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Abstract

This dissertation aims to study and develop the controllability and
observability of fractional control systems with nonsingular kernel in finite and

infinite dimensional spaces.

Throughout this work, the controllability of an AB-fractional linear control
dynamical system with control delay under sufficient conditions has been proved.
Sufficient conditions are set to prove that a nonlinear AB-fractional control
dynamical system with control delay is controllable using Schauder Fixed Point

Theorem.

The observability of an AB-fractional linear control dynamical system has been
investigated. Wherein more than one criterion for it has been introduced. The

duality between controllability and observability has been proved.

A mild solution of a nonlinear impulsive control system involving Hattaf-
fractional derivative has been introduced in Banach space using fractional
calculus and semigroup theory. Under sufficient conditions, we prove the
controllability of this system. Our main results are obtained utilizing Nussbaum
Fixed Point Theorem. On the other hand, sufficient conditions are introduced to
show the existence and uniqueness of the mild solution of the nonlinear system.

Also, the approximate controllability of this system is proved in Banach space.

Finally, applications have been shown to illustrate the importance of the main

results.
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Introduction

Introduction

Control theory is an area of applied mathematics concerned with the behavior
of dynamical systems. Mesopotamia (2000 BC) is considered the first to use the
theory of control to irrigate agricultural lands. Control mechanisms are found all
across nature and are employed by living creatures to keep vital variables like
body temperature and blood sugar levels at predetermined ranges. The
populations of insects and animals are controlled by a carefully balanced prey-
predator relation. There are a variety of basic and complicated man-made control

systems in use in our daily lives. [1]

Fractional calculus has received significant interest from researchers because
it describes many scientific phenomena with great accuracy. This concept was
originally described in 1695 by Leibniz and L'Hospital as a generalization of the
integer-order derivative [2]. However, fractional calculus was used in the 1960s.
The application of fractional calculus has grown during the past three decades. It
is significant to a wide variety of applications in many fields, including
physics[3], fluid mechanics[4], biochemical [5], and population growth [6].
Academics increasingly research various forms of fractional differential
equations. Numerous definitions of fractional derivatives describe many
scientific phenomena, for instance, Riemann-Liouville, Caputo, Hadamard,

Grunwald-Letnikov, and Hilfer, for more details; see [7]-[9]

M. Caputo and M. Fabrizio [10] introduced a definition of a derivative with
fractional order with the nonsingular exponential kernel. Atangana and Baleanu
[11] proposed the AB-fractional derivatives as a concept of fractional derivatives
has a nonsingular Mittag-Leffler kernel. In 2020, Hattaf [12] presented a

generalization definition of the AB-fractional derivative. The fractional
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derivatives without singular kernels gave adequately described for models
of dissipative phenomena where the classical fractional operators cannot

give it, see [13]-[15].

Impulsive differential equations have attracted much research attention due to
their significance in modelling processes exposed to short-time changes
throughout their development. Many articles deal with impulsive differential

equations and their solutions for example; see [16]

Controllability and observability are important properties of dynamical
system. They are fundamental elements of modern control theory. If a system is
able to transform any initial state to any final state over given time using a control
function, then it is said to be controllable. Two forms of controllability are most
often considered in practical applications: exactly controllability and approximate
controllability. The system is exactly controllable if it reaches a required state at
the given time using admissible control. The system is approximate controllable
if it reaches a state at the given time lies in a e-neighborhood of the required state
using admissible control. The observability of a system is defined as the ability

to determine its initial state from its output behavior.

In 1963, Kalman [17] introduced the concepts of controllability and
observability. M. Nawaz, et. al. [18] discussed controllability of nonlinear
fractional system with control delay involving the Caputo fractional derivative
using fixed point theorem and Mittag-Leffler function. In 2020, Jiale Sheng et al.
[19] set sufficient conditions to show that AB-fractional nonlinear dynamical
system is controllable using fixed point theorem and Mittag-Leffler function. In
2021, Ghasemi and Nassiri [20] introduced many criterions for the controllability

of AB-fractional nonlinear dynamical system provided Caputo derivative of
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control function exists. In [21], the controllability of AB-fractional systems in
a Banach space were discussed based on fixed point theorem and semigroup
operator theory.

The controllability problems of impulsive fractional control systems have been

studied in many articles, see; [22], [23].

X. Li et al. [24] established sufficient conditions for the approximate
controllability of fractional control systems with time delay in Hilbert spaces
by using semigroup operator theory and sequence method. In [25] the
researcher investigated the approximate controllability for a kind of
fractional neutral differential equations with damping in Banach spaces

using the approximate sequence method.

In [26], the controllability and observability have been discussed for fractional
linear control systems with multiple different orders involving the Caputo
fractional derivative using Gramian matrix. K. Balachandran, et al. [27]
investigate the observability and controllability of fractional control dynamical

system with Grunwald-Letnikov derivative based on Gramian matrix.

This dissertation aims to study the exact and approximate controllability of
some types of fractional control systems with Mittag-Leffler kernel in finite and
infinite dimensional spaces using fixed point theorems, fractional calculus, and
semigroup operator theory. Additionally, the observability of AB-fractional
linear control dynamical systems has been discussed and developed in finite

dimensional space.




Introduction

We organized our work into four chapters:

Chapter one deals with the basic concepts and fundamental definitions that
helped us achieve our goals, such as functional analysis, semigroup theory, fixed
point theorems, fractional calculus, controllability, and observability.

Chapter two contains two sections. The first section investigates the
controllability of AB-fractional nonlinear dynamical systems with control delay.
We set sufficient conditions to prove that the nonlinear system is controllable
using Schauder Fixed Point Theorem. An example is presented to demonstrate
our theoretical results. Section two discusses the observability of AB-fractional
linear dynamical systems. We present more than one criterion for the
observability an AB-fractional linear control dynamical system. Additionally, the
duality between controllability and observability has been proved.

Chapter three contains three sections. Section one discusses the controllability
of a nonlinear impulsive Hattaf-fractional control system in Banach space using
semigroup theory and Nussbaum Fixed Point Theorem. In section two, we prove
the existence and uniqueness of the mild solution of the nonlinear system under
sufficient conditions using Banach Fixed Point Theorem. Concerning section
three, the approximate controllability of the nonlinear system has been proved
under sufficient conditions using the approximate sequence method.

Finally, the conclusions and future works have been presented in chapter four.
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Chapter One

Basic Definitions and Fundamental Theorems

In this chapter, we review some basic concepts, lemmas, and notations that will

aid us in establishing our main results later on.
1.1 Functional Analysis

Definition 1.1.1 [28]

Let Xand Y be normed spaces over the same field F. An operator T defined
from X to Y is called linear operator if T(ax + by) = aT(x) + bT (y) for all
x,4 €X,anda,b € F.

Definition 1.1.2 [29]

Let X and Y be normed spaces and the operator T defined from X to Y.
1. The operator T is said to be bounded if there exists a positive constant [ €
R such that
Tl < U]|=ll,

forall x € X.

2. The norm of operator T defined as:
ITIl = sup [|Tx]l.

llll=1
3. The operator T is called continuous operator at a point x, € Xif for
each € > 0 there exists § > 0 such that
ITx — Tx,|| < €, forall x € X satisfing ||x — x| < 6.
4. The operator T is called continuous operator on X if it continuous at every

point of X and it called uniformly continuous on X if § independ on x.




Chapter One Basic Definitions and Fundamental Theorems

Remark 1.1.3 [29]

Let T be a bounded linear operator. Then for any x € X,

ITxll < [IT]lllll.

Lemma 1.1.4 [29]

The linear operator T: X — Y is continuous if and only if it is bounded where

X and Y are normed spaces.

Definition 1.1.5 [30]
A subset D of a normed space X is called relatively compact if the closure of D

IS compact.

Definition 1.1.6 [30]
Let X and Y be normed spaces. The linear operator T: X — Y is said to be

compact if T maps each bounded subset A € X into a relatively compact setin Y.

Remark 1.1.7 [30]

Let X and Y be normed spaces.

I. A linear operator T:X — Y is compact if and only if for any bounded
sequence {x,} in X, the sequence {Tx,,} contains convergent subsequence
inY.

ii.  The compact linear operator is always bounded.
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Definition 1.1.8 [28]

A complete normed space, also known as Banach space, is a normed space

where every Cauchy sequence is convergent in it.

Example 1.1.9 [28]

Consider the space of all continuous functions x: [a, b] = R
Cla,b]: = {x:x:[a, b] = R, x is continuous,a,b € R }.
This space is a Banach space with norm given by

Ixll = max (L.

Definition 1.1.10 [30]
Let (X,u) be a measure space and 1 < p < oo. Then the collection of all

measurable function f for which |f|? is integrable will be denoted by L,, (). For

each f € L, (), set

=

i1, = ([ 1r1P au)’

the norm || £, is called the L,-norm of f.

Lemma 1.1.11 [28]

(Lp, lIl,,) is a Banach space.

Definition 1.1.12 [31]

Let XandY are Banach spaces. The operator T:X — Y is called completely

continuous if it is continuous and compact.
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Remark 1.1.13 [31]
Let T:X — Y be linear operator, where X and Y are Banach spaces. Then, if T is

compact operator, then it is completely continuous.

Definition 1.1.14 [30]

Assume D is a subset of the space of continuous functions C|a, b].

1- The set D is called bounded, if for all g € D and all t € [a, b] there exists
constant K > 0 such that [|g(t)|| < K.

2- The set D is called equicontinuous, if forall g € D and all t,s € [a, b]
and for each € > 0 there is & > 0 such that
lg(®) —g(s)ll <e whenl||t —s| < 6.

Lemma 1.1.15 [29] “Arzela-Ascoli's Theorem”

Let D be a subset of the space of continuous functions C[a, b]. Then D is relatively

compact if and only if it is bounded and equicontinuous.

Example 1.1.16 [31]

Consider X = C[0,1] and let A: [0,1] x [0,1] — R be a continuous function.
Define the operator T: X — X by

T(x)(t) = fA(t, s)x(s) ds.

For any x € X, we have
1

T ()] < f At $)|1%(s)] ds

0
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< sup|x(s)| flA(t, s)|ds
0

1
< |l f A, $)|ds.
0

Then T is a bounded operator. Let D be a nonempty and bounded subset of the
space X. We show that T (D) is relatively compact. First, let us prove that T (D) is
equicontinuous, since A is continuous on compact matric space then it is
uniformly continuous, so for every € > 0 there exists § > 0 such that for all

t,, t; € [0,1] we have

|A(t,,s) — A(t;,s)| < € when |t, —t;]| <&
Forx € X

1

IT(x)(t2) =T(x)(t)] < fIA(tz.S) — A(ty, $)lx(s)| ds

0

< suplx(®)| j A(ty,s) — Aty, )| ds
0

<sup|x(t)] €,
then T (D) is equicontinuous. According to Arzela-Ascoli's Theorem T(D) is

relatively compact, hence the operator T is completely continuous.

Definition 1.1.17 [28]

Let Xand Y be normed spaces. A linear operator T:D(T) € X - Y is called
closed operator when the graph G(T) = {(x,T(x)); 2 € D(T)} is a closed set in
X x Y.
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Lemma 1.1.18 [28]
Let X and Y be normed spaces. An operator T: X — Y is closed if and only if for
every sequence {x,},—o € Xsuchthatx, - xand Tx, > yasn—- oo,y €Y

then x € Xand Tx = y.

Now, we review some concepts on semigroup operator theory such as

uniformly continuous and strongly continuous in a Banach space X.

Definition 1.1.19 [32]
A semigroup of bounded linear operators 7°(t),t = 0 on X is defined as the
family of bounded linear operators satisfies the following:

i. T7(0)=I,

. T(t+s)=T(t)oT(s), foreveryt,s = 0.

Definition 1.1.20 [32]
The infinitesimal generator A of semigroup {7 (t)} >0, is the linear operator

described by:

T(t)] — drT(t
Af = tl_i)%l ( )f €= di ) tzo,for( € D(A)
where,
D(A) = {( € X; lim, % exists}.

Lemma 1.1.21 [32]

There is a unique infinitesimal generator for a semigroup {7 (t)} ;s0,-

10
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Definition 1.1.22 [32]
A semigroup {7 (t)}:s0,0f bounded linear operators on X is uniformly
continuous when:

lim [|7(6) = 1] = 0.

Example 1.1.23 [32]
Consider A is a bounded linear operator on X. Then the exponential function

exp(At) is a uniformly continuous semigroup generated by A on X.

Theorem 1.1.24 [32]
Let A be a linear operator. Then A is infinitesimal generator of a uniformly

continuous semigroup if and only if A is a bounded linear operator.

Definition 1.1.25 [32]

A strongly continuous semigroup (denoted by C, —semigroup) is a
semigroup {7 (t)} ;so, Of bounded linear operators on X that satisfies:
lim 7 ()¢ = ¢,

for each { € X.

Examples 1.1.26 [33]
Let X = C[0,1] suchthat{(1) =0forall{ € X. Fort = 0, define

(TO(s) = {%(S +1) +s< 11

T(t) is a C, —semigroup on X generated by a linear operator .4 which is given
by
D(A)={¢:¢eC01]nX,{eX}

and

11
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Al =( for ¢ € D(A).

Lemma 1.1.27 [33]
1. Let {T(t)};s0, be C, — semigroup generated by A. Then for { € X, the

function t —» T(t){ is continuous from R* into X.

2. For{ €X, [, T(t){ds € D(A) and A ( fOtT(S)(ds) = T() - .

Definition 1.1.28 [32]
A C, —semigroup {T'(t)} =0, On X is said to be differentiable for t > 0 when
forany ¢ € X,t = T(t){ is differentiable for t > 0.

Lemma 1.1.29 [32]
Let {T(t)};so, be C,—semigroup generated by A. For{ € D(A) c
X; T(t){ € D(A) and

d
T (D)0 = AT ()] = T()AL.

Theorem 1.1.30 [32]
Let A and B be infinitesimal generators of C, — semigroups 7(t) and S(t)
respectively. If A = B, then 7' (t) = S(t) fort = 0.

Lemma 1.1.31 [33]
Let {7 (t)} 0, IS Co — semigroup. Then thereiso > 0and K > 1, such that
T (®| < Ke®, fort > 0.

12
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Definition 1.1.32 [32]

The C, — semigroup {7(t)} ;s0, is called compact if T(t) is a compact operator

foreach t > 0.

Definition 1.1.33 [32]
The resolvent set indicated by p(A) is the set of all complex numbers & where

(&1 — A)~1is a bounded linear operator in X.

Definition 1.1.34 [32]
The resolvent operator of A is the family of bounded linear operators

R(&A) = (&1 —A) L& € p(A) and the following equality holds for x € X

R A)x=(El—A)1x = j e St T (t)xdt,
0

where {T'(t)} ;s0, IS @ C, —Semigroup generated by linear operator A, s > 0.

Theorem 1.1.35 [32] ""Hille-Yosida Theorem"
A linear operator A is the infinitesimal generator of C,-semigroup T'(t) (t =
0), satisfying ||7(t)]| < K (K = 1) if and only if

i. A is closed operator and D(A) = X.

ii.  The resolvent set p(cA) of operator A contains R* and

K
| R(&; A < ?,for §>0,neN.

In the following, we recall some of the fixed point theorems used
throughout this work.

If A is an operator of a Banach space X into itself, then x € X is said to be a
fixed point of A if A(x) = x. Fixed point theorems deal with the existence and

attributes of fixed points. Such theorems are the most potent tools for

13
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demonstrating the existence and uniqueness of solutions to various mathematical
models (differential equations, partial differential equations, fractional order

differential equations, etc.).

Definition 1.1.36 [34]
Assume (X, ||-]]) is a Banach space. An operator T'defined on X into itself is called
Lipschitz continuous if there is k > 0, such that
IT(x) =Tyl < kllx — »ll
forall x, ¢4 € X.
The smallest k is the Lipschitz constant of T. If k <1 then T is called a

contraction.

Theorem 1.1.37 [31] ""Schauder Fixed Point Theorem™

Assume M is a nonempty convex subset of a Banach space X, and B: M - M

Is a completely continuous operator. Then B has at least one fixed point.

Theorem 1.1.38 [35] ""Nussbaum Fixed Point Theorem"

Assume G is closed, bounded and convex subset of a Banach space X. If the
continuous functions ¢,, ¢, from G to X satisfies the following:
1. (¢1+ ¢2)G G,
2. |lp1x — Pyl < ullx —yl| for all x,y € G where 0 < u <1, i.e. ¢, is
contraction,
3. ¢, is completely continuous,

then the operator ¢, + ¢, has a fixed pointin G.

14
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Theorem 1.1.39 [36] ** Banach Fixed Point Theorem ™

Let X be a Banach space. If B: X — X is a contraction operator, then it has a

unique fixed point.

1.2 Fractional Calculus

Fractional calculus is the theory of derivatives and integrals of arbitrary order,
which generalizes the concepts of differentiation and integration of integer order.
Several fundamental concepts in fractional calculus, such as the definitions,

lemmas, and notations, will be reviewed in this section.

In the following, we recall some special functions which are important in

fractional calculus.

Definition 1.2.1 [7]

The Gamma function is indicated by I' (), defined as
(o) = J s lesds, a € C,Re(a) >0
0

which is a generalizes of the factorial function, that is

'n+1)=n!
forn € N.

Remark 1.2.2 [7]

Some important properties of Gamma function are
LT(1+ a) =aol'(a),
. 1
i. T (E) = /.

15
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The Mittag-Leffler function is essential in fixing problems with fractional

differential (integral) equations.

Definition 1.2.3 [7]

The function defined as

_y_ ¢
E,($) = ;m' (CeCp>0), (1.1)

is called Mittag-Leffler with one parameter p.

The generalization of the Mittag-Leffler function with two parameters

p and w is given by
E, ()= ;m CeCwp>0). (1.2)

When w = 1, then E, ,,({) coincides with E,({), i.e. E,1({) = E,({).

It is important to note that the Mittag-Leffler function is a generalization of

the exponential function. where

= 7
EiQ) = ) == exp(),
=0

Remark 1.2.4 [7]
Forp > 0,

1
Ep,p (0) = m

Now, we recall definition and some properties of Laplace Transform.

16
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Definition 1.2.5 [7]

The Laplace transform of a function x is defined by

(0]

L{x(t)}(s) = J e Stx(t) dt, s € Ct € R,
0

Lemma 1.2.6 [7]
Forqg > —1and s > 0, the Laplace transform of power function t? is given by

r 1
L{ET(s) = (gqfl )

Lemma 1.2.7 [7]
Suppose that x(t) and y(t) are two functions, in which the Laplace transforms
L{x(t)}(s) and L{y(t)}(s) exists. If the convolution of x(t) and y(t) defined by

t

x(®) * y(t) = j x(t = 8) y(8) do.

0
then the Laplace transform of the convolution of x(t) and y(t) is given by

L{x(@) * y(O}AD = L{x(OID L (O}A).

Lemma 1.2.8 [7]
Let s>0, 6 eR, 0+ 0, andp,w > 0. Then the Laplace transform of the

Mittag-Leffler functions (1.1) and (1.2) defined as

sP~1
L{E,(6tP)}(s) = prpt
sP~®
L{t T Epu (0tM)}(5) = 55

respectively.

In the following, we review some definitions and properties of the classic

fractional calculus.

17
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Definition 1.2.9 [7]

The fractional integral of order p > 0 for a function ¢ is defined by

RLIPZ(A) = —— f (A—-$)P"1¢(s)ds, A€ [a,b]

r'p)
is called Riemann-Liouville fractional integral, where I'(+) is the Gamma

function.

Definition 1.2.10 [7]

Riemann-Liouville fractional derivative of order p with the lower limit a for a

function ¢ is defined by

e ¢(1) =

1 dr 4 n-p-1 nm—p
F(n_p)dﬂnJa(A_s) {(s)ds=D I, (1),

n—1<p<n, neN
Example 1.2.11
Assume 0 < p < 1and A € [0,b], then
1 A
RLIP 22 — —f A —s)P1s2 (s,
° '(p) Jo (4=s5)

by integration of parts, we obtain

RLIP )2 _F( +1)j (A —5s)Psds
F( +2)_f (1 —s)Ptlds
- I'(p +3) AP,

Also, we can calculate the Riemann-Liouville derivative of order p of the function

22 as follows

2
RLpP 12 — DRL11_0/12 =D 213-p)
° ° r(4-p)

18
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= 2B - p) 12-p)
B-=pI@B-p)
2

S—— )}
r@-op)

If we choose p = 0.5, then

2
RLIO'SAZ — /12.5 =0.6018 /12.5.
0 ['(3.5)

2
RL)0.572 _ 15 15
gD 72 F(Z.S)A 1.5045 A™>.

Definition 1.2.12 [7]

For a function ¢, the expression

A
cDP L) = F(n;_p) [[G=syrtemas = o,

is called the Caputo fractional derivative of order p, where A € [a, b],

n—1<p<nmneN.

Lemma 1.2.13 [7]

Let p e Randn —1 < p <n,n € N. The relationship between the Riemann-

Liouville derivative and the Caputo derivative operators is given by

n-—1

()
DL = P + Y G- )
=0
In particular, when 0 < p < 1, we have
RLDP¢(D) = $DP¢(M) + F(cl(—i)p) (A—a)".

Lemma 1.2.14 [7]
Letp > 0andq > 0. Then
FLIPREITS(Q) = REIORLIPS (D) = RLIP+IL ().
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Remark 1.2.15 [7]
For all scalars g, , we have

RLP(q x(A) +ry(D)) = q RalPx(2) + r RLIPy ().

Lemma 1.2.16 [7]
Letn—1 < p<nneNands > 0 then:
I- the Laplace transform of the Riemann-Liouville fractional integration
operator of order p is given by
LEEGIP(£)3(s) = sTPLIL(D)}(s),
Ii- the Laplace transform of the Riemann-Liouville fractional differential

operator of order p is given by
n—-1
L{FEDP SONs) = sPLEO) = ) 5™ (R4 E)(0),
j=0

Iii- the Laplace transform of the Caputo fractional differential operator of order

p is given by

L{EDP (D)) = sPLE W} = ) 5#7I7H (D) (0.
j=0

Now, we recall some definitions and properties of fractional operators with

nonsingular kernel.

Letp € (0,1),w > 0,y, = 1L and Q(p) is normalization function satisfies

-p
Q(0) =Q() = 1.

Definition 1.2.17 [11]

The Atangana-Baleanu fractional (AB-fractional) derivative of Riemann-

Liouville sense of order p with lower limit a is given by

Qp) d

PED?E(E) = gy | Eol o6 = 9)7]4(5) ds, ¢ € [a,bl
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Definition 1.2.18 [11]
The Atangana-Baleanu fractional (AB-fractional) derivative of Caputo

sense of order p is given by

t d
ABCDP ¢ (t) = %j Ep[—yp(t — S)p] <$ () (s)ds,t € [a,b]

Definition 1.2.19 [11]
The fractional integral associated with the Atangana-Baleanu fractional

(AB-fractional) derivative is defined by

(1-p)
Q(p)

Note: Throughout our work we assume Q(p) = 1.
Definition 1.2.20 [12]

The Hattaf fractional derivative of Riemann-Liouville sense of order p with

ABrPe(t) = (@) +p™1P¢®), telab]

respect to the weight function n € C1(a, b), n,% > 0 with the lower limit a is

given by

1 d [t
RLDPA (1) = ) J Eo[=7,(t = )] 19 (s) ds.

1—pn(t)dt

Definition 1.2.21 [12]
The Hattaf-fractional derivative of Caputo sense of order p with respect to the
weight function n € C1(a, b), n,7% > 0 on [a, b] is given by

Q) 1 (*

D) =T
“ 1-pn®J,

d
Eo[~7,(t — )] ac (¢ (s)ds,  (1.3)
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Lemma 1.2.22 [12]
The relationship between the Hattaf-derivative of Riemann-Liouville sense and

Hattaf-fractional derivative of Caputo sense operators is given by

Q(p)

REDPUAL (1) = EDPOAL(E) + 1 D —E, [, — ) (1)) ().

Remark 1.2.23 [12]
When A = w and Q(p) = n(t) = 1, then the fractional derivative (1.3) will be in

the form

CDPOg() = —— j [y, (t - s)w]—as)ds (1.4)

Definition 1.2.24 [12]
The fractional integral corresponding to the Hattaf-fractional derivative (1.4)
IS

JPCC(E) = (1 = p)S(t) + pFel () (1.5)

Lemma 1.2.25 [11]
The Laplace transform of AB-fractional derivative of Caputo sense is

Q(p) sPL(D}(s) —sP7'¢ ©)
—p sP+Yp

L{#PGD {(D)}(s) =

Lemma 1.2.26 [12]
The Laplace transform of the Hattaf-fractional differential operator (1.4) is

1 sL{(D)}(s) —s“7{(0)
-p sY + Yo .

L{EDP S (OHS) = 1
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Lemma 1.2.27 [12]

The Laplace transform of the Hattaf-fractional integration operator (1.5) is

£{ 7792 (0)(5) = (1 = PLEOHS) + 25 LN

Lemma 1.2.28 [12]
For Hattaf-fractional differential operator (1.4) and Hattaf-fractional integration
operator (1.5),

aDP® G3P2g(2) = {(A).

In the following, some properties for the fractional differential operator (1.4)

and fractional integral operator (1.5) are proven.

Lemma 1.2.29

The Hattaf-fractional derivative (1.4) can be written as
CpPYZ(t) = 1 N kRLIwk+1 > 0 k
a f()—m (=v,) %% ¢(s), <k <o,
k=0
Proof.

SDPe(e) = ﬁ j OBy = 9))ds
1 (X p o\ (t—p)¥k
- EL((S)Z <_1 —p) Tk + 1) %

1,02(1— ) r(wk+1)fc(5)(t—s)“’kds

k=0

1 .
=155 Z(—yp)"Rglwk“((t) . .
k=0
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Lemma 1.2.30
Let0 < p <1,w>0.Then
JPPEDPPL(t) = {(t) — {(a).
Proof.
Since
dIPCEDPOL () = (1= p)GDP@E(E) + pFLI® EDP(0).
From Lemma 1.2.29 we have,

TP GDPS (1)
_ KRL wk+17 RLjw _P KRLjwk+17
- Z(_Vp) aI {(t) + aI TZ(_yp) aI ((t)
k=0 P k=0
By using Lemma 1.2.14, it follows

jpw CDp,wc(t) — Z(_yp) RLIwk+1((t)+ Z( yp) RLI(1+k)w+1((t)
k=0

_ Z(_yp)kRéIwk+1{'(t) _ Z(_yp)k+1R(L11(1+k)w+1Z(t)
k=0 k=0

= [, {(s)ds = ¢(t) — {(a). .

Lemma 1.2.31
Let0 <p<1,w>0and{ € PC[a, b]. Then

14
JPOEDPOE) = ()~ ¢(a) = ) (&)

fori=1,2,..,p,A0(t;)) = ¢(¢") — ¢(t7) and t € [a, b].

Proof.
Using the same technique as in Lemma (1.3.30), we get

t
TPWEDPO(t) = j {(s)ds.
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p
OEMOEDWIC
i=1

fori=1,2,...,pandt € [a, b]. |

1.3 Cauchy Problem
In this section, we recall the concept of the Cauchy problem because of its

importance in solving differential equations.

LetA : D(A) € X — X bealinear operator, where X be a Banach space. The
abstract Cauchy problem for A and y € X with initial condition y, consists of
finding a solution y(t) to the initial value problem

(O =A@+, ] =[] (16)
y(0) = yo.
where f: ] - X. A is infinitesimal generator of a C, —semigroup 7 (t).

Definition 1.3.1 [33]

A function y:J — X is a classical solution (solution) of (1.6) on Jif ,y(t) €
C1(J;X),y(t) € D(A), forall t € J and y satisfies (1.6) on J.

Let y be a solution of (1.6). Then the function q:J — X defined as q(s) =
T(t — s)y(s) is differentiable for 0 < s < t and

Z_Z = _AT(t — )y(s) + Tt — $)y(s)

= —AT(t — $)y(s) + T(t — )AY(s) + T(t — )f (5)

= T(t — $)f(s). (1.7)
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If f € L,(J; X) then, T'(t — s)f (s) is integrable and integrating (1.7) from O to
t, yields

y(t) =T ()y, + f T(t—s)f(s)ds. (1.8)
0

The right-hand side of (1.8) is continuous for any f € L, (J; X). [32]

It is possible to generalize the solution of (1.6) (mild solution) by removing

differentiability condition which defined as follows:

Definition 1.3.2 [33]
Let 7(t) be C, —semigroup generated by A. Let f € L,(J;X) and y, € X. The
function y € C(J; X) given by (1.8) is the mild solution of System (1.6).

The following example shows that the continuity of f, in general, is not a
sufficient condition for the existence of solutions to the Cauchy problem (1.6) for
Yo € D(A).

Example 1.3.3 [33]

Let 7(t) be C, —semigroup generated by A, and let z € X be such that for
anyt = 0,7(t) z & D(A). Suppose that f(t) = T(t)z. Then f(t) is continuous

for t > 0. Consider the initial value problem

y() =Ay(®)+ f(t), ] =[0Y]
{y(O) =0. (1.9)

Then the mild solution of (1.9) is

y(t) = ftT(t —5)T(s)zds
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= f tIT (t) zds
0

=tT(t)z

which is not differentiable.

1.4 Controllability and Observability
In this section, we recall some fundamental definitions and lemmas for
controllability and observability concepts in finite and infinite dimensional

spaces.

Controllability
A linear control dynamical system in finite dimensional space that can be

represented by the mathematical model

{Y(t) = Ay(t) + Bu(t), te€]=1[0,Y]
y(0) =y,

(1.10)
where y(t) € R™ and u(t) € R™ are state and control vectors respectively, A €

R™™ and B € R™ ™ are constant matrices.

System (1.10) is said to be controllable on J, if for any pair of vectors y,, y; €
R", there exists a control u € C(J; R™) such that the solution of System (1.10)

with given initial condition satisfies y(Y) = y; [37]. Since the solution of the

System (1.10) is
t

y(t) = edty, +j e4(t=5) Bu(s)ds,
0

then System (1.10) will be controllable on J if for any given y; € R", there exists

a control u such that
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Y
y, = ey, + J eA0=9) By(s)ds.
0

Theorem 1.4.1 [33]
The linear System (1.10) is controllable if and only if the controllability

Grammian matrix
Y
1% =f eAX=S)BB*eA"(Y=5) g
0

Is nonsingular.

Theorem 1.4.2 [37]
The linear System (1.10) is controllable if and only if the rank of the controllability
matrix [B AB A?B ... A" 1B],xnm is n.

Example 1.4.3

Consider the linear System

{y(t) = Ay(t) + Bu(t), t € [0,1]
y(0) =y,

where A = [(2) (1)] ,B = [ﬂ.Then the Grammian matrix
202725 4+ 1
w J el s 4 2 2—25 + 1 el—S + Z]dS
_ [67.376  29.22
29.22 14.067

which is nonsingular, then by Theorem (1.4.1), the system is controllable.
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Example 1.4.4 [38]

Consider the two tanks problem

u

yl(t)I | a

x(t)
Model (1)

Let y, (t) be denote the level of water in Tank 1, and y, (t) be denote the level of
water in Tank 2. The outflow rates from Tank 1 and Tank 2 are denoted by a and
b, respectively. Let u be denote the system's water supply. Then the mathematical

model of the system on the time interval [0,1] as follows:
y(t) = Ay(t) + Bu(t)
_[—a O t
where A = [ 4 —b] and B = [0]

1 —a

The matrix [B AB] = [0 4 ] has full rank, then by Theorem (1.4.2) the system

is controllable.

Model (2)

Now, if we consider the two Tank problems as following figure:
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Then the mathematical model of the system on the time interval [0,1] as follows:
y(t) = Ay(t) + Bu(t)

where A = [_aa —Ob] and B = [(1)]

The controllability matrix [B AB] = [g —Ob] hasn’t full rank, then by Theorem

(1.4.2), the system is not controllable.

On the other hand, the mathematical model of linear control dynamical system

in infinite dimensional space can be written as

PO= O+ B, tej=[0X i

y(0) =y,

where y takes values in a Banach space X and the control function u takes values
in a Banach space U. The operator A:D(A) c X - X is a closed, linear and
densely defined, but not necessarily bounded operator and B: U — X is a bounded

linear operator.

For any y, € X, the function y € C(J;X) given by [33]

t

y() = T(t)y, +f T(t — s)Bu(s)ds, te]=10,Y]

0
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is called the mild solution of System (1.11), where 7(t) : X —> X is the

C, —semigroup generated by the operator A.

In (1977) [39], Triggiani proved that if A generates a compact C,-

semigroup 7' (t), then the linear system could never be exact controllable in

an infinite dimensional space.

Definition 1.4.5 [40]

The linear System (1.11) is said to be approximately controllable on the interval
J , if for given € > 0 and two arbitrary initial and final points y, and y, in X, there
exists an admissible control u(t) on J steering y,, along a trajectory (solution)

y(t) of System (1.11) to € —neighbourad of y, such that ||y(Y) — y;|lx < e.

Definition 1.4.6 [40]
The set Ky (f) defined by

Fy(f) ={y(Y;u),u(®) e U}, t € [0,Y]
is called the reachable set, which consists of all possible final states.

Definition 1.4.7 [33]
The linear System (1.11) is said to be:
1. Exact controllableon ] = [0,Y] if

Ky(f) =X
2. Approximate controllable on J = [0,Y] if
Ky(f) = X

Observability

A linear control dynamical system with output in finite dimensional space can

be represented by the mathematical model
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y(©) = Ay(t), te]=1[0Y]
y(0) = o, (1.12)
x(t) = Cy(t),

where the vector y(t) € R" is state vector, x(t) € R" is the output vector, A €
R™™ and C € R™*™ are constant matrices. The System is observable over the
time interval J if it possible to determine uniquely the initial state y(0) = y, from

knowledge of the output x(t) over J.

Theorem 1.4.8 [41]

The linear dynamical System (1.12) is observable over the interval J if and only
if one of the following statements is hold:

(1) The n X n observability Gramian matrix
Y
w,, = f edsC*Ce?Sds
0

is nonsingular.

(11) The observability matrix

C
CA
CAn_l nmxn

Rank
Anl

(111) For each eigenvalue A of A, we have
[A - /11]

has full column rank. i.e.,

nmxn

Rank =n.

(n+m)xn
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Example. 1.4.9
Consider the system
y(©) = Ay(0), teJ=[01]
y(0) = y,,
x(t) = Cy(b),
where A = [2 0] and C =1 1].
0 2

The observability Grammian matrix

1
Wob:j [825_'_1 [e?s+1 e%5+1]ds
o le®+1

:[20.7886 20.7886
20.7886 20.7886

which is singular. Then by Theorem (1.4.8) (1), the system is not observable.

Example 1.4.10
Consider the model (1) of the two-tanks system in Example (1.4.4), with the
output x(t) = Cy(t)
where C = [0 b].
The observability matrix
[Cil] - [aob —ll)jz]

has full rank. Then by Theorem (1.4.8) (lIl), the system is observable.

Theorem 1.4.11 [41] “Theorem of Duality”

The linear System (1.10) is controllable if and only if the system
y() =-Ay(t), y(0)=y, te]J=][07Y]

x(t) = B*y(t)
is observable.
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Chapter Two
Controllability and Observability of AB-
Fractional Control Dynamical Systems in Finite

Dimensional Space

This chapter discusses the controllability and the observability of AB-
fractional control dynamical systems in R™.

The First Section investigates the controllability of non-linear dynamical
systems with control delay using the Gramian matrix and Schauder fixed point
theorem.

Section Two presents more than one criterion for the observability of linear
dynamical systems. Additionally, the duality between controllability and

observability has been proven.

2.1 Controllability Results for AB-Fractional Nonlinear

Dynamical Systems with Control Delay

In 2020 J. Sheng et al. [19] used the fixed point technique to prove the

following nonlinear AB-fractional dynamical system is controllable

{ABCDpy(t) = Ay(t) + Bu(t) + f(t,y(), u(®)), t €1,
y(0) =y,

where “B¢DP is AB-fractional derivative of order p, 0 < p <1, y(t) € R™,
w() ER™, AeR™"™, BeR™™ b>0, I=][0b]and the function
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f: I XxR"xR™ — R" is continuous.

Our work aims to study the controllability of the AB-fractional linear

dynamical system with control delay

{ABC DPy(t) = Ay(t) + Bu(h(t)),t €] = [0,Y]
(2.1)
y(0) = yo,
and AB-fractional nonlinear dynamical system with control delay
y(0) = o, |

whereY > 0, 0 < p < 1. Here y(t) € R™ and «(t) € R™, y,« are continuous
vector valued functions, A € R™", B € R™™ are constant matrices, the
function f:J x R™ x R™ — R" is continuous.

The matrix I — (1 — p)A is nonsingular, and A, = [ — (1 —p)A]™".

. #1:] = R is strictly increasing in J and twice continuously differentiable. In
addition, A(t) <t,h(Y) =Y and |[u(A(t))| < |u(t)|. Define the time lead
function o: [4(0), £(Y)] - J such that a(4(t)) = ¢ for ¢ € J. Assume that [ >
0 is given and u:[—[, Y] - R™, u, denote the function defined on [—[,0] as

u(p) =u(t+p)fort ejand p €[ 0].

Lemma 2.1.1 [42]

Suppose that continuous function h: D X R"™ — R™ satisfies lim Ihwmll _

lw|=c0 Wl
uniformly in v € D where D is a bounded subset of R , then for each pair of
constants a and b, there exists a positive constant e such that if ||w|| < e, then

allh(v,w)|| + b < e,forall v € D.
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In the following, the controllability of The Linear System (2.1) will be

discussed.

Firstly, we introduce the solution of System (2.1) in the next theorem.

Theorem 2.1.2
The solution of System (2.1) given by

ALE,(pAA,tP)yo + (1 — p)A,Bu(A(t))
A(t)
y(t) = { +pA> j (t — a(©)PE,,(pAA,(t — 0(8))")  (2.3)
0
X Bu($)o(§)ds + G(¢)

where

0

6@ =pa3 [ (6= o)y (94, — 7)) Buto ()
£(0)
Poof. By taking Laplace transformation of the both sides of System (2.1)
1 sPY(s)—sP 1y,

I-p Sp+1'.+p

= AY(s) + L{Bu(ﬁ(t))}(s)

where Y (s) = L{y(t)}(s),
then
sPY(s) —sP7ly,
= [(1 = p)s? + plAY (s) + [(1 = p)s? + p]L{Bu(A(1))}(s)
it follows

[(1 = (1= p)A)s? — pATY (s) = s°~1yo + [(1 = p)s® + plL{Bu(A(D))}(s).

By substitute A,, we have
[4,715P — pA]Y (s) = 5P~ 1y, + [(1 — p)sP + plL{Bu(A(D))}(s)

(SPI — pAAp)Ap_1Y(S) =sP 1y, + [(1 = p)sP + p]L{Bu(ﬁ(t))}(s),

therefore
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Y(s) = sP1A,(sP1 — pAA,) vy + (sP1 — pAA,) 4,
X [(1 = p)s + pIL{Bu(A(®)}(S)

= A,sP7(sPI — pAA)) Lo + (1 — p)sP(sPl — pAA,) T A, L{Bu(A(t))}(s)
+ p(sP1 — pAA,) A, L{Bu(A(D))}(s).
Note that
sP(sP1 — pAA,) ™" = (sPI — pAA, + pAA,)(sP1 — pAA,) ™
= (sP1 — pAA,)(sP1 — pAA,) " + pAA,(sPl — pAA,) ™
= 1+ pAA,(sP1 — pAA,) .
Therefore
Y(s) = A,sP1(sPI — pAA,) 1y,
+ (1= p) I+ pAAL(sP1 — pAA,) ") Ay L{Bu( A1) }(s)
+ p(sP1 — pAA,) A, L{Bu(A(t))}(s)
= A,sP71(sP1 — pAA,) tyo + (1 — p)A,L{Bu(A(1))}(s)
+ (1= p)pAAZ(sPI — pAA,) " L{Bu(A(D)}(s)
+ p(sPl — pAA,) T A, L{Bu(A(1))}(s)
= A,sP71(sP1 — pAA,) " ryo + (1 — p)A,L{Bu(A(1))}(s)
+[(1 = p)A+A,7pA? p(sPI — pAA) T L{Bu(A(D))}(s),
therefore,
Y(s) = A,sP7L(sP1 — pAd,) o + (1 — p) A, L{Bu(A(1))}(s)
+pA,? (sP1 = pAA,) ™ L{Bu(A(D)))(s).
Now, by taking inverse of Laplace transform for (2.4) we get,
L7HY (s);t}
= A, L7 HsP1(sPI — pAA,) Y thye + (1 — p)A,Bu(A(D))

(2.4)

+ pA 2 [L7H(sP1 — pAA,) Lt} Bu(R(D))].

37



Chapter Two Controllability and Observability of AB-Fractional ...

From Lemma (1.2.8) we have
L7 sP~2(sPI — pAA,) "1t} = E,(pAA,tP)
L7Y(sP1 — pAA,)7Yt} = tP1E, ,(pAA,tP),
therefore,
y(t) = A,E,(pAA,tP )y + (1 — p)A,Bu(A(t))
+ pA,° [(tp_lEp,p (pAAptp)) * Bu(h(t))]

= A,E,(pAA,tP )y + (1 — p)A,Bu(A(t))

t
+ pA,° j (t—&PE, ,(pAA, (t — §)P)Bu(A(§))dE.
0

We use the time lead function a(t) to write the above solution in the following

form

y(t) = ApEp(pAAptp)yo + (1 = p)A,Bu(A(t))
A(L)

+pA2 f (t = 0(©)P1E, , (pAA, (¢ — 0(6)) ) Bu(©)(€)de

£(0)

= A,E,(pAA,tP )y, + (1 — p)A,Bu(A(t))

+pA2 j (t = 0(©))PE, , (pAd, (t — 5())")Beu()6 (£)dE

£.(0)

£A(0)
+pA; f (t—o(E))PE, ,(pAA,(t — a(8))")Bu(&)d(§)dé.
0
Therefore,

ALE,(pAA,tP)yo + (1 — p)A,Bu(A(t))
y(t) =

A(t) P
+pA2 j (t — 0(©))P1E, ,(pAA, (t — 5(6))")
0
X Bu(&)a(é)dé + G(t).
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Note: The completely state of the Linear System (2.1) at t € Jis the set

Definition 2.1.3
The System (2.1) is said to be controllable on J if for every complete state g(0)

and every y; € R" there exists a control ««(t) defined on J such that the solution

y(t) of the system satisfies y(Y) = y;.

Theorem 2.1.4

The AB-fractional linear dynamical system with control delay (2.1) is

controllable on the interval J if the matrix W; is nonsingular, such that

W, = BB a(Y) + pA, W

F()

where

Y
W = j (Y = 0(9)" T [E, » (pA4 (Y — 0(8)) B&(E)]

X [Ep o (pA4,(Y = 0(£) Bo ()] dé

is the controllability-Grammian matrix.

Proof. By hypothesis that W; is nonsingular and since the matrix A, is also
nonsingular, then the control function may be defined as follows
w(t) = B'E} ,(pAA, (Y — a(t)) ()M A, W,
where
M =y, — AE,(pAA,tP )y, — G(Y).

Therefore
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y(Y) = A,E,(pAA,YP)y, + (1 — p)A,Bu(Y) + pA?

Y
x f (Y = 0(©))P1E, ,(pA, (Y — 0(©))")Bu(©)6 (§)dE + G(Y)
0

= A,E,(pAA,YP)yo + (1 — p)A,BB*E} ,(pAA,(Y — Y)PS(Y)
Y p

X MA, "W, ™! + pA? j (Y —a(&)PE, ,(pAA4,(Y — 0(£)) )BB*
0

X E*, 5 (pAA, (Y = 0(8)) 6(E)MA, T W, 7 6(§)d + G(Y)

= Y1
Therefore, The System (2.1) is controllable. [ |

In the following, the controllability of The Nonlinear System (2.2) will be

discussed.

Assume X is Banach space of all continuous functions (y,u):J X ] —
R™ x R™ with the norm [|(y,«) || = lly|l + ll«ll, when [lyll = sup{ly(©)];t €
Jyand [[u|l = sup{lu(t)]; t € J}.

For each (x, v) € X, consider the linear system,

{ABCDpy(t) = Ay(t) + Bu(A(t)) + f(t, x(t), v(D), t €], (2.5)

y(0) = y,.

Then, the solution of System (2.5) given by
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( AyE,(pAA,tP)yo + (1 — p)A,Bu(A(t))

+pAZ fo h(t)(t — a(©)PE, ,(pA4,(t — 0()")

y(£) =1 X Bu(§)d(§)ds + G(t) (2.6)
+(1 — p)A,f(t,x(8), v(t)) + pA2 fot(t — &Pt

X E,p(pAA,(t = P)f (£, x(9),v(8))d¢.

The controllability Gramian matrix and the control function are described by

Y
W = fo (Y = 0©)" [, p (044, (Y — () B(E)]

x [E, ,(pAA, (Y — 0(£))"B6 (8)] de,
and
w(t) = B*E},,(pAA,(Y — a(t)) o ()wa, W, ™,

where

P =M —(1-pA,f(t,x(®),v())
Y
—pAZ j (Y — PE, ,(pAd, (Y — £)P)

x f(&x(),v())ds.

It is straightforward to demonstrate that the control «(t) steers the Linear

System (2.5) from the initial state y, to the final state y;,.

Theorem 2.1.5

Assume that the continuous function f satisfies the condition

eyl
Iyali=o || (y,u) | '

2.7)

uniformly in J, and the matrix W; is nonsingular. Then the AB-fractional

nonlinear dynamical system with control delay (2.2) is controllable on J.
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Proof. Define the operator Q: X — X by
Qx,v) = (y,u),
where

wu(t) = B'E},,(pAA, (Y — a(£)) o)A, W,

( B*E; ,(pAA, (Y — o(®) 6(D)A4, W, !
X [y — ApEp(PAAptp)yo = G()
=4 —(1 = p)A,f (&, x(6),v(t)) — pAZ

Y
E jo (Y = £)P71E, ,(pAd, (Y — £)P)f(£,x(8), v(8))dé

and

( AL E,(pAA,tP)yo + (1 — p)A,Bu(h(t))
+pA3 fo - ()P By, (A4, (t — 0())")

y(t) = { % Bu(§)d(§)dé + G() + (1 — p)Apf (¢, x(), v(®))

+pAZ J (t = PTUE, ,(pA4,(t — §)P)

\ X (& x(8),v(§))d¢.
Let
K = suplls(©)ll,
n = supllue(d)ll

a; = sup||E,(pAA,t?)yol|,
a = sup||E,,(pAA, (Y — a(©))")||K
B = sup||E, ,(pAA, (Y = E)P),

a; = max{a,, B},
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b = (1 = Il + Y2|4,2]las,

a = max{b,[|Bl|, 1},

0
N=| (Y-a0(®) ds

£(0)
6 = pll4,2[laslIBIN,

b, = as3||B”|

A, W s
c; = 4ab,, c, = 4b4,

d, = asl||B*||

A" I [ (ol + [[Ap]las + m6),
d, = 4([|4pllar + 10)
ds = 4ad,, d = max{d,,ds}
1Nl = supf{|f (¢, x(©), v(®)|. t €]},
¢ = max{cy, c,}.

Then

lu(®)] < a,||B*l

4, 1wy ) + 14l + 114,21 B
+(a-pllall +volla,2l8) 1)

< az||B||

A7 N 1 (yal + [14p]|as + m6)
A7 I a1

=d; + bz”f”

+ as||B7|

d; ¢
—E'l'anf”-

It follows,

(O] < 7 (d + 1) 28)
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and
vy < ||4,|lay + (1 = p)||A, | 1BIllw(t)] + YP||4,%]|azlIBll (D)l
+ pk||4,2|| nazIBIN + [(1 = p)||4, || + Y?||4,%]|B11IF I

d
<

2 1
< T 1Bl +clifID +—I|f||

According to Lemma (2.1.1), there exists a positive constant r such that if
Iy, w|| < rthenc|fll+d<r.

Thus if [lx]| < Zand ||v]| <2, it is follows that c[|f]| + d < r. From (2.8) we
have ||| < .Since [y(t)| <= (d +c [[fD, then [[y|| < %
Define X, = {(x v)EX:|x|| <= and ||| < } Then Q maps X, into itself.

Since f is continuous and uniformly bounded for all ¢t € J, then the operator
Q) is continuous and uniformly bounded on J. Therefore, by continuity of the
Mittag-Leffler function we have ||[u(t;) —u(t,)|l, |ly(t;) — y(t,)|| tends to
zero when t; = t, for all ¢;,t, €] and for all (y,u) € X. Thus Q(X,) is
equicontinuous and therefore, the operator (1 is compact by Arzela-Ascoli
theorem. Thus () is completely continuous. Because X is closed, bounded and
convex, then by Schauder Fixed Point Theorem, we get () has a fixed point

(x,v) € X, that is,

Qlx,v) = (x,v) = (y,u).

Therefore,
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y(t) =

( ApEp(pAAptp)yo + (1 - p)ApBu(h(t)) +
A(t)
pa | (= o)y (94, (¢~ o))
0
X Bu(§)d(§)dé + G(t) + (pAA,(t — &)P)(1 —p)

X Apf(t')’(t),’u(t)) + pA J (t—¢&)Pt
0

L X E,,(pAA,(t — a(©)))f (5, y(8),u(§))dE

consequently, y(t) is the solution of System (2.2). Furthermore,

y(Y) =4

1-p)
I'(p)

Y
+pa? jo (Y = 0())P 7By, (pA4, (Y — 5(©))”)

x BB*E*, ,(pAA, (Y — a(£))")6 (&) A7 W, " pd¢
+(1 = A f (£, y (), u(Y)) + pA3

’

ALE,(pAAYP)y, + BB*¢(Y)W, "y

:
ALE,(pAA,TP)y, +

Y
x [ 0= 08718, ,(oad, (¥ - °)
0
: FEY©),w(©)dE + 6D

(1-p)
['(p)
+pA,WW, Y + (1 — p)A,f(Y, y (), w(Y))

Y
+pA2 j (Y = &PE, ,(pAA, (Y — §)P)
0

BB*s(Y)W; 'y

\ x f(&y(©),u(®)d + G(Y)

=Y1-

Therefore, The Nonlinear System (2.2) is controllable on J. ]
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In particular, when f is integral operator, the controllability of

Nonlinear System (2.2) discussed as follows.
Consider the nonlinear integrodifferential system
( AP“DPy(t) = Ay(t) + Bu(A(1))

t
J +f <t,y(t), f a(t, S,y(S))dS>,t €], (2.9)
0
y(0) = yo,
where f: ] X R®* X R" - R™and g:J X J X R®™ - R" are continuous function.
Let C,,(J) be Banach space of continuous R™ valued functions defined on J. For

each x € C,,(J) consider the linear system
ABEDPy(t) = Ay(t) + Bu(A(t))
{+f (t,y(t), fotg(t' S,x(s))ds>,t,s €], (2.10)
y(0) = Yo.

Then, the solution of system (2.10) is

( ALE,(pAAytP )y, + (1 — p)A,Bu(A(t))
A(t)
S G

X Ep p(pAA,(t — 0()")Bu(§)6(§)dé
YO =14+61) + (1 — p)A,f (t,x(t),f g(t s,x(s))ds) (2.11)
0

t
v} | (6= 0771, (oA, - )

'3
x f (5, X(©), j 9s, x(s))ds) dt.
0

foreacht,s € J,x € C,,(J).
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Theorem 2.1.6

Let the matrix W; be nonsingular and there exists a constant L > 0 such that

the continuous function f satisfies the condition

‘f <t,x(t),ftg(t, s,x(s))ds)
0

Then the AB-fractional nonlinear integrodifferential dynamical system with

<L tse],xeC,()) (2.12)

control delay (2.9) is controllable on J.

Proof. Define the operator Q: C,(J) = C,(J) by

(A E,(pAALP)yo + (1 — p)A,Bu(A(t))
A(t)

+pA2 jo (t - o(€))P!

X Epp(pAA(t — 0(9)")Bu()d()dé
Q(x®)) =y®) =< +(1 - P)A,f (t,x(t),] q(t, S,x(s))ds>
0

t
v} | (6= 0771, (oA, - )

§
Xf(f,X(f),J g(f'S,X(S))dS> ds,
0

where the control function «(t) defined as follows,

w(t) = B'E*, ,(pAA, (Y — a(®)) s(t)yp'A, " w7,

where

Y =M -1 -pAf (t'x(t)'J g(t, s,x(s))ds>
0
Y
—paz [ (0= £ x By, (oAdy (¥ - £)7)
0

'3
x f (f, x(©), f 9(s, x(s))ds) dé.
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Now, we define a closed convex subset

¢y = {x € Cu():MIxll =7}

where

Therefore, ) maps ¢, into itself.

By the same technique in Theorem (2.1.5) we get Q has a fixed point x € ¢, that
18,

Q(x) =x=y.
Therefore,

( AE,(pAA,tP )y, + (1 — p)A,Bu(h(t))
£(t)

+pA2 j (t = a(€)PE, ,(pAd, (t — 5(6))")
Bu(§)6(§)dé + G(6)
y®)=1 +A-pAf (t,x(t), f g(t, S,y(S))ds>
0

t
+pA3 jo (t—&)PE, ,(pAA,(t — §)P)

'3
x f (5, X(©), j 9, y(s))ds) ds
0

as the solution of system (2.9), and
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1-p)
['(p)

Y
+pa2 [0 000077 B, p (A, (Y = 0))")
0
x BB*E*,, ,(pAA, (Y — 0(&))")d (&) A W, "' dé

Y
+(1 - p)A,f (Y,y(Y). f a(y, S,y(S))dS>
0

( . _ ,
ALE,(pAA,YP)y, + BB*¢(Y)W; 'y

y(¥) =+

Y
+pAj j (¥ = P Ep , (pA4, (Y = £)P)
0

§
Xf(f,Y(f),f g(f,S.Y(S))dS> d¢ +G(Y)
0

(1-p)
I'(p)
+pA,WW, Y + (1 —p)4,

Y
x f (Y,y(Y), j gy, S,y(S))dS>

( , 1,
ALE,(pAAYP)y, + BB*¢(Y)W, "¢

Y
+pA2 j (Y = P, ,(pAA, (Y — §)P)

¢
\ Xf(f»)’(f);j g(f,S»y(S))dS> d§ + G (Y)

=M

Therefore, The Nonlinear System (2.9) is controllable on J. [

Next, we give examples to illustrate our results.
Example 2.1.7
Consider the following AB-fractional nonlinear system with control delay:
{ABCDPy(t) = Ay(t) + Bu(A(1)),

+(6y(®),w®),  te[01] (2.13)
y(0) = yo,
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where £4:[0,1] » Rdefinedas A(t) =2t —1,A = (0 1),B = (1 0),

0 0 0 1
p =0.5,and
0
f(&y®u@®) = (et cos y;(t) + sinu, (t))
Define
t+1
7:TA0), A(D)] - [0,1],0(0) = ——
then
1
O'(t) = E

p=i-a-par=[( 9-Q 9 =( %)

and

¢ = pas, = (° 0.5)_

0 O

The Mittag-Leffler function matrix of the system is:

= CR((t — pYk
Fou(C(t = 0()") =y LT
k=0

Tk + 1)p

then,

Eos,0s5 (C(t - U(f))o's)

© ck (t—a(f))o's k
:Z ( ) 1 (1 0

0.5
r(k+ 105  T(0.5\0 1) +(t—a(D)

(o 9)
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KL @—a@»“w
Vi 2 |
\° J

The controllability-Gramian matrix is

-

_70.254 0.0705
W_(0.0705 0.225 )

Therefore
_70.285 0.091
Wl_(o.oss 0.253)

is nonsingular. Since the nonlinear function f(t,y(t),«(t)) satisfies the
hypothesis (2.7), then The System (2.13) is controllable on [0,1] according to
Theorem (2.1.5).

Example 2.1.8

Consider the following AB-fractional nonlinear fractional integrodifferential

system with control delay
4BEDPy(t) = Ay(t) + Bu(A(t))

t
t+f (t,Y(t),f g(t, S,y(s))ds>,t € [0,1], (2.14)
0
y(O) = Yo,
where, £, A, B, and p are defined as in Example (2.1.6). The function f defined

as
0

f <t,y(t),jtg(t, s,y(s))ds> _ fote_yl(S)dS
i T+ 5:2(0) + ,2(0)

Due to the fact that the function f meets the condition (2.12) and the matrix W,

(which was obtained in Example (2.1.7)) is nonsingular, then by Theorem (2.1.6),
The Nonlinear System (2.14) is controllable.
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2.2 Observability of the AB-fractional Linear Dynamical

Systems

In this section, we investigate the observability of the AB-fractional linear

dynamical system

ABCDpy(t) =Ay(t), te]=[0,Y]
y(0) = yo (215
x(t) = Cy(t),

where 4¢DP is AB-fractional derivative of order p, 0 < p < 1, the continuous
vector valued functions y(t),x(t) € R™ are state and output of the system
respectively. A € R™™and C € R™*",

Immediately from Theorem (2.1.2), the solution of system (2.15) is given by
y(t) = A,E,(pA,At?)y,. (2.16)

Lemma 2.2.1 "Cayley-Hamilton Theorem" [43]
For every n X n matrix A,
A, A" + a, AV a, AV 4+ A+ aglyxn
where
AN = a, A"+ ap A"+ a, A2+ -+ a A+ ag

is the characteristic polynomial of A.

Theorem 2.2.2 "Rank-Nullity Theorem" [43]
Let A € R™ ", then
dim(ker(A)) + rank(A4) = n.
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Definition 2.2.3 [44]

Suppose that M is an n X n matrix. A linear subspace Z of R" is said to be

M —invariant if for every vector z € Z we have Mz € Z.

Lemma 2.2.4 [44]

Let M be n X n matrix and Z a nonzero M —invariant subspace of R™. Then Z

contain at least one eigenvector of M.

Now, from (2.16), the output x(t) of System (2.15) is given by

x(t) = CA,E,(pA,AtP)y,. (2.17)

Define the observable operator L: R™ — L,(J, R™) such that for any z € R",
Lz = CA,E,(pA,AtP)z.
The adjoint operator of L is
L:L,(J,R™) - R"
defined by

Y *
L =j (4,E,(04,AtP)) C*pat,
0

for (*) € L,(J, R™).
Indeed,

Y
(Lz, ()1, 7™ =f <CApEp(pApAtp)Z;(p(t))Lz(J,]Rm)dt
0
Y *
= J (z, (45, (pAAt?)) C'p(t))gn dt
0

Y *
= (z, JO (ApEp(pApAtp)) C*o(t) dt)gn

= (Z' L*(p())]Rn

Therefore
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Y *
L' = j (4,E,(p4,AtP)) C*pa.
0
Now, we can define the observability Gramian matrix as follows:

Y *
W,y = L°L = j (4B, (p4,AtP)) C*CALE,(pA,AtP) dt.
0

Definition 2.2.5

The linear System (2.15) i1s said to be observable over the time interval
J = [0,Y] if it is possible to determine uniquely the initial state y(0) = y, from
knowledge of the output x(t) over /.

In the following theorem, dependence on observability Gramian matrix W,

we present a criterion for observability of System (2.15).

Theorem 2.2.6

The Linear System (2.15) is observable if and only if the observability Gramian

matrix W, is nonsingular.

Proof. Assume that The Linear System (2.15) is observable, and suppose the
Gramian matrix W,, is singular then there is a vector r € R™ such that

r*W,,r = 0,7 # 0, then
Y *
f r* (A,E,(pA,At?)) C*CALE,(pA,At?)r dt
0

Y
~ [Icaku(oaayar=o
0

then
CALE,(pA,AtP)r = 0.

then by choosing y, = y, — 1, and from (2.17) we have
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CALE,(pA,AtP)9y = CALE,(pA,AtP)(yo — 1)
CALE,(pA,AtP)yo, — CALE,(pA,AtP)r
= x(t).
Thus, the same x(t) yields from two different initial states, i.e. we cannot
uniquely determine the initial condition y,, and hence the Linear System (2.15)

1s not observable which 1s contradiction.

Conversely, assume that the observability Gramian matrix W, is invertible.
By multiplying the both sides of (2.17) by (ApEp (pApAtp )) C* and integrate

over [0,Y], we have

fy (ApE,(pApAL?)) Cox(t) dt
0

Y *
= j (ApEp(pApAtp)) C*C A E,(pA,AtP)y,dt
0

= WobYo-

Since W, is invertible, then

Y *
Vo = Wo_blj (ApEp(pApAtp)) C*x(t) dt
0

and that is mean y, is uniquely determined. Therefore, the Linear System (2.15)

1s observable.

In the next theorem, we present another criterion condition which is

observability matrix in sense of Kalman.

Theorem 2.2.7

The Linear System (2.15) is observable if and only if the matrix
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CA,
CAp(p4,4)
o+ 1)

(n—1)! CA;)(pApA)n_l
F(p(n—1) +1)

has full rank.

Proof. For simplicity, we put

= pkk! k=012 1
]/k_r(pk+1)) =y 14..,Nn )

then the matrix G can be written as follows:
CA,
y1CA,(4,4)

\yn_chp (APA)"”}

LettP =s,then0 <s=1tP <YP <Y. We have

k!CA,(pA,A)
(k) — — —
x\(0) Fok + 1) Yo, k=012,..,n—1,
indeed, from (2.17),
(pA As)
x(s) = CAE (pA As)y, = CA zF(pk+ 1)

— CA yo + CA (pAp4s)
= CApyo + Per(kH) 0

then

() = C4, Z r((p kp+)1) IR
k=
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= CA,(pA A)Z (04, A) ksk=1y,

T(pk + 1)

_CcA CAy(pAp4)

(p4p4) _
T Yot e A)z ks 5o,

then

then,

x@(0) =

By repeating the processes, we have

ki CA,(pA,A)°
Mok +1) ¥

x¥(0) = k=0,12,..,n—1.

Now, by Cayley-Hamilton Theorem, the matrix (pApA)n can be written as a
linear combinations of lowers powers of A,A4.

Therefore
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CA
O] et |

\; . } yo’
_ -1
D) |y, ca,(4,4)"
since rank(G) = n, then G has left inverse, therefore y, is uniquely determined
which means the Linear System (2.15) is observable.
Conversely, suppose that rank(G) < n, then there exists a nonzero vector z such
that Gz = 0, then
n-1

CA,z=0,CA,(4,A)z=0,..,CA,(A,A) "z=0.
By Cayley-Hamilton Theorem, the matrix E,, (pApAS) can be written as a linear
combinations of lowers powers of A,As. Put 0 # z = y, and since

x(t) = CApEp(pApAs)yO
n-1

= CAp |Col + QuApAs + -+ Gy (4,4)" 5™ 3o
where {;, # 0,k =0,1,2,...,n — 1.
Then

x(t) = {CAyz + §CA,(ApAs)z + -+ + {1 CA, (ApAs)n_lz = 0.
Also, when y, = 0, then
x(t) =0,

therefore, y, is not uniquely determined which means the Linear System (2.15)

1s not observable.

Based on eigenvectors of the matrix A,4, we present observability test for the

Linear System (2.15) in the following theorem.

Theorem 2.2.8

The Linear System (2.15) is observable if and only if every eigenvector of 4,4

is not belong to ker(C Ap).
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Proof. Suppose the Linear System (2.15) is not observable, then by Theorem
(2.2.7), rank(G) < n where

CA, 1
v1CAp(4,4) |

[
- |
Yn-1€4,(4,4)" "]
and by Rank-Nullity Theorem, we have dim(ker(G)) = 1, which means that
there exists a nonzero vector z € R™ such that z € ker(G),i.e.Gz = 0.
Now, we show that ker(G) is (ApA) — invariant.

Assume that z € ker(G), then
CA

p
Gz=| )0 (2.18)
\Vn_chp(ApA)"‘l} 0
and
ca,(a,4) 1 )
G(A,A)z = hCA,,(ApA)2 L 0
_Vn—ch;(ApA)n_ y"‘1CAP(APA)nZ

By using Cayley-Hamilton Theorem, CA, (ApA)nZ can be written as a linear
combination of the terms

CA,(A,A)"z = CA,z,CAN(AA)z, ..., CAL(A,A)" ' 2
and they are all zeros from (2.18). We conclude that A, Az belong to ker(G) which
means that ker(G) is (ApA) — invariant. Then by Lemma (2.2.4), ker(G) must
contain at least one eigenvector z of A,A. But Gz = 0 implies CA,z = 0 which

means z € ker(CAp).
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Conversely, assume that the Linear System (2.15) is observable. If there exists an

eigenvalue A such that ApAz = Az, with z # 0 for which z € ker(C Ap), then

CAp | CA,z 0
Gz = | leAP(APA) |Z _ y1CA,Az _ I()‘
lyurCA,(4,4)" ] LyaoaCA A" 2] Lo

which means z € Ker(G) then by Rank-Nullity Theorem, rank(G) < n. Then
from Theorem (2.2.7) we have contradiction with the observability of the Linear

System (2.15).

Another test of controllability for Linear System (2.15) is presented in the

following theorem.

Theorem 2.2.9
The Linear System (2.15) is observable if and only if for each 1 € C, we have
A,A— A
rank[ c4, ]—n.
Proof. Assume the Linear System (2.15) is observable. If there exists A € C, such
that
" A,A— A
ran c4, ] <n,

then from Rank-Nullity Theorem, there exists a nonzero vector z € R™ such that
A,A— A

Z E ker[
CA,

]. Then (APA — /11)2 = 0 and yCA,z = 0 implies that z is an

eigenvector of A,A and z € ker(CA,). Then by Theorem (2.2.8) that is

contradiction with the observability of the Linear System (2.15).
Conversely, Suppose the system is not observable, then from Theorem (2.2.8),

there exists a nonzero eigenvector z of A,A which belong to ker(CA,) for some

A € C. This means
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A,A — Al
CA ]Z =0,
D
X ApA — Al
which means z € ker [ ]
CA,
Therefore
" A,A — Al
ran [ cA, ] < n.

In 2021, Ghasemi and Nassiri [20] studied the controllability of the AB-
fractional linear control system
{“BCDPy(t) = Ay(t) + Bu(t), t €] =1[0,Y]
y(0) = yo.

They set a condition on the system that the Caputo fractional derivative (of order

(2.19)

p) for the control function u exists.

Lemma 2.2.10 [20]
The Linear System (2.19) is controllable on J if and only if the rank of the

n X nm controllability matrix R is n, where

R =[A,B (A,A)ALB .. (A,A)"t A,B].

The following theorem shows the relationship between the controllability and

the observability of an AB-fractional linear dynamical system.

Theorem 2.2.11 “Theorem of Duality”

The linear AB-fractional control dynamical system

{ABCDpy(t) = Ay(t) + Bu(t), t€ ] =[0,Y]

¥(0) = yo, (2:20)
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is controllable if and only if the system

ABC

DPy(t) = A"y (), te]=1[0Y]
y(0) = o (2.21)
x(t) = B y(t)

1s observable.

Proof. According to Lemma (2.2.10), the Linear System (2.20) is controllable if
and only if the matrix R = [(4,8) (4,4)(4,B) ... (4,4)"" (4,B8)|has ful
rank. The transpose

(4,5)
po| (48) (4,4)

(4,8) [(4,0) T

has full rank if and only if R has full rank. By Theorem (2.2.7), The System
(2.21) is observable if and only if R* has full rank.

Next, we give examples to illustrate our results.

Example 2.2.13 Consider the following AB-fractional linear system

ABC

DPy(t) = Ay(b), t €0,1]
y(0) =y, (2.22)
x(t) = Cy(t),
where A = (g :;), C=( 1),andp =0.5.
Then,

dp=t=a-pa <[ 9-0sG =G )
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and

wepma=(t

The Mittag-Leftler function matrix of the system is:
p T(kp + 1)

k=0

05 4 4

I'(1.5) (1 —1)

_ (1 + 1.1284t%>  —1.1284t% )
1.1284t%> 1—1.1284t%%/)°

=1+

Then

1 *
w,, = j (ApEp(Mtp)) C*CA,E,(MtP) dt
0

1 0.5
- f (B38BT F3 ) (22568t°5 +3  —2.2568t° — 1) dt
o \—2.2568t°5 — 1

_ ( 20.5737 —11.5647)
—11.5647  6.5556

which is nonsingular. Therefore, by Theorem (2.2.6), the system is observable.

Example 2.2.14 Consider the following AB-fractional linear system
"EpPy(6) = Ay(©) + Bu(®), t € [0,1]
(2.23)
y(0) = yo

where A = (_24 _12), B = ((1)) and p = 0.3.

Then

a=li—a-pai=[( =Lt o7

- (—Zf8 —0(')?4)'

To prove the system (2.23) is controllable by Theorem (2.2.11), we have to show
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that the following AB-fractional linear system is observable

epryt) = Ay(), te[01]

y(0) =y, (2.24)
x(t) = B*y(t).

=5 S (G =00 )

ApB = (—ZfS —0(')?4) ((1)) = (—Z;.LS)'

Therefore
A B)
‘- (p*) Jd_o1 24 -28
= [p(4,B) (44,) | = losess —13371
Fp+1)

which is has full rank, then by Theorem (2.2.7), the System (2.24) is observable.
Therefore, the System (2.23) is controllable.
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Chapter Three

Exact and Approximate Controllability of Hattaf-

Fractional Control Systems in a Banach Space

This chapter aims to investigate the exact and approximate controllability of
Hattaf-fractional nonlinear control systems in a Banach space. In the first section,
we discuss the controllability of the nonlinear system using semigroup theory and
Nussbaum Fixed Point Theorem. Under sufficient conditions, the existence and
unigueness of the mild solution of the nonlinear system are proved in section two.
The third section deals with the approximate controllability of the nonlinear

system under sufficient conditions.

3.1 Exact Controllability of Impulsive Hattaf-Fractional

Nonlinear Control System in Banach Space

This section investigates the exact controllability of the Hattaf-fractional
impulsive nonlinear control system
(- DPely(t) — h(t,y(©)] = Ay(t) + Bu(t)
+f(ty(@®), ted=[0YLt#t,y=12..p
dy(t,) = a, (¥(t7)),
\ y(0) = y,,
where p, w € (0,1), *DP® is Hattaf-fractional derivative in the sense of Caputo

(3.1

of order p. y(t) takes values in Banach space X, A:D(A) c X — X is closed
linear operator, the control « € Lp(J,U)with U as a Banach
space,B: Lp(J,U) = Lp(J,X) is bounded linear operator, the functions
f:dxX—->X and h:J XX - D(A) are continuous, g,:X — X is the jump
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operator, 0 =ty < t; < t, < - <t, <ty =Y, y(t})and y(¢;) indicate to
the right and left limits of y(t) at t = t, respectively and Ay(t,) = y(¢;}) —
y(t7)-

Assume the linear operator A:D(A) € X — X is the generator of C,-

semigroup {G(t),t = 0} on a Banach space X, where sup;sol|G(t)|| = §,8§ = 1.

We consider the linear operator E := pA,A where A, = [(1 —p) (ﬁl —

-1
c/l)] . Then E is the generator of C, —semigroup {7(t),t =0} and

supesol7 (O = § [32].

We introduce the family of functions:
PC(J,X) ={y:J - X:yis continuous at t € J\{tq, t,, ..., t;-}
,and there exist y(t;f) and y(t; ) withy(¢;) = y(¢) fory = 1,2,...,7}.

It is clear that (PC(J,X),|'llpc) is a Banach space with the norm
Iyllpc = supeeglly(II.

The mild solution of the Nonlinear System (3.1) will introduced in the
following.

Assume the one-sided stable probability density function [45]
1+ . _ T(iw+1
P, (6) = EZ(—1)1_15_“”_1 %sin(inw)
i=1 '

then the Laplace transform of ¥, (6) is

w

L, (6)}() = e (3.2)

where)0 < <o,0<w<1landA>0.

Additionally, assume the probability density function

1 1 1
®,(8) = 55‘1‘5% (5‘5),0 <§<00<w<l, (3.3)
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then,for0 <& <1

o “ 1 r1+¢
¢ = ~ 7 = (0'0)
fo 5(pw(5)d5—j0 5w€lpw(5)d5_r(1+wf)’0<5< ,0<w<1.

We begin by proving the following lemma before defining a mild solution of
System (3.1).

Lemma 3.1.1

If y € PC(J,X) is a solution of System (3.1), then y satisfies the following

y(t)
Ah(6y(©) + A, f (¢ = O ELy (t — OA(S, y(D))dS
0
FAT () (o — h(0,%0)) + (1 — p)A, [Buu(t) + (£, y(©))]

+pA,? j (¢ = ¥ Loy (¢ — D[Bu@) + £ y@)]dS ¢ € [0,¢1]

_) Ah(ty®) + 4, j (¢ = 9 ELy (t — OA(S, y(D))dS
FALT (O (0 — (0, y0)) + (1 — )AL [Bu(®) + £ (£, ()]

+pA,? j (t = 9 1Ly (t — O[Bu@) + £(¢,y(©)]d¢

p
tAp z To(t = t,)Ay(ty) t € (ty, ty4]
y=1

where

L,(t) = f Oo@(pw(H)T(Bt‘”)dB,

0

(0]

T () = j 00 (O)T(8t)d 0,
0

, P, (0) givenin identically (3.3)and 0 < p < 1.
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Proof.
We see that y(+) is decomposable into m(+) + n(-), where m is a continuous mild
solution of the system
DPm(t) = °D”“h(t,y()) + Am(t) + Bu(t)
{ +f(t,y(®) tedg (3.4)
m(0) = yo
and n is picewise continuous solution of the system
‘DPn(t) =An(t) teJt+t¢,

Ay(ty) = qy (n(t;)) y=12,..,p (3.5)
n(0) = 0.

To find the mild solution m(t), we applying fractional integral (1.5) for both
sides of System (3.4),
gP@ CpPOm(t) = 379 D h(t,y(t)) + IP°[Am(t) + Bu(t)

+f(t,y@®)].

using Lemma (1.2.30), we have

m(t) = h(t,y(6)) = h(0,y0) + yo + I [Am(t)
+Bu(t) + f(t,y(0)] (3.6)

By taking Laplace transform for both sides of (3.6), we have

h(0,y0) = Yo
12

+ %L{Jlm(t) + Bu(t) + £(£,y(®)})
where M(1) = L{m(t)}(1) and H(1) = L{h(t, y(t))}(1).

It follows

ML) = H(A) —

+ (1 - p)L{cflm(t) + Bu(t) + f(t,y(t))}(/l)
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M(2) — (1 — p)AM(L) — %AM(A)

h(O, yO)
A

where F(1) = L{Bu(t) + f(¢t,y(t)}(4), then
(- =) -5 A M)

Yo — h(0,¥0)
Jl

— HQY) - +%+[(1—p)+/1%]F()l)

= HQ) +

+[a=p) +5|F)

(A5 — 2 a)M@) = HQ) +22= h/l(o’y")

/10)
(A°A;T — pAIM(D)

+a-p+4|F0)

= A°H) + 27 (yo — h(0,y,)) + [2°(1 = p) + p]F (D)
(221 — pAA,)A; M)
= A°H) + 2°"Hyo — h(0,y0)] + [A2*(1 = p) + p]F(A)

ML) = A, (A1 — pAA,)  A°H ()
-1
+ A, (A1 — pAA,) A2y, — h(0,,)]
-1
+ A, (A°] — pAA,) A°(1 — p)F (L)

+ A, (AT — pAA,) ™ pF ().

1991 = pAA,) " = (A9 = pAA, + pAA,)(A°] — pAA,) "
= (191 = pAA,) (A°1 = pAA,) " + pAA,(A°T = pAA,) "
= [+ pAA,(A°] — pAA,) "
then
M(A) = A, (291 — pAA,) " A°H(A)

+ A, (291 = pAA,) 297 (yo — h(0,¥,))
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+(1 = p)A, |1 + pAA, (21 — pAA,) | F(D)

+ pA, (AT = pAA,) F(A)

= A, (191 = pAA,) " ACHA) + A, (191 — pAA,) " 197 (y, — h(0,¥,))
+(1 = p)ALF ) + (1 — p)pAAZ(A°] — pAA,)” F(A)

+ pA, (A1 = pAA,) F(A)

= A, (A1 = pAA,) ACH(A) + A, (A9 — pAA,) ™ 297 (yy — h(0,,))
+ (1= p)A,F(A)

+[(1 = P)A + A pAZ(A°] — pAA,) " F(A).

Since
Ap = (I = (1= p)A) !
then
I'=0-p)A+ A"
Therefore
M(2)

_ {le(l“’l —E)T'MAYH) + A,(A%1 — E) 1297 (v, — h(0,¥,)) 3.7)

+(1 = p)A,F(A) + pAZ(A°I — E) "L F(A).

Now,

A,(A°] —E)TAH(A) = A,A® f ooe-l“’ST(s)H(A)ds

0

= c/lple e~ T (U Y H(D)wu® tdu
0

= A j Aw(Aw)? " le~ M T (u®)H (1) du

e~ (AW®
=A j T(u®)HA)du,
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using integration by part, we obtain

A,(A°1 — E) 1A H (1)
=A, [[—:r(v,ﬁv)H(A)e—(W‘)]Zo

—f —e~ MW ET (u®)wu®"t H(A)du
0

= A,HQD) + A, J e~ MW ET (u®)wu®"r H(A)du,
0

using (3.2), we have

A,(A°1 —E)*'A°H ()
= A,HA) + A, j ) J ooe"m‘sl,bw(6)ET(u“’)H(A)wu“"1d5du
0 0

va)—l

6(1)

= AHD) + A, f ) f " we M, (5)E:r(g)w H(A)dsdv
0 0

= A,H(A)

W 1,w—1

+ A, fo ) jo i fo i we 2+ (§)ET (g) v(sw h(¢,y(0))didsdv

= A,H(A)

+ A, fo ) fo ) L ) we Y, (§)ET (t _ z)w (=% h(¢,y(Q))dtdlds

) 6@
= A,H(1)

+ A, joooe—“ [w jot mew(a)ET (t;()w Gk il h(¢,y(Q))dsdq | dt

6(1)
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= A,H(A)

rapo [ [ pa@er () EEE T ney)sa| @

using (3.3), we have

A,(A°1 —E)T'A°HQQ) =

AHA) + AL {a)f j ©,(@ETO(t —*)O(t
0 Y0

- C)“’_lh(f,y(())dé’df} (D).

Therefore
le(/l‘*’l —E)"1AH(}) = c/lpH(A)

tA, L {j (t=*EL,(t - ()h((,Y(())di} (D. (3.8)
0

ApA?"H (AT — E) " Hyo — h(0, )]

— le/lw‘lf e 25T (s)(yo — h(0,¥,))ds
0

= ApA! f e~ M0"T () [y — h(0, yp)]wu® du
0

= ‘Apf w(/lu)w_le_(lu)wT(uw)[YO — h(0,y0)]du
0

® 1 de- W
=, [ =T @) = O, )l
from (3.2), we have
e—(lu)wzf e—Ausww((g)d(g
0

then
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de —(Au)®
du

= f —A8e~ My (8)d6.
0

Therefore
d‘lpflw_l(/lwl —E) M yo — h(0, )]

= A, fo i fo “gemus Wi (5T (W) [yo — h(0, y,)]dSdu
= A, jo ) fo ety (8T <<§)w) [yo — h(0, y,)]dédt

0 0 1 1 1
= A j j _59_5_13_'“ 2% (9_5) T(0t*)[yo — h(0,y,)]d0dt
0 0
using (3.3), we have

A A7 (ACT = E) " Hyo — h(0,¥0)]

— a4, f i j " et g )T (O£ [y — h(0, y0)]d0de
0 0

= AL {j;) ‘Pw(Q)T(etw)(YO — h(OrYO))dQ} (D).

Therefore,

A A7 (ACT — E) "y, — h(0,¥0)]
= A, L{T, () [yo — h(0, y0)]}(A). (3.9)
pAZ(A°I —E) L F(Q) = pAZ f Ooe-ﬂ“’ST(s)F(A)ds

0

[}

= pﬂgf e~ T (Y F(Dwu® 1du
0
using (3.2), we have

pAZ(A°l —E) "t F(A) = pA) foo fooa)e"m‘sl,bw(6)T(u“))F(/1)u“"1d6du
o Jo

w-1

= pA? fo ) fo ) we Y, (8)T <(§)w> o~ F()dédv
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w-1

= pAZ fooo fooo JOOO we= Ay (§)T ((g)w) U(Sw [Bw(Q)

+f(¢, y(§)] didbdv

=i [ [ [ wevaer((52) ) e

+f(¢y(§)] dtdld s

=pc/12 [ jf zpw(a)f«( _O> >( — O™ Bug)

+ f(C,y(C)]dedC] dt

—pazefo [ [wr((“F2) ) s

+ f(C,y(C)]d(‘de} (D

using (3.3), we have
pAZ(A®T — E) "L F(A) =
pﬂ,%z{w fo t fo 00 O)T (Ot — O)*)(t — ) [Bu(?)
+fG, y(()]de(} @,
po‘lﬁ(ﬂ“’] —-BE)'FQ1) =

pAGL U Lot == [Bu()) + f(C;Y(C)]dC} (. (3.10)
0

From (3.8), (3.9) and (3.10) we get
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M)
(A HQ) + AL { j (t = O Ly, (t — Oh(c.y(c))dc} )
0
1 A LT (O — hO0,y)}) + (L — p)AF (D) 3.11)

\+pd‘l§£ {f Ly (t =t =D [Bu() + f((,Y(()])d(} (.
0

Taking the inverse of Laplace transform for both sides of (3.11), we get
m(t)

t
[ h(ty () + A, f (¢ = P E Ly (t — DA(S,y(O))de
0
=< +A, T, (O[yo — h(0,¥0)] + (1 — p)A,[Bu(t) + f(t,y(t)] (3.12)

t
| pE [ L= O - 47 [B@) + F(Gy@)]as.
0

Now, to find the mild solution n(t), we applying fractional integral (1.5) for
both sides of System (3.5),

JPeDPPN(t) = TP [An(t)].
By using Lemma (1.2.31) we have,

p
n(t) = z Ay (t,)o, () + 779 [An(t)] (3.13)
v=1
where
_ (o t €[0,t]
oy (1) = {1 te(t,tyy] v=12,...p (3.14)
and
oAty
L{ay(t)}(l) =0

Taking Laplace transform for both sides of (3.13),
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p
N = ) Ay(6,)A7 e + (1= AN + 2 AN (D)
y=1

where N (A1) denotes the Laplace transform of n(t).

It follows,

p
N@A) = (1= p)ANQ) — )%c/uv(;l) _ z Ay(t, )AL Aty
y=1

14
[1 —(-pa-L ] N(A) = Z Ay(t,)Ate My

/1(1)
y=1
p
[A;l - A%CA] NQA) = z Ay(t,)ALe 2ty
y=1
p
05T = pAING) = ) By(t,)A0 e
y=1

p
[(Awl — Pcﬂcﬂp)cfl;l]N(A) — Z Ay(ty)la)—le—/lty
y=1

b
N(A) = A,(A°1 — pAA,) 11971 Z Ay(t,)e
y=1

p
= AA°l — E)~1x@71 z Ay(t,)e
y=1

p [0 ]
= A A* 7" Z j Ay(ty)e‘AwST(s) e Mrds.
0
y=1

p (0]
= A A1 z f Ay(ty)e‘@u)wﬂ"(u‘“) e Mrou® ldu
0
y=1
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p
:ﬂpz
y:
=A,
%

f Ay(t,)w(Au)®~le~ AW T (u®) e~y du
0
1
p
w 1 de=0w*
-2
ZL —Ay(ty)z - T(u®) e *vdu

=1

using (3.2), we have

p [0.] (0]
N(/l)=cflpz fo jo Ay(t,)6e 0, ()T (u®) e *rdsdu.
y=1

JO ) JO " ay(t,))e M, (6)T (5%(”) e~ M d§dy

p
Ay
y=1
p
(0] (0] v w
APE f f Ay(t,)e @y, ()T (57) )dev.
0 0
=1

p w
_ o - (t — ty)
- cﬂpyzzl jo jo Ay(t,)ep, (8)T (5—w dsdt.

using (3.3), we have

p oo oo
N(A):cﬂpz f f Ay(t,)e @, (0)T(6(t —t,)") dodt
f=i’o Jo
p [o0]
= AL {Z | 8¥(6)0u@)7(6(c - ty)w)de} @
y=1""

p
NQA) = AL {Z Ay ()T, (t - ty)“’} (). (3.15)
=1

By taking the inverse of Laplace transform for both sides of (3.15), we get

14
n(t) = A, Z T, (t —t,) dy(t,). (3.16)
y=1
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From (3.12) and (3.16), we have

Ah(y(©) + A, j (¢ = O ELy (t — OA(E, y(D))dS
0
+A, T, ()[yo — h(0,y)] + (1 — p)A,[Bu(t) + f(t,y(®))]

+pAZ f (t— Ly, (t — D[Bu() + f(¢,y(D)]dC te[0,t]
0

y(t) =« C’qph(t» y(t)) + c’qp J (t - ()w_lELa)(t - ()h(f; Y(C))df
0
+A, T, () (o = h(0,y0)) + (1 — p)A,[Bu(®) + f(t,y(0))]

+pA jo (¢ = 9 1Ly (t — O[Bu(@) + £(8,y(D)]d¢

T
+A, z T,(t—t)ay(t,)  te€(t,ty4)
y=1

Lemma 3.1.2 [46]
The operators L, and T, have the following properties.

I. Forany fixed t >0, L,(t) and T, (t) are linear and bounded operators,

I.e. forany y € X,

1L,©y 1= [lo [ 00,07 Ocya0] < sy
_ S
—mllyll
17,y || = f 00 (OYTOt*)yd || < Syl
0

where § = sup;so||T (@)l

ii. The operators {L,(t)};so and {T,(t)}:so are strongly continuous.

iii. If 7(t) is compact, then the operators {L, (t)};so and {T,,(t)};so are
compact.
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From Lemma (1.1.29), for y € D(A) we have

d
ET(t)y =ET(t)y =T (t)Ey.

Definition 3.1.3
The mild solution y(t) of System (3.1) is
t
Aph(t,y(1)) + A, f (t =) Ly (t = DER(S, ¥(§))dS
0
+A, T, () (¥o — 1(0,0)) + (1 = p)A,[Bu(t) + f(t, y(©))]

+pA2 j (t = )% Ly (¢t — D[Bu) + F(8y@)]dg ¢ € [0,¢1]

y®) =4  Ah(t,y®)+A, j (t—Q® L, (t — OER(L,y())dC
0
+A, T, (1) (¥ — h(0,¥0)) + (1 — p)A,[Bu(t) + f(t, ¥(1))]

+pA2 j (¢ = 9Ly (¢ — O[Bu@) + £(8,y(D)]d¢

b
+A, z T,(t—t,)ay(t,),  te(t,tyl.
y=1

Next, we discuss the controllability of Nonlinear System (3.1).

Assume that the C,-semigroup T(t) is continuous in the uniform operator
topology and also assume the following conditions:
H1The linear operator W,: L,,(J,U) — X defined as

Wyu = (1 - p)A,Bu+ pA;Wu
has an inverse operator W, ™" on L, (J, U)/kerW, and |W, || < K, K >0,
|4 <m.m > 0.

where W is linear operator from L, (J, U) into X such that
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Y
Wu = f (Y —s)* 1L, (Y — s)Bu(s)ds.
0

H2: There exist constants M, M, > 0 such that
”Eh(t; 3’1(t)) — Eh(t' )’Z(t))” < Mylly: — y2ll
and
My, = supeegllER(t, 0)]].
H3: The continuous function f:J X X — X satisfies Lipchitz condition i.e.

there exist a constant Me >0 such that

If (& y1(©)) — F(& vy (O < Mrlly: — vl
and

My = supeegllf (£ O)I.
where My > 0.
H4: The function q,:X —» X,y =1,2,..,p is continuous and satisfies

Lipchitz condition, i.e. there exists a constant M,, > 0 such that

”%()ﬁ) - Qy(YZ)” < My”)ﬁ — ¥l

and
p
>, =
y=1
where M > 0.
H5: For all bounded subsets 0, the set
(K@) =

{wpcﬂz f _ f e<t—c)w-1<pw(e>f<e<t—c)w>f(c,y(c>)dedc,ye@}
0 r

is relatively compact in X for arbitrary v € (0, t) and a real number r > 0.
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Definition 3.1.4

System (3.1) is exact controllable on J = [0, Y] if for each initial state y, €
X and each y; € X, there is suitable control « € L,(J,U) such that the mild

solution y(t) of System (3.1) satisfies y(Y) = y;.

Theorem 3.1.5

System (3.1) is exact controllable on J = [0, Y] if it satisfies the conditions
H1-H5, and

0<D+nklIBID [(1—p)+ LY ] o4 317
n At D (3.17)
where
SY® Yo
D=nl|l|EYWM, + ———M 1—p)M — M, +SM|.

Proof. Using condition H1, define the control «,,(t) for an arbitrary function
y(*) € PC(J,X) as
10y (t)
( Y
w,™ [yl — Ah(Y,y(V)) — A, f (Y = 7L, (Y = DER(S, y(§))dS
0
_‘”-’quw(Y) [YO - h(0» YO)] - (1 - p)c’qpf(Y» Y(Y))

Y
—pA?2 fo (Y—c)w-lew—c)f(c,y(c))dc], t € [0,t]

Y

] - ) =, [ 0= 000 - 0Br y@)at
0

~ApT (Vo — 1(0,y0)) = (1 = p)A,f (Y, y(Y))

Y
pA2 jo (Y = %7 L, (Y = OF (8, y(D)dg

p
—A, Z T,(Y — ty)Ay(ty)‘, t e (ty, ty+1]
=1

81



Chapter Three Exact and_Approximate Controllability of Hattaf-Fractional...

By using (3.14), we can write 1, (t) in the form

w0y (1)

We

Y
pr‘l [y1 — A,h(Y,y(Y)) — A, j (Y=, (Y — DER(,y(0)d
0
— AT, (D (o — h(0,50)) — (1 — p)A,f (Y, y(Y))
Y
—p A2 j (Y = 9L, (Y = OF (4, v(D))dg
0

p
A, Z T (Y — ty)Ay(ty)ay(t)] . te[0,Y]
\ y=1

have to show that the operator ®: PC(J,X) — PC(J,X) has a fixed point

when applying this control, where

(@y)(t) =

A

t
[ Ah(ty®) + 4, j (t — 0¥ 1Ly (t — OER(S, y(O))dS
0

+A, T (Oyo = h(0,y0)] + (1 = p)eA, [Buy, () + f(t, y(1)]

+pA,’ j (t— ) My, (t — D[Buy () + F(C,y(D)]d¢ te0,t]

Ah(ty(©) + A, j (t = ¥ 1Ly (t — OER(S, y(O))dS
FALT (O — h(0,y0)] + (1 — p)e, [Baey (8) + £(£,y(0))]

+pA2 j (¢ = 9Ly (¢ — O[Buy () + F(Cy())]de

b
+A, z T,(t—t)ay(t,)  t€ (&, ty4)
y=1

By using (3.14), we can write (®y)(t) in the form

(@Y)(©) = A h(t, y(D) + A, f (t = 0¥ 1Ly (t — OER(S, y(O)dS

+A,T, (O [y — h(0,y0)] + (1 — p)A,[Bu, () + f(t, ()]
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pA? f (t = ¥ Ly (t — O[Buy () + (¢ ¥())]dC
0

b
+A, Z T,(t —t,)8y(t,)o,(©), tEJ.
y=1

By using the control ., (t), we have (®y)(Y) = y,, indeed,

Y
(@Y)(Y) = ALY, (V) + A, j (Y = 09 Ly (Y — OER(L, y(0))dd
0
AT (D Yo — h(0,¥6)] + (1 — p)oA, BW, LAY
+ (1= p)A,f(Y,y(Y))

Y
+ pAZ j (Y — ¥ 1Ly (Y — O)BW; T ACY)dS
0

Y
# 0 [ O = 09, (F = OF (@)

+ A, zp: T,(Y — t,)Ay(¢, ), (1),
where -
A(t) = y1 = AR(Y,y(Y)) — A, jo Y(Y — )7 L, (Y = OER(S, y(§))dS
~A, T (N [yo = h(0,¥0)] = (1 = p)A,f (Y, y(Y))

Y
P} | (F = 0Ly (0 = OF Gy ())&

b
=, > T (¥ = t,)85(t)oy (O
y=1

It follows,
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Y
(@)(Y) = Ah(Y, (1) + A, f (Y = 092 Ly (Y — OER(S, y(0))dd
0
+ AT, (Nye — h(0,y0)] + [(1 — p)A,B + pAZW W, TA(Y)

+ (1 - p)A,f(Y,y(Y))

Y
+ 03 [0 0L, = PV @)
0

p
+A, z 7, (Y — t,)Ay(t,)o, ()
y=1

Y
= AA(Y,y(N) + A, j (Y = 091 Ly (Y — OER(S, y(D))dg
0
+ quTw(Y) [yO - h(O, )’0)]
Y
A [y1 — A,h(Y,y(Y)) — A, j (Y =L, (Y — OER(¢,¥(0))dS
0

—A, T, Ny — h(0,y0)] — (1 = p)A,f(Y,y(Y))

Y p
=P | (=D (Y = DFE @)~y Y T
y=1

— t,)Ay(t,)o, () [+ (1 = p)A,f (Y, y(Y))

Y
pA f (Y = 9L, (Y = OF (6, ())dd

p
+ A, Z T, (Y — £,)Ay(t,)a, (t).
y=1

= V1
Now, for t € J,
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by 1 < K {Iyall + |4, [[ [,y D)

s [ o= ne vl

[(w)
+ [|A,||Slye — RO, ¥l + (1 = p)||AL||||£ (Y, y () ||

ol s [ 0= 0l Gy @)l
+ |4, | ZTw(Y— t,)Ay(t,)ay () ‘
y=1
_ SY® _
< K|yl + 0 [ IETHIMlIyI + IE~HIM, +m(Mhlly|I + Mp)

+S(llyoll + IIE~I13,)

_ SY® _
+ (1 = p)(Mxllyll + M) +np (MelIyll + M) + SM Iyl

wl'(w)
p
+SZ|I%<0>“H
y=1

S w
=K E~|M; My + (1 - p)M,
[l i NE 13, + s M+ (1= )
SY® __ ©o
Me + SM E~YM M,
P T+ T ]+"[” IMn+ v 7 M

+S(llyoll + IE~HIM,) + (1 — p) M

w

SYC  _ x
ToESvRARPI LAC]
Y=

= K[DIlyll + lly.ll + D],

+1np

where D is given in assumption and
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~ _ sy« __ _ —
D=nl|lE" — E1 1-
n ([IE~H| M, + Mo+ 1) My, + 5(”)’0” + | ”Mh) + (1 — p)M;

SY” M, sp 0
o Zluqy( |
'}/:

+np

Also, fory,y € PC(J,X), we have

Y
leey = sl < W5 lf| 4 | fo (= O MLy (Y = DN ER(S, ¥ ()

— ER(,9(D)||d¢

Y
ol jo (¥ = 91 1Ly O = O (G ¥(©D)

b
- FEI@)NAS + D 17,0 = Ol layy(t,) = 9,98,
y=1

w
wl'(w)
Yo Yo

M
ro+ D) PTG+

SY®
< Kn | eas Mally = 91+ pn o My ly = 511+ S3lly = |

wl’

= Kns | My + 3¢ lly = .

Define the set
C.={y:yePC(J,X) Iyl <eforeacht € J},
then C. is closed, convex and bounded subset of PC(J, X) for each €.

Define the operators
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(@)y(1) = ALh(t,y() + A, f (t =% Ly, (t — DER(S, y(0)de
0

+ A, T, () (vo — h(0,¥0)) + (1 = p)A,[Bu, (8) + f(t,y(®))]
¢ p

+ pA3 f (t =% Ly (t — OBuy({)dl +A, Z Ay(t,)T,(t
0 y=1

—-t,), teJ.
(@,)y(t) = poAZ j (¢ = ¥ Ly (t = OF (G y(D)dS, ted.
0

It is clear that
(®1+P,)y = Dy.
To show operator @ has a fixed point on C,, we need to choose €, > 0, such that

(P, +®P,)y has a fixed point on C,.

Taking

aKIBI| (= p) + Z22E] (Il + D) + D

€g =
Sy
1— [D +KIBID (1= ) + s ]

We will show the operator (®,+®,)y has a fixed point on C . Our proof

consists of three steps:
Claim I: We will show ®C,, c C,.

Lety € Cc,, then
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I@YOI < [|lA, || |1~y + o= (t — O HIERE, y(DlldS

F( ) Jo
+5[|(vo = ROyl + (1 = P[[|Buy O] + |1 (& )]

ol ploss [ - 0 By Ol

p
S t
eolltali s | =0 @)l + sZnAy(ty)n]
y=1

< n|IIE~HIMyeo + [IETHIM, + (tho + M)

SY
wl'(w)

+5(lyoll + IEH13%,) + (1 = B ey (0

w

_ SY
+ (1 — p)(Mjeo + M;) + pn

oy 1Bl O

SY®
s (Mreo + IT,) + SMe, + SZ”qy(O)”

w Y‘(J)

S
= E7YM, + ———M, 1—p)M —_—M 5.7\/[]

w

F BT, + — 3T, + S(llyll + |E-L13T,)
V) 0 h

_ SY®
+ (A= p)My + pn iy My + 52”%(0)”
y=1

w

S
Nw+1)

+|a=p+pm [, o

=D60+5+[(1—p)+pn

SY
e el @]

<Dey+D+|(1=p)+pn | uBI(Des + lly2 11+ D)

S
'Nw+1)
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€o

SY®
D +nK||B||D [(1 —p) + Pﬂm]

w

'Nw+1)

+KIBI (1= p) + p |Gy +D) +D

== 60.

Therefore (®, + ®,)C,, = ®C,, € C,.

Claim Il We prove the operator @, is contraction on Ce, .
Lety,y € Ce,, then

P,y — @, 7|

< |4, || [IIh(t,yu)) — h(t,9(®)||

t

+ f (t = DMLy (¢ = DINERE, y(©) — ER(E, 9(DldS
0

+ (1 = p)IBIl||luy (&) — us (@)

+ 1= plf(ty®) - fF(E3O)]
t

+ pllA, | j (t = M ILyy (£ = DN IBII[|2ey (0
0

~us@lac+ Y I%0la(6) - a5

» SY®
<7 [||E | M, + o) M

w w

wl'(w) M+ P wl'(w) My + M)

+ (1= pIIBIIKnS (

w w w

wl'(w) 1Blikns (a)F(a)) Mn +pn wl'(w) My + M)

+ pn

+ m] ly — 91
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w

S
'w+1)

SY® Y®
+ |IBllIKnS ((1 —p)+pn Mo+ 1)> (F(a) n 1)Mh

=n||E7||™m + My + (1 = p)M; + SM

w

— M+ M -9l
oM+ )| Iy =3

Let

w

S
th + (1 — p)M;

w = [ +

r s IBIKnS [ (1= 0) + pn— ( L,

1 PP+ D)\ T+ ) h
‘Y'(i)

+pn—r(w+1)Mf+M).

From (3.17), we can observe that 0 < ' < 1 which mean &, is a contraction.

Claim Il We prove the operator @, is completely continuous.
Firstly, we prove @, is continuous.

Let y,, be a sequence in PC(J, X) which converge to y. Since f is continuous

function, then
| D2y, — P,y

< ol [ 6= 0% e = DN on )
— (& y@)||dg
5 t
< o1 s f & = O F (T3 @) = F(Ly@)||dg

which converge to zero as n — oo. Therefore ®,y, = ®,y in PC(J, X).
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Next, we prove the family {CIDZy:y € Ceo} is relatively compact. According to
Arzela — Ascoli Theorem it is suffices to prove:

e {®,y:y € (.} is uniformly bounded.

o {®,y:y € (.} is equicontinuous.

e Foreacht € Jthen {(®,y)(t):y € CEO} is relatively compact in X.

By definition of C., we have [[®,y||<¢, for any y € C,,, therefore
{@,y:y € C,} is uniformly bounded.

To prove {CDZy:y € CEO} IS equicontinuous, let t;,t, € J,t; < t, then

| @,y (t,) — @y (t)ll

(6 = DO Ly (6 — DF (8 y(@))dS
0

t1
— | (=@t - ()f(C.Y(())d(H
0

to

(t; — O MLy (t, — Of (¢, ¥(0))dd

ty

; j (s = O“ MLy (ty — DF(¥())dT
0

51

+ | (& =D Ly (t, — Of (¢ y(0)de

0
ty

— | (=9 Ly (t, — C)f(C,y(C))dC

0

- 1(t1 — 7L, (t — ()f((;y(())d(H
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<

j Z(tz — )7 L, (t; — ()f((:Y(())d(H

1

+

f (b — Ly (b — OF(C¥())dS

0

I R T of(c,y(o)ch
0

. f (6 = OO Ly (b, — OF (6 ¥(©)dg
0

— 1(t1 — )7L, (t — ()f((»}’(())d(H
0

iy
(t; — O Ly (t, — O (¢, ¥(D)dC H

ty

t1
+ f [(tz =97 = (t1 — DMLyt — C)f(Z,Y(C))dZH
0

+ j 1(t1—<)‘”‘1[Lw(tz—Z)—Lw(tl—Z)]f(é,y(z))dZH-

Let

0, = 2(t2 — )P L, (t; — Of((»J’(O)d(”,

t1

ty
0, = j [(tz =97 = (t1 — DMLy (t, — 5)f(C'Y(C))de,
0

03 = 1(t1 — ) Ly (ty =) = Ly (ty — ()]f((;Y(O)d(H-

We have to prove 0,, 0, and O; tend to zero when t, — t;.

By using Lemma (3.1.2) and condition H3, we have

s [t »
01 = s j G0 @)

< (t; — t)°(Myeo + M)

'Nw+1)
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which tend to zero as t, — t;.
Also,

S (tz - tl)w —
S O (Mreo + My)

which is tend to zero as t, — t;.

Now, for O, if t; = 0then O; = 0.

If t; > 0 and s is a small enough, then

t1-s
05 < j (&1 — O UL (s — ) — Lo (ty — ONIF(E y@)||d
0

+j "t = 0O M Ly (6 — O — Lot — DIF G y@)| 42

1—S

ty —

s .
— (Myeo + 35)

< Sup(E[O,tl—s]”Lw(tZ - f) - Lw(tl - {)”

s® _
+5up(e[t1—s,t1]||Lw(t2 —{) = Ly(t; — Ol Z(Mfeo + Mf)-

Since 7°(t), t > 0 is continuous in the uniform operator topology, we have L, is

continuous in the uniform operator topology, then O5 tend to zero as t, — t;,

s — 0.

Therefore ||®,y(t,) — ®,y(t1)]| tend to zero independently of y € C. as
t, — t; which mean the family {®,y: y € C,_} is equicontinuous.

Finally, we prove the set R(t) = {(®,¥)(t),y € C.,} for any t € J is relatively
compact in X.

If t = 0, then R(0) = {(P,y)(0)} = {0} which is compact set.

If t € (0,Y], we choose v € (0,t) and a real number r > 0 to define the operator
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(@) (6) = wpAZ j _ f 8(t — )1, (OIT(B(t — )“)f (4, ())dods,
0 r

y € C¢,.By condition H5 for any t € J, the set (K?)(t) = {(CD’r’y)(t),y €

Ceo} is relatively compact in X. Moreover, for any y € C., we have

(@) (&) = (@Fy) (D)l

— wpA2 jo ) j e(t—z)w-lcpw(e):r(e(t—()“’)f(z,y(c))dech

wpAZ fo jo 8(t — 0“1y )T (Ot — OV (¢, v())dbdg

t por
=H“’P0“3L fo9(t—C)‘“‘lcpw(e)fr(e(t—()w)f((,y(())dedz

+wpA) ]
0

j 8(t — )y (O)T Ot — V(4 y(0))dodS

t—v o
— wpAZ fo f ea—z)w-lcpw(e)fr(e(t—C)w)f(c,y(c))dech

t pr
< prcﬂg fo fo 6(t — )19, (OIT (B¢ — C)w)f(é,y(é))dﬁdé‘

+pr¢4}; j ) J 0(t — D L, ()T (O — D)f(¢v(Q))dode

t r
< wpr?S j (¢ = O F & y@lldg f 0., (6)do
0 0
t 00
+ wpr?S j (¢ = O“FQ y(Olldg j TROLL
t—v T
< pn?SY® (Mjey + M) f r@(pw(B)dH
0

+ pn?Sve (Mye, + J\’/Ff)] O, (0)d6.
T
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Therefore, ||(D,y)(t) — (PLy)(t)|| tends to zero as v,r — 0. Consequently,
there are relatively compact sets arbitrary close to the set R(t). Thus, R(t) is
relatively compact in X. Based on the above, the operator @, is completely
continuous. According to Nussbaum Fixed Point Theorem, operator & has a fixed

pointin C, . Therefore, The System (3.1) is exact controllable on J. |
The next example illustrates our result.

Example 3.1.6

Consider

(“DPly(t,y) — h(t,y(t,¥)] = Ay(t,y) + Bu(t) + f(t,y(t, 7)),
p,w € (0,1),y €[0,m],t € [0,t;) U (t;,1],
y(t,0) = y(t,m) =0,t € [0,1],

1
L A)’(t1 ) = %()’(tf)); t; = >
and X = L%([0, ], R). Define

-

0%y
Ay(t,y) = 6_)/2(t' ).

where

dy 02

_ Oy oy _ _
D(A) = {y € X: 3y 372 € Xandy(0) = y(m) = 0}.

Fory € D(A) then A can be written as the following

Ay = z —S*(Y, ¥s)Vs»
s=1

1

where y.(y) = (%)Esin(sy), s=1,2,3.... Therefore A is the generator of

C, —semigroup {T'(¢),t = 0} in L2[0, ] such that T(t)y = %2, e 5"t (y, v )y,
y € D(A) [33]. The functions h, f and g, defined as follows:
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e h:[0,1] X X - D(A) such that

e f:[0,1] x X - X such that

_ tPe7Hy(t, )l
f&yty)) = , , te[o01],ye[0,n],y€X,b>0.

e @,:X — X such that

0 O/t 7)) = bz ) e [04]y €0,y € X.

Fory,;,y, € X,

2ot 2,—t
GACHENGAGHE elhaﬂﬂ_telh@m”‘

b
1
<=l =yl
and
|ER(t, y1(t,¥)) — ER(t, y2(t,7))]|| = IE siny, (t,y) — E siny, (¢, V)|
< [E[l[siny, (¢, y) — siny, (¢, V)|
< [ENlly: — y-I.
Also,
1
a2 (v2 (1. 1)) = @ (2t M) < 5 111 = 32l
If
0<D +17K||B||D[(1—p) LA
Nw+1)
where
o Sy

=n|IIE7HIMy, + My + (1 - P)Mf‘H?PF( )Mf‘l'SM;

S
'Nw+1)

96



Chapter Three Exact and_Approximate Controllability of Hattaf-Fractional...

and the condition H5 is hold, then the hypothesis of Theorem (3.1.5) are fulfilled.

Therefore, the system is exact controllable.

3.2 The Existence and Unigueness of the Mild Solution of
Impulsive Hattaf-Fractional Nonlinear Control System in

Banach Space

This section investigates the existence and uniqueness of the mild solution of
the impulsive Hattaf-fractional Nonlinear Control System (3.1) using Banach
Fixed Point Theorem. We assume that The System (3.1) satisfies the conditions

H2, H3, and H4, given in Section 3.1, |4,]|< n and the
Co, —semigroup T(t),t > 0 is compact.

Theorem 3.2.1

Assume that
w ‘Y‘a)

S S
— M, +(1-p)M — M, +SM
Fot D nt (1 —p)Ms+np Ft

D= E~Y|Mm;
n[IE 194, + 1D

<1,

then The System (3.1) has a unique mild solution on PC(J,X) for each u €
LP(J: U)

Proof. Define the operator
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(®y)@®) =

Ah(t,y(t)) + A, j (t— Q% L, (t — DER(S, y(0)dC
0
+A, T, () (¥ — h(0,¥0)) + (1 — p)A, [Bu(t) + f(t,y(1))]

+pA2 j (¢ = )% 'Ly (¢ — D[Bu@) + F(Ly@)]dd ¢ € [0,¢1]

N

Aph(t,y()) + A, j (t = L, (t —ER({y(0))dC
0
+A, T, () (vo — h(0,¥0)) + (1 — p)A, [Bu(t) + f(t,y(D))]

+pA ]0 (¢ = 9 1Ly (¢ — O[Bu(@) + £(8,y(D)]d¢

b
+A, z T,(t—t,)ay(t,),  te(t,tyl.
\ y=1

Step 1. We show the operator ® maps PC(J, X) into itself.

For0 <s<s; <t

I(®y)() = (By) (s

+ A, T, () (yo — h(0,¥0)) + (1 — p)A,[Buls) + £ (s, y(s))]

Aph(s,y(s)) + A, j (s — ) L,(s — ER(Sy(D)de
0

t pA2 j (s — 0¥ Loy (s — O[Bu(@) + £(8,y(D)]dg
0

- C’qph(31;y(31)) — A, f 1(51 — ) Ly(s1 =)
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Eh((' y(c))d( - qu:rw(sl)(yo - h(O: 3’0))

—(1- P)d‘lp [B’u(51) + f(51»3’(51))]
—pAZ f 1(51 —)* Ly (sy — D[Bu(Q) + f(c,y(c))]dCH
0

< |4, (s, ¥(5)) = h(su, ()|

+ ‘

A, [ jo (s —® L,(s — ER(S y(0)de

_f 1(51 - Ow_le(S1 - ()Eh(Z»Y(())d(]H
0

+ ||A, (yo — R(0, y0)) (T (s) — T, (s)) ||
+{|(1 = p)A, [B(1ls) — ulsy)) + f(s,v()) — f(s. y(s))]|l

+ deq;) U (s = O Ly, (s — O[Bu()) + £(¢,y(D)]d¢
0

- f (51— P Ly (51 — O[Bu() + f(C,y(Z))]dC]H
0

< |4, | [h(s,y@)) — (s, y(sy)) + j (s = O® Ly (s — OER({ y($))dS
0

- j (51 = )™ Loy (51 — OER(S, y({))dS — f sy — )@
° S
L,(s; — ()Eh(CJY(())d( + f (s; — ()w—le(S . Z)Eh((,y(())d(

— f (51— {)® Ly (s — ()Eh(c,y(c))ch

+11yo = h(0, yo) [l T2, (s) = Ty (sl

99



Chapter Three Exact and_Approximate Controllability of Hattaf-Fractional...

+(1 = p)[IBIlllee(s) = w(s)Il + [|f (s, 7(s)) = f(s1,¥(s0) ][]

+o|[A, |

jo (s = 0 Ly (s — OB + (3, y@))]d¢
_ f (51— 09 1L (51 — O[Bu@) + F(4y(©)]dg
_ f 51 = 09 1Ly (51— O[Ba(@) + £(8y@)]de
N jo (51— 09 Ly (s — O[Bu@) + F(4,y(@)]dg

- [ 6= 0 6= OlBu) + £ y)as
0

< Il [Is3650) = sy y )

_|_

j 1(51 - Ow_le(S1 - ()Eh((»J’(())d(H

+ j I(s1 = O ILy(s — O) — Ly, (sy — || ER(S, y(D))||d¢

t j I(s = 091 = (51 — D9 U lILo (s — O ER(S, y(©)||dg
0

+ lyo = h(0, o) lll T, () = Toy (s
+ (1 = p)lIBllll(s) = u(sy)l

+(1 = P)|f (s, ¥()) = f(s1,y(sD)||

+ pl|A, |

j (51 = OO 1Ly (51 — DIl Bu(@)

+f(c,y<<>)||ch
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toll ] | (51 = 00 s = D) = Ly = DB
+FG YO+l | [ NiGs =
0

— (51 = O° YL, (s = DI||Bu() + £(¢,¥(D)||d¢

S(s; —s)?

|h(s,¥(s)) — h(sy, y(s)|| + T(w+1)

=7 SupEE[s,sll”Eh(g'ﬂa)”

+ supsefosiliLo (s — §) — Loy (51 — Dllsubeeqo,s || ER(Z y ()|

w _ w S — w
x[i-(sl S)] &= ecromllER(E ) + o — B0, 70

W W 'w+1)

17 (s) = T (sl + (1 = p)Bll[[(s) = wls)|
+ 1= p)[lf (5,7()) = f(s1,¥(sD)|

S(s; —s)¢
pn msupfe[s,sl] |B«() + £ (¢, y(D)|
+ pnsupgeqosiliLo (s = §) — Lo (51 — O llsupeeqo,s || Bu())
#FEy@I - ST

S(sy —s)*
+ pnﬁsupge[o,s]”l?u@) + f(C,y(Z))”]-

Let

0, = n||r(s,y(s)) = h(s1, y(s)|

S(s; —s)?
0, = 77msu?’&[&sl]”Eh(€'3’(€))”
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Sa)
03 = NsuPgefosliLe (s = ) = Lo (st = Dllsupeeros |ERG yO) |~

(s — )¢

w

0 — S(sy —s)
*= 1 T+ 1)

supeefo,s||ER(S, y(D)]|

Os = nllyo — h(0, yo) 175, (s) — T, (s1) |l
06 = (1 — p)nlIBllllee(s) — u(sy)]l

0; = (1 —p||f(s,¥()) = f(s1,¥(s))|

S A
05 = 1?2 supgc B + £ YO

0y = pn?supeeqosilIiLe (s — ¢) — Ly (51 — Ollsubeefo s ||Bu({)

WGOIIEEEES

S W
010 = pn* %SuPEE[O,S]HBu(() + (¢ y@).

Since f, h are continuous functions on J, then 0,, 0, tend to zero as s — s;.
Since L,,, 7, are continuous in the uniform operator topology, then
03,05 and Oq tend to zero as s — s .

Since u is measurable, then «(s) — w«(s;) almost every where s — s;, then O

tend to zero.

Clearly 0,, 0,, Og and 0, tend to zero as s — s;. Therefore
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||(C3y)(s) — (C’I\Dy)(sl)” — 0ass — s;. Thus (dy)(¢) € C[0,t,].

Now, fort, <s <s; < t,44, We have

1)) - @)l
< Il I 7)) = sy )]

_l_

j 1(51 — ) Ly (51— ()Eh((»}’(())d(H
+fH@y—O“*Wm@—()—hﬂ&—(mEﬂCy@DWK
0

t j (s = % — (1 — O ILo (s — DN ER(S y(©)|dg
0

+ [lyo — h(0, y) |75 (s) — T, (s
+ (1 = p)lIBIl|[(s) — w(sp)l|
+ (1= p)|f(s,7()) = f(s1,y(sD)|

+ ||

[ =051 = 1Bt + 16y

+ oAl [ (51 = (s =€) = LuCss — ON[Bu0)

+ (6 y(©)]d¢

+oll | [ 16 = 99 = G5 = 0¥ L5 = O[BuC)
0

+fGJ@DMC+4,

where

2= 175 = 6) = % (s = ) llav(e)l)
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Since T, is continuous in the uniform operator topology, then Z tend to zero as
s = s1, and from above we have ||(®y)(s) — (Py)(s,)|| tend to zero as s - s;.

Therefore ®y € PC[0,Y].
Step 2. We show the operator @ is contraction on PC(J, X).

For y,,y, € PC(J,X), and for each t € [0, t,],

[(®y1)(®) = (Py2) (O
= ”"qp [h(t, Y1(t)) - h(t» Y2 (t))]“

+ ‘

Ay [ (€= 0 L= OB 1) = 1 v
0

+C = A [0 (0) = (e )

+ Hpcﬂé jo (€= Ly (= DI (63:1(D) = £ (2 (c))]dcu

w

SY
< n||r(t, . () — h(t, y, ()| + 7’1th“3’1 — ¥l

+ 1 - p|lf (v (®) = F(ty.O)||

w

+ o =M lly, —
. SY®
S OMRE™ |y, — y2ll + anhllyl = y2ll + (1 — pInM¢|ly; — ¥l

w

S

2

Vs —
+ pn o+ D £y = yall

SY® SY®

=n MhE_l +th + (1 - p)Mf + p”aqp”m

Mf] lly1
= y-ll.

Now, for t € (t,,t,.1], using our assumption we have,
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1B)© - (3)0) <

w

m]\/[h + (1 - p)Mf

=n [MhE_l +
SY?®
+ 0l gy 27| I = vl + 1Sy, = 32

= Dlly; — y-ll

and by our assumption, then @ is contraction. According to Banach Fixed Point
Theorem, the operator @ has unique fixed point y such that ®y = y. Therefore

the system (3.1) has a unique mild solution for any control u € Lp(J, U). |

3.3. Approximate Controllability of Impulsive Hattaf-

Fractional Nonlinear Control System in Banach Space

The approximate controllability of the impulsive Hattaf-Fractional Nonlinear
Control System (3.1) investigated throughout this section. Assume System (3.1)
meets the conditions H2, H3, and H4 outlined in Section 3.1. Define the bounded
linear operator A: Lp(J,X) — X as

A@) = (1= P)AH) + g [ (X = Ly (Y = )(s)ds.

The following condition is important to prove the approximate controllability of
System (3.1),

H6 Ve > 0,Vy € Lp(J,X),3u € Lp(J,U) such that

IA(y) —ABu)l <€

and

IBuIl < AllgC)l
where 1 > 0.
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Definition 3.3.1

The System (3.1) is approximately controllable on J if y(y) = X, where
Ky (y) = {y(Y;u): u(t) € U} is areachable set of System (3.1).

Lemma 3.3.2

Assume the condition H6 is hold, then

L Iy < Dlly@ll+D + (1 = p) + pn | B Il (1l

where

F(w+1)

D =n[IE" M, + ——— 3, + S(llyoll + 1E1172,)

r( +1)

w

X sp 0
oDt ;Hm I}

+(1 = p)M; +np

i. Fory;,y, € X, then

w

M(w+1)

Iy28) = 1@l < 72 [ (L= P)IBII + o 1B lht2©) = s 1L

Proof.

L YO < [l | IR O + 555 fy (¢ = P HIERE, y(©lld +
S0 = RO,y + (1 = P[IBuN + [l (& y )] +

plIA | 7 fy (& = O HIBL@NAS + plloA || 55 fy (e =

M@
OCF (€ y@)dg +8 T lay(e,)]
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w

<0 [IEH MGyl + NEH G, + o (Millyll + 35,)
—_ h h (UF((I)) h h

+S(Ilyoll + IE7HIM,) + (1 = p)IIBIllw(®)]]

SY®
+ (1= p)(Myllyll + M) + pn —— ol(@) 1Bl [l

SY
o1 (4l + 77) + 3l + SZIqu(O)ll
y=1

SY
— -1 - -
nlnyn V209, + s M + (L= P+ o s M

w

—

SM E-YM, + ——— M
+ ]+|| 13T, + 5

+5(lyoll + IE-HITE,) + (1 = p)IT; + py— 37

~

p
SY®
+5 ) lla, Ol + [ = p) + pn s | 1B
y=1

_ SY®
= DIyl + D+ |(1 = p) + o1 s MBI

i 1y,(6) = 71O < | A || [[|n(ty2(0)) = h(e, 3. (O)]| + f; (¢ -
P 1Ly (t = DINERE, y2(8) — ER(QE, y1 (OIldd + (1 —
PIBllle, () —us DIl + (1 = p)||f (£, y.(®) = f(t.y: @) +
pllAL fiy (& = D@ Loy (€ = DINIBI 2 (8) — 1, ()11 +

A A ESACHETSACHI |
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(S w
'w+1)
+ @ = p)lIBllllwz(®) = u (Ol + (1 = p)Melly2 — y1ll

w

p"r(w+1)[

<n | IEHIMylly, — yall + Myllyz =yl

1B1l1lee2(t) — 1 (DIl + M llys — 1]
+ SMlly, — y1||]
w 5 w

S Y
th‘l‘(l p)Ms + pn M )Mf+5]\/[] |y

SY
—all+ [ =B + o 18] () — s O

= n 1B 13, +

w

SY
= Dllyz = y1ll + |1 = PIBN + 1 s 1B Heta (©) = s O

It follows,

ly2 — y11l = Dlly, — 41l

w

SY
< 7| = PIBI + 1 s 1B ) — s O

Thus,

w

S
[Nw+1)

vz =l < 72 | (L= PIIBI + p 1B e ®) = a1

Theorem 3.3.3
Suppose the condition H6 is holds, then The System (3.1) is approximate

controllability provided

ag, + 1271 5 1At Bl <1, (318
rt D "]T1-D MNw+1) ’ '

where 4 > 0.

108



Chapter Three Exact and_Approximate Controllability of Hattaf-Fractional...

Proof. Since the domain D(A) of operator A is dense in X [33],i.e. D(A) = X.
It sufficient to prove D(A) < Ky (y), that is mean we must show for any € > 0
and x € D(A), there exists « € Lp(J, U) such that

x — AT, () (vo — h(0,¥9)) — Zy — A(Bw) — A(f) — A,h(Y,y(Y))
) -7 H
+— ER(Y,y(Y)) A (Eh(Y, y(Y)))

x — A, T, (N (yo — 7(0,70)) — By — A(Bw) — A(f)

-1

+ (?pﬂﬂp - c/lp) h(Y,y(Y)) - CA; A (Eh(Y'Y(Y)))H

X — quTw(Y)(yO - h(O'YO)) — Xy — A(Bu) — A(f)

-1

A
+((1= A= )AR(Y,y(N) = A(Eh(y’ym))”

x — AT, (V) (yo — h(0,¥0)) — Zy — A(Bw) — A(f) — A ALh(Y, y(Y))

-1

A
_ pf’ A (ER(Y, y(Y)))H

x — A, T, (V) (¥ — h(0,¥0)) — Zy — A(Bw) — A(f) — h(Y, y(Y))

- CATPA (Eh(Y, y(Y))) <e

where Iy = ¥V _; T, (Y — t,)Ay(t, ) g, (Y).

For any initial y, € X, since 7 (t) is differentiability semigroup for each

t > 0 then
[A,7, (V) (vo — h(0,¥0)) + h(Y, y(Y)) + Zy] € D(A)
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and we can see there exists a function @ € L, (J, X) such that

AQ() =x — A, T, (V) (o — h(0,¥0)) — (Y, y(Y)) — Zy.

For example,

Q(t) =
( 0 t=Y

(Y— t)1 @

-

(T(w ))oq (L (Y—t)+2t;L (Y - )) t€[0,Y)

\ (x —A, T,V (¥ — h(0,59)) — (Y, y(Y)) — Zy)

then,

(—)“v

AQ(D) = pA? j (Y = $)%71L, (Y — 5) (F(@)* A; (Lwor

d
—-s)+ ZSEL(U (Y — s)) (x — ATy (Y)(yo — h(O,yO))

— h(Y,y(Y)) — Zy)ds

3 (F(w))z Y 2 d
=" . (Lw(Y—s)) +2$Lw(Y—S)%Lw(Y—S) (x

AT, (D (¥ — h(0,¥0)) — h(Y, y(Y)) — Zy)ds

(F(w>)

[ f (Lo (0 = ))"(x = A, T, (0 (30 = h(0,70)) = h(Y, (1))

- Zy)ds

Y d 2
+ jo s 7= (Lo (Y = 8))" (x = AT, (N (y0 = 10, 30))

— h(Y,y(Y)) — Zy)dS].

Using integral by parts, we have
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—S)) (x — ApJ; (Y)()’o h(O:YO))

— h(Y, y(Y)) — Zy)ds

AT, (V) (7o — h(0, 7)) = (Y, y(Y)) = %
(r(w))Z(x 2T (D (¥ — h(0,9)) — h(Y, y(Y)) — Zy)

- f (Lo =) (x = A, T, (N (¥0 = ©(0,30)) = h(Y, ¥ (1))
0

- Zy)dS]
= (x = AT, (N (¥o — 10, ¥)) — (Y, y()) — Zy).
Now, for any given € > 0 and by H6 there exists a control «¢ such that

|x — A, T, (V) (¥ — R(0,¥0)) — (Y, y(Y)) — Zy — A(Bu(®))|
€

<5 (3.19)
Letu, € L,(J,U), then by H6, there exists u«, € L,(J, U), such that
Ayl €

H [Bu(t) f(ty.(®) — Eh(t yl(t))] A(Bu, (1)) ‘ <3 (3.20)

where y; (t) = y(t;uq),t € J.

From (3.19) and (3.20) we have

X — c/lp:rou(Y)(:yO - h(O' yO)) - h(Y' y(Y)) - ZY

-1

G yl(t))] A(Biy(D)

c/l
—A[f(t ¥ () +
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= [|x — AT, (N (vo — h(0,¥0)) — h(Y,y(Y)) — Zy — A(Bu(t))

-1

A
; En(t, yl(t))]

+ A(Bu(t)) — A [f(t, y(®) +

< |lx = A, T (D (v — h(0,5)) — h(Y, y(Y)) — Zy — A(Bu())

— A(Bu, (1))

HA(Bu(t)) A [f(t . (t))]
— A(Bu,y (1)) ‘
€
<=

Denote y, = y(t;u,),t € J, then by H6, there exists w, € L,(J, U) such that

-1

Eh(t,y, (D))

H [f(t v, (t))] [f(t 7n©)+22

— A(Bw, ()| <=3

and

IBw, (D)1 < 2 Hf (t,y.(®)) ) - f(t.y1(D)

-1

A
— ; Eh(t,y,(t))

< (67, 0) - Fle @) + 2122 147 Ligace,y,c00) = ER (e 200
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-1
s(mf I ”m)auyz—yln

< [+ ) 12 ||[(1_) .

p
—uy (Dl
Let w3 (t) = uy(t) — wy(t), u3(-) € L,(J,U). It follows

] Bl @

X = CﬂpTw(Y)(yO - h(O, yO)) - h(Y» Y(Y)) — Xy

(t))] A(Bus(t))

—A[f(t Y2

=X~ qu‘Tw(Y)(yO - h(O, yO)) - h(Yry(Y)) - 2:Y

—1

+A f(t y: (1) + Eh(t J’1(t))

-1

c/l
—A f (t,y,(0) + Eh(t yl(t))

-1

A,
— A f(t v, (1)) + Eh(t yz(t)) — A(Bus(t))

=[x — C’quw(Y)(yo - h(O, .VO)) - h(Y,y(Y)) - ZY

-1

- A6 @) + 2 Bh(e 7, 0)| - A(Ba )

—1

H [f(t yl(t))+ Eh(t yl(t))]

-1

A,
— A [f(t Yo (1)) + Eh(t yz(t))] + A(Bw, (1))

By Mathematical Induction, we can see that the sequence
{un,n=01.2,..} c L,(J, U), consequently,
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X — C’qua) (Y)(}’o - h(OJ yO)) - h(Y» y(Y)) - z“Y

dq—l
€ € €
Sz tozt ot o

where y,, = y(t; u,,) and
”Bun+1 - Bun”

|

A, | SY®
< <Mf+ Mh>/11_D (1—P)+Pﬁm | Buy (¢)

— Bu, 1 (9l
and from our assumption we get the sequence {Bu,(t),n=1,23,..} is a
Cauchy sequence on X. Since X is a Banach space, then there exists a point
6(t) € X such that Bu,, = 6(t) asn — oo. Then for any € > 0, there exists a

positive integer k such that

x — AT, (D (yo — h(0,50)) — h(Y, y(Y)) — Zy

cﬂ_l
—A [f(t, (@) + —En(t, yk(t))] — A(Bu (D))

p

X — cﬂpTw(Y)(yo - h(O, yO)) - h(Yr y(Y)) - ZY - A[f(t’ yk(t))]

c/l_l
—A! [f Eh(t, ()| = A(Bur41(1))

+ ||A(Buk+1(t)) — A(Buk(t))”

€ € € €
<2—2+§+"'+2k+1+§<6.

Therefore, we get a sequence {y;, k = 1,2, ...} € Ky (f) converge to x € D(A),
thus x € K (f), which mean Ky (f) = X. [
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The next example illustrates our result.
Example 3.3.4

Consider the following nonlinear Hattaf-fractional control system

(il
“DZ3[y(t,y) — h(t,y(t,¥))] = Ay(t,y) + Bu(t) + f(t, y(t, 1)),
V € [0, T[], (S [0, tl) U (tl' 1];
y(t,0) = y(t,m) = 0,t € [0,1], (3.21)
N _ 1
\ Ayt = (y),  t=,
Setting X = L,([0.m],R) = U, and define the operator A: D(A) € X - X by

-

2%y
Ay(t,y) = 6_)/2(t' Y).

where

pea) =lyex: & 9%Y ¢ x and 0) = y(m) = 0

For y € D(A) then A can be written as the following

Ay = z —S*(Y, ¥s)Vs»
s=1

1

where y.(y) = (%)5 sin(sy), s = 1,2,3 ... Then {y;(y)} is an orthonormal basis

for X and y; is an eigenfunction corresponding to the eigenvalue 1, = —s? of the

operator A, s = 1,2,3 ....

Therefore, A is the generator of C, —semigroup {T(t),t = 0} in L?[0, ] such
that 7(0)y = X1 € (%, %5)ys, ¥y €ED(A), and [T <1=S. The
functions h, f and g, defined as follows:

e h:[0,1] X X - D(A) such that

14
h(t,y(t, y)) = f siny(t,{)d{,t € [0,1],y € [0,7],y € X.
0

e f:[0,1] X X = X such that
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t2e”ty(t, vl
b )

fty(ty)) =

e @;:X — X such that

te[0,1],y €[0,r],y € X,b > 0.

. (y(t,v)) = ,t€[0,1],y € [0,m],y € X,

According to Hille-Yosida Theorem ||G(t)|| = [|T(t)|| = S.

In Example (3.1.6) we showed that The System (3.21) satisfies the conditions
H2, H3 and H4.

For every u(+) € Lp(J, U) of the form u(t) = Yoz, us(t)ys, define

0

Bu(®) = ) (6}

s=1

where

1
0  0<t<l-—

~ S
u,(t) = 1 :
us(t) 1—5—2StS1

So ||Bul| < ||lu()||. Therefore B is a bounded linear operator from Ly (J, U) into
X.

Now we shall prove The Condition H6. Consider the corresponding linear

system of The System (3.21) as follows:

11 1
‘DZ3y,(t) + s?y,(t) = U,(t), 1-S<t<1

SZ
Ay(t) = q:(y(tD)),
Let p(+) be arbitrary element in L,,(J, X) and k € X defined as

1
k= (= P Ap(D) + G | (1= 1,1 = D).
0
Assume that p(t) =X, p;(t)y, and K =X, ksy,, Where k,=
[} e 00 p()dg
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we can choose the control function

252
1—e2

1
u.(t) = kse‘sz(l_t), 1-— =) <t<l1,

then

1
(1 - p)A,Bu(l) + poAZ j (1 - ©)° 1L, (1 — §)Bu(E)de
0

1 (0e]
= (1= A BU() + pE [ (1= 9Ly (1= ) ) Ty df
0 s=1
= (1~ p)A Bu()

;e 0y dg

1 (00]
Fp | (1-DULA-0) T
s=1

1
= k= (1— p)A,p(1) + pA2 j (1= O° 1L, (1 - Op)de.
0

Therefore, the first part of Condition H6 is hold.

Now,

® 1

1Bu(O)]? < Z |l

s=1 s2
1 434 5
_ z.f _ Y p2p-25P(-t) gy
1 _ =22 S
s=1 1_5_2 (1 € )
B i 252
= -

1 1
_ 1_8_22(1—(3—252)[ 15 (6)|2dt
s=1 0

2

dt

—52(1—1:)

1—(3‘2

< I3
<= lr0l
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Therefore, the Condition H6 holds.

If
D=n |IE‘1||+—1 M +1 147 1 +M|<1
- 4 hto 7N i ,
r(3) r(3)
and
_ n
(M + 2[4 17M0) 5=y =5 1B < 1

then The System (3.21) is approximately controllable. |
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Chapter Four
Conclusions and Future Works

4.1 Conclusions

® This work has investigated the controllability for linear System (2.1)
and nonlinear System (2.2) in finite dimensional space. The solutions
were obtained using fractional calculus, Laplace transform, and the
Mittag-Leffler function. The use of the controllable for the linear
system together with sufficient condition on (f(¢t,y(t),u(t)) has
helped us to prove the controllability of System (2.2) via Schauder

Fixed Point Theorem.

® Observability of System (2.15) in finite dimension space R™ has been
investigated in this work. First, we showed that the nonsingularity of
Gramian observability matrix W,, is a necessary and sufficient condition
for the linear System (2.15) to be observable. For the linear System (2.15)
to be observable, another condition has been established based on the
rank of the matrix

C
C(pA,A)
e+ 1)

(n—1)! C.(pApA)n_l
F[p(n—1)+1)

One can show that the observability of System (2.15) could be
determined without depends on time t. This is done by constant matrices

A and B only. Two tests for the observability of System (2.15) are
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introduced which them: eigenvector of the matrix 4,4 (eigenvector test),

yC
observability and controllability of System (2.16) (Duality Theorem) is

. [A : : :
and rank the matrix [ P ] An important relationship between the

given. Examples are given for our main results.

® The exact controllability System (3.1) in a Banach space has been
investigated. The mild solutions were obtained using semigroup theory,

fractional calculus, and Laplace transform.

e Sufficient conditions have been established to prove the exact
controllability of the nonlinear system (3.1). It has been proven by
employing the Nussbaum Fixed Point Theorem. To illustrate the main

results, an example was given

® The mild solution of System (3.1) has been proved exist and unique in a

Banach space by employing Banach Fixed Point Theorem.

® [or System (3.1), The approximate controllability was discussed using
the approximate sequence method. The efficacy of our result has been

shown using an example.
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4.2 Future works

We will study:

1. Stability of Hattaf-fractional nonlinear dynamical system in finite

dimensional space.

2. Observability of the AB-fractional linear dynamical systems in banach space.

3. Optimal control of Hattaf-fractional nonlinear control system in Banach

space.
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Abstract

This dissertation aims to study and develop the controllability and
observability of fractional control systems with nonsingular kernel in finite and

infinite dimensional spaces.

Throughout this work, the controllability of an AB-fractional linear control
dynamical system with control delay under sufficient conditions has been proved.
Sufficient conditions are set to prove that a nonlinear AB-fractional control
dynamical system with control delay is controllable using Schauder Fixed Point

Theorem.

The observability of an AB-fractional linear control dynamical system has been
investigated. Wherein more than one criterion for it has been introduced. The

duality between controllability and observability has been proved.

A mild solution of a nonlinear impulsive control system involving Hattaf-
fractional derivative has been introduced in Banach space using fractional
calculus and semigroup theory. Under sufficient conditions, we prove the
controllability of this system. Our main results are obtained utilizing Nussbaum
Fixed Point Theorem. On the other hand, sufficient conditions are introduced to
show the existence and uniqueness of the mild solution of the nonlinear system.

Also, the approximate controllability of this system is proved in Banach space.

Finally, applications have been shown to illustrate the importance of the main

results.
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Introduction

Introduction

Control theory is an area of applied mathematics concerned with the behavior
of dynamical systems. Mesopotamia (2000 BC) is considered the first to use the
theory of control to irrigate agricultural lands. Control mechanisms are found all
across nature and are employed by living creatures to keep vital variables like
body temperature and blood sugar levels at predetermined ranges. The
populations of insects and animals are controlled by a carefully balanced prey-
predator relation. There are a variety of basic and complicated man-made control

systems in use in our daily lives. [1]

Fractional calculus has received significant interest from researchers because
it describes many scientific phenomena with great accuracy. This concept was
originally described in 1695 by Leibniz and L'Hospital as a generalization of the
integer-order derivative [2]. However, fractional calculus was used in the 1960s.
The application of fractional calculus has grown during the past three decades. It
is significant to a wide variety of applications in many fields, including
physics[3], fluid mechanics[4], biochemical [5], and population growth [6].
Academics increasingly research various forms of fractional differential
equations. Numerous definitions of fractional derivatives describe many
scientific phenomena, for instance, Riemann-Liouville, Caputo, Hadamard,

Grunwald-Letnikov, and Hilfer, for more details; see [7]-[9]

M. Caputo and M. Fabrizio [10] introduced a definition of a derivative with
fractional order with the nonsingular exponential kernel. Atangana and Baleanu
[11] proposed the AB-fractional derivatives as a concept of fractional derivatives
has a nonsingular Mittag-Leffler kernel. In 2020, Hattaf [12] presented a

generalization definition of the AB-fractional derivative. The fractional
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derivatives without singular kernels gave adequately described for models
of dissipative phenomena where the classical fractional operators cannot

give it, see [13]-[15].

Impulsive differential equations have attracted much research attention due to
their significance in modelling processes exposed to short-time changes
throughout their development. Many articles deal with impulsive differential

equations and their solutions for example; see [16]

Controllability and observability are important properties of dynamical
system. They are fundamental elements of modern control theory. If a system is
able to transform any initial state to any final state over given time using a control
function, then it is said to be controllable. Two forms of controllability are most
often considered in practical applications: exactly controllability and approximate
controllability. The system is exactly controllable if it reaches a required state at
the given time using admissible control. The system is approximate controllable
if it reaches a state at the given time lies in a e-neighborhood of the required state
using admissible control. The observability of a system is defined as the ability

to determine its initial state from its output behavior.

In 1963, Kalman [17] introduced the concepts of controllability and
observability. M. Nawaz, et. al. [18] discussed controllability of nonlinear
fractional system with control delay involving the Caputo fractional derivative
using fixed point theorem and Mittag-Leffler function. In 2020, Jiale Sheng et al.
[19] set sufficient conditions to show that AB-fractional nonlinear dynamical
system is controllable using fixed point theorem and Mittag-Leffler function. In
2021, Ghasemi and Nassiri [20] introduced many criterions for the controllability

of AB-fractional nonlinear dynamical system provided Caputo derivative of
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control function exists. In [21], the controllability of AB-fractional systems in
a Banach space were discussed based on fixed point theorem and semigroup
operator theory.

The controllability problems of impulsive fractional control systems have been

studied in many articles, see; [22], [23].

X. Li et al. [24] established sufficient conditions for the approximate
controllability of fractional control systems with time delay in Hilbert spaces
by using semigroup operator theory and sequence method. In [25] the
researcher investigated the approximate controllability for a kind of
fractional neutral differential equations with damping in Banach spaces

using the approximate sequence method.

In [26], the controllability and observability have been discussed for fractional
linear control systems with multiple different orders involving the Caputo
fractional derivative using Gramian matrix. K. Balachandran, et al. [27]
investigate the observability and controllability of fractional control dynamical

system with Grunwald-Letnikov derivative based on Gramian matrix.

This dissertation aims to study the exact and approximate controllability of
some types of fractional control systems with Mittag-Leffler kernel in finite and
infinite dimensional spaces using fixed point theorems, fractional calculus, and
semigroup operator theory. Additionally, the observability of AB-fractional
linear control dynamical systems has been discussed and developed in finite

dimensional space.




Introduction

We organized our work into four chapters:

Chapter one deals with the basic concepts and fundamental definitions that
helped us achieve our goals, such as functional analysis, semigroup theory, fixed
point theorems, fractional calculus, controllability, and observability.

Chapter two contains two sections. The first section investigates the
controllability of AB-fractional nonlinear dynamical systems with control delay.
We set sufficient conditions to prove that the nonlinear system is controllable
using Schauder Fixed Point Theorem. An example is presented to demonstrate
our theoretical results. Section two discusses the observability of AB-fractional
linear dynamical systems. We present more than one criterion for the
observability an AB-fractional linear control dynamical system. Additionally, the
duality between controllability and observability has been proved.

Chapter three contains three sections. Section one discusses the controllability
of a nonlinear impulsive Hattaf-fractional control system in Banach space using
semigroup theory and Nussbaum Fixed Point Theorem. In section two, we prove
the existence and uniqueness of the mild solution of the nonlinear system under
sufficient conditions using Banach Fixed Point Theorem. Concerning section
three, the approximate controllability of the nonlinear system has been proved
under sufficient conditions using the approximate sequence method.

Finally, the conclusions and future works have been presented in chapter four.




Chapter One Basic Definitions and Fundamental Theorems

Chapter One

Basic Definitions and Fundamental Theorems

In this chapter, we review some basic concepts, lemmas, and notations that will

aid us in establishing our main results later on.
1.1 Functional Analysis

Definition 1.1.1 [28]

Let Xand Y be normed spaces over the same field F. An operator T defined
from X to Y is called linear operator if T(ax + by) = aT(x) + bT (y) for all
x,4 €X,anda,b € F.

Definition 1.1.2 [29]

Let X and Y be normed spaces and the operator T defined from X to Y.
1. The operator T is said to be bounded if there exists a positive constant [ €
R such that
Tl < U]|=ll,

forall x € X.

2. The norm of operator T defined as:
ITIl = sup [|Tx]l.

llll=1
3. The operator T is called continuous operator at a point x, € Xif for
each € > 0 there exists § > 0 such that
ITx — Tx,|| < €, forall x € X satisfing ||x — x| < 6.
4. The operator T is called continuous operator on X if it continuous at every

point of X and it called uniformly continuous on X if § independ on x.
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Remark 1.1.3 [29]

Let T be a bounded linear operator. Then for any x € X,

ITxll < [IT]lllll.

Lemma 1.1.4 [29]

The linear operator T: X — Y is continuous if and only if it is bounded where

X and Y are normed spaces.

Definition 1.1.5 [30]
A subset D of a normed space X is called relatively compact if the closure of D

IS compact.

Definition 1.1.6 [30]
Let X and Y be normed spaces. The linear operator T: X — Y is said to be

compact if T maps each bounded subset A € X into a relatively compact setin Y.

Remark 1.1.7 [30]

Let X and Y be normed spaces.

I. A linear operator T:X — Y is compact if and only if for any bounded
sequence {x,} in X, the sequence {Tx,,} contains convergent subsequence
inY.

ii.  The compact linear operator is always bounded.




Chapter One Basic Definitions and Fundamental Theorems

Definition 1.1.8 [28]

A complete normed space, also known as Banach space, is a normed space

where every Cauchy sequence is convergent in it.

Example 1.1.9 [28]

Consider the space of all continuous functions x: [a, b] = R
Cla,b]: = {x:x:[a, b] = R, x is continuous,a,b € R }.
This space is a Banach space with norm given by

Ixll = max (L.

Definition 1.1.10 [30]
Let (X,u) be a measure space and 1 < p < oo. Then the collection of all

measurable function f for which |f|? is integrable will be denoted by L,, (). For

each f € L, (), set

=

i1, = ([ 1r1P au)’

the norm || £, is called the L,-norm of f.

Lemma 1.1.11 [28]

(Lp, lIl,,) is a Banach space.

Definition 1.1.12 [31]

Let XandY are Banach spaces. The operator T:X — Y is called completely

continuous if it is continuous and compact.
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Remark 1.1.13 [31]
Let T:X — Y be linear operator, where X and Y are Banach spaces. Then, if T is

compact operator, then it is completely continuous.

Definition 1.1.14 [30]

Assume D is a subset of the space of continuous functions C|a, b].

1- The set D is called bounded, if for all g € D and all t € [a, b] there exists
constant K > 0 such that [|g(t)|| < K.

2- The set D is called equicontinuous, if forall g € D and all t,s € [a, b]
and for each € > 0 there is & > 0 such that
lg(®) —g(s)ll <e whenl||t —s| < 6.

Lemma 1.1.15 [29] “Arzela-Ascoli's Theorem”

Let D be a subset of the space of continuous functions C[a, b]. Then D is relatively

compact if and only if it is bounded and equicontinuous.

Example 1.1.16 [31]

Consider X = C[0,1] and let A: [0,1] x [0,1] — R be a continuous function.
Define the operator T: X — X by

T(x)(t) = fA(t, s)x(s) ds.

For any x € X, we have
1

T ()] < f At $)|1%(s)] ds

0
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< sup|x(s)| flA(t, s)|ds
0

1
< |l f A, $)|ds.
0

Then T is a bounded operator. Let D be a nonempty and bounded subset of the
space X. We show that T (D) is relatively compact. First, let us prove that T (D) is
equicontinuous, since A is continuous on compact matric space then it is
uniformly continuous, so for every € > 0 there exists § > 0 such that for all

t,, t; € [0,1] we have

|A(t,,s) — A(t;,s)| < € when |t, —t;]| <&
Forx € X

1

IT(x)(t2) =T(x)(t)] < fIA(tz.S) — A(ty, $)lx(s)| ds

0

< suplx(®)| j A(ty,s) — Aty, )| ds
0

<sup|x(t)] €,
then T (D) is equicontinuous. According to Arzela-Ascoli's Theorem T(D) is

relatively compact, hence the operator T is completely continuous.

Definition 1.1.17 [28]

Let Xand Y be normed spaces. A linear operator T:D(T) € X - Y is called
closed operator when the graph G(T) = {(x,T(x)); 2 € D(T)} is a closed set in
X x Y.
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Lemma 1.1.18 [28]
Let X and Y be normed spaces. An operator T: X — Y is closed if and only if for
every sequence {x,},—o € Xsuchthatx, - xand Tx, > yasn—- oo,y €Y

then x € Xand Tx = y.

Now, we review some concepts on semigroup operator theory such as

uniformly continuous and strongly continuous in a Banach space X.

Definition 1.1.19 [32]
A semigroup of bounded linear operators 7°(t),t = 0 on X is defined as the
family of bounded linear operators satisfies the following:

i. T7(0)=I,

. T(t+s)=T(t)oT(s), foreveryt,s = 0.

Definition 1.1.20 [32]
The infinitesimal generator A of semigroup {7 (t)} >0, is the linear operator

described by:

T(t)] — drT(t
Af = tl_i)%l ( )f €= di ) tzo,for( € D(A)
where,
D(A) = {( € X; lim, % exists}.

Lemma 1.1.21 [32]

There is a unique infinitesimal generator for a semigroup {7 (t)} ;s0,-

10
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Definition 1.1.22 [32]
A semigroup {7 (t)}:s0,0f bounded linear operators on X is uniformly
continuous when:

lim [|7(6) = 1] = 0.

Example 1.1.23 [32]
Consider A is a bounded linear operator on X. Then the exponential function

exp(At) is a uniformly continuous semigroup generated by A on X.

Theorem 1.1.24 [32]
Let A be a linear operator. Then A is infinitesimal generator of a uniformly

continuous semigroup if and only if A is a bounded linear operator.

Definition 1.1.25 [32]

A strongly continuous semigroup (denoted by C, —semigroup) is a
semigroup {7 (t)} ;so, Of bounded linear operators on X that satisfies:
lim 7 ()¢ = ¢,

for each { € X.

Examples 1.1.26 [33]
Let X = C[0,1] suchthat{(1) =0forall{ € X. Fort = 0, define

(TO(s) = {%(S +1) +s< 11

T(t) is a C, —semigroup on X generated by a linear operator .4 which is given
by
D(A)={¢:¢eC01]nX,{eX}

and

11
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Al =( for ¢ € D(A).

Lemma 1.1.27 [33]
1. Let {T(t)};s0, be C, — semigroup generated by A. Then for { € X, the

function t —» T(t){ is continuous from R* into X.

2. For{ €X, [, T(t){ds € D(A) and A ( fOtT(S)(ds) = T() - .

Definition 1.1.28 [32]
A C, —semigroup {T'(t)} =0, On X is said to be differentiable for t > 0 when
forany ¢ € X,t = T(t){ is differentiable for t > 0.

Lemma 1.1.29 [32]
Let {T(t)};so, be C,—semigroup generated by A. For{ € D(A) c
X; T(t){ € D(A) and

d
T (D)0 = AT ()] = T()AL.

Theorem 1.1.30 [32]
Let A and B be infinitesimal generators of C, — semigroups 7(t) and S(t)
respectively. If A = B, then 7' (t) = S(t) fort = 0.

Lemma 1.1.31 [33]
Let {7 (t)} 0, IS Co — semigroup. Then thereiso > 0and K > 1, such that
T (®| < Ke®, fort > 0.

12
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Definition 1.1.32 [32]

The C, — semigroup {7(t)} ;s0, is called compact if T(t) is a compact operator

foreach t > 0.

Definition 1.1.33 [32]
The resolvent set indicated by p(A) is the set of all complex numbers & where

(&1 — A)~1is a bounded linear operator in X.

Definition 1.1.34 [32]
The resolvent operator of A is the family of bounded linear operators

R(&A) = (&1 —A) L& € p(A) and the following equality holds for x € X

R A)x=(El—A)1x = j e St T (t)xdt,
0

where {T'(t)} ;s0, IS @ C, —Semigroup generated by linear operator A, s > 0.

Theorem 1.1.35 [32] ""Hille-Yosida Theorem"
A linear operator A is the infinitesimal generator of C,-semigroup T'(t) (t =
0), satisfying ||7(t)]| < K (K = 1) if and only if

i. A is closed operator and D(A) = X.

ii.  The resolvent set p(cA) of operator A contains R* and

K
| R(&; A < ?,for §>0,neN.

In the following, we recall some of the fixed point theorems used
throughout this work.

If A is an operator of a Banach space X into itself, then x € X is said to be a
fixed point of A if A(x) = x. Fixed point theorems deal with the existence and

attributes of fixed points. Such theorems are the most potent tools for

13
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demonstrating the existence and uniqueness of solutions to various mathematical
models (differential equations, partial differential equations, fractional order

differential equations, etc.).

Definition 1.1.36 [34]
Assume (X, ||-]]) is a Banach space. An operator T'defined on X into itself is called
Lipschitz continuous if there is k > 0, such that
IT(x) =Tyl < kllx — »ll
forall x, ¢4 € X.
The smallest k is the Lipschitz constant of T. If k <1 then T is called a

contraction.

Theorem 1.1.37 [31] ""Schauder Fixed Point Theorem™

Assume M is a nonempty convex subset of a Banach space X, and B: M - M

Is a completely continuous operator. Then B has at least one fixed point.

Theorem 1.1.38 [35] ""Nussbaum Fixed Point Theorem"

Assume G is closed, bounded and convex subset of a Banach space X. If the
continuous functions ¢,, ¢, from G to X satisfies the following:
1. (¢1+ ¢2)G G,
2. |lp1x — Pyl < ullx —yl| for all x,y € G where 0 < u <1, i.e. ¢, is
contraction,
3. ¢, is completely continuous,

then the operator ¢, + ¢, has a fixed pointin G.

14
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Theorem 1.1.39 [36] ** Banach Fixed Point Theorem ™

Let X be a Banach space. If B: X — X is a contraction operator, then it has a

unique fixed point.

1.2 Fractional Calculus

Fractional calculus is the theory of derivatives and integrals of arbitrary order,
which generalizes the concepts of differentiation and integration of integer order.
Several fundamental concepts in fractional calculus, such as the definitions,

lemmas, and notations, will be reviewed in this section.

In the following, we recall some special functions which are important in

fractional calculus.

Definition 1.2.1 [7]

The Gamma function is indicated by I' (), defined as
(o) = J s lesds, a € C,Re(a) >0
0

which is a generalizes of the factorial function, that is

'n+1)=n!
forn € N.

Remark 1.2.2 [7]

Some important properties of Gamma function are
LT(1+ a) =aol'(a),
. 1
i. T (E) = /.

15
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The Mittag-Leffler function is essential in fixing problems with fractional

differential (integral) equations.

Definition 1.2.3 [7]

The function defined as

_y_ ¢
E,($) = ;m' (CeCp>0), (1.1)

is called Mittag-Leffler with one parameter p.

The generalization of the Mittag-Leffler function with two parameters

p and w is given by
E, ()= ;m CeCwp>0). (1.2)

When w = 1, then E, ,,({) coincides with E,({), i.e. E,1({) = E,({).

It is important to note that the Mittag-Leffler function is a generalization of

the exponential function. where

= 7
EiQ) = ) == exp(),
=0

Remark 1.2.4 [7]
Forp > 0,

1
Ep,p (0) = m

Now, we recall definition and some properties of Laplace Transform.

16
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Definition 1.2.5 [7]

The Laplace transform of a function x is defined by

(0]

L{x(t)}(s) = J e Stx(t) dt, s € Ct € R,
0

Lemma 1.2.6 [7]
Forqg > —1and s > 0, the Laplace transform of power function t? is given by

r 1
L{ET(s) = (gqfl )

Lemma 1.2.7 [7]
Suppose that x(t) and y(t) are two functions, in which the Laplace transforms
L{x(t)}(s) and L{y(t)}(s) exists. If the convolution of x(t) and y(t) defined by

t

x(®) * y(t) = j x(t = 8) y(8) do.

0
then the Laplace transform of the convolution of x(t) and y(t) is given by

L{x(@) * y(O}AD = L{x(OID L (O}A).

Lemma 1.2.8 [7]
Let s>0, 6 eR, 0+ 0, andp,w > 0. Then the Laplace transform of the

Mittag-Leffler functions (1.1) and (1.2) defined as

sP~1
L{E,(6tP)}(s) = prpt
sP~®
L{t T Epu (0tM)}(5) = 55

respectively.

In the following, we review some definitions and properties of the classic

fractional calculus.

17
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Definition 1.2.9 [7]

The fractional integral of order p > 0 for a function ¢ is defined by

RLIPZ(A) = —— f (A—-$)P"1¢(s)ds, A€ [a,b]

r'p)
is called Riemann-Liouville fractional integral, where I'(+) is the Gamma

function.

Definition 1.2.10 [7]

Riemann-Liouville fractional derivative of order p with the lower limit a for a

function ¢ is defined by

e ¢(1) =

1 dr 4 n-p-1 nm—p
F(n_p)dﬂnJa(A_s) {(s)ds=D I, (1),

n—1<p<n, neN
Example 1.2.11
Assume 0 < p < 1and A € [0,b], then
1 A
RLIP 22 — —f A —s)P1s2 (s,
° '(p) Jo (4=s5)

by integration of parts, we obtain

RLIP )2 _F( +1)j (A —5s)Psds
F( +2)_f (1 —s)Ptlds
- I'(p +3) AP,

Also, we can calculate the Riemann-Liouville derivative of order p of the function

22 as follows

2
RLpP 12 — DRL11_0/12 =D 213-p)
° ° r(4-p)

18
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= 2B - p) 12-p)
B-=pI@B-p)
2

S—— )}
r@-op)

If we choose p = 0.5, then

2
RLIO'SAZ — /12.5 =0.6018 /12.5.
0 ['(3.5)

2
RL)0.572 _ 15 15
gD 72 F(Z.S)A 1.5045 A™>.

Definition 1.2.12 [7]

For a function ¢, the expression

A
cDP L) = F(n;_p) [[G=syrtemas = o,

is called the Caputo fractional derivative of order p, where A € [a, b],

n—1<p<nmneN.

Lemma 1.2.13 [7]

Let p e Randn —1 < p <n,n € N. The relationship between the Riemann-

Liouville derivative and the Caputo derivative operators is given by

n-—1

()
DL = P + Y G- )
=0
In particular, when 0 < p < 1, we have
RLDP¢(D) = $DP¢(M) + F(cl(—i)p) (A—a)".

Lemma 1.2.14 [7]
Letp > 0andq > 0. Then
FLIPREITS(Q) = REIORLIPS (D) = RLIP+IL ().

19
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Remark 1.2.15 [7]
For all scalars g, , we have

RLP(q x(A) +ry(D)) = q RalPx(2) + r RLIPy ().

Lemma 1.2.16 [7]
Letn—1 < p<nneNands > 0 then:
I- the Laplace transform of the Riemann-Liouville fractional integration
operator of order p is given by
LEEGIP(£)3(s) = sTPLIL(D)}(s),
Ii- the Laplace transform of the Riemann-Liouville fractional differential

operator of order p is given by
n—-1
L{FEDP SONs) = sPLEO) = ) 5™ (R4 E)(0),
j=0

Iii- the Laplace transform of the Caputo fractional differential operator of order

p is given by

L{EDP (D)) = sPLE W} = ) 5#7I7H (D) (0.
j=0

Now, we recall some definitions and properties of fractional operators with

nonsingular kernel.

Letp € (0,1),w > 0,y, = 1L and Q(p) is normalization function satisfies

-p
Q(0) =Q() = 1.

Definition 1.2.17 [11]

The Atangana-Baleanu fractional (AB-fractional) derivative of Riemann-

Liouville sense of order p with lower limit a is given by

Qp) d

PED?E(E) = gy | Eol o6 = 9)7]4(5) ds, ¢ € [a,bl

20
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Definition 1.2.18 [11]
The Atangana-Baleanu fractional (AB-fractional) derivative of Caputo

sense of order p is given by

t d
ABCDP ¢ (t) = %j Ep[—yp(t — S)p] <$ () (s)ds,t € [a,b]

Definition 1.2.19 [11]
The fractional integral associated with the Atangana-Baleanu fractional

(AB-fractional) derivative is defined by

(1-p)
Q(p)

Note: Throughout our work we assume Q(p) = 1.
Definition 1.2.20 [12]

The Hattaf fractional derivative of Riemann-Liouville sense of order p with

ABrPe(t) = (@) +p™1P¢®), telab]

respect to the weight function n € C1(a, b), n,% > 0 with the lower limit a is

given by

1 d [t
RLDPA (1) = ) J Eo[=7,(t = )] 19 (s) ds.

1—pn(t)dt

Definition 1.2.21 [12]
The Hattaf-fractional derivative of Caputo sense of order p with respect to the
weight function n € C1(a, b), n,7% > 0 on [a, b] is given by

Q) 1 (*

D) =T
“ 1-pn®J,

d
Eo[~7,(t — )] ac (¢ (s)ds,  (1.3)

21
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Lemma 1.2.22 [12]
The relationship between the Hattaf-derivative of Riemann-Liouville sense and

Hattaf-fractional derivative of Caputo sense operators is given by

Q(p)

REDPUAL (1) = EDPOAL(E) + 1 D —E, [, — ) (1)) ().

Remark 1.2.23 [12]
When A = w and Q(p) = n(t) = 1, then the fractional derivative (1.3) will be in

the form

CDPOg() = —— j [y, (t - s)w]—as)ds (1.4)

Definition 1.2.24 [12]
The fractional integral corresponding to the Hattaf-fractional derivative (1.4)
IS

JPCC(E) = (1 = p)S(t) + pFel () (1.5)

Lemma 1.2.25 [11]
The Laplace transform of AB-fractional derivative of Caputo sense is

Q(p) sPL(D}(s) —sP7'¢ ©)
—p sP+Yp

L{#PGD {(D)}(s) =

Lemma 1.2.26 [12]
The Laplace transform of the Hattaf-fractional differential operator (1.4) is

1 sL{(D)}(s) —s“7{(0)
-p sY + Yo .

L{EDP S (OHS) = 1

22
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Lemma 1.2.27 [12]

The Laplace transform of the Hattaf-fractional integration operator (1.5) is

£{ 7792 (0)(5) = (1 = PLEOHS) + 25 LN

Lemma 1.2.28 [12]
For Hattaf-fractional differential operator (1.4) and Hattaf-fractional integration
operator (1.5),

aDP® G3P2g(2) = {(A).

In the following, some properties for the fractional differential operator (1.4)

and fractional integral operator (1.5) are proven.

Lemma 1.2.29

The Hattaf-fractional derivative (1.4) can be written as
CpPYZ(t) = 1 N kRLIwk+1 > 0 k
a f()—m (=v,) %% ¢(s), <k <o,
k=0
Proof.

SDPe(e) = ﬁ j OBy = 9))ds
1 (X p o\ (t—p)¥k
- EL((S)Z <_1 —p) Tk + 1) %

1,02(1— ) r(wk+1)fc(5)(t—s)“’kds

k=0

1 .
=155 Z(—yp)"Rglwk“((t) . .
k=0

23
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Lemma 1.2.30
Let0 < p <1,w>0.Then
JPPEDPPL(t) = {(t) — {(a).
Proof.
Since
dIPCEDPOL () = (1= p)GDP@E(E) + pFLI® EDP(0).
From Lemma 1.2.29 we have,

TP GDPS (1)
_ KRL wk+17 RLjw _P KRLjwk+17
- Z(_Vp) aI {(t) + aI TZ(_yp) aI ((t)
k=0 P k=0
By using Lemma 1.2.14, it follows

jpw CDp,wc(t) — Z(_yp) RLIwk+1((t)+ Z( yp) RLI(1+k)w+1((t)
k=0

_ Z(_yp)kRéIwk+1{'(t) _ Z(_yp)k+1R(L11(1+k)w+1Z(t)
k=0 k=0

= [, {(s)ds = ¢(t) — {(a). .

Lemma 1.2.31
Let0 <p<1,w>0and{ € PC[a, b]. Then

14
JPOEDPOE) = ()~ ¢(a) = ) (&)

fori=1,2,..,p,A0(t;)) = ¢(¢") — ¢(t7) and t € [a, b].

Proof.
Using the same technique as in Lemma (1.3.30), we get

t
TPWEDPO(t) = j {(s)ds.
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p
OEMOEDWIC
i=1

fori=1,2,...,pandt € [a, b]. |

1.3 Cauchy Problem
In this section, we recall the concept of the Cauchy problem because of its

importance in solving differential equations.

LetA : D(A) € X — X bealinear operator, where X be a Banach space. The
abstract Cauchy problem for A and y € X with initial condition y, consists of
finding a solution y(t) to the initial value problem

(O =A@+, ] =[] (16)
y(0) = yo.
where f: ] - X. A is infinitesimal generator of a C, —semigroup 7 (t).

Definition 1.3.1 [33]

A function y:J — X is a classical solution (solution) of (1.6) on Jif ,y(t) €
C1(J;X),y(t) € D(A), forall t € J and y satisfies (1.6) on J.

Let y be a solution of (1.6). Then the function q:J — X defined as q(s) =
T(t — s)y(s) is differentiable for 0 < s < t and

Z_Z = _AT(t — )y(s) + Tt — $)y(s)

= —AT(t — $)y(s) + T(t — )AY(s) + T(t — )f (5)

= T(t — $)f(s). (1.7)
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If f € L,(J; X) then, T'(t — s)f (s) is integrable and integrating (1.7) from O to
t, yields

y(t) =T ()y, + f T(t—s)f(s)ds. (1.8)
0

The right-hand side of (1.8) is continuous for any f € L, (J; X). [32]

It is possible to generalize the solution of (1.6) (mild solution) by removing

differentiability condition which defined as follows:

Definition 1.3.2 [33]
Let 7(t) be C, —semigroup generated by A. Let f € L,(J;X) and y, € X. The
function y € C(J; X) given by (1.8) is the mild solution of System (1.6).

The following example shows that the continuity of f, in general, is not a
sufficient condition for the existence of solutions to the Cauchy problem (1.6) for
Yo € D(A).

Example 1.3.3 [33]

Let 7(t) be C, —semigroup generated by A, and let z € X be such that for
anyt = 0,7(t) z & D(A). Suppose that f(t) = T(t)z. Then f(t) is continuous

for t > 0. Consider the initial value problem

y() =Ay(®)+ f(t), ] =[0Y]
{y(O) =0. (1.9)

Then the mild solution of (1.9) is

y(t) = ftT(t —5)T(s)zds
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= f tIT (t) zds
0

=tT(t)z

which is not differentiable.

1.4 Controllability and Observability
In this section, we recall some fundamental definitions and lemmas for
controllability and observability concepts in finite and infinite dimensional

spaces.

Controllability
A linear control dynamical system in finite dimensional space that can be

represented by the mathematical model

{Y(t) = Ay(t) + Bu(t), te€]=1[0,Y]
y(0) =y,

(1.10)
where y(t) € R™ and u(t) € R™ are state and control vectors respectively, A €

R™™ and B € R™ ™ are constant matrices.

System (1.10) is said to be controllable on J, if for any pair of vectors y,, y; €
R", there exists a control u € C(J; R™) such that the solution of System (1.10)

with given initial condition satisfies y(Y) = y; [37]. Since the solution of the

System (1.10) is
t

y(t) = edty, +j e4(t=5) Bu(s)ds,
0

then System (1.10) will be controllable on J if for any given y; € R", there exists

a control u such that
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Y
y, = ey, + J eA0=9) By(s)ds.
0

Theorem 1.4.1 [33]
The linear System (1.10) is controllable if and only if the controllability

Grammian matrix
Y
1% =f eAX=S)BB*eA"(Y=5) g
0

Is nonsingular.

Theorem 1.4.2 [37]
The linear System (1.10) is controllable if and only if the rank of the controllability
matrix [B AB A?B ... A" 1B],xnm is n.

Example 1.4.3

Consider the linear System

{y(t) = Ay(t) + Bu(t), t € [0,1]
y(0) =y,

where A = [(2) (1)] ,B = [ﬂ.Then the Grammian matrix
202725 4+ 1
w J el s 4 2 2—25 + 1 el—S + Z]dS
_ [67.376  29.22
29.22 14.067

which is nonsingular, then by Theorem (1.4.1), the system is controllable.
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Example 1.4.4 [38]

Consider the two tanks problem

u

yl(t)I | a

x(t)
Model (1)

Let y, (t) be denote the level of water in Tank 1, and y, (t) be denote the level of
water in Tank 2. The outflow rates from Tank 1 and Tank 2 are denoted by a and
b, respectively. Let u be denote the system's water supply. Then the mathematical

model of the system on the time interval [0,1] as follows:
y(t) = Ay(t) + Bu(t)
_[—a O t
where A = [ 4 —b] and B = [0]

1 —a

The matrix [B AB] = [0 4 ] has full rank, then by Theorem (1.4.2) the system

is controllable.

Model (2)

Now, if we consider the two Tank problems as following figure:
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Then the mathematical model of the system on the time interval [0,1] as follows:
y(t) = Ay(t) + Bu(t)

where A = [_aa —Ob] and B = [(1)]

The controllability matrix [B AB] = [g —Ob] hasn’t full rank, then by Theorem

(1.4.2), the system is not controllable.

On the other hand, the mathematical model of linear control dynamical system

in infinite dimensional space can be written as

PO= O+ B, tej=[0X i

y(0) =y,

where y takes values in a Banach space X and the control function u takes values
in a Banach space U. The operator A:D(A) c X - X is a closed, linear and
densely defined, but not necessarily bounded operator and B: U — X is a bounded

linear operator.

For any y, € X, the function y € C(J;X) given by [33]

t

y() = T(t)y, +f T(t — s)Bu(s)ds, te]=10,Y]

0
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Chapter One Basic Definitions and Fundamental Theorems

is called the mild solution of System (1.11), where 7(t) : X —> X is the

C, —semigroup generated by the operator A.

In (1977) [39], Triggiani proved that if A generates a compact C,-

semigroup 7' (t), then the linear system could never be exact controllable in

an infinite dimensional space.

Definition 1.4.5 [40]

The linear System (1.11) is said to be approximately controllable on the interval
J , if for given € > 0 and two arbitrary initial and final points y, and y, in X, there
exists an admissible control u(t) on J steering y,, along a trajectory (solution)

y(t) of System (1.11) to € —neighbourad of y, such that ||y(Y) — y;|lx < e.

Definition 1.4.6 [40]
The set Ky (f) defined by

Fy(f) ={y(Y;u),u(®) e U}, t € [0,Y]
is called the reachable set, which consists of all possible final states.

Definition 1.4.7 [33]
The linear System (1.11) is said to be:
1. Exact controllableon ] = [0,Y] if

Ky(f) =X
2. Approximate controllable on J = [0,Y] if
Ky(f) = X

Observability

A linear control dynamical system with output in finite dimensional space can

be represented by the mathematical model
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Chapter One Basic Definitions and Fundamental Theorems

y(©) = Ay(t), te]=1[0Y]
y(0) = o, (1.12)
x(t) = Cy(t),

where the vector y(t) € R" is state vector, x(t) € R" is the output vector, A €
R™™ and C € R™*™ are constant matrices. The System is observable over the
time interval J if it possible to determine uniquely the initial state y(0) = y, from

knowledge of the output x(t) over J.

Theorem 1.4.8 [41]

The linear dynamical System (1.12) is observable over the interval J if and only
if one of the following statements is hold:

(1) The n X n observability Gramian matrix
Y
w,, = f edsC*Ce?Sds
0

is nonsingular.

(11) The observability matrix

C
CA
CAn_l nmxn

Rank
Anl

(111) For each eigenvalue A of A, we have
[A - /11]

has full column rank. i.e.,

nmxn

Rank =n.

(n+m)xn
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Example. 1.4.9
Consider the system
y(©) = Ay(0), teJ=[01]
y(0) = y,,
x(t) = Cy(b),
where A = [2 0] and C =1 1].
0 2

The observability Grammian matrix

1
Wob:j [825_'_1 [e?s+1 e%5+1]ds
o le®+1

:[20.7886 20.7886
20.7886 20.7886

which is singular. Then by Theorem (1.4.8) (1), the system is not observable.

Example 1.4.10
Consider the model (1) of the two-tanks system in Example (1.4.4), with the
output x(t) = Cy(t)
where C = [0 b].
The observability matrix
[Cil] - [aob —ll)jz]

has full rank. Then by Theorem (1.4.8) (lIl), the system is observable.

Theorem 1.4.11 [41] “Theorem of Duality”

The linear System (1.10) is controllable if and only if the system
y() =-Ay(t), y(0)=y, te]J=][07Y]

x(t) = B*y(t)
is observable.
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Chapter Two
Controllability and Observability of AB-
Fractional Control Dynamical Systems in Finite

Dimensional Space

This chapter discusses the controllability and the observability of AB-
fractional control dynamical systems in R™.

The First Section investigates the controllability of non-linear dynamical
systems with control delay using the Gramian matrix and Schauder fixed point
theorem.

Section Two presents more than one criterion for the observability of linear
dynamical systems. Additionally, the duality between controllability and

observability has been proven.

2.1 Controllability Results for AB-Fractional Nonlinear

Dynamical Systems with Control Delay

In 2020 J. Sheng et al. [19] used the fixed point technique to prove the

following nonlinear AB-fractional dynamical system is controllable

{ABCDpy(t) = Ay(t) + Bu(t) + f(t,y(), u(®)), t €1,
y(0) =y,

where “B¢DP is AB-fractional derivative of order p, 0 < p <1, y(t) € R™,
w() ER™, AeR™"™, BeR™™ b>0, I=][0b]and the function
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f: I XxR"xR™ — R" is continuous.

Our work aims to study the controllability of the AB-fractional linear

dynamical system with control delay

{ABC DPy(t) = Ay(t) + Bu(h(t)),t €] = [0,Y]
(2.1)
y(0) = yo,
and AB-fractional nonlinear dynamical system with control delay
y(0) = o, |

whereY > 0, 0 < p < 1. Here y(t) € R™ and «(t) € R™, y,« are continuous
vector valued functions, A € R™", B € R™™ are constant matrices, the
function f:J x R™ x R™ — R" is continuous.

The matrix I — (1 — p)A is nonsingular, and A, = [ — (1 —p)A]™".

. #1:] = R is strictly increasing in J and twice continuously differentiable. In
addition, A(t) <t,h(Y) =Y and |[u(A(t))| < |u(t)|. Define the time lead
function o: [4(0), £(Y)] - J such that a(4(t)) = ¢ for ¢ € J. Assume that [ >
0 is given and u:[—[, Y] - R™, u, denote the function defined on [—[,0] as

u(p) =u(t+p)fort ejand p €[ 0].

Lemma 2.1.1 [42]

Suppose that continuous function h: D X R"™ — R™ satisfies lim Ihwmll _

lw|=c0 Wl
uniformly in v € D where D is a bounded subset of R , then for each pair of
constants a and b, there exists a positive constant e such that if ||w|| < e, then

allh(v,w)|| + b < e,forall v € D.
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In the following, the controllability of The Linear System (2.1) will be

discussed.

Firstly, we introduce the solution of System (2.1) in the next theorem.

Theorem 2.1.2
The solution of System (2.1) given by

ALE,(pAA,tP)yo + (1 — p)A,Bu(A(t))
A(t)
y(t) = { +pA> j (t — a(©)PE,,(pAA,(t — 0(8))")  (2.3)
0
X Bu($)o(§)ds + G(¢)

where

0

6@ =pa3 [ (6= o)y (94, — 7)) Buto ()
£(0)
Poof. By taking Laplace transformation of the both sides of System (2.1)
1 sPY(s)—sP 1y,

I-p Sp+1'.+p

= AY(s) + L{Bu(ﬁ(t))}(s)

where Y (s) = L{y(t)}(s),
then
sPY(s) —sP7ly,
= [(1 = p)s? + plAY (s) + [(1 = p)s? + p]L{Bu(A(1))}(s)
it follows

[(1 = (1= p)A)s? — pATY (s) = s°~1yo + [(1 = p)s® + plL{Bu(A(D))}(s).

By substitute A,, we have
[4,715P — pA]Y (s) = 5P~ 1y, + [(1 — p)sP + plL{Bu(A(D))}(s)

(SPI — pAAp)Ap_1Y(S) =sP 1y, + [(1 = p)sP + p]L{Bu(ﬁ(t))}(s),

therefore
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Y(s) = sP1A,(sP1 — pAA,) vy + (sP1 — pAA,) 4,
X [(1 = p)s + pIL{Bu(A(®)}(S)

= A,sP7(sPI — pAA)) Lo + (1 — p)sP(sPl — pAA,) T A, L{Bu(A(t))}(s)
+ p(sP1 — pAA,) A, L{Bu(A(D))}(s).
Note that
sP(sP1 — pAA,) ™" = (sPI — pAA, + pAA,)(sP1 — pAA,) ™
= (sP1 — pAA,)(sP1 — pAA,) " + pAA,(sPl — pAA,) ™
= 1+ pAA,(sP1 — pAA,) .
Therefore
Y(s) = A,sP1(sPI — pAA,) 1y,
+ (1= p) I+ pAAL(sP1 — pAA,) ") Ay L{Bu( A1) }(s)
+ p(sP1 — pAA,) A, L{Bu(A(t))}(s)
= A,sP71(sP1 — pAA,) tyo + (1 — p)A,L{Bu(A(1))}(s)
+ (1= p)pAAZ(sPI — pAA,) " L{Bu(A(D)}(s)
+ p(sPl — pAA,) T A, L{Bu(A(1))}(s)
= A,sP71(sP1 — pAA,) " ryo + (1 — p)A,L{Bu(A(1))}(s)
+[(1 = p)A+A,7pA? p(sPI — pAA) T L{Bu(A(D))}(s),
therefore,
Y(s) = A,sP7L(sP1 — pAd,) o + (1 — p) A, L{Bu(A(1))}(s)
+pA,? (sP1 = pAA,) ™ L{Bu(A(D)))(s).
Now, by taking inverse of Laplace transform for (2.4) we get,
L7HY (s);t}
= A, L7 HsP1(sPI — pAA,) Y thye + (1 — p)A,Bu(A(D))

(2.4)

+ pA 2 [L7H(sP1 — pAA,) Lt} Bu(R(D))].
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From Lemma (1.2.8) we have
L7 sP~2(sPI — pAA,) "1t} = E,(pAA,tP)
L7Y(sP1 — pAA,)7Yt} = tP1E, ,(pAA,tP),
therefore,
y(t) = A,E,(pAA,tP )y + (1 — p)A,Bu(A(t))
+ pA,° [(tp_lEp,p (pAAptp)) * Bu(h(t))]

= A,E,(pAA,tP )y + (1 — p)A,Bu(A(t))

t
+ pA,° j (t—&PE, ,(pAA, (t — §)P)Bu(A(§))dE.
0

We use the time lead function a(t) to write the above solution in the following

form

y(t) = ApEp(pAAptp)yo + (1 = p)A,Bu(A(t))
A(L)

+pA2 f (t = 0(©)P1E, , (pAA, (¢ — 0(6)) ) Bu(©)(€)de

£(0)

= A,E,(pAA,tP )y, + (1 — p)A,Bu(A(t))

+pA2 j (t = 0(©))PE, , (pAd, (t — 5())")Beu()6 (£)dE

£.(0)

£A(0)
+pA; f (t—o(E))PE, ,(pAA,(t — a(8))")Bu(&)d(§)dé.
0
Therefore,

ALE,(pAA,tP)yo + (1 — p)A,Bu(A(t))
y(t) =

A(t) P
+pA2 j (t — 0(©))P1E, ,(pAA, (t — 5(6))")
0
X Bu(&)a(é)dé + G(t).
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Note: The completely state of the Linear System (2.1) at t € Jis the set

Definition 2.1.3
The System (2.1) is said to be controllable on J if for every complete state g(0)

and every y; € R" there exists a control ««(t) defined on J such that the solution

y(t) of the system satisfies y(Y) = y;.

Theorem 2.1.4

The AB-fractional linear dynamical system with control delay (2.1) is

controllable on the interval J if the matrix W; is nonsingular, such that

W, = BB a(Y) + pA, W

F()

where

Y
W = j (Y = 0(9)" T [E, » (pA4 (Y — 0(8)) B&(E)]

X [Ep o (pA4,(Y = 0(£) Bo ()] dé

is the controllability-Grammian matrix.

Proof. By hypothesis that W; is nonsingular and since the matrix A, is also
nonsingular, then the control function may be defined as follows
w(t) = B'E} ,(pAA, (Y — a(t)) ()M A, W,
where
M =y, — AE,(pAA,tP )y, — G(Y).

Therefore
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y(Y) = A,E,(pAA,YP)y, + (1 — p)A,Bu(Y) + pA?

Y
x f (Y = 0(©))P1E, ,(pA, (Y — 0(©))")Bu(©)6 (§)dE + G(Y)
0

= A,E,(pAA,YP)yo + (1 — p)A,BB*E} ,(pAA,(Y — Y)PS(Y)
Y p

X MA, "W, ™! + pA? j (Y —a(&)PE, ,(pAA4,(Y — 0(£)) )BB*
0

X E*, 5 (pAA, (Y = 0(8)) 6(E)MA, T W, 7 6(§)d + G(Y)

= Y1
Therefore, The System (2.1) is controllable. [ |

In the following, the controllability of The Nonlinear System (2.2) will be

discussed.

Assume X is Banach space of all continuous functions (y,u):J X ] —
R™ x R™ with the norm [|(y,«) || = lly|l + ll«ll, when [lyll = sup{ly(©)];t €
Jyand [[u|l = sup{lu(t)]; t € J}.

For each (x, v) € X, consider the linear system,

{ABCDpy(t) = Ay(t) + Bu(A(t)) + f(t, x(t), v(D), t €], (2.5)

y(0) = y,.

Then, the solution of System (2.5) given by
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( AyE,(pAA,tP)yo + (1 — p)A,Bu(A(t))

+pAZ fo h(t)(t — a(©)PE, ,(pA4,(t — 0()")

y(£) =1 X Bu(§)d(§)ds + G(t) (2.6)
+(1 — p)A,f(t,x(8), v(t)) + pA2 fot(t — &Pt

X E,p(pAA,(t = P)f (£, x(9),v(8))d¢.

The controllability Gramian matrix and the control function are described by

Y
W = fo (Y = 0©)" [, p (044, (Y — () B(E)]

x [E, ,(pAA, (Y — 0(£))"B6 (8)] de,
and
w(t) = B*E},,(pAA,(Y — a(t)) o ()wa, W, ™,

where

P =M —(1-pA,f(t,x(®),v())
Y
—pAZ j (Y — PE, ,(pAd, (Y — £)P)

x f(&x(),v())ds.

It is straightforward to demonstrate that the control «(t) steers the Linear

System (2.5) from the initial state y, to the final state y;,.

Theorem 2.1.5

Assume that the continuous function f satisfies the condition

eyl
Iyali=o || (y,u) | '

2.7)

uniformly in J, and the matrix W; is nonsingular. Then the AB-fractional

nonlinear dynamical system with control delay (2.2) is controllable on J.
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Proof. Define the operator Q: X — X by
Qx,v) = (y,u),
where

wu(t) = B'E},,(pAA, (Y — a(£)) o)A, W,

( B*E; ,(pAA, (Y — o(®) 6(D)A4, W, !
X [y — ApEp(PAAptp)yo = G()
=4 —(1 = p)A,f (&, x(6),v(t)) — pAZ

Y
E jo (Y = £)P71E, ,(pAd, (Y — £)P)f(£,x(8), v(8))dé

and

( AL E,(pAA,tP)yo + (1 — p)A,Bu(h(t))
+pA3 fo - ()P By, (A4, (t — 0())")

y(t) = { % Bu(§)d(§)dé + G() + (1 — p)Apf (¢, x(), v(®))

+pAZ J (t = PTUE, ,(pA4,(t — §)P)

\ X (& x(8),v(§))d¢.
Let
K = suplls(©)ll,
n = supllue(d)ll

a; = sup||E,(pAA,t?)yol|,
a = sup||E,,(pAA, (Y — a(©))")||K
B = sup||E, ,(pAA, (Y = E)P),

a; = max{a,, B},
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b = (1 = Il + Y2|4,2]las,

a = max{b,[|Bl|, 1},

0
N=| (Y-a0(®) ds

£(0)
6 = pll4,2[laslIBIN,

b, = as3||B”|

A, W s
c; = 4ab,, c, = 4b4,

d, = asl||B*||

A" I [ (ol + [[Ap]las + m6),
d, = 4([|4pllar + 10)
ds = 4ad,, d = max{d,,ds}
1Nl = supf{|f (¢, x(©), v(®)|. t €]},
¢ = max{cy, c,}.

Then

lu(®)] < a,||B*l

4, 1wy ) + 14l + 114,21 B
+(a-pllall +volla,2l8) 1)

< az||B||

A7 N 1 (yal + [14p]|as + m6)
A7 I a1

=d; + bz”f”

+ as||B7|

d; ¢
—E'l'anf”-

It follows,

(O] < 7 (d + 1) 28)
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and
vy < ||4,|lay + (1 = p)||A, | 1BIllw(t)] + YP||4,%]|azlIBll (D)l
+ pk||4,2|| nazIBIN + [(1 = p)||4, || + Y?||4,%]|B11IF I

d
<

2 1
< T 1Bl +clifID +—I|f||

According to Lemma (2.1.1), there exists a positive constant r such that if
Iy, w|| < rthenc|fll+d<r.

Thus if [lx]| < Zand ||v]| <2, it is follows that c[|f]| + d < r. From (2.8) we
have ||| < .Since [y(t)| <= (d +c [[fD, then [[y|| < %
Define X, = {(x v)EX:|x|| <= and ||| < } Then Q maps X, into itself.

Since f is continuous and uniformly bounded for all ¢t € J, then the operator
Q) is continuous and uniformly bounded on J. Therefore, by continuity of the
Mittag-Leffler function we have ||[u(t;) —u(t,)|l, |ly(t;) — y(t,)|| tends to
zero when t; = t, for all ¢;,t, €] and for all (y,u) € X. Thus Q(X,) is
equicontinuous and therefore, the operator (1 is compact by Arzela-Ascoli
theorem. Thus () is completely continuous. Because X is closed, bounded and
convex, then by Schauder Fixed Point Theorem, we get () has a fixed point

(x,v) € X, that is,

Qlx,v) = (x,v) = (y,u).

Therefore,
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y(t) =

( ApEp(pAAptp)yo + (1 - p)ApBu(h(t)) +
A(t)
pa | (= o)y (94, (¢~ o))
0
X Bu(§)d(§)dé + G(t) + (pAA,(t — &)P)(1 —p)

X Apf(t')’(t),’u(t)) + pA J (t—¢&)Pt
0

L X E,,(pAA,(t — a(©)))f (5, y(8),u(§))dE

consequently, y(t) is the solution of System (2.2). Furthermore,

y(Y) =4

1-p)
I'(p)

Y
+pa? jo (Y = 0())P 7By, (pA4, (Y — 5(©))”)

x BB*E*, ,(pAA, (Y — a(£))")6 (&) A7 W, " pd¢
+(1 = A f (£, y (), u(Y)) + pA3

’

ALE,(pAAYP)y, + BB*¢(Y)W, "y

:
ALE,(pAA,TP)y, +

Y
x [ 0= 08718, ,(oad, (¥ - °)
0
: FEY©),w(©)dE + 6D

(1-p)
['(p)
+pA,WW, Y + (1 — p)A,f(Y, y (), w(Y))

Y
+pA2 j (Y = &PE, ,(pAA, (Y — §)P)
0

BB*s(Y)W; 'y

\ x f(&y(©),u(®)d + G(Y)

=Y1-

Therefore, The Nonlinear System (2.2) is controllable on J. ]
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In particular, when f is integral operator, the controllability of

Nonlinear System (2.2) discussed as follows.
Consider the nonlinear integrodifferential system
( AP“DPy(t) = Ay(t) + Bu(A(1))

t
J +f <t,y(t), f a(t, S,y(S))dS>,t €], (2.9)
0
y(0) = yo,
where f: ] X R®* X R" - R™and g:J X J X R®™ - R" are continuous function.
Let C,,(J) be Banach space of continuous R™ valued functions defined on J. For

each x € C,,(J) consider the linear system
ABEDPy(t) = Ay(t) + Bu(A(t))
{+f (t,y(t), fotg(t' S,x(s))ds>,t,s €], (2.10)
y(0) = Yo.

Then, the solution of system (2.10) is

( ALE,(pAAytP )y, + (1 — p)A,Bu(A(t))
A(t)
S G

X Ep p(pAA,(t — 0()")Bu(§)6(§)dé
YO =14+61) + (1 — p)A,f (t,x(t),f g(t s,x(s))ds) (2.11)
0

t
v} | (6= 0771, (oA, - )

'3
x f (5, X(©), j 9s, x(s))ds) dt.
0

foreacht,s € J,x € C,,(J).
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Theorem 2.1.6

Let the matrix W; be nonsingular and there exists a constant L > 0 such that

the continuous function f satisfies the condition

‘f <t,x(t),ftg(t, s,x(s))ds)
0

Then the AB-fractional nonlinear integrodifferential dynamical system with

<L tse],xeC,()) (2.12)

control delay (2.9) is controllable on J.

Proof. Define the operator Q: C,(J) = C,(J) by

(A E,(pAALP)yo + (1 — p)A,Bu(A(t))
A(t)

+pA2 jo (t - o(€))P!

X Epp(pAA(t — 0(9)")Bu()d()dé
Q(x®)) =y®) =< +(1 - P)A,f (t,x(t),] q(t, S,x(s))ds>
0

t
v} | (6= 0771, (oA, - )

§
Xf(f,X(f),J g(f'S,X(S))dS> ds,
0

where the control function «(t) defined as follows,

w(t) = B'E*, ,(pAA, (Y — a(®)) s(t)yp'A, " w7,

where

Y =M -1 -pAf (t'x(t)'J g(t, s,x(s))ds>
0
Y
—paz [ (0= £ x By, (oAdy (¥ - £)7)
0

'3
x f (f, x(©), f 9(s, x(s))ds) dé.
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Now, we define a closed convex subset

¢y = {x € Cu():MIxll =7}

where

Therefore, ) maps ¢, into itself.

By the same technique in Theorem (2.1.5) we get Q has a fixed point x € ¢, that
18,

Q(x) =x=y.
Therefore,

( AE,(pAA,tP )y, + (1 — p)A,Bu(h(t))
£(t)

+pA2 j (t = a(€)PE, ,(pAd, (t — 5(6))")
Bu(§)6(§)dé + G(6)
y®)=1 +A-pAf (t,x(t), f g(t, S,y(S))ds>
0

t
+pA3 jo (t—&)PE, ,(pAA,(t — §)P)

'3
x f (5, X(©), j 9, y(s))ds) ds
0

as the solution of system (2.9), and
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1-p)
['(p)

Y
+pa2 [0 000077 B, p (A, (Y = 0))")
0
x BB*E*,, ,(pAA, (Y — 0(&))")d (&) A W, "' dé

Y
+(1 - p)A,f (Y,y(Y). f a(y, S,y(S))dS>
0

( . _ ,
ALE,(pAA,YP)y, + BB*¢(Y)W; 'y

y(¥) =+

Y
+pAj j (¥ = P Ep , (pA4, (Y = £)P)
0

§
Xf(f,Y(f),f g(f,S.Y(S))dS> d¢ +G(Y)
0

(1-p)
I'(p)
+pA,WW, Y + (1 —p)4,

Y
x f (Y,y(Y), j gy, S,y(S))dS>

( , 1,
ALE,(pAAYP)y, + BB*¢(Y)W, "¢

Y
+pA2 j (Y = P, ,(pAA, (Y — §)P)

¢
\ Xf(f»)’(f);j g(f,S»y(S))dS> d§ + G (Y)

=M

Therefore, The Nonlinear System (2.9) is controllable on J. [

Next, we give examples to illustrate our results.
Example 2.1.7
Consider the following AB-fractional nonlinear system with control delay:
{ABCDPy(t) = Ay(t) + Bu(A(1)),

+(6y(®),w®),  te[01] (2.13)
y(0) = yo,
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where £4:[0,1] » Rdefinedas A(t) =2t —1,A = (0 1),B = (1 0),

0 0 0 1
p =0.5,and
0
f(&y®u@®) = (et cos y;(t) + sinu, (t))
Define
t+1
7:TA0), A(D)] - [0,1],0(0) = ——
then
1
O'(t) = E

p=i-a-par=[( 9-Q 9 =( %)

and

¢ = pas, = (° 0.5)_

0 O

The Mittag-Leffler function matrix of the system is:

= CR((t — pYk
Fou(C(t = 0()") =y LT
k=0

Tk + 1)p

then,

Eos,0s5 (C(t - U(f))o's)

© ck (t—a(f))o's k
:Z ( ) 1 (1 0

0.5
r(k+ 105  T(0.5\0 1) +(t—a(D)

(o 9)
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KL @—a@»“w
Vi 2 |
\° J

The controllability-Gramian matrix is

-

_70.254 0.0705
W_(0.0705 0.225 )

Therefore
_70.285 0.091
Wl_(o.oss 0.253)

is nonsingular. Since the nonlinear function f(t,y(t),«(t)) satisfies the
hypothesis (2.7), then The System (2.13) is controllable on [0,1] according to
Theorem (2.1.5).

Example 2.1.8

Consider the following AB-fractional nonlinear fractional integrodifferential

system with control delay
4BEDPy(t) = Ay(t) + Bu(A(t))

t
t+f (t,Y(t),f g(t, S,y(s))ds>,t € [0,1], (2.14)
0
y(O) = Yo,
where, £, A, B, and p are defined as in Example (2.1.6). The function f defined

as
0

f <t,y(t),jtg(t, s,y(s))ds> _ fote_yl(S)dS
i T+ 5:2(0) + ,2(0)

Due to the fact that the function f meets the condition (2.12) and the matrix W,

(which was obtained in Example (2.1.7)) is nonsingular, then by Theorem (2.1.6),
The Nonlinear System (2.14) is controllable.
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2.2 Observability of the AB-fractional Linear Dynamical

Systems

In this section, we investigate the observability of the AB-fractional linear

dynamical system

ABCDpy(t) =Ay(t), te]=[0,Y]
y(0) = yo (215
x(t) = Cy(t),

where 4¢DP is AB-fractional derivative of order p, 0 < p < 1, the continuous
vector valued functions y(t),x(t) € R™ are state and output of the system
respectively. A € R™™and C € R™*",

Immediately from Theorem (2.1.2), the solution of system (2.15) is given by
y(t) = A,E,(pA,At?)y,. (2.16)

Lemma 2.2.1 "Cayley-Hamilton Theorem" [43]
For every n X n matrix A,
A, A" + a, AV a, AV 4+ A+ aglyxn
where
AN = a, A"+ ap A"+ a, A2+ -+ a A+ ag

is the characteristic polynomial of A.

Theorem 2.2.2 "Rank-Nullity Theorem" [43]
Let A € R™ ", then
dim(ker(A)) + rank(A4) = n.
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Definition 2.2.3 [44]

Suppose that M is an n X n matrix. A linear subspace Z of R" is said to be

M —invariant if for every vector z € Z we have Mz € Z.

Lemma 2.2.4 [44]

Let M be n X n matrix and Z a nonzero M —invariant subspace of R™. Then Z

contain at least one eigenvector of M.

Now, from (2.16), the output x(t) of System (2.15) is given by

x(t) = CA,E,(pA,AtP)y,. (2.17)

Define the observable operator L: R™ — L,(J, R™) such that for any z € R",
Lz = CA,E,(pA,AtP)z.
The adjoint operator of L is
L:L,(J,R™) - R"
defined by

Y *
L =j (4,E,(04,AtP)) C*pat,
0

for (*) € L,(J, R™).
Indeed,

Y
(Lz, ()1, 7™ =f <CApEp(pApAtp)Z;(p(t))Lz(J,]Rm)dt
0
Y *
= J (z, (45, (pAAt?)) C'p(t))gn dt
0

Y *
= (z, JO (ApEp(pApAtp)) C*o(t) dt)gn

= (Z' L*(p())]Rn

Therefore
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Y *
L' = j (4,E,(p4,AtP)) C*pa.
0
Now, we can define the observability Gramian matrix as follows:

Y *
W,y = L°L = j (4B, (p4,AtP)) C*CALE,(pA,AtP) dt.
0

Definition 2.2.5

The linear System (2.15) i1s said to be observable over the time interval
J = [0,Y] if it is possible to determine uniquely the initial state y(0) = y, from
knowledge of the output x(t) over /.

In the following theorem, dependence on observability Gramian matrix W,

we present a criterion for observability of System (2.15).

Theorem 2.2.6

The Linear System (2.15) is observable if and only if the observability Gramian

matrix W, is nonsingular.

Proof. Assume that The Linear System (2.15) is observable, and suppose the
Gramian matrix W,, is singular then there is a vector r € R™ such that

r*W,,r = 0,7 # 0, then
Y *
f r* (A,E,(pA,At?)) C*CALE,(pA,At?)r dt
0

Y
~ [Icaku(oaayar=o
0

then
CALE,(pA,AtP)r = 0.

then by choosing y, = y, — 1, and from (2.17) we have
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CALE,(pA,AtP)9y = CALE,(pA,AtP)(yo — 1)
CALE,(pA,AtP)yo, — CALE,(pA,AtP)r
= x(t).
Thus, the same x(t) yields from two different initial states, i.e. we cannot
uniquely determine the initial condition y,, and hence the Linear System (2.15)

1s not observable which 1s contradiction.

Conversely, assume that the observability Gramian matrix W, is invertible.
By multiplying the both sides of (2.17) by (ApEp (pApAtp )) C* and integrate

over [0,Y], we have

fy (ApE,(pApAL?)) Cox(t) dt
0

Y *
= j (ApEp(pApAtp)) C*C A E,(pA,AtP)y,dt
0

= WobYo-

Since W, is invertible, then

Y *
Vo = Wo_blj (ApEp(pApAtp)) C*x(t) dt
0

and that is mean y, is uniquely determined. Therefore, the Linear System (2.15)

1s observable.

In the next theorem, we present another criterion condition which is

observability matrix in sense of Kalman.

Theorem 2.2.7

The Linear System (2.15) is observable if and only if the matrix
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CA,
CAp(p4,4)
o+ 1)

(n—1)! CA;)(pApA)n_l
F(p(n—1) +1)

has full rank.

Proof. For simplicity, we put

= pkk! k=012 1
]/k_r(pk+1)) =y 14..,Nn )

then the matrix G can be written as follows:
CA,
y1CA,(4,4)

\yn_chp (APA)"”}

LettP =s,then0 <s=1tP <YP <Y. We have

k!CA,(pA,A)
(k) — — —
x\(0) Fok + 1) Yo, k=012,..,n—1,
indeed, from (2.17),
(pA As)
x(s) = CAE (pA As)y, = CA zF(pk+ 1)

— CA yo + CA (pAp4s)
= CApyo + Per(kH) 0

then

() = C4, Z r((p kp+)1) IR
k=
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= CA,(pA A)Z (04, A) ksk=1y,

T(pk + 1)

_CcA CAy(pAp4)

(p4p4) _
T Yot e A)z ks 5o,

then

then,

x@(0) =

By repeating the processes, we have

ki CA,(pA,A)°
Mok +1) ¥

x¥(0) = k=0,12,..,n—1.

Now, by Cayley-Hamilton Theorem, the matrix (pApA)n can be written as a
linear combinations of lowers powers of A,A4.

Therefore
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CA
O] et |

\; . } yo’
_ -1
D) |y, ca,(4,4)"
since rank(G) = n, then G has left inverse, therefore y, is uniquely determined
which means the Linear System (2.15) is observable.
Conversely, suppose that rank(G) < n, then there exists a nonzero vector z such
that Gz = 0, then
n-1

CA,z=0,CA,(4,A)z=0,..,CA,(A,A) "z=0.
By Cayley-Hamilton Theorem, the matrix E,, (pApAS) can be written as a linear
combinations of lowers powers of A,As. Put 0 # z = y, and since

x(t) = CApEp(pApAs)yO
n-1

= CAp |Col + QuApAs + -+ Gy (4,4)" 5™ 3o
where {;, # 0,k =0,1,2,...,n — 1.
Then

x(t) = {CAyz + §CA,(ApAs)z + -+ + {1 CA, (ApAs)n_lz = 0.
Also, when y, = 0, then
x(t) =0,

therefore, y, is not uniquely determined which means the Linear System (2.15)

1s not observable.

Based on eigenvectors of the matrix A,4, we present observability test for the

Linear System (2.15) in the following theorem.

Theorem 2.2.8

The Linear System (2.15) is observable if and only if every eigenvector of 4,4

is not belong to ker(C Ap).
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Proof. Suppose the Linear System (2.15) is not observable, then by Theorem
(2.2.7), rank(G) < n where

CA, 1
v1CAp(4,4) |

[
- |
Yn-1€4,(4,4)" "]
and by Rank-Nullity Theorem, we have dim(ker(G)) = 1, which means that
there exists a nonzero vector z € R™ such that z € ker(G),i.e.Gz = 0.
Now, we show that ker(G) is (ApA) — invariant.

Assume that z € ker(G), then
CA

p
Gz=| )0 (2.18)
\Vn_chp(ApA)"‘l} 0
and
ca,(a,4) 1 )
G(A,A)z = hCA,,(ApA)2 L 0
_Vn—ch;(ApA)n_ y"‘1CAP(APA)nZ

By using Cayley-Hamilton Theorem, CA, (ApA)nZ can be written as a linear
combination of the terms

CA,(A,A)"z = CA,z,CAN(AA)z, ..., CAL(A,A)" ' 2
and they are all zeros from (2.18). We conclude that A, Az belong to ker(G) which
means that ker(G) is (ApA) — invariant. Then by Lemma (2.2.4), ker(G) must
contain at least one eigenvector z of A,A. But Gz = 0 implies CA,z = 0 which

means z € ker(CAp).
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Conversely, assume that the Linear System (2.15) is observable. If there exists an

eigenvalue A such that ApAz = Az, with z # 0 for which z € ker(C Ap), then

CAp | CA,z 0
Gz = | leAP(APA) |Z _ y1CA,Az _ I()‘
lyurCA,(4,4)" ] LyaoaCA A" 2] Lo

which means z € Ker(G) then by Rank-Nullity Theorem, rank(G) < n. Then
from Theorem (2.2.7) we have contradiction with the observability of the Linear

System (2.15).

Another test of controllability for Linear System (2.15) is presented in the

following theorem.

Theorem 2.2.9
The Linear System (2.15) is observable if and only if for each 1 € C, we have
A,A— A
rank[ c4, ]—n.
Proof. Assume the Linear System (2.15) is observable. If there exists A € C, such
that
" A,A— A
ran c4, ] <n,

then from Rank-Nullity Theorem, there exists a nonzero vector z € R™ such that
A,A— A

Z E ker[
CA,

]. Then (APA — /11)2 = 0 and yCA,z = 0 implies that z is an

eigenvector of A,A and z € ker(CA,). Then by Theorem (2.2.8) that is

contradiction with the observability of the Linear System (2.15).
Conversely, Suppose the system is not observable, then from Theorem (2.2.8),

there exists a nonzero eigenvector z of A,A which belong to ker(CA,) for some

A € C. This means
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A,A — Al
CA ]Z =0,
D
X ApA — Al
which means z € ker [ ]
CA,
Therefore
" A,A — Al
ran [ cA, ] < n.

In 2021, Ghasemi and Nassiri [20] studied the controllability of the AB-
fractional linear control system
{“BCDPy(t) = Ay(t) + Bu(t), t €] =1[0,Y]
y(0) = yo.

They set a condition on the system that the Caputo fractional derivative (of order

(2.19)

p) for the control function u exists.

Lemma 2.2.10 [20]
The Linear System (2.19) is controllable on J if and only if the rank of the

n X nm controllability matrix R is n, where

R =[A,B (A,A)ALB .. (A,A)"t A,B].

The following theorem shows the relationship between the controllability and

the observability of an AB-fractional linear dynamical system.

Theorem 2.2.11 “Theorem of Duality”

The linear AB-fractional control dynamical system

{ABCDpy(t) = Ay(t) + Bu(t), t€ ] =[0,Y]

¥(0) = yo, (2:20)

61



Chapter Two Controllability and Observability of AB-Fractional ...

is controllable if and only if the system

ABC

DPy(t) = A"y (), te]=1[0Y]
y(0) = o (2.21)
x(t) = B y(t)

1s observable.

Proof. According to Lemma (2.2.10), the Linear System (2.20) is controllable if
and only if the matrix R = [(4,8) (4,4)(4,B) ... (4,4)"" (4,B8)|has ful
rank. The transpose

(4,5)
po| (48) (4,4)

(4,8) [(4,0) T

has full rank if and only if R has full rank. By Theorem (2.2.7), The System
(2.21) is observable if and only if R* has full rank.

Next, we give examples to illustrate our results.

Example 2.2.13 Consider the following AB-fractional linear system

ABC

DPy(t) = Ay(b), t €0,1]
y(0) =y, (2.22)
x(t) = Cy(t),
where A = (g :;), C=( 1),andp =0.5.
Then,

dp=t=a-pa <[ 9-0sG =G )
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and

wepma=(t

The Mittag-Leftler function matrix of the system is:
p T(kp + 1)

k=0

05 4 4

I'(1.5) (1 —1)

_ (1 + 1.1284t%>  —1.1284t% )
1.1284t%> 1—1.1284t%%/)°

=1+

Then

1 *
w,, = j (ApEp(Mtp)) C*CA,E,(MtP) dt
0

1 0.5
- f (B38BT F3 ) (22568t°5 +3  —2.2568t° — 1) dt
o \—2.2568t°5 — 1

_ ( 20.5737 —11.5647)
—11.5647  6.5556

which is nonsingular. Therefore, by Theorem (2.2.6), the system is observable.

Example 2.2.14 Consider the following AB-fractional linear system
"EpPy(6) = Ay(©) + Bu(®), t € [0,1]
(2.23)
y(0) = yo

where A = (_24 _12), B = ((1)) and p = 0.3.

Then

a=li—a-pai=[( =Lt o7

- (—Zf8 —0(')?4)'

To prove the system (2.23) is controllable by Theorem (2.2.11), we have to show
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that the following AB-fractional linear system is observable

epryt) = Ay(), te[01]

y(0) =y, (2.24)
x(t) = B*y(t).

=5 S (G =00 )

ApB = (—ZfS —0(')?4) ((1)) = (—Z;.LS)'

Therefore
A B)
‘- (p*) Jd_o1 24 -28
= [p(4,B) (44,) | = losess —13371
Fp+1)

which is has full rank, then by Theorem (2.2.7), the System (2.24) is observable.
Therefore, the System (2.23) is controllable.
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Chapter Three

Exact and Approximate Controllability of Hattaf-

Fractional Control Systems in a Banach Space

This chapter aims to investigate the exact and approximate controllability of
Hattaf-fractional nonlinear control systems in a Banach space. In the first section,
we discuss the controllability of the nonlinear system using semigroup theory and
Nussbaum Fixed Point Theorem. Under sufficient conditions, the existence and
unigueness of the mild solution of the nonlinear system are proved in section two.
The third section deals with the approximate controllability of the nonlinear

system under sufficient conditions.

3.1 Exact Controllability of Impulsive Hattaf-Fractional

Nonlinear Control System in Banach Space

This section investigates the exact controllability of the Hattaf-fractional
impulsive nonlinear control system
(- DPely(t) — h(t,y(©)] = Ay(t) + Bu(t)
+f(ty(@®), ted=[0YLt#t,y=12..p
dy(t,) = a, (¥(t7)),
\ y(0) = y,,
where p, w € (0,1), *DP® is Hattaf-fractional derivative in the sense of Caputo

(3.1

of order p. y(t) takes values in Banach space X, A:D(A) c X — X is closed
linear operator, the control « € Lp(J,U)with U as a Banach
space,B: Lp(J,U) = Lp(J,X) is bounded linear operator, the functions
f:dxX—->X and h:J XX - D(A) are continuous, g,:X — X is the jump
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operator, 0 =ty < t; < t, < - <t, <ty =Y, y(t})and y(¢;) indicate to
the right and left limits of y(t) at t = t, respectively and Ay(t,) = y(¢;}) —
y(t7)-

Assume the linear operator A:D(A) € X — X is the generator of C,-

semigroup {G(t),t = 0} on a Banach space X, where sup;sol|G(t)|| = §,8§ = 1.

We consider the linear operator E := pA,A where A, = [(1 —p) (ﬁl —

-1
c/l)] . Then E is the generator of C, —semigroup {7(t),t =0} and

supesol7 (O = § [32].

We introduce the family of functions:
PC(J,X) ={y:J - X:yis continuous at t € J\{tq, t,, ..., t;-}
,and there exist y(t;f) and y(t; ) withy(¢;) = y(¢) fory = 1,2,...,7}.

It is clear that (PC(J,X),|'llpc) is a Banach space with the norm
Iyllpc = supeeglly(II.

The mild solution of the Nonlinear System (3.1) will introduced in the
following.

Assume the one-sided stable probability density function [45]
1+ . _ T(iw+1
P, (6) = EZ(—1)1_15_“”_1 %sin(inw)
i=1 '

then the Laplace transform of ¥, (6) is

w

L, (6)}() = e (3.2)

where)0 < <o,0<w<1landA>0.

Additionally, assume the probability density function

1 1 1
®,(8) = 55‘1‘5% (5‘5),0 <§<00<w<l, (3.3)
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then,for0 <& <1

o “ 1 r1+¢
¢ = ~ 7 = (0'0)
fo 5(pw(5)d5—j0 5w€lpw(5)d5_r(1+wf)’0<5< ,0<w<1.

We begin by proving the following lemma before defining a mild solution of
System (3.1).

Lemma 3.1.1

If y € PC(J,X) is a solution of System (3.1), then y satisfies the following

y(t)
Ah(6y(©) + A, f (¢ = O ELy (t — OA(S, y(D))dS
0
FAT () (o — h(0,%0)) + (1 — p)A, [Buu(t) + (£, y(©))]

+pA,? j (¢ = ¥ Loy (¢ — D[Bu@) + £ y@)]dS ¢ € [0,¢1]

_) Ah(ty®) + 4, j (¢ = 9 ELy (t — OA(S, y(D))dS
FALT (O (0 — (0, y0)) + (1 — )AL [Bu(®) + £ (£, ()]

+pA,? j (t = 9 1Ly (t — O[Bu@) + £(¢,y(©)]d¢

p
tAp z To(t = t,)Ay(ty) t € (ty, ty4]
y=1

where

L,(t) = f Oo@(pw(H)T(Bt‘”)dB,

0

(0]

T () = j 00 (O)T(8t)d 0,
0

, P, (0) givenin identically (3.3)and 0 < p < 1.
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Proof.
We see that y(+) is decomposable into m(+) + n(-), where m is a continuous mild
solution of the system
DPm(t) = °D”“h(t,y()) + Am(t) + Bu(t)
{ +f(t,y(®) tedg (3.4)
m(0) = yo
and n is picewise continuous solution of the system
‘DPn(t) =An(t) teJt+t¢,

Ay(ty) = qy (n(t;)) y=12,..,p (3.5)
n(0) = 0.

To find the mild solution m(t), we applying fractional integral (1.5) for both
sides of System (3.4),
gP@ CpPOm(t) = 379 D h(t,y(t)) + IP°[Am(t) + Bu(t)

+f(t,y@®)].

using Lemma (1.2.30), we have

m(t) = h(t,y(6)) = h(0,y0) + yo + I [Am(t)
+Bu(t) + f(t,y(0)] (3.6)

By taking Laplace transform for both sides of (3.6), we have

h(0,y0) = Yo
12

+ %L{Jlm(t) + Bu(t) + £(£,y(®)})
where M(1) = L{m(t)}(1) and H(1) = L{h(t, y(t))}(1).

It follows

ML) = H(A) —

+ (1 - p)L{cflm(t) + Bu(t) + f(t,y(t))}(/l)
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M(2) — (1 — p)AM(L) — %AM(A)

h(O, yO)
A

where F(1) = L{Bu(t) + f(¢t,y(t)}(4), then
(- =) -5 A M)

Yo — h(0,¥0)
Jl

— HQY) - +%+[(1—p)+/1%]F()l)

= HQ) +

+[a=p) +5|F)

(A5 — 2 a)M@) = HQ) +22= h/l(o’y")

/10)
(A°A;T — pAIM(D)

+a-p+4|F0)

= A°H) + 27 (yo — h(0,y,)) + [2°(1 = p) + p]F (D)
(221 — pAA,)A; M)
= A°H) + 2°"Hyo — h(0,y0)] + [A2*(1 = p) + p]F(A)

ML) = A, (A1 — pAA,)  A°H ()
-1
+ A, (A1 — pAA,) A2y, — h(0,,)]
-1
+ A, (A°] — pAA,) A°(1 — p)F (L)

+ A, (AT — pAA,) ™ pF ().

1991 = pAA,) " = (A9 = pAA, + pAA,)(A°] — pAA,) "
= (191 = pAA,) (A°1 = pAA,) " + pAA,(A°T = pAA,) "
= [+ pAA,(A°] — pAA,) "
then
M(A) = A, (291 — pAA,) " A°H(A)

+ A, (291 = pAA,) 297 (yo — h(0,¥,))
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+(1 = p)A, |1 + pAA, (21 — pAA,) | F(D)

+ pA, (AT = pAA,) F(A)

= A, (191 = pAA,) " ACHA) + A, (191 — pAA,) " 197 (y, — h(0,¥,))
+(1 = p)ALF ) + (1 — p)pAAZ(A°] — pAA,)” F(A)

+ pA, (A1 = pAA,) F(A)

= A, (A1 = pAA,) ACH(A) + A, (A9 — pAA,) ™ 297 (yy — h(0,,))
+ (1= p)A,F(A)

+[(1 = P)A + A pAZ(A°] — pAA,) " F(A).

Since
Ap = (I = (1= p)A) !
then
I'=0-p)A+ A"
Therefore
M(2)

_ {le(l“’l —E)T'MAYH) + A,(A%1 — E) 1297 (v, — h(0,¥,)) 3.7)

+(1 = p)A,F(A) + pAZ(A°I — E) "L F(A).

Now,

A,(A°] —E)TAH(A) = A,A® f ooe-l“’ST(s)H(A)ds

0

= c/lple e~ T (U Y H(D)wu® tdu
0

= A j Aw(Aw)? " le~ M T (u®)H (1) du

e~ (AW®
=A j T(u®)HA)du,
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using integration by part, we obtain

A,(A°1 — E) 1A H (1)
=A, [[—:r(v,ﬁv)H(A)e—(W‘)]Zo

—f —e~ MW ET (u®)wu®"t H(A)du
0

= A,HQD) + A, J e~ MW ET (u®)wu®"r H(A)du,
0

using (3.2), we have

A,(A°1 —E)*'A°H ()
= A,HA) + A, j ) J ooe"m‘sl,bw(6)ET(u“’)H(A)wu“"1d5du
0 0

va)—l

6(1)

= AHD) + A, f ) f " we M, (5)E:r(g)w H(A)dsdv
0 0

= A,H(A)

W 1,w—1

+ A, fo ) jo i fo i we 2+ (§)ET (g) v(sw h(¢,y(0))didsdv

= A,H(A)

+ A, fo ) fo ) L ) we Y, (§)ET (t _ z)w (=% h(¢,y(Q))dtdlds

) 6@
= A,H(1)

+ A, joooe—“ [w jot mew(a)ET (t;()w Gk il h(¢,y(Q))dsdq | dt

6(1)
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= A,H(A)

rapo [ [ pa@er () EEE T ney)sa| @

using (3.3), we have

A,(A°1 —E)T'A°HQQ) =

AHA) + AL {a)f j ©,(@ETO(t —*)O(t
0 Y0

- C)“’_lh(f,y(())dé’df} (D).

Therefore
le(/l‘*’l —E)"1AH(}) = c/lpH(A)

tA, L {j (t=*EL,(t - ()h((,Y(())di} (D. (3.8)
0

ApA?"H (AT — E) " Hyo — h(0, )]

— le/lw‘lf e 25T (s)(yo — h(0,¥,))ds
0

= ApA! f e~ M0"T () [y — h(0, yp)]wu® du
0

= ‘Apf w(/lu)w_le_(lu)wT(uw)[YO — h(0,y0)]du
0

® 1 de- W
=, [ =T @) = O, )l
from (3.2), we have
e—(lu)wzf e—Ausww((g)d(g
0

then
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de —(Au)®
du

= f —A8e~ My (8)d6.
0

Therefore
d‘lpflw_l(/lwl —E) M yo — h(0, )]

= A, fo i fo “gemus Wi (5T (W) [yo — h(0, y,)]dSdu
= A, jo ) fo ety (8T <<§)w) [yo — h(0, y,)]dédt

0 0 1 1 1
= A j j _59_5_13_'“ 2% (9_5) T(0t*)[yo — h(0,y,)]d0dt
0 0
using (3.3), we have

A A7 (ACT = E) " Hyo — h(0,¥0)]

— a4, f i j " et g )T (O£ [y — h(0, y0)]d0de
0 0

= AL {j;) ‘Pw(Q)T(etw)(YO — h(OrYO))dQ} (D).

Therefore,

A A7 (ACT — E) "y, — h(0,¥0)]
= A, L{T, () [yo — h(0, y0)]}(A). (3.9)
pAZ(A°I —E) L F(Q) = pAZ f Ooe-ﬂ“’ST(s)F(A)ds

0

[}

= pﬂgf e~ T (Y F(Dwu® 1du
0
using (3.2), we have

pAZ(A°l —E) "t F(A) = pA) foo fooa)e"m‘sl,bw(6)T(u“))F(/1)u“"1d6du
o Jo

w-1

= pA? fo ) fo ) we Y, (8)T <(§)w> o~ F()dédv
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w-1

= pAZ fooo fooo JOOO we= Ay (§)T ((g)w) U(Sw [Bw(Q)

+f(¢, y(§)] didbdv

=i [ [ [ wevaer((52) ) e

+f(¢y(§)] dtdld s

=pc/12 [ jf zpw(a)f«( _O> >( — O™ Bug)

+ f(C,y(C)]dedC] dt

—pazefo [ [wr((“F2) ) s

+ f(C,y(C)]d(‘de} (D

using (3.3), we have
pAZ(A®T — E) "L F(A) =
pﬂ,%z{w fo t fo 00 O)T (Ot — O)*)(t — ) [Bu(?)
+fG, y(()]de(} @,
po‘lﬁ(ﬂ“’] —-BE)'FQ1) =

pAGL U Lot == [Bu()) + f(C;Y(C)]dC} (. (3.10)
0

From (3.8), (3.9) and (3.10) we get
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M)
(A HQ) + AL { j (t = O Ly, (t — Oh(c.y(c))dc} )
0
1 A LT (O — hO0,y)}) + (L — p)AF (D) 3.11)

\+pd‘l§£ {f Ly (t =t =D [Bu() + f((,Y(()])d(} (.
0

Taking the inverse of Laplace transform for both sides of (3.11), we get
m(t)

t
[ h(ty () + A, f (¢ = P E Ly (t — DA(S,y(O))de
0
=< +A, T, (O[yo — h(0,¥0)] + (1 — p)A,[Bu(t) + f(t,y(t)] (3.12)

t
| pE [ L= O - 47 [B@) + F(Gy@)]as.
0

Now, to find the mild solution n(t), we applying fractional integral (1.5) for
both sides of System (3.5),

JPeDPPN(t) = TP [An(t)].
By using Lemma (1.2.31) we have,

p
n(t) = z Ay (t,)o, () + 779 [An(t)] (3.13)
v=1
where
_ (o t €[0,t]
oy (1) = {1 te(t,tyy] v=12,...p (3.14)
and
oAty
L{ay(t)}(l) =0

Taking Laplace transform for both sides of (3.13),
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p
N = ) Ay(6,)A7 e + (1= AN + 2 AN (D)
y=1

where N (A1) denotes the Laplace transform of n(t).

It follows,

p
N@A) = (1= p)ANQ) — )%c/uv(;l) _ z Ay(t, )AL Aty
y=1

14
[1 —(-pa-L ] N(A) = Z Ay(t,)Ate My

/1(1)
y=1
p
[A;l - A%CA] NQA) = z Ay(t,)ALe 2ty
y=1
p
05T = pAING) = ) By(t,)A0 e
y=1

p
[(Awl — Pcﬂcﬂp)cfl;l]N(A) — Z Ay(ty)la)—le—/lty
y=1

b
N(A) = A,(A°1 — pAA,) 11971 Z Ay(t,)e
y=1

p
= AA°l — E)~1x@71 z Ay(t,)e
y=1

p [0 ]
= A A* 7" Z j Ay(ty)e‘AwST(s) e Mrds.
0
y=1

p (0]
= A A1 z f Ay(ty)e‘@u)wﬂ"(u‘“) e Mrou® ldu
0
y=1
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p
:ﬂpz
y:
=A,
%

f Ay(t,)w(Au)®~le~ AW T (u®) e~y du
0
1
p
w 1 de=0w*
-2
ZL —Ay(ty)z - T(u®) e *vdu

=1

using (3.2), we have

p [0.] (0]
N(/l)=cflpz fo jo Ay(t,)6e 0, ()T (u®) e *rdsdu.
y=1

JO ) JO " ay(t,))e M, (6)T (5%(”) e~ M d§dy

p
Ay
y=1
p
(0] (0] v w
APE f f Ay(t,)e @y, ()T (57) )dev.
0 0
=1

p w
_ o - (t — ty)
- cﬂpyzzl jo jo Ay(t,)ep, (8)T (5—w dsdt.

using (3.3), we have

p oo oo
N(A):cﬂpz f f Ay(t,)e @, (0)T(6(t —t,)") dodt
f=i’o Jo
p [o0]
= AL {Z | 8¥(6)0u@)7(6(c - ty)w)de} @
y=1""

p
NQA) = AL {Z Ay ()T, (t - ty)“’} (). (3.15)
=1

By taking the inverse of Laplace transform for both sides of (3.15), we get

14
n(t) = A, Z T, (t —t,) dy(t,). (3.16)
y=1
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From (3.12) and (3.16), we have

Ah(y(©) + A, j (¢ = O ELy (t — OA(E, y(D))dS
0
+A, T, ()[yo — h(0,y)] + (1 — p)A,[Bu(t) + f(t,y(®))]

+pAZ f (t— Ly, (t — D[Bu() + f(¢,y(D)]dC te[0,t]
0

y(t) =« C’qph(t» y(t)) + c’qp J (t - ()w_lELa)(t - ()h(f; Y(C))df
0
+A, T, () (o = h(0,y0)) + (1 — p)A,[Bu(®) + f(t,y(0))]

+pA jo (¢ = 9 1Ly (t — O[Bu(@) + £(8,y(D)]d¢

T
+A, z T,(t—t)ay(t,)  te€(t,ty4)
y=1

Lemma 3.1.2 [46]
The operators L, and T, have the following properties.

I. Forany fixed t >0, L,(t) and T, (t) are linear and bounded operators,

I.e. forany y € X,

1L,©y 1= [lo [ 00,07 Ocya0] < sy
_ S
—mllyll
17,y || = f 00 (OYTOt*)yd || < Syl
0

where § = sup;so||T (@)l

ii. The operators {L,(t)};so and {T,(t)}:so are strongly continuous.

iii. If 7(t) is compact, then the operators {L, (t)};so and {T,,(t)};so are
compact.
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From Lemma (1.1.29), for y € D(A) we have

d
ET(t)y =ET(t)y =T (t)Ey.

Definition 3.1.3
The mild solution y(t) of System (3.1) is
t
Aph(t,y(1)) + A, f (t =) Ly (t = DER(S, ¥(§))dS
0
+A, T, () (¥o — 1(0,0)) + (1 = p)A,[Bu(t) + f(t, y(©))]

+pA2 j (t = )% Ly (¢t — D[Bu) + F(8y@)]dg ¢ € [0,¢1]

y®) =4  Ah(t,y®)+A, j (t—Q® L, (t — OER(L,y())dC
0
+A, T, (1) (¥ — h(0,¥0)) + (1 — p)A,[Bu(t) + f(t, ¥(1))]

+pA2 j (¢ = 9Ly (¢ — O[Bu@) + £(8,y(D)]d¢

b
+A, z T,(t—t,)ay(t,),  te(t,tyl.
y=1

Next, we discuss the controllability of Nonlinear System (3.1).

Assume that the C,-semigroup T(t) is continuous in the uniform operator
topology and also assume the following conditions:
H1The linear operator W,: L,,(J,U) — X defined as

Wyu = (1 - p)A,Bu+ pA;Wu
has an inverse operator W, ™" on L, (J, U)/kerW, and |W, || < K, K >0,
|4 <m.m > 0.

where W is linear operator from L, (J, U) into X such that
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Y
Wu = f (Y —s)* 1L, (Y — s)Bu(s)ds.
0

H2: There exist constants M, M, > 0 such that
”Eh(t; 3’1(t)) — Eh(t' )’Z(t))” < Mylly: — y2ll
and
My, = supeegllER(t, 0)]].
H3: The continuous function f:J X X — X satisfies Lipchitz condition i.e.

there exist a constant Me >0 such that

If (& y1(©)) — F(& vy (O < Mrlly: — vl
and

My = supeegllf (£ O)I.
where My > 0.
H4: The function q,:X —» X,y =1,2,..,p is continuous and satisfies

Lipchitz condition, i.e. there exists a constant M,, > 0 such that

”%()ﬁ) - Qy(YZ)” < My”)ﬁ — ¥l

and
p
>, =
y=1
where M > 0.
H5: For all bounded subsets 0, the set
(K@) =

{wpcﬂz f _ f e<t—c)w-1<pw(e>f<e<t—c)w>f(c,y(c>)dedc,ye@}
0 r

is relatively compact in X for arbitrary v € (0, t) and a real number r > 0.
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Definition 3.1.4

System (3.1) is exact controllable on J = [0, Y] if for each initial state y, €
X and each y; € X, there is suitable control « € L,(J,U) such that the mild

solution y(t) of System (3.1) satisfies y(Y) = y;.

Theorem 3.1.5

System (3.1) is exact controllable on J = [0, Y] if it satisfies the conditions
H1-H5, and

0<D+nklIBID [(1—p)+ LY ] o4 317
n At D (3.17)
where
SY® Yo
D=nl|l|EYWM, + ———M 1—p)M — M, +SM|.

Proof. Using condition H1, define the control «,,(t) for an arbitrary function
y(*) € PC(J,X) as
10y (t)
( Y
w,™ [yl — Ah(Y,y(V)) — A, f (Y = 7L, (Y = DER(S, y(§))dS
0
_‘”-’quw(Y) [YO - h(0» YO)] - (1 - p)c’qpf(Y» Y(Y))

Y
—pA?2 fo (Y—c)w-lew—c)f(c,y(c))dc], t € [0,t]

Y

] - ) =, [ 0= 000 - 0Br y@)at
0

~ApT (Vo — 1(0,y0)) = (1 = p)A,f (Y, y(Y))

Y
pA2 jo (Y = %7 L, (Y = OF (8, y(D)dg

p
—A, Z T,(Y — ty)Ay(ty)‘, t e (ty, ty+1]
=1
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By using (3.14), we can write 1, (t) in the form

w0y (1)

We

Y
pr‘l [y1 — A,h(Y,y(Y)) — A, j (Y=, (Y — DER(,y(0)d
0
— AT, (D (o — h(0,50)) — (1 — p)A,f (Y, y(Y))
Y
—p A2 j (Y = 9L, (Y = OF (4, v(D))dg
0

p
A, Z T (Y — ty)Ay(ty)ay(t)] . te[0,Y]
\ y=1

have to show that the operator ®: PC(J,X) — PC(J,X) has a fixed point

when applying this control, where

(@y)(t) =

A

t
[ Ah(ty®) + 4, j (t — 0¥ 1Ly (t — OER(S, y(O))dS
0

+A, T (Oyo = h(0,y0)] + (1 = p)eA, [Buy, () + f(t, y(1)]

+pA,’ j (t— ) My, (t — D[Buy () + F(C,y(D)]d¢ te0,t]

Ah(ty(©) + A, j (t = ¥ 1Ly (t — OER(S, y(O))dS
FALT (O — h(0,y0)] + (1 — p)e, [Baey (8) + £(£,y(0))]

+pA2 j (¢ = 9Ly (¢ — O[Buy () + F(Cy())]de

b
+A, z T,(t—t)ay(t,)  t€ (&, ty4)
y=1

By using (3.14), we can write (®y)(t) in the form

(@Y)(©) = A h(t, y(D) + A, f (t = 0¥ 1Ly (t — OER(S, y(O)dS

+A,T, (O [y — h(0,y0)] + (1 — p)A,[Bu, () + f(t, ()]
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pA? f (t = ¥ Ly (t — O[Buy () + (¢ ¥())]dC
0

b
+A, Z T,(t —t,)8y(t,)o,(©), tEJ.
y=1

By using the control ., (t), we have (®y)(Y) = y,, indeed,

Y
(@Y)(Y) = ALY, (V) + A, j (Y = 09 Ly (Y — OER(L, y(0))dd
0
AT (D Yo — h(0,¥6)] + (1 — p)oA, BW, LAY
+ (1= p)A,f(Y,y(Y))

Y
+ pAZ j (Y — ¥ 1Ly (Y — O)BW; T ACY)dS
0

Y
# 0 [ O = 09, (F = OF (@)

+ A, zp: T,(Y — t,)Ay(¢, ), (1),
where -
A(t) = y1 = AR(Y,y(Y)) — A, jo Y(Y — )7 L, (Y = OER(S, y(§))dS
~A, T (N [yo = h(0,¥0)] = (1 = p)A,f (Y, y(Y))

Y
P} | (F = 0Ly (0 = OF Gy ())&

b
=, > T (¥ = t,)85(t)oy (O
y=1

It follows,
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Y
(@)(Y) = Ah(Y, (1) + A, f (Y = 092 Ly (Y — OER(S, y(0))dd
0
+ AT, (Nye — h(0,y0)] + [(1 — p)A,B + pAZW W, TA(Y)

+ (1 - p)A,f(Y,y(Y))

Y
+ 03 [0 0L, = PV @)
0

p
+A, z 7, (Y — t,)Ay(t,)o, ()
y=1

Y
= AA(Y,y(N) + A, j (Y = 091 Ly (Y — OER(S, y(D))dg
0
+ quTw(Y) [yO - h(O, )’0)]
Y
A [y1 — A,h(Y,y(Y)) — A, j (Y =L, (Y — OER(¢,¥(0))dS
0

—A, T, Ny — h(0,y0)] — (1 = p)A,f(Y,y(Y))

Y p
=P | (=D (Y = DFE @)~y Y T
y=1

— t,)Ay(t,)o, () [+ (1 = p)A,f (Y, y(Y))

Y
pA f (Y = 9L, (Y = OF (6, ())dd

p
+ A, Z T, (Y — £,)Ay(t,)a, (t).
y=1

= V1
Now, for t € J,
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by 1 < K {Iyall + |4, [[ [,y D)

s [ o= ne vl

[(w)
+ [|A,||Slye — RO, ¥l + (1 = p)||AL||||£ (Y, y () ||

ol s [ 0= 0l Gy @)l
+ |4, | ZTw(Y— t,)Ay(t,)ay () ‘
y=1
_ SY® _
< K|yl + 0 [ IETHIMlIyI + IE~HIM, +m(Mhlly|I + Mp)

+S(llyoll + IIE~I13,)

_ SY® _
+ (1 = p)(Mxllyll + M) +np (MelIyll + M) + SM Iyl

wl'(w)
p
+SZ|I%<0>“H
y=1

S w
=K E~|M; My + (1 - p)M,
[l i NE 13, + s M+ (1= )
SY® __ ©o
Me + SM E~YM M,
P T+ T ]+"[” IMn+ v 7 M

+S(llyoll + IE~HIM,) + (1 — p) M

w

SYC  _ x
ToESvRARPI LAC]
Y=

= K[DIlyll + lly.ll + D],

+1np

where D is given in assumption and
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~ _ sy« __ _ —
D=nl|lE" — E1 1-
n ([IE~H| M, + Mo+ 1) My, + 5(”)’0” + | ”Mh) + (1 — p)M;

SY” M, sp 0
o Zluqy( |
'}/:

+np

Also, fory,y € PC(J,X), we have

Y
leey = sl < W5 lf| 4 | fo (= O MLy (Y = DN ER(S, ¥ ()

— ER(,9(D)||d¢

Y
ol jo (¥ = 91 1Ly O = O (G ¥(©D)

b
- FEI@)NAS + D 17,0 = Ol layy(t,) = 9,98,
y=1

w
wl'(w)
Yo Yo

M
ro+ D) PTG+

SY®
< Kn | eas Mally = 91+ pn o My ly = 511+ S3lly = |

wl’

= Kns | My + 3¢ lly = .

Define the set
C.={y:yePC(J,X) Iyl <eforeacht € J},
then C. is closed, convex and bounded subset of PC(J, X) for each €.

Define the operators
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(@)y(1) = ALh(t,y() + A, f (t =% Ly, (t — DER(S, y(0)de
0

+ A, T, () (vo — h(0,¥0)) + (1 = p)A,[Bu, (8) + f(t,y(®))]
¢ p

+ pA3 f (t =% Ly (t — OBuy({)dl +A, Z Ay(t,)T,(t
0 y=1

—-t,), teJ.
(@,)y(t) = poAZ j (¢ = ¥ Ly (t = OF (G y(D)dS, ted.
0

It is clear that
(®1+P,)y = Dy.
To show operator @ has a fixed point on C,, we need to choose €, > 0, such that

(P, +®P,)y has a fixed point on C,.

Taking

aKIBI| (= p) + Z22E] (Il + D) + D

€g =
Sy
1— [D +KIBID (1= ) + s ]

We will show the operator (®,+®,)y has a fixed point on C . Our proof

consists of three steps:
Claim I: We will show ®C,, c C,.

Lety € Cc,, then
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I@YOI < [|lA, || |1~y + o= (t — O HIERE, y(DlldS

F( ) Jo
+5[|(vo = ROyl + (1 = P[[|Buy O] + |1 (& )]

ol ploss [ - 0 By Ol

p
S t
eolltali s | =0 @)l + sZnAy(ty)n]
y=1

< n|IIE~HIMyeo + [IETHIM, + (tho + M)

SY
wl'(w)

+5(lyoll + IEH13%,) + (1 = B ey (0

w

_ SY
+ (1 — p)(Mjeo + M;) + pn

oy 1Bl O

SY®
s (Mreo + IT,) + SMe, + SZ”qy(O)”

w Y‘(J)

S
= E7YM, + ———M, 1—p)M —_—M 5.7\/[]

w

F BT, + — 3T, + S(llyll + |E-L13T,)
V) 0 h

_ SY®
+ (A= p)My + pn iy My + 52”%(0)”
y=1

w

S
Nw+1)

+|a=p+pm [, o

=D60+5+[(1—p)+pn

SY
e el @]

<Dey+D+|(1=p)+pn | uBI(Des + lly2 11+ D)

S
'Nw+1)
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€o

SY®
D +nK||B||D [(1 —p) + Pﬂm]

w

'Nw+1)

+KIBI (1= p) + p |Gy +D) +D

== 60.

Therefore (®, + ®,)C,, = ®C,, € C,.

Claim Il We prove the operator @, is contraction on Ce, .
Lety,y € Ce,, then

P,y — @, 7|

< |4, || [IIh(t,yu)) — h(t,9(®)||

t

+ f (t = DMLy (¢ = DINERE, y(©) — ER(E, 9(DldS
0

+ (1 = p)IBIl||luy (&) — us (@)

+ 1= plf(ty®) - fF(E3O)]
t

+ pllA, | j (t = M ILyy (£ = DN IBII[|2ey (0
0

~us@lac+ Y I%0la(6) - a5

» SY®
<7 [||E | M, + o) M

w w

wl'(w) M+ P wl'(w) My + M)

+ (1= pIIBIIKnS (

w w w

wl'(w) 1Blikns (a)F(a)) Mn +pn wl'(w) My + M)

+ pn

+ m] ly — 91
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w

S
'w+1)

SY® Y®
+ |IBllIKnS ((1 —p)+pn Mo+ 1)> (F(a) n 1)Mh

=n||E7||™m + My + (1 = p)M; + SM

w

— M+ M -9l
oM+ )| Iy =3

Let

w

S
th + (1 — p)M;

w = [ +

r s IBIKnS [ (1= 0) + pn— ( L,

1 PP+ D)\ T+ ) h
‘Y'(i)

+pn—r(w+1)Mf+M).

From (3.17), we can observe that 0 < ' < 1 which mean &, is a contraction.

Claim Il We prove the operator @, is completely continuous.
Firstly, we prove @, is continuous.

Let y,, be a sequence in PC(J, X) which converge to y. Since f is continuous

function, then
| D2y, — P,y

< ol [ 6= 0% e = DN on )
— (& y@)||dg
5 t
< o1 s f & = O F (T3 @) = F(Ly@)||dg

which converge to zero as n — oo. Therefore ®,y, = ®,y in PC(J, X).
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Next, we prove the family {CIDZy:y € Ceo} is relatively compact. According to
Arzela — Ascoli Theorem it is suffices to prove:

e {®,y:y € (.} is uniformly bounded.

o {®,y:y € (.} is equicontinuous.

e Foreacht € Jthen {(®,y)(t):y € CEO} is relatively compact in X.

By definition of C., we have [[®,y||<¢, for any y € C,,, therefore
{@,y:y € C,} is uniformly bounded.

To prove {CDZy:y € CEO} IS equicontinuous, let t;,t, € J,t; < t, then

| @,y (t,) — @y (t)ll

(6 = DO Ly (6 — DF (8 y(@))dS
0

t1
— | (=@t - ()f(C.Y(())d(H
0

to

(t; — O MLy (t, — Of (¢, ¥(0))dd

ty

; j (s = O“ MLy (ty — DF(¥())dT
0

51

+ | (& =D Ly (t, — Of (¢ y(0)de

0
ty

— | (=9 Ly (t, — C)f(C,y(C))dC

0

- 1(t1 — 7L, (t — ()f((;y(())d(H
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<

j Z(tz — )7 L, (t; — ()f((:Y(())d(H

1

+

f (b — Ly (b — OF(C¥())dS

0

I R T of(c,y(o)ch
0

. f (6 = OO Ly (b, — OF (6 ¥(©)dg
0

— 1(t1 — )7L, (t — ()f((»}’(())d(H
0

iy
(t; — O Ly (t, — O (¢, ¥(D)dC H

ty

t1
+ f [(tz =97 = (t1 — DMLyt — C)f(Z,Y(C))dZH
0

+ j 1(t1—<)‘”‘1[Lw(tz—Z)—Lw(tl—Z)]f(é,y(z))dZH-

Let

0, = 2(t2 — )P L, (t; — Of((»J’(O)d(”,

t1

ty
0, = j [(tz =97 = (t1 — DMLy (t, — 5)f(C'Y(C))de,
0

03 = 1(t1 — ) Ly (ty =) = Ly (ty — ()]f((;Y(O)d(H-

We have to prove 0,, 0, and O; tend to zero when t, — t;.

By using Lemma (3.1.2) and condition H3, we have

s [t »
01 = s j G0 @)

< (t; — t)°(Myeo + M)

'Nw+1)
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which tend to zero as t, — t;.
Also,

S (tz - tl)w —
S O (Mreo + My)

which is tend to zero as t, — t;.

Now, for O, if t; = 0then O; = 0.

If t; > 0 and s is a small enough, then

t1-s
05 < j (&1 — O UL (s — ) — Lo (ty — ONIF(E y@)||d
0

+j "t = 0O M Ly (6 — O — Lot — DIF G y@)| 42

1—S

ty —

s .
— (Myeo + 35)

< Sup(E[O,tl—s]”Lw(tZ - f) - Lw(tl - {)”

s® _
+5up(e[t1—s,t1]||Lw(t2 —{) = Ly(t; — Ol Z(Mfeo + Mf)-

Since 7°(t), t > 0 is continuous in the uniform operator topology, we have L, is

continuous in the uniform operator topology, then O5 tend to zero as t, — t;,

s — 0.

Therefore ||®,y(t,) — ®,y(t1)]| tend to zero independently of y € C. as
t, — t; which mean the family {®,y: y € C,_} is equicontinuous.

Finally, we prove the set R(t) = {(®,¥)(t),y € C.,} for any t € J is relatively
compact in X.

If t = 0, then R(0) = {(P,y)(0)} = {0} which is compact set.

If t € (0,Y], we choose v € (0,t) and a real number r > 0 to define the operator
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(@) (6) = wpAZ j _ f 8(t — )1, (OIT(B(t — )“)f (4, ())dods,
0 r

y € C¢,.By condition H5 for any t € J, the set (K?)(t) = {(CD’r’y)(t),y €

Ceo} is relatively compact in X. Moreover, for any y € C., we have

(@) (&) = (@Fy) (D)l

— wpA2 jo ) j e(t—z)w-lcpw(e):r(e(t—()“’)f(z,y(c))dech

wpAZ fo jo 8(t — 0“1y )T (Ot — OV (¢, v())dbdg

t por
=H“’P0“3L fo9(t—C)‘“‘lcpw(e)fr(e(t—()w)f((,y(())dedz

+wpA) ]
0

j 8(t — )y (O)T Ot — V(4 y(0))dodS

t—v o
— wpAZ fo f ea—z)w-lcpw(e)fr(e(t—C)w)f(c,y(c))dech

t pr
< prcﬂg fo fo 6(t — )19, (OIT (B¢ — C)w)f(é,y(é))dﬁdé‘

+pr¢4}; j ) J 0(t — D L, ()T (O — D)f(¢v(Q))dode

t r
< wpr?S j (¢ = O F & y@lldg f 0., (6)do
0 0
t 00
+ wpr?S j (¢ = O“FQ y(Olldg j TROLL
t—v T
< pn?SY® (Mjey + M) f r@(pw(B)dH
0

+ pn?Sve (Mye, + J\’/Ff)] O, (0)d6.
T
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Therefore, ||(D,y)(t) — (PLy)(t)|| tends to zero as v,r — 0. Consequently,
there are relatively compact sets arbitrary close to the set R(t). Thus, R(t) is
relatively compact in X. Based on the above, the operator @, is completely
continuous. According to Nussbaum Fixed Point Theorem, operator & has a fixed

pointin C, . Therefore, The System (3.1) is exact controllable on J. |
The next example illustrates our result.

Example 3.1.6

Consider

(“DPly(t,y) — h(t,y(t,¥)] = Ay(t,y) + Bu(t) + f(t,y(t, 7)),
p,w € (0,1),y €[0,m],t € [0,t;) U (t;,1],
y(t,0) = y(t,m) =0,t € [0,1],

1
L A)’(t1 ) = %()’(tf)); t; = >
and X = L%([0, ], R). Define

-

0%y
Ay(t,y) = 6_)/2(t' ).

where

dy 02

_ Oy oy _ _
D(A) = {y € X: 3y 372 € Xandy(0) = y(m) = 0}.

Fory € D(A) then A can be written as the following

Ay = z —S*(Y, ¥s)Vs»
s=1

1

where y.(y) = (%)Esin(sy), s=1,2,3.... Therefore A is the generator of

C, —semigroup {T'(¢),t = 0} in L2[0, ] such that T(t)y = %2, e 5"t (y, v )y,
y € D(A) [33]. The functions h, f and g, defined as follows:
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e h:[0,1] X X - D(A) such that

e f:[0,1] x X - X such that

_ tPe7Hy(t, )l
f&yty)) = , , te[o01],ye[0,n],y€X,b>0.

e @,:X — X such that

0 O/t 7)) = bz ) e [04]y €0,y € X.

Fory,;,y, € X,

2ot 2,—t
GACHENGAGHE elhaﬂﬂ_telh@m”‘

b
1
<=l =yl
and
|ER(t, y1(t,¥)) — ER(t, y2(t,7))]|| = IE siny, (t,y) — E siny, (¢, V)|
< [E[l[siny, (¢, y) — siny, (¢, V)|
< [ENlly: — y-I.
Also,
1
a2 (v2 (1. 1)) = @ (2t M) < 5 111 = 32l
If
0<D +17K||B||D[(1—p) LA
Nw+1)
where
o Sy

=n|IIE7HIMy, + My + (1 - P)Mf‘H?PF( )Mf‘l'SM;

S
'Nw+1)
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and the condition H5 is hold, then the hypothesis of Theorem (3.1.5) are fulfilled.

Therefore, the system is exact controllable.

3.2 The Existence and Unigueness of the Mild Solution of
Impulsive Hattaf-Fractional Nonlinear Control System in

Banach Space

This section investigates the existence and uniqueness of the mild solution of
the impulsive Hattaf-fractional Nonlinear Control System (3.1) using Banach
Fixed Point Theorem. We assume that The System (3.1) satisfies the conditions

H2, H3, and H4, given in Section 3.1, |4,]|< n and the
Co, —semigroup T(t),t > 0 is compact.

Theorem 3.2.1

Assume that
w ‘Y‘a)

S S
— M, +(1-p)M — M, +SM
Fot D nt (1 —p)Ms+np Ft

D= E~Y|Mm;
n[IE 194, + 1D

<1,

then The System (3.1) has a unique mild solution on PC(J,X) for each u €
LP(J: U)

Proof. Define the operator
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(®y)@®) =

Ah(t,y(t)) + A, j (t— Q% L, (t — DER(S, y(0)dC
0
+A, T, () (¥ — h(0,¥0)) + (1 — p)A, [Bu(t) + f(t,y(1))]

+pA2 j (¢ = )% 'Ly (¢ — D[Bu@) + F(Ly@)]dd ¢ € [0,¢1]

N

Aph(t,y()) + A, j (t = L, (t —ER({y(0))dC
0
+A, T, () (vo — h(0,¥0)) + (1 — p)A, [Bu(t) + f(t,y(D))]

+pA ]0 (¢ = 9 1Ly (¢ — O[Bu(@) + £(8,y(D)]d¢

b
+A, z T,(t—t,)ay(t,),  te(t,tyl.
\ y=1

Step 1. We show the operator ® maps PC(J, X) into itself.

For0 <s<s; <t

I(®y)() = (By) (s

+ A, T, () (yo — h(0,¥0)) + (1 — p)A,[Buls) + £ (s, y(s))]

Aph(s,y(s)) + A, j (s — ) L,(s — ER(Sy(D)de
0

t pA2 j (s — 0¥ Loy (s — O[Bu(@) + £(8,y(D)]dg
0

- C’qph(31;y(31)) — A, f 1(51 — ) Ly(s1 =)
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Eh((' y(c))d( - qu:rw(sl)(yo - h(O: 3’0))

—(1- P)d‘lp [B’u(51) + f(51»3’(51))]
—pAZ f 1(51 —)* Ly (sy — D[Bu(Q) + f(c,y(c))]dCH
0

< |4, (s, ¥(5)) = h(su, ()|

+ ‘

A, [ jo (s —® L,(s — ER(S y(0)de

_f 1(51 - Ow_le(S1 - ()Eh(Z»Y(())d(]H
0

+ ||A, (yo — R(0, y0)) (T (s) — T, (s)) ||
+{|(1 = p)A, [B(1ls) — ulsy)) + f(s,v()) — f(s. y(s))]|l

+ deq;) U (s = O Ly, (s — O[Bu()) + £(¢,y(D)]d¢
0

- f (51— P Ly (51 — O[Bu() + f(C,y(Z))]dC]H
0

< |4, | [h(s,y@)) — (s, y(sy)) + j (s = O® Ly (s — OER({ y($))dS
0

- j (51 = )™ Loy (51 — OER(S, y({))dS — f sy — )@
° S
L,(s; — ()Eh(CJY(())d( + f (s; — ()w—le(S . Z)Eh((,y(())d(

— f (51— {)® Ly (s — ()Eh(c,y(c))ch

+11yo = h(0, yo) [l T2, (s) = Ty (sl
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+(1 = p)[IBIlllee(s) = w(s)Il + [|f (s, 7(s)) = f(s1,¥(s0) ][]

+o|[A, |

jo (s = 0 Ly (s — OB + (3, y@))]d¢
_ f (51— 09 1L (51 — O[Bu@) + F(4y(©)]dg
_ f 51 = 09 1Ly (51— O[Ba(@) + £(8y@)]de
N jo (51— 09 Ly (s — O[Bu@) + F(4,y(@)]dg

- [ 6= 0 6= OlBu) + £ y)as
0

< Il [Is3650) = sy y )

_|_

j 1(51 - Ow_le(S1 - ()Eh((»J’(())d(H

+ j I(s1 = O ILy(s — O) — Ly, (sy — || ER(S, y(D))||d¢

t j I(s = 091 = (51 — D9 U lILo (s — O ER(S, y(©)||dg
0

+ lyo = h(0, o) lll T, () = Toy (s
+ (1 = p)lIBllll(s) = u(sy)l

+(1 = P)|f (s, ¥()) = f(s1,y(sD)||

+ pl|A, |

j (51 = OO 1Ly (51 — DIl Bu(@)

+f(c,y<<>)||ch
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toll ] | (51 = 00 s = D) = Ly = DB
+FG YO+l | [ NiGs =
0

— (51 = O° YL, (s = DI||Bu() + £(¢,¥(D)||d¢

S(s; —s)?

|h(s,¥(s)) — h(sy, y(s)|| + T(w+1)

=7 SupEE[s,sll”Eh(g'ﬂa)”

+ supsefosiliLo (s — §) — Loy (51 — Dllsubeeqo,s || ER(Z y ()|

w _ w S — w
x[i-(sl S)] &= ecromllER(E ) + o — B0, 70

W W 'w+1)

17 (s) = T (sl + (1 = p)Bll[[(s) = wls)|
+ 1= p)[lf (5,7()) = f(s1,¥(sD)|

S(s; —s)¢
pn msupfe[s,sl] |B«() + £ (¢, y(D)|
+ pnsupgeqosiliLo (s = §) — Lo (51 — O llsupeeqo,s || Bu())
#FEy@I - ST

S(sy —s)*
+ pnﬁsupge[o,s]”l?u@) + f(C,y(Z))”]-

Let

0, = n||r(s,y(s)) = h(s1, y(s)|

S(s; —s)?
0, = 77msu?’&[&sl]”Eh(€'3’(€))”
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Sa)
03 = NsuPgefosliLe (s = ) = Lo (st = Dllsupeeros |ERG yO) |~

(s — )¢

w

0 — S(sy —s)
*= 1 T+ 1)

supeefo,s||ER(S, y(D)]|

Os = nllyo — h(0, yo) 175, (s) — T, (s1) |l
06 = (1 — p)nlIBllllee(s) — u(sy)]l

0; = (1 —p||f(s,¥()) = f(s1,¥(s))|

S A
05 = 1?2 supgc B + £ YO

0y = pn?supeeqosilIiLe (s — ¢) — Ly (51 — Ollsubeefo s ||Bu({)

WGOIIEEEES

S W
010 = pn* %SuPEE[O,S]HBu(() + (¢ y@).

Since f, h are continuous functions on J, then 0,, 0, tend to zero as s — s;.
Since L,,, 7, are continuous in the uniform operator topology, then
03,05 and Oq tend to zero as s — s .

Since u is measurable, then «(s) — w«(s;) almost every where s — s;, then O

tend to zero.

Clearly 0,, 0,, Og and 0, tend to zero as s — s;. Therefore
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||(C3y)(s) — (C’I\Dy)(sl)” — 0ass — s;. Thus (dy)(¢) € C[0,t,].

Now, fort, <s <s; < t,44, We have

1)) - @)l
< Il I 7)) = sy )]

_l_

j 1(51 — ) Ly (51— ()Eh((»}’(())d(H
+fH@y—O“*Wm@—()—hﬂ&—(mEﬂCy@DWK
0

t j (s = % — (1 — O ILo (s — DN ER(S y(©)|dg
0

+ [lyo — h(0, y) |75 (s) — T, (s
+ (1 = p)lIBIl|[(s) — w(sp)l|
+ (1= p)|f(s,7()) = f(s1,y(sD)|

+ ||

[ =051 = 1Bt + 16y

+ oAl [ (51 = (s =€) = LuCss — ON[Bu0)

+ (6 y(©)]d¢

+oll | [ 16 = 99 = G5 = 0¥ L5 = O[BuC)
0

+fGJ@DMC+4,

where

2= 175 = 6) = % (s = ) llav(e)l)
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Since T, is continuous in the uniform operator topology, then Z tend to zero as
s = s1, and from above we have ||(®y)(s) — (Py)(s,)|| tend to zero as s - s;.

Therefore ®y € PC[0,Y].
Step 2. We show the operator @ is contraction on PC(J, X).

For y,,y, € PC(J,X), and for each t € [0, t,],

[(®y1)(®) = (Py2) (O
= ”"qp [h(t, Y1(t)) - h(t» Y2 (t))]“

+ ‘

Ay [ (€= 0 L= OB 1) = 1 v
0

+C = A [0 (0) = (e )

+ Hpcﬂé jo (€= Ly (= DI (63:1(D) = £ (2 (c))]dcu

w

SY
< n||r(t, . () — h(t, y, ()| + 7’1th“3’1 — ¥l

+ 1 - p|lf (v (®) = F(ty.O)||

w

+ o =M lly, —
. SY®
S OMRE™ |y, — y2ll + anhllyl = y2ll + (1 — pInM¢|ly; — ¥l

w

S

2

Vs —
+ pn o+ D £y = yall

SY® SY®

=n MhE_l +th + (1 - p)Mf + p”aqp”m

Mf] lly1
= y-ll.

Now, for t € (t,,t,.1], using our assumption we have,
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1B)© - (3)0) <

w

m]\/[h + (1 - p)Mf

=n [MhE_l +
SY?®
+ 0l gy 27| I = vl + 1Sy, = 32

= Dlly; — y-ll

and by our assumption, then @ is contraction. According to Banach Fixed Point
Theorem, the operator @ has unique fixed point y such that ®y = y. Therefore

the system (3.1) has a unique mild solution for any control u € Lp(J, U). |

3.3. Approximate Controllability of Impulsive Hattaf-

Fractional Nonlinear Control System in Banach Space

The approximate controllability of the impulsive Hattaf-Fractional Nonlinear
Control System (3.1) investigated throughout this section. Assume System (3.1)
meets the conditions H2, H3, and H4 outlined in Section 3.1. Define the bounded
linear operator A: Lp(J,X) — X as

A@) = (1= P)AH) + g [ (X = Ly (Y = )(s)ds.

The following condition is important to prove the approximate controllability of
System (3.1),

H6 Ve > 0,Vy € Lp(J,X),3u € Lp(J,U) such that

IA(y) —ABu)l <€

and

IBuIl < AllgC)l
where 1 > 0.
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Definition 3.3.1

The System (3.1) is approximately controllable on J if y(y) = X, where
Ky (y) = {y(Y;u): u(t) € U} is areachable set of System (3.1).

Lemma 3.3.2

Assume the condition H6 is hold, then

L Iy < Dlly@ll+D + (1 = p) + pn | B Il (1l

where

F(w+1)

D =n[IE" M, + ——— 3, + S(llyoll + 1E1172,)

r( +1)

w

X sp 0
oDt ;Hm I}

+(1 = p)M; +np

i. Fory;,y, € X, then

w

M(w+1)

Iy28) = 1@l < 72 [ (L= P)IBII + o 1B lht2©) = s 1L

Proof.

L YO < [l | IR O + 555 fy (¢ = P HIERE, y(©lld +
S0 = RO,y + (1 = P[IBuN + [l (& y )] +

plIA | 7 fy (& = O HIBL@NAS + plloA || 55 fy (e =

M@
OCF (€ y@)dg +8 T lay(e,)]
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w

<0 [IEH MGyl + NEH G, + o (Millyll + 35,)
—_ h h (UF((I)) h h

+S(Ilyoll + IE7HIM,) + (1 = p)IIBIllw(®)]]

SY®
+ (1= p)(Myllyll + M) + pn —— ol(@) 1Bl [l

SY
o1 (4l + 77) + 3l + SZIqu(O)ll
y=1

SY
— -1 - -
nlnyn V209, + s M + (L= P+ o s M

w

—

SM E-YM, + ——— M
+ ]+|| 13T, + 5

+5(lyoll + IE-HITE,) + (1 = p)IT; + py— 37

~

p
SY®
+5 ) lla, Ol + [ = p) + pn s | 1B
y=1

_ SY®
= DIyl + D+ |(1 = p) + o1 s MBI

i 1y,(6) = 71O < | A || [[|n(ty2(0)) = h(e, 3. (O)]| + f; (¢ -
P 1Ly (t = DINERE, y2(8) — ER(QE, y1 (OIldd + (1 —
PIBllle, () —us DIl + (1 = p)||f (£, y.(®) = f(t.y: @) +
pllAL fiy (& = D@ Loy (€ = DINIBI 2 (8) — 1, ()11 +

A A ESACHETSACHI |
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(S w
'w+1)
+ @ = p)lIBllllwz(®) = u (Ol + (1 = p)Melly2 — y1ll

w

p"r(w+1)[

<n | IEHIMylly, — yall + Myllyz =yl

1B1l1lee2(t) — 1 (DIl + M llys — 1]
+ SMlly, — y1||]
w 5 w

S Y
th‘l‘(l p)Ms + pn M )Mf+5]\/[] |y

SY
—all+ [ =B + o 18] () — s O

= n 1B 13, +

w

SY
= Dllyz = y1ll + |1 = PIBN + 1 s 1B Heta (©) = s O

It follows,

ly2 — y11l = Dlly, — 41l

w

SY
< 7| = PIBI + 1 s 1B ) — s O

Thus,

w

S
[Nw+1)

vz =l < 72 | (L= PIIBI + p 1B e ®) = a1

Theorem 3.3.3
Suppose the condition H6 is holds, then The System (3.1) is approximate

controllability provided

ag, + 1271 5 1At Bl <1, (318
rt D "]T1-D MNw+1) ’ '

where 4 > 0.
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Proof. Since the domain D(A) of operator A is dense in X [33],i.e. D(A) = X.
It sufficient to prove D(A) < Ky (y), that is mean we must show for any € > 0
and x € D(A), there exists « € Lp(J, U) such that

x — AT, () (vo — h(0,¥9)) — Zy — A(Bw) — A(f) — A,h(Y,y(Y))
) -7 H
+— ER(Y,y(Y)) A (Eh(Y, y(Y)))

x — A, T, (N (yo — 7(0,70)) — By — A(Bw) — A(f)

-1

+ (?pﬂﬂp - c/lp) h(Y,y(Y)) - CA; A (Eh(Y'Y(Y)))H

X — quTw(Y)(yO - h(O'YO)) — Xy — A(Bu) — A(f)

-1

A
+((1= A= )AR(Y,y(N) = A(Eh(y’ym))”

x — AT, (V) (yo — h(0,¥0)) — Zy — A(Bw) — A(f) — A ALh(Y, y(Y))

-1

A
_ pf’ A (ER(Y, y(Y)))H

x — A, T, (V) (¥ — h(0,¥0)) — Zy — A(Bw) — A(f) — h(Y, y(Y))

- CATPA (Eh(Y, y(Y))) <e

where Iy = ¥V _; T, (Y — t,)Ay(t, ) g, (Y).

For any initial y, € X, since 7 (t) is differentiability semigroup for each

t > 0 then
[A,7, (V) (vo — h(0,¥0)) + h(Y, y(Y)) + Zy] € D(A)
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and we can see there exists a function @ € L, (J, X) such that

AQ() =x — A, T, (V) (o — h(0,¥0)) — (Y, y(Y)) — Zy.

For example,

Q(t) =
( 0 t=Y

(Y— t)1 @

-

(T(w ))oq (L (Y—t)+2t;L (Y - )) t€[0,Y)

\ (x —A, T,V (¥ — h(0,59)) — (Y, y(Y)) — Zy)

then,

(—)“v

AQ(D) = pA? j (Y = $)%71L, (Y — 5) (F(@)* A; (Lwor

d
—-s)+ ZSEL(U (Y — s)) (x — ATy (Y)(yo — h(O,yO))

— h(Y,y(Y)) — Zy)ds

3 (F(w))z Y 2 d
=" . (Lw(Y—s)) +2$Lw(Y—S)%Lw(Y—S) (x

AT, (D (¥ — h(0,¥0)) — h(Y, y(Y)) — Zy)ds

(F(w>)

[ f (Lo (0 = ))"(x = A, T, (0 (30 = h(0,70)) = h(Y, (1))

- Zy)ds

Y d 2
+ jo s 7= (Lo (Y = 8))" (x = AT, (N (y0 = 10, 30))

— h(Y,y(Y)) — Zy)dS].

Using integral by parts, we have
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—S)) (x — ApJ; (Y)()’o h(O:YO))

— h(Y, y(Y)) — Zy)ds

AT, (V) (7o — h(0, 7)) = (Y, y(Y)) = %
(r(w))Z(x 2T (D (¥ — h(0,9)) — h(Y, y(Y)) — Zy)

- f (Lo =) (x = A, T, (N (¥0 = ©(0,30)) = h(Y, ¥ (1))
0

- Zy)dS]
= (x = AT, (N (¥o — 10, ¥)) — (Y, y()) — Zy).
Now, for any given € > 0 and by H6 there exists a control «¢ such that

|x — A, T, (V) (¥ — R(0,¥0)) — (Y, y(Y)) — Zy — A(Bu(®))|
€

<5 (3.19)
Letu, € L,(J,U), then by H6, there exists u«, € L,(J, U), such that
Ayl €

H [Bu(t) f(ty.(®) — Eh(t yl(t))] A(Bu, (1)) ‘ <3 (3.20)

where y; (t) = y(t;uq),t € J.

From (3.19) and (3.20) we have

X — c/lp:rou(Y)(:yO - h(O' yO)) - h(Y' y(Y)) - ZY

-1

G yl(t))] A(Biy(D)

c/l
—A[f(t ¥ () +
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= [|x — AT, (N (vo — h(0,¥0)) — h(Y,y(Y)) — Zy — A(Bu(t))

-1

A
; En(t, yl(t))]

+ A(Bu(t)) — A [f(t, y(®) +

< |lx = A, T (D (v — h(0,5)) — h(Y, y(Y)) — Zy — A(Bu())

— A(Bu, (1))

HA(Bu(t)) A [f(t . (t))]
— A(Bu,y (1)) ‘
€
<=

Denote y, = y(t;u,),t € J, then by H6, there exists w, € L,(J, U) such that

-1

Eh(t,y, (D))

H [f(t v, (t))] [f(t 7n©)+22

— A(Bw, ()| <=3

and

IBw, (D)1 < 2 Hf (t,y.(®)) ) - f(t.y1(D)

-1

A
— ; Eh(t,y,(t))

< (67, 0) - Fle @) + 2122 147 Ligace,y,c00) = ER (e 200
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-1
s(mf I ”m)auyz—yln

< [+ ) 12 ||[(1_) .

p
—uy (Dl
Let w3 (t) = uy(t) — wy(t), u3(-) € L,(J,U). It follows

] Bl @

X = CﬂpTw(Y)(yO - h(O, yO)) - h(Y» Y(Y)) — Xy

(t))] A(Bus(t))

—A[f(t Y2

=X~ qu‘Tw(Y)(yO - h(O, yO)) - h(Yry(Y)) - 2:Y

—1

+A f(t y: (1) + Eh(t J’1(t))

-1

c/l
—A f (t,y,(0) + Eh(t yl(t))

-1

A,
— A f(t v, (1)) + Eh(t yz(t)) — A(Bus(t))

=[x — C’quw(Y)(yo - h(O, .VO)) - h(Y,y(Y)) - ZY

-1

- A6 @) + 2 Bh(e 7, 0)| - A(Ba )

—1

H [f(t yl(t))+ Eh(t yl(t))]

-1

A,
— A [f(t Yo (1)) + Eh(t yz(t))] + A(Bw, (1))

By Mathematical Induction, we can see that the sequence
{un,n=01.2,..} c L,(J, U), consequently,
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X — C’qua) (Y)(}’o - h(OJ yO)) - h(Y» y(Y)) - z“Y

dq—l
€ € €
Sz tozt ot o

where y,, = y(t; u,,) and
”Bun+1 - Bun”

|

A, | SY®
< <Mf+ Mh>/11_D (1—P)+Pﬁm | Buy (¢)

— Bu, 1 (9l
and from our assumption we get the sequence {Bu,(t),n=1,23,..} is a
Cauchy sequence on X. Since X is a Banach space, then there exists a point
6(t) € X such that Bu,, = 6(t) asn — oo. Then for any € > 0, there exists a

positive integer k such that

x — AT, (D (yo — h(0,50)) — h(Y, y(Y)) — Zy

cﬂ_l
—A [f(t, (@) + —En(t, yk(t))] — A(Bu (D))

p

X — cﬂpTw(Y)(yo - h(O, yO)) - h(Yr y(Y)) - ZY - A[f(t’ yk(t))]

c/l_l
—A! [f Eh(t, ()| = A(Bur41(1))

+ ||A(Buk+1(t)) — A(Buk(t))”

€ € € €
<2—2+§+"'+2k+1+§<6.

Therefore, we get a sequence {y;, k = 1,2, ...} € Ky (f) converge to x € D(A),
thus x € K (f), which mean Ky (f) = X. [
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The next example illustrates our result.
Example 3.3.4

Consider the following nonlinear Hattaf-fractional control system

(il
“DZ3[y(t,y) — h(t,y(t,¥))] = Ay(t,y) + Bu(t) + f(t, y(t, 1)),
V € [0, T[], (S [0, tl) U (tl' 1];
y(t,0) = y(t,m) = 0,t € [0,1], (3.21)
N _ 1
\ Ayt = (y),  t=,
Setting X = L,([0.m],R) = U, and define the operator A: D(A) € X - X by

-

2%y
Ay(t,y) = 6_)/2(t' Y).

where

pea) =lyex: & 9%Y ¢ x and 0) = y(m) = 0

For y € D(A) then A can be written as the following

Ay = z —S*(Y, ¥s)Vs»
s=1

1

where y.(y) = (%)5 sin(sy), s = 1,2,3 ... Then {y;(y)} is an orthonormal basis

for X and y; is an eigenfunction corresponding to the eigenvalue 1, = —s? of the

operator A, s = 1,2,3 ....

Therefore, A is the generator of C, —semigroup {T(t),t = 0} in L?[0, ] such
that 7(0)y = X1 € (%, %5)ys, ¥y €ED(A), and [T <1=S. The
functions h, f and g, defined as follows:

e h:[0,1] X X - D(A) such that

14
h(t,y(t, y)) = f siny(t,{)d{,t € [0,1],y € [0,7],y € X.
0

e f:[0,1] X X = X such that
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t2e”ty(t, vl
b )

fty(ty)) =

e @;:X — X such that

te[0,1],y €[0,r],y € X,b > 0.

. (y(t,v)) = ,t€[0,1],y € [0,m],y € X,

According to Hille-Yosida Theorem ||G(t)|| = [|T(t)|| = S.

In Example (3.1.6) we showed that The System (3.21) satisfies the conditions
H2, H3 and H4.

For every u(+) € Lp(J, U) of the form u(t) = Yoz, us(t)ys, define

0

Bu(®) = ) (6}

s=1

where

1
0  0<t<l-—

~ S
u,(t) = 1 :
us(t) 1—5—2StS1

So ||Bul| < ||lu()||. Therefore B is a bounded linear operator from Ly (J, U) into
X.

Now we shall prove The Condition H6. Consider the corresponding linear

system of The System (3.21) as follows:

11 1
‘DZ3y,(t) + s?y,(t) = U,(t), 1-S<t<1

SZ
Ay(t) = q:(y(tD)),
Let p(+) be arbitrary element in L,,(J, X) and k € X defined as

1
k= (= P Ap(D) + G | (1= 1,1 = D).
0
Assume that p(t) =X, p;(t)y, and K =X, ksy,, Where k,=
[} e 00 p()dg
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we can choose the control function

252
1—e2

1
u.(t) = kse‘sz(l_t), 1-— =) <t<l1,

then

1
(1 - p)A,Bu(l) + poAZ j (1 - ©)° 1L, (1 — §)Bu(E)de
0

1 (0e]
= (1= A BU() + pE [ (1= 9Ly (1= ) ) Ty df
0 s=1
= (1~ p)A Bu()

;e 0y dg

1 (00]
Fp | (1-DULA-0) T
s=1

1
= k= (1— p)A,p(1) + pA2 j (1= O° 1L, (1 - Op)de.
0

Therefore, the first part of Condition H6 is hold.

Now,

® 1

1Bu(O)]? < Z |l

s=1 s2
1 434 5
_ z.f _ Y p2p-25P(-t) gy
1 _ =22 S
s=1 1_5_2 (1 € )
B i 252
= -

1 1
_ 1_8_22(1—(3—252)[ 15 (6)|2dt
s=1 0

2

dt

—52(1—1:)

1—(3‘2

< I3
<= lr0l
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Therefore, the Condition H6 holds.

If
D=n |IE‘1||+—1 M +1 147 1 +M|<1
- 4 hto 7N i ,
r(3) r(3)
and
_ n
(M + 2[4 17M0) 5=y =5 1B < 1

then The System (3.21) is approximately controllable. |
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Chapter Four
Conclusions and Future Works

4.1 Conclusions

® This work has investigated the controllability for linear System (2.1)
and nonlinear System (2.2) in finite dimensional space. The solutions
were obtained using fractional calculus, Laplace transform, and the
Mittag-Leffler function. The use of the controllable for the linear
system together with sufficient condition on (f(¢t,y(t),u(t)) has
helped us to prove the controllability of System (2.2) via Schauder

Fixed Point Theorem.

® Observability of System (2.15) in finite dimension space R™ has been
investigated in this work. First, we showed that the nonsingularity of
Gramian observability matrix W,, is a necessary and sufficient condition
for the linear System (2.15) to be observable. For the linear System (2.15)
to be observable, another condition has been established based on the
rank of the matrix

C
C(pA,A)
e+ 1)

(n—1)! C.(pApA)n_l
F[p(n—1)+1)

One can show that the observability of System (2.15) could be
determined without depends on time t. This is done by constant matrices

A and B only. Two tests for the observability of System (2.15) are
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introduced which them: eigenvector of the matrix 4,4 (eigenvector test),

yC
observability and controllability of System (2.16) (Duality Theorem) is

. [A : : :
and rank the matrix [ P ] An important relationship between the

given. Examples are given for our main results.

® The exact controllability System (3.1) in a Banach space has been
investigated. The mild solutions were obtained using semigroup theory,

fractional calculus, and Laplace transform.

e Sufficient conditions have been established to prove the exact
controllability of the nonlinear system (3.1). It has been proven by
employing the Nussbaum Fixed Point Theorem. To illustrate the main

results, an example was given

® The mild solution of System (3.1) has been proved exist and unique in a

Banach space by employing Banach Fixed Point Theorem.

® [or System (3.1), The approximate controllability was discussed using
the approximate sequence method. The efficacy of our result has been

shown using an example.
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4.2 Future works

We will study:

1. Stability of Hattaf-fractional nonlinear dynamical system in finite

dimensional space.

2. Observability of the AB-fractional linear dynamical systems in banach space.

3. Optimal control of Hattaf-fractional nonlinear control system in Banach

space.
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