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Abstract

In this work, we study the family of complex rational maps which
IS given by

Zd(ZZd—ﬁd+1)

Qp(z) = 2p1 %24 ~ pageat
where d > 2 and B € C\{0} suchthat B¢ = 1 and %472 = 1. We
show that J(Qz) has one from these properties as a quasicircle or a
Cantor circle or a Sierpinski carpet or a degenerate Sierpinski carpet
whenever the image of one of the free critical points for Q4 is not
converged to 0 or oo .
As we proved:
< Since the Julia set of the map Qg is connected, then the free
critical orbits are attracted to 0 or co.
< And Qz has no Herman ring and no infinitely connected
attracting Fatou components or parabolic Fatou
components.
< We prove that the map Q; is exclusive to the Julia set as a
transitive map and because the Julia set has dense periodic
points, therefore Qz will be a chaotic map (according to

Devaney's definition).



* We prove the Julia set is a fractal set because it has a

Hausdorff dimension whose value is not an integer it is

log3

1+ < dimyJ(Qp) < 2,

logd

and therefore the Julia set is a strange chaotic attractor.
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Introduction

Complex dynamics is the iteration of maps on complex numbers
for the study of dynamical systems. An important application of
complex dynamics is the Julia set, where the Julia set is a type of
fractal. We can see the similarity of the topography of a mountain
range for example with some parts of this set. Some rendering
programs have used these comparisons for color and terrain
modeling. In general the rational maps have dynamics more
complex than that of polynomials because each polynomial has a
totally invariant superattracting focused at o. See [31],[33]).
However, if we study dynamics behaviors of polynomials when
studying the behavior of the rational maps close to the polynomials

through the concept of perturbation.

McMullen is the first who used the singular perturbation on z"

(see [25]) he study the family of rational maps

@)=+ 5
where m > 2,n > 1, and A1 € C\{0}, this map called the McMullen
maps. The McMullen map has been studied by several authors. The
authors in [7] gave (The Escape Trichotomy Theorem) for f; by the
orbits of the free critical points. After that through several people,
they found a generalization of McMullen maps see [7],[14], [15], [41].
Fu and Yang [12], They studied the following maps

dr,2d_yd+1
_z%(z%%=A"T)
M2 = —G—Far

where d > 2 and 1 € C\{0}, such that 124~2 = 1. They got several

things, including Julia sets is cantor circles or quasicircles or



Sierpinski carpet according to the iterate of the free critical points.
See [12] ,[13],[42].
In 1980, McMullen is the first discovery the Julia set is cantor of

circles from the maps as

filz) =z* + Z% :
where A is small and not equal to zero, see [25]. The authors came
the generalization of the McMullen maps

fiz) =z"+ =,
which was studied by some people through some dynamical
phenomena, see [8], [14], [15], [31] and [41].
The appearance of the Julia sets is the Sierpinski carpet or the
cantor circle of the McMullen map or a generalization of the
McMullen map as in (see [41]). In [24, Appendix F], the Sierpinski
carpet Julia set of the rational map have given by Milnor and Tan.
In [4], the quasisymmetric geometry on Julia sets for rational maps
of post-critically-finite was studied by Lyubich, Bonk and Merenkov.
Moreover, the Julia sets are Sierpinski carpets of the rational maps,
see [7]. From [2], if the Julia set is connected, which is equivalent
to showing every the Fatou components are simply connected for

Qp. However, the infinitely connected attracting or parabolic basin

and the Herman ring are only two types of periodic Fatou
components, which are not simply connected. By Shishikura, the
connectivity of the Julia sets of rational maps was studied as in [34].
By using Newton’s method for polynomials, we can apply the results
of Shishikura to the rational maps. Also, this concept was studied by
Yin, see [45]. family of renormalization transformation maps was
studied by Qiao and Li also obtained the Julia sets are connected

for each real parameters as in [29] also, the result has been

2



generalized by Yang and Zeng to all complex parameters in [44].
The Julia set for the McMullen maps is a connection was studied in
[9], [18] and [40], when constructing Herman rings there are two

methods.

This work is divided into four chapters. Many of the results of

chapter one is known, hence we state some of them without proof.

In chapter one, section one, we recall the elementary definitions
of Julia sets, and we give some fundamental definitions and

theorems which we need them through this work.

In section two, we offer the properties of Julia set for rational and
polynomial maps to give some theorems and propositions. In

section three, we offer the concept of the singular perturbation.

In chapter two, section one we introduce the dynamical and

parameter planes of Qgz, we offer "The Escape Quartation

Theorem", where we show that the Julia set is a quasicircle or cantor
circles or Sierpinski carpet or degenerate Sierpinski carpet

whenever the image of one of the free critical points for Q4 is not

converging to 0 or oo. In section two, we study some properties of

the parameter plane, as the McMullen domain.

Chapter three is divided into two sections, in the first, we give

the Julia set of Q4 is connected. Section two shows the map of @,

is exclusive to the Julia set where the rest of the properties of chaos
are achieved, as the set is a strange chaotic attractors, since it has
Hausdorff dimension as the value between greater than one and

less than two.



In chapter four, we give the Conclusions and Future works for

this work.

At the end of this thesis, we set examples of Julia set and give

an appendix showing the practical part of the subject.



CHAPTER ONE
The Julia Sets

1.1 Elementary Definitions and Theorems

Our goal in this section, is the presentation of definitions and

theorems that we will use later in this work.

In our work, we will adopt the plane as the extended complex
plane which is C, = CU {0}, so that the Riemann sphere is a
topological equivalent to extended complex plane. The metric space

is the chordal metric.

Definition (1.1.1) [2]

If U c Cis an open set of complex numbers. Amap f: U —» C is
holomorphic (or complex analytic) in U if the derivative f' exists

at each point of U. The map f : U - C,, is meromorphic in U if

1
each point of U has a neighborhood on which either f or ]: IS

holomorphic.

Definition (1.1.2) [2]
If R:C, — C, isarational map of the form

_f@
g(z)

where f and g are both polynomials, not both being the zero

R(2)

polynomial. If f =0,thenR = 0andif g = 0,thenR = oo. Sothe



fand g are coprime if we assume that f and g have no common

zeros. Thus the degree of R is
deg(R) = max{deg(f),deg(g)}.

In [30] , for any q € {0,1} , for each integer d =2 and

ny,..,Ng € Z* such that 2?:1% < 1. Define

f (z) = zm DT [T (it mie — ﬁni+ni+1)(—1)d_i_q
qnq,..ng - i=1 i

for B,,.., B4—1 are d — 1 small complex numbers holds

0 <|B;] <...<|Bg-q1| < 1.
Special case ,ifd =2 and g =1, then f;, , (z)isthe McMullen
map studied by a number of authors . However, fo, n,(z) is

conformally conjugate to the McMullen map

fi2) =z + =,

zn2

for some A # 0. If d =3, then any f,, », iS not topologically

d
conjugate to any McMullen maps on their corresponding Julia sets.

In particular,

de,2d_yd+1
_ z%(z#%=A"T)
ha(z) = z2d_)3d-1 °

We can develop the last map into the map

Zd(ZZd—ﬂd+1)

Qp(2) = 28" 2" —— ==
and study the dynamics of this map. Qg have superattracting

periodic orbits of 0 and co.

Proposition (1.1.3) [21]

If R is a rational map , let z, € C,, the equation R(z) = z, has

exactly d solutions, counting multiplicities, then deg(R) = d.

6



Example (1.1.4)

7242743

Suppose that (z) = . Then deg(R) = 2, R(1) = oo,

z—-1

Definition (1.1.5) [2]

The Mobius map is a rational map of degree one as follows:

az+b

, ad — bc # 0.
cz+d

¢(z) =
We say that two rational maps R and i are conjugate if and only if

there is Mobius map ¢ with Y = @Re L.

Definition (1.1.6) [3]

Assume that UcC, is open set and R:U —-C,, is a
holomorphic map, so RP = Ro R o ..o R (p-times).
If R(z,) = z,, then z, € C,, is a fixed point of R and a periodic

point of period n if it is a fixed point for R™, forn > 1.

Definition (1.1.7) [21]

Assume thatz € W and arationalmap R: W — C,, W c Cy, We
define the total, forward and backward orbits of z, respectively,
by:
0r(2) = 0% (2) U Ox(2),

0% (2) is the set of points z,7(z), R*(2), ...
0% (z) is the set of points z, R"1(2),R™%(2), ... .



Definition (1.1.8) [23]

Suppose that z, € C,, is a periodic point of period . We denote the
0% (zo) = {24, 23, ..., z, = zy} is a periodic cycle. The multiplier of a
point z of period n is the derivative (R™)'(z) of
the first return map, where z is any point in the cycle. We say z is:
superattracting if (R™)'(z) = 0;
attracting if (R™)'(z) < 1;
indifferent if (R™)'(z) = 1;
repelling if (R™)'(z) > 1.

An indifferent point is parabolic if (R™)'(z) is a root of unity.

Example (1.1.9)

A map g:C - C such that

(@) g(z) =z?if z=1,then z is arepelling fixed point. Also
z =0 , then z is a superattracting fixed point.

(b) g(z) =z*+z if z=0, then z is indifferent fixed point .

Definition (1.1.10) [3]

If R:Cy, — C, isamap, Suppose that z € C,, is an attracting
fixed point of R. Then the basin of attraction of z defined as
A(z) = {p € C : R"(P) = z, n > oo}.

The immediate basin of attraction of z is the connected
component of the basin of attraction of z . The immediate basin of

attraction of 0 and co denoted by I, and I, respectively.



Example (1.1.11) [21].

If R:C, — Cy, isamap, R(z) = z2. The basin of attraction of
the fixed point of the origin is B(0,1) (the ball with center 0 and the
radius 1), and the basin of attraction of the fixed point of the infinity
is C\B(0,1).

Lemma (1.1.12) [21]

If R:C, - C, ISamap, let z € C,, is an attracting fixed point.

Then the basin of attraction of z is open.

We recall some results in [2] as:

Proposition (1.1.13) [2]

If R:C, — C, Iisarational map of degree d = 2, then
() for any periodic cycle, the immediate basin of attraction
contains at least one critical point of R.
(i) there are at most 2d — 2 attracting periodic cycles.
(i)  the number of non-repelling periodic cycles of R is at most
6d — 6, so that the number of non-repelling periodic points of R is

finite.

Definition (1.1.14) [6]

Let {f,,} be a family of holomorphic maps defined on an open set
U. The family {f,,} is said to be normal on U if every sequence of

the f,,’s has a subsequence which either

1.converges uniformly on compact subsets of U ,or



2. converges uniformly to o on U.

Example (1.1.15) [6]

Let U c C be an open connected setand let g: U - C be a

map such that g(z) = bz with |b| < 1. We set {g,} ={9"}.

g(z) = bz

g*(2) = bz

"(z)=b"z—-0 asn—- o with |b| <1 . Hence {g,} converges
g

uniformly to the constant map 0 on compact subsets of U .

Therefore {g,,} is a normal family of maps on U .

Definition (1.1.16) [6]

The family {f,,} is not normal at z if the family fails to be a normal

family in every neighborhood of z.

Definition (1.1.17) [2]

A family F of maps of (X, d) into (X,d,) is equicontinuous at y
if and only if for any & > 0, there is § > 0 such that for all x in X,
and for each g in F, d(y,x) < & implies

10



d,(g(y),g(x)) <e. F is equicontinuous on YcX if F is

equicontinuous at any point y of X.

The normality is equivalent to equicontinuous from Arzela -Ascoli

Theorem as follows:

Theorem (1.1.18) [2]

Let U be a subdomain of C,, and let F be a family of continuous
maps of U into C.. Then F is equicontinuousin U if and only if it

Is a normal family in U.

This latter term is a reference to normal families of holomorphic
maps, but we have preferred to base our definition on equicontinuity

because of its more immediate geometric appeal.

Definition (1.1.19) [21]

Let R:C, — C, be a non-constant rational map and, let {R%}
be the family of iterates. The maximal open subset of the Riemann
sphere is the Fatou set of R such that {R%} is equicontinuous, also

the Julia set of R is the complement of Fatou setin C..

We denote J,(R) is the Julia set .

Remark (1.1.20) [21]

Let R:C, — C,, be amap and {R?} be the family of iterates.
If the family {R%} is equicontinuous and uniformly bounded and from

Azela'-Ascoli Theorem, then its closure is compact, thus every

11



sequence has a converging subsequence. Hence its normal. Thus

we define J,(R) = {z € C.: {R?} is not normal at z}.

Example (1.1.21) [21]

Let R:C, —» C,, be amap,if R(z) = z2, then J,(R) = St.

Proposition (1.1.22) [2]

Let R: C, — C,, be a holomorphic map. Then R is injective at

z € C, ifand only if R'(z) #+ 0.

Theorem (1.1.23) [2]

Let R: C,, —» C,, beamap. The Juliasetof R ( (R)) is the closure

of the repelling periodic points of R.

We see that for example (1.1.21), so J,(R) = J(R). A natural
qguestion to ask if this is true or not for any R. We will prove it is true

in case any rational map in the next section.

Definition (1.1.24) [26]

For any holomorphic map f:C — C. The local degree of z is
equal to one or more than the order to which f’ takes on the
value zero. We denoted by deg(f, z).

For example, f(z) = z% and = 0, thus deg(z%,0) = d.

It does not affect the generality of the definition (1.1.24), if we define
the local degree on C,.

12



Definition (1.1.25) [23]

If W cC, isadomain. The Euler characteristic of W as
x(W)=2-¢(W), where ¢(W) is the number of connected
components of the complement C,\W .

For example, if a domain with ¢(W) = 1 is simply connected, so
y(W) =1.

We give the Riemann-Hurwitz formula in the following theorem

Theorem (1.1.26) [36]

Let W,V c C, be a non-empty open sets, and a rational map
with d —fold R : W — V . Assume that R has n critical points,
counted with multiplicity. Then (W) =d y(V) — n..

Remark (1.1.27) [23]

Inthe case, W =V =Cq, y W) =x({V)=2,and R:C,, » Cy IS
a continuous map with a compact domain of degree d, so the
Riemann-Hurwitz formula gives n = 2d — 2 for the number of critical

points, counted with multiplicity.

Corollary (1.1.28) [2]

If R:C, — Cy Is a rational map of d > 1 has at most 2d — 2
critical points in C,. A polynomial of positive degree d has at most

d — 1 critical points in C.

13



The degree of Qz is 3d. By Corollary (1.1.28), any rational maps
have the critical points (2d — 2), then the map Q4 has 6d — 2 critical

points (counted with multiplicity).

We rewrite some results in [2] as:
Proposition (1.1.29) [2]

Let R:C, —» C, be a map. The backward orbit of z (0z(2)) is
finite if and only if z is exceptional point. The set of exceptional
points denoted by E(R). So E(R) liein F(R).

Definition (1.1.30) [23]

Let S and S° be a Riemann surface (we mean a connected
complex analytic manifold of complex dimension 1). Let ¢ : S - S~
be a holomorphic map. ¢ is a covering map if ¢ evenly covered a

connected neighborhood W contains any point of S ° .

Definition (1.1.31) [19]

Let D,D'cC and f: D —» D' be an orientation-preserving
homeomorphism. If f is continuously differentiable, then it is
K —quasiconformal if the derivative of f at every point maps

circles to ellipses with eccentricity bounded by K.

Definition (1.1.32) [43]

Let A be a connected complex manifold. Suppose that
R:AXCy, — C, is a holomorphic family of rational maps

parameterized by A . Then R has only one free critical orbit, if

14



there is a critical point e of R such that for any e’ contains in the set
of critical points of R without e , either 0% (e") is finite or
0x(e) N Ok (e) # 0.

Definition (1.1.33) [12]

A rational map R :C, — C, Iis called hyperbolic if its critical

points are all attracted by attracting periodic orbits.

Definition (1.1.34) [2]

Suppose that U c C, U is said to be a Cantor set if it is non-
empty, closed, perfect (there are no isolated points), and totally

disconnected.

Corollary (1.1.35) [23]

LetR : C, — C, be a hyperbolic rational map. Then the Julia set

is locally connected if the Julia set of R is connected.

Definition (1.1.36) [27]

Let R: C, — C, be arational map with degree d and let c be a
critical point. If P = U,>o R™(c), then R is nice if PNJ(R) is

contained in finitely many connected components of J(R).

Proposition (1.1.37) [27]

Every Julia component 4 is a Jordan curve if R is hyperbolic, or

Cs\f has exactly two components if R is nice.

15



Theorem (1.1.38) [23]

Let R: C, — C, be a rational map with degree =2 . R has a
superattracting fixed point at co , there exists a local holomorphic
change of coordinate w = ¢(z), with ¢ (o) = oo, which conjugates
R to the d—th power map ¢(w)=w? throughout some
neighborhood of . Furthermore, ¢ is unique up to multiplication by

an (d — 1)st root of unity.

16



1.2. Properties of Julia Set for Rational Maps

Now, we introduce some properties the Julia set and Fatou set.
It can be reformulated thus. Also we give some proposition between

the Julia set of polynomial and rational maps.

We recall some theorems in [21] as follows:

Proposition (1.2.1) [21]

Let R: C, — C, be arational map with degree > 2 .
(i) Jo(R) is a perfect set. Hence J,(R) is uncountable.
(i) @+J(R)cJy(R). Also J,(R) has no isolated points, thus
JR) = Jo(R).
(i) If z, attracting fixed point of R, then 0A(z,) = Jo(R).
V) RUo(®) =R"(Jo(R)) = Jo(R).
(v)  The finite total orbits contain at most two points and none
belong to Julia set of R.
(vi) For each z € C,, with at most two exceptions, if W c C,, is
open, W n Jo(R) # @, then there is an infinite sequence of m; €N
such that R™(z) N W # @. If z € J,(R), then J,(R) = 0% (2).
(vii)  Jo(R™) =J,(R) , forany n € N.
(viii) If the Julia set contains an interior point, then it must be equal

to the entire Riemann sphere.

17



Definition (1.2.2) [2]
If R:C, — C, isarational map. A Fatou component U is
(i) forward invariant if R(U) = U ;
(i) backward invariant if R=1(U) = U;
(iii) completely invariant if R(U) = R~1(U) = U.

We can define U is a fixed component if R(U) =U. Also U is

a periodic component if R*(U) = U for some k € N.

Theorem (1.2.3) [2]

If f is a polynomial map of d > 2. Then « € F(f), F, € F

containing oo is completely invariant component under f.

Proposition (1.2.4) [2]

Let R:C, — C, be a non-constant rational map, let ¢ be a
Mobius map satisfy ¥ = @Re~!. Then F() = ¢(F(R)) and
J@) = o(JR)).

We give The Sullivan classification as follows:
Definition (1.2.5) [2]
A forward invariant component 4, of F(R) is:

(1) an attracting component if it contains an attracting fixed point
¢ of R;

18



(2) a super-attracting component if it contains a super-attracting

fixed point { of R;

(3) a parabolic component if there is a rationally indifferent fixed

point { of R on the boundary of Ay, and if R = { on Ay;

(4) a Siegel disc if R:A, — A, is analytically conjugate to a

Euclidean rotation of the unit disc onto itself;

(5) a Herman ring if R: A, = A, is analytically conjugate to a

Euclidean rotation of some annulus onto itself.

Theorem (1.2.6) [2]

Let R:C, —» C, be a rational map of degree d = 2, let each

open set U # @ which meets the Julia set . Then:
(i) C, —E(R) € US_o,R% (U);and

(ii) Vv sufficiently large d € Z, ] € R2(U).

Theorem (1.2.7) [3]

Let R: C, — C, be a rational map of degree d > 2.

(i) If z is not exceptional, then the Julia set is contained in the

closure of QO (2).

(i) If z € J, then the Julia set is the closure of Q% (2).

19



Definition (1.2.8) [3]

Let R: C, » C, be a rational map. A point z is eventually
periodic if there is n such that R™(z) is a periodic point. Also a

point z is pre-periodic if it is eventually periodic but not periodic.

Theorem (1.2.9) [2]

If each critical point of the rational map R is pre-periodic, then
J(R) = Co,.

Example (1.2.10)

If R:C, — C, is a rational map. Then R(z) =1 —2/z? has an
empty Fatou set . So R has critical point at 0, and as R(0) = oo,
R(wo) =1, R(1)=-1, R(—1) = —1, thus the critical point 0 is
preperiodic point and by Theorem (1.2.9), implies that for this map
too, J(R) = Cq.

Definition (1.2.11) [25]

A rational map R of degree d is critically finite if its critical points

are pre-periodic R"(c) = R™(c) for some n # m.

Theorem (1.2.12) [26]

Let R be a critically finite rational map. Then each periodic cycle
of R is repelling or superattracting. If R has no super attracting
cycles , then J(R) = C.
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Theorem (1.2.13) [2]

Let R :C, — C,, be arational map. Then J(R) is connected if

and only if any component of [F(R) is simply connected.

Theorem (1.2.14) [2]

If R:C, — C, isa rational map of of degreed > 2, and 4, is

a completely invariant component of F. Then:

(1) 040 = J(R);

(2) A, is either infinitely connected or simply connected,;

(3) each other components of F(R) are simply connected; and

(4) A, is simply connected iff J(R) is connected.

But in a polynomial f, where {oo} is completely invariant and so

too is the unbounded component of the Fatou set.

Theorem (1.2.15) [2]

Let F be the Fatou set of a non-linear polynomial. Then

(i) The unbounded component of F is either infinitely connected or

simply connected ; and

(ii) All bounded component of [ is simply connected.
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Theorem (1.2.16) [2]

Let R:C, —» C, be a rational map of degree d = 2. Then any
forward invariant component of F(R) is simply, doubly, or infinitely,

connected.

Corollary (1.2.17) [2]

A forward invariant component of R is doubly connected if and

only if it is a Herman ring.

Lemma (1.2.18) [2]

For any compact connected U c C. Then R™1(U) has at most d

components and each is mapped by R onto U.

Example (1.2.19) [5]

Let f:C— C be a polynomial map such that f(z) =z% +i. If
the Fatou set of f is connected and simply connected, so the Julia
set of f is a dendrite, and the Julia set of f is connected, a sufficient
condition for this to be so is that each finite critical point of f is

preperiodic.

Corollary (1.2.20) [21]
Let f be a polynomial. Then J,(f) has empty interior. If R is a

rational map also J,(R) has non-empty interior, then J,(R) = C.
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Theorem (1.2.21) [23]

Let A, be the immediate basin of an attracting fixed point (either
geometrically attracting or superattracting). Then the complement
C\ A, is either connected or else has uncountably many connected

components.

Theorem (1.2.22) [2]

Let R: C, — C, be arational map of degree d = 2, and let { be
a superattracting fixed point of R. If all of the critical points of R lie

in the immediate attracting basin of {. Then:
(@) J(R) is a Cantor set.
(b) for a dense set of { in J(R), 0%({) is dense in J(R); and

(c) the periodic points are dense in J(R).

Definitions of the Julia sets are not always equivalent, but in
polynomial maps according to [46], and rational maps according to
the following theorem shows that the three definitions of Julia sets

are equivalent for rational of degree d > 2.

Theorem (1.2.23)

LetR: C, —» C, be arational map with degree > 2 . Then the

following statements are equivalent.
1. J(R) is the closure of repelling periodic points .

2. Jo(R) is the complement of the Fatou set.
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3.J(R) isthe boundary of the basin of attraction of a attracting fixed

point .

Proof

1< 2 By using Proposition (1.2.1) (i).

2 < 3 By using Proposition (1.2.1) (ii). m
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1.3 Singular Perturbation

In this section, we study the concept of the singular perturbation

Definition (1.3.1) [20]

If the problem in which the parameter € is small, then it causes
the regular perturbation, but non-zero is qualitatively the same as
the problem where € is zero.

If the problem in which the parameter € is small, then it causes the
singular perturbation, but nonzero is qualitatively different than the

problem where € is zero which leads bifurcation.

Remark (1.3.2) [20]

A singular perturbation method may be defined in general as a

method which is not regular.

Example (1.3.3) [20]
The regular perturbation for the equation
x2—x + € =0, (1.1)
where x,e €R

The exact solution is

Let e=0
x?—x = 0,thenx = 0,1 are roots of the equation (1.1).
Also the singular perturbation for the equation
ex?+2x+1 =0 (1.2)

The exact solution is
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_ —2*V4—4e
B 2€ '

X

Soif e =0, then

2x+1=0,thusx = _71 Is a root of the equation (1.2).

Remark (1.3.4) [39]

An equation I,y = 0 contains a small parameter ¢. We relate to
this equation an unperturbed problem, the equation I,y = 0. If the
difference between the solutions of both equations in a convenient
norm does not tend to 0 as € tends to 0, we call the problem a

singular perturbation problem.
Thatis, I.y =0 and I,y = 0, we solve the two equations and ,

1.y —1,y = 0, if the difference tend to 0 whenever e converge to 0,

then the case is call singular perturbation.

In [8] Devaney use the same the Newton method since the

given map is an example f,(z) = z?+ a  as singular perturbation

such that N,(z) =z — ]{—(8) I @ =0, then No(z) = Zand if

ZZ

a # 0, then N,(z) = % Now we study

Zd(ZZd_ﬂd+1)

Qp(2) = 2p*%z% - 2 ged-i (1.3)
where d > 2 and g € C\{0}, such that 2472 = 1 and g% = 1. If
d=1,=0 or B*2=1 and g~ =1, Qs degenerates to the
polynomial f,(z) = —z? or z%, then the map Q; perturbed in the

polynomial f;.
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CHAPTER TWO

The Dynamical and Parameter Planes of Qg

The goal of this chapter is studying the properties of the

dynamical plane and some properties of parameter plane.

2.1 The Escape Quartation Theorem

In this section, we give the Escape Quartation Theorem. This is

done by giving the concepts and theories related to this matter.
Definition (2.1.1) [12]

A simple closed curve is quasicircle if is equal to the image of
the unit circle for a quasiconformal homeomorphism map from

Ce to Cq.

Definition (2.1.2) [12]

If T isa subset of C, consists of uncountably many simple
closed curves which are homeomorphic to
(Cantor middle third x unit circle), (in short C x S). Then T is called

Cantor circles.

Definition (2.1.3) [12]
A S c C, is a Sierpinski carpet if and only if S has empty
interior and S = C,\Uppeny Vi » Where V,, € C are disjoint Jordan

disks for dV,,, n dV, = @ for £ +# m and diameter V,, - 0 asm — oo.

27



If a compact set S ¢ C be the Sierpinski carpet except for the
condition dV,,, n dV, # @, then S is degenerate Sierpinski carpet.
The standard Sierpinski carpet fractal (A fractal set is a set that has
a fractal dimension and it's a figure being of parts analogous to the
whole in a certain method) is homeomorphic to a planar set, this set
Is Sierpinski carpet.

We study the Julia set of map of degree d > 2, sinced =1

Is trivial and of little interest, the Julia set is one point or empty.

Lemma (2.1.4)
Let Qp : C, —» C, be a map such that

de,2d _ pd+1
R

and o be a complex number satisfying w?¢ =1 . Then

QM (wz) = w?" QM (z) forsome m=>1 .
B B

Proof

Suppose that
_ Zd ZZd—ﬁd"'l
Qp(z) = 2p'4z¢ —Z(ngd_l) )
and calculation by use w?? =1 , we have

Zd(ZZd _ ﬁd+1)

Qp(wz) = w? <2ﬂ1‘dzd = T ) = w%Qp(2).

Assume that Q;}l(wz) = wde?(z) forsome m > 1. Now we use

the Law of Induction,

then Q! (wz) = Qg (Q’ﬁ"(wz)) - w

dm+1

Qg”'l(z). m
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Lemma (2.1.5)
Let Qp : C, — C, be a map such that

Zd(ZZd—ﬁd'H)

Qp(z) = 2p7%2¢ T jzd_pgsdi
2
Forany n(z) = 37 then Q; satisfies the equation

n°Qp(2) =CQpeon(z), VzeCl,.

Proof

We notice n71(z) = 372 =1n(z). Then

(&) ()"
(2)"-pras

z

0o () =26 (£ -

PN 5 e
z ()" -poen

z

—ﬁ6d+ﬁ3d+1Z2d+2,35d+1—2ﬁ4d22d
Zd(ﬁ4d—ﬁ3d_122d)

ZZd—ﬁ3d_1

2
IB Zﬁ1_nz3d—ZﬁZdzd—zd(ZZd—ﬁd‘H)

BZ
T Qp(2)

=1n°Qp(z) .m

Corollary (2.1.6)
Let Qs : C, » C, be a map such that

Zd(ZZd—ﬁd+1)

Qp(2) = 28" 2% —— =
Suppose that W is a Fatou component of @z, then W =n(W). In
particular, n(Ily) = I, and n(ly) = I,.
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Proof

Suppose that W' is a Fatou component o f @, then by use Lemma
(2.1.5), n(W) = W, thus W fixed component and
W =n(W) =n~t(W), it follows W is completely invariant .We

have only two components I, and I, and by Lemma (2.1.5),

n(z) =—,then n(ly) =1, and n(ly,) =1, .

Remark (2.1.7)
Let Qp : C, — C, be a map such that

d(,2d_pd+1
Qp(z) =217 47% -2 Z(sz_ﬁfd_l ) we have

3d-1_4pd_pd+1),2d_ 4-d 1-d 4d 5d-1

(z2d-p3d- 1)
3d-1_4pd_gd+1),2d_4d 1-d\_ pad , 5 g5d—1
Q,'(2) = dz% 1 (36° 4p4—pitt)z (1- 23 )-B*+2p —0
B (z2d-p3d-1)?
3d-1_,pd_gd+1),2d_4d 1-d\_ gad , 5 g5d—1
dpd-t GBI BT pT N Q2O gither 4 = 0

(z24-p1)’
with multiplicity d — 1 and from Lemma (2.1.5), « is a critical point
of Qz with multiplicity d — 1, or

(3B3d—1 _ 4ﬁd _ ﬁd+1)22d _ Z4d(1 _ Zﬂl_d) _ ’84d + ZﬂSd_l =0
Z4d(1 _ Zﬂl_d) _ (3,83d_1 _ 4,8d _ ﬁd+1)22d + ﬁ4d _ ZﬂSd_l =0

2a _ 3B301-4Be- g4 (363471 -4 -pIT)2—4(1-2B 1) (B 26501
2— 4ﬁ1 -d

g

There are two roots:
1
_ (3B°%7 4B pTH 4 (3FPT-apT- )24 (1-2p1- D) (B*T-250 1)\
eﬁ - 2_431—(1 )

we have CP(Qg) = {0,0,e5 }, where e is the free critical point.
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From Lemma (2.1.4) and (2.1.5), the orbits of points with the form

2
w™z, where m = 0,1,2,---,2d —1, or form (B;) behave

symmetry of the iteration of Qz, for example, if Q’g(z) tends to 0

2
(or ), then Qf(w™z) or Q’g(ﬁ?) also tends to 0 (or ) or oo (or 0)
respectively , for 1 <m < 2d —1as k tends to . of Q; .

We can write the critical points as form
2 i

CP(Qp) ={wq'ep, w(,"f— : 0 <m < 2d — 1}, where w, = e, therefore
B

Qs contains only one free critical orbit.

Let W c C, andc € C. We define cW ={cz:z€ W}.

Lemma (2.1.8)

If z €el,orl, ,thenwz €1, or I, respectively, where w

satisfies w??¢ = 1. So both I, and I, have 2d —fold symmetry.

Proof

Forany W c I, be defineas {z € I, : wz € I} , W is non-empty
and open set since I, consists of small neighborhood of 0 and W =
Iy nwly N ...n w21, Now, if W = I, , suppose that z, € I, n W,
that is z, € dW, we have
zy € I, and wz, € I, . Hence wz, € dl, since wz, € oW and W c I,.

Then Qf(z) » 0 whereas Qf(wz,) » 0 as k — o . But

Qf(wzo) = wdeE(Zo) — 0. This is a contradiction. Therefore

wl, = I, Similarly we can proof that wl, = I,. m
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Lemma (2.1.9)

For any Fatou component V of Qz. Assume that z, and w™z,
belong to V, where ™ # 1 with for integer n # 0 mod 2d. Then
w™zy, € V for each m. In special case, V has 2d —fold symmetry

also surround 0.

Proof

Assume that z, ,w"z, € V but V no contains w™z,. For any
continuous curve I; connects z, to w"z, in V. We define T, isa
second curve by w™T;. In a component of the Fatou set contains I,
from symmetry . Because w"z, lies on I;, thus V contains I, also
w?"z, lies in V. Continuing in this fashion, we have w/"z, lies in V
for j and sothat V contains curve I;.
Now assume that w*" = 1. Therefore V contains a closed curve
formed from the union of the curves I, ...,I}, and around 0. Set this
curve I'. w™z, does not lie on I' from the assumption. If we fix
™I =Y, for any l. Thus there is a closed curve, say Y and
surrounds 0, also is contained in w™V. Because w™z, € ™V but
w™z, € V. Hence w™V # V. Note that V is a Fatou component also
Qp(wz) = wdQﬁ(z), so we have w™V is a Fatou component, thus
o™V NV =0. Since Ycw™V and TcV, we have YNTI = 0.
Therefore Y and I' are both curves and around 0 also Y = o™r",
thus Y and I' must cross. It means that Y and I lie in the same
Fatou component, this is a contradiction. Therefore V contains

w™z, for each m.
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Proposition (2.1.10)
Let Qp : C, — C, be a map such that

Zd(ZZd—ﬁd+1)

Qp(2) = 2p' 2% - ~j2d_pd1 -

J(Qp) has the symmetry (2d — fold).

Proof
Suppose that I, = {z € C: Q5'(2) tend to © as m - o }, by
Lemma (2.1.8), I, has 2d — fold symmetry, so that

QF (wz) = 0" QF'(2) for m > 1, thus Q}'(wz) tend to o if and only
if Qg'(2) tend to 0 as m — oo. Since J(Qp) is the boundary of I, also
equal to the boundary of (U0 Q[;m(loo) . Therefore J(Qp) has
2d — fold symmetry.

Proposition (2.1.11)

Assume that g € R. Then Jjz = {z € C:|z| = |B]} be the round
circle and Qg: 75 — Jjp;- Moreover, Jjg € J(Qg ) Whenever the free

critical orbits are attracted by co and 0 .
Proof

Assume that = |B|e'® , where 6 € [0,2m). Then by using
|—z| = ||

Zd(ZZd _ ,Bd+1)

|QB(Z)| = |_QB(Z)| = ‘_(Zﬂl_dzd T 42d — p3a-1 )

Zd(ZZd _ ,Bd+1)
ZZd — ’33d—1 )

= ‘(Zﬂl‘dzd -
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|ﬁ2d€2ni9—ﬁd+1|

<2|pI"%p1¢ + IBId||

2dp2mif _R3d-1
B*%e B

1-d d d |ﬁ2deZTEi9_Bd+1|
< - (=g oy e

=—-QIpl = 18D ==0UBD = 1-UBDI = |81
So |Qs(2)| < B . This means that Qg(Tj5|) < Tjg. If B is real, we
have |B| # 1 since p2?7% # 1, 7% # 1 by use the definition of Q.

Now, we have two cases:

Case one

d+1 3d-1

If |B] > 1, we have |B|zd <|B| < |B|=2a, that is f3¢~1 is large
such that by (1.3), @ has 3d roots and no poles in
Dig ={z€C:|z| <|B]}. From the Argument Theorem, thus

Qs (j5) around the origin 3d times anticlockwise. Hence

Qs(Tip)) = Tip)-

Case two

3d-1 d+1

If 0<|B|<1,wehave |B|2a <|B|<|B|2a. Note that if p¢*+1 is

large and 53¢~ is small such that by (1.3), then we have

_ ypl-dd _ z28@-pY) . 3d-1 ;
Qp(z) =26 7%z — pagat since 8 is small Qg has d roots

and 2d poles in Djg|, thus Qz(Jjs) around the origin d times
clockwise. Therefore, Qg(T3/) = Tjp). Therefore Qgp: 5 = Tip is a
surjection in the two cases. Suppose that z, € Jjz € F(Qp) , then
Qp’(z) » 0 or o as £ - . However, on the other side,

Qs’(20) € Qg(Tj5)) = Tip, for each ¢ = 0, that is contradict .
Hence, :Tl'ﬁl C](QB).
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Example (2.1.12)
Let @z : C,, » C be a map such that

Zd(ZZd—Bd+1)

Qﬁ(Z) = 2,81‘dzd - W
If d isoddand Qz(—B) = —f , then T is not contained J(Qp).
If Qz(—=p) =—F .By(2.1), we have

_1 —Z4d+(3ﬁ3d_1—ﬁd+1)22d—ﬁ4d
(sz_ﬁsd—1)2

, _ —(—,8)4d+(3ﬁ3d_1—ﬁd+1)(—ﬁ)2d—ﬁ4d
_ = d(- d-1
Q' (=B) = d(=p) e

+ 2dpTH(—p)*

+ 2dp1-4z4-1

Qp'(2) = dz?

B4d_3ﬁ5d_1+ﬁ3d+1_ﬁ4d
((ﬁ)2d+ﬁ3d—1)2

/ _dp?42-44qpi-1-3d
Qﬁ (_ﬁ) - 1+ZBd—1+BZd—2

—2d

— —dﬁd_l

If Q'(=B) =0 ,then dB?*~2 —4dp* " —3d =0
(%372 — 4391 — 3 = 0, thus either g = —(0.6457)ﬁ or

1
B = (4.6457)a1 .
Hence —p is superattracting fixed point of @, but this is not attract

to 0 orco. Then Tig & J(Qp).

We study a sufficient and necessary condition for J(Qg) is a

quasicircle.

Lemma (2.1.13) [5]
Assume that the rational map is hyperbolic, it has exactly two

Fatou components. Then the Julia set is a quasicircle.
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Corollary (2.1.14)
Suppose that Qz is hyperbolic map have exactly two Fatou

component I, and I, , then J(Qp) is quasicircle .

Proof
By Lemma (2.1.5), I, and I, are contain in F(Qg). From Lemma

(2.1.13), then J(Qp) is quasicircle . m

Proposition (2.1.15)
If one of the free critical points e; liesin I, or I, ,then J(Qp)is

quasicircle.

Proof
Assume that e; € I, .Then by Lemma (2.1.5) f—;e I, , also by

EZ

Lemma (2.1.4) w/eg €1, and wfe
B

€El, for 0<j<2d—-1, we

assume that Qﬁ‘l(lo) has the unique component say, I, and
Qﬁ‘l(loo) has the unique component say, I,. If the degree of the
restriction of Qg is m and Qg:l, — I, is proper , then m =>d
because d is the local degree of Qg at 0 . Now in I, the preimages

of 0 have elements other than 0 by Lemma (2.1.4) , it follows

m = 3d. This means m =3d because 3d is the degree of Q.

Hence m=d or m =3d. We prove that m =d is impossible.

Assume that eg € I, is the free critical points of @z and
{w/ep:0<j<2d—1} lies in I, by Lemma (2.1.8). From the

definition of Q4 in (1.3), thus there exist preimages 2d at least for
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Qp(ep) and {w'eg : 0 < j < 2d — 1} in I, (counted with multiplicity).
Hence m > 2d, which is contradict with m = d. Therefore m = 3d
and Qﬁ‘l(lo) has the unique component [, also prove Qﬁ‘l(loo)
has the unique component I,,. We assume that only there are I,
and I, contain in F(Qz). Now, note that there were either
superattracting basins or parabolic basins contain one critical point
at least, which is contradict because each of the critical points lie in
I, and I,. If there were either Herman rings or Siegel disks, thus
J(Qp) contains one critical value at least and is contradicted from

Corollary (2.1.14). By Definition(1.1.33), thus Q; is hyperbolic.
According to Lemma (2.1.13), J(Qp) is a quasicircle. See Fig. (1).m

Figure (1) B =-1.23iand J(Qp) is a quasicircle.
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Proposition (2.1.16)
Let Qz : C,, > €, be a map such that

Zd(ZZd—ﬁd'H)

Qp(z) = 2p7%2¢ T jzd_pgsdi

Suppose that |B] is large enough. Then J(Qp) is a quasicircle.

Proof

From Remark (2.1.7), we have

2d _ 3'B3d—1_4ﬁd_'8d+1+\/(3B3d—1_4'8d_ﬁd+1)2_4(1_231—d)(34d_2ﬁ5d—1)
a 2-4p1-d '

€p

3d-1
Thus |eg| = |BI2a, if |B| is large enough . Since d =2 thus

3d

-1 5 6 6
2@ > |B]+ > |B]5. Define U ={z: |z| > |B]5 ).

8]

Now , if |B| is large enough and z € U , then

|z|14(1z[24~|B14*1)

|Qﬁ(Z)| 2 Zlﬁll_dlzld - |z|2d—|g|3d-1

6d/ 12d
e 2l <|z| s —IBId“)
> 2|.8| h |ﬁ| - 12d

|z 75 —|p|34-1

d+5

6
as B85 e
> 2085 — £ > 2185,
This means that Qz(U) c U. Therefore U is contained in I.

On the other hand, one of the free critical points e holds

3d-1

6
leg| = 1B 2@ > |B5. It follows that ez € U c . If |B] is large
enough . By Proposition (2.1.15), J(Qp) is a quasicircle .m
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Proposition (2.1.17)
Let Qg : C, = C, be a map such that

Zd(ZZd—ﬁd'H)

Qp(2) = 282" —— o=~
Assume that g € R. Then J(Qg) is a quasicircle if and only if
J(Qp) =Tig), 181> 1.

Proof

Suppose that || > 1, we have Qz(Tjz) = Tjg; and in the round
disk D|gy ={z € C: |z| <|B|}, Qs has no poles and 3d roots from
Proposition (2.1.11). Hence Qz(Dg)) = D). Thus, D < F(Qp).
From Lemma (2.1.5), C,,\D)g, < F(Qp). In special case , D c I,
also Co,\D)g| C I. It follows that J(Qp) = Tjg because I, N I, = .
We assume that 0 <|B| <1. And assume that J(Qp) is a
quasicircle, thus J(Qg) = Tj5 because Qz(Tjg) = /- Hence,
Dig < Iy and Qg:Dg — D has a degree of 3d for the covering
map . On the other hand, if 0 < |[B| <1, Dg include 2d poles and
d roots for Qz, which is a contradict. Hence if 0 <[] < 1, ](Qﬂ) IS

not quasicircle. m

Remark (2.1.18)

Let po =Q[}1(IO)\I0 be the first preimage of I, and
P = Q' (Is)\lw  the first preimage of I,. If J(Qs) is not a
quasicircle, by Proposition (2.1.15).It follows one of the free critical

points not lies in I, or I, thus one of the free critical points lies in

po and p,,. So p, and p,, are both non-empty.
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Remark (2.1.19) [12]

Let U c X be an open set of a compact topological space X and
V € U an open, compactly contained set (i.e., V is compact and
vV cv).

Theorem (2.1.20) [10]

(a) Every polynomial-like map f:U — U of degree d is hybrid
equivalent to a polynomial P of degree d.

(b) If K¢ is connected, P is unique up to conjugation by an affine

map.

Proposition (2.1.21)

Both I, , d1,,, and each of the preimages of them is quasicircles

around 0 .

Proof

For each closed set V = C.,\(/, U I,) amidst I, and I, divided
into closed sets V,, V;,V, between I, and p,, p, and pe, p, and I,
(see Figure (2)). For any smooth simple closed curve T' cp, cV
around 0. We assume thatin V, the preimage of I' is smooth simple
closed curve around 0 . Note that, V includes no critical values.
Therefore in V, the preimage of I' contains of finitely many smooth
simple closed curves. Assume that T, is not around 0. Therefore in
V,, I, can disfigure to a point. It follows that in V, T' = Qg(I;) can
also disfigure to a point. Which is contradicted because I' c V is
around 0. Hence in V, the preimage of I' are smooth simple closed

curves around 0 and o. In V, there are two components for
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Qﬁ‘l(l“), thus between two simple closed curves, the annular region
include either poles or roots , this is impossible. Then, Qﬁ‘l(l“) nv,
is a smooth simple closed curve around 0, say 3. Let y € C be a
simple closed curve and assume that y™ is the bounded
component of C\y. We remark thatin T is the Jordan disk include
St is compactly contained. By Theorem (2.1.20), Therefore
Qp: 3™ - I'"t is quasiconformally equivalent to f,(z) = z%. We
know that J(f,;) = St. Then a1, is a quasicircle. Similarly, also I,
is a quasicircle. Because each of the preimages of dI, and 91, are

include in V,uV, ul,, It follows that each of the preimages of

dl, and d1,, are quasicircles around 0.m

Figure (2) Sketch illustrating of the map relations of Qg if Qg(eg) €1, ,but
eg & Iy.

Now, we will give the necessary and sufficient condition of
Qp such that J(Qp) is a cantor circles, by studying the location of the

critical values and the critical points.
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Remark (2.1.22)
If I, or I, contains one of the free critical point, we get J(Qp) is
quasicircle . Assume that eg € p, because p, is the complement of

Iy, where py = Qg'(I) .Thus p, # @ and by Lemma (2.1.5), it

2
4 € p - Therefore p,, # @ . Qp are both d to one on

follows that —
eg

I, and I.

Corollary (2.1.23)

If the immediate basin of attraction of 0 is simple connected,
then x(I,) = 1.

Proof

Since [, is simple connected. So the number of connected
components of the complement C,\I, is equal one. By Definition
(1.1.25), hence x(l;) =1. =

Proposition (2.1.24)

The I, and I, are both simply connected and p, and p,, are

two annuli surrounding 0 are 2d —fold symmetry .

Proof

From Theorem (1.2.22), the parabolic basin or the immediate
attracting basin is either infinitely connected or simply connected.
We assume that V,, be small open disk around 0 by Remark (2.1.19)

Qp (V,) €V, c I, and the boundary of V, is Jordan curve containing
no Qf of critical points. Fix V;, = Qz"(V,), where Qz'(V,) are
connected component which contains 0, hence I/, c V; c V, ..., with
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UmVin = 1o . Now the map Qp:V;,\{0} - V,\{0} are covering by
degree d™, from the Riemann—Hurwitz’'s formula,

x(V) = x(V,) + x(0V,,.). Some finite Jordan curves are restricting
for V,, and the complement (C,\V;,) are disjoint union of Jordan
disks, so x(V,,) = 0. So V,,\{0} is an annulus since V,,\{0} is no
containing Q" of the critical points and V,\{0} is an annulus, thus
I}, is simply connected. Then U,,V,, = I, is simply connected. By
Lemma (2.1.9), it follows that p, has either 2d component or one.
Assume that p, has 2d component, then the origin has 5d
preimages since has 2d component and to add the degree of Qg is
3d , thus p, has 5d preimages. Because the map from any
component of p, to [, with degree two also there
are 2d components. Which is contradict because degree of Q; is 3d.
Thus p, has only one component and it is connected. By Theorem
(1.1.26) for Qp:po = Iy ,

so x(py) + 2d = 2dx(l,), since I, is simply connected. So by
Corollary (2.1.23), x(I,) = 1. Hence x(p,) = 0 and p, is an annulus
around 0 with 2d — fold symmetry. Similarly, we can to show that
the simply connected for I, also p, is an annulus around 0 with

2d — fold symmetry . m

Remark (2.1.25) [12]

For each two disjoint sets M and N such that separate the origin
and infinity . We write M < N if the component C,,\N contains M
and the origin .
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Proposition (2.1.26)

If po,po are two annuli, then p, < p,. However p, po, I, and

I, are disjoint to each other.

Proof

By definition of p, and p,, we have p, Np, =0 and the
intersection of I, and [, is an empty set. Now we have two claims
either p, < py Or py < ps Since p, and p, are separating the
origin and the infinity. Assume that p, < p., for each V, is bounded

component of C,\po ,Qz(Vy) = Qz(dp,) because V, is compact
set.

Thus Qz (V) = Q(0p,) = 01y = Qz(d1,) and

Qs(Vo) = Qpp) =1y € I since

Po = QEl(Io)\Io and QEl(OO) C o VU po

it follows Qz(V) c I,. Therefore, the image of p, UV, is a subset of
Iy € po UV, this mean p, UV, lies in F(Qg) and po UV, =1, (in
particular) .This is impossible because p, # @,hence p,, < p,. By
Proposition (2.1.24) ,we have I, NI, = @.Now, we note that
Qs (o) = Qo) = Iy and Qp(Pe) = QpUs) = Io.
Therefore p, N oy =B, I, NPy = @ and p, N I, = @.

Thuspy NI, = @ and I, N ps, = @ because p, < py . ™

Remark (2.1.27)

In our work, we show that all Julia components of simple closed
curves (quasicircles). Now we use the technique of symbol

dynamics, for each X; = {v = (58153, ...), v, € {0,1,2}
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m = 0} be the space of one sided sequences of the symbols {0,1,2}.

For v = (SoS1S2,... ) € 25 and the shift map
0:Z; — X5 is denoted by a(v) = (S1S2,...).

Let Ve ={v eV, UV UV,:Q5(v) €VouV, UV, ford =1,23,..},
all the points in the domain of @ either toward 0 or co or stay in Vg.

For any v € Vi ,then each iterate of v either V, or V; orV, ,so we
can associate with v the forward sequence v = (sy5;5S,, ...), Where
0 if Qf is in V,
U =4 1 if QfisinV,
2 if Qf is inV,.
If there is an integer i > 0, such that v,,,; =v,, for all m > 0.
Suppose that Vp € Ag = {J; j,..j.: 0 < j, < 2}. We define the metric

in¥; as d(z,v) = Z?iolsi;—;}il :

Proposition (2.1.28)

The map itinerary sg: Ag — Z3 is homeomorphism, where the set

Ag is a Cantor set.
Proof

First , to prove sz is 1-1 map. If z = (sy5;5,, ...) and
v = (Vo1 Vy, ... ) SUch that sz(z) = sg(v) , it follows

Sm = Vm ¥Ym =0, sothatz, v lie inthe same V; because the length
of Vg is 1/3d and go to O when d — co. Hence sz is one to one. Now
if  (s¢S51S,,...) be the sequence of 0's, 1's and 2's, pick

Vy, or V, orV, satisfying
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z inVy — sg(z) = s
z inV; — sp(z) = s¢54
Z |n VZ — S,B(Z) = 5p5152-

SoV, € V; <V, and since each V;'s are closed and bounded,
by Heine-Borel Theorem there is z* € Vp and by definition of sg.
Therefore sg(z*) = s¢s1s, and so sz is onto .To prove sg is

continuous. For any € >0 and for any z € Ag, let d be large so
1/3d <e. Fix § >0 issmall, let y € Ag suchthat |z —y| < § ,then

z,y lie in the same Vj. For a y, the sequence sz(z) and sg(y) have

the same Iinitial d terms, since definition of sg. Hence
|sﬁ (z) — sﬁ(y)| < 1/3d < ¢, therefore sg is continuous map.

Since sg is one to one map, it follows sz " is continuous map . =

Theorem (2.1.29)
Let Qp : C, — C, be a map such that

Zd(ZZd—ﬁd+1)

Qp(2) = 28" 2% —— g
J(Qp) is a Cantor circles if Qg(eg) € I, (or I, ), where Qg(ez) one

of the free critical values but eg & I, (or I, ).

Proof
For each closed setV := C,\I, U I, amidst, and I, divided
into closed sets V,,,V; ,V, between I, and p,, po and p, p and I,

(see Figure (2)). Each the map Qp:V;, = V is covering by degree
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d, for 0Sm<2. So J(Qp) is equal to U;»Qz" (V). For any
h:V -V, is the inverse branch of Qs for 0 < m < 2. Therefore,

any component i om...my.. = Nizom; © .0 Ay o hyy . Where
(my, my, ..., m;, ...) be infinite sequence holding 0 < m < 2. For each
Jmomy,...m;,... 1S COMpact set separating the origin and the infinity. By

Corollary (1.1.35), thus  jp,m,,..m,.. IS locally connected because

Qg is hyperbolic . Now, forany E=¢Ue, & =j,, , = 0dl, and
0 = Jjoo,..0.. = 0l,. We note V;,, c V, also g:V;,, © V is identity map
and not homotopic to a constant map . By Proposition (1.1.37), we
get jmym,,..m,.. IS @ simple closed curve . By Proposition (2.1.21),
hence jn,m,..m,.. IS @ quasicircle since Qz is hyperbolic. From

Remark (2.1.27) and Proposition (2.1.28), it is clear that
Sg (Qﬁ (z)) = a(sp(2)) for z € Ag. The one-sided shift on the space
of 3 symbols

s ={s = (505152, ...); S, € {0,1,2},m = 0} is isomorphic to the
dynamics on the Julia components Agz. In particular, J(Qp) is

homeomorphic to %; x S, where this is a Cantor circles. m

Theorem (2.1.30)

Assume that one of the free critical values lies in I, or I, but

eg & Iy or I,. Then the McMullen map f;(z) is not topologically

conjugate to @ corresponding to Julia sets .
Proof
From Theorem (2.1.29), the one-sided shift on the space of 3

symbols 25 = {s = (5¢5:53, --.); S € {0,1,2}, m = 0} is isomorphic to
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the dynamics on the Julia components Ag. Notwithstanding, the
dynamics of the one-sided shift on only two symbols

X, ={s = (s¢Sq,.-); Sy € {0,1}, m = 0} is isomorphic to dynamics
on the set of Julia components of f;(z). Hence, f;(z) is not
topologically conjugate to Qg corresponding to Julia sets, see

Figure (3). m

Figure. (3) J(Qp) ifd=4,B=10.7999 +0.8i and f(1(2) = 23 +%. Are
both of them Cantor circles. Hence f; and Qg are not topologically

conjugate corresponding to Julia sets.
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Remark (2.1.31) [12]

Let A(B) and B(B) be two values for the parameter 8, where
A(B) = 0 and B(B) = 0. Then is said to be A(B) < B(B) if there is
¢ = 0 suchthat A(B) <¢.B(B) for 0 # S is small.

Theorem (2.1.32)

Zd(ZZd_ﬁd+1)

Let Qﬁ(Z) = 2,81“12‘1 — W be a map.

Assume that d > 4. If g is a non-zero and small enough, then

J(Qp) is a Cantor circles.

Proof

The Qp(z) has one free point, say ez such that

1
_ 3B3d—1_4ﬁd_ﬁd+1_\/(3ﬁ3d—1_4Bd_ﬁd+1)2_4(1_231—(1)(3461_23561—1) 8
€ = 2-4p1-d '

d+1
If |g] is small enough, it follows ez = |B|zd¢. We define

d+1

b = |B|2a Vz € 7,, where 7, is a round circle is defined as
T, = {z:|z| = b}. We obtain
Zd(ZZd—Bd"'l)

Q@] = | @82 - =D

d+1
1Bl 2 |(z24-B4*1|)

L
= 21p1= gl - EE

d+1 d+1

1 d+1 d+1 d+1
< 2B IR = 1Bl < 20Bl 7 < Bl

For d > 4, therefore 5d —3 <d(d + 1), forany a >0

. . 5d-3 5d-2 5d-1 5d d+1
satisfying 7 < Hr <57 <27

Henced+1<3d —1<5d—-3< 2da,
define U = {z: |z| < |B|*}, Vz € U and |B]is small,
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it follows |ZZd _Bd+1| = |5|%*1 and |Z2d _ '33d—1| = |B|3¢-1,
we have

05| = 21814121 -

= 2|7 ?z|? — |z|?|B| 29+

< 2|B177BI% — | B4 B 724+2

= 2|B|@d-4 — |p|da-2d+2

< Bl < I |

Thus Q4 (U) c U if B is small enough.

Therefore U is lies in I, by definition of U. By using that

a+1 5d-3 d+1
|Q3(Z)| < |ﬁ| 2 and 7< CZ<T,

we have Qz(J,) € U c I, and F(Qp) is contains T, if g is small .
Thus Qp(eg) € Iy, hence eg & Iy, whenever g is small and

Qp(T) c Iy and |eg| > b. Now, assume that Q@ has critical point €

3d-1
such that if |ég| = |8 2a and by Lemma (2.1.4), where |B] is small.
Then Qz(€p) € I, and e; € I, because |é;| < b and 7;, < Q™" (Iy).
Hence there is critical point is not contains in I, or I, but the image

of this critical point by Q4 contains in I, or I,. Therefore from

Theorem (2.1.29), J(Qp) is a Cantor circles . See Figure(4) m
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Figure (4) When d =4. Top: p=0.799+0.8i and J(Qg) is a Cantor
circles; left Bottom: g ~ 1.151442 and J(Qp) is a Sierpinski carpet; right
Bottom: g ~ 1.050 and J(Qg) is adegenerated carpet.
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Proposition (2.1.33)

In any rational map, the Julia set has no critical points if it is a

Cantor set of circles.

Proof

Assume that there is 7 a Julia component of Qs and ez € 7
with multiplicity d. Therefore Qz is not 1-1 map in every small
neighborhood of e;. So Qz(#) containing Qg(ez) from Lemma

(1.2.18) . Suppose that V small neighborhood disk of the image of
eg such that VN Qg(7) is a simple arc. The preimage of V

containing ez is mapped onto V by d + 1 to 1. Now we note that the
preimage of V N Qz(#) is connected and is in 7, thus 7 has structure

as star, therefore is not simple detour. By assumption that the Julia
set is cantor circle and 7 is simple closed curve This is impossible.

Hence J(Qz) has no critical points. m

Now, we will study the technique of escaping to the free critical

points also to prove J(Qp) is a Sierpinski carpet. Also we give the

degenerated Sierpinski carpet if the intersection of the boundaries

of complementary domains are non-empty.

Proposition (2.1.34)

Assume that ez be a free critical point lies in g5 for m = 2, where
Qs Uo)\lp = q5 and Qz'(Ux)\l = q& . Therefore each Fatou
components of Qg are simply connected and J(Qg) is compact,

connected, nowhere dense and locally connected.
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Proof

I, and I, are simply connected from Proposition (2.1.24).
Suppose that g3 = le(lo)\l0 of I, consists of Fatou components
with 2d- symmetry. Since Qz maps each one of them onto I, is
conformal and e; € qq° for m = 2, it follows all component of qt

Is simply connected 1 <i<m—1 Vi, the number of components
in qg* is at least 2d and by Proposition (2.1.21) these component
2d- symmetry surround 0. For any V is simply connected component
in the (m—1 ) preimages of [,. Suppose that the critical orbits

does not lie inV, thus all components of le(V) are simply

connected. Now the critical value lies in VV also there is U component

of le(V) such that cannot simply connected, therefore U has two

critical points at least. Hence there is 2d —1 different Fatou

component from the symmetric Fatou components w}V where

wo=¢ed, 1<i<m-—1.Thus w}V has two critical points at least.
Therefore Qg has 4d free critical points, this is impossible. Thus
each components of Q;l(V) are simply connected and V has critical

value. Hence each components in qj* are simply connected.

Therefore all components of le(lo) are simply connected because
qgt has no critical values. By Corollary (2.1.6), thus each Fatou

components of @z are simply connected. Notice that ](Qﬁ) is equal
to the complement of (U;sq Q[;"(I0 Uly,), since I, Ul, are simply
connected, then J(Qp) is connected and by definition of the Julia set

is bounded and closed sets, thus J(Qg)is compact set. Since

J(Qp) # Co, and by Proposition (1.2.1)(viii), thus ](Qﬁ)o = ¢ and

53



J(Qp) is nowhere dense. By Corollary (1.1.35), it follows J(Qp) is

locally connected since Q; is hyperbolic map. =

Definition (2.1.35) [27]

Let R be a rational map, if J(R) contains neither parabolic
periodic points nor recurrent critical points, then R is semi-

hyperbolic rational map.

Theorem (2.1.36) [27]

Let R be a semi-hyperbolic rational map such that the boundary
of each Fatou component is a Jordan curve. Then the boundaries

of all the Fatou components of R are quasicircles.

Theorem (2.1.37)

Suppose that ez € qq'(or qi) for m = 2. Therefore each Fatou
components of @ are Jordan disks. However, if dl, N dl,, = @, then
J(Qp) is a Sierpinski carpet. Otherwise J(Qz) is a degenerate

Sierpinski carpet.

Proof

From Corollary (2.1.6) and also Proposition (2.1.34), we must to
prove the boundary of I, is a simple closed curve. Because the
boundary of I, is locally connected and connected, then the
complement of (C,\I,) has at most countable Jordan disks. For
any Q, component of C.,\/, contains 0. Therefore 09, is a simple

closed curve. We claim that Q3 ' () < Q.
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Suppose that 0€l, c Qy, to show that Qg '(0) c Q,. From
Lemmas (2.1.4) and (2.1.9), we have 2d-roots for Q5 ~*(0)\{0} have
either in Y, (Fatou component) around 0 or contain in 2d different
components of Qg. For the previous case if Qﬁ‘l(O) IS not contain
in Q,, it follows Y, separate I, from Q,, which is contradict because
d0Q, c dl,. Now there is case that 2d Fatou component ought
contain in 2d different component U,,...,Uy;z_; Of Coo\(Is U Q).
However Q™ (0)\{e0} < U245 n(U) < Oy , (n(2) = £).

Hence Qz(U;) = Q, Vi=0,..,2d — 1.

Therefore  Qg(UX;,'0U;) =89, c dl,, thus 8Q,cdl, has
2d —preimages on the boundary of I,, because Qg4:0d1,, — 9l has
degree d. This is impossible.

Hence Qp7'(Qy) € Q and Q) = C,\I,. Suppose that z € 4Q,,

since Qg (Q) < O, and we have 99, C 9l

It follows 9l € J(Qp) = Ums0 Q3™ (2) € 0y, SO I, c 30, and
dl, € 0Q,.
Thus 09I, = 09, is simple closed curve and @ is hyperbolic.

By Theorem (2.1.36), then dl,, is quasicircle.

Now we have three cases and we discuss of these cases:

Case one

Let M and N are distinct components of g (or q%,) , i = 1, such
that M intersect with N. Let z € M n N, it follows that Qﬁi‘l(z) is a
critical point of Qg because Qg'(M) = Qz'(N) = I, also
Qs "N (M) n Qg N (N) # @. Which is contradict because that all

critical points escape to either the infinity or the origin.
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Case two
Let M and N are components of g5 and g¥ (or g%, and g&),
0 <k <i such that M intersect N is a non-empty. Therefore

Q""" (M n N) are critical point of Q; Which is contradict.

Case three

For any components M and N of g} and g%, k # 0,i # 0.
Because dI, ndl,, = @, it follows dM N dN = Q.
Therefore M N N = @. By Proposition (2.1.34), J(Qp) is a Sierpinski
carpet. Otherwise, if dl, N dl, # ®,then J(Qg) is a degenerate

Sierpinski carpet. m

Theorem (2.1.38)
Let Qg : C, —» C,, be a map such that

Zd(ZZd—ﬁd+1)

Qp(2) = 282" = — -
Foreachd =4 and f =~ 1.15144239 such that
Qz(es) =0, (2.3)
where eg ~ 1.1592 + 0.4802i is a free critical point of Q5. Therefore
J(Qp) is a Sierpinski carpet.
Proof

From (2.3), it follows that the free critical orbits are escaping to 0

also Qg is critically-finite. From Proposition (2.1.11),

T ={z:1z| = B} is contained in J(Qg). We have from a direct

calculation,

leg| = 1.254707 > B and |Qz(ep)| = 3.90962576 > B.
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Therefore, Qg(ep) € q; and e; € g5 because Ty is contained in
J(Qp). Now, we prove that dl, n dl, = @. Because J;z has no
critical values, thus Qﬂ_l(ﬂb) include of finitely many disjoint simple

closed curves. From the Argument Principle and since in the

Dg = {z:|z| < B}, thereis d — roots and 2d poles,
thus Qp: 73 — T3 has degree d. Therefore Qﬁ‘l(ﬂb)\ﬂzg * 0.
Now, we claim each components of QB‘l(IJZ;)\IJZ; around 0 .

But if the converse of the claim is satisfy and from by Lemma (2.1.4)
and (2.1.5), we have inside of J; are 2d components of Qﬁ‘l(Tﬁ)
and outside of J; are 2d components. Which is contradict with
degree of Q. Hence the each components of Qﬁ‘l(ﬂk) are disjoint

and around 0.

Therefore dI, N dl, = @ because they are separated by at least

there are three disjoint simple closed curves lie in J(Qp). J(Qp) is a

Sierpinski carpet from Theorem (2.1.37). See Figure (4). m

Theorem (2.1.39)
Let Qg : C, - C,, be a map such that

Zd(ZZd_Bd+1)

Qp(2) =282 —— g
Foranyd =4 and f = 1.050 such that
Qi (eg) = o0, (2.4)
where eg ~ —1.8774 — 2.0208i is a free critical point of Q. Then
J(Qp) is a degenerated Sierpinski carpet.
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Proof

From (2.4), thus the critical orbits are escaping also Qg is
critically-finite. By Theorem (2.1.37), to prove ez € g% and the
boundary of I, intersect with the boundary of I, are a non-empty.
Because Q3(eg) = o, it follows that ez € g3 if J(Qp) is not cantor
circles and not quasicircles from Theorems (2.1.15) and (2.1.29).
To show that —p € dl, N d1, for - B is a repelling fixed point of Qp.
Since if d is odd, we have Qz(—p) = —p.

' dp?4~2-4dp%1-3d
Qp'(—B) = L ~ ~5.696895521 .

Then |Qg'(—B)| > 1 and —B is a repelling fixed point.

Our procedure can be analyzed into three steps:

Step one
To find V, is a neighborhood of 0 such that Qz(V,) c V,. Therefore

Vy C 1.

Step two

To find U; and U, are two open neighborhoods of —f such that
(1) U; € Qp(Uy) € Us.

(2) critical values and poles of @z not lie in U,.

(3) the map restriction on U of Qg is conformal.

Step three
Tofind v € V, and u, € U, such that I, contains the segment [v, u,].

Now we prove these steps. If eg ~ —1.8774 — 2.0208i,

then |eg| = 2.75830.
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Forany V,={z € C,:|z| < 0.4} be the disk centered at zero and

radius is 0.4. Suppose that z € V,,

thus |z|?4 — |34 < —1.709684 < 0 and therefore

Zd(ZZd_Bd+1)

05| = [25* 42 - 55

1214(12124-181%+1)
2124 |g P41

<2|p1"%z|* +

<0.0633 < 04.

Therefore Qg (V) © V, and V, < 1. By using

i

CP (Qp) = {whep, i £ 0 <m < 2d — 1), where  w, = ex.

The set of critical values:

CV(Qp)={(£(23.6577 + 6.16768i), +(—0.02868 — 0.000138i), 0, oo}.
The distance from —p to CV (Qp) is 1.038267.

By according step two, fix vy, =04, u; =05, a =176 and
A=25.DefineU;, =D,(—B)={z€C:|z+p| <a}

and U, =D,(—B) ={ze€ C:|z+ B| < A}. Thus

zd_Bd+1|

max |Qp(2)| < _max 2183yt +2 b ~ 0.154578 < 0.4.

Z€[Vg,Uq] €[0.4,0.5] |y2d—p3d-1]|
It follows that QB([vo,ul]) c V, and thus [vy, u4] € I,.

Since |u; + B| = 1.55 < a, therefore u, € U,.

Now to show that U; € Qz(U;) € U, . It means that if u; € U; and

z € D, (—p), then |Qp(uy) + B| < A.

Also if z € 9D, (—p),s0|Qz(u;) + B| > a . We take a value of
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u; = 0.6,thus max _[Qp(2) + B| ~10.315938 + 1.05| ~ 1.36 < 4 .
2€Do(-p)
Also if z € 0D, (—f), we take u = 0.75 ¢ U;,

therefore mln |Qﬁ(z) + B| ~ 10.731 + 1.05| =~ 1.78 > a.

Hence U; € Qz(U;) € U,, also U, has no critical values and poles
of Qz. Because u, € U; and the segment [v, u,] lies in I,

thus uy = Qp(uy) € Qp(Uy) N Iy. Q5*: Qp(Uy) — Uy is the inverse of
the conformal map Qz: U; — Q(U;) is a strict contraction map for

the unique fixed point —f. For each n, lies in I, is a smooth curve
linking u; and u,. Letm > 1, such that u,, is the m — th preimage of
u, for Qp, also n,, is the m —th preimage of n,for Qg linking

Upmyq aNd u,,.
Therefore n,, € I, Ym = 0. Thus U,,s01m € I,. Because

lim u,, = —pf, then —p liesin dl,. By Lemma (2.1.5),

m—-0o

therefore —p lies in dl,,. Hence —p € dl,, N dl, # Q.
Because dl,, N dl, # @, then J(Qp) is not cantor circles.
Therefore ez & q5, to show that J(Qp) is not quasicircle.
Assume that J(Qp) is quasicircle. From (2.4), thus eg € I,

and Qg (ep) € I but I, is Fatou component of superattracting fixed
point o # ez. From Theorem (1.1.38), we have Qﬁd(eﬁ) in I, is
infinite. This is impossible with @ is critically-finite. It follows (Qp) is
not quasicircle. Since eg € g5, and use Theorem (2.1.36), therefore

J(Qp) is degenerate Sierpinski carpet . m
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Remark (2.1.40)

From the comparison between our family and McMullen maps, if
the free critical orbits are attracted by the cycle to the origin or to
infinity, then the Julia set is neither to be a degenerate Sierpinski

carpet nor a quasicircle, see Figure (1) and (4).

Now, we give the state of The Escape Quartation Theorem as

follows:

Theorem (2.1.41)

Assume that the orbit of one free critical point ez of Q4 is
attracted by 0 (resp. «). Then
(1) If eg € I (resp. 1), then J(Qp) is a quasicircle.
(2) If Qp(ep) € Iy (resp. I,) but eg & I, (resp. Iy), then J(Qp) is a
Cantor set of circles.
(3) If Qg™ (ep) € Iy (resp. I,), for m > 2 and Qz'(ep) & Iy(resp. Iu,)
for 0 <i < m and further,
(3")If I, N dl, = @, then J(Qp) is a Sierpinski carpet.
(3") If oI, n dl, # @, then J(Qp) is a degenerated Sierpinski

carpet .
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2.2 Dynamics in Parameter Plane of Qg

In this section, we give some the properties of the parameter

plane of Q.

Definition (2.2.1)

We define The non-escape locus sets by:

M = {B € C\{0}: Q3"*'(es) not tend to co as m — oo}.

Now, we give the Proposition is to study the symmetry of the

parameter plane.

Proposition (2.2.2)

The non-escape locus sets M satisfies:
1. M is symmetric about the real axis.
2. oM =M withv??"1 =1,

Proof
1. If zZ=Xx+1iy, then Z=x-1ly. Suppose that

(c+iy) 3 ((x+iy)24-pd+t)

Qp(2) = 2B (x + iy)? - iy AT thus
_ _ . (x—iy)?((x—iy)24-pd+t
Qp(2) = 2614 (x — iyy? - EEIEW ) g

—  51-d . \ad i) ((rin)?d-pitt)
QB(Z) = 2,81 (x + ly) - (x+iy)2d—p3d-1

Therefore Qg(2) = Q5(2), so that Qg and Qg are conjugate via map
Qs(z) = Qg (z) by symmetry with the real axis. Hence the parameter

plane is symmetry under the map H(B) = f3, they either both remain
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bounded or both tend to oo. Hence M is symmetric about the real
axis.

2. We have in the parameter plane (2d — 1) —fold symmetry for Qg,

21

to show this. For any = ezd-1, so v is a primitive (2d — 1)5¢ root of

unity. Therefore Qp, (v%2) = v?Qp(2), for v®** = 1,sothat v = 1, let

i

h(z) = zezda-1 . Form > 1,

_ (-1) Q™ (2), modd,
h7le Qg o h(z) = { me
Q" (2), m even.
For any f € C, thus the maps Qg, and Qg are conjugate under

the linear map h,(z) = v%z . Therefore the parameter plane is
symmetry under the map h,(B) = v, they either both remain
bounded or both tend to . Evenly, § € M if and only if fv € M. See
Figure (5).

Definition (2.2.3)

For each d = 4, we define M = { € C\{0} : J(Qp) is a Cantor
circle.
If M is an open domain and contains a punctured neighborhood of

0. This domain is called the McMullen domain.

Remark (2.2.4)

Suppose that the set of the critical points such that

CP (Qp) = (g c I. Let m = 0, H,, be a parameter set that can be
defined as:

H,, = {B € C\{0};m is the first integer such that Qz'(Cp) C Io,}. A
escape domain of level m is a component of H,,.

Hy = {B € C\{0}; Qp(ep) € I}
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H; =@ and H, = {8 € C\{0}; Q5" *(Qz(ep)) € Io} . See Figure
(5). The complement of the escape domains is called the non-

escape locus M.

(b)
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(©)

Figure (5) Parameter Plane for the map Qg when degree (a) d = 4,

(b) d =3 and (c) d = 2. Where shown here are the areas H,, H,

and Hs, where M, represents the MacMullen domain.

By Figure (5), we define H,, is the Cantor set locus, H, is the
McMullen domain, H,,, for m > 3 this is Sierpinski locus also any of

its component is called a Sierpinski hole.

Theorem (2.2.5)
Let Qp : C, = C, be a map such that

Zd(ZZd_Bd+1)

Qp(2) = 282" — — g

The McMullen domain exists in the map Qg if and only if d = 4.

Proof
Assume that J(Qp) is a Cantor circles. Therefore I, and I, are

simply connected and for any Fatou components but except I, and
I, are annuli which separate oo from 0. By Proposition (2.1.9), the
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Fatou components consists of two annular such that contain
2d(critical points). From Riemann—Hurwitz’'s formula, the first
preimage of I, and I, contain all free critical points . However, each
the free critical points does not lie in I, and I, because J(Qp) is
Cantor circles. By using Proposition (2.1.21) and from Figure (2), it
follows that the conformal moduli of annuli holds

mod(V,) = mod(V;) = mod(V,) = mod(V)/d

because Qp:V;,, -V for m=0,1,2 is a covering map dto 1.
Moreover V essentially contains on V,, V;, V, also

M\(V,uV;ul,) #@. By the Grotzsch’'s modulus inequality,

we get
3
mod(V,) + mod(V;) + mod(V,) = Emod(V) < mod(V),

that is %< 1. We need a % of cycles to cover the circle which is

equivalent if and only if d > 4. See Figure (6). m

(@)
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(b)

(c)
Figure (6) : The non-escaping loci of Qg, where d = 2,3 and 4. (a) and (b)

If d <3, then Qg has no McMullen domain .(c) If d = 4, then there is a

McMullen domain centered at O this is a white disk.
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CHAPTER THREE

The Connectivity of Julia sets of Qg

In this chapter, We talk about the connection of the Julia set and
we study the Julia set as a stranger chaotic attractor to give the Julia

set of @z has Hausdorff dimension.

3.1 Connectivity of the Julia sets of Qp

In this section, we prove that the orbits of all free critical points
are not attracted by the superattracting cycle 0 or co. For any d > 2
and B eA:=C\{0}—{B:B"¢=10rp*2=1},,then J(Qp)is

connected.

Proposition (3.1.1)
Suppose that the orbit of one of the free critical points ez does
not tend to the origin or infinity, then @z has no doubly connected

attracting Fatou components or parabolic components.

Proof

By the previous section, we have I, and I, are simply connected
and all ng‘{’(loo) and Q[}"(IO) are simply connected for any natural
number . Suppose that there is a parabolic basin or periodic
attracting basin V for period q linking a periodic point z,, where is
different from I, and I,. Thus q is the period of z, but z,(# ,0).
Suppose that V has at least a critical point eg. Notice that each the
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components of parabolic basin or g- periodic attracting basin have
the same connectivity. Therefore the connectivity of V have the
same of Qz'(V) (1 <i<q—1).

For any a maximal number of the critical points K > 1 lie in each
component of the orbit of the parabolic basin or periodic attracting

basin. We have three cases for this proof:

Case one

Assume that K =1, V is simply connected from using the
Riemann—Hurwitz formula . There is U, c V is a simply connected
neighborhood of periodic point z, such that Qz%(U,) c U, from
using the local dynamics of the parabolic and attracting periodic
points ( but with the case of parabolic U, c V such that
dUy N AV = {z,}) . Assume that U, of U, be the preimage under Q.
The parabolic basin or g —periodic attracting orbit has this the

preimage. Because X = 1, U; has at most one critical point of Q. If
eg &€ U; of Qp, then the branched covering from U; to U, has a

degree is one because the Riemann—Hurwitz formula, thus U; is
simply connected. If U; has one critical point, from using the
Theorem(1.1.26), the branched covering has degree two from U, to

U,. So U; is simply connected. Continuing this process, we obtain

that V = Ugso Q[;‘m (Up) and thus V is simply connected.
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Case two
We set XK =2, It follows one component V of the g- periodic

attracting basin or parabolic basin has 2 critical points e, and e, of

Qp. We claim that e; = wé"n(eo) for some j, € Z.

On the other hand, by CP (Qg) = {wg'eg, w},”f—; :0<m<2d -1},

we have e; = w, " (e,) for some m, € Z. By Lemma (2.1.4), (2.1.5)
and (2.1.9), thus we have 2d critical points

{wg'eg: 0 < m < 2d — 1} are contained in V, this is impossible.
Then we claim that deg(Qz|V) = 3. Otherwise, if deg(Qz|V) is
greater than 3, for each z € Q5 (V) from using Lemma (2.1.4), (2.1.5)
and (2.1.9) warranty that the preimage of Q3 (z) has greater than 3d
(counted with multiplicity). This is impossible since degree of Q.

Otherwise, for each z, be the periodic point in V, there are at least

three preimages of Qz(z,) which contain in V (with case of the
parabolic, we can find 3 preimages of Qz(z,) € Qp(dV) in oV as a
similar method ). Each the 4d —free critical points contain in
U2 V. From Lemma (2.1.4), (2.1.5) and (2.1.9), so the Fatou

component wg'n(V) has two free critical points is wj'n(e,) and
wyn(e) = wg”‘fo ey, it follows w({On(W) = V. Because the points in
the parabolic or attracting basin can be only attracted by one
parabolic or attracting point, we have wg"n(zo) = Zp-

For any z; € V be a preimage of Qz(z,) and w(’)"’n(zl) = z,. We
claim that Qz(z,) = Qp(z0). Then

Qp(22) = g1 (Qp(21)) = wg*n (Qp(20))

= g (g (wgn(z0))) = wi om0 ( Qpz)))
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LB L——r (Qp(20)) = Q5 (20).

wdon(Qpz0))

Assume that z, not equal to z,. But claim that z; not equal to z,.
With on the other hand, if 3, = z,, we obtain z; = +z, . From
Lemma (2.1.4), (2.1.5) and (2.1.9) and combining, we preclude

z1 = —23,, because V around 0 and satisfies a)gv =V for each
j€Z . This is impossible. Therefore z, not equal to z, and so
%1,%0 and 2z, are each distinct. Thus wé"n(v) =V and Qz has
degree three on V. We assume that 3, = 3, , SO 3y, = 3.

Hence z, equals to the free critical point with at least three for local

degree, so equals to three and Q; has degree three on V in every
cases. From the Riemann—Hurwitz formula, we can to show the
parabolic basin or the periodic attracting and is simply connected.
By the same process, we can take wé°n(U0) = U,. This warranty

that U; has 2 critical points e, and e; of Qg .

Case three

Assume that 2 < KX < 4d. By using Lemma (2.1.4), (2.1.5) and
(2.1.9), then there is V a component of the g —periodic attracting or
parabolic basin such that satisfies a)g (V) =V, foreachjeZ also
has exactly 2d or 4d — critical points with the form
{wg'eg : 0 < m < 2d — 1} for some e;.
For any Q c V a simple closed curve around 0 such that satisfies
w({Q = (), for each € Z . From Lemma (2.1.4), (2.1.5) and (2.1.9)
warranty that Qﬁdq () always around 0 for each positive integer d.

But V is disjoint with I, and I, which is contradict with
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Q57(Q) - z, is converge uniformly. Hence each the components of

the g —periodic attracting or parabolic basin have the same

connectivity. m

Lemma (3.1.2) [13]

If V is a Fatou (or Julia) component of h;. Then either V does
not around 0 and there are 2d such Fatou (or Julia) components
oMV , where 1 <m < 2d such that o'V N wiV =0,
for each m # i (mod 2d) , or V. component of Qs around 0 and

satisfies w{'V =V for any m € Z.

Remark (3.1.3) [13]

Let A < C be an annulus. The core curve of A is defined as
Y~1(Vr), where

Y:A-> A :={z€eC:0<r<|zl <1} is a conformal
iIsomorphism. Suppose that A, is the outer boundary of A and A_ is
the inner boundary of A. Let z € C,, Q% (z,) and Q} (z,) are disjoint
if 0% (z) N Of (z2) = 0.

Proposition (3.1.4) [13]

Assume that R be a rational map with d > 1 has fixed Herman
rings A,,...,A4_1. Call the Y,, c A,, is the core curve whose union
divides C,, into d + 1 connected components U,, Uy, ..., U;, where
0 <m <d-— 1. Therefore R has at least (d + 1) disjoint infinite
critical orbits @f (ez ) in ] (R) such that Of (ez ) S U,, NJ (R),

where ez ,0 < m < d is the critical point of R.
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We prove that J(Qp) is connected, we need to exclude the case in

which Qg is Hermann rings.

Definition (3.1.5) [43]

A rational map R has exactly one infinite critical orbit in J(R) is

eventually if there is a critical point e in J(R) such that the forward
orbit of ez is infinite and for each other critical point es € J(R) either
Of (€3) is finite or € has the same grand orbit as e,

R™(eg) = R'(ég) forsomem,i €N .

Proposition (3.1.6)

Zd(ZZd—Bd'H)
ZZd_.B3d_1

Let Qp(2) = 2Bz — be a map. The map Qg has

no Herman rings.

Proof

By contradiction we suppose that ¢z has a cycle of Herman rings.
Assume that Qg has a g —periodic Herman ring, where g = 1. For
any component V, of the cycle of these Herman rings. By

semiconjugacy, we assume a new rational map because @z has the

symmetric properties in Lemma (3.1.3), For any h(z) = z*¢ also

Z_Bd+1 2d
define Gy (z) = z¢ [2ﬁl—d - —]

Z—B3d_1
Therefore h is continuous and onto, thus h is a semiconjugacy
between @z and Gz such that h > Qg = Gz ° h . Hence Gg has also

a cycle of Herman rings if Q3 has a cycle of Herman rings. From

Lemma (3.1.3) and because @ is one to one in component V,, this
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component can not around 0. Therefore there are 2d —Fatou
components wg'V, satisfying
oMV N wiV =@, for 1 <m < 2d also for each m # i (mod 2d).

So h|V, is one to one also h(V,) is a periodic Herman ring of G.

Suppose that g is the period of h(V,), we remark that g is maybe

or not equal to g but g is a divisor of 4. Hope to get a discrepancy
using Proposition (3.1.4). For any U, = h(V,) and U; =gﬁi(U0),
where 0<i<gqg-—1. In particular, Gz(U,-,)=U, also

{Up, Uy, ...,Uqg = Uy} is a q —periodic Herman rings of , G;. Set

No(z) = %M and from Lemma (2.1.5), we get

Mo° Gp(2) = Gp° 1o(2) - (3.1)
Because deg(gp) is equal to 3d also Gg contains 6d — 2 critical
points (counted with multiplicity). The local degrees of the origin and
the infinity are both d. The local degree of the zero at 4+ is 2d also
the local degree of the pole at 3¢~ of Gz is 2d. Therefore, this

leaves only two free critical points we can denoted by €; and
4d

no(€p ) = ﬁe— from (3.1), also the local degrees of € is 2 and the
B

local degrees of 7,(é€j ) is two.

Because for 0 < i < q — 1, U; is bounded and does not around 0.

We now consider G;? and the critical points of Gz7 are
_ _: ; _ . ﬁél-d

(U5 65~ @) v (U 67 (55))

Therefore at most there exist 2q disjoint critical orbits of Gz, where

we have the following form

{@;ﬁq (eﬁo), @;ﬁq (770(9/30))» s @;ﬁq (eﬂq_l) , @;ﬁq (770 (e/;q_l))}.

Assume that they g —periodic Herman rings have the collection of
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core curves {Iy,Iy,..,T,—4} for Gg such that there are g +1
connected components w,, @, ..., @, separate C,.We have two

cases.

Case one

Assume that n,(U,) = U,. Thus from (3.1), n,(U;) = U;, for each
0<i<q-—1. We have the interior and exterior boundary
components of U; are ; and E; respectively, for 0 <i < g — 1. First
claim that n,(E;) = E; for i € N, because U; is bounded also does
not around 0. Hence E; must have the points in the closure of U; for
the smallest and largest modulus. Note that the map 7, the point of
the closure of U; for largest modulus to the smallest one. Hence
no(E;) # y, we conclude n,(E;) = E; with i € N, this the claim s true.

Therefore component m; has @;ﬁq(eﬁi) also @gﬁq(no(eﬁi)). From

Proposition (3.1.4), ](gﬁq) contain at least g + 1 disjoint infinite

critical orbits O q(eg,) such that

@;ﬁq(eﬁi) c W; n](gﬁq)
Nevertheless for g,;q, the critical orbits (2q) only belong to g of

q + 1 component of w; for i =0, ..., q . This is contradicting.

Case two

Assume that n,(U,) # U,. From (3.1), we conclude n,(U;) = U; for
each 0 <i < g — 1. Hence the 2q disjoint fixed Herman rings belong
in Gz7. Otherwise, at most only there are 2q disjoint critical orbits.
From Proposition (3.1.4), this is impossible. So Gz and @z has no

Herman rings. m
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Theorem (3.1.7)
Letd =2 and g € A, J(Qp) is connected if and only if it is not a

Cantor circles.

Proof

Assume that the free critical orbits of @z are not attracted by 0
and co. From Propositions (3.1.1), there are no infinitely connected
Fatou components for Qg and by Propositions (3.1.6), @z has no
Herman rings. Hence Q; have any of the periodic Fatou

components are simply connected. Because each of the preimages
of the periodic Fatou components has no critical points. Therefore,
the preimages are also simply connected. By Theorem (1.2.13), we

conclude that J(Qp) is connected. If the free critical orbits of Q; are
attracted by the origin and infinity, then J(Qg is connected if it is not

a Cantor set of circles from The Escape Quartation Theorem . m
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3.2 Julia Set is chaotic stranger attractor

In this section, we show that the Julia set has a stranger
attractor and is chaotic and is therefore considered a fractal set
because the Julia set is an irregular set, it has a Hausdorff
dimension. we will study the concept "Hausdorff dimension" and to

find the dimension of the Julia set of Q4 . Finally, we get chaotic Julia

set.

Definition (3.2.1) [11]
If x, y are points of R¢, the distance between them is
d(x,y) = (ZL lx; — yilz)l/z. We define the diameter |U| of a non-

empty subset U of R? as the greatest distance apart of pairs of

pointsin U. Thus |U| = sup{d(x,y): x,y €U }.

Definition (3.2.2) [11]

If {W,,} is a countable collection of sets of diameter at most ¢
that cover K, where K c R4, thatis K ¢ Us_, W, for 0 < |W,,| < &,
forany t > 0, for each ¢ > 0.

HEK) =inf { X _1[W,|t : (W,} is a ¢ —cover of } . If
HYK) = gl%}fg(zo, then is called t—Hausdorff dimension

measure of K.

Remark (3.2.3) [2]
K has a dimension d(K), if d(K) > t, then H*(K) = +oo but if
d(K) < t, then Ht(K) = 0.

77



Definition (3.2.4) [11]
The Hausdorff dimension IS defined as
dimy(K) =inf{t 20: H'(K) =0} =sup{t: H'(K)=o}.

if 0<t<dimg(K)
if t>dimy(K).

(0 0)
) ={
If t= dimy(K),then H*(K) may be zero or infinite, or may satisfy
0 < HEK) < oo,

Example (3.2.5) [11]

For any K be the Cantor dust constructed from the unit square
such that any stage of the construction the squares are divided into
16 squares with a quarter of the side length, of which the same
pattern of four squares is retained. Then 1 < H1(K) < V2, therefore
dimy(K) = 1.

To find dimy (K) = 1. By the construction for the nth stage such that
is M,, consists of 4" squares of length 4~ and has diameter 4"/2.
We have the squares of M,, as a € —cover of K where ¢ = 4™™/2,
thus an estimate H21(K) < 4"4 "2 for the infimum in definition of
HE(K). Asn - o so € — 0, hence giving H1(K) < 2.

For any proj denote orthogonal projection onto the x — axis. So
|proj x —projy| < |x —y| if x,y € R%. For the lower estimate, so
proj is a Lipschitz map. By the construction of K, proj K is the unit
interval [0, 1]. By using H'(proj K) < ¢t H*(K), for constant

¢ > 0. Therefore

1 = length[0,1] = H1([0,1]) = H (proj K) < HY(K). m
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Definition (3.2.6) [16]

For any K c R%, where d = 1,2,0r 3. The box dimension of K

define by

. 1. InM(e)
dimgK = lelir(%ln(l/E) ;

where M (e) the smallest number of d-dimensional boxes of side

length € required in order to completely cover K

Example (3.2.7) [11]
For any K be the middle third Cantor set . Then
dimgK = log 2/ log3.
To find dimgK = log 2/ log3. It's clear cover by the 2™ level-n
intervals of M,, of length 37"
gives that M(e) < 2", if 3™ < e < 37™*1, From Definition (3.2.6)

. . InM(e) . In2"
dimgK = lim———= <
B e—>0In(1/€) — nooo In3n"1

= log 2/ log3. On the other hand,

each interval of length e with 3771 < e < 37", at most intersects
the one of the level -n intervals of length 37" used in the
construction of K. There are 2™ such intervals, so at least 2"
intervals of length € are required to cover K. Therefore M(e) > 2"
go to dimgK = log 2/ log3. Hence, at least for the Cantor set,
dimy(K) = dimgK. m

Theorem (3.2.8) [2]

For any rational map R with degree d, where d = 2. If oo € F(R)

logd

g Ko also

and X, = max{ |[R'(2)| : z € J(R)} > 1,then dimy(Jg) =

the lower bound is betterest.
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Remark (3.2.9) [2]
The lower bound is attained if R(z) = z% . Therefore dimy(Ji) < 2,

so K, =Vd =2.

Example (3.2.10) [23]

By(z) = z, Bo(2) = é , whenever a # o, ingeneral

B,(z) = o

1—

Q|

Z—Qa

"1-az’

Q

If |a| < 1, then B, preserves orientation on the circle and maps the
unit disk into itself. But if |a| > 1, then B, reverses orientation on

oD = St and maps D to its complement.

Proposition (3.2.11) [23]
Suppose that F : ST — St is a rational map with degree d if and
only if can be written as a Blaschke product as
F(z) = e*™B, (2) ...B, (2)

for some constants e?™t € 9D and ay, ...,a; € C.,\dD.

Remark (3.2.12) [28]

The hyperbolic Hausdorff dimension of R —invariant U is the
supremum of the Hausdorff dimensions of R — invariant subsets V
of U such that |[(R™|V)" | > 1, for an integer n.

Theorem (3.2.13) [28]

LetR : C, — C, be arational map with degree d > 2 and Q be
the simply connected immediate basin of attraction to a periodic
attracting orbit. Then, provided R is not a finite Blaschke product in
some holomorphic coordinates, or a quotient of a Blaschke product
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by a rational map of degree two, the hyperbolic Hausdorff dimension

of the boundary of Q is larger than 1.

Theorem (3.2.14) [37]

The Hausdorff dimensions of J(R) is strictly greater than one and

strictly less than two.

Remark (3.2.15)
In Theorem (3.2.14) Sullivan proved that hyperbolic Julia sets
have zero area. Thus, from the proof of Theorem (3.2.14), can

obtain that the Hausdorff dimension is strictly less than two directly.

Remark (3.2.16) [17]

If X is a A —Ahlfors regular metric space and ARconfdim(X) is
the infimum of the Hausdorff dimensions of all metric spaces
quasisymmetrically equivalent to X, then
ARconfdim (X) =1+ A(D), where 1 = A(D) is the unique real

number , for any D := (d,,...,d,,—1) be a sequence of positive

integers satisfying Zi,j:lodil < 1,anevenintegeri > 2.

Corollary (3.2.17) [17]

Assume that R: C,, = C,, is a rational map and N be a closed
annulus for R also there is a sub annulus pairwise disjoint
Ny, Ny, ..., N;_4, i even, contained in the interior of N such that (with
respect to a linear ordering induced by N) Ny < N; < -+ < N;_;. Let
A,, respectively A, be the disk bounded by the least, respectively

greatest, boundary component of A. Further, Assume that for each
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m=20,..,i —1, R|N,, = N is a proper covering map of degree d,,,
with R map the greatest component of N,,, and the least component
of N,,,, to the boundary of A, if m is even, and to the boundary of
Ao, if m is odd. Set D = (dg,dy, ..., d;—1 ). For any § = R|U52o Ny,
and put Y =,5,4 "(N). Then Yc J,,gd(Y)=Y=g"1(Y) and
there is a quasisymmetric homeomorphism 4 : Y - X conjugating
glY:Y->Yto fIX:X—>X for f is the family of annulus maps
defined by the data ©. So ARconfdim(Jgz ) = 1 + A(D), with
equality if Y = J .

Theorem (3.2.18) [38]

Assume that R:C,, — C, is a hyperbolic rational map, then
dimg(J(R) = diamyJ(R) < 2.

Definition (3.2.19) [1]

The w-limit set of x lies in a metric space X is define as the set
of cluster points of the forward orbit {f™(x)},ey Of the iterated map.
Thatis y € w(x) ifand only if there is a strictly increasing sequence

of natural numbers {n; };cy such that f*(x) - yask — .

For example, for each fixed point x of a map, lim, x = x.

Definition (3.2.20) [38]

A point x recurrent if x € w(x). Otherwise x is called non-
recurrent. We call any rational map from C, to itself is a non-
recurrent (NCP) map if all critical points of this map contained in the

Julia set of this map are non-recurrent.
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Theorem (3.2.21) [38]

If R:C, — Cy is an NCP rational map, then either J(R) = C,
or diamyJ(R) < 2.

Theorem (3.2.22)
Assume that the orbit of Qz(eg) is attracted by the infinity or the

origin. Then the Hausdorff dimension of j(Qp) satisfies

1 < dimyJ(Qp) < 2.

Proof

Before prove the theorem, we have three cases of
dimyJ(Qp) < 2.

Case one
If the free critical points are attracted by the cycle 0 or .o and by

Corollary (2.1.14), then Qg is hyperbolic. From Theorem (3.2.14),

the Julia set of Qg has Hausdorff dimension strictly less than two.

Case two
Since the free critical points are attracted by the cycle 0 or o

and by Corollary (2.1.14), then Q4 is hyperbolic. From Theorem
(3.2.18) , we have dimyJ(Qz) < 2.

Case three
We assume that the critical point is not belongs to limit set and by
Definition (3.2.20), thus Q4 is NCP. From Theorem (3.2.21), we

have dimyJ(Qp) < 2. Because Q4 contains 2 — Fatou components
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I, and I, which are Jordan domains from Proposition (2.1.15) , it
follows dimyJ(Qgp) = 1. Because Qf has two fixed superattracting
basins I, I, also QE IS neither conjugate to a Blaschke product

nor a quotient of a Blaschke product and by Theorem (3.2.14),
therefore dimydl, > 1.

Notice that a1, < /(Q3) = J(Qp) by properties of Julia sets . Hence
1<dimyj(Qp)<2.m

Remark (3.2.23)

We compute the value 1 = A(D) is fzzz =t , We use
No.of processors M(X,7) 1/r
1 3 =
2 32 —
k 3k = .

We compute t = dim(J(Qp)) by Definition (3.2.6), we get

. . logM(X,r . log3k . klog3 log3
i (J(0y)) = lim 21 _ i 1083 oga _ togs
r—0 log(1/71) k—oo logdk kS klogd — logd

After this Remark (3.2.23), in the following theorem, we will give
the relationship between the box dimension and the Hausdorff

dimension.
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Theorem (3.2.24)

Assume that J(Qz) is a Cantor circles. Then the Hausdorff

. . . e log3 ,
dimension of J(Qp) satisfies 1+ Toga = dimy](Qp) < 2.

Proof

Suppose that the Julia set of @z is a Cantor circles, by
Proposition (2.1.21). For each closed set V := C,\ (I, U 1) amidst
I, and I, divided into closed sets V,,V; ,V, between I, and p,, po
and p., p. and I, (see Figure (2)). Each Qg:V;, —» V is a covering
map with degree d, where 0 < m < 2, so that the boundaries of I,
and I, are simple closed curves . Note that from Figure (2), the Julia
set of Qg belongsto Vo uV; UV, cV . By Corollary (3.2.17) and
Remark (3.2.23), Therefore

dimyJ(Qg) = dimy N2, Q5 (V) = 1+ &

logd *

So from Theorem (3.2.18), thus dim;J(Qz) < 2 because Qg is

. log3 .
hyperbolic. Hence 1+ = < dimyJ(Qp) < 2.m

Definition (3.2.25) [6]

Let X be a metric space. Supposethat f : X - X isamap. Then
f has sensitive dependence on initial conditions if there exists § > 0
such that for any x € X and for any neighborhood U of x, there exists
y € Uand n = 1 such that d(f"(x), f"(y)) > 6.
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Example (3.2.26) [6]

Let f:S5' > S! be a map given by () =29 . Hence f is

sensitive to initial conditions .

Definition (3.2.27) [6]

Let f: X > X beamap, f is transitive if for any M and N be
two open nonempty subsets of X, there exists an integer n > 1
such that f*(M) N N # @. For example f(9) = 29 is transitive.

Now, we give the Devaney's definition of chaos.
Definition (3.2.28) [6]

Let f:X—>X beamap. f chaoticon X if
(a) the periodic points for f dense in X .
(b) f is transitive .

(c) f has sensitive dependence on initial conditions .

Theorem (3.2.29)

For any rational map R : C,, — C,, with degree d > 2, then the

map R is chaotic on its Julia set J(R).
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Proof

It suffices only to prove that the set of periodic points of the map
R is dense as well as that the map R is transitive and thus the map
is chaotic. By Theorem (1.1.23) and by Theorem (1.2.24),

the periodic points are dense in J(R) . Now, to prove transitivity of R
on J(R).

Let M and N be two nonempty subsets of C,, that intersect /(R).

Let z, € N n J(R). By Theorem (1.2.7) (ii), then

J(R) = Ug-; R %(zy) . Therefore, R""(zy) N M # @ , for some
n = 1.Hence, ifz € R7"(z,) N M, then R™"(z) = z, and therefore,

R™"(M) N N = @. Therefore R is chaotic on J(R). ®

From this Theorem, we can generalize for @z and by using

The Escape Quartation Theorem (2.1.41) case (2) and (3), where
the free critical points are periodic points and thus these points are

dense in J(Qg), then Q; is a chaotic map on the Julia set.
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Chapter Four

Conclusions and Future Works

Conclusions

Zd(ZZd—ﬁd+1)
z2d_pg3d-1 ’

Suppose that Qp(z) = 28179z — d>2 and

pEAN={peC\[0}— (B> ?and p'~¢ = 1)}
We get the results the following:

1. J(Qp)is a quasicircle

2. ]J(Qp)is Cantor circle
3. J(Qp) isa Sierpinski carpet
4. J(Qp) is adegenerate Sierpinski carpet

5. The connectivity of the Julia set of Qg whenever the free

critical orbits of @ are attracted by 0 and o

6. Qs has no Herman ring and no infinitely connected attracting

Fatou components or parabolic Fatou components.

7. We prove that the map Q4 is exclusive to the Julia set as

a transitive map and because the Julia set has dense
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periodic points, therefore Qz will be a chaotic map

(according to Devaney's definition).
8. We prove the Julia set is a fractal set because it has a

Hausdorff dimension whose value is not an integer it is

1 + log3

ogd = dimy](Qp) < 2,

and therefore the Julia set is a strange chaotic attractor.
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Future Works

24(z24-pga+1)
z2d_pg3d-1 "’

Suppose that Qgp(z) = 2B %z% -
peA={p€C\{0}—(B*?and p'™* =1)}
We will present the outlines of the future study as follows:

o In the study of the parameter plane, what are the properties of

Julia sets with a different parameter so that as follows:

al. J(Qp) is a Cantor set.

a2. J(Qp) is a Cantor circles.

a3. J(Qp) is a Sierpinski curve.

a4. J(Qp) is a connected set.

a5. @z has no Siegel disk.

a6. B is in escape locus.

o What are the conditions on the parameter plane for any
Sierpinski hole in which is an open simply connected set and the
parameter is unique.

. Does it depend on the behavior of the critical points of the map
Qp-

. Is there another method to calculate the dimension of the Julia

set?
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Examples of Julia sets:

By using the program is Ultra fractals 6, to find all the Figures of
the Julia sets and the Figures in the parameter plane.

1. The Julia set is homeomorphic to Sierpinski triangle
If d =4 ,initial condition (—4,3)
Julia seed (Re) = 0 ,Center (0,0)
Julia seed (Im) = —1.2 ,where f =—12i orf =1.2
Bailout value = 1000
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2. The Julia set is homeomorphic to cantor set
If d =4 ,initial condition (—4,3)
Julia seed (Re) = 0 ,Center (0,0)
Julia seed (Im) = —0.99 ,where f =-0.99i
Bailout value = 10000 .
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3. The Julia set is homeomorphic to degenerate Sierpinski carpet
If d =4 ,initial condition (—4,3)
Julia seed (Re) = 1.18 ,Center (0,0)
Julia seed (Im) = 0 ,where [ =1.18
Bailout value = 10000 .
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4. The Julia set is generating to degenerate Sierpinski carpet
If d =4 ,intial condition (—2,1.5)
Julia seed (Re) = 1.0500, Center (0,0)
Julia seed (Im) = 0 ,where [ = 1.0500
Bailout value = 10000 .
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5. The Julia set is generating to quasicircle
If d =4 ,initial condition (—4, 3)
Julia seed (Re) = 0 ,Center (0,0)
Julia seed (Im) = —1.233871346431 ,where

p =—1.233871346431 i
= 10000 .

Bailout value
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