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Abstract 

  In this work, we study the family of complex rational maps which 

is given by   

                 𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
  ,              

where 𝑑 ≥ 2 and  𝛽 ∈ ℂ\{0} such that   𝛽1−𝑑 ≠ 1 and 𝛽2𝑑−2 ≠ 1. We 

show that 𝐽(𝑄𝛽) has one from these properties  as a quasicircle or a  

Cantor circle or a Sierpinski carpet or a degenerate Sierpinski carpet 

whenever the image of one of the free critical points for 𝑄𝛽 is not 

converged to 0 or ∞ .  

As we proved: 

 Since the Julia set of the map 𝑄𝛽 is connected, then the free 

critical orbits are attracted to 0 or ∞. 

 And 𝑄𝛽 has no Herman ring and no infinitely connected 

attracting Fatou components or parabolic Fatou 

components.  

 We prove that the map 𝑄𝛽  is exclusive to the Julia set as a 

transitive map and because the Julia set  has  dense periodic 

points, therefore 𝑄𝛽   will be a chaotic map (according to 

Devaney's definition). 
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 We prove the Julia set is a fractal set because it has a 

Hausdorff dimension whose value is not an integer it is 

1 +
𝑙𝑜𝑔3

𝑙𝑜𝑔𝑑
≤ 𝑑𝑖𝑚𝐻𝐽(𝑄𝛽) < 2, 

and therefore the Julia set is a strange chaotic attractor. 
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Introduction 

      Complex dynamics is the iteration of maps on complex numbers 

for the study of dynamical systems. An important application of 

complex dynamics is the Julia set, where the Julia set is a type of 

fractal. We can see the similarity of the topography of a mountain 

range for example with some parts of this set. Some rendering 

programs have used these comparisons for color and terrain 

modeling. In general the rational maps have dynamics more 

complex than that of polynomials because each polynomial has a 

totally invariant superattracting focused at ∞. See [31],[33]). 

However, if we study dynamics behaviors of polynomials when 

studying the behavior of the rational maps close to the polynomials 

through the concept of perturbation.  

 

       McMullen is the first who used the singular perturbation on  𝑧𝑛 

(see [25]) he study the family of rational maps                                                         

𝑓𝜆(𝑧) = 𝑧𝑚 +
𝜆

𝑧𝑛
, 

where  𝑚 ≥ 2, 𝑛 ≥ 1, and 𝜆 ∈ ℂ\{0} , this  map called the McMullen 

maps. The McMullen map has been studied by several authors. The 

authors in [7] gave (The Escape Trichotomy Theorem) for 𝑓𝜆  by the 

orbits of the free critical points. After that through several people, 

they found a generalization of McMullen maps see [7],[14], [15], [41]. 

Fu and Yang [12], They studied the following maps 

                                ℎ𝜆(𝑧) =
𝑧𝑑(𝑧2𝑑−𝜆𝑑+1)

𝑧2𝑑−𝜆3𝑑−1
     , 

where 𝑑 ≥ 2 and 𝜆 ∈ ℂ\{0}, such that 𝜆2𝑑−2 ≠ 1. They got several 

things, including Julia sets is cantor circles or quasicircles or 
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Sierpinski carpet according to the iterate of the free critical points. 

See [12] ,[13],[42].  

      In 1980, McMullen is the first discovery the Julia set is cantor of 

circles from the maps as 

                                𝑓𝜆(𝑧) = 𝑧2 +
𝜆

𝑧3
 , 

where  𝜆  is small and not equal to zero, see [25]. The authors came 

the generalization of the McMullen maps 

                                 𝑓𝜆(𝑧) = 𝑧𝑚 +
𝜆

𝑧𝑛
 , 

which was studied by some people through some dynamical 

phenomena, see [8], [14], [15], [31] and [41]. 

The appearance of the Julia sets is the Sierpinski carpet or the 

cantor circle of the McMullen map or a generalization of the 

McMullen map as in (see [41]). In [24, Appendix F], the Sierpinski 

carpet Julia set of the rational map have given by Milnor and Tan. 

In [4], the quasisymmetric geometry on Julia sets for rational maps 

of post-critically-finite was studied by Lyubich, Bonk and Merenkov. 

Moreover, the Julia sets are Sierpinski carpets of the rational maps, 

see [7].  From [2], if the Julia set is connected, which is equivalent 

to showing every the Fatou components are simply connected for 

𝑄𝛽. However, the infinitely connected attracting or parabolic basin 

and the Herman ring are only two types of periodic Fatou 

components, which are not simply connected. By Shishikura, the 

connectivity of the Julia sets of rational maps was studied as in [34]. 

By using Newton’s method for polynomials, we can apply the results 

of Shishikura to the rational maps. Also, this concept was studied by 

Yin, see [45]. family of renormalization transformation maps was 

studied by Qiao and Li also obtained the Julia sets are connected 

for each real parameters as in [29] also, the result has been 
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generalized by Yang and Zeng to all complex parameters in [44]. 

The Julia set for the McMullen maps is a connection was studied in 

[9], [18] and [40], when constructing Herman rings there are two 

methods.  

 

    This work is divided into four chapters. Many of the results of 

chapter one is known, hence we state some of them without proof.  

       In chapter one, section one, we recall the elementary definitions 

of Julia sets, and we give some fundamental definitions and 

theorems which we need them through this work.  

In section two, we offer the properties of Julia set for rational and 

polynomial maps to give some theorems and propositions. In 

section three, we offer the concept of the singular perturbation.  

     In chapter two, section one we introduce the dynamical and 

parameter planes of  𝑄𝛽, we offer "The Escape Quartation 

Theorem", where we show that the Julia set is a quasicircle or cantor 

circles or Sierpinski carpet or degenerate Sierpinski carpet 

whenever the image of one of the free critical points for 𝑄𝛽 is not 

converging to 0 or ∞. In section two, we study some properties of 

the parameter plane, as the McMullen domain.  

      Chapter three is divided into two sections, in the first, we give 

the  Julia set of 𝑄𝛽 is connected. Section two shows the map of 𝑄𝛽  

is exclusive to the Julia set where the rest of the properties of chaos 

are achieved, as the set is a strange chaotic attractors,   since it has 

Hausdorff dimension as the value between greater than one and 

less than two.  
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      In chapter four, we give the Conclusions and Future works for 

this work.  

      At the end of this thesis, we set examples of Julia set and give 

an appendix showing the practical part of the subject. 
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CHAPTER ONE  

The Julia Sets 

1.1 Elementary Definitions and Theorems  

 

    Our goal in this section, is the presentation of definitions and 

theorems that we will use later in this work.  

     In our work, we will adopt the plane as the extended complex 

plane which is ℂ∞ = ℂ ∪ {∞}, so that the Riemann sphere is a 

topological equivalent to extended complex plane. The metric space 

is the chordal metric. 

 

Definition (1.1.1) [2] 

    If  𝑈 ⊂ ℂ is an open set of complex numbers. A map 𝑓 ∶ 𝑈 → ℂ  is 

holomorphic (or complex analytic) in  𝑈  if the derivative 𝑓′ exists 

at each point of 𝑈. The map 𝑓 ∶ 𝑈 → ℂ∞  is  meromorphic in 𝑈 if 

each point of 𝑈  has a neighborhood on which either  𝑓  or  
1

𝑓
  is 

holomorphic.   

 

Definition (1.1.2) [2]  

      If  𝑅 ∶ ℂ∞ → ℂ∞ is a rational map  of the form 

𝑅(𝑧) =
𝑓(𝑧)

𝑔(𝑧)
, 

where 𝑓 and 𝑔 are both polynomials, not both being the zero 

polynomial. If  𝑓 = 0, then 𝑅 =  0 and if  𝑔 =  0, then 𝑅 =  ∞. So the  
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𝑓 and  𝑔  are coprime if we  assume that  𝑓 and  𝑔 have no common 

zeros. Thus the degree of  𝑅 is   

              𝑑𝑒𝑔(𝑅)  =  max {𝑑𝑒𝑔(𝑓), 𝑑𝑒𝑔(𝑔)}.  

 

         In [30] , for any 𝑞 ∈ {0,1} , for each  integer  𝑑 ≥ 2 and 

𝑛1, . . , 𝑛𝑑 ∈ ℤ+ such that ∑
1

𝑛𝑖
< 1𝑑

𝑖=1  . Define   

              𝑓𝑞,𝑛1,..,𝑛𝑑
(𝑧) = 𝑧𝑛1(−1)𝑑−𝑞

∏ (𝑧𝑛𝑖+𝑛𝑖+1 − 𝛽𝑖
𝑛𝑖+𝑛𝑖+1)

(−1)𝑑−𝑖−𝑞
𝑑−1
𝑖=1 ,  

for 𝛽1, . . , 𝛽𝑑−1 are 𝑑 − 1 small complex numbers holds 

                         0 < |𝛽1| <. . . < |𝛽𝑑−1| < 1.  

Special case , if 𝑑 = 2  and 𝑞 = 1 , then  𝑓1,𝑛1,𝑛2
(𝑧) is the McMullen 

map studied by a number of authors . However, 𝑓0,𝑛1,𝑛2
(𝑧) is 

conformally conjugate to the McMullen map 

𝑓𝜆(𝑧) = 𝑧𝑛1 +
𝜆

𝑧𝑛2
 , 

for some 𝜆 ≠ 0. If 𝑑 ≥ 3, then any 𝑓𝑞,𝑛1,..,𝑛𝑑
 is not topologically 

conjugate to any McMullen maps on their corresponding Julia sets. 

In particular, 

ℎ𝜆(𝑧) =
𝑧𝑑(𝑧2𝑑−𝜆𝑑+1)

𝑧2𝑑−𝜆3𝑑−1
 . 

We can develop the last map into the map    

𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
  , 

and study the dynamics of this map. 𝑄𝛽 have superattracting 

periodic orbits of 0 and ∞.  

 

Proposition (1.1.3) [21] 

 

     If  R is a rational map , let 𝑧0 ∈ ℂ∞,  the equation 𝑅(𝑧) = 𝑧0 has 

exactly 𝑑 solutions, counting multiplicities, then 𝑑𝑒𝑔(𝑅)  =  𝑑. 
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Example (1.1.4)  

   Suppose that (𝑧)  =
𝑧2+2𝑧+3

𝑧−1
 . Then  𝑑𝑒𝑔(𝑅)  =  2,  𝑅(1)  =  ∞,   

 

Definition (1.1.5) [2] 

    The Mobius map is a rational map of degree one as follows: 

𝜑(𝑧) =
𝑎𝑧+𝑏

𝑐𝑧+𝑑
 ,  𝑎𝑑 − 𝑏𝑐 ≠ 0.   

We say that two rational maps 𝑅 and 𝜓 are conjugate if and only if 

there is Mobius map 𝜑 with 𝜓 =  𝜑𝑅𝜑−1. 

    

Definition (1.1.6) [3] 
 
     Assume that  𝑈 ⊂ ℂ∞  is open set and 𝑅 ∶ 𝑈 → ℂ∞  is a 

holomorphic map, so   𝑅𝑝 = 𝑅 ∘ 𝑅 ∘ … ∘ 𝑅 (𝑝-times).  

If  𝑅(𝑧0) = 𝑧0, then 𝑧0 ∈ ℂ∞ is a fixed point of 𝑅 and a periodic 

point of period 𝑛 if it is a fixed point for 𝑅𝑛, for 𝑛 ≥ 1.  

 
Definition (1.1.7) [21] 
 

     Assume that 𝑧 ∈ 𝑊 and a rational map  𝑅 ∶ 𝑊 → ℂ∞, 𝑊 ⊂ ℂ∞, we 

define the total, forward and backward orbits of 𝑧, respectively, 

by: 

𝕆𝑅(𝑧) = 𝕆𝑅
+(𝑧) ∪ 𝕆𝑅

−(𝑧), 

𝕆𝑅
+(𝑧) is the set of points 𝑧, 𝑟(𝑧), 𝑅2(𝑧), …                               

𝕆𝑅
−(𝑧) is the set of points 𝑧, 𝑅−1(𝑧), 𝑅−2(𝑧), … . 
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Definition (1.1.8) [23] 
 
   Suppose that 𝑧0 ∈ ℂ∞ is a periodic point of period  . We denote the 

𝕆𝑅
+(𝑧0) = {𝑧1, 𝑧2, … , 𝑧𝑛 = 𝑧0} is a periodic cycle. The multiplier of a 

point  𝑧 of period 𝑛 is the derivative (𝑅𝑛)′(𝑧) of  

the first return map, where 𝑧 is any point in the cycle. We say 𝑧  is: 

superattracting if (𝑅𝑛)′(𝑧) = 0; 

attracting if (𝑅𝑛)′(𝑧) < 1; 

indifferent if (𝑅𝑛)′(𝑧) = 1; 

repelling if (𝑅𝑛)′(𝑧) > 1.  

An indifferent point is parabolic if (𝑅𝑛)′(𝑧)  is a root of unity. 

 

Example (1.1.9)   

 A map  𝑔: ℂ → ℂ  such that 

 (a) 𝑔(𝑧) = 𝑧2 if  𝑧 = 1 , then  𝑧  is a repelling  fixed point. Also    

   𝑧 = 0  , then 𝑧 is a superattracting fixed point.  

 (b)  𝑔(𝑧) = 𝑧2 + 𝑧  if  𝑧 = 0,  then 𝑧  is indifferent fixed point . 

 

Definition (1.1.10) [3]     

   If  𝑅 ∶ ℂ∞ → ℂ∞  is a map , Suppose that  𝑧 ∈ ℂ∞  is an attracting 

fixed  point  of 𝑅. Then the basin of attraction of  𝒛   defined as  

𝐴(𝑧) = {𝕡 ∈ ℂ∞ ∶ 𝑅𝑛(𝕡) → 𝑧,  𝑛 → ∞}. 

The immediate basin of attraction of 𝑧  is the connected 

component of the basin of attraction of  𝑧  . The immediate basin of 

attraction of  0 and ∞   denoted by 𝐼0 and 𝐼∞ respectively. 
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Example (1.1.11) [21].  

    If  𝑅 ∶ ℂ∞ → ℂ∞  is a map, 𝑅(𝑧)  =  𝑧2. The basin of attraction of 

the fixed point of the origin is 𝐵(0,1) (the ball with center 0 and the 

radius 1), and the basin of attraction of the fixed point of the infinity  

is ℂ \𝐵̅(0,1). 

 

Lemma (1.1.12) [21]  

      If  𝑅 ∶ ℂ∞ → ℂ∞  is a map,  let  𝑧 ∈ ℂ∞  is an attracting fixed  point.  

Then the basin of attraction of 𝑧 is open. 

 

      We recall some results in [2] as: 

Proposition (1.1.13) [2]   

    If  𝑅 ∶ ℂ∞ → ℂ∞  is a rational map of degree  𝑑 ≥ 2, then 

(i) for any periodic cycle, the immediate basin of attraction 

contains at least one critical point of  𝑅.  

(ii) there are at most  2𝑑 −  2  attracting periodic cycles. 

(iii) the number of non-repelling periodic cycles of  𝑅 is at most    

6𝑑 − 6, so that the number of non-repelling periodic points of 𝑅 is 

finite. 

 

Definition (1.1.14) [6] 

    Let  {𝑓𝑛} be a family of holomorphic maps defined on an open set 

𝑈. The family {𝑓𝑛} is said to be normal on 𝑈 if every sequence of 

the 𝑓𝑛`s has a subsequence which either  

1.converges  uniformly on compact subsets of  𝑈 ,or  
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2. converges uniformly to  ∞ on 𝑈. 

 

Example (1.1.15) [6]     

     Let 𝑈 ⊂  ℂ be an open connected set and let  𝑔 ∶ 𝑈 → ℂ  be a 

map  such that 𝑔(𝑧) = 𝑏𝑧 with |𝑏| < 1 . We set  {𝑔𝑛} = {𝑔𝑛} . 

𝑔(𝑧) = 𝑏𝑧  

𝑔2(𝑧) = 𝑏2𝑧 . 

. 

. 

𝑔𝑛(𝑧) = 𝑏𝑛𝑧 → 0  as 𝑛 → ∞  with  |𝑏| < 1 . Hence {𝑔𝑛}  converges 

uniformly to the constant map 0 on compact subsets of  𝑈 . 

Therefore {𝑔𝑛}    is a normal family of maps on  𝑈 . 

 

Definition (1.1.16) [6]  

    The family {𝑓𝑛}   is not normal at  𝑧  if the family fails to be a normal 

family in every neighborhood of  𝑧. 

 

Definition (1.1.17) [2]    

    A family ℱ of maps of (𝑋, 𝑑) into (𝑋, 𝑑1) is equicontinuous at  𝑦  

if and only if for any  𝜀 > 0, there is 𝛿 > 0 such that for all 𝑥  in 𝑋, 

and for each 𝑔 in  ℱ, 𝑑(𝑦, 𝑥) < 𝛿  implies 
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𝑑1(𝑔(𝑦), 𝑔(𝑥)) < 𝜀. ℱ is equicontinuous on 𝑌 ⊂ 𝑋 if ℱ is 

equicontinuous at any point 𝑦 of 𝑋. 

The normality is equivalent to equicontinuous from Arzela`-Ascoli 

Theorem as follows:   

 

Theorem (1.1.18) [2] 

     Let  𝑈  be a subdomain of ℂ∞ and let ℱ be a family of continuous 

maps of  𝑈 into  ℂ∞. Then  ℱ is equicontinuous in  𝑈  if and only if it 

is a normal family in  𝑈.  

     This latter term is a reference to normal families of holomorphic 

maps, but we have preferred to base our definition on equicontinuity 

because of its more immediate geometric appeal. 

 

Definition (1.1.19) [21]      

    Let  𝑅 ∶ ℂ∞ → ℂ∞  be a non-constant rational map and, let {𝑅𝑑}  

be the family of iterates. The maximal open subset of the Riemann 

sphere is the Fatou set of  𝑅  such that {𝑅𝑑}  is equicontinuous, also 

the Julia set of  𝑅 is the complement of  Fatou set in  ℂ∞.  

We denote  𝐽0(𝑅)  is the Julia set .  

 

Remark (1.1.20) [21]  

      Let  𝑅 ∶ ℂ∞ → ℂ∞  be a map and {𝑅𝑑}  be the family of iterates.      

If the family {𝑅𝑑}  is equicontinuous and uniformly bounded and from 

Azela`-Ascoli Theorem, then its closure is compact, thus every 
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sequence has a converging subsequence. Hence its normal. Thus 

we define   𝐽0(𝑅) = {𝑧 ∈ ℂ∞: {𝑅𝑑} is not normal at 𝑧}. 

 

 Example (1.1.21) [21] 

     Let  𝑅 ∶ ℂ∞ → ℂ∞  be a map, if  𝑅(𝑧)  =  𝑧2,  then  𝐽0(𝑅) = 𝑆1. 

 

Proposition (1.1.22) [2]  

      Let  𝑅 ∶ ℂ∞ → ℂ∞  be a holomorphic map. Then 𝑅 is injective at 

 𝑧 ∈ ℂ∞ if and only if  𝑅′(𝑧) ≠ 0.    

 

 Theorem (1.1.23) [2] 

    Let  𝑅 ∶ ℂ∞ → ℂ∞  be a map. The Julia set of 𝑅 ( (𝑅)) is the closure 

of the repelling periodic points of 𝑅. 

    We see that for example (1.1.21), so 𝐽0(𝑅) = 𝐽(𝑅). A natural 

question to ask if this is true or not for any 𝑅.  We will prove it is true 

in case any rational map in the next section.     

 

Definition (1.1.24) [26]   

   For any holomorphic map 𝑓: ℂ → ℂ. The local degree of  𝑧  is 

equal to one or more than the order to which 𝑓′ takes on the 

value zero. We denoted by  𝑑𝑒𝑔(𝑓, 𝑧). 

For example, 𝑓(𝑧) = 𝑧𝑑  and = 0 , thus 𝑑𝑒𝑔(𝑧𝑑 , 0) =  𝑑.  

 

It does not affect the generality of the definition (1.1.24), if we define 

the local degree on ℂ∞. 
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Definition (1.1.25) [23]  
  
     If  𝑊 ⊂ ℂ∞ is a domain.  The Euler characteristic of  𝑊 as      

 𝜒(𝑊) = 2 − 𝜍(𝑊), where 𝜍(𝑊) is the number of connected 

components of the complement  ℂ∞\𝑊 . 

For example, if a domain with  𝜍(𝑊) = 1  is simply connected, so 

 𝜒(𝑊) = 1. 

 

     We give the Riemann-Hurwitz formula in the following theorem 

Theorem (1.1.26) [36]  
   

       Let  𝑊, 𝑉 ⊂ ℂ∞ be a non-empty open sets, and a rational map 

with 𝑑 – fold   𝑅 ∶ 𝑊 → 𝑉 . Assume that  𝑅 has 𝑛 critical points, 

counted with multiplicity. Then (𝑊) = 𝑑 𝜒(𝑉) − 𝑛 . 

 

Remark (1.1.27) [23] 

    In the case, 𝑊 = 𝑉 = ℂ∞, 𝜒 (𝑊) = 𝜒(𝑉) = 2, and 𝑅: ℂ∞ → ℂ∞ is 

a continuous map with a compact domain of degree 𝑑, so the 

Riemann-Hurwitz formula gives 𝑛 = 2𝑑 − 2  for the number of critical 

points, counted with multiplicity.  

 

Corollary (1.1.28) [2] 

     If  𝑅 ∶ ℂ∞ → ℂ∞ is a rational map of 𝑑 ≥ 1  has at most 2𝑑 — 2 

critical points in  ℂ∞.  A  polynomial of positive degree 𝑑 has at most 

𝑑 — 1 critical points in ℂ. 
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   The degree of  𝑄𝛽  is 3𝑑. By Corollary (1.1.28), any rational maps 

have the critical points (2𝑑 − 2), then the map 𝑄𝛽 has 6𝑑 − 2 critical 

points (counted with multiplicity). 

 

      We rewrite some results in [2] as: 

Proposition (1.1.29) [2] 

   Let  𝑅 ∶ ℂ∞ → ℂ∞  be a map. The backward orbit  of  𝑧 (𝕆𝑅
−(𝑧)) is 

finite if and only if  𝑧 is exceptional point. The set of exceptional 

points  denoted by 𝑬(𝑹). So  𝑬(𝑹)  lie in  𝔽(𝑅).   

 

Definition (1.1.30) [23]  

     Let 𝑆 and 𝑆 ` be a Riemann surface (we mean a connected 

complex analytic manifold of complex dimension 1). Let  𝜑 ∶ 𝑆 → 𝑆 `  

be a holomorphic map. 𝜑 is a covering map  if 𝜑 evenly covered a 

connected neighborhood  𝑊 contains any point of 𝑆 ` . 

 

Definition (1.1.31) [19]  

      Let 𝐷, 𝐷ꞌ ⊂ ℂ and  𝑓 ∶  𝐷 →  𝐷′ be an orientation-preserving 

homeomorphism. If 𝑓 is continuously differentiable, then it is 

𝑲 −quasiconformal if the derivative of 𝑓  at every point maps 

circles to ellipses with eccentricity bounded by  𝐾. 

 

Definition (1.1.32) [43] 

     Let Λ be a connected complex manifold. Suppose that  

 𝑅 ∶ Λ × ℂ∞ → ℂ∞ is a holomorphic family of rational maps 

parameterized by Λ . Then 𝑅 has only one free critical orbit, if 
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there is  a critical point 𝑒 of 𝑅  such that for any  𝑒` contains in the set 

of critical points of 𝑅 without  𝑒 , either 𝕆𝑅
+(𝑒`)  is  finite or     

𝕆𝑅
+(𝑒`) ∩ 𝕆𝑅

+(𝑒) ≠ ∅. 

 

Definition (1.1.33) [12] 

       A rational map  𝑅 ∶ ℂ∞ → ℂ∞  is called hyperbolic if its critical 

points are all attracted by attracting periodic orbits. 

 

Definition (1.1.34) [2] 

      Suppose that 𝑈 ⊂ ℂ∞, 𝑈 is said to be a Cantor set if it is non-

empty, closed, perfect (there are no isolated points), and totally 

disconnected. 

 

Corollary (1.1.35) [23] 

    Let 𝑅 ∶ ℂ∞ → ℂ∞ be a hyperbolic rational map. Then the Julia set 

is locally connected if  the Julia set  of 𝑅 is connected. 

 

Definition (1.1.36) [27] 

     Let  𝑅 ∶  ℂ∞ → ℂ∞ be a rational map with degree 𝑑 and let 𝑐 be a 

critical point.  If   𝑃 = ⋃ 𝑅𝑛(𝑐)𝑛>0,
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, then 𝑅 is nice if  𝑃 ∩ 𝐽(𝑅) is 

contained in finitely many connected components of  𝐽(𝑅). 

 

Proposition (1.1.37) [27] 

     Every Julia component  𝒿 is a Jordan curve if  𝑅  is hyperbolic, or 

ℂ∞\𝒿  has exactly two components if  𝑅 is nice. 
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Theorem (1.1.38) [23]     

    Let  𝑅 ∶  ℂ∞ → ℂ∞ be a rational map with degree ≥ 2 . 𝑅 has a 

superattracting  fixed point at ∞ ,  there exists a local holomorphic 

change of coordinate 𝑤 =  𝜑(𝑧), with  𝜑(∞) = ∞, which conjugates 

𝑅 to the 𝑑 − 𝑡ℎ power map 𝜑(𝑤) = 𝑤𝑑 throughout some 

neighborhood of ∞. Furthermore, 𝜑 is unique up to multiplication by 

an (𝑑 −  1)𝑠𝑡 root of unity. 
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1.2. Properties of Julia Set for Rational Maps 

       Now, we introduce some properties the Julia set and Fatou set. 

It can be reformulated thus. Also we give some proposition between 

the Julia set of polynomial and rational maps. 

   We recall some theorems in [21] as follows: 

Proposition (1.2.1) [21] 

       Let  𝑅 ∶ ℂ∞ → ℂ∞ be a rational map with degree ≥ 2 .  

(i) 𝐽0(𝑅) is a perfect set.  Hence 𝐽0(𝑅) is uncountable.  

(ii) ∅ ≠ 𝐽(𝑅) ⊂ 𝐽0(𝑅). Also 𝐽0(𝑅) has no isolated points, thus 

𝐽(𝑅) = 𝐽0(𝑅). 

(iii) If  𝑧0 attracting fixed point of 𝑅, then  𝜕𝐴(𝑧0) = 𝐽0(𝑅).   

(iv) 𝑅(𝐽0(𝑅)) = 𝑅−1(𝐽0(𝑅)) = 𝐽0(𝑅). 

(v) The finite total orbits contain at most two points and none 

belong to Julia set of 𝑅. 

(vi) For each 𝑧 ∈ ℂ∞, with at most two exceptions, if  𝑊 ⊂ ℂ∞ is 

open, 𝑊 ∩ 𝐽0(𝑅) ≠ ∅, then there is an infinite sequence of  𝑚𝑗 ∈ ℕ 

such that  𝑅𝑚𝑗(𝑧) ∩ 𝑊 ≠ ∅. If  𝑧 ∈ 𝐽0(𝑅), then  𝐽0(𝑅) = 𝕆𝑅
−(𝑧)̅̅ ̅̅ ̅̅ ̅̅ .    

(vii)  𝐽0(𝑅𝑛) = 𝐽0(𝑅) , for any 𝑛 ∈ ℕ. 

(viii) If the Julia set contains an interior point, then it must be equal 

to the entire Riemann sphere. 
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Definition (1.2.2) [2]  

  If  𝑅 ∶ ℂ∞ → ℂ∞  is a rational  map.  A  Fatou component  𝑈  is  

(i) forward invariant if 𝑅(𝑈) = 𝑈 ;  

(ii) backward invariant if 𝑅−1(𝑈) = 𝑈;  

(iii) completely invariant if 𝑅(𝑈) = 𝑅−1(𝑈) = 𝑈. 

      We can define  𝑈 is a fixed component  if  𝑅(𝑈) = 𝑈.  Also  𝑈  is 

a periodic component if  𝑅𝑘(𝑈) = 𝑈 for some 𝑘 ∈ ℕ.    

 

Theorem (1.2.3) [2] 

    If  𝑓  is a polynomial map of 𝑑 ≥ 2. Then ∞ ∈ 𝔽(𝑓),  𝐹∞ ∈  𝔽 

containing  ∞  is completely invariant component under 𝑓. 

 

Proposition (1.2.4) [2]  

    Let  𝑅 ∶ ℂ∞ → ℂ∞  be a non-constant rational map, let 𝜑  be a 

Mobius map satisfy  𝜓 =  𝜑𝑅𝜑−1. Then 𝔽(𝜓)  =  𝜑(𝔽(𝑅)) and 

𝐽(𝜓)  =  𝜑(𝐽(𝑅)).   

 

     We give The Sullivan classification as follows:  

Definition (1.2.5) [2]  

    A forward invariant component 𝐴0 of  𝔽(𝑅) is:  

(1) an attracting component if it contains an attracting fixed point 

𝜁 of  𝑅;  
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(2) a super-attracting component if it contains a super-attracting 

fixed point 𝜁 of 𝑅;  

(3) a parabolic component if there is a rationally indifferent fixed 

point 𝜁 of 𝑅 on the boundary of  𝐴0, and if 𝑅𝑛 → 𝜁 on 𝐴0;  

(4) a Siegel disc if  𝑅 ∶ 𝐴0 → 𝐴0 is analytically conjugate to a 

Euclidean rotation of the unit disc onto itself;  

(5) a Herman ring if 𝑅 ∶ 𝐴0 → 𝐴0 is analytically conjugate to a 

Euclidean  rotation of some annulus onto itself.  

 

Theorem (1.2.6) [2] 

      Let  𝑅 ∶ ℂ∞ → ℂ∞  be a  rational map of degree 𝑑 ≥ 2, let each 

open set 𝑈 ≠ ∅  which meets the Julia set . Then:  

(i) ℂ∞ − 𝐸(𝑅) ⊂ ⋃ 𝑅𝑑∞
𝑑=0 (𝑈);and  

(ii) ∀ sufficiently large 𝑑 ∈ ℤ, 𝐽 ⊂ 𝑅𝑑(𝑈).  

  

Theorem (1.2.7) [3] 

     Let  𝑅 ∶ ℂ∞ → ℂ∞  be a  rational map of degree 𝑑 ≥ 2. 

(i)  If  𝑧 is not exceptional, then the Julia set is contained in the 

closure of 𝕆𝑅
−(𝑧).  

(ii) If  𝑧 ∈ 𝐽, then the Julia set is the closure of 𝕆𝑅
−(𝑧). 
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Definition (1.2.8) [3] 

       Let  𝑅 ∶ ℂ∞ → ℂ∞  be a  rational map.  A point  𝑧 is eventually 

periodic if there is 𝑛 such that  𝑅𝑛(𝑧)  is a periodic point. Also  a 

point 𝑧  is pre-periodic if it is eventually periodic but not periodic. 

 

Theorem (1.2.9) [2] 

    If  each critical point of the rational map 𝑅 is pre-periodic, then    

𝐽(𝑅) = ℂ∞.  

 

Example (1.2.10)   

 If  𝑅 ∶ ℂ∞ → ℂ∞  is a  rational map. Then 𝑅(𝑧) = 1 − 2 𝑧2⁄  has an 

empty Fatou set . So 𝑅 has critical point at 0, and as 𝑅(0) = ∞, 

𝑅(∞) = 1,  𝑅(1) = −1, 𝑅(−1) = −1, thus the critical point 0 is 

preperiodic point and by Theorem (1.2.9), implies that for this map 

too, 𝐽(𝑅) = ℂ∞. 

 

Definition (1.2.11) [25]  

   A  rational map  𝑅 of degree 𝑑 is critically finite if its critical points 

are pre-periodic  𝑅𝑛(𝑐) = 𝑅𝑚(𝑐)  for some 𝑛 ≠ 𝑚.   

 

Theorem (1.2.12) [26]   

    Let   𝑅  be a critically finite rational map. Then each periodic cycle 

of  𝑅 is repelling or superattracting. If  𝑅 has no super attracting 

cycles , then 𝐽(𝑅) = ℂ∞. 
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Theorem (1.2.13) [2]   

   Let  𝑅 ∶ ℂ∞ → ℂ∞  be a rational map. Then 𝐽(𝑅)  is connected if 

and only if   any component of   𝔽(𝑅) is simply connected.   

 

Theorem (1.2.14) [2] 

      If  𝑅 ∶ ℂ∞ → ℂ∞  is a  rational map of  of degree 𝑑 ≥ 2, and 𝐴0 is 

a completely invariant component of  𝔽. Then:  

(1) 𝜕𝐴0 = 𝐽(𝑅);  

(2) 𝐴0 is  either infinitely connected or simply connected;  

(3) each other components of  𝔽(𝑅) are simply connected; and  

(4) 𝐴0 is simply connected iff  𝐽(𝑅) is connected.  

 

    But in a polynomial 𝑓, where {∞} is completely invariant and so  

too is the unbounded component of the Fatou set. 

 

Theorem (1.2.15) [2] 

    Let  𝔽  be the Fatou set of a non-linear polynomial. Then  

(i) The unbounded component of  𝔽 is either infinitely connected or 

simply connected ; and  

(ii) All bounded component of  𝔽 is simply connected.  
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Theorem (1.2.16) [2]   

     Let  𝑅 ∶ ℂ∞ → ℂ∞  be a  rational map of degree 𝑑 ≥ 2. Then any 

forward invariant component of  𝔽(𝑅) is simply, doubly, or infinitely, 

connected.  

 

Corollary (1.2.17) [2]   

    A forward invariant component of 𝑅 is doubly connected if and 

only if it is a Herman ring. 

 

Lemma (1.2.18) [2]  

   For any  compact connected  𝑈 ⊂ ℂ. Then 𝑅−1(𝑈) has at most 𝑑 

components and each is mapped by 𝑅 onto 𝑈. 

 

Example (1.2.19) [5] 

     Let  𝑓: ℂ → ℂ   be a polynomial map such that  𝑓(𝑧) = 𝑧2 + 𝑖. If  

the Fatou set of  𝑓 is connected and simply connected, so the Julia 

set of 𝑓 is a dendrite, and the Julia set of  𝑓 is connected, a sufficient 

condition for this to be so is that each finite critical point of 𝑓 is 

preperiodic.  

                                                           

Corollary (1.2.20) [21] 

    Let  𝑓  be a polynomial. Then  𝐽0(𝑓) has empty interior. If  𝑅  is a 

rational map also 𝐽0(𝑅) has non-empty interior, then  𝐽0(𝑅) = ℂ∞.   
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Theorem (1.2.21) [23] 

      Let 𝐴0 be the immediate basin of an attracting fixed point (either 

geometrically attracting or superattracting). Then the complement 

ℂ \ 𝐴0 is either connected or else has uncountably many connected 

components. 

 

Theorem (1.2.22) [2]        

     Let  𝑅 ∶ ℂ∞ → ℂ∞ be a rational map of degree 𝑑 ≥ 2, and let 𝜁 be 

a superattracting fixed point of 𝑅. If all of the critical points of 𝑅  lie 

in the immediate attracting basin of  𝜁. Then:  

(a) 𝐽(𝑅) is a Cantor set. 

(b) for a dense set of 𝜁 in 𝐽(𝑅), 𝕆𝑅
+(𝜁) is dense in 𝐽(𝑅); and  

(c) the periodic points are dense in 𝐽(𝑅). 

 

   Definitions of the Julia sets are not always equivalent, but in 

polynomial maps according to [46], and rational maps according to 

the following theorem shows that the three definitions of Julia sets 

are equivalent for rational of degree 𝑑 ≥ 2.  

 

Theorem (1.2.23)  

     Let 𝑅 ∶  ℂ∞ → ℂ∞  be a rational map  with degree ≥ 2 . Then the 

following statements are equivalent. 

1.   𝐽(𝑅)  is the closure of repelling periodic points . 

2. 𝐽0(𝑅)   is the complement of the Fatou set.  
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3. 𝐽(𝑅)   is the boundary of the basin of attraction of a attracting fixed 

point . 

 

Proof   

   1 ⟺ 2      By using Proposition (1.2.1) (i).  

   2 ⟺ 3      By using Proposition (1.2.1) (ii). ■ 
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1.3 Singular Perturbation 

   In this section, we study the concept of the singular perturbation  

 

Definition (1.3.1) [20] 

     If the problem in which the parameter 𝜖 is small, then it causes 

the regular perturbation, but non-zero is qualitatively the same as 

the problem where 𝜖 is zero.  

If the problem in which the parameter ϵ is small, then it causes the 

singular perturbation, but nonzero is qualitatively different than the 

problem where 𝜖 is zero which leads bifurcation.  

 

Remark (1.3.2) [20]  

    A singular perturbation method may be defined in general as a 

method which is not regular.  

  

Example (1.3.3) [20] 

  The regular perturbation for the equation  

              𝑥2 − 𝑥 +  𝜖 =  0,                                                       (1.1) 

where  𝑥, 𝜖 ∈ ℝ 

The exact solution is  

𝑥 =
1 ± √1 − 4𝜖

2
. 

Let  𝜖 = 0    

𝑥2 − 𝑥 =  0 , then 𝑥 =  0, 1 are roots of  the equation (1.1). 

Also the singular perturbation for the equation  

             𝜖𝑥2 + 2𝑥 + 1 =  0                                                      (1.2) 

The exact solution is  
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𝑥 =
−2 ± √4 − 4𝜖

2𝜖
. 

So if  𝜖 = 0 , then 

2𝑥 + 1 = 0 , thus 𝑥 =
−1

2
   is a root of the equation (1.2). 

i 

Remark (1.3.4) [39]   

   An equation  𝐼𝜖𝑦 = 0  contains a small parameter 𝜖. We relate to 

this equation an unperturbed problem, the equation  𝐼0𝑦 = 0. If the 

difference between the solutions of both equations in a convenient 

norm does not tend to 0 as 𝜖  tends to 0, we call the problem a 

singular perturbation problem.  

That is,  𝐼𝜖𝑦 = 0  and 𝐼0𝑦 = 0, we solve the two equations and , 

𝐼𝜖𝑦 −𝐼0𝑦 = 0, if the difference tend to 0  whenever  𝜖 converge to 0, 

then the case is call singular perturbation.  

 

     In [8]  Devaney use the same  the Newton method since the 

given map is an example 𝑓𝛼(𝑧) = 𝑧2 + 𝛼     as singular perturbation 

such that  𝑁𝛼(𝑧) = 𝑧 −
𝑓𝛼(𝑧)

𝑓`𝛼(𝑧)
   . If  𝛼 = 0,  then 𝑁0(𝑧) =

𝑧

2
 and  if 

 𝛼 ≠ 0,  then 𝑁𝛼(𝑧) =
𝑧2−𝛼

2𝑧
.  Now we study  

                    𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
  ,                             (1.3) 

where 𝑑 ≥ 2  and  𝛽 ∈ ℂ\{0}, such that 𝛽2𝑑−2 ≠ 1 and 𝛽1−𝑑 ≠ 1. If  

𝑑 = 1, 𝛽 = 0  or  𝛽2𝑑−2 = 1 and 𝛽1−𝑑 = 1, 𝑄𝛽 degenerates to the 

polynomial 𝑓𝑑(𝑧) = −𝑧𝑑  or 𝑧𝑑, then the map 𝑄𝛽  perturbed in the 

polynomial 𝑓𝑑.   
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CHAPTER TWO  

The Dynamical and Parameter Planes of 𝑄𝛽 

        The goal of this chapter is studying the properties of the 

dynamical plane and some properties of parameter plane.  

 

2.1 The Escape Quartation Theorem  

 

   In this section, we give the Escape Quartation Theorem. This is 

done by giving the concepts and theories related to this matter.  

 

Definition (2.1.1) [12] 

 

      A simple closed curve is quasicircle if is equal to  the image of 

the unit circle for a quasiconformal homeomorphism  map from  

ℂ∞  𝑡𝑜  ℂ∞.  

 

 Definition (2.1.2) [12]            

      If  Γ  is a  subset of  ℂ∞ consists of uncountably many simple 

closed curves which are homeomorphic to                                       

(Cantor  middle third × unit circle), (in short ∁ × 𝑆1). Then  Γ  is  called 

Cantor circles.  

 

Definition (2.1.3) [12] 

      A  𝑆 ⊂ ℂ∞ is a Sierpinski carpet if and only if  𝑆 has empty 

interior and 𝑆 = ℂ∞\∪𝑚∈ℕ 𝑉𝑚 , where 𝑉𝑚 ⊆ ℂ  are disjoint Jordan 

disks for  𝜕𝑉𝑚 ∩ 𝜕𝑉ℓ = ∅  for ℓ ≠ 𝑚 and  diameter 𝑉𝑚 → 0 as 𝑚 → ∞.  
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If a compact set 𝑆 ⊂ ℂ be the Sierpinski carpet except for the 

condition 𝜕𝑉𝑚 ∩ 𝜕𝑉ℓ ≠ ∅, then 𝑆 is degenerate Sierpinski carpet.  

The standard Sierpinski carpet fractal (A fractal set is a set that  has 

a fractal dimension and it's a figure being of parts analogous to the 

whole in a certain method) is homeomorphic to a planar set, this set 

is Sierpinski carpet. 

     We study the Julia set of map of degree  𝑑 ≥ 2,  since 𝑑 = 1 

is trivial and of little interest, the Julia set is one point or empty.  

              

Lemma (2.1.4)   

      Let 𝑄𝛽 ∶ ℂ∞ → ℂ∞ be a map such that  

𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑 − 𝛽𝑑+1)

𝑧2𝑑 − 𝛽3𝑑−1
   , 

𝑎𝑛𝑑  𝜔 be a complex number satisfying  𝜔2𝑑 = 1  .  Then 

 𝑄𝛽
𝑚(𝜔𝑧) = 𝜔𝑑𝑚

𝑄𝛽
𝑚(𝑧)   for some  𝑚 ≥ 1  . 

 

Proof 

        Suppose that   

𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
 , 

and calculation by use  𝜔2𝑑 = 1  , we have   

𝑄𝛽(𝜔𝑧) = 𝜔𝑑 (2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑 − 𝛽𝑑+1)

𝑧2𝑑 − 𝛽3𝑑−1
) = 𝜔𝑑𝑄𝛽(𝑧). 

Assume that 𝑄𝛽
𝑚(𝜔𝑧) = 𝜔𝑑𝑚

𝑄𝛽
𝑚(𝑧)   for some  𝑚 ≥ 1 .  Now we use        

the Law of Induction,  

then  𝑄𝛽
𝑚+1(𝜔𝑧) = 𝑄𝛽 (𝑄𝛽

𝑚(𝜔𝑧)) = 𝜔𝑑𝑚+1
𝑄𝛽

𝑚+1(𝑧). ■  
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Lemma (2.1.5) 

    Let  𝑄𝛽 ∶ ℂ∞ → ℂ∞ be a map such that  

𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
 . 

For any  𝜂(𝑧) =
𝛽2

𝑧
, then 𝑄𝛽 satisfies the equation 

𝜂 ∘ 𝑄𝛽(𝑧) = 𝑄𝛽 ∘  𝜂(𝑧) ,   ∀ 𝑧 ∈ ℂ∞. 

                                                                                                                                                        

Proof  

      We notice  𝜂−1(𝑧) =
𝛽2

𝑧
= 𝜂(𝑧). Then  

 

        𝑄𝛽 ∘  𝜂(𝑧) = 2𝛽1−𝑑 (
𝛽2

𝑧
)

𝑑

−
(

𝛽2

𝑧
)

𝑑

((
𝛽2

𝑧
)

2𝑑

−𝛽𝑑+1)

(
𝛽2

𝑧
)

2𝑑

−𝛽3𝑑−1

  

= 2𝛽1−𝑑 (
𝛽2

𝑧
)

𝑑

−
(

𝛽2

𝑧
)

𝑑

(
𝛽2

𝑧
)

2𝑑

−(
𝛽2

𝑧
)

𝑑

𝛽𝑑+1

(
𝛽2

𝑧
)

2𝑑

−𝛽3𝑑−1

   

=
−𝛽6𝑑+𝛽3𝑑+1𝑧2𝑑+2𝛽5𝑑+1−2𝛽4𝑑𝑧2𝑑

𝑧𝑑(𝛽4𝑑−𝛽3𝑑−1𝑧2𝑑)
         

= 𝛽2 𝑧2𝑑−𝛽3𝑑−1

2𝛽1−𝑛𝑧3𝑑−2𝛽2𝑑𝑧𝑑−𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)
      

=
𝛽2

𝑄𝛽(𝑧)
= 𝜂 ∘ 𝑄𝛽(𝑧) .■ 

 

Corollary (2.1.6)  

       Let 𝑄𝛽 ∶ ℂ∞ → ℂ∞ be a map such that  

𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
. 

Suppose that  𝑊 is a Fatou component of 𝑄𝛽, then  𝑊 = 𝜂(𝑊). In 

particular, 𝜂(𝐼0) = 𝐼∞ and  𝜂(𝐼∞) = 𝐼0.  
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Proof 

    Suppose that 𝑊 is a Fatou component o f 𝑄𝛽, then by use Lemma 

(2.1.5), 𝜂(𝑊) = 𝑊, thus 𝑊 fixed component and 

 𝑊 = 𝜂(𝑊) = 𝜂−1(𝑊), it follows  𝑊  is completely invariant .We 

have only two components 𝐼0 and  𝐼∞, and  by Lemma (2.1.5),  

 𝜂(𝑧) =
𝛽2

𝑧
 , then  𝜂(𝐼0) = 𝐼∞ and  𝜂(𝐼∞) = 𝐼0 . ■ 

 

Remark (2.1.7)  

    Let  𝑄𝛽 ∶ ℂ∞ → ℂ∞ be a map such that  

𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
 , we have 

𝑄𝛽
′(𝑧) = 𝑑𝑧𝑑−1 (3𝛽3𝑑−1−4𝛽𝑑−𝛽𝑑+1)𝑧2𝑑−𝑧4𝑑(1−2𝛽1−𝑑)−𝛽4𝑑+2𝛽5𝑑−1

(𝑧2𝑑−𝛽3𝑑−1)
2    (2.1)                        

 𝑄𝛽
′(𝑧) = 𝑑𝑧𝑑−1 (3𝛽3𝑑−1−4𝛽𝑑−𝛽𝑑+1)𝑧2𝑑−𝑧4𝑑(1−2𝛽1−𝑑)−𝛽4𝑑+2𝛽5𝑑−1

(𝑧2𝑑−𝛽3𝑑−1)
2 = 0 

 

𝑑𝑧𝑑−1 (3𝛽3𝑑−1−4𝛽𝑑−𝛽𝑑+1)𝑧2𝑑−𝑧4𝑑(1−2𝛽1−𝑑)−𝛽4𝑑+2𝛽5𝑑−1

(𝑧2𝑑−𝛽3𝑑−1)
2 = 0, either 𝑧 = 0  

with multiplicity 𝑑 − 1 and from Lemma (2.1.5), ∞ is a critical point 

of 𝑄𝛽 with multiplicity 𝑑 − 1,  or 

 (3𝛽3𝑑−1 − 4𝛽𝑑 − 𝛽𝑑+1)𝑧2𝑑 − 𝑧4𝑑(1 − 2𝛽1−𝑑) − 𝛽4𝑑 + 2𝛽5𝑑−1 = 0  

𝑧4𝑑(1 − 2𝛽1−𝑑) − (3𝛽3𝑑−1 − 4𝛽𝑑 − 𝛽𝑑+1)𝑧2𝑑 + 𝛽4𝑑 − 2𝛽5𝑑−1 = 0 

  𝑒𝛽
2𝑑 =

3𝛽3𝑑−1−4𝛽𝑑−𝛽𝑑+1±√(3𝛽3𝑑−1−4𝛽𝑑−𝛽𝑑+1)2−4(1−2𝛽1−𝑑)(𝛽4𝑑−2𝛽5𝑑−1)

2−4𝛽1−𝑑
 . 

There are two roots: 

𝑒𝛽 = (
3𝛽3𝑑−1−4𝛽𝑑−𝛽𝑑+1±√(3𝛽3𝑑−1−4𝛽𝑑−𝛽𝑑+1)2−4(1−2𝛽1−𝑑)(𝛽4𝑑−2𝛽5𝑑−1)

2−4𝛽1−𝑑 )

1

8

,   

we have 𝐶𝑃(𝑄𝛽) =  {0, ∞, 𝑒𝛽 },   where  𝑒𝛽 is the free critical point.                                                                                        
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 From Lemma (2.1.4) and (2.1.5),  the orbits of points with the form 

𝜔𝑚𝑧, where 𝑚 =  0, 1, 2,· · · , 2𝑑 − 1,  or form  (
𝛽2

𝑧
)  behave 

symmetry of the iteration of 𝑄𝛽, for example, if  𝑄𝛽
𝑘(𝑧)  tends to 0   

(or ∞), then 𝑄𝛽
𝑘(𝜔𝑚𝑧) or  𝑄𝛽

𝑘(
𝛽

2

𝑧
) also tends to 0 (or ∞) or ∞ (or 0) 

respectively , for  1 ≤ 𝑚 ≤ 2𝑑 − 1 as 𝑘  tends to ∞. of  𝑄𝛽 .  

We can write the critical points as form   

𝐶𝑃(𝑄𝛽) ={𝜔0
𝑚𝑒𝛽, 𝜔0

𝑚 𝛽2

𝑒𝛽
∶ 0 ≤ 𝑚 ≤ 2𝑑 − 1}, where 𝜔0 = 𝑒

𝜋𝑖

𝑑 , therefore 

𝑄𝛽   contains only one free critical orbit.  

   Let  𝑊 ⊂ ℂ∞  and 𝑐 ∈ ℂ. We define  𝑐𝑊 = {𝑐𝑧 ∶ 𝑧 ∈ 𝑊} .  

 

Lemma (2.1.8)  

      If  𝑧 ∈ 𝐼0 or 𝐼∞  , then 𝜔𝑧 ∈ 𝐼0  or  𝐼∞ respectively, where  𝜔 

 satisfies 𝜔2𝑑  =  1. So both  𝐼0 and  𝐼∞  have  2𝑑 −fold symmetry. 

 

Proof  

     For any  𝑊 ⊂ 𝐼0 be define as {𝑧 ∈ 𝐼0 ∶ 𝜔𝑧 ∈ 𝐼0} , 𝑊  is non-empty  

and open set since 𝐼0  consists of small neighborhood of 0 and 𝑊 =

𝐼0 ∩ 𝜔𝐼0 ∩ … ∩ 𝜔2𝑑−1𝐼0. Now, if  𝑊 ≠ 𝐼0 , suppose that  𝑧0 ∈ 𝐼0 ∩ 𝜕𝑊,  

that is 𝑧0 ∈ 𝜕𝑊,  we have 

𝑧0 ∈ 𝐼0 and 𝜔𝑧0 ∉ 𝐼0 . Hence 𝜔𝑧0 ∈ 𝜕𝐼0 since 𝜔𝑧0 ∈ 𝜕𝑊 and 𝑊 ⊂ 𝐼0.   

Then  𝑄𝛽
𝑘(𝑧) → 0  whereas  𝑄𝛽

𝑘(𝜔𝑧0) ↛ 0  as  𝑘 → ∞ . But 

 𝑄𝛽
𝑘(𝜔𝑧0) = 𝜔𝑑𝑘

𝑄𝛽
𝑘(𝑧0) → 0. This is a contradiction. Therefore 

 𝜔𝐼0 = 𝐼0 Similarly  we can proof that 𝜔𝐼∞ = 𝐼∞. ■   
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Lemma (2.1.9) 

       For any Fatou component  𝑉 of 𝑄𝛽. Assume that 𝑧0 and 𝜔𝑛𝑧0 

belong to  𝑉, where  𝜔𝑛 ≠ 1 with for integer 𝑛 ≠ 0 𝑚𝑜𝑑 2𝑑. Then  

𝜔𝑚𝑧0 ∈ 𝑉  for each 𝑚. In special case,  𝑉  has 2𝑑 −fold symmetry 

also surround  0.  

 

Proof  

      Assume that 𝑧0 , 𝜔𝑛𝑧0 ∈ 𝑉 but 𝑉  no contains  𝜔𝑚𝑧0. For any 

continuous  curve Γ1  connects  𝑧0 to  𝜔𝑛𝑧0  in  𝑉. We define Γ2  is a 

second curve by 𝜔𝑚Γ1. In a component of the Fatou set contains Γ2  

from symmetry . Because 𝜔𝑛𝑧0 lies on Γ2, thus  𝑉  contains Γ2 also 

𝜔2𝑛𝑧0 lies in 𝑉. Continuing in this fashion, we have 𝜔𝑗𝑛𝑧0 lies in 𝑉  

for 𝑗  and  so that  𝑉  contains curve Γ𝑗. 

Now assume that 𝜔𝑘𝑛 = 1. Therefore 𝑉 contains a closed curve 

formed from the union of the curves  Γ1, … , Γ𝑘  and around 0. Set this 

curve 𝛤. 𝜔𝑚𝑧0 does not lie on 𝛤 from the assumption. If we fix 

𝜔𝑚Γ𝑙 = Υ𝑙 for any 𝑙. Thus there is a closed curve, say Υ and 

surrounds 0, also is contained in 𝜔𝑚𝑉. Because 𝜔𝑚𝑧0 ∈ 𝜔𝑚𝑉  but  

𝜔𝑚𝑧0 ∉ 𝑉 . Hence 𝜔𝑚𝑉 ≠ 𝑉. Note that 𝑉 is a Fatou component also  

𝑄𝛽(𝜔𝑧) = 𝜔𝑑𝑄𝛽(𝑧), so we have 𝜔𝑚𝑉  is a Fatou component, thus  

𝜔𝑚𝑉 ∩ 𝑉 = ∅.  Since  Υ ⊂ 𝜔𝑚𝑉 and   Γ ⊂ 𝑉, we have Υ ∩ 𝛤 = ∅. 

Therefore Υ  and 𝛤 are both curves and around 0  also  Υ = 𝜔𝑚𝛤, 

thus  Υ  and 𝛤  must cross. It means that Υ  and 𝛤  lie in the same 

Fatou component, this is  a contradiction. Therefore 𝑉 contains 

𝜔𝑚𝑧0 for each 𝑚. 
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Proposition (2.1.10)   

        Let  𝑄𝛽 ∶ ℂ∞ → ℂ∞ be a map such that  

𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
. 

   𝐽(𝑄𝛽)  has the symmetry (2𝑑 − 𝑓𝑜𝑙𝑑). 

  

Proof   

      Suppose that 𝐼∞ = { 𝑧 ∈ ℂ∞: 𝑄𝛽
𝑚(𝑧) tend to ∞ as 𝑚 → ∞ }, by 

Lemma (2.1.8),  𝐼∞  has  2𝑑 − fold symmetry, so that 

𝑄𝛽
𝑚(𝜔𝑧) = 𝜔𝑑𝑚

 𝑄𝛽
𝑚(𝑧) for  𝑚 ≥ 1 , thus 𝑄𝛽

𝑚(𝜔𝑧) tend to ∞ if and only 

if  𝑄𝛽
𝑚(𝑧) tend to ∞ as 𝑚 → ∞. Since 𝐽(𝑄𝛽) is the boundary of 𝐼∞ also 

equal to the boundary of  (⋃ 𝑄𝛽
−𝑚(𝑚≥0 𝐼∞) . Therefore 𝐽(𝑄𝛽)  has 

2𝑑 − fold symmetry.  

 

Proposition (2.1.11) 

     Assume  that  𝛽 ∈ ℝ. Then 𝒯|𝛽| = {𝑧 ∈ ℂ: |𝑧| = |𝛽|} be the round 

circle and  𝑄𝛽: 𝒯|𝛽| → 𝒯|𝛽|. Moreover, 𝒯|𝛽| ⊂ 𝐽(𝑄𝛽 ) whenever the free 

critical orbits are attracted  by ∞ and 0 . 

Proof     

    Assume that = |𝛽|𝑒𝑖𝜃 , where 𝜃 ∈ [0,2𝜋). Then by using 

 |−𝑧| = |𝑧| 

|𝑄𝛽(𝑧)| = |−𝑄𝛽(𝑧)| =  |−(2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑 − 𝛽𝑑+1)

𝑧2𝑑 − 𝛽3𝑑−1
)|

= |(2𝛽1−𝑑𝑧𝑑 +
𝑧𝑑(𝑧2𝑑 − 𝛽𝑑+1)

𝑧2𝑑 − 𝛽3𝑑−1
)| 
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             ≤ 2|𝛽|1−𝑑|𝛽|𝑑 + |𝛽|𝑑 |𝛽2𝑑𝑒2𝜋𝑖𝜃−𝛽𝑑+1|

||𝛽2𝑑𝑒2𝜋𝑖𝜃−𝛽3𝑑−1||
 

          ≤ − (2|𝛽|1−𝑑|𝛽|𝑑 − |𝛽|𝑑 |𝛽2𝑑𝑒2𝜋𝑖𝜃−𝛽𝑑+1|

||𝛽2𝑑𝑒2𝜋𝑖𝜃−𝛽3𝑑−1||
)                                                                                      

          = −(2|𝛽| − |𝛽|) = −(|𝛽|) = |−(|𝛽|)| = |𝛽|.                                                              

So |𝑄𝛽(𝑧)| ≤  |𝛽| . This means that 𝑄𝛽(𝒯|𝛽|) ⊂ 𝒯|𝛽|. If 𝛽 is real, we 

have |𝛽| ≠ 1 since  𝛽2𝑑−2 ≠ 1, 𝛽1−𝑑 ≠ 1 by  use the definition of  𝑄𝛽. 

Now, we have two cases: 

Case one   

 If  |𝛽| > 1, we have   |𝛽|
𝑑+1

2𝑑 < |𝛽| < |𝛽|
3𝑑−1

2𝑑 , that is 𝛽3𝑑−1  is large 

such that by (1.3), 𝑄𝛽  has 3𝑑 roots and no poles in  

 𝐷|𝛽| = {𝑧 ∈ ℂ ∶ |𝑧| < |𝛽|}. From the Argument Theorem, thus 

𝑄𝛽(𝒯|𝛽|) around the origin 3𝑑 times anticlockwise. Hence 

 𝑄𝛽(𝒯|𝛽|) = 𝒯|𝛽|.  

 

Case two  

 If  0 < |𝛽| < 1, we have  |𝛽|
3𝑑−1

2𝑑 < |𝛽| < |𝛽|
𝑑+1

2𝑑 . Note that if 𝛽𝑑+1 is 

large and 𝛽3𝑑−1 is small such that by (1.3), then we have 

 𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
  since 𝛽3𝑑−1 is small 𝑄𝛽 has  𝑑 roots 

and 2𝑑 poles in 𝐷|𝛽|, thus 𝑄𝛽(𝒯|𝛽|) around the origin 𝑑 times 

clockwise. Therefore, 𝑄𝛽(𝒯|𝛽|) = 𝒯|𝛽|. Therefore 𝑄𝛽: 𝒯|𝛽| → 𝒯|𝛽| is a 

surjection in the two cases. Suppose that 𝑧0 ∈ 𝒯|𝛽| ⊂ 𝔽(𝑄𝛽) , then  

𝑄𝛽
ℓ(𝑧0) → 0 or ∞ as ℓ → ∞.  However, on the other side, 

 𝑄𝛽
ℓ(𝑧0) ∈ 𝑄𝛽(𝒯|𝛽|) = 𝒯|𝛽| for each ℓ ≥ 0, that is contradict .  

Hence,  𝒯|𝛽| ⊂ 𝐽(𝑄𝛽).■ 
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Example (2.1.12) 

    Let 𝑄𝛽 ∶ ℂ∞ → ℂ∞ be a map such that  

𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
. 

If  𝑑  is odd and  𝑄𝛽(−𝛽) = −𝛽 , then  𝒯|𝛽| is not contained  𝐽(𝑄𝛽). 

If  𝑄𝛽(−𝛽) = −𝛽 . By (2.1), we have  

 𝑄𝛽
′(𝑧) = 𝑑𝑧𝑑−1 −𝑧4𝑑+(3𝛽3𝑑−1−𝛽𝑑+1)𝑧2𝑑−𝛽4𝑑

(𝑧2𝑑−𝛽3𝑑−1)
2 + 2𝑑𝛽1−𝑑𝑧𝑑−1  

𝑄𝛽
′(−𝛽) =    𝑑(−𝛽)𝑑−1 −(−𝛽)4𝑑+(3𝛽3𝑑−1−𝛽𝑑+1)(−𝛽)2𝑑−𝛽4𝑑

((−𝛽)2𝑑−𝛽3𝑑−1)
2   

                    +   2𝑑𝛽1−𝑑(−𝛽)𝑑−1  

 

                = −𝑑𝛽𝑑−1 𝛽4𝑑−3𝛽5𝑑−1+𝛽3𝑑+1−𝛽4𝑑

((𝛽)2𝑑+𝛽3𝑑−1)
2 − 2𝑑      

𝑄𝛽
′(−𝛽) =  

𝑑𝛽2𝑑−2−4𝑑𝛽𝑑−1−3𝑑

1+2𝛽𝑑−1+𝛽2𝑑−2
          

                                                                       

If  𝑄𝛽
′(−𝛽) = 0  , then   𝑑𝛽2𝑑−2 − 4𝑑𝛽𝑑−1 − 3𝑑 = 0    

𝛽2𝑑−2 − 4𝛽𝑑−1 − 3 = 0, thus either 𝛽 = −(0.6457)
1

𝑑−1  or  

𝛽 = (4.6457)
1

𝑑−1 . 

Hence −𝛽 is superattracting fixed point of 𝑄𝛽, but this is not attract 

to  0 or ∞. Then  𝒯|𝛽| ⊄ 𝐽(𝑄𝛽). 

      

     We study a sufficient and necessary condition for 𝐽(𝑄𝛽) is a 

quasicircle. 

 

Lemma (2.1.13) [5] 

      Assume that the rational map is hyperbolic, it has exactly two 

Fatou components. Then the Julia set is a quasicircle. 
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Corollary (2.1.14)     

     Suppose that 𝑄𝛽 is hyperbolic map have exactly two Fatou 

component  𝐼0  and  𝐼∞ , then  𝐽(𝑄𝛽) is quasicircle . 

 

Proof 

   By Lemma (2.1.5), 𝐼0 and  𝐼∞ are contain in  𝔽(𝑄𝛽). From Lemma 

(2.1.13), then  𝐽(𝑄𝛽) is quasicircle . ■  

 

Proposition (2.1.15)  

    If one of the free critical points 𝑒𝛽 lies in  𝐼0  or  𝐼∞ , then   𝐽(𝑄𝛽) is 

quasicircle. 

 

Proof  

    Assume that 𝑒𝛽 ∈ 𝐼0 .Then by Lemma (2.1.5)  
𝛽2

𝑒𝛽
∈ 𝐼∞ , also by 

Lemma (2.1.4) 𝜔𝑗𝑒𝛽 ∈ 𝐼0  and 𝜔𝑗 𝛽2

𝑒𝛽
∈ 𝐼∞ for  0 ≤ 𝑗 ≤ 2𝑑 − 1, we 

assume that 𝑄𝛽
−1(𝐼0) has the unique component say, 𝐼0 and  

𝑄𝛽
−1(𝐼∞) has the unique component say,  𝐼∞. If the degree of the 

restriction of 𝑄𝛽 is  𝑚 and 𝑄𝛽: 𝐼0 → 𝐼0 is proper , then  𝑚 ≥ 𝑑  

because 𝑑 is the local degree of 𝑄𝛽 at 0 . Now in  𝐼0 the preimages 

of  0  have elements other than 0 by Lemma (2.1.4) , it follows  

 𝑚 ≥ 3𝑑. This means  𝑚 = 3𝑑  because 3𝑑 is the degree of 𝑄𝛽. 

Hence  𝑚 = 𝑑  or 𝑚 = 3𝑑. We prove  that  𝑚 = 𝑑 is impossible. 

Assume that 𝑒𝛽 ∈ 𝐼0  is the free critical points of 𝑄𝛽  and  

{𝜔𝑗𝑒𝛽 ∶ 0 ≤ 𝑗 ≤ 2𝑑 − 1} lies in  𝐼0 by Lemma (2.1.8). From the 

definition of 𝑄𝛽 in (1.3), thus there exist preimages 2𝑑 at least for 
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𝑄𝛽(𝑒𝛽)  𝑎𝑛𝑑  {𝜔𝑗𝑒𝛽 ∶ 0 ≤ 𝑗 ≤ 2𝑑 − 1} in 𝐼0 (counted with multiplicity). 

Hence 𝑚 ≥ 2𝑑, which is contradict with 𝑚 = 𝑑. Therefore 𝑚 = 3𝑑 

and  𝑄𝛽
−1(𝐼0)  has the unique component  𝐼0, also prove 𝑄𝛽

−1(𝐼∞)   

has the unique component 𝐼∞. We assume that only there are  𝐼0 

and 𝐼∞ contain in 𝔽(𝑄𝛽). Now, note that there were either 

superattracting basins or parabolic basins contain one critical point 

at least, which is contradict  because each of the critical points lie in 

𝐼0 and 𝐼∞. If there were either Herman rings or Siegel disks, thus 

𝐽(𝑄𝛽)  contains one critical value at least and is contradicted from 

Corollary (2.1.14). By Definition(1.1.33), thus 𝑄𝛽 is hyperbolic. 

According to Lemma (2.1.13),  𝐽(𝑄𝛽)  is a quasicircle.  See Fig. (1).■  

 

 

 

Figure (1)  𝜷 = −𝟏. 𝟐𝟑𝒊 and 𝑱(𝑸𝜷) is a quasicircle. 
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Proposition (2.1.16)   

        Let 𝑄𝛽 ∶ ℂ∞ → ℂ∞ be a map such that  

𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
 . 

Suppose that  |𝛽| is large enough. Then 𝐽(𝑄𝛽) is a quasicircle. 

 

Proof 

From Remark (2.1.7), we have  

 

  𝑒𝛽
2𝑑 =

3𝛽3𝑑−1−4𝛽𝑑−𝛽𝑑+1+√(3𝛽3𝑑−1−4𝛽𝑑−𝛽𝑑+1)2−4(1−2𝛽1−𝑑)(𝛽4𝑑−2𝛽5𝑑−1)

2−4𝛽1−𝑑
 . 

Thus |𝑒𝛽| ≈ |𝛽|
3𝑑−1

2𝑑 , if |𝛽| is large enough . Since 𝑑 ≥ 2 ,thus  

|𝛽|
3𝑑−1

2𝑑 ≥ |𝛽|
5

4 > |𝛽|
6

5. Define  𝑈 = {𝑧 ∶ |𝑧| > |𝛽|
6

5 }. 

 

Now , if  |𝛽|  is large enough and 𝑧 ∈ 𝑈 , then  

|𝑄𝛽(𝑧)| ≥ 2|𝛽|1−𝑑|𝑧|𝑑 −
|𝑧|𝑑(|𝑧|2𝑑−|𝛽|𝑑+1)

|𝑧|2𝑑−|𝛽|3𝑑−1
   

              > 2|𝛽|1−𝑑|𝛽|
6𝑑

5 −
|𝑧|

6𝑑
5 (|𝑧|

12𝑑
5 −|𝛽|𝑑+1)

|𝑧|
12𝑑

5 −|𝛽|3𝑑−1

  

                > 2|𝛽|
𝑑+5

5 −
|𝛽|

6
5

2
> 2|𝛽|

6

5. 

This means that 𝑄𝛽(𝑈) ⊂ 𝑈. Therefore 𝑈 is  contained in 𝐼∞.  

On the other hand, one of the free critical points 𝑒𝛽 holds 

 |𝑒𝛽| ≈ |𝛽|
3𝑑−1

2𝑑 > |𝛽|
6

5. It follows that  𝑒𝛽 ∈ 𝑈 ⊂ 𝐼∞. If  |𝛽| is large 

enough . By Proposition (2.1.15),  𝐽(𝑄𝛽)  is a quasicircle .■ 
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Proposition (2.1.17) 

     Let  𝑄𝛽 ∶ ℂ∞ → ℂ∞ be a map such that  

𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
 . 

Assume that 𝛽 ∈ ℝ. Then 𝐽(𝑄𝛽)  is a quasicircle if and only if  

𝐽(𝑄𝛽) = 𝒯|𝛽|,  |𝛽| > 1. 

 

Proof  

     Suppose that  |𝛽| > 1, we have 𝑄𝛽(𝒯|𝛽|) = 𝒯|𝛽|  and  in the round 

disk 𝐷|𝛽| = {𝑧 ∈ ℂ ∶ |𝑧| < |𝛽|},  𝑄𝛽 has no poles and 3𝑑 roots from 

Proposition (2.1.11). Hence 𝑄𝛽(𝐷|𝛽|) = 𝐷|𝛽|. Thus, 𝐷|𝛽| ⊂ 𝔽(𝑄𝛽). 

From Lemma (2.1.5), ℂ∞\𝐷̅|𝛽| ⊂ 𝔽(𝑄𝛽). In special case , 𝐷|𝛽| ⊂ 𝐼0 

also ℂ∞\𝐷̅|𝛽| ⊂ 𝐼∞. It follows that 𝐽(𝑄𝛽) = 𝒯|𝛽| because 𝐼0 ∩ 𝐼∞ = ∅.  

We assume that 0 < |𝛽| < 1. And assume that  𝐽(𝑄𝛽) is a 

quasicircle, thus 𝐽(𝑄𝛽) = 𝒯|𝛽| because 𝑄𝛽(𝒯|𝛽|) = 𝒯|𝛽|. Hence, 

𝐷|𝛽| ⊂ 𝐼0 and 𝑄𝛽: 𝐷|𝛽| → 𝐷|𝛽| has a degree of 3𝑑  for the covering 

map . On the other hand,  if 0 < |𝛽| < 1, 𝐷|𝛽| include 2𝑑 poles and 

𝑑 roots for 𝑄𝛽, which is a contradict. Hence if 0 < |𝛽| < 1, 𝐽(𝑄𝛽) is 

not quasicircle. ■  

 

Remark (2.1.18) 

      Let 𝜌0 = 𝑄𝛽
−1(𝐼0)\𝐼0 be the first preimage of 𝐼0 and                     

𝜌∞ = 𝑄𝛽
−1(𝐼∞)\𝐼∞  the first preimage of 𝐼∞. If 𝐽(𝑄𝛽) is not a 

quasicircle, by Proposition (2.1.15).It follows one of the free critical 

points not lies in  𝐼0 or 𝐼∞, thus one of the free critical points lies in 

𝜌0 and 𝜌∞. So 𝜌0 and 𝜌∞ are both non-empty.  
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Remark (2.1.19) [12] 

     Let  𝑈 ⊂ 𝑋  be an open set of a compact topological space 𝑋 and 

𝑉 ⋐ 𝑈 an open, compactly contained set (i.e., 𝑉̅  is compact and 

𝑉̅ ⊂ 𝑈).  

 

Theorem (2.1.20) [10] 

(a) Every polynomial-like map 𝑓: 𝑈` → 𝑈 of degree 𝑑 is hybrid 

equivalent to a polynomial 𝑃 of degree 𝑑. 

(b) If 𝐾𝑓 is connected, 𝑃 is unique up to conjugation by an affine 

map. 

 

Proposition (2.1.21)   

       Both 𝐼0 , 𝜕𝐼∞, and each of the preimages of them is quasicircles 

around 0 .  

 

Proof  

     For each  closed set  𝑉 = ℂ∞\(𝐼0 ∪ 𝐼∞)  amidst 𝐼0 and 𝐼∞ divided 

into closed sets 𝑉0, 𝑉1, 𝑉2 between 𝐼∞ and 𝜌0, 𝜌0 and 𝜌∞, 𝜌∞ and 𝐼0 

(see Figure (2)). For any smooth simple closed curve  Γ ⊂ 𝜌0 ⊂ 𝑉 

around 0. We assume  that in 𝑉2 the preimage of  Γ  is smooth simple 

closed curve around 0 . Note that, 𝑉 includes no critical values. 

Therefore in  𝑉2 the preimage of Γ contains  of finitely many smooth 

simple closed curves. Assume that  Γ2 is not around 0. Therefore in 

𝑉2, Γ2 can disfigure to a point. It follows that in 𝑉,  Γ = 𝑄𝛽(Γ2) can 

also disfigure to a point. Which is contradicted because Γ ⊂ 𝑉 is 

around 0. Hence in  𝑉2 the preimage of  Γ  are smooth simple closed 

curves around 0  and ∞. In 𝑉2  there are two components for 
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𝑄𝛽
−1(Γ), thus between two simple closed curves, the annular region  

include either  poles or roots , this is impossible. Then, 𝑄𝛽
−1(Γ) ∩ 𝑉2 

is a smooth simple closed curve around 0, say ℑ. Let 𝛾 ⊂ ℂ be a 

simple closed curve and assume that 𝛾𝑖𝑛𝑡 is the bounded 

component of ℂ\𝛾. We remark that in  Γ𝑖𝑛𝑡 is the Jordan disk include  

𝔍𝑖𝑛𝑡 is compactly contained. By Theorem (2.1.20), Therefore  

𝑄𝛽: 𝔍𝑖𝑛𝑡 → Γ𝑖𝑛𝑡 is quasiconformally equivalent to 𝑓𝑑(𝑧) = 𝑧𝑑. We 

know that 𝐽(𝑓𝑑) = 𝑆1. Then 𝜕𝐼0 is a quasicircle. Similarly, also  𝜕𝐼∞ 

is a  quasicircle. Because each of the preimages of 𝜕𝐼0 and 𝜕𝐼∞ are 

include in  𝑉0 ∪ 𝑉1 ∪ 𝑉2, It follows that each of the preimages of  

𝜕𝐼0 and 𝜕𝐼∞ are quasicircles around 0.■ 

 

 

Figure (2) Sketch illustrating of the map relations of  𝑸𝜷 if  𝑸𝜷(𝒆𝜷) ∈ 𝑰𝟎  ,but 

𝒆𝜷 ∉ 𝑰𝟎. 

      Now, we will give the necessary and sufficient condition of 

𝑄𝛽  such that 𝐽(𝑄𝛽) is a cantor circles, by studying the location of the 

critical values and the critical points. 
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Remark (2.1.22) 

      If  𝐼0 𝑜𝑟 𝐼∞ contains one of the free critical point, we get 𝐽(𝑄𝛽) is 

quasicircle . Assume that 𝑒𝛽 ∈ 𝜌0 because 𝜌0 is the complement of 

𝐼0, where  𝜌0 = 𝑄𝛽
−1(𝐼0) .Thus 𝜌0 ≠ ∅ and by Lemma (2.1.5), it 

follows that   
𝛽2

𝑒𝛽
∈ 𝜌∞ . Therefore    𝜌∞ ≠ ∅ . 𝑄𝛽 are both 𝑑  to one on  

𝐼0 and  𝐼∞.  

 

Corollary (2.1.23) 

      If the immediate basin of attraction of 0 is simple connected, 

then  χ(𝐼0) = 1.  

 

Proof   

     Since 𝐼0 is simple connected. So the number of connected 

components of the complement ℂ∞\𝐼0 is equal one.  By Definition 

(1.1.25), hence   χ(𝐼0) = 1. ■ 

 

Proposition (2.1.24) 

       The  𝐼0 and 𝐼∞ are both simply connected and 𝜌0 and 𝜌∞  are 

two  annuli   surrounding  0  are 2𝑑 −fold symmetry .  

 

Proof  

       From Theorem (1.2.22), the parabolic basin or the immediate 

attracting basin is either infinitely connected or simply connected. 

We assume that  𝑉0 be small open disk around 0  by Remark (2.1.19) 

𝑄𝛽(𝑉0
̅̅̅) ⊂ 𝑉0 ⊂ 𝐼0  and the boundary of 𝑉0 is Jordan curve containing 

no 𝑄𝛽
𝑚 of critical points. Fix 𝑉𝑚 = 𝑄𝛽

−1(𝑉0), where 𝑄𝛽
−1(𝑉0) are 

connected component which contains 0, hence 𝑉0 ⊂ 𝑉1 ⊂ 𝑉2 …, with 
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⋃ 𝑉𝑚𝑚 = 𝐼0 . Now the map 𝑄𝛽: 𝑉𝑚\{0} → 𝑉0\{0} are covering by 

degree 𝑑𝑚, from the Riemann–Hurwitz’s formula,  

 χ(𝑉𝑚) = χ(𝑉𝑚
° ) + χ(𝜕𝑉𝑚). Some finite Jordan curves are restricting 

for 𝑉𝑚 and the complement (ℂ∞\𝑉𝑚)  are disjoint union of Jordan 

disks, so χ(𝑉𝑚) = 0. So 𝑉𝑚\{0} is an annulus since 𝑉𝑚\{0} is no 

containing 𝑄𝛽
𝑚 of the critical points and  𝑉0\{0} is an annulus, thus 

𝑉𝑚 is simply connected.  Then ⋃ 𝑉𝑚 = 𝐼0𝑚  is simply connected. By 

Lemma (2.1.9), it follows that  𝜌0 has either 2𝑑 component or one. 

Assume that  𝜌0 has 2𝑑 component, then the origin has 5𝑑 

preimages since has 2𝑑 component and  to add the degree of 𝑄𝛽  is 

3𝑑 , thus 𝜌0 has 5𝑑 preimages. Because the map from any 

component of 𝜌0 to 𝐼0 with degree two also there 

are 2𝑑 components. Which is contradict because degree of 𝑄𝛽 is 3𝑑. 

Thus 𝜌0 has only one component and it is connected. By Theorem 

(1.1.26) for  𝑄𝛽: 𝜌0 → 𝐼0 ,   

so χ(𝜌0) + 2𝑑 = 2𝑑χ(𝐼0), since 𝐼0 is simply connected. So by 

Corollary (2.1.23), χ(𝐼0) = 1.  Hence χ(𝜌0) = 0 and 𝜌0 is an annulus 

around 0 with 2𝑑 − fold symmetry. Similarly, we can to show that 

the simply connected for 𝐼∞ also 𝜌∞ is an annulus around 0 with 

2𝑑 − fold symmetry . ■                                                                                                                              

 

Remark (2.1.25) [12]  

     For each two disjoint sets  𝑀 and 𝑁   such that separate the origin 

and infinity . We write 𝑴 ≺ 𝑵 if the component ℂ∞\𝑁  contains 𝑀  

and the origin .  
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 Proposition (2.1.26) 

     If  𝜌0 , 𝜌∞ are two annuli, then  𝜌∞ ≺  𝜌0. However 𝜌∞̅̅ ̅̅ , 𝜌0̅̅ ̅, 𝐼0̅ and 

𝐼∞̅̅̅  are disjoint to each other.  

 

Proof  

      By definition of 𝜌0 and 𝜌∞, we have 𝜌∞ ∩ 𝜌0 = ∅ and the 

intersection of 𝐼∞ and 𝐼0 is an empty set. Now we have two claims 

either   𝜌∞ ≺  𝜌0 or 𝜌0 ≺  𝜌∞, since 𝜌0 and 𝜌∞ are separating the 

origin and the infinity. Assume that  𝜌0 ≺  𝜌∞, for each 𝑉0 is bounded 

component of ℂ∞\𝜌0 , 𝑄𝛽(𝜕𝑉0) = 𝑄𝛽(𝜕𝜌0) because 𝑉0 is compact 

set.  

Thus 𝑄𝛽(𝜕𝑉0) = 𝑄𝛽(𝜕𝜌0) = 𝜕𝐼0 = 𝑄𝛽(𝜕𝐼0)  and 

 𝑄𝛽(𝑉0) = 𝑄𝛽(𝐼0) = 𝐼0 ⊆ 𝐼0̅  since  

 𝜌0 = 𝑄𝛽
−1(𝐼0)\𝐼0  and  𝑄𝛽

−1(∞) ⊂ 𝐼∞ ∪ 𝜌∞ ,  

it follows 𝑄𝛽(𝑉) ⊂ 𝐼0̅. Therefore, the image of 𝜌0 ∪ 𝑉0 is a subset of 

𝐼0̅ ⊂ 𝜌0 ∪ 𝑉0, this mean 𝜌0 ∪ 𝑉0  lies in 𝔽(𝑄𝛽) and 𝜌0 ∪ 𝑉0 = 𝐼0 (in 

particular) .This is impossible because 𝜌0 ≠ ∅,hence 𝜌∞ ≺  𝜌0. By 

Proposition (2.1.24) ,we have 𝐼∞̅̅̅ ∩ 𝐼0̅ = ∅.Now, we note that 

𝑄𝛽(𝜌0̅̅ ̅) = 𝑄𝛽(𝐼0̅) = 𝐼0̅ and  𝑄𝛽(𝜌∞̅̅ ̅̅ ) = 𝑄𝛽(𝐼∞̅̅̅) = 𝐼∞̅̅̅. 

Therefore 𝜌∞̅̅ ̅̅ ∩ 𝜌0̅̅ ̅ = ∅,   𝐼∞̅̅̅ ∩ 𝜌0̅̅ ̅ = ∅ and 𝜌∞̅̅ ̅̅ ∩ 𝐼0̅ = ∅. 

 Thus 𝜌0̅̅ ̅ ∩ 𝐼0̅ = ∅ and 𝐼∞̅̅̅ ∩ 𝜌∞̅̅ ̅̅ = ∅ because 𝜌∞ ≺  𝜌0  . ■ 

 

Remark (2.1.27) 

       In our work, we show that all Julia components of simple closed 

curves (quasicircles). Now we use the technique of symbol 

dynamics, for each  Σ3 = {𝑣 = (𝑠0𝑠1𝑠2, … ), 𝑣𝑚 ∈ {0,1,2} 
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𝑚 ≥ 0}  be the space of one sided sequences of the symbols {0,1,2}. 

For 𝑣 = (s0s1s2,… ) ∈ Σ3 and the shift map 

𝜎: Σ3 → Σ3 is denoted by 𝜎(𝑣) = (s1s2,…).  

   Let  V𝛽 = {𝑣 ∈ 𝑉0 ∪ 𝑉1 ∪ 𝑉2: 𝑄𝛽
𝑑(𝑣)  ∈ 𝑉0 ∪ 𝑉1 ∪ 𝑉2 for 𝑑 = 1,2,3, … }, 

all the points in the domain of 𝑄𝛽 either toward 0 or ∞ or stay in V𝛽 . 

For any 𝑣 ∈ V𝛽 ,then each iterate of  𝑣 either 𝑉0  𝑜𝑟  𝑉1  𝑜𝑟 𝑉2 ,so we 

can associate with 𝑣 the forward sequence  𝑣 = (𝑠0𝑠1𝑠2, … ), where    

    𝑣𝑚 = {

0         𝑖𝑓  𝑄𝛽
𝑑   𝑖𝑠  𝑖𝑛  𝑉0

  1         𝑖𝑓  𝑄𝛽
𝑑   𝑖𝑠  𝑖𝑛  𝑉1   

2          𝑖𝑓  𝑄𝛽
𝑑   𝑖𝑠  𝑖𝑛 𝑉2.

    

If there is an integer 𝑖 > 0, such that 𝑣𝑚+𝑖 = 𝑣𝑚 for all 𝑚 ≥ 0. 

Suppose that 𝑉𝛽 ⊂ Λ𝛽 = {𝐽𝑗0𝑗1…𝑗𝑚
: 0 ≤ 𝑗𝑚 ≤ 2}. We define the metric 

in Σ3 as                   𝑑(𝑧, 𝑣) = ∑
|𝑠𝑖−𝑣𝑖|

3𝑖
∞
𝑖=𝑜  . 

Proposition (2.1.28) 

     The map itinerary  𝑠𝛽: Λ𝛽 → Σ3  is homeomorphism, where the set 

Λ𝛽 is a Cantor set.                

Proof  

   First , to prove 𝑠𝛽 is 1-1 map. If 𝑧 = (𝑠0𝑠1𝑠2, … ) and 

𝑣 = (𝑣0𝑣1𝑣2, … ) such that 𝑠𝛽(𝑧) = 𝑠𝛽(𝑣) , it follows 

𝑠𝑚 = 𝑣𝑚  ∀ 𝑚 ≥ 0,   so that 𝑧, 𝑣 lie in the same V𝛽 because the length 

of  V𝛽 is 1
3𝑑⁄  and go to 0 when 𝑑 → ∞. Hence 𝑠𝛽 is one to one.  Now 

if  (𝑠0𝑠1𝑠2, … ) be the sequence of 0`s, 1`s and 2`s, pick 

𝑉0  𝑜𝑟  𝑉1  𝑜𝑟 𝑉2 satisfying  
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𝑧  in 𝑉0 → 𝑠𝛽(𝑧) = 𝑠0    

𝑧  in 𝑉1 → 𝑠𝛽(𝑧) = 𝑠0𝑠1    

𝑧  in 𝑉2 → 𝑠𝛽(𝑧) = 𝑠0𝑠1𝑠2. 

So 𝑉2   ⊆   𝑉1   ⊆  𝑉0 and since each V𝛽`𝑠 are closed and bounded, 

by Heine-Borel Theorem there is  𝑧∗ ∈ V𝛽 and by definition of 𝑠𝛽 . 

Therefore 𝑠𝛽(𝑧∗) = 𝑠0𝑠1𝑠2 and so 𝑠𝛽 is onto .To prove 𝑠𝛽 is 

continuous. For any 𝜀 > 0  and for any 𝑧 ∈ Λ𝛽, let 𝑑 be large so 

1
3𝑑⁄ < 𝜀.  Fix  𝛿 > 0  is small , let  𝑦 ∈ Λ𝛽 such that |𝑧 − 𝑦| < 𝛿 ,then 

𝑧, 𝑦 lie in the same V𝛽. For a  𝑦, the sequence 𝑠𝛽(𝑧)  𝑎𝑛𝑑  𝑠𝛽(𝑦) have 

the same initial 𝑑 terms, since definition of 𝑠𝛽. Hence  

|𝑠𝛽(𝑧) − 𝑠𝛽(𝑦)| ≤ 1
3𝑑⁄ < 𝜀, therefore  𝑠𝛽 is continuous map.  

Since  𝑠𝛽   is one to one map, it follows 𝑠𝛽
−1 is continuous map .  ■ 

 

Theorem (2.1.29) 

       Let  𝑄𝛽 ∶ ℂ∞ → ℂ∞ be a map such that  

𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
. 

 𝐽(𝑄𝛽) is a Cantor circles if 𝑄𝛽(𝑒𝛽) ∈ 𝐼0 (or  𝐼∞ ), where 𝑄𝛽(𝑒𝛽) one 

of the free critical values but 𝑒𝛽 ∉ 𝐼0 (or  𝐼∞ ).  

 

 Proof 

         For each  closed set 𝑉 ≔ ℂ∞\𝐼∞ ∪ 𝐼0  amidst 𝐼0 and 𝐼∞ divided 

into closed sets 𝑉0, 𝑉1 , 𝑉2  between 𝐼∞  and 𝜌0, 𝜌0 and 𝜌∞, 𝜌∞ and 𝐼0  

(see Figure (2)). Each the map  𝑄𝛽: 𝑉𝑚 → 𝑉  is covering by degree 
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𝑑, for 0 ≤ 𝑚 ≤ 2. So  𝐽(𝑄𝛽)  is equal to ⋃ 𝑄𝛽
−𝑖

𝑖≥0 (𝑉). For any      

ℎ: 𝑉 → 𝑉𝑚 is the inverse branch of 𝑄𝛽 for 0 ≤ 𝑚 ≤ 2. Therefore,  

any component 𝑗𝑚0,𝑚1,…,𝑚𝑖,… = ⋂ ℎ𝑚𝑖

∞
𝑖=0 ∘ … ∘ ℎ𝑚1

∘ ℎ𝑚0
, where 

(𝑚0, 𝑚1, … , 𝑚𝑖 , … ) be infinite sequence holding 0 ≤ 𝑚 ≤ 2 . For each 

𝑗𝑚0,𝑚1,…,𝑚𝑖,… is compact set separating the origin and the infinity. By 

Corollary (1.1.35), thus  𝑗𝑚0,𝑚1,…,𝑚𝑖,…  is locally connected because 

𝑄𝛽 is hyperbolic . Now, for any Ε = 𝜉 ∪ 𝜚 ,  𝜉 = 𝑗2,2,…,2,… = 𝜕𝐼0 and    

𝜚 = 𝑗0,0,…,0,… = 𝜕𝐼∞. We note 𝑉𝑚 ⊂ 𝑉, also 𝑔: 𝑉𝑚 ↪ 𝑉 is identity map 

and not homotopic to a constant map . By Proposition (1.1.37), we 

get 𝑗𝑚0,𝑚1,…,𝑚𝑖,… is a simple closed curve . By Proposition (2.1.21), 

hence 𝑗𝑚0,𝑚1,…,𝑚𝑖,… is a quasicircle since 𝑄𝛽 is hyperbolic. From 

Remark (2.1.27) and Proposition (2.1.28), it is clear that 

𝑠𝛽 (𝑄𝛽(𝑧)) = 𝜎(𝑠𝛽(𝑧)) for 𝑧 ∈ Λ𝛽. The one-sided shift on the space 

of 3 symbols 

 Σ3 = {𝑠 = (𝑠0𝑠1𝑠2, … ); 𝑠𝑚 ∈ {0,1,2}, 𝑚 ≥ 0} is isomorphic to the 

dynamics on the Julia components Λ𝛽. In particular,  𝐽(𝑄𝛽) is 

homeomorphic to  Σ3 × 𝑆1, where this is a Cantor circles. ■ 

 

Theorem (2.1.30) 

      Assume that one of the free critical values lies in  𝐼0  or 𝐼∞ but 

𝑒𝛽 ∉ 𝐼0  or 𝐼∞ . Then the McMullen map 𝑓𝜆(𝑧) is not topologically 

conjugate to 𝑄𝛽 corresponding to Julia sets .  

 

 Proof 

         From Theorem (2.1.29), the one-sided shift on the space of  3 

symbols  Σ3 = {𝑠 = (𝑠0𝑠1𝑠2, … ); 𝑠𝑚 ∈ {0,1,2}, 𝑚 ≥ 0} is isomorphic to 
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the dynamics on the Julia components Λ𝛽. Notwithstanding, the 

dynamics of the one-sided shift on only two symbols 

 Σ2 = {𝑠 = (𝑠0𝑠1, … ); 𝑠𝑚 ∈ {0,1}, 𝑚 ≥ 0} is isomorphic to dynamics 

on the set of Julia components of 𝑓𝜆(𝑧). Hence, 𝑓𝜆(𝑧) is not  

topologically conjugate to 𝑄𝛽  corresponding to Julia sets, see 

Figure (3). ■ 

 

                      

                                                                                                                                 

Figure. (3)   𝑱(𝑸𝜷)  if 𝒅 = 𝟒 , 𝜷 = 𝟎. 𝟕𝟗𝟗𝟗 + 𝟎. 𝟖𝒊  and 𝒇𝟎.𝟎𝟏(𝒛) = 𝒛𝟑 +
𝟎.𝟎𝟏

𝒛𝟑 . Are 

both of them Cantor circles. Hence  𝒇𝝀 and 𝑸𝜷 are not topologically 

conjugate corresponding to Julia sets.  
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Remark (2.1.31) [12] 

      Let  Α(𝛽) and Β(𝛽)  be two values for the parameter 𝛽, where 

Α(𝛽) ≥ 0 and B(𝛽) ≥ 0.  Then is said to be  𝚨(𝜷) ≼ 𝚩(𝜷) if there is 

𝜍 ≥ 0 such that  Α(𝛽) ≤ 𝜍. Β(𝛽) for 0 ≠ 𝛽 is small.  

 

 

Theorem (2.1.32) 

       Let  𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
  be a map.  

Assume that 𝑑 ≥ 4. If  𝛽 is a non-zero and small enough, then 

 𝐽(𝑄𝛽) is a Cantor circles.  

 

Proof  

      The 𝑄𝛽(𝑧) has one free point, say 𝑒𝛽 such that                                                                                                            

𝑒𝛽 = (
3𝛽3𝑑−1−4𝛽𝑑−𝛽𝑑+1−√(3𝛽3𝑑−1−4𝛽𝑑−𝛽𝑑+1)2−4(1−2𝛽1−𝑑)(𝛽4𝑑−2𝛽5𝑑−1)

2−4𝛽1−𝑑 )

1

8

.  

If  |𝛽| is small enough, it follows  𝑒𝛽 ≍ |𝛽|
𝑑+1

2𝑑 . We define 

𝑏 ≔ |𝛽|
𝑑+1

2𝑑  ∀𝑧 ∈ 𝒯𝑏,  where 𝒯𝑏 is a round circle is defined as 

 𝒯𝑏 = {𝑧: |𝑧| = 𝑏}. We obtain     

|𝑄𝛽(𝑧)| = |(2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
)|  

            ≍  2|𝛽|
𝑑+1

2 |𝛽|−𝑑 −
|𝛽|

𝑑+1
2 |(𝑧2𝑑−𝛽𝑑+1|)

|𝛽|𝑑+1
   

             ≼      2|𝛽|
1−𝑑

2 |𝛽|−𝑑 − |𝛽|
𝑑+1

2 ≼ 2|𝛽|
𝑑+1

2 ≼ |𝛽|
𝑑+1

2 . 

For 𝑑 ≥ 4, therefore 5𝑑 − 3 < 𝑑(𝑑 + 1), for any  𝛼 > 0   

satisfying        
5𝑑−3

2𝑑
<

5𝑑−2

2𝑑
<

5𝑑−1

2𝑑
<

5𝑑

2𝑑
=

𝑑+1

2
 .  

Hence 𝑑 + 1 < 3𝑑 − 1 < 5𝑑 − 3 < 2𝑑𝛼, 

define 𝑈 = {𝑧: |𝑧| < |𝛽|𝛼},    ∀𝑧 ∈ 𝑈 and  |𝛽| is small,  
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it follows |𝑧2𝑑 − 𝛽𝑑+1| ≍ |𝛽|𝑑+1  and  |𝑧2𝑑 − 𝛽3𝑑−1| ≍ |𝛽|3𝑑−1,  

we have  

 |𝑄𝛽(𝑧)| ≍ 2|𝛽|1−𝑑|𝑧|𝑑 −
|𝑧|𝑑

|𝛽|2𝑑−2
       

≍ 2|𝛽|1−𝑑|𝑧|𝑑 − |𝑧|𝑑|𝛽|−2𝑑+2   

< 2|𝛽|1−𝑑|𝛽|𝛼𝑑 − |𝛽|𝛼𝑑|𝛽|−2𝑑+2                                                                

 = 2|𝛽|𝛼𝑑−𝑑 − |𝛽|𝑑𝛼−2𝑑+2 

< |𝛽|𝑑𝛼−2𝑑+2 < |𝛽|
5𝑑−3

2
−2𝑑+2 = |𝛽|𝑑+1.  

Thus 𝑄𝛽(𝑈) ⊂ 𝑈 if 𝛽 is small enough. 

Therefore 𝑈 is lies in  𝐼0 by definition of  𝑈. By using that 

 |𝑄𝛽(𝑧)| ≼ |𝛽|
𝑑+1

2   and  
5𝑑−3

2𝑑
< 𝛼 <

𝑑+1

2
 ,  

we have 𝑄𝛽(𝒯𝑏) ⊂ 𝑈 ⊂ 𝐼0 and 𝔽(𝑄𝛽) is contains 𝒯𝑏 if 𝛽 is small .  

Thus 𝑄𝛽(𝑒𝛽) ∈ 𝐼0, hence   𝑒𝛽 ∉ 𝐼0, whenever 𝛽 is small and 

 𝑄𝛽(𝒯𝑏) ⊂ 𝐼0 and |𝑒𝛽| > 𝑏. Now, assume that 𝑄𝛽 has critical point  𝑒𝛽́ 

such that if |𝑒𝛽́| ≍ |𝛽|
3𝑑−1

2𝑑  and by Lemma (2.1.4), where |𝛽| is small. 

Then 𝑄𝛽(𝑒𝛽́) ∈ 𝐼∞ and 𝑒𝛽 ∉́ 𝐼∞ because |𝑒𝛽́| < 𝑏 and 𝒯𝑏 ⊂ 𝑄𝛽
−1(𝐼0). 

Hence there is  critical point is not contains in  𝐼∞ or  𝐼0 but the image 

of this critical point by 𝑄𝛽 contains in 𝐼∞ or 𝐼0. Therefore from 

Theorem (2.1.29),  𝐽(𝑄𝛽) is a Cantor circles . See Figure(4) ■  
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Figure (4) When 𝒅 = 𝟒. Top: 𝜷 = 𝟎. 𝟕𝟗𝟗 + 𝟎. 𝟖𝒊 and 𝑱(𝑸𝜷)  is a Cantor 

circles; left  Bottom: 𝜷 ≈ 𝟏. 𝟏𝟓𝟏𝟒𝟒𝟐  and 𝑱(𝑸𝜷)  is a Sierpinski carpet;  right 

Bottom: 𝜷 ≈ 𝟏. 𝟎𝟓𝟎 and 𝑱(𝑸𝜷)   is a degenerated carpet. 
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Proposition (2.1.33)  

     In any rational map, the Julia set has no critical points if it is a 

Cantor set of circles. 

  

Proof  

      Assume that there is  𝒿  a Julia component  of 𝑄𝛽  and 𝑒𝛽 ∈ 𝒿  

with multiplicity 𝑑. Therefore 𝑄𝛽  is not 1-1 map in every small 

neighborhood of 𝑒𝛽. So 𝑄𝛽(𝒿) containing 𝑄𝛽(𝑒𝛽) from Lemma 

(1.2.18) . Suppose that 𝑉 small neighborhood disk of the image of 

𝑒𝛽 such that  𝑉 ∩ 𝑄𝛽(𝒿) is a simple arc. The preimage of  𝑉 

containing 𝑒𝛽 is mapped onto 𝑉 by 𝑑 + 1 to 1 . Now we note that the 

preimage of  𝑉 ∩ 𝑄𝛽(𝒿) is connected and is in 𝒿, thus 𝒿  has structure 

as star, therefore is not simple detour. By assumption that the Julia 

set is cantor circle and 𝒿  is simple closed curve  This  is impossible. 

Hence 𝐽(𝑄𝛽) has no critical points. ■ 

    

     Now, we will study the technique of escaping to the free critical 

points also to prove 𝐽(𝑄𝛽) is a Sierpinski carpet. Also we give the 

degenerated Sierpinski carpet if the intersection of the boundaries 

of complementary domains are non-empty. 

 

Proposition (2.1.34) 

     Assume that 𝑒𝛽 be a free critical point lies in 𝑞0
𝑚  for 𝑚 ≥ 2, where 

𝑄𝛽
−1(𝐼0)\𝐼0 = 𝑞0

1  and 𝑄𝛽
−1(𝐼∞)\𝐼∞ = 𝑞∞

1  . Therefore each  Fatou 

components of 𝑄𝛽 are simply connected and 𝐽(𝑄𝛽) is compact, 

connected, nowhere dense and locally connected.   
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Proof    

      𝐼∞ and 𝐼0 are simply connected from Proposition (2.1.24). 

Suppose that 𝑞0
1 = 𝑄𝛽

−1(𝐼0)\𝐼0 of 𝐼0 consists of Fatou components 

with 2𝑑- symmetry. Since 𝑄𝛽 maps each one of them onto 𝐼0 is 

conformal and 𝑒𝛽 ∈ 𝑞0
𝑚 for 𝑚 ≥ 2, it follows all component of 𝑞0

𝑖          

is simply connected  1 ≤ 𝑖 ≤ 𝑚 − 1 ∀𝑖 , the number of components 

in  𝑞0
𝑚 is at least 2𝑑 and by Proposition (2.1.21) these component 

2𝑑- symmetry surround 0. For any 𝑉 is simply connected component 

in the (𝑚 − 1 ) preimages of 𝐼0. Suppose that the critical orbits      

does not lie in 𝑉, thus all components of 𝑄𝛽
−1(𝑉) are simply 

connected. Now the  critical value lies in 𝑉 also there is 𝑈 component 

of 𝑄𝛽
−1(𝑉) such that cannot simply connected, therefore 𝑈 has two 

critical points at least. Hence there is 2𝑑 − 1 different Fatou 

component from the symmetric Fatou components  𝜔0
𝑖 𝑉 where 

 𝜔0 = 𝑒
𝑖𝜋

𝑑 ,  1 ≤ 𝑖 ≤ 𝑚 − 1. Thus 𝜔0
𝑖 𝑉 has  two critical points at least. 

Therefore 𝑄𝛽 has  4𝑑 free critical points, this is impossible. Thus 

each components of 𝑄𝛽
−1(𝑉) are simply connected and 𝑉 has critical 

value. Hence each components in 𝑞0
𝑚 are simply connected. 

Therefore all components of 𝑄𝛽
−1(𝐼0) are simply connected because 

𝑞0
𝑚 has no critical values. By Corollary (2.1.6), thus each  Fatou 

components of 𝑄𝛽 are simply connected. Notice that    𝐽(𝑄𝛽) is equal 

to the complement of (⋃ 𝑄𝛽
−𝑖(𝐼0𝑖≥0 ∪ 𝐼∞), since 𝐼0 ∪ 𝐼∞ are simply 

connected, then 𝐽(𝑄𝛽) is connected and by definition of the Julia set 

is bounded and closed sets, thus 𝐽(𝑄𝛽) is compact set. Since 

𝐽(𝑄𝛽) ≠ ℂ∞ and by Proposition (1.2.1)(viii), thus  𝐽(𝑄𝛽)
°̅̅ ̅̅ ̅̅ ̅̅ ̅

= ∅ and 
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 𝐽(𝑄𝛽) is nowhere dense. By Corollary (1.1.35), it follows 𝐽(𝑄𝛽) is 

locally connected since 𝑄𝛽 is hyperbolic map. ■ 

 

Definition (2.1.35) [27]    

      Let 𝑅 be a rational map, if  𝐽(𝑅) contains neither parabolic 

periodic points nor recurrent critical points, then 𝑅 is semi-

hyperbolic rational map. 

 

Theorem (2.1.36) [27] 

     Let  𝑅  be a semi-hyperbolic rational map such that the boundary 

of each Fatou component is a Jordan curve. Then the boundaries 

of all the Fatou components of 𝑅 are quasicircles. 

 

Theorem (2.1.37) 

      Suppose that  𝑒𝛽 ∈ 𝑞0
𝑚(𝑜𝑟 𝑞∞

𝑚) for 𝑚 ≥ 2. Therefore each Fatou 

components of 𝑄𝛽 are Jordan disks.  However, if 𝜕𝐼0 ∩ 𝜕𝐼∞ = ∅, then 

𝐽(𝑄𝛽) is a Sierpinski carpet. Otherwise 𝐽(𝑄𝛽) is a degenerate 

Sierpinski carpet. 

 

Proof 

     From Corollary (2.1.6) and also Proposition (2.1.34), we must to 

prove the boundary of 𝐼∞ is a simple closed curve. Because the 

boundary of 𝐼∞ is locally connected and connected, then the 

complement of (ℂ∞\𝐼∞̅̅̅)  has at most countable Jordan disks. For 

any Ω0 component of ℂ∞\𝐼∞̅̅̅ contains 0. Therefore ∂Ω0 is a simple 

closed curve. We claim that 𝑄𝛽
−1(Ω0) ⊂ Ω0.  
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Suppose that 0 ∈ 𝐼0 ⊂ Ω0, to show that 𝑄𝛽
−1(0) ⊂ Ω0. From 

Lemmas (2.1.4) and (2.1.9), we have 2𝑑-roots for 𝑄𝛽
−1(0)\{0} have 

either in Υ0 (Fatou component) around 0 or contain in 2𝑑 different 

components of 𝑄𝛽. For the previous case if 𝑄𝛽
−1(0) is not contain 

in Ω0, it follows Υ0 separate 𝐼∞ from Ω0
̅̅̅̅ , which is contradict because 

∂Ω0 ⊂ 𝜕𝐼∞. Now there is case that 2𝑑 Fatou component ought 

contain in 2𝑑 different component 𝑈0, … , 𝑈2𝑑−1 of ℂ∞\(𝐼∞̅̅̅ ∪ Ω0
̅̅̅̅ ).                                                                                                     

However 𝑄𝛽
−1(∞)\{∞} ⊂ ⋃ 𝜂(𝑈𝑖) ⊂ Ω0

2𝑑−1
𝑖=0  , (𝜂(𝑧) =

𝛽2

𝑧
).  

Hence 𝑄𝛽(𝑈𝑖) = Ω0    ∀𝑖 = 0, … ,2𝑑 − 1. 

Therefore 𝑄𝛽(⋃ 𝜕2𝑑−1
𝑖=0 𝑈𝑖) = 𝜕Ω0 ⊂ 𝜕𝐼0, thus 𝜕Ω0 ⊂ 𝜕𝐼0 has 

2𝑑 −preimages on the boundary of 𝐼0, because 𝑄𝛽: 𝜕𝐼∞ → 𝜕𝐼∞ has 

degree 𝑑. This is impossible.  

Hence  𝑄𝛽
−1(Ω0) ⊂ Ω0 and Ω0 = ℂ∞\𝐼∞̅̅̅. Suppose that 𝑧 ∈ 𝜕Ω0, 

since 𝑄𝛽
−1(Ω0

̅̅̅̅ ) ⊂ Ω0
̅̅̅̅  and we have  𝜕Ω0 ⊂ 𝜕𝐼∞.  

It follows 𝜕𝐼∞ ⊂ 𝐽(𝑄𝛽) = ⋃ 𝑄𝛽
−𝑚(𝑧)𝑚≥0

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊂ Ω0
̅̅̅̅ , so 𝜕𝐼∞ ⊂ 𝜕Ω0

̅̅ ̅̅ ̅  and 

𝜕𝐼∞ ⊂ 𝜕Ω0. 

Thus  𝜕𝐼∞ = 𝜕Ω0 is simple closed curve and 𝑄𝛽 is hyperbolic.  

By Theorem (2.1.36), then 𝜕𝐼∞ is quasicircle.  

Now we have three cases and we discuss of these cases: 

 

Case one  

    Let  𝑀 and 𝑁 are distinct components of 𝑞0
𝑖 (𝑜𝑟 𝑞∞

𝑖 ) , 𝑖 ≥ 1, such 

that 𝑀̅ intersect with 𝑁̅. Let 𝑧 ∈ 𝑀̅ ∩ 𝑁̅, it follows that 𝑄𝛽
𝑖−1(𝑧) is a 

critical point of 𝑄𝛽 because 𝑄𝛽
𝑖(𝑀) = 𝑄𝛽

𝑖(𝑁) = 𝐼0, also 

𝑄𝛽
𝑖−1(𝑀̅) ∩ 𝑄𝛽

𝑖−1(𝑁̅) ≠ ∅. Which is contradict because that all 

critical points escape to either the infinity or the origin. 
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Case two   

    Let  𝑀 and 𝑁 are components of 𝑞0
𝑖   and 𝑞0

𝑘 (𝑜𝑟 𝑞∞
𝑖  and 𝑞∞

𝑘 ),  

0 ≤ 𝑘 < 𝑖 such that 𝑀̅ intersect 𝑁̅ is a non-empty. Therefore 

𝑄𝛽
𝑖−1(𝑀̅ ∩ 𝑁̅) are critical point of 𝑄𝛽 Which is contradict. 

 

Case three   

   For any components  𝑀 and 𝑁 of  𝑞0
𝑖   and  𝑞∞

𝑘 , 𝑘 ≠ 0, 𝑖 ≠ 0. 

Because  𝜕𝐼0 ∩ 𝜕𝐼∞ = ∅, it follows 𝜕𝑀 ∩ 𝜕𝑁 = ∅.  

Therefore  𝑀̅ ∩ 𝑁̅ = ∅. By Proposition (2.1.34), 𝐽(𝑄𝛽) is a Sierpinski 

carpet. Otherwise, if 𝜕𝐼0 ∩ 𝜕𝐼∞ ≠ ∅, then 𝐽(𝑄𝛽) is a degenerate 

Sierpinski carpet. ■ 

 

Theorem (2.1.38) 

        Let  𝑄𝛽 ∶ ℂ∞ → ℂ∞ be a map such that  

𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
 . 

For each 𝑑 = 4  and 𝛽 ≈ 1.15144239  such that 

                         𝑄𝛽
2(𝑒𝛽) = 0,                                                                  (2.3)  

where eβ ≈ 1.1592 + 0.4802i is a free critical point of 𝑄𝛽. Therefore 

𝐽(𝑄𝛽) is a Sierpinski carpet.  

Proof  

    From (2.3), it follows that the free critical orbits are escaping to 0 

also 𝑄𝛽 is critically-finite. From Proposition (2.1.11), 

 𝒯𝛽 = {𝑧: |𝑧| = 𝛽} is contained in 𝐽(𝑄𝛽). We have from a direct 

calculation, 

|𝑒𝛽| ≈ 1.254707 > 𝛽  and  |𝑄𝛽(𝑒𝛽)| ≈ 3.90962576 > 𝛽.  
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Therefore,   𝑄𝛽(𝑒𝛽) ∈ 𝑞0
1  and  𝑒𝛽 ∈ 𝑞0

2  because 𝒯𝛽 is contained in  

𝐽(𝑄𝛽). Now, we prove that 𝜕𝐼0  ∩  𝜕𝐼∞  =  ∅. Because 𝒯𝛽 has no 

critical values, thus 𝑄𝛽
−1(𝒯𝛽) include of finitely many disjoint simple 

closed curves. From the Argument Principle and since in the 

 𝔻𝛽 = {𝑧: |𝑧| < 𝛽}, there is  𝑑 − roots  and 2𝑑 poles,  

thus 𝑄𝛽: 𝒯𝛽 → 𝒯𝛽 has degree 𝑑. Therefore 𝑄𝛽
−1(𝒯𝛽)\𝒯𝛽 ≠ ∅. 

Now, we claim each components of 𝑄𝛽
−1(𝒯𝛽)\𝒯𝛽 around 0 .  

But if the converse of the claim is satisfy and from by Lemma (2.1.4) 

and (2.1.5), we have inside of 𝒯𝛽 are 2𝑑 components of 𝑄𝛽
−1(𝒯𝛽)  

and outside of 𝒯𝛽 are 2𝑑 components. Which is contradict with 

degree of 𝑄𝛽. Hence the each components of 𝑄𝛽
−1(𝒯𝛽) are disjoint 

and around 0.  

Therefore 𝜕𝐼0 ∩ 𝜕𝐼∞ = ∅  because they are separated by at least 

there are three disjoint simple closed curves lie in 𝐽(𝑄𝛽). 𝐽(𝑄𝛽) is a 

Sierpinski carpet from Theorem (2.1.37). See Figure (4). ■ 

 

Theorem (2.1.39) 

        Let  𝑄𝛽 ∶ ℂ∞ → ℂ∞ be a map such that  

𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
 . 

For any 𝑑 = 4  and 𝛽 ≈ 1.050  such that       

                     𝑄𝛽
2(𝑒𝛽) = ∞,                                                                         (2.4)   

where  eβ ≈ −1.8774 − 2.0208i is a free critical point of 𝑄𝛽. Then 

𝐽(𝑄𝛽) is  a degenerated Sierpinski carpet.  
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Proof 

       From (2.4), thus the critical orbits are escaping also  𝑄𝛽 is 

critically-finite. By Theorem (2.1.37), to prove 𝑒𝛽 ∈ 𝑞∞
2  and the 

boundary of 𝐼0 intersect with the boundary of 𝐼∞ are a non-empty. 

Because 𝑄𝛽
2(𝑒𝛽) = ∞, it follows that 𝑒𝛽 ∈ 𝑞∞

2  if 𝐽(𝑄𝛽) is not cantor 

circles and not quasicircles from Theorems (2.1.15) and (2.1.29). 

To show that −𝛽 ∈ 𝜕𝐼0 ∩ 𝜕𝐼∞, for – 𝛽 is a repelling fixed point of 𝑄𝛽. 

Since if 𝑑 is odd, we have   𝑄𝛽(−𝛽) = −𝛽.  

𝑄𝛽
′(−𝛽) =

𝑑𝛽2𝑑−2−4𝑑𝛽𝑑−1−3𝑑

1+2𝛽𝑑−1+𝛽2𝑑−2
≈ −5.696895521  .  

Then |𝑄𝛽
′(−𝛽)| > 1 and −𝛽 is a repelling fixed point.  

Our procedure can be analyzed into three steps:    

    

Step one  

 To find 𝑉0 is a neighborhood of 0 such that 𝑄𝛽(𝑉0) ⊂ 𝑉0. Therefore  

𝑉0 ⊂ 𝐼0.  

 

Step two  

 To find 𝑈1 and 𝑈2 are two open neighborhoods of −𝛽  such that  

(1) 𝑈1 ⋐ 𝑄𝛽(𝑈1) ⋐ 𝑈2.  

(2) critical values and poles of 𝑄𝛽 not lie in 𝑈2. 

(3) the map restriction on 𝑈1 𝑜𝑓 𝑄𝛽 is conformal.  

 

Step three  

 To find 𝑣 ∈ 𝑉0 and 𝑢1 ∈ 𝑈1 such that 𝐼0 contains the segment [𝑣, 𝑢1].   

Now we prove these steps. If eβ ≈ −1.8774 − 2.0208i ,  

then |eβ| ≈ 2.75830.  
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For any   𝑉0 = {𝑧 ∈ ℂ∞: |𝑧| < 0.4} be the disk centered at zero and 

radius  is 0.4. Suppose that  𝑧 ∈ 𝑉0, 

thus |𝑧|2𝑑 − |𝛽|3𝑑−1 < −1.709684 < 0 and therefore                         

|𝑄𝛽(𝑧)| = |2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
| 

            < 2|𝛽|1−𝑑|𝑧|𝑑 +
|𝑧|𝑑(|𝑧|2𝑑−|𝛽|𝑑+1)

|𝑧|2𝑑−|𝛽|3𝑑−1
 

              < 0.0633     <  0.4. 

Therefore 𝑄𝛽(𝑉0
̅̅̅) ⊂  𝑉0 and 𝑉0

̅̅̅ ⊂ 𝐼0. By using 

𝐶𝑃 (𝑄𝛽) = {𝜔0
𝑚𝑒𝛽, 𝜔0

𝑚 𝛽2

𝑒𝛽
∶ 0 ≤ 𝑚 ≤ 2𝑑 − 1}, where    𝜔0 = 𝑒

𝜋𝑖

𝑑 .  

The set of critical values: 

 𝐶𝑉(𝑄𝛽)={(±(23.6577 + 6.16768𝑖), ±(−0.02868 − 0.000138𝑖), 0, ∞}. 

The distance from −𝛽 to 𝐶𝑉 (𝑄𝛽) is 1.038267.  

By according step two, fix 𝑣0 = 0.4 ,  𝑢1 = 0.5 ,  𝑎 = 1.76 and 

𝐴 = 2.5. Define 𝑈1 = 𝔻𝑎(−𝛽) = {𝑧 ∈ ℂ: |𝑧 + 𝛽| < 𝑎} 

and  𝑈2 = 𝔻𝐴(−𝛽) = {𝑧 ∈ ℂ: |𝑧 + 𝛽| < 𝐴}. Thus 

max
𝑧∈[𝑣0,𝑢1]

|𝑄𝛽(𝑧)| < max
𝑦∈[0.4,0.5]

2|𝛽|−3𝑦4 +
𝑦𝑑|𝑦2𝑑−𝛽𝑑+1|

|𝑦2𝑑−𝛽3𝑑−1|
≈ 0.154578 < 0.4. 

It follows that   𝑄𝛽([𝑣0, 𝑢1]) ⊂ 𝑉0 and thus [𝑣0, 𝑢1] ⊂ 𝐼0.  

Since |𝑢1 + 𝛽| ≈ 1.55 < 𝑎, therefore   𝑢1 ∈ 𝑈1.  

Now to show that 𝑈1 ⋐ 𝑄𝛽(𝑈1) ⋐ 𝑈2 . It means that if  𝑢1 ∈ 𝑈1  and          

𝑧 ∈ 𝔻̅𝑎(−𝛽), then |𝑄𝛽(𝑢1) + 𝛽| < 𝐴. 

Also if 𝑧 ∈ 𝜕𝔻̅̅ ̅̅
𝑎(−𝛽), 𝑠𝑜|𝑄𝛽(𝑢1) + 𝛽| > 𝑎  . We take a value of  
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 𝑢1 = 0.6, thus max
𝑧∈𝔻̅𝑎(−𝛽)

|𝑄𝛽(𝑧) + 𝛽| ≈ |0.315938 + 1.05| ≈ 1.36 < 𝐴 . 

Also if 𝑧 ∈ 𝜕𝔻̅̅ ̅̅
𝑎(−𝛽), we take  𝑢 = 0.75 ∉ 𝑈1, 

therefore min
𝑧∈𝜕𝔻̅𝑎(−𝛽)

|𝑄𝛽(𝑧) + 𝛽| ≈ |0.731 + 1.05|  ≈ 1.78 > 𝑎.  

Hence 𝑈1 ⋐ 𝑄𝛽(𝑈1) ⋐ 𝑈2, also 𝑈2 has no critical values and poles 

 of 𝑄𝛽 .  Because 𝑢1 ∈ 𝑈1 and the segment [𝑣, 𝑢1] lies in 𝐼0, 

thus 𝑢0 = 𝑄𝛽(𝑢1) ∈ 𝑄𝛽(𝑈1) ∩ 𝐼0. 𝑄𝛽
−1: 𝑄𝛽(𝑈1) → 𝑈1 is the inverse of 

the conformal map 𝑄𝛽: 𝑈1 → 𝑄𝛽(𝑈1)  is a strict contraction map for 

the unique fixed point −𝛽. For each 𝜂0 lies in 𝐼0 is a smooth curve 

linking 𝑢1 and 𝑢0. Let 𝑚 ≥ 1, such that 𝑢𝑚 is the 𝑚 − 𝑡ℎ preimage of 

𝑢0 for 𝑄𝛽, also 𝜂𝑚 is the 𝑚 − 𝑡ℎ preimage of 𝜂0 for 𝑄𝛽 linking 

𝑢𝑚+1 and 𝑢𝑚.  

Therefore  𝜂𝑚 ⊂ 𝐼0 ∀𝑚 ≥ 0. Thus ⋃ 𝜂𝑚𝑚≥0 ⊂ 𝐼0. Because 

lim
𝑚→∞

𝑢𝑚 = −𝛽, then −𝛽 lies in 𝜕𝐼0. By  Lemma (2.1.5), 

therefore −𝛽 lies in 𝜕𝐼∞. Hence  −𝛽 ∈ 𝜕𝐼∞ ∩ 𝜕𝐼0 ≠ ∅.  

Because 𝜕𝐼∞ ∩ 𝜕𝐼0 ≠ ∅, then 𝐽(𝑄𝛽) is not cantor circles. 

Therefore 𝑒𝛽 ∉ 𝑞∞
1 , to show that 𝐽(𝑄𝛽) is not quasicircle.  

Assume that 𝐽(𝑄𝛽) is quasicircle. From (2.4), thus 𝑒𝛽 ∈ 𝐼0 

and 𝑄𝛽(𝑒𝛽) ∈ 𝐼0 but 𝐼0 is Fatou  component of superattracting fixed 

point  ∞ ≠ 𝑒𝛽 . From Theorem (1.1.38), we have 𝑄𝛽
𝑑(𝑒𝛽) in 𝐼0 is 

infinite. This is impossible with 𝑄𝛽 is critically-finite. It follows 𝐽(𝑄𝛽) is 

not quasicircle. Since 𝑒𝛽 ∈ 𝑞∞
2  and use Theorem (2.1.36), therefore 

𝐽(𝑄𝛽) is degenerate Sierpinski carpet . ■ 
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Remark (2.1.40) 

     From the comparison between our family and McMullen maps, if 

the free critical orbits are attracted by the cycle to the origin or to 

infinity, then the Julia set is neither to be a degenerate Sierpinski 

carpet nor a quasicircle, see Figure (1) and (4). 

 

   Now, we give the state of The Escape Quartation Theorem as 

follows:  

 

Theorem (2.1.41) 

        Assume  that  the orbit of one free critical point 𝑒𝛽 of 𝑄𝛽 is 

attracted by 0 (resp. ∞). Then  

(1) If 𝑒𝛽 ∈ 𝐼0 (resp. 𝐼∞), then 𝐽(𝑄𝛽) is a quasicircle.  

(2) If 𝑄𝛽(𝑒𝛽) ∈ 𝐼0 (resp. 𝐼∞) but 𝑒𝛽 ∉ 𝐼0 (resp. 𝐼∞), then 𝐽(𝑄𝛽) is a 

Cantor set of circles.  

(3) If  𝑄𝛽
𝑚(𝑒𝛽) ∈ 𝐼0 (resp. 𝐼∞), for  𝑚 ≥ 2  and 𝑄𝛽

𝑖(𝑒𝛽) ∉ 𝐼0(resp. 𝐼∞) 

for   0 ≤ 𝑖 < 𝑚 and further,  

(3ꞌ ) If  𝜕𝐼∞  ∩  𝜕𝐼0  =  ∅, then 𝐽(𝑄𝛽) is a Sierpiński carpet.  

(3ꞌꞌ ) If 𝜕𝐼∞  ∩  𝜕𝐼0  ≠  ∅, then 𝐽(𝑄𝛽) is a degenerated Sierpiński 

carpet . 
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2.2 Dynamics in Parameter Plane of  𝑄𝛽 

    

     In this section, we give some the properties of the parameter 

plane of 𝑄𝛽 . 

 

Definition (2.2.1) 

 We define The non-escape locus sets by: 

𝑀 = {𝛽 ∈ ℂ\{0}: 𝑄𝛽
𝑚+1(𝑒𝛽)  𝑛𝑜𝑡 𝑡𝑒𝑛𝑑 𝑡𝑜 ∞ as 𝑚 → ∞}. 

 

     Now, we give the Proposition is to study the symmetry of the 

parameter plane.  

 

Proposition (2.2.2)    

The non-escape locus sets 𝑀 satisfies: 

1. 𝑀 is symmetric about the real axis. 

2. 𝜐𝑀 = 𝑀  with 𝜐2𝑑−1 = 1 .  

 

Proof 

1. If 𝑧 = 𝑥 + 𝑖𝑦, then 𝑧̅ = 𝑥 − 𝑖𝑦. Suppose that                                   

𝑄𝛽(𝑧) = 2𝛽1−𝑑(𝑥 + 𝑖𝑦)𝑑 −
(𝑥+𝑖𝑦)𝑑((𝑥+𝑖𝑦)2𝑑−𝛽𝑑+1)

(𝑥+𝑖𝑦)2𝑑−𝛽3𝑑−1
, thus               

 𝑄𝛽(𝑧̅) = 2𝛽1−𝑑(𝑥 − 𝑖𝑦)𝑑 −
(𝑥−𝑖𝑦)𝑑((𝑥−𝑖𝑦)2𝑑−𝛽𝑑+1)

(𝑥−𝑖𝑦)2𝑑−𝛽3𝑑−1
  , so  

𝑄𝛽(𝑧̅)̅̅ ̅̅ ̅̅ ̅̅ = 2𝛽̅1−𝑑(𝑥 + 𝑖𝑦)𝑑 −
(𝑥+𝑖𝑦)𝑑((𝑥+𝑖𝑦)2𝑑−𝛽̅𝑑+1)

(𝑥+𝑖𝑦)2𝑑−𝛽̅3𝑑−1
  . 

Therefore 𝑄𝛽(𝑧̅)̅̅ ̅̅ ̅̅ ̅̅ = 𝑄𝛽̅(𝑧), so that 𝑄𝛽 and  𝑄𝛽̅ are conjugate via map  

𝑄𝛽(𝑧) = 𝑄𝛽(𝑧)̅  by symmetry with the real axis. Hence the parameter 

plane is symmetry under the map  𝐻(𝛽) = 𝛽̅, they either both remain 
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bounded or both tend to  ∞. Hence 𝑀 is symmetric about the real 

axis.  

2. We have  in the parameter plane (2𝑑 − 1) −fold symmetry for 𝑄𝛽 , 

to show this.  For any = 𝑒
2𝜋𝑖

2𝑑−1 , so 𝜐 is a primitive (2𝑑 − 1)𝑠𝑡 root of 

unity. Therefore 𝑄𝛽𝜐(𝜐𝑑𝑧) = 𝜐𝑑𝑄𝛽(𝑧),  for  𝜐2𝑑 = 1, so that  𝜐 = 1, let 

ℎ(𝑧) = 𝑧𝑒
𝜋𝑖

2𝑑−1 . For 𝑚 ≥ 1, 

          ℎ−1 ∘ 𝑄𝜔𝛽
𝑚 ∘ ℎ(𝑧) =  {

(−1) 𝑄𝛽
𝑚(𝑧),      𝑚 𝑜𝑑𝑑,

𝑄𝛽
𝑚(𝑧) ,           𝑚 𝑒𝑣𝑒𝑛.

   

For any 𝛽 ∈ ℂ, thus the maps 𝑄𝛽𝜐 and 𝑄𝛽 are conjugate under 

the linear map ℎ1(𝑧) = 𝜐𝑑𝑧 . Therefore the parameter plane is 

symmetry under the map  ℎ2(𝛽) =  𝛽𝜐, they either both remain 

bounded or both tend to ∞. Evenly, 𝛽 ∈ 𝑀 if and only if  𝛽𝜐 ∈ 𝑀. See 

Figure (5). 

 

Definition (2.2.3)   

    For each 𝑑 ≥ 4, we define ℳ = {𝛽 ∈ ℂ\{0} ∶ 𝐽(𝑄𝛽) is a Cantor 

circle.   

If  ℳ is an open domain and contains a punctured neighborhood of  

0. This domain is called the McMullen domain.  

 

 Remark (2.2.4) 

    Suppose that the set of the critical points such that                          

𝐶𝑃 (𝑄𝛽) = 𝐶𝛽 ⊂ 𝐼∞. Let 𝑚 ≥ 0, ℍ𝑚 be a parameter set that can be 

defined as:                                  

ℍ𝑚 = {𝛽 ∈ ℂ\{0} ; 𝑚 is the first integer such that 𝑄𝛽
𝑚(𝐶𝛽) ⊂ 𝐼∞}. A 

escape domain of level 𝑚 is a component of ℍ𝑚.                                

ℍ0 = {𝛽 ∈ ℂ\{0} ; 𝑄𝛽(𝑒𝛽) ∈  𝐼∞}  
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ℍ1 = ∅  and  ℍ𝑚 = {𝛽 ∈ ℂ\{0}; 𝑄𝛽
𝑚−2(𝑄𝛽(𝑒𝛽)) ∈  𝐼0} . See Figure 

(5). The complement of the escape domains is called the non-

escape locus 𝑀.   

     

    

     

(a) 

       

(b) 
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(c) 

Figure (5) Parameter Plane for the map 𝑄𝛽 when degree (a) 𝑑 = 4 , 

(b) 𝑑 = 3  and (c) 𝑑 = 2. Where shown here are the areas ℍ0, ℍ2 

and ℍ3, where  ℍ2 represents the MacMullen domain.  

 

      By Figure (5), we define ℍ0 is the Cantor set locus, ℍ2 is the 

McMullen domain, ℍ𝑚 for 𝑚 ≥ 3 this is Sierpinski locus also any of 

its component is called a Sierpinski hole.   

 

Theorem (2.2.5) 

        Let  𝑄𝛽 ∶ ℂ∞ → ℂ∞ be a map such that  

𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
 . 

The McMullen domain exists in the map 𝑄𝛽 if and only if  𝑑 ≥ 4. 

 

Proof 

        Assume that 𝐽(𝑄𝛽) is a Cantor circles. Therefore  𝐼0 and  𝐼∞ are 

simply connected and  for any Fatou components but except  𝐼∞  and 

𝐼0 are annuli which separate  ∞ from 0. By Proposition (2.1.9), the 
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Fatou components consists of two annular such that contain 

2𝑑(critical points). From Riemann–Hurwitz’s formula, the first 

preimage of 𝐼∞ and 𝐼0 contain all free critical points . However, each 

the free critical points does not lie in 𝐼∞ and 𝐼0 because  𝐽(𝑄𝛽) is 

Cantor circles. By using Proposition (2.1.21) and from Figure (2), it 

follows that the conformal moduli of annuli holds 

 𝑚𝑜𝑑(𝑉0) = 𝑚𝑜𝑑(𝑉1) = 𝑚𝑜𝑑(𝑉2) = 𝑚𝑜𝑑(𝑉)/𝑑  

because 𝑄𝛽: 𝑉𝑚 → 𝑉 for  𝑚 = 0,1,2 is a covering map 𝑑 𝑡𝑜 1. 

Moreover 𝑉 essentially contains on 𝑉0, 𝑉1, 𝑉2 also 

 𝑉\(𝑉0 ∪ 𝑉1 ∪ 𝑉2) ≠ ∅. By the Grötzsch’s modulus inequality,                                                                                                                 

we get  

𝑚𝑜𝑑(𝑉0) + 𝑚𝑜𝑑(𝑉1) + 𝑚𝑜𝑑(𝑉2) =
3

𝑑
𝑚𝑜𝑑(𝑉) < 𝑚𝑜𝑑(𝑉), 

 that is  
3

𝑑
< 1. We need a   

3

𝑑
 of cycles to cover the circle which is 

equivalent if and only if  𝑑 ≥ 4. See Figure (6). ■ 

 

 

 

(a) 
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(b)  

 

       

 (c) 

                                                                               

Figure (6) : The non-escaping loci of 𝑸𝜷, where 𝒅 = 𝟐, 𝟑 and 𝟒. (a) and (b) 

If 𝒅 ≤ 𝟑, then 𝑸𝜷 has no McMullen domain .(c) If 𝒅 ≥ 𝟒,  then there is a 

McMullen domain centered at 0  this is a white disk.  
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CHAPTER THREE   

The Connectivity of Julia sets of  𝑄𝛽 

    In this chapter, We talk about the connection of the Julia set and 

we study the Julia set as a stranger chaotic attractor to give the Julia 

set of 𝑄𝛽 has Hausdorff dimension.  

 

3.1 Connectivity of the Julia sets of 𝑄𝛽         

                                                                                                                                                 

      In this section, we prove that the orbits of all free critical points 

are not attracted by the superattracting cycle 0 or ∞. For any 𝑑 ≥ 2 

and     𝛽 ∈ Λ ≔ ℂ\{0} − {𝛽: 𝛽1−𝑑 = 1 𝑜𝑟 𝛽2𝑑−2 = 1}, , then  𝐽(𝑄𝛽) is 

connected.  

 

Proposition (3.1.1)  

     Suppose that the orbit of one of the free critical points 𝑒𝛽 does 

not tend to the origin or infinity, then  𝑄𝛽  has no doubly connected   

attracting Fatou components or parabolic components. 

 

Proof  

    By the previous section, we have  𝐼∞ and 𝐼0 are simply connected 

and all  𝑄𝛽
−ℓ(𝐼∞)  and 𝑄𝛽

−ℓ(𝐼0)  are simply connected for any natural 

number ℓ. Suppose that there is a parabolic basin or periodic 

attracting basin 𝕍 for period 𝑞 linking a periodic point 𝓏0, where is 

different from 𝐼∞ and 𝐼0. Thus 𝑞 is the period of 𝑧0 but 𝓏0(≠ ∞, 0). 

Suppose that 𝕍 has at least a critical point 𝑒𝛽. Notice that each the 
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components of  parabolic basin or 𝑞- periodic attracting basin have 

the same connectivity. Therefore the connectivity of 𝕍 have the 

same of 𝑄𝛽
𝑖(𝕍) (1 ≤ 𝑖 ≤ 𝑞 − 1).  

For any a maximal number of the critical points 𝒦 ≥ 1 lie in each 

component of the orbit of the parabolic basin or  periodic attracting 

basin. We have three cases for this proof: 

 

Case one  

   Assume that 𝒦 = 1, 𝕍 is simply connected from using the 

Riemann–Hurwitz formula . There is 𝑈0 ⊂ 𝕍 is a simply connected 

neighborhood of periodic point 𝓏0  such that 𝑄𝛽
𝑞(𝑈0) ⊂ 𝑈0  from 

using the local dynamics of the parabolic and attracting periodic 

points ( but with the case of parabolic 𝑈0 ⊂ 𝕍 such that 

𝜕𝑈0 ∩ 𝜕𝕍 = {𝓏0} ) . Assume that  𝑈1 of 𝑈0 be the preimage under 𝑄𝛽 . 

The parabolic basin or 𝑞 −periodic attracting orbit has this the 

preimage. Because 𝒦 = 1, 𝑈1 has at most one critical point of 𝑄𝛽. If 

𝑒𝛽 ∉ 𝑈1 of  𝑄𝛽, then the branched covering from 𝑈1 to 𝑈0 has a 

degree is one because the Riemann–Hurwitz formula, thus 𝑈1 is 

simply connected. If 𝑈1 has one critical point, from using the 

Theorem(1.1.26), the branched covering has degree two  from 𝑈1 to 

𝑈0. So 𝑈1 is simply connected. Continuing this process, we obtain 

that 𝕍 = ⋃ 𝑄𝛽
−𝑞𝒦

𝒦>0 (𝑈0) and thus 𝕍 is  simply connected.  
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Case two  

   We set  𝒦 = 2, It follows one component 𝕍 of the 𝑞- periodic 

attracting basin or parabolic basin has 2 critical points 𝑒0 and 𝑒1 of 

𝑄𝛽. We claim that 𝑒1 = 𝜔0
𝑗0𝜂(𝑒0) for some 𝑗0 ∈ ℤ.  

On the other hand, by 𝐶𝑃 (𝑄𝛽) = {𝜔0
𝑚𝑒𝛽, 𝜔0

𝑚 𝛽2

𝑒𝛽
∶ 0 ≤ 𝑚 ≤ 2𝑑 − 1} , 

we have 𝑒1 = 𝜔0
𝑚0(𝑒0) for some 𝑚0 ∈ ℤ. By Lemma (2.1.4), (2.1.5) 

and (2.1.9), thus we have 2𝑑 critical points 

{𝜔0
𝑚𝑒𝛽: 0 ≤  𝑚 ≤ 2𝑑 −  1} are contained in 𝕍, this is impossible. 

Then we claim that deg (𝑄𝛽|𝕍) = 3. Otherwise, if deg (𝑄𝛽|𝕍) is 

greater than 3, for each 𝓏 ∈ 𝑄𝛽(𝕍) from using Lemma (2.1.4), (2.1.5) 

and (2.1.9) warranty that the preimage of 𝑄𝛽(𝓏) has greater than 3𝑑 

(counted with multiplicity). This is impossible since degree of 𝑄𝛽. 

Otherwise, for each 𝓏0 be the periodic point in 𝕍, there are at least 

𝑡ℎ𝑟𝑒𝑒 preimages of 𝑄𝛽(𝓏0) which contain  in 𝕍  (with case of  the 

parabolic, we can find 3 preimages of  𝑄𝛽(𝓏0) ∈ 𝑄𝛽(𝜕𝕍) in 𝜕𝕍 as a 

similar method ). Each the 4𝑑 − free critical points contain in 

⋃ 𝜔0
𝑚𝕍2𝑑−1

𝑚=0 . From Lemma (2.1.4), (2.1.5) and (2.1.9), so the Fatou 

component  𝜔0
𝑚𝜂(𝕍) has two free critical points is 𝜔0

𝑚𝜂(𝑒0) and  

𝜔0
𝑚𝜂(𝑒1) = 𝜔0

𝑚−𝑗0  𝑒0, it follows 𝜔0
𝑗0𝜂(𝕍) = 𝕍. Because the points in 

the parabolic or attracting basin can be only attracted by one 

parabolic or attracting point, we have 𝜔0
𝑗0𝜂(𝓏0) = 𝓏0.  

For any  𝓏1 ∈ 𝕍 be a preimage of 𝑄𝛽(𝓏0) and 𝜔0
𝑗0𝜂(𝓏1) = 𝓏2. We 

claim that  𝑄𝛽(𝓏2) = 𝑄𝛽(𝓏0). Then  

𝑄𝛽(𝓏2) = 𝜔0
𝑑𝑗0𝜂 (𝑄𝛽(𝓏1)) = 𝜔0

𝑑𝑗0𝜂 (𝑄𝛽(𝓏0))                                 

              = 𝜔0
𝑑𝑗0𝜂 (𝑄𝛽 (𝜔0

𝑗0𝜂(𝓏0))) = 𝜔0
𝑑𝑗0𝜂(𝜔0

𝑑𝑗0𝜂( 𝑄𝛽(𝓏0)))    
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              = 𝜔0
𝑑𝑗0 𝛽2

𝜔0
𝑑𝑗0𝜂( 𝑄𝛽(𝓏0))

= 𝜂2 (𝑄𝛽(𝓏0)) = 𝑄𝛽(𝓏0).  

Assume that 𝓏0 not equal to 𝓏1. But claim that 𝓏1 not equal to 𝓏2. 

With on the other hand, if 𝓏1 = 𝓏2, we obtain 𝓏1 = ∓𝓏0 . From 

Lemma (2.1.4), (2.1.5) and (2.1.9) and combining, we preclude 

𝓏1 = −𝓏0, because 𝕍 around 0 and satisfies 𝜔0
𝑗
𝕍 = 𝕍  for each 

𝑗 ∈ ℤ . This is impossible. Therefore 𝓏1 not equal to 𝓏2 and so 

𝓏1, 𝓏0 𝑎𝑛𝑑 𝓏2 are each distinct. Thus 𝜔0
𝑗0𝜂(𝕍) = 𝕍 and 𝑄𝛽 has 

degree three  on 𝕍. We assume that 𝓏1 = 𝓏0 , so 𝓏0 = 𝓏2.  

Hence 𝓏0 equals to the free critical point with at least three for local 

degree, so equals to three and 𝑄𝛽 has degree three  on 𝕍 in every 

cases. From the Riemann–Hurwitz formula, we can to show the 

parabolic basin or the periodic attracting and is simply connected. 

By the same process, we can take 𝜔0
𝑗0𝜂(𝑈0) = 𝑈0.  This warranty 

that  𝑈1  has 2 critical points 𝑒0 and 𝑒1 of 𝑄𝛽 . 

 

Case three 

    Assume that  2 < 𝒦 ≤  4𝑑. By using Lemma (2.1.4), (2.1.5) and 

(2.1.9), then there is 𝕍 a component of the 𝑞 −periodic attracting or 

parabolic basin such that satisfies 𝜔0
𝑗(𝕍) = 𝕍,  for each 𝑗 ∈ ℤ  also 

has exactly 2𝑑 or 4𝑑 − critical points with the form 

 {𝜔0
𝑚𝑒𝛽 ∶ 0 ≤ 𝑚 ≤ 2𝑑 − 1} for some 𝑒𝛽.  

For any Ω ⊂ 𝕍 a simple closed curve around 0 such that satisfies 

𝜔0
𝑗
Ω = Ω, for each ∈ ℤ . From Lemma (2.1.4), (2.1.5) and (2.1.9) 

warranty that 𝑄𝛽
𝑑𝑞(Ω) always around 0 for each positive integer 𝑑. 

But  𝕍 is disjoint with 𝐼∞ and  𝐼0, which is contradict with 
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𝑄𝛽
𝑞(Ω) → 𝓏0 is converge uniformly. Hence each the components of 

the 𝑞 −periodic attracting or parabolic basin have the same 

connectivity. ■ 

 

Lemma (3.1.2) [13] 

      If  𝑉 is a Fatou (or Julia) component of ℎ𝜆. Then either 𝑉 does 

not around 0 and there are 2𝑑 such Fatou (or Julia) components 

𝜔0
𝑚𝑉 , where 1 ≤ 𝑚 ≤ 2𝑑 such that 𝜔0

𝑚𝑉 ∩ 𝜔0
𝑖 𝑉 = ∅ , 

for each 𝑚 ≠ 𝑖 (𝑚𝑜𝑑 2𝑑) , or 𝑉  component of 𝑄𝛽  around 0 and 

satisfies  𝜔0
𝑚𝑉 = 𝑉 for any 𝑚 ∈ ℤ.  

 

Remark (3.1.3) [13] 

    Let  𝐴 ⊂  ℂ be an annulus. The core curve of A is defined as 

𝜓−1(√𝑟), where                                                                                

𝜓 ∶  𝐴 →  𝐴𝑟 ∶=  {𝑧 ∈  ℂ ∶  0 <  𝑟 <  |𝑧|  <  1} is a conformal 

isomorphism. Suppose that  𝐴+ is the outer boundary of 𝐴 and 𝐴− is 

the inner boundary of 𝐴. Let  𝑧 ∈ ℂ∞, 𝕆𝑅
+ (𝑧1) and 𝕆𝑅

+ (𝑧2) are disjoint 

if  𝕆𝑅
+ (𝑧1) ∩ 𝕆𝑅

+ (𝑧2) = ∅. 

 

Proposition (3.1.4) [13]  

         Assume that 𝑅 be a rational map with 𝑑 ≥ 1 has fixed Herman 

rings 𝐴0, . . . , 𝐴𝑑−1. Call the Υ𝑚 ⊂  𝐴𝑚 is the core curve whose union 

divides ℂ∞ into 𝑑 + 1 connected components 𝑈0, 𝑈1, … , 𝑈𝑑 , where  

0 ≤ 𝑚 ≤ 𝑑 −  1. Therefore 𝑅 has at least (𝑑 + 1) disjoint infinite 

critical orbits 𝕆𝑅
+ (𝑒𝛽𝑚

) in  𝐽 (𝑅) such that 𝕆𝑅
+ (𝑒𝛽𝑚

) ⊆ 𝑈𝑚 ∩ 𝐽 (𝑅), 

where  𝑒𝛽𝑚
, 0 ≤  𝑚 ≤  𝑑 is the critical point of 𝑅. 
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 We  prove that 𝐽(𝑄𝛽) is connected, we need to exclude the case in 

which 𝑄𝛽 is Hermann rings.  

 

Definition (3.1.5) [43] 

    A rational map 𝑅  has exactly one infinite critical orbit in 𝐽(𝑅) is 

eventually if there is a critical point 𝑒𝛽 in 𝐽(𝑅) such that the forward 

orbit of 𝑒𝛽 is infinite and for each other critical point 𝑒𝛽 ∈́ 𝐽(𝑅) either 

𝕆𝑅
+ (𝑒𝛽́) is finite or 𝑒𝛽́ has the same grand orbit as 𝑒𝛽,               

𝑅𝑚(𝑒𝛽) = 𝑅𝑖(𝑒𝛽́)  for some 𝑚, 𝑖 ∈ ℕ . 

 

Proposition (3.1.6) 

       Let  𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
   be a map. The map 𝑄𝛽 has 

no Herman rings. 

 

Proof  

    By contradiction we suppose that 𝑄𝛽 has a cycle of Herman rings. 

Assume that 𝑄𝛽 has a 𝑞 −periodic Herman ring, where 𝑞 ≥ 1. For 

any component 𝑉0 of the cycle of these Herman rings. By 

semiconjugacy, we assume a new rational map because 𝑄𝛽 has the 

symmetric properties in Lemma (3.1.3), For any ℎ(𝕫) = 𝕫2𝑑 also 

define  𝒢𝛽(𝕫) = 𝕫𝑑 [2𝛽1−𝑑 −
𝕫−𝛽𝑑+1

𝕫−𝛽3𝑑−1
]

2𝑑

.  

Therefore ℎ is continuous and onto, thus  ℎ  is a   semiconjugacy 

between 𝑄𝛽 and 𝒢𝛽 such that  ℎ ◦ 𝑄𝛽 = 𝒢𝛽 ◦ ℎ . Hence  𝒢𝛽 has also 

a cycle of Herman rings if 𝑄𝛽 has a cycle of Herman rings. From 

Lemma (3.1.3) and because 𝑄𝛽 is one to one in component 𝑉0, this 
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component can not around 0. Therefore there are 2𝑑 −Fatou 

components  𝜔0
𝑚𝑉0 satisfying 

𝜔0
𝑚𝑉 ∩ 𝜔0

𝑖 𝑉 = ∅, for 1 ≤ 𝑚 ≤ 2𝑑 also for each   𝑚 ≠ 𝑖 (𝑚𝑜𝑑 2𝑑).  

So  ℎ|𝑉0 is one to one also ℎ(𝑉0) is a periodic Herman ring of 𝒢𝛽 . 

  Suppose that 𝑞 is the period of  ℎ(𝑉0), we remark that 𝑞 is maybe 

or not equal to 𝑞́ but 𝑞 is a divisor of 𝑞́. Hope to get a discrepancy 

using Proposition (3.1.4). For any 𝑈0 = ℎ(𝑉0) and 𝑈𝑖 = 𝒢𝛽
𝑖(𝑈0), 

where 0 ≤ 𝑖 ≤ 𝑞 − 1. In particular, 𝒢𝛽(𝑈𝑞−1) = 𝑈0 also 

{𝑈0, 𝑈1, … , 𝑈𝑞 = 𝑈0}  is a 𝑞 −periodic Herman rings of , 𝒢𝛽. Set  

𝜂0(𝕫) =
𝛽4𝑑

𝕫
 and from  Lemma (2.1.5), we get  

                   𝜂0◦ 𝒢𝛽(𝕫) = 𝒢𝛽◦ 𝜂0(𝕫) .                                           (3.1) 

Because deg (𝒢𝛽) is equal to 3𝑑 also 𝒢𝛽  contains  6𝑑 − 2 critical 

points (counted with multiplicity). The local degrees of the origin and 

the infinity are both 𝑑. The local degree of the zero at 𝛽𝑑+1 is 2𝑑 also 

the local degree of the pole at 𝛽3𝑑−1 of 𝒢𝛽 is 2𝑑. Therefore, this 

leaves only two free critical points we can denoted by 𝑒𝛽́ and 

𝜂0(𝑒𝛽́  ) =
𝛽4𝑑

𝑒𝛽́ 
  from (3.1), also the local degrees of  𝑒𝛽́ is 2 and the 

local degrees of 𝜂0(𝑒𝛽́  ) is two.  

Because for 0 ≤ 𝑖 ≤ 𝑞 − 1, 𝑈𝑖 is bounded and does not around 0.  

We now consider 𝒢𝛽
𝑞 and  the critical points of 𝒢𝛽

𝑞 are 

(⋃ 𝒢𝛽
−𝑖𝑞−1

𝑖=0 (𝑒𝛽́)) ∪ (⋃ 𝒢𝛽
−𝑖 (

𝛽4𝑑

𝑒𝛽́ 
)

𝑞−1
𝑖=0 ).  

Therefore at most there exist 2𝑞 disjoint critical orbits of 𝒢𝛽
𝑞, where 

we have the following form  

{𝕆𝒢𝛽
𝑞

+ (𝑒𝛽0
), 𝕆𝒢𝛽

𝑞
+ (𝜂0(𝑒𝛽0

)), … , 𝕆𝒢𝛽
𝑞

+ (𝑒𝛽𝑞−1
) , 𝕆𝒢𝛽

𝑞
+ (𝜂0(𝑒𝛽𝑞−1

))}.  

Assume that they  𝑞 −periodic Herman rings have the collection of 
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core curves {Γ0, Γ1, … , Γ𝑞−1} for 𝒢𝛽 such that there are 𝑞 + 1 

connected components ϖ0, ϖ1, … , ϖ𝑞 separate ℂ∞.We have two 

cases:  

 

Case one  

Assume that 𝜂0(𝑈0) = 𝑈0. Thus from (3.1), 𝜂0(𝑈𝑖) = 𝑈𝑖, for each       

0 ≤ 𝑖 ≤ 𝑞 − 1. We have the interior and exterior boundary 

components of 𝑈𝑖 are ι𝑖  and Ε𝑖 respectively, for 0 ≤ 𝑖 ≤ 𝑞 − 1. First 

claim that   𝜂0(Ε𝑖) = Ε𝑖 for 𝑖 ∈ ℕ, because 𝑈𝑖 is bounded also does 

not around 0. Hence Ε𝑖 must have the points in the closure of 𝑈𝑖 for 

the smallest and largest modulus. Note that the map 𝜂0 the point of 

the closure of 𝑈𝑖 for largest modulus to the smallest one. Hence 

𝜂0(Ε𝑖) ≠ ι𝑖, we conclude 𝜂0(Ε𝑖) = Ε𝑖 with 𝑖 ∈ ℕ , this the claim is true. 

Therefore component ϖ𝑖  has 𝕆𝒢𝛽
𝑞

+ (𝑒𝛽𝑖
) also 𝕆𝒢𝛽

𝑞
+ (𝜂0(𝑒𝛽𝑖

)). From 

Proposition (3.1.4), 𝐽(𝒢𝛽
𝑞) contain at least 𝑞 + 1 disjoint infinite 

critical orbits 𝕆𝒢𝛽
𝑞

+ (𝑒𝛽𝑖
) such that 

 𝕆𝒢𝛽
𝑞

+ (𝑒𝛽𝑖
) ⊆ ϖ𝑖 ∩ 𝐽(𝒢𝛽

𝑞).  

Nevertheless for 𝒢𝛽
𝑞, the critical orbits (2𝑞) only belong to 𝑞 of  

𝑞 + 1 component of ϖ𝑖 for 𝑖 = 0, … , 𝑞 . This is contradicting. 

 

Case two  

Assume that 𝜂0(𝑈0) ≠ 𝑈0. From (3.1), we conclude 𝜂0(𝑈𝑖) = 𝑈𝑖 for 

each  0 ≤ 𝑖 ≤ 𝑞 − 1. Hence the 2𝑞 disjoint fixed Herman rings belong 

in 𝒢𝛽
𝑞 . Otherwise, at most only there are 2𝑞 disjoint critical orbits. 

From Proposition (3.1.4), this is impossible. So 𝒢𝛽 and 𝑄𝛽 has no 

Herman rings. ■ 
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Theorem (3.1.7) 

       Let 𝑑 ≥ 2 and 𝛽 ∈ Λ, 𝐽(𝑄𝛽) is connected if and only if it is not a 

Cantor circles. 

 

Proof  

    Assume that  the free critical orbits of 𝑄𝛽 are not  attracted by 0 

and ∞. From Propositions (3.1.1), there are no infinitely connected 

Fatou components for  𝑄𝛽 and by Propositions (3.1.6), 𝑄𝛽 has no 

Herman rings. Hence 𝑄𝛽 have any of the periodic Fatou 

components  are  simply connected. Because each of the preimages 

of the periodic Fatou components has no critical points. Therefore, 

the preimages are also simply connected. By Theorem (1.2.13), we 

conclude that 𝐽(𝑄𝛽) is connected. If the free critical orbits of 𝑄𝛽 are 

attracted by the origin and infinity, then 𝐽(𝑄𝛽 is connected if it is not 

a Cantor set of circles from The Escape Quartation Theorem . ■ 
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3.2    Julia Set is chaotic stranger attractor    

       In this section, we show that the Julia set has a stranger 

attractor and is chaotic and is therefore considered a fractal set 

because the Julia set is an irregular set, it has a Hausdorff 

dimension. we will study the concept "Hausdorff dimension" and to 

find the dimension of the Julia set of 𝑄𝛽 . Finally, we get chaotic Julia 

set. 

 

Definition (3.2.1) [11] 

    If 𝑥, 𝑦 are points of  ℝ𝑑, the distance between them is 

𝑑(𝑥, 𝑦) = (∑ |𝑥𝑖 − 𝑦𝑖|2𝑑
𝑖=1 )

1 2⁄
.  We define the diameter  |𝑈| of a non-

empty subset  𝑈  of ℝ𝑑  as the greatest distance apart of pairs of 

points in  𝑈. Thus  |𝑈|  =  𝑠𝑢𝑝 {𝑑(𝑥, 𝑦) ∶  𝑥, 𝑦 ∈ 𝑈 } .    

 

Definition (3.2.2) [11] 

   If  {𝑊𝑚} is a countable collection  of sets of diameter at most  𝜀 

that cover 𝛫,  where 𝛫 ⊂ ℝ𝑑, that is 𝛫 ⊂ ⋃ 𝑊𝑚
∞
𝑚=1  for 0 ≤ |𝑊𝑚| ≤ 𝜀, 

for any 𝑡 > 0,  for each  𝜀 > 0.  

     ℋ𝜀
𝑡(𝛫) = inf  { ∑ |𝑊𝑚|𝑡∞

𝑚=1  : {𝑊𝑚}  is a 𝜀 –cover of  } . If         

ℋ𝑡(𝛫) = lim
𝜀→0

ℋ𝜀
𝑡(𝛫), then is called 𝑡 −Hausdorff dimension 

measure of 𝛫.    

   

Remark (3.2.3) [2] 

       𝛫  has a dimension 𝕕(𝛫), if 𝕕(𝛫) > 𝑡, then ℋ𝑡(𝛫) = +∞ but if   

𝕕(𝛫) < 𝑡, then ℋ𝑡(𝛫) = 0.   
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Definition (3.2.4) [11] 

     The Hausdorff dimension is defined as                                           

𝑑𝑖𝑚𝐻(𝛫) = inf{𝑡 ≥ 0 ∶ ℋ𝑡(𝛫) = 0 } = sup{ 𝑡 ∶ ℋ𝑡(𝛫) = ∞ } .  

 

ℋ𝑡(𝛫) = {
∞    
0    

 
𝑖𝑓  0≤ 𝑡 <𝑑𝑖𝑚𝐻(𝛫)

    𝑖𝑓  𝑡 > 𝑑𝑖𝑚𝐻(𝛫) .        
 

  

If   𝑡 =  𝑑𝑖𝑚𝐻(𝛫), then ℋ𝑡(𝛫)  may be zero or infinite, or may satisfy  

 0 < ℋ𝑡(𝛫) <  ∞.       

          

Example (3.2.5) [11] 

        For any 𝛫 be the Cantor dust constructed from the unit square 

such that any stage of the construction the squares are divided into 

16 squares with a quarter of the side length, of which the same 

pattern of four squares is retained. Then  1 ≤ ℋ1(𝛫) ≤ √2, therefore 

𝑑𝑖𝑚𝐻(𝛫) = 1. 

To find 𝑑𝑖𝑚𝐻(𝛫) = 1. By the construction for the 𝑛𝑡ℎ stage such that 

is  𝑀𝑛 consists of 4𝑛 squares of length 4−𝑛 and has diameter 4−𝑛√2.  

We have the squares of 𝑀𝑛 as a 𝜀 −cover of 𝛫 where 𝜀 = 4−𝑛√2, 

thus an estimate  ℋ𝜀
1(𝛫) ≤ 4𝑛4−𝑛√2  for the infimum in definition of 

ℋ𝜀
𝑡(𝛫). As 𝑛 → ∞ so 𝜀 → 0, hence  giving  ℋ1(𝛫) ≤ √2.  

For any  𝑝𝑟𝑜𝑗 denote orthogonal projection onto the 𝑥 − 𝑎𝑥𝑖𝑠. So 

|𝑝𝑟𝑜𝑗 𝑥 − 𝑝𝑟𝑜𝑗 𝑦| ≤ |𝑥 − 𝑦|  if 𝑥, 𝑦 ∈ ℝ2. For the lower estimate, so 

𝑝𝑟𝑜𝑗  is a Lipschitz map. By the construction of 𝛫,  𝑝𝑟𝑜𝑗 𝛫  is the unit 

interval [0, 1]. By using  ℋ𝑡(𝑝𝑟𝑜𝑗 𝛫) ≤ 𝑐𝑡 ℋ𝑡(𝛫), for constant  

 𝑐 >  0. Therefore  

1 =  𝑙𝑒𝑛𝑔𝑡ℎ [0, 1] = ℋ1([0, 1]) = ℋ1(𝑝𝑟𝑜𝑗 𝛫) ≤ ℋ1(𝛫). ■ 
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Definition (3.2.6) [16] 

    For any 𝛫 ⊂ ℝ𝑑, where 𝑑 = 1,2, 𝑜𝑟 3. The box dimension of 𝛫 

define by  

𝑑𝑖𝑚𝐵𝛫 = lim
𝜖→0

𝑙𝑛𝑀(𝜖)

ln (1 𝜖)⁄
 , 

 where 𝑀(𝜖) the smallest number of  𝑑-dimensional boxes of side 

length 𝜖 required in order to  completely cover K 

 

 Example (3.2.7) [11] 

        For any 𝛫 be the middle third Cantor set . Then  

𝑑𝑖𝑚𝐵𝛫 = 𝑙𝑜𝑔 2/ 𝑙𝑜𝑔3.   

To find 𝑑𝑖𝑚𝐵𝛫 = 𝑙𝑜𝑔 2/ 𝑙𝑜𝑔3. It's clear cover by the 2𝑛  level−𝑛 

intervals of 𝑀𝑛 of length 3−𝑛 

gives that 𝑀(𝜖) ≤ 2𝑛 , if  3−𝑛 ≤ 𝜖 ≤ 3−𝑛+1. From Definition (3.2.6) 

 𝑑𝑖𝑚𝐵𝛫 = lim
𝜖→0

𝑙𝑛𝑀(𝜖)

ln (1 𝜖)⁄
≤ lim

𝑛→∞

𝑙𝑛2𝑛

𝑙𝑛3𝑛−1
= 𝑙𝑜𝑔 2/ 𝑙𝑜𝑔3. On the other hand, 

each  interval of length 𝜖  with    3−𝑛−1 ≤ 𝜖 ≤ 3−𝑛 , at most intersects 

the one of the level – 𝑛  intervals of length 3−𝑛 used in the 

construction of 𝛫. There are 2𝑛 such intervals,  so at least 2𝑛  

intervals of length 𝜖 are required to cover 𝛫. Therefore 𝑀(𝜖) ≥ 2𝑛 

go to  𝑑𝑖𝑚𝐵𝛫 ≥ 𝑙𝑜𝑔 2/ 𝑙𝑜𝑔3. Hence, at least for the Cantor set,  

𝑑𝑖𝑚𝐻(𝛫) = 𝑑𝑖𝑚𝐵𝛫. ■ 

 

Theorem (3.2.8) [2] 

     For any rational map  𝑅 with  degree 𝑑, where 𝑑 ≥ 2. If  ∞ ∈ 𝔽(𝑅)   

and 𝒦0 = max { |𝑅′(𝑧)| ∶ 𝑧 ∈ 𝐽(𝑅)} > 1 , then  𝑑𝑖𝑚𝐻 (𝐽𝑅) ≥
log 𝑑

log 𝒦0 
, also 

the  lower bound is betterest.  
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Remark (3.2.9) [2] 

The lower bound is attained if  𝑅(𝑧) = 𝑧𝑑 . Therefore  𝑑𝑖𝑚𝐻 (𝐽𝑅) ≤ 2,   

so  𝒦0 ≥ √𝑑 ≥ √2. 

   

 Example (3.2.10) [23] 

     𝐵0(𝑧) = 𝑧, 𝐵∞(𝑧) =
1

𝑧
 , whenever  𝑎 ≠ ∞, ingeneral 

                             𝐵𝑎(𝑧) =
1−𝑎̅

1−𝑎
.

𝑧−𝑎

1−𝑎̅𝑧
. 

 If  |𝑎| < 1, then 𝐵𝑎 preserves orientation on the circle and maps the 

unit disk into itself. But if  |𝑎| > 1, then 𝐵𝑎 reverses orientation on  

𝜕𝔻 = 𝑆1 and maps 𝔻 to its complement. 

 

Proposition (3.2.11) [23] 

    Suppose that 𝐹 ∶ 𝑆1 → 𝑆1 is a rational map with degree 𝑑  if and 

only if can be written as a Blaschke product as  

𝐹(z) = 𝑒2𝜋𝑖𝑡𝐵𝑎1
(𝑧) … 𝐵𝑎𝑑

(𝑧) 

for some constants  𝑒2𝜋𝑖𝑡 ∈ 𝜕𝔻 and  𝑎1, … , 𝑎𝑑 ∈ ℂ∞\𝜕𝔻.   

 

Remark (3.2.12) [28]  

     The hyperbolic Hausdorff dimension of 𝑅 –invariant 𝑈 is the 

supremum of the Hausdorff dimensions of 𝑅 − invariant subsets 𝑉 

of 𝑈 such that |(𝑅𝑛|𝑉)′ | > 1,  for an integer 𝑛. 

 

Theorem (3.2.13) [28] 

     Let 𝑅 ∶ ℂ∞ → ℂ∞ be a rational map with degree 𝑑 ≥ 2  and  Ω be 

the simply connected immediate basin of attraction to a periodic 

attracting orbit. Then, provided 𝑅 is not a finite Blaschke product in 

some holomorphic coordinates, or a quotient of a Blaschke product 
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by a rational map of degree two, the hyperbolic Hausdorff dimension 

of the boundary of  Ω  is larger than 1.                                      

 

Theorem (3.2.14) [37] 

   The Hausdorff dimensions of 𝐽(𝑅) is strictly greater than one and 

strictly less than two.  

 

Remark (3.2.15) 

     In Theorem (3.2.14) Sullivan proved that hyperbolic Julia sets 

have zero area. Thus, from the proof of Theorem (3.2.14), can 

obtain that the Hausdorff dimension is strictly less than two directly. 

 

Remark (3.2.16) [17] 

     If  𝑋  is a 𝜆 −Ahlfors regular metric space and 𝐴𝑅𝑐𝑜𝑛𝑓𝑑𝑖𝑚(𝑋) is 

the infimum of the Hausdorff dimensions of all metric spaces 

quasisymmetrically equivalent to  𝑋, then  

 𝐴𝑅𝑐𝑜𝑛𝑓𝑑𝑖𝑚 (𝑋) = 1 +  𝜆(𝔇),  where 𝜆 =  𝜆(𝔇)  is  the unique real 

number , for any  𝒟 ∶=  (𝑑0, . . . , 𝑑𝑚−1) be a sequence of positive 

integers satisfying  ∑
1

𝑑𝑚
𝜆

𝑖−1
𝑚=0 < 1, an even integer 𝑖 ≥  2 . 

 

Corollary (3.2.17) [17] 

    Assume that 𝑅: ℂ∞ → ℂ∞ is a rational map and 𝑁 be a closed 

annulus for 𝑅 also there is a sub annulus pairwise disjoint 

𝑁0, 𝑁1, … , 𝑁𝑖−1, 𝑖 even, contained in the interior of 𝑁 such that (with 

respect to a linear ordering induced by 𝑁) 𝑁0 < 𝑁1 < ⋯ < 𝑁𝑖−1. Let 

𝐴0, respectively 𝐴1, be the disk bounded by the least, respectively 

greatest, boundary component of 𝐴. Further, Assume  that for each 
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𝑚 = 0, … , 𝑖 − 1, 𝑅|𝑁𝑚 → 𝑁 is a proper covering map of degree 𝑑𝑚, 

with 𝑅 map the greatest component of 𝑁𝑚 and the least component 

of 𝑁𝑚+1 to the boundary of 𝐴1 if 𝑚 is even, and to the boundary of 

𝐴0, if 𝑚 is odd. Set 𝔇 = (𝑑0, 𝑑1, … , 𝑑𝑖−1 ). For any 𝑔̃ = 𝑅|⋃ 𝑁𝑚
𝑖−1
𝑚=0  

and put 𝕐 = ⋂ 𝑔̃−𝑛(𝑁)𝑛≥0 . Then 𝕐 ⊂ 𝐽𝑅 , 𝑔̃(𝕐) =  𝕐 = 𝑔̃−1( 𝕐) and 

there is a quasisymmetric homeomorphism 𝒽 ∶ 𝕐 → 𝑋  conjugating 

𝑔̃|𝕐 ∶ 𝕐 → 𝕐 to 𝑓|𝑋 : 𝑋 → 𝑋  for  𝑓 is the family of annulus maps 

defined by the data 𝔇. So  𝐴𝑅𝑐𝑜𝑛𝑓𝑑𝑖𝑚( 𝐽𝑅 ) ≥  1 + 𝜆(𝔇), with 

equality if 𝕐 = 𝐽𝑅  . 

 

Theorem (3.2.18) [38] 

     Assume that 𝑅: ℂ∞ → ℂ∞ is a hyperbolic rational map, then  

𝑑𝑖𝑚𝐵(𝐽(𝑅) = 𝑑𝑖𝑎𝑚𝐻𝐽(𝑅) < 2.  

 

Definition (3.2.19) [1] 

    The 𝝎-limit set of 𝑥 lies in a metric space 𝑋 is define as the set 

of cluster points of the forward orbit {𝑓𝑛(𝑥)}𝑛∈ℕ  of the iterated map. 

That is 𝑦 ∈ 𝜔(𝑥)  if and only if  there is a strictly increasing sequence 

of natural numbers {𝑛𝑘}𝑘∈ℕ  such that 𝑓𝑛𝑘(𝑥) ⟶ 𝑦 𝑎𝑠 𝑘 ⟶ ∞ .  

For example, for each  fixed point 𝑥 of a map, 𝑙𝑖𝑚𝜔 𝑥 = 𝑥.  

 

Definition (3.2.20) [38] 

      A point 𝑥 recurrent if 𝑥 ∈ 𝜔(𝑥). Otherwise x is called non-

recurrent. We call any rational map from ℂ∞ to itself  is a non-

recurrent (𝑵𝑪𝑷) map if all critical points of this map  contained in the 

Julia set of this map are non-recurrent. 

 

https://en.wikipedia.org/wiki/Fixed_point_(mathematics)
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Theorem (3.2.21) [38] 

   If  𝑅 ∶ ℂ∞ → ℂ∞ is an 𝑁𝐶𝑃 rational map, then either  𝐽(𝑅) = ℂ∞ 

or  𝑑𝑖𝑎𝑚𝐻𝐽(𝑅) < 2.   

 

Theorem (3.2.22) 

    Assume that the orbit of 𝑄𝛽(𝑒𝛽) is attracted by the infinity or the 

origin. Then the Hausdorff dimension of 𝐽(𝑄𝛽) satisfies                      

1 < 𝑑𝑖𝑚𝐻𝐽(𝑄𝛽) < 2. 

 

Proof  

     Before prove the theorem, we have three cases of     

𝑑𝑖𝑚𝐻𝐽(𝑄𝛽) < 2 . 

 

Case one   

    If the free critical points are attracted by the cycle 0 or ∞  and by 

Corollary (2.1.14), then 𝑄𝛽 is hyperbolic. From Theorem (3.2.14), 

the Julia set of 𝑄𝛽 has Hausdorff dimension strictly less than two. 

 

Case two    

      Since the free critical points are attracted by the cycle 0 or ∞ 

and by Corollary (2.1.14), then 𝑄𝛽 is hyperbolic. From Theorem 

(3.2.18) , we have 𝑑𝑖𝑚𝐻𝐽(𝑄𝛽) < 2.  

 

Case three  

    We assume that the critical point is not belongs to limit set and by 

Definition (3.2.20), thus 𝑄𝛽 is NCP. From Theorem (3.2.21), we 

have 𝑑𝑖𝑚𝐻𝐽(𝑄𝛽) < 2.  Because 𝑄𝛽 contains 2 − Fatou components 
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𝐼∞ and  𝐼0 which are Jordan domains from Proposition (2.1.15) , it 

follows 𝑑𝑖𝑚𝐻𝐽(𝑄𝛽) ≥ 1. Because 𝑄𝛽
2   has two fixed superattracting 

basins  𝐼∞, 𝐼0, also  𝑄𝛽
2  is neither conjugate to a Blaschke product 

nor a quotient of a Blaschke product and by Theorem (3.2.14), 

therefore 𝑑𝑖𝑚𝐻𝜕𝐼0 > 1 .  

Notice that 𝜕𝐼0 ⊂ 𝐽(𝑄𝛽
2) = 𝐽(𝑄𝛽) by properties of Julia sets  . Hence 

1 < 𝑑𝑖𝑚𝐻𝐽(𝑄𝛽) < 2 . ■ 

 

Remark (3.2.23) 

    We compute  the value  𝜆 = 𝜆(𝒟) is  
𝑙𝑜𝑔3

𝑙𝑜𝑔𝑑
= 𝑡 , we use  

𝑁𝑜. 𝑜𝑓 𝑝𝑟𝑜𝑐𝑒𝑠𝑠𝑜𝑟𝑠                𝑀(𝑋, 𝑟)                              1 𝑟⁄                                    

         1                                     3                                      
1

𝑑
               

         2                                     32                                    
1

𝑑2
                          

          .                                      .                                       .     

          .                                      .                                       .               

          .                                      .                                       .                 

          𝑘                                    3𝑘                                    
1

𝑑𝑘
  .  

We compute 𝑡 = 𝑑𝑖𝑚𝐵(𝐽(𝑄𝛽)) by Definition (3.2.6), we get 

𝑑𝑖𝑚𝐵(𝐽(𝑄𝛽)) = lim
𝑟→0

𝑙𝑜𝑔𝑀(𝑋,𝑟)

log (1 𝑟⁄ )
= lim

𝑘→∞

𝑙𝑜𝑔3𝑘

𝑙𝑜𝑔𝑑𝑘
= lim

𝑘→∞

𝑘𝑙𝑜𝑔3

𝑘𝑙𝑜𝑔𝑑
=

𝑙𝑜𝑔3

𝑙𝑜𝑔𝑑
 . ■  

      After this Remark (3.2.23), in the following theorem, we will give 

the relationship between the box dimension and the Hausdorff 

dimension. 
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Theorem (3.2.24) 

     Assume that 𝐽(𝑄𝛽)  is  a Cantor circles. Then  the Hausdorff 

dimension of  𝐽(𝑄𝛽) satisfies    1 +
𝑙𝑜𝑔3

𝑙𝑜𝑔𝑑
≤ 𝑑𝑖𝑚𝐻𝐽(𝑄𝛽) < 2. 

Proof  

     Suppose that the Julia set of  𝑄𝛽 is  a Cantor circles, by 

Proposition (2.1.21). For each  closed set 𝑉 ≔ ℂ∞\(𝐼∞ ∪ 𝐼0) amidst 

𝐼0 and 𝐼∞ divided into closed sets 𝑉0, 𝑉1 , 𝑉2  between 𝐼∞  and 𝜌0, 𝜌0 

and 𝜌∞, 𝜌∞ and 𝐼0 (see Figure (2)). Each 𝑄𝛽: 𝑉𝑚 → 𝑉 is a covering 

map with degree 𝑑, where  0 ≤ 𝑚 ≤ 2, so that  the boundaries of 𝐼0 

and 𝐼∞ are simple closed curves . Note that from Figure (2), the Julia 

set of  𝑄𝛽 belongs to 𝑉0 ∪ 𝑉1  ∪  𝑉2 ⊂ 𝑉 . By Corollary (3.2.17) and 

Remark (3.2.23), Therefore  

 𝑑𝑖𝑚𝐻𝐽(𝑄𝛽) = 𝑑𝑖𝑚𝐻 ⋂ 𝑄𝛽
−𝑖(𝑉) ≥ 1 +

𝑙𝑜𝑔3

𝑙𝑜𝑔𝑑

∞
𝑖=0  .  

So from Theorem (3.2.18), thus 𝑑𝑖𝑚𝐻𝐽(𝑄𝛽) < 2 because  𝑄𝛽 is  

hyperbolic. Hence  1 +
𝑙𝑜𝑔3

𝑙𝑜𝑔𝑑
≤ 𝑑𝑖𝑚𝐻𝐽(𝑄𝛽) < 2.■  

 

Definition (3.2.25) [6]  

     Let  𝑋  be a metric space.  Suppose that 𝑓 ∶ 𝑋 → 𝑋 is a map. Then 

𝑓 has sensitive dependence on initial conditions if there exists 𝛿 > 0 

such that for any 𝑥 ∈ 𝑋 and for any neighborhood 𝑈 of 𝑥, there exists 

𝑦 ∈ 𝑈 and 𝑛 ≥ 1 such that  𝑑(𝑓𝑛(𝑥), 𝑓𝑛(𝑦)) > 𝛿.  
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Example (3.2.26) [6]  

      Let 𝑓 ∶ 𝑆1 → 𝑆1 be a map given by (𝜗) = 2𝜗 . Hence 𝑓 is 

sensitive to initial conditions .  

 

Definition (3.2.27) [6]  

       Let  𝑓 ∶ 𝑋 → 𝑋  be a map , 𝑓 is transitive if for any 𝑀 and 𝑁 be 

two open nonempty subsets of  𝑋, there exists an integer 𝑛 ≥  1 

such that 𝑓𝑛(𝑀) ∩ 𝑁 ≠ ∅. For example 𝑓(𝜗) = 2𝜗  is transitive.  

 

     Now, we give the Devaney`s definition of chaos. 

Definition (3.2.28) [6] 

      Let  𝑓 ∶ 𝑋 → 𝑋   be a map . 𝑓 chaotic on  𝑋  if  

(a) the periodic points for 𝑓 dense in  𝑋 .  

(b) 𝑓 is transitive . 

(c) 𝑓  has sensitive dependence on initial conditions . 

 

Theorem (3.2.29)  

      For any rational map  𝑅 ∶ ℂ∞ → ℂ∞  with degree 𝑑 ≥ 2,  then the 

map  𝑅   is  chaotic on its Julia set  𝐽(𝑅).  
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Proof   

    It suffices only to prove that the set of periodic points of the map 

𝑅 is dense as well as that the map 𝑅 is transitive and thus the map 

is chaotic. By Theorem (1.1.23) and by Theorem (1.2.24),  

the periodic points are dense in 𝐽(𝑅) . Now, to prove transitivity of 𝑅 

on 𝐽(𝑅). 

Let  𝑀 and 𝑁 be two nonempty subsets of ℂ∞ that intersect 𝐽(𝑅). 

Let  𝑧0  ∈  𝑁 ∩  𝐽(𝑅). By Theorem (1.2.7) (ii), then 

𝐽(𝑅)  = ⋃ 𝑅−𝑑(𝑧0)∞
𝑑=1

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  . Therefore, 𝑅−𝑛(𝑧0) ∩ 𝑀 ≠ ∅ , for some 

𝑛 ≥  1. Hence, if 𝑧 ∈ 𝑅−𝑛(𝑧0) ∩ 𝑀, then 𝑅−𝑛(𝑧) = 𝑧0 and therefore,   

𝑅𝑛(𝑀) ∩ 𝑁 = ∅. Therefore 𝑅  is chaotic on 𝐽(𝑅).  

 

      From this Theorem, we can generalize for  𝑄𝛽  and by using 

The Escape Quartation Theorem (2.1.41) case (2) and (3), where 

the free critical points are periodic points and thus these points are 

dense in  𝐽(𝑄𝛽), then 𝑄𝛽 is a chaotic map on the Julia set. 
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Chapter Four  

Conclusions and Future Works 

 

Conclusions  

 

Suppose that 𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
, 𝑑 ≥ 2 and                                  

𝛽 ∈ 𝛬 = { 𝛽 ∈ ℂ\{0} − (𝛽2𝑑−2 𝑎𝑛𝑑 𝛽1−𝑑 = 1)}.   

We get the results the following: 

1. 𝐽(𝑄𝛽) is a quasicircle   

 

2.    𝐽(𝑄𝛽) is   Cantor circle    

 

3. 𝐽(𝑄𝛽)    is a Sierpinski carpet                              

 

4. 𝐽(𝑄𝛽)  is  a degenerate Sierpinski carpet                                     

 

5. The connectivity of the Julia set of 𝑄𝛽 whenever the free 

critical orbits of 𝑄𝛽 are attracted by 0 and ∞      

 

6. 𝑄𝛽  has no Herman ring and no infinitely connected attracting 

Fatou components or parabolic Fatou components.     
 

7. We prove that the map 𝑄𝛽  is exclusive to the Julia set as 

a transitive map and because the Julia set  has  dense 
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periodic points, therefore 𝑄𝛽   will be a chaotic map 

(according to Devaney's definition). 

8. We prove the Julia set is a fractal set because it has a 

Hausdorff dimension whose value is not an integer it is 

1 +
𝑙𝑜𝑔3

𝑙𝑜𝑔𝑑
≤ 𝑑𝑖𝑚𝐻𝐽(𝑄𝛽) < 2, 

        and  therefore the Julia set is a strange chaotic attractor. 
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Future Works   

  Suppose that 𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
, 𝑑 ≥ 2 and                                  

𝛽 ∈ 𝛬 = { 𝛽 ∈ ℂ\{0} − (𝛽2𝑑−2 𝑎𝑛𝑑 𝛽1−𝑑 = 1)}.   

We will present the outlines of the future study as follows: 

 In the study of the parameter plane, what are the properties of 

Julia sets with a different parameter so that as follows:   

a1. 𝐽(𝑄𝛽) is a Cantor set. 

a2. 𝐽(𝑄𝛽)  is a Cantor circles.  

a3. 𝐽(𝑄𝛽) is a Sierpinski curve. 

a4. 𝐽(𝑄𝛽)  is a connected set.   

a5. 𝑄𝛽 has no Siegel disk. 

a6. 𝛽  is in escape locus.  

 What are the conditions on the parameter plane for any 

Sierpinski hole in which is an open simply connected set and the 

parameter is unique. 

 Does it depend on the behavior of the critical points of the map 

𝑄𝛽. 

 Is there another method to calculate the dimension of the Julia 

set? 
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Examples of Julia sets:  

 
   By using the program is Ultra fractals 6, to find all the Figures of 

the Julia sets and the Figures in the parameter plane. 

 

   
   

 

 

1. 𝑇ℎ𝑒 𝐽𝑢𝑙𝑖𝑎 𝑠𝑒𝑡 𝑖𝑠 ℎ𝑜𝑚𝑒𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑆𝑖𝑒𝑟𝑝𝑖𝑛𝑠𝑘𝑖 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒   
𝐼𝑓  𝑑 = 4  , 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 (−4,3) 

𝐽𝑢𝑙𝑖𝑎 𝑠𝑒𝑒𝑑 (𝑅𝑒)  =  0  , 𝐶𝑒𝑛𝑡𝑒𝑟 (0,0) 

𝐽𝑢𝑙𝑖𝑎 𝑠𝑒𝑒𝑑 (𝐼𝑚)  =  −1.2   , 𝑤ℎ𝑒𝑟𝑒  𝛽 = −1.2 𝑖  𝑜𝑟 𝛽 = 1.2 

𝐵𝑎𝑖𝑙𝑜𝑢𝑡 𝑣𝑎𝑙𝑢𝑒 =  1000   .   
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2. 𝑇ℎ𝑒 𝐽𝑢𝑙𝑖𝑎 𝑠𝑒𝑡 𝑖𝑠 ℎ𝑜𝑚𝑒𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑐𝑎𝑛𝑡𝑜𝑟 𝑠𝑒𝑡    

𝐼𝑓  𝑑 = 4  , 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 (−4,3) 

𝐽𝑢𝑙𝑖𝑎 𝑠𝑒𝑒𝑑 (𝑅𝑒)  =  0  , 𝐶𝑒𝑛𝑡𝑒𝑟 (0,0) 

𝐽𝑢𝑙𝑖𝑎 𝑠𝑒𝑒𝑑 (𝐼𝑚)  =  −0.99   , 𝑤ℎ𝑒𝑟𝑒  𝛽 = −0.99 𝑖   

𝐵𝑎𝑖𝑙𝑜𝑢𝑡 𝑣𝑎𝑙𝑢𝑒 =  10000  . 
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3. 𝑇ℎ𝑒 𝐽𝑢𝑙𝑖𝑎 𝑠𝑒𝑡 𝑖𝑠 ℎ𝑜𝑚𝑒𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑑𝑒𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒 𝑆𝑖𝑒𝑟𝑝𝑖𝑛𝑠𝑘𝑖 𝑐𝑎𝑟𝑝𝑒𝑡   

𝐼𝑓  𝑑 = 4  , 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 (−4,3) 

𝐽𝑢𝑙𝑖𝑎 𝑠𝑒𝑒𝑑 (𝑅𝑒)  =  1.18  , 𝐶𝑒𝑛𝑡𝑒𝑟 (0,0)   

𝐽𝑢𝑙𝑖𝑎 𝑠𝑒𝑒𝑑 (𝐼𝑚)  =  0   , 𝑤ℎ𝑒𝑟𝑒   𝛽 = 1.18 

𝐵𝑎𝑖𝑙𝑜𝑢𝑡 𝑣𝑎𝑙𝑢𝑒 =  10000  . 
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4. 𝑇ℎ𝑒 𝐽𝑢𝑙𝑖𝑎 𝑠𝑒𝑡 𝑖𝑠 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑖𝑛𝑔 𝑡𝑜 𝑑𝑒𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒 𝑆𝑖𝑒𝑟𝑝𝑖𝑛𝑠𝑘𝑖 𝑐𝑎𝑟𝑝𝑒𝑡   
𝐼𝑓  𝑑 = 4  , 𝑖𝑛𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 (−2,1.5) 

𝐽𝑢𝑙𝑖𝑎 𝑠𝑒𝑒𝑑 (𝑅𝑒)  =  1.0500 , 𝐶𝑒𝑛𝑡𝑒𝑟 (0,0) 

𝐽𝑢𝑙𝑖𝑎 𝑠𝑒𝑒𝑑 (𝐼𝑚)  =  0   , 𝑤ℎ𝑒𝑟𝑒   𝛽 = 1.0500 

𝐵𝑎𝑖𝑙𝑜𝑢𝑡 𝑣𝑎𝑙𝑢𝑒 =  10000   . 
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5.   𝑇ℎ𝑒 𝐽𝑢𝑙𝑖𝑎 𝑠𝑒𝑡 𝑖𝑠 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑖𝑛𝑔 𝑡𝑜 𝑞𝑢𝑎𝑠𝑖𝑐𝑖𝑟𝑐𝑙𝑒   

𝐼𝑓  𝑑 = 4  , 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 (−4, 3) 

𝐽𝑢𝑙𝑖𝑎 𝑠𝑒𝑒𝑑 (𝑅𝑒)  =  0  , 𝐶𝑒𝑛𝑡𝑒𝑟 (0,0) 

𝐽𝑢𝑙𝑖𝑎 𝑠𝑒𝑒𝑑 (𝐼𝑚)  =  −1.233871346431  , 𝑤ℎ𝑒𝑟𝑒  

  𝛽 = −1.233871346431 𝑖 

𝐵𝑎𝑖𝑙𝑜𝑢𝑡 𝑣𝑎𝑙𝑢𝑒 =  10000  . 
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 لدينمية المعقدةلحول الدوال الكسرية 

                                                                                                            

 

 أطروحة

 

كلية التربية للعلوم الصرفة في جامعة بابل كجزءمقدمة الى مجلس   

/ الرياضيات في التربية من متطلبات نيل درجة الدكتوراه فلسفة  

                                          

 من قبل

                           السلامي عبد الرضاحسنين قسام زيدان                       

 

 بإشراف

افتخار مضر طالب الشرع  أ.د  

 

     م٢٠٢٢                                                            ھ١٤٤٤   



 خلاصةال

 

 :ذات الصيغةالمعقدة  دوال النسبية، ندرس عائلة اللفي ھذا العم

 

𝑄𝛽(𝑧) = 2𝛽1−𝑑𝑧𝑑 −
𝑧𝑑(𝑧2𝑑−𝛽𝑑+1)

𝑧2𝑑−𝛽3𝑑−1
  , 

 

𝒅حيث  ≥ 𝛽 ان و ,  𝟐 ∈ ℂ\{0}   بحيث ان ،   𝛽1−𝑑 ≠ 𝛽2𝑑−2 و  1 ≠ 1  . 

و  ةكنتوريدائرة  و له خاصية من ھذه الخصائص مثل شبه دائرة    𝑱(𝑸𝜷( أن   انبي  

كلما كانت صورة إحدى النقاط  نحلة الم ةسربنسكي  مجموعة أو   ةسربنسكي مجموعة 

 . ∞ أو 0غير متقاربة إلى  𝑸𝜷لـ   طليقةالحرجة ال

 كما برھنا:

  المجموعة الجوليا للدالة كانتاذا 𝑸𝜷  صلة فأن المسارات الحرجة الطليقة تنجذب مت

 .  ∞ أو 0الى 

 اذا كانت  𝑸𝜷    لا تمتلك  حلقة ھيرمانية ولا تمتلك مركبات فاتو جاذبة متصلة لانهائية

 ولا مركبات فاتو مكافئة .

  دالةان  اثبتنا  𝑸𝜷    دالة متعدية ولكونها  مقصورة على مجموعة جوليا بأنها

دالة فوضوية ) حسب   𝑸𝜷مجموعة جوليا تمتلك نقاط دورية كثيفة وبالتالي ستكون 

 تعريف دفني (.

 ورفي غير صحيحسدمجموعة جوليا مجموعة كسورية لأنها تمتلك بعد ھاو ان  اثبتنا 

𝟏قيمته   +
𝒍𝒐𝒈𝟑

𝒍𝒐𝒈𝒅
≤ 𝒅𝒊𝒎𝑯𝑱(𝑸𝜷) < ولذلك تكون مجموعة جوليا جاذبا     𝟐

 غريب فوضويا.
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