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Abstract

Throughout this thesis, many properties of the Mobius function graph
MO are discussed. Also, new graphs called the Mobius Function Graph
Mand M ~tare introduced. More than three ways of determining the prime-
counting function by using these graphs are presented.

Also, some properties of these graphs are proved. Moreover, the
domination number, chromatic number, independence number, and clique
number of these graphs are determined. Additionally, a comparison was
made between the two numbers the domination and independence of these
graphs also. After this, we show that the three graphs M °, Mt,and M 1
constitute a decomposition of the complete graph of order n, where n is the
order of each one of these graphs. So, new graphs are defined depending on
the above decomposition which are called the complement Mobius function
graphs. The first one is the complete Mobius function graphs (M ©)¢which
is the union of two graphs Mobius Function Graph Mt and Mobius Function
Graph M ™1, the second is the complete Mobius function graphs (M1)€
which is the union of two graphs Mobius Function Graph M ° and Mobius
Function Graph M ~1, and the last one is the complete Mobius function
graphs (M ~1)¢ which is union of two graphs Mobius Function Graph M°
and Mobius Function Graph M. For each graph of the three graphs
mentioned above the relationship between this graph with two graphs that
constitute this graph is discussed. Moreover, The cliqgue number,
independence number, and domination number are determined. Also,
compare this numbers with corresponding numbers in two graphs that

constitute this graph. Also, the chromatic number, the Cent (M ic)), and

Per ((M"C)) ; 1=0,1,-1 graphs are founded with some properties.
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Introduction

In all the constantly evolving sides of life, we need number theory to solve
the problems that are related to evolution. The mathematicians create two
major branches of number theory, multiplicative number theory which deals
with the distribution of the primes and Additive Number Theory which is
concerned with the additive structure of the integers.

And as time passes on, it became necessary to introduce analytic number
theory by using mathematical analysis to deal with integers. Number theory
considers one of the cores of pure mathematics. As a part of it, the study of
integers in general " primes in particular” and the integer-valued functions
using the mathematical analysis falls under the brunch "Analytic Number
Theory". Number Theory was initially one of the ancient Greeks' concerns.
Pythagoras's school's mathematicians (500 BC to 300 BC) were interested to
study numbers for their mystical and numerological properties. They
understood the idea of primality and were interested to study the perfect
numbers as well which are defined later. Then, in 1737, the Swiss Euler
presented a relation between the prime numbers and zeta function and With
this relationship, he put forward a theory "Analytic Number Theory" by
using the techniques from mathematical analysis. After one hundred years,
the German mathematician Dirichlet, 1837 published his prime number
theorem which states that: [for any two prime numbers p and q, there are
infinite prime numbers that congruent with p modulo q]. He also used tools
from mathematical analysis in the proof. Chebyshev and Riemann later
played an important role in improving the concepts and theories about prime
numbers. Riemann especially made a breakthrough in analytic math by

conjecting that all non-trivial zeros of the zeta function are on the critical

lineu = % and that is what’s known now by Riemann hypothesis.



It is considered one of the most important open problems because of its role
in different fields of sciences. The Russian Chebyshev, played an important
role in Prime Number Theorem proving and proved Bertrand's postulate
which states that: [for every integer n > 1, there is at least one prime between
n and 2n]. In number theory, we will deal with a number of functions,
including: the mobius function, and link this function from the graph theory
[1].

Graph theory is a branch of discrete mathematics that is of great importance
in solving many complex problems in various fields of science. In 1736, the
cornerstone of the graph theory was laid when Swiss scientist Leonard Euler
published his paper on the problem “Seven Bridges of Konigsberg” where
he drew the first graph. In this sense, graphs are very convenient tools to
convert any subject represented by vertices while the connections between
them are edges. This has opened the way for introducing and publishing
many graphs to solve multiple problems including, computer science and
networking. The graph theory has become rich and interesting because of the
problems that have grown exponentially in recent years which require much
effort and time to solve, but the graph theory was present in solving such
problems. Therefore, the graph theory proved to be an important
mathematical tool. The graph has branched out in applications in almost all
fields of science and engineering that can be used for example, electrical
networks, encryption, wireless communications, image processing,
computer science, especially used for study algorithms and traffic systems.
Its beauty has attracted many researchers to adopt a graph theory to develop
the model with other areas of applied mathematics and a variety of scientific
fields including chemistry, physics, and life sciences. In addition to social
sciences such as business administration, sociology, economics, marketing,
etc... For more information see books [7,23]. There are many topics in the
graph theory such as graphic colors, mutant theory, domination theory, and

numbering diagram. After more than a century of Euler's paper, a new
2



concept was introduced called “Domination”. Where the inspiration was the
nucleus of research activity in recent times due to a variety of criteria that
can descend from the basic definition of domination. Domains of domination
were to answer the question: “what are the minimum pieces (queens
specifically) to control the chessboard”. It is noteworthy that the queen can
move vertically, horizontally and diagonally, De Jaenisch, in 1862,
considered the problem of finding the minimum number of queens that can
be placed on a chessboard so that each square is either 2 occupied by a queen
or can be occupied by the queen. One step, it turns out that five is the
minimum number of queens. Currently, graph theory is one of the most
important tools used in proofs for most sciences, including medical,
engineering, computer, chemistry, physics, and others. Moreover, most
fields in mathematics deal with graph theory to find a new solution or
alternative solution such as fuzzy graphs [4] and [16], topological graph [19],
labeled graph [23], general graphs [18], [22-29], and [33-34], topological
indices graphs [1-2], and others. In this work, the relationship between graph
theory and number theory is introduced. There are many numbers in graph
theory used such as independence, domination, chromatic, and clique. A
subset of the vertex set of a graph is called dominating if each vertex out of
this subset is adjacent to at least one vertex in this subset. The domination
number is a minimum cardinality of a dominating set and is denoted by y (G)
[36]. The independence number denoted by £ (G) is a maximum cardinality
of independent sets. The chromatic number is the smallest number of colors
can assignments to all vertices such that each pair of adjacent vertices have
different color and denoted by y (G) [26].

A clique number is the cardinality of the largest complete subgraph of a
graph G and is denoted by @ (G) [36].

The number theory is an important branch of mathematics where it studied

the properties of most numbers, their relationships and their importance, and

3



suggested a lot of functions that depend on numbers [6-9]. Among these

functions is a Mobius function Which is definition as the following, If

- r i = —— eee —
n= p?lpgz ...p?r, then M'(n) = {( DY, ifay = ay L= Oy }

0, otherwise

Srimitra and et al. [22] defined the Mobius function M (® graph , the vertex
of this graph is the natural number and two vertices u and v are adjacent if
M (uv) = 0 and get many properties of this graph. Omran and et al. [26]
presented the Mobius function M graph , the vertex of this graph is the
natural number and two vertices u and v are adjacent if M (uv) =1 and
discussed various numbers in a graph such as domination, independence,
cligue, number and many properties of this graph. Moreover, Omran and et
al. [28] introduced the Mobius function M1 graph , the vertex of this
graph is the natural number and two vertices u and v are adjacent if
M (uv) = —1 and again discussed the numbers and properties mentioned
above. In this work, two ways are presented to determine the prime-counting
function (r(n)) [23]. Also, the graph Mobius function (M?)€ is initiated,
the vertex of this graph is the natural number and two vertices u and v are
adjacent if M'(uv) = —1 or M (uv) = 1. The important numbers in graph
theory are determined such as domination, independence, and clique
numbers and compare these numbers with numbers obtained in the Mobius
function M and MED and get interesting results . Additionally, the
graphs M, M1, and M~1 are decomposition of the complete graph of
order n is proved. Also, chromatic number, Rad((M°)¢), Diam((M°)¢),
Cent((M°)¢), and Per((M°)¢) are calculated. The reader can be found all
concepts not here in [15] and [14]. For all the following we use MFG as short
to Mobius function graph and the labeled function of vertices is defined as

follows f(v;) = i,Viand S is the set of the isolated vertices in G.



Chapter one

History the basic subjects used in this study is introduced in chapter one.
Furthermore, some basic definitions of graph theory that we will need later
are discussed, as well as some definitions of domination in graphs and forms
of domination parameters used in this work, in addition to a previous study

of some domination types.

e Chapter two

In this chapter, the new concepts entitled “Mobius function graph
Mland M~1and M ” Also, some properties for Mobius function graph
are presented.
Chapter three

In this chapter “Complement the Mobius Function Graph (M )¢,

(M) and (M ~1)¢in Graph Theory” are presented. In addition, some
properties of them are provided and “Comparing the six types of mobius

function graph” are introduced.
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Chapter One Basic Definitions and Concepts

Chapter One

Basic Definitions and Concepts

1.1 Introduction

In this chapter, the relevant definitions, basic concepts, required
background for this thesis are introduced. Two sections in this chapter. The
first section contains some basic definitions and notations of graph theory
that we need in the thesis. the second section gives definition of domination

number with some types and properties of domination number.

1.2 Basic Definitions

The city's people were wondering whether it was possible to pass on
the seven bridges only once and return to the starting point without repeating
any bridge in 1736, Leonard Euler (1707-1783) came up with an answer to
this question, proving that it was not possible to pass on the seven bridges at
exactly the same time Use Euler to answer the question a simple way by
eliminating all the unnecessary features of the city. He drew a picture of the
city where he represented the land b vertices (or points) and bridges by edges
(or lines) as shown in Fig.1.1(c). This mathematical structure is called the
graph. From these simple assets, the theory of graph has grown into a strong
mathematical theory in mathematics and solved many complex life

problems.



Chapter One Basic Definitions and Concepts

. (c)

Figure 1.1: Seven bridges in Kaliningrad (Konigsberg), Russia

In view of the above, there is a need to know the basic concepts of the

graph on which we depend on in thesis.

Definition 1.2.1. [43] A graph G = (V(g), E(@)) or G = (V, E) consists of
two sets V(G) or V, the vertex set of the graph, which is a non-empty set of
elements called vertices (or points) and E(G) or E the edge set of the graph,
which is a possibly empty set of elements called edges (or lines), such that
each edge e in E is assigned as an unordered pair of vertices called the end
vertices of e. A graph G with n vertices and m edges is called a (n, m)

—graph.

Definition1.2.2.[43] A graph G is called undirect graph when the pair
of vertices representing any edge is unordered.
Example 1.2.3. A graph G of 6 vertices and 7 edges such that

V(G) = {1, Vo, V3, V4, Vs, Vs} a set of vertices and

E(G) = {v1Vva, V1Vs, V1Ve, VaV3, VoV, VaVa, VsVe} a Set of edge of a graph G

or E(G) ={ey, e, €3, €4, €5, €6, €7} .



Chapter One Basic Definitions and Concepts

/
G: //'f"z - \
e, \\85
ey/ \33 \
AR W\

AN
/ V3 €7 Vs \
ve /S v
6 5

€q

Figure 1.2: (6,7) —graph.
Definition 1.2.4 [6] The order of G is n = |V(G)| and the size of G is

m =| E(G)|. In Fig 1.2, order and size of G is 6 and 7 respectively.

Definition 1.2.5 [6] A graph G is trivial if a vertex set of G is a

singleton and its contains no edges.

Definition 1.2.6 [43] A finite graph is a graph that has finite number of
vertices and finite number of edges. Otherwise, a graph is called infinite

graph.

Definition 1.2.7 [20] If two vertices of a graph are joined by an edge

then these vertices are called adjacent vertices.

Definition 1.2.8 [20] If two or more edges of a graph have a common

vertex then these edges are called adjacent edges. Note that if e = vu is an
edge of G, then e is incident to u and we also say that u and v are the

endpoints of e.

Definition 1.2.9 [24] The open neighborhood N(v) of the vertex v

consists of the set vertices adjacent to v, that is, N(v) ={u € V: vu € E}, and
the closed neighborhood of v is N[v] = N(v) U {v}.

In Fig.1.2, N (v1) = { V2, V5, Vg} and N[vi] = { v, V2, Vs, V6 } .



Chapter One Basic Definitions and Concepts

Definition 1.2.10 [20] The degree of a vertex v in a graph G, denoted by

deg(v) is the number of edges incident with v. For example, in Fig.1.2,
deg(vi) =3 i.e. deg(v) = |N(V)|.

Definition 1.2.11 [40] The maximum degree of a graph G, denoted by
A(G) is the maximum value among the degrees of all the vertices of G, i.e.,
A(G) = max yey(g) deg(v) .

Similarly, we define the minimum degree of a graph G and denote it by
6(G), i.e., 6(G) = min ,ey(g) deg(v). In Fig.1.2, A(G) = 3 and 6(G) = 2.

Definition 1.2.12 [6] A vertex of degree 0 is an isolated vertex of G, A

vertex of degree 1 is called a pendant vertex of G (or end-vertex or leaf),

and the unique edge of G incident to such a vertex of G is a pendant edge

of G.

Definition 1.2.13 [43] If for some positive integer k, deg(v) = k

for every vertex v of the graph G, then G is called k-regular.

Definition 1.2.14 [40] A loop is an edge whose end-vertices are the

same.

Definition 1.2.15 [40] Multiple edges are edges with the same pair of

end vertices.

Example 1.2.16 In Fig.1.3 show loops and multiple edge where the

edges e; and e; are loops, while the edges e; and e, are multiple edges.

10



Chapter One Basic Definitions and Concepts

Figure 1.3: A graph has loops and multiple edges.

Definition 1.2.17 [43] Simple graph is undirected graph without loops

and multiple edges. In other words, simple graph is a pair G = (V, E) where

V is an arbitrary set and E is a set of unordered pairs of distinct elements

from V.

Definition 1.2.18 [9] A u — v walk W in G is a sequence of vertices in G

beginning with u and ending at v such that consecutive vertices in the

sequence are adjacent.

Definition 1.2.19 [9] A u — v walk in a graph in which no vertices are

repeated is a u — v path and denoted by B, .

Definition 1.2.20 [40] A cycle graph is one that is obtained by joining

the two end-vertices of a path graph. Thus, the degree of each vertex of a
cycle graph is two. A cycle graph with n vertices is often denoted by C,,.

11
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AT

3 1 5 [

Figure 1.4: Cycle graphs C5, Cy, Cs and Cy.

Definition 1.2.21 [40] Let G; = (V4, E1) and G, = (V», E;) be two graphs
The union of G; and G,, denoted by G; U G, is another graph G = (V, E)
whose vertex set V =V; U V, and edge set E =E ; U E,. (See Fig.1.5).

Definition 1.2.22 [24] The join G = G; + G, where G; and G are disjoint

graphs is a graph which has a vertex set V(G) = V(G;) U V(G;) and edge
set E(G) = E(G1) UE(Gy) U {uv:u e V(Gy), Vv EeV(G)}

(See Fig. 1.5).
G, G, G, UG, G, + G,

Figure 1.5: The union and join two graphs G1 and Ga.
Definition 1.2.23 [9] A graph G is complete if every two distinct vertices
of G are adjacent. A complete graph of order n is denoted by K. (Fig.1.6

(show complete graph wheren =1, ... ,5).

12



Chapter One Basic Definitions and Concepts

Figure 1.6: Complete graphs K, K, K5, K, and K.

Definition 1.2.24 [24] A graph G is connected if for every pair u, v of

vertices there exist a u — v path, otherwise, G is disconnected.

Definition 1.2.25 [43] A graph H is a subgraph of G if every vertex of

H is a vertex of G, and every edges of H is an edge of G. In other words,
V(H) € V(G) and E(H) < E(G).

Definition 1.2.26 [20] A spanning subgraph is a subgraph containing

all the vertices of G.

Definition 1.2.27 [6] A subgraph H of G is said to be an induced

subgraph of G if each edge of G having its ends in V(H) is also an edge of
H. Such H is denoted by G[H] also denoted by {H) G or simply by (H).

Example 1.2.28: In Fig.1.8 we show types of subgraphs of a graph G

such that G; and G; are induced subgraph, while G; and G4 are spanning

subgraph and Gs is subgraph but neither induced nor spanning subgraph.

13
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Figure 1.7: G; Subgraph, G;,Gs induced subgraph and Gs,G, spanning subgraph.

Definition 1.2.29 [20] The complement G¢ of a graph G also has V(G)

as its vertex set, but two vertices are adjacent in G€ if and only if they are

not adjacent in G. (For example, see Fig.1.8)

Ce Cs°

Figure 1.8: A cycle graph and its complement.

14



Chapter One Basic Definitions and Concepts

Definition 1.2.30 [43] If E = @, in a graph G (V, E) then such a graph

without any edges is called a null graph and denoted by N,, with n vertices.

(An example can be seen in Fig.1.9).

Figure 1.9: Null graph of K6.

Definition 1.2.31 [6] A connected graph without cycles is defined as a
tree.

S Ry

Figure 1.10: Some tree graphs.

Definition 1.2.32 [24] Foragraph G = (V, E), aset S € V is independent

if no two vertices in S are adjacent.

Definition 1.2.33 [43] A graph G = (V(g), E(g)) is said to be connected if

there is a path between every pair of its vertices. A graph which is not a
connected is called a disconnected graph and every part is called component

(as an example. See Figure 1.11).

15



Chapter One Basic Definitions and Concepts

N A

Figure 1.11: Disconnected graph with two components.

Definition 1.2.34 [43] A graph G; = (V4, E1) is said to be isomorphic to

the graph G, = (V», E,) if there is a one-to-one correspondence between the

vertex sets V; and V, and a one-to-one correspondence between the edge
sets E; and E; in such a way that if e; is an edge with end vertices u; and u;
in G; then the corresponding edge e; in G, has its end vertices v; and v; in
G, which corresponds to u; and up, respectively. Such a pair of
correspondence is called a graph isomorphism and denoted by (G; = G,).
(see Fig.1.12) .

Y
“‘H\ - N *fz- ¢ '}"f'?ﬂ - I“:gé' |
\ / w4 I/K/ x,\\ \;\~ IIII/
O O 5 \.-"b \&/
G:l GZ GE

Figure 1.12: Three isomorphic graphs.
Definition 1.2.35 [9]. For a connected graph G, we define the distance

between two vertices u and v is the smallest length of any u — v path in G

and is denoted by d (u, v).

16
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Definition 1.2.36 [9]. The eccentricity e(v) of a vertex v of a connected
graph G is the number max,ey () - That is, e(v) is the distance between v

and a vertex furthest from v.

Definition 1.2.37 [9]. The diameter of G denoted diam(G), is the

maximum distance among all pairs of vertices in G.

Definition 1.2.38 [9]. The radius of G denoted rad(G), is the minimum

eccentricity among the vertices of G.

Definition 1.2.39 [9]. A vertex v is a central vertex if e(v) = rad G and

the center Cen(G) is the subgraph of G induced by its central vertices.

Definition 1.2.40 [9]. A vertex v is a peripheral vertex if e(v) diam G,
while the periphery Per(G) is the subgraph of G induced by its peripheral

vertices.

1.3. Domination in Graph Theory

The origin of the idea of domination in the graph started from the problem
of the five queens in the chessboard game. In 1850, several chess players

were interested in the minimum number of queen or is attacked by a

describes how to determine the minimum number of queen. This problem
gueens placed on the chessboard so that all chess boxes are controlled by
the dominant queens recall that a queen can move any number of squares
horizontally, vertically, or diagonally on the chessboard. (as shown

Fig.1.13).

17
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Figure 1.13: Five Queen problem.

Definition 1.3.1 [24] A set D € V of vertices in a graph G = (V, E) is

called a dominating set if every vertex v € V is either an element of D or is

adjacent to an element of D.

Definition 1.3.2 [24] A dominating set D is called a minimal dominating

set if has proper subset D c D is dominating set.

Definition 1.3.3 [24] The domination number y(G) of a graph G equals

the minimum cardinality of a set of minimal dominating set of G. Such a set
is called the y —set of G.

Example 1.3.4. In the following Figure

Figure 1.14: Domination number of graph G.

18
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D1 = {4, Vs, v7} is minimal dominating set of G.

D, = {v1, V3, Vg, Vs} IS minimal dominating set of G.

D3 = {Vva, V4, Vs, V7} is not minimal dominating set of G.
y(G) = 3.

Definition1.3.5 [24]. The maximum cardinality of all independent sets is

called the independence number of the graph G and denoted by B(G)
(Haynes et al.,1998). et al., 1998).

Definition1.3.6 [20]. The chromatic number of a vertex- coloring of G
Is an assignment of colors to all its vertices such that all pairs of adjacent
vertices are assigned different colors., denoted by x(G) is the smallest
number colors necessary for coloring G  (Brooks,1941).

Definition1.3.7 [24]. The order of largest complete (each vertex in it is
adjacent to all other vertices in it) subgraph of a graph G is called the clique

number, denoted by @ (G) .

Definition1.3.8 [7]. Let n be a positive integer. if a and b are integers, then

a is said to be congruent to b modulo n, which is written a=b (mod n), if n

divides(a—b). we call n the modulus of the congruence.

Definition1.3.9 [18]. Let X be a non-negative real number. The Gauss'®

function m(x) is defined to be the number of primes not exceeding x. i.e.
m(x) = [{P: Pis prime,2 <P <x}|.

Theorem 1.3.10[42]. (The Fundamental Theorem of Mathematics)
Every integer number n except 0, +1 is the product of primes. This prime
factorization is unique.

Note that. For all definitions in this thesis we define the labeling function
by: f(vi)=1 ,i=1,....n.
19
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Definition1.3.11 [31]. The Mobius function defined on n>1, where
n=pP,*pP,%, P =TIk, Piv

(—Dkifal = a2 = - = ak = 1;

S0, M :{
0, M(n) 0, otherwise.

®* M(n) =1, if nis a square free positive integer with an even number of
prime factors.

®* M(n) = -1, if nis a square free positive integer with an odd number of
prime factors.
M(n) = 0, if n has a squared prime factor.

From the table, we notice the mobius function:

N 1 2 3 4 5 6 7 8 9 10 |11 |12 |13 |14 | 15

M(n) 1 -1 (-1 1|0 -1 )1 -1 |0 0 1 -1 |0 -1 1 1

20
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Chapter Two SOME PROPERTIES OF MOBIUS FUNCTION GRAPH

Chapter Two
Analytic the Mobius Function Graph M©® in Graph
Theory
In this chapter, we improve the work of previous researchers of the

Mobius Function Graph M (@ is introduced. Three ways of determining the
prime-counting function by using this graph are presented. Also, some
properties of this function are proved. Moreover, the domination number,
independence number, chromatic number, and cliqgue number for the graph
of Mobius function for ‘0°, G (M,,)®, which has the vertex set as the set of
first n natural numbers and any two vertices a, b are adjacent if the value of
Mobius function M ( ab) = 0.

Finally, the relationship between the domination number and the

independence number is discussed.
Definition 2.1. Let G be a graph then G is called M Graph if

contain all vertices of G, v;, v; € V and the two vertices v;, and

v; are adjacent iff M(ij) = 0.

Theorem 2. 1.1. If G is a Mobius function graph M (), then
B(G)=n(n)+1 .

Proof. Let S = {v,; p is prime number} U {v,}, itis clear that the vertex

v, IS not adjacent to all other vertices in the set S. Also, let u and v be any
two different vertices in the set S such that these vertices not equal to the

vertex v;. Thus, there are two different prime numbers p and q such that

u = v, and v = v,. Itis obvious that M (pq) # 0, so the vertex v, is not
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adjacent to the vertex v,, so f(G) = |S|. Letv; € S, then i is not prime and

not equal to one, so there is at least two prime p, and p, suchthat p;p, is

a factor of i. Thus, M (ip;) = M (ip,) = 0, so the vertex v, is adjacent to

at least two vertices Vp, and VU, Therefore, the set S is the maximum

independent set and B(G) = |S| = n(n) + 1.

(For example, see Figure 2.1.1).

W1

W11 V2

W10 V3

VT WE

Figure 2.1.1. The Mobius function graph M (9 of order 12.
Red represents |S| , Green represent even number |NZ| .

Theorem 2.1.2. The clique number to Mobius function graph M © s
w(G) = N + |S|whereS ={a; p*\a,a > 1suchthat a € N}' }.
Proof. Ifabe N2, then
a= 2K, and b=2K,, K, K, € Z+ — {0}
So, ab = 4K, K, = 22K, K, Then M (ab) = 0 So ais adjacenttob
Now if b € {a: p*\a,a > 1} So p*\b, Thus b is adjacent to all other

vertices Then the induced subgraph H = {v;;i € S} is a complete graph, so
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@w(G) = |H|. Now, let v; € H, then j is an odd number and there is no p®

such that p*\j, @ > 1. Thus, the vertex v; is not adjacent to the vertex v, at

least. Therefore, the set H is the independent set with maximum cardinality
(for example, see Figure 2.1.1), and w(G) = |H| = [N} + |S].
Proposition 2.1.3. If G is a non-trivial Mobius function graph M
then x(G) = w(G) .

Proof. According to Theorem 2.1.2, the clique number is equal to
INZ*| + |S|where S = {a; p*\a,a > 1suchthata & N!' } ,sow(G)is
needed to color the largest subgraph isomorphic to complete graph of order
o (G).

Proposition 2.1.4.[25]. let G be a Mobius function graph M (©)

of order n < 4, then:
1) graph G is connected otherwise G is disconnected.

2) the graph G is isomorphic to null graph of order n, if n < 3.

Theorem?2.1.5.[25]. A graph M © jsatree ifn=4orn="5.

Theorem 2.1.6.[25]. The domination number of M (@is

n, ifn<3
V(M(O))z{L if n>3

proposition 2.1.7. let G be a Mobius function graph M ® and
w, v € MO then M (u.v) = M (w). M (v).

Proof. Let G be a Mobius function graph M© and u,v e M©® |
g.c.d(u,v) =1, then if M'(u) = M (v) = 0 then
u=IM,p5i>1forsomeiandv = H};lpj;j > 1 for some j, thenitis

obvious that M (u.v) = 0 = M (u). M (v).
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Theorem 2.1.8. let G be a Mobius function graph M (®) and non-trivial,
then
DRG)+y(G)<n ,andB(G)+y(G) =nifn=4

2)y(G6) < B(G).

Proof. 1) According to Theorems 2.1.1 and 2.1.6, the result is obtained
when n < 3. Moreover, if n = 4. Then B(G) +y(G) =3+ 1 =4 =n.
Now, if n > 4, then S(G) + y(G) = m(n) + 2 > n. Thus, the result is

obtained.

2) From Theorem 2.1.6 and Proposition 2.1.4(2), the graph G is isomorphic
to null graph of order n, if n < 3, s0 y(G) = B(G). Now, if n > 4, then
y(G) = 1, according to Theorem 2.1.6, thus y(G) < B(G). Therefore, the

result is obtained.

From two cases above, the proof is done.

Theorem 2.1.9.[25]. For a graph G(u'?), the radius,

0, n<3
Rad(Ge ) ={,” 12

Theorem 2.1.10.[25]. For a graph G(u'?), the diameter,

. 00, n<3
Diam((G(uy™)) =1, r >,

2.2 SOME PROPERTIES OF MOBIUS FUNCTION
GRAPHM @

In this section, a new graph is called the mobius function graph m® is
introduced. In Section 2.2 some properties of mobius function graph are
presented. Three ways of determining the prime-counting function by using
this graph are presented. Also, some properties of this graph are proved.
Moreover, the domination number, chromatic number, independence

number, and cligue number of this graph are determined. Finally, a
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comparison was made between the two numbers the domination and

independence.

Definition 2.2.1. Let G be a graph then G is called M® Graph if
contain all vertices of G, v;, v; € V and the two vertices v;, and
v; are adjacent iff M (ij) = 1.

Theorem 2.2.2. If G is a Mobius function graph M®, then

n(n)=deg (vy) +1—|{u: u = M, Pikisodd; Pi # 2Vi} |where P,

are distinct primes numbers and labeled of f (vi) =1.

Proof. If the vertices of a graph take labeled f (vi) =, then the vertex labeled

2 is adjacent to all vertices that have labeled primes number, since

M(2P;) = 1, Vi. Moreover, M ( 2 ITi.,P; ) = 1, where k is odd and P; # 2Vi,
so the vertex labeled 2 is adjacent to all vertices that are labeled with the

form [T, P; , k is odd and P;= 2vi. Thus,
n(n)=deg (v2) +1—|{u: u = NME,Pikisodd; Pi # 2Vi}|

(For example, see Figure 2.2.1).

W (©

Figure 2.2.1. The Mobius function graph M (V) of order 12.

25



Chapter Two SOME PROPERTIES OF MOBIUS FUNCTION GRAPH

Theorem 2.2.3. The clique number to Mobius function graph M @ is
n(n).
Proof. Let v; and v; be any two vertices such that i and j are prime numbers,

then M(ij) = 1 (By definition 2.2.1 and ij means i product j), so the vertex v;

is adjacent to the vertex v;. Thus, the vertices which have prime

numbers constitute an induced subgraph isomorphism to a
complete. Now, suppose that there is a vertex say v, such that is

adjacent to all wvertices mentioned above, then the label of this
vertex must be of the form [J**P; and k is odd greater than one.
Thus, the minimum value of k is three, so take f(v))=P,P,P; , where
Pi,=1,2,3 are prime numbers. can be conclud that this vertex is not
adjacent to the vertices have labeled P;, P,, and P; and this is a
contradiction. Therefore, the cligue number to Mobius function

graph  M® is xw(n). (For example, see figure 2.2.2)

Figure 2.2.2. The clique number to Mobius function graph M (", of order 12.

Proposition 2.2.4. If G is a non-trivial Mobius function graph M @ then
% (G) =7 (n).
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Proof. According to Theorem 2.2.3. the clique number is equal to 7 (n), so
7 (n) color is needed to color the largest subgraph isomorphic to complete
graph of order m (n). The other vertices can be colored by the same color

which is used previously. Thus, ¥ (G) =« (n).

Figure 2.2.3. The chromatic number to Mobius function graph M ™ of order 12.

Proposition 2.2.5. Let G be a Mobius function graph M®, then
1. N (v1) = {vi ; f(v;)) = T& ,P;, k is even}
2. All vertices have labeled that have square prime are isolated vertices.

3. The vertex v is pendant if it is adjacent to the vertex v; and there is a
common prime factor with labeled of other vertices that adjacent to the
vertex v

4. If G is a Mobius function graph M® of order n > 1, then graph G is
disconnected.

Proof. 1. The labeled of the vertex vy is one, so all vertices in the set
{ vi:f(v)=TK,P; k is even } are adjacent to the vertex vi, since
M (1xIE,Pi)=M (IIX,Pi) = 1, where k is even. Thus, the required

statement is obtained.

2. One can be concluded that each vertex that is labeled has a square prime

Is not adjacent to all other vertices by definition of Mobius function. Thus,

the result is getting.
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3. Let the vertex v, be adjacent to the vertex v, then this vertex has labeled

I, P; ;k is even. If there is a vertex that adjacent to the vertex v, say Vs, SO

the label of this vertex is HlePi ; ] is even. If there is no common prime
factor, then the vertex vs is adjacent to the vertex v; otherwise the two
vertices are not adjacent. Therefore, the vertex is a pendant vertex if has
common factor prime with all vertices have a characteristic similar to that of

the vertex vs. Thus, the result is obtained.
4. Three cases are discussed below:

1) If n = 2, then the graph M® is isomorphic to the null graph of order 2,
then the graph M is disconnected.

2) If n = 3, then MW =K, U Ky, so the result is obtained.

3) If n > 4, then the vertex vy is the isolated vertex since it is not a free

square.

Proposition 2.2.6. Let G be a Mobius function graph M of order n.
1, ifn=1;
2, if n=2,3;
Then B(G)=4 3, if n=4,5,6;
INg'| +|S — N'|,if n=7;

S is the set of the isolated vertices in G, and NJ' is the set of even numbers
less than or equal n.

Proof. Two cases appeared as follows:

Case 1. One can conclude the result whenn=1, 2, ..., 6.

Case 2. Let v, be an isolated vertex, then this vertex belongs to all
independent set (1) of G, thus S € | so, B (G) > |S|. Now, if a vertex v, is not

an isolated vertex, so this vertex is free square prime. Let H be the set of
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vertices that labeled even number, let u and v be any two vertices of the set
H, so f (uv) = 2°P,Py,. Therefore, the vertex u is not adjacent to the vertex
V, S0 the set H is independent. Note that S N H# @, then B (G) > |H| + |S —
H|. Again, let u; be a vertex not belonging in the sets S and H, so the labeled

of this vertex is P; TIi_, P; ; P; #2. It is obvious that there is at least one P;

I=1,...rsuch that divides one vertex of the set H, since 2 < P;. Therefore,
P (G)=[H|+[S—H]

Theorem 2.2. 7. let G be a Mobius function graph M @ of order n, then

1,ifn=1
y(MD) =1 2,if n=23
|S| + 2, otherwise

Proof.

Depending on the number of vertices four cases are discussed as the

following.
Case 1. If n = 1, then it is obvious that y (M ®) = 1.

Case 2. If n =2, then the Mobius function graph is isomorphic to null graph
of order 2, then y (M W) = 2,

Case 3. If n = 3, then Mobius function graph is isomorphic to graph
(K2 U Ky) and y (MW) =2,

Case 4. If n > 4, then let S be the set of all i1solated vertices, then the set S
contains in each dominating set. So, the remained vertices have non-square

prime factor and these vertices have two kinds as the following:

Subcases 1. The vertices of the form IIi_;Pi where r is even, all these

vertices are adjacent to the vertex v; according to proposition 2.2.5(1).
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Subcases 2. The vertices of the form II7_, Pi where s is odd, all these vertices

are adjacent to the vertex v, according to Theorem 2.2.2. From all cases

above, the result is obtained (as an example, see Figure

2.2.4).

Figure 2.2.4: The domination number of M ( of order 24.

Proposition 2.2.8. Let G be a mobius function graph M ® and

uve M® g.c.d(u,v) =1 Then M (u.v) =MU)M(V).

Proof. Let G be a Mobius function graph M and u,v € MY, g.c.d (u, v) =
1. Then four cases are appeared as the following:

Case 1. If M(u) = M(v) = 1, then u = TI{_, Pi and v =II;_, P; , where rand s
are even number, so u.v =II{_, Pi [I;_, Pi =II3Z7 Piand it is obvious that s+r

IS even, since g.c.d (u, v) = 1. Thus, M(u.v) = 1 = M(U)M(Vv).
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Case 2. If M(u) = 1 and M(v) = —1, then u =II;_, Pi; s is even and

v =IIT_; Pi;risodd, then uv=II{_, Pi IT]_; Pi =TIz} Piand it is obvious

that s + r is odd, since g.c.d (u, v) = 1. Thus,
M(u.v) = —1 =M(u).M(v).
Case 3. If M(u) = —1 and M(v) = —1, thenu=1II{_, P; ; s is odd and

v =II7_; P; risodd, thenu.v =II7_, PiII7_; Pi=TI;% Piand it is obvious

that s + ris even, since g.c.d (u, v) = 1. Thus, M(u.v) = 1 = M(u).M(v)

Case 4. If there is factor prime Pi® ; oi > 1 is divided the labeled of at least
one vertex from two vertices u or v say u, then M(u) = 0. Now, the factor
prime Pi% is divided the labeled of the product of two vertices u and v. Thus,

M (u.v) =0 = M(u).M(v). From all cases above, the result is done.

Theorem 2.2.9. Let G be a non-trivial Mobius function graph M®, Then
1.B(G)+7(G)=n, Vnexceptn=7.

2.7(G) =B (G).

Proof.
(1) The result is obvious if n = 1, 2, 3 by proposition 2.2.6, and theorem

2.2.7, so there are cases as follows.

1. If n = 4, then the Mobius graph is isomorphic to graph N, U Ky, so this
graph contains two isolated vertices which have labeled 1 and 4 and two
adjacent vertices labeled 2 and 3. Thus, B (G) +y(G)=3+3=6>n=4.

2. If n =5, then the Mobius graph is isomorphic to graph N, U Ks, so this
graph contains two isolated vertices which have labeled 1 and 4 and three
vertices of the graph K3 labeled 2, 3, and 5. Thus, B (G) +y(G)=3+3

=6>n=5.
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3. If n = 6, then the Mobius graph is isomorphic to graph N; U K; U K3, so
this graph contains one isolated vertex which have labeled 4 and three
vertices of the graph Kj that labeled 2, 3 and 5 and two vertices of the graph
K; that labeled 1, 6. Thus, B (G) +y (G)=3+3=6=n.

4. If n =7, then the Mobius graph is isomorphic to graph N1U Kyu Ky, so

this graph contains one isolated vertex which have labeled 4 and four

vertices of the graph K, that labeled 2, 3, 5 and 7 and two vertices of the
graph K; that labeled 1, 6. Thus, B (G) +y(G)=3+3=6<n.

5.Ifn>7,then B (G) +y(G)= [N +|S—NZ+|S|+2=|S|+ [N+
INe"|+|S|+2=2|N£|+|S|+2:2[%J+|s|+23n,

(1) can be conclude easily that the inequality is correct when
n=1,2,...,6.50,vn>7,v(G)=|S|+2 <|S|+ N} +|S—N|=PB(G).

Thus, the required statement is obtained.

2.3 Some Properties of Mobius Function Graph
MED

In this section, a new graph is called the Mobius Function Graph
MED s introduced. Three ways of determining the prime-counting
function by using this graph are presented. Also, some properties of this
function are proved. Moreover, the domination, independence, chromatic,
and cligue number of this graph are determined. Finally, the relationship

between the domination number and the independence number is discussed.

number are determined. Finally, the relationship between the independence

with the domination number is obtained.
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Definition 2.3.1. Let G be a graph then G is called M1 Graph

if contain all vertices of G, v;, v; € V and the two vertices v,
and v; are adjacent iff M (ij) = —1.

Theorem 2.3.2. If G is a Mobius function graph M 1, then

n(n) = deg(vy) — |{u:u =X, P, kisodd k>1 }|,

where P; are distinct primes numbers and labeled of f(v;) = i.

Proof. If the vertices of a graph G take labeled f(v;) = i, then the vertex
v, Is adjacent to all vertices that have labeled primes number, since
f(Vy.V;) = f(V;) = i = P, and P; is prime number Vj ,So M(P;) = -1,
Moreover, M (TI/Z, P;) = —1 , where k is odd , 5o the vertex v, is adjacent

to all vertices that are labeled with the form H};lPi; k is odd. Thus,
n(n) = deg(vy) — [{u:u =T, P,k is odd ;k > 1} |

(For example, see Figure 2.3.1).

Figure 2.3.1. The Mobius function graph M ) of order 12.
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Theorem 2.3.3. The Mobius function graph a2 is a free triangle.

Proof.
Let v,, v,,and v4 are any three vertices, then there are two Cases as follows:

Case 1. If g.c.d(vi,vj) # 1, then there is a prime factor common with
different two vertices vi,and v; say P;, so P? is divided f(vivj). Thus, the
vertex v; IS not adjacent to the vertex v;, so there is no triangle between the
three vertices mentioned above.

Case 2. If g.c.d(v;,v; ) = 1V i#), s0 f(v))=nily P, f(v;) =nj_,P;, and
f(vg)=m) -, P, Thus, each one of k,s,or w is odd or even, so there are at
least two of them are odd or even. In each cases, the product of these numbers
is even length and the Mobius of this number is 1. Therefore, these vertices
are not adjacent and then there is no triangle.

From the two cases above, the required is obtained.

Corollary 2.3.4. The clique number of the Mobius function graph M -V

of order n; n>2 is 2.

Proof. It is obvious that the Mobius function graph M <1 is not isomorphic

to the null graph, so the clique number is greater than or equal to two.
According to theorem 2.3.3, this graph is a free triangle. Thus, the clique

number is equal to two.
Proposition 2.3.5. If G is a non-travail Mobius function graph M1,
then x(G) = 2.

Proof. According to Corollary 2.3.4, the clique number is equal to 2 each

two adjacent vertices can be two different colors.
Proposition 2.3.6. let G be a Mobius function graph M1, then

1) All vertices have labeled not free square prime are isolated vertices.
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2) G isdisconnected if n > 4 otherwise, the graph G is connected.

Proof. Letf (V) =i,s0
1) can be conclude that each vertex that is labeled has a square prime is
not adjacent to all other vertices by definition of Mobius function.
Thus, the result is getting.
2) if n=4 thenf(V,) =4 = 22, thus the vertex V, is not adjacent to
all other vertices in the Mobius function graph M D s
disconnected. Now, if n< 3, it is obvious that the Mobius function

graph M1 s connected. Therefore, the result is obtained.

Corollary 2.3.7. the Mobius function graph M of order n is tree if
and only if n< 3.

Proposition 2.3.8. let G be a Mobius function graph M <V of order n,
then

(1, if n=2
Z+1  ifn=134
G) =
A& <[§]+1, if n =56,
ISUS;|, vn =7

\
where S is the set of the isolated vertices in G and S; ={ ] ,p; .k is odd}

Proof.
There are two cases as follows:

Casel. One can conclude easily the result when n=1, 2,...,6.
Case2. If n = 7, then let V. be an isolated vertex, so this vertex belongs to
all independent set (1) of G, thus Sc I so, S(G) = |S|.Now if a vertex V.

Is not an isolated vertex, so this vertex is free square prime.

Chapter Two SOME PROPERTIES OF MOBIUS FUNCTION GRAPH
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Let S; ={[1,p; , k is odd}, let u and v be any two vertices of the set S; ,
so there are two subcases as the follows.

Subcase 1. If g.c.d(f(v),f(u)) # 1, M (F(uw)f(v)=P?rX , p;,. Therefore the
vertex u is not adjacent to the vertex v .

Subcase 2. If g.c.d(f(v),f(u))= 1, M (F(u)f(v))=r ,p;, K is even , so
MEwf(v) =1 .

Therefore the vertex u is not adjacent to the vertex v .

Thus, the set S; is an independent set depending on the above two
subcases. Note that SN S; = @, then B(G) = S; U S. Now, if there is a
vertex w; We¢ S; U S, so

M(f(w)) =k p;, kiseventhen vz € S; US; g.cd(f(w), f(2))=1,
M (f(wi(v)) = -1,

So, the vertex w is adjacent to the vertex z. Thus, the set S; U S is the

maximum independent and the result is obtained.

Theorem 2.3.9. let G be a Mobius function graph M -V of order n,
then

1, ifn=123
y(mrEv) =14 2, if n=4,5
2+1S], ifn=6

S is the set of isolated vertices.

Proof. Depending on the number of vertices three cases are discussed as the

following.

Case 1. If n = 1,2,3 then it is obvious that y(M ) = 1.
Case2.l1fn=4,5

Then the vertex V; is dominates all other vertices except the vertex V4, since

this vertex is isolated. thus y(M V) = 2.
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Case 3. If n= 6 , then three subcases depend on the factorization of the

numbera< n as:

Subcase 1. If there is P*,a > 1 as a factor of a, then the vertex of labeled

a is isolated. Let S be the set of all isolated vertices. Thus y (M) > |S|

Subcase 2. If there is no P{*; a > 1 as a factor of a, then a can be written as

the form m¥_, p; again there are two subcases as follows.

1) If k is odd, then all vertices of this form are adjacent to the vertex vy, since
f (w2) f(va) =y pi.

1) If k is even, then let ps be the largest prime number less than or equal n,
so all vertices of this form is adjacent to the vertex of labeled ps , since
fWf( va) = psmi_, pi = nkXl p; . Thus, all vertices in this case are
dominated by only two vertices. Therefore, according to case 1 and case 2,

y (MED)=2+S| (as an example, see Figure 2.3.2).

Figure 2.3.2. The domination number of M 1 of order 24
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Proposition 2.3.10. Assume that G is a Mobius function graph MY and
u, veE M, g.c.d (u,v) =1, then M(u. v) = M(u).M(v).

Proof. Let G be a Mobius function graph M and u, v € MY,

g.c.d (u, v) =1, then four cases are appeared as bellow.

Case 1. If M (u) = M (v) =—1 thenu =II;_; Piand v = II_; Pi, where
rand s are odd number, so u. v =IT;_; PiIll_; Pi =TI’ Pi and itis obvious
that s + r is even, since g. c. d (u, v) = 1. Thus,

M@u.v)y=1=M (u). M (v).

Case 2. If M (u) =1and M (v) =—1, thenu=1I}_; P;; s is even and
V=IIj_, Pi;risodd, thenu.v=TI7_, P;II;_; P;=TI3I] P; and itis obvious
that s + r is odd, since g. c. d (u, v) = 1. Thus,

M (u.v)=—-1=M (u). M (v).

Case 3. If M (u) =1and M (v) =1, thenu =T1I;_, P;; s is even and
V=IIj_, Pi;riseven,thenu v=1;_, P II[_; P =T3Z7 P; anditis
obvious that s + r is even, since g. c. d (u, v) = 1. Thus,

M@uv)=1=M (u). M (v).

Case 4. If there is factor prime P ; ai > 1 is divided the labeled of at least
one vertex from two vertices u and v say u, then M (u) = 0. Now, the factor
prime Pi «ai is divided the labeled of the product of two vertices u and v.

Thus, M (u. v) =0 =M (u). M (v). According to cases above, the proof is

done.
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Theorem 2.3.11. Assume that G is a Mobius function graph M €V and
non-trivial, then

1) B(G) + y(G) >n, Vnexceptn=17.

2) v(G) < B(G).

Proof. 1) Two cases depend on n are classifications as follows.

Case 1. If 1 <n <6, then one can easily conclude the result.

Case 2. If n > 7, then according to Theorem 2.3.9, y(M™)=2uU |S]|

and by Proposition 2.3.8, f(G) = |S U S1 |, where S is the isolated
vertices setin G and S1={ n{;lPi , kis odd }. Thus,
B(G)+y(G)=2+|S|+|SUS1|=2+2|S|+|S1],s0pB(G)+y(G)=2n.

2) One can be concluded easily that the inequality is correct when
n=1,2,.,6.50,vn>7, y(G)=|S|+2<|SUS1|=pL(G). Thus, the result
is obtained.

Proposition 2.3.12. let G be a Mobius function graph M ¢ and non-
trivial, then
1) The radius, Rad(G(¢{ ) = {1 " =

3
oo, n>3"

and the Cent (G (M,E_l) )) is isomorphic to K; graph, if n <3
. ) ~Mm—1;n < 3,
I1) The diameter, Diam(G) = { o n > 3 and the

Per(G) is isomorphic to K, , N, graph, if n = 2,3 respectively.

Proof.

)] If n < 3, it is obvious that Rad(G) = 1 and Cent(G)is isomorphic to
Ki. Now, if n > 3, then graph G contains an isolated vertex, so graph
G is disconnected. Thus, Rad(G) = .

1) Three cases are classification as follows.
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Case 1. If n =2, then G = K, and Diam(G) =1, so Per(G) = K.

Case 2. If n = 3, then G = P; and Diam(G) = 2, so Per(G) = N..

Case 3. if n > 3, then the graph G contains an isolated vertex, so the graph G

is disconnected. Thus, Daim(G) = .
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chapter Three Complement the three types of mobius function graph in Graph Theory

Chapter Three

3.1 Complement the Mobius Function Graph (MO)C
In Graph Theory

The purpose of this chapter is introduced new graphs which are called
the complete of Mobius Function Graph (M °)¢, (M1)€, and (M1)€ . The
relationship between these graphs are discussed. Moreover, the clique
number, independence number, domination number are determined for all
these graphs. Additionally, compare the results of these graphs (M "),i =

0,1, —1 with its complement. Also, the chromatic number, the Cent((M%)),
and Per((M1)°) graphs are founded with some properties.

3.2 Main results.

Proposition 3.2.1 Let G be a graph of order n, then the graphs

MO M1, and M~ are decomposition of complete graph of order n.

Proof.
Let e;; be an edge that joint the two vertices v; and v;, then

1) If e; EE(MO)NEM™Yor e; € EMM°)NEM™), then e €
E(M?), this means ij has a square prime factor. Moreover, the

edge e;; € E(M') ore;; € E(M 1), in each cases ij is a free square prime
factor and this is a contradiction. Thus,
EMONEMYH)=EM)NnEM™) =0.

2) If e e E(MY) NE(M™Y), then e;; € M, this means M (v;v;) =
l'[}‘zle, k is even and e;; € M ™1, this means M(vivj) = H]kzle, k is odd

and this is a contradiction. Thus, E(MY) n E(M 1) = @.
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3) let e;; be any edge in the graph G, then ij take three options according to
the definition of MFG. The first option that ij has a square prime factor so

this edge belongs to the MFG M °. The second option that ij has a free square

prime factor so there are two cases as follows.

Case 1. If ij can be written as the form H}‘zle, k is even, then the edge e;;

belong to the MFG M1,

Case 2. If ij can be written as the form H}‘zle, k is odd, then the edge e;;
belong to the MFG M~t. Thus, E(MO)YUEWMYHUEWM™Y) =E(K,)
(for example, see Figure 3.2.1)

Therefore, depending of all cases above, the result is obtained. o

va vl
V6 v3
V5 vi
A

C

Figure 3.2.1. MFG M© (A), M@ (B), and MV (C)
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Corollary 3.2.2.

1) (M) =mtum L,

) (MY =mOumt,

(M He=mtumo.

Theorem 3.2.3. Assume that G is the MFG (M )¢, then

w(G) =n(n) + 1.

Proof. Take any two vertices v; and v; such that i and j are prime

numbers, so M (ij) = 1, thus these vertices are adjacent. Therefore, the set

of vertices that have prime numbers labeled make an induced subgraph
which isomorphic to a complete graph, so @ (G) = m(n). Moreover, the
vertex of labeled one is adjacent to all vertices mentioned above, so

w(G) = m(n) + 1. let v, be any other vertex that adjacent to all vertices

mentioned above, so there are at least two prime numbers say p and g such
that r = pq. Thus, this vertex not adjacent to two vertices v, and v, and
this is a contradiction (as an example, see Figure 3.2.2). Therefore,
w(G)=nm(n)+1.o

< |/
e

Figure 3.2.2. The MFG (M )¢ of order 16, Blue represent M ~1 Black represent M1
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Proposition 3.2.4. Assume that G is a non-trivial MFG(M %)¢, M2,

and M1, then

) w(M°)) #w(M) +w(M™H)

2) w(M*) < w((M)°).

Dw(M™Y) =w((M°) ifn = 1,2, otherwise w( M ™1) < @ ((M)°),

Proof. According to Theorem 2.2.3, Corollary 2.3.3, and Theorem 3.2.3,
the proof is done. o

Proposition 3.2.5. If G isa MFG (M °)¢ is non-trivial, then
x(G) =n(n) + 1.

Proof. Depending on Theorem 3.2.3, w((M°)¢) = n(n) + 1, then

m(n) + 1 colors which are needed to color the vertices of the largest
subgraph that isomorphic to complete graph of order =(n) + 1. By the same
colors that used previously, we can color the remain vertices. Thus, y(G) =

n(n)+ 1. o

Proposition 3.2.6. Assume that G is a MFG (M )¢ of order n, then

1) Each vertex has labeled not free square prime is an isolated vertex.

2) Assume that G isa MFG (M °)¢ of order n > 4, then MFG (M °)¢ is
disconnected, otherwise, the MFG (M °)¢ is connected.

Proof. Letf (v;) =1i,s0

1) It is obvious that every vertex has a square prime factor is an isolated
depending on the definition of MFG (M °)¢. Thus, the result is obtained.

2) if n =4, thenf(v,) =4 =22, thus the vertex v, is not adjacent to
all other vertices in the (M °)¢, so this graph is disconnected. Now, if

n< 3, it is obvious that the (M °)¢ is connected. Therefore, the result is

obtained. o
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Proposition 3.2.7. Assume that G is a MFG (M) of order n, then
1 ifn=1
0yc) — ’
BUMT)) = {INe"I +|S — NJ!'|, otherwise’
Proof. Two cases depending on the order of the MFG (M °)¢ are discussed
as follows:
Case 1. If n = 1, then B((M)¢) = 1.

Case 2. Consider u,v € N}, so f(uv) = 22P,P,. Therefore, the two

vertices u and v are not adjacent, then the set N/!'is an independent, so
B(G) = |N}t|. Each vertex in the set S belong to every independent set. Note
that S N NG # 0,50 B(G) = |NG| +|S — NZt|. Again, letu; € S,NJ', so
the labeled of this vertex is f(u;) = PII;_, P;, P; # 2 . It is clear that there
Is at least one P;,i = 1,...,r such that P; divides one of the labeled of a

vertex in the set Ng', since 2 < P; (as an example, see Figure 3.2.3).

Therefore, B((M0)¢) = [N} +|S — NI|. o

Figure 3.2.3. MFG(M 9)¢, red represent independence number and isolated, Green
represent even number
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Proposition3.2.8. Assume that G is a non-trivial MFG(M %)<, ML,

and M1, then

1) BUMO)) # (M) + (M)

2) B((MO)) = p(mY) if n = 2,3,4,5, otherwise B((M)C) = p(MD).
3) B((M°)) < (M)

4) (M) = p(Mm~Y) if n = 1,2, otherwise B((M)) = (M ~1).
5) B((M°)) < p(M~1).

Proof.
(1-4) are straightforward from Proposition 2.3.7 and Proposition 3.2.7.

There are two cases as follows.

Case 1. If n =1,2,...,6, it is obvious by using the Proposition 2.3.7, and
Proposition 3.2.7.

Case 2. If n > 7, then B((M®)°) = [N} +|S— NP = |SUNE| =

|IS| + I[N} —S|and (M) =|SuS;|=|S|+]S;[,sinceSNnS, =@
Since [N — S| < 1S |, then B(M)S) < p(M™D). o

Proposition 3.2.9. Assume that G isa MFG (M) of order n, then
y(MO)E =S| +1.
Proof.

Each an isolated vertex belongs to every dominating set, so
y(M)° > |S|. The vertex v, is adjacent to all vertices which are not
isolated. Thus, y(M %) =|S| + 1.0

Proposition 3.2.10. Assume that G is a MFG (M%), M, and M~ ,
then

D) y((M®)°) #yMY) +y(M™H).

2)y((M2)) <y and y(MO)9) < y(M ™).

Proof. It is straightforward from Theorem 2.2.7, Theorem 2.3.8, and

proposition 3.2.9. o
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Proposition 3.2.11. Assume that G is a MFG (M °)¢ of order n;n > 4,
then |S| = EJ —1,ifn=49and|S| < EJ — 2 otherwise.

Proof.
Two cases are discussed as follows:
Case 1. If n = 4,9, then when n = 4, the only isolated vertex is v, and when

n = 9 there are three isolated vertices v,, vg, and vq, S0 for each value of
n

this case, |S| = IEJ - 1.
Case 2. If n> 10, then |S| < EJ — 2 by induction .

Thus, according to two above results, the required is obtained. o

Theorem 3.2.12. Assume that G is a MFG (M °)¢ of order n and non-
trivial, then

1) B(G) +¥(G) <nifn#24 and B(G) +¥(G) = nifn=2,4.

2)y(G) = B(G).

Proof.
1)Two cases deepened on n are classifications as follows:

Case 1: if 1< n < 4 , then one can easily conclude the result.

Case 2: if n>5, then according to theorem 3.2.9, y(M%)¢ = |S| + 1,
and by proposition 3.2.7, B(G) = [N} +|S — NI = |S| +|N} — S|
where S is the isolated vertices set in G and NJ' is the even number thus,
B(G)+vy(G) =|S| + N} — S| +|S] +1 = 2|S| + [N} — S| +1 <n ,s0
B(G) + y(G) < n.depending on the two cases above, the result is obtained.
2) it is obvious that this is true whenn=1,....,6 .so, Vn = 7,

v(G)=|S| + 1< |N} +|S — NI =B(G) . thus, the result is obtained. o

Theorem 3.2.13. Assume that G be a MFG (M °)¢ of order n and non-
trivial, then

Chapter Three Complement the three types of mobius function graph in Graph Theory
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1) deg(v;) =n—|S|.
2) deg(v,) = n — |S| — 1, where p is prime number such that p > g

Proof.
Let v,,, be any not isolated vertex, then m can be written free square of prime

factors this means m = II'_; P;, then

1) The two vertices v, and v, are adjacent to all m. Moreover, the vertex
v, 1S Not adjacent to other vertices since these vertices are isolated. Thus,
deg(v;) =n—|S|.

2) By the same manner in (1), the vertex wv, is adjacent to all vertices not

isolated except itself, so deg(v,) =n—|S| — 1.

(as an example, see Figure 3.2.4). o

™ T F,

f - — .'I Voo

f \::_ .'I -".\_ 4
N\I‘?

Figure 3.2.4. blue represent degv: , Bing represent prime number > g

Red represents independence number.
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Proposition 3.2.14. Assume that G isa MFG (M °)¢ of ordernand u, v €
(M%), g.c.d(u,v) = 1, then M (u.v) = M (u). M (v).

Proof. Three cases are discussed as follows:

Case 1. u,v € M@ then by Proposition 2.2.8, the result is obtained.

Case 2. If u, v € M1, then by Proposition 2.3.9, the result is obtained.
Case3. Ifue MW and v e MV then M'(v) =1 and M (v) = —1, s0
u=1II;_,P;siseven and V= erzlPi; ris odd, thus u.v=
M;_, PII[_, P; = T P; and itis clear that s + r is odd, since g. c.d(u, v) =
1. Thus, M (u.v) = =1 = M (u). M (v).

Case 4. Ifu € MV and v € M, then in the same manner in case 3, the
result is obtained.

Thus, according to two above results, the required is obtained. o
Proposition 3.2.15. Assume that G isa MFG (M )¢ of order n and non-

trivial, then the radius,

a0 ~ iamoeoy ~ (1 3

and the Cent((M°)¢) and Per((M°)¢) are isomorphic to K,, graph,
ifn < 3.
Proof.

Two cases depend on n are discussed as follows.

Casel.If n < 4,then (M°)¢ = K,,, thus Rad((M °)¢) = Diam((M°)°) =
1 and Cent((M9)¢) = Per(M°)°) = K,,.

Case 2. If n = 4, then the graph contains at least one an isolated vertex, so
the graph is disconnected. Thus, Rad((M°)¢) = Diam((M°)¢) = oo.

Thus, according to two above results, the required is obtained. o
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3.3 Complement the Mobius Function Graph (Mm1)°
in Graph Theory
Theorem 3.3.1. Assume that G is the MFG (M1)€,
then @w(G) =7;r=|N*U{n;:in; =p* mymeZt —{0}}|

Proof.

If v; ,v; € N7, then M (ij) = 0, so these vertices are adjacent.
Thus, @(G) = |N?|. Let S; = {n;:n; = p?> m,m € Z } and let
ny € §1, so the vertex v, is adjacent to all other vertices in the

graph G. Therefore, the vertices of the set NI U S;is isomorphic

to the complete graph and, @w(G) = |N; U S,|. Letj &€ N} U S,

then index of the vertex v; is written as j € Ny — S;. Now, for
each vertex in NI say v, such that g.c.d(t,j) = 1, M (tj) = —1, then
the vertex v; dose not adjacent to all vertices of the form as the vertex v,.

Thus, the set NJ* U Sis the maximum set such that the induced subgraph
of it isomorphic to complete graph (as an example, see Figure 3.3.1)

and w(G) =[NP U S¢]. o
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U
T ——

Figure 3.3.1. The MFG (M1)€ of order 16.

Proposition 3.3.2. Assume that G is a non-trivial MFG(M 1)<, M©,
and M ~1 then
Da((MH) oM +w(M™1)

) w(M®) = a((M1))
Yw(M™) <w((MH°) .

Proof. According to Theorem 2.1.2, Corollary 2.3.3, and Theorem 3.3.1, the

proof is done. o

Proposition 3.3.3. If G isa MFG (M1)€ is non-trivial, then
x(6) = |N2U {ny:ny =p? mmeZ* —{0}} |
Proof:
Depending on Theorem 3.3.1, w((M1)¢) =

N}UnNing =p?m,me

7T —{0} | then |[N* Uny:ng, = p?m,m € Z* — {0} |.colors which
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are needed to colors the vertices of the largest subgraph that isomorphic to
complete graph of order [N Un,:n; = p?m,m € Zt — {0} |.by the
same colors that used previously, we can colors the remain vertices. Thus,
x(G) =

Proposition 3.3.4. Assume that G is a MFG (M1)€ of order n, then

NP U {niing =p? mmeZt —{0}}] o

MFG (M1)€ is connected.

Proof. There are two cases as follows.

Case 1. If n = 1,2,3, then the result is clear.

Case 2. If n > 4, then the vertex v, is adjacent to all other vertices.

Thus, the graph G is connected. o

Proposition 3.3.5. Assume that G isa MFG (M1)€ of order n, then
1 ,ifn=1
1\¢) —
LM )_{n(n), if n>2

Proof.
Case 1. If n = 1, then it is obvious that B((M1)¢) = 1.

Case 2. If n = 2, then let S be the set of all prime number, Therefore, any
two vertices u and v of the set S are not adjacent, then the set S is an
independent, so B(G) = m(n) (as an example, see Figure 3.3.2). Now,
suppose that w is any labeled of the vertex such that w is not prime, so there
are at least two primes number say p and q such that w = pq. The vertex w

Is adjacent to two vertices that labeled p and g. Therefore,

(M) =n(n). o
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Figure 3.3.2. The MFG (M1)€ of order 16, red represent independence number.

Proposition 3.3.6. Assume that G is a non-trivial MFG(M1)¢, M9,
and M~ then

1) (M) # M) + B(M™H).

2) (M) < p(M®).

3) (M) < pr).

Proof.
(1-3) are straightforward from Proposition 2.3.7, and Proposition 3.3.5. o

Proposition 3.3.7. Assume that G be a MFG (M1)€ of order n, then
y(MhHe = 1.

Proof. If n= 1,2,3, one can be concluded that the result is obtained.
Otherwise, the vertex v, is adjacent to all other vertices. Thus, y(M1)¢ = 1.
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Proposition 3.3.8. Assume that G isa MFG (M1)¢, M°, and M1, then
Dy(MYH) #yMO) +y(M™H).

2) y(MH)°) < y(M®) and y (M) < y(M1).

Proof. It is straightforward from Theorem 2.2.7, Theorem 2.3.8, and
proposition 3.4.7. o

Theorem 3.3.9. Assume that G is a MFG (M1)€ of order n and non-
trivial, then

DRG)+y(G)>nifn=1, B(G)+y(G) =nifn=23,and
BG)+y(G) < nifn=>4

2) y(G) < B(G).

Proof. 1)

There are three cases as follows.

Case 1. If n=1, then B(G) =y(G) =1,s0 B(G) +y(G) > n.

Case 2.

1) If n=2, then B(G) =1,y(G) = 1,50 B(G) +y(G) =n.
I Ifn=3,then B(G) =2,y(G) =1,s50 B(G) +y(G) =n.
Case 3. Ififn = 4, then B(G) +y(G) =mp + 1 <n.

From all cases above the result is obtained.
2) For each graph .

: : 1 ,ifn=1
Thus, the result is obtained. y(G) =1 < {n(n) ifn=2 = B(G)

From all cases above, the proof is done. o
Theorem 3.3.10. Assume that G is a MFG (M1)€ of order n and non-

trivial, then deg(v,) =n — |H{‘=1Pi ,k is even | .

Proof.
Let v, be any vertex, then m can be written even number this means
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m = [I*_, P; , k is even, then the two vertices v; and v, are adjacent to all
m. Moreover, the vertex v,,is even number not adjacent to other vertices
since these vertices. Thus, deg(v,) = n — |1, P; , k is even| . o
Proposition 3.3.11. Assume that G be a MFG (M1)¢ of order n and
u,v € (MH°, g.c.d(u,v) = 1, then M (u.v) # M (u). M (v).

Proof. Three cases are discussed as follows:

Case 1. u, v € M then by Proposition 2.1.7, the result is obtained.

Case 2. If u,v € M1, then by Proposition 2.3.10 , the result is obtained.
Case 3. Ifu e M@ and v € MY, then M'(w) = 0 and M (v) = —1, s0
v =1IIj_1P;; 7 is odd, thus, and it is clear that M (w.v) # M (w). M (v) . o
Proposition 3.3.12. Assume that G isa MFG (M1)€ of order n and non-

trivial, then the radius, Rad((M1)¢) =1, Vn

1, ifn=2
2, n=3

and the Cent((M1)¢) and Per((M1)¢) are isomorphic to K,, graph, if

n = 3.

Diam((M1)°) = {

Proof.
Two cases depend on n are discussed as follows.
Casel. If n=2 then MYH° =K, thus Rad((M1)°)=

1,Diam((M1)¢) = 1 and Cent((M1)¢) = Per((M1)°) = K,,.
Case 2. If n = 3, Thus, Rad((M°)°) = 1, Diam((M°)°) = 2.

Thus, according to two above results, the required is obtained. o
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3.4 Complement the Mobius Function Graph (M‘l)c
in Graph Theory

Theorem 3.4.1. Assume that G is the MFG (M1)€,
then @w(G) = n(p) + |{v,; p*is a factor of m and p is a prime}|.
Proof.

Take any two vertices v; and v; such that i and j are prime numbers, so
M (ij) = 1, thus these vertices are adjacent, thus w(G) = m(p). Let v; be a
vertex such that i € {v,,; p? is a factor of m and p is a prime}. It is
clear that M (ij) = 0, V], so the vertex v; is adjacent to all other vertices.
Thus, @ (G) = n(p) + |{v,,; p? is a factor of m and p is a prime}|.
Now, let v, be any vertex not belonging to the sets that mentioned above, so,
t € {Il’.,P; ,k > 1}. Thus, for each prime number say different from
primesintheset{P;;i = 1, ..., k} suchthat k + 1 isan odd the vertex v, dose
not adjacent to the vertex vp . (As an example, see Figure 3.4.1.). Therefore,

the result is obtained. o
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Figure 3.4.1. The MFG( M ~1)¢ of order 16.

Proposition 3.4.2. Assume that G is a non-trivial MFG(M ~1)¢, M°,
and M'* then

Da((M D)) oM +o(M?)

2) w(M°) =w((M)°)

Jw(MH) <w((M)°) .

Proof. According to Theorem 2.1.2, Theorem 2.2.3, and Theorem 3.4.1, the
proof is done. o

Proposition 3.4.3. If G isa MFG ( M ~1)¢ is non-trivial, then

x(G) = [{v,,; p?is a factor of mand p is a prime}|.

Proposition 3.4.4. Assume that G isa MFG ( M ~1)¢ of order n, then

poey =f,H0 =0

2,o0therwise
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Proof.
Case 1. If n = 1, then it is obvious that p((M~1)¢) = 1.

Case 2. If n = 2,...,5 then let S = {v;,v,}, where p is prime number less
than or equal n. The set S is independent and it is maximal, since each vertex
of prime number is adjacent with the vertex v,, and the vertex v, is adjacent

to all other vertices. Thus, (M 1)) = 2.

Case 3. If n > 6 then let S = {vs,v¢}, it is obvious that the set S is
independent. The vertex v, is adjacent to v, so we cannot add this vertex to
the set S. The labeled of other vertices (m) were of three forms:

I) If m has a factor as square prime, then the vertex v,, is adjacent to all other
vertices, thus v,, & S.

I1) If m has a free factor as square prime, then there are two types as follows:
a) If m =l Pi,k is odd, then the vertex v,, is adjacent to the vertex vs,
thusv,, € S.

b) If m =X ,Pi,kis even, then the vertex v, is adjacent to the vertex
Ve, thus v, € S.

Thus, the set S is maximal independent and g((M ~1)¢) = 2.

From all cases above, the result is obtained. o

Proposition 3.4.5. Assume that G is a non-trivial MFG(M ~1)¢, MO,
and Mt then

1) BU(M™HE) # B(MO°) + (M ).

2) BU(MH)) < p(MO).

3) BU(M™H)) = p(Mm™).

Proof.

(1-3) are straightforward from Theorem 2.1.1 , Proposition 2.2.6 . o
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Proposition 3.4.6. Assume that G isa MFG (M ~1)¢ of order n, then
2, ifn=273
_1 Cc __ ) )
yMT)E = {1, if otherwise

Proof: There are two cases as follows.

Case 1. If n = 2,3, then it is obvious that y(M ~1)¢ = 2.

Case 2. There are two subcases

Subcase 1. If n = 1, then it is clear that y (M 1) = 1.

Subcase 2. If n > 4, then the vertex v, is adjacent to all other vertices, so
y(M) =1.

From all cases above, the result is obtained. o

Proposition 3.4.7. Assume that G isa MFG (M1)¢, M°, and M1, then
Dy((M=HE) #y(M) +y(MH).

2)y((M~H) <y and y((M 1)) =y(MH).
Proof. It is straightforward from Theorem 2.1.6, Theorem 2.2.7, and

proposition 3.4.6. o

Theorem 3.4.8. Assume that G is a MFG (M ~1)¢ of order n and non-
trivial, then

DRG)+y(G)>nifn<3and B(G)+y(G) <nifn>3
2) y(G) # B(G).

Proof.
1) There are two cases as follows.

Case 1. If n < 3, according to Proposition 3.4.6 and Proposition 3.4.4, the
result is clear.
Case 2. Ifn > 3,then B(G)+y(G)=1+2<n

2) There is no
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2) From proof of (1), the result is obtained.

From two cases above, the result is obtained. o

Theorem 3.4.9. Assume that G is a MFG (M ~1)¢ of order n and non-

trivial, then deg(v,) = n — |7TZ‘=1P1' Jkis 0dd| .

Proof.

Let v, be any not prime number then m can be written square of prime
factors this means m = H}‘=1Pj, then
The two vertices v, and v,, are adjacent to all m. Moreover, the vertex v, is
not adjacent to prime number since these vertices are isolated. Thus,

deg(v,) =n—|nl,Pi, kisodd|. o

Proposition 3.4.10. Assume that G is a MFG (M ~1)¢ of order n and
u,v € (M1, g.c.d(u,v) =1, then M (u.v) = M (u). M (v).

Proof. Three cases are discussed as follows:

Case 1. u, v € M then by Proposition 2.1.7, the result is obtained.
Case 2. If u, v € M1, then by Proposition 2.3.9, the result is obtained.
Case 3. Ifu e M@ and v € MY, then M'(u) = 0 and M (v) = —1, s0
v =1I;_,P; 7 is odd, thus, and it is clear that M (u.v) # M (w). M (v) . o

Proposition 3.4.11. Assume that G isa MFG (M ~1)¢ of order n and non-

trivial, then the radius,

e e

and the Cent((M ~1)¢) and Per((M ~1)¢) are isomorphic to K,, graph, if

n> 2.
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Proof.

Two cases depend on n are discussed as follows.

Case 1. If n < 2, then the graph is disconnected, thus Rad((M~1)¢) =
Diam((M~1)¢) = co.

Case 2. If n > 2, Thus, Rad((M 1)) = Diam((M~1)°) = 1.

and Cent((M 1)) = Per((M~1)°) = K,

Thus, according to two above results, the required is obtained. o
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3.5 Comparing the six types of mobius function graph
in Graph Theory

Through the previous result that we obtained from the study of six types
mobius function graph M (@ mobius function graph M, and mobius
function graph MEY,  MFG (M%) , MFG (MY and
MFG (M ~1)¢ through which we can compare the six types for each of their
properties, as follows:

The following table shows the calculation of each of the properties that
previously studied in each graphs

MO MO m D (wmoe, (Meand (M1)°.

Property | O M QD M (D
m(n) B(G) -1 deg(v2) +1-{w:u = n(n) = deg(vy)
N, P, kisodd; P; # 2Vi} —{wu=
¥, P, kisodd k> 1}
y(G) {n ifn<3 lifn=1 1 ifn=1223
1, ifn>3 { 2,if n=2,3 } 2 ifn=45
|S| + 2, otherwise 2+ |Slifn=6
B(G) Ty + 1 L ifn=1 ([ 1,ifn=2
2, ifn=23 n
3, if n =456 5| +1 ifn=134
NY+|S—NY,n=>7 1 m
|e| | eln [E]-I_l' ifn:5’6, vn
[SUS;| ,vn =7
\
@ (G) INZ| + |S] m(n) n>2 is 2
where
S={a: p\
a,a >
1s.t. a &
Ne'}
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x(G) |E| n(n) 2

U {{p®1}
— E}}

Rad(G) {00, n < | {1 , n<3 1, n<3
1, n> 3 0, n>3 0, n>3

Diam(G) { 0, n<| n—1 n<3
2, n>3m-—1, n<3 () n>4

o, n=4
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Property (M)
r;7r=|N*U{n;:n, =p?> mm n(p)
ID'(G) v €Z* —{0}}| + |{v,,; P2 is a factor of mand p is a prime}|
X(G) IN* U {n;:n; = p? mm n(p)
€Z*—{0}| | + {vy p*isafactor of mandp is a prime}|
1Lifn=1 Lifn=1
'B(G) INZ|+|S — N%|,0.w, {n(n),ifn >2 {2.otherwise
1 2,ifn=23
Y(G) {1 ,otherwise
Deg(v1) n- |k pi, k is even n- |m¥ ,pi, k is odd|
1 o ifn=2
Rad {l,ifn >2
H l,ifn=2 0,if n=2
Diam {2,ifn23 {1,ifn>2
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I) From the above table, we notice that there are six ways to calculate the
prime-counting function from the graph M’ while there is one way in other
graphs. All these ways determined the number of prime numbers less than
or equal fixed natural number n. This is one of the important results that we
obtained, as there is no method or function to calculate this number in an
exact manner, and everyone knows how important the prime numbers are in
most of the calculations. It is possible for the reader to follow the calculations
of all the other properties, through which we know the comparison between

each characteristic in each graph.

The work of the previous researchers was developed in the Mobius
functionM'©, where the independence number, chromatic number, clique
number and domination number were calculated prime number was found
through the graph exactly. We started our new work in the Mobius function
MO MY (MO, (MYHand (M1)°,

where the exact number of the prime number was found and the
relationship between the independence number and the domination number

was calculated.

A comparison table has been made for six types of the Mobius function.
We note from the table that each type of the Mobius function has its
independence in the solution, so this does not mean that it the largest, the

smallest, or the equal is the best solution.
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Conclusions and Future works



4.1 Conclusions

The graph theory is a broad research field, and each time new and
distinct ideas can be added from this work, the following conclusions can be
drawn:

e In this thesis three new ways to determine the prime-counting function by
using a new graph is called the Mobius Function Graph M are given.
Also, some properties of this graph are proved. In addition, the domination,
independence, and clique numbers are calculated, a comparison between

the two numbers the domination and independence is made.

e A new graph is constructed in this work, it is called the Mobius function
graph MDY | According to the obtained result in this work, the
domination, independence, and cligue number are determined. Also, some
properties of this graph are calculated. Moreover, the relation between the
independence number and domination number is discussed.

e New graph is introduced which is called a MFG (M%), In this graph the
domination, independence, clique, and chromatic numbers are determined
and compare with the same numbers in two graphs the MFG M™ and
MFGM D and find the relationship between them. Also, proved that the
graphs M %, M1, and M~ are decomposition of complete graph of order n.
Moreover, the Cent((M°)¢) and Per((M°)¢) are founded.

e New graph is introduced which is called a MFG (M1)¢. In this graph the
domination, independence, clique, and chromatic numbers are determined
and compare with the same numbers in two graphs the MFG M (® and
MFGM D and find the relationship between them. Also, proved that the
graphs M %, M1, and M~ are decomposition of complete graph of order n.
Moreover, the Cent((M1)¢) and Per((M1)¢) are founded.

e New graph is introduced which is called a MFG (M ~1). In this graph the
domination, independence, clique, and chromatic numbers are determined
and compare with the same numbers in two graphs the MFG M™ and
MFGM© and find the relationship between them. Also, proved that the
graphs M% M1, and M~ are decomposition of complete graph of order n.
Moreover, the Cent((M ~1)¢) and Per((M ~1)¢) are founded.
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4.2 Future Works

Future work necessary to:

1.

Find more properties for mobius function graph and its
inverse properties as well as for the domination of the edges

and its inverse.

. . Create a new definition of the mobius function graph by

introducing more conditions and finding all the properties

that are related to it and its inverse.

. The search for the possibility of modified mobius function

graph by inserting the terms of known domination parameters
such as the definition of connected domination, total

domination and independent domination, etc.

. Study mobius function in digraph.

. Apply the definition of inverse mobius function to special

graphs and find their properties.
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