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Abstract

In this work, some generalizations of semi-essential semimodule
were introduced. We developed these results by setting appropriate
conditions, and defining new properties, relating to our concept, e.g. (fully
prime semimodule, fully essential semimodule and semi-complement
subsemimodule) such that: if for each nonzero proper subsemimodule of T°-
semimodule W is prime, then W is called fully prime. If every semi-
essential subsemimodule of 7-semimodule W is essential then W is called
fully essential. A prime subsemimodule H of W is called semi-relative
intersection complement (briefly, semi-complement) of subsemimodule V
in W, if YNnH =0 and whenever YNB =0 with B is a prime
subsemimodule in W such that # < B, then H = B.

Also, we studied the concept of semi-extending on semimodules
where (a 7-semimodule W is called semi-extending (briefly, SCS-
semimodule) if for each V < W, then V <,,,, 7, with 7 <® W). Then,
the concept of prime-extending semimodule was studied where (a T-
semimodule W is said to be prime-extending semimodule (PE-
semimodule) if for any 0 =V < W, then V <, B, with B is a prime

direct summand in W).

Finally, if A is a proper subsemimodule of a 7"-semimodule W, then
A is called semi-prime if t € T, € W and t?w € A then tw € A. A
nonzero subsemimodule V of T-semimodule W is said to be J-essential in
WitvnaA=+0forall 0 # A is semi-prime subsemimodule in W and (a
T-semimodule W is said to be J-extending, if for each V < W, then
V <jes H, with H <® W). A semiring T is said to be J-extending if W is

a J-extending T"-semimodule. A nonzero subsemimodule NV of W is called




J-closed in W (briefly V' <, W) if " has no proper J-essential extension

in W. Some interesting results and properties of the new concepts were

obtained.




List of symbols and

abbreviations

Symbol, abbreviation The meaning
T Semiring
w left 7-semimodule
N The set of all natural numbers
N, The set of naturals modulo n
T\E all elements belong to 7" but not to E
N intersection
€ belong to
c Subset
< Subsemimodule or ideal of semiring
< not subsemimodule
= Proper subsemimodule
— Thus, implication
(=) Proof the first direction
(&) Proof the second direction




[B: W]

{teT|tw c B}

(s-P) T-semimodule

all prime subsemimodules are subtractive

rad(W) Intersection all prime subsemimodules in W
anns (W) Left annihilator of W
End(W) A set all endmorphism on W

E(W) injective hull of W
<® direct summand
<e Essential subsemimodule
= e Semi-essential subsemimodule
<Jes J-essential subsemimodule
<c Closed subsemimodule
<stc St-closed subsemimodule
<Jc J-closed subsemimodule

CS-semimodule

Extending semimodule

SCS-semimodule

Semi-extending semimodule

PE-semimodule

Prime-extending semimodule

end of the proof




Introduction

The modules are one of the most important concepts of algebra.
Among these areas is the extending of modules and the demonstration of
new results that have different applications. Extending modules have been
extensively studied by N. V. Dung, D. V. Huyn, P. F. Smith and R.
Wisbauer [15, 1994], as well as in earlier book by S. H. Mohammed and B.
J. Muller [24, 1990].

In [17, 1999], by Golan, the semimodule, which is a class broader than
the class of modules, was studied. When studying semimodules on
semirings which are wider than modules on rings, we found that it has a
long history in terms of building classes, which are important
generalizations of loops, as because of their applications in various fields in
the computer science, physics...etc. and at the same time we notice
important differences between them. Among these differences are the
concepts of prime subsemimodule and semi-essential subsemimodules of

semimodule.

A semiring is a nonempty set together with two operations, addition and
multiplication under some conditions (see, Definition (1.1.1), where a
monoid is a semigroup with identity. As an example, the set of natural
number is a commutative semiring under usual addition and multiplication,
however it is not a ring. A semimodule over semiring is defined similarly

as in module over ring.

Some of the interesting topics semimodules are the prime
subsemimodules, the essential subsemimodules, prime extending
semimodule, semi-essential subsemimodule, semi-extending semimodule

and extending semimodule.
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Let 7 be a semiring, and W a left 7-semimodule. A subset V' of W is
subsemimodule if it is closed under addition and scalar multiplication [17,
1999 p.150]. “A proper submodule B of R-module M is prime if every
r € R,m € M such that rm € B, then either m € B or r € [B: M']” [15,
1994]. In [21, 1982, p.106], Kasch defined essential submodule, where a
nonzero submodule V in R-module M is essential if V N H + 0, with H
IS a nonzero submodule in M. In [23, 2009] Mijbass and Abdullah defined
semi-essential submodule, where a nonzero submodule V in R-module M
Is semi-essential if VN H # 0, with H is a nonzero prime submodule in
M. In [16, 2011], Fall etal., defined semi-essential subsemimodule, “(let
W Dbe a left T-semimodule and V is a subsemimodule of W, then V is said
to be semi-essential in W if for any subsemimodule H of W, H NV =
0 = H = 0)”. While, Pawar in [26, 2013] used the above definition for
essential subsemimodule, and in [27, 2015] defined semi-essential
subsemimodule as follows: “(let V be a subsemimodule of 7"-semimodule
W, then V is said to be semi-essential if V. n B + 0, with B is a non-zero
prime subsemimodule in W)”. In this work, Pawar’s definition for semi-

essential subsemimodule will be taken.

The prime-extending modules was studied in [20, 2011] by Ibrahiem,
where: “an R-module M is called prime-extending module if any nonzero
proper submodule V in M is essential in a prime direct summand of M™.
These concepts will be introduced for a semimodule and some outputs will

be studied on a prime-extending semimodule.

The issue of extending semimodule was also studied by Alhashemi and
Alhossaini, in [7, 2021], “a T-semimodule W is called extending (CS-
semimodule) if any subsemimodule is essential in a direct summand of
W”. In [5, 2015], the concept of St-closed was defined on a submodule as
follow: “let M be an R-module and V' a submodule of M, then IV is

2




called St-closed if it has no proper semi-essential extensions in M. Also,
in [6, 2015], semi-extending modules have been studied, where: “a left -
module W is called semi-extending if each submodule is semi-essential in

a direct summand”.

Through what was mentioned above the researcher chose the topic of a
semi-extending semimodule to transfer some of the results and properties
that were studied on modules to semimodules. The researcher also wanted
in his work to show the relationship between the semi-extending

semimodule and the positions studied by the researchers in [20, 2011].

Throughout this work, 7 denotes a semiring with identity and W is a

unitary left 77-semimodule. This work consists of three chapters.

The first chapter contains three sections. In first the section, some
definitions that we need in this work are mentioned. In section two, some
results about the semi-essential subsemimodule were studied, some of
those results are, if W is a faithful multiplication 7-semimodule, then E' is
a prime ideal of T with W+ EW if and only if EW is a prime
subsemimodule of W. Also, if W is a faithful multiplication T-
semimodule, then V <., W ifand only if [V:y] <o, T for any y € W.
In the last section, some new concepts were studied as (fully prime
semimodule, fully essential semimodule and semi-complement
subsemimodule). Also, some examples and results have been studied about
the concepts just mentioned. Among these results: (Proposition 1.3.18): let
W =W, @& W, be a distributive and fully prime 7-semimodule, where
W; and W, are subsemimodules of W, < 0 >+ N, < W, (i = 1, 2), then
(NVML®BN,) <gem W ifand only if V; <.,, W;, (i = 1, 2), and (Proposition
1.3.19): let W be an (s-P) T-semimodule, 0 =V < W and H is a nonzero




prime subsemimodule in W. Then H is semi- complement of V in W if

f (VOH) <
H

w
—=sem 4

and only i

The second chapter is divided into two sections. In the first section, a
semi-extending semimodule is studied, where: (a 7'-semimodule W is
called semi-extending (briefly, SCS-semimodule) if for each V < W, then
V <eom H, with 7 <® W) and some results on the topic that were
mentioned recently. Among these results (Proposition 2.1.11), where: let
W=V@AH be an SCS-semimodule. If for each semi-essential
extension of B @ H is a fully essential semimodule, where B <g;. V,
then V is an SCS-semimodule, and (Proposition 2.1.19), where: let
W=wW, &W, be an (s-P) T-semimodule and W;, W, are prime
subsemimodules in W, such that W; and W, are SCS-semimodules then,
W is an SCS-semimodule if and only if for any St-closed H of W with
HNnW;,=0o0or HnW, =0 is a direct summand in W. As for the
second section, we will study another concept that, we called the prime-
extending semimodule (PE-semimodule), with some of the relationships
that link it with SCS-semimodules. As:

e W isaPE-semimodule if and only if T is a PE-semimodule.
e A T-semimodule W is a PE-semimodule if and only if W is an SCS-

semimodule, provided for any direct summand of W is prime.

Finally, the third chapter, is divided into four sections. The first section
consists the definition of the concept of semi-prime subsemimodule with
some results. In the second section, the concept of J-essential was defined,
which is a generalization of the concept of essential, where the researcher
stated that every essential subsemimodule is J-essential, but the converse is
not true in general, see (3.2.2 (2),(3)). Also, the researcher explained that

every J-essential is semi-essential, but the converse is not true in general.
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See (3.2.2 (4),(5)), and some results were studied, the most important of
which (Proposition 3.2.10) where: if W is a multiplication faithful T-
semimodule, 0 =V is a semi-prime subsemimodule in W and V is not
minimal semi-prime subsemimodule then V <, . W. In the third section,
the concept of J-extending semimodule is defined with some notes and
examples, and the properties and results have been studied, including
(Proposition 3.3.7) where: let W be a fully prime T"-semimodule, W is a J-
Extending semimodule if and only if W is an SCS-semimodule. In the last
section, the concept of J-closed subsemimodule was studied with some
properties and examples. See, (Theorem 3.4.6): a 7"-semimodule W is a J-
Extending semimodule if and only if any J-closed subsemimodule in W is

a direct summand of W.




Chapter one

Fully Prime Semimodules,
Fully Essential
Semimodules and Semi-
Complement

Subsemimodules



Fully Prime Semimodules, Fully Essential Semimodules and

Semi-Complement Subsemimodules

This chapter consists of three sections, the first section contains some
definitions that we need in this work (preliminaries). In section two, some
new results are obtained via adding the necessary conditions. Finally, in the
last section, some new concepts were studied as (fully prime semimodule,

fully essential semimodule and semi-complement subsemimodule).

1.1. Preliminaries

Definition 1.1.1:[17, p. 1] A semiring is a set 7" together with two binary

operations called addition (+) and multiplication () such that (7, +) is a
commutative monoid with identity element 04, (7, ) is a monoid with
identity element 1, multiplication distributes over addition from either side

and 0 is multiplicative absorbing, thatis,a-0=0-a = 0 foreacha € 7.

Definition 1.1.2:[17, p. 65] Let I be a proper subset of a semiring T, I is

called left ideal (or right ideal) in T if satisfying the following conditions:

1. Ifa,b€elthena+b €I;
2. Ifaelandt €T then ta (orat) € I.

Also, I is ideal of T if a subset which is both a left ideal and right
ideal of T".

Definition 1.1.3:[17, p. 149] Let 7 be a semiring. A left 7-semimodule W

IS a commutative monoid (W, +) for which we have a function 7 X W —
W defined by (t,w) — tw (teT, weW) such that for all ¢, t'eT and

w, v €W, the following conditions are satisfied:

I. t(w +v) = tw + tv.
ii. (t +tHw = tw + t'w.

6



ii.  (t.tHhw = t(t'w).

iV. Og"w =0= tOW

When 1w = w holds for each weW then a left 7-semimodule W

iIs said to be unitary.

Definition 1.1.4:[17, p. 150] If V is a nonempty subset of a left T-

semimodule W, then V is said to be subsemimodule of W if it is closed

under addition and scalar multiplication (briefly, V < W)

Definition 1.1.5:[17, p. 154] A subsemimodule V of a 77-semimodule W is

said to be subtractive if each of wr,w'eW with w,w + w' €V implies
w'eV. A T-semimodule W is said to be subtractive if all its

subsemimodules are subtractive.

Definition 1.1.6:[29] A T-semimodule W is called semisubtractive if for

every w,w’ in W, there exists h in W such that w = w' + h or w +

h =w'.

Definition 1.1.7:[17, p. 172] A T-semimodule W is additively cancellative

if for all w, h, k in W with w + h = w + k implies h = k.

Definition 1.1.8:[17, p. 184] Let V and H be subsemimodules of a T-

semimodule W, W is said to be a direct sum of V and #, denoted by
W =V@H, if each w € W uniquely written as w = v + h where vV

and heX . In this case V (similarly ) is called a direct summand of W.

Recall that, the following was appeared in modules [19, p. 341], we

will give analog property for semimodules.

Definition 1.1.9: A T-semimodule W is called distributive if for any
subsemimodules X, Y and Z of WthenX N (Y+2)=XNY+XNZ.




Definition 1.1.10:[26] Let 0 # V be a subsemimodule of a 77-semimodule

W. Then V is said to be essential in W if for each subsemimodule F of
W,V nH = 0implies H = 0 (briefly, V <, W). In this case W is said to

be an essential extension of V.

Definition 1.1.11: [1, p.30] A T-semimodule W is called uniform if each

subsemimodule V of W is an essential subsemimodule in W.

Remark 1.1.12: Let 0 # V be a subsemimodule of a T-semimodule W.

Then, V <, W ifand only if every 0 + a € W there exists t € T such that
O#ta€eWV.

Proof:
(=) Itisclear.

(&) Let 0 # H < W, then there exists 0 # a € H < W thus a € W, by
assumption then there exists t € 7" such that 0 # ta € V. But 0 # ta € H,
thus V N H # 0. Therefore, V <, W. o

Definition 1.1.13:[9] Let W be a J-semimodule and U,V are

subsemimodules of W. Then U is said to be intersection complement of V
IfUNV =0and U is maximal in the set of all subsemimodules of W that

have zero intersection with V.

U and PV are said to be mutually complement if they are intersection

complement of each other.

Definition 1.1.14:[29] Let W be a T-semimodule and « € W . The left

annihilator of w is defined by anns(w) = {t € T| twr = 0}.

Note: ann(w) is a left ideal of 7. If V is a subsemimodule of W,
then anny (V) = {t € T |twr = 0, for all w € V}.




Definition 1.1.15:[31] If T is a semiring and W be a T-semimodule. A

proper subsemimodule B of W is called prime if for any w € W,t €T
and tw €B then w€B or te[B:W], where [B:W]={te
T|tW < B}.

Note:

1. Let T be a semiring and E is ideal of 7, then E is a prime ideal in T
if each A, B ideals of 7,A.B € E implies either AC E or B C E,
[17, p.85]

2. Assume that E is a prime ideal of semiring T such that ab € E
implies ba € E. If ab € E then eithera € E or beE E,Va,b €T,
[17, p.86].

In particular, An ideal E of T is called prime if a,b € T and a.b € E
then eithera € Eorb € E.

Recall that, in semimodules to define the quotient W/V, ¥V must be a

subtractive subsemimodule of W. [17, p.165].
The definition of quotient semimodule is according to Golan see [17]

Now, if B is a subtractive subsemimodule of a 7-semimodule W, then
anng(W/B) ={t e T|t(W/B) =0} ={t e T|tW/B = 0}
={t eT|tW € B} = [B: W]

Definition 1.1.16:[27] Let W be a 7-semimodule, 0 =V < W, then V is

called a semi-essential subsemimodule in W if for every nonzero prime
subsemimodule B of W then VNB %0, i.e. if YNB =0 then B=0
(briefly, V < om W).

Note: Every essential subsemimodule of a semimodule is semi-essential.

But the converse is not true in general. For example: We will consider the




N-semimodule W = N;, (the semimodule of natural numbers modulo 12).
In this semimodule, there are six subsemimodules which are V, =< 0 >
TV, =<2 >,V3 =<3>7V, =<4>7V: =<6 > and V; = W. And there
are two prime subsemimodules which are V, and V5. Now, Vs <., W =

0#:1750172:175

N;,, since [{0 V.V, =V But V¢ is not essential subsemimodule of

N, since Vs NV, =< 0 >. 0

Definition 1.1.17:[13] A T-semimodule W is called multiplication if each

subsemimodule of W is of the form IW, for some ideal I of T.

Note that, If W is a multiplication J-semimodule then
V=[V:WIW,vPV <W.
(=)[V: W]W < V in general, true.

(<) Since W is multiplication then V = JW for some J < T then
JE[V:W]=V =]JW C [V:W]W. Therefore V = [V:W]W. O

Definition 1.1.18: [17, p.153] A T-semimodule W is called finitely

generated by a subset A of W if A is finite and W is the intersection of all

subsemimodules of W containing A. Note:
TA = {tia; +tya, + e +t,a,|ti €T and a; € A,i = 1,2,...n}.

Definition 1.1.19: [17, p.156] If T is a semiring, W, W' be T-semimodules,

then a function ¥: W — W' is called a homomorphism of T"-semimodules

if the following conditions are satisfied:

1) Y(uwy + wy) = Y(wy) + Y(w,) forany wy,w, €W
2) Y(tw) =t¥YP(w) foranyw € Wandt €7T.

Definition 1.1.20:[27] Let W, W' be two T-semimodules. A T-

homomorphism W: W — W' is called semi-essential if ¥(W) is a semi-

essential subsemimodule of W'.

10




Definition 1.1.21: A 7-semimodule W is faithful if for any nonzerot € T

there is an element «w € W such that tw # 0.

Definition 1.1.22:[12] A T-semimodule W is called torsion-free if every

t eT,w €W and tw = 0 implies eitherww = 0ort = 0.
Note: Every torsion-free is faithful.

Definition 1.1.23:[2] Let T be a semiring and W is a left 7"-semimodule.

W is called simple if for every V < W then either V =< 0>o0orV =W.

For example: The N-semimodule N, is simple.

Definition 1.1.24:[8] Let T be a semiring and W is a left T"-semimodule.

W is called semisimple if for each U < W, then U is direct summand in

W. For example: The N-semimodule N is semisimple.

Definition 1.1.25:[17, p.185] A J7-semimodule. W is said to be
indecomposable if there are no 0 = V,;,V, < W satisfying W =7V, @ V,.

For example: The N-semimodule Ng is indecomposable.

Definition 1.1.26:[9] A subsemimodule V of T-semimodule W is called

closed (briefly V <. W) if it has no proper essential extensions.

Definition 1.1.27: A subsemimodule V of T7-semimodule W is called St-

closed (briefly V <s;. W) if it has no proper semi-essential extensions.

Remark: Every St-closed subsemimodule is closed. But the converse is not
true in general. For example: In the N-semimodule N,, we note < 3 > is a

closed subsemimodule in N,,, but it is not St-closed.

Definition 1.1.28: Let W be a T-semimodule and E be ideal of T, W is

said to be E-cyclie provided there is s € T\E and w € W such that
sW C Tw.

11



Definition 1.1.29:[10] A T-semimodule, W is called injective if every T-

monomorphism h:B — C and for every J-homomorphism A:B — M,
there is a 7"-homomorphism ¢:C — M such that ¢h = A. The following

figure shows the relationship:

Definition 1.1.30:[29] Let f: W — W' be a homomorphism with W, W’

are T-semimodules, then

o ker(f) ={w e W|f(w) = 0}.
o f is called k-regular if f(uwy) = f(wy) - wy +i=w,+j for
some i,j € ker(f), and wy, w, € W.

Note: If f is one-to-one then f is k-regular.

Definition 1.1.31:[9] A T-semimodule W is called m-injective if for any

two subsemimodule H;, H, with H; N H, =< 0 >, there exists ¢, ¥ €
End(W) such that: ¢, ¥ are idempotent, ¢ + ¥ = 1y, H; € ker¢g, H, <
ker¥.

Definition 1.1.32:[22] If E is an injective T-semimodule, and it is a

minimal injective extension of the 7-semimodule W, then E is said to be
an injective hull of W denoted by E(W).

It is commonly known, however, that if 7" is a semiring, the injective
hull of 7-semimodule always exists. But, Golan ([17], Proposition 17.21,
p. 198) demonstrated that injective hulls of non-zero 7- semimodules do
not need to exist for every semiring 7. Every semimodule over an

additively idempotent semiring has an injective hull, as Wang [30] shown.
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For further information on an injective hull of semimodules over semirings
see [22]. For example a semimodule (N, +) over (N, +,.) without injective
hull [17].

Zorn's Lemma:[21, p. 25] If V is an ordered set and for each totally

ordered subset in V has an upper bound in V, thus V has a maximal

element.

Semi-Modular _Law:[7] Let W be a 7-semimodule, A,B and C are
subsemimodules of W. If € < B and B is subtractive then BN (A + C) =
(BNnA)+C.

1.2.  Some properties of semi-essential subsemimodules

Proposition 1.2.1:[27] Let W be a 7-semimodule and V,;,V, are
subsemimodules of W such that V, <V,. If V, <g.., W, then

V, <sem W.

Corollary 1.2.2:[27] Let V; and 1, be subsemimodules of a 77-semimodule
W. AtV NV,) <o W, thenV; <., W, (i = 1,2).

Note that, the opposite direction in Corollary 1.2.2 is not achieved,

and the following example illustrates this.

Example 1.2.3: Consider the N-semimodule W = N3, (the semimodule of

natural numbers modulo 30). In semimodule N3, there are eight
subsemimodules which are V, =< 0>,V, =<2 >,V; =<3 >,V, =<

5>Vs =<6 >V, =< 10 >,V, =< 15 > and V3 = W. And there are
three prime subsemimodules which are V,,V;,andV,. Now,

0¢V20V3=V5

< =
0=V, NV, =V, also V; <o W = Ny,

Vy <gem W = N3, since [{
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. 0#=V; NV, =7V i . .
since [{ S F2 7 3 But V,NV;=V; is not semi-essential

0¢V30V4=V7'

subsemimodule, since Vs NV, =< 0 >. O

Proposition 1.2.4: Let W be a T-semimodule, and V; <., W fori = 1,2.

If (V; nB) for (i = 1,2) is a prime subsemimodule in W for every prime
subsemimodules B in W, then (V; N V,) <..m W.

Proof: The proof is similar to a proposition in modules, [4, p. 183]. o

Lemma 1.2.5: If B is a prime subsemimodule of a 7"-semimodule W and
VY < W suchthatV £ B. Then (V n B) is a prime subsemimodule of V.

Proof: Let v € V < W and t € T such that tv € (V nB), then tv €V
and tv € B. Since B is a prime subsemimodule in W, then «+ € B or
tW C B, but tV € tW then tV < B. Now, either (v € V and v € B) or
(tV € Vand tV € B), consequently v € (VnB) or tV < (VnNB),

hence (V N B) is a prime subsemimodule of V. o

Corollary 1.2.6: Let W be a 7-semimodule such that V; <., W for

i=1,2. If B is a prime subsemimodule of W with V; £ B for some

i =1,2,thenV; NV, is also semi-essential subsemimodule of W.
Proof: It follows by (Proposition 1.2.4 and Lemma 1.2.5). o

Proposition 1.2.7: Let W be a T-semimodule, V;,V, be semi-essential

subsemimodules of W such that YV, nV, #< 0> and all prime
subsemimodules in V; are prime subsemimodules in W, then (V; N V,) is

a semi-essential subsemimodule of W,
Proof: The proof is similar to a proposition in modules, [4, p. 182]. o

Proposition 1.2.8: Let W be a 7-semimodule, V; < W, (i = 1,2,3) with

Vi <V, <V3. ItV <gon Vo and V, <.y V5 thenV, <., Vs.
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Proof: The proof is similar to a proposition in modules, [4, Proposition
1.5]. o

Note that, the opposite direction in (Proposition 1.2.8) is not

achieved, and the following example illustrates this.

Example 1.2.9: Consider the Z-semimodule W =Zg @ Z,. In this

semimodule, there are eleven subsemimodules which are V; =< (0,0) >
YV, =< (1,0) >, 13 =< (0,1) >V, =< (1,1) >,V5 =< (2,0) >,V, =
<(2,1) >V, =<(4,0) >V =< (4,1) >V, =< (0,1),(4,0) >

Vi =<(2,0),(4,1) >andV;; =W.  There are four  prime
subsemimodules of W which are V,,V,,Vs and V;,, and three prime

subsemimodules of the subsemimodule Vy which are V5, 1V, and Vg. Now,

V, Vo < W and V; <., W, but V; is not semi-essential in Vy. O

In fact, the above-mentioned example is validated on modules, and it

was studied for the first time on modules in [4].

Lemma 1.2.10: If W is a faithful multiplication 7-semimodule and
V<W.ThenV <, Wifandonlyif [V:y] <, T forany y € W.

Proof: Since W is a multiplication 7-semimodule, then V = I'W for some
ideal I inT and I < [V:y] for all y € W. Now, assume that [V:y]n] =0
for some ideal J of 7. Thus INnJ =0, so U NJ))W =< 0> then YV n
JW =< 0> (for, let xeIWnJW then there is a€l,be] and
wy, w, €W such that x = auw,; = bw,, thus a.b € (INJ) = 0. That is,
eithera =0 — awy, =0 or b = 0 — bw, = 0, therefore x = 0). Since
V <, W, it follows JW =< 0 >, but W is a faithful 7-semimodule, then
J = 0, therefore [V:y] <, T.

Conversely if [V:y] <, T, for all y e W, V = IW for some I ideal of T
and V NV =< 0 > for some subsemimodule N of W, then V' = JW for
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some J < T then IWNJW =<0 >, thus {n))W =<0 >, but W is
faithful 7'-semimodule, then I nJ = 0.

- If [V:y]lnJ =0 for all y € W, then for all y € W, there is t € ]
suchthat0 #ty e V,V <, W.
- If [V:y]n] =0 for some y € W, then | =0, hence N =< 0 >,

consequently V <, W. o

Lemma 1.2.11: Let E be a maximal ideal of T, with 7 is a commutative

semiring then T'\E is closed under multiplication.

Proof: Let s;,5, ET\E , then T's; + E =T thus there is t e T,e € E
such that ts; + e = 1, consequently ts;s, + es, = s,. If s;5, € E, then

s, € E, hence s;s, € E. Thatis s;s, € T\E. O

Lemma 1.2.12: Let W be a T-semimodule, with T is a commutative

semiring and E a maximal ideal of T, then, T;(W) = anny,(T\E) =
{fuw € W|sw = 0 forsome s € T\E} is a subtractive subsemimodule of
w.

Proof: Since 0 e W, 1.0 =0 and 1 € E then T(W) # ¢. Let w,, w, €
Tz(W), then s;w; =0 and s,w, =0 for some s;,s, € T\E , hence
s18,(wy +w,) =0 and s;s, € T\E by (Lemma 1.2.11), then (w +
w>) € Te(W). Let w € T;(W) and t € T, then suwr = 0 for some s ¢ E,
hence s(tw) = 0, and so tw € Tz(W). Now, if wy, wy + w, € Tg(W),
then s;w; =0 and s,(w; + w,) = 0, thus s,s;u; =0 and s;s,uwy +

§1S, W, = 0 then S1S,WH = 0. TheI’EfOI'e, () € TE(W) O

Lemma 1.2.13: Let 77 be a semisubtractive commutative semiring with

identity. Then a J-semimodule W is cancellative multiplication
semimodule if and only if for each maximal ideal E of T either W =
Tz (W) or W is E-cyclic.
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Proof:

(=) Assume that W is cancellative multiplication and E is a maximal
ideal of 7. Suppose that EW = W. Let w € W, then Tw = AW for
some ideal A of 7. Hence Tw = AW = AEW = EAW = Ew thus
w = ew for some e € E. (since T is semisubtractive), we have either
l=s4+e or 1+s=e for some se€T (then seT\E) —

{either sw+ew =ew — sw =0
or w=w+sw —>sw=0"

If EW = W, there exists x € W and x ¢ EW, then there is I < T such
that 7x = IW. Clearly I £ E, hence there exists s €1 and s & E thus

—w €Ty(W) - W =T (W).

sW € Tx, therefore W is E-cyclic.
(<) by [25, Theorem 3]. O

Lemma 1.2.14: Let E be a prime ideal of a commutative semiring 77, with

T is semisubtractive and W is cancellative faithful multiplication T-
semimodule. Let a € T, x € W satisfying ax € EW, then a€ E or
x € EW,

Proof: Assume that a € E. Let K ={t € T|tx € EW}. If K =T, then
x € EW. If not, then there exists a maximal ideal @ of T such that K € Q.
Clearly x & To(W) (since if sx =0€ EW — s € K € Q). By (Lemma
1.2.13) then W is Q-cyclic, that is there exists w € W, q € Q such that
qW < Tw. In particular gx = suwr, and gax = ew for some s € T and
e €E. Thus saw = ew — I h € anny(w) such that sa+h=-e or
sa =e+ h. But W is faithful, hence h=0, so sa=e€E —s€EE
(since E is prime ideal and a € E). Then gx = sww € EW — q € K C Q,

a contradiction. It follows that K = 7 and x € EW, as required. o

Corollary 1.2.15: Let W be a faithful cancellative multiplication 7 -

semimodule and 7 is a semisubtractive commutative, then E is a prime
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ideal of 77 with W # EW if and only if EW is a prime subsemimodule of
w.

Proof: Since W is a multiplication T-semimodule and W # EW then there
ISV <WsuchthatV = EW.

(=) Assume that E is a prime ideal of T, to prove V = EW is a prime
subsemimodule of W. Lett € T,w € W and tw € V = EW, by (Lemma
1.2.14) then t e E or ww € EW =7V, but E is a prime ideal of T, then
t.s €E for any s €T = tw € EW for any w € W, therefore tW C
EW =V = EW =7V is a prime subsemimodule of W.

(<) Suppose that, V = EW is a prime subsemimodule of W, to prove E
is a prime ideal of T. Let t,,t, €T and t;.t, € E, let w € W then
(ty. t,)w € EW =7V implies t,(t,w) € EW =7V, by (Lemma 1.2.14)
then t; € E or t,ur € EW =7V. But V is a prime subsemimodule in W,
then w € V ort, € [V: W]. Thus, E is a prime ideal of 7. o

Theorem 1.2.16: If W is a faithful cancellative multiplication 7°-

semimodule and 7 is a semisubtractive commutative semiring with

identity. Then V <., Wifandonly if [V:y] <,,,, T forany y € W.
Proof:

(=) LetV <;em W, V =1W, then I < [V:y] for each y € W. To prove
V:y] <sem T

Suppose that, [V:y] n E = 0 for some prime ideal E of 7, then INE =0
(since I € [V:y]), then I N E)W =< 0 >. Thus VN EW =< 0 > (for,
let x € IW N EW then there is a € I,b € E and w,, w, € W such that
X = auwy = bw,, thus a.b € (INE) = 0. That is, eithera = 0 — aw, =

0 or b=0— bw, =0, therefore x =0). However, by (Corollary
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1.2.15), then EW is a prime subsemimodule of W. Hence EW =< 0 >,
since W is faithful T-semimodule, thus E = 0. Therefore, [V:y] <¢om T

(=) If VY] <eem TYYEW,V=IW and VNB =<0 > for some
prime subsemimodule B of W, then B = EW for some prime ideal E of 7.
Now, VNB=<0> then IWNEW =<0 >, implies (I NE)W =<
0 >, since W is faithful T7-semimodule, thus I N E = 0.

- If [Viy]nE=0 for some yeW, then E =0 (since
[V:y] <sem 7).

- If[V:y]nE #0 for all y e W, thismean Vy e W, 3t € E such
that 0 =ty € V,thenV <., W.

Inany case V <.,y W. O

Although the above theorem was previously studied in [18], the
proof was written, because the proof is different, so it was proved for the
sake of integration without going out to other concepts that we did not

touch.

Lemma 1.2.17:[27] Let W be a T-semimodule, V < W and B is a prime
subsemimodule of W. If (WNB:y) =ann(W), each yeW and y ¢
(V N B), then (V N B) is a prime subsemimodule of W.

The intersection of two semi-essential subsemimodules is not
necessarily semi-essential, we have shown this in (Example 1.2.3). But, by
adding the condition in the following proposition, it becomes semi-

essential.

Proposition 1.2.18: Let W be a T-semimodule, V;,V, semi-essential

subsemimodules of W, if (V; N B:y) = ann(W),i = 1,2 for each prime
subsemimodule B of W,eachy e Wandy & (V; nB) forsomei=1,2,

then (V; NV,) is a semi-essential subsemimodule of W.
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Proof: Let B be a prime subsemimodule of W such that (V, N V,) N B =<
0>, impliesV, N (V; N B) =< 0 >. Then by (Lemma 1.2.17) V, nBis a
prime subsemimodule in W, since V, <..,, W, then V; N B =< 0 >, but
V) <cem W then B =< 0 >, therefore (V; N V,) <oy W. O

Lemma 1.2.19: Let W, W' be a T-semimodule, ¥: W — W' be a T-

homomorphism. If B’ is a prime subsemimodule of W' then ¥~1(B") is a

prime subsemimodule of W.

Proof: Let t € T, wr € W such that tw € $~1(B’) then ¥Y(tw) € B, so
t¥W(w) € B'. But B’ is a prime subsemimodule in W' then either ¥ (w) €
B' or tW' € B, therefore ww € $¥~1(B) or Y~1(tW') =tW € ¥~ 1(B"),

consequently W~1(B") is a prime subsemimodule of W. o

Note: If B is a prime subsemimodule in W, then W(B) is not necessary be
a prime subsemimodule in W'. For example: ¥:N;, — N3, define by
W(x) = 3x for all x € N3,. Put B =<2 > is a prime subsemimodule of

N3o. But, ¥(B) =< 6 > is not prime.

In the following result, we will show that if B is a prime
subsemimodule in W, then W(B) is also prime subsemimodule in W’

under a given condition.

Lemma 1.2.20: Let W, W' be T-semimodules, ¥: W — W' is k-regular

epimorphism and B is a prime subtractive subsemimodule of W such that
ker(¥) < B, then W(B) is a prime subsemimodule of W',

Proof: Let t € T, w' € W’ such that tw’ € W(B), since W is onto then
w' = ¥Y(w) for some w € W, thus tw' = t¥(w) = ¥Y(tw) € ¥Y(B),
thus W(tw) = W(b) for some b € B. Since W is k-regular then tw +
ki =b+k, for some ki k, € ker(¥), but ker(Y)<B and B is

subtractive, thus twr € B. Since B is a prime subsemimodule of W, then
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either w € B or tW € B thus w' = ¥Y(w) € ¥(B) or tW' < ¥Y(B).

Therefore, W(B) is a prime subsemimodule of W'. o

Remark 1.2.21: If ¢: W — % Is the natural epimorphism where NV is

subtractive then ¢ is k-regular.

Proof: Let w,,w, € W such that ¢(uw,) = ¢p(w,), since ¢p(w,) €
wy + N, p(w,) € w, + N then there is n,,n, € NV such that ¢p(wr,) =
wy +n, and ¢(w,) = w, + n,. Hence wy + ny = w, + n,, since ¢
Is natural epimorphism then kef(¢) = IV, thus wy + n, = w, + n, for

some nq,n, € kef (¢). Therefore, ¢ is k-regular. o

Corollary 1.2.22: Let W be a T-semimodule, V < B < W, where V is

subtractive, and ¢:W—>% be the natural map, then B is a prime

subsemimodule in W if and only if - Isaprime subsemimodule in >

Proof: Let B is a prime subsemimodule in W, by (Remark 1.2.21) then ¢ is

k-regular and by (Lemma 1.2.20) then % Is a prime subsemimodule in % :
Conversely, by (Lemma 1.2.19) then ¢~ 1 (g) = B (where ¢ is the natural
map of W onto %) Is a prime subsemimodule of W. o

Proposition 1.2.23: Let W, W' be T-semimodules, ¥: W — W' be an
isomorphism. If V <., W, then ¥ (V) <;.,, W'

Proof: The proof is similar to a proposition in modules, [4, p. 181]. o

Lemma 1.2.24: Let W be a semisubtractive, W' cancellative T-

semimodules and W: W — W' be a homomorphism of semimodules. If B

IS a subtractive subsemimodule of W such that kerW < B, then

v-1(¥(B)) = B.
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Proof: B € W~*(W¥(B)) in general, true.

Let w € $~1(¥(B)), then W(w) € W(B), that is W(w) = ¥(b) for
some b € B, since W is semisubtractive, then there is h € W such that
w+h=b or ww=>b+h, in any case h € ker¥ (since, W' is
cancellative), hence h € B (By hypothesis), so w =b+h — w €
Bw+h=b—w€B (since B is a subtractive). Therefore

Y-1(¥(B))=B.C
Note:

1. If ¥: W — W' such that ¥ is onto then [B: W] € [W(B): W'].
2. A T-semimodule W is called (s-P) 7-semimodule if any prime

subsemimodule of W is subtractive in W.

Lemma 1.2.25: Let W be an (s-P) semisubtractive, W' cancellative T'-

semimodules and W: W — W' an epimorphism of semimodule. If B is a
prime subsemimodule of W such that ker¥W € B, then W(B) is a prime

subsemimodule of W'.

Proof: Lett € T,w' € W' and tw' € W(B), since ¥ is epimorphism, then
there is w € W such that Y(w) = w', thus tW(w) € W(B) implies
Y(tw) € ¥(B) — tw € $71(W(B)), by (Lemma 1.2.24) then tw € B.
Since B is a prime subsemimodule in W, then either w € Bort € [B: W],
thus either w' € W(B) or t € [W(B): W']. Therefore, W(B) is a prime

subsemimodule of W'. o

Proposition 1.2.26: Let W be an (s-P) semisubtractive, W' cancellative T-

semimodules and W: W — W' be a T-epimorphism such that ker(¥) <
rad(W). f H <gom W', then P71 (H) <;orp W.
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Proof: Let B be a prime subsemimodule of W such that ¥~1(H) N B =<
0>, by (Lemma 1.2.24) then ¥~1(H) n¥~1(¥(B)) =< 0 > implies
Y-HH NY(B)) =<0>, thus H NWY(B)=<0> since ker(¥) <
rad(W) < B, for every prime subsemimodule B of W and by (Lemma
1.2.25) then, W(B) is a prime subsemimodule of W' However,
H <gom W' then W(B)=0. Thus B C ker(¥) < VY 1(H), hence
B=Y1(H)NB =<0 > Therefore, ¥"1(H) < oy W. O

Remark 1.2.27: If B is a prime subsemimodule of 7-semimodule W, and

B = B' < W, then B is a prime subsemimodule of B'.

Proposition 1.2.28: Let W be a finitely generated faithful cancellative and

multiplication 7"-semimodule, T is a semisubtractive commutative semiring
with identity then I <., J if and only if IW <, JW for every two
ideals I and J of 7.

Proof:

(=) Assume that, I <., J , to prove IW <., JW. Let B be a prime
subsemimodule in JW such that IWNB=<0>. Since W is a
multiplication T-semimodule, then there exists a prime ideal E of T such
that B=EW. Now, < 0 >=IWNEW 2 (U NE)W thus (I N E)W =<
0 >, but W is a faithful T-semimodule, then (/I NE) = 0. Since B =
EW = JW and W is a finitely generated 7-semimodule, then E < ] and
since E is a prime in T by (Remark 1.2.27), then E is a prime in J.
However, I <., /, thus E = 0. Therefore, IW <, JW.

(&) Assume that, IW <., JW , to prove I <., /. Let E be a prime
ideal of J such that (INE) =0, then (I NE)W = 0.W, see proof
(Theorem 1.2.16), then IW N EW =< 0 >. Since E is a prime ideal of J
and by (Corollary 1.2.15), then EW is a prime subsemimodule in JW, but
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W <goem JW, then EW =< 0 > and since W is a faithful 7"-semimodule,

then E = 0. Therefore, I <., /. O

1.3.  Fully prime semimodule, fully essential semimodule and semi-

relative complement

The main objective of this section is to generalize the definition of each
(semi-uniform, fully prime, fully essential and semi-complement) on
semimodules after studying the above-mentioned definitions in modules.
See [3],[14],[23].

Definition 1.3.1: A 7-semimodule W is called semi-uniform if any

subsemimodule V of W is a semi-essential subsemimodule in W.

Example 1.3.2:

1. Consider the N-semimodule N3, (the semimodule of naturals
modulo 36). In semimodule N;,, there are nine subsemimodules,
which are ¥, =< 0>,V, =<2 >,V; =<3 >,V, =< 4 >,V; =<
6>V, =<9>7V,=<12>"V; =<18>and V, = N3,.  And
there are two prime subsemimodules which are V,, and V;. Now,
VinV,#0 and V,NnV; # 0, for i =2,3,...,9 then V; <, N3;.
Therefore, N-semimodule Nj, is semi-uniform. While it is not
uniform (V, NV, = 0).

2. Consider the N-semimodule N,, (the semimodule of naturals
modulo 24). In semimodule N,,, there are eight subsemimodules
which are V, =<0 >,V, =<2 >,V; =<3 >V, =< 4 >,V; =<
6>V, =<8>7V,=<12>and Vg =N,,. And there are two
prime subsemimodules which are V,, and V5. Now, Vg NV; =0
then Vg is not semi-essential in N,,. Therefore N-semimodule N, is

not semi-uniform.
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Definition 1.3.3: A T-semimodule W is called fully prime if for each

nonzero proper subsemimodule V of W is a prime subsemimodule in W.

Example 1.3.4:

1. Consider the N-semimodule N;g; (the semimodule of naturals
modulo 15). In semimodule N;<, there are two a nonzero proper
subsemimodules of N, which are N; =< 3 > and 1, =< 5 >. As,
they are prime subsemimodules in N;s. Therefore N-semimodule
N, s is fully prime semimodule.

2. Consider the N-semimodule N,, (the semimodule of naturals
modulo 24). See (Example 1.3.2 (2)), note, Vs =< 8 > is not prime
subsemimodule in N,,. Therefore N-semimodule N,, is not fully

prime.

Definition 1.3.5: A nonzero 7-semimodule W is called fully essential, if

every nonzero semi-essential subsemimodule of W is an essential

subsemimodule in W.

Example 1.3.6:

1. Consider the N-semimodule Ng (the semimodule of naturals modulo

8). In semimodule Ng, there are two a nonzero proper
subsemimodules of Ng which are V; =< 2 > and V, =< 4 >. Now,
PV, =< 2 ><om Ng =< 2><, Ng And V, =< 4 ><,,, Ng —<
4 ><,Ng. Therefore N-semimodule Ng is fully essential

semimodule.

2. Consider the N-semimodule N,, (the semimodule of naturals
modulo 24). See (Example 1.3.2 (2)), note, Vs =< 6 > is semi-

essential of N,,. But, Vs =< 6 > is not essential subsemimodule in
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N,,, (since, < 6 >N< 8 >= 0. Therefore N-semimodule N,, is not

fully essential.

Definition 1.3.7: Let W be a T-semimodule and V <W. A prime

subsemimodule ' of W is called semi-relative intersection complement
(shortly semi complement) of V in W if YVnH =0 and whenever
VY NnB = 0 with B is a prime subsemimodule in W such that < B, then
H = B.

Example 1.3.8: Consider the N-semimodule N,, (the semimodule of

naturals modulo 24). See (Example 1.3.2 (2)), note, V5 =< 3 > is semi
complement of V; =< 8 > in N,,, (since < 3 > is a prime subsemimodule

inN,, and < 8 >n< 3 >=0).

Remark 1.3.9: If W is a fully prime T-semimodule and <0 >+ V <

H < W, then V is semi-essential subsemimodule of # if and only if it is

essential subsemimodule of H.

Remark 1.3.10: Let W be a T-semimodule. Then W is a uniform T -

semimodule if and only if W is a semi-uniform and fully essential T-

semimodule.
Proof: The proof is similar to a proposition in modules, see [4, p. 182]. O

Proposition 1.3.11: If W is a finitely generated faithful cancellative and

multiplication 7"-semimodule, with T is semisubtractive. Then W is a

semi-uniform 7"-semimodule if and only if 7" is a semi-uniform semiring.
Proof: By using (Proposition 1.2.28). o

Corollary 1.3.12: If W is a fully prime T-semimodule. Then W is a

uniform T"-semimodule if and only if W is a semi-uniform 7" -semimodule.

Proof: The proof is similar to a corollary in modules, [4, p. 182]. o
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Proposition 1.3.13: Let W be a nonzero faithful cancellative and

multiplication 7"-semimodule, T is a semisubtractive commutative semiring
with identity. Then W is fully essential 7"-semimodule if and only if T is

fully essential semiring.
Proof:

(=) Assume that, W is fully essential 77-semimodule. Let I <, T, since
W is a multiplication 7-semimodule, then there is V < W such that
V=IWandI < [V:y] foreachy € W, thus, [V:y] <¢em T Vy € W, by
(Theorem 1.2.16) then: V <., W, by assumption, then V <, W and by
(Lemma 1.2.10) then [V:y] <, T VyeW. If JnI =0, where | < T,
either J N [V:y] =0 for some y € W, then ] =0, or ] n[V:y] # 0 for
any y € W, that is for all y e W, thereist €] suchthat 0 #ty eV =
IW, hence JnI # 0, not possible. Therefore T is a fully essential

semiring.

(&) Assume that, 7 is a fully essential semiring. Let V <., W, then:
[V:y] <gem T for all y € W then by assumption [V:y] <, T, Vy € W,
by (Lemma 1.2.10), then V <, W. Therefore, W is a fully essential 7-

semimodule. O

Proposition 1.3.14: Let W =W, @ W, be a T-semimodule, where
Wi <Wand <0 >+ Vl- < Wi! for (l = 1,2) If Vi <sem Wi! (l = 1,2)
then (Vl D VZ) <sem w.

Proof: Let 0 + B be a prime subsemimodule in W =W, @ W, and ), is
natural projection function of Wonto W;, (i =1,2). If BnW; # 0, by
(Lemma 1.2.5), then BN W, is a prime subsemimodule in W;. Since
V) <cem Wy, then V; 0N (B N W,) # 0, consequently there exists 0 # b €
ViNnBNnW,, then 0#beV, NnB. Thus 0+be WV, PV, NnB.
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Therefore, (V; @ V,) N B # 0. Similarly, if BnW, # 0, then (V; &
Y,)NB # 0.

Assume that, BN W, = Bn W, = 0, thus 0 is a prime subsemimodule in
W;, (i = 1,2). Then any subsemimodule of W; is a prime subsemimodule
by (Remark 1.2.27) (i = 1,2). Then 3;(B) is a prime subsemimodule in
W;,i =1,2,since V; <gem W; thenV; N 3;(B) = 0 for (i =1, 2).

Let 0#b=23(b)+3,(b)€eB, if 3,(b)=0 then 0+b=23(b)E
L (B)NnW; € BnW, =0 contradiction. Then 3,(b) # 0, also 3,(b) #+
0, Hence 0#b=2b)+23MB)e 3 @B)NV)D O,(B)NV,) C
VPV, That is, 0#be WV, BV,)NB. Therefore, ((V, P
V,) <gem W.O

Note that the opposite direction of (Proposition 1.3.14) is not
achieved, and the following (Example 1.3.15) illustrates this. However,
within certain conditions, the opposite direction of the (Proposition 1.3.14)
becomes true, and this is what we will show in the Proposition 1.3.16,

Proposition 1.3.17 and Proposition 1.3.18.

Example 1.3.15: Consider the N-semimodule W = N, @ Ng. Let V;, =<

2><N,V, =<2 > <N, then,

WL @® V) =(<2>B<2>) <gom (N, Ng) =W, ®W,) (since
((< 2>P<2>)NB+# 0)) for any B is a prime subsemimodule in
W =N, ® N,. However, < 2 > is not semi-essential subsemimodule in

N, (since < 2 >N< 3 >=< 0 >). O

Proposition 1.3.16: Let W =W, @ W, be a T-semimodule, where
W, <W,i=12, <0>V, <W, and <0>=V, <W,, if (VP

V) <sem W then V; <..., W;, provided that every prime subsemimodule

in W, is a prime subsemimodule of W.
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Proof: The proof is similar to a proposition in modules, [4, p. 182]. O

Proposition 1.3.17: Let W =W, @ W, be a distributive and fully

essential 7"-semimodule, where W; and W, are subsemimodules of W,
<O0># N, <W,;,i=1,2 , then (N B N,) <oy W if and only if
N; <gom Wi,i=1,2.

Proof:
(=) Assume that, (V;®N;) <gem W, to prove NV; <¢orn W;,i =1, 2.

Since (M;®BN,) <gem W and W =W, @ W, is a fully essential T-
semimodule, then (V;®N,) <, W. Let < 0>*H; < W, <W, then
(VMON) NH, #< 0>, implies (N NH)+ N, NnH;) #< 0 >,
However, (W, NH;) =< 0>, conesquntly (N NH;) #< 0 >, then
N, <. W;. Therefore, NV} <gemm W;. Similarly, N, <¢.., W,.

(&) Assume that, V; <o,y W;, (i = 1,2), to prove (N;BN;) <com W.
By (Proposition 1.3.14), then (M;®N,) <gem W. O

Proposition 1.3.18: Let W = W, @ W, be a distributive and fully prime

T-semimodule, where W, and W, are subsemimodules of W, < 0 >#
N, <W;(i=1,2), then WMVMBN,) <y W if and only if
N <sem Wi, (i=1,2).

Proof:
(=) Assume that, (N;®N;) <gem W, toprove V; <o W; (i =1,2).

Let P, be a prime subsemimodule of W, such that V; N P; =< 0 >,
since W is fully prime and P, < W, <W, then P, is a prime
subsemimodule in W. Since W =W, @ W,, thus W, N W, =< 0 >,
implies PNN, =<0> for each N, <W,. Now,
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(M N PBV,NP;) =< 0 >, since W is distributive 7" -semimodule thus
M BMNM)NP, =< 0>, but (V; BNy) <gern W. Therefore, P; =<
0 >, consequently NV; <., W;. Similarly, NV, <..., W,.

(&) Assume that, V; <., W;, (i = 1, 2), to prove (NV;BN,) <em W.
By (Proposition 1.3.14) then (N;®N,) <gem W. DO

Proposition 1.3.19: Let W be an (s-P) 7-semimodule, 0 # V < W and H

IS @ nonzero prime subsemimodule in W. Then # is a semi- complement

of VinW ifand only if Y20 <, ¥

Proof: Let h: W — % be the natural map.

(=) Assume that, H is a semi-relative intersection complement of V in
(VD)

B
NnN—=<0 >,

W. Let 2 be a prime subsemimodule of W such that
H H H

by (Corollary 1.2.22), then h‘l(g) IS a prime subsemimodule in W. Then

(V) (VOH)NB

B = h‘l(g) is prime in W, thus N==< 0 >, then =<

B
H
0>thus (WOH)NB=H. Therefore (VNB) D H =H, then
(VNB)<H. And since (WNB) <V, then (WNB) < (VNH). Since
H is a semi-relative intersection complement of V, then VNB =< 0 >.

However, VNH =< 0>, and H < B, then H =B, consequently
E =< 0 >. Therefore (Vf[}[) <sem %

(<) Assume that (Vf[}[) Ssem . Let B be a prime subsemimodule of W

such that ¥ € B and YV NB =< 0 >. Suppose that b € (V@ H) N B,
thus b =1v + h, wherevr € V,h € H and b € B. Since H S B, then
h € B, but B is subtractive subsemimodule of W and b = (v + h) € B,
then «+ €B, thus v €V nNB, therefore v =0, implies b =h,
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(VOH)

consequently (V@ H)NnB =H. It follows that ( ) N % =<0 >.

However, by (Corollary 1.2.22), % Is a prime subsemimodule of % and

(VOH)

o Ssem % then % =< 0 >, implies B = H . Therefore, H is a semi-

relative intersection complement of V in W. o

Proposition 1.3.20: Let W be an (s-P) 7-semimodule, < 0 >* V < W. If
U is a semi-complement of V in W, then (V @& U) <., W.

Proof: Let h: W — % be the natural map. Since U is a semi-complement

(veou)
u

<sem W, implies (VOU) <;crn, W. O

of V in W, then by (Proposition 1.3.19)

w
Ssem 7 and so by

(Proposition 1.2.26), h™* (%)
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Chapter two

Semi-Extending and
Prime-Extending on

Semimodules



Semi-Extending and Prime-Extending on Semimodules

The idea of semi-extending in modules has been studied by some
researchers. Recall Ahmed and Abbas in [6] that, a left 7-module W is
called semi-extending if for each submodule V in W then V <,, H, with
H is a direct summand in W. The issue of extending semimodules was
also studied by Alhashemi, where in [7], a T-semimodule W is called
extending (CS-semimodule) if for any subsemimodule N of W then
N <, H, with H is a direct summand in W. m-injective and quasi-
continuous are equivalent, while for semimodules quasi-continuous implies
m-injective in the class of semimodules with injective hull. The converse is
true with more conditions. (See [7]). In [9] Injectivity implies m-injective

(or quasi-continuous).
2.1. Semi-extending (SCS-semimodules)

Definition 2.1.1: Let W be a T-semimodule. W is called semi-extending
(briefly SCS-semimodule) if for each V < W, then V <., H, with

H <® W. A semiring T is called semi-extending, if 7" is SCS-semimodule.

Remarks and Examples 2.1.2:

1. Every semisimple semimodule is an SCS-semimodule, (since, every
subsemimodule of semisimple semimodule is a direct summand.
e.g. The N-semimodule Ng is an SCS-semimodule, (since, Ng is
simisimple).

2. Every CS-semimodule is SCS-semimodule, (since, if V <, W, then
V <gem W, forallV <mW).

3. Any uniform semimodule is an SCS-semimodule.

4. The converse of (Remark 2.1.2 (3)) is not true in general. Consider

the N-semimodule N5, see (Example 1.3.2 (1)). Note that, there are
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four direct summands in Nj, which are V;,V,,V,and V.
V, and V; are a prime subsemimodules in V,. V, is a prime
subsemimodule in V,. Vg is a prime subsemimodule in V,. See the

diagram below.

N36

N
V, Vs
N N
v, V. V,
N N/
V; Vg

N/

Vi

Now, since V, and V, are direct summands, V,, V5 and V¢ are semi-
essential in N5,. It is enough to examin V, and Vg. Since V, NV, =
V, #< 0 >=V, <com Vi <@ Nyg. Also, since Vg N Vg = Vg #<
0 >, thus Vg <gom Ve <@ Nj,. Therefore, the N-semimodule N is
SCS-semimodule. However, VgN7V, =< 18 >N< 12 >=< 0 >,

then V3 =< 18 > is not essential subsemimodule in Ns. Therefore
the N-semimodule N3 is not uniform.

. Any semi-uniform semimodule is SCS-semimodule.

Let V<W where W be a T-semimodule. If ¥V =<0 >, then
V <eem< 0> and <0><® W. If V #< 0 >, since W is semi-
uniform, then V <., Wand W <® w. g

. The converse of (Remark 2.1.2 (5)) is not true in general. Consider
the N-semimodule N,,, see (Example 1.3.2 (2)). Note that, there are
four direct summands in N,, and they V;, Vs,V and V5. V, and V;
are prime subsemimodules in Vg. Also Vs is a prime subsemimodule

in V5. See the diagram below.
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N24-

N\
V, Vs
N L
Vy Vs
N
Ve V,
N
Vi

Now, since V; and Vg are direct summands, V,, V5, V,, Vs and V, are
semi-essential in N,,. Therefore, the N-semimodule N,, is SCS-
semimodule. But V; N V; =< 8 >N< 3 >=< 0 >, then V, =< 8 >
IS not semi-essential subsemimodule in N,,. Therefore the N-

semimodule N, is not semi-uniform.

Proposition 2.1.3: Let W be a T-semimodule. If W is an SCS-semimodule

and indecomposable then W is semi-uniform

Proof: Let 0 =7V be a subsemimodule in W, since W is an SCS-
semimodule, thus V <., B with B <® W. But W is an indecomposable
semimodulethen B =< 0 >or B =W andsince V #< 0 >, then B = W.

Therefore, W is a semi-uniform semimodule. o

Corollary 2.1.4: Let W be a fully essential 7-semimodule. If W is an

SCS-semimodule and indecomposable, then W is a uniform semimodule.

Proof: By (Proposition 2.1.3), then W is a semi-uniform semimodule. But

W is fully essential semimodule. Therefore, W is a uniform semimodule. o

Lemma 2.1.5:

a. Let ¥ <W and {H,},cp a chain of subsemimodules of W such
that N <go;p H,, for every a€A. If H =UgepH, then
N Zgem H.
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b. Let 0N <W with W is a T-semimodule. Thus there is
H <g(e WWIth N <., H.

Proof (a):

Let 0 + B < W be aprime in H, then B N H, + 0 for some a € A,
by (Lemma 1.2.5) then B n H, is a prime subsemimodule in #,, since
N <cem Hyr then NN(BNH,) 0, so N NB=+=0. Therefore,
N <sem H.O

Proof (b):

Let Q={C<WIN <., C}. Q is not empty (since,
N <Z¢em N, NV € Q) and Q is partially ordered by inclusion relation.

Let I' = {H,},ea be any chain in Q, then by (Lemma 2.1.5 (a))
H = UgerH, 1s upper bound of T in Q. By (Zorn’s Lemma)  has a
maximal element say #. It is clear that V' <,,, H (since H € (). Now, if
H <gem H' < W, then H' € Q by (Proposition 1.2.8) NV <., H', by
maximality of 7, it follows H = H'. Therefore, H < ;. W. O

The following theorem has been proved on modules [6], and we will

give a different proof due its importance for it for sesmimodules.

Note: If I is a direct summand of 7-semimodule W then it is not

necessary H <s;. W. For example: Consider the N-semimodule N;,, note
that < 4 >@< 3 >= Ny, and < 4 > is not semi-essential subsemimodule
in N,,. Therefore, <4 ><g.N;, . But <3 ><., N;,. Therefore,

< 3 > is not St-closed in N;,.

Theorem 2.1.6: A T-semimodule W is an SCS-semimodule if and only if

any V <g;. W thenV is adirect summand in W.

Proof:
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(=) Suppose that W is an SCS-semimodule. Let V <., W, since W is an
SCS-semimodule, then V <., B with B <® W, but V <. W, then
V = B . Therefore, V <® W.

(<) Suppose that every St-closed subsemimodule in W is a direct
summand in W. Let V<W, if V=<0> then V <,,,,<0><0>
<® W. If V¥ £< 0 > then by (Lemma 2.1.5 (b)) there is A <g W such
that V <., A. But every St-closed subsemimodule in W is a direct

summand in W, thus A <® W. Therefore, W is an SCS-semimodule. o

Lemma 2.1.7: If & <® W where W is a T-semimodule and N < 7,

then v <® 3¢, provided that H is a subtractive subsemimodule of W.

Proof: Since v <® W then there is &' < W such that W =N @ N
Since V <H and H is a subtractive, then by (semi-Modular Law)
H =N+ HnN"). It remains to prove the unique representable. Let
h € 7, then there is unique elements n,n’ such that h=n+n', n€
N,n" e N, since ne N <H,h€H, since H is a subtractive, then
neH -neNNH. Thus H=NGHnNN'). Therefore,
N<®H.o

Corollary 2.1.8: [17, Proposition 16.7, P.185] Let W be a left T-
semimodule. If H;,H, are direct summands in W and H; < H, then,

H, <® H,.

Proposition 2.1.9: Let V and H be subtractive subsemimodules of W,

where W is a semi-extending 7-semimodule. If (V¥ n H) is an St-closed in
W, then WVNH) <®vand VnH) <® 7.

Proof: Follows from (Theorem 2.1.6 and Lemma 2.1.7). o
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Lemma 2.1.10: Let W =W, @ W, be a fully essential 7-semimodule
where W, <W,(i=12). If <0>#N, <g. W, (i=1,2), then
N ® N2) <gec W.

Proof: Let (M @B N,) <¢em H <W =W, @W,. Since W is fully
essential then (V; @ WV;,) <., H. Now, let 0 = h € (H n W,), then there
is t €T such that 0 # th =n,; +n, but h = (w; +0) € W, implies
n, +mn, =tuwy + 0, then n, = tur; and n, = 0. Hence th =n, € V;
that is, NV, <, (H nW,), not possible since N; <¢;,. W;. Therefore
HNnW; =0. But ;S (N, ®EN,) SH, implies N SHNW,, a
contradiction. Therefore (V; @ NV,) <5 W. O

Proposition 2.1.11: Let W =V @ H be an SCS-semimodule. If for each

semi-essential extension of B @ H is a fully essential semimodule, where

B <t V,then V is an SCS-semimodule.

Proof: Suppose that, B@ H is a fully essential semimodule. Let 0 #
B <5t V. Since H <g;c H and B <g.V, by (Lemma 2.1.10) then,
(B® H) <. W, hence by (Theorem 2.1.6), (B @ #) <® W. Thus
W=BOPH)DA=BD (H D A), where A<W, thus B<®W.
But B <V, by (Proposition 2.1.9), then B <® V. Therefore V is an SCS-

semimodule. o

Proposition 2.1.12: Let W be a T-semimodule with injective hull E(W)

and (W nB) is an St-closed subsemimodule of W for every direct
summand B in E(W). Then, W is an SCS-semimodule if and only if
(WnB) <®w.

Proof:

Let B <® E(W), by hypotheses, then (W N B) <, W since W is
SCS-semimodule, therefore (W N B) <® w.
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Conversely, suppose that the stated condition hold. Let V' < W, then
N <, E(V) <® E(W). By hypotheses then N <, WnE(V) <® W.
Thus NV < o, W N E(IV) <® W. Therefore W is SCS-semimodule. o

Proposition 2.1.13: If W is a fully essential 7-semimodule. Then, W is an

SCS-semimodule if and only if W is a CS-semimodule.
Proof:

(=) Suppose that, W is an SCS-semimodule. To prove W is a CS-
semimodule. Let ' < W. Since W is an SCS-semimodule then IV is a
semi-essential in direct summand of W, but W is fully essential. Thus
N <., H, with H is a direct summand in W. Therefore, W is an CS-

semimodule.
(&) Clear. o

The following result show that the transitive property for St-closed

subsemimodule under a given condition.

Lemma 2.1.14: Let W be a T-semimodule. If V' <¢;. H and H <g;. W

then V' <s;. W provided that /' contained in (or containing) any semi-

essential extension of V..

Proof: The proof of this Lemma is similar to a prove in modules, [5,

Proposition 1.5]. o

In fact, the transitive property is also true if we replace the above

condition with the condition W is a fully prime semimodule.

Lemma 2.1.15:[7, Proposition 2.3] A T-semimodule W is a CS-

semimodule if and only if every closed subsemimodule V of W is a direct

summand in W.
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Proposition 2.1.16: Let W be a semisubtractive cancellative T-

semimodule. If W is m-injective, then W is CS-semimodule.

Proof: Let V <. W, then V is a complement of some subsemimodule H of
W, that is VNH = 0. Since W is m-injective, then there exists a,f
idempotent in End(W) such that a + 8 = 1y, and V < kera, H < kerp.
If w € kera n kerp, then a(w) = 0 and B(w) =0, but w = a(w) +
B(w), thus ww =0+ 0 =0, so kera N kerB = 0. On the other hand, for
any w €W, we have w = a(w)+ p(w), then a(w) = a(lw) +
a(B(w)) implies B(w) € kera (since, W is cancellative). Similarly

a(w) € kerf, hence w € kera + kerf3, thatis, W = kera + kerf.

Finally, we prove that kera + kerf = kera @ kerf. Let wy +w, =
wq{ +w,, where w;,w/| € kera and w,,w, € kerf then a(w,) +
a(wsy) oo (1). By semisubtractive property either w, +a = w, or
w, = w, + a for some a € W. Since kerf is subtractive, then a € kerf
on the other hand, a(a) = 0 (in the two cases), by (1) and cancellative
then a € kera N kerf = 0, hence w, = wr,. Similarly we get w; = w,
which lead to unique representation. Therefore, W = kera @ kerf. Now,
V € kera and kera N H = 0 implies V = kera (since V is complement
of H). Hence, V <® W and by (Lemma 2.1.15), then W is a CS-

semimodule. O

Corollary 2.1.17: Let W be a semisubtractive cancellative 7-semimodule.

Then, if W is m-injective then W is SCS-semimodule.
Proof: Follows from (Proposition 2.1.16 and Remark 2.1.2 (2)). o

Proposition 2.1.18: Let W =W, @ W, be an (s-P) T-semimodule and

W;, W, are prime subsemimodules in W. Then, W is an SCS-semimodule
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if and only if any semi-complement of W, (i=1,2) is an SCS-

semimodule and direct summand in W.
Proof:

(=) Assume that, W is an SCS-semimodule. Let H be a semi-
complement of W; in W. Since W is an SCS-semimodule, then H <;,, W
and by (Theorem 2.1.6) H <@ W. Now, let V <. #, by (Lemma 2.1.14)
then V <5, W and VN W, = 0. Also, W is an SCS-semimodule, then
V<OW —->w=v@®V' for some V' <W, by (Semi-Modular Law)
then £ =V (V' nHK), thus V <® H. Therefore % is an SCS-

semimodule.

(<) Assume that, any semi-complement of W,, i=1,2 is SCS-
semimodule and direct summand in W. Let H <. W, by (Lemma 2.1.5
(b)) there is V <g;. H such that (H N W,) <..;m V. Since W, is prime
subsemimodule in W, then YV n W, is prime subsemimodule in V, thus
VW, =0, (since, (K NW,) <ger ¥V and W, N W, = 0). By (Zorn's
Lemma), then there is a semi-complement M of W, in W, with V < M,
by (Lemma 2.1.14), then V <g;. W, hence V <, M. However, M is
semi-complement of W,, then by assumption M is SCS-semimodule.
Hence V <® W (since, Theorem 2.1.6), thus W =V @ V' for some
V' <W, by (Semi-Modular Law) H =V @ (HX n7V’), since (K N
V') <see Wand (X NV)YNW, =0 then (K nV") <® W and also for
V.V =(HNV)DV" forsomeV' <W,soW =H @ V". Therefore,
H <® W. By (Theorem 2.1.6), then W is an SCS-semimodule. o

Proposition 2.1.19: Let W =W, @ W, be an (s-P) T-semimodule and

W;, W, are prime subsemimodules in W, such that W, and W, are SCS-
semimodule. Then, W is SCS-semimodule if and only if for any St-closed
HofWwithHH n W, =00orH nW, =0 isadirect summand in W.
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Proof:
(=) Itis proved by (Theorem 2.1.6).

(&) Let V <5 W, then either VNW, =0, by assumption, then
V<O W.0rvnw, # 0, then by (Lemma 2.1.5 (b)) there is B < V such
that (V N W,) <¢em B <stc V. Since W, is prime subsemimodule in W
then BNW, is prime subsemimodule in B thus BN W, =0, (since,
VY NW;) <gem B and W, N W, =0). Note that by (Lemma 2.1.14),
then B <. W, by assumption then B <® W, thus W = B @ B’ for some
B' <W, by (Semi-Modular Law), then V=B @ (VN B’). But (VN
B') <g¢tc W, then WNB)NW, =0 (since, VNW, € Band BNB' =
0), also by assumption (VNnB") <® B’. Then B' = (VN B') @ B" for
some B"<W, so W=BOWVnNB)DB"'=V&B'. Therefore,
Y <® W and W is an SCS-semimodule. o

2.2. Prime-extending semimodules (PE-Semimodules)

The concept of prime-extending modules is studied, by Ibrahiem in
[20], where (A T-module W is said to be prime-extending module if for

any 0 #V £ W, thenV <, B, with B is a prime direct summand in W).

Definition 2.2.1: A T-semimodule W is called a prime-extending

semimodule (PE-Semimodule) if for any 0 #V < W, then V <., B,
with B is a prime direct summand in W. T is called PE-Semimodule if W

IS a prime-extending 7"-semimodule.

Remarks and Examples 2.2.2:

1. Ng as N-semimodule is a PE-semimodule (since, there are only two

nonzero proper subsemimodules < 2 > and < 3 > which are both

prime and summand.
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2. A semisimple semimodule W is not necessary PE-semimodule, for
example: consider the N-semimodule N;,, note there are six a
nonzero proper subsemimodules of N5, which are V; =<2 >,V, =
<3>V;,=<5>7V,=<6>7V;=<10>and V; =< 15 >.
And they are direct summands in N3, such that N5, = (V; @ V,) =
vV, ®Vs) = (V; ©V,). Then Ny, is semisimple N-semimodule.
However, note that, V;, V, and V5 are prime subsemimodules in N,.
V, and Vg are prime subsemimodules in V;. V, and V, are prime
subsemimodules in V,. And V¢ and V, are prime subsemimodules in
V. V, is not prime in N3,. Also, V, NV, =0 = 7V, is not semi-
essential in V,. Therefore, the N-semimodule N;, is not PE-
semimodule.

3. Every PE-semimodule is SCS-semimodule, but the convers is not

true in general.

The only summand of N, containing < 4 > is < 4 > itself, which
IS not a prime summand.

4. Any semi-uniform semimodule is not PE-semimodule. Since the
only summand containing a nonzero subsemimodule of W is W
itself which is not prime.

5. Any uniform semimodule is not PE-semimodule.

Lemma 2.2.3: Let W be a faithful cancellative multiplication T '-

semimodule, with 7 is a semisubtractive commutative. If 7 is a fully prime

semiring then W is a fully prime semimodule.

Proof: Let 0 =V < W, since W is a multiplication 7"-semimodule, thus
V = EW for some ideal E of 7. But 7 is a fully prime semiring thus E is a
prime ideal in 7. By (Corollary 1.2.15) we have EW =7V is a prime

subsemimodule of W. Therefore, W is a fully prime semimodule. o
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Proposition 2.2.4: Let W be a faithful multiplication 7"-semimodule. if T

is a fully prime semiring. Then every semisimple W, which is not simple is

PE-semimodule.

Proof: Suppose that, W is a semisimple T-semimodule and 0 =V = W.
Then V <® W. However, T be a fully prime semiring. By (Lemma 2.2.3),
we have V is a prime subsemimodule in W, thus V <, V <® W.

Therefore W is PE-semimodule. o

Proposition 2.2.5: A T-semimodule W is a PE-semimodule if and only if

any St-closed subsemimodule in W is a prime direct summand.
Proof:

(=) Suppose that W is PE-semimodule. Let 0 =V <g;. W. Since W is
PE-semimodule, then there is a prime direct summand B of W and
V <¢em B. But V has no proper semi-essential extension, so B =7V.

Therefore V is a prime direct summand.

(<) Asuume that any St-closed subsemimodule in W is a prime direct
summand. Let 0 = V' < W, then by (Lemma 2.1.5 (b)) there is H <g;. W
with WV <., H. By assumption, H is prime direct summand of W.
Therefore V' is contained is a prime direct summand, that is W is a PE-

Ssemimodule. O

In the following, we will show the relationship between semiring and

semimodules with respect for PE-semimodule.

Proposition 2.2.6: Let W be a faithful cancellative multiplication and

finitely generated 7"-semimodule with T is a semisubtractive semiring .

Then, T is a PE-semimodule if and only if W is a PE-semimodule.

Proof:
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Suppose that, T is a PE-semimodule, and let 0 = NV < W. Since W
iIs multiplication T'-semimodule then ' = JW for some ideal J of W.
However, 7 is a PE-semimodule then there is a prime ideal direct
summand E in T such that | <., E <® T. Let B = EW, by (Proposition
1.2.28), then JW <.,y EW = N <., B. So, by (Corollary 1.2.15), then
B is a prime subsemimodule in W. Now, since E <® T, thus there is ideal
lofTsuchthat EQ I =T,implies(E®@DW =TW =BDIW =W,
thus B <® W, then N <,,,,, B with B is a prime direct summand in W.

Therefore, W is PE-semimodule.

Conversely, let / be an ideal of T, then JW <W. But W is PE-
semimodule, then there is a prime direct summand B in W such that
JW <iem B. Hence B =EW for some prime ideal E in T. Thus
JW <sem EW, by (Proposition 1.2.28) then ] <,., E. Now, since
TW =W and B <® W, thus there is H <® W thatis B@® H = W and
H = IW for some ideal I in . Thus EW @ IW = TW, implies (E @
DW=TW = E®I=T,then E is a prime direct summand in T, thus
] <sem E <® T, where E is a prime in T. Therefore 7 is a PE-

semimodule. o

We mentioned earlier in (Remark 2.2.2 (3)) that every PE-
semimodule is SCS-semimodule, but the converse is not true in general. In
the following (Proposition 2.2.7), we guarantee the appropriate condition

for the converse direction to be true.

Proposition 2.2.7: A T-semimodule W is a PE-semimodule if and only if

W is an SCS-semimodule, provided for any direct summand of W is a

prime.

Proof:
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(=) Clear.

(<) Let 0 =V be a proper subsemimodule in W. Since W is an SCS-
semimodule, thus there is B <® W such that V <,,,, B. However, any
direct summand in W is a prime, thus B is a prime direct summand in W.

Therefore, W is PE-semimodule. O

Corollary 2.2.8: Let W be a fully prime 7-semimodule W. Then, W is a

PE-semimodule if and only if W is an SCS-semimodule.

Proof: clear. o
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Chapter three

J-Extending Semimodules



J-Extending semimodules

In this chapter, we will define new concepts and show some results and

properties of these classes.
3.1. Semi-prime subsemimodules

The main objective of this section is to generalize the definition of each
(semi-prime ideal, semi-prime subsemimodules) after studying the above-
mentioned definitions in modules [11],[17] and [28].

e Let T be a commutative semiring and I be ideal of 7. Then, I is

called semi-prime if t2 € I, thent € I, forany t € T [28].

Definition 3.1.1: Let A be a proper subsemimodule of a T"-semimodule

W. A is said to semi-prime if t € T,x € W and t%x € A then tx € A.

Remarks and Examples 3.1.2:

1. Every prime subsemimodule is a semi-prime subsemimodule. (For if
B is a prime subsemimodule in W and t?x € B wheret € T,x € W,
then t.tx € B thus either tx € B or tW < B — tx € B. Therefore,
B is a semi-prime subsemimodule in W).

2. If A is a semi-prime subsemimodule in W. Then A is not necessary
prime subsemimodule, consider the example: The N-semimodule
N;,, note that < 6 > is semi-prime subsemimodule but not prime in
Ny,.

3. If A is a direct summand subsemimodule of W, then A is not
necessary semi-prime, for example: Consider the N-semimodule
N3¢, see example 1.3.2.1: Note that: there are two non-zero proper
direct summands of N, they are V, =< 4 > and V; =< 9 >. So,

V, is not semi-prime of N.. Also Vg is not semi-prime of N3¢. O
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4. If W is a torsion-free T-semimodule and A <® W, then A is a
semi-prime subsemimodule of W.

Let 0 # A be a proper direct summand subsemimodule in W,
hence W =A @ A’ for some A" <W. Now, let t €T, w €W
and t?w € A then twr = a + a’ for some a € A and a’ € A’. So,
t2uw = ta + ta', where t?w, ta € A. Since A is a direct summand,
hence it is subtractive and ta’ € A, i.e., ta' € (ANA") =0, then
t2uwr = ta. However, W is torsion-free, so tur = a € A. Therefore,
A 1S a semi-prime subsemimodule in W. o

5. If B is a semi-prime subsemimodule of J7-semimodule W, and

B = B' < W, then B is a semi-prime subsemimodule of B’

Remark 3.1.3: If W is a simple T-semimodule, then ann;W is a prime
ideal of T".

Proof: Let st € annysW, and 0 # w € W, then stw = 0. If tw # 0 for
some w € W, then tw generates W and s(tw) = 0 that is, s € annsW.

Therefore, either s € annsW or t € anns W, i.e. annsW is prime. O

Corollary 3.1.4: If W is a simple T-semimodule, then anny(W) is a

semi-prime ideal of 7.
Proof: It is clear by (Remark 3.1.3). O

Proposition 3.1.5: If W is a semisimple 7"-semimodule, and %« = 0 for

somet € T and w € W, then tw = 0.

Proof: Since W is a semisimple, then it is a direct sum of its simple
subsemimodules. Assume that t?« = 0,t € T and 0 # w € W. Then
w=a,+a;+ ...... +a,, where 0+ aqa; €A; and A; are simple
subsemimodules of W. Hence t%w =0 implies t?a; =0 for every

ie{1,2,.... ,n} but each a; generate A; (which is simple), so t2 €
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anngA; i =1,2, ... ... ,n. By (Corollary 3.1.4), then t € annsA; (i =

1,2,.... ,n) hence tw = 0. O

Proposition 3.1.6: Any proper subsemimodule of a semisimple T -

semimodule is semi-prime.
Proof:

Let W be a semisimple T-semimodule and A < W. Then W =

A @ A" where A’ is a semisimple subsemimodule of W.

Assume that t?w € A for some t €T and w € W. Let w =a+a’,
where a € A and a' € A'. Then t?w = t?a + t?a’, hence t?a’' =0
(since t?w € A). By (Proposition 3.1.5) ta’=0 (since, A’ is

semisimple). Therefore tw = ta € A, and A is semi-prime. O

Proposition _3.1.7: If A is a semi-prime subsemimodule of a 7'-
semimodule W and V' < W such that V' £ A then (W N A) is a semi-

prime subsemimodule in V.

Proof: Let n € ¥ <W and t €T such that t?n € (W N A), then
t?n € NV and t?n € A. Since A is a semi-prime subsemimodule in W,
then tn € A, but tn € IV, hence tn € (W N A). Therefore, (N N A) is

a semi-prime subsemimodule of V. o

Lemma 3.1.8: Let E;,E, be a semi-prime ideals of semiring 7. If E; N

E, # 0then E; N E, is a semi-prime ideal in T".
Proof:

Let t € T and t? € E; N E, then t? € E; and t? € E,, since E, E,
are semi-prime ideals in 7" then t € E; and t € E,, implies t € E; N E,.

Therefore, E; N E, is a semi-prime ideal in 7. o
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Lemma 3.1.9: Let A;,A, be semi-prime subsemimodules of T-

semimodule W. If A ;NnA,#0 then A NA, IS a semi-prime

subsemimodule in W.

Proof: Let t €T, w € W and t?w € A; NA,, then t?w € A; and
t?w € A,, since Ay, A, are semi-prime subsemimodules in W, then
tw € A, and tw € A,, thus tuwr € A, N A,. Hence, A; N A, IS semi-

prime subsemimodule in W. o

Note: If A is a semi-prime subsemimodule in W, then ¢(A) is not
necessary be a semi-prime subsemimodule in W'. For example: ¢: N,, —
N,, define by ¢p(x) = 2x for all x € N,,. Put A =< 10 > is a semi-prime

subsemimodule of N,,. But, $(A) =< 20 > is not semi-prime.

In the following result, we will show that if A4 is a semi-prime
subsemimodule in W, then &(A) is also semi-prime subsemimodule in

W' under a given condition.

Lemma 3.1.10: Let W, W' be a 7-semimodule, ¢: W — W' be a

isomorphism. If A is a semi-prime subsemimodule of W then ¢(A) is a

semi-prime subsemimodule of W',

Proof: Let te T, w' € W', such that t?w' € ¢(A). Since ¢ is
epimorphism then there is w €W such that ¢(w) = w', thus
t2¢p(w) € ¢p(A), implies ¢ (t2w) € ¢p(A). Since ¢ is monomorphism,
then t2uw € A, but A is semi-prime subsemimodule of W then tw € A,
thus ¢(tw) € ¢p(A), hence tdp(w) = tw' € ¢p(A). Therefore, p(A) is

a semi-prime subsemimodule in W'. o

Lemma 3.1.11: Let W, W' be a T-semimodule, ¥: W — W' is a

epimorphism. If A" is a semi-prime subsemimodule of W', then ¥~1(A")

Is a semi-prime subsemimodule of W.
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Proof: Let t € T, wr € W such that t?«w € W~1(A") then ¥(t?w) € A’,
since ¥ is a T-epimorphism then t?¥W(w) € A'. Howevwe, A’ is a semi-
prime subsemimodule in W' then tW(w) € A'. Therefore, tw €

P-1(A"), consequently W1 (A") is a semi-prime subsemimodule in W. o

Note: If ¥ is not T"-epimorphism and A’ is a semi-prime subsemimodule in
W', then ¢ ~1(A") is not necessary be a semi-prime subsemimodule in W.
For example: ¥:N, — N, define by ¥(x) = 2x for all x € N,. Put
A' =< 2 > is a semi-prime subsemimodule of N,. But, ¥ "1(A") = N, is

not semi-prime.

3.2. J-essential semimodules

In this section, we generalized the concept of the essential to another
concept that lie between essential and semi-essential, and we studied some

of its properties

Definition 3.2.1: Let 0 # V be a subsemimodule of a 7-semimodule W. vV
is called J-essential in W (briefly V <, . W) if VN A # 0, with 0 # A is

semi-prime subsemimodule in W, ie. If YVNA =0, with A is semi-

prime subsemimodule in W then A = 0.

Note: A nonzero ideal I of a semiring 7 is called j-essential (briefly

I < T)IfINK #0,with 0 # K is semi-prime ideal in 7.

Remarks and Examples 3.2.2:

1. Every T-semimodule W is J-essential in itself.
2. Every essential subsemimodule is J-essential subsemimodule.
3. If V<, W then it is not necessary V <, W. For example:

Consider the N-semimodule N,,, which, it is has three non-zero

semi-prime subsemimodules V; =<2 >,V, =<5> and V; =<
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10 >. Now, since <5>nN<4>=0and <4 >+ 0then <5 > is

<5>NV, #0
not essential subsemimodule in Nj,. But {(<5>nV,#0,
<5>NV; #0
therefore < 5 >< o Ny
. Every J-essential subsemimodule is semi-essential subsemimodule.
Since V <, W and by (Remark 3.1.2 (1)) all prime
subsemimodule is semi-prime then V N A # 0 for any A is a prime
subsemimodule of W, thus V <, W. o
MV <gey W then it is not necessary V <, W. For example:
Consider the N-semimodule Ng,, which, it is has twelve

subsemimodules which are: as in the diagram below.

Now, there are three non-zero prime subsemimodules V, =< 2 >

,V, =<3 > and V, =< 5 >, and there are seven non-zero semi-
s
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prime subsemimodules V, =< 2 >,V, =<3 >,V, =<5 >,V, =<
6>7V: =<10>7"V,=<15> and V, =<30>. Now, since
<4>nV,=0and Vs =< 15 ># 0 then < 4 > is not J-essential.

<4>NV, #0
But{ <4 >n7V, #0,then <4 ><,,,. Ngo. O
<4>NV; %0

Proposition 3.2.3: Let W be a T-semimodule. If V, <V, <W and
Vi Sjes WthenV, <, . W.

Proof: Suppose that V; <; . W. Let A be a semi-prime subsemimodule in
W such that V,nA =0, since V; <V, then VNA<V,NA =0,
hence V; nA =0. However, V, <;,; W then A =0. Therefore,

Proposition 3.2.4: Let V; be a semi-prime subsemimodules of T-
semimodule W, (i=1,2,..,n). If V<, W,i=12,..,n, then

?:1 Vi S].es w.

Proof: To prove that on two subsemimodules of W. Let A be a semi-prime
subsemimodule in W, then W, nV,)NnA=V,n(V,NnA). Since
V; <jes W then V, n A # 0. By (Lemma 3.1.9), then V, N A is semi-
prime in W. However, V; <, W, thus V;n(V,NnA) # 0. Thus,
Vi NV, <5 W. Therefore, by induction N;_, V; <;.s W. O

Proposition 3.2.5: Let V;,V, < W. Then (V; N V,) <, .s W if and only if

Vi <jes W, i =1,2, provided V, N A is semi-prime in W for each A is

semi-prime subsemimodule in W.

Proof: Since (W, nV,) <V;,i=1,2 and (V; NV,) <;.s W, then by
(Proposition 3.2.3) V; <;.s W,i =1, 2.
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Conversely, let A be a semi-prime subsemimodule in W such that
VinV,)nA =0, implies V, n(V,nA) =0. Since V, NA is semi-
prime in W and V, <; s W then V, n A = 0. However, V, <; s W, thus
A = 0. Therefore, (V; NV,) <;.s W. O

Proposition 3.2.6: Let W be a 7-semimodule, V;,V, be J-essential

subsemimodules of W such that V,nV, # 0 and all semi-prime
subsemimodules in V; are semi-prime subsemimodules in W, then
Wi NV,) <jes W.

Proof: Let B be a semi-prime subsemimodule of W such that (V; N V,) N
B=0, implies (V,nV,)NB=0, thus V,n(V,nB)=0. By
(Proposition 3.1.7), then V; N B is a semi-prime subsemimodule in V,, by
assumption, then (V; N B) is a semi-prime subsemimodule in W and
V, <jes W then V,NnB=0. However, V, <;.s W, then B=0.
Therefore (V; NV,) <) W. O

Proposition 3.2.7: Let W be a T-semimodule, 0 # N <W , then

N <jes W if and only if N <., W, provided every semi-prime

subsemimodule in W is prime.
Proof:
(=) Itis clear.

(<) Assume that, V' <., W. Let A be a semi-prime subsemimodule in
W such that MnA =0, (by assumption), then A is prime
subsemimodule in W, since N <., W then A = 0. Therefore,
N <jes WO

Proposition 3.2.8: Let W be a 7-semimodule, V; < W, (i = 1,2,3) with
V<V, <V ItV <j s Vo and V, <0 Vi then Vy <06 Vs,
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Proof:

Let A be a semi-prime subsemimodule of V; such that V; N A = 0,
to prove A =0. Since V; <V, then 0=V, NnA=V,NnA)N,
implies V; N (A NV,) = 0. But by (Proposition 3.1.7) then (A N7V,) is a
semi-prime subsemimodule of V, and V; <; .V, , thus V,NnA = 0.

However, V, <, s V5 then A = 0, therefore V; <, ¢ V3. O

In the following, we show that the converse direction to the previous

(Proposition 3.2.8) is not true, in general.

Example 3.2.9:

We will consider the N-semimodule W = Zg @ Z,, see (Example 1.2.9).
Now, there are four semi-prime subsemimodules of W which are
V,, Vs, Vs and V;,, and three semi-prime subsemimodules of the
subsemimodule V, which are V;,V, and Vg. Now, V, <V, < W and

V; <jes W, butV; is not J-essential in Vy. O

Proposition 3.2.10: If W is a multiplication faithful 77-semimodule, 0 = V

IS a semi-prime subsemimodule in W and V is not minimal semi-prime

subsemimodule then V <, .. W.
Proof:

Let A be a non-zero semi-prime subsemimodule in W such that
VPNnA=0. Since V is a semi-prime subsemimodule in W and W is
multiplication, then there exists semi-prime ideals I,§ of T such that
PV =IW and A = SW. However, V is not minimal semi-prime, then there
IS a semi-prime subsemimodule  in W and H < V. Therefore, there is a
semi-prime ideal nonzero K in 7 such that H = KW = W. Now, (I n
SWeEcIwnSW=VnA=0, but W is a faithful, then In§ =0,
hence INS € K. Thus, either [ S KorSE K. IfIS K, thenV =W C
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KW = H, contradiction. If § € K, then SW € KW. Thus that, A € H <
V. Hence 0 =V nNnA=cA, a contradiction. This prove VN A # 0.

Therefore, V <; . W. O

Note: If V is a J-essential subsemimodule in W, then W(V) is not
necessary be a J-essential subsemimodule in W', For example: ¥:N,, —
N,, define by W(x) = 2x for all x € N,,. We have V =<4 > is a J-

essential subsemimodule of N,,. But, ¥ (V) =< 8 > is not J-essential.

In the following result, we will show that if V is a J-essential
subsemimodule in W, then W (V) is also J-essential subsemimodule in W’

under a given condition.

Proposition 3.2.11: Let W, W’ be T-semimodules, ¥: W — W' be an
isomorphism. If V <; . W, then ¥(V) <, s W'

Proof: Let 0 = B’ be a semi-prime subsemimodule of W'. Since W is an
epimorphism then by (Lemma 3.1.11), 0 = Y~1(B’) is a semi-prime
subsemimodule of W, but V <; ., W, then V. n W~1(B") # 0. Since W is a
monomorphism, then ¥(V N ¥~1(B")) = 0, thus, ¥ (V) n B’ = 0 for each
B'in W'. Therefore, ¥ (V) <; . W'. O

Proposition _3.2.12: Let W =W, @ W, be a 7-semimodule, where
W, sW, (i=12), <0>#=V, <W, (i=12). f V<, W, (i=
1,2)then(V; @ V;) <jes W.

Proof:

Let 0 # B be a semi-prime subsemimodule in W =W, @ W, , and
3; is a natural projection map of Won W,, (i = 1,2). f BnW, # 0, by
(Proposition 3.1.7), B N W, is a semi-prime subsemimodule in W;. Since
Vi <jes Wy, then V0 (BNnW,;) # 0, consequently, there is 0 #b €
ViNBNW,, then 0#beV,NB. Thus 0#be (V, DV, NB.
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Therefor, (V; @ V,)NB # 0. Similarly, if BnW, # 0, then (V;
Y,)NB # 0.
Assume that, BNW;, =BnW,=0. Thus 0 is a semi-prime
subsemimodule in W;, (i = 1,2). Then any subsemimodule of W; is semi-
prime subsemimodule by (Remark 3.1.2 (4)) (i = 1,2). Then 3;(B) is a
semi-prime subsemimodule in W;,i =1,2, since V; <, W; then,
V,nx(B)=0for (i=1,2). Let 0 = b =2,(b)+3,(b) €B, if 2,(b) =
0then 0 = b =3,(b) € 3,(B) nW; € Bn W, =0, acontradiction. Then
3,(b) #0, also X (b) #0, Hence 0=#b=23,(b)+3,(b) e (3, (B)N
VDD GBNV)SV, DV, That is, 0#be(V,dV,) NBEB.
Therefore (V; @ V,) <;.s W. O

In the following, we show that the converse of (Proposition 3.2.12) is

not true, in general.

Example 3.2.13: Consider the Z-semimodule W =N;&@ N,. And

V, =<3><NgV,=<2><N,, then, WOV =(<3>0<
2>)<;es Ng D Z) =W, ®W,) (since ((< 3>P<2>)NA+*
0)) for any A is a semi-prime subsemimodule in W =N, @ N,.
However, < 3 > is not J-essential subsemimodule in Z (since < 3 >nN<

2>=<0>).0

Proposition 3.2.14: Let W =W, @ W, be a T-semimodule, where
W, sW,i=12,0#V, =W, and 0#V, S W,, if VB V,) <j s W

then V; <; . W, provided that every semi-prime subsemimodule in W, is

a semi-prime subsemimodule of W.
Proof:

Let A, be a semi-prime subsemimodule of W,, by condition, then

A, is a semi-prime subsemimodule in W, since V; @V, <. W, then
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WV, & V,)nA # 0. However, V, N A = 0, then V;, N A # 0. Therefore,

1 <Jes W,. o

Proposition 3.2.15: Let W = W, @ W, be a distributive fully essential T -

semimodule, where W; and W, are subsemimodules of W, < 0 ># WV; <
W;,i=1,2, then (V; @ N;) < W if and only if V; <. W,,i =
1,2.

Proof:

(=) Assume that, (M @®N;) <;.s W. Since (N;ON;) <;.s W, then by
(Remark 3.2.2 (4)) (Ni®N,) <gey W, but W =W, @ W, is a fully
essential 7"-semimodule, then (V;ON,) <, W. Let 0 #H;, < W, < W,
then (VON,)NH; #0, implies (N NH;)+ N, NH;) +#0.
However, (N, N H;) = 0, conesquntly (W; N H;) # 0, then V; <, W,.
Therefore V; <, .s W;. Similarly, N, <; s W,.

(<) By (Proposition. 3.2.12), (M{®N;) <;.s W. O

Proposition 3.2.16: Let W = W, @ W, be a distributive and fully prime

T-semimodule, where W, and W, are subsemimodules of W, <0 >+
N, =W; (i=1,2), then (NON;)<;.,W if and only Iif
N S].es w;, (i =1, 2)-

Proof:

(=) Assume that, (N;®N;) <;. W. Let P, be a semi-prime
subsemimodule in W; such that M; NP, = 0, since W is fully prime and
P, < W, < W then P, is a prime subsemimodule in W, by (Remark 3.1.2
(1)), then 2; is a semi-prime subsemimodule in W. Since W =W, @ W,
thus W, N W, =0, implies P, NN, =0 for each N, <W,. Now,
(VM NPHBN,NP;) =0, since W is distributive T-semimodule thus
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VMOMN)NP, =0, but (N DN,) <;.s W, therefore P =0,

consequently NV <. W;. Similarly, NV, <; s W,.
(<) By (Proposition 3.2.12), (N;@®N;) <;.s W.O
3.3. J-extending Semimodules

In this section, the J-extending semimodule will be introduced and
investigated throughout this section. This concept lies between extending
semimodule and semi-extending semimodule. Also, some results will be

obtained.

Definition 3.3.1: A T-semimodule W is called J-extending if each

subsemimodule in W is J-essential in direct summand of W. A semiring T

Is said to be J-extending, if T is J-extending semimodule.

Remarks and Examples 3.3.2:

1. The N-semimodule N, is J-extending semimodule, (since, there are
six subsemimodules which are: N; =<0 >N, =< 2 >, N; =<
5> N, =<4>N; =<10> and N, =N,,. There are four
subsemimodules direct summands N, N3, NV, and NVg. While there
are three nonzero semi-prime subsemimodules 2V;, V5 and Vz. Now,
any direct summand is J-essential in itself, V, <, ¢ N <® N,, and
Ns S].es Neg SEB N20)-

2. Every semisimple semimodule is a /-extending.

e.g. The N-semimodule Ny is a J-Extending, (since for each
subsemimodule IV of Ng, N < o5 IV, with V' <® Ny).

3. Every (CS-semimodule is J-Extending. (since, if V <, W, then
V< jes WYV W)
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4. If W is J-extending, then it is not necessary W is a CS-semimodule.
Consider the N-semimdule W =1Zg @ Z,, by (Example 1.2.9).
Which, it is has four semi-prime subsemimodules of W which are
V,,V,, Vs and V;,,, and six subsemimodules direct summands of W

which are V,,V,, V5, V,, Vg and V;4. As in the diagram below.

V 11
VZ Vél- vl 0
Ve Ve Vs

==\
L

Now, since every V<.V <®W,i=1,23,4,811, and

Vi <jes W<® W,k =5,6,7,9,10 then W is J-Extending

semimodule. However, this W is not CS-semimodule, (since,

Vs N Vg = 0, thus V, is not essential in a direct summand of W). o
5. Any uniform semimodule is a J-extending semimodule. But the

converse is not true.

For example: Consider the N-semimodule Ns, by (Example

1.3.2.1). Now, there are four direct summands in N3, which are
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V1,V4,Vgand V,. While V,,V; and V. are a semi-prime
subsemimodules in Vy. V. is a semi-prime subsemimodule in V,.
While Vg is a semi-prime subsemimodule in V. Since V, and V, are
direct summand, V,, V; and Vs are J-essential in N3,. It is enough to
examin V., and Vs. Since VoV, =V, 0=
V; <jes Va <® Ny, also, since VgNVg=Vg#0=
Vg <jes Ve <® N;.. Therefore, the N-semimodule N;¢ is J-
extending semimodule. But Vg NV, =< 18 >N< 12 >= 0, then

Vg =< 18 > is not essential subsemimodule in N, therefore the N-
semimodule N5, is not uniform.

6. If W is J-extending then it is not necessary W is semi-uniform
semimodule.
For example: Consider the N-semimodule N,,. by (Example
1.3.2.2). There are four direct summands in N,, and they
Vi,V3,Vgand Vg. While V,,V; and 7V, are a semi-prime
subsemimodules in V. So Vs is a semi-prime subsemimodule in V;.
Now, since V; and Vg are direct summand, V,, Vs, V,, Vs and V, are
J-essential in N,,. Therefore, the N-semimodule N,, is J-Extending
semimodule. But V, N V; =< 8 >N< 3 >=< 0 >, thus V, =< 8 >
IS not semi-essential subsemimodule in N,,, therefore the N-

semimodule N, is not semi-uniform.

Proposition 3.3.3: Every J-extending semimodule is an SCS-semimodule.

Proof: Let v < W, with W is a J-Extending semimodule, then there is
H <® W such that </es J. Since every J-essential subsemimodule is

semi-essential, then N <;.,m H <® W. Therefore, W is a SCS-

semimodule. O
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Proposition 3.3.4: Let W be a T-semimodule, if W is a J-extending

semimodule and indecomposable, then W is a semi-uniform semimodule.
Proof:

Let V be a nonzero subsemimodule of W, since W is a J-extending
semimodule, by (Proposition 3.3.3), then W is an SCS-semimodule and by

(Proposition 2.1.3). Thus W is a semi-uniform semimodule. o

Theorem 3.3.5: Let W be a T-semimodule. Then W is a J-extending

semimodule if and only if for each St-closed subsemimodule in W is a
direct summand of W, provided every semi-prime subsemimodule in W is

prime.
Proof:

(=) Suppose that W is a J-extending semimodule. Let V <g;. W, since
W is a J-Extending semimodule then by (Proposition 3.3.3) W is an SCS-
semimodule, thus there is a subsemimodule H of W such that

V <gom H <O W.ButV <4, W, thus V = 3. Therefore, V <® W,

(<) Suppose that any St-closed subsemimodule in W is a direct summand
of W. Let V< W, if V=0 thus V <,,,<0> and <0><® . If
V # 0 then by (Lemma 2.1.5 (b)) there exists A <g;. W such that
V <gem A. Since every semi-prime subsemimodule in W is prime and by
(Proposition 3.2.7) then V <, . A. But every St-closed subsemimodule in
W is a direct summand of W, thus A <® W. Therefore, W is an J-

Extending semimodule. o

Proposition 3.3.6: Let V,H < W, with W is a J-extending 7"-semimodule.
If (WNH) is an St-closed in W, then (WNH)<®V and (Vn
H) <® 3. Provided V and # are subtractive in W.
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Proof: Follows from (Theorem 3.3.5 and Lemma 2.1.7). o

Proposition 3.3.7: Let W be a fully prime T-semimodule. Then Wis a J-

extending semimodule if and only if W is an SCS-semimodule.
Proof:
(=) Follows from (Proposition 3.3.3).

(&) Assume that W is an SCS-semimodule. To prove that W is a J-
extending semimodule. Let 0 =V < W, since W is an SCS-semimodule
then there is a B <® W such that V <,,,, B, but W is a fully prime
semimodule, thus VNH +0 for any O0=+H <W, thus

V <,es B <® W. Therefore, W is a J-extending semimodule. o

Proposition 3.3.8: Let W be a fully essential 77-semimodule. Then W is a

J-extending semimodule if and only if W is a CS-semimodule.
Proof:

(=) Assume that W is a J-extending semimodule. To prove that W is a
CS-semimodule. Let 0 = V' < W, Since W is a J-extending semimodule
then there is 2 <® W such that V' < o5 K, thus NV <., H. But W is

fully essential semimodule then N <, H. Therefore, W is a CS-

semimodule.
(<) Follows from (Remark 3.3.2 (3)). o
3.4. J-closed subsemimodules

Definition 3.4.1: Let 0 # IV be a subsemimodule of 7-semimodule W.
Then, V' is called J-closed in W (briefly ' <;. W) if V' has no proper J-

essential extension in W, i.e., if there is /' < W such that V' <, ¢ H then
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N =H. An ideal E of T is said to be J-closed, if it is a J-closed T -

subsemimodule.

Remarks and Examples 3.4.2:

1. Every T-semimodule W is a J-closed subsemimodule in itself.

2. Consider the N-semimodule W = N;,, the number subsemimodules
in Ny, is six subsemimodules which are V, =< 0>,V, =<2 >
Vs =<3>,V,=<4>V;=<6> and V,=N,;,. Now, the
subsemimodules V, and V, are J-closed in W (since, V, and V, have
no proper J-essential extensions in W).

3. Any St-closed subsemimodule is J-closed.

Assume that, V <g,. W, to prove V<, W. Let V <, . H,
with H <W, thus V <;.,, H. But, V <5, W, then V =H.
Therefore, V <, W. o

4. If V<, W then it is not necessary V <. W. For example:
Consider the N-semimodule N5, note that: there are three non-zero
prime subsemimodules in N3, V; =<2 >,V, =< 3 > and V; =<
5 >. There are six non-zero semi-prime subsemimodules V; =< 2 >
TV, =<3>V,=<5>V,=<6>V:=<10> and 7V, =<
15 >. Now, since V, NV, = 0 and V, # 0 then V; =< 2 > is not
J-essential subsemimodule in N3, thus V; <;. N3,. But

VNV, #0 3
V1NV, # 0, thus V; <g.m N3,. Therefore, V; =< 2 > is not St-
ViNnV; #0

closed subsemimodule in N,.
5. If H is a direct summand of 7-semimodule W then it is not

necessary H <,. W. For example: Consider the N-semimodule N,

note that <4 >@<5>=N,, and <4 > is not J-essential
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subsemimodule in N,,, therefore <4>_]C N,, . But <5>

<J.es Ny, therefore < 5 > is not J-closed in Nyp.

Proposition 3.4.3: Let W be a 7-semimodule. If V; <, V, and V, <, V;

forany V; < W,i =1,2,3. Then V; <. Vs, provided that V, contained in

(or containing) any J-essential extension of V;.

Proof: Let N’ < V; suchthat V, <, s V' < V;. there are two cases:

- N <V, thenV, = IV, (since, V; <, V,). Hence V; <. Vs.
- ItV < N thenV, <) IV (since, V; <. NV), but V, <. V3 then
V,=N. That is V; <;.5 V,. Since V; <, V,, thus V; =V,

Therefore, V; <, V5. O

Remark 3.4.4:Let0# NV <H < W.If N <, W then it is not necessary

H <, W. For example: Consider the N-semimodule N,. Let V' =< 8>,

_ NN<12>=0
H =<4> then N <H <N,,. Now, since { ¥ n< 6 >= 0, Where
NN<3>=0

<12 > is semiprime in < 4>
< 6 > issemiprimein <2 >, thus N is J-essential. Therefore,
<3>is semiprime in N,,

HN<12>% 0

, thus H < .5 Ny,. Therefore, 3 is not
HN<6>+0

N <, W. But, {
J-closed inN,,. O

Lemma 3.4.5: Any subsemimodule V' in W is a J-essential in J-closed

subsemimodule of W.

Proof: Let N < W. If NV <, Wthen W <, W. Now, if V' <, s H <
W, for some H then, either H <, W, thus NV <, H <, W or
H <;s W, by (Proposition 3.4.3) then V' <, . W contradiction. If V' is
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not J-essential in any subsemimodule containing it properly, then
N <;c W. Therefore, N' <; . N <, W. O

Theorem 3.4.6: A 7-semimodule W is a J-extending semimodule if and

only if any J-closed subsemimodule in W is a direct summand of W.
Proof:

(=) Assume that W is a J-extending semimodule . To prove every J-

closed subsemimodule in W is a direct summand in W.

Let V <, W. Since W is a J-extending semimodule, then V <, . B

with B <® W, since V <, W, then V = B. Therefore, V <® W,

(<) Suppose that every J-closed subsemimodule in W is a direct

summand in W. To prove W is a J-extending semimodule.

Let V<W, if V=<0> then V <,,,<0><0><®W. If
V #< 0 > then by (Lemma 3.4.5) there is A <;, W that is V < o A.

But every J-closed subsemimodule in W is a direct summand in W, thus

A <O W. Therefore, W is a J-extending semimodule. o
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Conclusions

Semi-extending has been studied on modules and got some results.
Extending the semimodule was also studied and they obtained some

properties.

In this work, the researcher has a semi-extending study on
semimodules, obtained some properties and results. Some other concepts
were also studied: such as Prime-extending semimodule, J-essential
subsemimodule, J-extending semimodule and J-closed subsemimodule.

Among the most important results obtained are:

e Every extending semimodule is semi-extending semimodule. But,
the converse is not true.

e Every prime-extending semimodule is semi-extending semimodule.
But, the converse is not true.

e Extending semimodule — J-extending semimodule — semi-
extending semimodule.

e Any proper subsemimodule of a semisimple 7-semimodule is semi-
prime.

e A T-semimodule W is a J-extending semimodule if and only if any

J-closed subsemimodule in W is a direct summand of W.
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Future works

In the future, some generalizations of J-closed subsemimodule will
be studied, Direct sum and direct summand of J-extending on modules (or
semimodules). Examples, properties for these concepts and some

relationships of them will be discussed.
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