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Abstract

It is complex and difficult to model the natural phenomena easily. For this
reason the statistical distributions are considered very significant in describing
these phenomena experienced by researchers.

In this study, we concentrated on truncated distributions that have multiple
truncations since it suitable for representing natural phenomena that can not be
studied or tracked in all its growth and development stages. For example,
phenomena that are related to agriculture, airplanes, health, and the
environment.

This study introduces multi- truncated distributions depending on double and
left truncated. In this study, we constructed the formula to find multi-truncated
continuous distribution, with double truncation type and obtained its statistical
properties. multi-double truncated Weibull distribution, and multi-double
truncated Rayleigh distribution, have been employed. Some examples of
multi- double truncated, such as one double-truncated Weibull distribution,
one double truncated Rayleigh distribution, and two double truncated Weibull
distributions have been introduced, in addition to the properties statistical for
each one.

Besides, we utilized the left truncated to introduce a formula that describes
multi-truncation of the left truncated, with statistical properties. We explained
this construction through two examples, three subintervals being cut off.

The triple truncated Rayleigh distribution, and triple truncated exponential
distribution, are presented with, The r'™ moment about origin and mean, the
moment generating and characteristic functions, and order statistics. further,
all the above distributions are presented graphically.

We used the maximum likelihood method to estimate the parameter of
distributions. Also, the performance of each distribution was tested by
calculating some statistical criteria(AIC,CAIC,BIC,and HQIC) and testing the
goodness of fit for each distribution, with comparisons between the
distributions and testing them on real data for patients infected with COVID-
19 in Babylon city.
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Introduction

Introduction

Our life contains many scientific, health, and social problems, which are
complex and difficult to easy modeling problems. Therefore, most
researchers resorted to studying distributions in different forms to be able
to represent these phenomena ( problems of life )in several fields. These
new forms of distributions are contagious (mixture, compound), and
truncated distributions. We focused in this study on truncation.
Truncation is a statistical phenomenon that has been shown to occur in a
wide range of applications, including survival analysis, epidemiology,
and economics. Some mathematical researchers may arise difficulty in
using samples whose measurements are outside specific ranges. For
example, samples of households with income below a certain level: in
this case, the households with income above that specified level are
systematically excluded. In many studies, samples may be cut off from

the data due to their measurements.

Efron and Petrosian 1999[12] give an example of double-truncation,
where an astronomers which cannot determine the luminosity of quasars
if they are very dim, or very bright, that is, (left-truncation or right-
truncation), respectively. The problem of double-truncation arises
especially when the studies are dependent on the statistical inference of

the data that relate to phenomena.

The truncated distribution excludes an unimportant part of the data, at the

same time they offer more flexibility for modeling lifetime data.

This essential problem in truncated statistics has a long history return
back to:

In (1898)[14] when Galton analyzed truncated samples corresponding to
the speeds of American trotting horses. In the early 1950s interest in
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truncated distributions appeared revived and there begins a record of

research into estimation problems regarding truncated distributions.

For discrete distributions, David and Johnson (1952)[10] implemented a
truncated Poisson distribution to examine the number of accidents per
worker. Sampford (1955)[33] discussed the doubly truncated binomial
and negative binomial distributions with examples in biology. In
(1980)[22], the mean and variance of partially-truncated distributions,
introduced by Lee and Krutchkoff, in this work commercial fish
populations are examined for the existence of certain contaminants. after
Part of the contaminant distribution above a certain value, that called
action level', is eliminated, that is mean contaminant is decreased,
although perhaps not optimally decreased. In(1984)[26], Mittal obtained

estimating the parameters of some truncated distributions.

Hegde and Dahiya (1989)[16] derived the necessary and sufficient
conditions for the existence of the ML estimators in the doubly truncated
normal. Mittal and Dahiya (1989)[27] showed that the ML estimator of

the scale parameter of the Weibull distribution truncated at T.

Paul G. Staneski obtain an estimation of parameters for truncated

Cauchy distribution and it applied on to stock returns, in (1990)[41].

Patrick and Dahiya (1999)[36], considered the right truncated, such that
the truncation point is unknown, and obtained the maximum likelihood is

a unique solution over parameter space for the exponential distribution.

L.Zaninetti (2002)[23], M.Ali, and Nadarajah in 2006[31] studied the
truncated Pareto distribution with applications.

Kotz and Nadarajah (2008)[21] worked on the truncated T and F
distributions. the truncated exponential distribution, has been derived by
Mathias, (2012)[37]. L.Zaninetti (2013)[24] studied right and left

2
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truncated gamma distribution with application to the stars. Moreia
introduced kernel density double truncated data (2012)[35]. On mid-
truncated distributions and their applications in order statistics, an attempt
by Hassan et al (2011)[18] and in (2013), Mohie et al studied on mid-

truncated distributions and their applications [25].

Chattopadhyay et al (2014)[40], obtained fit truncated in the real-world
networks. In (2017)[44] Y.Zhany and Nadarajah introduced a paper on
partially truncated. In (2018), M.tokmachev provided work in modeling
the truncated probability distribution[32], and T.Nick's studied the

probability distribution with truncated log and bivariate extensions[43].

In (2019), analysis of double truncated data obtained Achmi and Takeshi
[8], Mohamed introduced generalized truncated distributions with
Interval [29], truncated Fréchet Pareto, has been obtained by E.mohamed
[11], and efficient truncated statistics was an attempt by Vasilis et al[42].
Truncated Rayleigh Pareto distribution is studied by Reyah and Kareema
2020[1]. Amal and Mohamed introduced a new family study of upper
truncated, (2020)[15]. E.Khalifa's et al worked in statistical inference
truncated of Weibull Rayleigh,(2021)[13], Also, in the same year, a new
left truncated Gamble distribution, has been worked by M.Neamah[30].

The main aim of the study: is proposing general formula to describe the
multi- truncation distribution and study some the statistical properties.

In this study, three main contributions had been made:

The first contribution, new multiple truncations of a continuous
distribution, using the double type with statistical properties. The
applications on it, one double truncated Weibull distribution(ODTWD),
two double truncated Weibull distribution (TDTWD), one double
truncated Rayleigh distribution(ODTRD), and two double truncated
Rayleigh distribution(TDTRD).
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The second contribution aims to create, a new formula for a multi-left
truncated continuous distribution, and some statistical properties of the
multi-left truncated continuous distribution derived. Moreover, multi-left
truncated Rayleigh distribution and multi-left truncated exponential
distribution are introduced with statistical properties as applications to
MLTCD. Also, graphs for PDF, CDF, and survival function for both
models, have been utilized.
The flexibility of one double truncated Weibull distribution, one double
truncated Rayleigh distribution, two double truncated Weibull
distribution, triple-left truncated Rayleigh distribution(TLTRD), and
triple-left truncated exponential distribution(TLTED) are illustrated
throughout comparison with other distributions via applications to real
data sets. Moreover, the goodness of fit curve of these models is
considered.

This dissertation is organized as follows:

Chapter one contains some basic definitions and concepts that are used.
Furthermore, the literature background of the preceding researchers is
reviewed.

Chapter two consists of the general formula of double truncated for (n-1)
gabs, which have occurred on the original distribution. also, examples
are introduced as the one-double truncated Weibull, and two-double
truncated Weibull with some statistical properties and introduced some
functions graphically.

In chapter three, Rayleigh distribution with multi-double truncated is
derived and applied to (one- double truncated Rayleigh) and (two- double
truncated Rayleigh). Some statistical properties, survival function,
cumulative distribution function, the r™ moment about origin, and about

mean, the order statistic,.., etc, are found.
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In chapter four, a new study with multi-left truncated of a continuous
distribution is derived and applied to (three-left truncated Rayleigh) and
(three-left truncated Exponential). The survival function and cumulative
distribution function for these models for different parameters are
obtained graphically. Also, the r™ moment about origin and mean,
moment generating function, and order statistic are introduced.

Chapter five formulates a theory for calculating the maximum likelihood
function of all the above models for estimating their parameters and
parameters of comparison distributions. Using many criteria to compare
our models with others are introduced, moreover, a good fit of data is
obtained for different sets. We clarify the utility of the models proposed
by application of real data (data of COVID-19) in Babylon city," Babylon
health directorate /department of public health / transmitted diseases
control section/ epidemiology monitoring unit"

Finally in chapter six, the conclusions and future works, have been

presented



CHAPTER ONE

SOME NEEDED DEFINITIONS AND
CONCEPTS



Chapter One Some Needed Definitions and Concepts

This chapter involves some basic concepts and definitions used during
our dissertation. the distributions that were utilized and also statistical

measurements for data fit have been presented.
1.1 Definitions and Basic Concepts

This section includes some important definitions and concepts

1.1.1 Truncation [4]

Truncation is defined as a phenomenon that some individuals in the
population have a minimum chance to be selected because their
measurement is very short or very long. That is, the probability that an

individual is chosen from a population depends on its measurement.

For example, in many studies of a lifetime, it may be too costly or time-
needing to get hold of simple random sampling from a population under
study, such as, one cannot identify an individual whose life is shorter or

longer than a specific value (truncation limit).

Suppose we wish to know the probability density function of the

random variable after restricting the observations of x to (a,b).

Mathematically, let X be a random variable, X distributed according to
some probability density function, f(X) define of (-oo,00), and has the
cumulative distribution function F(X). then, the probability density of the
random variable after restricting the observations of x to (a, b), is:

f(xT)
P(a< xT< Db)

g(xr) = xt € (a, b). (1.1)

We call g(xt) the truncated from f(x1). Then truncation means deleting

some values of the domain of the random variables.
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1.1.2. Left Truncation [4]

Truncated from below, low values of X are cut off so your range is

from some minimum value of X to positive infinity {X min, oo}
Now, If we wish to find p.d.f to X define on the subset of Q, is:
Q" ={xra<x<ow},a€e.

f(xT) _ &)
P(a<xp <o) 1-F(a)’

g(xr) = xt € (a, ©) (1.2)

1.1.3. Statistical Models [34]

A mathematical model is classified through a statistical model, which
incorporated a set of statistical hypotheses related to the pointing of a
statistical sample taken from a statistical community. The assumptions
included in the statistical model describe a collection of probability
distributions. That is, the statistical model is a statistical characterization
of the construction of a system that aims to correspond to the real
phenomena as much as possible. The population model fits with the
sample by estimating the special parameters of the model, then possible
to attain hypothesis testing, build confidence intervals, and get
conclusions about the phenomenon.

1.1.4. Maximum Likelihood Methods [4]

This method is very important for finding estimators of parameters

which was proposed by statistician Fisher in 1922,

It is a method generally applicable to the construction of statistical
estimators that have “good” properties. The performance of the
maximum likelihood estimator is optimal for large enough data and also
for the many models of practical interest, The M.L.E is one of the more

applicable methods for fitting parametric statistical models to data.

7



Chapter One Some Needed Definitions and Concepts

Let (X;,X,,X5,...,X,) are random variables continuous iid, with
observations (x4, X5, X3, ..., Xy ) from the density function ff(x; @), where
@ is a vector of unknown parameters, ® = (64, 0,,05,...,0y), then the
likelihood function L(®) = [[iZ, f(x;; @), forall ® € Q. (1.3)

The M.L.E are those values of the parameters that maximize the
likelihood function defined in (1-3). By taking the partial derivative of the

log to equation (1-3) for each parameter and setting it equal to origin:

%‘? =0, j=12 ..k (1.4)

and then get to values for the parameters that outcome in the highest
value for this function. this follows in some equations with an equal
number of unknowns, which can be solved at the same time. This can be
a relatively simple solution for the partial derivatives, and in others,

numerical techniques need to be used.

1.1.5. Order Statistic [18]

Order statistics utilize in statistical theory and play an important role in
it. Therefore, the failure times which are observed from a life-testing
experiment come in increasing order naturally. Therefore uses the theory
of order statistics to lifetime data analyzing the data widely.

Let (Xy,X,, X5, ...,X,,) are random sample continuous iid, each with

density function f(x) and cumulative function F(x), then Xj;; < X3

< Xi3] < X4 < ... < X, b€ the order statistic, so that the Xy, is the
i smallest order statistics. In particular,
Xpp =y1 = min(Xy, X5, X3, ..., Xip)
Xim] = Ym = max(Xy, X, X3, ..., Xip)

The probability of density function of the j™ smallest order statistics is

defined as:
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1 - =j

fy ) = grmmyy OV (1~ F0))" 1), — o0 <y < oo, (L5)
where B(j, m —j + 1) is the Beta function.

The p.d.f of the minimum order statistics is:

f,, ) =m(1-F)" f(y), —oo<y;<oo (16)
The pdf of the maximum order statistics is:
fy ) = m(F()" (), —o0<y; <o (L7)

1.1.6. Error Function[5]

The error function is the area under the Gaussian curve in the function

y = e‘XZ, and defined as:

erf: C — [0,1]
erf(z) = %foz e ¥ dt , z€ C, Cisacomplex set (1.8)

This function occurs in probability and distribution. In statistics, for
arandom  variable Y that isnormally  distributed withmean 0
and standard deviation (2)7%/2, erf(x) is the probability that Y falls in
the range[-x, x], for non-negative values of x.

The first who introduced Normal distribution was de Moivre in 1733. In
1812, Laplace used normal distribution in statistical distributions for the

purpose analysis the errors. Defined normal distribution function as:

_(x-p)?
e 202 —oo<x<o ,0>0. (1.9)

f(x;0) =

1
V2mo?
When p = 0, o2 = 1, the standard normal distribution is:

X2
f(x) = —e 7
V2m
Gauss studied integral 1= \/iﬁf e~¥ dt in the range [, x], and found

this integral is the error of Normal distribution,


https://en.wikipedia.org/wiki/Random_variable
https://en.wikipedia.org/wiki/Normal_distribution
https://en.wikipedia.org/wiki/Mean
https://en.wikipedia.org/wiki/Standard_deviation
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erf(x) = \/iﬁf_xx et dt= \/%fox et dt,
So, if I= \/iﬁfe‘t2 dt defined in the range [—oo, o],
f_oooo e dt = V1
Thatis, [ e dt = %\/ﬁ ,
(e di+ [Te P dy =1

From the above equation, we can define the complementary error

function, denoted by

erfc(x) = £ et dt
VT Jy
= — \/% fox e_tz dt
erfc(x) = 1 — erf(x). (1.10)

1.1.6.1 Some properties of the error function

1- Deferential error function

x2

d _ 2
&erf(x)—ﬁe

2- Integration of error function

[ erf(x) dx =x erf(x) — \/Z—Efx e dx +c
= x erf(x) — \/iﬁ e™*" 4+¢ , where c is the constant integration
3- erf(0) =1

2 (*°
erf(oo) = \/_E./ e ™ dx
0

Take I = ["e ™ dx, 12 = (f e dx)2 = ["e™ dx [ e dy

= j j e_(X2+y2) dX dy
0 0

10
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Now, translate the above integral to polar coordinates by two equations:

x=rcosf,x =rsinf,r? = x? + y?, rdrd6 = dxdy

T~ I
IZ=J def e T rdr=—j de = —.
0=0 r=0 2 Jg=o 4
2 _T_m
| —4,1—2
_ 2 (Xat gp = 2VT_
Then erf(OO)—ﬁfoe dt_ﬁ - =1

4, fab et dt = g(erf(b) —erf(a)), b > a. represent the probability of

an error lying between a and b.
erf(0) = 0,

erf(—o) = —1,

erfc(co0) = 0,

erf(0) =1

erf(—x) = —erf(x)

erfc(—x) + erfc(x) = 2

1.1.6.2 Relationship between error function and incomplete Gamma
function

Gamma function is defined by
M) = [t e dt ,x >0 (1.11)
The upper incomplete Gamma function is defined as;

I'a,x) = fxoo te et dt ,x > 0 (1.12)

11



Chapter One Some Needed Definitions and Concepts
While the lower incomplete Gamma function

y(a,x) = foxt“‘le‘tzdt ,Xx > 0, where a is the complex number and the

real part is positive.

Such that,

2 1
y(l,xz) = fox tzetdt = 2f0x eV’ dy =/ erf(x)

2

o0 _l (oe]
F(l,xz) = fxz tzetdt = 2fx e ¥’ dy =/ erfc(x)

2

1.1.6.3 Some Properties of Incomplete Gamma Function

Ma+1,x)=al(ax)+x*tle*
a—1,-x2

ya+1,x) =ay(a,x) —x* ‘e
I'a,x)+y(a,x)=I'(a)

fcd t e~ dt = y(a, d) — y(o, ©),

o L Dp -

r'L,x)=e*,y(l,x)=1—¢e7*

For any c,d is a complex number not equal to zero.

1.2 Useful Distributions[7]

1.2.1. Rayleigh distribution

Rayleigh distribution is one of the most important distributions in the
analysis of data for many fields related to life: medical, and age of
production. The Rayleigh distribution was proposed in acoustics and
optics by Lord Rayleigh “12 November 1842 — 30 June 1919), a British
scientist who made extensive contributions to both theoretical and
experimental physics.

Let X be a random variable, has Rayleigh distribution with probability

density function,

12
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2

£(x0) = 5 €727 10,00 (3) - (1.13)

Such that, o > 0 is the scale parameter, and the cumulative distribution

function is

2

F(X;G)=1—e;7,02 > (0
1.2.2 Weibull Distribution:

Weibull distribution is one of the most essential distributions because it
Is usually used in reliability theory, such as manufacturing and electrical

engineering, in the study distribution of lifetime.

The probability distribution function and cumulative function of Weibull

distribution are, respectively

X

£ == 5571 0 (3) 19 (0) | (1.14)

wd
Scuch that, 6 > 0 is shape paramter,and w > 0 scale paramter.

X

8
F)=1- e ,x>0 8w>0.
1.2.3 Exponential distribution

Exponential distribution considers one of the used continuous
distributions widely since It is used to formulate the time terminated

between events. mathematically define the exponential distribution as:

f(x) =1e I(0,00)(x) (1.15)
Fx)=1—e ™, 1>0

And the mean of exponential distribution is A.

13
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1.3 Some Statistical Measurements

A measure of how well the new distribution ‘fits' the observed
distribution, underlies the essential notion in cases of the goodness of fit
statistics. such that, the data which fits the specified distribution know as
the ' Goodness of Fit' problem. If the data are univariate or multivariate,
continuous or discrete, researchers are focused on determining whether
the observed data differs from the expected data.

1.3.1 Information Criterion[17][38]

Akaike Information Criterion (AIC) was introduced firstly in 1973 by
Hirotugu Akaike. it is used in statistical models for a given set of data as
an estimator of the relative quality, and it is a criterion for model
selection defined according to the following equation:

AIC = =2¢" + 2q, (1.16)

In some cases, the AIC could have a significant negative bias for such a
case Hurvich and Tsai introduce the corrected Akaike Information
criterion CAIC where the vantage of the CAIC on the AIC is that the
expected difference is estimated with a tendency lower than the AIC. The
formula of the CAIC can be written as follows:

CAIC = —2¢0" + 22 (1.17)

m—-q-—1
Bayesian Information Criterion (BIC)

This criterion was introduced by Schwarz (1978) and it is used in
Bayesian statistics to choose between two or more alternative models.
Schwarz is one of the most widely known tools in choosing the best
statistical models that are according to simplicity in computational and
effective performance. The BIC can be evaluated by the following:

BIC = =2¢" + qlog(m), (1.18)
Hannan-Quinn information criterion (HQIC)

HQIC = —=2¢" + 2qlog(log(m)).

14
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Where
m: is the sample size of the data application.
g: is the number of parameters in the statistical distribution.

We used ACI, CAIC, BIC, and HQIC to indicate the better fit among the
introduced distributions such that a lower value of the used criteria will
indicate the best fit among the tested models.

1.3.2 Curve Fitting [6]

To decide, which model exhibited a better curve fit for our models:
ODTWD, ODTRD, TDTWD, TLTRD, and TLTED with other models,
we examine four quantities:
1. The sum of squares due to error (SSE): this statistic measures the
total deviation of the response values from the fit to the response
values. It is also called the summed square of residuals.

AN 2
SSE =X, wi(fi — ;')
Where f;, f; the response is computed by the smoothing spline
method and wi is the smoothing parameter.

2. R-squared: This statistic measures how successful the fit is in
explaining the variation of the data. R-square is defined as the ratio
of the sum of squares of the regression (SSR) and the total sum of
squares (SST). SSR IS defined as:

SSR = Zn:wi(fiA -7

SST is also called the sum of squares about the mean, and is
defined as:

= 2
SST = Xiz, wi(f - fi)
R—-square=SSR/SST=1— SSE/SST

R-square can take any value between 0 and 1, with a value closer
to 1 indicating that a greater proportion of variance is accounted for
by the model.

15



Chapter One Some Needed Definitions and Concepts

3. Adjusted R-squared: is generally the best indicator of the fit quality
when one compares two models. The adjusted R-square statistic
can take on any value less than or equal to 1, with a value closer to
1 indicating a better fit.

4. Root mean squared error (RMSE): mean squared error is the
measure of the closeness of a regression line to a set of points. It
measures the distance called errors and squares to remove any
negative signs. Lower values of RMSE mean that the regression
line is close to the data points, indicating a better fit.
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Chapter Two Multi-Double Truncated Continuous Distribution

In this chapter, we will introduce multi- truncated continuous distribution
of type double truncation. Presented examples about this, such as one-
double truncated Weibull distribution, and two-double truncated Weibull
distribution. Furthermore, some statistical properties there are introduced.

2.1 Construction of Multi- Double Truncated for Continuous
Distribution

Let X, be a random variable, distributed according to the probability
density function, ffx(x), and the cumulative distribution function Fx(x).
such that, x € (—o,00). In this section, we will derive the probability
density functiong, (xt)with multiple truncated for the double truncation.

We partition the original interval into

(a;,b;)U(az,by)U......... U (a,,by),
such that, X; € (a;,b;)U (a,,b,) U...... ... U (ap,bp).
That is,
(—00,00) =(a;,b;)U(ay,by) U ......... U (ap,bp),
or (a;,b,) = (—o0,b;)U (a,,by) U......... U (a,, ), (2.1)

such that,Ni~,(aj,b;) =0
that is, the intervals which cutoff are
(b;,a,) U (by,a3) U ......... U (b,_1,ay ), and their number is n — 1.

Now, we define the truncated distribution for all partitions in these
intervals (—oo,b;)U(a,,b,) U ......... U (ap, ) as:

f(xt)
F(by)—F(ay)’

f(xt)
F(bz)-F(ay)’

the truncated distribution on the interval (a;,b, ),

the truncated distribution on the interval (a,,b,) , ...., and so.

Then, the probability density function of multi- double truncated is:
1 ( f(x7) f(x7) f(xr) )
— + 4ot

n\F(b,) —F(a;) F(by) —F(az) F(byn) — F(an)

En (XT) =

_1lyn f(xT)
n “1=1 (b)) ~F(ay)

17



Chapter Two Multi-Double Truncated Continuous Distribution

1yn fxT)

gn(x7) = {n i=1 F(bj)-F(ay)
0 otherwise

when a; < x7 < b; (2.2)

That is

1- Since that f(x) is a pdf over (—o, ) , —c0 < Xy < o0, n,[F(b;) —
F(a;) > 0, then g, (xr) > 0 forall x; € (—o0,0).

2- [% gn(xr) dxr = 1.

b:
. b1 1 fail ﬁ‘(XT) dXT
Since, fai gn(xr) dxp = " i=1 (m)
1 f;ll f(xr) dxr f;zz f(xr) dxT f;nn f(x) dxT
F(b1)-F(a) F(b2)-F(az) " F(bn)-F(an)

n

=1[F(b1)—m<a1> F(b)~F(ag) ,  F(bon)-F(an)

n LF(by)-F(a;) = F(bz)-F(az) F(bn)—F(an)

= in(l+ 14+1+ e +1) =%(nterms) = 1.

So, the cumulative function of multi- double truncated continuous
distribution (MDTCD) is:

G, (xr) =PX=x),

1 [IF(XT)— F(ap) | F(xr)-F(az)— F(a)+F(by)
n LF(b,)-F(a;) F(by)-F(az)
F(xr)—F(ag)-F(az)— F(ap)+F(bz)+F(by) n
F(b3)—F(a3)
F(xr)—F(as)-F(az)-F(az)- lF(al)+lF(b3)+1F(bz)+1F(b1)]
F(by)—F(ay)

44 [F(XT) - [F(an) - ]F(an—l)_- . _IF(an—(n—l)) + IF‘(bn—l) + IF(bn—Z)-i'- . +IF(bn—(n—1))
N IF(bn) - IF(an)
_ lan (F(XT)I(bi,ai)_Z]n:l F(aj)+Xjz, ]F(bi—l))

(F(bi)—-F(ay)

_1¢n F(x1)-%j=1 F(aj)+ Xz, F(bj-1)
Gn(x7) == i=1( (F(b;)—F(ay))

+

) , Where by = —0 (2.3)
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2.2 Other Functions of Multi- Double Truncated Continuous
Distribution (MDTCD)

2.2.1 The survival function of Multi- Double Truncated continuous
distribution

Survival analysis is a branch of the branches of statistics, it's employed for
data life analysis and engineering field (time modeling); for example in
experiments medical, the study time for the injured from diagnosis of
injury with any disease until occurs death.

Define the survival function as:

S(T)= P(T >1t) = [["

f(t)dt=1—-P(T < t),
Such that,
0<S(T)<1, S(T—>»)=0,S0) =1.

Now, we find the survival function of the probability density function for
multiple double truncated for any continuous distribution, denoted by,

Sn(XT)-
Sn(x1) =1- Gy (X7)

_ 1 on [F(XT)—Z]D:1 IF(aj)"‘Z]pn F(bj-1)

=1- Hzi:1< F(by)—F(a;) (24)
If n=2

_ {4 _ 1[F(xp)—F(a;) , F(xr)—F(az)- F(a)+F(by)
Sz (XT) - {1 2 [[F(b1)—IF(a1) + F(b,)-F(ay) ]}

2F(b1)F(by)—F(b1)F(az)—F(by)F(a;)+F(bs)F(a;)+F(x1)[F(a;)+F(az)—F(by)—-F(b,)]+F(a;)?+F(bq)?
2FF(by)F(bz)—2F(by)F(az)—2F(b)F(a;)+F(az)F(a;)
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2.2.2 Hazard Function of Multi- Double Truncated Continuous
Distribution

The hazard function is the failure rate function and it is interpreted as the
probability that the object (item) will fail through (t + At] for small At,
given, It's still working until t, denoted by H(t).[34][4]

JZ H()dt=0, H()=0,forallt.

P(t<T<t+At|(T>t))
At

P(t<T<t+At/P(T>t))
At

_ lim P(t<T<t+At)
T P(r>t)  Ato® At

== hmAt_)OO

H(t) = 1O s the ratio of the probability function to the survival function.
NG

Now, we find the hazard function of the probability density function for
multiple double truncated for any continuous distribution, denoted

by, H, (x7).

( ) Z 1 If(XT)
_ 8n(X1) _ i=1F(b;)—F(a;)
H,(x1) =~ = TR (2.5)
SH(XT) 1 1 <n (IF(XT) Z]:l ( )+Z]=1]F( ]—1)
Thdiz F(o)-F(a)
If n=2,
fxT) o f(xT)
_ 2(F(b1)—F(ay)) ' 2(F(by)—F(ay))
H, (xr) = _E[IF(XT)— F(a1) , F(x1)-F(az)- F(a1)+F(b1)
2| F(by)-F(ay) ' F(b2)-F(az)
H, (xt) =

fxt) . f(x)
2(F(b1)—F(ay)) ' 2(F(by)—F(ay))
2F(b1)F(b2)—F(b1)F(az)—F(bp)F(a1)+F(b1)F(a1)+F(x)[F(a;)+F(az)—F(b1)—F(by)]+F(a)2+F(bq)2"
2F(b1)F(b2)—2F(b1)F(az)—2F(b2)F(a1)+F(az)F(a1)
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2.2.3 Reverse Hazard function of Multi- Double Truncated Continuous
Distribution

This function is very important, it is used for analyzing data in the
presence of left-censored observations and it is used to discuss the age
distribution with an inverse timescale, and it defines as the ratio of the PDF

to CDF, denoted by H(t), [4][34].

() 2 2, h )

g — 8n(X1) _ n “1=1F(b;)-F(a;

H,(xt) = Gn XT) 4 . (m(xT)-z}lzllF(aj)+z]!’=1Ip(b]-_l)> (2.6)
n&i=1 F(bj)-F(aj)

2.2.4 The r'™ Moment about of Multi- Double Truncated distribution

b;
by 1 fail x"f(xt) dxr
E(Xr) = [." xr"(8n (x1) dxr = —3i, <— )

F(b;j)—F(aj)
b1 _r by _r bn _r
1 fal I f(xr) dxT faz xTf(xT) dXT fan xF f(x1) dXT
~ n| F(by)-F(ay) F(bz)—F(az) " F(bp)-F(an)

F(by)-F(as)
by F(by)— a," F(az)-r [? X'~ F(xy) dxr
F(bz)-F(az)
bn"F(bn)— an” F(an)—r [ X'~ F(xr) dxr
' F(bn)~F(an) ]

. [bl“m(bl)— a1"F(ay)-r [1 x"1F(xr) dxy
n

(2.7)

E( X,")= 1yn bir[F(bi)—ail‘IF(ai)—rfzzin—1F(XT)dXT
R St F(bi)-F(ai)

2.2.5 Some examples of the r'"” moment about Origin for Multi- Double
Truncated Exponential Distributions

If take X ~exp(4), then

Casel: when n=1, r=1 (this special case: meaning of double exponential
truncated), first moment.

et (a1 + %) — e~ (b1 + %)
e—Aal _ e—ﬂh

E(Xr) =
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Case 2: when n=1, r =2, second moment

() = S )

e—lal_e—lbl

Case 3: when n=1, r =3, the third moment

E( XTS) — b13IF(b1)_ alle(al)_(3) f;ll X3_1]F(XT) dxr
e~Aa1_e~Aby

1

- 3 -
3e 7\31 _bl e Abl

_; (b 2e™Mb1—a,2 p=2a1) _|_7% (bye~*P1—a, 1) +
6

: (e—xbl_ e—xal)]_

Case 4: when n=2, r =2 (one-double truncated Exponential )

b1 2F(by)- a;2F(a;)—2 [ x21F(xy) dx
E( XTZ) — l( 1 1 1 1 1 T T

2 F(b1)-F(a1)

N

1 b27F(b2)- 2,2 F(az)-2 2 X" F(xy) dxy
*2 F(b)-F(az)

2 e~Aa1 (a1+%)— e_}‘bl(b1+ %) e~Aaz (a2+%)— e~Abz (b2+ %)
E( Xt ) = 2(e-Aa1_g-Ab1) 2(e-1az2_g—Ab2)

Case 5: when n=3,r =3

E(X,7) =
by*F(b1)- a,3F(ay)-3 [, x?F(xr) dxy

b
b2*F(b2)~ a; F(az)=3 [, * x*F(xr) daxr
3(e—la1_e—/'lb1)

3(e —-lay _e—lbz)

b
b3’ F(b3)- az®F(az)-3 [, x*F(xr) dxr
3(e—la3 _e—/lbg)

3(by%eAb1-5,2 ¢7221) g(bje Ab1_a;e7A21) g(e"AD1_e—A21

a13e—7\31_b13 e_}\bl_ ( )+ ( )+ ( )

— A A2 A +
3(e—la1_e—lb1)
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A ' A2 ' A
+
3(e—7x32 _e—7\b2) +

2_-Ab 2 .—Aa —Ab -Aa —Ab3_ .—Aa
3e-Aaz_p 3e—xb3_3<b3 e"Ab3_a,2 ¢ 3)=6(b3e 3-aze 3)}6(6 3-e~Aa3)
+ 3 3 A A2 A
3(e—ka3_e—Xb3)

2.2.6 The r'™ Moment about a Mean of Multi- Double Truncated
Continuous Distribution

E(Xr =" = [ (X1 = 1)"8n(xr) dxr
= oD (5) (T
= 20— (7) W [7 xiga(xe) dx

f;zi(XT)jIF(XT) dxr
F(b;)—TF(aj)

= oD () W QO T (

(bi) F(by)—(ai)iF(ap)—j i (xp )~ F(xp)dxy
‘ (2.8)

I __ 1 n
Where W = ;Zi:l( F(b;)—-F(aj)

2.2.7 Some Examples of the r" Moment About Origin Multi-Double
Truncated Distributions

If X ~U(ab), that is, the PDF and CDF of X are:
f(x) = ﬁ , F(x) = g, respectively.

Casel: whenn=1,r =2

E(Xr—w? =
. . (by)IF(by)—(ap) F(ap)—j [P (x)) 1 F(xr)dxy
2 (_1)2-j (2 2-j (1) yn 3
Z]:O( 1) (]) (ll) (l‘l) i=1 < F(b;)-F(a;) )

_ 1 [ (3(“)2—6([1)2+2b12+b1a1+a12 )
F(b1)-F(a1) | 3

_ 1 [ (b12—2b1a1+a12 )
 F(by)-F(ay) 12
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Case2: when n=2,r =2

E(Xp—w)? =
_ (B)IF(o)— @)/ F(ap - f, () F(xp)dx
jzzo(_l)2 ]( )(H)Z ]( ) i= 1( >

F(b;j)—F(aj)

= s | (07 = 20 (b0 F(by) — a,F(ay) — [} Flxp) dxr) +
((bl)zm(bl) — (a1)%F(a,) — 2 fa xp F(xr) dXT)]

2(]F(b2) F(ay)) [(M)Z - 2“ ((bZ)]F(bZ) aZ]F(aZ) f ]F(XT) dXT)
((02)2F () — (2)2F(ay) — 2 [ xr F(x) dixe )|

- Z(IF(bl)l—IF(al)) [( (blz_zilzaﬁalz ))] -

2(]F(b2)1—IF(az)) [( (bzz_zizzaﬁaf ))]

+

2.2.8 Moment Generating and Characteristic Functions of the Multi-
Double Truncated Continuous Distribution

Let X be a random variable with a density function f,(x), and t is
another variable. The expected value of e™ s defined to be the
moment generating function of X denoted by Mx(t),

Mx(t) =E(™) = [ f(x)e™dx, —h<t<h,h>0. (2.9)

And according to the above supposition, we define characteristic
functions as:

Py(t) = E(e'™®) = [°_ f(x) ei™ dx = My(it), —h<t<h ,h>0.

Thus, the moment generating and characteristic functions of (MDTCD)
IS:
My, (£) = fjooo e g, (xr)dxy

eb1t F(b,)—e21t F(a;)-t f;ll e 'XT F(xy) dxp
n(F(by)-F(a1))
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e b2t F(b,)— e 2t F(a,)-t f;zz e Y XT F(xp) dxp
n(F(bz)-F(az))
ebnt F(b,)— eant F(a,)—t f;’nn e UXT F(xr) dxp

n(F(by)—F(an))

ePit F(by)— et F(ap—t [ le ™ F(xr) dxr
i (2-.10)

—1lyn
MXT(t)_ n 1=1< F(bj)—F(aj)

Similarly, obtaining the characteristic function of the multi-double
truncated continuous distribution is as follows:

Py (1) = E(e 5T)

Oy (D =
®P1UF(by)- & 18 Fag)—t [ @ (xq)F(xr) dxy

n(F(by)—F(ay))
@ P2t F(b,)— @ 22¢ F(ay)-t [, ®(xp) F(xp)dxy L2 Pnt F(by)— @ nt Flan)—t [, & (xp)F(xr)dxy

n(IF(bj)—[F(a]-)) o n(F(bn)—F(an))
tyn @it F(by)- 3" IF(aj)—tf;? @ (x7) F(xr) dxT
n&j=1 F(b;)-F(aj) '

(2.11)

jt F(bj)- e 13t F(aj)—itf;jjeith F(xT) dXT
F(bj)—F(aj)

) i eib
Py (1) = 3 &ij=1

2.2.9 Order Statistics of the Multi-Double Truncated Continuous
Distribution

Let X1y, X1, XT3 X4 - -er X1, D€ the independent and identical
distribution of random variables with p.d.f and c.d.f. Then X7y S

XT[p S XT3 S X1 S 0o S Xpys be the order statistic, where
X = Xr; are arranged in order of increasing magnitude.

If the random variable xt has a multi- double truncated function with
equation (2.2), then
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n If(XT) .
1=1F(bj)-F(a)) (l n  Fr)-¥s—1 F(as)+¥s-1 ]F(bs—1))]
n(G-1)!(m-j)! \n“<1=1 F(b;)-F(a;)

m!Y, -1

&n (XT)[j] =

_1gn FGp)-3 Flag)+X8 F(bs—1)\ ™
x(l n ~i=1 F(by)—F(a;) )

But,
(l n FGm)-3h Fag+3l, ﬂ’(bs_l))j_l ~
n =1 F(by)—Fa) —

n y'n n (IF(XT)—22=1IF(as)'*‘Zg:l]F(bs—ﬂ)
g &7 " & (j—1) n(F(b;)-F(a;))

iyipdi_g

8n (XT) ] =

_ f(xp)

m! S5k [Z n (F(XT)—Zé‘:lIF(as)+22=1IF(bs_1)) ]
12 I113.dj—1

n(j-1)!(m—j)! lG-n=1 n(F(by)-F(a;))

m—j m-j) - 1+k F(xr)=20; F(ag+38, F(bs-1)
[Zesa () (DR ER 2R ( S CFD T o)) ) ] (2.12)

The smallest order statistics

1f( ) m-—1
m X F(b;) XT]F(al) z F(xr) — Xs=1F(as) + Xg-; F(bs_1)
n " n F(b;) — F(a;)

€n (XT)[l] =

i=1

 m(-DK 1) m-1 £(x7) F(xr)—3l-; F(as) + 50, F(b 1)
[ka 0 ( )21 1Fby)- IF(a)Zh 1 lk 1 ( (F(bi)im(ai)) B ipia. lkl (2 13)
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2.3 One-Double Truncated of Weibull Distribution (ODTWD)

In this section, the probability multi-double truncated is applied to
Weibull distribution and introduces some statistical results and various
illustration shapes for (ODTWD).

2.3.1 The Probability Function of One-Double Truncated Weibull
Distribution, (ODTWD)

Weibull distribution is named afterWaloddi Weibull (1887-1979) who
was Swedish engineer, scientist, and mathematician and the first to found
the utility of this distribution to model data sets. In (1951) he modeled data
sets from many different disciplines, and its applications.

To find the probability density function of one-double truncated Weibull
distribution (ODTWD), by using equation (2.2), is:

( 3 st o (0)
wd T eb , 0 < xp < by
2(1— e_<71) )
8, (X1) = 1 s (2.14)
6 XT8_1 e_(%r)
= 220 dy < XT <
\ 2<e_(ﬁz) )

that is, the interval which deleted is (by, a,).

[olGer) dxT\ 1 [F(b)=F(ay) | F(by)—F(ay)
hthat [— ) = X [Eb)=F@, 2”22 =1, i =12
Such that, <[F(bi)—IF(ai)> 2 [[F(bl)—IF(a1)+[F(b2)—IF(az) T

Figures (2.1),(2.2), and (2.3) show the curve of one double truncated
Weibull distribution function for different values of the parameters §, w.
Note that, if there exist two intervals (a;, b;), (az, by), then the interval
which deleted is (b,, a,)=(6,10).

27



Chapter Two Multi-Double Truncated Continuous Distribution

one interval truncated

0.6 ¢
o=%5 h=3
o=3hb=3
0.5 o=7.,b=9
E 0.4
o
=
S 03 /
L
e /
o 02 / Y
0.1
D - 'l 1 I
o 2 4 B 8 10 12 14 16

x-axis
FIGURE 2.1 One interval truncated of PDF Weibull, § = 5,3,7

In this figure, show the PDF of one double truncated Weibull distribution
for different values of the parameters 8, w. Note that, the two intervals are
(a;, by)=(0,6), (a,, b,)=(10,16), then the interval which deleted is
(by, a,)=(6,10).

one interval truncated
0.7 ¢

c=0.7,b=2
c=07'b=6
o6} c=09.b=4
0.5
=]
=
S 0.4
=
=
]
w03
[
(1R
0.2
. \\ \\\
--—'_-_-____
D i L L L Il L L ]
0 2 4 6 a8 10 12 14 16

X-axis
FIGURE 2.2 One interval truncated of PDF Weibull,w = 2,6,4
In this figure, show the PDF of one double truncated Weibull distribution
function for different values of the parameters §,w. Such that
(a;, by)=(0,6), (a,, b,)=(10,16), so the interval which deleted is
(by, a5)=(6,10).
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one interval truncated

0.14 ¢
©=1.6,b=0
c=1.6b=10

012§ =2 h=8
0.1 - =
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5 N

® p.os
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w 0.06 \

O

o

0.0
0.02
o ;
0 2 4 6 8 10 12 14 16

x-axis

FIGURE 2.3 One interval truncated of PDF Weibull 6 =1,1,2 ®» =9,10,9

While in figure (2.3), we show the PDF of one double truncated Weibull
distribution function for 6 = 1,1,2, w = 9,10,9. Such that (a;, b;)=(0,6),
(a,, b,)=(10,16), so the interval which deleted is (b,, a,)=(6,10).

2.3.2 Cumulative Distribution Function of One-Double Truncated
Weibull

We can obtain the cumulative distribution function of one truncated
Weibull distribution, by using equation (2.2),as:

G, (X7) = 5

Figures (2.4),(2.5), and (2.6) presented curves of the cumulative
distribution function of one- double truncated Weibull distribution for
different values of parameters 6, w : where (a;,b;) = (0,5) ,(ay,b,) =
(10, 25), that is, the interval which was deleted was (5,10).
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one interval truncated
0.9

0.8 F

N

0.7 F

0.6 |

0.5 F

0.4 F

CODF truncated

0.3 F

02 F

0.1 F

1] 5 10 15 20 25
*-axis

FIGURE 2.4 One interval truncated of CDF Weibull § = 2.1,2.3,2.4

In this figure, we presented curve of the cumulative distribution function
of one- double truncated Weibull distribution for different values of
parameters 6 = 2.1,2.3,2.4 . where (a;,b;)=1(0,5),(a,,b,)=
(10, 25), that is, the interval which deleted is (5,10).

one interval truncated
0.9

c:1.g,gzé1
—— = b=
0.8 | c=15.b=10

0.7 F
E 0.6}
&
2 0.5k
=
w 0.4
[
L 3k

0.2k

0.1k

D " 1
0 5 10 15 20 25

x-axis
FIGURE 2.5 One interval truncated of CDF Weibull various o = 11,9,10

In this figure, we presented curve of the cumulative distribution function
of one- double truncated Weibull distribution for different values of
parameters w = 11,9,10. Where (a;,b;) = (0,5) ,(a,,b,) = (10, 25),
that is, the interval which deleted is (5,10).
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one interval truncated

.8 f
=
ik}
™ 0.6}
=]
=
=
= 0.4
[
0.2
c=3 b=
e=2.5 b=9
a | c=2.b=92 |
) 5 10 15 20 25

x-axis
FIGURE 2.6 One interval truncated of CDF Weibull, & = 3,2,2.
In this figure, we introduced the cumulative distribution function of one-
double truncated Weibull distribution for different values of parameters

6 =3,2,2. Where (a;,b;)=1(0,5),(ay,b,) =1(10,25), that is, the
interval which deleted is (5,10).

Theorem 2.1 Let xt be a random variable distributed has probability
density function in equation (2.14), then the r™ Moment of One-Double
Truncated Weibull Distribution is:

. r r I r r a8

1, [iwtemae)  Fery(l3)  Torr(efzr)

E(XT ) = E i=1 —IF(bi)—[F(ai) = - < + —
2(1— e_(ﬁ) ) 2<e‘(6) )

L bi"F(by)— a;"F(ap)—r [ xT~1F(xy) dxt
I 3
1

2 ~1= F(bi)-F(a;)

Proof:-

E(X N _ (®or d 12 f:’iixrﬁ(XT) dxr
(6x") = " x"nr) e = 5 50t Sioray

b b
_ 1 fall XrE(XT) dXT 1 fazz erf(XT) dXT

"~ 2 F(b))-F(a;) = 2 F(by)-F(ay)

1)
b s _. -(*T s o
fO 1XTr$XT8 le ((0) dXT fao: XTrﬁ XT8 le (

( e—(%f) ' ((—))
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8 T

8
Takell = fabll XTr 5 XT8_1 e_(w) dXT

1-8

let A = 1/u)8, XT8 =y -dy =29 XT8_1de, dxp = %y%dy_

b’ § r o1 1 1-8
L = f — y3ys® e <y 5 dy
0 (1.)

)
b,° ro1 1 1-8 b1®  rps-141-5
= f A§ y8 ys®™ Ay Sy 8 dy = j Ay 5 e Mdy
0 0
b, L z dz
=f," Ays e‘)‘ydy,let}\yzz,izy - dy =—

A0S 115 A3 115
11 = }\] (1) Z%+1—1 e Z % — ] (1) Z§+1—1 e %2 dz
o A A, A

1

Thenl, = (}\

¥ (5 + LA®,)?), since y(s,x) = [ et

o=by 8 5-1 —(X—T)S
Suppose I, = fa X' —5 Xt e \o/ dxy, and use the same above
2
suppositions, we get:
r r

4 [ 1\ _+1-1 _, dz _ oo 1\6 _+1-1 -
L = 2 agys (X) z8 e 7= [ayy (X) 28 e dz

r

Then I, = (%)g r(§+ 1,x(a2)5), since [I'(s,x) = [*t571 e~tdt]

Thus,
(b)? y(3+1A(b1)%) (") M(5+1A@2)°)

( e—(b—o:f) i ((—))

f;i xIF(x) dXT>

E(X.) = (2.16)

. 1
Now, if take E(X1") = ;Zi2=1( F(b;)-F(a;)

bj r-
1wy (birw(bi)—airIF(ai)—rfa;xr 1F(xT)de>
1

2 4= F(b;)—F(a;)

b _ b _
1 b1"F(by)—a;"F(ag)-r fa11 x'"1F(xr) dxt 1 by F(by)- azr]F(az)—rfazz x"1F(xT) dxT

2 F(by)-F(ay) 2 F(bz)-F(az)
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b0 b1 r_ b1 vq A0
b, (1—e 2P1" )—p [P1xT=1 dxrtr [T xT~1e"Ab1" gx
1 0 T 0 T

8 8
bzr(l_e—kbz )_r faoz Xr—l dXT+rf;: Xr—l e—}tbz dXT

((—))

by g g8
Take: I = [ " xp" te™™T dxp

+

1-8

Lety = x> - dy = §x;° dxy,and A = 1/w® , dxp =y s dy.

VA dz
Let z _'A., - = > dy ==
y y y
A A
r-§8 =6
1 Ab S N 8y, dz
b=zl ()" 2T e s
r—8+8
HOR o S e gy
5\ 0
r—-8+8 .
1/1 5 Ab L1 _
ZE(X) fo Pz eTtdz
r
1 /1\s r s
FEHORI(RLY
3= 50 Y 5’7‘b1 ’
I —Ab,5 by r—1,-Axp® r —Ab;®
Thus, —by"e ™t 41 [ xp""te™ T dxp = —b;'e ™" +1l;
an 8 b 4 9. 8 w8
—b;"e™P1 41 [ xp" e dxp = —byTe AP 4+

(2 v (50,

5
Take :I, = faoo X" e dxy
2
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I, = 1 - r(_SS —Ay d
4 y € y
0 2,5

Then I, = %G)E I (g,}\azs)

_ 8 o) _ _ 8 _ 8
Thus, —a," e ™2 +r [ "x"1e™™T dxp = —a," e P2 +1l,
2

| =t

_ 8 [o's) _ _ & _ 8 1 /1\s r
a," e a2 +rfaz x""le™™T dxr =a,"e 2 +r E(X) F(g,)xazs)

E(XTr) =

1 1) r 1 s r
——(b X 8 _ 1 r 5
—(bp)'e w8 +5(w®)8 Y(%’ﬁbl ) (az)fe o @2) +5(0)3 F(%q,%az )
+
) -2
2| 1- e_(ﬁ) 2le \w

From equation (2.16), and properties of incomplete Gamma function, we
obtain:

(2.17)

(@ v(1A00%) (@8 r(Er12@0)°)
b1\® * a2)®
2<1— e_(U> > 2<e_(6) )

S0P o5 A0:)-()5(ab, ") e n”

g(ws)g F(§+ 1,}\(32)8)+(0)8)§(va8) e—Paz®

((—))

+

o =
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r r1., 8 (b1 r r1 8 @)
ger<§,5b1 >_(b1)re w8 gwrr<§,$a2 )+(a2)re w8

( e—(%f) ' ()

and the last formula is equal to equation (2.17).

The mean of (ODTWD) is:

wy(2+120,°)  or(ititea,
E(XT) — (8 m:l ; ) + (5 (:2882 )
2(1— e_<3) ) 2(‘3_(3) >

Theorem 2.2

(2.18)

Let xt be arandom variable distributed has probability density function
in equation (2.14), then the r'™ Moment about a mean of One-Double
Truncated Weibull Distribution is:

r—j
| [ChN @]

(.1)1
57

T (5)

Proof:- the r'" Moment about the mean is:

B =" = | " (Xr — 1) Cer) dxp = i(—l)r-i () @y
0 =0

= 20" (5) (0" f;” (x1%) 8 (xr) dxr

(BIF(b)~ @) F(a)—j [, (xr) Flxr) dx
F(bp)~F(a))

=YD () W T, (
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E(Xr—w' =

8
(.l)g Y(E+ 1,3 b1 >

Zeo(—1)" (?)[ ((—)) +

PRPR S . _(32)5]
Hw?) F< —5az )+(a2)fe w®

Iy R

2.3.3 Skewness And Kurtosis of One-Double Truncated Weibull
Distribution

Skewness: The coefficient of skewness is a tool important that measures
symmetry, or more precisely, the deficiency of symmetry. distribution is
symmetric if it appears the same to the left and right of the center point
within its curve.

E(xr—p)3

SkeW(XT) = [(E(XT_H)Z )3/2]
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3/27

And, according to equation (2.17):
Skew(x)=

e e ]
5 2-j (o |%‘°] Y(%'ﬁbl >—(b1)]e ® %wl F(%,Eaz >+(az)]e S |
o0 (5) o * ag'd |
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Now, Suppose

= (-1 Y(lﬁ‘:sz N F<1,wi:12:> w%y(;+1 Eb;) wérgﬂfsazs)
[2<1— e_(col) ) 2<e‘(ﬁ) ) _ 2(1— e‘(Ul) ) 2<e—(—) ) J

+3
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[ -
1 (1 1, 8 1.(1 1 8 ]
(1)3Y<g+ 1'$ b1 ) (1)—F<—+ 1,— dp )

H(—)) ' ((—)) J

8 8
_y<_+]’_b1 ) _|<_+],_az >

[<(—)> ' ((—)) le<l_e-(%)8> ' (<—>) J

Kurtosis: The coefficient of kurtosis is a tool that identifies if the tails of
the specified distribution, have extreme values or not. and it is used as a
measure of kurtosis, which is the degree of flatness or peakedness of a
density near its center.

_  E(xr-w*
Kurt(x1)= s S0ey3
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(2.21)

2.3.4 The Moment Generating Function of One-Double Truncated
Weibull Distribution

The moment generating function of (ODTWD) random variable is given
by:

® atx fbl EXT f(xr)dxr
Mo (©) = J; € (gn(er) ey = S By { s

b
_ fg)l e ' XT f(xr) dxr fazz e 'XT f(xr)dxr

© F(by)-F(ay) F(by)—F(ay)

8
b b —(%T
= [,' e fi(xr) dxr = [/ et % xt971 e (3) dxr

8
b1 v (X o0 j b
=f012] O(Xj_?e (co) dXT _Z (;) wsf 1( )]+8 1a ( ) dXT

1 1.1 1
Lety = Axq® , xp = (y/0)Y®, dxp = ()5 ()5 dy

[e'e) 7\b1 = —
=322 ads [0 @ e dy
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11:2;20% wﬁ)%y(§+ 1, (b;)°)
If take: I, = f:: e '*T f(xr)dxr, by using the same above suppositions;
L=322 A5 [ @ ey
=320 ()T (L4 1,2 a)?)

i § ()
Zj’°0(t)]( )8 y(3+1-5(b1)°) +Z]°°o(t)]( ©®)° r(§+1,5(a)°)

M (t 5 o 2.22
®= () 1 (@) 222

2.4 Two - Double Truncated Weibull Distribution (TDTWD)

In this subsection we will be presented, a double truncated Weibull
distribution with two deleted intervals from the original interval.

2.4.1 The probability function of two-double truncated Weibull
distribution

The probability density function of two intervals truncated double
truncated for Weibull distribution is:

8
r %sz_l e_(%r)

3( _(3_1)5 _(ﬂ)8> 0< XT < bl
e \w/ —e \®

g3 (X7) = 4 3<e-(‘2)8_e‘(2)8> A2 <Xr < b, (2.23)

0 5 Az < X7 < ©
3<e_($3) — e_(%) )
\

That is, the intervals (b4, a,),(b,, a3), are deleted from the original
interval.
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two interval truncated
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PDF truncated

FIGURE 2.7 PDF of (TDTWD),6 =2,3,2,w = 4,4.4,4.2

In this figure, two-double truncated of Weibull distribution for different
values of parameters §, w, when drawing the curves of PDF have been
presented. The two intervals which deleted are:(b;a,)=(3,4), and
(bz,a3)=(5,5.5).

two interval truncated
0.9

c=1.2,b=32.
.8 / c=1.2,b=2.2
o7 \
B *e \
8
S 05
=
w 0.4
=
o O3
=4
—_
o1
D L i L i A i ]
0 0.5 1 1.5 2 2.5 3 3.5

x-axis
FIGURE 2.8 PDF of (TDTWD) w = 2.5,2.8,2.2

Two-double truncated of Weibull distribution for different values of
parameters 8, w, when drawing the curves of PDF. The two intervals which
deleted are:(b;a,)=(0.5,2), and (b,,a3)=(2.5,3), which are presented in
figure (2-8).

42



Chapter Two Multi-Double Truncated Continuous Distribution

two interval truncated

.7 F /
0.6 |-

0.5}

i

&
L Lo~y
[=Ris}

bR
oD

oon
I

==

0.4 F

PDF truncated
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FIGURE 2.9 PDF of (TDTWD) ,6 =3,29,2.7, w = 3.7,3.9,3.8

Two-double truncated of Weibull distribution for 6 = 3,2.9,2.7,w =
3.7,3.9,3.8, when drawing the curves of PDF. The two intervals which
deleted are: (2,2.5), and (3,4), which are presented in figure (2-9).

2.4.2 Cumulative Distribution Function of Two- Double Truncated
Weibull

The cumulative distribution function of two intervals truncated of
Weibull distribution is:

Gz (x7) = ( (e

— _2
(l)
bz

(2.25)

Figures (2.10),(2.11), and (2.12), presented some examples of the truncated
cumulative distribution function for different values of parameters §, w :
two-double truncated Weibull distribution, where
(a;,b;) =(0,5),(a,,b,) = (10,25), that is, the intervals which deleted
were (5,10),(15,20), in figure (2.10), while in both figures (2.11),(2.12), the
intervals which deleted were: {(1,5),(7,9)}.
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two interval truncated
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CDF truncated

FIGURE 2.10 CDF of (TDTWD),$ = 1.7,1.9,1.8

In this figure, two-double truncated Weibull distribution, where (a;,b;) =
(0,5),(a;,by) =(10,15), and (a3,bs) = (20,25) that is, the intervals
which deleted are (5,10),(15,20).

two interval truncated

=
[k
W™ 0.6
]
—_
=
= 0.4
2
0.2
c=1.2 b=5.2
c=1.3 b=5
o ) c=1.1 b=4.8
0 2 ) & a8 10 12 14

X-axis

FIGURE 2.11 CDFof (TDTWD) 6 =1.2,1.3,1.1 ,w = 5.2,5,4.8

In figure (2.11), CDF of two-double truncated Weibull distribution has
been introduced, where (a;,b;) = (0,1),(a,,b,) = (5,7), and (a3, b3) =
(9,14) that is, the intervals which deleted are {(1,5),(7,9)}
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two interval truncated

0.8 | /

CDF truncated

a0
(RN
o Lk

Wb

N ooo

o o 4 & a8 TS 14
x-axis

FIGURE 2.12 CDF of (TDTWD) 6 =1.1,1.3,1.2,w = 4.7,5,5

While this figure, presented CDF of two-double truncated Weibull
distribution, where (a;,b;) =(0,1),(a;,b,) =(5,7), and (as,bs) =
(9,14) that is, the intervals which deleted are {(1,5),(7,9)},where &§ =
1.1,1.3,1.2,w = 4.7,5,5.

2.4.3 Two-Double Truncated Survival Function of Weibull Distribution

In this subsection, two intervals from the multi-double truncated survival
function of Weibull distribution are deleted as:

Sg(XT) =1— e_(ﬁl) e;(ﬁg) _ e_(Ul) —e (U)S_I_e—(f) 6—6_(?)
3<1_ : Ul) 3<e_(%2) - e_<?2) )
R R G e o
3(6_(%3)6)
S3(xt) =
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), ) ), ) ()

- — (2.26)
3(e_(E) )

The survival function of two-double truncated for Weibull distribution,
such that, the two-interval that deleted are: (1,5),(7,9) and (5,10) , (15,20)
are introduced in figures (2.13),(2.14), for different values of parameters
respectively.

two interval truncated
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FIGURE 2.13 Survival of (TDTWD) 6 = 1.1,1.3,1.2,w = 4.7,5,5

The survival function of (TDTWD),such that the intervales which deleted
are (1,5),(7,9).
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FIGURE 2.14 Survival of (TDTWD) 6 = 1.7,1.9,1.8,w = 5,15,16

The survival function of (TDTWD),such that the intervales which deleted
are (5,10),(15,20).

46



Chapter Two Multi-Double Truncated Continuous Distribution

2.4.4 The r'™ Moment About Origin of Two Double Truncated Weibull
Distribution

o X6(xr) dxy
F(bi)—F(aj)

EXr') = f_oooo X", (xr) dxr =% 13=1<

b b b
1 fall X"f(xp) dxy 4 fazz x"f(xt) dxT 1 fa33 x"f(x1) dxT

3 F(by)-F(a;) 3 F(bp)-F(a;) 3 F(bs)-F(as)

5 5 5

B fg)l Sz_g‘xrrﬁ—le_()%‘) dXT I;ZZSZ'gr XTs—le_(XET) dXT + fao;)S:)gr XTS—le_(XET) dXT

B b1)d 5 b2\® 230
3<1_e—(%> ) 3<e-<%> 3 ) ()

L=(3) (y (G+1ab°) -y (5+ 1,/’1a25)),
o’ V(§+ 1,/'lb16) o’ (y(§+1,/1b26)—y(§+1,kaz 8)) o’ F(§+1,Aa38)

o) {8 ] )

1
@ hr(ant) @ () Griet)) @)

3 <—>) (<—)<—>> ’ (@)

2.4.5 The r' Moment About Mean of Two Double Truncated Weibull
Distribution

(2.27)

E(Xp) =

(2.28)

E(Xr—w)' = fjooo(XT — W)'gy(xr) dxr =

[

| @ y(%+1,lb15) w(y(%+1,/1b26)—y(%+1,1326))

(1)) (?){3(1_8(3;)5) <<—><—>>

+
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09 y(Le1,10,° (w“)% (v(§+1.20,%)-y(1+1.22,%))

+ B b2\8
3(1-e w 3(6_(%2) —e_(Uz) )

+1 133

I———I
'___|

(“12:%;;?;3“ |

2.4.6 The Moment Generating Function of TDTWD

The moment generating function of the (TDTWD) random variable is
given by:

bj tx
1 ay e "XT f(xT) dxr
MXT(t) = fetXT (8n(xr)dxr = 2 i2=1< F(bi)-F(aj) >

b b b
fall e txr IF(XT) dXT fazz e txT ﬁ(XT)dXT fa33 e txr E(XT)dXT

F(by)-F(a1) F(bz)-F(az) F(b3)-F(a3)
i

et = ete ff(xT)de—z;”o(f? W)y (3+ 1,55 0)°)

ba txp B so1 (%) 3 O (,9)3 (bp°
Izzfaze TEXT e \w dXT— 7 ((1)) (+1,F)—

(5+1%5 )

00 0 J J i+5 8

=) et fGendder = B0 (00T (57, )

()} 1
ale (w8)8 v(3+12500°)
&
by
1—e_<w)
T2 (00 (5 )y (22l )y 5 (whyp (L)t )
]:0 ]' V S ) 0.)8 V K U (1)8 . ]:0 ]' S’
1

)8 ()
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Chapter Three Multi- Double Truncated of Rayleigh Distribution

In this chapter, another multi-truncated distribution has been introduced,
that is deletes some (subintervals) from an original range of data values
from a domain for the random variables for double truncation type, this
distribution is the Rayleigh distribution. Some statistical properties such as
cumulative, survival, hazard, reversed hazard, moment generating, and
characteristic functions are derived. In addition to obtaining the r"™ moment
of the new distribution, order statistics. Shapes of one and two truncated
Rayleigh distributions (PDF, CDF, survival) were represented by the
graphs.

3.1 Deriving of Multi-Double Truncated Rayleigh  Distribution
(MDTRD)

The Rayleigh distribution is one of the most important distributions in the
analysis of data for many fields related to life: medical, and age of
production. The Rayleigh distribution was proposed in acoustics and optics
by Lord Rayleigh and it became widely used in radio signals,
oceanography, communication, and for modeling wave propagation,
radiation, radar, survival function, etc. hazard of Rayleigh is increasing
linearly, therefore the monotone property of the hazard rate Rayleigh
distribution helpfully a model for the lifetimes of components that age

quickly with time.

Let X, be a random variable, has a probability Rayleigh function,fy(x),
such thatx € (0,a; ) U (b;,a,) U ......... U (b,_;,a,). The truncation is
to delete some subintervals from the original interval. In this section, we
will derive the probability density g( xt)of the random variable has
Rayleigh distribution, Xy, after multi-double subintervals have been
deleted, the observations of Xt to (b;_,,a;). To find the formula that
represents multi- double intervals truncation of Rayleigh distribution on the

original interval, we will partition the original interval as:
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(—00,0) = (a;,b;) U (az,by) U ......... ,(@n by ).
or, (—o0,0) = (by,a; ) U(by,a;) U......... U (by—1,a,).

Then the probability density function of multi-intervals double truncated in

Rayleigh distribution is:

XT2 XT2 _XTZ \
X—ge 202 —ge 202 —Ee 202
X = g + o et e
gl’l( T) —b 2 _alz —bq _a22 —bp_1 _anz
e 202 — g 202 e 202 e 202 (e 202 — g 202 )
2
_XT_
n X—'Zre 202
o
_ = when bj_; <xp < aj
gn(xr) = =1 2 —aj? 1-1 T ! (3.1)
k n(e 202 — g 202 )
0 otherwise

The probability density function g, ( xt) is a pdf over (0,0),0 < xp < oo,
n,F(a;) — F(bj_y) >0, then g,(xt) >0 for allxy € (0,), and

Jy 8n(x7) dxp = 1.
Note: In this chapter we used a, = by, a, = by, ....,a; = b;_;

3.1.1 The Cumulative Distribution Function For Multi-Double
Truncated Rayleigh Distribution

Gn(x1) =P(Xr < x71),

_1 Z n IF(XT)I(bi_l,ai)_Z]nﬂ [F(bj—l)"' Z]p=1 [F(aj)
T p&i=Et F(a;j)—F(bj_1)

1 [IF(XT)— F(bg) |, F(xt)—F(by)-F(bg)+ F(a;) +

n LF(a;)—F(bg) F(az)—F(by)

F(xt)—F(bz)—F(by)—F(bg)+F(a;)+F(az)
F(az)—IF(by)
F(xt)—F(b3)—F(bz)—F(by)—F(bg)+F(az)+F(a;)+F(a;)
F(as)—F(bs)

_|_
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]F(XT)_]F(bn—l)_[F(bn—z)_--_]F(b(n—n))'*']F(an)+[F(an—1)+--+IF(al)

F(ap)—-F(bp-1)
- xr? —by? ~bg? —a;12
~bg? —x7? 1-e 202 —| 1— e 202 |—( 1-e 202 |+( 1—e 202
e 202 —e 202 +
—bOZ —312 —b12 —322
(e 202 — e20?) (e 202 —e 202 )
- xr? —by? -by? —bg? —a; 2 —ap?
1-e 20% —| 1— e 20?2 |—| 1— e 20% || 1—e 20 |+| 1—e 20% |+| 1—e 202
—b22 —a32
(e 202 — g 202 )
- 2 2 2 1
—XT —bn-1 —bn—2
1-e 2062 —[1— e 202 |-|1- e 202
2
=bn-n” —ap? —an-12 —a1?
—[1-e 202 |+|1-e20? |+{1-e 202 |+[1-e 20?
~bp—1° —an?
(e 202 — e20?2)
—bo®  —x7? -by?  —x7%  -bg®  -as?
e 262 —e 202 e 202 —e 202 +e 202 —e 202
— > - 4+ e F > -
—bo - —bq —ap
(e 202 —e 202 ) (e 202 —e 202 )
—b?  -by®  —xp?  -bp? -a ?  -ap?
n e 202 4+ e 202 —e 202 4e 202 —g 202 —g 202
—b22 —a32
(e 202 — e20?)
2 2 2 2
—XT —bn-1 —bn-2 —bn-n —an2 —an—l2 —312
n e 202 +— e 202 + e 202 4.4 e 20%2 —e20%2 —¢ 202 — —g 202
2
—bn-1 —anz
(e 202 — e202)
Thus,
2 2
2 —b: —-
- XT bj—1 3
e 202 —2}1=1 e 202 —e202
_ Yvh
Gp(X1) = diz1 — (3.2)
1—-1 1
n(e 202 - e20‘2)
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3.1.2 Other Functions of Multi-Double Truncated Rayleigh Distribution

The Survival Function is:

—xq? bj-1” o3y’
(ehﬂ—zgl:l(e 202 —eg 202 )\
1
Sn(X1)=1-Gp (1) = 1 =230, (33)

2 2
—bi—1 —aj
nl e 202 —920'2

Hazard Function,

([ aae )
n XT € 202
Zl:l\ _bi_l _alz /
_ 8n(xT) _ nolle 202 — e202 ]
H, (x1) = Sp(xT) — xq? / by _ajz\ (3.4)
e 202 _Z?zlke 202 _ g202 )
_lyn | |
! n21=1| _bi—lz _312 I
|\ ni e 202 _ e20‘2 /l
Reversed Hazard Function, H,,(xt)
xp?
202
Z?:l( _Xl')r 812 —a:2 )
1— 1
= X 2 2 _ 2
]H[n(XT) — gn(XT) _ no4le 20 e20% ] (35)

Gn( XT) _ XTZ —b]-_12 —a]-Z
2 n 2 2
e 20 _Zj=1 e 20 —e20

n |
i=1|
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Theorem 3.1

Let x7 be random variable has probability density function is multi-double

truncated Rayleigh distribution, g,(xt) and cumulative distribution

function, G, (x7) , then the '™ moment about origin of xr is;

2
(20‘2)% y(£+1,%)—y<g+1,b;§ )]
r —_— . .
EXr) = TR ,bi_y < x1 < aj
Proof:-
a - a an
E(XT) =2 Jog ¥r" f(xp)dxy N Jo; xr"f(xr) dxy N m“+fbn_1xTrff(xT> dxr
F(a;)~F(bo) F(az)~F(b) F(an)~F(bn—1)
_ 1 [y X" fGmdxr [ Xe"Rxp) dxr e Jo | Xq"f(xr) dxr
n| F(a)-F(bo) F(az)~F(by) " Flan)-F(bp-1)
XT2 XTZ XTZ
_ 1 fbo e 202 dxr fbalz XTrg e_?dXT 4oy fs:_l XTr§ e_FdXT
n Fan)—Foo) F(az)~F(by) " F(an)~F(bp1)
XT 2 X 2

o2

a X 1 ra i
Take: I, = [[! xq" — e 207 dxr = —fble”l e 20Z dxp
0 0

2 1 _
Lety = 5, xq = (20%y)"/?, dxq = (20%)/2 - (y)7/?dy

L= 2T oty ey (@228 ()argy)
~ (o) @1 (003) ™ e (i)

= 0% — [P ()t e dy

I = (20%)2y( +1,a,%/20?%)

2
XT
ds XT —_
Let [, = X' = e 202 dx
2 fbl T o2 T
1 Ir+1 r+1

= ((20%2) @ )2 AN //22; ((y)%) e ((y)'%dy)
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L=@o%i [y (E+1.25) - y (+1.2)]

2 ' 2072

Thus,

an r XT —XLZZ 2Ne T ap?
= X' = e 202 dxp = (20°)2 y(—+1—)—
bp-1 o? 2

Iy " 202
r(G+ )]

e (o))
EX") = ~ ) EeCE— : (3.6)
e 202 —320'2
such that, The mean of multi-double Rayleigh truncated distribution is:
1 a,z .2
o (2 (i)
EXr) = -Xis, EC— (3.7)
e 202 —g202
2 a;2 bi_,2
(20%)2 V(Z,%)—V(Z. 3 )]
2 _l Tl 20 20
And - B(Xr®) = X F(a;)~F(bi_1) (3.8)

We can find the other formula for E( X1"), see the next theorem:

Theorem 3.2

Let xp be random variable has probability density function is multi-double
truncated Rayleigh distribution, g,(xt), then the moment about origin of xt
oy ATF@)=big"Fbig)-r fil xr"TF(xr) dxr

Is: 2ina n(F(aj)-F(bj-1))

PFOOf E( XTr) = f_oooo XTr gn( XT)dXT

1 a1"F(a)=bo" F(bo)—r [} xr"~* F(x) dxr
n F(ap)—F(bo)

54



Chapter Three Multi- Double Truncated of Rayleigh Distribution

a," F(az)~by" F(by)-7 f5? xr"* F(xr) dxr
F(az)-F(by)
an" F(an)=bn—1" Fbn_1)-7 f57  x" 'Flxr)dxr

F(ap)—F(bp—1)

For some r, we take:

I, = a;"F(a;) — by F(by) — 7 ;01 xp't F(xr) dxp

u _xq?
= a1rIF(al) —_ bOr [F(bo) _ rf XTr—l (1 —e 202) dXT

b
r 4 4 _x7?
= a;"'F(a;) — by F(by) — TJ xp' " hdxr + TJ xt' e 207 dxq
bO bO
_ XT2 a1 _XT2
[, = —a;'e 207 + rj xt' e 207 dxp
b
When r=1,
_xr? ar _xp?
[, =—a;e 20° +f e 20% dxt
by

Integration I; by part integration, we get:

-—a’\ 1 a,
— _ 2 — 2 =
Il—< a,e 20 >+2\/20\/Eerf<m>,erf(0) 0, by < x1 < a;.
—bj_,* —a;’
[, = (bi_le 202 >— (aie 202)

1 a; b;
+=+20%\m (erf( 1 ) — erf( i )),bi_ < xt1 < 3
2 V20? V20?2 ! !

—a;2 _bi—l

2 : . -ai
YoV (erf( 2 )—erf(bl_l»—aie 202 +bj_ e 202

2

A Y R N AV
Then, E(XT) = (n) i=0 F(aj)-F(bj—1)
When r=2,

a _xq?
I, = a,%F(a;) — by’ F(by) + Zj xpe 20° dxy

bo
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_ag? , _bo? _a? _bo?
= —alze 202 + b, e 202 — 20'2(3 202 — @ 202),

2 b2 a,2

a1 0
—_— 2 —_— —_—
I, = —a;%e 202 + by“ e 202 — 202(e 262 — 1), by < x7 < a4
) _ai? , _bi-d’ ) a;? bi—y”
[, = —a;“e 262+ b;_1"e 202 —20°%(e 202 —e 202), bj_; <xr < aj,

-a;? —bj_42
1 1-1 2
—e 202 (aj2+202)+e 202 (bj_;°+20?)
n

E(Xr?) =-%i,

whenr =3
3 4 41 _xr?
I3 = a;°F(a;) — by” F(by) — 3[ xr? dxp + 3j xr? e 20% dxp
bO b()
_x1? 4 _xr’
[; =—a;"e 207 + BJ xr? e 207 dxg
b

0

—8112 2 —312 2 2
. 3 —L_ 3(202) 3(20%) ~N20%Vm a
I; = (—a1 e 202 ) + > (—ale 202 ) + . ( . ) erf( _2;2)

,erf(0) = 0, by < x1 < a;.

When r=4,
4 1 _xr’
I4 = 314]F(al) —_ bo IF(bo) + 4j XT4 e 202 dXT
bo
2 2 2 b02

_ai? _ai? _a? _bo?
= —a,;*e 207 — 2(20%)a  2e 202 — 2(202)% (e 207 — e 207),
- e o 212 ,, -l
I, = —a;*e 202 — 2(20%)a %e 202 — 2(20%)?(e 202 — 1), by < x7 < a4

whenr =5

2
_Xr
Is = a;5F(a;) — by F(by) — 5 [ xr*dxy +5 [ xp*e 207 dxy
0 0
_xr? a _x7?
I = —a;°e 207 + SJ xr¥ e 207 dxg
b

0
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15 -
—a42 —a.2

—a1” 5(20%)a 3e2:ile (3)(5)(202)%a e;le

( aq e 202 ) + 1 _ 1 +
2 (2)?
3(5)(20%) 202w a; _
27 (—5—) erf (W), erf(0) = 0, by < xt < a;.

Corollary 3.1

The value of E(Xt") in both theorem (3-1), and (3-2) are equal.
Proof
From theorem (3-1), Whenr = 1,

1 bi_q”
( +1 202> ]/(2+1, 202 )D

)
—bj_4

1
e 202 —g202

Take: y( +1, 2):%)/(1,&22) 202(

2 20

((202)%

E(X)__ ?1

—_a;2

202

y(%%) \/_erf(\/7> Vr erf(aj/V202)

2
1 i2 1 A 12 1
y (5 +1,25) = svmerf(a;/V202) — exe? (25)2

2

.2 b;_ 2 21

2 20

[since y Gx) = Vrerf(vx) , and y(s + 1,x) = sy(s,x) — e (x)°].

2 2
1,18
y<2+1’202> ]/< +1 202 )D

<(202)%

1
E(XT) - l 1

2 2
1 2 aj 2 1 2\ DPig 21
1 . A a2 1 bi_ b:_ (21
1 2 262 20 2 762 20
==-yn
n i=1 2

—b: —q.2
bj_4 aj
e 202 — eZo‘2

(202)%ﬁerf(m) (202)2\/— rf(?i%) ]I

—

2
aj? 1 _bi—1” 1
1@pn L73i8 202 (20'2)2( )2 bi_je 202 (20'2)2( 7)2

n <=1 —bi—1 —a;?
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2

.2 b:
[262+T ( a 202\ b e _Di—1
erf( —L ) crf< 1 1)—a-e 202_bh;_,e 202
1 I 2 [562 2 262 1 -1
EXy) ==-Y"
( T) n&i=1 —a;2
1— e 202
1 a;2
PR o 11, oo
erf| —a;e 20
l 2 562 1
E(XT) = _alz ) 0 < XT < al
1— e 202

The last equation is equal to formula E(Xt) in theorem (3.1).
When r = 2,

22 a;? bi_1”
(20°)2 V(Z.m)—y 252

2y = Llyn
E( Xt ) = L 4i=1 F(aj)—F(bj_q)

2 2

a2 _a1- a- 4.2

Take: (2 ;) =1—e 202 — e202 (=
|4 " 202 (20'2

aiz b; 2 a;2 b; 2

2 ——L 2 —1=1 2 i i—1
[, = —aj“e 262 +b;_;"e 202 —20°(e 202 —e 20%2),

312 312

20%-20%e 20%-a,? e20”

E( XTZ) _ I

. And so, for any r.

F(a1)— F(bo)

Theorem 3.3

let xt be random variable has probability density function is multi-double
truncated Rayleigh distribution, g,(xp) and cumulative distribution

function, G, (x7), then the r'" moment about a mean of x

1 2 2 r—j
237 | (141 20—y [ 1 Rizt
(e

n <=1 bj,  -aj?
e 202 —eZo‘2

. 2 . 2

Iy 37\ (141 Rima”
y<2+1'202) y(2+1, 202 )D
2

—b: —q.2
bj_1 aj
e 202 — e 202

| —

E(xr — 0" = T~ ()

((202)%

1on
X1 =),
L =1

Proof:
E(xp — )T = f (xXp — 1 8 (xr)dxr
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E(xr — 0" = X0 (0™ (5) (™)
E(xr — W) = Xfoo(=1)"7 (§) W7 [ (1)) g Ger) dxy

X2 <2

o2 az XT ~5.2
=yr (D" ]()( yr=j fbo _re 207 dxy Jo, X1'5ze 20 de+
=0 p F(a;)—F(by) F(az)—F(by)

2
X
fb " 'Zre_%de
o, 2l

F(ap)—F(bp-1)

1 2 2 r-j
27 |y(1eq 20\ 141 Rima
E r= 5,0 (1) Lxn (o (s r{ear) )
X1 — = Di—o(— 1
( T IJ) j=0 j n&i=1 —bi—12 —a;2

e 202 —320'2

2 . 2

i V\_.1 bj_q
( +1202) y(2+1, 202 )D

2

—bj—4 i
e 202 —p202

((202)%

1on
X\ —=),:_
n =1

(3.9)

3.2 Moment Generating and Characteristic Functions of MDTRD

The moment generating function of MDTRD random variable is given
by:

e' T f(xp)dxr 77 e *T f(xr) dxr

Jog
t x
My () =E(e”*T) = n{ FaD) Fog) | Flap)F(by)

Jon | et T f(xr) de}

F(ap)—F(bp_1)

2
_XT
1 | €31t F(a;)—ebot IF(bo)—tf;‘O1 et XT (1-e 202)dxy

n (F(a1)—F(bo))

2
_XT_
e @2t F(a,)—eb1t IF‘(bl)—tf;f et *T (1—e 202)dxy

(F(az)—F(b1))

2
_XT_
eant [F(a,)—ebn-1t F(b,_,)-t f;l:_l et XT (1—e 202)dxy

(F(ap)—F(bn-1))
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X 2 XT2+20'2t XT

a _2T a _ 21 TeY v 41
Take: I=[ " e'*T e 207 dxp=[ " e 202 dxp
0 0

1 -1
a1 _—5(2d X7— X7 a1 o {(xp—d)?+d?
I= fbol A =fbol ezo2 (X1~ }dXT, d=o?t

i a+—d _Luz
Letu = xp — d,du= dxr, I= e20? fb1 . € 22" du
o

MXT(t)ze%mx/_(erf(al—d)( ) erf(bo—d)(

2 2
s _bi—y
edit| 1—e202 —ebi—lt 1—-e 202 —t(aj—bj-1)

2 )2
+te 202 2#‘2\/_(erf(al azt)(

1gn JT)
My () =2 Liza F(a;)—F(bj—1) (3.10)

=)

Similarly, obtaining the characteristic function of MDTRD random
variable is as follows:

. —a’ , _by_q®
e3kit| 1—e 202 |-ePk-1it[ 1-¢" 202 —lt(ak br_1)

(o*in* J; 21 |
| +ite 20 \/_(erf(ak—a t)(\/2_> erf( bx_1—0 t)( J
CI)XT(t) k 1 F(ak)_]F(bk_l) (3.11)
3.3Characteristics of Order Statistics For MDTRD
Let  Xp,, X1, X7g) X1y .., X, D€ the independent and identical

distribution of random variables with multi-double truncated Rayleigh
distribution. Then XT1) S X1y S X735 S X7q) S LS XTpy, be the

order statistic, and the probability density function of X1 IS:

(x0) m! Ton (FEDIp a)=2j= F(bj-1)+ Ijm F(ay) -1
Sn\X1J[] = G2 imoyt \ n 2i=1 F(an)—(F(bi_1)

. PO, ap)~Eis F(bj2)+ Ty Fag) )\ ™) g
(1—32111( (biy.a5) " 2j=1 F(b; =1 J>> (_n_ (xp) )

F(a;)—(F(bj_1) =1 h(F(ap)-F(bj_1))
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Chapter Three

—XT° _b] 1 -
e 202 —Z] 1 e T202 _—
. m n 1—
. . = 2
G-Dim-jr | <=1 biy®  -ay?
n(e 202 _— g202 )
m-—j
—XT2 _b] 1
e 202 —Z;l=1 e T 202 eZch < _XTZ
1 2T 202
n o2
L= 2 2
n“1=1 —bi_q -a;? i1 —bj_q -a;?
n(e 202 _— 320'2) n(e 202 _— e20'2)
gn(XT)[j] =
_ . _
- xr? “bj-1" 73
e 202 —ZJ .| e 202 —p 202
m! nyn yn
(—1)!(m=j)! nj=1 | <11 Hl2" H(-1)=1 —bj_4 > —a;2
\ n(e 202 — e20%) /
| iliz ..i]'_l_

X Bimo(i ) (CDF IR XL XL

_b1—12 -aj?
n(e 202 e20'2 )
11121k
And The smallest order statistics XT( IS
gn(XT)[l] =
xr? _bi—lz —a;?
202 4| e 202 —e 202 xp2
mym 1= 1) (m 1) 1sm Xr e 202
k= bi4®  -aj? n“1=l /b 2 a2
e 202 - 320'2 e 202 - 320'2
2 2 2 2
Xt ~biq" -3 T
m— m(mlzl)(—l)k 2024 202 —e 202 n XTe 20
Zk iq" lk 1 2 i=1 —bj_,> a;2 (3.12)
e 202 —e 20‘2

nk+1 -bj_4
\ e 202
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3.4 One Double Truncated of Rayleigh distribution (One-DTRD)

This section introduced an example of the multi-double truncated
Rayleigh distribution, which is one —double truncated Rayleigh distribution
and some statistical properties.

3.4.1 One Double Truncated Probability Rayleigh Function (One-
DTRD)

The probability density function of one double interval truncated of
Rayleigh distribution is given by:

( X a0
—boz ol bO < XT < dq
2<e 202 — eF)
8o (x1) =1 2 (3.13)

that is, the interval (a4, b;), was deleted.
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one interval truncated

0.25
- - - -
-~ e -

0.2F
s 0.15
i=
5
"'u: k=5.5
= k=4.5
o 01 k=4

— = —aoriginal
0.05 |
D L
0 1 2 3 4 5 i3 7 B 9 10

X-axis
FIGURE 3.1 One interval (4,8) is deleted in DTRD, ¢ = 5.5,4.5,4

In figure (3.1), we drawn PDF of one double truncated Rayleigh
distribution, and the original function when o = {5.5,4.5,4} when
(bg,a;)=(0,4), (by,a, )=(8,10), that is the interval which deleted is (4,8).

one interval truncated

Bk
0 n

b Lo
4]

0.25 |

02 F

0.15F

PDF function

1] 5 10 15 20
x-axis

FIGURE 3.2 One interval (3,5) is deleted in DTRD, 0 = 3,4.5,4

shown in figure (3.2), PDF of one-double truncatrd Rayleigh distribution.
When ( by, a;)=(0,3), (by,a, )=(5,10), different values of the parameters
o = {3,4.5,4}, such that the interval which deleted is (a;, b;)= (3,5).
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one interval truncated

O
oo
g

B o

0.1

0.08

PDF function
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0.0

0.02

10 15 20
x-axis

=}
o

FIGURE 3.3 One interval is deleted in DTRD,

In this figure, we presented PDF of one double truncated Rayleigh such
that, the interval that deleted is (5,10) and the parameter o = {7,6.5,4}

one interval truncated
0.18

.16

0.14

12

.1

.08

PDF function

006

0.0

002

10 15 20
x-axis

FIGURE 3.4 One interval is deleted in DTRD, o0 = 7,6.5,4

While, in figure(3.4), we drawn PDF of one double truncated Rayleigh
the interval that deleted is (5,10) for different values for parameter
o ={6.5,6,5.4}.
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3.4.2 One double subinterval truncated for CDF of Rayleigh
Distribution

The cumulative distribution function of a one-double truncated Rayleigh
distribution is:

( 0 XT <0
_bo” _x7?
e 202 — e 202
a12 b02 bO < XT < al
2e 202— 2¢ 202
G, (X7) =« 3.14
2( T) b02 b12 XTZ 312 ( )
e 202 + e 20%2—¢ 20%2— ¢ 202
a22 b12 bl S XT S az
2e 202— e 202
\ 1 XT >1

In both figures (3.5), and (3.6) the truncated and original distribution has
been drawn. For different values of parameter o = {3,2.4},{3,3.6} one
interval is deleted, where ( by, a;)=(0,2.5),(0,3.5), (by,a, )=(4.5,10), (5,10)
that is, the intervals that have been deleted are (2.5,5),(3.5,4.5),
respectively.

one interval truncated

0.9 |

0.8

0.7 |

0.6

0.5

0.4 F

CDF truncated

0.3}

k=3.6
k=3.9
Criginal

0.2F

0.1F

1 L 3
8 9 10

-

f L s L L 4
0 1 2 3 4 5 6
K-axis

FIGURE 3.5 One interval truncated CDF of DTRD, ¢ = 3.6,3.7

Cumulative distribution function of one double truncated Rayleigh was
drawn, where (by,a;)=(0,2.5), (b;,a,)=(4.5,10). That is, the interval
which deleted is (2.5,5).
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one interval truncated

0.9%

0.8

0.7F

0.6F

0.5F

CDF truncated

0.4 F

0.3F

k=46
e =] €]

Original

0.2k

0.1F

FIGURE 3.6 One interval truncated CDF of DTRD, ¢ = 3,3.6

one interval truncated

0.9
0.8F
0.7 F
0.6}

0.5

k=28
k=3.8
Original

041

CDF truncated

0.3

0.2

0.1F

X-axis

FIGURE 3.7 One interval truncated CDF of DTRD, ¢ = 2.8,3.8

In this figure, we drawn CDF of one- DTRD, and with the original
distribution, the interval that cut off is (3.5,4.5) for different values of
o = {2.8,2.9}, has been shown in figure (3.7).
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. one interval truncated
0.9t
0.8
0.7
% 0.6
g_ 0.5
é 0.4
k=2.8
0.3 k=29
Criginal
0.2t
0.1F
o . .
) 1 2 3 4 5 7 8
®-axis

FIGURE 3.8 One interval truncated CDF of DTRD, ¢ = 2.8,2.9

In figure (3.8), we presented CDF of one- DTRD, and

the original

distribution. The interval that cut off is (3.5,4.5) for different values of

(2.8,3.8).

CDF truncated
o o o 2 9 o o
(] R o [=3] = [==] w -
T T T T 1

=3
ha
T

01k

one interval truncated

k=6.5

k=8

X-axis

FIGURE 3.9 One interval truncated CDF of DTRD, o = 6.5,8

While in figure (3.9), the interval deleted is (5,8), and a different parameter

o = {6.5,8}, without the original function.
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3.4.3 One double truncated for survival function Rayleigh Distribution

The survival function of one-double truncated Rayleigh distribution is:

( 0 XT <0
b2 _xq?
e 202 — e 202
2e 202— 2e 202
S, (Xt) = A« 3.15
2( T) bo; blz XT; alz ( )
e 2044+ e 20— e 20— e 20
— < <
2e 202 — 2e 202
\ 1 XT >1

Many figures to represent the survival function of one-double truncated
Rayleigh has been introduced in figures (3.10), (3.11),and (3.12) for
different values for parameters. Such that, the interval which deleted
is(4,7).

one interval truncated

IR=]

= =
0o

survival truncated
= =]
=1 =}

o
(=2}
T

0.5

0.4

X-axis

FIGURE 3.10 One interval truncated the survival function of DTRD, o = 7,5

The survival function of one-double truncated Rayleigh has been
introduced in figure (3.10) for different values for parameters.
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one interval truncated
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survival truncated
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0 1 2 3 4 5 (5 7 8 =] 10
x-axis

FIGURE 3.11 One interval truncated the survival function of DTRD, o = 6.5,6

In this figure, we presented the survival function of one-double truncated
Rayleigh for different values for parameter o = 6.5,6.

one interval truncated
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FIGURE 3.12 One interval truncated the survival function of DTRD, o0 = 5,6

In figure(3.12), we presented the survival function of one-double truncated
Rayleigh for different values for parameter o = 5,6.
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3.5 Two Double Truncated Rayleigh distribution (Two-DTRD)

This section introduced an example of the multi-double truncated
Rayleigh distribution, which is two — double truncated Rayleigh

distribution and some statistical properties.

The probability distribution function of two double truncated Rayleigh
distribution is:

X_'Zl' e_20'2
z by < xp < a
_b02 _312 0 T 1
3| e 262 — g 202
2
_XT°
X—g e 202
= b; < xp < a
—_ 1 T 2
83(xr) = 9 3<-f; ;;;) (3.16)
e 204 — e 20
2
XT
X—%‘ e 20‘2
g b, < xpt < a
_b,2 _az?2 2 T 3
3| e 262 — e 202
\

That is, the two intervals (a4, b,), (a,, b,), are deleted from the original
interval for distribution. We can show the blow figures of PDF of

(TDTRD)
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two interval truncated

0.2 g
k=<7
k=4 5
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0.15} \
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] 5 10 15 20

X-axis
FIGURE 3.13 Two intervals are deleted in DTRD, ¢ = 4.7,4.5,5

Two intervals (4,6) and (8,9) are truncated for different values of
parameters ¢ = {5,6,5.5} when drawing the curves of PDF, which has

been presented in figure (3.13).

two interval truncated

0.2
k=5
\ k=6
= . k=5.5
0.15 ,f \\
F 4
— /
2
g
= 01}
L
) \
o
0.05 | '
D I I \\
] 5 10 15 20

X-axis

FIGURE 3.14 Two intervals are deleted in DTRD, 0 = 5,6,5.5

In figure (3.14), two intervals (a,, b;)=(4,6) and, (a,, b,)=(8,9) are deleted
from PDF of (TDTRD), such that the values of parameter 0={4.7,4.5,5}.
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two interval truncated

0.2

k=48
k=6
-_— k=5.5
0.15 ..’J..
=
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2
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L
= \
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D | | \
) 5 10 15 20

H-axis
FIGURE 3.15 Two intervals are deleted in DTRD, o = 4.8,6,5.5

In figure (3.15), we introduced the PDF of (TDTRD) . Where
(a,,b,)=(4,6) and, (a,, b,)=(8,9) are truncated for different values of

parameter 0={4.8,6,5.5}.
3.5.1 Two double intervals truncated CDF of Rayleigh Distribution

The cumulative distribution  function of two-double truncated
Rayleigh distribution is:

Gs(x7) =
( 0 XT <0
_bo” _xq?
e 202 e 202
by <xt<a
a2 bo? 0 =A4AT =d1
3e 202—  3e 202
boz blz XT; alz
e 2044+ e 20— @ 20— e 20
< o e by<xp<a, (3.17)
2 _bq
3e 202 3e 202
b02 b12 b22 XT2 312 322
e 20‘2+e 20‘2+e 202 — e 20‘2—e 20‘2—e 202
b, <xr<a
a2 b12 2 = AT = d3
3e 20— 3e 2072
\ 1 1 S XT

In the following figures, we present some curves of the original
cumulative distribution with the truncated cumulative distribution

function for different values of parameters ¢ where (by, a;)=(0,2),
72



Chapter Three Multi- Double Truncated of Rayleigh Distribution

(by, a5 )=(4,5),(4,5) and (b,,a;)=(6,10). that is, the intervals which
have been deleted are {(2,4), (4,6)}, for different value of o =
{3.2,3.3},{3.4,3.5} have been shown in figures (3.16), and (3.17),
respectively. while in figures (3.18), the intervals are (bgy,a;)=(0,2),
(by,a,)=(4,4.5), and (b,,a3)=(6,10), without original distribution
function.

one interval truncated

0.8 F
=
D
= 0.6k
]
=
=
LL
O B4k
L
0.2
k=32
k=3.3
Crriginal
0 L . i .
0 Z 4 6 a8 10

x-axis
FIGURE 3.16 Two intervals truncated CDF of DTRD, ¢ = 3.2,3.3
In this figure,we introduced the original cumulative distribution with the
truncated cumulative distribution function for o = 3.2,3.3 where
(bg,a1)=(0,2), (by,a,)=(4,5) and (b,, a5 )=(6,10). that is, the intervals
which have been deleted are {(2,4), (4,6)}.

one interval truncated
1-

0.9

= =
-~ @

=
=]

CDF fruncated
[= =
B oW

=
w

k=3.4
0.2+ k=35
4 Criginal
0.1
) 1 1 L . L L 1 ,
] 1 2 3 4 5 =] 7 8 9 10

X-axis

FIGURE 3.17 Two intervals truncatedCDF of DTRD ,o =3.4, 3.5
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In this figure,we introduced the original cumulative distribution with the
truncated cumulative distribution function for c = 3.4,3.5.

one interval truncated
0.7

0.6
0.5F
0.4 F

0.3

CDF truncated

0.2 ¢

0.1F

X-axis

FIGURE 3.18 Two intervals truncated CDF of DTRD, o = 3.8, 4

While in this figure, CDF of (TDTRD) with intervals (0,2), (4,4.5),
and (6,10).

3.5.2 Two Double Truncated Survival Function Rayleigh Distribution

The survival function of two- double truncated Rayleigh distribution
Is:

Sn(XT) =
( _bo” _xq?
e 202 — e 202
1— by <xr<a
a12 b02 0 T 1
3e 20%2— 3e 202
b02 b12 XT2 a12
e 202 + ¢ 202— ¢ 20%2— ¢ 2072
< 1-— ) b2 b1 < XT < d, (318)
_az2- _D1_
3e 20%2— 3e 202
b02 b12 b22 XT2 312 322
e 20’2+e 202 +e 20’2—e 20'2—3 Zaz—e 202
1- b, <xr<a
azz b12 2 T 3
L 3e 202— 3¢ 207

In this subsection, many figures to represent the two double truncated

survival Rayleigh have been introduced. Two intervals that deleted are
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{(2.5,3.5), (5,6)},{(2.5,3), (4.2,6)} for different values for parameter
{(3.4, 3.6),(3.4,3.5)} and xt has been shown in figures (3-19), and (3-
20), respectively.

™

two interval truncated

W
ok

survival function
2
B

o 1 2 3 4 5 6 7 8 9 10
H-axis

FIGURE 3.19 Two-interval truncated for survival DTRD, o = 3.4,3.6

In this figure, we presented the survival function of two-double
truncated Rayleigh with o = 3.4,3.6 , such that two intervals that
deleted are {(2.5,3.5), (5,6)}.

two interval truncated

survival function
Q o
B (]

®-axis

FIGURE 3.20 Two-interval truncated for survival DTRD, ¢ = 3.4,3.5

The survival function of (TDTRD) with 0 = 3.4,3.5 ,and the intervals
that deleted are {(2.5,3), (4.2,6)},0=3.4,3.5
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two interval truncated
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FIGURE 3.21 Two-interval truncated for survival DTRD, o = 2.9, 3.1

In figure(3.21), we presented the survival function of (TDTRD) with ¢ =
2.9,3.1 ,and the intervals that deleted are {(2.5,3), (6,7)}
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Chapter Four Multi Left Truncation of Continuous Distribution

The left truncated distribution is one of the types of truncations, which
consider a special case of the survival function. In this chapter, a new
study of multi-left truncation on continuous distribution has been derivated.
Statistical properties of its such as survival, reliability, hazard function, and
™ moment, moment generating function are discussed. Triple left —
truncation is developed on Rayleigh distribution, and Exponential
distribution with some statistical proprieties and shapes of pdf ,cdf, survival

function for both distributions.

4.1 Constriction Multi-Left Truncation Continuous Distribution
(MLTCD)

This section aims to create a new truncated distribution with multiple
truncations from the left side, (multi-left truncated distribution) (MLTD)
within the interval

(-0,00) = (b, ) € (by_1,%) E (bp_p,0) &+ & (bp_n, ).

Let X be a random variable, with a probability density function,fyx(x) and
the cumulative distribution function Fy(x) defined on interval (-0, 00)=
(b;, ), such that

X € (by, ) € (by_1,%) € (by_y,0) C .o (by,0) € (b, ).

In this section, we will derive the probability density function g( xt) of
the random variable X, after multi subintervals, from the left side have
been deleted. If we take any distribution, the truncation occurs from one
side (left side) with multi-different intervals. Where the sub-intervals that
work us on are: (b, , ), (b,_1, ), (by_5, ™), ... ... , (by, ).

Now, we formulae the probability density function of multi-left truncation,

gn( XT):
After defining the random variable X, we consider the interval

is: (—00,00) = (by, ) & (bp_1,%) & (bp_,%) € -+ € (bp_n, ).

That is, the intervals that have been deleted from the original interval of
distribution: the first, second, third, ..., i" truncations are:
(bg,b1), (by,bs), (bg, bs), ....(by, by,), respectively

Then, the probability of density function of multi- left truncated is:

1 ( f(xt) + f(x)

f(x
8 (xr) = 2 ot )

F(e0)=F(b1) = F(c0)-F(by) F(e0)=F(bn)
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_ 1 f(x7) f(xT) f(xT)
T n (1—[F(b1) + 1-F(b,) Tt 1—IF(bn))

When, b1<XT < 00, b2<XT <00,.....,bn<XT < 00,

Iyn o0 |
gn(XT) = {n =1 F(o0)—F(b;) bL < X7 <00

0 otherwise

(4.1)

The probability density function g,( xt) is a probability density function
defined over (0,),0 < xt < o, n,F(o) — F(b;) > 0, then g,(xt) >0
for all x € (b;, ), and [° g,(xr) dxp = 1.

And the cumulative continuous distribution function of multi-left
truncation is:

Gn( XT): P(XT < XT)

:l(IF(XT)I(bl,oo) F(XT)](b,,00) IF(XT)I(bn,oo))
n \F(0)-F(b1) = F(c0)—F(by) F(c0)—F(by)

_ 1(FGp)-F(by) , F&p)-Fby) , F&xp)-Fbn)\ _yn (F(XT)I(bi,w)>
n(rF(oo)—rF(bl) T Ry T F(oo)—IF(bn)) 2i=1 \n@e)—F oy

—\'h F(x1)—F(by)
Ga(x1)=EL (S s (4.2)

when b; < xt < ©,b, < X < ©,..,b; < Xp < 00, respectively.

4.2 Other Functions of Multi-Left Truncation of Continuous
Distribution

The Survival Function,

Sn(x1)=1— Gp(xr)

L (EODEb) | PRy FaFOw)
n \F()=-F(by) = F(0)=F(by) " F(0)=F(by)
1 F(x7)—F(bj)
Sn(x7) =1— =X, ((1T—[F—(bi)) (4.3)
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The Hazard Function,

n(X
n( T)_g(T)

Sn(XT)
1( fxp)  fxp) L f(x7) )
. F(00)—F(b1) F(c0)—F(bz) " F(c0)—F(b;)
- 1— _(IF(XT) F(by) , IF(XT) 1F(b2) IF(XT)—IF(bn)>
F(c0)—F(b1) ' F(c0)—F(bp) [F(c0)—F(bn)
Z 1 If(XT)
_ i=1"9— F(bj)
Hy,(x1) = F(x)—F(by) (4.4)
1__112:1:1( n(1—IF(bi) )
Reversed Hazard Function,
1( fxr)  f(xr) 4 f(xT) )
. (%) = 8n(Xt) _ n\F(e0)-F(by) "F(e0)-F(b) = " "F(c0)—F(b;)
XT G( XT) IF(XT)I(b1 ) | ]F(XT)I(bZ ), .  FGT)I(by 00)
F(c0)—F(b1) = F(c0)—F(by) + [F(c0)—F(bp)
1en fG7)
PR (4.5)

]HI/II(XT) = iZ?_ (IF(XT)—IF(bi))

=1\ "n(1-F(by)

4.3 The r'™ Moment About Origin And About Mean of multi left -
Truncated of continuous distribution

The r' moment about origin of multi- left truncated is:

Jo, xr® f(x)dxr  foo xr® f(xr)dxr Jou xt" f(xr)dxr
E(Xr) _n< F(e0)~F(by) B ) | B()-Fby)
Joo " f(x7)dxrdxy
— n i
- i=1( n(1-F(by)) ) (4.6)

The r™ moment about a mean of multi- left truncated is:
E(Xr — )" = 2o (1™ () ™ ny)
= 20— (5) (" [, ) g Gr) dxy
1) -j fbof xp) f(xr)dxdxy
_Z ()( ) Xi- < n(1-F(by)) >

S xr i epydxr )\ J° ) 8er) ey
r—j i n i
Z 0( 1) ()( i= 1( n(1-F(b;)) >> 1=1 n(1-F(by))
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| fooxa" fxrydxr \
— W'=Y (=D () TR, (-
E(Xt—p) ]:0( 1) (]) ( =1 < n(1-F(by)) ) >

Joo xp) f(xp)dxT
n 1
( i=1< n(1-F(by)) )) 4.7)

4.4 Moment Generating and Characteristic Functions of Multi Left
-Truncated Continuous Distribution

The moment generating function of MLTCD random variable is:

Jo, €T f(xp)dxr [ e T f(xp)dxr

1-F(b4) 1-F(by)

— Xry — 1
My, (8) = E(e¥r) = ;(
Jo, €T [f(xT)de)

1-F(by)

ft:) e "*T f(xr)dx

n(1-F(by))

MXT (t) = ?:1 (4-8)

So, the characteristic function of MLTCD random variable is as follows:

o) i o) 3
Joo €TXT f(xp)dxy [y eXT f(xp)dxy

1-F(b,) 1-F(by)

Dy (D) = E(e'™*T) = %(

ft: eit XT IF(XT)de)

1-F(by)

Jo; €™ *T f(xr)dxr

_ j
CDXT (t) = le=1 n(1-F(b;))

4-5  Order Statistics of Multi Left -Truncated Continuous
Distribution
Let  Xtq, X12, X713, XT4) -, X7y, D€ @n independent and identical
distribution of random sample with size m from cumulative distribution
function. Then  Xppq) < Xz < Xqpz) < Xppg) < ..o < Xppmpo  be the
order statistic, if the random variable X has MLTCD, then the probability
density function of X1(5) IS:

(4.9)

__om n  FGn)-Fb) ™
gn(XT)U] - (j—1)!(m—j)!( i=1 n(l—lF(bi)))

(1_211 rF(xT)—IF(bi))m‘j( n_ fxp) )

=1 h(1-F(by)) =1 (1-F(by))
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—F(b: I\~ F(x1)-F(b;)
Byt (sn  FED-F®) | FOe)—F(by)
Ut, ( i=1 n(1-F(by)) ) Z 1(J =1 ( n(1-F(b;)) )1112___i(]-_1)
n F(xr)—F(by)
gn(XT) (] 1)'(m ! [Z P A= (n(l—lF(bi)) )1112___1(]-_1)]
) smojmoy e o (FOm)-Fiy)
[Zl 1 n(1-F(by)) Zk 0( )( 1) "t Lig=1 ( n(1-F(bj)) )i1i2---ik]

The smallest order statistics XT( IS:

k

m-1 (= 1) m-1 n F(xt)—F(bj) n f(xT)

Bn(x1)py) = M icso & (" )( i=1 n(1—[F(bi))) ( izln(l—]F(bi)))

_ k(m-1 F(xt)—F(bj) n f(xT)

mZ ( 1)( )Z ' lk 1(n(1—m(bi)))iliz__ik( 1=1n(1—]F(bi)))

(4.10)

4.6 Triple - Left Truncation of Rayleigh Distribution (Triple -LTRD)
4.6.1 Triple Left Truncation of PDF for Rayleigh Distribution

Let xr be a random variable has PDF, given in equation (4-1), if taking
triple-left truncated of Rayleigh distribution, then the probability
distribution function of three intervals left truncated of Rayleigh
distribution is:

g3 (x1) = b2 + Tby? + b2
3| e 202 3( e 202 3| e 202

where b; < xp <00, b, <xr <00, by <xr < 0o, respectively.

(4.11)

That is, the triple intervals (b;, ), (b,, ), (b3, ), have been drawn to

represent the triple left truncated. that is, the intervals were deleted from
the original interval for distribution and are the first, second, and third
truncations (bg, by), (bg,b;), (by, bs), respectively. As shown in figures
(4.1),(4-.2), and (4-.3).
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triple left truncated
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FIGURE 4.1 Three intervals are deleted in LTRD when o = 5
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FIGURE 4.2 Three intervals are deleted in LTRD when o = 6.2
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FIGURE 4.3 Three intervals are deleted in LTRD when ¢ = 8.

In the above figures, three curves of the triple left truncated and curve of
the original function are drawn for three intervals (3,20),(5,20),(7,20), and
different values of parameters ¢ = {5,6.2,8}, respectively.
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FIGURE 4.4 Three intervals are deleted in LTRD when ¢ = 6.5
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FIGURE 4.5 Three intervals are deleted in LTRD when o = 10

Figures (4-4), (4-5), show the original function and the pdf of triple left
truncated of Rayleigh distribution,
Where {(bli bn+1)' (bZJ bn+1): (b31 bn+1)}={(2120)’(4120)1(8120)}1{(4120)’(8
,20),(12,20)} for different values of parameters ¢ = {5,10} respectively.

While, figures (4-6),(4-7),(4-8), and (4-9), show the original function and
the pdf of triple left truncated of Rayleigh distribution,
where {(by, bn+1), (b2, bn11), (b, by+1)}={(5,40),(8,40),(13,40)}.{(5,40),
(8,40),(10,40)},{(6,30),(9,30),(13,30)},{(4,30),(9,30),(12,30) }Hor different
values of parameters o = {9.3,8.4,9.2,10} respectively.
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triple left truncated
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1st truncated
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= == third truncated
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FIGURE 4.6 Three intervals are deleted in LTRD when ¢ = 9.3

Show the original function with PDF of triple left truncated of Rayleigh,
where {(by, by+1), (b2, bn1), (b3, bn1)3={(5,40),(8,40),(13,40)}0 = 9.3

triple left truncated

orginal

1st truncated

— = 2nd truncated
= == third truncated

PDF truncated
]
B

0.03 |

FIGURE 4.7 Three intervals are deleted in LTRD when ¢ = 8.4

In this figure, we have drawn the original function with the PDF of triple
lefttruncated of Rayleigh where {(b;,b,+1), (b2, bn41), (b3, byy1)} =

{(5,40),(6,30),(9,30),(13,30)} parameter o = {8.4}
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triple left truncated
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FIGURE 4.8 Three intervals are deleted in LTRD when ¢ = 9.2.

show the original function and the PDF of triple left truncated of Rayleigh
where {(by, bpn1), (b, bp41), (b, by41)}={6,30),(9,30),(13,30)}

parameters o = {9.2}
triple left truncated
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FIGURE 4.9 Three intervals are deleted in LTRD when ¢ = 10

show the original function and the pdf of triple left truncated of Rayleigh
where {(by, bp11), (b2, bn11), (b3, bny1)}={4,30),(9,30),(12,30)Jof

parameters o = {10}

85



Chapter Four Multi Left Truncation of Continuous Distribution

4.6.2 Triple Left Truncation of CDF for Rayleigh Distribution

The cumulative distribution function of Rayleigh distribution after three
intervals left truncation is:

( b12 XTZ b22 XTZ b32 XTz
e 202—¢ 202 e 202—e 202 e 202—¢ 202

b2 + b2 + b2
Ga (x7) = 3<e ) 3<e ) 3<e ) (4.12)
\ b1<XT <Oo,b2<XT < 00, b3<XT < 0

In figures (4.10),(4.11), and (4.12), the curves of the original
cumulative distribution function and the cumulative
distribution  function after three intervals left truncation, for
different values of parameters o have been drawn.
Where {(by,bp41), (b2, bnyq), (b3, bny1)}={(2,10),(3,10),(6

,10)} respectively. That is, the intervals which have been
deleted are {(0,2),(0,3),(0,6)}, {(0,5),(0,8),(0,13)},
{(0,2),(0,4),(0,8)}, of o = {3.5,9.4,8},respectively.

triple truncated

1 st truncated
2nd truncated
thire truncated
0.7 Criginal

0.8 |-

0.6 -

0.5 |-

0.4

COF truncated

0.3 |

0.2

o 2 4 (5] 8 10 12 14 16 18 20
®-axis

FIGURE 4.10 The CDF of TLTRD when o = 3.5

the curves of the original cumulative distribution function and the
cumulative distribution function after three intervals lefttruncation,c=3.5.
Where {(b;,b,+1), (by,by41), (b3, b,41){(2,10),(4,10),(8,10) }respectively.
That is, the intervals which have been deleted are {(0,2),(0,4),(0,8)}

86



Chapter Four Multi Left Truncation of Continuous Distribution

triple truncated

1 st truncated
2nd truncated
thire truncated
Original

CDF truncated
Q
41}

0.3}

0.2

0.1
o

o 5 10 15 20 25 30 35 40
H-axis

FIGURE 4.11 The CDF of TLTRD when ¢ =9.4

the curves of the original cumulative distribution function and the
cumulative distribution function after three intervals lefttruncation,c=9.4.
Where {(b;,b,+1), (by, by41), (b3, by 1){(5,40),(7,40)(12,40) }respectively
That is, the intervals that deleted are {(0,5),(0,7),(0,12)}

triple truncated

0.9L — gt truncated
2nd truncated
o8l _thl!'e.truncated
Criginal
0.7
=]
L 0.6 -
5]
[+
=
= 0.5
&
0.4
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o :
n) 1 2 3 4 5 [=3 Id 8 9 10

x-axis
FIGURE 4.12 The CDF of TLTRD when ¢ =8

the curves of the original cumulative distribution function and the
cumulative distribution function after three intervals lefttruncation,6=9.4.

Where {(b;,b,+1), (by,by41), (b3, b,41){(2,10),(3,10)(6,10)}respectively
That is, the intervals that deleted are {(0,2),(0,3),(0,6)}
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4.6.3 Triple Left Truncation Survival Function of Rayleigh
Distribution

The survival function of triple-left truncated for Rayleigh distribution is:

_b? _xp? bp?  _xr? b3® _xp?
e 202 —e 202 e 20‘2—e 202 e 20‘2—e 202
SS(XT) =1- 02 0z . (4-13)
b1 _Db2 _
3e 202 3e 2072 3e 202

b1<XT <o, b2<XT < 00, b3<XT < 00,

In this subsection, many figures for representation of the truncation of
the triple left truncation of the survival function of Rayleigh distribution
have been introduced, for different values for parameter and x with the
original distribution has been shown in figures(4-13)-(4-17). The value

Of {(bli bn+1)' (bZI bn+1): (b31 bn+1)}:{(5’30)’(18’30)1(25130)}

to figure (4-13),(4-14),(4-15),(4-16) and (4-17) when the values of
parameter are {3.5,5,8,9,7.5} respectively.

triple left truncated

A NN

0.6

0.5 |-

survival truncated

0.4 F — 1 st truncated
2nd truncated
o3l thire truncated
Criginal
0.2
0.1 -
o . . "
o 5 10 15 20 25 30

x-axis

FIGURE 4.13 The survival of TLTRD when o = 3.5
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triple left truncated 1
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0.9 — 1 st truncated
0.95 2nd truncated
0.8 ——thire truncated
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= thire truncated E 0.8
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=)
o
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FIGURE 4.14 The survival of TLTRD when o =5, (a) with the original function, (b) without the
original function
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triple left truncated
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survival truncated
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FIGURE 4.15 The survival of TLTRD when ¢ =8
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FIGURE 4.16 The survival of TLTRD when ¢ = 9, (a) with the original function, (b) without the
original function
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FIGURE 4.17 The survival of TLTRD when ¢ =74

In this figure,we presented the survival function of TLTRD when o =7.
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4.6.4 The r™ Moment about Origin and About Mean of Multi-Left
Truncated Rayleigh Distribution

The r™ moment about origin is:

o xpt f(xp)dxy  foo xp¥ f(xr)dxy Jo xr® f(xr)dxr

r —_— 1 2 e n

E(Xr) = ( 1-F(b,) + 1-F(by) o 1-F(by)
72 ) X2
1 ISZXT Xge 207 dx fg: XT _,ge 202 dxy + f}:lXTrge_FdXT
" n 1-F(b,) 1-F(b,) 1-F(by)
0 X XTZ

Take |1= fbl XTr 0‘_; e 202 dXT
Lety = 25, xp = (20%y)Y/2, dxr = (202)/22 (y)"/2dy

lh= (2077 [z, ()77 e dy
L= (20%)2I' G+ 1,b;°/20?),
r r b2
= (2022 TG+ 1,b,°/20%), ... 1= 20%):T (3+1,2%)
r r b;?2
(202)2 rG+1-3)

_bi2
n| 1—e20?

And The r'” moment about mean is:

E(Xr — )" = X0 (D™ () ww)
1) -j r—j vn fbi xp) f(xr)dxrdxt
=¥ (") zi=1< e
J xa 8y dxr |\ J xq) 8ep)
r—j i n i
0( 1) ()( i= 1( n(1-F(b;)) )) Zl=1 n(1-F(by))
E(Xr—w' =

r=j
r r—j (T ( n (202) r'G +12022 \ ( n (262)211(%4_1’%)\
j=0(_1) (]) i=1 b;Z i=1 —b;2
R PR ol
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r—j n n n (202)% F(%+1,%) \
0( 1) ( ) 12 . i(r_]-)zl i:1 _biz
n(l—e 202 )
igigedr_j
/ n (202)2 r(1+ —2) n (202)%1*(%“,%)
=1  E(Xr) = — (4.15)
n 1 620'2 n(l_e 202)
3-j
2 ; bj : \ / 2 % j biz
(137 (2”&”—2?2202) | |Zin=1(2")r(—5:’272)
n| 1 e20’2> / \ n(l—eﬁ) /
Plewlin) = - - (4.16)
/ (202)2 r(—+1 22) \ (202)% F(%+1,bL22)w
I 2 0( 1)2- ] 2?:1 / b; \ I ZII:]‘/—_blzziTI
\ \1 3202 / / n\l—eZch / /
4-j
( 2);F( bz)\ / ( 2)2['(] bz)\
20 1,20 e e
Z;}=0(_1)4 (]) ( “b; 26 | o —=Zo a?
n| 1- e202> n<1 e20'2>
Kurt(xt) = /2 / (4.17)

2
i \
| 2 1 1 bi2 2 l j bi2 |
y2_( 1)2—j(2) n (202)2 F(§+1.202) n (202)2 F(5+1'202)
j=o0\" j i=1

T oo\ Zi=1—_biz
n| 1-e202 n| 1-e202

Theorem 4.1 let X; be a random variable with multi-left truncated
Rayleigh distribution, has PDF as shown in equations (4-11), then the

moment generating function equal to
1 2 )2 1 2.
1 —ez0 SVm (1—erf( bi—o?it)) - L
~ Y1 o — ‘ , and characteristic function is equal
1 <n Gizez 2+(a iv? 1\/_(1 —erf( bj—o?it))
tO ; j=1 b-2

)

e 202
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Proof:-
MXT(t) = E(e tXT)
1 fboj e T f(xp)dxy fbo; e tx1 f(xp)dx fboo e t*1 ff(xp)dxy
=—- + + o —
% _x1? o _xr*+20’txy
Take 11 = %fbl etXT e 202 dXT = %fbl e 202 T dXT
o L _
= %fbl e2q? {(xr—d)*+d?} dXT,Letd:O'Zt, U= X — d,du= dXT
az 1
Il == é eﬁ fbl_de —muz du
_ 1 d—22\/2027t 1 1
= e S (erf(e0) () — erf(by - D) () )
2 2
. 1 0 _XT_ 1 a o0 __1 .2
SO, If 12 = ;sz etXT e 202 dXT = ; ezgz sz_de Zazu du

L () -0 (59

1 d_z [e's) L2 1 i V202 1 !
Iy = ex® [ e 2" du= e == (erfteo) (757) — erfbn = D) (752))

M. (t) =

SR ) ool ) B ol )

_by? _by? +
e 202 e 202
e (TR )
2
e_#
3 e () e
=iy, T (<W_>b£rf(bl ) 4.18)
e 202

By the same way, we can get the characteristic function of (MLTRD):
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* eIt XT f(xp)dxy f;‘z’ et XT f(xp)dxT

_ it _ 1(h
CDXT(t) = E(el XT) - ;( - 1-F(b,) 1-F(b,)

1-F(bp) n by? +

(02it)2
; 1 2 V202n 1 _ 2 1
f;:; elit XT ﬁ(XT)dXT> 1 [ 52 20 > <(m> erf(b;—o lt)(W»

(o2it)2 ——
Le 202 202”(( L )—erf(bz—azit)< L ))

o2
: szz Y202 + e LTt
e_2cr2
1 (GZit)Z\/ZO'ZTL' 1 1
-2¢ 202 T((\/?)—erf(bn—azit)(m))
bp?
e 202
(a2it)2
1 52021 1 2 1
2 7 () et 75
IRGEDM S {207 (4.19)
n(e 20%)

4.7 Triple-Left Truncated for Exponential Distribution (Triple
LTED)

In this section, we introduced a formula for the probability density function
for exponential distribution after the cut three intervals from the left side.
Further, the cumulative distribution, the survival functions, and some
statistical properties have been obtained.

4.7.1 Triple Left Truncation for PDF of Exponential Distribution

Let x;y be a random variable has PDF, given in equation (4-1), if taking
an exponential distribution, with triple—left truncated. then the probability
density function of three intervals left truncated of Exponential distribution
IS:

}\ e—k XT }L e—k XT 7\ e—}\ XT

83(xr) = {3(3_%1) + 3(e=bz) + 3(e—7b3)

(4.19)

where b; < xp <00, b, <xr <00, by <xp < 00, respectively.

That is, the three intervals (b,, ), (b,, ), (b3, ), have been used to
represent the triple left truncated probability exponential distribution. the
intervals deleted from the original interval are: the first, second, and third
(bg,b;1), (bg,by), (bg,bs), respectively, as shown in figures
(4.18),(4.19),(4.20), and (4.21).
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triple left truncated

0.3
ariginal
1st truncated
o0.25 | 2nd truncated A
= = = third truncated

0.2
-
£
o
(=)
S o015
=
L
=
[N

0.1 .

~
~
-~
0.05 | ™ e
.
~
-
- -
o a —
o , . L L M I -
o 2 4 G 8 10 12 14 16 18 20
X-axis

FIGURE 4.18: Three intervals are deleted in LTED when A = 0.3

PDF of (TLTED) on intervals (2,20),(6,20),(10,20), Three intervals that deleted
in LTED are(0,2)(0,6)(0,10) when A = 0.3
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FIGURE 4.19 Three intervals are deleted in LTED when A = 0.095

PDF of (TLTED) on intervals (2,20),(6,20),(10,20), Three intervals that deleted
in LTED are(0,2)(0,6)(0,10) when A = 0.095
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FIGURE 4.20 Three intervals are deleted in LTED when A = 0.15
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The probability function of (TLTED) on intervals (2,20),(6,20),(10,20),
Three intervals that deleted in LTED are(0,2)(0,6)(0,10) when A = 0.15

triple left truncated

original

1st truncated

2nd truncated
= = = third truncated | -

PDF truncated

-~
o e e omm omm e mm o

FIGURE 4.21 Three intervals are deleted in LTED whenA =1

The probability function of (TLTED) on intervals (2,20),(6,20),(10,20),
Three intervals that deleted in LTED are(0,2)(0,6)(0,10) when A = 1

4.7.2 Triple Left Truncation of CDF for Exponential Distribution

The cumulative distribution function of three intervals is cut from the left
side for exponential distribution is:

e_)Lbl_ e—)x XT e—)xbz_ e—l XT e—}\b3_ e—)\ XT
Gz(x7) = 3(1-e~Ab1) + 3(1-e~Abz2) + 3(1-e~Ab3) (4.20)
b1<XT <Oo,b2<XT < 00, b3<XT < o

In figures (4.22),(4.23),(4.24), and (4.25) the curves of the original
cumulative distribution and the triple left truncated cumulative distribution
function for different values of parametersAhave been drawn.
when {(by, by+1), (b2, bn+1), (b3, bni1)}={(2,12),(6,12),(10,12)}
respectively. That is, the intervals which deleted are {(0,2),(0,6),(0,10)},
for A ={1,0.6,0.35, }, respectively.

95



Chapter Four Multi Left Truncation of Continuous Distribution

triple left truncated

original

0.9k 1st truncated
2nd truncated
= = = third truncated | -

CDF truncated
=}
5}

FIGURE 4.22 Three intervals are deleted in LTED when A = 1

CDF of(TLTED)has been drawn. when {(b;, b, 41), (b5, b,+1), (b3, byt1)}

={(2,12),(6,12),(10,12)} respectively. That is, the intervals which deleted
are {(0,2),(0,6),(0,10)}, for A = 1.

triple left truncated
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FIGURE 4.23 Three intervals are deleted in LTED when A = 0.6 . (a) with the original function, (b)
without the original function

CDF of (TLTED), when {(by, by41), (b2, bys1), (bs, bny1)} {(2,12)
(6,12),(10,12)}. That is, the intervals which deleted are(0,2),(0,6),(0,10).

triple left truncated
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0.8 Isttruncated |7
2nd truncated
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CDF truncated
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FIGURE 4.24 Three intervals are deleted in LTED when A = 0.35
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CDF of(TLTED)has been drawn. when {(b;, b,41), (by,by41), (b3, byi1)}

={(2,12),(6,12),(10,12)} respectively. That is, the intervals which deleted
are {(0,2),(0,6),(0,10)}, for A = 0.35.
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0.7k 1st truncated
’ 2nd truncated
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FIGURE 4.25 Three intervals are deleted in LTED when A = 0.25

CDF of(TLTED)has been drawn. when {(by, b,41), (b2, by4+1), (b3, byi1)}

={(2,12),(6,12),(10,12)} respectively. That is, the intervals which deleted
are {(0,2),(0,6),(0,10)}, for A = 0.25.

4.7.3 Triple Left Truncation Survival Function Exponential Distribution

The survival function of three intervals left truncated for exponential
distribution is:

e_}\bl— e—?x XT e—)xbz_ e—)x XT e—}\bg_ e—?x XT

Sz(x7) =3 - o) T sy T e ) (4.21)

b1<XT <o, b2<XT < 00, b3<XT < 00,

In this subsection, many shapes of representation of the truncation of
survival exponential have been introduced. Triple left truncated for
different values for parameter and xt with the original distribution has been
shown in figures(4-26), (4-27). The value of
{(by, by+1), (b2, by+1), (b3, bn11)}={(5,30),(18,30),(25,30)} to figure (4-
28),(4-29),(4-30), and (4,31) when the value of parameter is
{0.68,0.25,0.6,1,1.6} respectively.
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triple left truncated

1
1st truncated
2nd truncated
0.95
— =— = third truncated
0.9
=
£
oo
2 0.85
=
w@
= 08
=
=1
=
0.75
0.7
0.65 -
2 3 4 5 [=3 7 8 9 10 11 12

FIGURE 4.26 Three intervals are deleted in LTED when A = 0.68
Survival function of(TLTED) has been drawn. {(b;,b,41), (b3, by41),

(bs, byt 1)}={(5,30),(18,30),(25,30)} for A = 0.68.
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FIGURE 4.27 Three intervals are deleted in LTED when A = 0.25

Survival function of(TLTED) has been drawn. {(b;,b,,1), (bs,byy1),
(b3, bhy1)}={(5,30),(18,30),(25,30)} for A = 0.25.
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FIGURE 4.28 Three intervals are deleted in LTED when A = 0.6
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In this figure, we presented the survival function of ( LTED) when
(b1, by41), (b2, b)), (b3, by41)}={(5,30),(18,30),(25,30)} for A = 0.6

triple left truncated

1st truncated
2rd truncated
0.95 = == == third truncated

survival truncated

FIGURE 4.29 Three intervals are deleted in LTED whenA =1
In this figure, we presented the survival function of (LTED) when A = 1

triple left truncated

1st truncated
2rnd truncated
= == == third truncated

0.95

L]
1
]
¥
| ]
i
1
0.85 | !
1
1]

0.8 f L

survival truncated

0.75 v

~
0.7

0.65

®-axis
FIGURE 4.30 Three intervals are deleted in LTED when A = 1.6

In this figure, we presented the survival function of (LTED) when A = 1.6
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Theorem 4.2

The r™moment about origin of multi-left truncated exponential
%[(FF(T'}‘bi))+(7\bi)r—1e—(Xbi)Z]

distribution is YL, .and the r™ moment about

n(e~APi)
mean is:
1 r-j 1.,
oty () (s e ) (g, 0
]:0 ] 1:1 n(e—lbi) 1:1 n(e_}‘bi) .
Proof:-
E(X I‘) _ l Kf;: XTre_XXTdXT 7\[1:: xTre—XXTdXT + }\f;;XTre—AdeXT
T/ ™5 1-F(by) 1-F(b,) 1_F(by)

Let I=2 ) x" e *Tdxy
1

AxXt =w, X =w/A, dxt = dw/A

I = A—lr ;;1 whe ™Wdw = %F(r + 1,Ab,),
1 (57T (r+1Aby) =T (r+11by) FT(r+12by)
~n\  1-F(by 1-F(b,) R 1-F(by)
_ 1 (7T rAb))+ by 1o P01 N (T Aby))+ by e~ Ab2)°) N
T n 1-F(b,) 1-F(b,)
LT Aby))+Aby) e~ A0m?]
......... + T
1 N2
=|(rT(rAbj))+(Ab;)""1e~(APD)
E( XTr) = {1=1 A [ n(e—lbi) ]1 (4'22)
since, (@ +1,x) = a I'(a,x) + x* le~*’
[ (
And the mean of (MLETD) is:
ZT(2,b;) 2(C(LAb))+(Aby)T2e~ b7
E( XT) = ?Zl m = Zfl=1 2 n(e_}‘bi) (4'23)
And the mean of (triple LETD) is:
ZT(2,b;) 2(C(LAb))+(Aby)T~2e~bD?]
E(Xr) = X S mmy = Zia ® TR (4.24)

The r™ moment about mean of (MLETD)is:
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E(Xr — )" = X0 (D™ (1) wrw)

. rizan) ') LI(j+1by)
= Xj=o(=1)" ](;)< {1=1AeTbi)> Y ey | (4.25)

n(

And The r' moment about mean of (TLETD)is:

_ Zr (_1)1‘—] (r)< 3 %[(F(l,}\bl))'l'(}\bl)r—le_(Xbl)z] )r_] ( 3 }L—ljl"(]+1,)\b1)>
T 4=0 j i=1 i

3(e™*P) 3(e7*P)

According to (4-25), The variance and the standard deviation are
respectively:

r—j 1_.,.
62 = Y2 (~1)2-] (2) n ZF@Ab) n TU+LAB)
]=0 ] 1=1 n(e—lbi) i=1 n(e_xbi)

1 —aha2] \ T 1.,
. 2[(T(1,Ab)) +(Aby) "~ Le~*bi) —T(j+1,Ab;)
= ZZ=O(_1)2_] (2) rl=1 }\[ —Ab; ] anl A —Ab:;
) j ! n(e "Pi) 1 n(e”"Pi)

(4.26)

1 r—j 1.
_if2 =T'(2,Abj) —T(U+1,Abj)
0:\/ 1'2=0(_1)2 ](j)< ?=1An(e—xbi) ?zlxn(eTbi) (4.27)

Therefore the coefficients of variation, kurtosis, and skewness are
respectively:

1 r-j 1 (it1ab 1/2
52 o(-?I(3)( g, A0 ) (5 A UHAR)
" : =1 n(e™Pi) =1 e by
AL(2Ab;)
1n(e_7‘bi)

r—j
2 N R L G el L TU+1Aby)
Yjzo(-1) (,) Yi=1 RS Zi=1n(e——xb-

CV =

n
1=

1/2

D)

(4.28)

- n %[(F(l,}\bi))ﬂxbi)r—1e—()\bi)2]
=t n(e_}‘bi)
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1 r—j 1. _
Sho(-*I(4) 5h '@ ) o T U+1.2b;)
j=0 i)\ Zi=1 ] =7y, T

n( 1)
skew = - - >
1 - .
: Lr(zab;) =T (j+1Abj)
Z]?:O(—l)Z—J(?) oA - Z?:l}JT
) n(e 1) n(e 1)

n(

r-j

1 . AT—1,—(Abj)2 E _

SEo(-127(3)| 2R byt GOUT] ) rGAL)

]=0 )] 1=1 n(e—}\.bi) i=1 n(e_}"bi)

1 r-j 1.

= ~T(2,Abj) =T (j+1Abj)
spacvi(s ke ) (sp B
! n(e “°1) n(e~"Pi)

L ) Lr(j+1Aby) ¥z
2 -2 (2) Zi i) ) (gn AT
=0 JJ\ Z1=1 n(e~Abiy =1 by

_owbn2] \'7 .
s ri(3\[ v F|r@abp)+appr—te P07 . %F(}+1,7\bi)
Zj=o(-1) (1) i=1 e Yi=1" by

L 1 b2\ FEPR
T4 (4)( zh GGl R VG
j=0 ] 1=1 n(e_}‘bi) i=1 e_}‘bi)

, (4.29)

kurt =

n( i)

- - 7 (4.30)
2 2-j(2 n %[(F(m‘bi))+(7~bi)r_1e_(7‘bi)2] N %F(j+1,7xbi)
Z]:O(_l) ](]) Zi:l n(e_}\bi) Zizlm
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Chapter Five Estimation for Multi-Truncations With Applications

In this chapter, we derived the general formula for the maximum
likelihood estimation method for multi-double truncated continuous
distribution and multi-left truncated continuous distributions. We
introduced the estimation of parameters for distributions that have multi-
double truncated and multi-left truncated for various distributions by the
maximum likelihood method. In this study, we depended on data related to
Covid-19 in Babylon city for the period (1-6-2020 to 1-6-2021) thgrough
applying one and two intervals for double truncated, and three intervals for
left truncated. Also, we implemented an algorithm to solve the maximum
likelihood method using Mat Lab (see Appendix B).The study analyzed
statistical data for unknown parameters and compared it with some
distributions. Furthermore, we tested the fitting of the data to our models. It
IS worthy to note that data was identical to original distributions before use,
see appendix (C).

5.1 The Maximum Likelihood Estimation for Multi-Double
Truncated Continuous Distribution

A random variable x¢ is said to have the multi-double truncated
distribution if its probability density function as in equation (2.1):

_1l¢n f(xT) ' .
gl’l(XT) - n i:lIF(bi)_]F(ai) When al < XT < bl

Based on this assumption, we will construct the maximum likelihood
function for multi-double truncated continuous distribution in the next
theorem:

Theorem 5.1

Consider X;, X5, ....,X,, is a random sample of size m from a population
with a probability density function gn(xT;Q) , Where 6 are unknown
parameters, then the likelihood function

;‘11 IF(XT]')

—_yn= T
nME,T1F," 2. F,™ Zi=1 T

L(6),xr) =
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Proof: Likelihood function of g, (x;8) is

L(6;,%1) = T} 8 (%1 0)

_1mn 1 f(xT) Ty 1 f(xT) Tn 1 f(xT)
=127 (F(bl)—w(al)) Mz ([F(bz)—IF(az)) A3 (F(bn)—IF(an))

l_[;'nzl IF(XT]')

n-—1
T T m-=),:_+7Ti
nmF, " F," .. ... F, ™ 2= T

L(6),xr) =

Take the log to the above equation to both sides, where r, =m, F; =
F(b;) — F(ay), F, = F(by) — F(ay), ..., F, = F(by) — F(ay)

The log-likelihood function is:

p =
—mlog(m) — rilog(F) — (rp)log(Fy) — -+ ... — (m — XiZ r)log(Fy) +
Yz log (If (ij)>. (5.1)

5.2 Information Criterion and Curve Fitting

To select a convenient model among a set of models that describe the
phenomena under study since it is an essential attention of modern
sciences. Many statistical models were proposed by researchers dealing
with these phenomena such as information criteria and goodness of fit. The
goal of calculating such information criteria is to find out how good a
model is for explaining the relationship between the variables and
identifying the “best model” among a set of specified models.

The curve of fitting is to construct a curve that has the best fit to a series of
original data points possibly to constraints with evaluation statistical
quantities that measure the goodness of fit.

In this study, we use four different types of information criteria: the Akaike
Information Criterion (AIC), Corrected Akaike Information Criterion
(CAIC), Hannan-Quinn information criterion (HQIC) and Bayesian
Information Criterion (BIC). Also, we test curve fitting to decide which
model exhibited a better curve fit for our models: ODTWD, ODTRD,
TDTWD, TLTRD, and TLTED with other models, we examine four
quantities:
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1. The sum of squares due to error (SSE),
2. R-squared (RSS),

3. Adjusted R-squared,

4. Root mean squared error (RMSE).

all these are explained in chapter one.

Those quantities are evaluated by curve fitting application offered by the
Mat Lab environment. The curve fit application uses a numerical
smoothing spline method to perform the fitting and the goodness of fit
statistics.

5.3 Real Data Analysis of ODTRD and ODTWD

In this section, we consider real data of the infected with Covid-19 in the
city of Babylon-lrag. The data collection focused on the time of their
infection in the virus until their death for the period (1/10/2020-
30/12/2020). We illustrated the applicability of ODTRD and ODTWD for
this data.

The data set are:

11,2,22,16,17,6,12,7,29,11,7,10,15,8,1,21,8,1,4,17,1,10,21,16,12,1,2,7,4,11
,5,5,8,4,15,1,23,16,8,10,10,11,27,9,18,1,4,1,6,3,26,4,1,3,11,2,7,12,3,32,6,1
2,8,1,5,10,3,66,51,20,8,15,18,22,4,16,19,8,21,19,12,8,3,9,17,7,12,12,44,11,
23,12,10,8,11,27,10,4,5,6,11,1,28,22,6,7,31,6,16,2,12,21,19,2,19,8,18,39.
With size is 118.
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5.4 Estimation of One-Double Truncated Rayleigh Distribution
5.4.1 Maximum Likelihood Estimates of ODTRD

If X;, X5,....,X,, denotes a random sample from ODTRD, then the
likelihood function is given by:

_ T[m . <2) — Tm o? o2
L= j=1 g(X]; o ) - H]:l —b02 —a;2 + —b12 —ay2
2| e 262 — e 202 2| e 262 — e 202

The log-likelihood function is:
? =

m 2
Zj:lej -

Yz log Xp; == ——=——m log (6%) —mlog(2) — r [log (exp (23022) —
o0 ()] - on s o0 (2) -er(22))| 62

By taking the derivatives of ¢ with respect to the parameter o2 and the
result equals zero,

b2 b2 2.2 —a.2
de _ Zjtixr® r[(zwz)z)e"p( 202 )_<2(cr12)2>e"p (2612 >] _m

do?2  2(c2)2 exp (_Za122>—eXp(_2b°zz> o
~ (m_r)[(z(bcl22)2> 6xp<—21:y122>_<2(36222)2>eXp <_zaj22)] . (5 3)

We can obtain the MLE of the parameter 2 , by solving the above
equation numerically for 62 by Newton—-Raphson method.
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5.4.2 Goodness of ODTRD

In this subsection, we illustrate the applicability of ODTRD distribution
by considering real data of the infected with COVOD-19 in the city of
Babylon-Iraq for the period (1/10/2020-30/12/2020). Fitting by comparison
distributions (see appendix (A)) with Maxwell distribution(MAWE) and
Chi-Square(CH-SQ) Distribution.

Each parameter of the comparison distributions is estimated by using the
maximum likelihood method, and computing the criteria AIC, BIC, CAIC,
and HQIC.

The maximal likelihood estimation of all parameters of models for the
above data is shown in table (5-1). Table (5-2) shows that the model
ODTRD gives the least values for the criteria AIC, BIC, CAIC, and HQIC
than the other models (MAWE, CH-SQ),where r=37.

Hypotheses:
Hy, = The model ODTRD is fitted the data
H, = The model ODTRD is not fitted the data

Table(5.1) Estimations parameters of data for ODTRD

Model Parameter | Parameter
estimates
ODTR(a2 ) 02“ 4,753

me(e M 9" 899
CH-SQ(a) o' 1935

The above table shows the values of the estimator parameter of (ODTRD)
and all the distributions compared to it, using the maximum likelihood
method.
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Table (5.2) the values of statistics £*, AIC, BIC, CAIC, HQIC

opapsd | -533.079  3.066158 3.138.038 1.100158 1.698858
\AAWER -1.631.689 5.263378  5.335258 3.297378 3.896078
o eiel -794.687  3.589374 3.661254 1.623374 2.222207

In the table above, the numerical values of statistics for all models are
given and show the model ODTRD is a better fit of data than other models.

5.5 Estimation of One-Double Truncated Weibull Distribution

5.5.1 Maximum Likelihood Estimates of ODTWD

If X;, X,,....,X,, denotes a random sample from ODTWD, then the
likelihood function is given by:

m
L =1_[g(ij;5,a)) ,
j=1

The log-likelihood function is:
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Zj2sxr; °

¢ = mlog (8) — mélog(w) + (6 — 1) X2 long]. ——
mlog (2) —r [log (exp (—(%)5) — exp (—(%)5))] — (m —
r) [log (exp (—(1—2)8) — exp (—(b;z)‘s»] (5.4)
Taking the derivatives of ¢ with respect to the parameter §, w and the
result equal zero, respectively.
df m
A
[( 1) exp(~(22)” ) tog(22))- 220 exp( (%) )(log( ))]
exp(-(3))-exo(-(2)')

%2, xr; 8 log(xr; )~log(w) T2, x7; ®

w9

+ (m—r)

—m log(w) —

X[( 1) @28 exp(~(22) ) tog(2 ))—(%)5exp(—(%)s)(log(%b]
exp(-())-exo( ()

oo ewp(~(3)")-ern(-(2))

] (32 -2 enn(-(2)) o
- (5.5)

exp (%)) - exo(-(2))

8
0 _ -md N Ser‘;lejs r 5+1[(31) exp( (w)a) -(b)® eXp(-(t;—l) >]

We can obtain the MLE of the parameters &, w , by solving the above
equation numerically for §, w.
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5.5.2 Goodness of ODTWD

In this subsection, we used the real data of the infected with COVOD-19
in the city of Babylon-lrag for the period (1/10/2020-30/12/2020).
Compared the results of fitting the importance of the ODTWD with
Gamma Rayleigh distribution(GARA), Modified Weibull distribution
(MOWE), Rayleigh with two parameters (RATO), and Weibull distribution
(WEBU). The maximal likelihood estimation of a model (ODTW) and
(WEBU),(GARA),(MOWE), and(RATW) parameters for the above data is
shown in table (5.3), where r = 76. By using the above criteria, we can note
the distribution which has the least criteria is the better fit for the data, as
shown in table (5.4).

Hypotheses:
Hy, = The model ODTWD is fitted the data
H, = The model ODTWD is not fitted the data

Table(5.3) Estimations parameters of data for ODTWD

Model Parameters Estimates

ODTW( §, w) §" =9.973 " =0.85 -

WEBU( w,y) w" =094 y" =8.939 -
CAEANEEERMN o =9.974 0" =1.715 ® =0.791
VOWIEGETRIN o =094 o' =1.569 y" =0.01

RATW(w,y) w" =094 y" =0.988 -

In this table, we estimated the parameter of the model(ODTWD) , and
comparision models
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Table (5.4) the values of statistics for (ODTW), (WEBU),
(GARA),(MOWE) and(RATW)

OIDRRVYAN | -146.27

WEBU

€AW -430.168

MOWE

296.54
-383.786 771.572
864.336

-1,688,601 9,377,202

296,6836
771,7156
864,4796
9,592,807

296.5747
771.6067
864.3707
9.587.702

293.8054
768.8374
861.6014
5.275397

SANRA -14,094,60 32,189,212 32,332,812 32.223.912 29.454612

This table shows the statistics £ , AIC, BIC, CAIC, and HQIC for

(ODTW),(WEBU),(GARA),

ODTW is a better fit of data than other models.
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Table(5.5) Estimations parameters and " of data for ODTWD

2 8 w"
-370.228 0.97 1.997
-426.625 0.971 2.00
-480.592 0.972 1.994
-485.085 0.974 1.991

The estimation parameters of (ODTW), and maximum likelihood estimate
for data (1/10/2020-30/12/2020) are shown in table (5.5), for different
values of by,a,, b, a,, where r=97.

some of the cutting intervals are found in the original data. We noted that
the ODTW has decreased when the values of a,, b; decreased.

5.6 Estimation of Two Double Truncated Weibull distribution

In this section, we derived the maximum likelihood function of two
double truncated Weibull distributions and obtained the Goodness fit of
data.

5.6.1 Maximum Likelihood Estimates of TDTWD of

The maximum likelihood function of two double truncated Weibull
distribution, we can get by using theorem (5-1) as follow:

L(gs(xp)=TIT7%, | ==~

112



Chapter Five Estimation for Multi-Truncations With Applications

’k 3<e_(a_ 8 >5) ) o \ ((—)(—)) /

The log-likelihood function of (TDTWD) is:

£ =log(1) —mlog(3)

—r [1og{exp (— (%)5> — exp (— (%)5)}] — (ry) |log{exp (-(®)%) -

exp (~°)}] —m =1 = m) [log {exp (~(2°) - exp (-2°)]]

noxp. 8
+ [m log(8) —mélogw + (8 — 1) X2, logxr; — Zl_;?] ]

or _ 11| (42)" exo(-(22)"ro8(2)+(2) 108(22)exe (%)) |
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oo 52 en(-(2)) o)) a)ew -2 )]
exp(~(22)")-exn((29)”)

22, x7; % log(w) X2, xy; 0 log(pr] —0

m m
+§—mlogw+2j:110ng—[ o L

5.5.2 Goodness of TDTWD

In this subsection, we used the real data of the infected with COVOD-19
in the city of Babylon-Iraq for three sets. Compared the results of fitting the
importance of the TDTWD with Weibull (WEBU), Gamma Rayleigh
distribution(GARA),  Modified Weibull distribution (MOWE), and
generalized Rayleigh (GERA).

Hypotheses:

H, = The model TDTWD is fitted the data

H, = The model TDTWD is not fitted the data

Data set (1)

The following data set are the infected of Covid-19 collected from
Babylon city for months (11,12/2020 and 1,2/2021).
t=[5,10,14,3,66,51,20,8,15,18,22,16,19,8,21,19,12,8,3,9,17,7,12,44,11,23,
12,10,8,11,27,10,4,5,6,11,28,22,6,7,31,6,16,2,12,21,19,2,19,8,18,39, 22,25
,3,11,7,4,14,5,7,20,6,13,14,9,5,13,41,29,3,4,12,17,3,16,6,19,24,4,8,11,13 4,
6,9,12,6,31,20], with size 85. The intervals cut are: assumption [14,15],
[24,27]

Data set (2)

The following data set are the infected of Covid-19 collected from
Babylon city for time (1-3 to 30 -5/2021).
t=[16,36,10,4,24,23,10,15,12,30,6,12,5,7,11,7,12,5,10,4,7,3,2,18,7,1,6,12,
23,5,11,1,33,9,4,17,8,5,16,40,6,10,16,8,17,10,9,16,10,4,7,5,2,14,7,15,9]
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The intervals cut are: assumption [10,11], actual [19,22]

Data set (3)

The following data set are the infected of Covid-19 collected from Babylon
city for time ( 1-1 to 28 -2/2021).

t=[22,25,3,11,7,4,14,5,7,20,6,13,14,9,5,13,41,29,3,4,12,17,3,6,19,4,8,11,1
3,4,6,9,12, 6,31,20] with size 36. The intervals cut are: actual [15,16],
[23,24]
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Table(5.6) the values of statistics for (TDTW),(WEBU),(MOWE)
and(GAWE) with data in set(1)

Model A AIC BIC CAIC Estimation
parameter

TDTW -305.2289  614.457767  619.343069 614.652889 §"=21.3623

"= 2.0163

WEBU 8.4335e-163 750.378326 755.263628 750.5734484 "= 15.6751
y'= 1.3838
o= 0.0653
\[e)/= -5.9525e+09 1190502964 119050296 11905029643.  »_ g 5391
3.546 50.8748 9432 A
v =4.6975
e== -2.8333e+03 5670.546913 5675.43221 5670.74203 «"=126.806
A= 0.2492

In this table, we estimated the parameter of the model(TDTWD) , and for
comparision models, and find maximum likelihood funcrion for all models
with data in set (1). We note, the model (TDTW) has smaller value
(AIC,CAIC, BIC) than other models. This indecte the model (TDTWD) is
btter than other models.
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Table(5.7) the values of statistics for (TDTW),(WEBU),(MOWE)
and(GAWE) for data in set (2)

Model A AIC BIC CAIC Estimation
parameter

IEPIRYA -157.2929 318.58578  322.36942 318.933606 §'=17.7657

063 120 w"=1.7816
[==l0F  1.7729e-83  385.083917 388.86755 385.431744 §"=12.5236

855 04 A
v =1.3447
MOW | 249225005 a"= 0.0614
1.2461e+08 249224999.88 .55 249225000. «"=45.328

41 .
v =3.6942
a”=0.5540
-200.8857  405.77144629 409.55508 406.119272 1"=0.0554

689 3

In this table, we estimated the parameter of the model(TDTWD) , and
comparision models, and find maximum likelihood funcrion for all models
with data in set (2). We note, the model (TDTW) has smaller value
(AIC,CAIC, BIC) than other models. This indecte the model (TDTWD) is
btter than other models.
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Table(5.8) the values of statistics for (TDTW),(WEBU),(MOWE) and

Model ra AIC BIC CAIC Estimation
parameter

TDTW 5"=20.605
-130.14470 264.294033 267.46107 264.77881 W’ =2.3102

©"=13.507

V(=00 1475373 330.3997  342.5667 330.8846  ,°=1.486
MOW 13010545076 "= 0.084
-6.5053e+11 13%%%535507 130105450 693 10087

' 7673.3 A

eIGI673

" =132.72

956.6729  1917.345836 1920.51287 1917.830685 1= 0.2905

4

(GARA) for data in set(3)

In this table, we estimated the parameter of the model(TDTWD) , and
comparision models, and find maximum likelihood funcrion for all models
with data in set (3). We note, the model (TDTW) has smaller value
(AIC,CAIC, BIC) than other models. This indecte the model (TDTWD) is
btter than other models

Interpretation:-

In all sets, the maximum likelihood estimation of TDTWD and related to
the compared models (WEBU),(GARA),(MOWE), and(GEWE), as
introduced in tables (5-.6),(5.7), and (5.8). Therefore we presented the
estimated values of parameters for all models for data in set (1), set (2), and
set (3), respectively. The model TDTWD gives the least values for the
criteria AIC, BIC, CAIC, and HQIC than the other models. We found in set
(3), the M.L.E of TDTWD is less than set (2) and set (1). Therefore, the
values of the criteria of TDTWD are less value as well than the other two.
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5.7 Results of Curve Fitting of TDTWD

This section contains results of curve fitting statistics ( SSE, R-squared,
Adjusted R-squared, and RMSE ) to compare the performances of
TDTWHD to fit data among three sets of given data listed in the next table:

Data SSE R-squared Adj-R RMSE
squared

Set1 6.4272e-6  0.999953333 0.999955667  0.13978767

set 2 (0.354333633 0.999966667 0.99992667 0.0982151667

set3  1.32406667e-7 0.999966667 0.999866667 8.14433333e-5
Table(5.9) statistics to the goodness of fit (TDTWD)

In this table, we provide the measures of curving goodness of fit (TDTWD)
(SSE, R?, Adj-R? RMSE)

For data in set (3): TDTW distribution with (SSE= 1.3240667e-7 RMSE=
8.1443333e-5) which is the smallest compared to data in set (1) and data in
set (2) fitted the data better than other sets and this result compatible with
results of table (5.6),(5.7),(5.8). And SSE with RMSE values closer to 0
indicates a fit that is more useful for fitted the data.

in figures(5.1), (5.2), and (5.3) we presented, the curve fitting for PDF
TDTWD after the estimate of its parameter for all sets

two double truncated Weibull
0.06 . T T

0.05 - \

0.04 -

& oo3f
o
0.0z |

0.01 -

0 ‘1ID 2ID 3ID 4ID 5IIJ E-D 70
time

FIGURE 5.1 PDF of TDTWD on data in set (1) with the estimated parameter
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In the above figure, we presented PDF of (TDTWD) after estimate the
parameter for it in set(1).

two double truncated Weibull
D. DT T L T T 1 L I

0.06 | :
0.05} \ .

0.03 - -

PDF

0.02 -

0.01 -

0 5 10 15 20 25 30 35 40
time

FIGURE 5.2 PDF of TDTWD on data in set (2) with the estimated parameter

In this figure, we presented PDF of (TDTWD) after estimate the parameter
for it in set(2).

two double truncated Weibull
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FIGURE 5.3 PDF of TDTWD on data in set (3) with the estimated parameter
In this figure, we presented PDF of (TDTWND) after estimate the parameter
for it in set(3).
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5.8 The Maximum Likelihood Estimation For The Multi-left
Truncation Distribution

In this section, we find an estimation of MLTD by using the maximal
likelihood method, for two models (triple left truncated Rayleigh
distribution(TLTRD) and triple left truncated Exponential distribution
(TLTED)). Goodness fitting for models was presented by two sets of data.

A random variable X is said to have the multi-left truncated distribution
iIf its probability density function is:[4-2]

1 f(x7)
gn(x7) = - e 1_;(Tbi) when b; <xp < o
Theorem (5-2): Consider X;, X5, ....,X,, IS a random sample of size m

from a population with a density function gn(XT;Q), where 0 are
unknown parameter, then the likelihood function is given by:

L(ej'XT) = H1n=11 8n ( XTj> Q) )

(X,
L(e],XT) _ H]—l ( Tl) __
nmE,"F, 2 . F, R T
The log-likelihood function is:
? =
—mlog(m) — rylog(F;) — (rp)log(F,) — =+ — (m — XiZ7" rylog(Fy,) +
Yj=1log (ﬁ (XT].)> : (5.7)
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5.8.1 Maximum Likelihood Estimates of TLTRD

If X;, X,,...,X,, denotes a random sample from TLTRD, then the
likelihood function is given by:

m

L= 1_[ g3(xj;02) ,

The log-likelihood function is:

P =
Jmlxiz

YL, logx; — 2 ————mlog (c?) —mlog(3) — 1y [log (exp ( 20122 ))] -

r2log (exp (32 )] = 0 = 2 = ) [tog (exp (52 )

Y2, x5 b, 2 b, >
£=Y72 logx; — ’21 = —mlog (6?) —mlog(3) + 1y [ﬁ] +r, [ﬁ] +

o2

bs?

(m—r; —17) [202

By taking the derivatives of £ with respect to the parameter o2 and the
result equal to zero,

de 2,%% m  b? b,? bs?
= —r22—04—(m—r2—r1)2—64=0

r ——
do? 20% o2 120%
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5.8.2 Maximum Likelihood Estimates of TLTED

If X;, X,,....,X,, denote a random sample from TLTED, then the
likelihood function is given by:

m

L= 1_[ g3(xj;02) ,

j=1

N Ae AXT r Ae—AXT m Ae AXT
s (S M () e (o)

—_ H]rgl A e AXT

- 3m(e—xb1)r1(e—xb2)r2 (e—xb3)m‘r2‘r1

The log-likelihood function is:

¢ =mlog(d) — X2, Ax; — mlog(3) + r;Ab; + ryAb, +
(m - I‘2 - rl)}\b3 (58)

By taking the derivatives of ¢ with respect to the parameter A and the result
equal to zero,

de

a= %_ ]'n=11X]' +r1b1+r2b2+(m_r2_r1)b3 =0

5.8.3 Real Data Analysis of Study (TLTRD) and (TLTED)

In this subsection, we illustrate the applicability of TLTRD and TLTED
models by considering real data of the infected with Covid-19 in the city of
Babylon-lrag. Data was collected for the period of their infection with the
virus until their death for the interval for two sets. We also fit Maxwell
distribution, Chi-Square distribution and Rayleigh with two parameters
(RATO), see appendix B more detail about compared distribution.

Data in set(1): (1/10/2020-30/12/2020).
The data set are:

t=[11,2,22,16,17,6,12,7,29,11,7,10,15,8,1,21,8,1,4,17,1,10,21,16,12,1,2,7,4
,11,5,5,8,4,15,1,23,16,8,10,10,11,27,9,18,1,4,1,6,3,26,4,1,3,11,2,7,12,3,32,
6,12,8,1,5,10,3,66,51,20,8,15,18,22,4,16,19,8,21,19,12,8,3,9,17,7,12,12,44,
11,23,12,10,8,11,27,10,4,5,6,11,1,28,22,6,7,31,6,16,2,12,21,19,2,19,8,18,3
9]. with size 112
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Data in set(2): (1/7/2020-31/8/2020). The data set are:

w=[5,13,8,5,4,3,4,2,16,7,6,22,24,14,6,4,9,1,1,6,5,2,12,4,2,1,1,7,13,3,1,12,7,
143,1,2,10,1,17,8,11,10,1,1,1,1,2,6,10,1,13,1,1,1,17,15,6,3,5,19,3,1,1,12,6,
3,23,6,14,11,12,8,9,3,1,6,7,1,20,2,3,2,9,8,5,12,6,7,6,1,3,5,1,9,11,1,25,6,5,1
51,2,13,19,3,1,3,7,8,5,5,11,3,10,4,13,4,7,4,14,3,9,2,9,9,2,4,17,2,9,6,9,2,3,8
,11,1,9,21,12,13,5,6,1,1,6,1,1,13,22,7,4,3,7,16,6,5,4,11,6,24,6,16,4,1,16,6,1
,9,12,4,15,3,1,25,1,10,11,2,22,4,9,2,5,1,5,1,2,16,1,6,2,4,21,4,17,12,5,21,7,8
,6,7,15,5,7,9,57,6,1,1,3,7,10,2,1,13,3,7,6], with size 221.

Data in set(3)

By adding the data for month 6 to data in set (2), which is
t={3,3,9,9,25,15,3,3,1,2,5,5,3,9,2,7,1,27,6,1,10,3,10,5,22,26,18,13,18,6,8,2,
2,8,10,2,3,1,6,8,10,6,4,1,2,5,17}, it becomes total of size data in set (3) is
2609.

H, = The model TDTED is fitted the data
H, = The model TDTED is not fitted the data

Table (5-.10) the values of statistics £", AIC, BIC, CAIC, HQIC for data in
set (1)

-165.132  332.264 334.98249 332.30036  334.98249
-678.103  1,358.206  1,360.9249  1,356.24236  1,359.30894
VIS -1,592.892  3,187.784  3,190.50249  3,185.82036  3,188.88694
-783.545  1,567.09  1,571.80849  1,567.12636 1,570.19294
-1.368.956  2,749.912  2,747.34898  2,738.2209  2,750.32375

In this table, found M.L.E, and stastical criteria for (TLTED),(TLTRD)
and comparision models with data in set (1). Show the model TLTED is the
better fit than TLTRD and other models. And the last is better fit of others
models.
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Table (5.11) Estimations parameters of TLTRD,TLTED

and others for data in set(1)

Model parameter Parameter
estimates
TLTED() A" 0.622

TLTRD (o) 2 9.00
CH-SQ o 9.00

MAWE (6) 8" 1.939

RA-TO (a,68) | a0h 0.09, 8.937

In this table, we estimated the parameter of the models (TLTED),(TLTRD)
, and comparision models, and find maximum likelihood funcrion for all

models with data in set (1)
Table (5.12) the values of statistics £°, AIC, BIC, CAIC, HQIC
for TLTRD,TLTED and others for data in set (2)

ap=es -633.995 1,269.99 1,278.78632  1,268.00826  1,269.67606
Sesier  -764.487 1530974  1,534.37216  1,528.99226  1,530.66006
VA= -935.238 1,872.476  1,875.87416  1,870.49926  1,872.81620

o teion -1,125.799 2,253.598  2,256.99616  2,251.61626  2,253.28406
saamel -1,600,936 3,205,872 3,212,6683 3,208,24412  3,205,24412

In this table, found M.L.E, and stastical criteria for (TLTED),(TLTRD)
and comparision models with data in set (2). Show the model TLTED is the
better fit than TLTRD and other models. And the last is better fit of others

models.

125



Chapter Five Estimation for Multi-Truncations With Applications

Table (5.13) Estimations parameters for TLTRD and TLTED
of data in set (2)

estimates
o2 4.674
a 1.903

RA-TO (,5) | ack 0.2, 7.47

In this table, we estimated the parameter of the models (TLTED),(TLTRD)
, and comparision models, and find maximum likelihood funcrion for all
models with data in set (1)

By using statistical information criteria, we can say that the
(TLTE)distribution which has the least criteria in set (1) is better than a set
(2). Furthermore, the (TLTED) is fitting better than (TLTRD), and the lest
IS better than other models, this show in table(5.10)and (5.12).

The maximal likelihood estimation of all models parameters for the above
data for set (1) and set(2) are shown in table (5.11), (5.13),respectively.

Table (5.14) The values of £" and 2’ for TLTRD with various
b4, by, b; for data in set (3)

-1.147.424  4.605
-1.089.138  4.362
-1.030.508  4.124
-761.389 3.112
-5.67.842 2.455

This table shows the value of maximum likelihood estimation of (TLTRD)

has decreased when the values of b,, b,, b; increased.
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Table (5-15) statistics to the goodness of fit (TLTRD and TLTED)

Data R-squared Adj-R RMSE
squared

Setl 3.8342667e- 0.99998333 0.9998 0.000212053

05 3
set 2 0.698692863 0.99983333  0.99988  0.0004813333
3
1 setl 1.6284933e-5 0.9997  0.999633333 0.00010122
=
r_l|'| set 2 6.034e-6 0.9999  0.999833333  0.0003727

For TLTED, the values of (SSE, RMSE) of data in set(1) and set(2) are the
smallest compared to TLTRD and it fitted the data better than TLTRD.
This result is compatible with the results of Table {(5.10),(5.12)}and SSE,
RMSE values are closer to O which indicates a fit that is more useful for
prediction, this is shown in sets (1), and set(2).

v ot % % 8 ¥ I ¥
[

FIGURE 5.5 curving fitting of the model (TLTRD) for data in set (2)
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FIGURE 5.6 PDF of TLTED of data set (1) with the estimated parameter

In this figure, we presented PDF of (TLTED) after estimate the parameter
for it ,to data in set(1).
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FIGURE 5.7 PDF of TLTRD of data set (1) with the estimated parameter

In this figure, we presented PDF of (TLTRD) after estimate the parameter
for it ,to data in set(1).
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FIGURE 5.8 PDFof TLTED of data set (2) with the estimated parameter

In this figure, we presented PDF of (TLTED) after estimate the parameter
for it ,to data in set(2).
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FIGURE 5.9 PDF of TLTRD of data set (2) with estimated parameters

In this figure, we presented PDF of (TLTRD) after estimate the parameter
for it ,to data in set(2).
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Chapter Six Conclusions and future works

Conclusions

1. Construction of new multi- truncation of a continuous distribution,
using the double type. Further, found the statistical properties.

2. Multi-double truncated Weibull distribution, and multi-double
truncated Rayleigh distribution, are introduced with statistical
properties. For example; one double-truncated Weibull distribution,
two double-truncated Weibull distribution, and one double-truncated
Rayleigh distribution.

3. A new formula to consider the multi-left truncated on continuous
distribution, has been employed. Some examples about multi- left
truncated with statistical properties are obtained. Such as, triple left
truncated Rayleigh distribution , triple left truncated exponential
distribution .

4. Derived the r™ moment about origin of multi-double Rayleigh, by
two way and proved it equal.

5. Graphs for PDF,CDF, and survival function of all previous
distributions , have been utilized.

6. Formulating a theory for calculating the maximum likelihood
function of a multi-double truncated continuous distribution, and
multi-left truncated continuous distribution.

7. The flexibility of one double truncated Weibull distribution , and one
double truncated Rayleigh distribution, two double truncated
Weibull distribution, triple-left truncated Rayleigh distribution and
triple-left truncated exponential distribution are illustrated
throughout comparison with other distributions via applications to
real data sets. Moreover, the goodness of fit curve of these models is
considered, and we clarify the utility of the models proposed by

application of real data (data of COVID-19) to Babylon city.
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Future works

1. The discrete distributions are very important in solving many
problems of lifetime, therefore, we can apply the multi-double
truncated, and multi-left truncated on discrete distribution.

2. We can find multi-right truncated for a continuous distribution.

3. Emply simulation approach on (MDTRD), (MDTWD), (MLTRD),
and (MLTED).

4. Using Neutrosophy distribution continuous in multiply truncated
distribution.
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Appendix A

Comparisuon distributions
1- Maxwell distribution [19]

The probability density function of (MAWE) introduced by ( James
Maxwell and Boltzmann), is:

—x2

2%
f(x, 0) =%X:3—/29 ; x,0 > 0.

2- Chi-Square Distribution[7]

The probability density function of (CH-SQ) was introduced by (James
Maxwell and Boltzmann) (CH-SQ) is:

a
xf_l e_X/Z

f - - -
S TG

x>0, aisdegrees of freedom.

3- Gamma Rayleigh distribution [3]

The probability density function of (GARA) introduced by (Aliya Syed
Malik and S. P. Ahmad 2019), is:

_xz/ a-1
0 X x%e” 2w6% [ x?
f(x; a; Jw) - HZF(O()Q)O-' 63/2 292 ) X > 0,

a, 8,0 > 0.
4- Modified Weibull distribution[2]

The probability density function of (MOWE) introduced by (Ammar M.
and Mazen Z), is:

—ax+wxY~1

f(x;a,w,y) = (a+ wyx' e ;o x>0, oy w>0.
5- Rayleigh with two parameters distribution [39]

The probability density function of (RATO) introduced by (Sanku, Tanuijit,
and Debasis 2003 ), is:

f(x; w,v) = 20(x — y)e“"(x“’)2 ; x>0 v w>0.
w, Yy are shape and scale paramters respectively.
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6- Generalized Rayleigh distribution [9][28]

The probability density function of (GERA) introduced by (Sanku,
Tanujit, and Debasis 2003 ), is:

f(x; w,y) = Zwyzxe‘x(y)z(l - e‘Y(X)Z)‘*"1 : x>0, vy w>0.

w,y are shape and scale paramters respectively.
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Appendix B

1- The algorthim to estimate paramters in maximum
likelihood method.
%%%%% Babel %%%%%
clear all
clc

t=[5,10,14,3,66,51,20,8,15,18,22,16,19,8,21,19,12,8,3,9,17,7,12,44,11,23,
12,10,8,11,27,10,4,5,6,11,28,22,6,7,31,6,16,2,12,21,19,2,19,8,18,39, 22,25
,3,11,7,4,14,5,7,20,6,13,14,9,5,13,41,29,3,4,12,17,3,16,6,19,24,4,8,11,13 4,
6,9,12,6,31,20],

b0=1;a1=32;b1=1;a2=66;b2=2;a3=39;
%%%%%%%%%%% %%

ri=size(t1,2);

r2=size(t2,2);

r3=size(t3,2);

nN=rl+r2+r3;

t=[t1 t2 t3];

t=(1./t);
%%%%%%%%%% %% %% %% %% % %% %%

S=["Mean","StandardError","Median","Mode","Standrad
Deviation","Variance","Range","Max","Min"];

s=[mean(t) std(t)/sgrt(n) median(t) mode(t) std(t) std(t)*2 (max(t)-min(t))
max(t) min(t)];

Summary=[S;s]
%%%%%%%%%% %% %% %% %% %% %% %
x0=[1;2];

s1= abs(fsolve(@(x)
mle_babel(x,t',b0,al,b1,a2,b2,a3,r1,r2,n),x0));%%%%%%%%%%%%%%
% Mle Method

|_mle=s1(1)
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k_mle=s1(2)

LogL=log(1)-n*log(3)-r1*log(exp(-(b0/l_mle)."k_mle)-exp(-
(@1/1_mle)."k_mle))-(r2)*log(exp(-(b1/l_mle).~k_mle)-exp(-
(@2/1_mle)."k_mle))-(n-r2-r1)*log(exp(-(b2/_mle)."k_mle)-exp(-
(@3/1_mle)."k_mle))+n*log(k_mle)-n*k_mle*log(l_mle)+(k_mle-
1)*sum(log(t))-sum(t.*k_mle)./(I_mle”k_mle);

AIC_d=-2*LogL+2*2;
AICc_d=(AIC_d+((2*2*4)/(n-2-1))):
BIC _d=-2*LogL+2*log(n);

p_we = wblfit(t);
theta_we=p_we(1);k_we=p_we(2);

L_w=((k_we./theta_we).”*n).*prod(t."(k_we-1)).*exp(-
(sum(t."k_we))./theta_we);

AIC_w=abs(real(-2*log(L_w)+2*2));
AlCc_w=abs(AIC_w+((2*2*4)/(n-2-1)));
BIC_w=abs(real(-2*log(L_w)+2*log(n)));

theta_r=raylfit(t);

L _r=(n.*log(2./theta_r)).*sum(log(t)).*(-(sum(t.*2))./theta_r);
AIC_r=abs(real(-2*log(L_r)+2*1));
AICc_r=abs(AIC_r+((2*1*4)/(n-1-1)));

BIC r=abs(real(-2*log(L_r)+1*log(n)));

x0=[1;2];

s2=abs(fsolve(@(x) mod_babel(x,t',n),x0));%%%%%%%%%%%%%%%
Mle Method

a_mle=s2(1)
b_mle=s2(2)

LogLm=n*log(2)+n*log(a_mle)+2*n*log(b_mle)+sum((b_mle.*t)."2)-
2*sum(log(1-(1-a_mle).*exp(-((b_mle.*t)."2)))) ;

AIC_mor=-2*LogLm+2*2;
AlICc_mor=(AIC_mor+((2*2*4)/(n-2-1)));
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BIC_mor=-2*LogLm+2*log(n);
x0=[5;4;9];

s3=abs(fsolve(@(x) gr_babel(x,t',n),x0));%%%%%%%%%%%%%%%
Mle Method

a_mle=s3(1);
b_mle=s3(2);
c_mle=s3(3);

Loggr=sum(log(t))-2*n*log(c_mle)-n*log(gamma(a_mle))-
n*a_mle*log(b_mle)-sum(((t.*2)./(2*(c_mle”3)*(b_mle))))+(a_mle-
D)*sum(log((t.~2)./(2.*(c_mlen2))));

AIC_gr=-2*Loggr+2*3;
AICc_gr=(AIC_gr+((2*3*4)/(n-3-1)));
BIC gr=-2*Loggr+3*log(n);
x0=[6;3;12];

s4=abs(fsolve(@(x) mw_babel(x,t"),x0));%%%%%%%%%%%%%%%
Mle Method

a_mle=s4(1);
b_mle=s4(2);
th_mle=s4(3);

Logmw=-sum(log(a_mle+b_mle.*th_mle.*(t.~(th_mle-1))))-a_mle*sum(t)-
b_mle*sum(t.~th_mle);

AIC_mw=-2*Logmw+2*3;
AICc_mw=(AIC_mw+((2*3*4)/(n-3-1)));
BIC_mw=-2*Logmw+3*log(n);
x0=[2;9];

sb=abs(fsolve(@(x) gray_babel(x,t',n),x0));%%%%%%%%%%%%%%%
Mle Method

a_mle=s5(1);
|_mle=s5(2);
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Loggray=n*log(a_mle)+2*n*log(l_mle)+sum(log(t))-
(I_mler2)*sum(t."2)+(a_mle-1)*sum(log(1-exp(-((I_mle.*t)."2))));
AIC_gray=-2*Loggray+2*2;
AlCc_gray=(AIC_gray+((2*2*4)/(n-2-1)));

BIC gray=-2*Loggray+2*log(n);
x0=[8;4;3];

AIC=[AIC_d AIC_w AIC_r AIC_e AIC_mor AIC_gr AIC_mw AIC_gray
AIC_3w];

AICC=[AICc_d AICc_w AICc_r AlICc_e AICc_mor AlICc_gr AlICc_mw
AlICc_gray AlCc_3w];

BIC=[BIC_d BIC_w BIC_r BIC e BIC_mor BIC gr BIC_mw BIC_gray
BIC 3w];

S1=["truncated","Weibul","Rayleigh","modifiedrayligh”,"Gamma
Rayleigh","modified weibull","generalized weibull ]

Criteria=[S1;AlIC;BIC]
2- The program to draw CDF Rayleigh distribution
clear all

clc

o o o o
NI

=1
=1
=1
=1

U‘IOO\UJO

k 3.
k1=3.7

al=0, bl=2.5, a2=3, b2=4.2;a3= 6, b3=10
b=2* (k"2)

yl=(1-( exp(-((x1).72)/b)));
y19=(1-(exp (- ((b ) AZ)/b)));
y2=(1-(exp (- ((x2) ) /b))
y29=(1-(exp (- ((a2) 2)/b)));
y4=(1-(exp (- ((b2) . )/b)));
y3=(1-(exp (- ((x3). )/b)));
y39=(1-(exp(-((a3).”2)/b)));
yy=(1-( exp(-((x4).72)/b)));
yll=(yl)./(3*( y19));

) ./

y22=(y2-y29+ y19 (3*(y4-v29));
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y33=(y3-y39-y29+y4+y1l9) ./ (3* ( exp(-((a3)."2)/b)));
x11=[0:0.1:2.5]7;
x12=[3:0.1:4.27;
x13=[6:0.1:107;
al=0, bl=2.5, a2=3, b2=4.2;a3= 6, b3=10
b=2*(k1"2)
yll=(1-( exp (- ) two interval truncated

((x11).72) /b))
y119=(1- (exp
y12=(1- (exp (-
)
yld=(1-(exp (-
y13=(1-(exp

)

)
(= ((b
((x12

y129=(1-(exp (- ( (a2
((b2) .
_(X

yl39=(l—(exp(— (a3).”

y111l=(yll) ./ (3 v119)

y122=(yl2-y129+ y19)./(3*(y14—y129));

y133=(yl3-y139-y29+y14+y19) ./ (3*( exp (-

((a3).72)/b)));

hold on;

pl= plot(xl,yll, 'g','linewidth',2);

p2=plot(x2,y22,'g',"linewidth',2);

p3=plot( x3,vy33,'g',"'linewidth',2);

pd4= plot(x11l,y1l1l, 'm','linewidth',2);

pS=plot (x12,y122, 'm', 'linewidth',2);

p6=plot( x13,y133, 'm', "linewidth',2);

p7=plot( x4,yy,'c',"linewidth',2.5);

legend([pl p4 p7],{'k=3.5","k=3.7","'Original'})

title('two interval truncated')

xlabel ('x—-axis'")

ylabel ('CDF truncated')

(
X
(
b
(
(
*
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Appendix C
Here the approved data is identical to the original distributions

1-Data used to one-double truncated Weibull distribution and one-double
truncated Rayleigh distribution (1/10/2020-30/12/2020)

w data
0.05 —— it ]

0.02 H \\§
0.01 \

0 =

0 10 20 30 40 50 60 70
Data

FIGURE A.1 fitting data for Rayleigh distribution, and Weibull distribution

Density

Figure (1) expliain the fitting data for patient COVID-19 for period
(1/10/2020-30/12/2020) such that, fitl refers to Rayleigh distribution,
while fit2 to Weibull distribution.

2- Data used to two-double truncated Weibull distribution
a. set 1: for the period (11,12/2020 and 1,2/2021).

b. Set 2: for period (1-3 to 30 -5/2021).

C. Set 3: for the period ( 1-1 to 28 -2/2021).
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0.07
t1 data
fit1
0.06 |- 12 data | 1
\ fit2
13 data
0.05 \ fit3
f"“\
> 0.04
@
=
@
© o0.03
0.02
0.01 ~
0 1
0 10 20 30
Data

FIGURE A .2 Fitting data of Weibull distribution to set 1, set 2, and set 3 respectively.

setl: (1/10/2020-30/12/2020).
Set 2: (1/7/2020-31/8/2020).
Set 3: (1//2020-31/8/2020).

In figure (2), the fitting data for patient COVID-19 for period (11,12/2020
and 1,2/2021), (1-3 to 30 -5/2021), and( 1-1 to 28 -2/2021). such that, Fit1,
fit 2, and fit 3 refers to PDF of Weibull distribution to (11,12/2020 and
1,2/2021), (1-3 to 30 -5/2021), and( 1-1 to 28 -2/2021),respectively.

3-Data used to triple-left truncated exponential distribution and triple-left
truncated Rayleigh distribution

o.07[

0.06 K
0.05

A\

N

N

[~~~

t1 data

FIGURE A.3 Fitting data of Rayleigh and exponential Distribution, for set 1.
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Density

Exponential distribution and Rayleigh distribution are used to apply triple-
left truncated. Fit data for these distributions are obtained in Figures (A-
3),(A-4), and (A-5), respectively. Such that, fitl refers to exponential

Appendix
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FIGURE A .4 Fitting data of Rayleigh and exponential Distribution, for set 2.
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FIGURE A.5 Fitting data of Rayleigh and exponential Distribution, for set 3.

distribution, while fit 2 to Rayleigh distribution in set i, i=1,2,3.
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