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Abstract 

 

This dissertation aims to study and develop the controllability and 

observability of fractional control systems with nonsingular kernel in finite and 

infinite dimensional spaces. 

Throughout this work, the controllability of an AB-fractional linear control 

dynamical system with control delay under sufficient conditions has been proved. 

Sufficient conditions are set to prove that a nonlinear AB-fractional control 

dynamical system with control delay is controllable using Schauder Fixed Point 

Theorem.  

The observability of an AB-fractional linear control dynamical system has been 

investigated. Wherein more than one criterion for it has been introduced. The 

duality between controllability and observability has been proved. 

A mild solution of a nonlinear impulsive control system involving Hattaf-

fractional derivative has been introduced in Banach space using fractional 

calculus and semigroup theory. Under sufficient conditions, we prove the 

controllability of this system. Our main results are obtained utilizing Nussbaum 

Fixed Point Theorem. On the other hand, sufficient conditions are introduced to 

show the existence and uniqueness of the mild solution of the nonlinear system. 

Also, the approximate controllability of this system is proved in Banach space. 

Finally, applications have been shown to illustrate the importance of the main 

results. 
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Introduction 

 

Control theory is an area of applied mathematics concerned with the behavior 

of dynamical systems. Mesopotamia (2000 BC) is considered the first to use the 

theory of control to irrigate agricultural lands. Control mechanisms are found all 

across nature and are employed by living creatures to keep vital variables like 

body temperature and blood sugar levels at predetermined ranges. The 

populations of insects and animals are controlled by a carefully balanced prey-

predator relation. There are a variety of basic and complicated man-made control 

systems in use in our daily lives. [1] 

 

Fractional calculus has received significant interest from researchers because 

it describes many scientific phenomena with great accuracy. This concept was 

originally described in 1695 by Leibniz and L'Hospital as a generalization of the 

integer-order derivative [2]. However, fractional calculus was used in the 1960s. 

The application of fractional calculus has grown during the past three decades. It 

is significant to a wide variety of applications in many fields, including 

physics[3], fluid mechanics[4], biochemical [5], and population growth [6]. 

Academics increasingly research various forms of fractional differential 

equations. Numerous definitions of fractional derivatives describe many 

scientific phenomena, for instance, Riemann-Liouville, Caputo, Hadamard, 

Grunwald-Letnikov, and Hilfer, for more details; see [7]–[9] 

 

M. Caputo and M. Fabrizio [10] introduced a definition of a derivative with 

fractional order with the nonsingular exponential kernel. Atangana and Baleanu 

[11] proposed the ΑΒ-fractional derivatives as a concept of fractional derivatives 

has a nonsingular Mittag-Leffler kernel. In 2020, Hattaf [12] presented a 

generalization definition of the AB-fractional derivative. The fractional 
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derivatives without singular kernels gave adequately described for models 

of dissipative phenomena where the classical fractional operators cannot 

give it, see [13]–[15].  

   

Impulsive differential equations have attracted much research attention due to 

their significance in modelling processes exposed to short-time changes 

throughout their development. Many articles deal with impulsive differential 

equations and their solutions for example; see [16]. 

 

Controllability and observability are important properties of dynamical 

system. They are fundamental elements of modern control theory. If a system is 

able to transform any initial state to any final state over given time using a control 

function, then it is said to be controllable. Two forms of controllability are most 

often considered in practical applications: exactly controllability and approximate 

controllability. The system is exactly controllable if it reaches a required state at 

the given time using admissible control. The system is approximate controllable 

if it reaches a state at the given time lies in a 𝜀-neighborhood of the required state 

using admissible control. The observability of a system is defined as the ability 

to determine its initial state from its output behavior. 

 

In 1963, Kalman [17] introduced the concepts of controllability and 

observability. M. Nawaz, et. al. [18] discussed controllability of nonlinear 

fractional system with control delay involving the Caputo fractional derivative 

using fixed point theorem and Mittag-Leffler function. In 2020, Jiale Sheng et al. 

[19] set sufficient conditions to show that ΑΒ-fractional nonlinear dynamical 

system is controllable using fixed point theorem and Mittag-Leffler function.  In 

2021, Ghasemi and Nassiri [20] introduced many criterions for the controllability 

of ΑΒ-fractional nonlinear dynamical system provided Caputo derivative of 
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control function exists. In [21], the controllability of AB-fractional systems in 

a Banach space were discussed based on fixed point theorem and semigroup 

operator theory.  

The controllability problems of impulsive fractional control systems have been 

studied in many articles, see; [22], [23].  

 

X. Li et al. [24] established sufficient conditions for the approximate 

controllability of fractional control systems with time delay in Hilbert spaces 

by using semigroup operator theory and sequence method. In [25] the 

researcher investigated the approximate controllability for a kind of 

fractional neutral differential equations with damping in Banach spaces 

using the approximate sequence method.  

 

In [26], the controllability and observability have been discussed for fractional 

linear control systems with multiple different orders involving the Caputo 

fractional derivative using Gramian matrix. K. Balachandran, et al. [27] 

investigate the observability and controllability of fractional control dynamical 

system with Grunwald-Letnikov  derivative based on Gramian matrix.  

 

This dissertation aims to study the exact and approximate controllability of 

some types of fractional control systems with Mittag-Leffler kernel in finite and 

infinite dimensional spaces using fixed point theorems, fractional calculus, and 

semigroup operator theory. Additionally, the observability of AB-fractional 

linear control dynamical systems has been discussed and developed in finite 

dimensional space. 
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We organized our work into four chapters: 

Chapter one deals with the basic concepts and fundamental definitions that 

helped us achieve our goals, such as functional analysis, semigroup theory, fixed 

point theorems, fractional calculus, controllability, and observability. 

Chapter two contains two sections. The first section investigates the 

controllability of AB-fractional nonlinear dynamical systems with control delay. 

We set sufficient conditions to prove that the nonlinear system is controllable 

using Schauder Fixed Point Theorem. An example is presented to demonstrate 

our theoretical results. Section two discusses the observability of AB-fractional 

linear dynamical systems. We present more than one criterion for the 

observability an AB-fractional linear control dynamical system. Additionally, the 

duality between controllability and observability has been proved. 

Chapter three contains three sections. Section one discusses the controllability 

of a nonlinear impulsive Hattaf-fractional control system in Banach space using 

semigroup theory and Nussbaum Fixed Point Theorem. In section two, we prove 

the existence and uniqueness of the mild solution of the nonlinear system under 

sufficient conditions using Banach Fixed Point Theorem. Concerning section 

three, the approximate controllability of the nonlinear system has been proved 

under sufficient conditions using the approximate sequence method.  

Finally, the conclusions and future works have been presented in chapter four. 
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Chapter One 

Basic Definitions and Fundamental Theorems  

In this chapter, we review some basic concepts, lemmas, and notations that will 

aid us in establishing our main results later on. 

1.1 Functional Analysis 

Definition 1.1.1 [28]  

Let 𝕏 and 𝕐 be normed spaces over the same field 𝐹. An operator 𝑇 defined 

from 𝕏 to 𝕐 is called linear operator if  𝑇(𝑎𝓍 + 𝑏𝓎) = 𝑎𝑇(𝓍) + 𝑏𝑇(𝓎) for all 

𝓍, 𝓎 ∈ 𝕏, and 𝑎, 𝑏 ∈ 𝐹. 

 

Definition 1.1.2 [29] 

Let 𝕏 and 𝕐 be normed spaces and the operator 𝑇 defined from 𝕏 to 𝕐. 

1. The operator 𝑇 is said to be bounded if there exists a positive constant 𝑙 ∈

ℝ such that 

‖𝑇𝓍‖ ≤ 𝑙‖𝓍‖, 

for all 𝓍 ∈ 𝕏. 

2. The norm of operator 𝑇 defined as: 

‖𝑇‖ = sup
‖𝓍‖=1

‖𝑇𝓍‖. 

3. The operator  𝑇 is called continuous operator at a point 𝔁𝟎 ∈  𝕏 if for 

each 𝜖 > 0 there exists 𝛿 > 0 such that  

‖𝑇𝓍 − 𝑇𝓍0‖ < 𝜖, for all 𝓍 ∈ 𝕏 satisfing   ‖𝓍 − 𝓍0‖ < 𝛿. 

4. The operator  𝑇 is called continuous operator on 𝕏 if it continuous at every 

point of 𝕏 and it called uniformly continuous on 𝕏 if 𝛿 independ on 𝑥. 
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Remark 1.1.3 [29] 

 Let  𝑇 be a bounded linear operator. Then for any 𝓍 ∈ 𝕏,  

‖𝑇𝓍‖ ≤  ‖𝑇‖‖𝓍‖. 

 

Lemma 1.1.4 [29] 

 The linear operator 𝑇: 𝕏 → 𝕐 is continuous if and only if it is bounded where 

𝕏 and 𝕐 are normed spaces. 

 

Definition 1.1.5 [30] 

 A subset 𝐷 of a normed space 𝕏 is called relatively compact if the closure of 𝐷 

is compact. 

 

Definition 1.1.6 [30] 

 Let 𝕏 and 𝕐 be normed spaces. The linear operator 𝑇: 𝕏 → 𝕐 is said to be 

compact if 𝑇 maps each bounded subset 𝐴 ⊆ 𝕏 into a relatively compact set in 𝕐. 

 

Remark 1.1.7 [30] 

Let 𝕏 and 𝕐 be normed spaces. 

i. A linear operator 𝑇: 𝕏 → 𝕐 is compact if and only if for any bounded 

sequence {𝑥𝑛} in 𝕏, the sequence {𝑇𝑥𝑛} contains convergent subsequence 

in 𝕐. 

ii. The compact linear operator is always bounded. 
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Definition 1.1.8 [28] 

 A complete normed space, also known as Banach space, is a normed space 

where every Cauchy sequence is convergent in it. 

 

Example 1.1.9 [28] 

Consider the space of all continuous functions 𝑥: [𝑎, 𝑏] → ℝ 

𝐶[𝑎, 𝑏]: = {𝑥: 𝑥: [𝑎, 𝑏] → ℝ, 𝑥 is continuous, 𝑎, 𝑏 ∈ ℝ }. 

This space is a Banach space with norm given by  

‖𝑥‖ = max
𝑡∈[𝑎,𝑏]

|𝑥(𝑡)|. 

 

Definition 1.1.10 [30] 

 Let (𝕏, 𝜇)  be a measure space and 1 ≤  𝑝 <  ∞.  Then the collection of all 

measurable function 𝑓 for which |𝑓|𝑝 is integrable will be denoted by 𝑳𝒑(). For 

each 𝑓 ∈  𝐿𝑝(), set 

 ‖𝑓‖𝑝 =  (∫|𝑓|𝑝 𝑑)

1
𝑝
 

the norm ‖𝑓‖𝑝is called the 𝑳𝒑-norm of 𝑓. 

 

Lemma 1.1.11 [28] 

(𝐿𝑝, ‖∙‖𝑝) is a Banach space. 

 

Definition 1.1.12 [31] 

Let 𝕏 and 𝕐 are Banach spaces. The operator 𝑇: 𝕏 → 𝕐 is called completely 

continuous if it is continuous and compact. 
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Remark 1.1.13 [31]  

Let  𝑇: 𝕏 → 𝕐 be linear operator, where 𝕏 and 𝕐 are Banach spaces. Then, if 𝑇 is 

compact operator, then it is completely continuous. 

 

Definition 1.1.14 [30] 

Assume 𝐷 is a subset of the space of continuous functions 𝐶[𝑎, 𝑏]. 

1- The set 𝐷 is called bounded, if for all 𝑔 ∈ 𝐷 and all 𝑡 ∈ [𝑎, 𝑏] there exists 

constant 𝐾 > 0 such that ‖𝑔(𝑡)‖ ≤ 𝐾. 

2- The set 𝐷 is called equicontinuous, if for all 𝑔 ∈ 𝐷  and all 𝑡, 𝑠 ∈ [𝑎, 𝑏] 

and for each 𝜖 > 0 there is 𝛿 > 0 such that 

‖𝑔(𝑡) − 𝑔(𝑠)‖ < 𝜖    when ‖𝑡 − 𝑠‖ <  𝛿. 

 

Lemma 1.1.15 [29] “Arzela-Ascoli's Theorem”  

Let 𝐷 be a subset of the space of continuous functions 𝐶[𝑎, 𝑏]. Then 𝐷 is relatively 

compact if and only if it is bounded and equicontinuous. 

 

Example 1.1.16 [31] 

 Consider 𝕏 = 𝐶[0,1] and let 𝐴: [0,1] × [0,1] → ℝ be a continuous function. 

Define the operator 𝑇: 𝕏 → 𝕏 by  

𝑇(𝓍)(𝑡) = ∫ 𝐴(𝑡, 𝑠)𝓍(𝑠) 𝑑𝑠

1

0

. 

For any 𝓍 ∈ 𝕏, we have 

|𝑇(𝓍)(𝑡)| ≤ ∫|𝐴(𝑡, 𝑠)||𝓍(𝑠)| 𝑑𝑠

1

0
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                          ≤ sup|𝓍(𝑠)| ∫|𝐴(𝑡, 𝑠)|𝑑𝑠

1

0

 

                ≤ ‖𝓍‖ ∫|𝐴(𝑡, 𝑠)|𝑑𝑠.

1

0

 

Then 𝑇 is a bounded operator. Let 𝐷 be a nonempty and bounded subset of the 

space 𝕏. We show that 𝑇(𝐷) is relatively compact. First, let us prove that 𝑇(𝐷) is 

equicontinuous, since 𝐴 is continuous on compact matric space then it is 

uniformly continuous, so for every 𝜖 > 0 there exists 𝛿 > 0  such that for all 

𝑡2, 𝑡1 ∈ [0,1] we have  

           |𝐴(𝑡2, 𝑠) − 𝐴(𝑡1, 𝑠)| < 𝜖  when     |𝑡2 − 𝑡1| < 𝛿 

For 𝓍 ∈ 𝕏  

|𝑇(𝓍)(𝑡2) − 𝑇(𝓍)(𝑡1)| ≤ ∫|𝐴(𝑡2, 𝑠) − 𝐴(𝑡1, 𝑠)||𝑥(𝑠)| 𝑑𝑠

1

0

 

                                                              ≤ sup|𝓍(𝑡)| ∫|𝐴(𝑡2, 𝑠) − 𝐴(𝑡1, 𝑠)| 𝑑𝑠

1

0

 

                 < sup|𝓍(𝑡)| 𝜖, 

then 𝑇(𝐷) is equicontinuous. According to Arzela-Ascoli's Theorem  𝑇(𝐷) is 

relatively compact, hence the operator 𝑇 is completely continuous.  

 

Definition 1.1.17 [28] 

Let 𝕏 and 𝕐 be normed spaces. A linear operator 𝑇: 𝐷(𝑇) ⊆ 𝕏 → 𝕐 is called 

closed operator when the graph 𝐺(𝑇) = {(𝓍, 𝑇(𝓍)); 𝓍 ∈ 𝐷(𝑇)} is a closed set in 

𝕏 ×  𝕐. 
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Lemma 1.1.18 [28] 

Let 𝕏 and 𝕐 be normed spaces. An operator 𝑇: 𝕏 → 𝕐 is closed if and only if for 

every sequence {𝓍𝑛}𝑛=0
∞ ⊂ 𝕏 such that 𝓍𝑛 → 𝓍 and   𝑇𝓍𝑛 → 𝓎 as 𝑛 → ∞, 𝓎 ∈ 𝕐 

then 𝓍 ∈ 𝕏 and 𝑇𝓍 = 𝓎. 

 

Now, we review some concepts on semigroup operator theory such as 

uniformly continuous and strongly continuous in a Banach space 𝕏. 

 

Definition 1.1.19 [32] 

A semigroup of bounded linear operators 𝒯(𝑡), 𝑡 ≥ 0 on 𝕏 is defined as the 

family of bounded linear operators satisfies the following: 

i. 𝒯(0) = 𝐼, 

ii. 𝒯(𝑡 + 𝑠) = 𝒯(𝑡) ∘ 𝒯(𝑠), for every 𝑡, 𝑠 ≥ 0.  

 

Definition 1.1.20 [32] 

 The infinitesimal generator 𝒜 of semigroup {𝒯(𝑡)} 𝑡≥0, is the linear operator 

described by:  

𝒜𝜁 = lim
𝑡→0+

𝒯(𝑡)𝜁 − 𝜁

𝑡
=

𝑑+𝒯(𝑡)𝜁

𝑑𝑡
|

𝑡=0

, for 𝜁 ∈ 𝐷(𝒜) 

where,  

𝐷(𝒜) = {𝜁 ∈ 𝕏; lim
𝑡→0+

𝒯(𝑡)𝜁 − 𝜁

𝑡
 exists}. 

 

Lemma 1.1.21 [32] 

 There is a unique infinitesimal generator for a semigroup {𝒯(𝑡)} 𝑡≥0,. 

 

 



Chapter One                                   Basic Definitions and Fundamental Theorems 

  

 
11 

 

Definition 1.1.22 [32] 

A semigroup {𝒯(𝑡)} 𝑡≥0,of bounded linear operators on 𝕏 is uniformly 

continuous when:  

lim
𝑡→ 0+

‖𝒯(𝑡) − 𝐼‖ = 0. 

 

Example 1.1.23 [32] 

 Consider 𝒜 is a bounded linear operator on 𝕏. Then the exponential function 

𝑒𝑥𝑝(𝒜𝑡) is a uniformly continuous semigroup generated by 𝒜 on 𝕏. 

 

Theorem 1.1.24 [32] 

 Let 𝒜 be a linear operator. Then 𝒜 is infinitesimal generator of a uniformly 

continuous semigroup if and only if 𝒜 is a bounded linear operator. 

 

Definition 1.1.25 [32] 

A strongly continuous semigroup (denoted by 𝑪𝟎 − 𝐬𝐞𝐦𝐢𝐠𝐫𝐨𝐮𝐩) is a 

semigroup {𝒯(𝑡)} 𝑡≥0,  of bounded linear operators on 𝕏 that satisfies:  

lim
𝑡→0

𝒯(𝑡)𝜁 = 𝜁, 

for each 𝜁 ∈ 𝕏. 

 

Examples 1.1.26 [33]  

Let 𝕏 = 𝐶[0,1]   such that 𝜁(1) = 0 for all 𝜁 ∈ 𝕏. For 𝑡 ≥ 0 , define  

( 𝒯(𝑡)𝜁)(𝑠) = {
𝜁(𝑠 + 𝑡)               𝑡 + 𝑠 ≤ 1         
0                            𝑡 + 𝑠 > 1        

 

 𝒯(𝑡) is a 𝐶0 −semigroup on 𝕏  generated by a linear operator 𝒜  which is given 

by 

𝐷(𝒜) = {𝜁: 𝜁 ∈ 𝐶1[0,1] ∩ 𝕏, 𝜁̇ ∈ 𝕏 } 

and  
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𝒜𝜁 = 𝜁̇      for   𝜁 ∈ 𝐷(𝒜).  

 

Lemma 1.1.27 [33] 

1. Let {𝒯(𝑡)} 𝑡≥0, be 𝐶0 − semigroup generated by 𝒜. Then for 𝜁 ∈ 𝕏, the 

function 𝑡 → 𝒯(𝑡)𝜁 is continuous from ℝ+ into 𝕏. 

2.  For 𝜁 ∈ 𝕏, ∫ 𝒯(𝑡)𝜁𝑑𝑠
𝑡

0
∈ 𝐷(𝒜) and 𝒜 (∫ 𝒯(𝑠)𝜁𝑑𝑠

𝑡

0
) = 𝒯(𝑡)𝜁 − 𝜁.  

 

Definition 1.1.28  [32] 

 A 𝐶0 −semigroup {𝒯(𝑡)} 𝑡≥0, on 𝕏 is said to be differentiable for 𝑡 > 0 when 

for any 𝜁 ∈ 𝕏, 𝑡 → 𝒯(𝑡)𝜁 is differentiable for 𝑡 > 0. 

 

Lemma 1.1.29 [32] 

 Let {𝒯(𝑡)} 𝑡≥0,  be 𝐶0 − semigroup generated by 𝒜. For 𝜁 ∈ 𝐷(𝒜) ⊂

𝕏;  𝒯(𝑡)𝜁 ∈ 𝐷(𝒜) and 

𝑑

𝑑𝑡
𝒯(𝑡)𝜁 = 𝒜𝒯(𝑡)𝜁 = 𝒯(𝑡)𝒜𝜁. 

 

Theorem 1.1.30  [32] 

 Let 𝒜 and ℬ be infinitesimal generators of 𝐶0 − semigroups  𝒯(𝑡) and 𝒮(𝑡) 

respectively. If 𝒜 = ℬ, then 𝒯(𝑡) = 𝒮(𝑡) for 𝑡 ≥ 0. 

 

Lemma 1.1.31 [33] 

 Let {𝒯(𝑡)} 𝑡≥0,  is 𝐶0 − semigroup. Then there is 𝜎 ≥ 0 and   𝐾 ≥ 1 , such that 

‖𝒯(𝑡)‖ ≤ 𝐾𝑒𝜎𝑡, for 𝑡 ≥ 0.  
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Definition 1.1.32  [32] 

The  𝐶0 − semigroup {𝒯(𝑡)} 𝑡≥0, is called compact if 𝒯(𝑡) is a compact operator 

for each 𝑡 > 0. 

 

Definition 1.1.33  [32] 

The resolvent set indicated by 𝒑(𝓐) is the set of all complex numbers 𝜉 where 

(𝜉𝐼 − 𝐴)−1 is a bounded linear operator in 𝕏. 

 

Definition 1.1.34 [32] 

 The resolvent operator of 𝒜  is the family of bounded linear operators 

𝑅(𝜉; 𝒜) = (𝜉𝐼 − 𝒜)−1, 𝜉 ∈ 𝑝(𝒜) and the following equality holds for 𝓍 ∈ 𝕏  

     𝑅(𝜉; 𝒜)𝓍 = (𝜉𝐼 − 𝒜)−1𝓍 = ∫ 𝑒−𝜉𝑡
∞

0

𝒯(𝑡)𝓍𝑑𝑡,                            

where {𝒯(𝑡)} 𝑡≥0, is a 𝐶0 −semigroup generated by linear operator 𝒜, 𝑠 > 0. 

 

Theorem 1.1.35 [32] "Hille-Yosida Theorem" 

A linear operator 𝒜 is the infinitesimal generator of 𝐶0-semigroup 𝒯(𝑡) (𝑡 ≥

0), satisfying ‖𝒯(𝑡)‖ ≤ 𝐾 (𝐾 ≥ 1) if and only if 

i. 𝒜 is closed operator and 𝐷(𝒜)̅̅ ̅̅ ̅̅ ̅̅ = 𝕏. 

ii. The resolvent set 𝑝(𝒜) of operator 𝒜 contains ℝ+ and 

‖  𝑅(𝜉; 𝒜)𝑛‖ ≤
𝐾

 𝜉𝑛
, for  𝜉 > 0, 𝑛 ∈ ℕ. 

 

In the following, we recall some of the fixed point theorems used 

throughout this work. 

If 𝐴 is an operator of a Banach space 𝕏 into itself, then 𝓍 ∈ 𝕏 is said to be a 

fixed point of 𝐴 if 𝐴(𝓍) = 𝓍. Fixed point theorems deal with the existence and 

attributes of fixed points. Such theorems are the most potent tools for 
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demonstrating the existence and uniqueness of solutions to various mathematical 

models (differential equations, partial differential equations, fractional order 

differential equations, etc.). 

 

Definition 1.1.36 [34] 

Assume (𝕏, ‖∙‖) is a Banach space. An operator 𝑇defined on 𝕏 into itself is called 

Lipschitz continuous if there is 𝑘 > 0, such that 

‖𝑇(𝓍) − 𝑇(𝓎)‖ ≤ 𝑘‖𝓍 − 𝓎‖ 

for all 𝓍, 𝓎 ∈ 𝕏.  

The smallest 𝑘 is the Lipschitz constant of 𝑇. If 𝑘 < 1 then 𝑇 is called a 

contraction. 

 

Theorem 1.1.37 [31] "Schauder Fixed Point Theorem" 

Assume 𝑀 is a nonempty convex subset of a Banach space 𝕏, and ℬ: 𝑀 → 𝑀 

is a completely continuous operator. Then ℬ has at least one fixed point. 

 

Theorem 1.1.38 [35] "Nussbaum Fixed Point Theorem"  

 Assume 𝐺 is closed, bounded and convex subset of a Banach space 𝕏. If the 

continuous functions  𝜙1, 𝜙2 from 𝐺 to 𝕏 satisfies the following: 

1. (𝜙1 + 𝜙2)𝐺 ⊂ 𝐺, 

2. ‖𝜙1𝑥 − 𝜙1𝑦‖ ≤ 𝜇‖𝑥 − 𝑦‖ for all 𝑥, 𝑦 ∈ 𝐺 where 0 < 𝜇 < 1, i.e. 𝜙1 is 

contraction, 

3. 𝜙2 is completely continuous, 

then the operator 𝜙1 + 𝜙2 has a fixed point in 𝐺. 
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Theorem 1.1.39 [36] " Banach Fixed Point Theorem "  

Let 𝕏 be a Banach space. If 𝐵: 𝕏 → 𝕏 is a contraction operator, then it has a 

unique fixed point. 

 

1.2 Fractional Calculus 

Fractional calculus is the theory of derivatives and integrals of arbitrary order, 

which generalizes the concepts of differentiation and integration of integer order. 

Several fundamental concepts in fractional calculus, such as the definitions, 

lemmas, and notations, will be reviewed in this section. 

 

In the following, we recall some special functions which are important in 

fractional calculus. 

 

Definition 1.2.1 [7] 

The Gamma function is indicated by 𝚪(𝛂), defined as 

Γ(α) = ∫ 𝑠𝛼−1𝑒−𝑠
∞

0

𝑑𝑠, 𝛼 ∈ ℂ, 𝑅𝑒(𝛼) > 0 

which is a generalizes of the factorial function, that is 

 𝛤(𝑛 + 1) = 𝑛! 

for 𝑛 ∈ ℕ.  

 

Remark 1.2.2 [7] 

Some important properties of Gamma function are 

i. Γ(1 + α) = αΓ(α), 

ii. Γ (
1

2
) = √π. 
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The Mittag-Leffler function is essential in fixing problems with fractional 

differential (integral) equations. 

 

Definition 1.2.3 [7] 

The function defined as 

𝐸𝜌(𝜁) = ∑
𝜁𝑗

Γ(𝜌𝑗 + 1)

∞

𝑗=0

, (𝜁 ∈ ℂ, 𝜌 > 0),                       (1.1) 

is called Mittag-Leffler with one parameter 𝝆. 

 

The generalization of the Mittag-Leffler function with two parameters 

𝝆 and 𝝎 is given by  

𝐸𝜌,𝜔(𝜁) = ∑
𝜁𝑗

Γ(𝜌𝑗 + 𝜔)

∞

𝑗=0

, (𝜁 ∈ ℂ, 𝜔, 𝜌 > 0).            (1.2) 

When 𝜔 = 1, then  𝐸𝜌,𝜔(𝜁) coincides with 𝐸𝜌(𝜁), i.e.  𝐸𝜌,1(𝜁) = 𝐸𝜌(𝜁). 

 

It is important to note that the Mittag-Leffler function is a generalization of 

the exponential function. where 

𝐸1(𝜁) = ∑
𝑧𝑗

𝑗!

∞

𝑗=0

= 𝑒𝑥𝑝(𝜁). 

 

Remark 1.2.4 [7] 

 For 𝜌 > 0, 

Ε𝜌,𝜌(0) =
1

Γ(𝜌)
. 

 

Now, we recall definition and some properties of Laplace Transform. 
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Definition 1.2.5 [7] 

The Laplace transform of a function 𝑥 is defined by  

ℒ{𝑥(𝑡)}(𝑠) = ∫ 𝑒−𝑠𝑡𝑥(𝑡)
∞

0

𝑑𝑡, 𝑠 ∈ ℂ, 𝑡 ∈ ℝ+. 

 

Lemma 1.2.6 [7] 

 For 𝑞 >  −1 and 𝑠 > 0 , the Laplace transform of power function 𝑡𝑞 is given by 

ℒ{𝑡𝑞}(𝑠) =
Γ(𝑞 + 1)

𝑠𝑞+1
. 

 

Lemma 1.2.7 [7] 

Suppose that 𝑥(𝑡) and 𝑦(𝑡) are two functions, in which the Laplace transforms 

ℒ{𝑥(𝑡)}(𝑠) and ℒ{𝑦(𝑡)}(𝑠) exists.  If the convolution of 𝑥(𝑡) and 𝑦(𝑡) defined by 

𝑥(𝑡) ∗  𝑦(𝑡) = ∫ 𝑥(𝑡 − 𝛿)
𝑡

0

 𝑦(𝛿) 𝑑𝛿. 

 then the Laplace transform of the convolution of 𝑥(𝑡) and 𝑦(𝑡) is given by  

ℒ{𝑥(𝑡) ∗  𝑦(𝑡)}(𝜆) = ℒ{𝑥(𝑡)}(𝜆)ℒ{𝑦(𝑡)}(𝜆). 

 

Lemma 1.2.8 [7] 

Let 𝑠 > 0, 𝜃 ∈ ℝ, 𝜃 ≠  0, and 𝜌, 𝜔 > 0 . Then the Laplace transform of the 

Mittag-Leffler functions (1.1) and (1.2) defined as 

ℒ{𝐸𝜌(𝜃𝑡𝜌)}(𝑠) =
𝑠𝜌−1

𝑠𝜌 − 𝜃
 ,    

ℒ{𝑡𝜔−1𝐸𝜌,𝜔(𝜃𝑡𝜌)}(𝑠) =
𝑠𝜌−𝜔

𝑠𝜌 − 𝜃
 ,             

respectively. 

 

In the following, we review some definitions and properties of the classic 

fractional calculus. 
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Definition 1.2.9 [7] 

 The fractional integral of order 𝜌 > 0 for a function 𝜁 is defined by  

𝐼
𝜌

𝑎
𝑅𝐿 𝜁(𝜆) =

1

Γ(𝜌)
∫ (𝜆 − 𝑠)𝜌−1

𝜆

𝑎

𝜁(𝑠)𝑑𝑠,       𝜆 ∈ [𝑎, 𝑏], 

 is called Riemann-Liouville fractional integral, where Γ(⋅) is the Gamma 

function. 

 

Definition 1.2.10 [7] 

Riemann-Liouville fractional derivative of order 𝜌 with the lower limit 𝑎 for a 

function 𝜁 is defined by 

𝐷
𝜌

𝑎
𝑅𝐿 𝜁(𝜆) =

1

Γ(𝑛 − 𝜌)

𝑑𝑛

𝑑𝜆𝑛
∫ (𝜆 − 𝑠)𝑛−𝜌−1

𝜆

𝑎

𝜁(𝑠)𝑑𝑠 = 𝐷𝑛𝐼𝑎
𝑛−𝜌

𝜁(𝑡),   

    𝑛 − 1 < 𝜌 < 𝑛,     𝑛 ∈ ℕ. 

 

Example 1.2.11  

Assume 0 < 𝜌 < 1 and 𝜆 ∈ [0, 𝑏],  then 

𝐼
𝜌

0
𝑅𝐿 𝜆2 =

1

Γ(𝜌)
∫ (𝜆 − 𝑠)𝜌−1𝑠2

𝜆

0

𝑑𝑠, 

by integration of parts, we obtain 

𝐼
𝜌

0
𝑅𝐿 𝜆2 =

2

Γ(𝜌 + 1)
∫ (𝜆 − 𝑠)𝜌𝑠

𝜆

0

𝑑𝑠 

=
2

Γ(𝜌 + 2)
∫ (𝜆 − 𝑠)𝜌+1

𝜆

0

𝑑𝑠 

=
2

Γ(𝜌 + 3)
𝜆𝜌+2. 

Also, we can calculate the Riemann-Liouville derivative of order 𝜌 of the function 

𝜆2 as follows 

𝐷
𝜌

𝜆2 = 𝐷 𝐼
1−𝜌

𝜆2
0

𝑅𝐿 = 𝐷
2

Γ(4 − 𝜌)0
𝑅𝐿 𝜆(3−𝜌) 
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=
2(3 − 𝜌)

(3 − 𝜌)Γ(3 − 𝜌)
𝜆(2−𝜌) 

=
2

Γ(3 − 𝜌)
𝜆(2−𝜌). 

If we choose 𝜌 = 0.5, then 

𝐼0.5
0

𝑅𝐿 𝜆2 =
2

Γ(3.5)
𝜆2.5 = 0.6018 𝜆2.5. 

𝐷0.5𝜆2 =
2

Γ(2.5)
𝜆1.5 = 1.5045 𝜆1.5.0

𝑅𝐿  

 

Definition 1.2.12 [7] 

 For a function 𝜁, the expression  

𝐷
𝜌

𝑎
𝐶 𝜁(𝜆) =

1

Γ(𝑛 − 𝜌)
∫ (𝜆 − 𝑠)𝑛−𝜌−1

𝜆

𝑎

𝜁(𝑛)(𝑠)𝑑𝑠 = 𝐼
𝑛−𝜌

𝑎
𝑅𝐿 𝐷𝑛𝜁(𝜆),    

is called the Caputo fractional derivative of order 𝜌, where 𝜆 ∈ [𝑎, 𝑏],    

𝑛 − 1 < 𝜌 < 𝑛, 𝑛 ∈ ℕ. 

 

Lemma 1.2.13 [7] 

 Let 𝜌 ∈ ℝ and 𝑛 − 1 < 𝜌 < 𝑛, 𝑛 ∈ ℕ. The relationship between the Riemann-

Liouville derivative and the Caputo derivative operators is given by 

𝐷
𝜌

𝑎
𝑅𝐿 𝜁(𝜆) = 𝐷

𝜌
𝑎
𝐶 𝜁(𝜆) + ∑

𝜁(𝑗)(𝑎)

Γ(𝑗 − 𝜌 + 1)

𝑛−1

𝑗=0

(𝜆 − 𝑎)𝑗−𝜌. 

In particular, when 0 < 𝜌 < 1, we have  

𝐷
𝜌

𝑎
𝑅𝐿 𝜁(𝜆) = 𝐷

𝜌
𝑎
𝐶 𝜁(𝜆) +

𝜁(𝑎)

Γ(1 − 𝜌)
(𝜆 − 𝑎)−𝜌. 

Lemma 1.2.14 [7] 

 Let 𝜌 > 0 and 𝑞 > 0. Then 

𝐼𝜌
𝑎

𝑅𝐿 𝐼𝑞
𝑎

𝑅𝐿 𝜁(𝜆) = 𝐼𝑞
𝑎

𝑅𝐿 𝐼𝜌
𝑎

𝑅𝐿 𝜁(𝜆) = 𝐼𝜌+𝑞
𝑎

𝑅𝐿 𝜁(𝜆). 
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Remark 1.2.15 [7] 

 For all scalars 𝑞, 𝑟 , we have  

𝐼𝜌
𝑎

𝑅𝐿 (𝑞 𝑥(𝜆) + 𝑟 𝑦(𝜆)) = 𝑞 𝐼𝜌
𝑎

𝑅𝐿 𝑥(𝜆) + 𝑟 𝐼𝜌
𝑎

𝑅𝐿 𝑦(𝜆). 

 

Lemma 1.2.16 [7] 

 Let 𝑛 − 1 < 𝜌 < 𝑛, 𝑛 ∈ ℕ and 𝑠 > 0 then: 

i- the Laplace transform of the Riemann-Liouville fractional integration 

operator of order 𝜌 is given by  

ℒ{ 𝐼𝜌
0

𝑅𝐿 𝜁(𝑡)}(𝑠) = 𝑠−𝜌ℒ{𝜁(𝑡)}(𝑠),   

ii- the Laplace transform of the Riemann-Liouville fractional differential 

operator of order 𝜌 is given by  

ℒ{ 𝐷
𝜌

0
𝑅𝐿 𝜁(𝑡)}(𝑠) = 𝑠𝜌ℒ{𝜁(𝑡)} − ∑ 𝑠𝑛−𝑗−1𝐷(𝑗)

𝑛−1

𝑗=0

( 𝐼
𝑛−𝜌

0
𝑅𝐿 𝜁)(0),    

iii- the Laplace transform of the Caputo fractional differential operator of order 

𝜌 is given by  

ℒ{ 𝐷0
𝐶 𝜌

𝜁(𝑡)}(𝑠) = 𝑠𝜌ℒ{𝜁(𝑡)} − ∑ 𝑠𝜌−𝑗−1(𝐷(𝑗)𝜁)

𝑛−1

𝑗=0

(0). 

Now, we recall some definitions and properties of fractional operators with 

nonsingular kernel. 

Let 𝜌 ∈ (0,1), 𝜔 > 0, 𝛾𝜌 =
𝜌

1−𝜌
  and 𝑄(𝜌) is normalization function satisfies 

𝑄(0) = 𝑄(1) = 1.  

Definition 1.2.17  [11] 

The Atangana-Baleanu fractional (AB-fractional) derivative of Riemann-

Liouville sense of order 𝜌 with lower limit 𝑎 is given by  

      𝐷
𝜌

𝑎
𝐴𝐵𝑅 𝜁(𝑡) =

𝑄(𝜌)

1 − 𝜌

𝑑

𝑑𝑡
∫ 𝐸𝜌[−𝛾𝜌(𝑡 − 𝑠)𝜌]

𝑡

𝑎

𝜁(𝑠) 𝑑𝑠, 𝑡 ∈ [𝑎, 𝑏]. 
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Definition 1.2.18 [11] 

 The Atangana-Baleanu fractional (AB-fractional) derivative of Caputo 

sense of order 𝜌 is given by  

      𝐷
𝜌

𝑎
𝐴𝐵𝐶 𝜁(𝑡) =

𝑄(𝜌)

1 − 𝜌
∫ 𝐸𝜌[−𝛾𝜌(𝑡 − 𝑠)𝜌]

𝑡

𝑎

(
𝑑

𝑑𝑠
𝜁) (𝑠) 𝑑𝑠, 𝑡 ∈ [𝑎, 𝑏] 

 

Definition 1.2.19 [11] 

 The fractional integral associated with the Atangana-Baleanu fractional 

(AB-fractional) derivative is defined by  

𝐼
𝜌𝐴𝐵 𝜁(𝑡) =

(1 − 𝜌)

𝑄(𝜌)
𝜁(𝑡) + 𝜌 𝐼

𝜌𝑅𝐿 𝜁(𝑡), 𝑡 ∈ [𝑎, 𝑏]. 

Note: Throughout our work we assume 𝑄(𝜌) = 1. 

Definition 1.2.20 [12]  

The Hattaf fractional derivative of Riemann-Liouville sense of order 𝜌 with 

respect to the weight function 𝜂 ∈ 𝐶1(𝑎, 𝑏), 𝜂, 𝜂́ > 0 with the lower limit 𝑎 is 

given by  

   𝐷
ρ,ω,𝜆

𝑎
𝑅𝐿 𝜁(𝑡) =

𝑄(𝜌)

1 − 𝜌

1

𝜂(𝑡)

𝑑

𝑑𝑡
∫ 𝐸ω[−𝛾𝜌(𝑡 − 𝑠)𝜆]

𝑡

𝑎

(𝜂𝜁)(𝑠) 𝑑𝑠. 

 

Definition 1.2.21 [12] 

The Hattaf-fractional derivative of Caputo sense of order 𝜌 with respect to the 

weight function 𝜂 ∈ 𝐶1(𝑎, 𝑏), 𝜂, 𝜂́ > 0 on [𝑎, 𝑏] is given by  

𝐷𝜂
𝜌,𝜔,𝜆

𝜁(𝑡) =
𝑄(𝜌)

1 − 𝜌

1

𝜂(𝑡)
∫ 𝐸𝜔[−𝛾𝜌(𝑡 − 𝑠)𝜆]

𝑑

𝑑𝜁
(𝜂𝜁)(𝑠)𝑑𝑠,

𝑡

𝑎
𝑎
𝐶         (1.3) 
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Lemma 1.2.22 [12] 

The relationship between the Hattaf-derivative of Riemann-Liouville sense and 

Hattaf-fractional derivative of Caputo sense operators is given by 

𝐷𝑎
𝑅𝐿 𝜌,𝜔,𝜆𝜁(𝑡) = 𝐷𝑎

𝐶 𝜌,𝜔,𝜆𝜁(𝑡) +
𝑄(𝜌)

1 − 𝜌

1

𝜂(𝑡)
𝐸ω[−𝛾𝜌(𝑡 − 𝑎)𝜆](𝜂𝜁)(𝑎). 

 

Remark 1.2.23 [12] 

 When 𝜆 = 𝜔 and 𝑄(𝜌) = 𝜂(𝑡) = 1, then the fractional derivative (1.3) will be in 

the form 

𝐷
𝜌,𝜔

𝜁(𝑡) =
1

1 − 𝜌
∫ 𝐸𝜔[−𝛾𝜌(𝑡 − 𝑠)𝜔]

𝑑

𝑑𝜁
𝜁(𝑠)𝑑𝑠.

𝑡

𝑎
𝑎
𝐶               (1.4) 

 

Definition 1.2.24 [12] 

The fractional integral corresponding to the Hattaf-fractional derivative (1.4) 

is 

ℐ𝜌,𝜔
𝑎 𝜁(𝑡) = (1 − 𝜌)𝜁(𝑡) + 𝜌 𝐼𝜔

𝑎
𝑅𝐿 𝜁(𝑡)                                  (1.5) 

 

Lemma 1.2.25 [11] 

 The Laplace transform of ΑΒ-fractional derivative of Caputo sense is 

ℒ{ D
𝜌

0
𝐴𝐵𝐶 𝜁(𝑡)}(𝑠) =

𝑄(𝜌)

1 − 𝜌

𝑠𝜌ℒ{𝜁(𝑡)}(𝑠) − 𝑠𝜌−1𝜁(0)

𝑠𝜌 + 𝛾𝜌
. 

 

Lemma 1.2.26 [12] 

The Laplace transform of the Hattaf-fractional differential operator (1.4) is 

ℒ{ 𝐷
𝜌,𝜔

0
𝐶 𝜁(𝑡)}(𝑠) =

1

1 − 𝜌

𝑠𝜔ℒ{𝜁(𝑡)}(𝑠) − 𝑠𝜔−1𝜁(0)

𝑠𝜔 + 𝛾𝜌
. 
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Lemma 1.2.27 [12] 

The Laplace transform of the Hattaf-fractional integration operator (1.5) is 

ℒ{ ℐ𝜌,𝜔
0 𝜁(𝑡)}(𝑠) = (1 − 𝜌)ℒ{𝜁(𝑡)}(𝑠) +

𝜌

𝑠𝜔
ℒ{𝜁(𝑡)}(𝑠). 

 

Lemma 1.2.28 [12] 

For Hattaf-fractional differential operator (1.4) and Hattaf-fractional integration 

operator (1.5),   

𝐷
𝜌,𝜔

𝑎
𝐶 ℐ𝜌,𝜔

𝑎 𝜁(𝜆) = 𝜁(𝜆). 

 

In the following, some properties for the fractional differential operator (1.4) 

and fractional integral operator (1.5) are proven. 

 

Lemma 1.2.29  

The Hattaf-fractional derivative (1.4) can be written as 

𝐷𝑎
𝐶 𝜌,𝜔𝜁(𝑡) =

1

1 − 𝜌
∑(−𝛾𝜌)

𝑘
𝐼𝑎

𝑅𝐿 𝜔𝑘+1𝜁̇(𝑠), 0 < 𝑘 < ∞.

∞

𝑘=0

 

Proof. 

𝐷𝑎
𝐶 𝜌,𝜔𝜁(𝑡) =

1

1 − 𝜌
∫ 𝜁̇(𝑠)𝐸𝜔(−𝛾𝜌(𝑡 − 𝑠)𝜔)𝑑𝑠

𝑡

𝑎

 

=
1

1 − 𝜌
∫ 𝜁̇(𝑠)

𝑡

𝑎

∑ (−
𝜌

1 − 𝜌
)

𝑘 (𝑡 − 𝜌)𝜔𝑘

Γ(𝜔𝑘 + 1)
𝑑𝑠

∞

𝑘=0

 

=
1

1 − 𝜌
∑ (

−𝜌

1 − 𝜌
)

𝑘 1

Γ(𝜔𝑘 + 1)
∫ 𝜁̇(𝑠)(𝑡 − 𝑠)𝜔𝑘

𝑡

𝑎

𝑑𝑠

∞

𝑘=0

 

=
1

1 − 𝜌
∑(−𝛾𝜌)

𝑘
𝐼𝑎

𝑅𝐿 𝜔𝑘+1𝜁̇(𝑡)

∞

𝑘=0

.                                                   ∎ 
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Lemma 1.2.30 

 Let 0 < 𝜌 < 1, 𝜔 > 0. Then 

ℐ𝜌,𝜔
𝑎 𝐷𝑎

𝐶 𝜌,𝜔𝜁(𝑡) = 𝜁(𝑡) − 𝜁(𝑎). 

Proof.  

Since 

ℐ𝜌,𝜔
𝑎 𝐷𝑎

𝐶 𝜌,𝜔𝜁(𝑡) = (1 − 𝜌) 𝐷𝑎
𝐶 𝜌,𝜔𝜁(𝑡) + 𝜌 𝐼𝜔

𝑎
𝑅𝐿 𝐷𝑎

𝐶 𝜌,𝜔𝜁(𝑡). 

From Lemma 1.2.29 we have, 

ℐ𝜌,𝜔
𝑎 𝐷𝑎

𝐶 𝜌,𝜔𝜁(𝑡)

= ∑(−𝛾𝜌)
𝑘

𝐼𝑎
𝑅𝐿 𝜔𝑘+1𝜁̇(𝑡)

∞

𝑘=0

+ 𝐼𝑎
𝑅𝐿 𝜔

𝜌

1 − 𝜌
∑(−𝛾𝜌)

𝑘
𝐼𝑎

𝑅𝐿 𝜔𝑘+1𝜁̇(𝑡)

∞

𝑘=0

. 

By using Lemma 1.2.14, it follows 

ℐ𝜌,𝜔 𝐷𝐶 𝜌,𝜔𝜁(𝑡) = ∑(−𝛾𝜌)
𝑘

𝐼𝑎
𝑅𝐿 𝜔𝑘+1𝜁̇(𝑡)

∞

𝑘=0

+
𝜌

1 − 𝜌
∑(−𝛾𝜌)

𝑘
𝐼(1+𝑘)𝜔+1

𝑎
𝑅𝐿 𝜁̇(𝑡)

∞

𝑘=0

 

= ∑(−𝛾𝜌)
𝑘

𝐼𝑎
𝑅𝐿 𝜔𝑘+1𝜁̇(𝑡)

∞

𝑘=0

− ∑(−𝛾𝜌)
𝑘+1

𝐼(1+𝑘)𝜔+1
𝑎

𝑅𝐿 𝜁̇(𝑡)

∞

𝑘=0

 

= ∫ 𝜁̇(𝑠)𝑑𝑠
𝑡

𝑎
= 𝜁(𝑡) − 𝜁(𝑎).                                             ∎ 

 

Lemma 1.2.31 

 Let 0 < 𝜌 < 1, 𝜔 > 0 and 𝜁 ∈ 𝑃𝐶[𝑎, 𝑏]. Then 

ℐ𝑎
𝜌,𝜔 𝐷𝑎

𝐶 𝜌,𝜔𝜁(𝑡) = 𝜁(𝑡) − 𝜁(𝑎) − ∑ ∆𝜁(𝑡𝑖)

𝑝

𝑖=1

 

for 𝑖 = 1,2, … , 𝑝, ∆𝜁(𝑡𝑖) = 𝜁(𝑡𝑖
+) − 𝜁(𝑡𝑖

−) and 𝑡 ∈ [𝑎, 𝑏]. 

 

Proof. 

Using the same technique as in Lemma (1.3.30), we get 

ℐ𝑎
𝜌,𝜔 𝐷𝑎

𝐶 𝜌,𝜔𝜁(𝑡) = ∫ 𝜁̇(𝑠)𝑑𝑠.
𝑡

𝑎
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= 𝜁(𝑡) − 𝜁(𝑎) − ∑ ∆𝜁(𝑡𝑖)

𝑝

𝑖=1

 

for 𝑖 = 1,2, … , 𝑝 and 𝑡 ∈ [𝑎, 𝑏].                                                                           ∎ 

 

1.3 Cauchy Problem 

In this section, we recall the concept of the Cauchy problem because of its 

importance in solving differential equations. 

 

Let 𝒜 ∶ 𝐷(𝒜) ⊂ 𝕏 → 𝕏  be a linear operator, where 𝕏 be a Banach space. The 

abstract Cauchy problem for 𝒜 and 𝑦 ∈ 𝕏 with initial condition 𝑦0 consists of 

finding a solution 𝑦(𝑡) to the initial value problem 

        {
𝑦̇(𝑡) = 𝒜𝑦(𝑡) + 𝑓(𝑡),   𝐽 = [0, Υ]

𝑦(0) = 𝑦0.                                           
                                   (1.6) 

where 𝑓: 𝐽 → 𝕏.  𝒜 is infinitesimal generator of a C0 −semigroup 𝒯(𝑡). 

 

Definition 1.3.1 [33] 

 A function 𝑦: 𝐽 → 𝕏 is a classical solution (solution) of (1.6) on 𝐽 if , 𝑦(𝑡) ∈

𝐶1(𝐽; 𝕏), 𝑦(𝑡) ∈ 𝐷(𝒜), for all 𝑡 ∈ 𝐽 and 𝑦 satisfies (1.6) on 𝐽. 

 

Let 𝑦 be a solution of (1.6). Then the function 𝑞: 𝐽 → 𝕏 defined as 𝑞(𝑠) =

𝒯(𝑡 −  𝑠)𝑦(𝑠) is differentiable for 0 < 𝑠 < 𝑡 and  

𝑑𝑞

𝑑𝑠
= −𝒜𝒯(𝑡 − 𝑠)𝑦(𝑠) + 𝒯(𝑡 − 𝑠)𝑦̇(𝑠) 

= −𝒜𝒯(𝑡 − 𝑠)𝑦(𝑠) + 𝒯(𝑡 − 𝑠)𝒜𝑦(𝑠) + 𝒯(𝑡 − 𝑠)𝑓(𝑠) 

= 𝒯(𝑡 − 𝑠)𝑓(𝑠).                                          (1.7) 
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If 𝑓 ∈ Lp(𝐽; 𝕏) then, 𝒯(𝑡 − 𝑠)𝑓(𝑠) is integrable and integrating (1.7) from 0 to 

𝑡, yields  

𝑦(𝑡) = 𝒯(𝑡)𝑦0 + ∫ 𝒯(𝑡 − 𝑠)
𝑡

0

𝑓(𝑠)𝑑𝑠.                                   (1.8) 

The right-hand side of (1.8) is continuous for any f ∈ Lp(𝐽; 𝕏). [32] 

 

It is possible to generalize the solution of (1.6) (mild solution) by removing 

differentiability condition which defined as follows: 

 

Definition 1.3.2 [33] 

Let 𝒯(𝑡) be C0 −semigroup generated by 𝒜. Let f ∈ Lp(𝐽; 𝕏) and 𝑦0 ∈ 𝕏.  The 

function 𝑦 ∈ 𝐶(𝐽; 𝕏) given by (1.8) is the mild solution of System (1.6).  

 

The following example shows that the continuity of 𝑓, in general, is not a 

sufficient condition for the existence of solutions to the Cauchy problem (1.6) for 

𝑦0 ∈ 𝐷(𝒜). 

 

Example 1.3.3 [33]  

Let 𝒯(𝑡) be C0 −semigroup generated by 𝒜, and let  𝑧 ∈ 𝕏 be such that for 

any 𝑡 ≥ 0, 𝒯(𝑡) 𝑧 ∉ 𝐷(𝒜). Suppose that 𝑓(𝑡) = 𝒯(𝑡)𝑧. Then 𝑓(𝑡) is continuous 

for 𝑡 ≥ 0. Consider the initial value problem  

{
𝑦̇(𝑡) = 𝒜𝑦(𝑡) + 𝑓(𝑡),   𝐽 = [0, Υ]

𝑦(0) = 0.                                            
                                  (1.9) 

Then the mild solution of (1.9) is 

𝑦(𝑡) = ∫ 𝒯(𝑡 − 𝑠)
𝑡

0

𝒯(𝑠)𝑧𝑑𝑠 
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= ∫ 𝒯(𝑡)
𝑡

0

𝑧𝑑𝑠 

= 𝑡𝒯(𝑡)𝑧 

which is not differentiable. 

 

1.4 Controllability and Observability 

In this section, we recall some fundamental definitions and lemmas for 

controllability and observability concepts in finite and infinite dimensional 

spaces. 

 

Controllability 

A linear control dynamical system in finite dimensional space that can be 

represented by the mathematical model  

{
𝑦̇(𝑡) =  𝐴𝑦(𝑡) +  𝐵𝑢(𝑡), 𝑡 ∈ 𝐽 = [0, Υ]

𝑦(0) = 𝑦0,                                                   
                           (1.10) 

 

where 𝑦(𝑡) ∈ ℝ𝑛 and 𝑢(𝑡) ∈ ℝ𝑚 are state and control vectors respectively, 𝐴 ∈

ℝ𝑛×𝑛 and 𝐵 ∈ ℝ𝑛×𝑚 are constant matrices. 

System (1.10) is said to be controllable on 𝐽, if for any pair of vectors 𝑦0, 𝑦1 ∈

ℝ𝑛, there exists a control 𝑢 ∈ 𝐶(𝐽; ℝ𝑚) such that the solution of System (1.10) 

with given initial condition satisfies 𝑦(Υ) = 𝑦1 [37]. Since the solution of the 

System (1.10) is 

𝑦(𝑡)  =  𝑒𝐴𝑡𝑦0 + ∫ 𝑒𝐴(𝑡−𝑠)
𝑡

0

𝐵𝑢(𝑠)𝑑𝑠, 

then System (1.10) will be controllable on 𝐽 if for any given 𝑦1 ∈ ℝ𝑛, there exists 

a control 𝑢 such that 
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𝑦1  =  𝑒𝐴Υ𝑦0  +  ∫ 𝑒𝐴(Υ−𝑠)
Υ

0

𝐵𝑢(𝑠)𝑑𝑠.     

 

Theorem 1.4.1 [33]  

The linear System (1.10) is controllable if and only if the controllability 

Grammian matrix 

𝒲 = ∫ 𝑒𝐴(Υ−𝑠)𝐵𝐵∗𝑒𝐴∗(Υ−𝑠)𝑑𝑠
Υ

0

 

is nonsingular. 

 

Theorem 1.4.2 [37] 

The linear System (1.10) is controllable if and only if the rank of the controllability 

matrix [𝐵 𝐴𝐵  𝐴2𝐵 … 𝐴𝑛−1𝐵]𝑛×𝑛𝑚 is 𝑛. 

 

Example 1.4.3  

Consider the linear System  

{
𝑦̇(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝑢(𝑡) , 𝑡 ∈ [0,1]

𝑦(0) = 𝑦0                                                   
 

where 𝐴 = [
2 0
0 1

] , 𝐵 = [
2
1

].Then the Grammian matrix  

𝒲 = ∫ [
2𝑒2−2𝑠 + 1

𝑒1−𝑠 + 2
] [2𝑒2−2𝑠 + 1 𝑒1−𝑠 + 2]𝑑𝑠

1

0

 

= [
67.376 29.22
29.22 14.067

] 

which is nonsingular, then by Theorem (1.4.1), the system is controllable. 
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Example 1.4.4 [38] 

 Consider the two tanks problem  

 

 

 

 

 

 

 

     

 

                             

Model (1) 

Let 𝑦1(𝑡) be denote the level of water in Tank 1, and 𝑦2(𝑡) be denote the level of 

water in Tank 2. The outflow rates from Tank 1 and Tank 2 are denoted by 𝑎 and 

𝑏, respectively. Let 𝑢 be denote the system's water supply. Then the mathematical 

model of the system on the time interval [0,1] as follows: 

𝑦̇(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝑢(𝑡) 

where 𝐴 = [
−𝑎 0
𝑎 −𝑏

] and 𝐵 = [
1
0

]. 

The matrix [𝐵 𝐴𝐵] = [
1 −𝑎
0 𝑎

] has full rank, then by Theorem (1.4.2) the system 

is controllable. 

 

Model (2) 

Now, if we consider the two Tank problems as following figure: 

 

 

 

𝑢 

𝑦2(𝑡) 

𝑎 

𝑏 

𝑥(𝑡) 

𝑦1(𝑡) 
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Then the mathematical model of the system on the time interval [0,1] as follows: 

𝑦̇(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝑢(𝑡) 

where 𝐴 = [
−𝑎 0
𝑎 −𝑏

] and 𝐵 = [
0
1

] 

The controllability matrix [𝐵 𝐴𝐵] = [
0 0
1 −𝑏

] hasn’t full rank, then by Theorem 

(1.4.2), the system is not controllable. 

 

On the other hand, the mathematical model of linear control dynamical system 

in infinite dimensional space can be written as  

{
𝑦̇(𝑡) =  𝐴𝑦(𝑡) +  𝐵𝑢(𝑡), 𝑡 ∈ 𝐽 = [0, Υ]

𝑦(0) = 𝑦0                                                             
                           (1.11) 

where 𝑦 takes values in a Banach space 𝕏 and the control function 𝑢 takes values 

in a Banach space 𝑈. The operator 𝐴: 𝐷(𝐴) ⊂ 𝕏 → 𝕏 is a closed, linear and 

densely defined, but not necessarily bounded operator and 𝐵: 𝑈 → 𝕏 is a bounded 

linear operator. 

For any 𝑦0 ∈ 𝕏, the function 𝑦 ∈ 𝐶(𝐽; 𝕏) given by [33] 

𝑦(𝑡) =  𝒯(𝑡)𝑦0 + ∫ 𝒯(𝑡 − 𝑠)𝐵𝑢(𝑠)𝑑𝑠
𝑡

0

, 𝑡 ∈ 𝐽 = [0, Υ]  

𝑦2(𝑡) 

𝑢 

𝑎 

𝑏 

𝑦1(𝑡) 
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is called the mild solution of System (1.11), where 𝒯(𝑡) ∶ 𝕏 → 𝕏 is the 

𝐶0 −semigroup generated by the operator 𝒜. 

In (1977) [39], Triggiani proved that if 𝒜 generates a compact 𝐶0-

semigroup 𝒯(𝑡), then the linear system could never be exact controllable in 

an infinite dimensional space. 

 

 Definition 1.4.5 [40]  

The linear System (1.11) is said to be approximately controllable on the interval 

𝐽 , if for given 𝜖 > 0 and two arbitrary initial and final points 𝑦0 and 𝑦1 in 𝕏, there 

exists an admissible control 𝑢(𝑡) on 𝐽 steering 𝑦0, along a trajectory (solution) 

𝑦(𝑡) of System (1.11) to 𝜖 −neighbourad of 𝑦1 such that  ‖𝑦(Υ) − 𝑦1‖𝑋 ≤ 𝜖. 

 

Definition 1.4.6 [40] 

The set 𝒦Υ(𝑓) defined by  

𝒦Υ(𝑓) = { 𝑦(Υ; 𝑢), 𝑢(𝑡) ∈ 𝑈}, 𝑡 ∈ [0, Υ] 

is called the reachable set, which consists of all possible final states. 

 

Definition 1.4.7 [33] 

The linear System (1.11) is said to be: 

1. Exact controllable on 𝐽 = [0, Υ] if 

𝒦Υ(𝑓) = 𝕏. 

2. Approximate controllable on 𝐽 = [0, Υ] if 

𝒦Υ(𝑓)̅̅ ̅̅ ̅̅ ̅̅ =  𝕏. 

Observability 

A linear control dynamical system with output in finite dimensional space can 

be represented by the mathematical model  
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{

𝑦̇(𝑡) =  𝐴𝑦(𝑡),                      𝑡 ∈ 𝐽 = [0, Υ]                   

𝑦(0) = 𝑦0,                                                                          

𝑥(𝑡) = 𝐶𝑦(𝑡),                                                                   

         (1.12) 

where the vector 𝑦(𝑡) ∈ ℝ𝑛 is state vector,  𝑥(t) ∈ ℝ𝑛 is the output vector, 𝛢 ∈

ℝ𝑛×𝑛 and 𝐶 ∈ ℝ𝑚×𝑛 are constant matrices. The System is observable over the 

time interval 𝐽 if it possible to determine uniquely the initial state 𝑦(0) = 𝑦0 from 

knowledge of the output 𝑥(𝑡) over 𝐽. 

 

Theorem 1.4.8 [41] 

 The linear dynamical System (1.12) is observable over the interval 𝐽 if and only 

if one of the following statements is hold: 

(I) The 𝑛 × 𝑛 observability Gramian matrix 

𝒲𝑜𝑏 = ∫  
Υ

0

𝑒𝐴∗𝑠𝐶∗𝐶𝑒𝐴𝑠𝑑𝑠 

is nonsingular. 

(II) The observability matrix  

[

𝐶
𝐶𝐴
⋮
𝐶𝐴𝑛−1

]

𝑛𝑚×𝑛

 

has full column rank. i.e.,  

𝑅𝑎𝑛𝑘 [

𝐶
𝐶𝐴
⋮
𝐶𝐴𝑛−1

]

𝑛𝑚×𝑛

= 𝑛. 

 

(III) For each eigenvalue 𝜆 of 𝐴, we have 

𝑅𝑎𝑛𝑘 [
𝐴 − 𝜆𝐼

𝐶
]

(𝑛+𝑚)×𝑛
= 𝑛. 
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Example. 1.4.9  

Consider the system 

{

𝑦̇(𝑡) =  𝐴𝑦(𝑡),                     𝑡 ∈ 𝐽 = [0,1],                            

𝑦(0) = 𝑦0,                                                                                   

𝑥(𝑡) = 𝐶𝑦(𝑡),                                                                             

    

where 𝐴 = [
2 0
0 2

] and 𝐶 = [1 1].  

The observability Grammian matrix 

𝒲𝑜𝑏 = ∫ [𝑒2𝑠 + 1
𝑒2𝑠 + 1

] [ 𝑒2𝑠 + 1 𝑒2𝑠 + 1]𝑑𝑠
1

0

 

= [
20.7886 20.7886
20.7886 20.7886

] 

which is singular. Then by Theorem (1.4.8) (I), the system is not observable. 

 

Example 1.4.10 

 Consider the model (1) of the two-tanks system in Example (1.4.4), with the 

output 𝑥(𝑡) = 𝐶𝑦(𝑡) 

where 𝐶 = [0 𝑏]. 

The observability matrix  

[
𝐶

𝐶𝐴
] = [

0 𝑏
𝑎𝑏 −𝑏2] 

has full rank. Then by Theorem (1.4.8) (II), the system is observable. 

 

Theorem 1.4.11 [41] “Theorem of Duality” 

The linear System (1.10) is controllable if and only if the system 

{
𝑦̇(𝑡) = −𝐴∗𝑦(𝑡),     𝑦(0) = 𝑦0,     𝑡 ∈ 𝐽 = [0, Υ]

                                 
𝑥(𝑡) = 𝐵∗𝑦(𝑡)                                                

 

is observable. 
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Chapter Two 

Controllability and Observability of AB-

Fractional Control Dynamical Systems in Finite 

Dimensional Space 

 

This chapter discusses the controllability and the observability of AB-

fractional control dynamical systems in ℝ𝒏. 

The First Section investigates the controllability of non-linear dynamical 

systems with control delay using the Gramian matrix and Schauder fixed point 

theorem. 

Section Two presents more than one criterion for the observability of linear 

dynamical systems. Additionally, the duality between controllability and 

observability has been proven. 

 

2.1 Controllability Results for 𝚨𝚩-Fractional Nonlinear 

Dynamical Systems with Control Delay 

 

In 2020 J. Sheng et al. [19] used the fixed point technique to prove the 

following nonlinear ΑΒ-fractional dynamical system is controllable 

 

 {
𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡), 𝓊(𝑡)), 𝑡 ∈ 𝐼,

𝑦(0) = 𝑦0
   

 

where 𝐷𝜌𝐴𝐵𝐶  is AB-fractional derivative of order 𝜌, 0 < 𝜌 < 1, 𝑦(t) ∈ ℝ𝑛,       

𝓊(t) ∈ ℝ𝑚, 𝛢 ∈ ℝ𝑛×𝑛, 𝛣 ∈ ℝ𝑛×𝑚, 𝑏 > 0, 𝐼 = [0, 𝑏] and the function                   
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𝑓 ∶  𝐼 × ℝ𝑛 ×ℝ𝑚 → ℝ𝒏 is continuous. 

 

Our work aims to study the controllability of the ΑΒ-fractional linear 

dynamical system with control delay 

{
𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(𝒽(𝑡)), 𝑡 ∈ 𝐽 = [0, Υ]

𝑦(0) = 𝑦0,
                    (2.1) 

and ΑΒ-fractional nonlinear dynamical system with control delay 

{
𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(𝒽(𝑡)) + 𝑓(𝑡, 𝑦(𝑡),𝓊(t)), 𝑡 ∈ 𝐽,

  
𝑦(0) = 𝑦0,

            (2.2) 

where Υ > 0, 0 < 𝜌 < 1. Here 𝑦(𝑡) ∈ ℝ𝑛 and 𝓊(𝑡) ∈ ℝ𝑚, 𝑦,𝓊 are continuous 

vector valued functions,  𝐴 ∈ ℝ𝑛×𝑛, 𝐵 ∈ ℝ𝑛×𝑚 are constant matrices, the 

function 𝑓: 𝐽 × ℝ𝑛 ×ℝ𝑚 → ℝ𝑛 is continuous.  

The matrix 𝐼 − (1 − 𝜌)𝐴 is nonsingular, and 𝐴𝜌 = [𝐼 − (1 − 𝜌)𝐴 ]
−1. 

. 𝒽: 𝐽 → ℝ is strictly increasing in 𝐽 and twice continuously differentiable. In 

addition, 𝒽(𝑡) ≤ 𝑡, ℎ(Υ) = Υ and |𝓊(𝒽(𝑡))| ≤ |𝓊(𝑡)|. Define the time lead 

function 𝜎: [𝒽(0),𝒽(Υ)] → 𝐽 such that 𝜎(𝒽(𝑡)) = 𝑡 for 𝑡 ∈ 𝐽. Assume that 𝑙 >

0 is given and 𝑢: [−𝑙, Υ] → ℝ𝑚, 𝑢𝑡 denote the function defined on [−𝑙, 0] as 

𝓊𝑡(𝓅) = 𝓊(𝑡 + 𝓅) for 𝑡 ∈ 𝐽 and  𝓅 ∈ [−𝑙, 0]. 

 

Lemma 2.1.1 [42] 

 Suppose that continuous function ℎ:𝐷 × ℝ𝑛 → ℝ𝑚 satisfies lim
‖𝑤‖→∞

‖ℎ(𝑣,𝑤)‖

‖𝑤‖
= 0 

uniformly in 𝑣 ∈ 𝐷 where 𝐷 is a bounded subset of ℝ , then for each pair of 

constants 𝑎 and 𝑏, there exists a positive constant 𝑒 such that if ‖𝑤‖ ≤ 𝑒 , then 

𝑎‖ℎ(𝑣,𝑤)‖ + 𝑏 ≤ 𝑒, for all 𝑣 ∈ 𝐷.    
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In the following, the controllability of The Linear System (2.1) will be 

discussed. 

Firstly, we introduce the solution of System (2.1) in the next theorem. 

. 

Theorem 2.1.2 

 The solution of System (2.1) given by 

𝑦(𝑡) =

{
 
 

 
 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡

𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+𝜌𝐴𝜌
2∫  

𝒽(𝑡)

0

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)       (2.3)

× 𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉 + 𝐺(𝑡)

 

where 

𝐺(𝑡) = 𝜌𝐴𝜌
2∫  

0

𝒽(0)

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)𝐵𝓊0(𝜉)𝜎̇(𝜉)𝑑𝜉. 

Poof.  By taking Laplace transformation of the both sides of System (2.1) 

1

1 − 𝜌
∙
𝑠𝜌𝑌(𝑠) − 𝑠𝜌−1𝑦0

𝑠𝜌 +
𝜌

1 − 𝜌

= 𝐴𝑌(𝑠) + ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠) 

where 𝑌(𝑠) = ℒ{𝑦(𝑡)}(𝑠), 

then 

𝑠𝜌𝑌(𝑠) − 𝑠𝜌−1𝑦0

= [(1 − 𝜌)𝑠𝜌 + 𝜌]𝐴𝑌(𝑠) + [(1 − 𝜌)𝑠𝜌 + 𝜌]ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠) 

it follows  

[(𝐼 − (1 − 𝜌)𝐴)𝑠𝜌 − 𝜌𝐴]𝑌(𝑠) = 𝑠𝜌−1𝑦0 + [(1 − 𝜌)𝑠
𝜌 + 𝜌]ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠). 

By substitute 𝐴𝜌, we have 

[𝐴𝜌
−1𝑠𝜌 − 𝜌𝐴]𝑌(𝑠) = 𝑠𝜌−1𝑦0 + [(1 − 𝜌)𝑠

𝜌 + 𝜌]ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠) 

(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)𝐴𝜌
−1𝑌(𝑠) = 𝑠𝜌−1𝑦0 + [(1 − 𝜌)𝑠

𝜌 + 𝜌]ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠), 

therefore 
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𝑌(𝑠) = 𝑠𝜌−1𝐴𝜌(𝑠
𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1
𝑦0 + (𝑠

𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1
𝐴𝜌 

× [(1 − 𝜌)𝑠𝜌 + 𝜌]ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠) 

 

= 𝐴𝜌𝑠
𝜌−1(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1𝑦0 + (1 − 𝜌)𝑠
𝜌(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1𝐴𝜌ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠)

+  𝜌(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1𝐴𝜌ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠). 

Note that  

𝑠𝜌(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1
= (𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌 + 𝜌𝐴𝐴𝜌)(𝑠

𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1

= (𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)(𝑠
𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1
+ 𝜌𝐴𝐴𝜌(𝑠

𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1

 

= 𝐼 + 𝜌𝐴𝐴𝜌(𝑠
𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1
. 

Therefore  

𝑌(𝑠) = 𝐴𝜌𝑠
𝜌−1(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1𝑦0

+ (1 − 𝜌) (𝐼 + 𝜌𝐴𝐴𝜌(𝑠
𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1
)𝐴𝜌ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠)

+  𝜌(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1𝐴𝜌ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠) 

= 𝐴𝜌𝑠
𝜌−1(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1𝑦0 + (1 − 𝜌)𝐴𝜌ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠)

+ (1 − 𝜌)𝜌𝐴𝐴𝜌
2(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1
ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠)

+  𝜌(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1𝐴𝜌ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠) 

= 𝐴𝜌𝑠
𝜌−1(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1𝑦0 + (1 − 𝜌)𝐴𝜌ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠)

+ [(1 − 𝜌)𝐴 + 𝐴𝜌
−1]𝜌𝐴𝜌

2 𝜌(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠), 

therefore,  

𝑌(𝑠) = 𝐴𝜌𝑠
𝜌−1(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1
𝑦0 + (1 − 𝜌)𝐴𝜌ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠)

+𝜌𝐴𝜌
2 (𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1
ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠).

         (2.4)      

Now, by taking inverse of Laplace transform for (2.4) we get, 

ℒ−1{𝑌(𝑠); 𝑡}

= 𝐴𝜌ℒ
−1{𝑠𝜌−1(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1; 𝑡}𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+ 𝜌𝐴𝜌
2[ℒ−1{(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1; 𝑡} ∗ 𝐵𝓊(𝒽(𝑡))]. 
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From Lemma (1.2.8) we have 

ℒ−1{𝑠𝜌−1(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1; 𝑡} = 𝐸𝜌(𝜌𝐴𝐴𝜌𝑡

𝜌) 

ℒ−1{(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1; 𝑡} = 𝑡𝜌−1𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌𝑡

𝜌), 

therefore, 

𝑦(𝑡) = 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+ 𝜌𝐴𝜌
2 [(𝑡𝜌−1𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌𝑡

𝜌)) ∗ 𝐵𝓊(𝒽(𝑡))] 

= 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+ 𝜌𝐴𝜌
2∫ (𝑡 − 𝜉)𝜌−1𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(𝑡 − 𝜉)

𝜌)𝐵𝓊(𝒽(𝜉))𝑑𝜉.
𝑡

0

 

We use the time lead function 𝜎(𝑡) to write the above solution in the following 

form 

 

𝑦(𝑡) = 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+𝜌𝐴𝜌
2∫  

𝒽(𝑡)

𝒽(0)

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉

 

 

= 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))                                   

+ 𝜌𝐴𝜌
2∫  

0

𝒽(0)

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉

+𝜌𝐴𝜌
2∫  

𝒽(𝑡)

0

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉.

 

Therefore, 

𝑦(𝑡) =

{
 
 

 
 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡

𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+𝜌𝐴𝜌
2∫  

𝒽(𝑡)

0

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)       

× 𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉 + 𝐺(𝑡).
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 Note: The completely state of the Linear System (2.1) at  𝑡 ∈ 𝐽 is the set     

𝑔(𝑡) = {𝑦(𝑡), 𝓊𝑡}. 

 

Definition 2.1.3 

The System (2.1) is said to be controllable on 𝐽 if for every complete state 𝑔(0) 

and every 𝑦1 ∈ ℝ
𝑛 there exists a control 𝓊(t) defined on 𝐽 such that the solution 

𝑦(𝑡) of the system satisfies 𝑦(Υ) = 𝑦1. 

 

Theorem 2.1.4 

The AB-fractional linear dynamical system with control delay (2.1) is 

controllable on the interval 𝐽 if the matrix 𝒲1 is nonsingular, such that 

𝒲1 =
1 − 𝜌

Γ(𝜌)
𝐵𝐵∗𝜎̇(Υ) + 𝜌𝐴𝜌𝒲 

where 

𝒲 = ∫ (Υ − 𝜎(𝜉))
𝜌−1

[𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
𝐵𝜎̇(𝜉)]

Υ

0

 

× [𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
𝐵𝜎̇(𝜉)]

∗
𝑑𝜉 

is the controllability-Grammian matrix. 

Proof. By hypothesis that 𝒲1 is nonsingular and since the matrix 𝐴𝜌 is also 

nonsingular, then the control function may be defined as follows 

𝓊(𝑡) = 𝐵∗𝐸𝜌,𝜌
∗ (𝜌𝐴𝐴𝜌(Υ − 𝜎(𝑡))

𝜌
𝜎̇(𝑡)ℳ𝐴𝜌

−1𝒲1
−1 

where 

ℳ = 𝑦1 − 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 − 𝐺(Υ). 

Therefore  
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𝑦(Υ) = 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌Υ
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(Υ) + 𝜌𝐴𝜌

2 

×∫  
Υ

0

(Υ − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
)𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉 + 𝐺(Υ) 

= 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌Υ
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝐵

∗𝐸𝜌,𝜌
∗ (𝜌𝐴𝐴𝜌(Υ − Υ)

𝜌𝜎̇(Υ) 

×ℳ𝐴𝜌
−1𝒲1

−1 +  𝜌𝐴𝜌
2∫  

Υ

0

(Υ − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
)𝐵𝐵∗ 

× 𝐸∗𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
𝜎̇(𝜉)ℳ𝐴𝜌

−1𝒲1
−1𝜎̇(𝜉)𝑑𝜉 + 𝐺(Υ) 

= 𝑦1. 

Therefore, The System (2.1) is controllable.                                                         ∎ 

 In the following, the controllability of The Nonlinear System (2.2) will be 

discussed. 

Assume 𝒳 is Banach space of all continuous functions (𝑦, 𝑢): 𝐽 × 𝐽 →

ℝ𝑛 ×ℝ𝑚 with the norm ‖(𝑦,𝓊)‖ = ‖𝑦‖ + ‖𝓊‖, when ‖𝑦‖ = sup {|𝑦(𝑡)|; 𝑡 ∈

𝐽} and  ‖𝓊‖ = sup {|𝓊(𝑡)|; 𝑡 ∈ 𝐽}. 

For each (𝑥, 𝑣) ∈ 𝒳, consider the linear system, 

 

{
𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(𝒽(𝑡)) + 𝑓(𝑡, 𝑥(𝑡), 𝑣(t)), 𝑡 ∈ 𝐽,

𝑦(0) = 𝑦0.
           (2.5)  

 

Then, the solution of System (2.5) given by 
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𝑦(𝑡) =

{
 
 
 
 

 
 
 
 

𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+𝜌𝐴𝜌
2∫ (𝑡 − 𝜎(𝜉))𝜌−1

𝒽(𝑡)

0

𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)

× 𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉 + 𝐺(𝑡)  

+(1 − 𝜌)𝐴𝜌𝑓(𝑡, 𝑥(𝑡), 𝑣(𝑡)) + 𝜌𝐴𝜌
2∫ (𝑡 − 𝜉)𝜌−1

𝑡

0

× 𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(𝑡 − 𝜉)
𝜌)𝑓(𝜉, 𝑥(𝜉), 𝑣(𝜉))𝑑𝜉.

             (2.6) 

The controllability Gramian matrix and the control function are described by 

𝒲 = ∫ (Υ − 𝜎(𝜉))
𝜌−1

[𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
𝐵𝜎̇(𝜉)]

Υ

0

 

× [𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
𝐵𝜎̇(𝜉)]

∗
𝑑𝜉, 

and 

𝓊(𝑡) = 𝐵∗𝐸𝜌,𝜌
∗ (𝜌𝐴𝐴𝜌(Υ − 𝜎(𝑡))

𝜌
𝜎̇(𝑡)𝜓𝐴𝜌

−1𝒲1
−1, 

where 

𝜓 = ℳ − (1 − 𝜌)𝐴𝜌𝑓(𝑡, 𝑥(𝑡), 𝑣(𝑡)) 

−𝜌𝐴𝜌
2∫  

Υ

0

(Υ − 𝜉)𝜌−1𝐸𝜌,𝜌(𝜌A𝐴𝜌(Υ − 𝜉)
𝜌) 

× 𝑓(𝜉, 𝑥(𝜉), 𝑣(𝜉))𝑑𝜉. 

It is straightforward to demonstrate that the control 𝓊(𝑡)  steers the Linear 

System (2.5) from the initial state 𝑦0 to the final state 𝑦1. 

 

Theorem 2.1.5 

Assume that the continuous function 𝑓 satisfies the condition 

𝑙𝑖𝑚
∥(𝑦,𝓊)∥→∞

 
∥ 𝑓(𝑡, 𝑦, 𝓊) ∥

∥ (𝑦,𝓊) ∥
= 0,                                            (2.7) 

uniformly in 𝐽, and the matrix 𝒲1 is nonsingular. Then the ΑΒ-fractional 

nonlinear dynamical system with control delay (2.2) is controllable on 𝐽. 
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Proof. Define the operator Ω:𝒳 → 𝒳 by 

 Ω(𝑥, 𝑣) = (𝑦,𝓊), 

where  

𝓊(𝑡) = 𝐵∗𝐸𝜌,𝜌
∗ (𝜌𝐴𝐴𝜌(Υ − 𝜎(𝑡))

𝜌
𝜎̇(𝑡)𝜓𝐴𝜌

−1𝒲1
−1 

 

=

{
  
 

  
 𝐵∗𝐸𝜌,𝜌

∗ (𝜌𝐴𝐴𝜌(Υ − 𝜎(𝑡))
𝜌
𝜎̇(𝑡)𝐴𝜌

−1𝒲1
−1

× [𝑦1 − 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 − 𝐺(Υ)

−(1 − 𝜌)𝐴𝜌𝑓(𝑡, 𝑥(𝑡), 𝑣(𝑡)) − 𝜌𝐴𝜌
2

×∫  
Υ

0

(Υ − 𝜉)𝜌−1𝐸𝜌,𝜌(𝜌A𝐴𝜌(Υ − 𝜉)
𝜌)𝑓(𝜉, 𝑥(𝜉), 𝑣(𝜉))𝑑𝜉]

 

and 

𝑦(𝑡) =

{
 
 
 
 

 
 
 
 

𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+𝜌𝐴𝜌
2∫  

𝒽(𝑡)

0

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)

× 𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉 + 𝐺(𝑡) + (1 − 𝜌)𝐴𝜌𝑓(𝑡, 𝑥(𝑡), 𝑣(𝑡))

+𝜌𝐴𝜌
2∫  

𝑡

0

(𝑡 − 𝜉)𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜉)
𝜌)

× 𝑓(𝜉, 𝑥(𝜉), 𝑣(𝜉))𝑑𝜉.

 

Let 

𝐾 = 𝑠𝑢𝑝‖𝜎̇(𝜉)‖,  

𝜂 = 𝑠𝑢𝑝‖𝓊0(𝜉)‖ 

𝑎1 = 𝑠𝑢𝑝‖𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0‖, 

   𝑎2 = 𝑠𝑢𝑝‖𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
)‖𝐾 

𝛽 = 𝑠𝑢𝑝‖𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜉)
𝜌)‖,  

𝑎3 = max{𝑎2, 𝛽} , 
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𝑏1 = (1 − 𝜌)‖𝐴𝜌‖ + Υ
𝜌‖𝐴𝜌

2‖𝑎3,  

𝑎 = max{𝑏1‖𝐵‖, 1}, 

𝑁 = ∫ (Υ − 𝜎(𝜉))
𝜌−1

𝑑𝜉,
0

𝒽(0)

   

𝜃 = 𝜌‖𝐴𝜌
2‖𝑎3‖𝐵‖𝑁, 

𝑏2 = 𝑎3‖𝐵
∗‖‖𝐴𝜌

−1‖‖𝒲1
−1‖𝑏1,  

𝑐1 = 4𝑎𝑏2, 𝑐2 = 4𝑏1, 

𝑑1 = 𝑎3‖𝐵
∗‖‖𝐴𝜌

−1‖‖𝒲1
−1‖(|𝑦1| + ‖𝐴𝜌‖𝑎1 +  𝜂𝜃), 

𝑑2 = 4(‖𝐴𝜌‖𝑎1 +  𝜂𝜃) 

𝑑3 = 4𝑎𝑑1,     𝑑 = max {𝑑2, 𝑑3} 

‖𝑓‖ = 𝑠𝑢𝑝{|𝑓(𝑡, 𝑥(𝑡), 𝑣(𝑡))|, 𝑡 ∈ 𝐽},   

 𝑐 = max{𝑐1, 𝑐2}. 

Then 

|𝓊(𝑡)| ≤ 𝑎2‖𝐵
∗‖‖𝐴𝜌

−1‖‖𝒲1
−1‖ [|𝑦1| + ‖𝐴𝜌‖𝑎1 + 𝜌‖𝐴𝜌

2‖ 𝜂𝑎2‖𝐵‖𝑁

+ ((1 − 𝜌)‖𝐴𝜌‖ + Υ
𝜌‖𝐴𝜌

2‖𝛽) ‖𝑓‖] 

≤ 𝑎3‖𝐵
∗‖‖𝐴𝜌

−1‖‖𝒲1
−1‖(|𝑦1| + ‖𝐴𝜌‖𝑎1 +  𝜂𝜃)

+ 𝑎3‖𝐵
∗‖‖𝐴𝜌

−1‖‖𝒲1
−1‖𝑏1‖𝑓‖ 

= 𝑑1 + 𝑏2‖𝑓‖ 

=
𝑑3
4𝑎
+
𝑐1
4𝑎
‖𝑓‖. 

It follows, 

|𝓊(𝑡)| ≤
1

4𝑎
(𝑑 + 𝑐 ‖𝑓‖).                                  (2.8) 
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and 

|𝑦(𝑡)| ≤ ‖𝐴𝜌‖𝑎1 + (1 − 𝜌)‖𝐴𝜌‖‖𝐵‖|𝓊(𝑡)| + Υ
𝜌‖𝐴𝜌

2‖𝑎2‖𝐵‖|𝓊(𝑡)|

+ 𝜌𝑘‖𝐴𝜌
2‖ 𝜂𝑎2‖𝐵‖𝑁 + [(1 − 𝜌)‖𝐴𝜌‖ + Υ

𝜌‖𝐴𝜌
2‖𝛽]‖𝑓‖ 

≤
𝑑2
4
+
𝑏1
4𝑎
‖𝐵‖(𝑑 + 𝑐 ‖𝑓‖) +

𝑐2
4
‖𝑓‖ 

≤
𝑑

2
+
𝑐

2
‖𝑓‖. 

According to Lemma (2.1.1), there exists a positive constant 𝑟 such that if 

‖(𝑦, 𝑢)‖ ≤ 𝑟 then 𝑐‖𝑓‖ + 𝑑 < 𝑟. 

Thus if ‖𝑥‖ ≤
𝑟

2
 and ‖𝑣‖ ≤

𝑟

2
 , it is follows that 𝑐‖𝑓‖ + 𝑑 ≤ 𝑟. From (2.8) we 

have ‖𝓊‖ ≤
𝑟

2
. Since |𝑦(𝑡)| ≤

1

2
(𝑑 + 𝑐 ‖𝑓‖), then ‖𝑦‖ ≤

𝑟

2
 . 

Define 𝒳𝑟 = {(𝑥, 𝑣) ∈ 𝒳: ‖𝑥‖ ≤
𝑟

2
 and ‖𝑣‖ ≤

𝑟

2
}. Then Ω maps 𝒳𝑟 into itself. 

 Since 𝑓 is continuous and uniformly bounded for all 𝑡 ∈ 𝐽, then the operator 

Ω is continuous and uniformly bounded on 𝐽. Therefore, by continuity of the 

Mittag-Leffler function we have ‖𝑢(𝑡1) − 𝑢(𝑡2)‖, ‖𝑦(𝑡1) − 𝑦(𝑡2)‖ tends to 

zero when 𝑡1 → 𝑡2  for all 𝑡1, 𝑡2 ∈ 𝐽 and for all (𝑦, 𝑢) ∈ 𝒳. Thus Ω(𝒳𝑟) is 

equicontinuous and therefore, the operator Ω is compact by Arzela-Ascoli 

theorem. Thus Ω is completely continuous. Because 𝒳𝑟 is closed, bounded and 

convex, then by Schauder Fixed Point Theorem, we get Ω has a fixed point 

(𝑥, 𝑣) ∈ 𝒳𝑟 that is, 

Ω(𝑥, 𝑣) = (𝑥, 𝑣) = (𝑦, 𝓊). 

Therefore, 
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𝑦(𝑡) =

{
 
 
 
 

 
 
 
 

𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡)) +

𝜌𝐴𝜌
2∫  

𝒽(𝑡)

0

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)

× 𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉 + 𝐺(𝑡) + (𝜌A𝐴𝜌(𝑡 − 𝜉)
𝜌)(1 − 𝜌)

× 𝐴𝜌𝑓(𝑡, 𝑦(𝑡), 𝓊(𝑡)) + 𝜌𝐴𝜌
2∫  

𝑡

0

(𝑡 − 𝜉)𝜌−1

× 𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)𝑓(𝑠, 𝑦(𝜉),𝓊(𝜉))𝑑𝜉

 

 

consequently, 𝑦(𝑡) is the solution of System (2.2). Furthermore,  

 

y(Υ) =

{
 
 
 
 
 

 
 
 
 
 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌Υ

𝜌)𝑦0 +
(1 − 𝜌)

Γ(𝜌)
𝐵𝐵∗𝜎̇(Υ)𝒲1

−1𝜓

+𝜌𝐴𝜌
2∫  

Υ

0

(Υ − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
)

× 𝐵𝐵∗𝐸∗𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
)𝜎̇(𝜉)𝐴𝜌

−1𝒲1
−1𝜓𝑑𝜉

+(1 − 𝜌)𝐴𝜌𝑓(𝑡, 𝑦(Υ), 𝓊(Υ)) + 𝜌𝐴𝜌
2

×∫  
Υ

0

(Υ − 𝜉)𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜉)
𝜌)

𝑓(𝜉, 𝑦(𝜉),𝓊(𝜉))𝑑𝜉 + 𝐺(Υ)

 

 

=

{
 
 
 

 
 
 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝒯

𝜌)𝑦0 +
(1 − 𝜌)

Γ(𝜌)
𝐵𝐵∗𝜎̇(Υ)𝒲1

−1𝜓

+𝜌𝐴𝜌𝒲𝒲1
−1𝜓 + (1 − 𝜌)𝐴𝜌𝑓(Υ, 𝑦(Υ), 𝓊(Υ))

+𝜌𝐴𝜌
2∫  

Υ

0

(Υ − 𝜉)𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜉)
𝜌)

× 𝑓(𝜉, 𝑦(𝜉), 𝓊(𝜉))𝑑𝜉 + 𝐺(Υ)

  

= 𝑦1. 

Therefore, The Nonlinear System (2.2) is controllable on 𝐽.                        ∎ 
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In particular, when 𝒇 is integral operator, the controllability of 

Nonlinear System (2.2) discussed as follows. 

Consider the nonlinear integrodifferential system  

{
 
 

 
 𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(𝒽(𝑡))

+𝑓 (𝑡, 𝑦(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑦(𝑠))𝑑𝑠
𝑡

0

) , 𝑡 ∈ 𝐽,

 𝑦(0) = 𝑦0,

                               (2.9) 

 where 𝑓: 𝐽 × ℝ𝑛 × ℝ𝑛 → ℝ𝑛 and 𝑔: 𝐽 × 𝐽 × ℝ𝑛 → ℝ𝑛  are continuous function.  

 Let 𝐶𝑛(𝐽) be Banach space of continuous ℝ𝑛 valued functions defined on 𝐽. For 

each 𝑥 ∈ 𝐶𝑛(𝐽)  consider the linear system  

{
 
 

 
 𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(𝒽(𝑡))

+𝑓 (𝑡, 𝑦(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑥(𝑠))𝑑𝑠
𝑡

0

) , 𝑡, 𝑠 ∈ 𝐽,

𝑦(0) = 𝑦0.

                        (2.10) 

 

Then, the solution of system (2.10) is 

y(𝑡) =

{
 
 
 
 
 
 

 
 
 
 
 
 

𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+𝜌𝐴𝜌
2∫  

𝒽(𝑡)

0

(𝑡 − 𝜎(𝜉))𝜌−1

× 𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉

+𝐺(𝑡) + (1 − 𝜌)𝐴𝜌𝑓 (𝑡, 𝑥(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑥(𝑠))𝑑𝑠
𝑡

0

)

+𝜌𝐴𝜌
2∫  

𝑡

0

(𝑡 − 𝜉)𝜌−1𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(𝑡 − 𝜉)
𝜌)

× 𝑓 (𝜉, 𝑥(𝜉),∫ 𝑔(𝜉, 𝑠, 𝑥(𝑠))𝑑𝑠
𝜉

0

)𝑑𝜉.

              (2.11) 

for each 𝑡, 𝑠 ∈ 𝐽, 𝑥 ∈ 𝐶𝑛(𝐽). 
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Theorem 2.1.6 

 Let the matrix 𝒲1 be nonsingular and there exists a constant 𝐿 > 0 such that 

the continuous function 𝑓 satisfies the condition 

|𝑓 (𝑡, 𝑥(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑥(𝑠))𝑑𝑠
𝑡

0

)| ≤ 𝐿.   𝑡, 𝑠 ∈ 𝐽, 𝑥 ∈ 𝐶𝑛(𝐽)           (2.12) 

Then the AB-fractional nonlinear integrodifferential dynamical system with 

control delay (2.9) is controllable on 𝐽. 

Proof.  Define the operator Ω̅: 𝐶𝑛(𝐽) → 𝐶𝑛(𝐽) by 

Ω̅(𝑥(t)) = 𝑦(𝑡) =

{
 
 
 
 
 
 

 
 
 
 
 
 
𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡

𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+𝜌𝐴𝜌
2∫  

𝒽(𝑡)

0

(𝑡 − 𝜎(𝜉))𝜌−1

× 𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉

+(1 − 𝜌)𝐴𝜌𝑓 (𝑡, 𝑥(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑥(𝑠))𝑑𝑠
𝑡

0

)

+𝜌𝐴𝜌
2∫  

𝑡

0

(𝑡 − 𝜉)𝜌−1𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(𝑡 − 𝜉)
𝜌)

× 𝑓 (𝜉, 𝑥(𝜉),∫ 𝑔(𝜉, 𝑠, 𝑥(𝑠))𝑑𝑠
𝜉

0

)𝑑𝜉,

 

 

where the control function 𝓊(𝑡) defined as follows, 

𝓊(𝑡) = 𝐵∗𝐸∗𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜎(𝑡))
𝜌
𝜎̇(𝑡)𝜓′𝐴𝜌

−1𝒲1
−1, 

where 

𝜓′ = ℳ − (1 − 𝜌)𝐴𝜌𝑓 (𝑡, 𝑥(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑥(𝑠))𝑑𝑠
𝑡

0

) 

−𝜌𝐴𝜌
2∫  

Υ

0

(Υ − 𝜉)𝜌−1 × 𝐸𝜌,𝜌(𝜌A𝐴𝜌(Υ − 𝜉)
𝜌) 

× 𝑓 (𝜉, 𝑥(𝜉),∫ 𝑔(𝜉, 𝑠, 𝑥(𝑠))𝑑𝑠
𝜉

0

)𝑑𝜉. 
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Now, we define a closed convex subset 

𝜑𝑟 = {𝑥 ∈ 𝐶𝑛(𝐽): ‖𝑥‖ ≤ 𝑟} 

where  

𝑟 =
𝑑

2
+
𝑐

2
𝐿 

Therefore, Ω̅ maps 𝜑𝑟 into itself.  

By the same technique in Theorem (2.1.5) we get Ω̅ has a fixed point 𝑥 ∈ 𝜑𝑟 that 

is, 

Ω(𝑥) = 𝑥 = 𝑦. 

Therefore,  

𝑦(𝑡) =

{
 
 
 
 
 
 

 
 
 
 
 
 

𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+𝜌𝐴𝜌
2∫  

𝒽(𝑡)

0

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)

𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉 + 𝐺(𝑡)

+(1 − 𝜌)𝐴𝜌𝑓 (𝑡, 𝑥(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑦(𝑠))𝑑𝑠
𝑡

0

)

+𝜌𝐴𝜌
2∫  

𝑡

0

(𝑡 − 𝜉)𝜌−1𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(𝑡 − 𝜉)
𝜌)

× 𝑓 (𝜉, 𝑥(𝜉),∫ 𝑔(𝜉, 𝑠, 𝑦(𝑠))𝑑𝑠
𝜉

0

)𝑑𝜉

 

as the solution of system (2.9), and 
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𝑦(Υ) =

{
 
 
 
 
 
 

 
 
 
 
 
 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌Υ

𝜌)𝑦0 +
(1 − 𝜌)

Γ(𝜌)
𝐵𝐵∗𝜎̇(Υ)𝒲1

−1𝜓′

+𝜌𝐴𝜌
2∫ (Υ − 𝜎(𝜉))𝜌−1  

Υ

0

𝐸𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
)

× 𝐵𝐵∗𝐸∗𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
)𝜎̇(𝜉)𝐴𝜌

−1𝒲1
−1𝜓′𝑑𝜉

+(1 − 𝜌)𝐴𝜌𝑓 (Υ, 𝑦(Υ),∫ 𝑔(Υ, 𝑠, 𝑦(𝑠))𝑑𝑠
Υ

0

)

+𝜌𝐴𝜌
2∫  

Υ

0

(Υ − 𝜉)𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜉)
𝜌)

× 𝑓 (𝜉, 𝑦(𝜉),∫ 𝑔(𝜉, 𝑠, 𝑦(𝑠))𝑑𝑠
𝜉

0

)𝑑𝜉 + 𝐺(Υ)

 

 

=

{
 
 
 
 
 

 
 
 
 
 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌Υ

𝜌)𝑦0 +
(1 − 𝜌)

Γ(𝜌)
𝐵𝐵∗𝜎̇(Υ)𝒲1

−1𝜓′

+𝜌𝐴𝜌𝒲𝒲1
−1𝜓′  + (1 − 𝜌)𝐴𝜌

× 𝑓 (Υ, 𝑦(Υ),∫ 𝑔(Υ, 𝑠, 𝑦(𝑠))𝑑𝑠
Υ

0

)

+𝜌𝐴𝜌
2∫  

Υ

0

(Υ − 𝜉)𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜉)
𝜌)

× 𝑓 (𝜉, 𝑦(𝜉),∫ 𝑔(𝜉, 𝑠, 𝑦(𝑠))𝑑𝑠
𝜉

0

)𝑑𝜉 + 𝐺(Υ)

 

= 𝑦1 

Therefore, The Nonlinear System (2.9) is controllable on 𝐽.                               ∎ 

 

Next, we give examples to illustrate our results.  

Example 2.1.7 

 Consider the following ΑΒ-fractional nonlinear system with control delay: 

{

𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(𝒽(𝑡)),

      +𝑓(𝑡, 𝑦(𝑡), 𝓊(t)), 𝑡 ∈ [0,1]

𝑦(0) = 𝑦0,                                           

                                (2.13) 
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where 𝒽: [0,1] → ℝ defined as 𝒽(𝑡) = 2𝑡 − 1, 𝐴 = (
0 1
0 0

) , 𝐵 = (
1 0
0 1

),   

𝜌 = 0.5, and 

𝑓(𝑡, 𝑦(𝑡), 𝓊(𝑡)) = (
0

𝑒𝑡 cos 𝑦1(𝑡) + sin𝓊2(𝑡)
) 

Define 

𝜎: [𝒽(0), 𝒽(1)] → [0,1], 𝜎(𝑡) =
𝑡 + 1

2
, 

then 

𝜎̇(𝑡) =
1

2
. 

𝐴𝜌 = [𝐼 − (1 − 𝜌)𝐴 ]
−1 = [(

1 0
0 1

) − (
0 0.5
0 0

)]
−1

= (
1 0.5
0 1

), 

and  

𝐶 = 𝜌𝐴𝐴𝜌 = (
0 0.5
0 0

). 

The Mittag-Leffler function matrix of the system is: 

𝐸𝜌,𝜌(𝐶(𝑡 − 𝜎(𝜉))
𝜌
) = ∑

𝐶𝑘((𝑡 − 𝜎(𝜉))𝜌)𝑘

Γ(𝑘 + 1)𝜌

∞

𝑘=0

 

then, 

𝐸0.5,0.5 (𝐶(𝑡 − 𝜎(𝜉))
0.5
)

= ∑
𝐶𝑘 ((𝑡 − 𝜎(𝜉))

0.5
)
𝑘

Γ(𝑘 + 1)0.5
=

1

Γ(0.5)

∞

𝑘=0

(
1 0
0 1

)+(𝑡 − 𝜎(𝜉))
0.5

 

× (
0 0.5
0 0

) 



Chapter Two                   Controllability and Observability of AB-Fractional … 

 

 

51 

 

=

(

 
 

1

√𝜋

(𝑡 − 𝜎(𝜉))0.5

2

0
1

√𝜋 )

 
 
. 

The controllability-Gramian matrix is 

𝒲 = (
0.254 0.0705
0.0705 0.225

). 

Therefore 

𝒲1 = (
0.285 0.091
0.035 0.253

) 

is nonsingular. Since the nonlinear function 𝑓(𝑡, 𝑦(𝑡), 𝓊(𝑡)) satisfies the 

hypothesis (2.7), then The System (2.13) is controllable on [0,1] according to 

Theorem (2.1.5). 

 

Example 2.1.8 

 Consider the following ΑΒ-fractional nonlinear fractional integrodifferential 

system with control delay 

{
 
 

 
 𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(𝒽(𝑡))

+𝑓 (𝑡, 𝑦(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑦(𝑠))𝑑𝑠
𝑡

0

) , 𝑡 ∈ [0,1],

𝑦(0) = 𝑦0,

                        (2.14) 

where, 𝒽, 𝐴, 𝐵, and 𝜌 are defined as in Example (2.1.6). The function 𝑓 defined 

as 

  𝑓 (𝑡, 𝑦(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑦(𝑠))𝑑𝑠
𝑡

0

) = (

0

∫ 𝑒−𝑦1(𝑠)𝑑𝑠
𝑡

0

1 + 𝑦1
2(𝑡) + 𝑦2

2(𝑡)

). 

Due to the fact that the function 𝑓 meets the condition (2.12) and the matrix 𝒲1 

(which was obtained in Example (2.1.7)) is nonsingular, then by Theorem (2.1.6), 

The Nonlinear System (2.14) is controllable. 
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2.2 Observability of the AB-fractional Linear Dynamical 

Systems 

In this section, we investigate the observability of the AB-fractional linear 

dynamical system 

{

𝐷𝜌𝑦(𝑡) = 𝐴𝑦(𝑡),   𝑡 ∈ 𝐽 = [0, Υ]          

𝑦(0) = 𝑦0                                                  

𝑥(𝑡) = 𝐶𝑦(𝑡),                                          

𝐴𝐵𝐶

                  (2.15) 

 

where 𝐷𝜌𝐴𝐵𝐶  is ΑΒ-fractional derivative of order 𝜌, 0 < 𝜌 < 1, the continuous 

vector valued functions 𝑦(𝑡), 𝑥(𝑡) ∈ ℝ𝑛 are state and output of the system 

respectively. 𝛢 ∈ ℝ𝑛×𝑛and 𝐶 ∈ ℝ𝑚×𝑛. 

Immediately from Theorem (2.1.2), the solution of system (2.15) is given by 

𝑦(𝑡) = 𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑦0.                                         (2.16) 

 

Lemma 2.2.1 "Cayley-Hamilton Theorem" [43] 

For every 𝑛 × 𝑛 matrix 𝐴, 

𝑎𝑛𝐴
𝑛 + 𝑎𝑛−1𝐴

𝑛−1 + 𝑎𝑛−2𝐴
𝑛−2 +⋯+ 𝑎1𝐴 + 𝑎0𝐼𝑛×𝑛 

where 

∆(𝜆) = 𝑎𝑛𝜆
𝑛 + 𝑎𝑛−1𝜆

𝑛−1 + 𝑎𝑛−2𝜆
𝑛−2 +⋯+ 𝑎1𝜆 + 𝑎0 

is the characteristic polynomial of 𝐴. 

 

Theorem 2.2.2 "Rank-Nullity Theorem" [43] 

Let 𝐴 ∈ ℝ𝑚×𝑛, then 

dim(ker(𝐴)) + 𝑟𝑎𝑛𝑘(𝐴) = 𝑛. 
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Definition 2.2.3 [44] 

Suppose that 𝑀 is an 𝑛 × 𝑛 matrix. A linear subspace 𝑍 of ℝ𝑛 is said to be 

𝑴−invariant if for every vector 𝑧 ∈ 𝑍 we have 𝑀𝑧 ∈ 𝑍. 

 

Lemma 2.2.4 [44] 

Let 𝑀 be 𝑛 × 𝑛 matrix and 𝑍 a nonzero 𝑀 −invariant subspace of ℝ𝑛. Then 𝑍 

contain at least one eigenvector of 𝑀. 

 

Now, from (2.16), the output 𝑥(𝑡) of System (2.15) is given by 

𝑥(𝑡) = 𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑦0.                                        (2.17) 

 

Define the observable operator 𝐿:ℝ𝑛 → 𝐿2(𝒥, ℝ
𝑚) such that for any 𝑧 ∈ ℝ𝑛, 

𝐿𝑧 = 𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑧. 

The adjoint operator of 𝐿 is 

𝐿∗: 𝐿2(𝒥,ℝ
𝑚) → ℝ𝑛 

defined by 

𝐿∗𝜑 = ∫ (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌))

∗
𝐶∗𝜑

Υ

0

𝑑𝑡, 

for 𝜑(∙) ∈ 𝐿2(𝒥, ℝ
𝑚). 

Indeed, 

〈𝐿𝑧, 𝜑(∙)〉𝐿2(𝒥,ℝ𝑚) = ∫ 〈𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑧, 𝜑(𝑡)〉𝐿2(𝒥,ℝ𝑚)𝑑𝑡

Υ

0

 

= ∫ 〈𝑧, (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌))

∗
𝐶∗𝜑(𝑡)〉ℝ𝑛 𝑑𝑡

Υ

0

 

= 〈𝑧,∫ (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌))

∗
𝐶∗𝜑(𝑡)

Υ

0

𝑑𝑡〉ℝ𝑛 

= 〈𝑧, 𝐿∗𝜑(∙)〉ℝ𝑛 . 

Therefore 
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𝐿∗𝜑 = ∫ (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌))

∗
𝐶∗𝜑

Υ

0

𝑑𝑡. 

Now, we can define the observability Gramian matrix as follows: 

𝑊𝑜𝑏 = 𝐿
∗𝐿 = ∫ (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡

𝜌))
∗
𝐶∗𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡

𝜌)
Υ

0

𝑑𝑡. 

 

Definition 2.2.5  

The linear System (2.15) is said to be observable over the time interval          

𝒥 = [0, Υ] if it is possible to determine uniquely the initial state 𝑦(0) = 𝑦0 from 

knowledge of the output 𝑥(𝑡) over 𝒥. 

 

In the following theorem, dependence on observability Gramian matrix 𝑊𝑜𝑏 

we present a criterion for observability of System (2.15). 

 

Theorem 2.2.6 

The Linear System (2.15) is observable if and only if the observability Gramian 

matrix 𝑊𝑜𝑏 is nonsingular. 

 

Proof. Assume that The Linear System (2.15) is observable, and suppose the 

Gramian matrix 𝑊𝑜𝑏 is singular then there is a vector 𝑟 ∈ ℝ𝑛 such that   

𝑟∗𝑊𝑜𝑏𝑟 = 0, 𝑟 ≠ 0, then 

∫ 𝑟∗ (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌))

∗
𝐶∗𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡

𝜌)𝑟
Υ

0

𝑑𝑡 

= ∫ ‖𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑟‖

2
Υ

0

𝑑𝑡 = 0, 

then  

𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑟 = 0. 

then by choosing 𝑦̂0 = 𝑦0 − 𝑟, and from (2.17) we have  
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𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑦̂0 = 𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡

𝜌)(𝑦0 − 𝑟) 

𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑦0 − 𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡

𝜌)𝑟 

= 𝑥(𝑡). 

Thus, the same 𝑥(𝑡) yields from two different initial states, i.e. we cannot 

uniquely determine the initial condition 𝑦0, and hence the Linear System (2.15) 

is not observable which is contradiction.   

 

Conversely, assume that the observability Gramian matrix 𝑊𝑜𝑏 is invertible. 

By multiplying the both sides of (2.17) by (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌))

∗
𝐶∗ and integrate 

over [0, Υ], we have 

∫ (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌))

∗
𝐶∗𝑥(𝑡)

Υ

0

𝑑𝑡

= ∫ (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌))

∗
𝐶∗𝐶

Υ

0

𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑦0𝑑𝑡 

= 𝑊𝑜𝑏𝑦0. 

Since 𝑊𝑜𝑏 is invertible, then 

𝑦0 = 𝑊𝑜𝑏
−1∫ (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡

𝜌))
∗
𝐶∗𝑥(𝑡)

Υ

0

𝑑𝑡 

and that is mean 𝑦0 is uniquely determined. Therefore, the Linear System (2.15) 

is observable. 

 

In the next theorem, we present another criterion condition which is 

observability matrix in sense of Kalman.  

 

Theorem 2.2.7  

The Linear System (2.15) is observable if and only if the matrix 
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𝐺 =

[
 
 
 
 
 
 

𝐶𝐴𝜌

𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)

Γ(𝜌 + 1)
⋮

(𝑛 − 1)! 𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)
𝑛−1

Γ(𝜌(𝑛 − 1) + 1) ]
 
 
 
 
 
 

 

has full rank. 

Proof. For simplicity, we put 

𝛾𝑘 =
𝜌𝑘𝑘!

Γ(𝜌𝑘 + 1)
, 𝑘 = 0, 1, 2, … , 𝑛 − 1, 

then the matrix 𝐺 can be written as follows:  

𝐺 =

[
 
 
 
 

𝐶𝐴𝜌

𝛾1𝐶𝐴𝜌(𝐴𝜌𝐴)

⋮

𝛾𝑛−1𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛−1

]
 
 
 
 

. 

 

Let 𝑡𝜌 = 𝑠, then 0 ≤ 𝑠 = 𝑡𝜌 ≤ Υ𝜌 ≤ Υ. We have  

 

𝑥(𝑘)(0) =
𝑘! 𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)

𝑘

Γ(𝜌𝑘 + 1)
𝑦0, 𝑘 = 0, 1, 2, … , 𝑛 − 1, 

indeed, from (2.17), 

𝑥(𝑠) = 𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑠)𝑦0 = 𝐶𝐴𝜌∑
(𝜌𝐴𝜌𝐴𝑠)

𝑘

Γ(𝜌𝑘 + 1)

∞

𝑘=0

𝑦0 

= 𝐶𝐴𝜌𝑦0 + 𝐶𝐴𝜌∑
(𝜌𝐴𝜌𝐴𝑠)

𝑘

Γ(𝜌𝑘 + 1)

∞

𝑘=1

𝑦0, 

then 

𝑥(0) = 𝐶𝐴𝜌𝑦0. 

𝑥(1)(𝑠) = 𝐶𝐴𝜌∑
(𝜌𝐴𝜌𝐴)

𝑘

Γ(𝜌𝑘 + 1)
𝑘𝑠𝑘−1

∞

𝑘=1

𝑦0 
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= 𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)∑
(𝜌𝐴𝜌𝐴)

𝑘−1

Γ(𝜌𝑘 + 1)
𝑘𝑠𝑘−1

∞

𝑘=1

𝑦0 

=
𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)

Γ(𝜌 + 1)
𝑦0 + 𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)∑

(𝜌𝐴𝜌𝐴)
𝑘−1

Γ(𝜌𝑘 + 1)
𝑘𝑠𝑘−1

∞

𝑘=2

𝑦0, 

then 

𝑥(1)(0) =
𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)

Γ(𝜌 + 1)
𝑦0. 

 

𝑥(2)(𝑠) = 𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)∑
(𝜌𝐴𝜌𝐴)

𝑘−1

Γ(𝜌𝑘 + 1)
𝑘(𝑘 − 1)𝑠𝑘−2

∞

𝑘=2

𝑦0 

= 𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)
2
∑

(𝜌𝐴𝜌𝐴)
𝑘−2

Γ(𝜌𝑘 + 1)
𝑘(𝑘 − 1)𝑠𝑘−2𝑦0

∞

𝑘=2

 

 

= 2
𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)

2

Γ(2𝜌 + 1)
𝑦0 + 𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)

2
∑

(𝜌𝐴𝜌𝐴)
𝑘−2

Γ(𝜌𝑘 + 1)
𝑘(𝑘 − 1)𝑠𝑘−2𝑦0,

∞

𝑘=3

 

then, 

𝑥(2)(0) = 2
𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)

2

Γ(2𝜌 + 1)
𝑦0. 

By repeating the processes, we have 

𝑥(𝑘)(0) =
𝑘! 𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)

𝑘

Γ(𝜌𝑘 + 1)
𝑦0, 𝑘 = 0, 1, 2, … , 𝑛 − 1. 

Now, by Cayley-Hamilton Theorem, the matrix (𝜌𝐴𝜌𝐴)
𝑛

 can be written as a 

linear combinations of lowers powers of 𝐴𝜌𝐴. 

Therefore 
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[
 
 
 

𝑥(0)

𝑥(1)(0)
⋮

𝑥(𝑛−1)(0)]
 
 
 
=

[
 
 
 
 

𝐶𝐴𝜌

𝛾1𝐶𝐴𝜌(𝐴𝜌𝐴)

⋮

𝛾𝑛−1𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛−1

]
 
 
 
 

𝑦0, 

since 𝑟𝑎𝑛𝑘(𝐺) = 𝑛, then 𝐺 has left inverse, therefore 𝑦0 is uniquely determined 

which means the Linear System (2.15) is observable. 

Conversely, suppose that 𝑟𝑎𝑛𝑘(𝐺) < 𝑛, then there exists a nonzero vector 𝑧 such 

that 𝐺𝑧 = 0, then 

𝐶𝐴𝜌𝑧 = 0, 𝐶𝐴𝜌(𝐴𝜌𝐴)𝑧 = 0,… , 𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛−1

𝑧 = 0.      

By Cayley-Hamilton Theorem, the matrix 𝐸𝜌(𝜌𝐴𝜌𝐴𝑠) can be written as a linear 

combinations of lowers powers of 𝐴𝜌𝐴𝑠. Put 0 ≠ 𝑧 = 𝑦0 and since  

𝑥(𝑡) = 𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑠)𝑦0 

= 𝐶𝐴𝜌 [𝜁0𝐼 + 𝜁1𝐴𝜌𝐴𝑠 +⋯+ 𝜁𝑛−1(𝐴𝜌𝐴)
𝑛−1

𝑠𝑛−1] 𝑦0 

where 𝜁𝑘 ≠ 0, 𝑘 = 0,1,2,… , 𝑛 − 1. 

Then 

𝑥(𝑡) = 𝜁0𝐶𝐴𝜌𝑧 + 𝜁1𝐶𝐴𝜌(𝐴𝜌𝐴𝑠)𝑧 + ⋯+ 𝜁𝑛−1𝐶𝐴𝜌(𝐴𝜌𝐴𝑠)
𝑛−1

𝑧 = 0. 

Also, when 𝑦0 = 0, then 

𝑥(𝑡) = 0, 

therefore,  𝑦0 is not uniquely determined which means the Linear System (2.15) 

is not observable. 

 

Based on eigenvectors of the matrix 𝐴𝜌𝐴, we present observability test for the 

Linear System (2.15) in the following theorem. 

 

Theorem 2.2.8 

The Linear System (2.15) is observable if and only if every eigenvector of 𝐴𝜌𝐴 

is not belong to ker(𝐶𝐴𝜌). 
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Proof. Suppose the Linear System (2.15) is not observable, then by Theorem 

(2.2.7), 𝑟𝑎𝑛𝑘(𝐺) < 𝑛 where 

𝐺 =

[
 
 
 
 

𝐶𝐴𝜌

𝛾1𝐶𝐴𝜌(𝐴𝜌𝐴)

⋮

𝛾𝑛−1𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛−1

]
 
 
 
 

, 

and by Rank-Nullity Theorem, we have dim(ker(𝐺)) ≥ 1, which means that 

there exists a nonzero vector 𝑧 ∈ 𝑅𝑛 such that 𝑧 ∈ ker(𝐺) , 𝑖. 𝑒. 𝐺𝑧 = 0. 

Now, we show that ker(𝐺) is (𝐴𝜌𝐴) − invariant. 

Assume that 𝑧 ∈ ker(𝐺), then 

𝐺𝑧 =

[
 
 
 
 

𝐶𝐴𝜌

𝛾1𝐶𝐴𝜌(𝐴𝜌𝐴)

⋮

𝛾𝑛−1𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛−1

]
 
 
 
 

𝑧 = [

0
0
⋮
0

]                            (2.18) 

and 

𝐺(𝐴𝜌𝐴)𝑧 =

[
 
 
 
 

𝐶𝐴𝜌(𝐴𝜌𝐴)

𝛾1𝐶𝐴𝜌(𝐴𝜌𝐴)
2

⋮

𝛾𝑛−1𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛
]
 
 
 
 

𝑧 =

[
 
 
 

0
0
⋮

𝛾𝑛−1𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛
𝑧]
 
 
 
 . 

By using Cayley-Hamilton Theorem, 𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛
𝑧 can be written as a linear 

combination of the terms 

𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛
𝑧 = 𝐶𝐴𝜌𝑧, 𝐶𝐴𝜌(𝐴𝜌𝐴)𝑧,… , 𝐶𝐴𝜌(𝐴𝜌𝐴)

𝑛−1
𝑧 

and they are all zeros from (2.18). We conclude that 𝐴𝜌𝐴𝑧 belong to ker(𝐺) which 

means that ker(𝐺) is (𝐴𝜌𝐴) − invariant. Then by Lemma (2.2.4), ker(𝐺) must 

contain at least one eigenvector 𝑧 of 𝐴𝜌𝐴. But 𝐺𝑧 = 0 implies 𝐶𝐴𝜌𝑧 = 0 which 

means 𝑧 ∈ ker(𝐶𝐴𝜌). 
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Conversely, assume that the Linear System (2.15) is observable. If there exists an 

eigenvalue 𝜆 such that 𝐴𝜌𝐴𝑧 = 𝜆𝑧, with 𝑧 ≠ 0 for which 𝑧 ∈ ker(𝐶𝐴𝜌), then 

𝐺𝑧 =

[
 
 
 
 

𝐶𝐴𝜌

𝛾1𝐶𝐴𝜌(𝐴𝜌𝐴)

⋮

𝛾𝑛−1𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛−1

]
 
 
 
 

𝑧 =

[
 
 
 

𝐶𝐴𝜌𝑧

𝛾1𝐶𝐴𝜌𝜆𝑧

⋮
𝛾𝑛−1𝐶𝐴𝜌𝜆

𝑛−1𝑧]
 
 
 

= [

0
0
⋮
0

], 

which means 𝑧 ∈ ker(𝐺) then by Rank-Nullity Theorem, 𝑟𝑎𝑛𝑘(𝐺) < 𝑛. Then 

from Theorem (2.2.7) we have contradiction with the observability of the Linear 

System (2.15). 

 

Another test of controllability for Linear System (2.15) is presented in the 

following theorem. 

 

Theorem 2.2.9 

 The Linear System (2.15) is observable if and only if for each 𝜆 ∈ ℂ, we have 

𝑟𝑎𝑛𝑘 [
𝐴𝜌𝐴 − 𝜆𝐼

𝐶𝐴𝜌
] = 𝑛. 

Proof. Assume the Linear System (2.15) is observable. If there exists 𝜆 ∈ ℂ, such 

that 

𝑟𝑎𝑛𝑘 [
𝐴𝜌𝐴 − 𝜆𝐼

𝐶𝐴𝜌
] < 𝑛, 

then from Rank-Nullity Theorem, there exists a nonzero vector 𝑧 ∈ 𝑅𝑛 such that 

𝑧 ∈ ker [
𝐴𝜌𝐴 − 𝜆𝐼

𝐶𝐴𝜌
]. Then (𝐴𝜌𝐴 − 𝜆𝐼)𝑧 = 0 and 𝛾𝐶𝐴𝜌𝑧 = 0 implies that 𝑧 is an 

eigenvector of 𝐴𝜌𝐴 and 𝑧 ∈ ker(𝐶𝐴𝜌). Then by Theorem (2.2.8) that is 

contradiction with the observability of the Linear System (2.15). 

Conversely, Suppose the system is not observable, then from Theorem (2.2.8), 

there exists a nonzero eigenvector 𝑧 of  𝐴𝜌𝐴 which belong to ker(𝐶𝐴𝜌) for some 

𝜆 ∈ ℂ. This means 
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[
𝐴𝜌𝐴 − 𝜆𝐼

𝐶𝐴𝜌
] 𝑧 = 0, 

which means 𝑧 ∈ ker [
𝐴𝜌𝐴 − 𝜆𝐼

𝐶𝐴𝜌
].  

Therefore 

𝑟𝑎𝑛𝑘 [
𝐴𝜌𝐴 − 𝜆𝐼

𝐶𝐴𝜌
] < 𝑛. 

 

In 2021, Ghasemi and Nassiri [20] studied the controllability of the AB-

fractional linear control system  

 {
𝐷𝐴𝐵𝐶 𝜌𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝑢(𝑡),   𝑡 ∈ 𝐽 = [0, Υ]

𝑦(0) = 𝑦0.                                       
               (2.19) 

They set a condition on the system that the Caputo fractional derivative (of order 

𝜌) for the control function 𝑢 exists. 

 

Lemma 2.2.10 [20] 

The Linear System (2.19) is controllable on 𝐽 if and only if the rank of the 

𝑛 × 𝑛𝑚 controllability matrix ℛ is 𝑛, where  

ℛ = [𝐴𝛼𝐵   (𝐴𝛼𝐴)𝐴𝛼𝐵 … (𝐴𝛼𝐴)
𝑛−1  𝐴𝛼𝐵]. 

 

The following theorem shows the relationship between the controllability and 

the observability of an AB-fractional linear dynamical system. 

 

Theorem 2.2.11 “Theorem of Duality” 

The linear AB-fractional control dynamical system  

{
𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(t),   𝑡 ∈ 𝐽 = [0, Υ]

𝑦(0) = 𝑦0,
                       (2.20) 

 



Chapter Two                   Controllability and Observability of AB-Fractional … 

 

 

62 

 

 is controllable if and only if the system  

 

{

𝐷𝜌𝑦(𝑡) = 𝐴∗𝑦(𝑡),                       𝑡 ∈ 𝐽 = [0, Υ]

𝑦(0) = 𝑦0                                                    

𝑥(𝑡) = 𝐵∗𝑦(𝑡)                                            

𝐴𝐵𝐶

             (2.21) 

 

is observable. 

Proof. According to Lemma (2.2.10), the Linear System (2.20) is controllable if 

and only if  the matrix ℛ = [(𝐴𝜌𝐵)    (𝐴𝜌𝐴)(𝐴𝜌𝐵) …  (𝐴𝜌𝐴)
𝑛−1

(𝐴𝜌𝐵)] has full 

rank. The transpose 

ℛ∗ =

[
 
 
 
 (𝐴𝜌𝐵)

∗

(𝐴𝜌𝐵)
∗
(𝐴𝜌𝐴)

∗

⋮

(𝐴𝜌𝐵)
∗
[(𝐴𝜌𝐴)

∗
]
𝑛−1

]
 
 
 
 

 

 

 has full rank if and only if ℛ has full rank. By Theorem (2.2.7), The System 

(2.21) is observable if and only if  ℛ∗ has full rank. 

 

Next, we give examples to illustrate our results.  

 

Example 2.2.13 Consider the following ΑΒ-fractional linear system 

{

𝐷𝜌𝑦(𝑡) = 𝐴𝑦(𝑡),                               𝑡 ∈ [0,1]

𝑦(0) = 𝑦0                                                  

𝑥(𝑡) = 𝐶𝑦(𝑡),                                          

𝐴𝐵𝐶

           (2.22) 

where 𝐴 = (
2 −2
2 −2

) , 𝐶 = (1 1), and 𝜌 = 0.5. 

Then, 

𝐴𝜌 = [𝐼 − (1 − 𝜌)𝐴]
−1 = [(

1 0
0 1

) − 0.5 (
2 −2
2 −2

)]
−1

= (
2 −1
1 0

), 
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and 

𝑀 = 𝜌𝐴𝜌𝐴 = (
1 −1
1 −1

). 

The Mittag-Leffler function matrix of the system is: 

𝐸𝜌(𝑀𝑡
𝜌) = ∑

𝑀𝑘(𝑡𝜌)𝑘

Γ(𝑘𝜌 + 1)

∞

𝑘=0

, 

= 𝐼 +
𝑡0.5

Γ(1.5)
(
1 −1
1 −1

) 

= (1 + 1.1284𝑡
0.5 −1.1284𝑡0.5

1.1284𝑡0.5 1 − 1.1284𝑡0.5
). 

Then 

𝑊𝑜𝑏 = ∫ (𝐴𝜌𝐸𝜌(𝑀𝑡
𝜌))

∗
𝐶∗𝐶𝐴𝜌𝐸𝜌(𝑀𝑡

𝜌)
1

0

𝑑𝑡 

= ∫ ( 2.2568𝑡
0.5 + 3

−2.2568𝑡0.5 − 1
) (2.2568𝑡0.5 + 3      − 2.2568𝑡0.5 − 1)

1

0

𝑑𝑡 

= (
20.5737 −11.5647
−11.5647 6.5556

) 

which is nonsingular. Therefore, by Theorem (2.2.6), the system is observable.  

 

Example 2.2.14 Consider the following ΑΒ-fractional linear system 

{
𝐷𝜌𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝑢(𝑡),   𝑡 ∈ [0,1]

                                                  
𝑦(0) = 𝑦0                                     

𝐴𝐵𝐶

                         (2.23) 

where 𝐴 = (
2 1
−4 −2

), 𝐵 = (
1
0
) and 𝜌 = 0.3.   

Then 

𝐴𝜌 = [𝐼 − (1 − 𝜌)𝐴]
−1 = [(

1 0
0 1

) − (
1.4 0.7
−2.8 −1.4

)]
−1

 

= (
2.4 0.7
−2.8 −0.4

). 

To prove the system (2.23) is controllable by Theorem (2.2.11), we have to show 
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that the following ΑΒ-fractional linear system is observable 

{

𝐷𝜌𝑦(𝑡) = 𝐴∗𝑦(𝑡),         𝑡 ∈ [0,1]                     

𝑦(0) = 𝑦0                                                    

𝑥(𝑡) = 𝐵∗𝑦(𝑡).                                           

 

𝐴𝐵𝐶

                (2.24) 

 

𝐴𝜌𝐴 = (
2.4 0.7
−2.8 −0.4

) (
2 1
−4 −2

) = (
2 1
−4 −2

) 

𝐴𝜌𝐵 = (
2.4 0.7
−2.8 −0.4

) (
1
0
) = (

2.4
−2.8

). 

Therefore 

𝐺 = [

(𝐴𝜌𝐵)
∗

𝜌(𝐴𝜌𝐵)
∗
(𝐴𝐴𝜌)

∗

Γ(𝜌 + 1)

] = [
2.4 −2.8

0.6685 −1.3371
] 

which is has full rank, then by Theorem (2.2.7), the System (2.24) is observable. 

Therefore, the System (2.23) is controllable. 
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Chapter Three 

Exact and Approximate Controllability of Hattaf-

Fractional Control Systems in a Banach Space 

 

This chapter aims to investigate the exact and approximate controllability of 

Hattaf-fractional nonlinear control systems in a Banach space. In the first section, 

we discuss the controllability of the nonlinear system using semigroup theory and 

Nussbaum Fixed Point Theorem. Under sufficient conditions, the existence and 

uniqueness of the mild solution of the nonlinear system are proved in section two. 

The third section deals with the approximate controllability of the nonlinear 

system under sufficient conditions. 

 

3.1 Exact Controllability of Impulsive Hattaf-Fractional 

Nonlinear Control System in Banach Space 

 

This section investigates the exact controllability of the Hattaf-fractional 

impulsive nonlinear control system 

{
 
 

 
 

𝐷𝜌,𝜔𝐶 [𝑦(𝑡) − ℎ(𝑡, 𝑦(𝑡))] = 𝒜𝑦(𝑡) + Β𝓊(𝑡)           

           +𝑓(𝑡, 𝑦(𝑡)),     𝑡 ∈ 𝒥 = [0, Υ], 𝑡 ≠ 𝑡𝛾 , 𝛾 = 1,2,… . 𝑝,

∆𝑦(𝑡𝛾) = 𝑞𝛾 (𝑦(𝑡𝛾
−)),                                            

𝑦(0) = 𝑦0,                                                         

            (3.1) 

where 𝜌, 𝜔 ∈ (0,1), 𝐷𝜌,𝜔𝐶  is Hattaf-fractional derivative in the sense of Caputo 

of order 𝜌. 𝑦(𝑡) takes values in Banach space Χ,  𝒜:𝐷(𝒜) ⊂ Χ → Χ is closed 

linear operator, the control 𝓊 ∈ 𝐿𝑃(𝒥, 𝑈) with 𝑈 as a Banach 

space, Β: 𝐿𝑃(𝒥, 𝑈) → 𝐿𝑃(𝒥, 𝑋) is bounded linear operator, the functions           

𝑓: 𝒥 × Χ → Χ  and ℎ: 𝒥 × Χ → D(𝒜) are continuous, 𝑞𝛾: 𝑋 → 𝑋 is the jump 
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operator, 0 = 𝑡0 < 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑝 < 𝑡𝑝+1 = Υ, 𝑦(𝑡𝛾
+) and 𝑦(𝑡𝛾

−) indicate to 

the right and left limits of 𝑦(𝑡) at 𝑡 = 𝑡𝛾 respectively and ∆𝑦(𝑡𝛾) = 𝑦(𝑡𝛾
+) −

𝑦(𝑡𝛾
−).  

Assume the linear operator 𝒜:𝐷(𝒜) ⊂ 𝑋 → 𝑋 is the generator of 𝐶0-

semigroup {𝒢(𝑡), 𝑡 ≥ 0} on a Banach space Χ, where 𝑠𝑢𝑝𝑡≥0‖𝒢(𝑡)‖ = 𝒮, 𝒮 ≥ 1. 

We consider the linear operator 𝐸 ≔ 𝜌𝒜𝜌𝒜 where 𝒜𝜌 = [(1 − 𝜌) (
1

1−𝜌
𝐼 −

𝒜)]
−1

. Then 𝐸 is the generator of 𝐶0 −semigroup {𝒯(𝑡), 𝑡 ≥ 0} and 

𝑠𝑢𝑝𝑡≥0‖𝒯(𝑡)‖ = 𝒮 [32]. 

We introduce the family of functions:  

𝑃𝐶(𝒥, Χ) = {𝑦: 𝒥 → Χ: y is continuous at 𝑡 ∈ 𝒥\{𝑡1, 𝑡2, … , 𝑡𝑟} 

, and  there exist 𝑦(𝑡𝛾
+) and 𝑦(𝑡𝛾

−) with 𝑦(𝑡𝛾
−) =   𝑦(𝑡) for 𝛾 = 1,2,… , 𝑟}. 

 It is clear that (𝑃𝐶(𝒥, Χ), ‖∙‖𝑃𝐶) is a Banach space with the norm                

‖𝑦‖𝑃𝐶 = 𝑠𝑢𝑝𝑡∈𝒥‖𝑦(𝑡)‖.  

 

The mild solution of the Nonlinear System (3.1) will introduced in the 

following. 

Assume the one-sided stable probability density function [45] 

𝜓𝜔(𝛿) =
1

𝜋
∑(−1)𝑖−1𝛿−𝜔𝑖−1

Γ(𝑖𝜔 + 1)

𝑖!
sin(𝑖𝜋𝜔)

∞

𝑖=1

 

then the Laplace transform of 𝜓𝜔(𝛿) is 

ℒ{𝜓𝜔(𝛿)}(𝜆) = 𝑒
−𝜆𝜔                                             (3.2) 

where 0 < 𝛿 < ∞, 0 < 𝜔 < 1 and 𝜆 > 0. 

Additionally, assume the probability density function  

𝜑𝜔(𝛿) =
1

𝜔
𝛿−1−

1
𝜔𝜓𝜔 (𝛿

−
1
𝜔) , 0 < 𝛿 < ∞,0 < 𝜔 < 1,              (3.3) 
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then, for 0 ≤ 𝜉 ≤ 1 

∫ 𝛿𝜉𝜑𝜔(𝛿)𝑑𝛿 =
∞

0

∫
1

𝛿𝜔𝜉

∞

0

𝜓𝜔(𝛿)𝑑𝛿 =
Γ(1 + 𝜉)

Γ(1 + 𝜔𝜉)
, 0 < 𝛿 < ∞,0 < 𝜔 < 1. 

We begin by proving the following lemma before defining a mild solution of 

System (3.1). 

 

Lemma 3.1.1  

If 𝑦 ∈ 𝑃𝐶(𝒥, X) is a solution of System (3.1), then y satisfies the following 

 

 

𝑦(𝑡)

=

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐸𝐿𝜔(𝑡 − 𝜁)ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    𝑡 ∈ [0, 𝑡1]

𝑡

0

𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐸𝐿𝜔(𝑡 − 𝜁)ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    

𝑡

0

+𝒜𝜌∑𝒯𝜔(𝑡 − 𝑡𝛾)∆𝑦(𝑡𝛾)          𝑡 ∈ (𝑡𝛾, 𝑡𝛾+1]

𝑝

𝛾=1

 
 

where 

𝐿𝜔(𝑡) = 𝜔∫ 𝜃φ𝜔(𝜃)𝒯(𝜃𝑡
𝜔)𝑑𝜃,

∞

0

 

𝒯𝜔(𝑡) = ∫ 𝜑𝜔(𝜃)𝒯(𝜃𝑡
𝜔)𝑑

∞

0

𝜃, 

, φ𝜔(𝜃) given in identically (3.3) and 0 < 𝜌 < 1. 
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Proof. 

We see that 𝑦(∙) is decomposable into 𝑚(∙) + 𝑛(∙), where 𝑚 is a continuous mild 

solution of the system 

{

𝐷
𝜌,𝜔
𝑚(𝑡)𝐶 = 𝐷

𝜌,𝜔
ℎ(𝑡, 𝑦(𝑡)) +𝒜𝑚(𝑡) + Β𝓊(𝑡)𝑐

+𝑓(𝑡, 𝑦(𝑡))    𝑡 ∈ 𝒥           

𝑚(0) = 𝑦0                                                   

           (3.4) 

and 𝑛 is picewise continuous solution of the system 

{

𝐷
𝜌,𝜔𝐶 𝑛(𝑡) = 𝒜𝑛(𝑡)     𝑡 ∈ 𝒥, 𝑡 ≠ 𝑡𝛾   

            ∆𝑦(𝑡𝛾) = 𝑞𝛾 (𝑛(𝑡𝛾
−))   𝛾 = 1,2,… , 𝑝

𝑛(0) = 0.                              

,                           (3.5) 

To find the mild solution 𝑚(𝑡), we applying fractional integral (1.5) for both 

sides of System (3.4), 

ℐ𝜌,𝜔 𝐷
𝜌,𝜔
𝑚(𝑡) = ℐ𝜌,𝜔 𝐷

𝜌,𝜔
ℎ(𝑡, 𝑦(𝑡)) +𝑐𝑐 ℐ𝜌,𝜔[𝒜𝑚(𝑡) + Β𝓊(𝑡)

+ 𝑓(𝑡, 𝑦(𝑡))]. 

 

using Lemma (1.2.30), we have 

 

𝑚(𝑡) = ℎ(𝑡, 𝑦(𝑡)) − ℎ(0, 𝑦0) + 𝑦0 + ℐ
𝜌,𝜔[𝒜𝑚(𝑡)                            

+Β𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]                                                        (3.6) 

 

By taking Laplace transform for both sides of (3.6), we have 

Μ(𝜆) = 𝐻(𝜆) −
ℎ(0, 𝑦0)

𝜆
+
𝑦0
𝜆
+ (1 − 𝜌)ℒ{𝒜𝑚(𝑡) + Β𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))}(𝜆)

+
𝜌

𝜆𝜔
ℒ{𝒜𝑚(𝑡) + Β𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))}(𝜆) 

where Μ(𝜆) = ℒ{𝑚(𝑡)}(𝜆) and 𝐻(𝜆) = ℒ{ℎ(𝑡, 𝑦(𝑡))}(𝜆). 

It follows 
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Μ(𝜆) − (1 − 𝜌)𝒜Μ(𝜆) −
𝜌

𝜆𝜔
𝒜Μ(𝜆)

= 𝐻(𝜆) −
ℎ(0, 𝑦0)

𝜆
+
𝑦0
𝜆
+ [(1 − 𝜌) +

𝜌

𝜆𝜔
] 𝐹(𝜆) 

where 𝐹(𝜆) = ℒ{Β𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡)}(𝜆), then 

[(𝐼 − (1 − 𝜌)𝒜) −
𝜌

𝜆𝜔
𝒜]Μ(𝜆)

= 𝐻(𝜆) +
𝑦0 − ℎ(0, 𝑦0)

𝜆
+ [(1 − 𝜌) +

𝜌

𝜆𝜔
] 𝐹(𝜆) 

(𝒜𝜌
−1 −

𝜌

𝜆𝜔
𝒜)Μ(𝜆) = 𝐻(𝜆) +

𝑦0 − ℎ(0, 𝑦0)

𝜆
+ [(1 − 𝜌) +

𝜌

𝜆𝜔
] 𝐹(𝜆) 

(𝜆𝜔𝒜𝜌
−1 − 𝜌𝒜)Μ(𝜆)

= 𝜆𝜔𝐻(𝜆) + 𝜆𝜔−1(𝑦0 − ℎ(0, 𝑦0)) + [𝜆
𝜔(1 − 𝜌) + 𝜌]𝐹(𝜆) 

[(𝜆𝜔𝐼 − 𝜌𝒜𝒜𝜌)𝒜𝜌
−1]Μ(𝜆)

= 𝜆𝜔𝐻(𝜆) + 𝜆𝜔−1[𝑦0 − ℎ(0, 𝑦0)] + [𝜆
𝜔(1 − 𝜌) + 𝜌]𝐹(𝜆) 

 

Μ(𝜆) = 𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝜆𝜔𝐻(𝜆)

+𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝜆𝜔−1[𝑦0 − ℎ(0, 𝑦0)]

+ 𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝜆𝜔(1 − 𝜌)𝐹(𝜆)

+𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝜌𝐹(𝜆). 

 

𝜆𝜔(𝜆𝜔𝐼 − 𝜌𝒜𝒜𝜌)
−1
= (𝜆𝜔𝐼 − 𝜌𝒜𝒜𝜌 + 𝜌𝒜𝒜𝜌)(𝜆

𝜔𝐼 − 𝜌𝒜𝒜𝜌)
−1

 

= (𝜆𝜔𝐼 − 𝜌𝒜𝒜𝜌)(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
+ 𝜌𝒜𝒜𝜌(𝜆

𝜔𝐼 − 𝜌𝒜𝒜𝜌)
−1

 

= 𝐼 + 𝜌𝒜𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
 

then 

Μ(𝜆) = 𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝜆𝜔𝐻(𝜆)

+𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝜆𝜔−1(𝑦0 − ℎ(0, 𝑦0)) 
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+(1 − 𝜌)𝒜𝜌 [𝐼 + 𝜌𝒜𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
] 𝐹(𝜆)

+ 𝜌𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝐹(𝜆) 

 

= 𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝜆𝜔𝐻(𝜆) + 𝒜𝜌(𝜆

𝜔𝐼 − 𝜌𝒜𝒜𝜌)
−1
𝜆𝜔−1(𝑦0 − ℎ(0, 𝑦0)) 

+(1 − 𝜌)𝒜𝜌𝐹(𝜆) + (1 − 𝜌)𝜌𝒜𝒜𝜌
2(𝜆𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝐹(𝜆)

+ 𝜌𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝐹(𝜆) 

 

= 𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝜆𝜔𝐻(𝜆) + 𝒜𝜌(𝜆

𝜔𝐼 − 𝜌𝒜𝒜𝜌)
−1
𝜆𝜔−1(𝑦0 − ℎ(0, 𝑦0))

+ (1 − 𝜌)𝒜𝜌𝐹(𝜆)

+ [(1 − 𝜌)𝒜 +𝒜𝜌
−1]𝜌𝒜𝜌

2(𝜆𝜔𝐼 − 𝜌𝒜𝒜𝜌)
−1
 𝐹(𝜆). 

Since 

𝒜𝜌 = (𝐼 − (1 − 𝜌)𝒜) 
−1 

then  

𝐼 = (1 − 𝜌)𝒜 +𝒜𝜌
−1. 

Therefore 

Μ(𝜆)

= {
𝒜𝜌(𝜆

𝜔𝐼 − 𝐸)−1𝜆𝜔𝐻(𝜆) +𝒜𝜌(𝜆
𝜔𝐼 − 𝐸)−1𝜆𝜔−1(𝑦0 − ℎ(0, 𝑦0))

+(1 − 𝜌)𝒜𝜌𝐹(𝜆) + 𝜌𝒜𝜌
2(𝜆𝜔𝐼 − 𝐸)−1 𝐹(𝜆).

         (3.7) 

Now, 

𝒜𝜌(𝜆
𝜔𝐼 − Ε)−1𝜆𝜔𝐻(𝜆) = 𝒜𝜌𝜆

𝜔∫ 𝑒−𝜆
𝜔𝑠𝒯(𝑠)𝐻(𝜆)𝑑𝑠

∞

0

 

= 𝒜𝜌𝜆
𝜔∫ 𝑒−(𝜆𝑢)

𝜔
𝒯(𝑢𝜔)𝐻(𝜆)𝜔𝑢𝜔−1𝑑𝑢

∞

0

 

= 𝒜𝜌∫ 𝜆𝜔(𝜆𝑢)𝜔−1𝑒−(𝜆𝑢)
𝜔
𝒯(𝑢𝜔)𝐻(𝜆)𝑑𝑢

∞

0

 

= 𝒜𝜌∫ −
𝑑𝑒−(𝜆𝑢)

𝜔

𝑑𝑢
𝒯(𝑢𝜔)𝐻(𝜆)𝑑𝑢

∞

0

, 
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using integration by part, we obtain 

  

𝒜𝜌(𝜆
𝜔𝐼 − Ε)−1𝜆𝜔𝐻(𝜆)

= 𝒜𝜌 [[−𝒯(𝑢
𝜔)𝐻(𝜆)𝑒−(𝜆𝑢)

𝜔
]
0

∞

−∫ −𝑒−(𝜆𝑢)
𝜔
Ε𝒯(𝑢𝜔)𝜔𝑢𝜔−1

∞

0

𝐻(𝜆)𝑑𝑢] 

 

= 𝒜𝜌𝐻(𝜆) +𝒜𝜌∫ 𝑒−(𝜆𝑢)
𝜔
Ε𝒯(𝑢𝜔)𝜔𝑢𝜔−1

∞

0

𝐻(𝜆)𝑑𝑢, 

 

using (3.2), we have 

  

𝒜𝜌(𝜆
𝜔𝐼 − Ε)−1𝜆𝜔𝐻(𝜆)

= 𝒜𝜌𝐻(𝜆) +𝒜𝜌∫ ∫ 𝑒−𝜆𝑢𝛿𝜓𝜔(𝛿)Ε𝒯(𝑢
𝜔)𝐻(𝜆)𝜔𝑢𝜔−1𝑑𝛿𝑑𝑢

∞

0

∞

0

 

= 𝒜𝜌𝐻(𝜆) +𝒜𝜌∫ ∫ 𝜔𝑒−𝜆𝑣𝜓𝜔(𝛿)Ε𝒯(
𝑣

𝛿
)𝜔
𝑣𝜔−1

𝛿𝜔
𝐻(𝜆)𝑑𝛿𝑑𝑣

∞

0

∞

0

 

= 𝒜𝜌𝐻(𝜆)

+𝒜𝜌∫ ∫ ∫ 𝜔𝑒−𝜆(𝑣+𝜁)`𝜓𝜔(𝛿)Ε𝒯 (
𝑣

𝛿
)
𝜔 𝑣𝜔−1

𝛿𝜔
ℎ(𝜁, 𝑦(𝜁))𝑑𝜁𝑑𝛿𝑑𝑣

∞

0

∞

0

∞

0

 

= 𝒜𝜌𝐻(𝜆)

+𝒜𝜌∫ ∫ ∫ 𝜔𝑒−𝜆𝑡`𝜓𝜔(𝛿)Ε𝒯 (
𝑡 − 𝜁

𝛿
)
𝜔 (𝑡 − 𝜁)𝜔−1

𝛿𝜔
ℎ(𝜁, 𝑦(𝜁))𝑑𝑡𝑑𝜁𝑑𝛿

∞

𝜁

∞

0

∞

0

 

= 𝒜𝜌𝐻(𝜆)

+𝒜𝜌∫ 𝑒−𝜆𝑡 [𝜔∫ ∫ 𝜓𝜔(𝛿)Ε𝒯 (
𝑡 − 𝜁

𝛿
)
𝜔 (𝑡 − 𝜁)𝜔−1

𝛿𝜔
ℎ(𝜁, 𝑦(𝜁))𝑑𝛿𝑑𝜁

∞

0

𝑡

0

]
∞

0

𝑑𝑡 
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= 𝒜𝜌𝐻(𝜆)

+𝒜𝜌ℒ {𝜔∫ ∫ 𝜓𝜔(𝛿)Ε𝒯 (
𝑡 − 𝜁

𝛿
)
𝜔 (𝑡 − 𝜁)𝜔−1

𝛿𝜔
ℎ(𝜁, 𝑦(𝜁))𝑑𝛿𝑑𝜁

∞

0

𝑡

0

} (𝜆) 

using (3.3), we have 

 

𝒜𝜌(𝜆
𝜔𝐼 − Ε)−1𝜆𝜔𝐻(𝜆) = 

𝒜𝜌𝐻(𝜆) +𝒜𝜌ℒ {𝜔∫ ∫ φ𝜔(𝜃)Ε𝑇(𝜃(𝑡 − 𝜁)
𝜔)𝜃(𝑡

∞

0

𝑡

0

− 𝜁)𝜔−1ℎ(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁} (𝜆). 

Therefore 

         𝒜𝜌(𝜆
𝜔𝐼 − Ε)−1𝜆𝜔𝐻(𝜆) = 𝒜𝜌𝐻(𝜆) 

+𝒜𝜌ℒ {∫ (𝑡 − 𝜁)𝜔−1Ε
𝑡

0

𝐿𝜔(𝑡 − 𝜁)ℎ(𝜁, 𝑦(𝜁))𝑑𝜁} (𝜆).           (3.8) 

 

𝒜𝜌𝜆
𝜔−1(𝜆𝜔𝐼 − Ε)−1[𝑦0 − ℎ(0, 𝑦0)]

= 𝒜𝜌𝜆
𝜔−1∫ 𝑒−𝜆

𝜔𝑠𝒯(𝑠)(𝑦0 − ℎ(0, 𝑦0))𝑑𝑠
∞

0

 

= 𝒜𝜌𝜆
𝜔−1∫ 𝑒−(𝜆𝑢)

𝜔
𝒯(𝑢𝜔)[𝑦0 − ℎ(0, 𝑦0)]𝜔𝑢

𝜔−1𝑑𝑢
∞

0

 

= 𝒜𝜌∫ 𝜔(𝜆𝑢)𝜔−1𝑒−(𝜆𝑢)
𝜔
𝒯(𝑢𝜔)[𝑦0 − ℎ(0, 𝑦0)]𝑑𝑢

∞

0

 

= 𝒜𝜌∫ −
1

𝜆

𝑑𝑒−(𝜆𝑢)
𝜔

𝑑𝑢
𝒯(𝑢𝜔)[𝑦0 − ℎ(0, 𝑦0)]𝑑𝑢,

∞

0

 

from (3.2), we have 

𝑒−(𝜆𝑢)
𝜔
= ∫ 𝑒−𝜆𝑢𝛿𝜓𝜔(𝛿)𝑑𝛿

∞

0

 

then 
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𝑑𝑒−(𝜆𝑢)
𝜔

𝑑𝑢
= ∫ −𝜆𝛿𝑒−𝜆𝑢𝛿𝜓𝜔(𝛿)𝑑𝛿.

∞

0

 

Therefore 

𝒜𝜌𝜆
𝜔−1(𝜆𝜔𝐼 − Ε)−1[𝑦0 − ℎ(0, 𝑦0)]

= 𝒜𝜌∫ ∫ 𝛿𝑒−𝜆𝑢𝛿
∞

0

∞

0

𝜓𝜔(𝛿)𝒯(𝑢
𝜔)[𝑦0 − ℎ(0, 𝑦0)]𝑑𝛿𝑑𝑢 

= 𝒜𝜌∫ ∫ 𝑒−𝜆𝑡
∞

0

∞

0

𝜓𝜔(𝛿)𝒯 ((
𝑡

𝛿
)
𝜔

) [𝑦0 − ℎ(0, 𝑦0)]𝑑𝛿𝑑𝑡 

= 𝒜𝜌∫ ∫ −
1

𝜔
𝜃−

1
𝜔
−1𝑒−𝜆𝑡

∞

0

∞

0

𝜓𝜔 (𝜃
−
1
𝜔)𝒯(𝜃𝑡𝜔)[𝑦0 − ℎ(0, 𝑦0)]𝑑𝜃𝑑𝑡 

using (3.3), we have 

𝒜𝜌𝜆
𝜔−1(𝜆𝜔𝐼 − Ε)−1[𝑦0 − ℎ(0, 𝑦0)]

= 𝒜𝜌∫ ∫ 𝑒−𝜆𝑡
∞

0

∞

0

𝜑𝜔(𝜃)𝒯(𝜃𝑡
𝜔)[𝑦0 − ℎ(0, 𝑦0)]𝑑𝜃𝑑𝑡 

= 𝒜𝜌ℒ {∫ 𝜑𝜔(𝜃)𝒯(𝜃𝑡
𝜔)(𝑦0 − ℎ(0, 𝑦0))𝑑𝜃

∞

0

} (𝜆). 

Therefore, 

 

𝒜𝜌𝜆
𝜔−1(𝜆𝜔𝐼 − Ε)−1[𝑦0 − ℎ(0, 𝑦0)]

= 𝒜𝜌ℒ{𝒯𝜔(𝑡)[𝑦0 − ℎ(0, 𝑦0)]}(𝜆).                             (3.9) 

 

𝜌𝒜𝜌
2(𝜆𝜔𝐼 − Ε)−1 𝐹(𝜆) = 𝜌𝒜𝜌

2∫ 𝑒−𝜆
𝜔𝑠𝒯(𝑠)𝐹(𝜆)𝑑𝑠

∞

0

 

= 𝜌𝒜𝜌
2∫ 𝑒−(𝜆𝑢

)𝜔
𝒯(𝑢𝜔)𝐹(𝜆)𝜔𝑢𝜔−1𝑑𝑢

∞

0

 

using (3.2), we have 

𝜌𝒜𝜌
2(𝜆𝜔𝐼 − Ε)−1 𝐹(𝜆) = 𝜌𝒜𝜌

2∫ ∫ 𝜔𝑒−𝜆𝑢𝛿𝜓𝜔(𝛿)𝒯(𝑢
𝜔)𝐹(𝜆)𝑢𝜔−1𝑑𝛿𝑑𝑢

∞

0

∞

0

 

= 𝜌𝒜𝜌
2∫ ∫ 𝜔𝑒−𝜆𝑣𝜓𝜔(𝛿)𝒯 ((

𝑣

𝛿
)
𝜔

)
𝑣𝜔−1

𝛿𝜔
𝐹(𝜆)𝑑𝛿𝑑𝑣

∞

0

∞

0
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= 𝜌𝒜𝜌
2∫ ∫ ∫ 𝜔𝑒−𝜆(𝑣+𝜁)𝜓𝜔(𝛿)𝒯 ((

𝑣

𝛿
)
𝜔

)
𝑣𝜔−1

𝛿𝜔
[𝛣𝓊(𝜁)

∞

0

∞

0

∞

0

+ 𝑓(𝜁, 𝑦(𝜁)] 𝑑𝜁𝑑𝛿𝑑𝑣 

= 𝜌𝒜𝜌
2∫ ∫ ∫ 𝜔𝑒−𝜆𝑡𝜓𝜔(𝛿)𝒯 ((

(𝑡 − 𝜁)

𝛿
)

𝜔

)
(𝑡 − 𝜁)𝜔−1

𝛿𝜔
[𝛣𝓊(𝜁)

∞

𝜁

∞

0

∞

0

+ 𝑓(𝜁, 𝑦(𝜁)] 𝑑𝑡𝑑𝜁𝑑 𝛿 

= 𝜌𝒜𝜌
2∫ 𝑒−𝜆𝑡 [𝜔∫ ∫ 𝜓𝜔(𝛿)𝒯 ((

(𝑡 − 𝜁)

𝛿
)

𝜔

)
(𝑡 − 𝜁)𝜔−1

𝛿𝜔
[𝛣𝓊(𝜁)

∞

0

𝑡

0

∞

0

+ 𝑓(𝜁, 𝑦(𝜁)]𝑑𝛿𝑑𝜁] 𝑑𝑡 

= 𝜌𝒜𝜌
2ℒ {𝜔∫ ∫ 𝜓𝜔(𝛿)𝒯 ((

(𝑡 − 𝜁)

𝛿
)

𝜔

)
(𝑡 − 𝜁)𝜔−1

𝛿𝜔
[𝛣𝓊(𝜁)

∞

0

𝑡

0

+ 𝑓(𝜁, 𝑦(𝜁)]𝑑𝛿𝑑𝜁} (𝜆) 

using (3.3), we have 

𝜌𝒜𝜌
2(𝜆𝜔𝐼 − Ε)−1 𝐹(𝜆) =  

𝜌𝒜𝜌
2ℒ {𝜔∫ ∫ 𝜃𝜑𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)(𝑡 − 𝜁)𝜔−1[𝛣𝓊(𝜁)
∞

0

𝑡

0

+ 𝑓(𝜁, 𝑦(𝜁)]𝑑𝜃𝑑𝜁} (𝜆), 

𝜌𝒜𝜌
2(𝜆𝜔𝐼 − Ε)−1 𝐹(𝜆) =  

𝜌𝒜𝜌
2ℒ {∫ 𝐿𝜔(𝑡 − 𝜁)(𝑡 − 𝜁)

𝜔−1
𝑡

0

[𝛣𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁)]𝑑𝜁} (𝜆).      (3.10) 

 

From (3.8), (3.9) and (3.10) we get 
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𝑀(𝜆)

=

{
 
 

 
 𝒜𝜌𝐻(𝜆) +𝒜𝜌ℒ {∫ (𝑡 − 𝜁)𝜔−1Ε

𝑡

0

𝐿𝜔(𝑡 − 𝜁)ℎ(𝜁, 𝑦(𝜁))𝑑𝜁} (𝜆)

+𝒜𝜌ℒ{𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0))}(𝜆) + (1 − 𝜌)𝒜𝜌𝐹(𝜆)

+𝜌𝒜𝜌
2ℒ {∫ 𝐿𝜔(𝑡 − 𝜁)(𝑡 − 𝜁)

𝜔−1
𝑡

0

[𝛣𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁)])𝑑𝜁} (𝜆).

          (3.11) 

Taking the inverse of Laplace transform for both sides of (3.11), we get 

𝑚(𝑡)

=

{
 
 

 
 𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1Ε

𝑡

0

𝐿𝜔(𝑡 − 𝜁)ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

+𝒜𝜌𝒯𝜔(𝑡)[𝑦0 − ℎ(0, 𝑦0)] + (1 − 𝜌)𝒜𝜌[𝛣𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡)]

+𝜌𝒜𝜌
2∫ 𝐿𝜔(𝑡 − 𝜁)(𝑡 − 𝜁)

𝜔−1
𝑡

0

[𝛣𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁.

                (3.12) 

 

Now, to find the mild solution 𝑛(𝑡), we applying fractional integral (1.5) for 

both sides of System (3.5), 

 

ℐ𝜌,𝜔𝐷𝜌,𝜔𝑛(𝑡) = ℐ𝜌,𝜔[𝒜𝑛(𝑡)]. 

By using Lemma (1.2.31) we have, 

𝑛(𝑡) = ∑∆𝑦(𝑡𝛾)𝜎𝛾(𝑡) + ℐ
𝜌,𝜔[𝒜𝑛(𝑡)]

𝑝

𝛾=1

                          (3.13) 

where 

𝜎𝛾(𝑡) = {
0           𝑡 ∈ [0, 𝑡1]                                       

1           𝑡 ∈ (𝑡𝛾, 𝑡𝛾+1]        𝛾 = 1,2, … , 𝑝
            (3.14) 

and  

ℒ{𝜎𝛾(𝑡)}(𝜆) =
𝑒−𝜆𝑡𝛾

𝜆
. 

Taking Laplace transform for both sides of (3.13), 
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𝑁(𝜆) = ∑∆𝑦(𝑡𝛾)𝜆
−1𝑒−𝜆𝑡𝛾 + (1 − 𝜌)𝒜𝑁(𝜆) +

𝜌

𝜆𝜔
𝒜𝑁(𝜆)

𝑝

𝛾=1

 

where 𝑁(𝜆) denotes the Laplace transform of 𝑛(𝑡). 

 

It follows, 

𝑁(𝜆) − (1 − 𝜌)𝒜𝑁(𝜆) −
𝜌

𝜆𝜔
𝒜𝑁(𝜆) =∑∆𝑦(𝑡𝛾)𝜆

−1𝑒−𝜆𝑡𝛾

𝑝

𝛾=1

 

[𝐼 − (1 − 𝜌)𝒜 −
𝜌

𝜆𝜔
𝒜]𝑁(𝜆) =∑∆𝑦(𝑡𝛾)𝜆

−1𝑒−𝜆𝑡𝛾

𝑝

𝛾=1

 

[𝒜𝜌
−1 −

𝜌

𝜆𝜔
𝒜]𝑁(𝜆) =∑∆𝑦(𝑡𝛾)𝜆

−1𝑒−𝜆𝑡𝛾

𝑝

𝛾=1

 

[𝜆𝜔𝒜𝜌
−1 − 𝜌𝒜]𝑁(𝜆) = ∑∆𝑦(𝑡𝛾)𝜆

𝜔−1𝑒−𝜆𝑡𝛾

𝑝

𝛾=1

 

[(𝜆𝜔𝐼 − 𝜌𝒜𝒜𝜌)𝒜𝜌
−1]𝑁(𝜆) = ∑∆𝑦(𝑡𝛾)𝜆

𝜔−1𝑒−𝜆𝑡𝛾

𝑝

𝛾=1

 

𝑁(𝜆) = 𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1𝜆𝜔−1∑∆𝑦(𝑡𝛾)𝑒
−𝜆𝑡𝛾

𝑝

𝛾=1

 

 

= 𝒜(𝜆𝜔𝐼 − 𝐸)−1𝜆𝜔−1∑∆𝑦(𝑡𝛾)𝑒
−𝜆𝑡𝛾

𝑝

𝛾=1

 

= 𝒜𝜌𝜆
𝜔−1∑∫ ∆𝑦(𝑡𝛾)𝑒

−𝜆𝜔𝑠𝒯(𝑠)
∞

0

𝑒−𝜆𝑡𝛾𝑑𝑠.

𝑝

𝛾=1

 

= 𝒜𝜌𝜆
𝜔−1∑∫ ∆𝑦(𝑡𝛾)𝑒

−(𝜆𝑢)𝜔𝒯(𝑢𝜔)
∞

0

𝑒−𝜆𝑡𝛾𝜔𝑢𝜔−1𝑑𝑢

𝑝

𝛾=1
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= 𝒜𝜌∑∫ ∆𝑦(𝑡𝛾)𝜔(𝜆𝑢)
𝜔−1𝑒−(𝜆𝑢)

𝜔
𝒯(𝑢𝜔)

∞

0

𝑒−𝜆𝑡𝛾𝑑𝑢

𝑝

𝛾=1

 

= 𝒜𝜌∑∫ −∆𝑦(𝑡𝛾)
1

𝜆

𝑑𝑒−(𝜆𝑢)
𝜔

𝑑𝑢
𝒯(𝑢𝜔)

∞

0

𝑒−𝜆𝑡𝛾𝑑𝑢

𝑝

𝛾=1

 

using (3.2), we have 

𝑁(𝜆) = 𝒜𝜌∑∫ ∫ ∆𝑦(𝑡𝛾)𝛿𝑒
−𝜆𝑢𝛿𝜓𝜔(𝛿)𝒯(𝑢

𝜔)
∞

0

∞

0

𝑒−𝜆𝑡𝛾𝑑𝛿𝑑𝑢.

𝑝

𝛾=1

 

= 𝒜𝜌∑∫ ∫ ∆𝑦(𝑡𝛾)𝑒
−𝜆𝑣𝜓𝜔(𝛿)𝒯 (

𝑣

𝛿𝜔

𝜔

)
∞

0

∞

0

𝑒−𝜆𝑡𝛾𝑑𝛿𝑑𝑣

𝑝

𝛾=1

 

= 𝒜𝜌∑∫ ∫ ∆𝑦(𝑡𝛾)𝑒
−𝜆(𝑣+𝑡𝛾)𝜓𝜔(𝛿)𝒯 (

𝑣

𝛿𝜔

𝜔

)
∞

0

∞

0

𝑑𝛿𝑑𝑣

𝑝

𝛾=1

. 

 

= 𝒜𝜌∑∫ ∫ ∆𝑦(𝑡𝛾)𝑒
−𝜆𝑡𝜓𝜔(𝛿)𝒯 (

(𝑡 − 𝑡𝛾)

𝛿𝜔

𝜔

)
∞

0

∞

0

𝑑𝛿𝑑𝑡

𝑝

𝛾=1

. 

using (3.3), we have 

𝑁(𝜆) = 𝒜𝜌∑∫ ∫ ∆𝑦(𝑡𝛾)𝑒
−𝜆𝑡𝜑𝜔(𝜃)𝒯(𝜃(𝑡 − 𝑡𝛾)

𝜔
)

∞

0

∞

0

𝑑𝜃𝑑𝑡

𝑝

𝛾=1

 

= 𝒜𝜌ℒ {∑∫ ∆𝑦(𝑡𝛾)𝜑𝜔(𝜃)𝒯(𝜃(𝑡 − 𝑡𝛾)
𝜔
)𝑑𝜃

∞

0

𝑝

𝛾=1

} (𝜆) 

𝑁(𝜆) = 𝒜𝜌ℒ {∑∆𝑦(𝑡𝛾)𝒯𝜔(𝑡 − 𝑡𝛾)
𝜔

𝑝

𝛾=1

} (𝜆).                     (3.15) 

By taking the inverse of Laplace transform for both sides of (3.15), we get 

𝑛(𝑡) = 𝒜𝜌∑𝒯𝜔(𝑡 − 𝑡𝛾)
𝜔
∆𝑦(𝑡𝛾).

𝑝

𝛾=1

                            (3.16) 
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From (3.12) and (3.16), we have 

 

𝑦(𝑡) =

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐸𝐿𝜔(𝑡 − 𝜁)ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)[𝑦0 − ℎ(0, 𝑦0)] + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    𝑡 ∈ [0, 𝑡1]

𝑡

0

𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐸𝐿𝜔(𝑡 − 𝜁)ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    

𝑡

0

+𝒜𝜌∑𝒯𝜔(𝑡 − 𝑡𝛾)∆𝑦(𝑡𝛾)          𝑡 ∈ (𝑡𝛾, 𝑡𝛾+1].

𝑟

𝛾=1

 

           ∎ 

 

Lemma 3.1.2 [46] 

 The operators 𝐿𝜔 and 𝒯𝜔 have the following properties. 

i. For any fixed 𝑡 ≥ 0, 𝐿𝜔(𝑡)  and 𝒯𝜔(𝑡) are linear and bounded operators, 

i.e. for any 𝑦 ∈ Χ, 

‖𝐿𝜔(𝑡)y ‖ = ‖𝜔∫ 𝜃φ𝜔(𝜃)𝒯(𝜃𝑡
𝜔)𝑦𝑑𝜃

∞

0

‖ ≤
𝜔𝒮

Γ(1 + 𝜔)
‖𝑦‖

=
𝒮

Γ(𝜔)
‖𝑦‖ 

‖𝒯𝜔(𝑡)y ‖ = ‖∫ 𝜑𝜔(𝜃)𝒯(𝜃𝑡
𝜔)𝑦𝑑

∞

0

𝜃‖ ≤ 𝒮‖𝑦‖ 

where 𝒮 = 𝑠𝑢𝑝𝑡≥0‖𝒯(𝑡)‖. 

ii. The operators {𝐿𝜔(𝑡)}𝑡≥0  and {𝒯𝜔(𝑡)}𝑡≥0  are strongly continuous. 

iii. If 𝒯(𝑡) is compact, then the operators {𝐿𝜔(𝑡)}𝑡≥0  and {𝒯𝜔(𝑡)}𝑡≥0  are 

compact. 
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From Lemma (1.1.29), for 𝑦 ∈ 𝐷(𝒜) we have  

𝑑

𝑑𝑡
𝒯(𝑡)𝑦 = 𝐸𝒯(𝑡)𝑦 = 𝒯(𝑡)𝐸𝑦. 

 

Definition 3.1.3 

 The mild solution 𝑦(𝑡) of System (3.1) is 

𝑦(𝑡) =

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    𝑡 ∈ [0, 𝑡1]

𝑡

0

𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    

𝑡

0

+𝒜𝜌∑𝒯𝜔(𝑡 − 𝑡𝛾)∆𝑦(𝑡𝛾),          𝑡 ∈ (𝑡𝛾, 𝑡𝛾+1].

𝑝

𝛾=1

 

 

Next, we discuss the controllability of Nonlinear System (3.1). 

Assume that the 𝐶0-semigroup 𝑇(𝑡) is continuous in the uniform operator 

topology and also assume the following conditions:  

H1 The linear operator 𝑊𝜌: 𝐿𝑝(𝒥, 𝑈) → 𝑋 defined as 

𝑊𝜌𝓊 = (1 − 𝜌)𝒜𝜌𝐵𝓊 + 𝜌𝒜𝜌
2𝑊𝓊 

has an inverse operator 𝑊𝜌
−1 on 𝐿𝑝(𝒥, 𝑈)/𝑘𝑒𝑟𝑊𝜌 and ‖𝑊𝜌

−1‖ ≤ 𝐾, 𝐾 > 0, 

‖𝒜𝜌‖ ≤ 𝜂, 𝜂 > 0. 

where 𝑊 is linear operator from 𝐿𝑝(𝒥, 𝑈) into 𝑋 such that 
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𝑊𝓊 = ∫ (Υ − 𝑠)𝜔−1𝐿𝜔(Υ − 𝑠)𝐵𝓊(𝑠)𝑑𝑠.
Υ

0

 

H2 : There exist constants ℳℎ ,ℳℎ̂ > 0 such that 

‖𝐸ℎ(𝑡, 𝑦1(𝑡)) − 𝐸ℎ(𝑡, 𝑦2(𝑡))‖ ≤ ℳℎ‖𝑦1 − 𝑦2‖ 

and 

ℳℎ̂ = 𝑠𝑢𝑝𝑡∈𝒥‖𝐸ℎ(𝑡, 0)‖. 

H3 : The continuous function 𝑓: 𝒥 × 𝑋 → 𝑋 satisfies Lipchitz condition i.e. 

there exist a constant ℳ𝑓 > 0 such that 

‖𝑓(𝑡, 𝑦1(𝑡)) − 𝑓(𝑡, 𝑦2(𝑡))‖ ≤ ℳ𝑓‖𝑦1 − 𝑦2‖ 

and 

ℳ𝑓̂ = 𝑠𝑢𝑝𝑡∈𝒥‖𝑓(𝑡, 0)‖. 

where ℳ𝑓̂ > 0. 

H4 : The function 𝑞𝛾: 𝑋 → 𝑋, 𝛾 = 1,2,… , 𝑝 is continuous and satisfies 

Lipchitz condition, i.e. there exists a constant ℳ𝛾 > 0 such that 

‖𝑞𝛾(𝑦1) − 𝑞𝛾(𝑦2)‖ ≤ ℳ𝛾‖𝑦1 − 𝑦2‖ 

and  

∑ℳ𝛾

𝑝

𝛾=1

=ℳ 

where ℳ > 0. 

H5: For all bounded subsets Θ, the set  

    (𝒦𝑟
𝜐)(𝑡) = 

{𝜔𝜌𝒜𝜌
2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁
∞

𝑟

, 𝑦
𝑡−𝜐

0

∈ Θ} 

     is relatively compact in 𝑋 for arbitrary  𝜐 ∈ (0, 𝑡) and a real number 𝑟 > 0. 
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Definition 3.1.4 

 System (3.1) is exact controllable on 𝒥 = [0, Υ] if for each initial state 𝑦0 ∈

𝑋 and each 𝑦1 ∈ 𝑋, there is suitable control 𝓊 ∈ 𝐿𝑝(𝒥, 𝑈) such that the mild 

solution 𝑦(𝑡) of System (3.1) satisfies 𝑦(𝛶) = 𝑦1. 

 

Theorem 3.1.5  

System (3.1) is exact controllable on 𝒥 = [0, Υ] if it satisfies the conditions 

H1-H5, and  

0 < 𝐷 + 𝜂𝐾‖𝐵‖𝐷 [(1 − 𝜌) +
𝜌𝜂𝒮Υ𝜔

Γ(𝜔 + 1)
] < 1                  (3.17) 

where  

𝐷 = 𝜂 [‖𝐸−1‖ℳℎ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 + 𝜂𝜌

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 + 𝒮ℳ]. 

 

Proof. Using condition H1, define the control 𝓊𝑦(𝑡) for an arbitrary function 

 𝑦(∙) ∈ 𝑃𝐶(𝒥, 𝑋) as 

𝓊𝑦(𝑡)

=

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝑊𝜌

−1 [𝑦1 −𝒜𝜌ℎ(Υ, 𝑦(Υ)) −𝒜𝜌∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
Υ

0

            

−𝒜𝜌𝒯𝜔(Υ)[𝑦0 − ℎ(0, 𝑦0)] − (1 − 𝜌)𝒜𝜌𝑓(Υ, y(Υ))

−𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

] ,      𝑡 ∈ [0, 𝑡1]

𝑊𝜌
−1 [𝑦1 −𝒜𝜌ℎ(Υ, 𝑦(Υ)) −𝒜𝜌∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

−𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − (1 − 𝜌)𝒜𝜌𝑓(Υ, y(Υ))

−𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

−𝒜𝜌∑𝒯𝜔(Υ − 𝑡𝛾)∆𝑦(𝑡𝛾)

𝑝

𝛾=1

] ,      𝑡 ∈ (𝑡𝛾, 𝑡𝛾+1]
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By using (3.14), we can write 𝓊𝑦(𝑡) in the form 

𝓊𝑦(𝑡)

=

{
 
 
 
 

 
 
 
 𝑊𝜌

−1 [𝑦1 −𝒜𝜌ℎ(Υ, 𝑦(Υ)) −𝒜𝜌∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
Υ

0

−𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − (1 − 𝜌)𝒜𝜌𝑓(Υ, y(Υ))

−𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

−𝒜𝜌∑𝒯𝜔(Υ − 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(𝑡)

𝑝

𝛾=1

] ,   𝑡 ∈ [0, Υ]

 

We have to show that the operator Φ:𝑃𝐶(𝒥, 𝑋)  → 𝑃𝐶(𝒥, 𝑋) has a fixed point 

when applying this control, where 

 (Φ𝑦)(𝑡) = 

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) + 𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)[𝑦0 − ℎ(0, 𝑦0)] + (1 − 𝜌)𝒜𝜌[𝐵𝓊𝑦(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊𝑦(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    𝑡 ∈ [0, 𝑡1]

𝑡

0

𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) + 𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)[𝑦0 − ℎ(0, 𝑦0)] + (1 − 𝜌)𝒜𝜌[𝐵𝓊𝑦(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊𝑦(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    

𝑡

0

+𝒜𝜌∑𝒯𝜔(𝑡 − 𝑡𝛾)∆𝑦(𝑡𝛾)          𝑡 ∈ (𝑡𝛾 , 𝑡𝛾+1].

𝑝

𝛾=1

 

  

By using (3.14), we can write (Φ𝑦)(𝑡) in the form 

(Φ𝑦)(𝑡) = 𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡

0

 

+𝒜𝜌𝒯𝜔(𝑡)[𝑦0 − ℎ(0, 𝑦0)] + (1 − 𝜌)𝒜𝜌[𝐵𝓊𝑦(𝑡) + 𝑓(𝑡, 𝑦(𝑡))] 
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+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊𝑦(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑡

0

 

+𝒜𝜌∑𝒯𝜔(𝑡 − 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(𝑡),         𝑡 ∈ 𝒥.

𝑝

𝛾=1

 

 

By using the control 𝓊𝑦(𝑡), we have (Φ𝑦)(Υ) = 𝑦1, indeed, 

(Φ𝑦)(Υ) = 𝒜𝜌ℎ(Υ, 𝑦(Υ)) +𝒜𝜌∫ (Υ − 𝜁)𝜔−1
Υ

0

𝐿𝜔(Υ − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

+ 𝒜𝜌𝒯𝜔(Υ)[𝑦0 − ℎ(0, 𝑦0)] + (1 − 𝜌)𝒜𝜌𝐵𝑊𝜌
−1Λ(Υ)

+ (1 − 𝜌)𝒜𝜌𝑓(Υ, 𝑦(Υ))

+ 𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝐵𝑊𝜌

−1Λ(Υ)𝑑𝜁
Υ

0

+ 𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

+𝒜𝜌∑𝒯𝜔(Υ − 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(𝑡),

𝑝

𝛾=1

 

where 

Λ(𝑡) = 𝑦1 −𝒜𝜌ℎ(Υ, 𝑦(Υ)) −𝒜𝜌∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
Υ

0

 

−𝒜𝜌𝒯𝜔(Υ)[𝑦0 − ℎ(0, 𝑦0)] − (1 − 𝜌)𝒜𝜌𝑓(Υ, y(Υ)) 

−𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

−𝒜𝜌∑𝒯𝜔(Υ − 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(𝑡).

𝑝

𝛾=1

 

It follows, 
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(Φ𝑦)(Υ) = 𝒜𝜌ℎ(Υ, 𝑦(Υ)) +𝒜𝜌∫ (Υ − 𝜁)𝜔−1
Υ

0

𝐿𝜔(Υ − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

+𝒜𝜌𝒯𝜔(Υ)[𝑦0 − ℎ(0, 𝑦0)] + [(1 − 𝜌)𝒜𝜌𝐵 + 𝜌𝒜𝜌
2𝑊]𝑊𝜌

−1Λ(Υ)

+ (1 − 𝜌)𝒜𝜌𝑓(Υ, 𝑦(Υ))

+ 𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

+𝒜𝜌∑𝒯𝜔(Υ − 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(𝑡)

𝑝

𝛾=1

 

 

= 𝒜𝜌ℎ(Υ, 𝑦(Υ)) +𝒜𝜌∫ (Υ − 𝜁)𝜔−1
Υ

0

𝐿𝜔(Υ − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

+𝒜𝜌𝒯𝜔(Υ)[𝑦0 − ℎ(0, 𝑦0)] 

+𝑊𝜌𝑊𝜌
−1 [𝑦1 −𝒜𝜌ℎ(Υ, 𝑦(Υ)) −𝒜𝜌∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

 

−𝒜𝜌𝒯𝜔(Υ)[𝑦0 − ℎ(0, 𝑦0)] − (1 − 𝜌)𝒜𝜌𝑓(Υ, y(Υ))

− 𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

−𝒜𝜌∑𝒯𝜔(Υ

𝑝

𝛾=1

− 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(𝑡)] + (1 − 𝜌)𝒜𝜌𝑓(Υ, 𝑦(Υ)) 

+𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

+𝒜𝜌∑𝑇𝜔(Υ − 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(𝑡)

𝑝

𝛾=1

. 

 

= 𝑦1. 

Now, for 𝑡 ∈ 𝒥,  
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‖𝑢𝑦(𝑡)‖ ≤ 𝐾 [‖𝑦1‖ + ‖𝒜𝜌‖‖ℎ(Υ, 𝑦(Υ))‖

+ ‖𝒜𝜌‖
𝒮

Γ(𝜔)
∫ (Υ − 𝜁)𝜔−1‖𝐸ℎ(𝜁, 𝑦(𝜁))‖𝑑𝜁
Υ

0

+ ‖𝒜𝜌‖𝒮‖𝑦0 − ℎ(0, 𝑦0)‖ + (1 − 𝜌)‖𝒜𝜌‖‖𝑓(Υ, y(Υ))‖

+ 𝜌‖𝒜𝜌
2‖

𝒮

Γ(𝜔)
∫ (Υ − 𝜁)𝜔−1‖𝑓(ζ, y(ζ))‖𝑑𝜁
Υ

0

+ ‖𝒜𝜌‖‖∑𝒯𝜔(Υ − 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(𝑡)

𝑝

𝛾=1

‖] 

≤ 𝐾 [‖𝑦1‖ + 𝜂 [‖𝐸
−1‖ℳℎ‖𝑦‖ + ‖𝐸

−1‖ℳℎ̂ +
𝒮Υ𝜔

ωΓ(𝜔)
(ℳℎ‖𝑦‖ +ℳℎ̂)

+ 𝒮(‖𝑦0‖ + ‖𝐸
−1‖ℳℎ̂)

+ (1 − 𝜌)(ℳ𝑓‖𝑦‖ +ℳ𝑓̂)+𝜂𝜌
𝒮Υ𝜔

ωΓ(𝜔)
(ℳ𝑓‖𝑦‖ +ℳ𝑓̂) + 𝒮ℳ‖𝑦‖

+ 𝒮∑‖𝑞𝛾(0)‖

𝑝

𝛾=1

]] 

= 𝐾 [‖𝑦1‖ + 𝜂‖𝑦‖ [‖𝐸
−1‖ℳℎ +

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 

+𝜂𝜌
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 + 𝒮ℳ] + 𝜂 [‖𝐸−1‖ℳℎ̂ +

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ̂

+ 𝒮(‖𝑦0‖ + ‖𝐸
−1‖ℳℎ̂) + (1 − 𝜌)ℳ𝑓̂

+ 𝜂𝜌
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓̂+𝒮∑‖𝑞𝛾(0)‖

𝑝

𝛾=1

]] 

= 𝐾[𝐷‖𝑦‖ + ‖𝑦1‖ + 𝐷̂], 

where 𝐷 is given in assumption and 

 



Chapter Three                 Exact and Approximate Controllability of Hattaf-Fractional… 

 
86 

 

𝐷̂ = 𝜂 [‖𝐸−1‖ℳℎ̂ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ̂ + 𝒮(‖𝑦0‖ + ‖𝐸

−1‖ℳℎ̂) + (1 − 𝜌)ℳ𝑓̂

+ 𝜂𝜌
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓̂ + 𝒮∑‖𝑞𝛾(0)‖

𝑝

𝛾=1

]. 

 

Also, for 𝑦, 𝑦̂ ∈ 𝑃𝐶(𝒥, 𝑋), we have 

‖𝓊𝑦 −𝓊𝑦̂‖ ≤ ‖𝑊𝜌
−1‖‖𝒜𝜌‖ [∫ (Υ − 𝜁)𝜔−1‖𝐿𝜔(Υ − 𝜁)‖‖𝐸ℎ(𝜁, 𝑦(𝜁))

Υ

0

− 𝐸ℎ(𝜁, 𝑦̂(𝜁))‖𝑑𝜁

+ 𝜌‖𝒜𝜌‖∫ (Υ − 𝜁)𝜔−1
Υ

0

‖𝐿𝜔(Υ − 𝜁)‖‖𝑓(𝜁, 𝑦(𝜁))

− 𝑓(𝜁, 𝑦̂(𝜁))‖𝑑𝜁 +∑‖𝒯𝜔(Υ − 𝜁)‖

𝑝

𝛾=1

‖𝑞𝛾𝑦(𝑡𝛾) − 𝑞𝛾𝑦̂(𝑡𝛾)‖] 

≤ 𝐾𝜂 [
𝒮Υ𝜔

𝜔Γ(𝜔)
ℳℎ‖𝑦 − 𝑦̂‖ + 𝜌𝜂

𝒮Υ𝜔

𝜔Γ(𝜔)
ℳ𝑓‖𝑦 − 𝑦̂‖ + 𝒮ℳ‖𝑦 − 𝑦̂‖] 

= 𝐾𝜂𝒮 [
Υ𝜔

Γ(𝜔 + 1)
ℳℎ + 𝜌𝜂

Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 +ℳ]‖𝑦 − 𝑦̂‖. 

Define the set 

𝐶𝜖 = {𝑦: 𝑦 ∈ 𝑃𝐶(𝒥, 𝑋), ‖𝑦‖ ≤ 𝜖 for each 𝑡 ∈ 𝒥}, 

then 𝐶𝜖 is closed, convex and bounded subset of 𝑃𝐶(𝒥, 𝑋) for each 𝜖.  

Define the operators 
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(Φ1)𝑦(𝑡) = 𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊𝑦(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+ 𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐵𝓊𝑦(𝜁)𝑑𝜁

𝑡

0

+𝒜𝜌∑∆𝑦(𝑡𝛾)𝒯𝜔(𝑡

𝑝

𝛾=1

− 𝑡𝛾),      𝑡 ∈ 𝒥. 

(Φ2)𝑦(𝑡) = 𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁,     𝑡 ∈ 𝒥.

𝑡

0

 

It is clear that 

(Φ1+Φ2)𝑦 = Φy. 

To show operator Φ has a fixed point on 𝐶𝜖, we need to choose 𝜖0 > 0, such that 

(Φ1+Φ2)𝑦 has a fixed point on 𝐶𝜖0 . 

Taking  

𝜖0 =
𝜂𝐾‖𝐵‖ [(1 − 𝜌) +

𝜌𝜂𝒮Υ𝜔

Γ(𝜔 + 1)
] (‖𝑦1‖ + 𝐷̂) + 𝐷̂

1 − [𝐷 + 𝜂𝐾‖𝐵‖𝐷 [(1 − 𝜌) +
𝜌𝜂𝒮Υ𝜔

Γ(𝜔 + 1)
]]

. 

We will show the operator (Φ1+Φ2)𝑦 has a fixed point on 𝐶𝜖0 . Our proof 

consists of three steps: 

Claim I:  We will show Φ𝐶𝜖0 ⊂ 𝐶𝜖0 . 

Let 𝑦 ∈ 𝐶𝜖0 , then 
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‖(Φy)(t)‖ ≤ ‖𝒜𝜌‖ [‖ℎ(𝑡, 𝑦(𝑡))‖ +
𝒮

Γ(𝜔)
∫ (𝑡 − 𝜁)𝜔−1‖𝐸ℎ(𝜁, 𝑦(𝜁)‖𝑑𝜁
𝑡

0

+ 𝒮‖(𝑦0 − ℎ(0, 𝑦0))‖ + (1 − 𝜌)[‖𝐵𝓊𝑦(𝑡)‖ + ‖𝑓(𝑡, 𝑦(𝑡))‖]

+ 𝜌‖𝒜𝜌‖
𝒮

Γ(𝜔)
∫ (𝑡 − 𝜁)𝜔−1‖𝐵𝓊𝑦(𝜁)‖𝑑𝜁
𝑡

0

+ 𝜌‖𝒜𝜌‖
𝒮

Γ(𝜔)
∫ (𝑡 − 𝜁)𝜔−1‖𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁
𝑡

0

+ 𝒮∑‖∆𝑦(𝑡𝛾)‖

𝑝

𝛾=1

] 

≤ 𝜂 [‖𝐸−1‖ℳℎ𝜖0 + ‖𝐸
−1‖ℳℎ̂ +

𝒮Υ𝜔

𝜔Γ(𝜔)
(ℳℎ𝜖0 +ℳℎ̂)

+ 𝒮(‖𝑦0‖ + ‖𝐸
−1‖ℳℎ̂) + (1 − 𝜌)‖𝐵‖‖𝓊𝑦(𝑡)‖

+ (1 − 𝜌)(ℳ𝑓𝜖0 +ℳ𝑓̂) + 𝜌𝜂
𝒮Υ𝜔

𝜔Γ(𝜔)
‖𝐵‖‖𝓊𝑦(𝑡)‖

+ 𝜌𝜂
𝒮Υ𝜔

𝜔Γ(𝜔)
(ℳ𝑓𝜖0 +ℳ𝑓̂) + 𝒮ℳ𝜖0 + 𝒮∑‖𝑞𝛾(0)‖

𝑝

𝛾=1

] 

= 𝜂 [𝜖0 [‖𝐸
−1‖ℳℎ +

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 + 𝒮ℳ]

+ ‖𝐸−1‖ℳℎ̂ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ̂ + 𝒮(‖𝑦0‖ + ‖𝐸

−1‖ℳℎ̂)

+ (1 − 𝜌)ℳ𝑓̂ + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓̂ + 𝒮∑‖𝑞𝛾(0)‖

𝑝

𝛾=1

+ [(1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
] ‖𝐵‖‖𝓊𝑦(𝑡)‖] 

= 𝐷𝜖0 + 𝐷̂ + [(1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
] 𝜂‖𝐵‖‖𝓊𝑦(𝑡)‖ 

≤ 𝐷𝜖0 + 𝐷̂ + [(1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
] 𝜂𝐾‖𝐵‖(𝐷𝜖0 + ‖𝑦1‖ + 𝐷̂) 
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= [𝐷 + 𝜂𝐾‖𝐵‖𝐷 [(1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
]] 𝜖0

+ 𝜂𝐾‖𝐵‖ [(1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
] (‖𝑦1‖ + 𝐷̂) + 𝐷̂ 

= 𝜖0. 

Therefore (Φ1 +Φ2)𝐶𝜖0 = Φ𝐶𝜖0 ⊂ 𝐶𝜖0. 

 

Claim II We prove the operator Φ1 is contraction on 𝐶𝜖0. 

Let 𝑦, 𝑦̂ ∈ 𝐶𝜖0 , then 

‖Φ1𝑦 − Φ1𝑦̂‖

≤ ‖𝒜𝜌‖ [‖ℎ(𝑡, 𝑦(𝑡)) − ℎ(𝑡, 𝑦̂(𝑡))‖

+ ∫ (𝑡 − 𝜁)𝜔−1‖𝐿𝜔(𝑡 − 𝜁)‖‖𝐸ℎ(𝜁, 𝑦(𝜁) − 𝐸ℎ(𝜁, 𝑦̂(𝜁)‖𝑑𝜁
𝑡

0

+ (1 − 𝜌)‖𝐵‖‖𝓊𝑦(𝑡) − 𝓊𝑦̂(𝑡)‖

+ (1 − 𝜌)‖𝑓(𝑡, 𝑦(𝑡)) − 𝑓(𝑡, 𝑦̂(𝑡))‖

+ 𝜌‖𝒜𝜌‖∫ (𝑡 − 𝜁)𝜔−1‖𝐿𝜔(𝑡 − 𝜁)‖
𝑡

0

‖𝐵‖‖𝓊𝑦(𝜁)

− 𝓊𝑦̂(𝜁)‖𝑑𝜁 +∑ ‖𝒯𝜔‖‖𝑞𝛾𝑦(𝑡𝛾) − 𝑞𝛾𝑦̂(𝑡𝛾)‖
𝑝

𝛾=1
] 

 

≤ 𝜂 [‖𝐸−𝟏‖ℳℎ +
𝒮Υ𝜔

𝜔Γ(𝜔)
ℳℎ

+ (1 − 𝜌)‖𝐵‖𝐾𝜂𝒮 (
Υ𝜔

𝜔Γ(𝜔)
ℳℎ + 𝜌𝜂

Υ𝜔

𝜔Γ(𝜔)
ℳ𝑓 +ℳ)

+ (1 − 𝜌)ℳ𝑓

+ 𝜌𝜂
𝒮Υ𝜔

𝜔Γ(𝜔)
‖𝐵‖𝐾𝜂𝒮 (

Υ𝜔

𝜔Γ(𝜔)
ℳℎ + 𝜌𝜂

Υ𝜔

𝜔Γ(𝜔)
ℳ𝑓 +ℳ)

+ 𝒮ℳ]‖𝑦 − 𝑦̂‖ 
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= 𝜂 [‖𝐸−𝟏‖ℳℎ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 + 𝒮ℳ

+ ‖𝐵‖𝐾𝜂𝒮 ((1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
) (

Υ𝜔

Γ(𝜔 + 1)
ℳℎ

+ 𝜌𝜂
Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 +ℳ)]‖𝑦 − 𝑦̂‖. 

 

Let 

𝒩 = 𝜂 [‖𝐸−𝟏‖ℳℎ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓

+ 𝒮ℳ+‖𝐵‖𝐾𝜂𝒮 ((1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
) (

Υ𝜔

Γ(𝜔 + 1)
ℳℎ

+ 𝜌𝜂
Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 +ℳ)]. 

From (3.17), we can observe that 0 < 𝒩 < 1 which mean Φ1 is a contraction. 

 

Claim III We prove the operator Φ2 is completely continuous. 

Firstly, we prove Φ2 is continuous. 

Let 𝑦𝑛 be a sequence in 𝑃𝐶(𝒥, 𝑋) which converge to 𝑦. Since 𝑓 is continuous 

function, then 

‖Φ2𝑦𝑛 −Φ2𝑦‖

≤ 𝜌‖𝒜𝜌
2‖∫ (𝑡 − 𝜁)𝜔−1‖𝐿𝜔(𝑡 − 𝜁)‖‖𝑓(𝜁, 𝑦𝑛(𝜁))

𝑡

0

− 𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁 

≤ 𝜌𝜂2
𝒮

Γ(𝜔)
∫ (𝑡 − 𝜁)𝜔−1‖𝑓(𝜁, 𝑦𝑛(𝜁)) − 𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁
𝑡

0

 

which converge to zero as 𝑛 → ∞. Therefore Φ2𝑦𝑛 → Φ2𝑦 in 𝑃𝐶(𝒥, 𝑋). 
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Next, we prove the family {Φ2𝑦: 𝑦 ∈ 𝐶𝜖0} is relatively compact. According to 

Arzela – Ascoli Theorem it is suffices to prove: 

• {Φ2𝑦: 𝑦 ∈ 𝐶𝜖0} is uniformly bounded. 

• {Φ2𝑦: 𝑦 ∈ 𝐶𝜖0} is equicontinuous.  

• For each 𝑡 ∈ 𝒥 then {(Φ2𝑦)(𝑡): 𝑦 ∈ 𝐶𝜖0} is relatively compact in 𝑋. 

By definition of 𝐶𝜖0 we have ‖Φ2𝑦‖ ≤ 𝜖0 for any 𝑦 ∈ 𝐶𝜖0, therefore 

{Φ2𝑦: 𝑦 ∈ 𝐶𝜖0} is uniformly bounded. 

To prove {Φ2𝑦: 𝑦 ∈ 𝐶𝜖0} is equicontinuous, let 𝑡1, 𝑡2 ∈ 𝒥, 𝑡1 < 𝑡2 then 

 

‖Φ2𝑦(𝑡2) − Φ2𝑦(𝑡1)‖ 

= ‖∫ (𝑡2 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡2

0

−∫ (𝑡1 − 𝜁)
𝜔−1𝐿𝜔(𝑡1 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

‖ 

= ‖∫ (𝑡2 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡2

𝑡1

 

+∫ (𝑡2 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

 

+∫ (𝑡1 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

 

−∫ (𝑡1 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

 

−∫ (𝑡1 − 𝜁)
𝜔−1𝐿𝜔(𝑡1 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

‖ 
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≤ ‖∫ (𝑡2 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡2

𝑡1

‖

+ ‖∫ (𝑡2 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

−∫ (𝑡1 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

‖ 

+‖∫ (𝑡1 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

−∫ (𝑡1 − 𝜁)
𝜔−1𝐿𝜔(𝑡1 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

‖ 

 

= ‖∫ (𝑡2 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡2

𝑡1

‖

+ ‖∫ [(𝑡2 − 𝜁)
𝜔−1 − (𝑡1 − 𝜁)

𝜔−1]𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡1

0

‖

+ ‖∫ (𝑡1 − 𝜁)
𝜔−1[𝐿𝜔(𝑡2 − 𝜁) − 𝐿𝜔(𝑡1 − 𝜁)]𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

‖. 

Let 

𝑂1 = ‖∫ (𝑡2 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡2

𝑡1

‖, 

𝑂2 = ‖∫ [(𝑡2 − 𝜁)
𝜔−1 − (𝑡1 − 𝜁)

𝜔−1]𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡1

0

‖, 

𝑂3 = ‖∫ (𝑡1 − 𝜁)
𝜔−1[𝐿𝜔(𝑡2 − 𝜁) − 𝐿𝜔(𝑡1 − 𝜁)]𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

‖. 

We have to prove 𝑂1, 𝑂2 and 𝑂3 tend to zero when 𝑡2 → 𝑡1. 

By using Lemma (3.1.2) and condition H3, we have 

𝑂1 ≤
𝒮

Γ(𝜔)
∫ (𝑡2 − 𝜁)

𝜔−1‖𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁
𝑡2

𝑡1

 

≤
𝒮

Γ(𝜔 + 1)
(𝑡2 − 𝑡1)

𝝎(ℳ𝑓𝜖0 +ℳ𝑓̂) 
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which tend to zero as 𝑡2 → 𝑡1. 

Also, 

𝑂2 ≤
𝒮

Γ(𝜔)

(𝑡2 − 𝑡1)
𝜔

𝜔
(ℳ𝑓𝜖0 +ℳ𝑓̂) 

 

which is tend to zero as 𝑡2 → 𝑡1. 

 

Now, for 𝑂3, if  𝑡1 = 0 then 𝑂3 = 0. 

If 𝑡1 > 0 and 𝑠 is a small enough, then 

𝑂3 ≤ ∫ (𝑡1 − 𝜁)
𝜔−1‖𝐿𝜔(𝑡2 − 𝜁) − 𝐿𝜔(𝑡1 − 𝜁)‖‖𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁

𝑡1−𝑠

0

 

+∫ (𝑡1 − 𝜁)
𝜔−1‖𝐿𝜔(𝑡2 − 𝜁) − 𝐿𝜔(𝑡1 − 𝜁)‖‖𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁

𝑡1

𝑡1−𝑠

 

≤ 𝑠𝑢𝑝𝜁∈[0,𝑡1−𝑠]‖𝐿𝜔(𝑡2 − 𝜁) − 𝐿𝜔(𝑡1 − 𝜁)‖
𝑡1
𝜔 − 𝑠𝜔

𝜔
(ℳ𝑓𝜖0 +ℳ𝑓̂) 

 

+𝑠𝑢𝑝𝜁∈[𝑡1−𝑠,𝑡1]‖𝐿𝜔(𝑡2 − 𝜁) − 𝐿𝜔(𝑡1 − 𝜁)‖
𝑠𝜔

𝜔
(ℳ𝑓𝜖0 +ℳ𝑓̂). 

 

Since 𝒯(𝑡), 𝑡 > 0 is continuous in the uniform operator topology, we have 𝐿𝜔 is 

continuous in the uniform operator topology, then 𝑂3 tend to zero as 𝑡2 → 𝑡1, 

 𝑠 → 0. 

Therefore ‖Φ2𝑦(𝑡2) − Φ2𝑦(𝑡1)‖ tend to zero independently of 𝑦 ∈ 𝐶𝜖0  as     

𝑡2 → 𝑡1 which mean the family {Φ2𝑦: 𝑦 ∈ 𝐶𝜎0} is equicontinuous. 

Finally, we prove the set 𝑅(𝑡) = {(Φ2𝑦)(𝑡), 𝑦 ∈ 𝐶𝜖0} for any 𝑡 ∈ 𝒥 is relatively 

compact in 𝑋. 

If 𝑡 = 0, then 𝑅(0) = {(Φ2𝑦)(0)} = {0} which is compact set. 

If 𝑡 ∈ (0, Υ], we choose 𝜐 ∈ (0, 𝑡) and a real number 𝑟 > 0 to define the operator 
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(Φ𝑟
𝜐𝑦)(𝑡) = 𝜔𝜌𝒜𝜌

2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)
𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁,

∞

𝑟

𝑡−𝜐

0

 

𝑦 ∈ 𝐶𝜖0 . By condition H5 for any 𝑡 ∈ 𝒥, the set (𝒦𝑟
𝜐)(𝑡) = {(Φ𝑟

𝑣𝑦)(𝑡), 𝑦 ∈

𝐶𝜖0} is relatively compact in 𝑋. Moreover, for any 𝑦 ∈ 𝐶𝜖0 we have 

‖(Φ2𝑦)(𝑡) − (Φ𝑟
𝜐𝑦)(𝑡)‖ 

= ‖𝜔𝜌𝒜𝜌
2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁
∞

0

𝑡

0

 

−𝜔𝜌𝒜𝜌
2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁
∞

𝑟

𝑡−𝑣

0

‖ 

= ‖𝜔𝜌𝒜𝜌
2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁
𝑟

0

𝑡

0

 

+𝜔𝜌𝒜𝜌
2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁
∞

𝑟

𝑡

0

 

−𝜔𝜌𝒜𝜌
2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁
∞

𝑟

𝑡−𝑣

0

‖ 

 

≤ ‖𝜔𝜌𝒜𝜌
2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁
𝑟

0

𝑡

0

‖ 

+‖𝜔𝜌𝒜𝜌
2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁
∞

𝑟

𝑡

𝑡−𝑣

‖ 

≤  𝜔𝜌𝜂2𝒮∫ (𝑡 − 𝜁)𝜔−1‖𝑓(𝜁, 𝑦(𝜁)‖𝑑𝜁
𝑡

0

∫ 𝜃φ𝜔(𝜃)𝑑𝜃
𝑟

0

+𝜔𝜌𝜂2𝒮∫ (𝑡 − 𝜁)𝜔−1‖𝑓(𝜁, 𝑦(𝜁)‖𝑑𝜁
𝑡

𝑡−𝑣

∫ 𝜃φ𝜔(𝜃)𝑑𝜃
∞

𝑟

 

≤ 𝜌𝜂2𝒮Υ𝜔(ℳ𝑓𝜖0 +ℳ𝑓̂)∫ 𝜃φ𝜔(𝜃)𝑑𝜃
𝑟

0

+ 𝜌𝜂2𝒮𝑣𝜔(ℳ𝑓𝜖0 +ℳ𝑓̂)∫ 𝜃φ𝜔(𝜃)𝑑𝜃.
∞

𝑟
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Therefore, ‖(Φ2𝑦)(𝑡) − (Φ𝑟
𝜐𝑦)(𝑡)‖ tends to zero as 𝑣, 𝑟 → 0. Consequently, 

there are relatively compact sets arbitrary close to the set 𝑅(𝑡). Thus, 𝑅(𝑡) is 

relatively compact in 𝑋. Based on the above, the operator Φ2 is completely 

continuous. According to Nussbaum Fixed Point Theorem, operator Φ has a fixed 

point in 𝐶𝜖0. Therefore, The System (3.1) is exact controllable on 𝒥.                      ∎ 

 

The next example illustrates our result. 

 

Example 3.1.6  

Consider 

{
 
 

 
 

𝐷𝐶 𝜌,𝜔[𝑦(𝑡, 𝛾) − ℎ(𝑡, 𝑦(𝑡, 𝛾))] = 𝒜𝑦(𝑡, 𝛾) + 𝐵𝑢(𝑡) + 𝑓(𝑡, 𝑦(𝑡, 𝛾)),

𝜌, 𝜔 ∈ (0,1), 𝛾 ∈ [0, 𝜋], 𝑡 ∈ [0, 𝑡1) ∪ (𝑡1, 1],

𝑦(𝑡, 0) = 𝑦(𝑡, 𝜋) = 0, 𝑡 ∈ [0,1],                                                           

∆𝑦(𝑡1 ) = 𝑞1(𝑦(𝑡1
−)), 𝑡1 =

1

2
,                                    

 

and 𝑋 = 𝐿2([0, 𝜋], 𝑅). Define  

𝒜𝑦(𝑡, 𝛾) =
𝜕2𝑦

𝜕𝛾2
(𝑡, 𝛾). 

where 

𝐷(𝒜) = {𝑦 ∈ 𝑋: 
𝜕𝑦

𝜕𝛾
,
𝜕2𝑦

𝜕𝛾2
∈ 𝑋 and 𝛾(0) = 𝛾(𝜋) = 0}. 

For 𝑦 ∈ 𝐷(𝒜) then 𝒜 can be written as the following 

𝒜𝑦 =∑−𝑠2〈𝑦, 𝑦𝑠〉𝑦𝑠,

∞

𝑠=1

 

where 𝑦𝑠(𝛾) = (
2

𝜋
)

1

2
sin (𝑠𝛾), s=1,2,3…. Therefore 𝒜 is the generator of 

𝐶0 −semigroup {𝒯(𝑡), 𝑡 ≥ 0} in 𝐿2[0, 𝜋] such that 𝒯(𝑡)𝑦 = ∑ 𝑒−𝑠
2𝑡∞

𝑠=1 〈𝑦, 𝑦𝑠〉𝑦𝑠, 

𝑦 ∈ 𝐷(𝒜) [33]. The functions ℎ, 𝑓 and 𝑞1 defined as follows: 
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• ℎ: [0,1] × 𝑋 → 𝐷(𝒜) such that 

ℎ(𝑡, 𝑦(𝑡, 𝛾)) = 𝑠𝑖𝑛𝑦(𝑡, 𝛾), 𝑡 ∈ [0,1], 𝛾 ∈ [0, 𝜋], 𝑦 ∈ 𝑋. 

 

• 𝑓: [0,1] × 𝑋 → 𝑋 such that 

𝑓(𝑡, 𝑦(𝑡, 𝛾)) =
𝑡2𝑒−𝑡|𝑦(𝑡, 𝛾)|

𝑏
, 𝑡 ∈ [0,1], 𝛾 ∈ [0, 𝜋], 𝑦 ∈ 𝑋, 𝑏 > 0. 

• 𝑞1: 𝑋 → 𝑋 such that 

𝑞1(𝑦(𝑡1, 𝛾)) =
|𝑦 (

1
2

−

, 𝛾)|

2 (1 + |𝑦(
1
2

−

, 𝛾)|)
, 𝑡 ∈ [0,1], 𝛾 ∈ [0, 𝜋], 𝑦 ∈ 𝑋. 

For 𝑦1, 𝑦2 ∈ 𝑋, 

‖𝑓(𝑡, 𝑦1(𝑡, 𝛾)) − 𝑓(𝑡, 𝑦2(𝑡, 𝛾))‖ = ‖
𝑡2𝑒−𝑡|𝑦1(𝑡, 𝛾)|

𝑏
−
𝑡2𝑒−𝑡|𝑦2(𝑡, 𝛾)|

𝑏
‖

≤
1

𝑏
‖𝑦1 − 𝑦2‖ 

and 

‖𝐸ℎ(𝑡, 𝑦1(𝑡, 𝛾)) − 𝐸ℎ(𝑡, 𝑦2(𝑡, 𝛾))‖ = ‖𝐸 sin 𝑦1(𝑡, 𝛾) − 𝐸 sin 𝑦2(𝑡, 𝛾)‖ 

 

≤ ‖𝐸‖‖sin𝑦1(𝑡, 𝛾) − sin 𝑦2(𝑡, 𝛾)‖ 

≤ ‖𝐸‖‖𝑦1 − 𝑦2‖. 

Also, 

‖𝑞1(𝑦1(𝑡1, 𝛾)) − 𝑞1(𝑦2(𝑡1, 𝛾))‖ ≤
1

2
‖𝑦1 − 𝑦2‖. 

If 

0 < 𝐷 + 𝜂𝐾‖𝐵‖𝐷 [(1 − 𝜌) +
𝜌𝜂𝒮Υ𝜔

Γ(𝜔 + 1)
] < 1                          

where  

𝐷 = 𝜂 [‖𝐸−1‖ℳℎ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 + 𝜂𝜌

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 + 𝒮ℳ], 
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and the condition H5 is hold, then the hypothesis of Theorem (3.1.5) are fulfilled. 

Therefore, the system is exact controllable. 

 

3.2 The Existence and Uniqueness of the Mild Solution of 

Impulsive Hattaf-Fractional Nonlinear Control System in 

Banach Space 

This section investigates the existence and uniqueness of the mild solution of 

the impulsive Hattaf-fractional Nonlinear Control System (3.1) using Banach 

Fixed Point Theorem. We assume that The System (3.1) satisfies the conditions 

H2, H3, and H4, given in Section 3.1, ‖𝐴𝜌‖ ≤ 𝜂 and the 

𝐶0 −semigroup 𝑇(𝑡), 𝑡 > 0 is compact. 

 

Theorem 3.2.1 

 Assume that 

𝐷 = 𝜂 [‖𝐸−1‖ℳℎ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 + 𝜂𝜌

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 + 𝒮ℳ]

< 1, 

then The System (3.1) has a unique mild solution on 𝑃𝐶(𝒥, X) for each 𝓊 ∈

𝐿𝑃(𝒥, 𝑈). 

 

Proof. Define the operator 
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(Φ̂𝑦)(𝑡) = 

 

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    𝑡 ∈ [0, 𝑡1]

𝑡

0

𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    

𝑡

0

+𝒜𝜌∑𝒯𝜔(𝑡 − 𝑡𝛾)∆𝑦(𝑡𝛾),          𝑡 ∈ (𝑡𝛾, 𝑡𝛾+1].

𝑝

𝛾=1

 

Step 1. We show the operator Φ̂ maps 𝑃𝐶(𝒥, X) into itself. 

For 0 ≤ 𝑠 < 𝑠1 ≤ 𝑡1, 

‖(Φ̂𝑦)(𝑠) − (Φ̂𝑦)(𝑠1)‖

= ‖𝒜𝜌ℎ(𝑠, 𝑦(𝑠)) +𝒜𝜌∫ (𝑠 − 𝜁)𝜔−1𝐿𝜔(𝑠 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑠

0

+𝒜𝜌𝒯𝜔(𝑠)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑠) + 𝑓(𝑠, 𝑦(𝑠))]

+ 𝜌𝒜𝜌
2∫ (𝑠 − 𝜁)𝜔−1𝐿𝜔(𝑠 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑠

0

−𝒜𝜌ℎ(𝑠1, 𝑦(𝑠1)) −𝒜𝜌∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)

𝑠1

0
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𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁 −𝒜𝜌𝒯𝜔(𝑠1)(𝑦0 − ℎ(0, 𝑦0)) 

 

−(1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑠1) + 𝑓(𝑠1, 𝑦(𝑠1))] 

−𝜌𝒜𝜌
2∫ (𝑠1 − 𝜁)

𝜔−1𝐿𝜔(𝑠1 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁
𝑠1

0

‖ 

≤ ‖𝒜𝜌 (ℎ(𝑠, 𝑦(𝑠)) − ℎ(𝑠1, 𝑦(𝑠1)))‖

+ ‖𝒜𝜌 [∫ (𝑠 − 𝜁)𝜔−1𝐿𝜔(𝑠 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑠

0

−∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑠1

0

]‖

+ ‖𝒜𝜌(𝑦0 − ℎ(0, 𝑦0))(𝒯𝜔(𝑠) − 𝒯𝜔(𝑠1))‖

+ ‖(1 − 𝜌)𝒜𝜌[𝐵(𝓊(𝑠) − 𝓊(𝑠1)) + 𝑓(𝑠, 𝑦(𝑠)) − 𝑓(𝑠1, 𝑦(𝑠1))]‖

+ ‖𝜌𝒜𝜌
2 [∫ (𝑠 − 𝜁)𝜔−1𝐿𝜔(𝑠 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑠

0

−∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑠1

0

]‖ 

≤ ‖𝒜𝜌‖ [ℎ(𝑠, 𝑦(𝑠)) − ℎ(𝑠1, 𝑦(𝑠1)) + ‖∫ (𝑠 − 𝜁)𝜔−1𝐿𝜔(𝑠 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑠

0

−∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑠

0

−∫ (𝑠1 − 𝜁)
𝜔−1

𝑠1

𝑠

 

𝐿𝜔(𝑠1 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁 + ∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑠

0

 

−∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑠

0

‖

+ ‖𝑦0 − ℎ(0, 𝑦0)‖‖𝒯𝜔(𝑠) − 𝒯𝜔(𝑠1)‖ 
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+(1 − 𝜌)[‖𝐵‖‖𝓊(𝑠) − 𝓊(𝑠1)‖ + ‖𝑓(𝑠, 𝑦(𝑠)) − 𝑓(𝑠1, 𝑦(𝑠1))‖] 

+𝜌‖𝒜𝜌‖‖∫ (𝑠 − 𝜁)𝜔−1𝐿𝜔(𝑠 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁
𝑠

0

−∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑠

0

−∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑠1

𝑠

+∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑠

0

−∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑠

0

‖ 

≤ ‖𝒜𝜌‖ [‖ℎ(𝑠, 𝑦(𝑠)) − ℎ(𝑠1, 𝑦(𝑠1))‖

+ ‖∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑠1

𝑠

‖ 

                        +∫ ‖(𝑠1 − 𝜁)
𝜔−1‖𝐿𝜔(𝑠 − 𝜁) − 𝐿𝜔(𝑠1 − 𝜁)‖𝐸ℎ(𝜁, 𝑦(𝜁))‖𝑑𝜁

𝑠

0

+∫ ‖(𝑠 − 𝜁)𝜔−1 − (𝑠1 − 𝜁)
𝜔−1‖‖𝐿𝜔(𝑠 − 𝜁)‖‖𝐸ℎ(𝜁, 𝑦(𝜁))‖𝑑𝜁

𝑠

0

+ ‖𝑦0 − ℎ(0, 𝑦0)‖‖𝒯𝜔(𝑠) − 𝒯𝜔(𝑠1)‖

+ (1 − 𝜌)‖𝐵‖‖𝓊(𝑠) − 𝓊(𝑠1)‖ 

           +(1 − 𝜌)‖𝑓(𝑠, 𝑦(𝑠)) − 𝑓(𝑠1, 𝑦(𝑠1))‖

+ 𝜌‖𝒜𝜌‖‖∫ (𝑠1 − 𝜁)
𝜔−1‖𝐿𝜔(𝑠1 − 𝜁)‖‖𝐵𝓊(𝜁)

𝑠1

𝑠

+ 𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁‖ 
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+𝜌‖𝒜𝜌‖∫ (𝑠1 − 𝜁)
𝜔−1‖𝐿𝜔(𝑠 − 𝜁) − 𝐿𝜔(𝑠1 − 𝜁)‖‖𝐵𝓊(𝜁)

𝑠

0

+ 𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁 +𝜌‖𝒜𝜌‖∫ ‖(𝑠 − 𝜁)𝜔−1
𝑠

0

− (𝑠1 − 𝜁)
𝜔−1‖‖𝐿𝜔(𝑠 − 𝜁)‖‖𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁] 

 

≤ 𝜂 [‖ℎ(𝑠, 𝑦(𝑠)) − ℎ(𝑠1, 𝑦(𝑠1))‖ +
𝒮(𝑠1 − 𝑠)

𝜔

Γ(𝜔 + 1)
𝑠𝑢𝑝𝜉∈[𝑠,𝑠1]‖𝐸ℎ(𝜉, 𝑦(𝜉))‖

+ 𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐿𝜔(𝑠 − 𝜁) − 𝐿𝜔(𝑠1 − 𝜁)‖𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐸ℎ(𝜁, 𝑦(𝜁))‖ 

× [
𝑠1
𝜔

𝜔
−
(𝑠1 − 𝑠)

𝜔

𝜔
] +

𝒮(𝑠1 − 𝑠)
𝜔

Γ(𝜔 + 1)
𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐸ℎ(𝜁, 𝑦(𝜁))‖ + ‖𝑦0 − ℎ(0, 𝑦0)‖ 

‖𝒯𝜔(𝑠) − 𝒯𝜔(𝑠1)‖ + (1 − 𝜌)‖𝐵‖‖𝓊(𝑠) − 𝓊(𝑠1)‖

+ (1 − 𝜌)‖𝑓(𝑠, 𝑦(𝑠)) − 𝑓(𝑠1, 𝑦(𝑠1))‖

+ 𝜌𝜂
𝒮(𝑠1 − 𝑠)

𝜔

Γ(𝜔 + 1)
𝑠𝑢𝑝𝜉∈[𝑠,𝑠1]‖𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))‖

+ 𝜌𝜂𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐿𝜔(𝑠 − 𝜁) − 𝐿𝜔(𝑠1 − 𝜁)‖𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐵𝓊(𝜁)

+ 𝑓(𝜁, 𝑦(𝜁))‖ [
𝑠1
𝜔

𝜔
−
(𝑠1 − 𝑠)

𝜔

𝜔
]

+ 𝜌𝜂
𝒮(𝑠1 − 𝑠)

𝜔

Γ(𝜔 + 1)
𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))‖]. 

Let 

𝑂1 = 𝜂‖ℎ(𝑠, 𝑦(𝑠)) − ℎ(𝑠1, 𝑦(𝑠1))‖ 

𝑂2 = 𝜂
𝒮(𝑠1 − 𝑠)

𝜔

Γ(𝜔 + 1)
𝑠𝑢𝑝𝜉∈[𝑠,𝑠1]‖𝐸ℎ(𝜉, 𝑦(𝜉))‖ 
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𝑂3 = 𝜂𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐿𝜔(𝑠 − 𝜁) − 𝐿𝜔(𝑠1 − 𝜁)‖𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐸ℎ(𝜁, 𝑦(𝜁))‖ [
𝑠1
𝜔

𝜔

−
(𝑠1 − 𝑠)

𝜔

𝜔
] 

𝑂4 = 𝜂
𝒮(𝑠1 − 𝑠)

𝜔

Γ(𝜔 + 1)
𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐸ℎ(𝜁, 𝑦(𝜁))‖ 

𝑂5 = 𝜂‖𝑦0 − ℎ(0, 𝑦0)‖‖𝒯𝜔(𝑠) − 𝒯𝜔(𝑠1)‖ 

𝑂6 = (1 − 𝜌)𝜂‖𝐵‖‖𝓊(𝑠) − 𝓊(𝑠1)‖ 

𝑂7 = (1 − 𝜌)𝜂‖𝑓(𝑠, 𝑦(𝑠)) − 𝑓(𝑠1, 𝑦(𝑠1))‖ 

𝑂8 = 𝜌𝜂
2
𝒮(𝑠1 − 𝑠)

𝜔

Γ(𝜔 + 1)
𝑠𝑢𝑝𝜉∈[𝑠,𝑠1]‖𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))‖ 

𝑂9 = 𝜌𝜂
2𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐿𝜔(𝑠 − 𝜁) − 𝐿𝜔(𝑠1 − 𝜁)‖𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐵𝓊(𝜁)

+ 𝑓(𝜁, 𝑦(𝜁))‖ [
𝑠1
𝜔

𝜔
−
(𝑠1 − 𝑠)

𝜔

𝜔
] 

𝑂10 = 𝜌𝜂
2
𝒮(𝑠1 − 𝑠)

𝜔

Γ(𝜔 + 1)
𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))‖. 

Since 𝑓, ℎ are continuous functions on 𝒥, then 𝑂1, 𝑂7 tend to zero as 𝑠 → 𝑠1. 

Since 𝐿𝜔 , 𝒯𝜔 are continuous in the uniform operator topology, then 

𝑂3, 𝑂5 and 𝑂9 tend to zero as 𝑠 → 𝑠1. 

Since 𝓊 is measurable, then 𝓊(𝑠) → 𝓊(𝑠1) almost every where 𝑠 → 𝑠1, then 𝑂6 

tend to zero. 

Clearly 𝑂2, 𝑂4, 𝑂8 and 𝑂10 tend to zero as 𝑠 → 𝑠1. Therefore 
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‖(Φ̂𝑦)(𝑠) − (Φ̂𝑦)(𝑠1)‖ → 0 as 𝑠 → 𝑠1. Thus (Φ̂𝑦)(𝑡) ∈ 𝐶[0, 𝑡1]. 

Now, for 𝑡𝛾 < 𝑠 < 𝑠1 ≤ 𝑡𝛾+1, we have 

‖(Φ̂𝑦)(𝑠) − (Φ̂𝑦)(𝑠1)‖

≤ ‖𝒜𝜌‖ [‖ℎ(𝑠, 𝑦(𝑠)) − ℎ(𝑠1, 𝑦(𝑠1))‖

+ ‖∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑠1

𝑠

‖

+∫ ‖(𝑠1 − 𝜁)
𝜔−1‖𝐿𝜔(𝑠 − 𝜁) − 𝐿𝜔(𝑠1 − 𝜁)‖𝐸ℎ(𝜁, 𝑦(𝜁))‖𝑑𝜁

𝑠

0

+∫ ‖(𝑠 − 𝜁)𝜔−1 − (𝑠1 − 𝜁)
𝜔−1‖‖𝐿𝜔(𝑠 − 𝜁)‖‖𝐸ℎ(𝜁, 𝑦(𝜁))‖𝑑𝜁

𝑠

0

+ ‖𝑦0 − ℎ(0, 𝑦0)‖‖𝒯𝜔(𝑠) − 𝒯𝜔(𝑠1)‖

+ (1 − 𝜌)‖𝐵‖‖𝓊(𝑠) − 𝓊(𝑠1)‖

+ (1 − 𝜌)‖𝑓(𝑠, 𝑦(𝑠)) − 𝑓(𝑠1, 𝑦(𝑠1))‖

+ 𝜌‖𝒜𝜌‖‖∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑠1

𝑠

‖

+ 𝜌‖𝒜𝜌‖∫ (𝑠1 − 𝜁)
𝜔−1‖𝐿𝜔(𝑠 − 𝜁) − 𝐿𝜔(𝑠1 − 𝜁)‖[𝐵𝓊(𝜁)

𝑠

0

+ 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

+ 𝜌‖𝒜𝜌‖∫ ‖(𝑠 − 𝜁)𝜔−1 − (𝑠1 − 𝜁)
𝜔−1‖𝐿𝜔(𝑠 − 𝜁)[𝐵𝓊(𝜁)

𝑠

0

+ 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁 + Σ], 

where 

Σ =∑‖𝒯𝜔(𝑠1 − 𝑡𝛾) − 𝒯𝜔(𝑠 − 𝑡𝛾)‖‖∆𝑦(𝑡𝛾)‖.

𝑝

𝛾=1
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Since 𝒯𝜔 is continuous in the uniform operator topology, then Σ tend to zero as 

𝑠 → 𝑠1, and from above we have ‖(Φ̂𝑦)(𝑠) − (Φ̂𝑦)(𝑠1)‖ tend to zero as 𝑠 → 𝑠1. 

Therefore Φ̂𝑦 ∈ 𝑃𝐶[0, Υ]. 

Step 2. We show the operator Φ̂ is contraction on 𝑃𝐶(𝒥, 𝑋). 

For 𝑦1, 𝑦2 ∈ 𝑃𝐶(𝒥, 𝑋), and for each 𝑡 ∈ [0, 𝑡1], 

‖(Φ̂𝑦1)(𝑡) − (Φ̂𝑦2)(𝑡)‖

≤ ‖𝒜𝜌[ℎ(𝑡, 𝑦1(𝑡)) − ℎ(𝑡, 𝑦2(𝑡))]‖

+ ‖𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸[ℎ(𝜁, 𝑦1(𝜁)) − ℎ(𝜁, 𝑦2(𝜁))]𝑑𝜁
𝑡

0

‖

+ ‖(1 − 𝜌)𝒜𝜌[𝑓(𝑡, 𝑦1(𝑡)) − 𝑓(𝑡, 𝑦2(𝑡))]‖

+ ‖𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝑓(𝜁, 𝑦1(𝜁)) − 𝑓(𝜁, 𝑦2(𝜁))]𝑑𝜁

𝑡

0

‖ 

≤ 𝜂‖ℎ(𝑡, 𝑦1(𝑡)) − ℎ(𝑡, 𝑦2(𝑡))‖ + 𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ‖𝑦1 − 𝑦2‖

+ (1 − 𝜌)𝜂‖𝑓(𝑡, 𝑦1(𝑡)) − 𝑓(𝑡, 𝑦2(𝑡))‖

+ 𝜌𝜂2
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓‖𝑦1 − 𝑦2‖ 

≤ 𝜂ℳℎ𝐸
−1‖𝑦1 − 𝑦2‖ + 𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ‖𝑦1 − 𝑦2‖ + (1 − 𝜌)𝜂ℳ𝑓‖𝑦1 − 𝑦2‖

+ 𝜌𝜂2
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓‖𝑦1 − 𝑦2‖ 

= 𝜂 [ℳℎ𝐸
−1 +

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 + 𝜌‖𝒜𝜌‖

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓] ‖𝑦1

− 𝑦2‖. 

Now, for 𝑡 ∈ (𝑡𝛾, 𝑡𝛾+1], using our assumption we have, 
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‖(Φ̂𝑦1)(𝑡) − (Φ̂𝑦2)(𝑡)‖ ≤

= 𝜂 [ℳℎ𝐸
−1 +

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓

+ 𝜌‖𝒜𝜌‖
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓] ‖𝑦1 − 𝑦2‖ + 𝜂ℳ𝒮‖𝑦1 − 𝑦2‖ 

= 𝐷‖𝑦1 − 𝑦2‖ 

and by our assumption, then Φ̂ is contraction. According to Banach Fixed Point 

Theorem, the operator Φ̂ has unique fixed point 𝑦 such that Φ̂𝑦 = 𝑦. Therefore 

the system (3.1) has a unique mild solution for any control 𝑢 ∈ 𝐿𝑃(𝒥, 𝑈).             ∎ 

 

3.3. Approximate Controllability of Impulsive Hattaf-

Fractional Nonlinear Control System in Banach Space 

The approximate controllability of the impulsive Hattaf-Fractional Nonlinear 

Control System (3.1) investigated throughout this section. Assume System (3.1) 

meets the conditions H2, H3, and H4 outlined in Section 3.1. Define the bounded 

linear operator Λ: 𝐿𝑃(𝒥, 𝑋) → 𝑋 as 

Λ(𝓎) = (1 − 𝜌)𝒜𝜌𝓎(Υ) + 𝜌𝒜𝜌
2∫(Υ − 𝑠)𝜔−1𝐿𝜔(Υ − 𝑠)𝓎(𝑠)𝑑𝑠

Υ

0

. 

The following condition is important to prove the approximate controllability of 

System (3.1), 

𝐇𝟔  ∀ 𝜖 > 0, ∀ 𝓎 ∈ 𝐿𝑃(𝒥, 𝑋), ∃ 𝓊 ∈ 𝐿𝑃(𝒥, 𝑈) such that 

‖Λ(𝓎) − Λ(𝐵𝓊)‖ < 𝜖 

and 

‖𝐵𝓊(∙)‖ < 𝜆‖𝓎(∙)‖ 

where 𝜆 > 0. 
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Definition 3.3.1 

 The System (3.1) is approximately controllable on 𝒥 if 𝒦Υ(𝑦)̅̅ ̅̅ ̅̅ ̅̅ = 𝑋, where 

𝒦Υ(𝑦) = {𝑦(Υ;𝓊):𝓊(t) ∈ 𝑈} is a reachable set of System (3.1). 

 

Lemma 3.3.2  

Assume the condition H6 is hold, then  

i. ‖y(t)‖ ≤ 𝐷‖𝑦(𝑡)‖ + 𝐷̂ + [(1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔+1)
] 𝜂‖𝐵‖‖𝓊(𝑡)‖. 

where 

 𝐷̂ = 𝜂 [‖𝐸−1‖ℳℎ̂ +
𝒮Υ𝜔

Γ(𝜔+1)
ℳℎ̂ + 𝒮(‖𝑦0‖ + ‖𝐸

−1‖ℳℎ̂) 

+(1 − 𝜌)ℳ𝑓̂ + 𝜂𝜌
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓̂ + 𝒮∑‖𝑞𝛾(0)‖

𝑝

𝛾=1

]. 

ii. For 𝑦1, 𝑦2 ∈ 𝑋, then 

‖𝑦2(𝑡) − 𝑦1(𝑡)‖ ≤
𝜂

1 − 𝐷
[(1 − 𝜌)‖𝐵‖ + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
‖𝐵‖] ‖𝓊2(𝑡) − 𝓊1(𝑡)‖. 

Proof. 

i. ‖y(t)‖ ≤ ‖𝒜𝜌‖ [‖ℎ(𝑡, 𝑦(𝑡))‖ +
𝒮

Γ(𝜔)
∫ (𝑡 − 𝜁)𝜔−1‖𝐸ℎ(𝜁, 𝑦(𝜁)‖𝑑𝜁
𝑡

0
+

𝒮‖(𝑦0 − ℎ(0, 𝑦0))‖ + (1 − 𝜌)[‖𝐵𝓊(𝑡)‖ + ‖𝑓(𝑡, 𝑦(𝑡))‖] +

𝜌‖𝒜𝜌‖
𝒮

Γ(𝜔)
∫ (𝑡 − 𝜁)𝜔−1‖𝐵𝓊(𝜁)‖𝑑𝜁
𝑡

0
+ 𝜌‖𝒜𝜌‖

𝒮

Γ(𝜔)
∫ (𝑡 −
𝑡

0

𝜁)𝜔−1‖𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁 + 𝒮 ∑ ‖∆𝑦(𝑡𝛾)‖
𝑝
𝛾=1 ] 
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≤ 𝜂 [‖𝐸−1‖ℳℎ‖𝑦‖ + ‖𝐸
−1‖ℳℎ̂ +

𝒮Υ𝜔

𝜔Γ(𝜔)
(ℳℎ‖𝑦‖ +ℳℎ̂)

+ 𝒮(‖𝑦0‖ + ‖𝐸
−1‖ℳℎ̂) + (1 − 𝜌)‖𝐵‖‖𝓊(𝑡)‖

+ (1 − 𝜌)(ℳ𝑓‖𝑦‖ +ℳ𝑓̂) + 𝜌𝜂
𝒮Υ𝜔

𝜔Γ(𝜔)
‖𝐵‖‖𝓊(𝑡)‖

+ 𝜌𝜂
𝒮Υ𝜔

𝜔Γ(𝜔)
(ℳ𝑓‖𝑦‖ +ℳ𝑓̂) + 𝒮ℳ‖𝑦‖ + 𝒮∑‖𝑞𝛾(0)‖

𝑝

𝛾=1

] 

= 𝜂 [‖𝑦‖ [‖𝐸−1‖ℳℎ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓

+ 𝒮ℳ] + ‖𝐸−1‖ℳℎ̂ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ̂

+ 𝒮(‖𝑦0‖ + ‖𝐸
−1‖ℳℎ̂) + (1 − 𝜌)ℳ𝑓̂ + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓̂

+ 𝒮∑‖𝑞𝛾(0)‖

𝑝

𝛾=1

+ [(1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
] ‖𝐵‖‖𝓊(𝑡)‖] 

= 𝐷‖𝑦‖ + 𝐷̂ + [(1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
] 𝜂‖𝐵‖‖𝓊(𝑡)‖ 

 

ii. ‖𝑦2(𝑡) − 𝑦1(𝑡)‖ ≤ ‖𝒜𝜌‖ [‖ℎ(𝑡, 𝑦2(𝑡)) − ℎ(𝑡, 𝑦1(𝑡))‖ + ∫ (𝑡 −
𝑡

0

𝜁)𝜔−1 ‖𝐿𝜔(𝑡 − 𝜁)‖‖𝐸ℎ(𝜁, 𝑦2(𝜁) − 𝐸ℎ(𝜁, 𝑦1(𝜁)‖𝑑𝜁 + (1 −

𝜌)‖𝐵‖‖𝓊2(𝑡) − 𝓊1(𝑡)‖ + (1 − 𝜌)‖𝑓(𝑡, 𝑦2(𝑡)) − 𝑓(𝑡, 𝑦1(𝑡))‖ +

𝜌‖𝒜𝜌‖∫ (𝑡 − 𝜁)
𝜔−1‖𝐿𝜔(𝑡 − 𝜁)‖

𝑡

0
‖𝐵‖‖𝓊2(𝜉) − 𝓊1(𝜉)‖𝑑𝜁 +

∑ ‖𝒯𝜔‖‖𝑞𝛾𝑦2(𝑡𝛾) − 𝑞𝛾𝑦1(𝑡𝛾)‖
𝑝
𝛾=1 ] 
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≤ 𝜂 [‖𝐸−1‖ℳℎ‖𝑦2 − 𝑦1‖ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ‖𝑦2 − 𝑦1‖

+ (1 − 𝜌)‖𝐵‖‖𝓊2(𝑡) − 𝓊1(𝑡)‖ + (1 − 𝜌)ℳ𝑓‖𝑦2 − 𝑦1‖

+ 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
[‖𝐵‖‖𝓊2(𝑡) − 𝓊1(𝑡)‖ +ℳ𝑓‖𝑦2 − 𝑦1‖]

+ 𝒮ℳ‖𝑦2 − 𝑦1‖] 

= 𝜂 [‖𝐸−1‖ℳℎ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 + 𝒮ℳ]‖𝑦2

− 𝑦1‖ + 𝜂 [(1 − 𝜌)‖𝐵‖ + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
‖𝐵‖] ‖𝓊2(𝑡) − 𝓊1(𝑡)‖ 

= 𝐷‖𝑦2 − 𝑦1‖ + 𝜂 [(1 − 𝜌)‖𝐵‖ + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
‖𝐵‖] ‖𝓊2(𝑡) − 𝓊1(𝑡)‖. 

It follows, 

‖𝑦2 − 𝑦1‖ − 𝐷‖𝑦2 − 𝑦1‖

≤ 𝜂 [(1 − 𝜌)‖𝐵‖ + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
‖𝐵‖] ‖𝓊2(𝑡) − 𝓊1(𝑡)‖ 

Thus, 

‖𝑦2 − 𝑦1‖ ≤
𝜂

1 − 𝐷
[(1 − 𝜌)‖𝐵‖ + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
‖𝐵‖] ‖𝓊2(𝑡) − 𝓊1(𝑡)‖. 

 

Theorem 3.3.3 

 Suppose the condition H6 is holds, then The System (3.1) is approximate 

controllability provided 

(ℳ𝑓 +
‖𝒜𝜌

−1‖

𝜌
ℳℎ)𝜆

𝜂

1 − 𝐷
[(1 − 𝜌) + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
] ‖𝐵‖ < 1,         (3.18) 

where 𝜆 > 0. 
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Proof. Since the domain 𝐷(𝒜) of operator 𝒜 is dense in 𝑋 [33], i.e. 𝐷(𝒜)̅̅ ̅̅ ̅̅ ̅̅ = 𝑋. 

It sufficient to prove 𝐷(𝒜) ⊂ 𝒦Υ(𝑦), that is mean we must show for any 𝜖 > 0 

and 𝑥 ∈ 𝐷(𝒜), there exists 𝓊 ∈ 𝐿𝑃(𝒥, 𝑈) such that  

‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ΣΥ − Λ(𝐵𝓊) − Λ(𝑓) −𝒜𝜌ℎ(Υ, 𝑦(Υ))

+
1 − 𝜌

𝜌
𝐸ℎ(Υ, 𝑦(Υ)) −

𝒜𝜌
−1

𝜌
Λ (𝐸ℎ(Υ, 𝑦(Υ)))‖ 

= ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ΣΥ − Λ(𝐵𝓊) − Λ(𝑓)

+ (
1 − 𝜌

𝜌
𝜌𝒜𝒜𝜌 −𝒜𝜌) ℎ(Υ, 𝑦(Υ)) −

𝒜𝜌
−1

𝜌
Λ (𝐸ℎ(Υ, 𝑦(Υ)))‖ 

 

= ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ΣΥ − Λ(𝐵𝓊) − Λ(𝑓)

+ ((1 − 𝜌)𝒜 − 𝐼)𝒜𝜌ℎ(Υ, 𝑦(Υ)) −
𝒜𝜌
−1

𝜌
Λ (𝐸ℎ(Υ, 𝑦(Υ)))‖ 

= ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ΣΥ − Λ(𝐵𝓊) − Λ(𝑓) − 𝒜𝜌
−1𝒜𝜌ℎ(Υ, 𝑦(Υ))

−
𝒜𝜌
−1

𝜌
Λ (𝐸ℎ(Υ, 𝑦(Υ)))‖ 

= ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ΣΥ − Λ(𝐵𝓊) − Λ(𝑓) − ℎ(Υ, 𝑦(Υ))

−
𝒜𝜌
−1

𝜌
Λ (𝐸ℎ(Υ, 𝑦(Υ)))‖ < 𝜖 

where ΣΥ = ∑ 𝒯𝜔(Υ − 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(Υ).
𝑝
𝛾=1  

For any initial 𝑦0 ∈ 𝑋, since 𝒯(𝑡) is differentiability semigroup for each 

 𝑡 > 0 then  

[𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) + ℎ(Υ, 𝑦(Υ)) + ΣΥ] ∈ 𝐷(𝒜) 
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and we can see there exists a function 𝒬 ∈ 𝐿𝑝(𝒥, 𝑋) such that 

Λ(𝒬(∙)) = 𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ. 

 

For example, 

𝒬(𝑡) = 

{
 
 

 
 

0                                                                            𝑡 = Υ

(Υ − 𝑡)1−𝜔

Υ𝜌
(Γ(𝜔))

2
𝒜𝜌
−2 (𝐿𝜔(Υ − 𝑡) + 2𝑡

𝑑

𝑑𝑡
𝐿𝜔(Υ − 𝑡))

(𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ)

           𝑡 ∈ [0, Υ) 

then, 

Λ(𝒬(𝑡)) = 𝜌𝒜𝜌
2∫ (Υ − 𝑠)𝜔−1𝐿𝜔(Υ − 𝑠)

(Υ − 𝑠)1−𝜔

Υ𝜌
(Γ(𝜔))

2
Υ

0

𝒜𝜌
−2 (𝐿𝜔(Υ

− 𝑠) + 2𝑠
𝑑

𝑑𝑠
𝐿𝜔(Υ − 𝑠)) (𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0))

− ℎ(Υ, 𝑦(Υ)) − ΣΥ)𝑑𝑠 

=
(Γ(𝜔))

2

Υ
∫ ((𝐿𝜔(Υ − 𝑠))

2
+ 2𝑠𝐿𝜔(Υ − 𝑠)

𝑑

𝑑𝑠
𝐿𝜔(Υ − 𝑠)) (𝑥

Υ

0

−𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ)𝑑𝑠 

=
(Γ(𝜔))

2

Υ
[∫ (𝐿𝜔(Υ − 𝑠))

2
(𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ))

Υ

0

− ΣΥ)𝑑𝑠

+ ∫ 𝑠
𝑑

𝑑𝑠
(𝐿𝜔(Υ − 𝑠))

2
(𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0))

Υ

0

− ℎ(Υ, 𝑦(Υ)) − ΣΥ)𝑑𝑠]. 

Using integral by parts, we have 
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Λ(𝒬(𝑡)) =
(Γ(𝜔))

2

Υ
[∫ (𝐿𝜔(Υ − 𝑠))

2
(𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0))

Υ

0

− ℎ(Υ, 𝑦(Υ)) − ΣΥ)𝑑𝑠

+
Υ

(Γ(𝜔))
2 (𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ)

− ∫ (𝐿𝜔(Υ − 𝑠))
2
(𝑥 − 𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ))

Υ

0

− ΣΥ)𝑑𝑠] 

= (𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ). 

Now, for any given 𝜖 > 0 and by H6 there exists a control 𝓊 such that  

‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ − Λ(𝐵𝓊(𝑡))‖

<
𝜖

23
.                                                                                                   (3.19) 

Let 𝓊1 ∈ 𝐿𝑝(𝒥, 𝑈), then by H6, there exists 𝓊2 ∈ 𝐿𝑝(𝒥, 𝑈), such that 

‖Λ [𝐵𝓊(𝑡) − 𝑓(𝑡, 𝑦1(𝑡)) −
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))] − Λ(𝐵𝓊2(𝑡))‖ <

𝜖

23
      (3.20) 

where 𝑦1(𝑡) = 𝑦(t;𝓊1), 𝑡 ∈ 𝒥. 

From (3.19) and (3.20) we have 

‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ

− Λ [𝑓(𝑡, 𝑦1(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))] − Λ(𝐵𝓊2(𝑡))‖ 
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= ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ − Λ(𝐵𝓊(𝑡))

+ Λ(𝐵𝓊(𝑡)) − Λ [𝑓(𝑡, 𝑦1(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))]

− Λ(𝐵𝓊2(𝑡))‖ 

≤ ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ − Λ(𝐵𝓊(𝑡))‖

+ ‖Λ(𝐵𝓊(𝑡)) − Λ [𝑓(𝑡, 𝑦1(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))]

− Λ(𝐵𝓊2(𝑡))‖ 

≤
𝜖

22
. 

Denote 𝑦2 = 𝑦(t;𝓊2), 𝑡 ∈ 𝒥, then by H6, there exists 𝑤2 ∈ 𝐿𝑝(𝒥, 𝑈) such that 

‖Λ [𝑓(𝑡, 𝑦2(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦2(𝑡))] − Λ [𝑓(𝑡, 𝑦1(𝑡)) +

𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))]

− Λ(𝐵𝑤2(𝑡))‖ <
𝜖

23
, 

and  

‖𝐵𝑤2(𝑡)‖ < 𝜆 ‖𝑓(𝑡, 𝑦2(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦2(𝑡)) − 𝑓(𝑡, 𝑦1(𝑡))

−
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))‖ 

≤ 𝜆‖𝑓(𝑡, 𝑦2(𝑡)) − 𝑓(𝑡, 𝑦1(𝑡))‖ + 𝜆
‖𝒜𝜌

−1‖

𝜌
‖𝐸ℎ(𝑡, 𝑦2(𝑡)) − 𝐸ℎ(𝑡, 𝑦1(𝑡))‖ 



Chapter Three                 Exact and Approximate Controllability of Hattaf-Fractional… 

 
113 

 

≤ (ℳ𝑓 +
‖𝒜𝜌

−1‖

𝜌
ℳℎ)𝜆‖𝑦2 − 𝑦1‖ 

≤ (ℳ𝑓 +
‖𝒜𝜌

−1‖

𝜌
ℳℎ)𝜆

‖𝒜𝜌‖

1 − 𝐷
[(1 − 𝜌) + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
] ‖𝐵‖‖𝓊2(𝑡)

− 𝓊1(𝑡)‖. 

Let 𝓊3(𝑡) = 𝓊2(𝑡) − 𝑤2(𝑡), 𝓊3(∙) ∈ 𝐿𝑝(𝒥, 𝑈). It follows 

‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ

− Λ [𝑓(𝑡, 𝑦2(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦2(𝑡))] − Λ(𝐵𝓊3(𝑡))‖ 

= ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ

+ Λ [𝑓(𝑡, 𝑦1(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))]

− Λ [𝑓(𝑡, 𝑦1(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))]

− Λ [𝑓(𝑡, 𝑦2(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦2(𝑡))] − Λ(𝐵𝓊3(𝑡))‖ 

≤ ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ

− Λ [𝑓(𝑡, 𝑦1(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))] − Λ(𝐵𝓊2(𝑡))‖

+ ‖Λ [𝑓(𝑡, 𝑦1(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))]

− Λ [𝑓(𝑡, 𝑦2(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦2(𝑡))] + Λ(𝐵𝑤2(𝑡))‖ 

<
𝜖

22
+
𝜖

23
. 

By Mathematical Induction, we can see that the sequence  

{𝓊𝑛, 𝑛 = 0,1,2,… } ⊂ 𝐿𝑝(𝒥, 𝑈), consequently, 
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‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ

− Λ [𝑓(𝑡, 𝑦𝑛(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦𝑛(𝑡))] − Λ(𝐵𝓊𝑛+1(𝑡))‖ 

<
𝜖

22
+
𝜖

23
+⋯+

𝜖

2𝑛+1
 

where 𝑦𝑛 = 𝑦(t;𝓊𝑛) and 

‖𝐵𝑢𝑛+1 − 𝐵𝑢𝑛‖ 

≤ (ℳ𝑓 +
‖𝒜𝜌

−1‖

𝜌
ℳℎ)𝜆

‖𝒜𝜌‖

1 − 𝐷
((1 − 𝜌) + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
)‖𝐵𝑢𝑛(𝑡)

− 𝐵𝑢𝑛−1(𝑡)‖ 

and from our assumption we get the sequence {𝐵𝓊𝑛(𝑡), 𝑛 = 1,2,3,… } is a 

Cauchy sequence on 𝑋. Since 𝑋 is a Banach space, then there exists a point 

𝛿(𝑡) ∈ 𝑋 such that 𝐵𝓊𝑛 → 𝛿(𝑡) as 𝑛 → ∞. Then for any 𝜖 > 0, there exists a 

positive integer 𝑘 such that  

‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ

− Λ [𝑓(𝑡, 𝑦𝑘(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦𝑘(𝑡))] − Λ(𝐵𝓊𝑘(𝑡))‖ 

≤ ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ − Λ[𝑓(𝑡, 𝑦𝑘(𝑡))]

− Λ [
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦𝑘(𝑡))] − Λ(𝐵𝓊𝑘+1(𝑡))‖

+ ‖Λ(𝐵𝓊𝑘+1(𝑡)) − Λ(𝐵𝓊𝑘(𝑡))‖ 

<
𝜖

22
+
𝜖

23
+⋯+

𝜖

2𝑘+1
+
𝜖

2
< 𝜖. 

Therefore, we get a sequence {𝑦𝑘 , 𝑘 = 1,2,… } ⊂ 𝒦Υ(𝑓) converge to 𝑥 ∈ 𝐷(𝒜), 

thus 𝑥 ∈ 𝒦Υ(𝑓)̅̅ ̅̅ ̅̅ ̅̅ , which mean 𝒦Υ(𝑓)̅̅ ̅̅ ̅̅ ̅̅ = 𝑋.                                                             ∎  
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The next example illustrates our result. 

 Example 3.3.4  

Consider the following nonlinear Hattaf-fractional control system  

{
 
 

 
 𝐷𝐶

1
2
,
1
3[𝑦(𝑡, 𝛾) − ℎ(𝑡, 𝑦(𝑡, 𝛾))] = 𝒜𝑦(𝑡, 𝑦) + 𝐵𝑢(𝑡) + 𝑓(𝑡, 𝑦(𝑡, 𝛾)),

𝛾 ∈ [0, 𝜋], 𝑡 ∈ [0, 𝑡1) ∪ (𝑡1, 1],

𝑦(𝑡, 0) = 𝑦(𝑡, 𝜋) = 0, 𝑡 ∈ [0,1],                                                           

∆𝑦(𝑡1
+) = 𝑞1(𝑦(𝑡1

−)), 𝑡1 =
1

2
,

  (3.21) 

Setting  𝑋 = 𝐿2([0. 𝜋], 𝑅) = 𝑈,  and define the operator 𝒜:𝐷(𝒜) ⊂ 𝑋 → 𝑋 by 

𝒜𝑦(𝑡, 𝛾) =
𝜕2𝑦

𝜕𝛾2
(𝑡, 𝛾). 

where 

𝐷(𝒜) = {𝑦 ∈ 𝑋: 
𝜕𝑦

𝜕𝛾
,
𝜕2𝑦

𝜕𝛾2
∈ 𝑋 and 𝛾(0) = 𝛾(𝜋) = 0}. 

For 𝑦 ∈ 𝐷(𝒜) then 𝒜 can be written as the following 

𝒜𝑦 =∑−𝑠2〈𝑦, 𝑦𝑠〉𝑦𝑠,

∞

𝑠=1

 

where 𝑦𝑠(𝛾) = (
2

𝜋
)

1

2
sin (𝑠𝛾), 𝑠 = 1,2,3…. Then {𝑦𝑠(𝛾)} is an orthonormal basis 

for 𝑋 and 𝑦𝑠 is an eigenfunction corresponding to the eigenvalue 𝜆𝑠 = −𝑠
2 of the 

operator 𝒜, 𝑠 = 1,2,3….  

 

Therefore, 𝒜 is the generator of 𝐶0 −semigroup {𝒯(𝑡), 𝑡 ≥ 0} in 𝐿2[0, 𝜋] such 

that 𝒯(𝑡)𝑦 = ∑ 𝑒−𝑠
2𝑡∞

𝑠=1 〈𝑦, 𝑦𝑠〉𝑦𝑠, 𝑦 ∈ 𝐷(𝒜),  and  ‖𝒯(𝑡)‖ < 1 = 𝒮. The 

functions ℎ, 𝑓 and 𝑞1 defined as follows: 

• ℎ: [0,1] × 𝑋 → 𝐷(𝒜) such that 

ℎ(𝑡, 𝑦(𝑡, 𝛾)) = ∫ sin 𝑦(𝑡, 𝜁) 𝑑𝜁
𝛾

0

, 𝑡 ∈ [0,1], 𝛾 ∈ [0, 𝜋], 𝑦 ∈ 𝑋. 

• 𝑓: [0,1] × 𝑋 → 𝑋 such that 
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𝑓(𝑡, 𝑦(𝑡, 𝛾)) =
𝑡2𝑒−𝑡|𝑦(𝑡, 𝛾)|

𝑏
, 𝑡 ∈ [0,1], 𝛾 ∈ [0, 𝜋], 𝑦 ∈ 𝑋, 𝑏 > 0. 

• 𝑞1: 𝑋 → 𝑋 such that 

𝑞1(𝑦(𝑡1, 𝛾)) =
|𝑦 (

1
2

−

, 𝛾)|

2 (1 + |𝑦(
1
2

−

, 𝛾)|)
, 𝑡 ∈ [0,1], 𝛾 ∈ [0, 𝜋], 𝑦 ∈ 𝑋. 

 

According to Hille-Yosida Theorem ‖𝒢(𝑡)‖ = ‖𝒯(𝑡)‖ = 𝒮.  

In Example (3.1.6) we showed that The System (3.21) satisfies the conditions 

H2, H3 and H4. 

For every 𝑢(∙) ∈ 𝐿𝑃(𝐽, 𝑈) of the form 𝑢(𝑡) = ∑ 𝑢𝑠(𝑡)𝑦𝑠
∞
𝑠=1 , define  

𝐵𝑢(𝑡) =∑𝑢̂𝑠(𝑡)𝑦𝑠

∞

𝑠=1

 

where 

𝑢̂𝑠(𝑡) = {
0             0 ≤ 𝑡 < 1 −

1

𝑠2

𝑢𝑠(𝑡)       1 −
1

𝑠2
≤ 𝑡 ≤ 1

. 

So ‖𝐵𝑢‖ ≤ ‖𝑢(∙)‖. Therefore 𝐵 is a bounded linear operator from 𝐿𝑃(𝐽, 𝑈) into 

𝑋. 

Now we shall prove The Condition H6. Consider the corresponding linear 

system of The System (3.21) as follows: 

{
𝐷𝐶
1
2
,
1
3𝑦𝑠(𝑡) + 𝑠

2𝑦𝑠(𝑡) = 𝑢̂𝑠(𝑡), 1 −
1

𝑠2
≤ 𝑡 ≤ 1

∆𝑦(𝑡1
+) = 𝑞1(𝑦(𝑡1

−)),
 

Let 𝓅(∙) be arbitrary element in 𝐿𝑝(𝐽, 𝑋) and 𝑘 ∈ 𝑋 defined as 

𝑘 = (1 − 𝜌)𝒜𝜌𝓅(1) + 𝜌𝒜𝜌
2∫ (1 − 𝜉)𝜔−1𝐿𝜔(1 − 𝜉)𝓅(𝜉)𝑑𝜉

1

0

. 

Assume that 𝓅(𝑡) = ∑ 𝓅𝑠(𝑡)𝑦𝑠
∞
𝑠=1  and 𝐾 = ∑ 𝑘𝑠𝑦𝑠

∞
𝑠=1 , where 𝑘𝑠 =

∫ 𝑒−𝑠
2(1−𝜁)𝓅𝑠(𝜁)𝑑𝜁

1

0
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we can choose the control function  

𝑢𝑠(𝑡) =
2𝑠2

1 − 𝑒−2
𝑘𝑠𝑒

−𝑠2(1−𝑡), 1 −
1

𝑠2
≤ 𝑡 ≤ 1, 

then  

(1 − 𝜌)𝒜𝜌𝐵𝑢(1) + 𝜌𝒜𝜌
2∫ (1 − 𝜉)𝜔−1𝐿𝜔(1 − 𝜉)𝐵𝑢(𝜉)𝑑𝜉

1

0

 

= (1 − 𝜌)𝒜𝜌𝐵𝑢(1) + 𝜌𝒜𝜌
2∫ (1 − 𝜉)𝜔−1𝐿𝜔(1 − 𝜉)∑𝑢̃𝑠(𝜉)𝑦𝑠

∞

𝑠=1

𝑑𝜉
1

0

 

= (1 − 𝜌)𝒜𝜌𝐵𝑢(1)

+ 𝜌𝒜𝜌
2∫ (1 − 𝜉)𝜔−1𝐿𝜔(1 − 𝜉)∑

2𝑠2

1 − 𝑒−2
𝑘𝑠𝑒

−𝑠2(1−𝜉)𝑦𝑠

∞

𝑠=1

𝑑𝜉
1

0

 

 

= 𝑘 = (1 − 𝜌)𝒜𝜌𝓅(1) + 𝜌𝒜𝜌
2∫ (1 − 𝜉)𝜔−1𝐿𝜔(1 − 𝜉)𝓅(𝜉)𝑑𝜉

1

0

. 

Therefore, the first part of Condition H6 is hold. 

Now, 

‖𝐵𝑢(𝑡)‖2 ≤∑∫ |𝑢̃𝑠(𝑡)|
2𝑑𝑡

1

1−
1
𝑠2

∞

𝑠=1

 

=∑∫ |
2𝑠2

1 − 𝑒−2
𝑘𝑠𝑒

−𝑠2(1−𝑡)|

2

𝑑𝑡
1

1−
1
𝑠2

∞

𝑠=1

 

=∑∫
4𝑠4

(1 − 𝑒−2)2
𝑘𝑠
2𝑒−2𝑠

2(1−𝑡)𝑑𝑡
1

1−
1
𝑠2

∞

𝑠=1

 

=∑
2𝑠2

1 − 𝑒−2
𝑘𝑠
2

∞

𝑠=1

 

=
1

1 − 𝑒−2
∑(1− 𝑒−2𝑠

2
)∫ |𝓅̂𝑠(𝑡)|

2𝑑𝑡
1

0

∞

𝑠=1

 

≤
1

1 − 𝑒−2
‖𝓅(∙)‖2. 
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Therefore, the Condition H6 holds.  

 

If  

𝐷 = 𝜂 [(‖𝐸−1‖ +
1

Γ (
4
3)
)ℳℎ +

1

2
(1 + 𝜂

1

Γ (
4
3)
)ℳ𝑓 +ℳ] < 1, 

 

and 

(ℳ𝑓 + 2‖𝒜𝜌
−1‖ℳℎ)

1

2(1 − 𝑒−2)

𝜂

1 − 𝐷
‖𝐵‖ < 1 

then The System (3.21) is approximately controllable.                                 ∎ 



Chapter Four                                                     Conclusion and Future Works 

 
119 

 

Chapter Four 

Conclusions and Future Works 

 

4.1 Conclusions 

• This work has investigated the controllability for linear System (2.1) 

and nonlinear System (2.2) in finite dimensional space. The solutions 

were obtained using fractional calculus, Laplace transform, and the 

Mittag-Leffler function. The use of the controllable for the linear 

system together with sufficient condition on (𝑓(𝑡, 𝑦(𝑡), 𝑢(𝑡)) has 

helped us to prove the controllability of System (2.2) via Schauder 

Fixed Point Theorem. 

 

• Observability of System (2.15) in finite dimension space ℝ𝑛 has been 

investigated in this work. First, we showed that the nonsingularity of 

Gramian observability matrix 𝑊𝑜𝑏  is a necessary and sufficient condition 

for the linear System (2.15) to be observable. For the linear System (2.15) 

to be observable, another condition has been established based on the 

rank of the matrix 

𝐺 =

[
 
 
 
 
 
 

𝐶
𝐶(𝜌𝐴𝜌𝐴)

Γ(𝜌 + 1)
⋮

(𝑛 − 1)! 𝐶(𝜌𝐴𝜌𝐴)
𝑛−1

Γ(𝜌(𝑛 − 1) + 1) ]
 
 
 
 
 
 

. 

 

One can show that the observability of System (2.15) could be 

determined without depends on time 𝑡. This is done by constant matrices 

𝐴 and 𝐵 only. Two tests for the observability of System (2.15) are 
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introduced which them: eigenvector of the matrix 𝐴𝜌𝐴 (eigenvector test), 

and rank the matrix [
𝐴𝜌𝐴 − 𝜆𝐴

𝛾𝐶
]. An important relationship between the 

observability and controllability of System (2.16) (Duality Theorem) is 

given. Examples are given for our main results. 

 

• The exact controllability System (3.1) in a Banach space has been 

investigated. The mild solutions were obtained using semigroup theory, 

fractional calculus, and Laplace transform.  

 

• Sufficient conditions have been established to prove the exact 

controllability of the nonlinear system (3.1). It has been proven by 

employing the Nussbaum Fixed Point Theorem. To illustrate the main 

results, an example was given  

 

• The mild solution of System (3.1) has been proved exist and unique in a 

Banach space by employing Banach Fixed Point Theorem. 

 

• For System (3.1), The approximate controllability was discussed using 

the approximate sequence method. The efficacy of our result has been 

shown using an example. 
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4.2 Future works 

 

We will study: 

1. Stability of Hattaf-fractional nonlinear dynamical system in finite 

dimensional space. 

2. Observability of the AB-fractional linear dynamical systems in banach space. 

3. Optimal control of Hattaf-fractional nonlinear control system in Banach 

space. 
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 المستخلص

 

غير ذات نواة  كسريةلأنظمة تحكم  مراقبةال قابليةو تحكمإلى دراسة وتطوير قابلية ال طروحةتهدف هذه الأ

 .غير منتهيةو نتهيةذات أبعاد م فضاءاتفي  شاذة

 تأخيرمع  AB نوعالكسري من  خطي ديناميكي تحكم نظامفي  تحكمقابلية ال إثبات تم العمل، هذا خلال

كسري من  غير خطي ديناميكي تحكم نظام أن لإثبات كافية شروط وضع تم. كاف شرط ظل في التحكم

 النقطة الصامدة لشودر.  نظرية باستخدام تحكم فيهال يمكن التحكم تأخير مع AB النوع

 معيار من أكثر تقديم تم حيث. AB كسري من نوع خطي ديناميكيتحكم  نظام مراقبة قابلية من التحقق تم

 .راقبةالم قابليةو تحكمال قابلية بين الازدواجية إثبات تم. لها واحد

 باستخدام باناخ فضاء في كسريال فاهت مشتق يتضمن خطي غير تسارعي تحكم لنظام معتدل حل تقديم تم

 هذا في تحكمقابلية ال أثبتنا كافية، شروط ظل في .ات شبه الزمرةونظري كسريال والتكامل التفاضل حساب

 تم أخرى، ناحية من .نوسباومل النقطة الصامدة نظرية باستخدام الرئيسية نتائجنا على الحصول تم. النظام

التحكم  قابلية إثبات تم أيضًا،. الخطي غير للنظام معتدلال الحل وحدانيةو وجود لإثبات كافية شروط تقديم

 .باناخ فضاء في النظام هذا على التقريبية

 .الرئيسية النتائج أهمية لتوضيح تطبيقات عرض تم أخيرًا،
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Abstract 

 

This dissertation aims to study and develop the controllability and 

observability of fractional control systems with nonsingular kernel in finite and 

infinite dimensional spaces. 

Throughout this work, the controllability of an AB-fractional linear control 

dynamical system with control delay under sufficient conditions has been proved. 

Sufficient conditions are set to prove that a nonlinear AB-fractional control 

dynamical system with control delay is controllable using Schauder Fixed Point 

Theorem.  

The observability of an AB-fractional linear control dynamical system has been 

investigated. Wherein more than one criterion for it has been introduced. The 

duality between controllability and observability has been proved. 

A mild solution of a nonlinear impulsive control system involving Hattaf-

fractional derivative has been introduced in Banach space using fractional 

calculus and semigroup theory. Under sufficient conditions, we prove the 

controllability of this system. Our main results are obtained utilizing Nussbaum 

Fixed Point Theorem. On the other hand, sufficient conditions are introduced to 

show the existence and uniqueness of the mild solution of the nonlinear system. 

Also, the approximate controllability of this system is proved in Banach space. 

Finally, applications have been shown to illustrate the importance of the main 

results. 
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List of Symbols 

 

Symbol Meaning 

𝑦̇ Derivative of a function 𝑦 for 𝑡 

ℝ The set of real numbers 

ℂ The set of complex number 

ℝ𝒏 Euclidian space 

ℝ𝒏×𝒎 The set of 𝑛 × 𝑚 real matrices  

𝐶[𝑎, 𝑏] The set of all continuous functions defined from [𝑎, 𝑏] into ℝ 

𝐶𝑛([𝑎, 𝑏]) The set of all continuous functions defined from [𝑎, 𝑏] into ℝ𝒏 

𝐶([𝑎, 𝑏]; 𝑋) The set of all continuous functions defined from [𝑎, 𝑏] into 𝑋 

𝐶1[𝑎, 𝑏] The set of all continuously differentiable functions on [𝑎, 𝑏] 

𝑃𝐶([𝑎, 𝑏]; 𝑋) 
The space of piecewise continuous functions which defined on 

[𝑎, 𝑏] 

𝐿𝑝([𝑎, 𝑏]; 𝑋) The space of Lebesgue integrable functions from [𝑎, 𝑏] into 𝑋 

𝒯(𝑡) 
Semigroup of bounded linear operators generated by  

𝒜 

𝐶0-semigroup Strongly continuous semigroup 

Γ(∙) Gamma function 

ℒ Laplace transform 



II 
 

𝐷(𝐴) The domain of operator 𝐴 

𝐵∗ The transpose of matrix 𝐵 

𝒦Υ(𝑓) The reachable set  

𝐸𝜌(𝜁) Mittag-Leffler function of one parameter 

𝐸𝜌,𝜔(𝜁) Mittag-Leffler function of two parameters 

𝐼
𝜌

𝑎
𝑅𝐿  Riemann-Liouville fractional integral of order 𝜌 

𝐷
𝜌

𝑎
𝑅𝐿  Riemann-Liouville fractional derivative of order 𝜌 

𝐷
𝜌

𝑎
𝐶  Caputo fractional derivative of order 𝜌 

      𝐷
𝜌

𝑎
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𝐷
𝜌

𝑎
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𝑎  Hattaf-fractional integral of orders 𝜌,𝜔 
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Introduction 

 

Control theory is an area of applied mathematics concerned with the behavior 

of dynamical systems. Mesopotamia (2000 BC) is considered the first to use the 

theory of control to irrigate agricultural lands. Control mechanisms are found all 

across nature and are employed by living creatures to keep vital variables like 

body temperature and blood sugar levels at predetermined ranges. The 

populations of insects and animals are controlled by a carefully balanced prey-

predator relation. There are a variety of basic and complicated man-made control 

systems in use in our daily lives. [1] 

 

Fractional calculus has received significant interest from researchers because 

it describes many scientific phenomena with great accuracy. This concept was 

originally described in 1695 by Leibniz and L'Hospital as a generalization of the 

integer-order derivative [2]. However, fractional calculus was used in the 1960s. 

The application of fractional calculus has grown during the past three decades. It 

is significant to a wide variety of applications in many fields, including 

physics[3], fluid mechanics[4], biochemical [5], and population growth [6]. 

Academics increasingly research various forms of fractional differential 

equations. Numerous definitions of fractional derivatives describe many 

scientific phenomena, for instance, Riemann-Liouville, Caputo, Hadamard, 

Grunwald-Letnikov, and Hilfer, for more details; see [7]–[9] 

 

M. Caputo and M. Fabrizio [10] introduced a definition of a derivative with 

fractional order with the nonsingular exponential kernel. Atangana and Baleanu 

[11] proposed the ΑΒ-fractional derivatives as a concept of fractional derivatives 

has a nonsingular Mittag-Leffler kernel. In 2020, Hattaf [12] presented a 

generalization definition of the AB-fractional derivative. The fractional 
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derivatives without singular kernels gave adequately described for models 

of dissipative phenomena where the classical fractional operators cannot 

give it, see [13]–[15].  

   

Impulsive differential equations have attracted much research attention due to 

their significance in modelling processes exposed to short-time changes 

throughout their development. Many articles deal with impulsive differential 

equations and their solutions for example; see [16]. 

 

Controllability and observability are important properties of dynamical 

system. They are fundamental elements of modern control theory. If a system is 

able to transform any initial state to any final state over given time using a control 

function, then it is said to be controllable. Two forms of controllability are most 

often considered in practical applications: exactly controllability and approximate 

controllability. The system is exactly controllable if it reaches a required state at 

the given time using admissible control. The system is approximate controllable 

if it reaches a state at the given time lies in a 𝜀-neighborhood of the required state 

using admissible control. The observability of a system is defined as the ability 

to determine its initial state from its output behavior. 

 

In 1963, Kalman [17] introduced the concepts of controllability and 

observability. M. Nawaz, et. al. [18] discussed controllability of nonlinear 

fractional system with control delay involving the Caputo fractional derivative 

using fixed point theorem and Mittag-Leffler function. In 2020, Jiale Sheng et al. 

[19] set sufficient conditions to show that ΑΒ-fractional nonlinear dynamical 

system is controllable using fixed point theorem and Mittag-Leffler function.  In 

2021, Ghasemi and Nassiri [20] introduced many criterions for the controllability 

of ΑΒ-fractional nonlinear dynamical system provided Caputo derivative of 
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control function exists. In [21], the controllability of AB-fractional systems in 

a Banach space were discussed based on fixed point theorem and semigroup 

operator theory.  

The controllability problems of impulsive fractional control systems have been 

studied in many articles, see; [22], [23].  

 

X. Li et al. [24] established sufficient conditions for the approximate 

controllability of fractional control systems with time delay in Hilbert spaces 

by using semigroup operator theory and sequence method. In [25] the 

researcher investigated the approximate controllability for a kind of 

fractional neutral differential equations with damping in Banach spaces 

using the approximate sequence method.  

 

In [26], the controllability and observability have been discussed for fractional 

linear control systems with multiple different orders involving the Caputo 

fractional derivative using Gramian matrix. K. Balachandran, et al. [27] 

investigate the observability and controllability of fractional control dynamical 

system with Grunwald-Letnikov  derivative based on Gramian matrix.  

 

This dissertation aims to study the exact and approximate controllability of 

some types of fractional control systems with Mittag-Leffler kernel in finite and 

infinite dimensional spaces using fixed point theorems, fractional calculus, and 

semigroup operator theory. Additionally, the observability of AB-fractional 

linear control dynamical systems has been discussed and developed in finite 

dimensional space. 
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We organized our work into four chapters: 

Chapter one deals with the basic concepts and fundamental definitions that 

helped us achieve our goals, such as functional analysis, semigroup theory, fixed 

point theorems, fractional calculus, controllability, and observability. 

Chapter two contains two sections. The first section investigates the 

controllability of AB-fractional nonlinear dynamical systems with control delay. 

We set sufficient conditions to prove that the nonlinear system is controllable 

using Schauder Fixed Point Theorem. An example is presented to demonstrate 

our theoretical results. Section two discusses the observability of AB-fractional 

linear dynamical systems. We present more than one criterion for the 

observability an AB-fractional linear control dynamical system. Additionally, the 

duality between controllability and observability has been proved. 

Chapter three contains three sections. Section one discusses the controllability 

of a nonlinear impulsive Hattaf-fractional control system in Banach space using 

semigroup theory and Nussbaum Fixed Point Theorem. In section two, we prove 

the existence and uniqueness of the mild solution of the nonlinear system under 

sufficient conditions using Banach Fixed Point Theorem. Concerning section 

three, the approximate controllability of the nonlinear system has been proved 

under sufficient conditions using the approximate sequence method.  

Finally, the conclusions and future works have been presented in chapter four. 
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Chapter One 

Basic Definitions and Fundamental Theorems  

In this chapter, we review some basic concepts, lemmas, and notations that will 

aid us in establishing our main results later on. 

1.1 Functional Analysis 

Definition 1.1.1 [28]  

Let 𝕏 and 𝕐 be normed spaces over the same field 𝐹. An operator 𝑇 defined 

from 𝕏 to 𝕐 is called linear operator if  𝑇(𝑎𝓍 + 𝑏𝓎) = 𝑎𝑇(𝓍) + 𝑏𝑇(𝓎) for all 

𝓍, 𝓎 ∈ 𝕏, and 𝑎, 𝑏 ∈ 𝐹. 

 

Definition 1.1.2 [29] 

Let 𝕏 and 𝕐 be normed spaces and the operator 𝑇 defined from 𝕏 to 𝕐. 

1. The operator 𝑇 is said to be bounded if there exists a positive constant 𝑙 ∈

ℝ such that 

‖𝑇𝓍‖ ≤ 𝑙‖𝓍‖, 

for all 𝓍 ∈ 𝕏. 

2. The norm of operator 𝑇 defined as: 

‖𝑇‖ = sup
‖𝓍‖=1

‖𝑇𝓍‖. 

3. The operator  𝑇 is called continuous operator at a point 𝔁𝟎 ∈  𝕏 if for 

each 𝜖 > 0 there exists 𝛿 > 0 such that  

‖𝑇𝓍 − 𝑇𝓍0‖ < 𝜖, for all 𝓍 ∈ 𝕏 satisfing   ‖𝓍 − 𝓍0‖ < 𝛿. 

4. The operator  𝑇 is called continuous operator on 𝕏 if it continuous at every 

point of 𝕏 and it called uniformly continuous on 𝕏 if 𝛿 independ on 𝑥. 
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Remark 1.1.3 [29] 

 Let  𝑇 be a bounded linear operator. Then for any 𝓍 ∈ 𝕏,  

‖𝑇𝓍‖ ≤  ‖𝑇‖‖𝓍‖. 

 

Lemma 1.1.4 [29] 

 The linear operator 𝑇: 𝕏 → 𝕐 is continuous if and only if it is bounded where 

𝕏 and 𝕐 are normed spaces. 

 

Definition 1.1.5 [30] 

 A subset 𝐷 of a normed space 𝕏 is called relatively compact if the closure of 𝐷 

is compact. 

 

Definition 1.1.6 [30] 

 Let 𝕏 and 𝕐 be normed spaces. The linear operator 𝑇: 𝕏 → 𝕐 is said to be 

compact if 𝑇 maps each bounded subset 𝐴 ⊆ 𝕏 into a relatively compact set in 𝕐. 

 

Remark 1.1.7 [30] 

Let 𝕏 and 𝕐 be normed spaces. 

i. A linear operator 𝑇: 𝕏 → 𝕐 is compact if and only if for any bounded 

sequence {𝑥𝑛} in 𝕏, the sequence {𝑇𝑥𝑛} contains convergent subsequence 

in 𝕐. 

ii. The compact linear operator is always bounded. 
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Definition 1.1.8 [28] 

 A complete normed space, also known as Banach space, is a normed space 

where every Cauchy sequence is convergent in it. 

 

Example 1.1.9 [28] 

Consider the space of all continuous functions 𝑥: [𝑎, 𝑏] → ℝ 

𝐶[𝑎, 𝑏]: = {𝑥: 𝑥: [𝑎, 𝑏] → ℝ, 𝑥 is continuous, 𝑎, 𝑏 ∈ ℝ }. 

This space is a Banach space with norm given by  

‖𝑥‖ = max
𝑡∈[𝑎,𝑏]

|𝑥(𝑡)|. 

 

Definition 1.1.10 [30] 

 Let (𝕏, 𝜇)  be a measure space and 1 ≤  𝑝 <  ∞.  Then the collection of all 

measurable function 𝑓 for which |𝑓|𝑝 is integrable will be denoted by 𝑳𝒑(). For 

each 𝑓 ∈  𝐿𝑝(), set 

 ‖𝑓‖𝑝 =  (∫|𝑓|𝑝 𝑑)

1
𝑝
 

the norm ‖𝑓‖𝑝is called the 𝑳𝒑-norm of 𝑓. 

 

Lemma 1.1.11 [28] 

(𝐿𝑝, ‖∙‖𝑝) is a Banach space. 

 

Definition 1.1.12 [31] 

Let 𝕏 and 𝕐 are Banach spaces. The operator 𝑇: 𝕏 → 𝕐 is called completely 

continuous if it is continuous and compact. 
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Remark 1.1.13 [31]  

Let  𝑇: 𝕏 → 𝕐 be linear operator, where 𝕏 and 𝕐 are Banach spaces. Then, if 𝑇 is 

compact operator, then it is completely continuous. 

 

Definition 1.1.14 [30] 

Assume 𝐷 is a subset of the space of continuous functions 𝐶[𝑎, 𝑏]. 

1- The set 𝐷 is called bounded, if for all 𝑔 ∈ 𝐷 and all 𝑡 ∈ [𝑎, 𝑏] there exists 

constant 𝐾 > 0 such that ‖𝑔(𝑡)‖ ≤ 𝐾. 

2- The set 𝐷 is called equicontinuous, if for all 𝑔 ∈ 𝐷  and all 𝑡, 𝑠 ∈ [𝑎, 𝑏] 

and for each 𝜖 > 0 there is 𝛿 > 0 such that 

‖𝑔(𝑡) − 𝑔(𝑠)‖ < 𝜖    when ‖𝑡 − 𝑠‖ <  𝛿. 

 

Lemma 1.1.15 [29] “Arzela-Ascoli's Theorem”  

Let 𝐷 be a subset of the space of continuous functions 𝐶[𝑎, 𝑏]. Then 𝐷 is relatively 

compact if and only if it is bounded and equicontinuous. 

 

Example 1.1.16 [31] 

 Consider 𝕏 = 𝐶[0,1] and let 𝐴: [0,1] × [0,1] → ℝ be a continuous function. 

Define the operator 𝑇: 𝕏 → 𝕏 by  

𝑇(𝓍)(𝑡) = ∫ 𝐴(𝑡, 𝑠)𝓍(𝑠) 𝑑𝑠

1

0

. 

For any 𝓍 ∈ 𝕏, we have 

|𝑇(𝓍)(𝑡)| ≤ ∫|𝐴(𝑡, 𝑠)||𝓍(𝑠)| 𝑑𝑠

1

0
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                          ≤ sup|𝓍(𝑠)| ∫|𝐴(𝑡, 𝑠)|𝑑𝑠

1

0

 

                ≤ ‖𝓍‖ ∫|𝐴(𝑡, 𝑠)|𝑑𝑠.

1

0

 

Then 𝑇 is a bounded operator. Let 𝐷 be a nonempty and bounded subset of the 

space 𝕏. We show that 𝑇(𝐷) is relatively compact. First, let us prove that 𝑇(𝐷) is 

equicontinuous, since 𝐴 is continuous on compact matric space then it is 

uniformly continuous, so for every 𝜖 > 0 there exists 𝛿 > 0  such that for all 

𝑡2, 𝑡1 ∈ [0,1] we have  

           |𝐴(𝑡2, 𝑠) − 𝐴(𝑡1, 𝑠)| < 𝜖  when     |𝑡2 − 𝑡1| < 𝛿 

For 𝓍 ∈ 𝕏  

|𝑇(𝓍)(𝑡2) − 𝑇(𝓍)(𝑡1)| ≤ ∫|𝐴(𝑡2, 𝑠) − 𝐴(𝑡1, 𝑠)||𝑥(𝑠)| 𝑑𝑠

1

0

 

                                                              ≤ sup|𝓍(𝑡)| ∫|𝐴(𝑡2, 𝑠) − 𝐴(𝑡1, 𝑠)| 𝑑𝑠

1

0

 

                 < sup|𝓍(𝑡)| 𝜖, 

then 𝑇(𝐷) is equicontinuous. According to Arzela-Ascoli's Theorem  𝑇(𝐷) is 

relatively compact, hence the operator 𝑇 is completely continuous.  

 

Definition 1.1.17 [28] 

Let 𝕏 and 𝕐 be normed spaces. A linear operator 𝑇: 𝐷(𝑇) ⊆ 𝕏 → 𝕐 is called 

closed operator when the graph 𝐺(𝑇) = {(𝓍, 𝑇(𝓍)); 𝓍 ∈ 𝐷(𝑇)} is a closed set in 

𝕏 ×  𝕐. 
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Lemma 1.1.18 [28] 

Let 𝕏 and 𝕐 be normed spaces. An operator 𝑇: 𝕏 → 𝕐 is closed if and only if for 

every sequence {𝓍𝑛}𝑛=0
∞ ⊂ 𝕏 such that 𝓍𝑛 → 𝓍 and   𝑇𝓍𝑛 → 𝓎 as 𝑛 → ∞, 𝓎 ∈ 𝕐 

then 𝓍 ∈ 𝕏 and 𝑇𝓍 = 𝓎. 

 

Now, we review some concepts on semigroup operator theory such as 

uniformly continuous and strongly continuous in a Banach space 𝕏. 

 

Definition 1.1.19 [32] 

A semigroup of bounded linear operators 𝒯(𝑡), 𝑡 ≥ 0 on 𝕏 is defined as the 

family of bounded linear operators satisfies the following: 

i. 𝒯(0) = 𝐼, 

ii. 𝒯(𝑡 + 𝑠) = 𝒯(𝑡) ∘ 𝒯(𝑠), for every 𝑡, 𝑠 ≥ 0.  

 

Definition 1.1.20 [32] 

 The infinitesimal generator 𝒜 of semigroup {𝒯(𝑡)} 𝑡≥0, is the linear operator 

described by:  

𝒜𝜁 = lim
𝑡→0+

𝒯(𝑡)𝜁 − 𝜁

𝑡
=

𝑑+𝒯(𝑡)𝜁

𝑑𝑡
|

𝑡=0

, for 𝜁 ∈ 𝐷(𝒜) 

where,  

𝐷(𝒜) = {𝜁 ∈ 𝕏; lim
𝑡→0+

𝒯(𝑡)𝜁 − 𝜁

𝑡
 exists}. 

 

Lemma 1.1.21 [32] 

 There is a unique infinitesimal generator for a semigroup {𝒯(𝑡)} 𝑡≥0,. 
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Definition 1.1.22 [32] 

A semigroup {𝒯(𝑡)} 𝑡≥0,of bounded linear operators on 𝕏 is uniformly 

continuous when:  

lim
𝑡→ 0+

‖𝒯(𝑡) − 𝐼‖ = 0. 

 

Example 1.1.23 [32] 

 Consider 𝒜 is a bounded linear operator on 𝕏. Then the exponential function 

𝑒𝑥𝑝(𝒜𝑡) is a uniformly continuous semigroup generated by 𝒜 on 𝕏. 

 

Theorem 1.1.24 [32] 

 Let 𝒜 be a linear operator. Then 𝒜 is infinitesimal generator of a uniformly 

continuous semigroup if and only if 𝒜 is a bounded linear operator. 

 

Definition 1.1.25 [32] 

A strongly continuous semigroup (denoted by 𝑪𝟎 − 𝐬𝐞𝐦𝐢𝐠𝐫𝐨𝐮𝐩) is a 

semigroup {𝒯(𝑡)} 𝑡≥0,  of bounded linear operators on 𝕏 that satisfies:  

lim
𝑡→0

𝒯(𝑡)𝜁 = 𝜁, 

for each 𝜁 ∈ 𝕏. 

 

Examples 1.1.26 [33]  

Let 𝕏 = 𝐶[0,1]   such that 𝜁(1) = 0 for all 𝜁 ∈ 𝕏. For 𝑡 ≥ 0 , define  

( 𝒯(𝑡)𝜁)(𝑠) = {
𝜁(𝑠 + 𝑡)               𝑡 + 𝑠 ≤ 1         
0                            𝑡 + 𝑠 > 1        

 

 𝒯(𝑡) is a 𝐶0 −semigroup on 𝕏  generated by a linear operator 𝒜  which is given 

by 

𝐷(𝒜) = {𝜁: 𝜁 ∈ 𝐶1[0,1] ∩ 𝕏, 𝜁̇ ∈ 𝕏 } 

and  
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𝒜𝜁 = 𝜁̇      for   𝜁 ∈ 𝐷(𝒜).  

 

Lemma 1.1.27 [33] 

1. Let {𝒯(𝑡)} 𝑡≥0, be 𝐶0 − semigroup generated by 𝒜. Then for 𝜁 ∈ 𝕏, the 

function 𝑡 → 𝒯(𝑡)𝜁 is continuous from ℝ+ into 𝕏. 

2.  For 𝜁 ∈ 𝕏, ∫ 𝒯(𝑡)𝜁𝑑𝑠
𝑡

0
∈ 𝐷(𝒜) and 𝒜 (∫ 𝒯(𝑠)𝜁𝑑𝑠

𝑡

0
) = 𝒯(𝑡)𝜁 − 𝜁.  

 

Definition 1.1.28  [32] 

 A 𝐶0 −semigroup {𝒯(𝑡)} 𝑡≥0, on 𝕏 is said to be differentiable for 𝑡 > 0 when 

for any 𝜁 ∈ 𝕏, 𝑡 → 𝒯(𝑡)𝜁 is differentiable for 𝑡 > 0. 

 

Lemma 1.1.29 [32] 

 Let {𝒯(𝑡)} 𝑡≥0,  be 𝐶0 − semigroup generated by 𝒜. For 𝜁 ∈ 𝐷(𝒜) ⊂

𝕏;  𝒯(𝑡)𝜁 ∈ 𝐷(𝒜) and 

𝑑

𝑑𝑡
𝒯(𝑡)𝜁 = 𝒜𝒯(𝑡)𝜁 = 𝒯(𝑡)𝒜𝜁. 

 

Theorem 1.1.30  [32] 

 Let 𝒜 and ℬ be infinitesimal generators of 𝐶0 − semigroups  𝒯(𝑡) and 𝒮(𝑡) 

respectively. If 𝒜 = ℬ, then 𝒯(𝑡) = 𝒮(𝑡) for 𝑡 ≥ 0. 

 

Lemma 1.1.31 [33] 

 Let {𝒯(𝑡)} 𝑡≥0,  is 𝐶0 − semigroup. Then there is 𝜎 ≥ 0 and   𝐾 ≥ 1 , such that 

‖𝒯(𝑡)‖ ≤ 𝐾𝑒𝜎𝑡, for 𝑡 ≥ 0.  
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Definition 1.1.32  [32] 

The  𝐶0 − semigroup {𝒯(𝑡)} 𝑡≥0, is called compact if 𝒯(𝑡) is a compact operator 

for each 𝑡 > 0. 

 

Definition 1.1.33  [32] 

The resolvent set indicated by 𝒑(𝓐) is the set of all complex numbers 𝜉 where 

(𝜉𝐼 − 𝐴)−1 is a bounded linear operator in 𝕏. 

 

Definition 1.1.34 [32] 

 The resolvent operator of 𝒜  is the family of bounded linear operators 

𝑅(𝜉; 𝒜) = (𝜉𝐼 − 𝒜)−1, 𝜉 ∈ 𝑝(𝒜) and the following equality holds for 𝓍 ∈ 𝕏  

     𝑅(𝜉; 𝒜)𝓍 = (𝜉𝐼 − 𝒜)−1𝓍 = ∫ 𝑒−𝜉𝑡
∞

0

𝒯(𝑡)𝓍𝑑𝑡,                            

where {𝒯(𝑡)} 𝑡≥0, is a 𝐶0 −semigroup generated by linear operator 𝒜, 𝑠 > 0. 

 

Theorem 1.1.35 [32] "Hille-Yosida Theorem" 

A linear operator 𝒜 is the infinitesimal generator of 𝐶0-semigroup 𝒯(𝑡) (𝑡 ≥

0), satisfying ‖𝒯(𝑡)‖ ≤ 𝐾 (𝐾 ≥ 1) if and only if 

i. 𝒜 is closed operator and 𝐷(𝒜)̅̅ ̅̅ ̅̅ ̅̅ = 𝕏. 

ii. The resolvent set 𝑝(𝒜) of operator 𝒜 contains ℝ+ and 

‖  𝑅(𝜉; 𝒜)𝑛‖ ≤
𝐾

 𝜉𝑛
, for  𝜉 > 0, 𝑛 ∈ ℕ. 

 

In the following, we recall some of the fixed point theorems used 

throughout this work. 

If 𝐴 is an operator of a Banach space 𝕏 into itself, then 𝓍 ∈ 𝕏 is said to be a 

fixed point of 𝐴 if 𝐴(𝓍) = 𝓍. Fixed point theorems deal with the existence and 

attributes of fixed points. Such theorems are the most potent tools for 
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demonstrating the existence and uniqueness of solutions to various mathematical 

models (differential equations, partial differential equations, fractional order 

differential equations, etc.). 

 

Definition 1.1.36 [34] 

Assume (𝕏, ‖∙‖) is a Banach space. An operator 𝑇defined on 𝕏 into itself is called 

Lipschitz continuous if there is 𝑘 > 0, such that 

‖𝑇(𝓍) − 𝑇(𝓎)‖ ≤ 𝑘‖𝓍 − 𝓎‖ 

for all 𝓍, 𝓎 ∈ 𝕏.  

The smallest 𝑘 is the Lipschitz constant of 𝑇. If 𝑘 < 1 then 𝑇 is called a 

contraction. 

 

Theorem 1.1.37 [31] "Schauder Fixed Point Theorem" 

Assume 𝑀 is a nonempty convex subset of a Banach space 𝕏, and ℬ: 𝑀 → 𝑀 

is a completely continuous operator. Then ℬ has at least one fixed point. 

 

Theorem 1.1.38 [35] "Nussbaum Fixed Point Theorem"  

 Assume 𝐺 is closed, bounded and convex subset of a Banach space 𝕏. If the 

continuous functions  𝜙1, 𝜙2 from 𝐺 to 𝕏 satisfies the following: 

1. (𝜙1 + 𝜙2)𝐺 ⊂ 𝐺, 

2. ‖𝜙1𝑥 − 𝜙1𝑦‖ ≤ 𝜇‖𝑥 − 𝑦‖ for all 𝑥, 𝑦 ∈ 𝐺 where 0 < 𝜇 < 1, i.e. 𝜙1 is 

contraction, 

3. 𝜙2 is completely continuous, 

then the operator 𝜙1 + 𝜙2 has a fixed point in 𝐺. 
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Theorem 1.1.39 [36] " Banach Fixed Point Theorem "  

Let 𝕏 be a Banach space. If 𝐵: 𝕏 → 𝕏 is a contraction operator, then it has a 

unique fixed point. 

 

1.2 Fractional Calculus 

Fractional calculus is the theory of derivatives and integrals of arbitrary order, 

which generalizes the concepts of differentiation and integration of integer order. 

Several fundamental concepts in fractional calculus, such as the definitions, 

lemmas, and notations, will be reviewed in this section. 

 

In the following, we recall some special functions which are important in 

fractional calculus. 

 

Definition 1.2.1 [7] 

The Gamma function is indicated by 𝚪(𝛂), defined as 

Γ(α) = ∫ 𝑠𝛼−1𝑒−𝑠
∞

0

𝑑𝑠, 𝛼 ∈ ℂ, 𝑅𝑒(𝛼) > 0 

which is a generalizes of the factorial function, that is 

 𝛤(𝑛 + 1) = 𝑛! 

for 𝑛 ∈ ℕ.  

 

Remark 1.2.2 [7] 

Some important properties of Gamma function are 

i. Γ(1 + α) = αΓ(α), 

ii. Γ (
1

2
) = √π. 
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The Mittag-Leffler function is essential in fixing problems with fractional 

differential (integral) equations. 

 

Definition 1.2.3 [7] 

The function defined as 

𝐸𝜌(𝜁) = ∑
𝜁𝑗

Γ(𝜌𝑗 + 1)

∞

𝑗=0

, (𝜁 ∈ ℂ, 𝜌 > 0),                       (1.1) 

is called Mittag-Leffler with one parameter 𝝆. 

 

The generalization of the Mittag-Leffler function with two parameters 

𝝆 and 𝝎 is given by  

𝐸𝜌,𝜔(𝜁) = ∑
𝜁𝑗

Γ(𝜌𝑗 + 𝜔)

∞

𝑗=0

, (𝜁 ∈ ℂ, 𝜔, 𝜌 > 0).            (1.2) 

When 𝜔 = 1, then  𝐸𝜌,𝜔(𝜁) coincides with 𝐸𝜌(𝜁), i.e.  𝐸𝜌,1(𝜁) = 𝐸𝜌(𝜁). 

 

It is important to note that the Mittag-Leffler function is a generalization of 

the exponential function. where 

𝐸1(𝜁) = ∑
𝑧𝑗

𝑗!

∞

𝑗=0

= 𝑒𝑥𝑝(𝜁). 

 

Remark 1.2.4 [7] 

 For 𝜌 > 0, 

Ε𝜌,𝜌(0) =
1

Γ(𝜌)
. 

 

Now, we recall definition and some properties of Laplace Transform. 
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Definition 1.2.5 [7] 

The Laplace transform of a function 𝑥 is defined by  

ℒ{𝑥(𝑡)}(𝑠) = ∫ 𝑒−𝑠𝑡𝑥(𝑡)
∞

0

𝑑𝑡, 𝑠 ∈ ℂ, 𝑡 ∈ ℝ+. 

 

Lemma 1.2.6 [7] 

 For 𝑞 >  −1 and 𝑠 > 0 , the Laplace transform of power function 𝑡𝑞 is given by 

ℒ{𝑡𝑞}(𝑠) =
Γ(𝑞 + 1)

𝑠𝑞+1
. 

 

Lemma 1.2.7 [7] 

Suppose that 𝑥(𝑡) and 𝑦(𝑡) are two functions, in which the Laplace transforms 

ℒ{𝑥(𝑡)}(𝑠) and ℒ{𝑦(𝑡)}(𝑠) exists.  If the convolution of 𝑥(𝑡) and 𝑦(𝑡) defined by 

𝑥(𝑡) ∗  𝑦(𝑡) = ∫ 𝑥(𝑡 − 𝛿)
𝑡

0

 𝑦(𝛿) 𝑑𝛿. 

 then the Laplace transform of the convolution of 𝑥(𝑡) and 𝑦(𝑡) is given by  

ℒ{𝑥(𝑡) ∗  𝑦(𝑡)}(𝜆) = ℒ{𝑥(𝑡)}(𝜆)ℒ{𝑦(𝑡)}(𝜆). 

 

Lemma 1.2.8 [7] 

Let 𝑠 > 0, 𝜃 ∈ ℝ, 𝜃 ≠  0, and 𝜌, 𝜔 > 0 . Then the Laplace transform of the 

Mittag-Leffler functions (1.1) and (1.2) defined as 

ℒ{𝐸𝜌(𝜃𝑡𝜌)}(𝑠) =
𝑠𝜌−1

𝑠𝜌 − 𝜃
 ,    

ℒ{𝑡𝜔−1𝐸𝜌,𝜔(𝜃𝑡𝜌)}(𝑠) =
𝑠𝜌−𝜔

𝑠𝜌 − 𝜃
 ,             

respectively. 

 

In the following, we review some definitions and properties of the classic 

fractional calculus. 
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Definition 1.2.9 [7] 

 The fractional integral of order 𝜌 > 0 for a function 𝜁 is defined by  

𝐼
𝜌

𝑎
𝑅𝐿 𝜁(𝜆) =

1

Γ(𝜌)
∫ (𝜆 − 𝑠)𝜌−1

𝜆

𝑎

𝜁(𝑠)𝑑𝑠,       𝜆 ∈ [𝑎, 𝑏], 

 is called Riemann-Liouville fractional integral, where Γ(⋅) is the Gamma 

function. 

 

Definition 1.2.10 [7] 

Riemann-Liouville fractional derivative of order 𝜌 with the lower limit 𝑎 for a 

function 𝜁 is defined by 

𝐷
𝜌

𝑎
𝑅𝐿 𝜁(𝜆) =

1

Γ(𝑛 − 𝜌)

𝑑𝑛

𝑑𝜆𝑛
∫ (𝜆 − 𝑠)𝑛−𝜌−1

𝜆

𝑎

𝜁(𝑠)𝑑𝑠 = 𝐷𝑛𝐼𝑎
𝑛−𝜌

𝜁(𝑡),   

    𝑛 − 1 < 𝜌 < 𝑛,     𝑛 ∈ ℕ. 

 

Example 1.2.11  

Assume 0 < 𝜌 < 1 and 𝜆 ∈ [0, 𝑏],  then 

𝐼
𝜌

0
𝑅𝐿 𝜆2 =

1

Γ(𝜌)
∫ (𝜆 − 𝑠)𝜌−1𝑠2

𝜆

0

𝑑𝑠, 

by integration of parts, we obtain 

𝐼
𝜌

0
𝑅𝐿 𝜆2 =

2

Γ(𝜌 + 1)
∫ (𝜆 − 𝑠)𝜌𝑠

𝜆

0

𝑑𝑠 

=
2

Γ(𝜌 + 2)
∫ (𝜆 − 𝑠)𝜌+1

𝜆

0

𝑑𝑠 

=
2

Γ(𝜌 + 3)
𝜆𝜌+2. 

Also, we can calculate the Riemann-Liouville derivative of order 𝜌 of the function 

𝜆2 as follows 

𝐷
𝜌

𝜆2 = 𝐷 𝐼
1−𝜌

𝜆2
0

𝑅𝐿 = 𝐷
2

Γ(4 − 𝜌)0
𝑅𝐿 𝜆(3−𝜌) 
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=
2(3 − 𝜌)

(3 − 𝜌)Γ(3 − 𝜌)
𝜆(2−𝜌) 

=
2

Γ(3 − 𝜌)
𝜆(2−𝜌). 

If we choose 𝜌 = 0.5, then 

𝐼0.5
0

𝑅𝐿 𝜆2 =
2

Γ(3.5)
𝜆2.5 = 0.6018 𝜆2.5. 

𝐷0.5𝜆2 =
2

Γ(2.5)
𝜆1.5 = 1.5045 𝜆1.5.0

𝑅𝐿  

 

Definition 1.2.12 [7] 

 For a function 𝜁, the expression  

𝐷
𝜌

𝑎
𝐶 𝜁(𝜆) =

1

Γ(𝑛 − 𝜌)
∫ (𝜆 − 𝑠)𝑛−𝜌−1

𝜆

𝑎

𝜁(𝑛)(𝑠)𝑑𝑠 = 𝐼
𝑛−𝜌

𝑎
𝑅𝐿 𝐷𝑛𝜁(𝜆),    

is called the Caputo fractional derivative of order 𝜌, where 𝜆 ∈ [𝑎, 𝑏],    

𝑛 − 1 < 𝜌 < 𝑛, 𝑛 ∈ ℕ. 

 

Lemma 1.2.13 [7] 

 Let 𝜌 ∈ ℝ and 𝑛 − 1 < 𝜌 < 𝑛, 𝑛 ∈ ℕ. The relationship between the Riemann-

Liouville derivative and the Caputo derivative operators is given by 

𝐷
𝜌

𝑎
𝑅𝐿 𝜁(𝜆) = 𝐷

𝜌
𝑎
𝐶 𝜁(𝜆) + ∑

𝜁(𝑗)(𝑎)

Γ(𝑗 − 𝜌 + 1)

𝑛−1

𝑗=0

(𝜆 − 𝑎)𝑗−𝜌. 

In particular, when 0 < 𝜌 < 1, we have  

𝐷
𝜌

𝑎
𝑅𝐿 𝜁(𝜆) = 𝐷

𝜌
𝑎
𝐶 𝜁(𝜆) +

𝜁(𝑎)

Γ(1 − 𝜌)
(𝜆 − 𝑎)−𝜌. 

Lemma 1.2.14 [7] 

 Let 𝜌 > 0 and 𝑞 > 0. Then 

𝐼𝜌
𝑎

𝑅𝐿 𝐼𝑞
𝑎

𝑅𝐿 𝜁(𝜆) = 𝐼𝑞
𝑎

𝑅𝐿 𝐼𝜌
𝑎

𝑅𝐿 𝜁(𝜆) = 𝐼𝜌+𝑞
𝑎

𝑅𝐿 𝜁(𝜆). 
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Remark 1.2.15 [7] 

 For all scalars 𝑞, 𝑟 , we have  

𝐼𝜌
𝑎

𝑅𝐿 (𝑞 𝑥(𝜆) + 𝑟 𝑦(𝜆)) = 𝑞 𝐼𝜌
𝑎

𝑅𝐿 𝑥(𝜆) + 𝑟 𝐼𝜌
𝑎

𝑅𝐿 𝑦(𝜆). 

 

Lemma 1.2.16 [7] 

 Let 𝑛 − 1 < 𝜌 < 𝑛, 𝑛 ∈ ℕ and 𝑠 > 0 then: 

i- the Laplace transform of the Riemann-Liouville fractional integration 

operator of order 𝜌 is given by  

ℒ{ 𝐼𝜌
0

𝑅𝐿 𝜁(𝑡)}(𝑠) = 𝑠−𝜌ℒ{𝜁(𝑡)}(𝑠),   

ii- the Laplace transform of the Riemann-Liouville fractional differential 

operator of order 𝜌 is given by  

ℒ{ 𝐷
𝜌

0
𝑅𝐿 𝜁(𝑡)}(𝑠) = 𝑠𝜌ℒ{𝜁(𝑡)} − ∑ 𝑠𝑛−𝑗−1𝐷(𝑗)

𝑛−1

𝑗=0

( 𝐼
𝑛−𝜌

0
𝑅𝐿 𝜁)(0),    

iii- the Laplace transform of the Caputo fractional differential operator of order 

𝜌 is given by  

ℒ{ 𝐷0
𝐶 𝜌

𝜁(𝑡)}(𝑠) = 𝑠𝜌ℒ{𝜁(𝑡)} − ∑ 𝑠𝜌−𝑗−1(𝐷(𝑗)𝜁)

𝑛−1

𝑗=0

(0). 

Now, we recall some definitions and properties of fractional operators with 

nonsingular kernel. 

Let 𝜌 ∈ (0,1), 𝜔 > 0, 𝛾𝜌 =
𝜌

1−𝜌
  and 𝑄(𝜌) is normalization function satisfies 

𝑄(0) = 𝑄(1) = 1.  

Definition 1.2.17  [11] 

The Atangana-Baleanu fractional (AB-fractional) derivative of Riemann-

Liouville sense of order 𝜌 with lower limit 𝑎 is given by  

      𝐷
𝜌

𝑎
𝐴𝐵𝑅 𝜁(𝑡) =

𝑄(𝜌)

1 − 𝜌

𝑑

𝑑𝑡
∫ 𝐸𝜌[−𝛾𝜌(𝑡 − 𝑠)𝜌]

𝑡

𝑎

𝜁(𝑠) 𝑑𝑠, 𝑡 ∈ [𝑎, 𝑏]. 
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Definition 1.2.18 [11] 

 The Atangana-Baleanu fractional (AB-fractional) derivative of Caputo 

sense of order 𝜌 is given by  

      𝐷
𝜌

𝑎
𝐴𝐵𝐶 𝜁(𝑡) =

𝑄(𝜌)

1 − 𝜌
∫ 𝐸𝜌[−𝛾𝜌(𝑡 − 𝑠)𝜌]

𝑡

𝑎

(
𝑑

𝑑𝑠
𝜁) (𝑠) 𝑑𝑠, 𝑡 ∈ [𝑎, 𝑏] 

 

Definition 1.2.19 [11] 

 The fractional integral associated with the Atangana-Baleanu fractional 

(AB-fractional) derivative is defined by  

𝐼
𝜌𝐴𝐵 𝜁(𝑡) =

(1 − 𝜌)

𝑄(𝜌)
𝜁(𝑡) + 𝜌 𝐼

𝜌𝑅𝐿 𝜁(𝑡), 𝑡 ∈ [𝑎, 𝑏]. 

Note: Throughout our work we assume 𝑄(𝜌) = 1. 

Definition 1.2.20 [12]  

The Hattaf fractional derivative of Riemann-Liouville sense of order 𝜌 with 

respect to the weight function 𝜂 ∈ 𝐶1(𝑎, 𝑏), 𝜂, 𝜂́ > 0 with the lower limit 𝑎 is 

given by  

   𝐷
ρ,ω,𝜆

𝑎
𝑅𝐿 𝜁(𝑡) =

𝑄(𝜌)

1 − 𝜌

1

𝜂(𝑡)

𝑑

𝑑𝑡
∫ 𝐸ω[−𝛾𝜌(𝑡 − 𝑠)𝜆]

𝑡

𝑎

(𝜂𝜁)(𝑠) 𝑑𝑠. 

 

Definition 1.2.21 [12] 

The Hattaf-fractional derivative of Caputo sense of order 𝜌 with respect to the 

weight function 𝜂 ∈ 𝐶1(𝑎, 𝑏), 𝜂, 𝜂́ > 0 on [𝑎, 𝑏] is given by  

𝐷𝜂
𝜌,𝜔,𝜆

𝜁(𝑡) =
𝑄(𝜌)

1 − 𝜌

1

𝜂(𝑡)
∫ 𝐸𝜔[−𝛾𝜌(𝑡 − 𝑠)𝜆]

𝑑

𝑑𝜁
(𝜂𝜁)(𝑠)𝑑𝑠,

𝑡

𝑎
𝑎
𝐶         (1.3) 
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Lemma 1.2.22 [12] 

The relationship between the Hattaf-derivative of Riemann-Liouville sense and 

Hattaf-fractional derivative of Caputo sense operators is given by 

𝐷𝑎
𝑅𝐿 𝜌,𝜔,𝜆𝜁(𝑡) = 𝐷𝑎

𝐶 𝜌,𝜔,𝜆𝜁(𝑡) +
𝑄(𝜌)

1 − 𝜌

1

𝜂(𝑡)
𝐸ω[−𝛾𝜌(𝑡 − 𝑎)𝜆](𝜂𝜁)(𝑎). 

 

Remark 1.2.23 [12] 

 When 𝜆 = 𝜔 and 𝑄(𝜌) = 𝜂(𝑡) = 1, then the fractional derivative (1.3) will be in 

the form 

𝐷
𝜌,𝜔

𝜁(𝑡) =
1

1 − 𝜌
∫ 𝐸𝜔[−𝛾𝜌(𝑡 − 𝑠)𝜔]

𝑑

𝑑𝜁
𝜁(𝑠)𝑑𝑠.

𝑡

𝑎
𝑎
𝐶               (1.4) 

 

Definition 1.2.24 [12] 

The fractional integral corresponding to the Hattaf-fractional derivative (1.4) 

is 

ℐ𝜌,𝜔
𝑎 𝜁(𝑡) = (1 − 𝜌)𝜁(𝑡) + 𝜌 𝐼𝜔

𝑎
𝑅𝐿 𝜁(𝑡)                                  (1.5) 

 

Lemma 1.2.25 [11] 

 The Laplace transform of ΑΒ-fractional derivative of Caputo sense is 

ℒ{ D
𝜌

0
𝐴𝐵𝐶 𝜁(𝑡)}(𝑠) =

𝑄(𝜌)

1 − 𝜌

𝑠𝜌ℒ{𝜁(𝑡)}(𝑠) − 𝑠𝜌−1𝜁(0)

𝑠𝜌 + 𝛾𝜌
. 

 

Lemma 1.2.26 [12] 

The Laplace transform of the Hattaf-fractional differential operator (1.4) is 

ℒ{ 𝐷
𝜌,𝜔

0
𝐶 𝜁(𝑡)}(𝑠) =

1

1 − 𝜌

𝑠𝜔ℒ{𝜁(𝑡)}(𝑠) − 𝑠𝜔−1𝜁(0)

𝑠𝜔 + 𝛾𝜌
. 
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Lemma 1.2.27 [12] 

The Laplace transform of the Hattaf-fractional integration operator (1.5) is 

ℒ{ ℐ𝜌,𝜔
0 𝜁(𝑡)}(𝑠) = (1 − 𝜌)ℒ{𝜁(𝑡)}(𝑠) +

𝜌

𝑠𝜔
ℒ{𝜁(𝑡)}(𝑠). 

 

Lemma 1.2.28 [12] 

For Hattaf-fractional differential operator (1.4) and Hattaf-fractional integration 

operator (1.5),   

𝐷
𝜌,𝜔

𝑎
𝐶 ℐ𝜌,𝜔

𝑎 𝜁(𝜆) = 𝜁(𝜆). 

 

In the following, some properties for the fractional differential operator (1.4) 

and fractional integral operator (1.5) are proven. 

 

Lemma 1.2.29  

The Hattaf-fractional derivative (1.4) can be written as 

𝐷𝑎
𝐶 𝜌,𝜔𝜁(𝑡) =

1

1 − 𝜌
∑(−𝛾𝜌)

𝑘
𝐼𝑎

𝑅𝐿 𝜔𝑘+1𝜁̇(𝑠), 0 < 𝑘 < ∞.

∞

𝑘=0

 

Proof. 

𝐷𝑎
𝐶 𝜌,𝜔𝜁(𝑡) =

1

1 − 𝜌
∫ 𝜁̇(𝑠)𝐸𝜔(−𝛾𝜌(𝑡 − 𝑠)𝜔)𝑑𝑠

𝑡

𝑎

 

=
1

1 − 𝜌
∫ 𝜁̇(𝑠)

𝑡

𝑎

∑ (−
𝜌

1 − 𝜌
)

𝑘 (𝑡 − 𝜌)𝜔𝑘

Γ(𝜔𝑘 + 1)
𝑑𝑠

∞

𝑘=0

 

=
1

1 − 𝜌
∑ (

−𝜌

1 − 𝜌
)

𝑘 1

Γ(𝜔𝑘 + 1)
∫ 𝜁̇(𝑠)(𝑡 − 𝑠)𝜔𝑘

𝑡

𝑎

𝑑𝑠

∞

𝑘=0

 

=
1

1 − 𝜌
∑(−𝛾𝜌)

𝑘
𝐼𝑎

𝑅𝐿 𝜔𝑘+1𝜁̇(𝑡)

∞

𝑘=0

.                                                   ∎ 

 



Chapter One                                   Basic Definitions and Fundamental Theorems 

  

 
24 

 

Lemma 1.2.30 

 Let 0 < 𝜌 < 1, 𝜔 > 0. Then 

ℐ𝜌,𝜔
𝑎 𝐷𝑎

𝐶 𝜌,𝜔𝜁(𝑡) = 𝜁(𝑡) − 𝜁(𝑎). 

Proof.  

Since 

ℐ𝜌,𝜔
𝑎 𝐷𝑎

𝐶 𝜌,𝜔𝜁(𝑡) = (1 − 𝜌) 𝐷𝑎
𝐶 𝜌,𝜔𝜁(𝑡) + 𝜌 𝐼𝜔

𝑎
𝑅𝐿 𝐷𝑎

𝐶 𝜌,𝜔𝜁(𝑡). 

From Lemma 1.2.29 we have, 

ℐ𝜌,𝜔
𝑎 𝐷𝑎

𝐶 𝜌,𝜔𝜁(𝑡)

= ∑(−𝛾𝜌)
𝑘

𝐼𝑎
𝑅𝐿 𝜔𝑘+1𝜁̇(𝑡)

∞

𝑘=0

+ 𝐼𝑎
𝑅𝐿 𝜔

𝜌

1 − 𝜌
∑(−𝛾𝜌)

𝑘
𝐼𝑎

𝑅𝐿 𝜔𝑘+1𝜁̇(𝑡)

∞

𝑘=0

. 

By using Lemma 1.2.14, it follows 

ℐ𝜌,𝜔 𝐷𝐶 𝜌,𝜔𝜁(𝑡) = ∑(−𝛾𝜌)
𝑘

𝐼𝑎
𝑅𝐿 𝜔𝑘+1𝜁̇(𝑡)

∞

𝑘=0

+
𝜌

1 − 𝜌
∑(−𝛾𝜌)

𝑘
𝐼(1+𝑘)𝜔+1

𝑎
𝑅𝐿 𝜁̇(𝑡)

∞

𝑘=0

 

= ∑(−𝛾𝜌)
𝑘

𝐼𝑎
𝑅𝐿 𝜔𝑘+1𝜁̇(𝑡)

∞

𝑘=0

− ∑(−𝛾𝜌)
𝑘+1

𝐼(1+𝑘)𝜔+1
𝑎

𝑅𝐿 𝜁̇(𝑡)

∞

𝑘=0

 

= ∫ 𝜁̇(𝑠)𝑑𝑠
𝑡

𝑎
= 𝜁(𝑡) − 𝜁(𝑎).                                             ∎ 

 

Lemma 1.2.31 

 Let 0 < 𝜌 < 1, 𝜔 > 0 and 𝜁 ∈ 𝑃𝐶[𝑎, 𝑏]. Then 

ℐ𝑎
𝜌,𝜔 𝐷𝑎

𝐶 𝜌,𝜔𝜁(𝑡) = 𝜁(𝑡) − 𝜁(𝑎) − ∑ ∆𝜁(𝑡𝑖)

𝑝

𝑖=1

 

for 𝑖 = 1,2, … , 𝑝, ∆𝜁(𝑡𝑖) = 𝜁(𝑡𝑖
+) − 𝜁(𝑡𝑖

−) and 𝑡 ∈ [𝑎, 𝑏]. 

 

Proof. 

Using the same technique as in Lemma (1.3.30), we get 

ℐ𝑎
𝜌,𝜔 𝐷𝑎

𝐶 𝜌,𝜔𝜁(𝑡) = ∫ 𝜁̇(𝑠)𝑑𝑠.
𝑡

𝑎
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= 𝜁(𝑡) − 𝜁(𝑎) − ∑ ∆𝜁(𝑡𝑖)

𝑝

𝑖=1

 

for 𝑖 = 1,2, … , 𝑝 and 𝑡 ∈ [𝑎, 𝑏].                                                                           ∎ 

 

1.3 Cauchy Problem 

In this section, we recall the concept of the Cauchy problem because of its 

importance in solving differential equations. 

 

Let 𝒜 ∶ 𝐷(𝒜) ⊂ 𝕏 → 𝕏  be a linear operator, where 𝕏 be a Banach space. The 

abstract Cauchy problem for 𝒜 and 𝑦 ∈ 𝕏 with initial condition 𝑦0 consists of 

finding a solution 𝑦(𝑡) to the initial value problem 

        {
𝑦̇(𝑡) = 𝒜𝑦(𝑡) + 𝑓(𝑡),   𝐽 = [0, Υ]

𝑦(0) = 𝑦0.                                           
                                   (1.6) 

where 𝑓: 𝐽 → 𝕏.  𝒜 is infinitesimal generator of a C0 −semigroup 𝒯(𝑡). 

 

Definition 1.3.1 [33] 

 A function 𝑦: 𝐽 → 𝕏 is a classical solution (solution) of (1.6) on 𝐽 if , 𝑦(𝑡) ∈

𝐶1(𝐽; 𝕏), 𝑦(𝑡) ∈ 𝐷(𝒜), for all 𝑡 ∈ 𝐽 and 𝑦 satisfies (1.6) on 𝐽. 

 

Let 𝑦 be a solution of (1.6). Then the function 𝑞: 𝐽 → 𝕏 defined as 𝑞(𝑠) =

𝒯(𝑡 −  𝑠)𝑦(𝑠) is differentiable for 0 < 𝑠 < 𝑡 and  

𝑑𝑞

𝑑𝑠
= −𝒜𝒯(𝑡 − 𝑠)𝑦(𝑠) + 𝒯(𝑡 − 𝑠)𝑦̇(𝑠) 

= −𝒜𝒯(𝑡 − 𝑠)𝑦(𝑠) + 𝒯(𝑡 − 𝑠)𝒜𝑦(𝑠) + 𝒯(𝑡 − 𝑠)𝑓(𝑠) 

= 𝒯(𝑡 − 𝑠)𝑓(𝑠).                                          (1.7) 
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If 𝑓 ∈ Lp(𝐽; 𝕏) then, 𝒯(𝑡 − 𝑠)𝑓(𝑠) is integrable and integrating (1.7) from 0 to 

𝑡, yields  

𝑦(𝑡) = 𝒯(𝑡)𝑦0 + ∫ 𝒯(𝑡 − 𝑠)
𝑡

0

𝑓(𝑠)𝑑𝑠.                                   (1.8) 

The right-hand side of (1.8) is continuous for any f ∈ Lp(𝐽; 𝕏). [32] 

 

It is possible to generalize the solution of (1.6) (mild solution) by removing 

differentiability condition which defined as follows: 

 

Definition 1.3.2 [33] 

Let 𝒯(𝑡) be C0 −semigroup generated by 𝒜. Let f ∈ Lp(𝐽; 𝕏) and 𝑦0 ∈ 𝕏.  The 

function 𝑦 ∈ 𝐶(𝐽; 𝕏) given by (1.8) is the mild solution of System (1.6).  

 

The following example shows that the continuity of 𝑓, in general, is not a 

sufficient condition for the existence of solutions to the Cauchy problem (1.6) for 

𝑦0 ∈ 𝐷(𝒜). 

 

Example 1.3.3 [33]  

Let 𝒯(𝑡) be C0 −semigroup generated by 𝒜, and let  𝑧 ∈ 𝕏 be such that for 

any 𝑡 ≥ 0, 𝒯(𝑡) 𝑧 ∉ 𝐷(𝒜). Suppose that 𝑓(𝑡) = 𝒯(𝑡)𝑧. Then 𝑓(𝑡) is continuous 

for 𝑡 ≥ 0. Consider the initial value problem  

{
𝑦̇(𝑡) = 𝒜𝑦(𝑡) + 𝑓(𝑡),   𝐽 = [0, Υ]

𝑦(0) = 0.                                            
                                  (1.9) 

Then the mild solution of (1.9) is 

𝑦(𝑡) = ∫ 𝒯(𝑡 − 𝑠)
𝑡

0

𝒯(𝑠)𝑧𝑑𝑠 
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= ∫ 𝒯(𝑡)
𝑡

0

𝑧𝑑𝑠 

= 𝑡𝒯(𝑡)𝑧 

which is not differentiable. 

 

1.4 Controllability and Observability 

In this section, we recall some fundamental definitions and lemmas for 

controllability and observability concepts in finite and infinite dimensional 

spaces. 

 

Controllability 

A linear control dynamical system in finite dimensional space that can be 

represented by the mathematical model  

{
𝑦̇(𝑡) =  𝐴𝑦(𝑡) +  𝐵𝑢(𝑡), 𝑡 ∈ 𝐽 = [0, Υ]

𝑦(0) = 𝑦0,                                                   
                           (1.10) 

 

where 𝑦(𝑡) ∈ ℝ𝑛 and 𝑢(𝑡) ∈ ℝ𝑚 are state and control vectors respectively, 𝐴 ∈

ℝ𝑛×𝑛 and 𝐵 ∈ ℝ𝑛×𝑚 are constant matrices. 

System (1.10) is said to be controllable on 𝐽, if for any pair of vectors 𝑦0, 𝑦1 ∈

ℝ𝑛, there exists a control 𝑢 ∈ 𝐶(𝐽; ℝ𝑚) such that the solution of System (1.10) 

with given initial condition satisfies 𝑦(Υ) = 𝑦1 [37]. Since the solution of the 

System (1.10) is 

𝑦(𝑡)  =  𝑒𝐴𝑡𝑦0 + ∫ 𝑒𝐴(𝑡−𝑠)
𝑡

0

𝐵𝑢(𝑠)𝑑𝑠, 

then System (1.10) will be controllable on 𝐽 if for any given 𝑦1 ∈ ℝ𝑛, there exists 

a control 𝑢 such that 
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𝑦1  =  𝑒𝐴Υ𝑦0  +  ∫ 𝑒𝐴(Υ−𝑠)
Υ

0

𝐵𝑢(𝑠)𝑑𝑠.     

 

Theorem 1.4.1 [33]  

The linear System (1.10) is controllable if and only if the controllability 

Grammian matrix 

𝒲 = ∫ 𝑒𝐴(Υ−𝑠)𝐵𝐵∗𝑒𝐴∗(Υ−𝑠)𝑑𝑠
Υ

0

 

is nonsingular. 

 

Theorem 1.4.2 [37] 

The linear System (1.10) is controllable if and only if the rank of the controllability 

matrix [𝐵 𝐴𝐵  𝐴2𝐵 … 𝐴𝑛−1𝐵]𝑛×𝑛𝑚 is 𝑛. 

 

Example 1.4.3  

Consider the linear System  

{
𝑦̇(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝑢(𝑡) , 𝑡 ∈ [0,1]

𝑦(0) = 𝑦0                                                   
 

where 𝐴 = [
2 0
0 1

] , 𝐵 = [
2
1

].Then the Grammian matrix  

𝒲 = ∫ [
2𝑒2−2𝑠 + 1

𝑒1−𝑠 + 2
] [2𝑒2−2𝑠 + 1 𝑒1−𝑠 + 2]𝑑𝑠

1

0

 

= [
67.376 29.22
29.22 14.067

] 

which is nonsingular, then by Theorem (1.4.1), the system is controllable. 
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Example 1.4.4 [38] 

 Consider the two tanks problem  

 

 

 

 

 

 

 

     

 

                             

Model (1) 

Let 𝑦1(𝑡) be denote the level of water in Tank 1, and 𝑦2(𝑡) be denote the level of 

water in Tank 2. The outflow rates from Tank 1 and Tank 2 are denoted by 𝑎 and 

𝑏, respectively. Let 𝑢 be denote the system's water supply. Then the mathematical 

model of the system on the time interval [0,1] as follows: 

𝑦̇(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝑢(𝑡) 

where 𝐴 = [
−𝑎 0
𝑎 −𝑏

] and 𝐵 = [
1
0

]. 

The matrix [𝐵 𝐴𝐵] = [
1 −𝑎
0 𝑎

] has full rank, then by Theorem (1.4.2) the system 

is controllable. 

 

Model (2) 

Now, if we consider the two Tank problems as following figure: 

 

 

 

𝑢 

𝑦2(𝑡) 

𝑎 

𝑏 

𝑥(𝑡) 

𝑦1(𝑡) 
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Then the mathematical model of the system on the time interval [0,1] as follows: 

𝑦̇(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝑢(𝑡) 

where 𝐴 = [
−𝑎 0
𝑎 −𝑏

] and 𝐵 = [
0
1

] 

The controllability matrix [𝐵 𝐴𝐵] = [
0 0
1 −𝑏

] hasn’t full rank, then by Theorem 

(1.4.2), the system is not controllable. 

 

On the other hand, the mathematical model of linear control dynamical system 

in infinite dimensional space can be written as  

{
𝑦̇(𝑡) =  𝐴𝑦(𝑡) +  𝐵𝑢(𝑡), 𝑡 ∈ 𝐽 = [0, Υ]

𝑦(0) = 𝑦0                                                             
                           (1.11) 

where 𝑦 takes values in a Banach space 𝕏 and the control function 𝑢 takes values 

in a Banach space 𝑈. The operator 𝐴: 𝐷(𝐴) ⊂ 𝕏 → 𝕏 is a closed, linear and 

densely defined, but not necessarily bounded operator and 𝐵: 𝑈 → 𝕏 is a bounded 

linear operator. 

For any 𝑦0 ∈ 𝕏, the function 𝑦 ∈ 𝐶(𝐽; 𝕏) given by [33] 

𝑦(𝑡) =  𝒯(𝑡)𝑦0 + ∫ 𝒯(𝑡 − 𝑠)𝐵𝑢(𝑠)𝑑𝑠
𝑡

0

, 𝑡 ∈ 𝐽 = [0, Υ]  

𝑦2(𝑡) 

𝑢 

𝑎 

𝑏 

𝑦1(𝑡) 
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is called the mild solution of System (1.11), where 𝒯(𝑡) ∶ 𝕏 → 𝕏 is the 

𝐶0 −semigroup generated by the operator 𝒜. 

In (1977) [39], Triggiani proved that if 𝒜 generates a compact 𝐶0-

semigroup 𝒯(𝑡), then the linear system could never be exact controllable in 

an infinite dimensional space. 

 

 Definition 1.4.5 [40]  

The linear System (1.11) is said to be approximately controllable on the interval 

𝐽 , if for given 𝜖 > 0 and two arbitrary initial and final points 𝑦0 and 𝑦1 in 𝕏, there 

exists an admissible control 𝑢(𝑡) on 𝐽 steering 𝑦0, along a trajectory (solution) 

𝑦(𝑡) of System (1.11) to 𝜖 −neighbourad of 𝑦1 such that  ‖𝑦(Υ) − 𝑦1‖𝑋 ≤ 𝜖. 

 

Definition 1.4.6 [40] 

The set 𝒦Υ(𝑓) defined by  

𝒦Υ(𝑓) = { 𝑦(Υ; 𝑢), 𝑢(𝑡) ∈ 𝑈}, 𝑡 ∈ [0, Υ] 

is called the reachable set, which consists of all possible final states. 

 

Definition 1.4.7 [33] 

The linear System (1.11) is said to be: 

1. Exact controllable on 𝐽 = [0, Υ] if 

𝒦Υ(𝑓) = 𝕏. 

2. Approximate controllable on 𝐽 = [0, Υ] if 

𝒦Υ(𝑓)̅̅ ̅̅ ̅̅ ̅̅ =  𝕏. 

Observability 

A linear control dynamical system with output in finite dimensional space can 

be represented by the mathematical model  
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{

𝑦̇(𝑡) =  𝐴𝑦(𝑡),                      𝑡 ∈ 𝐽 = [0, Υ]                   

𝑦(0) = 𝑦0,                                                                          

𝑥(𝑡) = 𝐶𝑦(𝑡),                                                                   

         (1.12) 

where the vector 𝑦(𝑡) ∈ ℝ𝑛 is state vector,  𝑥(t) ∈ ℝ𝑛 is the output vector, 𝛢 ∈

ℝ𝑛×𝑛 and 𝐶 ∈ ℝ𝑚×𝑛 are constant matrices. The System is observable over the 

time interval 𝐽 if it possible to determine uniquely the initial state 𝑦(0) = 𝑦0 from 

knowledge of the output 𝑥(𝑡) over 𝐽. 

 

Theorem 1.4.8 [41] 

 The linear dynamical System (1.12) is observable over the interval 𝐽 if and only 

if one of the following statements is hold: 

(I) The 𝑛 × 𝑛 observability Gramian matrix 

𝒲𝑜𝑏 = ∫  
Υ

0

𝑒𝐴∗𝑠𝐶∗𝐶𝑒𝐴𝑠𝑑𝑠 

is nonsingular. 

(II) The observability matrix  

[

𝐶
𝐶𝐴
⋮
𝐶𝐴𝑛−1

]

𝑛𝑚×𝑛

 

has full column rank. i.e.,  

𝑅𝑎𝑛𝑘 [

𝐶
𝐶𝐴
⋮
𝐶𝐴𝑛−1

]

𝑛𝑚×𝑛

= 𝑛. 

 

(III) For each eigenvalue 𝜆 of 𝐴, we have 

𝑅𝑎𝑛𝑘 [
𝐴 − 𝜆𝐼

𝐶
]

(𝑛+𝑚)×𝑛
= 𝑛. 
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Example. 1.4.9  

Consider the system 

{

𝑦̇(𝑡) =  𝐴𝑦(𝑡),                     𝑡 ∈ 𝐽 = [0,1],                            

𝑦(0) = 𝑦0,                                                                                   

𝑥(𝑡) = 𝐶𝑦(𝑡),                                                                             

    

where 𝐴 = [
2 0
0 2

] and 𝐶 = [1 1].  

The observability Grammian matrix 

𝒲𝑜𝑏 = ∫ [𝑒2𝑠 + 1
𝑒2𝑠 + 1

] [ 𝑒2𝑠 + 1 𝑒2𝑠 + 1]𝑑𝑠
1

0

 

= [
20.7886 20.7886
20.7886 20.7886

] 

which is singular. Then by Theorem (1.4.8) (I), the system is not observable. 

 

Example 1.4.10 

 Consider the model (1) of the two-tanks system in Example (1.4.4), with the 

output 𝑥(𝑡) = 𝐶𝑦(𝑡) 

where 𝐶 = [0 𝑏]. 

The observability matrix  

[
𝐶

𝐶𝐴
] = [

0 𝑏
𝑎𝑏 −𝑏2] 

has full rank. Then by Theorem (1.4.8) (II), the system is observable. 

 

Theorem 1.4.11 [41] “Theorem of Duality” 

The linear System (1.10) is controllable if and only if the system 

{
𝑦̇(𝑡) = −𝐴∗𝑦(𝑡),     𝑦(0) = 𝑦0,     𝑡 ∈ 𝐽 = [0, Υ]

                                 
𝑥(𝑡) = 𝐵∗𝑦(𝑡)                                                

 

is observable. 
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Chapter Two 

Controllability and Observability of AB-

Fractional Control Dynamical Systems in Finite 

Dimensional Space 

 

This chapter discusses the controllability and the observability of AB-

fractional control dynamical systems in ℝ𝒏. 

The First Section investigates the controllability of non-linear dynamical 

systems with control delay using the Gramian matrix and Schauder fixed point 

theorem. 

Section Two presents more than one criterion for the observability of linear 

dynamical systems. Additionally, the duality between controllability and 

observability has been proven. 

 

2.1 Controllability Results for 𝚨𝚩-Fractional Nonlinear 

Dynamical Systems with Control Delay 

 

In 2020 J. Sheng et al. [19] used the fixed point technique to prove the 

following nonlinear ΑΒ-fractional dynamical system is controllable 

 

 {
𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡), 𝓊(𝑡)), 𝑡 ∈ 𝐼,

𝑦(0) = 𝑦0
   

 

where 𝐷𝜌𝐴𝐵𝐶  is AB-fractional derivative of order 𝜌, 0 < 𝜌 < 1, 𝑦(t) ∈ ℝ𝑛,       

𝓊(t) ∈ ℝ𝑚, 𝛢 ∈ ℝ𝑛×𝑛, 𝛣 ∈ ℝ𝑛×𝑚, 𝑏 > 0, 𝐼 = [0, 𝑏] and the function                   
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𝑓 ∶  𝐼 × ℝ𝑛 ×ℝ𝑚 → ℝ𝒏 is continuous. 

 

Our work aims to study the controllability of the ΑΒ-fractional linear 

dynamical system with control delay 

{
𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(𝒽(𝑡)), 𝑡 ∈ 𝐽 = [0, Υ]

𝑦(0) = 𝑦0,
                    (2.1) 

and ΑΒ-fractional nonlinear dynamical system with control delay 

{
𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(𝒽(𝑡)) + 𝑓(𝑡, 𝑦(𝑡),𝓊(t)), 𝑡 ∈ 𝐽,

  
𝑦(0) = 𝑦0,

            (2.2) 

where Υ > 0, 0 < 𝜌 < 1. Here 𝑦(𝑡) ∈ ℝ𝑛 and 𝓊(𝑡) ∈ ℝ𝑚, 𝑦,𝓊 are continuous 

vector valued functions,  𝐴 ∈ ℝ𝑛×𝑛, 𝐵 ∈ ℝ𝑛×𝑚 are constant matrices, the 

function 𝑓: 𝐽 × ℝ𝑛 ×ℝ𝑚 → ℝ𝑛 is continuous.  

The matrix 𝐼 − (1 − 𝜌)𝐴 is nonsingular, and 𝐴𝜌 = [𝐼 − (1 − 𝜌)𝐴 ]
−1. 

. 𝒽: 𝐽 → ℝ is strictly increasing in 𝐽 and twice continuously differentiable. In 

addition, 𝒽(𝑡) ≤ 𝑡, ℎ(Υ) = Υ and |𝓊(𝒽(𝑡))| ≤ |𝓊(𝑡)|. Define the time lead 

function 𝜎: [𝒽(0),𝒽(Υ)] → 𝐽 such that 𝜎(𝒽(𝑡)) = 𝑡 for 𝑡 ∈ 𝐽. Assume that 𝑙 >

0 is given and 𝑢: [−𝑙, Υ] → ℝ𝑚, 𝑢𝑡 denote the function defined on [−𝑙, 0] as 

𝓊𝑡(𝓅) = 𝓊(𝑡 + 𝓅) for 𝑡 ∈ 𝐽 and  𝓅 ∈ [−𝑙, 0]. 

 

Lemma 2.1.1 [42] 

 Suppose that continuous function ℎ:𝐷 × ℝ𝑛 → ℝ𝑚 satisfies lim
‖𝑤‖→∞

‖ℎ(𝑣,𝑤)‖

‖𝑤‖
= 0 

uniformly in 𝑣 ∈ 𝐷 where 𝐷 is a bounded subset of ℝ , then for each pair of 

constants 𝑎 and 𝑏, there exists a positive constant 𝑒 such that if ‖𝑤‖ ≤ 𝑒 , then 

𝑎‖ℎ(𝑣,𝑤)‖ + 𝑏 ≤ 𝑒, for all 𝑣 ∈ 𝐷.    
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In the following, the controllability of The Linear System (2.1) will be 

discussed. 

Firstly, we introduce the solution of System (2.1) in the next theorem. 

. 

Theorem 2.1.2 

 The solution of System (2.1) given by 

𝑦(𝑡) =

{
 
 

 
 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡

𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+𝜌𝐴𝜌
2∫  

𝒽(𝑡)

0

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)       (2.3)

× 𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉 + 𝐺(𝑡)

 

where 

𝐺(𝑡) = 𝜌𝐴𝜌
2∫  

0

𝒽(0)

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)𝐵𝓊0(𝜉)𝜎̇(𝜉)𝑑𝜉. 

Poof.  By taking Laplace transformation of the both sides of System (2.1) 

1

1 − 𝜌
∙
𝑠𝜌𝑌(𝑠) − 𝑠𝜌−1𝑦0

𝑠𝜌 +
𝜌

1 − 𝜌

= 𝐴𝑌(𝑠) + ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠) 

where 𝑌(𝑠) = ℒ{𝑦(𝑡)}(𝑠), 

then 

𝑠𝜌𝑌(𝑠) − 𝑠𝜌−1𝑦0

= [(1 − 𝜌)𝑠𝜌 + 𝜌]𝐴𝑌(𝑠) + [(1 − 𝜌)𝑠𝜌 + 𝜌]ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠) 

it follows  

[(𝐼 − (1 − 𝜌)𝐴)𝑠𝜌 − 𝜌𝐴]𝑌(𝑠) = 𝑠𝜌−1𝑦0 + [(1 − 𝜌)𝑠
𝜌 + 𝜌]ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠). 

By substitute 𝐴𝜌, we have 

[𝐴𝜌
−1𝑠𝜌 − 𝜌𝐴]𝑌(𝑠) = 𝑠𝜌−1𝑦0 + [(1 − 𝜌)𝑠

𝜌 + 𝜌]ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠) 

(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)𝐴𝜌
−1𝑌(𝑠) = 𝑠𝜌−1𝑦0 + [(1 − 𝜌)𝑠

𝜌 + 𝜌]ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠), 

therefore 
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𝑌(𝑠) = 𝑠𝜌−1𝐴𝜌(𝑠
𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1
𝑦0 + (𝑠

𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1
𝐴𝜌 

× [(1 − 𝜌)𝑠𝜌 + 𝜌]ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠) 

 

= 𝐴𝜌𝑠
𝜌−1(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1𝑦0 + (1 − 𝜌)𝑠
𝜌(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1𝐴𝜌ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠)

+  𝜌(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1𝐴𝜌ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠). 

Note that  

𝑠𝜌(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1
= (𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌 + 𝜌𝐴𝐴𝜌)(𝑠

𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1

= (𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)(𝑠
𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1
+ 𝜌𝐴𝐴𝜌(𝑠

𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1

 

= 𝐼 + 𝜌𝐴𝐴𝜌(𝑠
𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1
. 

Therefore  

𝑌(𝑠) = 𝐴𝜌𝑠
𝜌−1(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1𝑦0

+ (1 − 𝜌) (𝐼 + 𝜌𝐴𝐴𝜌(𝑠
𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1
)𝐴𝜌ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠)

+  𝜌(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1𝐴𝜌ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠) 

= 𝐴𝜌𝑠
𝜌−1(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1𝑦0 + (1 − 𝜌)𝐴𝜌ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠)

+ (1 − 𝜌)𝜌𝐴𝐴𝜌
2(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1
ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠)

+  𝜌(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1𝐴𝜌ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠) 

= 𝐴𝜌𝑠
𝜌−1(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1𝑦0 + (1 − 𝜌)𝐴𝜌ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠)

+ [(1 − 𝜌)𝐴 + 𝐴𝜌
−1]𝜌𝐴𝜌

2 𝜌(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠), 

therefore,  

𝑌(𝑠) = 𝐴𝜌𝑠
𝜌−1(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1
𝑦0 + (1 − 𝜌)𝐴𝜌ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠)

+𝜌𝐴𝜌
2 (𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1
ℒ{𝐵𝓊(𝒽(𝑡))}(𝑠).

         (2.4)      

Now, by taking inverse of Laplace transform for (2.4) we get, 

ℒ−1{𝑌(𝑠); 𝑡}

= 𝐴𝜌ℒ
−1{𝑠𝜌−1(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1; 𝑡}𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+ 𝜌𝐴𝜌
2[ℒ−1{(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)

−1; 𝑡} ∗ 𝐵𝓊(𝒽(𝑡))]. 
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From Lemma (1.2.8) we have 

ℒ−1{𝑠𝜌−1(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1; 𝑡} = 𝐸𝜌(𝜌𝐴𝐴𝜌𝑡

𝜌) 

ℒ−1{(𝑠𝜌𝐼 − 𝜌𝐴𝐴𝜌)
−1; 𝑡} = 𝑡𝜌−1𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌𝑡

𝜌), 

therefore, 

𝑦(𝑡) = 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+ 𝜌𝐴𝜌
2 [(𝑡𝜌−1𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌𝑡

𝜌)) ∗ 𝐵𝓊(𝒽(𝑡))] 

= 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+ 𝜌𝐴𝜌
2∫ (𝑡 − 𝜉)𝜌−1𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(𝑡 − 𝜉)

𝜌)𝐵𝓊(𝒽(𝜉))𝑑𝜉.
𝑡

0

 

We use the time lead function 𝜎(𝑡) to write the above solution in the following 

form 

 

𝑦(𝑡) = 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+𝜌𝐴𝜌
2∫  

𝒽(𝑡)

𝒽(0)

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉

 

 

= 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))                                   

+ 𝜌𝐴𝜌
2∫  

0

𝒽(0)

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉

+𝜌𝐴𝜌
2∫  

𝒽(𝑡)

0

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉.

 

Therefore, 

𝑦(𝑡) =

{
 
 

 
 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡

𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+𝜌𝐴𝜌
2∫  

𝒽(𝑡)

0

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)       

× 𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉 + 𝐺(𝑡).
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 Note: The completely state of the Linear System (2.1) at  𝑡 ∈ 𝐽 is the set     

𝑔(𝑡) = {𝑦(𝑡), 𝓊𝑡}. 

 

Definition 2.1.3 

The System (2.1) is said to be controllable on 𝐽 if for every complete state 𝑔(0) 

and every 𝑦1 ∈ ℝ
𝑛 there exists a control 𝓊(t) defined on 𝐽 such that the solution 

𝑦(𝑡) of the system satisfies 𝑦(Υ) = 𝑦1. 

 

Theorem 2.1.4 

The AB-fractional linear dynamical system with control delay (2.1) is 

controllable on the interval 𝐽 if the matrix 𝒲1 is nonsingular, such that 

𝒲1 =
1 − 𝜌

Γ(𝜌)
𝐵𝐵∗𝜎̇(Υ) + 𝜌𝐴𝜌𝒲 

where 

𝒲 = ∫ (Υ − 𝜎(𝜉))
𝜌−1

[𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
𝐵𝜎̇(𝜉)]

Υ

0

 

× [𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
𝐵𝜎̇(𝜉)]

∗
𝑑𝜉 

is the controllability-Grammian matrix. 

Proof. By hypothesis that 𝒲1 is nonsingular and since the matrix 𝐴𝜌 is also 

nonsingular, then the control function may be defined as follows 

𝓊(𝑡) = 𝐵∗𝐸𝜌,𝜌
∗ (𝜌𝐴𝐴𝜌(Υ − 𝜎(𝑡))

𝜌
𝜎̇(𝑡)ℳ𝐴𝜌

−1𝒲1
−1 

where 

ℳ = 𝑦1 − 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 − 𝐺(Υ). 

Therefore  



Chapter Two                   Controllability and Observability of AB-Fractional … 

 

 

40 

 

𝑦(Υ) = 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌Υ
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(Υ) + 𝜌𝐴𝜌

2 

×∫  
Υ

0

(Υ − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
)𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉 + 𝐺(Υ) 

= 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌Υ
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝐵

∗𝐸𝜌,𝜌
∗ (𝜌𝐴𝐴𝜌(Υ − Υ)

𝜌𝜎̇(Υ) 

×ℳ𝐴𝜌
−1𝒲1

−1 +  𝜌𝐴𝜌
2∫  

Υ

0

(Υ − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
)𝐵𝐵∗ 

× 𝐸∗𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
𝜎̇(𝜉)ℳ𝐴𝜌

−1𝒲1
−1𝜎̇(𝜉)𝑑𝜉 + 𝐺(Υ) 

= 𝑦1. 

Therefore, The System (2.1) is controllable.                                                         ∎ 

 In the following, the controllability of The Nonlinear System (2.2) will be 

discussed. 

Assume 𝒳 is Banach space of all continuous functions (𝑦, 𝑢): 𝐽 × 𝐽 →

ℝ𝑛 ×ℝ𝑚 with the norm ‖(𝑦,𝓊)‖ = ‖𝑦‖ + ‖𝓊‖, when ‖𝑦‖ = sup {|𝑦(𝑡)|; 𝑡 ∈

𝐽} and  ‖𝓊‖ = sup {|𝓊(𝑡)|; 𝑡 ∈ 𝐽}. 

For each (𝑥, 𝑣) ∈ 𝒳, consider the linear system, 

 

{
𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(𝒽(𝑡)) + 𝑓(𝑡, 𝑥(𝑡), 𝑣(t)), 𝑡 ∈ 𝐽,

𝑦(0) = 𝑦0.
           (2.5)  

 

Then, the solution of System (2.5) given by 
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𝑦(𝑡) =

{
 
 
 
 

 
 
 
 

𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+𝜌𝐴𝜌
2∫ (𝑡 − 𝜎(𝜉))𝜌−1

𝒽(𝑡)

0

𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)

× 𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉 + 𝐺(𝑡)  

+(1 − 𝜌)𝐴𝜌𝑓(𝑡, 𝑥(𝑡), 𝑣(𝑡)) + 𝜌𝐴𝜌
2∫ (𝑡 − 𝜉)𝜌−1

𝑡

0

× 𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(𝑡 − 𝜉)
𝜌)𝑓(𝜉, 𝑥(𝜉), 𝑣(𝜉))𝑑𝜉.

             (2.6) 

The controllability Gramian matrix and the control function are described by 

𝒲 = ∫ (Υ − 𝜎(𝜉))
𝜌−1

[𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
𝐵𝜎̇(𝜉)]

Υ

0

 

× [𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
𝐵𝜎̇(𝜉)]

∗
𝑑𝜉, 

and 

𝓊(𝑡) = 𝐵∗𝐸𝜌,𝜌
∗ (𝜌𝐴𝐴𝜌(Υ − 𝜎(𝑡))

𝜌
𝜎̇(𝑡)𝜓𝐴𝜌

−1𝒲1
−1, 

where 

𝜓 = ℳ − (1 − 𝜌)𝐴𝜌𝑓(𝑡, 𝑥(𝑡), 𝑣(𝑡)) 

−𝜌𝐴𝜌
2∫  

Υ

0

(Υ − 𝜉)𝜌−1𝐸𝜌,𝜌(𝜌A𝐴𝜌(Υ − 𝜉)
𝜌) 

× 𝑓(𝜉, 𝑥(𝜉), 𝑣(𝜉))𝑑𝜉. 

It is straightforward to demonstrate that the control 𝓊(𝑡)  steers the Linear 

System (2.5) from the initial state 𝑦0 to the final state 𝑦1. 

 

Theorem 2.1.5 

Assume that the continuous function 𝑓 satisfies the condition 

𝑙𝑖𝑚
∥(𝑦,𝓊)∥→∞

 
∥ 𝑓(𝑡, 𝑦, 𝓊) ∥

∥ (𝑦,𝓊) ∥
= 0,                                            (2.7) 

uniformly in 𝐽, and the matrix 𝒲1 is nonsingular. Then the ΑΒ-fractional 

nonlinear dynamical system with control delay (2.2) is controllable on 𝐽. 
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Proof. Define the operator Ω:𝒳 → 𝒳 by 

 Ω(𝑥, 𝑣) = (𝑦,𝓊), 

where  

𝓊(𝑡) = 𝐵∗𝐸𝜌,𝜌
∗ (𝜌𝐴𝐴𝜌(Υ − 𝜎(𝑡))

𝜌
𝜎̇(𝑡)𝜓𝐴𝜌

−1𝒲1
−1 

 

=

{
  
 

  
 𝐵∗𝐸𝜌,𝜌

∗ (𝜌𝐴𝐴𝜌(Υ − 𝜎(𝑡))
𝜌
𝜎̇(𝑡)𝐴𝜌

−1𝒲1
−1

× [𝑦1 − 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 − 𝐺(Υ)

−(1 − 𝜌)𝐴𝜌𝑓(𝑡, 𝑥(𝑡), 𝑣(𝑡)) − 𝜌𝐴𝜌
2

×∫  
Υ

0

(Υ − 𝜉)𝜌−1𝐸𝜌,𝜌(𝜌A𝐴𝜌(Υ − 𝜉)
𝜌)𝑓(𝜉, 𝑥(𝜉), 𝑣(𝜉))𝑑𝜉]

 

and 

𝑦(𝑡) =

{
 
 
 
 

 
 
 
 

𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+𝜌𝐴𝜌
2∫  

𝒽(𝑡)

0

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)

× 𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉 + 𝐺(𝑡) + (1 − 𝜌)𝐴𝜌𝑓(𝑡, 𝑥(𝑡), 𝑣(𝑡))

+𝜌𝐴𝜌
2∫  

𝑡

0

(𝑡 − 𝜉)𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜉)
𝜌)

× 𝑓(𝜉, 𝑥(𝜉), 𝑣(𝜉))𝑑𝜉.

 

Let 

𝐾 = 𝑠𝑢𝑝‖𝜎̇(𝜉)‖,  

𝜂 = 𝑠𝑢𝑝‖𝓊0(𝜉)‖ 

𝑎1 = 𝑠𝑢𝑝‖𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0‖, 

   𝑎2 = 𝑠𝑢𝑝‖𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
)‖𝐾 

𝛽 = 𝑠𝑢𝑝‖𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜉)
𝜌)‖,  

𝑎3 = max{𝑎2, 𝛽} , 
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𝑏1 = (1 − 𝜌)‖𝐴𝜌‖ + Υ
𝜌‖𝐴𝜌

2‖𝑎3,  

𝑎 = max{𝑏1‖𝐵‖, 1}, 

𝑁 = ∫ (Υ − 𝜎(𝜉))
𝜌−1

𝑑𝜉,
0

𝒽(0)

   

𝜃 = 𝜌‖𝐴𝜌
2‖𝑎3‖𝐵‖𝑁, 

𝑏2 = 𝑎3‖𝐵
∗‖‖𝐴𝜌

−1‖‖𝒲1
−1‖𝑏1,  

𝑐1 = 4𝑎𝑏2, 𝑐2 = 4𝑏1, 

𝑑1 = 𝑎3‖𝐵
∗‖‖𝐴𝜌

−1‖‖𝒲1
−1‖(|𝑦1| + ‖𝐴𝜌‖𝑎1 +  𝜂𝜃), 

𝑑2 = 4(‖𝐴𝜌‖𝑎1 +  𝜂𝜃) 

𝑑3 = 4𝑎𝑑1,     𝑑 = max {𝑑2, 𝑑3} 

‖𝑓‖ = 𝑠𝑢𝑝{|𝑓(𝑡, 𝑥(𝑡), 𝑣(𝑡))|, 𝑡 ∈ 𝐽},   

 𝑐 = max{𝑐1, 𝑐2}. 

Then 

|𝓊(𝑡)| ≤ 𝑎2‖𝐵
∗‖‖𝐴𝜌

−1‖‖𝒲1
−1‖ [|𝑦1| + ‖𝐴𝜌‖𝑎1 + 𝜌‖𝐴𝜌

2‖ 𝜂𝑎2‖𝐵‖𝑁

+ ((1 − 𝜌)‖𝐴𝜌‖ + Υ
𝜌‖𝐴𝜌

2‖𝛽) ‖𝑓‖] 

≤ 𝑎3‖𝐵
∗‖‖𝐴𝜌

−1‖‖𝒲1
−1‖(|𝑦1| + ‖𝐴𝜌‖𝑎1 +  𝜂𝜃)

+ 𝑎3‖𝐵
∗‖‖𝐴𝜌

−1‖‖𝒲1
−1‖𝑏1‖𝑓‖ 

= 𝑑1 + 𝑏2‖𝑓‖ 

=
𝑑3
4𝑎
+
𝑐1
4𝑎
‖𝑓‖. 

It follows, 

|𝓊(𝑡)| ≤
1

4𝑎
(𝑑 + 𝑐 ‖𝑓‖).                                  (2.8) 
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and 

|𝑦(𝑡)| ≤ ‖𝐴𝜌‖𝑎1 + (1 − 𝜌)‖𝐴𝜌‖‖𝐵‖|𝓊(𝑡)| + Υ
𝜌‖𝐴𝜌

2‖𝑎2‖𝐵‖|𝓊(𝑡)|

+ 𝜌𝑘‖𝐴𝜌
2‖ 𝜂𝑎2‖𝐵‖𝑁 + [(1 − 𝜌)‖𝐴𝜌‖ + Υ

𝜌‖𝐴𝜌
2‖𝛽]‖𝑓‖ 

≤
𝑑2
4
+
𝑏1
4𝑎
‖𝐵‖(𝑑 + 𝑐 ‖𝑓‖) +

𝑐2
4
‖𝑓‖ 

≤
𝑑

2
+
𝑐

2
‖𝑓‖. 

According to Lemma (2.1.1), there exists a positive constant 𝑟 such that if 

‖(𝑦, 𝑢)‖ ≤ 𝑟 then 𝑐‖𝑓‖ + 𝑑 < 𝑟. 

Thus if ‖𝑥‖ ≤
𝑟

2
 and ‖𝑣‖ ≤

𝑟

2
 , it is follows that 𝑐‖𝑓‖ + 𝑑 ≤ 𝑟. From (2.8) we 

have ‖𝓊‖ ≤
𝑟

2
. Since |𝑦(𝑡)| ≤

1

2
(𝑑 + 𝑐 ‖𝑓‖), then ‖𝑦‖ ≤

𝑟

2
 . 

Define 𝒳𝑟 = {(𝑥, 𝑣) ∈ 𝒳: ‖𝑥‖ ≤
𝑟

2
 and ‖𝑣‖ ≤

𝑟

2
}. Then Ω maps 𝒳𝑟 into itself. 

 Since 𝑓 is continuous and uniformly bounded for all 𝑡 ∈ 𝐽, then the operator 

Ω is continuous and uniformly bounded on 𝐽. Therefore, by continuity of the 

Mittag-Leffler function we have ‖𝑢(𝑡1) − 𝑢(𝑡2)‖, ‖𝑦(𝑡1) − 𝑦(𝑡2)‖ tends to 

zero when 𝑡1 → 𝑡2  for all 𝑡1, 𝑡2 ∈ 𝐽 and for all (𝑦, 𝑢) ∈ 𝒳. Thus Ω(𝒳𝑟) is 

equicontinuous and therefore, the operator Ω is compact by Arzela-Ascoli 

theorem. Thus Ω is completely continuous. Because 𝒳𝑟 is closed, bounded and 

convex, then by Schauder Fixed Point Theorem, we get Ω has a fixed point 

(𝑥, 𝑣) ∈ 𝒳𝑟 that is, 

Ω(𝑥, 𝑣) = (𝑥, 𝑣) = (𝑦, 𝓊). 

Therefore, 
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𝑦(𝑡) =

{
 
 
 
 

 
 
 
 

𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡)) +

𝜌𝐴𝜌
2∫  

𝒽(𝑡)

0

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)

× 𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉 + 𝐺(𝑡) + (𝜌A𝐴𝜌(𝑡 − 𝜉)
𝜌)(1 − 𝜌)

× 𝐴𝜌𝑓(𝑡, 𝑦(𝑡), 𝓊(𝑡)) + 𝜌𝐴𝜌
2∫  

𝑡

0

(𝑡 − 𝜉)𝜌−1

× 𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)𝑓(𝑠, 𝑦(𝜉),𝓊(𝜉))𝑑𝜉

 

 

consequently, 𝑦(𝑡) is the solution of System (2.2). Furthermore,  

 

y(Υ) =

{
 
 
 
 
 

 
 
 
 
 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌Υ

𝜌)𝑦0 +
(1 − 𝜌)

Γ(𝜌)
𝐵𝐵∗𝜎̇(Υ)𝒲1

−1𝜓

+𝜌𝐴𝜌
2∫  

Υ

0

(Υ − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
)

× 𝐵𝐵∗𝐸∗𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
)𝜎̇(𝜉)𝐴𝜌

−1𝒲1
−1𝜓𝑑𝜉

+(1 − 𝜌)𝐴𝜌𝑓(𝑡, 𝑦(Υ), 𝓊(Υ)) + 𝜌𝐴𝜌
2

×∫  
Υ

0

(Υ − 𝜉)𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜉)
𝜌)

𝑓(𝜉, 𝑦(𝜉),𝓊(𝜉))𝑑𝜉 + 𝐺(Υ)

 

 

=

{
 
 
 

 
 
 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝒯

𝜌)𝑦0 +
(1 − 𝜌)

Γ(𝜌)
𝐵𝐵∗𝜎̇(Υ)𝒲1

−1𝜓

+𝜌𝐴𝜌𝒲𝒲1
−1𝜓 + (1 − 𝜌)𝐴𝜌𝑓(Υ, 𝑦(Υ), 𝓊(Υ))

+𝜌𝐴𝜌
2∫  

Υ

0

(Υ − 𝜉)𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜉)
𝜌)

× 𝑓(𝜉, 𝑦(𝜉), 𝓊(𝜉))𝑑𝜉 + 𝐺(Υ)

  

= 𝑦1. 

Therefore, The Nonlinear System (2.2) is controllable on 𝐽.                        ∎ 

 

 



Chapter Two                   Controllability and Observability of AB-Fractional … 

 

 

46 

 

In particular, when 𝒇 is integral operator, the controllability of 

Nonlinear System (2.2) discussed as follows. 

Consider the nonlinear integrodifferential system  

{
 
 

 
 𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(𝒽(𝑡))

+𝑓 (𝑡, 𝑦(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑦(𝑠))𝑑𝑠
𝑡

0

) , 𝑡 ∈ 𝐽,

 𝑦(0) = 𝑦0,

                               (2.9) 

 where 𝑓: 𝐽 × ℝ𝑛 × ℝ𝑛 → ℝ𝑛 and 𝑔: 𝐽 × 𝐽 × ℝ𝑛 → ℝ𝑛  are continuous function.  

 Let 𝐶𝑛(𝐽) be Banach space of continuous ℝ𝑛 valued functions defined on 𝐽. For 

each 𝑥 ∈ 𝐶𝑛(𝐽)  consider the linear system  

{
 
 

 
 𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(𝒽(𝑡))

+𝑓 (𝑡, 𝑦(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑥(𝑠))𝑑𝑠
𝑡

0

) , 𝑡, 𝑠 ∈ 𝐽,

𝑦(0) = 𝑦0.

                        (2.10) 

 

Then, the solution of system (2.10) is 

y(𝑡) =

{
 
 
 
 
 
 

 
 
 
 
 
 

𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+𝜌𝐴𝜌
2∫  

𝒽(𝑡)

0

(𝑡 − 𝜎(𝜉))𝜌−1

× 𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉

+𝐺(𝑡) + (1 − 𝜌)𝐴𝜌𝑓 (𝑡, 𝑥(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑥(𝑠))𝑑𝑠
𝑡

0

)

+𝜌𝐴𝜌
2∫  

𝑡

0

(𝑡 − 𝜉)𝜌−1𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(𝑡 − 𝜉)
𝜌)

× 𝑓 (𝜉, 𝑥(𝜉),∫ 𝑔(𝜉, 𝑠, 𝑥(𝑠))𝑑𝑠
𝜉

0

)𝑑𝜉.

              (2.11) 

for each 𝑡, 𝑠 ∈ 𝐽, 𝑥 ∈ 𝐶𝑛(𝐽). 
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Theorem 2.1.6 

 Let the matrix 𝒲1 be nonsingular and there exists a constant 𝐿 > 0 such that 

the continuous function 𝑓 satisfies the condition 

|𝑓 (𝑡, 𝑥(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑥(𝑠))𝑑𝑠
𝑡

0

)| ≤ 𝐿.   𝑡, 𝑠 ∈ 𝐽, 𝑥 ∈ 𝐶𝑛(𝐽)           (2.12) 

Then the AB-fractional nonlinear integrodifferential dynamical system with 

control delay (2.9) is controllable on 𝐽. 

Proof.  Define the operator Ω̅: 𝐶𝑛(𝐽) → 𝐶𝑛(𝐽) by 

Ω̅(𝑥(t)) = 𝑦(𝑡) =

{
 
 
 
 
 
 

 
 
 
 
 
 
𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡

𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+𝜌𝐴𝜌
2∫  

𝒽(𝑡)

0

(𝑡 − 𝜎(𝜉))𝜌−1

× 𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉

+(1 − 𝜌)𝐴𝜌𝑓 (𝑡, 𝑥(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑥(𝑠))𝑑𝑠
𝑡

0

)

+𝜌𝐴𝜌
2∫  

𝑡

0

(𝑡 − 𝜉)𝜌−1𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(𝑡 − 𝜉)
𝜌)

× 𝑓 (𝜉, 𝑥(𝜉),∫ 𝑔(𝜉, 𝑠, 𝑥(𝑠))𝑑𝑠
𝜉

0

)𝑑𝜉,

 

 

where the control function 𝓊(𝑡) defined as follows, 

𝓊(𝑡) = 𝐵∗𝐸∗𝜌,𝜌(𝜌𝐴𝐴𝜌(Υ − 𝜎(𝑡))
𝜌
𝜎̇(𝑡)𝜓′𝐴𝜌

−1𝒲1
−1, 

where 

𝜓′ = ℳ − (1 − 𝜌)𝐴𝜌𝑓 (𝑡, 𝑥(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑥(𝑠))𝑑𝑠
𝑡

0

) 

−𝜌𝐴𝜌
2∫  

Υ

0

(Υ − 𝜉)𝜌−1 × 𝐸𝜌,𝜌(𝜌A𝐴𝜌(Υ − 𝜉)
𝜌) 

× 𝑓 (𝜉, 𝑥(𝜉),∫ 𝑔(𝜉, 𝑠, 𝑥(𝑠))𝑑𝑠
𝜉

0

)𝑑𝜉. 
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Now, we define a closed convex subset 

𝜑𝑟 = {𝑥 ∈ 𝐶𝑛(𝐽): ‖𝑥‖ ≤ 𝑟} 

where  

𝑟 =
𝑑

2
+
𝑐

2
𝐿 

Therefore, Ω̅ maps 𝜑𝑟 into itself.  

By the same technique in Theorem (2.1.5) we get Ω̅ has a fixed point 𝑥 ∈ 𝜑𝑟 that 

is, 

Ω(𝑥) = 𝑥 = 𝑦. 

Therefore,  

𝑦(𝑡) =

{
 
 
 
 
 
 

 
 
 
 
 
 

𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌𝑡
𝜌)𝑦0 + (1 − 𝜌)𝐴𝜌𝐵𝓊(𝒽(𝑡))

+𝜌𝐴𝜌
2∫  

𝒽(𝑡)

0

(𝑡 − 𝜎(𝜉))𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(𝑡 − 𝜎(𝜉))
𝜌
)

𝐵𝓊(𝜉)𝜎̇(𝜉)𝑑𝜉 + 𝐺(𝑡)

+(1 − 𝜌)𝐴𝜌𝑓 (𝑡, 𝑥(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑦(𝑠))𝑑𝑠
𝑡

0

)

+𝜌𝐴𝜌
2∫  

𝑡

0

(𝑡 − 𝜉)𝜌−1𝐸𝜌,𝜌(𝜌𝐴𝐴𝜌(𝑡 − 𝜉)
𝜌)

× 𝑓 (𝜉, 𝑥(𝜉),∫ 𝑔(𝜉, 𝑠, 𝑦(𝑠))𝑑𝑠
𝜉

0

)𝑑𝜉

 

as the solution of system (2.9), and 
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𝑦(Υ) =

{
 
 
 
 
 
 

 
 
 
 
 
 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌Υ

𝜌)𝑦0 +
(1 − 𝜌)

Γ(𝜌)
𝐵𝐵∗𝜎̇(Υ)𝒲1

−1𝜓′

+𝜌𝐴𝜌
2∫ (Υ − 𝜎(𝜉))𝜌−1  

Υ

0

𝐸𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
)

× 𝐵𝐵∗𝐸∗𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜎(𝜉))
𝜌
)𝜎̇(𝜉)𝐴𝜌

−1𝒲1
−1𝜓′𝑑𝜉

+(1 − 𝜌)𝐴𝜌𝑓 (Υ, 𝑦(Υ),∫ 𝑔(Υ, 𝑠, 𝑦(𝑠))𝑑𝑠
Υ

0

)

+𝜌𝐴𝜌
2∫  

Υ

0

(Υ − 𝜉)𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜉)
𝜌)

× 𝑓 (𝜉, 𝑦(𝜉),∫ 𝑔(𝜉, 𝑠, 𝑦(𝑠))𝑑𝑠
𝜉

0

)𝑑𝜉 + 𝐺(Υ)

 

 

=

{
 
 
 
 
 

 
 
 
 
 𝐴𝜌𝐸𝜌(𝜌𝐴𝐴𝜌Υ

𝜌)𝑦0 +
(1 − 𝜌)

Γ(𝜌)
𝐵𝐵∗𝜎̇(Υ)𝒲1

−1𝜓′

+𝜌𝐴𝜌𝒲𝒲1
−1𝜓′  + (1 − 𝜌)𝐴𝜌

× 𝑓 (Υ, 𝑦(Υ),∫ 𝑔(Υ, 𝑠, 𝑦(𝑠))𝑑𝑠
Υ

0

)

+𝜌𝐴𝜌
2∫  

Υ

0

(Υ − 𝜉)𝜌−1𝐸𝜌,𝜌(ρA𝐴𝜌(Υ − 𝜉)
𝜌)

× 𝑓 (𝜉, 𝑦(𝜉),∫ 𝑔(𝜉, 𝑠, 𝑦(𝑠))𝑑𝑠
𝜉

0

)𝑑𝜉 + 𝐺(Υ)

 

= 𝑦1 

Therefore, The Nonlinear System (2.9) is controllable on 𝐽.                               ∎ 

 

Next, we give examples to illustrate our results.  

Example 2.1.7 

 Consider the following ΑΒ-fractional nonlinear system with control delay: 

{

𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(𝒽(𝑡)),

      +𝑓(𝑡, 𝑦(𝑡), 𝓊(t)), 𝑡 ∈ [0,1]

𝑦(0) = 𝑦0,                                           

                                (2.13) 
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where 𝒽: [0,1] → ℝ defined as 𝒽(𝑡) = 2𝑡 − 1, 𝐴 = (
0 1
0 0

) , 𝐵 = (
1 0
0 1

),   

𝜌 = 0.5, and 

𝑓(𝑡, 𝑦(𝑡), 𝓊(𝑡)) = (
0

𝑒𝑡 cos 𝑦1(𝑡) + sin𝓊2(𝑡)
) 

Define 

𝜎: [𝒽(0), 𝒽(1)] → [0,1], 𝜎(𝑡) =
𝑡 + 1

2
, 

then 

𝜎̇(𝑡) =
1

2
. 

𝐴𝜌 = [𝐼 − (1 − 𝜌)𝐴 ]
−1 = [(

1 0
0 1

) − (
0 0.5
0 0

)]
−1

= (
1 0.5
0 1

), 

and  

𝐶 = 𝜌𝐴𝐴𝜌 = (
0 0.5
0 0

). 

The Mittag-Leffler function matrix of the system is: 

𝐸𝜌,𝜌(𝐶(𝑡 − 𝜎(𝜉))
𝜌
) = ∑

𝐶𝑘((𝑡 − 𝜎(𝜉))𝜌)𝑘

Γ(𝑘 + 1)𝜌

∞

𝑘=0

 

then, 

𝐸0.5,0.5 (𝐶(𝑡 − 𝜎(𝜉))
0.5
)

= ∑
𝐶𝑘 ((𝑡 − 𝜎(𝜉))

0.5
)
𝑘

Γ(𝑘 + 1)0.5
=

1

Γ(0.5)

∞

𝑘=0

(
1 0
0 1

)+(𝑡 − 𝜎(𝜉))
0.5

 

× (
0 0.5
0 0

) 
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=

(

 
 

1

√𝜋

(𝑡 − 𝜎(𝜉))0.5

2

0
1

√𝜋 )

 
 
. 

The controllability-Gramian matrix is 

𝒲 = (
0.254 0.0705
0.0705 0.225

). 

Therefore 

𝒲1 = (
0.285 0.091
0.035 0.253

) 

is nonsingular. Since the nonlinear function 𝑓(𝑡, 𝑦(𝑡), 𝓊(𝑡)) satisfies the 

hypothesis (2.7), then The System (2.13) is controllable on [0,1] according to 

Theorem (2.1.5). 

 

Example 2.1.8 

 Consider the following ΑΒ-fractional nonlinear fractional integrodifferential 

system with control delay 

{
 
 

 
 𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(𝒽(𝑡))

+𝑓 (𝑡, 𝑦(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑦(𝑠))𝑑𝑠
𝑡

0

) , 𝑡 ∈ [0,1],

𝑦(0) = 𝑦0,

                        (2.14) 

where, 𝒽, 𝐴, 𝐵, and 𝜌 are defined as in Example (2.1.6). The function 𝑓 defined 

as 

  𝑓 (𝑡, 𝑦(𝑡),∫ 𝑔(𝑡, 𝑠, 𝑦(𝑠))𝑑𝑠
𝑡

0

) = (

0

∫ 𝑒−𝑦1(𝑠)𝑑𝑠
𝑡

0

1 + 𝑦1
2(𝑡) + 𝑦2

2(𝑡)

). 

Due to the fact that the function 𝑓 meets the condition (2.12) and the matrix 𝒲1 

(which was obtained in Example (2.1.7)) is nonsingular, then by Theorem (2.1.6), 

The Nonlinear System (2.14) is controllable. 
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2.2 Observability of the AB-fractional Linear Dynamical 

Systems 

In this section, we investigate the observability of the AB-fractional linear 

dynamical system 

{

𝐷𝜌𝑦(𝑡) = 𝐴𝑦(𝑡),   𝑡 ∈ 𝐽 = [0, Υ]          

𝑦(0) = 𝑦0                                                  

𝑥(𝑡) = 𝐶𝑦(𝑡),                                          

𝐴𝐵𝐶

                  (2.15) 

 

where 𝐷𝜌𝐴𝐵𝐶  is ΑΒ-fractional derivative of order 𝜌, 0 < 𝜌 < 1, the continuous 

vector valued functions 𝑦(𝑡), 𝑥(𝑡) ∈ ℝ𝑛 are state and output of the system 

respectively. 𝛢 ∈ ℝ𝑛×𝑛and 𝐶 ∈ ℝ𝑚×𝑛. 

Immediately from Theorem (2.1.2), the solution of system (2.15) is given by 

𝑦(𝑡) = 𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑦0.                                         (2.16) 

 

Lemma 2.2.1 "Cayley-Hamilton Theorem" [43] 

For every 𝑛 × 𝑛 matrix 𝐴, 

𝑎𝑛𝐴
𝑛 + 𝑎𝑛−1𝐴

𝑛−1 + 𝑎𝑛−2𝐴
𝑛−2 +⋯+ 𝑎1𝐴 + 𝑎0𝐼𝑛×𝑛 

where 

∆(𝜆) = 𝑎𝑛𝜆
𝑛 + 𝑎𝑛−1𝜆

𝑛−1 + 𝑎𝑛−2𝜆
𝑛−2 +⋯+ 𝑎1𝜆 + 𝑎0 

is the characteristic polynomial of 𝐴. 

 

Theorem 2.2.2 "Rank-Nullity Theorem" [43] 

Let 𝐴 ∈ ℝ𝑚×𝑛, then 

dim(ker(𝐴)) + 𝑟𝑎𝑛𝑘(𝐴) = 𝑛. 
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Definition 2.2.3 [44] 

Suppose that 𝑀 is an 𝑛 × 𝑛 matrix. A linear subspace 𝑍 of ℝ𝑛 is said to be 

𝑴−invariant if for every vector 𝑧 ∈ 𝑍 we have 𝑀𝑧 ∈ 𝑍. 

 

Lemma 2.2.4 [44] 

Let 𝑀 be 𝑛 × 𝑛 matrix and 𝑍 a nonzero 𝑀 −invariant subspace of ℝ𝑛. Then 𝑍 

contain at least one eigenvector of 𝑀. 

 

Now, from (2.16), the output 𝑥(𝑡) of System (2.15) is given by 

𝑥(𝑡) = 𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑦0.                                        (2.17) 

 

Define the observable operator 𝐿:ℝ𝑛 → 𝐿2(𝒥, ℝ
𝑚) such that for any 𝑧 ∈ ℝ𝑛, 

𝐿𝑧 = 𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑧. 

The adjoint operator of 𝐿 is 

𝐿∗: 𝐿2(𝒥,ℝ
𝑚) → ℝ𝑛 

defined by 

𝐿∗𝜑 = ∫ (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌))

∗
𝐶∗𝜑

Υ

0

𝑑𝑡, 

for 𝜑(∙) ∈ 𝐿2(𝒥, ℝ
𝑚). 

Indeed, 

〈𝐿𝑧, 𝜑(∙)〉𝐿2(𝒥,ℝ𝑚) = ∫ 〈𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑧, 𝜑(𝑡)〉𝐿2(𝒥,ℝ𝑚)𝑑𝑡

Υ

0

 

= ∫ 〈𝑧, (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌))

∗
𝐶∗𝜑(𝑡)〉ℝ𝑛 𝑑𝑡

Υ

0

 

= 〈𝑧,∫ (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌))

∗
𝐶∗𝜑(𝑡)

Υ

0

𝑑𝑡〉ℝ𝑛 

= 〈𝑧, 𝐿∗𝜑(∙)〉ℝ𝑛 . 

Therefore 
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𝐿∗𝜑 = ∫ (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌))

∗
𝐶∗𝜑

Υ

0

𝑑𝑡. 

Now, we can define the observability Gramian matrix as follows: 

𝑊𝑜𝑏 = 𝐿
∗𝐿 = ∫ (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡

𝜌))
∗
𝐶∗𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡

𝜌)
Υ

0

𝑑𝑡. 

 

Definition 2.2.5  

The linear System (2.15) is said to be observable over the time interval          

𝒥 = [0, Υ] if it is possible to determine uniquely the initial state 𝑦(0) = 𝑦0 from 

knowledge of the output 𝑥(𝑡) over 𝒥. 

 

In the following theorem, dependence on observability Gramian matrix 𝑊𝑜𝑏 

we present a criterion for observability of System (2.15). 

 

Theorem 2.2.6 

The Linear System (2.15) is observable if and only if the observability Gramian 

matrix 𝑊𝑜𝑏 is nonsingular. 

 

Proof. Assume that The Linear System (2.15) is observable, and suppose the 

Gramian matrix 𝑊𝑜𝑏 is singular then there is a vector 𝑟 ∈ ℝ𝑛 such that   

𝑟∗𝑊𝑜𝑏𝑟 = 0, 𝑟 ≠ 0, then 

∫ 𝑟∗ (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌))

∗
𝐶∗𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡

𝜌)𝑟
Υ

0

𝑑𝑡 

= ∫ ‖𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑟‖

2
Υ

0

𝑑𝑡 = 0, 

then  

𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑟 = 0. 

then by choosing 𝑦̂0 = 𝑦0 − 𝑟, and from (2.17) we have  
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𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑦̂0 = 𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡

𝜌)(𝑦0 − 𝑟) 

𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑦0 − 𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡

𝜌)𝑟 

= 𝑥(𝑡). 

Thus, the same 𝑥(𝑡) yields from two different initial states, i.e. we cannot 

uniquely determine the initial condition 𝑦0, and hence the Linear System (2.15) 

is not observable which is contradiction.   

 

Conversely, assume that the observability Gramian matrix 𝑊𝑜𝑏 is invertible. 

By multiplying the both sides of (2.17) by (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌))

∗
𝐶∗ and integrate 

over [0, Υ], we have 

∫ (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌))

∗
𝐶∗𝑥(𝑡)

Υ

0

𝑑𝑡

= ∫ (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌))

∗
𝐶∗𝐶

Υ

0

𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡
𝜌)𝑦0𝑑𝑡 

= 𝑊𝑜𝑏𝑦0. 

Since 𝑊𝑜𝑏 is invertible, then 

𝑦0 = 𝑊𝑜𝑏
−1∫ (𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑡

𝜌))
∗
𝐶∗𝑥(𝑡)

Υ

0

𝑑𝑡 

and that is mean 𝑦0 is uniquely determined. Therefore, the Linear System (2.15) 

is observable. 

 

In the next theorem, we present another criterion condition which is 

observability matrix in sense of Kalman.  

 

Theorem 2.2.7  

The Linear System (2.15) is observable if and only if the matrix 
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𝐺 =

[
 
 
 
 
 
 

𝐶𝐴𝜌

𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)

Γ(𝜌 + 1)
⋮

(𝑛 − 1)! 𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)
𝑛−1

Γ(𝜌(𝑛 − 1) + 1) ]
 
 
 
 
 
 

 

has full rank. 

Proof. For simplicity, we put 

𝛾𝑘 =
𝜌𝑘𝑘!

Γ(𝜌𝑘 + 1)
, 𝑘 = 0, 1, 2, … , 𝑛 − 1, 

then the matrix 𝐺 can be written as follows:  

𝐺 =

[
 
 
 
 

𝐶𝐴𝜌

𝛾1𝐶𝐴𝜌(𝐴𝜌𝐴)

⋮

𝛾𝑛−1𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛−1

]
 
 
 
 

. 

 

Let 𝑡𝜌 = 𝑠, then 0 ≤ 𝑠 = 𝑡𝜌 ≤ Υ𝜌 ≤ Υ. We have  

 

𝑥(𝑘)(0) =
𝑘! 𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)

𝑘

Γ(𝜌𝑘 + 1)
𝑦0, 𝑘 = 0, 1, 2, … , 𝑛 − 1, 

indeed, from (2.17), 

𝑥(𝑠) = 𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑠)𝑦0 = 𝐶𝐴𝜌∑
(𝜌𝐴𝜌𝐴𝑠)

𝑘

Γ(𝜌𝑘 + 1)

∞

𝑘=0

𝑦0 

= 𝐶𝐴𝜌𝑦0 + 𝐶𝐴𝜌∑
(𝜌𝐴𝜌𝐴𝑠)

𝑘

Γ(𝜌𝑘 + 1)

∞

𝑘=1

𝑦0, 

then 

𝑥(0) = 𝐶𝐴𝜌𝑦0. 

𝑥(1)(𝑠) = 𝐶𝐴𝜌∑
(𝜌𝐴𝜌𝐴)

𝑘

Γ(𝜌𝑘 + 1)
𝑘𝑠𝑘−1

∞

𝑘=1

𝑦0 



Chapter Two                   Controllability and Observability of AB-Fractional … 

 

 

57 

 

= 𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)∑
(𝜌𝐴𝜌𝐴)

𝑘−1

Γ(𝜌𝑘 + 1)
𝑘𝑠𝑘−1

∞

𝑘=1

𝑦0 

=
𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)

Γ(𝜌 + 1)
𝑦0 + 𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)∑

(𝜌𝐴𝜌𝐴)
𝑘−1

Γ(𝜌𝑘 + 1)
𝑘𝑠𝑘−1

∞

𝑘=2

𝑦0, 

then 

𝑥(1)(0) =
𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)

Γ(𝜌 + 1)
𝑦0. 

 

𝑥(2)(𝑠) = 𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)∑
(𝜌𝐴𝜌𝐴)

𝑘−1

Γ(𝜌𝑘 + 1)
𝑘(𝑘 − 1)𝑠𝑘−2

∞

𝑘=2

𝑦0 

= 𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)
2
∑

(𝜌𝐴𝜌𝐴)
𝑘−2

Γ(𝜌𝑘 + 1)
𝑘(𝑘 − 1)𝑠𝑘−2𝑦0

∞

𝑘=2

 

 

= 2
𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)

2

Γ(2𝜌 + 1)
𝑦0 + 𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)

2
∑

(𝜌𝐴𝜌𝐴)
𝑘−2

Γ(𝜌𝑘 + 1)
𝑘(𝑘 − 1)𝑠𝑘−2𝑦0,

∞

𝑘=3

 

then, 

𝑥(2)(0) = 2
𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)

2

Γ(2𝜌 + 1)
𝑦0. 

By repeating the processes, we have 

𝑥(𝑘)(0) =
𝑘! 𝐶𝐴𝜌(𝜌𝐴𝜌𝐴)

𝑘

Γ(𝜌𝑘 + 1)
𝑦0, 𝑘 = 0, 1, 2, … , 𝑛 − 1. 

Now, by Cayley-Hamilton Theorem, the matrix (𝜌𝐴𝜌𝐴)
𝑛

 can be written as a 

linear combinations of lowers powers of 𝐴𝜌𝐴. 

Therefore 
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[
 
 
 

𝑥(0)

𝑥(1)(0)
⋮

𝑥(𝑛−1)(0)]
 
 
 
=

[
 
 
 
 

𝐶𝐴𝜌

𝛾1𝐶𝐴𝜌(𝐴𝜌𝐴)

⋮

𝛾𝑛−1𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛−1

]
 
 
 
 

𝑦0, 

since 𝑟𝑎𝑛𝑘(𝐺) = 𝑛, then 𝐺 has left inverse, therefore 𝑦0 is uniquely determined 

which means the Linear System (2.15) is observable. 

Conversely, suppose that 𝑟𝑎𝑛𝑘(𝐺) < 𝑛, then there exists a nonzero vector 𝑧 such 

that 𝐺𝑧 = 0, then 

𝐶𝐴𝜌𝑧 = 0, 𝐶𝐴𝜌(𝐴𝜌𝐴)𝑧 = 0,… , 𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛−1

𝑧 = 0.      

By Cayley-Hamilton Theorem, the matrix 𝐸𝜌(𝜌𝐴𝜌𝐴𝑠) can be written as a linear 

combinations of lowers powers of 𝐴𝜌𝐴𝑠. Put 0 ≠ 𝑧 = 𝑦0 and since  

𝑥(𝑡) = 𝐶𝐴𝜌𝐸𝜌(𝜌𝐴𝜌𝐴𝑠)𝑦0 

= 𝐶𝐴𝜌 [𝜁0𝐼 + 𝜁1𝐴𝜌𝐴𝑠 +⋯+ 𝜁𝑛−1(𝐴𝜌𝐴)
𝑛−1

𝑠𝑛−1] 𝑦0 

where 𝜁𝑘 ≠ 0, 𝑘 = 0,1,2,… , 𝑛 − 1. 

Then 

𝑥(𝑡) = 𝜁0𝐶𝐴𝜌𝑧 + 𝜁1𝐶𝐴𝜌(𝐴𝜌𝐴𝑠)𝑧 + ⋯+ 𝜁𝑛−1𝐶𝐴𝜌(𝐴𝜌𝐴𝑠)
𝑛−1

𝑧 = 0. 

Also, when 𝑦0 = 0, then 

𝑥(𝑡) = 0, 

therefore,  𝑦0 is not uniquely determined which means the Linear System (2.15) 

is not observable. 

 

Based on eigenvectors of the matrix 𝐴𝜌𝐴, we present observability test for the 

Linear System (2.15) in the following theorem. 

 

Theorem 2.2.8 

The Linear System (2.15) is observable if and only if every eigenvector of 𝐴𝜌𝐴 

is not belong to ker(𝐶𝐴𝜌). 
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Proof. Suppose the Linear System (2.15) is not observable, then by Theorem 

(2.2.7), 𝑟𝑎𝑛𝑘(𝐺) < 𝑛 where 

𝐺 =

[
 
 
 
 

𝐶𝐴𝜌

𝛾1𝐶𝐴𝜌(𝐴𝜌𝐴)

⋮

𝛾𝑛−1𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛−1

]
 
 
 
 

, 

and by Rank-Nullity Theorem, we have dim(ker(𝐺)) ≥ 1, which means that 

there exists a nonzero vector 𝑧 ∈ 𝑅𝑛 such that 𝑧 ∈ ker(𝐺) , 𝑖. 𝑒. 𝐺𝑧 = 0. 

Now, we show that ker(𝐺) is (𝐴𝜌𝐴) − invariant. 

Assume that 𝑧 ∈ ker(𝐺), then 

𝐺𝑧 =

[
 
 
 
 

𝐶𝐴𝜌

𝛾1𝐶𝐴𝜌(𝐴𝜌𝐴)

⋮

𝛾𝑛−1𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛−1

]
 
 
 
 

𝑧 = [

0
0
⋮
0

]                            (2.18) 

and 

𝐺(𝐴𝜌𝐴)𝑧 =

[
 
 
 
 

𝐶𝐴𝜌(𝐴𝜌𝐴)

𝛾1𝐶𝐴𝜌(𝐴𝜌𝐴)
2

⋮

𝛾𝑛−1𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛
]
 
 
 
 

𝑧 =

[
 
 
 

0
0
⋮

𝛾𝑛−1𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛
𝑧]
 
 
 
 . 

By using Cayley-Hamilton Theorem, 𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛
𝑧 can be written as a linear 

combination of the terms 

𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛
𝑧 = 𝐶𝐴𝜌𝑧, 𝐶𝐴𝜌(𝐴𝜌𝐴)𝑧,… , 𝐶𝐴𝜌(𝐴𝜌𝐴)

𝑛−1
𝑧 

and they are all zeros from (2.18). We conclude that 𝐴𝜌𝐴𝑧 belong to ker(𝐺) which 

means that ker(𝐺) is (𝐴𝜌𝐴) − invariant. Then by Lemma (2.2.4), ker(𝐺) must 

contain at least one eigenvector 𝑧 of 𝐴𝜌𝐴. But 𝐺𝑧 = 0 implies 𝐶𝐴𝜌𝑧 = 0 which 

means 𝑧 ∈ ker(𝐶𝐴𝜌). 
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Conversely, assume that the Linear System (2.15) is observable. If there exists an 

eigenvalue 𝜆 such that 𝐴𝜌𝐴𝑧 = 𝜆𝑧, with 𝑧 ≠ 0 for which 𝑧 ∈ ker(𝐶𝐴𝜌), then 

𝐺𝑧 =

[
 
 
 
 

𝐶𝐴𝜌

𝛾1𝐶𝐴𝜌(𝐴𝜌𝐴)

⋮

𝛾𝑛−1𝐶𝐴𝜌(𝐴𝜌𝐴)
𝑛−1

]
 
 
 
 

𝑧 =

[
 
 
 

𝐶𝐴𝜌𝑧

𝛾1𝐶𝐴𝜌𝜆𝑧

⋮
𝛾𝑛−1𝐶𝐴𝜌𝜆

𝑛−1𝑧]
 
 
 

= [

0
0
⋮
0

], 

which means 𝑧 ∈ ker(𝐺) then by Rank-Nullity Theorem, 𝑟𝑎𝑛𝑘(𝐺) < 𝑛. Then 

from Theorem (2.2.7) we have contradiction with the observability of the Linear 

System (2.15). 

 

Another test of controllability for Linear System (2.15) is presented in the 

following theorem. 

 

Theorem 2.2.9 

 The Linear System (2.15) is observable if and only if for each 𝜆 ∈ ℂ, we have 

𝑟𝑎𝑛𝑘 [
𝐴𝜌𝐴 − 𝜆𝐼

𝐶𝐴𝜌
] = 𝑛. 

Proof. Assume the Linear System (2.15) is observable. If there exists 𝜆 ∈ ℂ, such 

that 

𝑟𝑎𝑛𝑘 [
𝐴𝜌𝐴 − 𝜆𝐼

𝐶𝐴𝜌
] < 𝑛, 

then from Rank-Nullity Theorem, there exists a nonzero vector 𝑧 ∈ 𝑅𝑛 such that 

𝑧 ∈ ker [
𝐴𝜌𝐴 − 𝜆𝐼

𝐶𝐴𝜌
]. Then (𝐴𝜌𝐴 − 𝜆𝐼)𝑧 = 0 and 𝛾𝐶𝐴𝜌𝑧 = 0 implies that 𝑧 is an 

eigenvector of 𝐴𝜌𝐴 and 𝑧 ∈ ker(𝐶𝐴𝜌). Then by Theorem (2.2.8) that is 

contradiction with the observability of the Linear System (2.15). 

Conversely, Suppose the system is not observable, then from Theorem (2.2.8), 

there exists a nonzero eigenvector 𝑧 of  𝐴𝜌𝐴 which belong to ker(𝐶𝐴𝜌) for some 

𝜆 ∈ ℂ. This means 
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[
𝐴𝜌𝐴 − 𝜆𝐼

𝐶𝐴𝜌
] 𝑧 = 0, 

which means 𝑧 ∈ ker [
𝐴𝜌𝐴 − 𝜆𝐼

𝐶𝐴𝜌
].  

Therefore 

𝑟𝑎𝑛𝑘 [
𝐴𝜌𝐴 − 𝜆𝐼

𝐶𝐴𝜌
] < 𝑛. 

 

In 2021, Ghasemi and Nassiri [20] studied the controllability of the AB-

fractional linear control system  

 {
𝐷𝐴𝐵𝐶 𝜌𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝑢(𝑡),   𝑡 ∈ 𝐽 = [0, Υ]

𝑦(0) = 𝑦0.                                       
               (2.19) 

They set a condition on the system that the Caputo fractional derivative (of order 

𝜌) for the control function 𝑢 exists. 

 

Lemma 2.2.10 [20] 

The Linear System (2.19) is controllable on 𝐽 if and only if the rank of the 

𝑛 × 𝑛𝑚 controllability matrix ℛ is 𝑛, where  

ℛ = [𝐴𝛼𝐵   (𝐴𝛼𝐴)𝐴𝛼𝐵 … (𝐴𝛼𝐴)
𝑛−1  𝐴𝛼𝐵]. 

 

The following theorem shows the relationship between the controllability and 

the observability of an AB-fractional linear dynamical system. 

 

Theorem 2.2.11 “Theorem of Duality” 

The linear AB-fractional control dynamical system  

{
𝐷𝜌𝐴𝐵𝐶 𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝓊(t),   𝑡 ∈ 𝐽 = [0, Υ]

𝑦(0) = 𝑦0,
                       (2.20) 
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 is controllable if and only if the system  

 

{

𝐷𝜌𝑦(𝑡) = 𝐴∗𝑦(𝑡),                       𝑡 ∈ 𝐽 = [0, Υ]

𝑦(0) = 𝑦0                                                    

𝑥(𝑡) = 𝐵∗𝑦(𝑡)                                            

𝐴𝐵𝐶

             (2.21) 

 

is observable. 

Proof. According to Lemma (2.2.10), the Linear System (2.20) is controllable if 

and only if  the matrix ℛ = [(𝐴𝜌𝐵)    (𝐴𝜌𝐴)(𝐴𝜌𝐵) …  (𝐴𝜌𝐴)
𝑛−1

(𝐴𝜌𝐵)] has full 

rank. The transpose 

ℛ∗ =

[
 
 
 
 (𝐴𝜌𝐵)

∗

(𝐴𝜌𝐵)
∗
(𝐴𝜌𝐴)

∗

⋮

(𝐴𝜌𝐵)
∗
[(𝐴𝜌𝐴)

∗
]
𝑛−1

]
 
 
 
 

 

 

 has full rank if and only if ℛ has full rank. By Theorem (2.2.7), The System 

(2.21) is observable if and only if  ℛ∗ has full rank. 

 

Next, we give examples to illustrate our results.  

 

Example 2.2.13 Consider the following ΑΒ-fractional linear system 

{

𝐷𝜌𝑦(𝑡) = 𝐴𝑦(𝑡),                               𝑡 ∈ [0,1]

𝑦(0) = 𝑦0                                                  

𝑥(𝑡) = 𝐶𝑦(𝑡),                                          

𝐴𝐵𝐶

           (2.22) 

where 𝐴 = (
2 −2
2 −2

) , 𝐶 = (1 1), and 𝜌 = 0.5. 

Then, 

𝐴𝜌 = [𝐼 − (1 − 𝜌)𝐴]
−1 = [(

1 0
0 1

) − 0.5 (
2 −2
2 −2

)]
−1

= (
2 −1
1 0

), 
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and 

𝑀 = 𝜌𝐴𝜌𝐴 = (
1 −1
1 −1

). 

The Mittag-Leffler function matrix of the system is: 

𝐸𝜌(𝑀𝑡
𝜌) = ∑

𝑀𝑘(𝑡𝜌)𝑘

Γ(𝑘𝜌 + 1)

∞

𝑘=0

, 

= 𝐼 +
𝑡0.5

Γ(1.5)
(
1 −1
1 −1

) 

= (1 + 1.1284𝑡
0.5 −1.1284𝑡0.5

1.1284𝑡0.5 1 − 1.1284𝑡0.5
). 

Then 

𝑊𝑜𝑏 = ∫ (𝐴𝜌𝐸𝜌(𝑀𝑡
𝜌))

∗
𝐶∗𝐶𝐴𝜌𝐸𝜌(𝑀𝑡

𝜌)
1

0

𝑑𝑡 

= ∫ ( 2.2568𝑡
0.5 + 3

−2.2568𝑡0.5 − 1
) (2.2568𝑡0.5 + 3      − 2.2568𝑡0.5 − 1)

1

0

𝑑𝑡 

= (
20.5737 −11.5647
−11.5647 6.5556

) 

which is nonsingular. Therefore, by Theorem (2.2.6), the system is observable.  

 

Example 2.2.14 Consider the following ΑΒ-fractional linear system 

{
𝐷𝜌𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝑢(𝑡),   𝑡 ∈ [0,1]

                                                  
𝑦(0) = 𝑦0                                     

𝐴𝐵𝐶

                         (2.23) 

where 𝐴 = (
2 1
−4 −2

), 𝐵 = (
1
0
) and 𝜌 = 0.3.   

Then 

𝐴𝜌 = [𝐼 − (1 − 𝜌)𝐴]
−1 = [(

1 0
0 1

) − (
1.4 0.7
−2.8 −1.4

)]
−1

 

= (
2.4 0.7
−2.8 −0.4

). 

To prove the system (2.23) is controllable by Theorem (2.2.11), we have to show 
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that the following ΑΒ-fractional linear system is observable 

{

𝐷𝜌𝑦(𝑡) = 𝐴∗𝑦(𝑡),         𝑡 ∈ [0,1]                     

𝑦(0) = 𝑦0                                                    

𝑥(𝑡) = 𝐵∗𝑦(𝑡).                                           

 

𝐴𝐵𝐶

                (2.24) 

 

𝐴𝜌𝐴 = (
2.4 0.7
−2.8 −0.4

) (
2 1
−4 −2

) = (
2 1
−4 −2

) 

𝐴𝜌𝐵 = (
2.4 0.7
−2.8 −0.4

) (
1
0
) = (

2.4
−2.8

). 

Therefore 

𝐺 = [

(𝐴𝜌𝐵)
∗

𝜌(𝐴𝜌𝐵)
∗
(𝐴𝐴𝜌)

∗

Γ(𝜌 + 1)

] = [
2.4 −2.8

0.6685 −1.3371
] 

which is has full rank, then by Theorem (2.2.7), the System (2.24) is observable. 

Therefore, the System (2.23) is controllable. 
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Chapter Three 

Exact and Approximate Controllability of Hattaf-

Fractional Control Systems in a Banach Space 

 

This chapter aims to investigate the exact and approximate controllability of 

Hattaf-fractional nonlinear control systems in a Banach space. In the first section, 

we discuss the controllability of the nonlinear system using semigroup theory and 

Nussbaum Fixed Point Theorem. Under sufficient conditions, the existence and 

uniqueness of the mild solution of the nonlinear system are proved in section two. 

The third section deals with the approximate controllability of the nonlinear 

system under sufficient conditions. 

 

3.1 Exact Controllability of Impulsive Hattaf-Fractional 

Nonlinear Control System in Banach Space 

 

This section investigates the exact controllability of the Hattaf-fractional 

impulsive nonlinear control system 

{
 
 

 
 

𝐷𝜌,𝜔𝐶 [𝑦(𝑡) − ℎ(𝑡, 𝑦(𝑡))] = 𝒜𝑦(𝑡) + Β𝓊(𝑡)           

           +𝑓(𝑡, 𝑦(𝑡)),     𝑡 ∈ 𝒥 = [0, Υ], 𝑡 ≠ 𝑡𝛾 , 𝛾 = 1,2,… . 𝑝,

∆𝑦(𝑡𝛾) = 𝑞𝛾 (𝑦(𝑡𝛾
−)),                                            

𝑦(0) = 𝑦0,                                                         

            (3.1) 

where 𝜌, 𝜔 ∈ (0,1), 𝐷𝜌,𝜔𝐶  is Hattaf-fractional derivative in the sense of Caputo 

of order 𝜌. 𝑦(𝑡) takes values in Banach space Χ,  𝒜:𝐷(𝒜) ⊂ Χ → Χ is closed 

linear operator, the control 𝓊 ∈ 𝐿𝑃(𝒥, 𝑈) with 𝑈 as a Banach 

space, Β: 𝐿𝑃(𝒥, 𝑈) → 𝐿𝑃(𝒥, 𝑋) is bounded linear operator, the functions           

𝑓: 𝒥 × Χ → Χ  and ℎ: 𝒥 × Χ → D(𝒜) are continuous, 𝑞𝛾: 𝑋 → 𝑋 is the jump 
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operator, 0 = 𝑡0 < 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑝 < 𝑡𝑝+1 = Υ, 𝑦(𝑡𝛾
+) and 𝑦(𝑡𝛾

−) indicate to 

the right and left limits of 𝑦(𝑡) at 𝑡 = 𝑡𝛾 respectively and ∆𝑦(𝑡𝛾) = 𝑦(𝑡𝛾
+) −

𝑦(𝑡𝛾
−).  

Assume the linear operator 𝒜:𝐷(𝒜) ⊂ 𝑋 → 𝑋 is the generator of 𝐶0-

semigroup {𝒢(𝑡), 𝑡 ≥ 0} on a Banach space Χ, where 𝑠𝑢𝑝𝑡≥0‖𝒢(𝑡)‖ = 𝒮, 𝒮 ≥ 1. 

We consider the linear operator 𝐸 ≔ 𝜌𝒜𝜌𝒜 where 𝒜𝜌 = [(1 − 𝜌) (
1

1−𝜌
𝐼 −

𝒜)]
−1

. Then 𝐸 is the generator of 𝐶0 −semigroup {𝒯(𝑡), 𝑡 ≥ 0} and 

𝑠𝑢𝑝𝑡≥0‖𝒯(𝑡)‖ = 𝒮 [32]. 

We introduce the family of functions:  

𝑃𝐶(𝒥, Χ) = {𝑦: 𝒥 → Χ: y is continuous at 𝑡 ∈ 𝒥\{𝑡1, 𝑡2, … , 𝑡𝑟} 

, and  there exist 𝑦(𝑡𝛾
+) and 𝑦(𝑡𝛾

−) with 𝑦(𝑡𝛾
−) =   𝑦(𝑡) for 𝛾 = 1,2,… , 𝑟}. 

 It is clear that (𝑃𝐶(𝒥, Χ), ‖∙‖𝑃𝐶) is a Banach space with the norm                

‖𝑦‖𝑃𝐶 = 𝑠𝑢𝑝𝑡∈𝒥‖𝑦(𝑡)‖.  

 

The mild solution of the Nonlinear System (3.1) will introduced in the 

following. 

Assume the one-sided stable probability density function [45] 

𝜓𝜔(𝛿) =
1

𝜋
∑(−1)𝑖−1𝛿−𝜔𝑖−1

Γ(𝑖𝜔 + 1)

𝑖!
sin(𝑖𝜋𝜔)

∞

𝑖=1

 

then the Laplace transform of 𝜓𝜔(𝛿) is 

ℒ{𝜓𝜔(𝛿)}(𝜆) = 𝑒
−𝜆𝜔                                             (3.2) 

where 0 < 𝛿 < ∞, 0 < 𝜔 < 1 and 𝜆 > 0. 

Additionally, assume the probability density function  

𝜑𝜔(𝛿) =
1

𝜔
𝛿−1−

1
𝜔𝜓𝜔 (𝛿

−
1
𝜔) , 0 < 𝛿 < ∞,0 < 𝜔 < 1,              (3.3) 
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then, for 0 ≤ 𝜉 ≤ 1 

∫ 𝛿𝜉𝜑𝜔(𝛿)𝑑𝛿 =
∞

0

∫
1

𝛿𝜔𝜉

∞

0

𝜓𝜔(𝛿)𝑑𝛿 =
Γ(1 + 𝜉)

Γ(1 + 𝜔𝜉)
, 0 < 𝛿 < ∞,0 < 𝜔 < 1. 

We begin by proving the following lemma before defining a mild solution of 

System (3.1). 

 

Lemma 3.1.1  

If 𝑦 ∈ 𝑃𝐶(𝒥, X) is a solution of System (3.1), then y satisfies the following 

 

 

𝑦(𝑡)

=

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐸𝐿𝜔(𝑡 − 𝜁)ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    𝑡 ∈ [0, 𝑡1]

𝑡

0

𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐸𝐿𝜔(𝑡 − 𝜁)ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    

𝑡

0

+𝒜𝜌∑𝒯𝜔(𝑡 − 𝑡𝛾)∆𝑦(𝑡𝛾)          𝑡 ∈ (𝑡𝛾, 𝑡𝛾+1]

𝑝

𝛾=1

 
 

where 

𝐿𝜔(𝑡) = 𝜔∫ 𝜃φ𝜔(𝜃)𝒯(𝜃𝑡
𝜔)𝑑𝜃,

∞

0

 

𝒯𝜔(𝑡) = ∫ 𝜑𝜔(𝜃)𝒯(𝜃𝑡
𝜔)𝑑

∞

0

𝜃, 

, φ𝜔(𝜃) given in identically (3.3) and 0 < 𝜌 < 1. 
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Proof. 

We see that 𝑦(∙) is decomposable into 𝑚(∙) + 𝑛(∙), where 𝑚 is a continuous mild 

solution of the system 

{

𝐷
𝜌,𝜔
𝑚(𝑡)𝐶 = 𝐷

𝜌,𝜔
ℎ(𝑡, 𝑦(𝑡)) +𝒜𝑚(𝑡) + Β𝓊(𝑡)𝑐

+𝑓(𝑡, 𝑦(𝑡))    𝑡 ∈ 𝒥           

𝑚(0) = 𝑦0                                                   

           (3.4) 

and 𝑛 is picewise continuous solution of the system 

{

𝐷
𝜌,𝜔𝐶 𝑛(𝑡) = 𝒜𝑛(𝑡)     𝑡 ∈ 𝒥, 𝑡 ≠ 𝑡𝛾   

            ∆𝑦(𝑡𝛾) = 𝑞𝛾 (𝑛(𝑡𝛾
−))   𝛾 = 1,2,… , 𝑝

𝑛(0) = 0.                              

,                           (3.5) 

To find the mild solution 𝑚(𝑡), we applying fractional integral (1.5) for both 

sides of System (3.4), 

ℐ𝜌,𝜔 𝐷
𝜌,𝜔
𝑚(𝑡) = ℐ𝜌,𝜔 𝐷

𝜌,𝜔
ℎ(𝑡, 𝑦(𝑡)) +𝑐𝑐 ℐ𝜌,𝜔[𝒜𝑚(𝑡) + Β𝓊(𝑡)

+ 𝑓(𝑡, 𝑦(𝑡))]. 

 

using Lemma (1.2.30), we have 

 

𝑚(𝑡) = ℎ(𝑡, 𝑦(𝑡)) − ℎ(0, 𝑦0) + 𝑦0 + ℐ
𝜌,𝜔[𝒜𝑚(𝑡)                            

+Β𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]                                                        (3.6) 

 

By taking Laplace transform for both sides of (3.6), we have 

Μ(𝜆) = 𝐻(𝜆) −
ℎ(0, 𝑦0)

𝜆
+
𝑦0
𝜆
+ (1 − 𝜌)ℒ{𝒜𝑚(𝑡) + Β𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))}(𝜆)

+
𝜌

𝜆𝜔
ℒ{𝒜𝑚(𝑡) + Β𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))}(𝜆) 

where Μ(𝜆) = ℒ{𝑚(𝑡)}(𝜆) and 𝐻(𝜆) = ℒ{ℎ(𝑡, 𝑦(𝑡))}(𝜆). 

It follows 
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Μ(𝜆) − (1 − 𝜌)𝒜Μ(𝜆) −
𝜌

𝜆𝜔
𝒜Μ(𝜆)

= 𝐻(𝜆) −
ℎ(0, 𝑦0)

𝜆
+
𝑦0
𝜆
+ [(1 − 𝜌) +

𝜌

𝜆𝜔
] 𝐹(𝜆) 

where 𝐹(𝜆) = ℒ{Β𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡)}(𝜆), then 

[(𝐼 − (1 − 𝜌)𝒜) −
𝜌

𝜆𝜔
𝒜]Μ(𝜆)

= 𝐻(𝜆) +
𝑦0 − ℎ(0, 𝑦0)

𝜆
+ [(1 − 𝜌) +

𝜌

𝜆𝜔
] 𝐹(𝜆) 

(𝒜𝜌
−1 −

𝜌

𝜆𝜔
𝒜)Μ(𝜆) = 𝐻(𝜆) +

𝑦0 − ℎ(0, 𝑦0)

𝜆
+ [(1 − 𝜌) +

𝜌

𝜆𝜔
] 𝐹(𝜆) 

(𝜆𝜔𝒜𝜌
−1 − 𝜌𝒜)Μ(𝜆)

= 𝜆𝜔𝐻(𝜆) + 𝜆𝜔−1(𝑦0 − ℎ(0, 𝑦0)) + [𝜆
𝜔(1 − 𝜌) + 𝜌]𝐹(𝜆) 

[(𝜆𝜔𝐼 − 𝜌𝒜𝒜𝜌)𝒜𝜌
−1]Μ(𝜆)

= 𝜆𝜔𝐻(𝜆) + 𝜆𝜔−1[𝑦0 − ℎ(0, 𝑦0)] + [𝜆
𝜔(1 − 𝜌) + 𝜌]𝐹(𝜆) 

 

Μ(𝜆) = 𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝜆𝜔𝐻(𝜆)

+𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝜆𝜔−1[𝑦0 − ℎ(0, 𝑦0)]

+ 𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝜆𝜔(1 − 𝜌)𝐹(𝜆)

+𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝜌𝐹(𝜆). 

 

𝜆𝜔(𝜆𝜔𝐼 − 𝜌𝒜𝒜𝜌)
−1
= (𝜆𝜔𝐼 − 𝜌𝒜𝒜𝜌 + 𝜌𝒜𝒜𝜌)(𝜆

𝜔𝐼 − 𝜌𝒜𝒜𝜌)
−1

 

= (𝜆𝜔𝐼 − 𝜌𝒜𝒜𝜌)(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
+ 𝜌𝒜𝒜𝜌(𝜆

𝜔𝐼 − 𝜌𝒜𝒜𝜌)
−1

 

= 𝐼 + 𝜌𝒜𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
 

then 

Μ(𝜆) = 𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝜆𝜔𝐻(𝜆)

+𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝜆𝜔−1(𝑦0 − ℎ(0, 𝑦0)) 
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+(1 − 𝜌)𝒜𝜌 [𝐼 + 𝜌𝒜𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
] 𝐹(𝜆)

+ 𝜌𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝐹(𝜆) 

 

= 𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝜆𝜔𝐻(𝜆) + 𝒜𝜌(𝜆

𝜔𝐼 − 𝜌𝒜𝒜𝜌)
−1
𝜆𝜔−1(𝑦0 − ℎ(0, 𝑦0)) 

+(1 − 𝜌)𝒜𝜌𝐹(𝜆) + (1 − 𝜌)𝜌𝒜𝒜𝜌
2(𝜆𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝐹(𝜆)

+ 𝜌𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝐹(𝜆) 

 

= 𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1
𝜆𝜔𝐻(𝜆) + 𝒜𝜌(𝜆

𝜔𝐼 − 𝜌𝒜𝒜𝜌)
−1
𝜆𝜔−1(𝑦0 − ℎ(0, 𝑦0))

+ (1 − 𝜌)𝒜𝜌𝐹(𝜆)

+ [(1 − 𝜌)𝒜 +𝒜𝜌
−1]𝜌𝒜𝜌

2(𝜆𝜔𝐼 − 𝜌𝒜𝒜𝜌)
−1
 𝐹(𝜆). 

Since 

𝒜𝜌 = (𝐼 − (1 − 𝜌)𝒜) 
−1 

then  

𝐼 = (1 − 𝜌)𝒜 +𝒜𝜌
−1. 

Therefore 

Μ(𝜆)

= {
𝒜𝜌(𝜆

𝜔𝐼 − 𝐸)−1𝜆𝜔𝐻(𝜆) +𝒜𝜌(𝜆
𝜔𝐼 − 𝐸)−1𝜆𝜔−1(𝑦0 − ℎ(0, 𝑦0))

+(1 − 𝜌)𝒜𝜌𝐹(𝜆) + 𝜌𝒜𝜌
2(𝜆𝜔𝐼 − 𝐸)−1 𝐹(𝜆).

         (3.7) 

Now, 

𝒜𝜌(𝜆
𝜔𝐼 − Ε)−1𝜆𝜔𝐻(𝜆) = 𝒜𝜌𝜆

𝜔∫ 𝑒−𝜆
𝜔𝑠𝒯(𝑠)𝐻(𝜆)𝑑𝑠

∞

0

 

= 𝒜𝜌𝜆
𝜔∫ 𝑒−(𝜆𝑢)

𝜔
𝒯(𝑢𝜔)𝐻(𝜆)𝜔𝑢𝜔−1𝑑𝑢

∞

0

 

= 𝒜𝜌∫ 𝜆𝜔(𝜆𝑢)𝜔−1𝑒−(𝜆𝑢)
𝜔
𝒯(𝑢𝜔)𝐻(𝜆)𝑑𝑢

∞

0

 

= 𝒜𝜌∫ −
𝑑𝑒−(𝜆𝑢)

𝜔

𝑑𝑢
𝒯(𝑢𝜔)𝐻(𝜆)𝑑𝑢

∞

0

, 
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using integration by part, we obtain 

  

𝒜𝜌(𝜆
𝜔𝐼 − Ε)−1𝜆𝜔𝐻(𝜆)

= 𝒜𝜌 [[−𝒯(𝑢
𝜔)𝐻(𝜆)𝑒−(𝜆𝑢)

𝜔
]
0

∞

−∫ −𝑒−(𝜆𝑢)
𝜔
Ε𝒯(𝑢𝜔)𝜔𝑢𝜔−1

∞

0

𝐻(𝜆)𝑑𝑢] 

 

= 𝒜𝜌𝐻(𝜆) +𝒜𝜌∫ 𝑒−(𝜆𝑢)
𝜔
Ε𝒯(𝑢𝜔)𝜔𝑢𝜔−1

∞

0

𝐻(𝜆)𝑑𝑢, 

 

using (3.2), we have 

  

𝒜𝜌(𝜆
𝜔𝐼 − Ε)−1𝜆𝜔𝐻(𝜆)

= 𝒜𝜌𝐻(𝜆) +𝒜𝜌∫ ∫ 𝑒−𝜆𝑢𝛿𝜓𝜔(𝛿)Ε𝒯(𝑢
𝜔)𝐻(𝜆)𝜔𝑢𝜔−1𝑑𝛿𝑑𝑢

∞

0

∞

0

 

= 𝒜𝜌𝐻(𝜆) +𝒜𝜌∫ ∫ 𝜔𝑒−𝜆𝑣𝜓𝜔(𝛿)Ε𝒯(
𝑣

𝛿
)𝜔
𝑣𝜔−1

𝛿𝜔
𝐻(𝜆)𝑑𝛿𝑑𝑣

∞

0

∞

0

 

= 𝒜𝜌𝐻(𝜆)

+𝒜𝜌∫ ∫ ∫ 𝜔𝑒−𝜆(𝑣+𝜁)`𝜓𝜔(𝛿)Ε𝒯 (
𝑣

𝛿
)
𝜔 𝑣𝜔−1

𝛿𝜔
ℎ(𝜁, 𝑦(𝜁))𝑑𝜁𝑑𝛿𝑑𝑣

∞

0

∞

0

∞

0

 

= 𝒜𝜌𝐻(𝜆)

+𝒜𝜌∫ ∫ ∫ 𝜔𝑒−𝜆𝑡`𝜓𝜔(𝛿)Ε𝒯 (
𝑡 − 𝜁

𝛿
)
𝜔 (𝑡 − 𝜁)𝜔−1

𝛿𝜔
ℎ(𝜁, 𝑦(𝜁))𝑑𝑡𝑑𝜁𝑑𝛿

∞

𝜁

∞

0

∞

0

 

= 𝒜𝜌𝐻(𝜆)

+𝒜𝜌∫ 𝑒−𝜆𝑡 [𝜔∫ ∫ 𝜓𝜔(𝛿)Ε𝒯 (
𝑡 − 𝜁

𝛿
)
𝜔 (𝑡 − 𝜁)𝜔−1

𝛿𝜔
ℎ(𝜁, 𝑦(𝜁))𝑑𝛿𝑑𝜁

∞

0

𝑡

0

]
∞

0

𝑑𝑡 
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= 𝒜𝜌𝐻(𝜆)

+𝒜𝜌ℒ {𝜔∫ ∫ 𝜓𝜔(𝛿)Ε𝒯 (
𝑡 − 𝜁

𝛿
)
𝜔 (𝑡 − 𝜁)𝜔−1

𝛿𝜔
ℎ(𝜁, 𝑦(𝜁))𝑑𝛿𝑑𝜁

∞

0

𝑡

0

} (𝜆) 

using (3.3), we have 

 

𝒜𝜌(𝜆
𝜔𝐼 − Ε)−1𝜆𝜔𝐻(𝜆) = 

𝒜𝜌𝐻(𝜆) +𝒜𝜌ℒ {𝜔∫ ∫ φ𝜔(𝜃)Ε𝑇(𝜃(𝑡 − 𝜁)
𝜔)𝜃(𝑡

∞

0

𝑡

0

− 𝜁)𝜔−1ℎ(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁} (𝜆). 

Therefore 

         𝒜𝜌(𝜆
𝜔𝐼 − Ε)−1𝜆𝜔𝐻(𝜆) = 𝒜𝜌𝐻(𝜆) 

+𝒜𝜌ℒ {∫ (𝑡 − 𝜁)𝜔−1Ε
𝑡

0

𝐿𝜔(𝑡 − 𝜁)ℎ(𝜁, 𝑦(𝜁))𝑑𝜁} (𝜆).           (3.8) 

 

𝒜𝜌𝜆
𝜔−1(𝜆𝜔𝐼 − Ε)−1[𝑦0 − ℎ(0, 𝑦0)]

= 𝒜𝜌𝜆
𝜔−1∫ 𝑒−𝜆

𝜔𝑠𝒯(𝑠)(𝑦0 − ℎ(0, 𝑦0))𝑑𝑠
∞

0

 

= 𝒜𝜌𝜆
𝜔−1∫ 𝑒−(𝜆𝑢)

𝜔
𝒯(𝑢𝜔)[𝑦0 − ℎ(0, 𝑦0)]𝜔𝑢

𝜔−1𝑑𝑢
∞

0

 

= 𝒜𝜌∫ 𝜔(𝜆𝑢)𝜔−1𝑒−(𝜆𝑢)
𝜔
𝒯(𝑢𝜔)[𝑦0 − ℎ(0, 𝑦0)]𝑑𝑢

∞

0

 

= 𝒜𝜌∫ −
1

𝜆

𝑑𝑒−(𝜆𝑢)
𝜔

𝑑𝑢
𝒯(𝑢𝜔)[𝑦0 − ℎ(0, 𝑦0)]𝑑𝑢,

∞

0

 

from (3.2), we have 

𝑒−(𝜆𝑢)
𝜔
= ∫ 𝑒−𝜆𝑢𝛿𝜓𝜔(𝛿)𝑑𝛿

∞

0

 

then 
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𝑑𝑒−(𝜆𝑢)
𝜔

𝑑𝑢
= ∫ −𝜆𝛿𝑒−𝜆𝑢𝛿𝜓𝜔(𝛿)𝑑𝛿.

∞

0

 

Therefore 

𝒜𝜌𝜆
𝜔−1(𝜆𝜔𝐼 − Ε)−1[𝑦0 − ℎ(0, 𝑦0)]

= 𝒜𝜌∫ ∫ 𝛿𝑒−𝜆𝑢𝛿
∞

0

∞

0

𝜓𝜔(𝛿)𝒯(𝑢
𝜔)[𝑦0 − ℎ(0, 𝑦0)]𝑑𝛿𝑑𝑢 

= 𝒜𝜌∫ ∫ 𝑒−𝜆𝑡
∞

0

∞

0

𝜓𝜔(𝛿)𝒯 ((
𝑡

𝛿
)
𝜔

) [𝑦0 − ℎ(0, 𝑦0)]𝑑𝛿𝑑𝑡 

= 𝒜𝜌∫ ∫ −
1

𝜔
𝜃−

1
𝜔
−1𝑒−𝜆𝑡

∞

0

∞

0

𝜓𝜔 (𝜃
−
1
𝜔)𝒯(𝜃𝑡𝜔)[𝑦0 − ℎ(0, 𝑦0)]𝑑𝜃𝑑𝑡 

using (3.3), we have 

𝒜𝜌𝜆
𝜔−1(𝜆𝜔𝐼 − Ε)−1[𝑦0 − ℎ(0, 𝑦0)]

= 𝒜𝜌∫ ∫ 𝑒−𝜆𝑡
∞

0

∞

0

𝜑𝜔(𝜃)𝒯(𝜃𝑡
𝜔)[𝑦0 − ℎ(0, 𝑦0)]𝑑𝜃𝑑𝑡 

= 𝒜𝜌ℒ {∫ 𝜑𝜔(𝜃)𝒯(𝜃𝑡
𝜔)(𝑦0 − ℎ(0, 𝑦0))𝑑𝜃

∞

0

} (𝜆). 

Therefore, 

 

𝒜𝜌𝜆
𝜔−1(𝜆𝜔𝐼 − Ε)−1[𝑦0 − ℎ(0, 𝑦0)]

= 𝒜𝜌ℒ{𝒯𝜔(𝑡)[𝑦0 − ℎ(0, 𝑦0)]}(𝜆).                             (3.9) 

 

𝜌𝒜𝜌
2(𝜆𝜔𝐼 − Ε)−1 𝐹(𝜆) = 𝜌𝒜𝜌

2∫ 𝑒−𝜆
𝜔𝑠𝒯(𝑠)𝐹(𝜆)𝑑𝑠

∞

0

 

= 𝜌𝒜𝜌
2∫ 𝑒−(𝜆𝑢

)𝜔
𝒯(𝑢𝜔)𝐹(𝜆)𝜔𝑢𝜔−1𝑑𝑢

∞

0

 

using (3.2), we have 

𝜌𝒜𝜌
2(𝜆𝜔𝐼 − Ε)−1 𝐹(𝜆) = 𝜌𝒜𝜌

2∫ ∫ 𝜔𝑒−𝜆𝑢𝛿𝜓𝜔(𝛿)𝒯(𝑢
𝜔)𝐹(𝜆)𝑢𝜔−1𝑑𝛿𝑑𝑢

∞

0

∞

0

 

= 𝜌𝒜𝜌
2∫ ∫ 𝜔𝑒−𝜆𝑣𝜓𝜔(𝛿)𝒯 ((

𝑣

𝛿
)
𝜔

)
𝑣𝜔−1

𝛿𝜔
𝐹(𝜆)𝑑𝛿𝑑𝑣

∞

0

∞

0
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= 𝜌𝒜𝜌
2∫ ∫ ∫ 𝜔𝑒−𝜆(𝑣+𝜁)𝜓𝜔(𝛿)𝒯 ((

𝑣

𝛿
)
𝜔

)
𝑣𝜔−1

𝛿𝜔
[𝛣𝓊(𝜁)

∞

0

∞

0

∞

0

+ 𝑓(𝜁, 𝑦(𝜁)] 𝑑𝜁𝑑𝛿𝑑𝑣 

= 𝜌𝒜𝜌
2∫ ∫ ∫ 𝜔𝑒−𝜆𝑡𝜓𝜔(𝛿)𝒯 ((

(𝑡 − 𝜁)

𝛿
)

𝜔

)
(𝑡 − 𝜁)𝜔−1

𝛿𝜔
[𝛣𝓊(𝜁)

∞

𝜁

∞

0

∞

0

+ 𝑓(𝜁, 𝑦(𝜁)] 𝑑𝑡𝑑𝜁𝑑 𝛿 

= 𝜌𝒜𝜌
2∫ 𝑒−𝜆𝑡 [𝜔∫ ∫ 𝜓𝜔(𝛿)𝒯 ((

(𝑡 − 𝜁)

𝛿
)

𝜔

)
(𝑡 − 𝜁)𝜔−1

𝛿𝜔
[𝛣𝓊(𝜁)

∞

0

𝑡

0

∞

0

+ 𝑓(𝜁, 𝑦(𝜁)]𝑑𝛿𝑑𝜁] 𝑑𝑡 

= 𝜌𝒜𝜌
2ℒ {𝜔∫ ∫ 𝜓𝜔(𝛿)𝒯 ((

(𝑡 − 𝜁)

𝛿
)

𝜔

)
(𝑡 − 𝜁)𝜔−1

𝛿𝜔
[𝛣𝓊(𝜁)

∞

0

𝑡

0

+ 𝑓(𝜁, 𝑦(𝜁)]𝑑𝛿𝑑𝜁} (𝜆) 

using (3.3), we have 

𝜌𝒜𝜌
2(𝜆𝜔𝐼 − Ε)−1 𝐹(𝜆) =  

𝜌𝒜𝜌
2ℒ {𝜔∫ ∫ 𝜃𝜑𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)(𝑡 − 𝜁)𝜔−1[𝛣𝓊(𝜁)
∞

0

𝑡

0

+ 𝑓(𝜁, 𝑦(𝜁)]𝑑𝜃𝑑𝜁} (𝜆), 

𝜌𝒜𝜌
2(𝜆𝜔𝐼 − Ε)−1 𝐹(𝜆) =  

𝜌𝒜𝜌
2ℒ {∫ 𝐿𝜔(𝑡 − 𝜁)(𝑡 − 𝜁)

𝜔−1
𝑡

0

[𝛣𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁)]𝑑𝜁} (𝜆).      (3.10) 

 

From (3.8), (3.9) and (3.10) we get 
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𝑀(𝜆)

=

{
 
 

 
 𝒜𝜌𝐻(𝜆) +𝒜𝜌ℒ {∫ (𝑡 − 𝜁)𝜔−1Ε

𝑡

0

𝐿𝜔(𝑡 − 𝜁)ℎ(𝜁, 𝑦(𝜁))𝑑𝜁} (𝜆)

+𝒜𝜌ℒ{𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0))}(𝜆) + (1 − 𝜌)𝒜𝜌𝐹(𝜆)

+𝜌𝒜𝜌
2ℒ {∫ 𝐿𝜔(𝑡 − 𝜁)(𝑡 − 𝜁)

𝜔−1
𝑡

0

[𝛣𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁)])𝑑𝜁} (𝜆).

          (3.11) 

Taking the inverse of Laplace transform for both sides of (3.11), we get 

𝑚(𝑡)

=

{
 
 

 
 𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1Ε

𝑡

0

𝐿𝜔(𝑡 − 𝜁)ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

+𝒜𝜌𝒯𝜔(𝑡)[𝑦0 − ℎ(0, 𝑦0)] + (1 − 𝜌)𝒜𝜌[𝛣𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡)]

+𝜌𝒜𝜌
2∫ 𝐿𝜔(𝑡 − 𝜁)(𝑡 − 𝜁)

𝜔−1
𝑡

0

[𝛣𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁.

                (3.12) 

 

Now, to find the mild solution 𝑛(𝑡), we applying fractional integral (1.5) for 

both sides of System (3.5), 

 

ℐ𝜌,𝜔𝐷𝜌,𝜔𝑛(𝑡) = ℐ𝜌,𝜔[𝒜𝑛(𝑡)]. 

By using Lemma (1.2.31) we have, 

𝑛(𝑡) = ∑∆𝑦(𝑡𝛾)𝜎𝛾(𝑡) + ℐ
𝜌,𝜔[𝒜𝑛(𝑡)]

𝑝

𝛾=1

                          (3.13) 

where 

𝜎𝛾(𝑡) = {
0           𝑡 ∈ [0, 𝑡1]                                       

1           𝑡 ∈ (𝑡𝛾, 𝑡𝛾+1]        𝛾 = 1,2, … , 𝑝
            (3.14) 

and  

ℒ{𝜎𝛾(𝑡)}(𝜆) =
𝑒−𝜆𝑡𝛾

𝜆
. 

Taking Laplace transform for both sides of (3.13), 
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𝑁(𝜆) = ∑∆𝑦(𝑡𝛾)𝜆
−1𝑒−𝜆𝑡𝛾 + (1 − 𝜌)𝒜𝑁(𝜆) +

𝜌

𝜆𝜔
𝒜𝑁(𝜆)

𝑝

𝛾=1

 

where 𝑁(𝜆) denotes the Laplace transform of 𝑛(𝑡). 

 

It follows, 

𝑁(𝜆) − (1 − 𝜌)𝒜𝑁(𝜆) −
𝜌

𝜆𝜔
𝒜𝑁(𝜆) =∑∆𝑦(𝑡𝛾)𝜆

−1𝑒−𝜆𝑡𝛾

𝑝

𝛾=1

 

[𝐼 − (1 − 𝜌)𝒜 −
𝜌

𝜆𝜔
𝒜]𝑁(𝜆) =∑∆𝑦(𝑡𝛾)𝜆

−1𝑒−𝜆𝑡𝛾

𝑝

𝛾=1

 

[𝒜𝜌
−1 −

𝜌

𝜆𝜔
𝒜]𝑁(𝜆) =∑∆𝑦(𝑡𝛾)𝜆

−1𝑒−𝜆𝑡𝛾

𝑝

𝛾=1

 

[𝜆𝜔𝒜𝜌
−1 − 𝜌𝒜]𝑁(𝜆) = ∑∆𝑦(𝑡𝛾)𝜆

𝜔−1𝑒−𝜆𝑡𝛾

𝑝

𝛾=1

 

[(𝜆𝜔𝐼 − 𝜌𝒜𝒜𝜌)𝒜𝜌
−1]𝑁(𝜆) = ∑∆𝑦(𝑡𝛾)𝜆

𝜔−1𝑒−𝜆𝑡𝛾

𝑝

𝛾=1

 

𝑁(𝜆) = 𝒜𝜌(𝜆
𝜔𝐼 − 𝜌𝒜𝒜𝜌)

−1𝜆𝜔−1∑∆𝑦(𝑡𝛾)𝑒
−𝜆𝑡𝛾

𝑝

𝛾=1

 

 

= 𝒜(𝜆𝜔𝐼 − 𝐸)−1𝜆𝜔−1∑∆𝑦(𝑡𝛾)𝑒
−𝜆𝑡𝛾

𝑝

𝛾=1

 

= 𝒜𝜌𝜆
𝜔−1∑∫ ∆𝑦(𝑡𝛾)𝑒

−𝜆𝜔𝑠𝒯(𝑠)
∞

0

𝑒−𝜆𝑡𝛾𝑑𝑠.

𝑝

𝛾=1

 

= 𝒜𝜌𝜆
𝜔−1∑∫ ∆𝑦(𝑡𝛾)𝑒

−(𝜆𝑢)𝜔𝒯(𝑢𝜔)
∞

0

𝑒−𝜆𝑡𝛾𝜔𝑢𝜔−1𝑑𝑢

𝑝

𝛾=1

 



Chapter Three                 Exact and Approximate Controllability of Hattaf-Fractional… 

 
77 

 

= 𝒜𝜌∑∫ ∆𝑦(𝑡𝛾)𝜔(𝜆𝑢)
𝜔−1𝑒−(𝜆𝑢)

𝜔
𝒯(𝑢𝜔)

∞

0

𝑒−𝜆𝑡𝛾𝑑𝑢

𝑝

𝛾=1

 

= 𝒜𝜌∑∫ −∆𝑦(𝑡𝛾)
1

𝜆

𝑑𝑒−(𝜆𝑢)
𝜔

𝑑𝑢
𝒯(𝑢𝜔)

∞

0

𝑒−𝜆𝑡𝛾𝑑𝑢

𝑝

𝛾=1

 

using (3.2), we have 

𝑁(𝜆) = 𝒜𝜌∑∫ ∫ ∆𝑦(𝑡𝛾)𝛿𝑒
−𝜆𝑢𝛿𝜓𝜔(𝛿)𝒯(𝑢

𝜔)
∞

0

∞

0

𝑒−𝜆𝑡𝛾𝑑𝛿𝑑𝑢.

𝑝

𝛾=1

 

= 𝒜𝜌∑∫ ∫ ∆𝑦(𝑡𝛾)𝑒
−𝜆𝑣𝜓𝜔(𝛿)𝒯 (

𝑣

𝛿𝜔

𝜔

)
∞

0

∞

0

𝑒−𝜆𝑡𝛾𝑑𝛿𝑑𝑣

𝑝

𝛾=1

 

= 𝒜𝜌∑∫ ∫ ∆𝑦(𝑡𝛾)𝑒
−𝜆(𝑣+𝑡𝛾)𝜓𝜔(𝛿)𝒯 (

𝑣

𝛿𝜔

𝜔

)
∞

0

∞

0

𝑑𝛿𝑑𝑣

𝑝

𝛾=1

. 

 

= 𝒜𝜌∑∫ ∫ ∆𝑦(𝑡𝛾)𝑒
−𝜆𝑡𝜓𝜔(𝛿)𝒯 (

(𝑡 − 𝑡𝛾)

𝛿𝜔

𝜔

)
∞

0

∞

0

𝑑𝛿𝑑𝑡

𝑝

𝛾=1

. 

using (3.3), we have 

𝑁(𝜆) = 𝒜𝜌∑∫ ∫ ∆𝑦(𝑡𝛾)𝑒
−𝜆𝑡𝜑𝜔(𝜃)𝒯(𝜃(𝑡 − 𝑡𝛾)

𝜔
)

∞

0

∞

0

𝑑𝜃𝑑𝑡

𝑝

𝛾=1

 

= 𝒜𝜌ℒ {∑∫ ∆𝑦(𝑡𝛾)𝜑𝜔(𝜃)𝒯(𝜃(𝑡 − 𝑡𝛾)
𝜔
)𝑑𝜃

∞

0

𝑝

𝛾=1

} (𝜆) 

𝑁(𝜆) = 𝒜𝜌ℒ {∑∆𝑦(𝑡𝛾)𝒯𝜔(𝑡 − 𝑡𝛾)
𝜔

𝑝

𝛾=1

} (𝜆).                     (3.15) 

By taking the inverse of Laplace transform for both sides of (3.15), we get 

𝑛(𝑡) = 𝒜𝜌∑𝒯𝜔(𝑡 − 𝑡𝛾)
𝜔
∆𝑦(𝑡𝛾).

𝑝

𝛾=1

                            (3.16) 
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From (3.12) and (3.16), we have 

 

𝑦(𝑡) =

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐸𝐿𝜔(𝑡 − 𝜁)ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)[𝑦0 − ℎ(0, 𝑦0)] + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    𝑡 ∈ [0, 𝑡1]

𝑡

0

𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐸𝐿𝜔(𝑡 − 𝜁)ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    

𝑡

0

+𝒜𝜌∑𝒯𝜔(𝑡 − 𝑡𝛾)∆𝑦(𝑡𝛾)          𝑡 ∈ (𝑡𝛾, 𝑡𝛾+1].

𝑟

𝛾=1

 

           ∎ 

 

Lemma 3.1.2 [46] 

 The operators 𝐿𝜔 and 𝒯𝜔 have the following properties. 

i. For any fixed 𝑡 ≥ 0, 𝐿𝜔(𝑡)  and 𝒯𝜔(𝑡) are linear and bounded operators, 

i.e. for any 𝑦 ∈ Χ, 

‖𝐿𝜔(𝑡)y ‖ = ‖𝜔∫ 𝜃φ𝜔(𝜃)𝒯(𝜃𝑡
𝜔)𝑦𝑑𝜃

∞

0

‖ ≤
𝜔𝒮

Γ(1 + 𝜔)
‖𝑦‖

=
𝒮

Γ(𝜔)
‖𝑦‖ 

‖𝒯𝜔(𝑡)y ‖ = ‖∫ 𝜑𝜔(𝜃)𝒯(𝜃𝑡
𝜔)𝑦𝑑

∞

0

𝜃‖ ≤ 𝒮‖𝑦‖ 

where 𝒮 = 𝑠𝑢𝑝𝑡≥0‖𝒯(𝑡)‖. 

ii. The operators {𝐿𝜔(𝑡)}𝑡≥0  and {𝒯𝜔(𝑡)}𝑡≥0  are strongly continuous. 

iii. If 𝒯(𝑡) is compact, then the operators {𝐿𝜔(𝑡)}𝑡≥0  and {𝒯𝜔(𝑡)}𝑡≥0  are 

compact. 
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From Lemma (1.1.29), for 𝑦 ∈ 𝐷(𝒜) we have  

𝑑

𝑑𝑡
𝒯(𝑡)𝑦 = 𝐸𝒯(𝑡)𝑦 = 𝒯(𝑡)𝐸𝑦. 

 

Definition 3.1.3 

 The mild solution 𝑦(𝑡) of System (3.1) is 

𝑦(𝑡) =

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    𝑡 ∈ [0, 𝑡1]

𝑡

0

𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    

𝑡

0

+𝒜𝜌∑𝒯𝜔(𝑡 − 𝑡𝛾)∆𝑦(𝑡𝛾),          𝑡 ∈ (𝑡𝛾, 𝑡𝛾+1].

𝑝

𝛾=1

 

 

Next, we discuss the controllability of Nonlinear System (3.1). 

Assume that the 𝐶0-semigroup 𝑇(𝑡) is continuous in the uniform operator 

topology and also assume the following conditions:  

H1 The linear operator 𝑊𝜌: 𝐿𝑝(𝒥, 𝑈) → 𝑋 defined as 

𝑊𝜌𝓊 = (1 − 𝜌)𝒜𝜌𝐵𝓊 + 𝜌𝒜𝜌
2𝑊𝓊 

has an inverse operator 𝑊𝜌
−1 on 𝐿𝑝(𝒥, 𝑈)/𝑘𝑒𝑟𝑊𝜌 and ‖𝑊𝜌

−1‖ ≤ 𝐾, 𝐾 > 0, 

‖𝒜𝜌‖ ≤ 𝜂, 𝜂 > 0. 

where 𝑊 is linear operator from 𝐿𝑝(𝒥, 𝑈) into 𝑋 such that 
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𝑊𝓊 = ∫ (Υ − 𝑠)𝜔−1𝐿𝜔(Υ − 𝑠)𝐵𝓊(𝑠)𝑑𝑠.
Υ

0

 

H2 : There exist constants ℳℎ ,ℳℎ̂ > 0 such that 

‖𝐸ℎ(𝑡, 𝑦1(𝑡)) − 𝐸ℎ(𝑡, 𝑦2(𝑡))‖ ≤ ℳℎ‖𝑦1 − 𝑦2‖ 

and 

ℳℎ̂ = 𝑠𝑢𝑝𝑡∈𝒥‖𝐸ℎ(𝑡, 0)‖. 

H3 : The continuous function 𝑓: 𝒥 × 𝑋 → 𝑋 satisfies Lipchitz condition i.e. 

there exist a constant ℳ𝑓 > 0 such that 

‖𝑓(𝑡, 𝑦1(𝑡)) − 𝑓(𝑡, 𝑦2(𝑡))‖ ≤ ℳ𝑓‖𝑦1 − 𝑦2‖ 

and 

ℳ𝑓̂ = 𝑠𝑢𝑝𝑡∈𝒥‖𝑓(𝑡, 0)‖. 

where ℳ𝑓̂ > 0. 

H4 : The function 𝑞𝛾: 𝑋 → 𝑋, 𝛾 = 1,2,… , 𝑝 is continuous and satisfies 

Lipchitz condition, i.e. there exists a constant ℳ𝛾 > 0 such that 

‖𝑞𝛾(𝑦1) − 𝑞𝛾(𝑦2)‖ ≤ ℳ𝛾‖𝑦1 − 𝑦2‖ 

and  

∑ℳ𝛾

𝑝

𝛾=1

=ℳ 

where ℳ > 0. 

H5: For all bounded subsets Θ, the set  

    (𝒦𝑟
𝜐)(𝑡) = 

{𝜔𝜌𝒜𝜌
2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁
∞

𝑟

, 𝑦
𝑡−𝜐

0

∈ Θ} 

     is relatively compact in 𝑋 for arbitrary  𝜐 ∈ (0, 𝑡) and a real number 𝑟 > 0. 
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Definition 3.1.4 

 System (3.1) is exact controllable on 𝒥 = [0, Υ] if for each initial state 𝑦0 ∈

𝑋 and each 𝑦1 ∈ 𝑋, there is suitable control 𝓊 ∈ 𝐿𝑝(𝒥, 𝑈) such that the mild 

solution 𝑦(𝑡) of System (3.1) satisfies 𝑦(𝛶) = 𝑦1. 

 

Theorem 3.1.5  

System (3.1) is exact controllable on 𝒥 = [0, Υ] if it satisfies the conditions 

H1-H5, and  

0 < 𝐷 + 𝜂𝐾‖𝐵‖𝐷 [(1 − 𝜌) +
𝜌𝜂𝒮Υ𝜔

Γ(𝜔 + 1)
] < 1                  (3.17) 

where  

𝐷 = 𝜂 [‖𝐸−1‖ℳℎ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 + 𝜂𝜌

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 + 𝒮ℳ]. 

 

Proof. Using condition H1, define the control 𝓊𝑦(𝑡) for an arbitrary function 

 𝑦(∙) ∈ 𝑃𝐶(𝒥, 𝑋) as 

𝓊𝑦(𝑡)

=

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝑊𝜌

−1 [𝑦1 −𝒜𝜌ℎ(Υ, 𝑦(Υ)) −𝒜𝜌∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
Υ

0

            

−𝒜𝜌𝒯𝜔(Υ)[𝑦0 − ℎ(0, 𝑦0)] − (1 − 𝜌)𝒜𝜌𝑓(Υ, y(Υ))

−𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

] ,      𝑡 ∈ [0, 𝑡1]

𝑊𝜌
−1 [𝑦1 −𝒜𝜌ℎ(Υ, 𝑦(Υ)) −𝒜𝜌∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

−𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − (1 − 𝜌)𝒜𝜌𝑓(Υ, y(Υ))

−𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

−𝒜𝜌∑𝒯𝜔(Υ − 𝑡𝛾)∆𝑦(𝑡𝛾)

𝑝

𝛾=1

] ,      𝑡 ∈ (𝑡𝛾, 𝑡𝛾+1]
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By using (3.14), we can write 𝓊𝑦(𝑡) in the form 

𝓊𝑦(𝑡)

=

{
 
 
 
 

 
 
 
 𝑊𝜌

−1 [𝑦1 −𝒜𝜌ℎ(Υ, 𝑦(Υ)) −𝒜𝜌∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
Υ

0

−𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − (1 − 𝜌)𝒜𝜌𝑓(Υ, y(Υ))

−𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

−𝒜𝜌∑𝒯𝜔(Υ − 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(𝑡)

𝑝

𝛾=1

] ,   𝑡 ∈ [0, Υ]

 

We have to show that the operator Φ:𝑃𝐶(𝒥, 𝑋)  → 𝑃𝐶(𝒥, 𝑋) has a fixed point 

when applying this control, where 

 (Φ𝑦)(𝑡) = 

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) + 𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)[𝑦0 − ℎ(0, 𝑦0)] + (1 − 𝜌)𝒜𝜌[𝐵𝓊𝑦(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊𝑦(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    𝑡 ∈ [0, 𝑡1]

𝑡

0

𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) + 𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)[𝑦0 − ℎ(0, 𝑦0)] + (1 − 𝜌)𝒜𝜌[𝐵𝓊𝑦(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊𝑦(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    

𝑡

0

+𝒜𝜌∑𝒯𝜔(𝑡 − 𝑡𝛾)∆𝑦(𝑡𝛾)          𝑡 ∈ (𝑡𝛾 , 𝑡𝛾+1].

𝑝

𝛾=1

 

  

By using (3.14), we can write (Φ𝑦)(𝑡) in the form 

(Φ𝑦)(𝑡) = 𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡

0

 

+𝒜𝜌𝒯𝜔(𝑡)[𝑦0 − ℎ(0, 𝑦0)] + (1 − 𝜌)𝒜𝜌[𝐵𝓊𝑦(𝑡) + 𝑓(𝑡, 𝑦(𝑡))] 
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+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊𝑦(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑡

0

 

+𝒜𝜌∑𝒯𝜔(𝑡 − 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(𝑡),         𝑡 ∈ 𝒥.

𝑝

𝛾=1

 

 

By using the control 𝓊𝑦(𝑡), we have (Φ𝑦)(Υ) = 𝑦1, indeed, 

(Φ𝑦)(Υ) = 𝒜𝜌ℎ(Υ, 𝑦(Υ)) +𝒜𝜌∫ (Υ − 𝜁)𝜔−1
Υ

0

𝐿𝜔(Υ − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

+ 𝒜𝜌𝒯𝜔(Υ)[𝑦0 − ℎ(0, 𝑦0)] + (1 − 𝜌)𝒜𝜌𝐵𝑊𝜌
−1Λ(Υ)

+ (1 − 𝜌)𝒜𝜌𝑓(Υ, 𝑦(Υ))

+ 𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝐵𝑊𝜌

−1Λ(Υ)𝑑𝜁
Υ

0

+ 𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

+𝒜𝜌∑𝒯𝜔(Υ − 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(𝑡),

𝑝

𝛾=1

 

where 

Λ(𝑡) = 𝑦1 −𝒜𝜌ℎ(Υ, 𝑦(Υ)) −𝒜𝜌∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
Υ

0

 

−𝒜𝜌𝒯𝜔(Υ)[𝑦0 − ℎ(0, 𝑦0)] − (1 − 𝜌)𝒜𝜌𝑓(Υ, y(Υ)) 

−𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

−𝒜𝜌∑𝒯𝜔(Υ − 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(𝑡).

𝑝

𝛾=1

 

It follows, 
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(Φ𝑦)(Υ) = 𝒜𝜌ℎ(Υ, 𝑦(Υ)) +𝒜𝜌∫ (Υ − 𝜁)𝜔−1
Υ

0

𝐿𝜔(Υ − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

+𝒜𝜌𝒯𝜔(Υ)[𝑦0 − ℎ(0, 𝑦0)] + [(1 − 𝜌)𝒜𝜌𝐵 + 𝜌𝒜𝜌
2𝑊]𝑊𝜌

−1Λ(Υ)

+ (1 − 𝜌)𝒜𝜌𝑓(Υ, 𝑦(Υ))

+ 𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

+𝒜𝜌∑𝒯𝜔(Υ − 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(𝑡)

𝑝

𝛾=1

 

 

= 𝒜𝜌ℎ(Υ, 𝑦(Υ)) +𝒜𝜌∫ (Υ − 𝜁)𝜔−1
Υ

0

𝐿𝜔(Υ − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

+𝒜𝜌𝒯𝜔(Υ)[𝑦0 − ℎ(0, 𝑦0)] 

+𝑊𝜌𝑊𝜌
−1 [𝑦1 −𝒜𝜌ℎ(Υ, 𝑦(Υ)) −𝒜𝜌∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

 

−𝒜𝜌𝒯𝜔(Υ)[𝑦0 − ℎ(0, 𝑦0)] − (1 − 𝜌)𝒜𝜌𝑓(Υ, y(Υ))

− 𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

−𝒜𝜌∑𝒯𝜔(Υ

𝑝

𝛾=1

− 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(𝑡)] + (1 − 𝜌)𝒜𝜌𝑓(Υ, 𝑦(Υ)) 

+𝜌𝒜𝜌
2∫ (Υ − 𝜁)𝜔−1𝐿𝜔(Υ − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

Υ

0

+𝒜𝜌∑𝑇𝜔(Υ − 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(𝑡)

𝑝

𝛾=1

. 

 

= 𝑦1. 

Now, for 𝑡 ∈ 𝒥,  
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‖𝑢𝑦(𝑡)‖ ≤ 𝐾 [‖𝑦1‖ + ‖𝒜𝜌‖‖ℎ(Υ, 𝑦(Υ))‖

+ ‖𝒜𝜌‖
𝒮

Γ(𝜔)
∫ (Υ − 𝜁)𝜔−1‖𝐸ℎ(𝜁, 𝑦(𝜁))‖𝑑𝜁
Υ

0

+ ‖𝒜𝜌‖𝒮‖𝑦0 − ℎ(0, 𝑦0)‖ + (1 − 𝜌)‖𝒜𝜌‖‖𝑓(Υ, y(Υ))‖

+ 𝜌‖𝒜𝜌
2‖

𝒮

Γ(𝜔)
∫ (Υ − 𝜁)𝜔−1‖𝑓(ζ, y(ζ))‖𝑑𝜁
Υ

0

+ ‖𝒜𝜌‖‖∑𝒯𝜔(Υ − 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(𝑡)

𝑝

𝛾=1

‖] 

≤ 𝐾 [‖𝑦1‖ + 𝜂 [‖𝐸
−1‖ℳℎ‖𝑦‖ + ‖𝐸

−1‖ℳℎ̂ +
𝒮Υ𝜔

ωΓ(𝜔)
(ℳℎ‖𝑦‖ +ℳℎ̂)

+ 𝒮(‖𝑦0‖ + ‖𝐸
−1‖ℳℎ̂)

+ (1 − 𝜌)(ℳ𝑓‖𝑦‖ +ℳ𝑓̂)+𝜂𝜌
𝒮Υ𝜔

ωΓ(𝜔)
(ℳ𝑓‖𝑦‖ +ℳ𝑓̂) + 𝒮ℳ‖𝑦‖

+ 𝒮∑‖𝑞𝛾(0)‖

𝑝

𝛾=1

]] 

= 𝐾 [‖𝑦1‖ + 𝜂‖𝑦‖ [‖𝐸
−1‖ℳℎ +

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 

+𝜂𝜌
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 + 𝒮ℳ] + 𝜂 [‖𝐸−1‖ℳℎ̂ +

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ̂

+ 𝒮(‖𝑦0‖ + ‖𝐸
−1‖ℳℎ̂) + (1 − 𝜌)ℳ𝑓̂

+ 𝜂𝜌
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓̂+𝒮∑‖𝑞𝛾(0)‖

𝑝

𝛾=1

]] 

= 𝐾[𝐷‖𝑦‖ + ‖𝑦1‖ + 𝐷̂], 

where 𝐷 is given in assumption and 
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𝐷̂ = 𝜂 [‖𝐸−1‖ℳℎ̂ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ̂ + 𝒮(‖𝑦0‖ + ‖𝐸

−1‖ℳℎ̂) + (1 − 𝜌)ℳ𝑓̂

+ 𝜂𝜌
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓̂ + 𝒮∑‖𝑞𝛾(0)‖

𝑝

𝛾=1

]. 

 

Also, for 𝑦, 𝑦̂ ∈ 𝑃𝐶(𝒥, 𝑋), we have 

‖𝓊𝑦 −𝓊𝑦̂‖ ≤ ‖𝑊𝜌
−1‖‖𝒜𝜌‖ [∫ (Υ − 𝜁)𝜔−1‖𝐿𝜔(Υ − 𝜁)‖‖𝐸ℎ(𝜁, 𝑦(𝜁))

Υ

0

− 𝐸ℎ(𝜁, 𝑦̂(𝜁))‖𝑑𝜁

+ 𝜌‖𝒜𝜌‖∫ (Υ − 𝜁)𝜔−1
Υ

0

‖𝐿𝜔(Υ − 𝜁)‖‖𝑓(𝜁, 𝑦(𝜁))

− 𝑓(𝜁, 𝑦̂(𝜁))‖𝑑𝜁 +∑‖𝒯𝜔(Υ − 𝜁)‖

𝑝

𝛾=1

‖𝑞𝛾𝑦(𝑡𝛾) − 𝑞𝛾𝑦̂(𝑡𝛾)‖] 

≤ 𝐾𝜂 [
𝒮Υ𝜔

𝜔Γ(𝜔)
ℳℎ‖𝑦 − 𝑦̂‖ + 𝜌𝜂

𝒮Υ𝜔

𝜔Γ(𝜔)
ℳ𝑓‖𝑦 − 𝑦̂‖ + 𝒮ℳ‖𝑦 − 𝑦̂‖] 

= 𝐾𝜂𝒮 [
Υ𝜔

Γ(𝜔 + 1)
ℳℎ + 𝜌𝜂

Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 +ℳ]‖𝑦 − 𝑦̂‖. 

Define the set 

𝐶𝜖 = {𝑦: 𝑦 ∈ 𝑃𝐶(𝒥, 𝑋), ‖𝑦‖ ≤ 𝜖 for each 𝑡 ∈ 𝒥}, 

then 𝐶𝜖 is closed, convex and bounded subset of 𝑃𝐶(𝒥, 𝑋) for each 𝜖.  

Define the operators 
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(Φ1)𝑦(𝑡) = 𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊𝑦(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+ 𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐵𝓊𝑦(𝜁)𝑑𝜁

𝑡

0

+𝒜𝜌∑∆𝑦(𝑡𝛾)𝒯𝜔(𝑡

𝑝

𝛾=1

− 𝑡𝛾),      𝑡 ∈ 𝒥. 

(Φ2)𝑦(𝑡) = 𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁,     𝑡 ∈ 𝒥.

𝑡

0

 

It is clear that 

(Φ1+Φ2)𝑦 = Φy. 

To show operator Φ has a fixed point on 𝐶𝜖, we need to choose 𝜖0 > 0, such that 

(Φ1+Φ2)𝑦 has a fixed point on 𝐶𝜖0 . 

Taking  

𝜖0 =
𝜂𝐾‖𝐵‖ [(1 − 𝜌) +

𝜌𝜂𝒮Υ𝜔

Γ(𝜔 + 1)
] (‖𝑦1‖ + 𝐷̂) + 𝐷̂

1 − [𝐷 + 𝜂𝐾‖𝐵‖𝐷 [(1 − 𝜌) +
𝜌𝜂𝒮Υ𝜔

Γ(𝜔 + 1)
]]

. 

We will show the operator (Φ1+Φ2)𝑦 has a fixed point on 𝐶𝜖0 . Our proof 

consists of three steps: 

Claim I:  We will show Φ𝐶𝜖0 ⊂ 𝐶𝜖0 . 

Let 𝑦 ∈ 𝐶𝜖0 , then 
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‖(Φy)(t)‖ ≤ ‖𝒜𝜌‖ [‖ℎ(𝑡, 𝑦(𝑡))‖ +
𝒮

Γ(𝜔)
∫ (𝑡 − 𝜁)𝜔−1‖𝐸ℎ(𝜁, 𝑦(𝜁)‖𝑑𝜁
𝑡

0

+ 𝒮‖(𝑦0 − ℎ(0, 𝑦0))‖ + (1 − 𝜌)[‖𝐵𝓊𝑦(𝑡)‖ + ‖𝑓(𝑡, 𝑦(𝑡))‖]

+ 𝜌‖𝒜𝜌‖
𝒮

Γ(𝜔)
∫ (𝑡 − 𝜁)𝜔−1‖𝐵𝓊𝑦(𝜁)‖𝑑𝜁
𝑡

0

+ 𝜌‖𝒜𝜌‖
𝒮

Γ(𝜔)
∫ (𝑡 − 𝜁)𝜔−1‖𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁
𝑡

0

+ 𝒮∑‖∆𝑦(𝑡𝛾)‖

𝑝

𝛾=1

] 

≤ 𝜂 [‖𝐸−1‖ℳℎ𝜖0 + ‖𝐸
−1‖ℳℎ̂ +

𝒮Υ𝜔

𝜔Γ(𝜔)
(ℳℎ𝜖0 +ℳℎ̂)

+ 𝒮(‖𝑦0‖ + ‖𝐸
−1‖ℳℎ̂) + (1 − 𝜌)‖𝐵‖‖𝓊𝑦(𝑡)‖

+ (1 − 𝜌)(ℳ𝑓𝜖0 +ℳ𝑓̂) + 𝜌𝜂
𝒮Υ𝜔

𝜔Γ(𝜔)
‖𝐵‖‖𝓊𝑦(𝑡)‖

+ 𝜌𝜂
𝒮Υ𝜔

𝜔Γ(𝜔)
(ℳ𝑓𝜖0 +ℳ𝑓̂) + 𝒮ℳ𝜖0 + 𝒮∑‖𝑞𝛾(0)‖

𝑝

𝛾=1

] 

= 𝜂 [𝜖0 [‖𝐸
−1‖ℳℎ +

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 + 𝒮ℳ]

+ ‖𝐸−1‖ℳℎ̂ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ̂ + 𝒮(‖𝑦0‖ + ‖𝐸

−1‖ℳℎ̂)

+ (1 − 𝜌)ℳ𝑓̂ + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓̂ + 𝒮∑‖𝑞𝛾(0)‖

𝑝

𝛾=1

+ [(1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
] ‖𝐵‖‖𝓊𝑦(𝑡)‖] 

= 𝐷𝜖0 + 𝐷̂ + [(1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
] 𝜂‖𝐵‖‖𝓊𝑦(𝑡)‖ 

≤ 𝐷𝜖0 + 𝐷̂ + [(1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
] 𝜂𝐾‖𝐵‖(𝐷𝜖0 + ‖𝑦1‖ + 𝐷̂) 
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= [𝐷 + 𝜂𝐾‖𝐵‖𝐷 [(1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
]] 𝜖0

+ 𝜂𝐾‖𝐵‖ [(1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
] (‖𝑦1‖ + 𝐷̂) + 𝐷̂ 

= 𝜖0. 

Therefore (Φ1 +Φ2)𝐶𝜖0 = Φ𝐶𝜖0 ⊂ 𝐶𝜖0. 

 

Claim II We prove the operator Φ1 is contraction on 𝐶𝜖0. 

Let 𝑦, 𝑦̂ ∈ 𝐶𝜖0 , then 

‖Φ1𝑦 − Φ1𝑦̂‖

≤ ‖𝒜𝜌‖ [‖ℎ(𝑡, 𝑦(𝑡)) − ℎ(𝑡, 𝑦̂(𝑡))‖

+ ∫ (𝑡 − 𝜁)𝜔−1‖𝐿𝜔(𝑡 − 𝜁)‖‖𝐸ℎ(𝜁, 𝑦(𝜁) − 𝐸ℎ(𝜁, 𝑦̂(𝜁)‖𝑑𝜁
𝑡

0

+ (1 − 𝜌)‖𝐵‖‖𝓊𝑦(𝑡) − 𝓊𝑦̂(𝑡)‖

+ (1 − 𝜌)‖𝑓(𝑡, 𝑦(𝑡)) − 𝑓(𝑡, 𝑦̂(𝑡))‖

+ 𝜌‖𝒜𝜌‖∫ (𝑡 − 𝜁)𝜔−1‖𝐿𝜔(𝑡 − 𝜁)‖
𝑡

0

‖𝐵‖‖𝓊𝑦(𝜁)

− 𝓊𝑦̂(𝜁)‖𝑑𝜁 +∑ ‖𝒯𝜔‖‖𝑞𝛾𝑦(𝑡𝛾) − 𝑞𝛾𝑦̂(𝑡𝛾)‖
𝑝

𝛾=1
] 

 

≤ 𝜂 [‖𝐸−𝟏‖ℳℎ +
𝒮Υ𝜔

𝜔Γ(𝜔)
ℳℎ

+ (1 − 𝜌)‖𝐵‖𝐾𝜂𝒮 (
Υ𝜔

𝜔Γ(𝜔)
ℳℎ + 𝜌𝜂

Υ𝜔

𝜔Γ(𝜔)
ℳ𝑓 +ℳ)

+ (1 − 𝜌)ℳ𝑓

+ 𝜌𝜂
𝒮Υ𝜔

𝜔Γ(𝜔)
‖𝐵‖𝐾𝜂𝒮 (

Υ𝜔

𝜔Γ(𝜔)
ℳℎ + 𝜌𝜂

Υ𝜔

𝜔Γ(𝜔)
ℳ𝑓 +ℳ)

+ 𝒮ℳ]‖𝑦 − 𝑦̂‖ 
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= 𝜂 [‖𝐸−𝟏‖ℳℎ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 + 𝒮ℳ

+ ‖𝐵‖𝐾𝜂𝒮 ((1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
) (

Υ𝜔

Γ(𝜔 + 1)
ℳℎ

+ 𝜌𝜂
Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 +ℳ)]‖𝑦 − 𝑦̂‖. 

 

Let 

𝒩 = 𝜂 [‖𝐸−𝟏‖ℳℎ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓

+ 𝒮ℳ+‖𝐵‖𝐾𝜂𝒮 ((1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
) (

Υ𝜔

Γ(𝜔 + 1)
ℳℎ

+ 𝜌𝜂
Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 +ℳ)]. 

From (3.17), we can observe that 0 < 𝒩 < 1 which mean Φ1 is a contraction. 

 

Claim III We prove the operator Φ2 is completely continuous. 

Firstly, we prove Φ2 is continuous. 

Let 𝑦𝑛 be a sequence in 𝑃𝐶(𝒥, 𝑋) which converge to 𝑦. Since 𝑓 is continuous 

function, then 

‖Φ2𝑦𝑛 −Φ2𝑦‖

≤ 𝜌‖𝒜𝜌
2‖∫ (𝑡 − 𝜁)𝜔−1‖𝐿𝜔(𝑡 − 𝜁)‖‖𝑓(𝜁, 𝑦𝑛(𝜁))

𝑡

0

− 𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁 

≤ 𝜌𝜂2
𝒮

Γ(𝜔)
∫ (𝑡 − 𝜁)𝜔−1‖𝑓(𝜁, 𝑦𝑛(𝜁)) − 𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁
𝑡

0

 

which converge to zero as 𝑛 → ∞. Therefore Φ2𝑦𝑛 → Φ2𝑦 in 𝑃𝐶(𝒥, 𝑋). 
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Next, we prove the family {Φ2𝑦: 𝑦 ∈ 𝐶𝜖0} is relatively compact. According to 

Arzela – Ascoli Theorem it is suffices to prove: 

• {Φ2𝑦: 𝑦 ∈ 𝐶𝜖0} is uniformly bounded. 

• {Φ2𝑦: 𝑦 ∈ 𝐶𝜖0} is equicontinuous.  

• For each 𝑡 ∈ 𝒥 then {(Φ2𝑦)(𝑡): 𝑦 ∈ 𝐶𝜖0} is relatively compact in 𝑋. 

By definition of 𝐶𝜖0 we have ‖Φ2𝑦‖ ≤ 𝜖0 for any 𝑦 ∈ 𝐶𝜖0, therefore 

{Φ2𝑦: 𝑦 ∈ 𝐶𝜖0} is uniformly bounded. 

To prove {Φ2𝑦: 𝑦 ∈ 𝐶𝜖0} is equicontinuous, let 𝑡1, 𝑡2 ∈ 𝒥, 𝑡1 < 𝑡2 then 

 

‖Φ2𝑦(𝑡2) − Φ2𝑦(𝑡1)‖ 

= ‖∫ (𝑡2 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡2

0

−∫ (𝑡1 − 𝜁)
𝜔−1𝐿𝜔(𝑡1 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

‖ 

= ‖∫ (𝑡2 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡2

𝑡1

 

+∫ (𝑡2 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

 

+∫ (𝑡1 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

 

−∫ (𝑡1 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

 

−∫ (𝑡1 − 𝜁)
𝜔−1𝐿𝜔(𝑡1 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

‖ 
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≤ ‖∫ (𝑡2 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡2

𝑡1

‖

+ ‖∫ (𝑡2 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

−∫ (𝑡1 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

‖ 

+‖∫ (𝑡1 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

−∫ (𝑡1 − 𝜁)
𝜔−1𝐿𝜔(𝑡1 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

‖ 

 

= ‖∫ (𝑡2 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡2

𝑡1

‖

+ ‖∫ [(𝑡2 − 𝜁)
𝜔−1 − (𝑡1 − 𝜁)

𝜔−1]𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡1

0

‖

+ ‖∫ (𝑡1 − 𝜁)
𝜔−1[𝐿𝜔(𝑡2 − 𝜁) − 𝐿𝜔(𝑡1 − 𝜁)]𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

‖. 

Let 

𝑂1 = ‖∫ (𝑡2 − 𝜁)
𝜔−1𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡2

𝑡1

‖, 

𝑂2 = ‖∫ [(𝑡2 − 𝜁)
𝜔−1 − (𝑡1 − 𝜁)

𝜔−1]𝐿𝜔(𝑡2 − 𝜁)𝑓(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡1

0

‖, 

𝑂3 = ‖∫ (𝑡1 − 𝜁)
𝜔−1[𝐿𝜔(𝑡2 − 𝜁) − 𝐿𝜔(𝑡1 − 𝜁)]𝑓(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡1

0

‖. 

We have to prove 𝑂1, 𝑂2 and 𝑂3 tend to zero when 𝑡2 → 𝑡1. 

By using Lemma (3.1.2) and condition H3, we have 

𝑂1 ≤
𝒮

Γ(𝜔)
∫ (𝑡2 − 𝜁)

𝜔−1‖𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁
𝑡2

𝑡1

 

≤
𝒮

Γ(𝜔 + 1)
(𝑡2 − 𝑡1)

𝝎(ℳ𝑓𝜖0 +ℳ𝑓̂) 
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which tend to zero as 𝑡2 → 𝑡1. 

Also, 

𝑂2 ≤
𝒮

Γ(𝜔)

(𝑡2 − 𝑡1)
𝜔

𝜔
(ℳ𝑓𝜖0 +ℳ𝑓̂) 

 

which is tend to zero as 𝑡2 → 𝑡1. 

 

Now, for 𝑂3, if  𝑡1 = 0 then 𝑂3 = 0. 

If 𝑡1 > 0 and 𝑠 is a small enough, then 

𝑂3 ≤ ∫ (𝑡1 − 𝜁)
𝜔−1‖𝐿𝜔(𝑡2 − 𝜁) − 𝐿𝜔(𝑡1 − 𝜁)‖‖𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁

𝑡1−𝑠

0

 

+∫ (𝑡1 − 𝜁)
𝜔−1‖𝐿𝜔(𝑡2 − 𝜁) − 𝐿𝜔(𝑡1 − 𝜁)‖‖𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁

𝑡1

𝑡1−𝑠

 

≤ 𝑠𝑢𝑝𝜁∈[0,𝑡1−𝑠]‖𝐿𝜔(𝑡2 − 𝜁) − 𝐿𝜔(𝑡1 − 𝜁)‖
𝑡1
𝜔 − 𝑠𝜔

𝜔
(ℳ𝑓𝜖0 +ℳ𝑓̂) 

 

+𝑠𝑢𝑝𝜁∈[𝑡1−𝑠,𝑡1]‖𝐿𝜔(𝑡2 − 𝜁) − 𝐿𝜔(𝑡1 − 𝜁)‖
𝑠𝜔

𝜔
(ℳ𝑓𝜖0 +ℳ𝑓̂). 

 

Since 𝒯(𝑡), 𝑡 > 0 is continuous in the uniform operator topology, we have 𝐿𝜔 is 

continuous in the uniform operator topology, then 𝑂3 tend to zero as 𝑡2 → 𝑡1, 

 𝑠 → 0. 

Therefore ‖Φ2𝑦(𝑡2) − Φ2𝑦(𝑡1)‖ tend to zero independently of 𝑦 ∈ 𝐶𝜖0  as     

𝑡2 → 𝑡1 which mean the family {Φ2𝑦: 𝑦 ∈ 𝐶𝜎0} is equicontinuous. 

Finally, we prove the set 𝑅(𝑡) = {(Φ2𝑦)(𝑡), 𝑦 ∈ 𝐶𝜖0} for any 𝑡 ∈ 𝒥 is relatively 

compact in 𝑋. 

If 𝑡 = 0, then 𝑅(0) = {(Φ2𝑦)(0)} = {0} which is compact set. 

If 𝑡 ∈ (0, Υ], we choose 𝜐 ∈ (0, 𝑡) and a real number 𝑟 > 0 to define the operator 
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(Φ𝑟
𝜐𝑦)(𝑡) = 𝜔𝜌𝒜𝜌

2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)
𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁,

∞

𝑟

𝑡−𝜐

0

 

𝑦 ∈ 𝐶𝜖0 . By condition H5 for any 𝑡 ∈ 𝒥, the set (𝒦𝑟
𝜐)(𝑡) = {(Φ𝑟

𝑣𝑦)(𝑡), 𝑦 ∈

𝐶𝜖0} is relatively compact in 𝑋. Moreover, for any 𝑦 ∈ 𝐶𝜖0 we have 

‖(Φ2𝑦)(𝑡) − (Φ𝑟
𝜐𝑦)(𝑡)‖ 

= ‖𝜔𝜌𝒜𝜌
2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁
∞

0

𝑡

0

 

−𝜔𝜌𝒜𝜌
2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁
∞

𝑟

𝑡−𝑣

0

‖ 

= ‖𝜔𝜌𝒜𝜌
2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁
𝑟

0

𝑡

0

 

+𝜔𝜌𝒜𝜌
2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁
∞

𝑟

𝑡

0

 

−𝜔𝜌𝒜𝜌
2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁
∞

𝑟

𝑡−𝑣

0

‖ 

 

≤ ‖𝜔𝜌𝒜𝜌
2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁
𝑟

0

𝑡

0

‖ 

+‖𝜔𝜌𝒜𝜌
2∫ ∫ 𝜃(𝑡 − 𝜁)𝜔−1φ𝜔(𝜃)𝒯(𝜃(𝑡 − 𝜁)

𝜔)𝑓(𝜁, 𝑦(𝜁))𝑑𝜃𝑑𝜁
∞

𝑟

𝑡

𝑡−𝑣

‖ 

≤  𝜔𝜌𝜂2𝒮∫ (𝑡 − 𝜁)𝜔−1‖𝑓(𝜁, 𝑦(𝜁)‖𝑑𝜁
𝑡

0

∫ 𝜃φ𝜔(𝜃)𝑑𝜃
𝑟

0

+𝜔𝜌𝜂2𝒮∫ (𝑡 − 𝜁)𝜔−1‖𝑓(𝜁, 𝑦(𝜁)‖𝑑𝜁
𝑡

𝑡−𝑣

∫ 𝜃φ𝜔(𝜃)𝑑𝜃
∞

𝑟

 

≤ 𝜌𝜂2𝒮Υ𝜔(ℳ𝑓𝜖0 +ℳ𝑓̂)∫ 𝜃φ𝜔(𝜃)𝑑𝜃
𝑟

0

+ 𝜌𝜂2𝒮𝑣𝜔(ℳ𝑓𝜖0 +ℳ𝑓̂)∫ 𝜃φ𝜔(𝜃)𝑑𝜃.
∞

𝑟
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Therefore, ‖(Φ2𝑦)(𝑡) − (Φ𝑟
𝜐𝑦)(𝑡)‖ tends to zero as 𝑣, 𝑟 → 0. Consequently, 

there are relatively compact sets arbitrary close to the set 𝑅(𝑡). Thus, 𝑅(𝑡) is 

relatively compact in 𝑋. Based on the above, the operator Φ2 is completely 

continuous. According to Nussbaum Fixed Point Theorem, operator Φ has a fixed 

point in 𝐶𝜖0. Therefore, The System (3.1) is exact controllable on 𝒥.                      ∎ 

 

The next example illustrates our result. 

 

Example 3.1.6  

Consider 

{
 
 

 
 

𝐷𝐶 𝜌,𝜔[𝑦(𝑡, 𝛾) − ℎ(𝑡, 𝑦(𝑡, 𝛾))] = 𝒜𝑦(𝑡, 𝛾) + 𝐵𝑢(𝑡) + 𝑓(𝑡, 𝑦(𝑡, 𝛾)),

𝜌, 𝜔 ∈ (0,1), 𝛾 ∈ [0, 𝜋], 𝑡 ∈ [0, 𝑡1) ∪ (𝑡1, 1],

𝑦(𝑡, 0) = 𝑦(𝑡, 𝜋) = 0, 𝑡 ∈ [0,1],                                                           

∆𝑦(𝑡1 ) = 𝑞1(𝑦(𝑡1
−)), 𝑡1 =

1

2
,                                    

 

and 𝑋 = 𝐿2([0, 𝜋], 𝑅). Define  

𝒜𝑦(𝑡, 𝛾) =
𝜕2𝑦

𝜕𝛾2
(𝑡, 𝛾). 

where 

𝐷(𝒜) = {𝑦 ∈ 𝑋: 
𝜕𝑦

𝜕𝛾
,
𝜕2𝑦

𝜕𝛾2
∈ 𝑋 and 𝛾(0) = 𝛾(𝜋) = 0}. 

For 𝑦 ∈ 𝐷(𝒜) then 𝒜 can be written as the following 

𝒜𝑦 =∑−𝑠2〈𝑦, 𝑦𝑠〉𝑦𝑠,

∞

𝑠=1

 

where 𝑦𝑠(𝛾) = (
2

𝜋
)

1

2
sin (𝑠𝛾), s=1,2,3…. Therefore 𝒜 is the generator of 

𝐶0 −semigroup {𝒯(𝑡), 𝑡 ≥ 0} in 𝐿2[0, 𝜋] such that 𝒯(𝑡)𝑦 = ∑ 𝑒−𝑠
2𝑡∞

𝑠=1 〈𝑦, 𝑦𝑠〉𝑦𝑠, 

𝑦 ∈ 𝐷(𝒜) [33]. The functions ℎ, 𝑓 and 𝑞1 defined as follows: 
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• ℎ: [0,1] × 𝑋 → 𝐷(𝒜) such that 

ℎ(𝑡, 𝑦(𝑡, 𝛾)) = 𝑠𝑖𝑛𝑦(𝑡, 𝛾), 𝑡 ∈ [0,1], 𝛾 ∈ [0, 𝜋], 𝑦 ∈ 𝑋. 

 

• 𝑓: [0,1] × 𝑋 → 𝑋 such that 

𝑓(𝑡, 𝑦(𝑡, 𝛾)) =
𝑡2𝑒−𝑡|𝑦(𝑡, 𝛾)|

𝑏
, 𝑡 ∈ [0,1], 𝛾 ∈ [0, 𝜋], 𝑦 ∈ 𝑋, 𝑏 > 0. 

• 𝑞1: 𝑋 → 𝑋 such that 

𝑞1(𝑦(𝑡1, 𝛾)) =
|𝑦 (

1
2

−

, 𝛾)|

2 (1 + |𝑦(
1
2

−

, 𝛾)|)
, 𝑡 ∈ [0,1], 𝛾 ∈ [0, 𝜋], 𝑦 ∈ 𝑋. 

For 𝑦1, 𝑦2 ∈ 𝑋, 

‖𝑓(𝑡, 𝑦1(𝑡, 𝛾)) − 𝑓(𝑡, 𝑦2(𝑡, 𝛾))‖ = ‖
𝑡2𝑒−𝑡|𝑦1(𝑡, 𝛾)|

𝑏
−
𝑡2𝑒−𝑡|𝑦2(𝑡, 𝛾)|

𝑏
‖

≤
1

𝑏
‖𝑦1 − 𝑦2‖ 

and 

‖𝐸ℎ(𝑡, 𝑦1(𝑡, 𝛾)) − 𝐸ℎ(𝑡, 𝑦2(𝑡, 𝛾))‖ = ‖𝐸 sin 𝑦1(𝑡, 𝛾) − 𝐸 sin 𝑦2(𝑡, 𝛾)‖ 

 

≤ ‖𝐸‖‖sin𝑦1(𝑡, 𝛾) − sin 𝑦2(𝑡, 𝛾)‖ 

≤ ‖𝐸‖‖𝑦1 − 𝑦2‖. 

Also, 

‖𝑞1(𝑦1(𝑡1, 𝛾)) − 𝑞1(𝑦2(𝑡1, 𝛾))‖ ≤
1

2
‖𝑦1 − 𝑦2‖. 

If 

0 < 𝐷 + 𝜂𝐾‖𝐵‖𝐷 [(1 − 𝜌) +
𝜌𝜂𝒮Υ𝜔

Γ(𝜔 + 1)
] < 1                          

where  

𝐷 = 𝜂 [‖𝐸−1‖ℳℎ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 + 𝜂𝜌

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 + 𝒮ℳ], 
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and the condition H5 is hold, then the hypothesis of Theorem (3.1.5) are fulfilled. 

Therefore, the system is exact controllable. 

 

3.2 The Existence and Uniqueness of the Mild Solution of 

Impulsive Hattaf-Fractional Nonlinear Control System in 

Banach Space 

This section investigates the existence and uniqueness of the mild solution of 

the impulsive Hattaf-fractional Nonlinear Control System (3.1) using Banach 

Fixed Point Theorem. We assume that The System (3.1) satisfies the conditions 

H2, H3, and H4, given in Section 3.1, ‖𝐴𝜌‖ ≤ 𝜂 and the 

𝐶0 −semigroup 𝑇(𝑡), 𝑡 > 0 is compact. 

 

Theorem 3.2.1 

 Assume that 

𝐷 = 𝜂 [‖𝐸−1‖ℳℎ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 + 𝜂𝜌

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 + 𝒮ℳ]

< 1, 

then The System (3.1) has a unique mild solution on 𝑃𝐶(𝒥, X) for each 𝓊 ∈

𝐿𝑃(𝒥, 𝑈). 

 

Proof. Define the operator 
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(Φ̂𝑦)(𝑡) = 

 

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    𝑡 ∈ [0, 𝑡1]

𝑡

0

𝒜𝜌ℎ(𝑡, 𝑦(𝑡)) +𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑡

0

+𝒜𝜌𝒯𝜔(𝑡)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑡) + 𝑓(𝑡, 𝑦(𝑡))]

+𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁    

𝑡

0

+𝒜𝜌∑𝒯𝜔(𝑡 − 𝑡𝛾)∆𝑦(𝑡𝛾),          𝑡 ∈ (𝑡𝛾, 𝑡𝛾+1].

𝑝

𝛾=1

 

Step 1. We show the operator Φ̂ maps 𝑃𝐶(𝒥, X) into itself. 

For 0 ≤ 𝑠 < 𝑠1 ≤ 𝑡1, 

‖(Φ̂𝑦)(𝑠) − (Φ̂𝑦)(𝑠1)‖

= ‖𝒜𝜌ℎ(𝑠, 𝑦(𝑠)) +𝒜𝜌∫ (𝑠 − 𝜁)𝜔−1𝐿𝜔(𝑠 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑠

0

+𝒜𝜌𝒯𝜔(𝑠)(𝑦0 − ℎ(0, 𝑦0)) + (1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑠) + 𝑓(𝑠, 𝑦(𝑠))]

+ 𝜌𝒜𝜌
2∫ (𝑠 − 𝜁)𝜔−1𝐿𝜔(𝑠 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑠

0

−𝒜𝜌ℎ(𝑠1, 𝑦(𝑠1)) −𝒜𝜌∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)

𝑠1

0
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𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁 −𝒜𝜌𝒯𝜔(𝑠1)(𝑦0 − ℎ(0, 𝑦0)) 

 

−(1 − 𝜌)𝒜𝜌[𝐵𝓊(𝑠1) + 𝑓(𝑠1, 𝑦(𝑠1))] 

−𝜌𝒜𝜌
2∫ (𝑠1 − 𝜁)

𝜔−1𝐿𝜔(𝑠1 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁
𝑠1

0

‖ 

≤ ‖𝒜𝜌 (ℎ(𝑠, 𝑦(𝑠)) − ℎ(𝑠1, 𝑦(𝑠1)))‖

+ ‖𝒜𝜌 [∫ (𝑠 − 𝜁)𝜔−1𝐿𝜔(𝑠 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑠

0

−∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑠1

0

]‖

+ ‖𝒜𝜌(𝑦0 − ℎ(0, 𝑦0))(𝒯𝜔(𝑠) − 𝒯𝜔(𝑠1))‖

+ ‖(1 − 𝜌)𝒜𝜌[𝐵(𝓊(𝑠) − 𝓊(𝑠1)) + 𝑓(𝑠, 𝑦(𝑠)) − 𝑓(𝑠1, 𝑦(𝑠1))]‖

+ ‖𝜌𝒜𝜌
2 [∫ (𝑠 − 𝜁)𝜔−1𝐿𝜔(𝑠 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑠

0

−∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑠1

0

]‖ 

≤ ‖𝒜𝜌‖ [ℎ(𝑠, 𝑦(𝑠)) − ℎ(𝑠1, 𝑦(𝑠1)) + ‖∫ (𝑠 − 𝜁)𝜔−1𝐿𝜔(𝑠 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁
𝑠

0

−∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑠

0

−∫ (𝑠1 − 𝜁)
𝜔−1

𝑠1

𝑠

 

𝐿𝜔(𝑠1 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁 + ∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑠

0

 

−∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑠

0

‖

+ ‖𝑦0 − ℎ(0, 𝑦0)‖‖𝒯𝜔(𝑠) − 𝒯𝜔(𝑠1)‖ 
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+(1 − 𝜌)[‖𝐵‖‖𝓊(𝑠) − 𝓊(𝑠1)‖ + ‖𝑓(𝑠, 𝑦(𝑠)) − 𝑓(𝑠1, 𝑦(𝑠1))‖] 

+𝜌‖𝒜𝜌‖‖∫ (𝑠 − 𝜁)𝜔−1𝐿𝜔(𝑠 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁
𝑠

0

−∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑠

0

−∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑠1

𝑠

+∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑠

0

−∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑠

0

‖ 

≤ ‖𝒜𝜌‖ [‖ℎ(𝑠, 𝑦(𝑠)) − ℎ(𝑠1, 𝑦(𝑠1))‖

+ ‖∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑠1

𝑠

‖ 

                        +∫ ‖(𝑠1 − 𝜁)
𝜔−1‖𝐿𝜔(𝑠 − 𝜁) − 𝐿𝜔(𝑠1 − 𝜁)‖𝐸ℎ(𝜁, 𝑦(𝜁))‖𝑑𝜁

𝑠

0

+∫ ‖(𝑠 − 𝜁)𝜔−1 − (𝑠1 − 𝜁)
𝜔−1‖‖𝐿𝜔(𝑠 − 𝜁)‖‖𝐸ℎ(𝜁, 𝑦(𝜁))‖𝑑𝜁

𝑠

0

+ ‖𝑦0 − ℎ(0, 𝑦0)‖‖𝒯𝜔(𝑠) − 𝒯𝜔(𝑠1)‖

+ (1 − 𝜌)‖𝐵‖‖𝓊(𝑠) − 𝓊(𝑠1)‖ 

           +(1 − 𝜌)‖𝑓(𝑠, 𝑦(𝑠)) − 𝑓(𝑠1, 𝑦(𝑠1))‖

+ 𝜌‖𝒜𝜌‖‖∫ (𝑠1 − 𝜁)
𝜔−1‖𝐿𝜔(𝑠1 − 𝜁)‖‖𝐵𝓊(𝜁)

𝑠1

𝑠

+ 𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁‖ 



Chapter Three                 Exact and Approximate Controllability of Hattaf-Fractional… 

 
101 

 

+𝜌‖𝒜𝜌‖∫ (𝑠1 − 𝜁)
𝜔−1‖𝐿𝜔(𝑠 − 𝜁) − 𝐿𝜔(𝑠1 − 𝜁)‖‖𝐵𝓊(𝜁)

𝑠

0

+ 𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁 +𝜌‖𝒜𝜌‖∫ ‖(𝑠 − 𝜁)𝜔−1
𝑠

0

− (𝑠1 − 𝜁)
𝜔−1‖‖𝐿𝜔(𝑠 − 𝜁)‖‖𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁] 

 

≤ 𝜂 [‖ℎ(𝑠, 𝑦(𝑠)) − ℎ(𝑠1, 𝑦(𝑠1))‖ +
𝒮(𝑠1 − 𝑠)

𝜔

Γ(𝜔 + 1)
𝑠𝑢𝑝𝜉∈[𝑠,𝑠1]‖𝐸ℎ(𝜉, 𝑦(𝜉))‖

+ 𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐿𝜔(𝑠 − 𝜁) − 𝐿𝜔(𝑠1 − 𝜁)‖𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐸ℎ(𝜁, 𝑦(𝜁))‖ 

× [
𝑠1
𝜔

𝜔
−
(𝑠1 − 𝑠)

𝜔

𝜔
] +

𝒮(𝑠1 − 𝑠)
𝜔

Γ(𝜔 + 1)
𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐸ℎ(𝜁, 𝑦(𝜁))‖ + ‖𝑦0 − ℎ(0, 𝑦0)‖ 

‖𝒯𝜔(𝑠) − 𝒯𝜔(𝑠1)‖ + (1 − 𝜌)‖𝐵‖‖𝓊(𝑠) − 𝓊(𝑠1)‖

+ (1 − 𝜌)‖𝑓(𝑠, 𝑦(𝑠)) − 𝑓(𝑠1, 𝑦(𝑠1))‖

+ 𝜌𝜂
𝒮(𝑠1 − 𝑠)

𝜔

Γ(𝜔 + 1)
𝑠𝑢𝑝𝜉∈[𝑠,𝑠1]‖𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))‖

+ 𝜌𝜂𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐿𝜔(𝑠 − 𝜁) − 𝐿𝜔(𝑠1 − 𝜁)‖𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐵𝓊(𝜁)

+ 𝑓(𝜁, 𝑦(𝜁))‖ [
𝑠1
𝜔

𝜔
−
(𝑠1 − 𝑠)

𝜔

𝜔
]

+ 𝜌𝜂
𝒮(𝑠1 − 𝑠)

𝜔

Γ(𝜔 + 1)
𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))‖]. 

Let 

𝑂1 = 𝜂‖ℎ(𝑠, 𝑦(𝑠)) − ℎ(𝑠1, 𝑦(𝑠1))‖ 

𝑂2 = 𝜂
𝒮(𝑠1 − 𝑠)

𝜔

Γ(𝜔 + 1)
𝑠𝑢𝑝𝜉∈[𝑠,𝑠1]‖𝐸ℎ(𝜉, 𝑦(𝜉))‖ 
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𝑂3 = 𝜂𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐿𝜔(𝑠 − 𝜁) − 𝐿𝜔(𝑠1 − 𝜁)‖𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐸ℎ(𝜁, 𝑦(𝜁))‖ [
𝑠1
𝜔

𝜔

−
(𝑠1 − 𝑠)

𝜔

𝜔
] 

𝑂4 = 𝜂
𝒮(𝑠1 − 𝑠)

𝜔

Γ(𝜔 + 1)
𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐸ℎ(𝜁, 𝑦(𝜁))‖ 

𝑂5 = 𝜂‖𝑦0 − ℎ(0, 𝑦0)‖‖𝒯𝜔(𝑠) − 𝒯𝜔(𝑠1)‖ 

𝑂6 = (1 − 𝜌)𝜂‖𝐵‖‖𝓊(𝑠) − 𝓊(𝑠1)‖ 

𝑂7 = (1 − 𝜌)𝜂‖𝑓(𝑠, 𝑦(𝑠)) − 𝑓(𝑠1, 𝑦(𝑠1))‖ 

𝑂8 = 𝜌𝜂
2
𝒮(𝑠1 − 𝑠)

𝜔

Γ(𝜔 + 1)
𝑠𝑢𝑝𝜉∈[𝑠,𝑠1]‖𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))‖ 

𝑂9 = 𝜌𝜂
2𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐿𝜔(𝑠 − 𝜁) − 𝐿𝜔(𝑠1 − 𝜁)‖𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐵𝓊(𝜁)

+ 𝑓(𝜁, 𝑦(𝜁))‖ [
𝑠1
𝜔

𝜔
−
(𝑠1 − 𝑠)

𝜔

𝜔
] 

𝑂10 = 𝜌𝜂
2
𝒮(𝑠1 − 𝑠)

𝜔

Γ(𝜔 + 1)
𝑠𝑢𝑝𝜉∈[0,𝑠]‖𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))‖. 

Since 𝑓, ℎ are continuous functions on 𝒥, then 𝑂1, 𝑂7 tend to zero as 𝑠 → 𝑠1. 

Since 𝐿𝜔 , 𝒯𝜔 are continuous in the uniform operator topology, then 

𝑂3, 𝑂5 and 𝑂9 tend to zero as 𝑠 → 𝑠1. 

Since 𝓊 is measurable, then 𝓊(𝑠) → 𝓊(𝑠1) almost every where 𝑠 → 𝑠1, then 𝑂6 

tend to zero. 

Clearly 𝑂2, 𝑂4, 𝑂8 and 𝑂10 tend to zero as 𝑠 → 𝑠1. Therefore 
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‖(Φ̂𝑦)(𝑠) − (Φ̂𝑦)(𝑠1)‖ → 0 as 𝑠 → 𝑠1. Thus (Φ̂𝑦)(𝑡) ∈ 𝐶[0, 𝑡1]. 

Now, for 𝑡𝛾 < 𝑠 < 𝑠1 ≤ 𝑡𝛾+1, we have 

‖(Φ̂𝑦)(𝑠) − (Φ̂𝑦)(𝑠1)‖

≤ ‖𝒜𝜌‖ [‖ℎ(𝑠, 𝑦(𝑠)) − ℎ(𝑠1, 𝑦(𝑠1))‖

+ ‖∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)𝐸ℎ(𝜁, 𝑦(𝜁))𝑑𝜁

𝑠1

𝑠

‖

+∫ ‖(𝑠1 − 𝜁)
𝜔−1‖𝐿𝜔(𝑠 − 𝜁) − 𝐿𝜔(𝑠1 − 𝜁)‖𝐸ℎ(𝜁, 𝑦(𝜁))‖𝑑𝜁

𝑠

0

+∫ ‖(𝑠 − 𝜁)𝜔−1 − (𝑠1 − 𝜁)
𝜔−1‖‖𝐿𝜔(𝑠 − 𝜁)‖‖𝐸ℎ(𝜁, 𝑦(𝜁))‖𝑑𝜁

𝑠

0

+ ‖𝑦0 − ℎ(0, 𝑦0)‖‖𝒯𝜔(𝑠) − 𝒯𝜔(𝑠1)‖

+ (1 − 𝜌)‖𝐵‖‖𝓊(𝑠) − 𝓊(𝑠1)‖

+ (1 − 𝜌)‖𝑓(𝑠, 𝑦(𝑠)) − 𝑓(𝑠1, 𝑦(𝑠1))‖

+ 𝜌‖𝒜𝜌‖‖∫ (𝑠1 − 𝜁)
𝜔−1𝐿𝜔(𝑠1 − 𝜁)[𝐵𝓊(𝜁) + 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

𝑠1

𝑠

‖

+ 𝜌‖𝒜𝜌‖∫ (𝑠1 − 𝜁)
𝜔−1‖𝐿𝜔(𝑠 − 𝜁) − 𝐿𝜔(𝑠1 − 𝜁)‖[𝐵𝓊(𝜁)

𝑠

0

+ 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁

+ 𝜌‖𝒜𝜌‖∫ ‖(𝑠 − 𝜁)𝜔−1 − (𝑠1 − 𝜁)
𝜔−1‖𝐿𝜔(𝑠 − 𝜁)[𝐵𝓊(𝜁)

𝑠

0

+ 𝑓(𝜁, 𝑦(𝜁))]𝑑𝜁 + Σ], 

where 

Σ =∑‖𝒯𝜔(𝑠1 − 𝑡𝛾) − 𝒯𝜔(𝑠 − 𝑡𝛾)‖‖∆𝑦(𝑡𝛾)‖.

𝑝

𝛾=1
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Since 𝒯𝜔 is continuous in the uniform operator topology, then Σ tend to zero as 

𝑠 → 𝑠1, and from above we have ‖(Φ̂𝑦)(𝑠) − (Φ̂𝑦)(𝑠1)‖ tend to zero as 𝑠 → 𝑠1. 

Therefore Φ̂𝑦 ∈ 𝑃𝐶[0, Υ]. 

Step 2. We show the operator Φ̂ is contraction on 𝑃𝐶(𝒥, 𝑋). 

For 𝑦1, 𝑦2 ∈ 𝑃𝐶(𝒥, 𝑋), and for each 𝑡 ∈ [0, 𝑡1], 

‖(Φ̂𝑦1)(𝑡) − (Φ̂𝑦2)(𝑡)‖

≤ ‖𝒜𝜌[ℎ(𝑡, 𝑦1(𝑡)) − ℎ(𝑡, 𝑦2(𝑡))]‖

+ ‖𝒜𝜌∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)𝐸[ℎ(𝜁, 𝑦1(𝜁)) − ℎ(𝜁, 𝑦2(𝜁))]𝑑𝜁
𝑡

0

‖

+ ‖(1 − 𝜌)𝒜𝜌[𝑓(𝑡, 𝑦1(𝑡)) − 𝑓(𝑡, 𝑦2(𝑡))]‖

+ ‖𝜌𝒜𝜌
2∫ (𝑡 − 𝜁)𝜔−1𝐿𝜔(𝑡 − 𝜁)[𝑓(𝜁, 𝑦1(𝜁)) − 𝑓(𝜁, 𝑦2(𝜁))]𝑑𝜁

𝑡

0

‖ 

≤ 𝜂‖ℎ(𝑡, 𝑦1(𝑡)) − ℎ(𝑡, 𝑦2(𝑡))‖ + 𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ‖𝑦1 − 𝑦2‖

+ (1 − 𝜌)𝜂‖𝑓(𝑡, 𝑦1(𝑡)) − 𝑓(𝑡, 𝑦2(𝑡))‖

+ 𝜌𝜂2
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓‖𝑦1 − 𝑦2‖ 

≤ 𝜂ℳℎ𝐸
−1‖𝑦1 − 𝑦2‖ + 𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ‖𝑦1 − 𝑦2‖ + (1 − 𝜌)𝜂ℳ𝑓‖𝑦1 − 𝑦2‖

+ 𝜌𝜂2
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓‖𝑦1 − 𝑦2‖ 

= 𝜂 [ℳℎ𝐸
−1 +

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 + 𝜌‖𝒜𝜌‖

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓] ‖𝑦1

− 𝑦2‖. 

Now, for 𝑡 ∈ (𝑡𝛾, 𝑡𝛾+1], using our assumption we have, 
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‖(Φ̂𝑦1)(𝑡) − (Φ̂𝑦2)(𝑡)‖ ≤

= 𝜂 [ℳℎ𝐸
−1 +

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓

+ 𝜌‖𝒜𝜌‖
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓] ‖𝑦1 − 𝑦2‖ + 𝜂ℳ𝒮‖𝑦1 − 𝑦2‖ 

= 𝐷‖𝑦1 − 𝑦2‖ 

and by our assumption, then Φ̂ is contraction. According to Banach Fixed Point 

Theorem, the operator Φ̂ has unique fixed point 𝑦 such that Φ̂𝑦 = 𝑦. Therefore 

the system (3.1) has a unique mild solution for any control 𝑢 ∈ 𝐿𝑃(𝒥, 𝑈).             ∎ 

 

3.3. Approximate Controllability of Impulsive Hattaf-

Fractional Nonlinear Control System in Banach Space 

The approximate controllability of the impulsive Hattaf-Fractional Nonlinear 

Control System (3.1) investigated throughout this section. Assume System (3.1) 

meets the conditions H2, H3, and H4 outlined in Section 3.1. Define the bounded 

linear operator Λ: 𝐿𝑃(𝒥, 𝑋) → 𝑋 as 

Λ(𝓎) = (1 − 𝜌)𝒜𝜌𝓎(Υ) + 𝜌𝒜𝜌
2∫(Υ − 𝑠)𝜔−1𝐿𝜔(Υ − 𝑠)𝓎(𝑠)𝑑𝑠

Υ

0

. 

The following condition is important to prove the approximate controllability of 

System (3.1), 

𝐇𝟔  ∀ 𝜖 > 0, ∀ 𝓎 ∈ 𝐿𝑃(𝒥, 𝑋), ∃ 𝓊 ∈ 𝐿𝑃(𝒥, 𝑈) such that 

‖Λ(𝓎) − Λ(𝐵𝓊)‖ < 𝜖 

and 

‖𝐵𝓊(∙)‖ < 𝜆‖𝓎(∙)‖ 

where 𝜆 > 0. 
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Definition 3.3.1 

 The System (3.1) is approximately controllable on 𝒥 if 𝒦Υ(𝑦)̅̅ ̅̅ ̅̅ ̅̅ = 𝑋, where 

𝒦Υ(𝑦) = {𝑦(Υ;𝓊):𝓊(t) ∈ 𝑈} is a reachable set of System (3.1). 

 

Lemma 3.3.2  

Assume the condition H6 is hold, then  

i. ‖y(t)‖ ≤ 𝐷‖𝑦(𝑡)‖ + 𝐷̂ + [(1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔+1)
] 𝜂‖𝐵‖‖𝓊(𝑡)‖. 

where 

 𝐷̂ = 𝜂 [‖𝐸−1‖ℳℎ̂ +
𝒮Υ𝜔

Γ(𝜔+1)
ℳℎ̂ + 𝒮(‖𝑦0‖ + ‖𝐸

−1‖ℳℎ̂) 

+(1 − 𝜌)ℳ𝑓̂ + 𝜂𝜌
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓̂ + 𝒮∑‖𝑞𝛾(0)‖

𝑝

𝛾=1

]. 

ii. For 𝑦1, 𝑦2 ∈ 𝑋, then 

‖𝑦2(𝑡) − 𝑦1(𝑡)‖ ≤
𝜂

1 − 𝐷
[(1 − 𝜌)‖𝐵‖ + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
‖𝐵‖] ‖𝓊2(𝑡) − 𝓊1(𝑡)‖. 

Proof. 

i. ‖y(t)‖ ≤ ‖𝒜𝜌‖ [‖ℎ(𝑡, 𝑦(𝑡))‖ +
𝒮

Γ(𝜔)
∫ (𝑡 − 𝜁)𝜔−1‖𝐸ℎ(𝜁, 𝑦(𝜁)‖𝑑𝜁
𝑡

0
+

𝒮‖(𝑦0 − ℎ(0, 𝑦0))‖ + (1 − 𝜌)[‖𝐵𝓊(𝑡)‖ + ‖𝑓(𝑡, 𝑦(𝑡))‖] +

𝜌‖𝒜𝜌‖
𝒮

Γ(𝜔)
∫ (𝑡 − 𝜁)𝜔−1‖𝐵𝓊(𝜁)‖𝑑𝜁
𝑡

0
+ 𝜌‖𝒜𝜌‖

𝒮

Γ(𝜔)
∫ (𝑡 −
𝑡

0

𝜁)𝜔−1‖𝑓(𝜁, 𝑦(𝜁))‖𝑑𝜁 + 𝒮 ∑ ‖∆𝑦(𝑡𝛾)‖
𝑝
𝛾=1 ] 
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≤ 𝜂 [‖𝐸−1‖ℳℎ‖𝑦‖ + ‖𝐸
−1‖ℳℎ̂ +

𝒮Υ𝜔

𝜔Γ(𝜔)
(ℳℎ‖𝑦‖ +ℳℎ̂)

+ 𝒮(‖𝑦0‖ + ‖𝐸
−1‖ℳℎ̂) + (1 − 𝜌)‖𝐵‖‖𝓊(𝑡)‖

+ (1 − 𝜌)(ℳ𝑓‖𝑦‖ +ℳ𝑓̂) + 𝜌𝜂
𝒮Υ𝜔

𝜔Γ(𝜔)
‖𝐵‖‖𝓊(𝑡)‖

+ 𝜌𝜂
𝒮Υ𝜔

𝜔Γ(𝜔)
(ℳ𝑓‖𝑦‖ +ℳ𝑓̂) + 𝒮ℳ‖𝑦‖ + 𝒮∑‖𝑞𝛾(0)‖

𝑝

𝛾=1

] 

= 𝜂 [‖𝑦‖ [‖𝐸−1‖ℳℎ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓

+ 𝒮ℳ] + ‖𝐸−1‖ℳℎ̂ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ̂

+ 𝒮(‖𝑦0‖ + ‖𝐸
−1‖ℳℎ̂) + (1 − 𝜌)ℳ𝑓̂ + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓̂

+ 𝒮∑‖𝑞𝛾(0)‖

𝑝

𝛾=1

+ [(1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
] ‖𝐵‖‖𝓊(𝑡)‖] 

= 𝐷‖𝑦‖ + 𝐷̂ + [(1 − 𝜌) + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
] 𝜂‖𝐵‖‖𝓊(𝑡)‖ 

 

ii. ‖𝑦2(𝑡) − 𝑦1(𝑡)‖ ≤ ‖𝒜𝜌‖ [‖ℎ(𝑡, 𝑦2(𝑡)) − ℎ(𝑡, 𝑦1(𝑡))‖ + ∫ (𝑡 −
𝑡

0

𝜁)𝜔−1 ‖𝐿𝜔(𝑡 − 𝜁)‖‖𝐸ℎ(𝜁, 𝑦2(𝜁) − 𝐸ℎ(𝜁, 𝑦1(𝜁)‖𝑑𝜁 + (1 −

𝜌)‖𝐵‖‖𝓊2(𝑡) − 𝓊1(𝑡)‖ + (1 − 𝜌)‖𝑓(𝑡, 𝑦2(𝑡)) − 𝑓(𝑡, 𝑦1(𝑡))‖ +

𝜌‖𝒜𝜌‖∫ (𝑡 − 𝜁)
𝜔−1‖𝐿𝜔(𝑡 − 𝜁)‖

𝑡

0
‖𝐵‖‖𝓊2(𝜉) − 𝓊1(𝜉)‖𝑑𝜁 +

∑ ‖𝒯𝜔‖‖𝑞𝛾𝑦2(𝑡𝛾) − 𝑞𝛾𝑦1(𝑡𝛾)‖
𝑝
𝛾=1 ] 
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≤ 𝜂 [‖𝐸−1‖ℳℎ‖𝑦2 − 𝑦1‖ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ‖𝑦2 − 𝑦1‖

+ (1 − 𝜌)‖𝐵‖‖𝓊2(𝑡) − 𝓊1(𝑡)‖ + (1 − 𝜌)ℳ𝑓‖𝑦2 − 𝑦1‖

+ 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
[‖𝐵‖‖𝓊2(𝑡) − 𝓊1(𝑡)‖ +ℳ𝑓‖𝑦2 − 𝑦1‖]

+ 𝒮ℳ‖𝑦2 − 𝑦1‖] 

= 𝜂 [‖𝐸−1‖ℳℎ +
𝒮Υ𝜔

Γ(𝜔 + 1)
ℳℎ + (1 − 𝜌)ℳ𝑓 + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
ℳ𝑓 + 𝒮ℳ]‖𝑦2

− 𝑦1‖ + 𝜂 [(1 − 𝜌)‖𝐵‖ + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
‖𝐵‖] ‖𝓊2(𝑡) − 𝓊1(𝑡)‖ 

= 𝐷‖𝑦2 − 𝑦1‖ + 𝜂 [(1 − 𝜌)‖𝐵‖ + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
‖𝐵‖] ‖𝓊2(𝑡) − 𝓊1(𝑡)‖. 

It follows, 

‖𝑦2 − 𝑦1‖ − 𝐷‖𝑦2 − 𝑦1‖

≤ 𝜂 [(1 − 𝜌)‖𝐵‖ + 𝜌𝜂
𝒮Υ𝜔

Γ(𝜔 + 1)
‖𝐵‖] ‖𝓊2(𝑡) − 𝓊1(𝑡)‖ 

Thus, 

‖𝑦2 − 𝑦1‖ ≤
𝜂

1 − 𝐷
[(1 − 𝜌)‖𝐵‖ + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
‖𝐵‖] ‖𝓊2(𝑡) − 𝓊1(𝑡)‖. 

 

Theorem 3.3.3 

 Suppose the condition H6 is holds, then The System (3.1) is approximate 

controllability provided 

(ℳ𝑓 +
‖𝒜𝜌

−1‖

𝜌
ℳℎ)𝜆

𝜂

1 − 𝐷
[(1 − 𝜌) + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
] ‖𝐵‖ < 1,         (3.18) 

where 𝜆 > 0. 
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Proof. Since the domain 𝐷(𝒜) of operator 𝒜 is dense in 𝑋 [33], i.e. 𝐷(𝒜)̅̅ ̅̅ ̅̅ ̅̅ = 𝑋. 

It sufficient to prove 𝐷(𝒜) ⊂ 𝒦Υ(𝑦), that is mean we must show for any 𝜖 > 0 

and 𝑥 ∈ 𝐷(𝒜), there exists 𝓊 ∈ 𝐿𝑃(𝒥, 𝑈) such that  

‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ΣΥ − Λ(𝐵𝓊) − Λ(𝑓) −𝒜𝜌ℎ(Υ, 𝑦(Υ))

+
1 − 𝜌

𝜌
𝐸ℎ(Υ, 𝑦(Υ)) −

𝒜𝜌
−1

𝜌
Λ (𝐸ℎ(Υ, 𝑦(Υ)))‖ 

= ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ΣΥ − Λ(𝐵𝓊) − Λ(𝑓)

+ (
1 − 𝜌

𝜌
𝜌𝒜𝒜𝜌 −𝒜𝜌) ℎ(Υ, 𝑦(Υ)) −

𝒜𝜌
−1

𝜌
Λ (𝐸ℎ(Υ, 𝑦(Υ)))‖ 

 

= ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ΣΥ − Λ(𝐵𝓊) − Λ(𝑓)

+ ((1 − 𝜌)𝒜 − 𝐼)𝒜𝜌ℎ(Υ, 𝑦(Υ)) −
𝒜𝜌
−1

𝜌
Λ (𝐸ℎ(Υ, 𝑦(Υ)))‖ 

= ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ΣΥ − Λ(𝐵𝓊) − Λ(𝑓) − 𝒜𝜌
−1𝒜𝜌ℎ(Υ, 𝑦(Υ))

−
𝒜𝜌
−1

𝜌
Λ (𝐸ℎ(Υ, 𝑦(Υ)))‖ 

= ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ΣΥ − Λ(𝐵𝓊) − Λ(𝑓) − ℎ(Υ, 𝑦(Υ))

−
𝒜𝜌
−1

𝜌
Λ (𝐸ℎ(Υ, 𝑦(Υ)))‖ < 𝜖 

where ΣΥ = ∑ 𝒯𝜔(Υ − 𝑡𝛾)∆𝑦(𝑡𝛾)𝜎𝛾(Υ).
𝑝
𝛾=1  

For any initial 𝑦0 ∈ 𝑋, since 𝒯(𝑡) is differentiability semigroup for each 

 𝑡 > 0 then  

[𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) + ℎ(Υ, 𝑦(Υ)) + ΣΥ] ∈ 𝐷(𝒜) 
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and we can see there exists a function 𝒬 ∈ 𝐿𝑝(𝒥, 𝑋) such that 

Λ(𝒬(∙)) = 𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ. 

 

For example, 

𝒬(𝑡) = 

{
 
 

 
 

0                                                                            𝑡 = Υ

(Υ − 𝑡)1−𝜔

Υ𝜌
(Γ(𝜔))

2
𝒜𝜌
−2 (𝐿𝜔(Υ − 𝑡) + 2𝑡

𝑑

𝑑𝑡
𝐿𝜔(Υ − 𝑡))

(𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ)

           𝑡 ∈ [0, Υ) 

then, 

Λ(𝒬(𝑡)) = 𝜌𝒜𝜌
2∫ (Υ − 𝑠)𝜔−1𝐿𝜔(Υ − 𝑠)

(Υ − 𝑠)1−𝜔

Υ𝜌
(Γ(𝜔))

2
Υ

0

𝒜𝜌
−2 (𝐿𝜔(Υ

− 𝑠) + 2𝑠
𝑑

𝑑𝑠
𝐿𝜔(Υ − 𝑠)) (𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0))

− ℎ(Υ, 𝑦(Υ)) − ΣΥ)𝑑𝑠 

=
(Γ(𝜔))

2

Υ
∫ ((𝐿𝜔(Υ − 𝑠))

2
+ 2𝑠𝐿𝜔(Υ − 𝑠)

𝑑

𝑑𝑠
𝐿𝜔(Υ − 𝑠)) (𝑥

Υ

0

−𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ)𝑑𝑠 

=
(Γ(𝜔))

2

Υ
[∫ (𝐿𝜔(Υ − 𝑠))

2
(𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ))

Υ

0

− ΣΥ)𝑑𝑠

+ ∫ 𝑠
𝑑

𝑑𝑠
(𝐿𝜔(Υ − 𝑠))

2
(𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0))

Υ

0

− ℎ(Υ, 𝑦(Υ)) − ΣΥ)𝑑𝑠]. 

Using integral by parts, we have 
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Λ(𝒬(𝑡)) =
(Γ(𝜔))

2

Υ
[∫ (𝐿𝜔(Υ − 𝑠))

2
(𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0))

Υ

0

− ℎ(Υ, 𝑦(Υ)) − ΣΥ)𝑑𝑠

+
Υ

(Γ(𝜔))
2 (𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ)

− ∫ (𝐿𝜔(Υ − 𝑠))
2
(𝑥 − 𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ))

Υ

0

− ΣΥ)𝑑𝑠] 

= (𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ). 

Now, for any given 𝜖 > 0 and by H6 there exists a control 𝓊 such that  

‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ − Λ(𝐵𝓊(𝑡))‖

<
𝜖

23
.                                                                                                   (3.19) 

Let 𝓊1 ∈ 𝐿𝑝(𝒥, 𝑈), then by H6, there exists 𝓊2 ∈ 𝐿𝑝(𝒥, 𝑈), such that 

‖Λ [𝐵𝓊(𝑡) − 𝑓(𝑡, 𝑦1(𝑡)) −
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))] − Λ(𝐵𝓊2(𝑡))‖ <

𝜖

23
      (3.20) 

where 𝑦1(𝑡) = 𝑦(t;𝓊1), 𝑡 ∈ 𝒥. 

From (3.19) and (3.20) we have 

‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ

− Λ [𝑓(𝑡, 𝑦1(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))] − Λ(𝐵𝓊2(𝑡))‖ 
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= ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ − Λ(𝐵𝓊(𝑡))

+ Λ(𝐵𝓊(𝑡)) − Λ [𝑓(𝑡, 𝑦1(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))]

− Λ(𝐵𝓊2(𝑡))‖ 

≤ ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ − Λ(𝐵𝓊(𝑡))‖

+ ‖Λ(𝐵𝓊(𝑡)) − Λ [𝑓(𝑡, 𝑦1(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))]

− Λ(𝐵𝓊2(𝑡))‖ 

≤
𝜖

22
. 

Denote 𝑦2 = 𝑦(t;𝓊2), 𝑡 ∈ 𝒥, then by H6, there exists 𝑤2 ∈ 𝐿𝑝(𝒥, 𝑈) such that 

‖Λ [𝑓(𝑡, 𝑦2(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦2(𝑡))] − Λ [𝑓(𝑡, 𝑦1(𝑡)) +

𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))]

− Λ(𝐵𝑤2(𝑡))‖ <
𝜖

23
, 

and  

‖𝐵𝑤2(𝑡)‖ < 𝜆 ‖𝑓(𝑡, 𝑦2(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦2(𝑡)) − 𝑓(𝑡, 𝑦1(𝑡))

−
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))‖ 

≤ 𝜆‖𝑓(𝑡, 𝑦2(𝑡)) − 𝑓(𝑡, 𝑦1(𝑡))‖ + 𝜆
‖𝒜𝜌

−1‖

𝜌
‖𝐸ℎ(𝑡, 𝑦2(𝑡)) − 𝐸ℎ(𝑡, 𝑦1(𝑡))‖ 
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≤ (ℳ𝑓 +
‖𝒜𝜌

−1‖

𝜌
ℳℎ)𝜆‖𝑦2 − 𝑦1‖ 

≤ (ℳ𝑓 +
‖𝒜𝜌

−1‖

𝜌
ℳℎ)𝜆

‖𝒜𝜌‖

1 − 𝐷
[(1 − 𝜌) + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
] ‖𝐵‖‖𝓊2(𝑡)

− 𝓊1(𝑡)‖. 

Let 𝓊3(𝑡) = 𝓊2(𝑡) − 𝑤2(𝑡), 𝓊3(∙) ∈ 𝐿𝑝(𝒥, 𝑈). It follows 

‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ

− Λ [𝑓(𝑡, 𝑦2(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦2(𝑡))] − Λ(𝐵𝓊3(𝑡))‖ 

= ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ

+ Λ [𝑓(𝑡, 𝑦1(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))]

− Λ [𝑓(𝑡, 𝑦1(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))]

− Λ [𝑓(𝑡, 𝑦2(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦2(𝑡))] − Λ(𝐵𝓊3(𝑡))‖ 

≤ ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ

− Λ [𝑓(𝑡, 𝑦1(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))] − Λ(𝐵𝓊2(𝑡))‖

+ ‖Λ [𝑓(𝑡, 𝑦1(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦1(𝑡))]

− Λ [𝑓(𝑡, 𝑦2(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦2(𝑡))] + Λ(𝐵𝑤2(𝑡))‖ 

<
𝜖

22
+
𝜖

23
. 

By Mathematical Induction, we can see that the sequence  

{𝓊𝑛, 𝑛 = 0,1,2,… } ⊂ 𝐿𝑝(𝒥, 𝑈), consequently, 
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‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ

− Λ [𝑓(𝑡, 𝑦𝑛(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦𝑛(𝑡))] − Λ(𝐵𝓊𝑛+1(𝑡))‖ 

<
𝜖

22
+
𝜖

23
+⋯+

𝜖

2𝑛+1
 

where 𝑦𝑛 = 𝑦(t;𝓊𝑛) and 

‖𝐵𝑢𝑛+1 − 𝐵𝑢𝑛‖ 

≤ (ℳ𝑓 +
‖𝒜𝜌

−1‖

𝜌
ℳℎ)𝜆

‖𝒜𝜌‖

1 − 𝐷
((1 − 𝜌) + 𝜌𝜂

𝒮Υ𝜔

Γ(𝜔 + 1)
)‖𝐵𝑢𝑛(𝑡)

− 𝐵𝑢𝑛−1(𝑡)‖ 

and from our assumption we get the sequence {𝐵𝓊𝑛(𝑡), 𝑛 = 1,2,3,… } is a 

Cauchy sequence on 𝑋. Since 𝑋 is a Banach space, then there exists a point 

𝛿(𝑡) ∈ 𝑋 such that 𝐵𝓊𝑛 → 𝛿(𝑡) as 𝑛 → ∞. Then for any 𝜖 > 0, there exists a 

positive integer 𝑘 such that  

‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ

− Λ [𝑓(𝑡, 𝑦𝑘(𝑡)) +
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦𝑘(𝑡))] − Λ(𝐵𝓊𝑘(𝑡))‖ 

≤ ‖𝑥 −𝒜𝜌𝒯𝜔(Υ)(𝑦0 − ℎ(0, 𝑦0)) − ℎ(Υ, 𝑦(Υ)) − ΣΥ − Λ[𝑓(𝑡, 𝑦𝑘(𝑡))]

− Λ [
𝒜𝜌
−1

𝜌
𝐸ℎ(𝑡, 𝑦𝑘(𝑡))] − Λ(𝐵𝓊𝑘+1(𝑡))‖

+ ‖Λ(𝐵𝓊𝑘+1(𝑡)) − Λ(𝐵𝓊𝑘(𝑡))‖ 

<
𝜖

22
+
𝜖

23
+⋯+

𝜖

2𝑘+1
+
𝜖

2
< 𝜖. 

Therefore, we get a sequence {𝑦𝑘 , 𝑘 = 1,2,… } ⊂ 𝒦Υ(𝑓) converge to 𝑥 ∈ 𝐷(𝒜), 

thus 𝑥 ∈ 𝒦Υ(𝑓)̅̅ ̅̅ ̅̅ ̅̅ , which mean 𝒦Υ(𝑓)̅̅ ̅̅ ̅̅ ̅̅ = 𝑋.                                                             ∎  
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The next example illustrates our result. 

 Example 3.3.4  

Consider the following nonlinear Hattaf-fractional control system  

{
 
 

 
 𝐷𝐶

1
2
,
1
3[𝑦(𝑡, 𝛾) − ℎ(𝑡, 𝑦(𝑡, 𝛾))] = 𝒜𝑦(𝑡, 𝑦) + 𝐵𝑢(𝑡) + 𝑓(𝑡, 𝑦(𝑡, 𝛾)),

𝛾 ∈ [0, 𝜋], 𝑡 ∈ [0, 𝑡1) ∪ (𝑡1, 1],

𝑦(𝑡, 0) = 𝑦(𝑡, 𝜋) = 0, 𝑡 ∈ [0,1],                                                           

∆𝑦(𝑡1
+) = 𝑞1(𝑦(𝑡1

−)), 𝑡1 =
1

2
,

  (3.21) 

Setting  𝑋 = 𝐿2([0. 𝜋], 𝑅) = 𝑈,  and define the operator 𝒜:𝐷(𝒜) ⊂ 𝑋 → 𝑋 by 

𝒜𝑦(𝑡, 𝛾) =
𝜕2𝑦

𝜕𝛾2
(𝑡, 𝛾). 

where 

𝐷(𝒜) = {𝑦 ∈ 𝑋: 
𝜕𝑦

𝜕𝛾
,
𝜕2𝑦

𝜕𝛾2
∈ 𝑋 and 𝛾(0) = 𝛾(𝜋) = 0}. 

For 𝑦 ∈ 𝐷(𝒜) then 𝒜 can be written as the following 

𝒜𝑦 =∑−𝑠2〈𝑦, 𝑦𝑠〉𝑦𝑠,

∞

𝑠=1

 

where 𝑦𝑠(𝛾) = (
2

𝜋
)

1

2
sin (𝑠𝛾), 𝑠 = 1,2,3…. Then {𝑦𝑠(𝛾)} is an orthonormal basis 

for 𝑋 and 𝑦𝑠 is an eigenfunction corresponding to the eigenvalue 𝜆𝑠 = −𝑠
2 of the 

operator 𝒜, 𝑠 = 1,2,3….  

 

Therefore, 𝒜 is the generator of 𝐶0 −semigroup {𝒯(𝑡), 𝑡 ≥ 0} in 𝐿2[0, 𝜋] such 

that 𝒯(𝑡)𝑦 = ∑ 𝑒−𝑠
2𝑡∞

𝑠=1 〈𝑦, 𝑦𝑠〉𝑦𝑠, 𝑦 ∈ 𝐷(𝒜),  and  ‖𝒯(𝑡)‖ < 1 = 𝒮. The 

functions ℎ, 𝑓 and 𝑞1 defined as follows: 

• ℎ: [0,1] × 𝑋 → 𝐷(𝒜) such that 

ℎ(𝑡, 𝑦(𝑡, 𝛾)) = ∫ sin 𝑦(𝑡, 𝜁) 𝑑𝜁
𝛾

0

, 𝑡 ∈ [0,1], 𝛾 ∈ [0, 𝜋], 𝑦 ∈ 𝑋. 

• 𝑓: [0,1] × 𝑋 → 𝑋 such that 
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𝑓(𝑡, 𝑦(𝑡, 𝛾)) =
𝑡2𝑒−𝑡|𝑦(𝑡, 𝛾)|

𝑏
, 𝑡 ∈ [0,1], 𝛾 ∈ [0, 𝜋], 𝑦 ∈ 𝑋, 𝑏 > 0. 

• 𝑞1: 𝑋 → 𝑋 such that 

𝑞1(𝑦(𝑡1, 𝛾)) =
|𝑦 (

1
2

−

, 𝛾)|

2 (1 + |𝑦(
1
2

−

, 𝛾)|)
, 𝑡 ∈ [0,1], 𝛾 ∈ [0, 𝜋], 𝑦 ∈ 𝑋. 

 

According to Hille-Yosida Theorem ‖𝒢(𝑡)‖ = ‖𝒯(𝑡)‖ = 𝒮.  

In Example (3.1.6) we showed that The System (3.21) satisfies the conditions 

H2, H3 and H4. 

For every 𝑢(∙) ∈ 𝐿𝑃(𝐽, 𝑈) of the form 𝑢(𝑡) = ∑ 𝑢𝑠(𝑡)𝑦𝑠
∞
𝑠=1 , define  

𝐵𝑢(𝑡) =∑𝑢̂𝑠(𝑡)𝑦𝑠

∞

𝑠=1

 

where 

𝑢̂𝑠(𝑡) = {
0             0 ≤ 𝑡 < 1 −

1

𝑠2

𝑢𝑠(𝑡)       1 −
1

𝑠2
≤ 𝑡 ≤ 1

. 

So ‖𝐵𝑢‖ ≤ ‖𝑢(∙)‖. Therefore 𝐵 is a bounded linear operator from 𝐿𝑃(𝐽, 𝑈) into 

𝑋. 

Now we shall prove The Condition H6. Consider the corresponding linear 

system of The System (3.21) as follows: 

{
𝐷𝐶
1
2
,
1
3𝑦𝑠(𝑡) + 𝑠

2𝑦𝑠(𝑡) = 𝑢̂𝑠(𝑡), 1 −
1

𝑠2
≤ 𝑡 ≤ 1

∆𝑦(𝑡1
+) = 𝑞1(𝑦(𝑡1

−)),
 

Let 𝓅(∙) be arbitrary element in 𝐿𝑝(𝐽, 𝑋) and 𝑘 ∈ 𝑋 defined as 

𝑘 = (1 − 𝜌)𝒜𝜌𝓅(1) + 𝜌𝒜𝜌
2∫ (1 − 𝜉)𝜔−1𝐿𝜔(1 − 𝜉)𝓅(𝜉)𝑑𝜉

1

0

. 

Assume that 𝓅(𝑡) = ∑ 𝓅𝑠(𝑡)𝑦𝑠
∞
𝑠=1  and 𝐾 = ∑ 𝑘𝑠𝑦𝑠

∞
𝑠=1 , where 𝑘𝑠 =

∫ 𝑒−𝑠
2(1−𝜁)𝓅𝑠(𝜁)𝑑𝜁

1

0
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we can choose the control function  

𝑢𝑠(𝑡) =
2𝑠2

1 − 𝑒−2
𝑘𝑠𝑒

−𝑠2(1−𝑡), 1 −
1

𝑠2
≤ 𝑡 ≤ 1, 

then  

(1 − 𝜌)𝒜𝜌𝐵𝑢(1) + 𝜌𝒜𝜌
2∫ (1 − 𝜉)𝜔−1𝐿𝜔(1 − 𝜉)𝐵𝑢(𝜉)𝑑𝜉

1

0

 

= (1 − 𝜌)𝒜𝜌𝐵𝑢(1) + 𝜌𝒜𝜌
2∫ (1 − 𝜉)𝜔−1𝐿𝜔(1 − 𝜉)∑𝑢̃𝑠(𝜉)𝑦𝑠

∞

𝑠=1

𝑑𝜉
1

0

 

= (1 − 𝜌)𝒜𝜌𝐵𝑢(1)

+ 𝜌𝒜𝜌
2∫ (1 − 𝜉)𝜔−1𝐿𝜔(1 − 𝜉)∑

2𝑠2

1 − 𝑒−2
𝑘𝑠𝑒

−𝑠2(1−𝜉)𝑦𝑠

∞

𝑠=1

𝑑𝜉
1

0

 

 

= 𝑘 = (1 − 𝜌)𝒜𝜌𝓅(1) + 𝜌𝒜𝜌
2∫ (1 − 𝜉)𝜔−1𝐿𝜔(1 − 𝜉)𝓅(𝜉)𝑑𝜉

1

0

. 

Therefore, the first part of Condition H6 is hold. 

Now, 

‖𝐵𝑢(𝑡)‖2 ≤∑∫ |𝑢̃𝑠(𝑡)|
2𝑑𝑡

1

1−
1
𝑠2

∞

𝑠=1

 

=∑∫ |
2𝑠2

1 − 𝑒−2
𝑘𝑠𝑒

−𝑠2(1−𝑡)|

2

𝑑𝑡
1

1−
1
𝑠2

∞

𝑠=1

 

=∑∫
4𝑠4

(1 − 𝑒−2)2
𝑘𝑠
2𝑒−2𝑠

2(1−𝑡)𝑑𝑡
1

1−
1
𝑠2

∞

𝑠=1

 

=∑
2𝑠2

1 − 𝑒−2
𝑘𝑠
2

∞

𝑠=1

 

=
1

1 − 𝑒−2
∑(1− 𝑒−2𝑠

2
)∫ |𝓅̂𝑠(𝑡)|

2𝑑𝑡
1

0

∞

𝑠=1

 

≤
1

1 − 𝑒−2
‖𝓅(∙)‖2. 
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Therefore, the Condition H6 holds.  

 

If  

𝐷 = 𝜂 [(‖𝐸−1‖ +
1

Γ (
4
3)
)ℳℎ +

1

2
(1 + 𝜂

1

Γ (
4
3)
)ℳ𝑓 +ℳ] < 1, 

 

and 

(ℳ𝑓 + 2‖𝒜𝜌
−1‖ℳℎ)

1

2(1 − 𝑒−2)

𝜂

1 − 𝐷
‖𝐵‖ < 1 

then The System (3.21) is approximately controllable.                                 ∎ 
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Chapter Four 

Conclusions and Future Works 

 

4.1 Conclusions 

• This work has investigated the controllability for linear System (2.1) 

and nonlinear System (2.2) in finite dimensional space. The solutions 

were obtained using fractional calculus, Laplace transform, and the 

Mittag-Leffler function. The use of the controllable for the linear 

system together with sufficient condition on (𝑓(𝑡, 𝑦(𝑡), 𝑢(𝑡)) has 

helped us to prove the controllability of System (2.2) via Schauder 

Fixed Point Theorem. 

 

• Observability of System (2.15) in finite dimension space ℝ𝑛 has been 

investigated in this work. First, we showed that the nonsingularity of 

Gramian observability matrix 𝑊𝑜𝑏  is a necessary and sufficient condition 

for the linear System (2.15) to be observable. For the linear System (2.15) 

to be observable, another condition has been established based on the 

rank of the matrix 

𝐺 =

[
 
 
 
 
 
 

𝐶
𝐶(𝜌𝐴𝜌𝐴)

Γ(𝜌 + 1)
⋮

(𝑛 − 1)! 𝐶(𝜌𝐴𝜌𝐴)
𝑛−1

Γ(𝜌(𝑛 − 1) + 1) ]
 
 
 
 
 
 

. 

 

One can show that the observability of System (2.15) could be 

determined without depends on time 𝑡. This is done by constant matrices 

𝐴 and 𝐵 only. Two tests for the observability of System (2.15) are 
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introduced which them: eigenvector of the matrix 𝐴𝜌𝐴 (eigenvector test), 

and rank the matrix [
𝐴𝜌𝐴 − 𝜆𝐴

𝛾𝐶
]. An important relationship between the 

observability and controllability of System (2.16) (Duality Theorem) is 

given. Examples are given for our main results. 

 

• The exact controllability System (3.1) in a Banach space has been 

investigated. The mild solutions were obtained using semigroup theory, 

fractional calculus, and Laplace transform.  

 

• Sufficient conditions have been established to prove the exact 

controllability of the nonlinear system (3.1). It has been proven by 

employing the Nussbaum Fixed Point Theorem. To illustrate the main 

results, an example was given  

 

• The mild solution of System (3.1) has been proved exist and unique in a 

Banach space by employing Banach Fixed Point Theorem. 

 

• For System (3.1), The approximate controllability was discussed using 

the approximate sequence method. The efficacy of our result has been 

shown using an example. 
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4.2 Future works 

 

We will study: 

1. Stability of Hattaf-fractional nonlinear dynamical system in finite 

dimensional space. 

2. Observability of the AB-fractional linear dynamical systems in banach space. 

3. Optimal control of Hattaf-fractional nonlinear control system in Banach 

space. 
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 المستخلص

 

غير ذات نواة  كسريةلأنظمة تحكم  مراقبةال قابليةو تحكمإلى دراسة وتطوير قابلية ال طروحةتهدف هذه الأ

 .غير منتهيةو نتهيةذات أبعاد م فضاءاتفي  شاذة

 تأخيرمع  AB نوعالكسري من  خطي ديناميكي تحكم نظامفي  تحكمقابلية ال إثبات تم العمل، هذا خلال

كسري من  غير خطي ديناميكي تحكم نظام أن لإثبات كافية شروط وضع تم. كاف شرط ظل في التحكم

 النقطة الصامدة لشودر.  نظرية باستخدام تحكم فيهال يمكن التحكم تأخير مع AB النوع

 معيار من أكثر تقديم تم حيث. AB كسري من نوع خطي ديناميكيتحكم  نظام مراقبة قابلية من التحقق تم

 .راقبةالم قابليةو تحكمال قابلية بين الازدواجية إثبات تم. لها واحد

 باستخدام باناخ فضاء في كسريال فاهت مشتق يتضمن خطي غير تسارعي تحكم لنظام معتدل حل تقديم تم

 هذا في تحكمقابلية ال أثبتنا كافية، شروط ظل في .ات شبه الزمرةونظري كسريال والتكامل التفاضل حساب

 تم أخرى، ناحية من .نوسباومل النقطة الصامدة نظرية باستخدام الرئيسية نتائجنا على الحصول تم. النظام

التحكم  قابلية إثبات تم أيضًا،. الخطي غير للنظام معتدلال الحل وحدانيةو وجود لإثبات كافية شروط تقديم

 .باناخ فضاء في النظام هذا على التقريبية

 .الرئيسية النتائج أهمية لتوضيح تطبيقات عرض تم أخيرًا،

 



 

 جمهورية العراق                                                                                               

 وزارة التعليم العالي والبحث العلمي                                                    
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                                                             رفة      ــوم الصـــة للعلــــة التربيــــكلي

                                                                       يات ـــــــــــــــم الرياضـــــــــــــــقس

                                                 

 

                        

 

 في حلول النظم الدينميه قابلية التحكم

 

 أطروحة

 

 مقدمة الى مجلس كلية التربية للعلوم الصرفة في جامعة بابل كجزء

/ الرياضيات في التربية من متطلبات نيل درجة الدكتوراه فلسفة  

                                          

من قبل     

 فاضل عباس ناجي عنيزان

 

 بإشراف

 أ.د أفتخار مضر الشرع
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