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Abstract

ABTRACT

Approximating function by wusing spectral graph wavelets is an
interesting direction in approximation theory. It opens wide doors to a
new world of function approximation. We essential to well choosing the
space of the functions that are approximated by spectral graph wavelets.
L, spaces of functions are fantastic choices to study It is more interesting
to take the value 0 < p < 1. In this research , new formulas of spectral
graph wavelets were constructed and proved to get good rates of
approximation fundamental properties of L,, graph wavelets transform s
(L, GWT) and studied . Inversion , scaling limit and approximation
wavelets. finally , existence of best approximation can be concluded here

for graph functions.
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Introduction

INTRODUCTION

Wavelets are mathematical functions that cut up data into
different frequency components, and then study each component with a
resolution matched to its scale. Many interesting scientific problems
involve analyzing and manipulating structured data. Such data often
consist of sampled real-valued functions defined on domain sets
themselves having some structure. The simplest such examples can be
described by scalar functions on regular Euclidean spaces, such as time
series data, images or videos. However, many interesting applications
involve data defined on topologically complicated domains. Examples
include data defined on network-like structures, data defined on
manifolds or irregularly shaped domains. Many signal processing
techniques are based on transform methods, where the input data is
represented in a new basis before analysis or processing. One of the most
successful types of transforms in use is wavelet analysis. Wavelets have
proved over the past 25 years to be an exceptionally useful tool for signal
processing. Much of the power of wavelet methods comes from their
ability to simultaneously localize signal content in both space and
frequency. For signals whose primary information content lies in localized
singularities, such as step discontinuities in time series signals or edges in
images, wavelets can provide a much more compact representation than
either the original domain or a transform with global basis elements such

as the Fourier transform.Classical wavelets are constructed by translating




Introduction

and scaling a single “mother” wavelet. The transform coefficients are
then given by the inner products of the input function with these
translated and scaled waveforms.This problem is working in the spectral
graph domain[l1], i.e. using the basis consisting of the eigenfunctions of
the graph Laplacian L.In this research, we introduce a new version of
spectral graph wavelet transform in L, space and study several of its
properties. We also show that in the fine scale limit, for sufficiently
regular g, the wavelets exhibit good localization properties.Numerous
authors have introduced extensions and related transforms for signals on
the plane and higher-dimensional spaces. By taking separable products of
one-dimensional wavelets, one can construct orthogonal families of
wavelets in any dimension [2]. However, this yields wavelets with often
undesirable bias for coordinate axis directions. Additionally, this
approach yields a number of wavelets that is exponential in the
dimension of the space, and is unsuitable for data embedded in spaces of
large dimensionality. Wavelet transforms have also been defined for
certain non-Euclidean manifolds, most notably the sphere [3,4] and other
conic sections [5][6]. Previous authors have explored wavelet transforms
on graphs, albeit via different approaches to those employed in this
paper. Crovella and Kolaczyk [7] defined wavelets on unweighted graphs
for analyzing computer network traffic. Smalter et al. [8] used the graph
wavelets of Crovella and Kolaczyk as part of a larger method for
measuring structural differences between graphs representing chemical
structures, for machine learning of chemical activities for virtual drug

screening.Jansen et al. [9] develop a multiscale scheme for data on graphs
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based on lifting. Their scheme requires distances to be assigned to each
edge, which for their examples are inferred from Euclidean distances
when the graph vertices correspond to irregularly sampled points of
Euclidean space. Murtagh [10] developed a Haar wavelet transform for
rooted binary trees, known as dendrograms. This concept was expanded
upon by Lee et al. [11] who developed the treelet transform,
incorporating automatic construction of hierarchical trees for
multivariate data.Our contribution to this research is through three
chapters. Chapter one includes an introduction to the subject, basic
definitions and paving theories for the birth of approximation of
functions using the waves of the spectral statement. In addition, we
stated the applied origin of the problem as well as the solutions proposed
by the important theories in approximating continuous functions such as
the theorems of existence and uniqueness. Then, we touch on graph
theory because of its importance in our research. In chapter two, we
defined L, Spectral Graph Wavelet Transforms and study their
important characteristics and theorems, to reach finally to the purpose of
the research, that is to approximate functions of the space L, especially

those functions of vertices in chapter three.
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Chapter 1 Introduction and Preliminaries

This present research research of function approximation by wavelets of

spectral graph type needs some preliminaries concluding birth of the
topic, main concepts, theorems, and previous results. In this chapter, we
present the literature review concerning with our work in three hubs, the
first is about approximation theory, the second is about spectral graphs,
and the final is about wavelets. Finally, we link the axes together to focus

on the later results.

1.1. Introduction to Approximation Theory

In 1853, the great Russian mathematician, P.L. Chebyshev, while
working on a problem of linkages, devices which translate the linear
motion of a steam engine into the circular motion of a wheel, considered
the following problem in its primitive forms:

"Given a continuous function f defined on a closed interval [a, b] and a

positive integer n, can we “represent” f by a polynomial p(x) =
Yik=0 ax® of degree at most n, in such a way that the maximum error at
any point X in [a,b] is controlled. In particular, is it possible to
construct p in such a way that the error l?%,lf(x) — p(x)lis
minimized"?[12]
Many questions arose from this problem; Is this construction possible?
How and When ? Is it always unique? Do the continuous functions only
have approximation? What about other spaces? Are Polynomials the
only approximations to all functions?

Actually, some of those questions have got answers while others are still




Chapter 1 Introduction and Preliminaries

being asked. To have a general look about the former results here, we
need to present some notations concerning with this topic,
Definition 1.1.1.[12]
A normed space is a real vector space X ,equipped with a non-negative
real valued function [|-]|, that is for any vectors x,y € X and scalar a €
R, we have
1.|x]| =0, and ||x]| =0 x=0
2. |ax|l = |alllx|
3. lx + yll < [lxll + Iyl
Any norm on X induces a metric or distance function by setting
dist(x,y) = |l x = yll.

Definition 1.1.2.[13]
The L, space for 0 < p < o is given by

L,([a,b]) = {f: [a,b] - R, | f measurable and ||f||,, < 00},
where

N 1/p
Ifll, = {zlf(xz)lp} ,

Note that L, is norm for the case p > 1, but it is not for the case of p <
1, so we give the definition of Quasi-Norm depending on the following
relation,
Theorem 1.1.3.(Quasi-Triangle inequality)[14]
Let 0<p<1 then

llx + yll, < C(llxll, + 1yllp) »

C is anon_negative constant
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Definition 1.1.4.(Quasi-normed Space)[14]

A quasi-norm on a real vector space X is a real- valued function ||| : X —
[0, 00) such that

(1) || x|]| = 0 if and only if x =0,

@) llax|l=lalllxll , aeR, x€X,

3) llx +yll < CAIxll + llylD » x,y € X,

Where C = 1 is a constant independent of x,y € X. The smallest possible
constant C = Cy = 1 is called the quasi-triangle constant of X = (X, || .|}

Theorem 1.1.5.[13]

Let 1<p <o, and let1l < g < oo be defined by
%+%= 1 thatis q=ﬁ then forany a,b = 0 we have

1.Young’s Inequality
1 1
ab < Ea” + —b14

Moreover, equality can only occur if a? = b9. We refer to p and q as

. . e q
conjugate exponents; note that p satisfies p = —— . Please note that the

q-1"
case p = q = 2 vyields the familiar arithmetic-geometric mean inequality.

2.Holder’s Inequality

1,1
I£glls < lifllpliglly when —+-=1

the case p = q = 2 yields the familiar Cauchy-Schwarz inequality.
3. Minkowski’s Inequality

If +gll, < lIfllp + llgll,
The properties in the above theorem are not satisfied for the case

0 < p <1, but equivalently we have
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Theorem 1.1.6.[13]
Let 0<p <1, wehave

1. Quasi-Triangle Inequality

1
=1
If +glly <22 (Ifll, + llglly)

2. Minkowski’s Inequality
If +gll, = lIf1l, + llglly

We are able now to introduce the abstract version of the problem of
approximation as follow,
Definition 1.1.7.[15]
Let Y be a nonempty subset of the space X and let x € X. An element
Yo €Y is called a best approximation, or nearest point, to x fromY if

Ix = wll = d(x,Y),

where d(x,Y) = inf||x — y|[. The number d(x,Y) is called the distance
YEY

from x to Y, or the error in approximating x by Y. The (possibly empty)
set of all best approximations from x to Y is denoted by P,. Thus
Pi= (EY ¢ llx—yll = d(x )}
Existence Theorem 1.1.8.[12]
Let Y be a finite-dimensional subspace of a normed linear space X, and let

x € X. Then, there exists a (not necessarily unique) y* € Y such that
e = y°Il = millx — 1
for ally € Y . That is, there is a best approximation to X by elements of Y

One of the earliest cases of existence of approximation is the following

one that was originally discovered by Weierstrass.




Chapter 1 Introduction and Preliminaries

WEIERSTRASS Theorem 1.1.9.[12]
For each f €(C[a,b], and each positive integer n, there is a (not
necessarily unique) polynomial p, € P, such that
If = pall = minllf = pl
The set Y, has properties given in the following theorem
Theorem 1.1.10.[12]
Let Y be a subspace of a normed linear space X, and let x € X. The set Y,,
consisting of all best approximations to X out of Y, is a bounded, convex
set.
Definition 1.1.11.[15]
Let S € R™. If the line segment between any two points in S liesin S, i.e.,
Ax;+(1—-MDx, €S all A1€[0,1]

then S is said to be convex.

Convex set Nonconvex set

Figure 1.1 Convex set and Nonconvex set

Examples 1.1.12.[15]
1.Any closed ball centered at x with radius r, which is defined by
Blx,r]:=={y €X |lx -yl <7},

Is convex.
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2.Any open ball centered at x with radius r , which is defined by
Bx,r):={yeX llx—yll <},
1S convex.

Definition 1.1.13.[15]

We say that S strictly convex normed linear space if

A#f, All=r, fl=r
then [|Af; + (1 = A)f,ll <r forall A satisfying 0 <1< 1
Uniqueness Theorem 1.1.14.[12]

X has a strictly convex norm if and only if the triangle inequality is strict
on non-parallel vectors; that is, if and only if

x #+ ay,y # ax, forall a €R Then ||x +y| <||lxI|l+ |yl .

Corollary 1.1.15.[12]

If X has a strictly convex norm, then, for any subspace Y of X and any
point x € X, there can be at most one best approximation to x out of ¥ .
That is, Y, is either empty or consists of a single point.

Definition 1.1.16.[12]

The degree of best approximation of the function f € X is given by
Ex(f) = Ex(f) = inflIf — 4l
dey

where @ € Y is a function that is a best approximation of f out of Y.
Example 1.1.17.

consider X = R? under the norms

i G, x) Mo = max{|xq], %213,
i |G, x)ll, = \/(x1)2 + (x3)?,
. ||, x) |l = x| + x5

10
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Approximation of (2,0) from Y = {(1,y)}is theset {(1,y) : —1<y <1}

(2,0)

Figure 1.2 Example in L,

Approximation of (2,0) from Y = {(1,y)} is (1,0)

Y

Figure 1.3 Example in L,
Approximation of (2,0) from Y = {(1,y)}is (1,0)

K

11
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Figure 1.4 Example in L,
1.1.18. Example for C[a, b] [12]

Define C[ a, b | to be the set of continuous functions on [a, b]. We're
interested to get approximations to elements of C[ a,b | by elements of
Y = pp, the subspace of all polynomials of degree at most nin C[ a, b |. p,
is a finite-dimensional subspace of C[ a, b | of dimension exactly n + 1.
Dim(p,) = n + 1 = Dim(R™*D)

Since there is an isometry between p, and R+ (pn = R(n+1))
It follows from the Weierstrass theorem, for example, that each f €
C[a,b] has distance 0 from p but, since not every f €EC[a,b] is a
polynomial, for example, the function f(x) = x sin(1/x) is continuous
on [ 0,1 ] but can’t possibly agree with any polynomial on [ 0,1 ].
Since xsin(i) =x(§—x—13+x—15—---) = (1 —x—12+x—14— )
It does not represent a polynomial.
The key to the problem of polynomial approximation is the fact that each
Pn is finite-dimensional. To see this, it will be most efficient to consider
the abstract setting of finite-dimensional subspaces of arbitrary normed
spaces .
Definition 1.1.19.[16]
We say that {f,,} is uniformly bounded on E i f there exists a number M
such that

()| <M (x€eE,n=123,..).
Sometime, one prefer to improne the degree of approximation .
With the following modeley of continuity . It is a measure of € in the

uniform continuity definition,

12



Chapter 1 Introduction and Preliminaries

1.1.20. Modulus of Continuity [12]

The modulus of continuity of a bounded function f on the interval [ a,b ]
is defined by

ws (8) = wy ([a,b]; 8) = sup{|f(x) — fO)|: x,y € [a,b]|x — y| < &}

for any § > 0.

In the following section, we present some major concepts about graphs,

and spectral graphs as well.

1.2. Spectral Graphs

Definition 1.2.1.[17]

A graph G = (V,E) is a pair (V, E) consisting of a finite non- empty set V
of vertices (called also points, nodes, or just dots), and a finite set E of
edges, where some pair of vertices is connected by one or more edges.
Example 1.2.2.

Here we have a graph G, with vertices V = {a, b, c,d, e, f} and the edges

E = {ej, ey e3,e46€5,64,€7,€5,€9,€10,€11,€12}

€11

Figure 1.5. Graph G,

13



Chapter 1 Introduction and Preliminaries

Definition 1.2.3.[18]
A path is a sequence of edges which joins a sequence of vertices which are
all distinct. In graph G; we have many different paths but we only gave
two examples of paths:

€1 €10€5 €7 , €1€g €7 €64
Definition 1.2.4.[18]
An undirected graph is a graph in which any edges in the graph have no
specific direction. While a directed graph is a graph which any edge in the
graph have a specific direction.
Definition 1.2.5.[18]
A mixed graph is a graph which combines both undirected and directed
properties. Graph in Figure 1.6. is example for mixed graph.
Definition 1.2.6.[19]
Two vertices (v, V,) are adjacent (neighbours) if they are joined by the
same edge e; and the edge e; is said to be incident with the vertices
(v1, v2).
If we take graph G; as example the vertex a in graph G, is neighbour of
four vertices b, c,d, f and D is only neighbour of two vertices a, c.
Definition 1.2.7.[18]
A weighted graph G = {E,V,w} consists of a set of vertices V , a set of
edges E, and a weight function w: E = R¥ which assigns a positive
weight to each edge. We consider here only finite graphs where |V| = N <

O,

14
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Definition 1.2.8.[19]

The degree of a vertex in unweighted graph is the number of edges that
are incident with this vertex. For example, vertex a in graph G; has
degree four and b has degree three.

On the other hand, the degree of a vertex m in a weighted graph, d(m), is

the sum of weights of all the edges incident to it. i.e.

dm) = ) amp

n

Definition 1.2.9.[18]

A loop is an edge which joins one vertex to itself. Example: in graph G,
we have only one loop namely the edge e.

Loops implies nonzero diagonal elements in the adjacency matrix,
(defined later)

Definition 1.2.10.[18]

Parallel edges are two or more different edges which join the same pair of
vertices. Example: In the Graph G; only two pair edges are parallel:
(es,€6)

Definition 1.2.11.[18]

A simple graph is a graph which contains no loops and no parallel edges.
Definition 1.2.12.[19]

A graph is called k-regular if the degree of every vertex is k.

Definition 1.2.13.[19]

We abbreviate d(v;) as d;. The degree matrix D(G), is the diagonal
matrix, D(G) = diag(dy,...,dn).

15



Chapter 1 Introduction and Preliminaries

Example 1.2.14.
Here we have unweighted graph G, (V,E) where V = {v;,v,, V3, v, 5}

and E = {e, e,, e3,e,4,€5, 64,67}

1:1 €1 UZ
€s
e
e, 3 ey Ve
€e
V3 ez Uy

Figure 1.7. Graph G,

For example, for graph G,, we have

/2 000 0\
0 4 0 0 O
D(G,)=|0 0 3 0 0

0 0 0 3 O

0 0 0 0 2

Unless confusion arises, we write D instead of D(G).

Now , consider w: E = {1,3,4,5} whene
w(e) =w(ez) =1
w(e;) = w(e,) =3
w(es) = w(eg) = 4

W(e7) = 5, then

D(Gy) =

co o on
oo o wvwo
oo Voo
ol oo
wo o oo

16



Chapter 1 Introduction and Preliminaries

Definition 1.2.15.[19]
A simple unweighted graph G with vertex set V(G) = {vy ,....,v,} and
edge set E(G) = {eq, .....,e,} can also be described by means of matrices.

One such matrix is the n X n adjacency matrix

1, if e€ E(G)

A(G) = [aij] ,where a;; = {0 Jif e¢ E(G)

} ,Where e = v;v;

Here is the adjacency matrix of a graph G,

/01100\
10 1 1 1
A=|1 1 0 1 0
01 1 0 1
01010

Definition 1.2.16.[19]

The adjacency matrix A for a weighted graph G is the N X N matrix with
entries a,, , where

w(e) if e € E connects vertices m and n

P { ,
mn 0 otherwise

>

Il
cCoO wWRrRo
B WR OR
oCUITO R,RW
Ao UTwo
O O O

Definition 1.2.17.[20]

Every real-valued function f :V — RN on the vertices of the graph G can
be viewed as a vector in RY | where the value of f on each vertex defines
each coordinate. This implies an implicit numbering of the vertices. We
adopt this identification , and will write f € RY for functions on the

vertices of the graph, and f(m) for the value on the m th vertex.

17



Chapter 1 Introduction and Preliminaries

Example f:V >R st fi(m)=i+1 , i=1,....,n
f = (fll fZ' f3' f4! fS) = (21314'516)

Of key importance for our theory is the graph Laplacian operator L,
Definition 1.2.18.[20]

The non-normalized Laplacian is defined as L = D — A. It can be verified
that for any f € RV, L satisfies

L) = D amn (f0) = ()

m-—-n

For example : Graph in Figure 1.7

2 -1 -1 0 0

-1 4 -1 -1 -1
L=D—-A=]-1 -1 3 -1 0
0O -1 -1 3 -1

0 -1 0 -1 2

L—-A=0 , Ly = Ay

Such that, A:eigenvalues and y: eigenvectors
Some authors define and use an alternative, normalized form of the
Laplacian, defined as,
Definition 1.2.19.[20]
The normalized Laplacian matrix is given by

Lnorm — n-1/27 p-1/2 = [ — p~1/2 AD~1/2
It should be noted that £ and L™ are not similar matrices, in
particular their eigenvectors are different. As we shall see in detail later,
both operators may be used to define spectral graph wavelet transforms,
however the resulting transforms will not be equivalent. Unless noted

otherwise we will use the non-normalized form of the Laplacian, however

18
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much of the theory presented in this paper is identical for either choice.
We consider that the selection of the appropriate Laplacian for a
particular problem should depend on the application at hand.

Entries are:

( 1 if i=]

fnorm — % - if i #j and v; is adjacent to v;
k \/deg(vi)deg(vj)

0 otherwise

For example : Graph in Figure 1.7

/ 1 —1//8 —1/V6 0 0 \
~1/V8 1 -1/V12  -1/¥12 -1/V8
Lnormzl_l/\/g _1/\/E 1 _1/3 0
o —1/V12 —-1/3 1 ~1/V6
0 -1/V8 0 -1/V6 1

Definition 1.2.20.[20]

In order to formulate the desired localization result, we must specify a
notion of distance between points m and n on a weighted graph. We will
use the shortest-path distance, i.e. the minimum number of edges for any
paths connecting m and n:

de(m,n) = argmin{k,, ko, ..., ks}

s

st. m=ky , n=ks, and ag ., >0 for 1<r<s

For example : Graph in Figure 1.7
de(,v2) =1, dg(vy,v3) =1, dg(vy, 1) =2, dg(vy,vs) =2
de(z,v1) =1, dg(va,v3) =1, dg(p,vy) =1, dg(vy,v5) =1
de(vs,v1) =1, de(vs,v) =1, de(vz, 1) =1, dg(vs,vs) =2
de(gv1) =2, dg(av) =1, dg(s,v3) =1, dg(vy,vs5) =1

19
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de(s,v1) =2, dg(vs,v5) =1, dg(vs,v3) =2, dg(vs, 1) =1
Note that as we have defined it, d; disregards the values of the edge
weights.
1.3. Wavelets [20]
We first give an overview of the classical continuous wavelet transform
(CWT) for L?(R).
In general, the CWT is generated by the choice of a single “mother”
wavelet ). Wavelets at different locations and spatial scales are formed

by translating and scaling the mother wavelet. We write this by

11ljs,a(x) = %IIJ (x — a)

S

This scaling convention preserves the L' norm of the wavelets. Other
. . . . 2

scaling conventions are common, especially those preserving the L“ norm,

however in our case the L' convention will be more convenient.We

restrict ourselves to positive scales s > 0.

Definition 1.3.1.[20]

For a given signal f , the wavelet coefficient at scale s and location a is

given by the inner product of f with the wavelet 1 4, i.e.

—a

wp ) = | i%w () redx

The CWT may be inverted provided that the wavelet 1 satisfies the

admissibility condition
w
0

This condition implies, for continuously differentiable ¥, that

P(0) = [P(x)dx = 0,

20
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So P must be zero mean. Inversion of the CWT is given by the following

relation [25]

da ds
S

() =% J j Wy (5, Qs o (%)

Translation of the wavelets may be defined through “localizing” the
wavelet operator by applying it to an impulse. Writing

6 (x) = 6(x —a),
We have,

(rs)0) = v (225)

S

For real-valued and even y this reduces to

(T?684)(x) = s (x).
In [21], authors defined spectral graph continuous wavelet Transform , in
the next chapter, we define L, spectral graph wavelet transforms and
study their properties in details. Note that the graph we use in this
research is the simple undirected graph, which implies a symmetric
adjacency matrix . moreover . we consider non-negaitive weights for the

graph .

21
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Chapter Two

Lp Wavelet Transform
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Chapter 2 L,SGWT

In previous Chapter, particularly in section 1.3, continuous wavelet
transform has been introduced in L?>(R)[24]. Now, we define L,,p <1
wavelet transform, for a given function defined on the vertices of a
weighted graph, we need to define Y (sx). For this purpose, we need to go
back to fourier transform to construct a basis for the spectral graph

wavelet transform .

2.1. Graph Fourier Transform

A 21 periodic function f(x) is the sum

ao + Z(ak cos kx + by, sin kx)
k=1

of its fourier series. The coefficients ay, a; and by are calculated by

1 21 1 21
ag = %J f(x)dx, a; = ;J f(x)cos(kx)dx, by
0 0

= %j f(x)sin(kx) dx.[20]
0

As the graph Laplacian L is a real symmetric matrix, it has a complete
set of orthonormal eigenvectors. We denote these by y, for£ =0,...,N —
1, with associated eigenvalues A,

Lxe = Aoxe
As L is symmetric, each of the A,’s are real. For the graph Laplacian, it
can be shown that the eigenvalues are all nonnegative, and that 0

appears as an eigenvalue with multiplicity equal to the number of
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connected components of the graph [25]. Henceforth, we assume the

graph G to be connected, we may thus order the eigenvalues such that
0=2 <A <A, < <Ay,

For any function f € RY defined on the vertices of G, its graph fourier

transform f is defined by

N
f&) = ximfm , £=0,.,N-1
n=1

Where we adopt the convention that the inner product be conjugate-

linear in the first argument. The inverse transform reads as

N-1
f(n) = Zf(f))(g(n), n=1,.. N
=0

2.2. Lp Spectral Graph Wavelet Transform

Lp SGWT can be defined in term of the choice of a kernal function
g: R* = R that satisfies
g(0) =0 and limg(x)=0,
X—00

In particular

Tof (&) = g0 (£) where T, = g(#)

With inverse fourier transform ,

N
Tof () = ) gQDf (Bxe)
£=0

Wavelet at scale t is
Tgt = g(tL)

Applying the above operators at each vertex gives
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l/)t,n = Tgt On»

Now, L, SGWT in Ly, space, with p < 1, is given by

N
Penlm) = D g(EA)x; e (m) I @1
£=0

Where

Yt n: mother wavelet

nm=1,..,N

Ayt eigenvalues

X¢: eigenvectors

g: kernal function

and so we get

N
wp(tm) = (T = ) |9@af@rem [ @2)

£=0

Where
we(t,n): Wavelet Coefficient with f € L,
f: Graph Fourier Transform

(Tgt f ) (n): Inverse Fourier Transform

2.3. Properties of Lp SGWT

In this section, some properties are studied for L, SGWT. We first show

an inverse formula for the transform under admissible condition.
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2.3.1. L, SGWT Inverse

In order for a particular transform to be useful for signal processing, and
not simply signal analysis, it must be possible to reconstruct a signal
corresponding to a given set of transform coefficients.

Theorem 2.3.2.

Suppose that L, SGWT with kernel g satisfies the admissibility condition

[l 4y, <
X
0

and g(0) = 0, then

1
Cy(p)

N-1

[ee] d "
> wiempentm) 5 < fm) = FOx0m)
n=1 0

1 (1 )
= C_go,[ ?ZL: (Z'g(tﬂf)f(f))({’(n)lpZlg(tﬂ{ﬂ))(;,(n)x{ﬂ (m)|p> dt

kD

£2'=0

RO G RO AT IO >dt

e}

1 A
<=2 ;( > l9@a9@0f @xetml” Y xi e () ) at

g % 2.07=0 n

a

Since of orthonormality of the y,, we get

1O [ dt
= W T
9 5=1"0
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<_
g{’

c - 1)|P ) R
@) |3 f lg” <t 197" 1\ 2 orpom) + FO)xe ()

Now, substitute tAd, = u, to simplify

r 2(tA,)|P
jlg (tf)l dt.

Then we get the admissibility condition with A,dt = du,

2 2
f'g @l —J gl dv J|g<u)| P

{’
Since g(0) = 0, and

1« 2p
=> j AT at ) Feoretm)

9 =0

(gt |\ , .
[0 e | Feoratm) + FOxo0m)

C =1
= f(m) = f(0)xo(m) > f(m) = f(0) xo(m)
2.3.3.Localization in small-scale limit
One of the primary motivations for the use of wavelets is that they
provide simultaneous localization in both frequency
and time (or space). It is clear by construction that if the kernel g is
localized in the spectral domain, then the associated spectral graph
wavelets will all be localized in frequency. In order to be able to claim
that the spectral graph wavelets can yield localization in both frequency

and space, however, we must analyze their behavior in the space domain
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more carefully. For the classical wavelets on the real line, the space
localization is readily apparent:

If the mother wavelet ¥ (x) is well localized in the interval [—&, € |, then
the wavelet Y, ,(x) will be well localized within [a —&t,a + €t]. In
particular, in the limit ast - 0, ¥ ,(x) = 0 for x # a. The situation for
the spectral graph wavelets is less straightforward to analyze because the
scaling is defined implicitly in the Fourier domain. We will nonetheless

show that, for g sufficiently regular near 0, the normalized spectral graph

Ve

pi
el

wavelet will vanish on vertices sufficiently far from j in the limit of

fine scales, i.e. as t — 0. This result will provide a quantitative statement
of the localization properties of the spectral graph wavelets.
One simple notion of localization for 1, is given by its value on a distant
vertex m, e.g. we should expect Y n(m) to

be small if n and m are separated, and t is small. Note that

Yenlm) = ) [Benbl” = ) [T48u8m["

In order to transfer the study of the localization property from g to an
approximating polynomial, we need to examine the stability of the
wavelets under perturbations of the generating kernel. This, together
with the Taylor approximation will allow us to examine the localization

properties for integer powers of the Laplacian L.
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Lemma 2.3.4.[20]

Let G be a weighted graph, £ the graph Laplacian (normalized or non-
normalized) and s > 0 an integer. For any two vertices m and n, if
de(m,n) > s then (L%),, = 0.

We now proceed to examining how perturbations in the kernel g affect
the wavelets in the vertex domain. If two kernels g and g are close to
each other in some sense, then the resulting wavelets should be close to
each other. More precisely, we have

Theorem 2.3.5.

Let Yy, =Tf8, and ., =TS, be the wavelets at scale t generated
by the kernels g and g. If |[|g(td) — g (tD)|l, < C(t) for all 1€
[0, Ay_1], then ||en(m) — P (m)”p < C(t,p) for each vertex m.
Proof

First recall (2.1)

Penlm) = ) Ixe (W) g(EA) i () P
4

Thus,

p

D e (Mg 1P = ) lxe (mG(EA i (o) P
4 4

>

£

p

»,P

PN ARCCHEIICHIAD
4

<) ) It My’
4
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< C(tp) ) e (MG 1P
£

< C(t,p)

We prove the final localization result for kernels g which have a zero of
integer multiplicity at the origin. Such kernels can be approximated by a
single monomial for small scales..

Theorem 2.3.6.

Let g € LI;H , g be K+ 1 times continuously differentiable, satisfying
g(0) =0, gM0)=0forall r<K,and g¥(0)=C #0. Assume
that there is some t; > 0 such that ||g(tA)||, < B for all 1 € [0, t;Ay_4].
Then, for §(tA) = (C/K")(tA)X we have

K+1 §+i
_ . <po  /N-1
€(©) = lg(eh) — gDl < Bt
forallt <t .

Proof.
As the first K —1 derivatives of g are zero, Taylor’s formula with

remainder shows, for any values of t and 4,

(tA (tA)k+1
K (K +1)!

For some x* € [0,tA]. Now fix t < t;. For any 4 € [0,Ay_1], we have

K
gD = ¢ 4 gD ()

tl <t;Ay_1, and so the corresponding x* € [0,t;Ay_1], and so
lg(&DIl, < B. This implies

. (A L @pft ¢
lg(tD) — gaDll, < HC o T g&+D (x )—(K O ﬁ(t/1)1<(t/’1)
! ¢ )
tK+1ﬂK+1 tK+1A§t}

B (K + 1)! =B (K + 1)!
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As this holds for all A € [0, Ay_4]

We are now ready to state the complete localization result. Note that due
to the normalization chosen for the wavelets, in general ,,(m) —
0 ast — 0 for all m and n. Thus a non-vacuous statement of localization
must include a renormalization factor in the limit of small scales.
Theorem 2.3.7.

Let G be a weighted graph with Laplacian L. Let g be a kernel satisfying
the hypothesis of Theorem(2.3.6), with constants t; and B. Let m and n
be vertices of G such that d;(m,n) > K. Then there exist constants D

and t, such that

Yen(m) -

———— < Dt
Foeall

forall t < min(ty,t,).
Proof

(K) ~
Set §(A) =22 2¥ and Py, = TES, . We have

_ &) (0
Fonlm) = L2t N | geA e my P = 0

By Lemma (2.3.4) , as ds(m,n) > K. By the results of Theorems
(2.3.5).and (2.3.6).we have

- ANl
Yen(m) = Pun(m) = Peu(m) < 41 7= B (2:3)

Writing
1/Jt,n = 1ljtf,n + (lpt,n - l[}t,n)

and applying the quasi-triangle inequality shows
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|Denll. = ¥en = Penll < Cllwenl (2.4)
p p p
We may directly calculate
(K)
e, = xS s,

and we have from Theorem (2.3.6)

K+1
N—-1

len — l/;t,n”p < mB

These imply together that the L.h.s. of (2.4) is greater than or equal to

3 g% (0) AN
=l = (S 28,0y = Gy

But (2.4) gives
I —
Together with (2.3), this shows

AK+1
Ven(m) _ LK+ D18
(K) 0 AKtl
”‘l’tn” gT!()”['K(S””P_t(KIii)!B
An elementary calculation shows
AK+1 AK+1
&+t 2(K+1)'
(0) K /111\(13 (0) K
If
0
92 exs,
t<C Agﬂl
K+ 18

This implies the desired result with
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/1K+1

N-—1
2K + D1 2K _ g®0) 1£58, I, (K + 1)

D=C and ¢,
g®(0) [ILX 8,1l 2)K+1p

Theorem 2.3.8.
Given a set of scales {tj}le, the set F = {@,}N_, U {l,l)tj’n}le nlil forms

a frame
Alflly < Wyl lIssll, < B,

For any scaling function coefficients S¢ (n), with kernel h and bounds A, B

given by
A =_ min G(4),and
A€[0,AN-1]
B = max G(A),
A€[0,AN-1]
Where
6O = 1A + ) |gt D"
j
Proof

Fix f . Using expression (2.2), we see

N

Iwee ) = weemf”
n=1

N

N

<C ) lgepP|f@| (2.5)
£=0

=2

-1

|9t x.F O

]

)
Il

0

=

Similarly, for any scaling function coefficients S¢ (n), we have
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N
Iyl = Ise.ml”

|h(A)xe)F ()|

Il
NIE

S

N

SCZ
¢

=

1
@A PIf ) (2:6)

=0

Using (2.5) and (2.6), we have

N-1 J N-1
0=c) (lhw)lp + ZIg(t,-M)I”) F@f =c canlfanl
£=0 j=1 £=0

Then by the definition of 4 and B, we have

N-1 N-1
aY @l <e<p ) |f@f
£=0 =0
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Chapter 3 Approximation by L,SGWT

In this chapter , we benefit from the construction of L,SGWT to find a
best approximation of vertex functions out of space of L,SGWT. As the
approximation began with polynomials, we approximate the kernel g
with a polynomial p in a way that leads to the approximation of their
corresponding wavelet operators in L, spaces. The following theorem
shows that the degree of approximation between the two wavelets is at

most the degree of approximation between their generators.

3.1. Polynomial Approximation

Theorem 3.1.1.

Let Ajqx = Ay—1 be any upper bound on the spectrum of L. For fixed t >
0, let P(x) be a polynomial best approximant of g(tx) with degree of
approximation E}, (g), = B for the space of polynomials of degree at most
n. Then the approximate wavelet coefficients We(t,n) = (P(£) f )y

satisfies

lwy (&) = W (e, 0| < CUIfIl
Proof
By using (2.2) we get

lws (&, 0) = Wy ()|

p
= ZIg(maf(e)mmlp - ZIPm)f @Oxem)|”
¢ t p
p
<[> I(g@rd - POD) @[
{ 14
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< C(p)z ” |(g(tlg) — P(/lg))f(f))(#(n)lp”z:

< C(PB”IIfII;

The last step follows from the orthonormality of the y,

3.2.Existence of Best Approximation

In order to approximate vertex functions by wavelets of spectral graph
type, here is a the theorem that confirm the possibility of existence of
best approximation of vertex functions out of the space of L,SGWT,
namely ().

Theorem 3.2.1.

For any f € Lp(RN), the space of N-dimensional Lebesgus, then there

exist wr € ) of the from (2.2) that is generated by a graph G and a kernel

gs.t
I ~wem, <
Proof

Set Wy € (1, with a polynomial P, that satisfies Theorem 3.1.1., so that

lwr = el < C@ISI
Also, set
- &
If =w &l <3

Which is true by 1.1.9., then by Quasi-Triangle Inequality, we get the

desired result

If =weemll, < clllf =wemll, +llw, —wll, |
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&
<Cl5+BIfll,| <&

By choosing the costant B, that satisfies

&

B <
20If 1l

<&
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Conclusion

CONCLUSION

This research studied the best approximation of any function defined on
the vertices of a graph with wavelets of spectral graph type. The
construction of such transforms was considered in terms of Fourier graph
in the space L,. Properties of L,SGWT were studied, such as inversion,

localization and scaling.
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Future Work

FUTURE WORK

We defined L, Spectral Graph Wavelet Transform and got the best
approximation in terms of & . As for future research, we will focus on
improving the degree of approximation based on the continuity modulus,

to get the result
|f —ws (s, n)||p < Cw(f,d)

Also, we can study and prove inverse theorem, in terms of w(f, §), to get

w(f,8) < C||f —wEm)|,
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