Proposition 1.2.2:

I. G —transitive implies G(x) dense in X with its condition for some
xin X.[12]
. A map f is G — chaotic iff G —transitive and the set of G —periodic

point dense. [16]

15



ili. A map f is G —touhey if and only if G — transitive and G— periodic
points dense. [1]

in [13], The notions like ( orbit G —transitive, positive G —transitive,

G — w —transitive, infinite G —transitive ) which are equivalently to

G —transitivity have been studied in the following propositions :

Proposition 1.2.3:

I. G —orbit transitive implies G — w — transitive.
Il. positive G — transitive implies G — w — transitive.
lii.  Infinite G —transitive implies G — w —transitive.
Iv. G — w — transitive implies infinite G —transitive.
V. G — w — transitive implies positive G — transitive.
vi. G —orbit transitive implies positive G —transitive.
vii.  positive G —transitive implies G —orbit transitive.
In chapter two, we discuss these above chaotic notions with another

conditions.

in [12], authors studied some notations as weakly G — mixing , strongly
G — mixing and totally G — transitive. They found the following

proposition :

Proposition 1.2.4:

I. G —transitive implies strongly G — mixing with its conditions.
i.  Strongly G — mixing implies weakly G — mixing.
iii. Totally G — transitive implies weakly G — mixing with its

conditions.

16



The relation between totally G —transitive and other notations was

studied in the following propositions :

Proposition 1.2.5:

I. G — minimal implies totally G — transitive with its conditions. [14]

ii.  Strongly G — mixing implies totally G — transitive. [12]

In [1] authors find that G — strongly blending implies G —touhey

property with its conditions.

Also some chaotic concepts studied for product maps. In [10]

Authors proved the following propositions :

Proposition 1.2.6:

I. product of two G — mixing mapsis G X G — mixing.
ii. If two maps are Devaney's G —chaotic and G —mixing then the

product of them is Devaney's G X G —chaotic.

In [1], The notations (G — strongly blending and G — weakly blending)
studied for product maps in the following propositions:

Proposition 1.2.7:

I.  Two maps are G —weakly blending if and only if their product are

G X G —weakly blending.
17



Two maps are G —srongly blending if and only if their product are
G X G —strongly blending.

The product of two G —strongly blending maps implies G X
G —chaotic.

the product of two G —strongly blending maps with G — periodic
points satisfies G x G —touhey property.[16]

18



Chapter Two

Essential Properties Of Transitivity in

G —Space



2.1- Consequence of Transitivity in G —Space

In this section, we will study some concepts of transitivity in G —
space like : orbit G —transitivity, open—set G —transitivity, strictly orbit
G —transitivity, w — G —transitivity and, we show the relations between

them in this section.

Proposition 2.1. 1:

Let X be a T, perfect G-space. Ifamap f is G —transitive , then for
any open subset U of X the set N (U, U) # 0.

Proof:

Let f is G —transitive , then by Definition 1.1.4, for any open subset

U of X there is an element k € N such that
Ny(UU)={g.f*"YynU=#0, g €G}

so by induction we will find a decreasing sequence of open sets U, c U

and strictly increasing sequences n, € N such that
g.f™(U,) cU,g €QG.

When k =1, and since X is perfect then U contains two distinct points.
Since X is T,, these have two disjoint neighborhoods V;, W; < U. There for

by G —transitive, there is n, € N such that
g-fmV) N Wy #9,9 €G
and
g ffrWw) nVv,+0,9g €G

Thus,
19



MEeE(CGg.f"(VonNnWy# @)U (g.fm (W) nV,#0)
S0,
Uy=Ung.f7™m(U),g €G
IS open, thus
g.fmUy) cU,n; >0

because V; and W, are disjoint. Now , for n = k , so by induction we

have U, c U and n;, > 0 such that

g-f™ (U ) cU.

And then whenn = k + 1, we have Uy, < U, that means k is infinite.

Proposition 2. 1. 2:

Let X be a perfect G-space. If a map f, is G —transitive then for

every non empty open subsets U,V of X the set Ny (U,V) # @
Proof:

Let U,V be open subsets of X and non-empty, since it is

G —transitive then there is an element k € N such that
Nj(UV)={g.f* (V)N U=#9, g €G}
so we have ,

grfrWnv={gffWnvugfrwynv}

for all k € N. We must find k € N, to prove the first part it will be

enough to show that for k € N,
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g.-f*W) nv=oifandonlyif g.f*(V) n U # 0.
= Assume there is k € N such that
g-ff\W) nv+o,
we will find natural number k such that
g.fkV) n U = 0.
Now, let
W=Ungf*WV)+0
IS open, so by Proposition 2.1.1, there is elements k € N such that
g.ffraw)y n w+90,g € G.
and thus there is r > k such that
gffw)ynw+09,g €G.
since
g-fTW)= g.fT(U ng.f () cg.f"(g.f*(\V)) =g.f7*W).
Thus,
g-frw) cg.fr*w),
and W c U it follows that
g-f "M nuU #0,

sothatr- k € N.

< By the same way one can get that g. f*(U) n V = @.
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To prove the second part, suppose that there exist k € N such that
g.ffWnv+0gc€c.

So,
W=Ung.f*WV),g €G (2.1)
isopen. Foranyr € N,
g.fTW) n w =g,
and by (2.1)
g.ffxaw) =g.f5U) n v,
then since g. f*(W) < V, we have
g.fTt* Wy ng. f*\(W) cg.frt*w) n v = o.
Since W < U thereexistsr + k € N such that
g.frk W) n v £ ¢.
Thus,
g-ffxawmy n W) cg.ff\(v)y nv = @,
k € N . And by Proposition 2.1.1, there is element k € N such that
g.fxaw) n w = o,
then there is element k € N such that
g.-f*\W) nv=+0. g €aG. |
Proposition 2.1.3 :

Let X be a G-space. If a map f is strictly orbit G — transitive then it

IS w — G —transitive
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Proof:

Let f be a strictly orbit G — transitive, assume a point x € X , by
Definition 1.1.7 , then

G(g.f(x))=X,g €G (2.2)

since f is continuous, then f™ is continuous foranyn €N , g €G. LetU

be an open neighborhood of x, by (2.2)

G(g.fx))nU = ¢
Then there is y € X, such that

y €EG (g.f(x)) andy €U
Implies that
y €{g.f*(x):k €N, forsomeg€eG}andy €U
So, thereis k € N and g € G, such that
y=g.ff(x)andy €U

This mean,

g.f¥*(x)eU,g €G
and there is an open neighborhood U, of x such that

g.f* Uy U,

by (2.2) thereis n, € Nsuch that g. f™ (x) € U;. Let k;=k + n,, then

we have

{9.f*¥(x), g.f*(x)} cU.
Then , we can get a sequence of integers
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k< k, <k,...,
such that

{9.-f“C0).9.f (), 9. f*(x), ..} €U,

g € G,thismeans x € w(x, f). By Definition of topological group, and

since £ is continuous, thus
g-f (G- w@xf) ct-wkf)
and
G(x) € G— w(xf),

since G — w (x, f) is closed subset of X. We get that

G— w(xf)D G(x) D G(f(x)) = X.

SO f IS G — w — Transitive .

Proposition 2. 1. 4:

Let X be a G-space, ifamap f is G — w — transitive then it is open-

set G — transitive.
Proof:

Let f bea G — w — transitive , and let x € X then by Definition
1111, G — w(x,f) = X forall g € G. Now for any two open subsets U

and V non-empty in X, thereism € N and
n, <n, <ng<...

IS sequence of positive integers, such that
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g.f™(x) € Uand {g.f™(x),i € N} c V,
forallg € G. Takei € N suchthatn; > m, then
g-fiW) nV s {g.f"x)}# 0.
This means
g.-ffmm W) nV # @,

by Definition 1.1.9, f isopen set G — transitive.

Corollary 2.1.5 :

Let X be a G-space. If amap f is strictly orbit G — transitive then it

IS open set G — transitive
Proof :

Let f be a strictly orbit G — transitive then by Definition 1.1.7, there

Isapointx € X such that

G(f(x))= X,g € G.

So, by Proposition 2.1.3, f is G — w — transitive, and by Proposition
2.1.4, then for any two open sets U and V non-empty in X , there is a

positive integer m € N such that
g fmunv =9

forall g € G, and hence fisopen set G — transitive.
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Proposition 2.1.6

Let X be a G —space and f: X — X be a map. If there exists a point
xsuchthat G — w(x,f) = X, then f is G —transitive.

Proof:

Assume that ¢ — w(x, f) = X, for some point x € X andg € G.
This means that every nonempty open set contains some points g.f" (x)
withr € Nand g € G. Let U,V be two non—empty open subset of X, then
by definition 1.1.10, there exist integers r, > r; > 0 such that

g.ff(x) eUandg.f2(x) eV.
thenr, — r, > 0and g. f™2~ " (U) contains the point
g-f>" " (g.fU)) = g.f2x).
Thus,
g.f"mWU) nv + 0,

such that r, — r; € Z and g € G. This implies that f is G —transitive
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2.2- Transitivity with quasi-isolated point in G —space

In this section, Some chaos characterizations on G —space X are
investigate, like : ( open-set, orbit, strictly orbit, ) G —transitive. We find

some results related between them in G —space X.

Let A be a subset of X. Recall that a point x € X is called an isolated
point of A if there is a neighborhood Uof x in X such that/ n A = {x}.[17]

Definition 2.2.1: [17]

A point x in topological space X is called a quasi- isolated point
of X if there exists a dense subset A of X such that x € A and x is isolated
in A.

Proposition 2.2.2 : [17]

Let X be a topological space, then X is has no quasi isolated points
if and only if for all subset U which are non-empty and open in X, and all

dense subset of U has at least two points.

Proposition 2.2. 3 :[17]

Let X be a T; —space. Then a point x € X is an iso.pt. of X if and

only if x is a qu.iso.pt. of X.

Proposition 2.2.4 :

Let X be G —space without quasi-isolated point, then f(x) is strictly
orbit ¢ — transitive if and only if g. f™(x) is G — transitive point of f.
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Proof :

= Since f(x) is strictly orbit ¢ — transitive, consider n = 1, prove

it by induction, by Definition 1.1.5, there exist x € X such that
G(x) ={g9.fT(x):g€ G, r = 0}isdenseinX.

This means f (x) is G —transitive point. Suppose it is true for n =r —1,

this means that
G 1(x) =X.
Thus, f71 (x) is G — transitive point.
Now, forn = r, since
g-fr(x)=g.f(g-f7" (%)

and since fJ~' (x) is G — transitive point. Then by Definition 1.1.5,

GUFUT (X)) =X,
thus f7 (x) is G — transitive point of f.

& Suppose that for any given n € N ,f™*(x) is a G —

transitive point of  f, by Definition 1.1.5, is dense that means

G(f™ (x)) = X, for some x € X. when n =1, then G(f (x)) = X. So,
by Definition 1.1.7, f (x) is strictly orbit G — transitive of f.

Corollary 2.2.5:

Let X be a G —space without qu.iso.pts.. Then f is orbit G —

transitive if and only if f is strictly orbit G — transitive.
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Proof:

= Suppose that f is orbit ¢ — transitive , then by Definition1.1.6, there

exist x € X suchthat G(x) = X. This means the orbit of x is dense, hence
x is point transitive. By Proposition 2.2.4, we have that for n = 1, f is also

G — transitive point, this means
G(f (x)) = X,
so by Definition 1.1.7, f is strictly orbit G — transitive,g € G.

& Suppose that f is strictly orbit G — transitive, then by Definition
1.1.7,there exist x € X such that

G(f (x) =X

So, by Proposition 2.2.4, when n = 1, f is G — transitive point, hence f is

orbitG — transitive .

Proposition 2.2.6 :

Let X be a G —space without qu.iso.pts.. If f strictly orbit G —

transitive, then itis G — w — transitive
Proof:

Let X be without qu.iso.pts., then by Proposition 2.2.4, all points in
the orbit G (x) are G — transitive points of f and for any ¢ € X, any
neighborhood U of ¢ in X, anyn € N, there exists k > n such that

g.f*(x)e U, g €G.

So,¢4 €G— w(x ,f). That means
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G— w(x,f)=X.

Therefore, f is G — w — transitive .

Proposition 2.2.7 :

Let X be G —space without qu.iso.pts.. Every orbit G — transitive

map f is open set—G — transitive.
Proof :

Let x be a G — transitive point of f , so by Definition 1.1.5, G(x)
is dense in X for every g € G. For any non—empty open sets U and V in X,
there existsn € N such that g. f™ (x) € U, for all g € G. By Proposition
2.2.4, f™1 (x) is also G — transitive point of f. Thus there exists
k € N such that

g.f¥(g.f**(x)) € V,g €G.

implies that,
g-f M 0=g.f" (9. f"'(x)) € V,g € G.

this means that g. f***(U) NV # @, such that k + 1 € N. Hence f is open

set—G — transitive.

30



2.3- Locally Everywhere Onto and Blending in G —space

In this section we discuss some results that showed the relation
among G — locally everywhere onto and ( G —transitivity, totally

G —transitive and G —strongly blending) and another proposition.

Proposition 2.3.1:

Let f: X - XDbeamapon G —space X. If fisG —l.e.o., then itis

G — transitive.
Proof :

Let U and V be two non-empty open sets in X and g € G. Since f
IS G — L. e.o, then by Definition 1.1.16, thereisn € N and g € G such that

g-f*) =X (2.4)
sinceV c Xthus, X n V # @,thenby (2.4)
g-fr i)y nv + 9,

forall g € G, so f is G — transitive.

Proposition 2. 3. 2:

Let f;: X — X be a map on G —space X. If fis G — l.e.o. then it is

totally G — transitive.
Proof :

Let U and V be two non—empty open sets in X, since f is G —
L. e. 0, then by Definition 1.1.16, there isn € N such that
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g-f*w) = X,
forallg € G.Letr > 1beanintegerand g € G, then
(g-fH"W)=g.f" (g.f"W)) =g.f7X) = X.
Hence,
(g.fHO*"W)NV =XnV=V=+*0g9g€a
Thus
(g.fHO*" W) nV #+= @,g €G

thismean f" is G — T, for all integer r > 1. So fis totally G — T.

Proposition 2.3.3 :

Letf:X - XbeamaponG —space X. If fis G — l.e.o., then it
is G —strongly blending

Proof :

Let U and VV be two non-empty open sets in X, since fisG — l.e.o,
then by Definition 1.1.16, thereisn € N such that

g.f"(U)= X,forallg e G
So, we can find an integer m > 0 and g,, g, € G, such that
9.f™(U) = Xand g,. f™ (V) = X,
thus
g (U) =g,.fm (V) = X.
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Then

g1-fM"(U) Nng,. f™ (V) = X,

which is open. It means that f is G —strongly blending

Remark 2.3.4 :

By Proposition 2.3.3 above and since G —strongly blending implies

G-weakly blending then f is also G —weakly blending

Theorem 2.3.5:

Let f: X — X beamaponG —space X. If f is G — transitive and
G —strongly blending then f, is weakly G — mixing.

Proof :

Let U, V,Mand W be two nonempty open sets of X. since f,

Is G —strongle blending then by Definition 1.1.22, there is k € N and
g,h € G,such that

g-f*(U) nh.fev) =M,

where M is a nonempty open set of X. Since f is G — transitive, by

Definition 1.1.4, then there exist integer r and g € G such that
g-fT(M)nV =g, (2.5)

Now, the sets U X V and M x W are non-empty open in X X X, thus there
exists (g, h) € G x G and k € N such that
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(G h).(fFXPOHRWUXVINMXW) * @
By Remark,1.115, we have
(g h).(ffExfEY UxV)NnMxW) =@
Which is equivalent to
gff W nw=0and h.f* (V) nM = 0,

Thus, f is weakly G —mixing.
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Chapter Three

The Product in G —Space



3.1- Some Properties in Product G —space

Let X; X, be G,-space , G,-space respectively, let f:X; — X;and
h: X, — X, be maps. In this section, we present the relationships that exist
between the maps (f X h) , f and h,when any of them are:
(G —transitive point, G — isolated point, G — periodic point, G — w —limit
set, orbit G —transitive, strictly orbit G —transitive, G — w — transitive,
G —locally everywhere onto, G —backward minimal, G —minimal, totally

G —minimal, or G —scatring).

Theorem 3.1.2

Let X, be G,-space and X, be G,-space, f:X; — X; and h: X, —
X, be maps, and let (x;,x,) € X; XX, If (x1,x,) IS Gy X G, —
transitive point of f X h, then x; is G,— transitive point of f and x, is

G, — transitive point of h .

Proof :

Suppose that (x4, x, ) IS G; X G,-transitive point of f X h, thus by
Definition 1.1.5,

Gy X Gy((x1,%2),f X h) =X; XX;.

It means that (x,,x, ) is dense. Let U V be a nonempty open subset of X;
X, respectively, thus (U x V) is nonempty open subset of X; X X,. Since

(x4, x5 ) is dense, then
Gy X G,(x,x2),f X h)n(U x V) + ¢
Thus there exists k € Nand (p,q) € G, X G,such that

@ Of % h)((x1,x2)) € U x V),
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By Remark 1.1.15
@@ (f x h) ((r,22)) = (p-f*(x1),a.h* (),

forall pe G,and q € G,. Hence

(p-f*Ce1), q.h* (x2)) € (U x V).
Thus p. f*(x;) € U and q.h* (x,) € V. Therefore,

UNG(x, f)+ pandV N G,(xy,h) # ¢,

for all p € G, and g€ G,. Then by Definition 1.1.2,

m=X1 andm=X2.
Hence x; is G,— transitive point of f and x, is G, — transitive point of h .

u

Theorem 3.1.3:

Let X, be G,-space and X, be G,-space, f:X; = X; andh:X, —
X, bemaps. If f X his G; X G, —w —limitset, then f is G; — w —limit

setand h is G, — w — limit set.
Proof :
Suppose that f X h is G; X G, — w —limit set then
Gy X G, — w((xl,xz),f X h) = X; XX,,

Lety, € X;andy, € X, ,k € N,and U, , U, be nonempty open subsets
of X; and X, respectively, such that y, € U; and y, € U,. Thus, there

exists r € N with r > k such that

Pq).(f X h)T ((xl:xz )) € (U; X Uyp),
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By Remark 1.1.15 , we have that for all p € G;and q € G,
(b.f" X q.h") ((xpxz )) = (p.f7(x1),qh" (x3)) € (U X Uy).
Thus, p. f"(x;) € U, and q.h" (x,) € U,, therefore
y1 € Gy —w(xy, f) and y, € G, — w(xy,h).
So,
G, —w(xy, f)=X;and G, — w(x,, h) = X,

Hence, fis G; — w —limitsetand his G, — w — limit set.

Theorem 3.1.4:

Let X; be G,-space and X, be G,-space, f:X; — X; and h: X, —
X, bemaps. If f X h:X; X X, - X; X X,is w—G; X G,-transitive, then

f is w—G,-transitive and h is w—G,-transitive.
Proof:

Suppose that f X h isw—G; X G,-transitive, then by Definition
1.1.11, there exists (x;,x,) € X; X X, such that

Gy X Gy —w((x,%2),f X h )= X; X X,
Thus by Theorem 3.1.3,
w—G,(x1,f) =X, and w—G,(x5,h) = X>.

Hence f is w—G,-transitive and h is w—G,-transitive.

37



Theorem 3.1.5:

Let X; be G,-space and X, be G,-space, f:X; — X; and h: X, —
X, be maps. Then x; is G; —periodic point of f and x, is G, —periodic

point of h if and only if (x,,x, ) is G; X G,- periodic pointof f X h.
Proof:

= suppose that x; be G, —periodic point of f and x, is
G, —periodic point of h, thus by Definition 1.1.23, there exists kq, k,
€ N such that

p. f¥(x;) = x; and q. h*2(x,) = x5,
forall pe G,and q € G,. Let k = k. k,, it follows that
p.f*(x)) = x; and q. h* (x,) = x,.
Hence
(- f* (x1),q.h* (x)) = (%1, x2),
forall p € G, and q € G,. By Remark 1.1.15,
@.)-(f X h) (e, 22)) = (x5, x3).
Therefore, (x4, x, ) is periodic pointof f X h.

< Now suppose that (x;,x,) is G; X G,- periodic pointof f X h.
Then by Definition 1.1.21, there exists (p,q) € G, X G,and k € N such
that

@ @) .(f X h)((x, %)) = (x1,x,), forall p € G,and q € G,.
Thus by Remark 1.1.15,
g (f X h)k ((x1,%2)) = (p.f* x Cl-hk)(( X1, xz)) = (X1, x3).
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So, we have that

p.f¥(x1) = x; and g. h* (x,) = x,.

Therefore x; is G; —periodic point of f and x, is G, —periodic point of h

forall p € G, and g€ G,.

Theorem 3.1.6

Let X; be G;-space and X, be G,-space, f:X; — X;and h: X, —
X, bemaps. If f X h:X; X X, = X; X X,isorbit G; X G,-transitive,

then f orbit G,-transitive and h orbit G,-transitive.

Proof:

Suppose that f X h is orbit G; X G,-transitive. Then, there exists

(x1,x, ) € X; X X, such that,

Gy X Gy((xy,%2),f X h)=X; X X;,
So, by Theorem 3.1.2, we have
Gl(xl,f) = Xl and Gz(xz,h) = Xz.

Thus f orbit G,-transitive and h orbit G,-transitive.
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Theorem 3.1.7:

Let X; be G;-space and X, be G,-space,f: X; —» X; and
h:X,—X, be maps. If f X h:X; X X, = X; X X, is strictly orbit
G, X G,-transitive. Then f strictly orbit G,-transitive and h strictly orbit

G,-transitive.

Proof:

Suppose that f X h is strictly orbit G; X G,-transitive. Then by
Definition1.1.7, there exists (x4, x, ) € X; X X, such that

G % Gy ((f x h)(Gryx2))) = Xo X X5,

Therefore, by Theorem 3.1.2,

Gi(f (x)) =X, and G,(h (x2)) = X,

and we hence that f strictly orbit G,-transitive and h strictly orbit

G,-transitive.

Theorem 3.1.8 :

Let X; be G;-space and X, be G,-space, f:X; — X; and
h:X,—»X, be maps. If f X h:X;xX, >X;XX,is Gy X
G, —backward minimal, then f is G,—backward minimal and h is G,—
backward minimal.
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Proof:

Suppose that f X h is G; X G, —backward minimal. Let x; € X;
and x, € X,, and U, , U, be nonempty open sets of X; and X, respectively.
Then U; x U, is nonempty open subset of X; X X,. By Definition
1.1.18, we have

{O1y2) €EXi X X:(0,)-(f Xh) (y1,¥2) = (x1,%2), r€ENand p €
G1,q € G.3N(Uy X Uy) # ¢.

Let (uy, u,) € U; X U, and r € N such that
@, @)-(f Xh)" (ug,u) = (X1, %2),
forall p € G, and q € G,. It follows that,
u, Ey; Xy p.f"(y;) =x4, forreNandp € G,}NU;, # ¢,
and
u, €E{y, €X,:q9.f"(y,) = x,,forr e Nand q € G,}NU, # ¢.
Thus, the set
{y;€X;p.f"(y;) =x,,forr e Nand p € G,}
is dense in X;, and also the set
{yv,€X,:q9.f"(y,) = x,,forr e Nand q € G,}

Is dense in X,. So, we have that f is G;—backward minimal and h is G,—

backward minimal.
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Theorem 3.1.9:

Let X; be G,-space and X, be G,-space, f:X; — X;and h: X, —
X, be maps. Then f is G;-l.e.o and h is G,- l.e.o. if and only if
fXh:X; XX, 2X; X X,isG; X G,-1l.e.o.
proof :

Let f:X; - X, beG,-l.e.oand h:X, —» X, be G,- l.e.o., U,V
open nonempty subsets of X; and X, respectively. Let U X V subset of
X, X X, , so by assumption there exist a positive integers n, and n, such
that

p.f" (U) =X, and q.h" (V) = X,,
forall p € G, and q € G,. Letn = max{n; ,n,} soby Remark 1.1.15
we get,
.. (f x " WU X V)=(p.f" X q.h")(U x V)
=p-f" U) xq.h" (V)
=X, X X,
forall p € G, and g € G,. Which mean that f X h isG; X G,-l.e.o.

Conversely, assume that f X h is G; X G,-l.e.o. To show that
f is Gy-l.e.o and h is G,- l.e.o. Let U; nonempty open subset of X,
and let V; be a nonempty open subset of X,, for all U = U, x V; are
nonempty open subsets of X; X X, . Since p.f X q.h isG; X G,-1l.e.o.,
then there exists a positive integer r such that

Xy x X, =(@,q).(f x h)" (U)
=(p,q)-(f X h)"(Uy x V)
=(p.-f" xq.h") (U x V)
=p-f" (Uy) X q.h"(Vy)
forall p € G, and q € G,. Thus
p-f" (Uy) =X, and q.h"(V;) = X,
Hence f isG,-l.e.oand h isG,- l.e.o. |
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Theorem 3.1.10
Let X, be G,-space and X, be G,-space, f:X; —» X;and h:X, —
Xy bemaps. If f X h:X; X X, - X; X X,is G; X G,-minimal, then f,

is Gy~ minimal and h, is G,-minimal.
Proof:

Suppose that f X h is G; X G,-minimal, then by Definition 1.1.17

, foreach x; € X; and x, € X,, such that (x{,x, ) € X; X X, and

Gy X Gy((x1, %), f X h)=X; X X,,
Thus, (x4, x, ) is G; X G,-transitive point, so by Theorem 3.1.2,
Gy(xq, f) =Xy and G, (xp, h ) = X,

Thus, x; is G,-transitive point and x, is G,-transitive point, hence f is

G,- minimal and h is G,-minimal.

We will generalized the definition of mild mixing and Scattering

which given in [18]

Definition 3.1.11:

Let (X, 7) be topological G —space and f: X — X be continuous map. The
map f is G —mild mixing if for any G — transitive map h:Y — Y, the map

f X h isG X G —transitive.
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Definition 3.1.12

Let (X, 7) be topological G —space and f:X — X be continuous
map. The map f is G —Scattering if for any G —minimal map h:Y =Y,

themap f X h is G X G-transitive

Theorem 3.1.13:

Let X; be G;-space and X, be G,-space, f:X; — X; and
h:X,—X, be maps. If f X h:X; X X, =-X; X X,is G; X G,—mild

mixing, then f is G;—mild mixing and h is G,—mild mixing.
Proof:

Suppose that f X h:X; X X, = X; X X,1iS G; X G,-mild mixing.
Let Y be G —space and g:Y — Y be G — transitive map, thus by
Definition 3.1.11, we have (f X h) X g is (G, X G,) X G — transitive.
Let U,V be non—empty open subsets of (X; X X,) XY, then there exists
nonempty open subsets U; U, of X;, Us, U, of X, and V; V, of Y, such
that

(U x Uy) xVy CUand (U3 x Uy) XV, € V.

Thus, (U; X U, ) and (U3 X U, ) are non—empty open subsets of(X; X
X,). By hypothesis, there exists ((u,,u,),v,) € (U; X U,) X V; and
k € N such that

((P; Q)'S)-((f X h)xg)" ((u1'u2)'v1) € (U3 X Uy) X Vs,
By Remark 1.1.15,
((p, Q);S)- ((fF x h*) xg¥) ((ul,uz),vl) € (U3 X Uy) X Vs,

forallp € G;,q € G,ands € G. Now ,
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for (uy,vy) € (U; X Vy)and (u,,v,) € (U, X V;) ,thus

@.s).(f x g)(u,vy) € (U3 x V)

and
(q,s).(h x g)e(uy,vy) € (Uyg X V).
Therefore,
(@,s).(f X YU, x U,)NV, X V,)#0
and

(@,9).(h x @)Uy x U )Ny x V) 0.

Thus, f X g isG; X G -transitiveand h X g are G, X G -transitive .

This means, f is G;—mild mixing and h is G,—mild mixing.

Theorem 3.1.14 :

Let X; be G;-space and X, be G,-space, f:X; — X; and
h:X,—X, be maps. If f X h:X;X X, 2X; X X,is G; X G,—

scattering , then f is G,—scattering and h is G,—scattering.

Proof:

Suppose that f X h:X; X X, —» X; X X,is G, X G,-scattering.
Let Y be G —space and g:Y — Y be G — minimal map, thus by Definition
1.1.12, we have (f X h) X g is (G; X G,) X G —transitive . Let U,V be
nonempty open subsets of (X; X X,) XY, then there exists nonempty
open subsets U; U, of X;, Us, U, of X, and V; V, of Y, such that
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(Uyx Uy) xV; cUand (U3 x Uy) XV, € V.

Thus, (U; X U, ) and (U; X U, ) are nonempty open subsets of (X; X X, ).
By hypothesis, there exists

((uq,uy),v,) € (U x U,) xVyandk € N
such that
((p,q),s).-(f X h)xg)((uy,up),vy) € (Usx Uy) XV,
by Remark 1.1.15,
(2, q@),s).-((f* x h*) x g*) ((uy, uz),v,) € (Us X Uy) X Vs,
forallp € G;,q € G,and s € G. Now , for

(uy,v) €Uy X V1) and (up,vp) € (Uy X V1),

thus
,5).-(f X g)(uy,v1) € (U3 X V)
and
(@,5)-(h X g)(uyv1) € (Uy X V).
Therefore,
@) F x @ WU xU,)NnWVy x V,)#0
and

(g,5).(h x g)c (Usx Up)n(Vy x V) #@.

Thus, f X gis G; X G -transitiveand h X g are G, X G -transitive .

This means, f is G,—scattering and h is G,—scattering.
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3.2- Chaotic in product G —space

Let X; X, be G,-space , G,-space respectively, let f:X; — X;and
h: X, — X, be maps. In this section, we present the relationships that exist
between the maps (f X h) , f and h,when any of them are:
G —transitive , totally G —transitive, G —mixing, strongly G —transitive,
G —weakly mixing, G —chaotic, G —F-system, G —Exactly Devaney

chaotic, G —mild mixing, or G —touhey.

Theorem 3.2.1 :

Let X; be Gy-space and X, be G,-space, f,:X; — X; and
hg: X,—Xobe maps. If f X h:X; X X, > X; X X,is G;xG,-transitive

then f is G,-transitive and h is G,-transitive.

Proof:

Let f X h is G; X G,-transitive, U, U, be nonempty open subsets
of X; and V; , V,, be nonempty open subsets of X,. Then the sets U = U; X
V; and V=U,xV, are open in X; X X,. Since f X his Gy X

G,-transitive, then there exists k € N such that

. @.(f x FWU)NV £,

forall p € G,and q € G,. By Remark 1.1.15, this imply
@.(f X WNV =@q.(f X W)U xV)N Uy XVy)
=(p.f*(Uy) x kE (V) n (U, X Vy)
=(pf(U) 0 U;) X (g-h* (V) n V)
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Since, (p,q). (f, X hy)* (U) N V # ¢, then it follows that

(p-f*(Ur) N Up) x (q.h* (V) N V) # ¢,
forall p € G,and g € G,. So,
p.fE (U )N U, = ¢, (3.1)
thus, from ( 3.1) f is G,-transitive, and
g Rk V)NV, # ¢, (3.2)

thus, from(3.2) h is G,-transitivity.

Theorem 3.2.2:

Let X; be G,-space and X, be G,-space, f:X; — X;and h: X, —
X, bemaps. If f X h:X; X X, - X; X X, isweakly G; X G, — mixing

then f is weakly G; — mixing and h is weakly G, — mixing.
Proof:
Suppose that f x h is weakly G, X G,- mixing, by Definition

1.1.16, it means that (p,q).((f X h) X (f X h))is (G; X G,) X (G, X

G,) — transitive.

Let U;, U,, U; and U, be nonempty open subsets of X, and V;,V,,V; and V,
be a nonempty open subsets of X, , then for every pairs (U; X V;), (U, X
V,), (U3 xV3) and (U, X V,) of nonempty open subsets of ((X; X X,) X
(X; X X,)) there exists k € N such that
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@ ((f x B) X (f x h)) Uy x V1) X (Uy X V3)) N ((Us X V3) X
(Uy X V,)) # ¢.

By Remark 1.1.15, we have

(o) x @, @)-(f X KX (f x h))(U; xVy) x (U x V)N
((Us X V3) X (Uy X V) # .

Equivalently,
@ @).(f x W (U xV))NUs xV3) # ¢
0 @).(f X W) (U x V)N U xV,) # ¢
By Remark 1.1.5,
(- f*(U) X q.-h* (V) n (U3 xV3) # ¢
and
(- f*U) x q-h* (V) n(Uy xV,) # ¢

Thus, it is equivalent to

p-ffU)NUs # ¢, (33)
gh*(V) nVy = ¢, (3.4)
p.fEWU)NU, # ¢, (3.5)
q.-h (V) NV, # ¢, (3.6)

Now, we have that by (3.3) and (3.5)

(p.f X p.fYWU; xU)N(Us xUy) # ¢

also, by (3.4) and (3.5)

(q.f X q.h)WVy xVy) n(VaxV,)# ¢.
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Forall pe G;and q € G,.

Thus, f X f isG, X G, —transitiveand h X h is G, X G,-transitive.

Hence, f isweakly G; — mixing and h is weakly G, — mixing.

Theorem 3.2.3:

Let X; be G,-space and X, be G,-space, f:X; — X;and h,: X, —
X, bemaps. If f X h:X; X X, = X; X X,is totally G; X G,-transitive,

then f is totally G,-transitive and h is totally G,-transitive.
Proof:

Suppose that f x h is totally G, X G,-transitive then by
Definition 1.1.8, (p,q)(f X h)® is G, X G,-transitive for s € N. Thus
by Remark 1.1.14, f* x h® is G; X G,-transitive. Hence, by Theorem
3.2.1, f*® is G,-transitive and h® is G,-transitive therefore f is totally

G,-transitive and h is totally G,-transitive.

Theorem 3.2.4 :

Let X, be G;-space and X, be G,-space, f:X; —» X;and h: X, —
X,bemaps. If f X h:X; X X, = X; X X, isstronglyG, X G,-transitive,

then f is strongly G,-transitive and h is strongly G,-transitive.
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Proof :

Let U and V' be non—empty open subsets of X; and X, respectively,

such that U X V is nonempty open subset of X; X X, .Suppose that
f X h is strongly G; X G,-transitive, then by Definition 1.1.13, there

exists s € N such that
X1 X Xy = Upzo®@,9).(f X R)*(U x V),

forall pe Gyand q € G,. Letx; € X; and x, € X,. Then there exists
k, € {0,1,...,s} such that

(x1,%,) €@, @).(f x h)2(U x V),

forall p € G,and q € G,. By Remark 1.1.15, we have

(x1,%2) € (p, (f 1 x W) (U x V).
Thus,
(r1,%2) € (0, ). (f 11U ) x R (1)),

this means,
X, €Ep.ff(U)andx, €q.h) (V)
forall p € G, and q € G,. Therefore,
x1 € Uf,=o p.f 1 (U) and x, € U,y q.R*1(V).
So,
Xy = Ulzo p-f* (U)and X, = Uj,—o q-hg" (V)

Hence, f is strongly G,-transitive and h is strongly G,-transitive.
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Theorem 3.2.5:

Let X; be G,-space and X, be G,-space, f:X; = X; and h:X,—X,
be maps. If f X h:X; X X, = X; X X,is G; X G,- Touhey, then f is
G,— Touhey and h is G,—Touhey.

Proof:

Suppose that f X h is G; X G,- Touhey. Let U, , U, be nonempty
open subsets of X; and V;, V, be non—empty open subsets of X,, then
(U; x U,) and (V; x V, ) are non—empty open set of (X; X X,). By
Definition 1.1.23, there exists a periodic point (x,, x,) € (U; X U,) and
r € N such that

@) (f Xh)" (x,x) € (V; X V),

forall p € G, and q € G,. By Remark 1.1.15,

. fT (x1),q.h" (x)) € (V; X V3)

By Theorem 3.1.5, x; and x, are periodic points of f and h respectively.
Thus

p-f(x1) € ().

and

q-h"(xz) € (V).
Therefore, f is G;— Touhey and h is G,—Touhey. [

Lemma 3.2.6 : [1]

Let X; be G,-space and X, be G,-space, f:X; —» X, and h: X, —
X, be maps. The set of G; X G,-periodic points are dense of f x h if and
only if for f the sets of G,-periodic points in X; are dense and for h the

sets of G,-periodic points in X, are dense.
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Theorem 3.2.7 :

Let X; be G;-space and X, be G,-space, f:X; — X; and
h:X,—X, be maps. If f X h:X;X X, 5X; X X,is G; X G,—
F —system, then f is G;—F —system and h is G,—F —system.

Proof:

Suppose that f X h is G; X G,—F —system, thus by Definition
1.1.24, f x h istotally G; X G,—transitive and G; X G,—periodic point of
f X h isdense in X; X X,.By Theorem 3.2.3, we have that f and h is
totally G, X G,—transitive respectively, and by Lemma 3.2.6, the G,—
periodic point of f is dense in X; and the G,—periodic point of his dense

in X,. Therefore, we have that f is G;—F —system and h is G,—F —system.

Theorem 3.2.8:
Let X, be G,-space and X, be G,-space, f:X; — X; and h: X, —
X, be maps. If f X h:X; X X, - X; X X, IS G; X G,-chaotic, then f

Is G,—chaotic and h is G,-chaotic.

Proof:

Suppose that f X h is G; X G,-chaotic. Then by Theorem 3.2.1,

we have that f is G-transitive and h is G,-transitive. Hence by Lemma

3.2.6 for f the sets of G,-periodic points in X; are dense and for h the sets
of G,-periodic points in X, are dense. So, f is G;-chaotic and h is

G,-chaotic.
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Theorem 3.2.9:

Let X, be G,-space and X, be G,-space, f:X; —» X;and h:X, —
X, beamaps. If f X h:X; X X, - X; X X,1S G; X G,-exactly Devany
chaotic, then f is G,- exactly Devany chaotic and h is G,- exactly

Devany chaotic.

Proof:

Let fxXh:X;x X, -X, X X,is G; X G,-exactly Devany
chaotic, then by Definition 1.1.25 , f X h IS G; X G,-l.e.o0. and the
G, X G,-periodic points are dense. So, by Theorem 3.1.9, f is G,-l.e.o.
and h is G,-l.e.o.and by Lemma 3.2.6, the set of G,-periodic points are
dense in X; and the set of G,-periodic points are dense in X,. Hence f is

G- exactly Devany chaotic and h is G,- exactly Devany chaotic.

Theorem 3.2.10:

Let X; be G,-space and X, be G,-space, f:X; —» X, and h: X, —
X,bemaps. Iff X h:X; X X, - X; X X, IsSG; X G, — mixing then, f

IS G; — mixing and h is G, — mixing.
Proof:

Suppose that f X h:X; X X, - X; X X, is G; X G,— mixing. Let
U;, U, be nonempty open subset of X, and V,, V, be nonempty open

subsets of X,, such that U, x U, and V/; X V, are non—empty open subsets

of X; X X,.Since f X h is G, X G,-mixing , there is k € N such that
®@-(f X H™U xU)NVy xV,) # 0
foreachm > k,and p € G, and q € G,. Let
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(x1, %) € (0, @)-(f X h)™(Uy X Up) N (Vg XV3)
Then there exists (uq,u,) € (U; X U,) such that
@, @)-(f X h)™(ug,uy) = (x1,x3).

foreachm > k,and p € G; and q € G,. By Remark 1.1.15,

(0-f™ (ug),q.-h™ (uz)) = (x1,x3).

Hence,
p-f™ () = x;and q.h™ (uz) = x;.
Thus,
x; € p.fmU) nVyand x, € q.h™ (U,) NV,
Hence ,

p.f™mU) NV #@and e q.h™ (U,) NV, # 0.

foreachm > k,and p € G, and q € G,. Therefore f is G; — mixing and

h is G, — mixing.
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Conclusions and Future Works

Conclusions

Let X bea G —space and f: X — X be amap, in the first chapter,
we presented some definitions of some of the chaotic concepts that
circulated in the G —space X, and we also generalized some other concepts

in the G —space as follows :

e Strictly orbit G — transitive
e Strongly G — transitive

e G — locally everywhere onto
e Backward G — minimal

e Totally G — minimal

e (G — F —system

e ( — Exactly Devaney chaotic

Also, we presented some theories and properties that were circulated

in the G —space as a review.

In the second chapter, we studied some relations of the chaotic

concepts as follows:

e Ifamap f is G-transitive, then there is infinite element k € N such

that g. f* (U) N U = @, where U open nonempty subset of X.

e Ifamap fis G — T, then for every open subsets U, V of X there exist
infinite element k € N suchthat f* (U) n V = 0.

o If amapfisG — SO thenitis G —w —T.
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o Ifamapfis G —w —Tthenitisopen-setG —T.
e Ifamap fisG — SO thenitisopensetG —T.
e I[f thereisapoint x suchthat ¢ — w(x,f) = X,then fisG —T.

e Foranygivenx € X, g.f(x)isG — SO of f ifand only if
g-f"(x)isG —T pointof f, forall g € G, where X without
qu.iso.pt..

e ThenfisG —OT ifand only if f is G — SO, where X without
qu.iso.pt..

o IffG—S0,thenitisG —w — T, where X without qu.iso.pt..

e Every G — OT map fis open set—G — T, , where X without
qu.iso.pt..

o IffisG—Ll.e.o., thenitisG —T.

o IffisG —l.e.o.thenitistotally G —T.

o IffisG— le.o,thenitisG —s.b.

o IffisG —Tand G — s.b., then f is weakly G — mixing.

Now, let f:X; — X; and h:X, — X, be maps. We investigate that
in chapter three if the product f X h:X; X X, —» X; X X, satisfied one of
the chaotic properties which were introduced in chapter one, then both f

and h has the same property as follows:

o If (x1,x,) IS G; X G, — transitive point of f X h, then x; is G,—
transitive point of f and x, is G, — transitive point of h .
o Iff X h:X;X X, =X, X X,is G; X G, —w —transitive, then f

IS G;- w —transitive and h is G,- w —transitive.
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X1,X, are isolated points in X;, X, respectively if and only if
(x4, x, ) isanisolated point in X; X X, .

x; IS G, —periodic point of f and x, is G, —periodic point of h if
and only if (xq,x,) is Gy X G,- periodic pointof f X h.

If f X h:X; X X, = X; X X,isorbit G; X G,-transitive, then f
orbit G, -transitive and h orbit G,-transitive.

If f X h:X; X X, = X; X X, is strictly orbit G; X G,-transitive.
Then f strictly orbit G, -transitive and h strictly orbit G,-transitive.
If f X h:X;X X, »X; X X,iS Gy X G, —backward minimal,
then f is G,—backward minimal and h is G,—backward minimal.
fis G;-l.e.o and h is G,- l.e.o. if and only if f X h:X; X
X, 2 X; X X, i1SG; X G,-l.e.o.

If f X h:X; X X, - X; X X,is Gy X G,—-minimal, then f is G,-
minimal and h is G,-minimal.

If f X h:X; X X, = X; X X,is totally G; X G,-minimal, then f
is totally G;- minimal and h is totally G,-minimal.

If f X h:X;X X, =X, X X,is G; X G,—scattering, then f is
G,—scattering and h is G,—scattering.

If f X h:X;X X, =>X; X X,is GyxG,-transitive then f is
G,-transitive and h is G,-transitive.

If f X h:X; X X, - X; X X, is weakly G; X G, — mixing then
f is weakly G; — mixing and h is weakly G, — mixing.

If f X h:X; X X, = X; X X,istotally G; X G,-transitive, then f
is totally G,-transitive and h is totally G,-transitive.

If f X h:X; X X, = X; X X, isstrongly G, X G,-transitive, then

f isstrongly G;-transitive and h is strongly G,-transitive.
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If f X h:X; X X, - X; X X,iS G; X G,- Touhey, then f is G,—
Touhey and h is G,—Touhey.

If f X h:X; X X, - X; X X,iS G; X G,—F —system, then f is
G,—F —system and h is G,—F —system.

If f X h:X;x X, >X; XX, IS G; X G,-chaotic, then f is
G,-chaotic and h is G,-chaotic.

Iff X h:X; X X, = X; X X,is G; X G,-exactly Devany chaotic,
then f is G,- exactly Devany chaotic and h is G,- exactly Devany
chaotic.

If f X h:X; X X, -X; X X, IS Gy X G, — mixing then, f is
G, — mixing and h is G, — mixing.

If f X h:X; X X, = X; X X,is G; X G,—mild mixing, then f is

G,—mild mixing and h is G,—mild mixing.
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Future Works

e Study the chaotic concepts for sets in G —space.

o Are these chaotic properties satisfy for sequence maps in
G —space?

e Are these chaotic properties satisfy for uniformly convergent in
G —space?

e Are these chaotic properties satisfy for composition maps in
G —space?

e Is there any relation between metric properties and our topological

properties in G —space?
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