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Abstract

Linear and nonlinear programming are basically a sub�eld of numerical

optimization, linear and nonlinear optimization is a mathematical programming

technique to �nd an optimal value for linear and nonlinear objective functions. The

objective of this study is design coding which is an important tool for modeling

numerical optimization �elds. This study investigated and proposed a python program

for general optimization modeling linear and nonlinear optimization. Our concept

provides the basic foundation for learning and improving mathematical problem-solving

abilities using Python Language. We provide new approaches and algorithms and

created di�erent mathematical modeling applications for optimization. Numerical and

application results gave a good feasibility area from which the optimal solution was

derived. This study developed design codes based on di�erent mathematical models

which included, Tyler's rounding technique, linear programming, nonlinear

programming, double linear, nonlinear, Lagrange multiplier,

Karush-Kuhn-Tucker(KKT) condition, and penalty (internal and external penalty), all

of them provided e�cient algorithms An open source packages that make mathematical

programs to be described in the Python programming language.
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CHAPTER 1

INTRODUCTION



1.1 Introduction

Optimization theory and methods are a relatively new branch of applications

mathematics, computational mathematics and operations research with a wide range of

applications in science, engineering, corporate management, military and space

exploration. The subject is interested in �nding the best solution to theoretically

detailed di�culties, that is, the "optimal" solution to a real-world problem using the

scienti�c methods, and the problem can be detected from di�erent strategies as well as

the tools used to investigate the criteria of the ideal state, thus creating typical

problems, as well as the selection of a computational approach to the solution and the

development of the theory of algorithmic convergence and numerical experiments with

real-world challenges and typical problems although optimization may be due to the

�rst days of maximum value cases [23]. In the late 1940s, Danzig was the �rst to make it

a separate subject. He was given a well-known simple method of linear programming.

After conjugated gradient techniques and quasi-Newtonian methods became popular in

1950, when these ideas were introduced, nonlinear programming grew . Modern

optimization methods have become a vital tool for solving problems in a variety of

situations [64]. Optimization is an activity to which no particular discipline belongs.

Optimization is described as determining the best suitable solution in the theory of

performing the optimization task in an optimal math problem studies have put a great

deal of e�ort into trying to describe the properties of such an ideal solution [44].
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1.2 Related Work

1. Optimization Problem

2. Linear Programming Problem

3. The General Linear programming Problem

4. Nonlinear Programming Problem

5. Mathematical Modeling

6. Design Coding

7. The relation between Optimization and Design Coding

8. Python language

9. Python Optimization Code

10. Classi�cation of mathematical optimization models

1.2.1 Optimization Problem

In the function of the optimization problem, the target must be enlarged or reduced.

Improved functionality is referred to as functionality. Function is a quantity like Cost,

pro�t, e�ciency, size, shape and weight. Developed with Various criteria to achieve

improved e�ciency in reducing the energy consumption needs of the user.Design variables

are the variables in the objective function [56]. The following is a mathematical expression

for the optimization problem:

(P )



minimize f(x)

subject to gi(x) < 0 i = 1, 2, . . . . . . . . . ,m

hj(x) = 0 j = 1, 2, . . . . . . . . . , r

x1 < x < xn

(1.1)
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where x is a vector of n design variables given by

x =



x1

x2

.

xn


The goal of an optimization problem is to �nd the optimal solution out of all the

possibilities [45]. Optimization problems can be divided into two categories, depending

on whether the variables are continuous or discrete [35]:

1. The optimization problem with discrete variables is known as a discrete optimization,

in which an object such as an integer, permutation or graph must be found from a

countable set.

2. Continuous optimization refers to a problem with continuous variables in which the

optimum value of a continuous function must be determined. These may involve limited

and multimodal problems.

Figure 1.1: The diagram is described Classi�cation of Optimization
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1.2.2 Optimization Models

Models of Optimization is the key aspects of the business challenge are trying to solve

and translated into an optimization model. The objective function, decision variables,

and business constraints are the three components of the model [41]. We refer to the

application of mathematical tools to solve issues based on particular features as

optimization modeling.

� Programming in linear form (LP)

� Programming with mixed integers (MIP)

� Nonlinear programming is a type of programming that is used to solve (NLP)

� Programming with constraints is a type of constraint programming (CP)

Many �elds of study employ optimization methods to �nd solutions that maximize or

minimize certain study parameters, such as minimizing expenses in the manufacture of a

thing or service, maximizing earnings, minimizing raw materials in the development of a

good, or maximizing productivity

Optimization Model Works

Figure 1.2: The diagram is described Inputs and outputs of the optimization model The
output of the optimization model is the values the variables that allow you to reduce or
increase the objective function while still meeting the constraints

1.2.3 Linear Programming Problem

Linear programming(LP) was created during World War II, when the need for a

method to optimize resource e�ciency was critical. New war-related initiatives needed

5



attention, causing resources to be stretched thin [31]. Programming was a word used in

the military to describe operations such as schedule preparation.Efciently or optimally

deploying George Dantzig is a member of the United States Congress.In 1947, the Air

Force devised the Simplex technique of optimization to solve a problem.after using

approach for tackling linear programming problems structures. The idea underlying it

has been created by economists and sociologists [49].As well as considering its possible

applications, linear programming. The expression being optimized in linear

programming z is referred to as the objective function. Decision variables are the

variables x1, x2 . . . . . . xn are called decision variables, and their values are subject to m

constraints (every line ending with a bi, plus the non negativity constraint). A set of

x1;x2 . . . xn satisfying all the constraints is called a feasible point and the set of all such

points is called the feasible region. The solution of the linear program must be a point

(x1, x2, . . . .., xn ) in the feasible region, or else not all the constraints would be

satis�ed [48]. When aircraft crews are scheduled, or factory managers calculate the raw

material mix that generates the most lucrative blend of output items, they are

sometimes faced with di�culties with hundreds or thousands of variables and

constraints [56]. Linear programming is an optimization problem in which the goal and

constraints are expressed as a linear function of the design variables. The constraints

may be equality, inequality, or both types. A linear function has the following

mathematical features:

f(x+ y) = f(x) + f(y)

f(kx) = kf(x)

Where x and y are variables,and k is a scalar. A real linear programming problem

(LPP) may include hundreds of design variables and constraints, necessitating the use of

di�erent solution strategies.

Linear Programming divided into Three Parts [46] There are three parts to linear

programming:

6



1. A decision variable is a set of variables over which the decision-maker has direct

in�uence.

2. The goal function is a linear function that mathematically determines the quantities

to be maximized or minimized.

3. Constraints: a mathematical formulation of equalities or inequalities that represents

the boundaries of the choice variables.

1.2.4 The General Linear Programming in Optimization

The linear programming problem structure may be condensed to the following form. [37].



Minimize c1x1 + c2x2 + ......+ cnxn = z

Subject to a11x1 + a12x2 + ......+ a1nxn = b1

a21x1 + a22x2 + ......+ a2nxn = b2

·

·

am1x1 + am2x2 + ....+ amnxn = bm

x1, x2, ..., xn ≥ 0

(1.2)

The goal function in linear programming is the expression that is being optimized. The

variables x1, x2, ....., xn are known as choice variables. A feasible point is a collection of

x1, x2, ....., xn that ful�ll all of the requirements, and the feasible region is the set of all

such points. The linear program's solution must be a point (x1, x2, ....., xn) in the feasible

area, otherwise all of the constraints will not be met.
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1.2.5 Non-linear Programming Problem [42]

When the goal or constraint functions are not linear but not known to be convex, non-

linear optimization (or nonlinear programming(NLP)) is employed to de�ne the problem

. Nonlinear problems can be categorized according to several properties. There are

problems in which the objective and constraints are smooth functions, and there are

nonsmooth problems in which the slope or value of a function may change abruptly.

There are unconstrained problems, in which the aim is to minimize (or maximize) the

objective function f(x) with no restrictions on the value of x, and there are constrained

problems, in which the components of x must satisfy certain bounds or other more complex

interrelationships.

1.2.6 Mathematical Modeling [52]

Models describe we beliefs about how the world functions. In mathematical

modelling, we translate those beliefs into the language of mathematics . This has many

advantages

1. Mathematics is a very precise language. This helps us to formulate ideas and identify

underlying assumptions.

2. Mathematics is a concise language, with well-de�ned rules for manipulations.

3. Computers can be used to perform numerical calculations.

In mathematical modeling, there is a lot of room for compromise. The bulk of real-world

interacting systems are just too complex to represent in their entirety. As a result, the

�rst degree is to identify the system's most critical components. These will be included

in the �nal product. The remainder will be left out of the model. Second degree is the

quantity of mathematical knowledge required. Despite the fact that mathematics has

the ability to verify broad conclusions, The form of equations utilized has a signi�cant

impact on the �ndings .

8



1.2.7 Design Coding

The fundamental structural design concept Using trial-and-error, �nd the optimal design

by repeatedly adjusting the design variables. approach based on the designer's expertise,

subject to structural criteria [60].How can we come up with the �nest design?

If the present design isn't working, what's the best way to change the design variables?

isn't it the best?

These are questions that optimization can solve:

In the conventional design process, the design variables are assigned arbitrary beginning

(trial) values, structural analysis is used to evaluate the responses, and the if design

criteria are not met, the variables are intuitively changed [33]. i.e., there is no standard

approach or framework for making design changes. Furthermore, If all of the needs have

been met and there are no more requirements to be met, the design process is often

concluded .There is a concerted attempt to discover better solutions.

1.2.8 The Relation between Optimization and Design Coding

In the case of code-based design, where the design code determines the upper and

lower limits of answers as well as the bounds of design variables, structural optimization

o�ers the following advantages: If the problem is correctly framed such that the set of

feasible designs is nonempty, a design ful�lling all the constraints (feasible design) may

be identi�ed automatically and e�ciently while simultaneously reducing the objective

function, such as total structural volume [33]. The optimization tool aids the designer's

decision-making; it is not an automated design tool that gives structural engineers and

designers a bad image. If the optimum design is not acceptable to the designer, the

upperlevel characteristics of the structure, such as its geometry and material qualities,

may be changed, or new constraints can be applied to the optimization problem to

produce a more plausible optimal solution. As a result, rather than structural analysis,

the designers may devote more time on the synthetic work. if decision-making
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optimization techniques are employed e�ectively digram depicts the traditional design

process and the optimization-based design approach.

Figure 1.3: The diagram is described Illustration of conventional and optimization-based
design processes.

1.2.9 Python language

Python is easy to learn high level programming language. Python is a �exible

language that can be used to manage the performance of many programs in general, as

well as to construct independent programs with graphical interfaces and in web

applications. It can also be used as a scripting language to control the performance of

many programs . Python is a programming language that may be used to create basic

programs for novices as well as to complete huge projects simultaneously.Guido van

Rossum created Python at the Institute of Mathematics and Informatics in Amsterdam

in the late 1980s, and it was initially released in 1991 [62]. C is used to create the

language kernel. Rossum called his language Python in honor of the iconic British show

Monty Python and the Holy Grail.Python is the �rst language on the list of arti�cial

intelligence and machine learning languages, due to its ease of learning and its ability to

implement many arti�cial intelligence algorithms. One of the most popular Python

libraries used in this �eld is the library (skipy),(NumPy),(Pandas) [11].For many data

science applications, Python has become the de facto language franca. It combines the
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�exibility of general-purpose programming languages with the simplicity of

domain-speci�c scripting languages like as MATLAB or R. Data loading, visualization,

analytics, natural language processing, image processing, and more are all supported by

Python libraries. This comprehensive toolkit o�ers data scientists with a wide range of

general- and special-purpose capabilities [67]. One of the most compelling features of

Python is the ability to interact directly with the code through a terminal or other

tools [54].

1.2.10 Python Optimization Code

The process of optimizing Python programs includes choosing the optimal solution from a

variety of possibilities available to developers. Python is the most widely used, dynamic,

and versatile programming language for web development [47]. Python is still the greatest

and most relevant programming language for application developers, even in tasks like

machine learning and data mining.

Python code optimization is a Technique to make the program work any action more

e�ciently and fast while using less lines of code, memory, or other resources while still

producing the desired outputs. It's critical while doing a task that requires processing

a high number of actions or data. As a result, changing and improving some ine�cient

code blocks and features might be quite bene�cial: Improve the application's speed make

the code more legible Error tracking and debugging are made easier. Save a signi�cant

amount of processing power [2].

1.2.11 Classi�cation of Mathematical Optimization Models

The operator varies based on the item for which the model is being utilized.If the operator

of a model employs linear relationships between the model's outputs and inputs, the model

is said to be linear. These models are perhaps the most straightforward to analyze. This

also brings us to the end of another key property of linear models: superposition. To put

it another way, if the model response for two sets of inputs x1 and x2 is known and equals
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y1 and y2, the model response for the total of inputs x1 + x2 will be precisely the sum of

outputs y1 + y2. Non-linear models are those in which the operator employs non-linear

output-input dependencies. When compared to linear models, they are more complicated

to analyze and lack the superposition characteristic.The models may be classed as basic

or sophisticated depending on the operator. The model is considered to be simple if

the operator is a compact dependence of outputs from inputs (like a direct formula) [3].

The model is considered to be complicated if the model's operator needs extra operations

to determine the relationships between outputs and inputs, as if it were described as

a collection of di�erential equations.It's worth noting that complicated models may be

reduced to simple if a set of equations can be solved analytically, either exactly or roughly

with a reasonable degree of accuracy.The model is considered to be algorithmic if the

model's operator is represented in algorithmic form, as a series of steps that link inputs

to outputs.The model operator is used to classify mathematical models like the diagram

below [47].

Figure 1.4: The digram shows the mathematical models based on the model parameters
with the modelling purpose in mind
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CHAPTER 2

MATHEMATICAL BACKGROUND



In this chapter, we discuss some of the mathematical concepts that will be needed later.

De�nitions and Properties

This section, we provides de�nitions, notation, and necessary results of Euclidean space.

Also, it presents some basic concepts and facts of real mathematical analysis , convexity

,optimality condition, kkt condition.

2.1 Linear Programming

The basic linear programming problem lends itself to a linear interpretation based

on algebra , the basic problem model is: [49]:



min(max) ⟨ c, y⟩ =
n∑

i=1

ciyi

s.t uy = b → Equality

uy ≥ b =⇒ inequility

y ∈ R

(2.1)

The problem is equality



minimize,maximize c1y1 + c2y2 + . . . . . . . . . . . .+ cnyn = z

subject to u11y1 + u12y2 + . . . . . . . . .+ u1nyn = b1

u21y1 + u22y2 + . . . . . . . . .+ u2nyn = b2

·

um1y1 + um2y2 + . . . . . . . . . .+ umnyn = bm

y1, y2, . . . . . . . . . , yn ≥ 0

(2.2)
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The problem is inequality



minimize c1y1 + c2y2 + . . . . . . . . . . . .+ cnyn = z

subject to u11y1 + u12y2 + . . . . . . . . .+ u1nyn ≥ b1

u21y1 + u22y2 + . . . . . . . . .+ u2nyn ≥ b2

·

um1y1 + um2y2 + . . . . . . . . . .+ umnyn ≥ bm

y1, y2, . . . . . . . . . , yn ≥ 0

(2.3)

2.2 Nonlinear Programming (NLP)

Consider the non-linear programming problem below [8]:



min f(x)

s.t gj(x) ≤ 0 j = 1, 2, . . . ,m

bi(x) = 0 i = 1, 2, . . . . . . ..k

x ≥ 0

(2.4)

Where f , g1 . . . . . . ., gm, b1, . . . . . . ., bk are functions de�ned on Rn, x is a subset of Rn,

and x is a vector of n components x1, . . . . . . , xn. The above problem must be solved for

the values of the variables x1, . . . . . . , xn, that satis�es the constraints while minimizing

the function f . The function f is usually called the objective function, or the criterion

function. Each of the constraints gj(x) ≤ 0 for j = 1, . . . ,m is called an inequality

constraint, and each of the constraints bi(x) = 0 i = 1, 2, . . . . . . ..k is called an equality

constraint. Lower and upper boundaries on variables are often included in the set x, which,

even if inferred by the other restrictions, may be bene�cial in particular algorithms [28].

Alternatively, this collection might represent some carefully constructed restrictions that

are emphasized for the optimization method to exploit, or it could represent some regional

con�nement or other complex constraints that are handled independently through an
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unique mechanism. [29].

2.2.1 Vector Norm

This section introduces the Euclidean space, which means a fnite dimensional inner

product in vector space h ⟨ ., .⟩ and the Euclidean norm defned by:

∥ x ∥=
√

⟨ x, x⟩

for all vectors x in the vector space

De�nition 2.2.1. (Inner Product)A function ⟨., .⟩ : Rn ×Rn → R is an inner product

if [21]:

1. ⟨u, v⟩ > 0, ⟨u, u⟩ = 0 ⇔ u = 0 (positivity).

2. ⟨u, v⟩ = ⟨v, u⟩ (symmetric).

3. ⟨u + v,w⟩ = ⟨u,w⟩+ ⟨v,w⟩ (additivity).

4. ⟨αu, v⟩ = α⟨u, v⟩ for all α ∈ R (homogeneity).

The characteristics of additivity and homogeneity are likewise valid; that is [24],

⟨u, y + z⟩ = ⟨u, y⟩+ ⟨u, z⟩ ⟨u, r v⟩ = r⟨u, v⟩

De�nition 2.2.2. (Norm) A norm ∥.∥ on Rn is a scalar assignment function ∥x∥ to

every x ∈ Rn and it has the following characteristics [15]:

(a) ∥x∥ ≥ 0,∀x ∈ Rn.

(b) ∥αx∥ = |α|∥x∥ for each and every scalar α and every x ∈ Rn.

(c) ∥x∥ = 0 ↔ x = 0.

(d) ∥x+ y∥ ≤ ∥x∥+ ∥y∥, ∀x, y ∈ Rn (This is known as the triangle inequality.)

The Euclidean norm of a vector x = (x1, x2, . . . , xn) is de�ned by
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∥x∥E = (x∗x)1/2 =

(
n∑

i=1

|xi|2
)1/2

(2.5)

proposition 2.1(Schwarz Inequality) [18] For any two vectors x and y, we have

| ⟨ x, y⟩ |≤ ∥x∥∥y∥

If and only if, equality holds

x = αy

for some scalar α

Example 2.2.1. Calculate the Euclidean norm of the matrix

B =


−4 3 5

2 6 1



solution

∥B∥ =
√
(−4)2 + (3)2 + (5)2 + (2)2 + (6)2 + (1)2

=
√
91

= 9.539

De�nition 2.2.3. (Holder's inequality) : if p > 1 and
1

p
+

1

q
= 1, the inequality

n∑
i=1

|uivi| ≤

(
n∑

i=1

|ui|p
)1/p( n∑

i=1

|vi|q
)1/q

(2.6)
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For p = 2, it is the Cauchy-Schwarz inequality.

- The LP-triangular norm's inequality

n∑
i=1

|ui + vi| ≤

(
n∑

i=1

|ui|p
)1/p

+

(
n∑

i=1

|vi|q
)1/q

(2.7)

is called Minkowski's inequality For every (x1, . . . , xn) ∈ E,

- we have the 1-norm [50] ∥x∥1 de�ned such that,

∥x∥1 = Max(|x1|+ · · ·+ |xn|)

- we have the Euclidean norm [26] ∥x∥2, de�ned such that,

∥x∥2 =
(
|x1|2 + · · ·+ |xn|2

)1/2
- and the sup-norm ∥x∥∞, de�ned such that,

∥x∥∞,= max {|xi| | 1 ≤ i ≤ n} .

More generally, we de�ne the ℓp-norm (for p ≥ 1 ) by

∥x∥p = (|x1|p + · · ·+ |xn|p)1/p

Example 2.2.2. let A =



−8 −9

−1 −1

7 4


we have

∥A∥1 = max{| − 8|+ | − 1|+ |7|, | − 9|+ | − 1|+ |4|} = max{16, 14} = 16
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Solve by python code

Code 1 :∥A∥1 norm

#from array import array

import numpy as np

a = np.random.randint(-7, 7, size=(3, 2))

n, m = a.shape

colsums = [-8 ,-1 ,7

-9 ,-1,4 ]

for i in np.arange(m):

v = np.sum(np.abs(a[:, i]))

colsums.append(v)

r=np.max(colsums)

print(r)

Output

....sol....

16

And

∥A∥∞ = max{| − 8|+ | − 9|, | − 1|+ | − 1|, |7|+ |4|} = max{17, 2, 11} = 17

Code 2 :∥A∥∞ sup-norm

#from array import array

import numpy as np

a = np.random.randint(-7, 7, size=(3, 2))

n, m = a.shape

rowsums = [-8,9

-1,-1
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7,4]

for i in np.arange(n):

v = np.sum(np.abs(a[i, :]))

rowsums.append(v)

r=np.max(rowsums)

print(r)

Output

....sol....

17

Example 2.2.3. Calculate the ℓ1 and ℓ2 Norm of a Vector A = [−1,−2, 3, 4, 5] ?

Solution:

ℓ1 = | − 1|+ | − 2|+ |3|+ |4|+ |5| = 15

By using python code

Code 3 :ℓ1 norm

from numpy import array

from numpy.linalg import norm

arr = array([-1, -2, 3, 4, 5])

norm_1 = norm(arr,1)

print(norm_1)

output

15.0

to �nd ℓ2 norm

ℓ2 =
√
(−1)2 + (−2)2 + (3)2 + (4)2 + (5)2 = 7.146
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Code 4 : ℓ2 norm

from numpy import array

from numpy.linalg import norm

arr = array([-1, -2, 3, 4, 5])

norm_2 = norm(arr)

print(norm_2)

output\\

...sol...\\

7.416198487095663

De�nition 2.2.4. The Frobenius Norm [20] : Let A be any matrix n × m. The

Frobenius norm denoted by ∥∥F is de�ned:

∥A∥F =

(
m∑
j=1

n∑
i=1

|aij|2
)1/2

=
√
tr (AA∗) (2.8)

Where aij are element of amatrix A

Example 2.2.4. Using the python code to �nd the Frobenius norm of the matrix A

A =



1 2 5

3 4 7

2 9 3


Solution

∥A∥F =
√

| 1 |2 + | 2 |2 + | 5 |2 + | 3 |2 + | 4 |2 + | 7 |2 + | 2 |2 + | 9 |2 + | 3 |2 =
√
198

= 14.0712473
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Code 5 :The Frobenius norm

from math import sqrt

row = 3

col = 3

# Function to return the Frobenius

# Norm of the given matrix

def frobeniusNorm(mat):

# To store the sum of squares of the elements of the given matrix

sumSq = 0

for i in range(row):

for j in range(col):

sumSq += pow(mat[i][j], 2)

# Return the square root of the sum of squares

res = sqrt(sumSq)

return round(res, 5)

# Driver code

mat = [ [ 1, 2,5 ], [ 3, 4,7 ],[2,9,3]]

print(frobeniusNorm(mat))

Output

...solution...

14.07125

De�nition 2.2.5. Matrix Norm [12]A matrix norm denoted by ∥∥ on the space of

square n × n matrices in Mn(k) with k = R or k = C, is a norm on the vector space

Mn(k) with the additional property that is a norm on the space of square n× n matrices

in Mn(k) with the additional property that it is a norm on the vector space Mn(k) :

∥AB∥ ≤ ∥A∥∥B∥
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for all A,B ∈ Mn(k)

2.3 The Objective Function's Gradient Vector and

Hessian Matrix

De�nition 2.3.1. (Objective Function) [64] An objective function represents the model's

principal goal, which is either minimization or maximization.

De�nition 2.3.2. (Partial Derivative) [64] letf : Rn → Rn and x ∈ Rn The partial

derivative of f at x with respect to x is then calculated. xi is defned as

df(x)

dxi

= lim
n→0

f (x+ ηβi)− f(x)

η
(2.9)

Where βi is ith vector of a unit.

De�nition 2.3.3. Gradient [5] For a di�erentiable objective function f(x) : Rn →

Rf(x) its gradient vector given by ∇f(x) : Rn → Rn, is established at a certain point x

in the represents the vector in n-dimensional space of �rst order partial derivatives:

∇f(x) =



df

dx1

x

·

df

dxn

x


(2.10)

De�nition 2.3.4. (Hessian Matrix) [6] For a second continuously di�erentiable

function f : Rn → R, its Hessian matrix given byH (f(x)) is de�ned at the point x in the
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n× n-dimensional space as the matrix of second order partial derivatives

Hf(x) =
d2f

dxidxj

=



d2f

dx2
1

d2f

dx1dx2

d2f

dx1dxn

d2f

dx2dx1

d2f

dx2
2

...
d2f

dx2dxn

...

d2f

dxndx1

d2f

dxndx2

...
d2f

dx2
n


(2.11)

One important relation that we will keep in mind is that the Hessian matrix is the

Jacobean of the gradient vector of f(x), where the Jacobean matrix of a vector-valued

function F(x) is the matrix of all its �rst order partial derivatives given by,

JF(x) =

(
df

dx1

. . .
df

dxn

)
. The relation is given as follow:

Hf(x) = J(▽f(x))

Example 2.3.1. Find Jacobean to the function f : R2 → R2 given by

f(x, y) =


x2 cos(y)

9 cos(x) + sin(y)


Solution: Let

f1(x, y) = x2 cos(y)

and

f2(x, y) = 9 cos(x) + sin(y)

And the Jacobean matrix of f is
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Jf (x, y) =


df1
dx

df1
dy

df2
dx

df2
dy

 =


2 ∗ x ∗ cos(y) −x2 ∗ sin(y)

−9sin(x) cos(y)


The Jacobean is computed using the python code

Code 6 :Jacobean matrix

import symengine

vars=symengine.symbols('x y') # Define x and y variables

f=symengine.sympify(['x**2 *cos(y)','9*cos(x)+sin(y)']) # Define function

J=symengine.zeros(len(f),len(vars))# Initialise Jacobean matrix

for i,fi in enumerate(f):

for j, s in enumerate(vars):

J[i,j]=symengine.diff(fi,s)

print(J)

output

solution


2x cos(y) −x2 sin(y)

−9sin(x) cos(y)


Example 2.3.2. Let an objective function be f(x) = 4x5

2x
2
3 + 5x2

1x3 + x2
1x

3
2. We will �nd

out the gradient vector ∇f(x) and the Hessian matrix Hf(x) at the point p = (2, 1, 1) ?
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Solution: The gradient vector is

∇f(x) =



10x1x3 + 2x1x
3
2

20x4
2x

2
3 + 3x2

1x
2
2

8x5
2x3 + 5x2

1


at p(2, 1, 1)

=



24

32

28


The Hessian matrix

Hf(x) =



10x3 + 2x3
2 6x1x

2
2 10x1

6x1x
2
2 80x3

2x
2
3 + 6x2

1x2 40x4
2x3

10x1 40x4
2x3 8x5

2



=



12 12 20

12 104 40

20 40 8


This example can be solved using the Python.

The auto grad library is needed, along with the numpy library. Autograd is mainly used

26



for gradient based optimization

Code 7 :gradient vector and Hessian matrix

import autograd.numpy as np

from autograd import grad, jacobean

p = np.array([2, 1, 1], dtype=float)

def f(x): # Objective function

return 4*x[1]**5*x[2]**2+5*x[0]**2*x[2]+x[0]**2*x[1]**3

grad_f = grad(f) # gradient of the objective function

hessian_f = jacobean(grad_f) # Hessian of the objective function

print("gradient vector:",grad_f(p))

## gradient vector: [24. 32. 28.]

print("Hessian matrix:\n",hessian_f(p))

out put

solution

gradient vector: [24, 32, 28.]

Hessian matrix:

[[ 12. 12. 20.]

[ 12. 104. 40.]

[ 20. 40. 8.]]

De�nition 2.3.5. (Directional Derivative of the Objective Function) In the

direction, the directional derivative of f(x) for a real valued objective function f(x) and

a feasible direction δ is given by [64]:

df

dδ
= lim

δ→0

f(x+ δβ)− f(x)

δ
(2.12)

Now x ∈ Rn Let's have a look at the di�erential equation.
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df(x) =
df(x)

dx1

dx1 + . . .+
df(x)

dxn

dxn = ∇Tf(x)dx = ⟨∇f(x), dx⟩ (2.13)

Where ⟨., .⟩ represents the dot product of two matrices or vectors. Let's have a look at a

function now f ∗(x) − f (x∗ + δβ), such that for a point x on the dotted line x∗ in the

direction n is given by

x(δ) = x∗ + δβ (2.14)

now, for a minuscule variation dδ we have dx = βdδ As a result, the di�erence at the

position x in the given direction is df ∗ = ∇⊤f(x)βdδ So, the directional derivative now

can be written as:

df

dβ
(x) =

d

dδ
(x+ δβ)

∣∣∣∣
δ=0

= ∇Tf(x)β (2.15)

Example 2.3.3. Let an objective function be f(x) = 2x1x
2
2 + 3x1x

3
2 + 4x1x

2
3 We will �nd

out the gradient vector ▽f(x) at the point p = (1, 2, 3) and then calculate the directional

derivative in the direction δ=

(
1√
35

,
3√
35

,
5√
35

)
by using python code?
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∇f(x) =



2x2
2 + 3x2

3 + 4x2
3

4x1x2 + 9x1x
2
1

8x1x3


p = (1, 2, 3)

∇f(x) =



68

44

24



∇f(x) =



68

44

24


[

1√
35

,
3√
35

,
5√
35

]

=
1√
35

[68 + 132 + 120] = 54.0898

solution by using python code

Code 8 :Directional Derivative

import numpy as np

from autograd import grad

p = np.array([1, 2, 3], dtype=float)

delta = np.array([1, 3, 5], dtype=float)/np.sqrt(35)

def f(x):

return 2*x[0]*x[1]**2+3*x[0]*x[1]**3+4*x[0]*x[2]**2

grad_f = grad(f)

print("directional derivative:", grad_f(p).dot(delta))
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out put

solution

directional derivative: 54.08987230262507

De�nition 2.3.6. Decision Variables: [34] In an Optimization Problem, decision

variables are variables whose values may change throughout the feasible set of

alternatives to increse or decrease the main objective function's value.

De�nition 2.3.7. (Constrained Optimization) Consider the following problem of

restricted optimization:



max f (x1, . . . . . . , xn)

Or

min f (x1, . . . . . . , xn)

subject to b1 (x1, . . . , xn) ≤ z1, . . . , bi (x1, . . . ., xn) ≤ zi

g1 (x1, . . . . . . , xn) = h1, . . . . . . . . . g1 (x1, . . . ., xn) = hj

(2.16)

Where f(x) is the objective function, b(x) is an inequality constraint, and g(x) is an

equality constraint, and f, b, and g are all di�erentiable functions with continuous

derivatives [70].

De�nition 2.3.8. (Unconstraint Optimization) Unconstrained optimization

problems are openly present in many actual situations. If the variables have inherent

restrictions, it's usually acceptable to ignore them and assume that they have no e�ect

on the best solution [70]. Unconstrained optimization problems are often reformulated

constrained optimization problems in which the constraints are replaced with penalty

terms in the objective function that avoid constraint breaches. We minimize an

objective function that relies on actual variables without any limitations on their values
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in unconstrained optimization. The mathematical formula is:


minimize f(x)

x ∈ R
(2.17)

De�nition 2.3.9. (Feasible Region) [24] A viable area is a collection of locations that

meet all of the restrictions. The collection List all feasible optimization problem points

(sets of values for the choice variables) that satisfy the Problem's criteria, which may

include integer restrictions, inequalities, and equalities, is known as a feasible region,

feasible set, search space, or solution space. i.e If a point x is in Rn and meets the

restrictions of the problem, it is feasible.



minimize f(x)

subject to bi(x) = 0 i = 1, 2, . . . . . . k

gj(x) ≤ 0 j = 1, 2, . . . ,m

x ∈ Rn

(2.18)

The set F of all feasible points de�nes the feasible region of the optimization problem:

S = {x ∈ Rn | bi(x) = 0 for i = 1, 2, . . . , k, gj(x) ≤ 0 for j = 1, 2, . . . ,m}

Example 2.3.4. Finding the Feasible Region by using python code



Max z = 10x + 10y

s.t 5x + 8y ≤ 200

25x− 10y ≥ 250

x + y ≥ 150

x, y ≥ 0
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Solution

Code 9 :Feasible Region

import matplotlib.pyplot

from matplotlib.pyplot import *

import numpy

from numpy import arange

figure()

x= arange (-100,200,50)

y= range (-100,200,50)

y1=(200-5*x)/8

y2=(250-25*x)/10

y3=150.0-x

xlim(-100,200)

ylim(-100,200)

hlines(0,-100,200,color='k')

vlines(0,-100,200,color='k')

grid(True)

xlabel('x-axis')

ylabel('y-axis')

plot(x,y1,color='r')

plot(x,y2,color='g')

plot(x,y3,color='m')

title ('objective function z=10*x+10*y with the following constraints')

legend (['5*x+8*y<=200','25*x-10*y>=250','x+y>=150'])

x=[0.0,40.0,150.0,0.0]

y=[25.0,0.0,0.0,150.0]

fill(x,y)

show()
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Figure 2.1: The blue area represents feasible Region and The violet, green, and red lines
represent region constraints and intersect with the x-axis and y-axis

De�nition 2.3.10. (Infeasible Region) [14] If no solution exists that ful�lls all of

the requirements, LP is infeasible. As a result, the LP is infeasible if no feasible solution

can be found. Note that a genuine operation must adhere to the restrictions of reality;

hence, infeasibility almost always reveals a �aw. It might be due to a mistake in setting

some of the limitations or incorrect data quantities.If there is no optimum The problem

is either infeasible or unbounded for every linear program in standard form. A basic

practicable solution exists if a viable solution exists. In the existence of an optimal

solution, there is a fundamental feasible solution that is also a perfect solution.
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Example 2.3.5. Find Infeasible solution by using graphical method:



maximum. z = 6x− 4y

s.t 2x+ 4y ≤ 4

4x+ 8y ≥ 16

x, y ≥ 0

Solution:

The one constraint 2x+ 4y ≤ 4

2x+ 4y = 4

if x = 0

2(0) + 4y = 4 → y = 1

if y = 0

2x+ 4(0) = 4 ⇒ x = 2

The two constraint

4x+ 8y ≥ 16

4x+ 8y = 16

if x = 0

4(0) + 8y = 16 ⇒ y = 2

if y = 0

4x+ 8(0) = 16 =⇒ x = 4
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Figure 2.2: Infeasible Region

2.4 Convex Set And Convex Function

This section explains what key words related to a linear program's viable region

De�nition 2.4.1. Convex Set [4] If given any two points x1 and x2 in x, any convex

combination of these two points is also in x, then the set x ∈ R is a convex set. That is

correct :

λx1 + (1− λ)x2 ∈ x (2.19)

for any

λ ∈ [0, 1]
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Figure 2.3: convex set

Example 2.4.1. (convex and non-convex sets) The following may be proven using the

de�nition of a convex set:

(a) The collection Rn is a convex collection.

(b) empty set is a convex set .

Figure 2.4: two non �convex sets

in �gure 2.4 a line segment is broken, any two points in x are included in x, and the set

x is convex. If any section of the line segment is not in X, it is deemed nonconvex. �gure

2.3 2.4 is convex and non-convex sets

The feasible region of a linear program is always a convex set [69]. The axes depict a two-

dimensional area. In linear programming, this area is non-convex, and therefore cannot

arise because [49]

y ≤ m× x+ h

36



for

cx ≤ d

but

y ≤ b

for

d < x < e

The constraint y ≤ m × x + h doesn't hold when d < x < e and the constraint y ≤ b

doesn't hold when 0 ≤ x ≤ d In linear programming, conditional restrictions like this

don't exist. It's impossible for a condition that is valid in one zone but not in another.

Figure 2.5: A non-convex (and therefore invalid) feasible region

De�nition 2.4.2. (Convex Hull) [8]The hull is convex. In Rn, let S be any arbitrary

set. The collection of all convex combinations of S is known as the convex hull of S , or
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conv(S). To put it another way,X ∈ conv(S) if and only if X may be shown as :



x =
k∑

j=1

λjxj

x =
k∑

j=1

λj = 1

λj ≥ 0 for j = 1, . . . . . . .., k

(2.20)

where k is a positive integer and x1, . . . . . . xk ∈ S.

Figure 2.6: Convex Hull

By using python code to �nd the convex hull

Code 10 :convex hull

import numpy as np

from scipy.spatial

import ConvexHull, convex_hull_plot_2d

rng = np.random.default_rng()

points = rng.random((30, 2)) # 30 random points in 2D
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hull = ConvexHull(points)

import matplotlib.pyplot as plt

plt.plot(points[:,0], points[:,1], 'o')

for simplex in hull.simplices:

plt.plot(points[simplex, 0], points[simplex, 1], 'k')

plt.plot(points[hull.vertices, 0], points[hull.vertices, 1])

plt.show()

Figure 2.7: convex hull

De�nition 2.4.3. (Convex Function) [4] let S ⊆ Rn A function f : Rn → R
⋃

{+∞.}
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is convex at y ∈ S if : x ∈ S, λ ∈ (0, 1) then

λx + (1− λ)y ∈ S → f(λx + (1− λ)y) ≤ λf(x) + (1− λ)f(y) (2.21)

The function is also a convex function if f ′′(x) > 0 The function f is convex on S if it is

convex at every y ∈ S3

Figure 2.8: A strictly convex function

Example 2.4.2. The function f(x) = x2, f ′′(x) = 2x As a result, f is a convex function.

With a high convexity constant of 2 , it is likewise strongly convex (and so strictly

convex).

Python may be used to prove that function f(x) is convex.

Code 11 : Convex Function f(x) = x2

# plot a convex target function

from numpy import arange

from matplotlib import pyplot

# objective function

def objective(x):

return ( x)^ 2
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# define range

r_min, r_max = -10.0, 10.0

# prepare inputs

inputs = arange(r_min, r_max, 1.5)

# compute targets

targets = [objective(x) for x in inputs]

# plot inputs vs target

pyplot.plot(inputs, targets, '--')

pyplot.show()

Figure 2.9: f(x) = x2Convex Function
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Example 2.4.3. The exponential function f(x) = ex is convex. It is also strictly convex,

since f ′′(x) = ex > 0, but it is not strongly convex since the second derivative can be

arbitrarily close to zero. More generally, the function g(x) = ef(x) is logarithmically

convex if f is a convex function.

Code 12 :Convex Function f(x) = ex

# plot a convex target function

from math import exp

from numpy import arange

from matplotlib import pyplot

# objective function

def objective(x):

return exp(x)

# define range

r_min, r_max = -10.0, 10.0

# prepare inputs

inputs = arange(r_min, r_max, 1.5)

# compute targets

targets = [objective(x) for x in inputs]

# plot inputs vs target

pyplot.plot(inputs, targets, '--')

pyplot.show()
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Figure 2.10: f(x) = ex Convex Function

Example 2.4.4. Is f(x) = cos(x) convex or concave ?

solution by using Python which got cos(x) that is convex.at [1, 5] and concave at [6, 7]

Code 13 :f(x)=cos(x)

import numpy as np

import matplotlib.pyplot as plt

# plotting cos(x)

x = np.linspace(1, 9)

# points on the x axis

f = np.cos(x)

# Objective function

plt.plot(x, f, color=(1, 0, 1))
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plt.grid()

plt.xlabel('$x$')

plt.ylabel('$\cos_x$')

# Co n v e x i t y / Co n c a v i t y

a = 2

b = 7

lamda = 0.4

c = lamda * a + (1 - lamda) * b

f_a = np.cos(a)

f_b = np.cos(b)

f_c = np.cos(c)

f_c_hat = lamda * f_a + (1 - lamda) * f_b

# Plot commands

plt.plot([a, a], [0, f_a], color=(0, 0, 0), label='$f(a) $')

plt.plot([b, b], [0, f_b], color=(0, 0, 1), label="$ f(b) $")

plt.plot([c,c],[0,f_c_hat],color=(1,1,0),label="$\lambda a +(1-\lambda) b$")

plt.plot([c,c],[0,f_c_hat],color=(1,0,0),label="$\lambda f(a)+(1-\lambda)f(b)$")

plt.plot([a, b], [f_a, f_b], color=(0, 1, 0))

plt.show()
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Figure 2.11: cos(x) convex function

Example 2.4.5. :is afunction (x− 2)x(x+ 2)2 convex or non convex ?

Solution: by using python code

Code 14 :Non-Convex

# plot a non-convex univariate function

from numpy import arange

from matplotlib import pyplot

# objective function

def objective(x):
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return (x - 2.0) * x * (x + 2.0)**2.0

# define range

r_min, r_max = -3.0, 2

# prepare inputs

inputs = arange(r_min, r_max, 1)

# compute targets

targets = [objective(x) for x in inputs]

# plot inputs vs target

pyplot.plot(inputs, targets, '--')

pyplot.show()

Figure 2.12: Non Convex Function
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De�nition 2.4.4. (Epigraph) Let C ⊆ Rn be a nonempty convex set. The epigraph of

a function f : C → R, denoted by epi(f), is a subset of Rn+1 de�ned by [22]:

epi(f) = {(x, t) | f(x) ≤ t, x ∈ C, t ∈ R} (2.22)

Figure 2.13: A convex function and its epigraph

The hypo graph of f, shown as hyp(f), is a subset of Rn+1 de�ned by

hyp(f) = {(x, t) | f(x) ≥ t, x ∈ C, t ∈ R} (2.23)
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Figure 2.14: Hypo graph

Theorem 2.4.1. Let's pretend S ⊆ Rn is a convex set. Then f : Rn → R ∪ {+∞} is

convex on S if and only if its epigraph con�ned to S is a convex set in Rn+1 [4].

De�nition 2.4.5. (Feasible Space) [39] The feasible space or feasible area is comprised

of viable options. The solution is optimum if the objective function value of a feasible

solution equals the minimal value z that may occupy the feasible area.

De�nition 2.4.6. (Argument) [1] Let c ⊆ Rn be a nonempty set. If f : C → R, the

argument of the minimum is the set of elements in c that achieve the global minimum in

S, which is defned by argmin :

argmin
x∈s

f(x) = {x ∈ C | f(y) ≥ f(x),∀y ∈ c} (2.24)

De�nition 2.4.7. (Global Minimum) [4] Assume x∗ ∈ S. If f reaches its lowest value

over S at x, we say that is a global minimum of f over S. To put it another way, x∗ ∈ S

is a global minimum of f over S if and only if :
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f (x∗) ≤ f(x), x ∈ S

holds. A point x∗ is called a strict global minimum if f (x∗) < f(x) for all x ∈ Rn, with

x ̸= x∗

Figure 2.15: local and global minimum

De�nition 2.4.8. (Local Minimum) [4] Let's say x∗ ∈ S which call it a local minimum of

f over S if there is a tiny enough ball intersected with S around that is a globally optimal

solution in that smaller set.

In other words, if x∗ ∈ S is a local minimum of f over S,

∃ ε > 0

such that

f (x∗) ≤ f(x), x ∈ S ∩ Bε (x∗) (2.25)
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We say that x∗ ∈ S is a strict local minimum of f over S if, the inequality holds that [59]:

f (x∗) < f(x), x ∈ S ∩ Bε (x∗) (2.26)

Example 2.4.6. Find local and global minimum to the function f(x) = 5sin(x)

Code 15 :local and global minimum f(x) = 5sin(x)

import numpy as np

from scipy import optimize

import matplotlib.pyplot as plt

x=np.arange(-10,10,2.5)

def f(x):

return 5*np.sin(x)

#Global optimization

grid =(-10,10,2.5)

xmin_global=optimize.brute(f,(grid,))

print("Global minima found %s" % xmin_global)

#Constrain optimization

xmin_local=optimize.fminbound(f,0,10)

print("Local minimum found %s" % xmin_local)

fig=plt.figure(fig)

ax=fig.add_subplot(111)

#Plot the function

ax.plot(x,f(x),'b',label="f(x)")

#Plot the minima

xmins=np.array([xmin_global[0],xmin_local])

ax.plot(xmins,f(xmins),'go',label="Minima")

# Decorate the figure

ax.legend(loc='best')

50



ax.set_xlabel('x')

ax.set_ylabel('f(x)')

ax.axhline(0,color='gray')

plt.show()

output

solution

Global minima found [4.71239258]]

Local minimum found 4.712388884507233

Figure 2.16: The green dot represents the local and global minimum

Theorem 2.4.2. To prove the following theorem, let x and x∗ be two points in RJ . A

point z on the line segment [x∗;x] connecting x with the x∗ is therefore de�ned as follows:

❉ x∗ is a global minimizer of f(x) if (x− x∗) ·H(z) (x− x∗) ≥ 0 for all x and for all

z in [x∗;x];

❉ x∗ is a strict global minimizer of f(x) if (x− x∗) .H(z) (x− x∗) > 0 for all x ̸= x∗

and for all z in [x∗;x];
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❉ x∗ is a global maximizer of f(x) if (x− x∗) ·H(z) (x− x∗) ≤ 0 for all x and for all

z in [x∗;x];

❉ x∗ is a strict global maximizer of f(x) if (x− x∗) ·H(z) (x− x∗) < 0 for all x ̸= x∗

and for all z in [x∗;x].

2.5 Smooth and Non-smooth Functions

De�nition 2.5.1. (Smooth Function) [38] Every point on a smooth function has a

distinct �rst derivative (slope or gradient). A smooth function of one variable may be

represented graphically as a single continuous line with no sudden bends or interruptions.

Figure 2.17: Smooth Functions

Example 2.5.1. by using python code �nd smooth of the function f(x) = x2
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solution

Code 16 :Smooth Function f(x) = x2

import numpy as np

import matplotlib.pyplot as plt

x = np.linspace(-1.5, 1.5)

# A smooth function

plt.figure

plt.plot(x, np.sqrt( x**2), linewidth=2)

plt.text(-1, 0, '$f(x)$', size=20)

plt.ylim(ymin=-.2)

plt.axis('oN')

plt.tight_layout()

plt.ylim(ymin=-.2)

plt.axis('oN')

plt.tight_layout()

plt.show()

Figure 2.18: Smooth Function
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De�nition 2.5.2. (Non-Smooth Function) [38] Non-di�erentiable and discontinuous

functions are examples of non-smooth functions. Non-di�erentiable functions have �rst

derivatives with unde�ned areas. Non-di�erentiable function graphs may feature sharp

bends .The absolute value of a variable .

Figure 2.19: Non-Smooth Function

Example 2.5.2. by using python code �nd Non-smooth of the function f(x) =| x | ?

solution

Code 17 :Non-Smooth Function f(x) =| x |

import numpy as np

import matplotlib.pyplot as plt

x = np.linspace(-1.5, 1.5)
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# A non-smooth function

plt.figure

plt.plot(x, np.abs(x))

plt.text(-1, 0, '$f(x)$', size=20)

plt.ylim(ymin=-.2)

plt.axis('on')

plt.tight_layout()

plt.show()

Figure 2.20: Non-Smooth Function

De�nition 2.5.3. (Eigenvector and Eigenvalue) [68] Let A be an n× n matrix.

1. An Eigenvector of A is a nonzero vector v in Rn such that Ay = λv, for some scalar λ.

2. An Eigenvalue of A is a scalar λ such that the equation Av = λv has a nontrivial

solution.

If Av = λv for vA = 0, we say that λ is the eigenvalue for v, and that v is an eigenvector
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for λ.

Steps to Find Eigenvalues of a Matrix

The following procedures must be taken in order to obtain the eigenvalues of a matrix:

Step 1: Double-check that matri A is a square matrix. De�ne the identity matrix I of

the same order as well.

Step 2: Calculate the A- λI matrix, where λ is a scalar number.

Step 3: Equality the determinant of matrix A− λI with zero.

Step 4: Using the equation above, �nd all the possible values of λ, which are the matrix

A's requisite eigenvalues.

Example 2.5.3. by using python Find the matrix's Eigenvalues and related Eigenvectors:



7 0 −3

−9 −2 3

18 0 −8



Code 18 :Eigenvector and Eigenvalue

#importing numpy library

import numpy as np

# create numpy 2d-array

m = np.array([[7, 0, -3],

[-9,-2,3],

[18, 0, -8]])

print("Printing the Original square array:\n",m)
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# finding eigenvalues and eigenvectors

w, v = np.linalg.eig(m)

# printing eigen values

print("Printing the Eigen values of the given square array:\n", w)

# printing eigen vectors

print("Printing Right eigenvectors of the given square array:\n", v)

output

...solution...

Printing the Eigen values of the given square array:

[-2. 1. -2.]

Printing Right eigenvectors of the given square array:

[[ 0. 0.40824829 0.28867513]

[ 1. -0.40824829 -0.40824829]

[ 0. 0.81649658 0.8660254 ]]

Theorem 2.5.1. Taylor Expansion Let f : Rn → R be continuously di�erentiable.Then,

for all x1, x2 ∈ Rn, there is an β ∈ [0, 1], such that [55]:

f(x2) = f(x1) +∇f(βx1 + (1− β)x2)
T ((x2 − x1)) (2.27)

Furthermore, if f is twice continuously di�erentiable, then, for all x1, x2 ∈ Rn, there is

β ∈ [0, 1], such that

f(x2) = f (x1) +∇f (x1)
T (x2 − x1) +

1

2
(x2 − x1)

T ∇2f (βx1) .

+(1− β)x2) (x2 − x1)

(2.28)

In addition, if x, u ∈ Rn and λ ∈ R, we have:

f(x+ λu) = f(x) + λuT∇f(x) +
λ2

2
uT∇2f(x)u+ o

(
λ2
)

(2.29)
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as

λ → 0

In the following theorems, we give the optimality conditions for unconstrained

optimization.

De�nition 2.5.4. (Symmetric matrix ) [14] A matrix that is square If A = AT , A

is said to be symmetric. Symmetric matrices feature a number of unique characteristics,

notably in terms of eigenvalues and eigenvectors.

De�nition 2.5.5. (positive semide�nite) [66]

A symmetric n × n matrix A is called positive de�nite denoted by ≻ if x′Ax ≻ 0 for all

nonzero x ∈ Rn, x ̸= 0 is de�ne

x′Ax =
∑
ij

Aijxixj ≥ 0 for all x ∈ Rn
(2.30)

Furthermore,we let A denote the set of symmetric positive semide�nite matrices:

A =
{
X ∈ A

∣∣ X ⪰ 0
}
.

Theorem 2.5.2. All A positive de�nite matrix's eigenvalues are positive.

Example 2.5.4. We use a Python script to compute the eigenvalues and check whether

of the matrices below is positive de�nite, positive semi-de�nite, or negative de�nite

M =



2 −1 0

−1 2 −1

0 −1 2


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Code 19 :Eigenvalue and Positive De�nite

import numpy as np

M = np.array(([2, -1, 0], [-1, 2, -1], [0, -1, 2]), dtype=float)

eigs = np.linalg.eigvals(M)

print("The eigenvalues of M:", eigs)

if (np.all(eigs>0)):

print("M is positive definite")

elif (np.all(eigs>=0)):

print("M is positive semi-definite")

else:

print("M is negative definite")

output

...solution...

The eigenvalues of M: [3.41421356 2. 0.58578644]

M is positive definite

Theorem 2.5.3. (First-order necessary conditions).(FONC) [32] Assume that x is

a local minimizer of the unconstrained optimization problem and that the objective function

f in x ∈ S open neighborhood is continuously di�erentiable . Then that is correct.

∇f(x) = 0

where ∇f(x) =

[
dfx

dx1

,
dfx

dx2

, . . . . . . ,
dfx

dxn

]T
signi�es the objective's gradient function f at x

and the superscript T denotes the transpose.

Theorem 2.5.4. (Second-order necessary conditions)(SONC) [32] Assume that

x∗ is the unconstrained optimization Problem's local minimizer. In the region of x∗, if

the objective function f is twice continuously di�erentiable, then

1- ∇f (x∗) = 0
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2- The Hessian ∇2f (x∗) is positive semi de�nite

Theorem 2.5.5. (Second-order su�cient conditions)(SOSC) [32] Let x∗ be a

plausible unconstrained optimization problem solution [64]. Assume that in the vicinity

of x, the objective function f is twice continuously di�erentiable, that

1- ▽f(x) = 0

2- ▽2f(x∗) is positive de�nite

3- x∗ is a strict local minimizer

De�nition 2.5.6. (descent direction) [66] If a direction dk meets the following

conditions, it is termed a descent direction of the objective function f at xk A direction

is called a descent direction of the objective function f at xk if it satis�es :

(dk)
T ∇f

(
xk
)
< 0

De�nition 2.5.7. (stationary point) [4] A point x∗ ∈ Rn is called a stationary point

if ∇f (x∗) = 0 any local minimizer is a stationary point

De�nition 2.5.8. Lagrangian [7] The Lagrangian function L : Rn × Re → R is

represented by

L(x, λ) = J(x) +
n∑

i=1

λici(x) (2.31)

where λ is the vector of the Lagrange multipliers λi, i = 1, . . . , n. Equivalently,

L(x, λ) = J(x) + λTc(x) (2.32)

De�nition 2.5.9. Karush Kuhu-Tucker(KKTconditions) [22] The KKT

conditions (for a problem with di�erentiable variables) are the four criteria listed below.

fi, gi:
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1- Primal constraints: fi(x) ≤ 0, i = 1, · · ·, I and gi(x) = 0 i = 1, . . . , E.

2- Complementary slackness: βifi(x) = 0, i = 1, · · ·, I

3- Dual constraints: β ≥ 0.

4- The Lagrangian gradient with respect to x vanishes:

∇f0(x) +
I∑

i=1

βi∇f0(x) +
E∑
i=1

γi∇gi(x) = 0 (2.33)

De�nition 2.5.10. continuous [40] A function f is said to be continuous at a point a

if the following statements hold:

1.the function f is de�ned at a

2.the limit limx → af(x) exists.

3.the limit is equal to f(a), limx → af(x) = f(a)

Example 2.5.5. Using Python code, we draw the continuous function

f(x) =


x2 if x ≤ x0

ax+ b otherwise

solution

Code 20:continuous function

from symfit import parameters, variables, Fit, Piecewise, Eq, Model

import numpy as np

import matplotlib.pyplot as plt

x, y = variables('x, y')

a, b, x0 = parameters('a, b, x0')

y1 = x**2

y2 = a * x + b

model = Model({y: Piecewise((y1, x <= x0), (y2, x > x0))})

# As a constraint, we demand equality between the two models at the point x0
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# to do this, we substitute x -> x0 and demand equality using `Eq`

constraints = [

Eq(y1.subs({x: x0}), y2.subs({x: x0}))]

xdata = np.linspace(-4, 4.)

ydata = model(x=xdata, a=0.0, b=1.0, x0=1.0).y

np.random

ydata = np.random.normal(ydata, 0.5) # add noise

fit = Fit(model, x=xdata, y=ydata, constraints=constraints)

fit_result = fit.execute()

print(fit_result)

plt.scatter(xdata, ydata)

plt.plot(xdata, model(x=xdata, **fit_result.params).y)

plt.show()

output solution

Figure 2.21: continuous function
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CHAPTER 3

DESIGN OPTIMIZATION CODING
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Introduction

In this chapter which develop a new mathematical model by using python language and

also we improving theoretical convergent properties we will focus on several sports models

to �nd the optimal solution based on new design algorithm by using python code. Some of

the mathematical models is proposed in this chapter Also we will discuss the applications

in our daily.

3.1 The Linear Programming

Linear programming is an optimization technique for solving problems when the

objective function and constraints are represented as linear functions of the choice

variables . In a linear programming problem, the constraint equations might be

equalities or inequalities. Economists initially noticed the linear programming kind of

optimization problem in the 1930s while creating approaches for the best resource

allocation. During World War II, the United States Air Force looked for more e�cient

resource allocation methods and resorted to linear programming [2]. In 1947, group

member George B. Dantzig developed the general linear programming problem and

created the simplex technique of solution which is mean is a method for manually

solving linear programming models employing slack variables, tableaus, and pivot

variables to �nd the best solution to an optimization problem [61]. Simplex tableau is

used to execute row operations on the linear programming model and to ensure that it is

optimum . This is a huge step forward in the adoption of linear programming. After

then, there was a lot of progress in both theoretical research and practical applications

of linear programming. Among all of their contributions, Kuhn and Tucker's theoretical

contributions had a signi�cant e�ect on the development of duality theory in LP [13].
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An L.P. program is an optimization program of the form :



min cTx

s.t Ax ≥ b

Ax = b

x ≥ 0

(3.1)

Linear programming is an optimization problem in which the goal and constraints are

expressed as a linear function of the design variables. The limitations may be the equality,

inequality, or both types .

Applications for linear programming may be found all over the place. Linear

programming is on applied personal and professional level. When we wish to go from

home to work as quickly as possible, we employ linear programming.

GEKKO [9]

The GEKKO Python package is a high-level abstraction of mathematical optimization

problems .solves large-scale mixed-integer and di�erential algebraic equations with

nonlinear programming solvers . Modes of operation include machine learning, data

reconciliation, real-time optimization, dynamic simulation, and nonlinear model

predictive control. In addition, the package solves Linear programming (LP), Quadratic

programming (QP), Quadratically constrained quadratic program (QCQP), Nonlinear

programming (NLP), Mixed integer programming (MIP), and Mixed integer linear

programming (MILP). GEKKO is available in Python and installed with pip from PyPI

of the Python Software Foundation.

3.1.1 Applications of linear programming problems

Several designs of algorithms are used Mathematical model of Ecominc, this example will

explain about the optimization in the �eld of economics.The goal is to �nd the optimal

solution
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Example 3.1.1. The pro�t maximization problem faced by a furniture manufacturer

The company uses timber and labor to produce the tables and chairs that the unit pro�t

for the tables is 6, and the unit pro�t for the chairs 8. There is 300 foot board (bf) of

lumber, and 110 working hours available. It takes 30 bf and 5 hours to make a table, 20

bf and 10 hours to make a chair. This table contains the information for the LP

problem.

Resouree Table(x1) Chair(x2) Available

wood 30 20 300

Labor 5 10 110

Unit proft 6dolar 8dolar

solution:



max
x1,x2

z = 6x1 + 8x2

s.t 30x1 + 20x2 ≤ 300

5x1 + 10x2 ≤ 110

x1, x2 ≥ 0

constraint 1 30x1 + 20x2 ≤ 300 if x1 = 0 → x2 = 15 ⇒ (0, 15)

x2 = 0 → x1 = 10 ⇒ (10, 0)

constraint 2 5x1 + 10x2 ≤ 110 if x1 = 0 → x2 = 11 ⇒ (0, 11)

x2 = 0 → x1 = 22 ⇒ (22, 0)

To �nd optimal solution by using python code
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Code 21 :linear programming

# import the library pulp as p

import pulp as p

# Create a LP Maximization problem

Lp_prob = p.LpProblem('Problem', p.LpMaximize)

# Create problem Variables

x_1 = p.LpVariable("x_1", lowBound = 0) # Create a variable x_1 >= 0

x_2 = p.LpVariable("x_2", lowBound = 0) # Create a variable x_2 >= 0

# Objective Function

Lp_prob += 6 * x_1 + 8 * x_2

# Constraints:

Lp_prob += 30 * x_1 + 20 * x_2 <= 300

Lp_prob += 5*x_1 + 10 * x_2 <= 110

# Display the problem

print(Lp_prob)

status = Lp_prob.solve() # Solver

print(p.LpStatus[status]) # The solution status

# Printing the final solution

print(p.value(x_1), p.value(x_2), p.value(Lp_prob.objective))

output
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x1=4.0

x2=9.0

f(x)=96.0

max proft

x1=22 ,x2=0 f(x)=132

we used the graphical methode to �ned optimal solution by using python language

Code 22 :linear programming graphical

import numpy as np

import matplotlib.pyplot as plt

import inline as inline

# Construct lines

# x > 0

x = np.linspace(0, 2.5, 20)

# y >= 0

y1 = (300-30*x)/20

y2 = (110-5*x)/10

# Make plot

plt.plot(x, y1, '$y\geq0')

plt.plot(x, y2, '$y\geq0')

plt.xlim((0, 20))

plt.ylim((0, 20))

plt.xlabel('x-axises')

plt.ylabel('y-axises')

plt.show()

out put

solution
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Figure 3.1: �nd optimal solution

Example 3.1.2. A health-food business would like to create a high-potassium blend of

dried fruit in the form of a box of 10 fruit bars. It decides to use dried apricots, which

have 407mg of potassium per serving, and dried dates, which have 271mg of potassium

per serving The company can purchase its fruit through in bulk for a reasonable price.

Dried apricots cost $9.99 /lb. (about 3 servings) and dried dates cost $7.99/ lb. (about 4

servings). The company would like the box of bars to have at least the recommended daily

potassium intake of about 4700mg, but would like to keep it under twice the recommended

daily intake. In order to minimize cost, how many servings of each dried fruit should go

into the box of bars?

Solution We begin by de�ning the variables. Let,
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x = of servings of dried apricots

y = of servings of dried dates

We next work on the objective function. For apricots, there are 3 servings in one pound.

This means that the cost per serving is $9.99/3 = $3.33. The cost for x servings would

thus be 3.33x. For dates, there are 4 servings per pound. This means that the cost per

serving is $7.99/4 $2.00. The cost for y servings would thus be 2.00y. The total cost for

apricots and dates would be

C = 3.33x+ 2.00y

We have two major constraints (in addition to the constraints that x ≥ 0 and y ≥ 0,

given that negative servings cannot be used): - Product must contain at least 4700mg

of potassium - Product should contain no more than 4700 × 2 = 9400mg of potassium

Mathematically, - There are 407xmg of potassium in x servings of apricots and 271ymg of

potassium in y servings of dates. The sum should be greater than or equal to 4700mg of

potassium, or 407x+271y ≥ 4700 The same sum should be less than or equal to 9400mg

of potassium, or 407x+ 271y ≤ 9400. Thus we have,



Objective Function : C = 3.33x+ 2.00y

Subject To Constraints : 407x+ 271y ⩾ 4700

407x+ 271y ⩽ 9400

x ≥ 0, y ≥ 0

constraint1 1407x+ 271y = 4700

x y point

0 17.3 (0, 17.3)

11.5 0 (11.5, 0)
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constraint2 407x+ 271y = 9400

x y point

0 23.1 (0, 34.686)

34.7 0 (23.095, 0)

by using python language to �nd minimize cost

Code 23 :linear programming

from gekko import GEKKO

m = GEKKO()

x = m.Var(lb=0, ub=50) # Product 1

y = m.Var(lb=0, ub=50) # Product 2

m.Minimize(3.33*x+2.00*y) # Profit function

m.Equation(407*x+271*y>=4700) # Units of A

m.Equation(407*x+271*y<=9400) # Units of B

m.solve(disp=False)

p1 = x.value[0]; p2 = y.value[0]

print ('Product 1 (x): ' + str(p1))

print ('Product 2 (y): ' + str(p2))

print ('Profit : ' + str(3.33*p1+2.00*p2))

output

Profit : 34.68634

we used the graphical methode to �nd optimal solution by using python language
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Code 24 :linear programming

import numpy as np

import matplotlib.pyplot as plt

Minimize: z = 3.33x + 2y

Subject to: 407x + 271y >= 4700 or y1 = (4700 - 407x)/271 BLUE

407x + 271y <= 9400 or y2 = (9400 - 407x)/271 ORANGE

x = np.linspace(0, 30)

y1 = (4700 - 407*x)/271

y2 = (9400 - 407*x)/271

plt.plot(x, y1)

plt.plot(x, y2)

plt.xlim((0, 40))

plt.ylim((0, 40))

plt.xlabel(r'$x-axises $')

plt.ylabel(r'$y-axises$')

plt.fill_between(x, y1, y2, color='Pink')

plt.show()
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Figure 3.2: The Result of Above Problem Graphically

3.1.2 Dual Linear Programming Problem

Every linear programming problem, referred to as the primal, is accompanied by a

second linear programming problem, referred to as the dual. These two situations have a

lot of similarities and are quite intriguing. If you know the best answer to one, you can

easily �nd the best solution to the other. It makes no di�erence whether problem is

called the primordial since the dual of a dual is the primal. The answer to a linear

programming problem may be achieved by solving either the primal or the dual,

according to these features a linear programming problem has a dual, which is another

(unique) linear program that is related with it [57]. In general, duality theory is

concerned with the study of the relationship between two related linear programming

problems, one of which is a maximization (minimization) problem and the other is a

minimization (maximization) problem. Furthermore, the presence of an optimum
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solution to one of these two problems ensures the existence of an ideal solution to the

other, resulting in their extreme values being identical. There is no point to tackle both

problems separately when the best solution to one of them may be obtained from the

optimal solution to its twin [58] .

the primal linear program:


minimize z = cTx

subject to Ax = b

x ≥ 0

(3.2)

where A ∈ Rm×n, b ∈ Rm, and c ∈ Rn and its dual linear program:


maximize w = bTy

subject to ATy ≤ c

y ≥ 0

(3.3)

The goal is to �nd the optimal solution

Example 3.1.3. Find the dual of the following linear programming problem:



maximize z = 30x1 − 10x2

subject to −8x1 − 2x2 ≤ 10

5x1 − 4x2 ≤ −9

x1, x2 ≥ 0

The dual of the linear programming problem is:
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

minimize z = 10u1 − 9u2

subject to −8u1 + 5u2 ≥ 30

−2u1 − 4u2 ≥ −10

u1, u2 ≥ 0

Example 3.1.4. Find the optimal solution of the primal problem and �nd the optimal

solution of the dual problem by using python language :



max 3x1 + 4x2

Subject to 2x1 + 5x2 ≤ 30

4x1 + 2x2 ≤ 20

x1, x2 ≥ 0

Solution:the primal problem

Code 25 :optimal solution of primal problem

# import the library pulp as p

import pulp as p

# Create a LP Maximization problem

Lp_prob = p.LpProblem('Problem', p.LpMaximize)

# Create problem Variables

x_1 = p.LpVariable("x_1", lowBound = 0) # Create a variable x_1 >= 0

x_2 = p.LpVariable("x_2", lowBound = 0) # Create a variable x_2 >= 0

# Objective Function
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Lp_prob += 3 * x_1 + 4 * x_2

# Constraints:

Lp_prob += 2 * x_1 + 5 * x_2 <= 30

Lp_prob += 4*x_1 + 2 * x_2 <= 20

# Display the problem

print(Lp_prob)

status = Lp_prob.solve() # Solver

print(p.LpStatus[status]) # The solution status

# Printing the final solution

print(p.value(x_1), p.value(x_2), p.value(Lp_prob.objective))

output

Optimal objective function 27.5

x1=2.5

x2=5.0

the dual problem:



min 30y1 + 20y2

Subject to 2y1 + 4y2 ≥ 3

5y1 + 2y2 ≥ 4

y1, y2 ≥ 0

The Dual Problem of the Primal Poroblem
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Code 26 :Dual problem

# import the library pulp as D

import pulp as D

# Create a dual LP Minimization problem

Dual_Lp_prob = D.LpProblem('Problem', D.LpMinimize)

# Create problem Variables

y_1 = D.LpVariable("y_1", lowBound = 0) # Create a variable x >= 0

y_2 = D.LpVariable("y_2", lowBound = 0) # Create a variable y >= 0

# Objective Function

Dual_Lp_prob += 30 * y_1 + 20 * y_2

# Constraints:

Dual_Lp_prob += 2*y_1 + 4 * y_2 >= 3

Dual_Lp_prob += 5*y_1 + 2*y_2 >= 4

# Display the problem

print(Dual_Lp_prob )

status = Dual_Lp_prob .solve() # Solver

print(D.LpStatus[status]) # The solution status

# Printing the final solution

print(D.value(y_1), D.value(y_2), D.value(Dual_Lp_prob.objective))

Output

Optimal objective 27.5

y1=0.625

y2=0.4375

3.1.3 Python implementation of the Simplex Algorithm [19]

The simplex technique is a linear programming procedure that may be used to �nd the

best solution to a problem.When there are inequality constraints on a linear
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optimization problem, this approach is used. The simplex method is a technique for

methodically assessing vertices as viable solutions. The restrictions of a graph may be

used to solve certain basic optimization problems. The Simplex Algorithm is

implemented in Python.

Example 3.1.5. By use python code �nd Current function value



maximum − 10R− 14T − 24M

Subject to 19R + 29T + 36M ≤ 91802

14R + 23T + 17M ≤ 42002

R ≥ 0, T ≥ 0,M ≥ 0

Code 27:Simplex method

import numpy as np

import scipy as sp

# Get matrices

c = [-10, -14, -24]

A = [[19, 29, 36], [14, 23, 17]]

b = [91802, 42002]

# define the upper bound and the lower bound

R = (0, None)

T = (0, None)

M = (0, None)

# Implementing the Simplex Algorithm

from scipy.optimize import linprog

# Solve the problem by Simplex method in Optimization

res = linprog(c, A_ub=A, b_ub=b, bounds=(R, T, M), method='simplex',

options={"disp": True}) # linear programming p[roblem
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print(res) # print results

Out put Solution

Current function value: -59296.941176

Iterations: 2

message: 'Optimization terminated successfully.'

slack: array([2856.58823529, 0.])

success: True

x: array([ 0. , 0. , 2470.70588235])

3.2 Non-linear programming [51]

Nonlinear programming (NLP) is a mathematical term that refers to the method of

solving an optimization problem in which some of the constraints or the objective

functions are nonlinear. The computation of the extrema (maximam, minimam, or

stationary points) of an objective function over a collection of unknown real variables,

subject to the unknown of a system of equalities and inequalities, generally known as

constraints, is an optimization problem. It is a branch of mathematical optimization

that deals with non-linear problems. Let's use positive integers for n,m, and p. Allow X

to be a subset of Rn, and f, gi, and hj to be real-valued functions on X for each

i ∈ {1, 2, . . . . . .m} and each j ∈ {1, 2, . . . , p}, with at least one of f, gi, and hjbeing

nonlinear. An optimization problem of the type is a nonlinear minimization problem.



minimize f(x)

subject to gi(x) ≤ 0 for each i ∈ {1, 2, . . . . . .m}

hj(x) = 0 for each j ∈ {1, 2, . . . , p}

x ∈ X

(3.4)

A nonlinear maximization problem is de�ned in a similar way. Application of non linear
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Example 3.2.1. Find the optimal solution of the problem



min x1
2x4

3
(
x1

2 + x2 + x3
5
)
+ x2

4x3
3

subject to x1
5 + x2

3x3
2 + x4

2 ≥ 73

3x1
3 + x2

2 + x3
2 + x4

2 ≥ 90

1 ≤ x1, x2, x3, x4 ≤ 5

Solution : by use python code

Code 28 : Non Linear programming

from gekko import GEKKO

m = GEKKO(remote=False)

# create variables

x1,x2,x3,x4 = m.Array(m.Var,4,lb=1,ub=5)

# initial values

x1.value = 1; x2.value = 5; x3.value = 5; x4.value = 1

m.Equation(x1**5+x2**3*x3**2+x4**2>=73)

m.Equation(3*x1**3+x2**2+x3**2+x4**2>=90)

m.Minimize(x1**2*x4**3*(x1**2+x2+x3**5)+x2**4*x3**3)

m.solve(disp=False)

print('Results')

print('x1: ' + str(x1.value[0]))

print('x2: ' + str(x2.value[0]))

print('x3: ' + str(x3.value[0]))

print('x4: ' + str(x4.value[0]))

optimal

x1: 3.0723171242

x2: 1.0000047111

x3: 1.0000012022
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x4: 1.0000001697

f(x1,x2,x3,x4)=108.974576662 which is the optimal solution

Example 3.2.2. Find the optimal solution of the Non-Linear problem :



minimize (−8 + x1)
2 + (−2 + x2)

2

subject to: − 1

3
x1 − x2 ≥ −4.5

−0.1x2
1 + x2 ≥ 0

0 ≤ x1 ≤ 200

0 ≤ x2 ≤ 200

∀i = 1, 2 : xi ∈ Z

Solution :by use python code

Code 29 :Non-linear programming

from gekko import GEKKO

m = GEKKO()

x1,x2 = m.Array(m.Var,2,lb=0,ub=200)

x1.value = 0; x2.value = 200

m.Equation(-1/3*x1 -x2 >=-4.5)

m.Equation(-0.1*x1**2-x2>=0)

m.Minimize((-8+x1)**2 +(-2+x2)**2)

m.solve()

print(x1.value,x2.value)

out put

optimal solution 67.9282874221397
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3.2.1 Lagrange Multiplier Method

The technique of Lagrange multipliers is an approach for �nding the local maxima and

minima of a function subject to equality requirements in mathematical optimization

(subject to the condition that one or more equations have to be satis�ed exactly by the

chosen values of the variables). It is named after Joseph-Louis Lagrange, a

mathematician [43]


minimize f(x)

subject to gi(x) ≤ 0 for each i ∈ {1, 2, . . . . . .m}

x ∈ X

(3.5)

The primary concept is to turn a limited problem into a form that can still be tested using

the derivative test of an unconstrained problem. The link between the function's gradient

and the constraints' gradients leads to the Lagrangian function, which is a reformulation

of the original problem [10]:

L(x, λ) = f(x) +
m∑
i=1

λigi(x)

λ is Parameter that control the movement of the function and put it in the desired

direction

Example 3.2.3. Use Lagrangian method to solve constraint optimization problems



min 5x2
1 + 4x2

such to f1(x) = x1 − 9x2 + 4 ≥ 0

f2(x) = x1 − 4x2 − 5 ≥ 0

x1, x2 >= 0
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solution: The Lagrangian

L(x, λ) = f(x) + λ1f1(x) + λ2f2(x)

= 5x2
1 + 4x2 + λ1 (x1 − 9x2 + 4) + λ2 (x1 − 4x2 − 5)

∇L(x, λ) =



10x1 + λ1 + λ2

4− 9λ1 − 4λ2

x1 − 9x2 + 4

x1 − 4x2 − 5





x1

x2

λ1

λ2


=



0

4

−4

5


⇒



x1

x2

λ1

λ2


=



12.2

1.8

96.8

−218.8


Code 30 :Lagrange

import numpy as np

import matplotlib.pyplot as plt

A = np.matrix('10,0,1,1;,0,0,-9,-4;,1,-9,0,0;,1,-4,0,0')

b= np.matrix('0,;,4,;,-4;,5')

xs= np.array(np.linalg . inv(A)*b)

r=np.sqrt(5*xs[0]**2+4*xs[1])

print(xs)

print(r)

out put solution

x1 = [12.2]

x2 = [1.8]

λ1 = [96.8]

λ2 = [−218.8]

f(x1, x2, λ1, λ2) = [27.41167634]
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3.2.2 Lagrange Duality

The term "Lagrangian duality theory" refers to a method for determining a bound

or solving one optimization problem (the primal problem) by examining another

optimization problem (the dual problem). More precisely, if the primal issue is more

di�cult to solve than the dual problem, the solution to the dual problem might o�er a

limit to the fundamental problem or the same optimum solution as the primal problem.

The problem must be convex and meet a constraint condition in the latter instance. The

original primal linear program is the dual of a dual linear program, according to the

duality theory [25].

Figure 3.3: explain Lagrange Duality is bounded

The following is the conventional form of the optimization problem:
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P



minmize f0(x)

subject to hj(x) = 0 j = 1, . . . . . . , k

gi(x) ≤ 0 i = 1, . . . . . . . . . , n

x ∈ X

(3.6)

The Lagrangian function is de�ned as follows:

L(x, µ, δ) = f0(x) +
k∑

j=1

µhj(x) +
n∑

i=1

δgi(x) (3.7)

Where µ ∈ Rk and δ ∈ Rn are the dual variables (Lagrange multipliers). Then we de�ne

the Lagrangian dual function to be :

∅(µ, δ) = min
x∈X

L(x, µ, δ) (3.8)

The ideal value of the Lagrangian dual problem is denoted by d∗, the optimal value of

the primal problem is denoted by p∗, and x∗ is an optimal solution to the primal problem

(P). With dual variables, the Lagrange dual problem (µ, δ) is given by:

D


maximize

x
∅(µ, δ)

subject to δ ≥ 0

(3.9)

Example 3.2.4. Find the Lagrange dual of the problem :
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
minimize x1

2 + x2
2

subject to x1 + x2 ≥ 4

x1;x2 ≥ 0

let
{
x ∈ R2 | x1, x2 ≥ 0

}
= R2

The Lagrangian is:

L(x, λ) = x1
2 + x2

2 + λ(4− x1 − x2)

The Lagrangian dual function:

θ(λ) = min
x∈X

{
x2
1 + x2

2 + λ(4− x1 − x2)
}

= 4λ+min
x∈X

{
x2
1 + x2

2 − λx1 − λx2

)}

For a �xed value of λ ≥ 0, the minimum of L(x, λ) over x ∈ X is attained at

x1(λ) =
λ

2
, x2(λ) =

λ

2

→ L(x(λ), λ) = 4λ− λ2

2
∀λ ≥ 0

The dual function is concave and di�erentiable To maximize the value of the dual function:

dL

dλ
= 4− λ = 0

This implies λ∗ = 4, θ (λ∗) = 8

x (λ∗) = x∗ = (2, 2)
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Figure 3.4: descrip the dual function

Example 3.2.5. Find The Optimal Solution by Using Python Code Of The non linear

Problem :

(p)


min
x1,x2

(x1 − 3)2 + (x2 + 1)2

subject to x1 + x2 − 1.5 ≤ 0

0 ≤ x1 ≤ 1,−2 ≤ x2 ≤ 1

.

Code 31 :Prime of Lagrange

import inline as inline

import matplotlib as matplotlib

import matplotlib.pyplot as plt

from mpl_toolkits.mplot3d import Axes3D

import numpy as np
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xr1 = np.linspace(0, 1)

xr2 = 1.5 - xr1

xr3 = (xr1 - 3)**2 + (xr2+1 )**2

xp3 = np.linspace(0, 16)

XP1, XP3 = np.meshgrid(xr1, xp3)

XP2 = -XP1 + 1.5

fig = plt.figure()

ax = Axes3D(fig)

ax.set_ylim(-2, 1)

x1 = np.linspace(0, 1)

x2 = np.linspace(-2, 1)

X1, X2 = np.meshgrid(x1, x2)

X3 = (X1 -3)**2 + (X2+1)**2

ax.plot_surface(XP1, XP2, XP3, cmap='gray', cstride=100,

rstride=100, edgecolor='b', alpha=0.15)

ax.plot_surface(X1, X2, X3, cmap='plasma', cstride=3,

rstride=3, edgecolor='r', alpha=0.5)

ax.plot(xr1, xr2, color='b')

ax.plot(xr1, xr2, xr3, color='k')

plt.show()
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Figure 3.5: Primal Lagrange

To Find Lagrangian duality

The Lagrangian function that connects the objective function with its restrictions is

L = (x1 − 3)2 + (x2 + 1)2 + λ (x1 + x2 − 1.5)

Compute the function derivatives di�erentiation of them results in

∂L1

∂x1

= 2x1 + λ− 6,
∂L2

∂x2

= 2x2 + λ+ 2.

We test the gradients at the extremes to conduct the minimization of the Lagrangian in
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each variable; the minimal point is denoted by x∗

∂L1(0, λ)1
∂x1

= λ− 6 ≥ 0 x∗
1 = 0, if λ ≥ 6

∂L1(1, λ)1
∂x1

= λ− 4 ≤ 0 x∗
1 = 1, if 0 ≤ λ ≤ 4

∂L1 (x1, λ)1
∂x1

= 2x1 + λ− 6 = 0 x∗
1 = 3− λ

2
, if 4 ≤ λ ≤ 6

and for L2,

∂L2(−2, λ)1
∂x2

= λ− 2 ≥ 0 x∗
1 = −2, if λ ≥ 2

∂L2(1, λ)1
∂x2

= λ+ 4 ≤ 0 never satis�ed because λ ≥ 0

∂L2 (x2, λ)1
∂x2

= 2x2 + λ+ 2 = 0 x∗
2 = −1− λ

2
, if 0 ≤ λ ≥ 2.

The dual objective functions is the minimum of the Lagrangian function,

ϕ(λ) = min
x∈χ

L = min
x∈χ

n∑
j=1

Lj

or, the sum of the Lagrangian minimum on each variable, minLj.

ϕ(λ) = (x∗
1 − 3)2 + λx∗

1 + (x∗
2 + 1)2 + λx∗

2 −
3

2
λ

where x∗
1 and x∗

2 represent the points where the function is minimum. This can be divided
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for each λ interval, 

−λ2

4
− 3

2
λ+ 4, 0 ≤ λ ≤ 2

−5

2
λ+ 5, 2 ≤ λ ≤ 4

−λ2

4
− λ

2
+ 1, 4 ≤ λ ≤ 6

−7

2
λ+ 10, λ ≥ 6

The dual problem

Code 32 :dual of lagrange

import inline as inline

import matplotlib as matplotlib

import matplotlib.pyplot as plt

import numpy as np

lambd = np.linspace(0, 10)

def phi(lambd):

return ((0 <= lambd <=2)*(-lambd**2/4 -3/2*lambd + 4) +

(2 < lambd <=4)*(-5*lambd/2 + 5) +

(4 < lambd <= 6)*(-lambd**2/4 - lambd/2 +1) +

(lambd >= 6)*(-7*lambd/2 +10))

p = []

for i in lambd:

p.append(phi(i))
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fig = plt.figure()

ax = fig.add_subplot(1, 1, 1)

ax.set_xlabel(r'$\lambda$')

ax.set_ylabel(r'$\phi$')

ax.plot(lambd, p, '-k')

plt.show()

Figure 3.6: represent Lagrange Duality is bounded

3.2.3 Karush-Kuhn-Tucker(kkt)

In mathematical optimization, the Karush�Kuhn�Tucker (KKT) conditions, also known

as the Kuhn�Tucker conditions, are �rst derivative tests (sometimes called �rst-order

necessary conditions) for a solution in nonlinear programming to be optimal, provided

that some regularity conditions are satis�ed [63].
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Example 3.2.6. For the following problem, locate all of the KKT point's ?



maximize x1 + x2

subject to x1 + 2x2 ≤ 4

2x1 + x2 ≤ 6

x1x2 ≥ 0

solution

First, express the problem in the conventional format that the KKT theory requires:

maximize f0 (x1, x2) = x1 + x2

f1 (x1, x2) = x1 + 2x2 − 4

f2 (x1, x2) = 2x1 + x2 − 6

f3 (x1, x2) = −x1 ≤ 0

f4 (x1, x2) = −x2 ≤ 0

Keep in mind the following when writing kkt:

∇f0 =


1

1

 ∇f1 =


1

2

 ∇f2 =


2

1

 ∇f3 =


−1

0

 ∇f4 =


0

−1


L ((x1, x2) , (λ1, λ2)) = x1 + x2 + λ1 (x1 + 2x2 − 4) + λ2 (2x1 + x2 − 6)

We can now write the KKT conditions for this problem as

1 (Primal Feasibility)

x1 + 2x2 ≤ 4

2x1 + x2 ≤ 6

x1, x2 ≥ 0
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2. (Dual Feasibility)


1

1

− λ1


1

2

− λ2


2

1

− λ3


−1

0

− λ4


−1

0

 =


0

0


λ1, λ2, λ3, λ4 ≥ 0

3. Complementary Slackness

λ1(x1 + 2x2 − 4) = 0

λ2(2x1 + x2 − 6) = 0

λ3(−x1) = 0

λ4(−x2) = 0

4. (Stationarity of the Lagrangian) = ∇f((x1, x2), (λ1, λ2, λ3, λ4))

λ1 + 2λ2 − λ3 = 1

2λ1 + λ2 − λ4 = 1

λ1, λ2, λ3, λ4 ≥ 0

Since λ3, λ4 ≥ 0, they act like surplus variables and we can write the Dual Feasibility

λ1 + 2λ2 ≥ 1

2λ1 + λ2 ≥ 1

λ1, λ2 ≥ 0

It would now su�ce to �nd values for x1, x2, λ1, λ2, λ3, and λ4 the satisfy the KKT

conditions and we could solve the linear programming problem P.

(x1 + 2x2 = 4) ∗ −2

2x1 + x2 = 6
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− 3x2 = −2

x2 =
2

3

x1 =
8

3

we must have λ3 = λ4 = 0 because x1 > 0 and x2 > 0 at optimality and complementary

slackness requires that: λ3(−x1) = 0 and λ4(−x2) = 0 at optimality. This leaves λ1 and

λ2

We know these must satisfy the equations. Therefore, we see that when λ1 = λ2 = 1\3,

is satis�ed. Thus: we have written
1

1

 =
1

3


1

2

− 1

3


2

1



Figure 3.7: The objective function's slopes and the binding constraints at optimality and
their geometric relation are illustrated

by use python code to solve example

Code 33:kkt condition
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from sympy import *

x1,x2,k,n = symbols('x1,x2,k,n')

f = x1+x2

g = x1+2*x2-4

h = 2*x1+x2-6

# I will construct the Lagrange equation

L = f+k*g+n*h

# Finding Derivatives, Building a KKT Case

dx1 = diff(L, x1) #Find the partial derivative of x1

print("dx1=",dx1)

dx2 = diff(L,x2)

#Find the partial derivative of x2

print("dx2=",dx2)

dk = diff(L,k) # partial derivative of k

print("dk=",dk)

dn = diff(L,n) # partial derivative of n

print("dn=",dn)

# Looking for a different solution

m= solve([dx1,dx2,dk,dn],[x1,x2,k,n])

print(m)

# Reset variables

x1=m[x1]

x2=m[x2]

k=m[k]

n=m[n]

# Calculate the value of the equation

f = x1+x2
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print("The maximum value of the equation is:",f)

out put solution

dx1= k + 2*n + 1

dx2= 2*k + n + 1

dk= x1 + 2*x2 - 4

dn= 2*x1 + x2 - 6

{k: -1/3, n: -1/3, x1: 8/3, x2: 2/3}

The maximum value of the equation is: 10/3

Example 3.2.7. Use kkt condition to �nd the optimal solution of non-linear

programming problem:


f(x) = 10− 9x1 + (x1)

2 + (x2)
2 + x1x2

g(x) = 5x1 + 2x2 − 12

Solution :

Code 34:kkt condition

from sympy import *

x1,x2,k = symbols('x1,x2,k')

f = 10-9*x1+(x1)**2+(x2)**2+x1*x2

g = 5*x1+2*x2-12

# I will construct the Lagrange equation

L=f-k*g

# Finding Derivatives, Building a KKT Case

dx1 = diff(L, x1) #Find the partial derivative of x1

print("dx1=",dx1)

dx2 = diff(L,x2)

#Find the partial derivative of x2
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print("dx2=",dx2)

dk = diff(L,k) # partial derivative of k

print("dk=",dk)

# Looking for a different solution

m= solve([dx1,dx2,dk],[x1,x2,k])

print(m)

# Reset variables

x1=m[x1]

x2=m[x2]

k=m[k]

# Calculate the value of the equation

f = 10-9*x1+(x1)**2+(x2)**2+x1*x2

print("The minimum value of the equation is:",f)

out put solution

dx1= -5*k + 2*x1 + x2 - 9

dx2= -2*k + x1 + 2*x2

dk= -5*x1 - 2*x2 + 12

{x1: 66/19, x2: -51/19, k: -18/19}

The minimum value of the equation is: -215/19

3.3 Approximation Method

For minimizing a convex function f : Rn → R over a convex set X, approximation

approaches are based on substituting f and X by approximations Fk and Xk respectively

[17], at each iteration k, and �nding

x ∈ arg min
x∈Xk

Fk(x)

98



Fk+1 and Xk+1 are formed in the following iteration by re�ning the approximation, which

is based on the new point xk+1 and perhaps on the previous points Xk, . . . , xo. Of course,

this strategy only makes sense if the approximation problems are easier than the original.

There are several approximation techniques available, each with its own set of goals and

applications [16].

3.3.1 Approximations with Taylor Series [36]

A Taylor series approximationis when a number is represented as a polynomial that has

a very similar value to the number in a neighborhood around a given x value:

f(x) = f(a) +
f ′(a)

1!
(x− a) +

f ′′(a)

2!
(x− a)2 +

f 3(a)

3!
(x− a)3 + o

(
h3
)

Taylor series are incredibly useful tools for approximating functions that would

otherwise be di�cult to calculate, as well as assessing in�nite sums and integrals. The

steps to approximate values are as follow :

1.Compare the operation on the number in question to a function.

2.Assign a to a value that makes f(a) simple to calculate.

3. Select x to make f(x) the estimated number.

Example 3.3.1. by using Python to display the cos(x) function together with the

Taylor series approximations of the �rst, third, �fth, and seventh

Solution: Code python Approximations with Taylor Series
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Code 35:Taylor Series Approximat of analytic cos(x)

import numpy as np

import matplotlib.pyplot as plt

plt.style.use('seaborn-poster')

x = np.linspace(-np.pi, np.pi, 200)

y = np.zeros(len(x))

labels = ['Third Order', 'fouth Order', 'Fifth Order', 'Seventh Order']

plt.figure(figsize = (10,8))

for n, label in zip(range(4), labels):

y = y + ((-1)**n * (x)**(2*n+1)) / np.math.factorial(2*n+1)

plt.plot(x,y, label = label)

plt.plot(x, np.cos(x), 'k', label = 'Analytic')

plt.grid()

plt.title('Taylor Series Approximations of Various Orders')

plt.xlabel('x')

plt.ylabel('y')

plt.legend()

plt.show()
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Figure 3.8: The black line represents the analytic, the blue line represents the �rst order
of the Taylor Series, the orange line represents the third order of Taylor, the green line
represents the �fth order of the Taylor Series, and The red line represents the seventh
order of Taylor Series

Example 3.3.2. by using Python to display the sin(x) function together with the Taylor

series approximations?

Solution:

Code 36:Taylor Series Approximat of function sin(x)

import matplotlib.pyplot as plt

import numpy as np

from scipy.interpolate import approximate_taylor_polynomial

x = np.linspace(-10.0, 10.0, num=100)

plt.plot(x, np.sin(x), label="sin curve")

for degree in np.arange(1, 15, step=2):

sin_taylor = approximate_taylor_polynomial(np.sin, 0, degree, 1,

order=degree + 2)

plt.plot(x, sin_taylor(x), label=f"degree={degree}")

plt.legend(bbox_to_anchor=(1.05, 1), loc='upper left',
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borderaxespad=0.0, shadow=True)

plt.tight_layout()

plt.axis([-10, 10, -10, 10])

plt.show()

Figure 3.9: sin(x)

Example 3.3.3. by using Python to display the exp(x) function together with the Taylor

series approximations?

Solution:

Code 37:Taylor Series Approximat of function exp(x)

import matplotlib.pyplot as plt

import numpy as np

from scipy.interpolate import approximate_taylor_polynomial

x = np.linspace(-10.0, 10.0, num=100)

plt.plot(x, np.exp(x), label="exp curve")
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for degree in np.arange(1, 15, step=2):

exp_taylor = approximate_taylor_polynomial(np.exp, 0, degree, 1,

order=degree + 2)

plt.plot(x, exp_taylor(x), label=f"degree={degree}")

plt.legend(bbox_to_anchor=(1.05, 1), loc='upper left',

borderaxespad=0.0, shadow=True)

plt.tight_layout()

plt.axis([-10, 10, -10, 10])

plt.show()

Figure 3.10: exp(x)

3.3.2 Penalty Function Method

The penalty optimization problem is transformed into di�erent formulations, and

numerical solutions are found by solving a series of unconstrained minimization

problems [61]. For decades, penalty functions have been used in the literature on
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restricted optimization. Exterior penalty functions, which punish infeasible solutions,

and interior penalty functions, which penalize feasible solutions, are the two primary

kinds of penalty functions [53]. The primary principle behind interior penalty functions

is that an optimum solution necessitates the existence of an active (i.e., tight)

restriction, such that the optimal solution stands on the edge of feasibility and

infeasibility. Knowing this, a penalty is given to possible solutions, often known as

"interior solutions," while the constraint is not active. This method is simple for a single

constraint (albeit it hasn't been encountered in the evolutionary computation

literature), but the construction of internal penalty functions for multiple constraints is

substantially more di�cult [27].

De�ntion (penalty)

A function P : Rn → R is called a penalty function if P satis�es [30]:

i. P(x) is continuous on Rn.

ii. P(x) = 0 if and only if x ∈ S

iii. P(x) > 0 for all x ∈ ℜn | S

An often-used class of penalty functions for optimization problems with only inequality

constraints is: P (x) =
m∑
i=1

(Max{0, g(x)})p, where p is a positive integer We refer to the

function f(x) + µP (x) as an auxiliary function The purpose of a penalty is to convert a

constrained function into an unconstrained function Consider the problem below [53]:



minmize f(x)

subject to h(x) = 0

g(x) ≤ 0

x ∈ Rn
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Assume this problem is substituted by unconstrained problem, where µ > 0 and ρ > 0

are a large number [71].

min f(x) + µp(x)

min f(x) + µp(x) New objective function

µ Penalty Weight

p(x) Penalty function

We keep the objective function the same and add a penalty function to it that consists

of m (Penalty Weight) I keep changing and trying to �nd its value to make the penalty

function infeasible area very high and in feasible area remains herself until minimum and

p(x) is Penalty function de�ne �rst [1]

p(x) =


+ is not satisfy the constraint

0 is satisfy the constraint

Equality constraint 
min f(x)

x = xc
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Figure 3.11: The black line represents the true function after adding µ1 We notice that
the ascending function appears to be rising above its value. change by µ. I keep going up
in µ3 as shown until we get a minimum function of it, which is equal to the constraint

Inequality constraint 
min f(x)

x < xc
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Figure 3.12: The black line represents the real function and x < xc the function will have
the same value until we connect after c it appears to increase in value

- The penalty function:

· Quadratic penalty function, in which the penalty terms are the squares of the constraint

violations.

minf fnew (X,C) = f(X) +
µ1

2

m∑
i=1

hi(X)2 +
µ2

2

n∑
j=1

(max {0, gj(X)})2

Example 3.3.4. : Consider the following problem:



minimize
x1,x2

(x1 − 3)2 + 2x2
2

subject to x1 + x2 = 4

(x1 − x2)
2 ≤ 9

x1, x2 ≥ 0

After solving the prior problem with classical methods, we obtain x =

(
7

2
,
1

2

)
with
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objective function value
3

4
Consider the following penalty function as a starting point for

building theory around penalty functions:

α (x1, x2) = (x1 + x2 − 4)2 +m
{
0, (x1 − x2)

2 − 9
}2

constraint 1 = |x1 + x2 − 4|

constraint 2 = max
{
0, (x1 − x2)

2 − 9
}

Therefore, our goal is to minimize:

F (x1, x2) = (x1 − 3)2 + 2x2
2 + µ (x1 + x2 − 4)2 + µm

{
0, (x1 − x2)

2 − 9
}2

.

We determine the minimum of each iteration based on the current value. Every best

solution serves as a jumping o� point for the following iteration. When the violation is

less than , the loop is terminated. The scipy library is used to do all computations in

Python. As can be seen in the table, we're getting close to the viable zone.

Code 38:Penalty Method

import math

import numpy as np

import pandas as pd

from scipy . optimize import minimize

def penalty(x):

obj = (x[0]-3)**2+2*x[1]**2

obj += mu*(x[0]+x[1]-4)**2

obj += mu*max(0, (x[0]-x[1])**2-9)**2

return obj

eps = 10**-5

mu = 10

delta = 10
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x0 = np.zeros(2)

violence = np . zeros(2)

violence [0] = max(0, (x0[0]-x0[1])**2-9)

violence [1] = abs(x0[0]+x0[1]-4)

viol = max(violence)

i = 1

while ( viol >= eps ):

x0 = minimize(penalty , x0).x

violence [0] = max(0, (x0[0]-x0[1])**2-9)

violence [1] = abs (x0[0]+x0[1]-4)

viol = max(violence)

objective = (x0[0]-3)**2+2*x0[1]**2

vi = 2*mu*(x0[0]+x0[1]-4)

ui = 2*mu*max(0, (x0[0]-x0[1])**2-9)

print ("{} -> mu= {}, x = {},vi = {},ui = {} viol = {},

obj-value = {}, penalty = {}".

format (i, mu, x0, vi, ui, viol, objective , penalty(x0)))

mu = mu*delta

i +=1
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Table 3.1: Penalty Function

In this table3.1 Five Iteration In each Iteration, µ is a variable and not �xed, xk

represents the value of x1 and x2 for each Iteration, vi and ui represents the values of the

�rst and second constraints, the objective value represents the objective function, and

Violation represents the greatest value after compensating the value of x1, x2 in the two

constraints and �nally the penalty value after applying the law

3.3.3 Interior Penalty Function Methods

Interior Penalty techniques are also known as Barrier methods or interior point

approaches. Martinez and Santos (1995), Nash and Sofer (1993), Wright (1992),

Luenberger and Ye (2008) [65]produced some theoretical �ndings. These techniques are

useful for form-related problems:



minimize
x

f(x)

subject to gi(x) ≤ 0 i = 1, . . . . . . . . . , n

x ∈ Rn
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Where f, g1, . . . , gn are continuous functions de�ned on Rn these strategies turn a

restricted problem into an unconstrained one, but the barrier prevents the present

solution from ever leaving the viable zone. This necessitates the existence of nonempty

interiors in the feasible sets. As a consequence, they're most often utilized to solve

problems with merely inequality restrictions. As a result, once an unconstrained

minimization is started from any possible x1, the successive points produced will always

be inside the feasible area, since the constraint boundaries function as barriers

throughout the minimizing process.

De�ntion(interior penalty Method) A function B : Rn → R is called an interior

penalty (Barrier) function if B(x) satis�es:

1. B(x) is continuous on Rn

2. B(x) ≥ 0 each x ∈ intS, where S denotes the feasible region for Problem

3. B(x) → +∞ as x approaches the border of S.

write the barrier problem as:



θ(x, µ) = minimize f(x) + αB(x)

subject to gi(x) ≤ 0, i = 1, 2, . . . , n

x ∈ Rn.

where α > 0, it is so-called barrier parameter and we pick α small (α → 0)

The most commonly used types of interior penalty functions are:

1. Inverse function: B(x) = −
M∑
i=1

1

gi(x)
, for gi(x) < 0

2. Logarithm function: B(x) = −
M∑
i=1

log [−gi(x)], for gi(x) < 0

From this we observe that the barrier problem itself is a constrained problem, and

actually, the constraint is some what more complex than in the true problem. The

characteristic of this problem, that it can be solved by using an unconstrained search
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technique

Example 3.3.5.

Minimize f(x) = x2
1 + 2x2

2

subject to g(x) = 1− x1 − x2 ≤ 0

x ∈ R2

. Solution: De�ne the barrier function

P (x) = − log[−g(x)] = − log [x1 + x2 − 1]

The unconstrained problem is

Minimize ϕµk
= x2

1 + 2x2
2 − µk log [x1 + x2 − 1] .

The necessary conditions for the optimal solution ∇f(x) = 0 yield the following:

∂ϕµk

∂x1

= 2x1 −
µk

(x1 + x2 − 1)
= 0

∂ϕµk

∂x2

= 4x2 −
µk

(x1 + x2 − 1)
= 0

and we get,

x1 =
1±

√
1 + 3µk

3

and

x2 =
1±

√
1 + 3µk

6

Since the negative signs lead to infeasibility, we have

x1 =
1 +

√
1 + 3µk

3
and x2 =

1 +
√
1 + 3µk

6
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Starting with µ1 = 1, γ = 0.1 and x1 = (1, 0.5) and using a tolerance of 0.005 , we have

the following: Thus, this solution approach to the exact optimal solution x∗ = (2/3, 1/3).

Code 39:interior penalty Method

import math

m=int(input("k= "))

x1=(1+(math.sqrt(1+(3*m))))/3

x2=(1+(math.sqrt(1+(3*m))))/6

g=1-x1-x2

p=-(math.log(-g,10))

mp=m*p

fx=((x1**2)+(2*(x2**2)))

fii=((x1**2)+(2*(x2**2)))-(m*(math.log((x1+x2-1),10)))

print("x:(",x1,",",x2,")")

print("g(x): ",g)

print("P(x): ",p)

print("MP(x): ",mp)

print("f(x): ",fx)

print("fii(x): ",fii)

out put solution by using python code.From the table, we observe that every points at

each iteration is in the interior of the feasible region, and the �nal solution itself remains

in the interior
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k µk xk g
(
xk
)

P
(
xk
)

µkP
(
xk
)

f
(
xk
)

ϕµk

(
xk
)

1 1 (1.000, 0.5000) −0.5000 0.30103 0.3010 1.5 1.80103

2 0.1000 (0.714, 0.357) −0.071 1.1487 0.1149 0.765 0.8788

3 0.0100 (0.672, 0.336) −0.008 2.0969 0.02097 0.677 0.6979

4 0.0010 (0.6672, 0.3336) −0.0008 3.0969 0.003097 0.668 0.6708

5 0.0001 (0.6666, 0.3333) −0.0001 4.6576 0.000466 0.6667 0.6672

6 0.00001 (0.666671, 0.333335) −0.000007 5.6576 0.0000566 0.666667 0.6667

Table 3.2: Interior Penalty Function Methods

In this table3.2, k represents the number of iteration, µ is a variable in each iteration, xk

represents the value of x1, x2, and g(xk) represents the constraint value, P (xk) represents

the barrier function and f(xk) represents the objective function and ϕµk

(
xk
)
represents

interior penalty Method

3.3.4 Exterior Penalty Function Methods

A limited problem may be turned into a single unconstrained problem or a series of

unconstrained problems using exterior penalty function techniques If we use a large

penalty factor, the search will trend to local optimums, but if we use a small penalty

factor, we will have to spend a long time searching the feasible area. As a result, �nding

an e�cient penalty factor is a signi�cant advancement in the limited optimization

problem domain. We suppose that the optimization problem has the following
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properties: 

minimize
x

f(x)

subject to hi(x) = 0, i = 1, 2, . . . , k

gj(x) ≤ 0, j = 1, 2, . . . , n

x ∈ Rn.

Where f, h1, . . . , hk, g1, . . . , gn are continuous on Rn, suppose this problem is substitute

by the following unconstrained problem:

E(x, µ) = f(x) + µΨ(x)

Subject to x ∈ Rn Where the penalty function Ψ(x) is de�ned by

Ψ(x) =
n∑

j=1

∥ m {0, gj(x)}∥q +
k∑

i=1

∥hi(x)∥q

Example 3.3.6. 
minimize

x
f(x) = 2x

subject to g(x) = 3− x ≤ 0,

x ∈ R.

Note that the minimizer is x∗ = 3

Solution

Let α(x) = [max{g(x), 0}]2

i.e., α(x) = 0, for x ≥ 3 or α(x) = (3− x)2, for x < 3.

If α(x) = 0, then the optimal solution to minimize F(x) = f(x) + µα(x) is at x∗ = −∞

and this is infeasible. So,

F = 2x+ µ(3− x)2.
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Since this function is quadratic form, we can evaluate the minimizer by using �rst

derivative,

F ′(x) = 2 − 2µ(3 − x) = 0. This implies that x = 3 − 1

µ
, which converges to x∗ = 3 as

µ → ∞. Therefore, the minimizer of the original problem is x∗ = 3

Figure 3.13: Exterioe penalty method
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Code 40:Exterioe penalty method

import math

import numpy as np

import pandas as pd

from scipy . optimize import minimize

def exterior(x):

obj = (2*x[0])

obj += mu*(3-x[0])**2

return obj

eps = 10**-5

mu = 10

delta = 10

x0 = np.zeros(2)

violence = np . zeros(2)

violence [0] = abs(3-x0[0])

viol = max(violence)

i = 1

while ( viol >= eps ):

x0 = minimize(exterior , x0).x

violence [0] = abs (3-x0[0])

viol = max(violence)

objective = (2*x0[0])

vi = 2*mu*(3-x0[0])

print ("{} -> mu= {}, x = {},vi = {},viol = {}, obj-value = {}, exterior = {}")

format (i, mu, x0, vi, viol, objective , exterior(x0)))
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mu = mu*delta

i +=1

k µ xk objective value vi violation exterior

1 10 (2.899) 5.799999917851817 2.00000082 0.100000041074 5.900000000000017

2 100 2.99 5.97999999017209 2.00000098 0.0100000049139 5.990000000000002

3 1000 2.99899 5.997999985 2.0000144 0.0010000072057 5.999000000000052

4 10000 2.99989 5.9997999851464 2.000148 0.0001000074267 5.999900000000552

5 100000 2.99998 5.99997998510464 2.001489 1.000744767676 5.999990000005547

6 1000000 2.99998 5.999997985099326 2.0149006 061.00745033693 5.999999000055

Table 3.3: Exterior Penalty Method

In this table 3.3 Five Iteration In each Iteration, µ is a variable and not �xed, xk

represents the value of x1 and x2 for each Iteration, vi and ui represents the values of the

�rst and second constraints, the objective value represents the objective function, and

Violation represents the greatest value after compensating the value of x1, x2 in the two

constraints and �nally the penalty value after applying the law
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Conclusions

The optimization models are a subset of numerical optimization. This study's objective

is to �nd the greater design which leads us to the optimal solution of the linear and

nonlinear optimization problems, this research provided e�cient algorithms which imply

good design codes, and new approaches to algorithms to solve di�erent mathematical

modeling applications for optimization. This study developed design codes based on

di�erent mathematical models which included, Tyler's rounding technique, linear

programming, nonlinear programming, double linear, nonlinear, Lagrange multiplier,

Karush-Kuhn-Tucker(KKT) condition, and internal penalty and external penalty

methods. This study depends on open software which is Python language. The

implementation of all design codes gave us less than allocation memory of the computer

process. Moreover, this research focus on developing the theoretical converges

properties.
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