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Abstract

The aim of this work to generalized some chaotic properties for g-
Non Autonomous discrete systems such that properties has been studied is
transitivity : When {Y;};-, . ,, be family of transitive sets Then U}, Y; is
transitive set . Also , we study other chaotic properties : Touhey property ,
strongly blending , dense periodic point , locally eventually onto ((£. e. 0),
equicontinuous and sensitive dependent on initial, we get : If h,, is strongly
blending and has dense periodic point points, then h,, is satisfy Touhey
property . If h,,: Y — Y is equicontinuous piecewise monotone map and
h, - have dense homoclinic points with h,, , are strongly blending then
h,  is locally eventually onto. If h,,:Y — Y is locally eventually onto
then h,, ., is sensitive dependent on initial condition , also we studied
weakly mixing set by factor map such that if B is weakly mixing subset of
Y we obtained (B) is weakly mixing subset of Z whenm : (Y.h) —
(Z,g) is factor map and Y, Z are two g- non autonomous discrete
systems .

In addition generalized above properties by product
multiplication , so we get : If Let (Y, h,, o) and (X, g, ) be two g-non
autonomous discrete systems , then the set of periodic point of g, o X hy, o
is dense of X x Y if and only if the sets of g, ., and h,, ., have dense

periodic points in X and Y respectively . When g, and h,are maps, then
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h, , g, are strongly blending if and only if g,, X h,, is strongly blending .
gnand h,, are satisfy Touhey property if and only if g,, X h,, is satisfy
Touhey property . g, X h; « is topological transitive then g, ., and

hy - are both topological transitive and the convers is not true .If g,
hasTouhey property and h,, is chaotic with topological mixing then
In,e X hy o 1S chaotic (Devaney) .

Moreover generalized minimality and topological mixing by : g,
and h,, are minimal if and only if g, .o X hy o iSMINiMal . g, o X Ay o IS
sensitive dependent on initial condition If and only if at least h,, o, Or g, o
IS sensitive dependent on initial condition . If g,and h,are topological

mixing ,then also g,, o, X hy, o, is topological mixing .



Introduction

Word "chaos™ means " a state of disorder " . And in the dynamical

system , Liand york are first to the interdicted of the word "chaos" in
1975 [27] . In 1989 Devaney give definition of chaos stronger than
Li-york chaos , chaos of Devaney implies three conditions : transitivity ,
dense of periodic point and sensitive on initial condition [11] . In 1992 ,
Banks .J and anther authors [7] showed that the sensitivity on initial
condition is not necessary condition to make maps are chaos with implies
another two condition (transitivity and density periodic point) . In 1994 the
author prove that the transitivity maps of compact intervals implies
Devaney chaos [28] . . Devaney chaos implies Li-York chaos a according
to Hung and Ye [13] , who established this in 2002 by demonstrating that
anon-periodic transitive system with aperiodic point is Li-York chaotic .

In the dynamical system (autonomous discrete systems) , all the

definition of the concept , chaotic properties , metrical properties and

definition of chaotic were dealing with a single map which implies certain



condition , In 1996 Kolyada , S, Snha [16] introduced system called non

autonomous discrete systems , and they are denoted by (Y, h; .,) whenY

be compact topological space and h,,:Y — Y, Vn € N, such that hy , is

the sequences of the continuous maps with h; o, = (hy)n=1 (1.8 hye =

(hy,hy, ..., hy, ...)) , SO wWhen hy o, convergent uniformly to

continuous map h (i.e h,, = h,¥Ym € N) , then we will obtained a

dynamical system [30] ; Non autonomous discrete systems are suitable for

modeling some phenomena in applied sciences ,including biology [10],

[29] , physics[15] and economy [31], they are also useful for solving

mathematical puzzles (see[16]) .

In [18] Kolyada.S and Snoh.L discussed minimality of non

autonomous discrete systems. Three interpretations of chaos according to

(Devaney ) , (Wiggins) and a strong sense of Li-York [25], were presented

by Shi and Chen in 2009 .



In 2014 [20] , Lei Liu and Yuejuan introduced weakly mixing set

and transitive set in case sequences of maps and they give definition of this

concept and some result by dealing with sequences of different maps in non

autonomous discrete system instead of a single maps in autonomous

discrete system .

At our work , we study non autonomous discrete systems in general

called general-non autonomous discrete systems or g-non autonomous

discrete system , we can write it by (Y, hy, )

The thesis consists of two chapters : in chapter one , we take

two sections . In section one , we take some definition of concept and

chaotic property in dynamical system (autonomous discrete system ) . In

section two , we give some result and examples in this system

In chapter two , we take g-non autonomous discrete systems by

three sections : in section one , we define some definition of concept in

space more general than ( autonomous and non autonomous discrete



systems respectively) .

In section two , we discussed and generalized some result by

composite this maps in forany h,,:Y — Y ,neN.

In section three , we generalize some chaotic properties in

maps and sets by product multiplication property in g-non autonomous

discrete systems, and we concluded that some chaotic properties don't

generalize by product multiplication property like : transitivity , totally

transitive in the direct direction .
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The Chaos in Autonomous Discrete System

In this chapter , we will introduced definitions of some chaotic
properties ( transitivity , topological mixing , weakly mixing , (strongly and
weakly ) blending and locally eventually onto ) of the maps , also
introduced definitions for ( transitive set , weakly mixing set , non
wandering set , recurrent set , eventually periodic set and periodic
point set ) in space called autonomous discrete systems ( Discrete
Dynamical system ) , this properties studied under effect single map
h:Y — Y ,where Y topological space instead of sequences an infinite
maps in non autonomous discrete systems and we find relationship
between these properties . So for the orbit of any point in the domain is
obtained by iterating such map . So in special case , when the non
autonomous discrete systems h, ., is constant sequences (h,h,h,....) ,

the pair (Y, h) called autonomous discrete systems .



1.1. Preliminaries of the Autonomous Discrete System

In this section, we introduce the concept which we need them in our work

Definition 1.1.1 [12]

Let (Y, h) be topological dynamical system . Then the set of
orb(y) = {y , k), h(h(»)), h (h(h())). ..}

={y, h(y), i), R*(), ...}

is called orbit of the point y € Y , and denoted by S (y, h).

Definition 1.1.2 [2]

Let (Y, h) be topological dynamical system and y € Y . Then the set
y~={x €Y; h"(x) =y, for somen € N}

is called backward orbit and denoted by y~.

Definition 1.1.3 [2]
Let(Y, h) be topological dynamical system andy € Y . Then the set
yt*={x€Y; h"(y) =x; forsomen €N}

is called forward orbit and denoted by y*.



Definition 1.1.4 [12]

Let (Y, h) be topological dynamical system . the point y € Yis called

fixed point where

h(y) = y.

0, 1 are two fixed points of h;(y) = y? ,where,h;:R — R.
On the other hand ,there are maps has no fixed point for example

h,(y) = y + 1,whereh, : R— R.

Definition 1.1.5 [2]
Let (Y, h) be topological dynamical system . Apointy € Y is called

periodic Point with period n where thereis n € N :

h"(y) =y ,and h*(y) # y
Vk < n,and n called period of point y . Denoted to periodic points set by

P(h) .

Example 1.1.6 [12]

Let T:[0,1] — [0,1] be the tent map , with

_(2y <
T(y)_{Z—Zy if 05<y<

Then the point % Is periodic point of period 3 .

8



So , the fixed points are periodic point of period 1[2] .

Definition 1.1.7 [22]
Let (Y, h) be topological dynamical system and y, be periodic point of
period k . The pointy € Y is called eventually periodic point if

h*i(y) =y, ,forsome k; € N.

and denoted by E(h) .

Example 1.1.8
Let h: R — Rsuchthat h(y) = y2 —1,sowheny = 1,we get :
h(1) =0
h2(1) = -1
h3(1) = h (h(h(1))) ~0
So, k(1) = h3(1)

Then y = 1 is eventually periodic point .

Remark 1.1.9 [22]

Let (Y,h) be topological dynamical system , then

P(h) € E(h) (1.1)



Definition 1.1.10 [12]

Let (Y, h) be topological dynamical system . Apoint y € Y called
repelling fixed point of h if there is an interval (y — €,y + €) containing y

and x € Y such that

|h(x) —y| > [x —y]

Definition 1.1.11 [6]

Let (Y, h) be topological dynamical system . Apoint y € Y is said
to be recurrent point if there is {n;} increasing sequences of positive
Integer n such that

lim, .. h"* (y) = y wheren; - o .
So the set of all recurrent point called recurrent set and denoted by

R(h).

Definition 1.1.12 [6]
Let (Y, h) be topological dynamical system . Then y € Y is called
non wandering point if 3m e N >
h™(W)nNnW = ¢
where W is an open set that containing y . So the set of all non-

wandering points is called non-wandering set and denoted by 2 (h) .

10



Note : In [22], Moothathu gave the following relation :
P(h) SR (h) € 2(h) (1.2)
and by [8], Block.L and Conven.E with another authors showed when the
map is continuous of the circle and P (h) non-empty closed set , then
P (h) =02 (h)
In [ 24], Oproch and Zhang defined G( A, B) ,where A and B are

subsets Y and h:Y — Y isamap by:

G(AB) ={neN;h"(A)NB + 0} (1.3)

Definition 1.1.13 [ 24]
Let (Y, h) be topological dynamical system and the non-empty
B < Y, Then B is said to be transitive set if for any W and M are open
subsetsof YwithBNM =@ andBNW #= @
G(BNn M ,W) is an infinite

and denoted by Tran(h) .

Definition 1.1.14 [24]
Let (Y, h) be Topological dynamical system , a non-empty closed

subset B C Y is called weakly mixing set with at least two element if

11



for any open subsets W; ..., W,, of B and M, ,..., M,, non-empty open
subset of Y, Thereis k > 0 such that

h*W, nB)nM; = ¢

fori=1,..,n.

Definition 1.1.15 [4]
Let (Y, h) be topological dynamical system. Then h: Y — Y is
Said to be Topologically transitive if for any @ = W, M open subset
of Y ,3n >0, such that
h"(W)nNnM =+ Q.

We can take the tent map example for the Topologically transitive [2] .

Definition 1.1.16 [2]
Let (Y, h) be topological dynamical system . Thenh: Y — Y

Is said to be totally transitive if A" is transitive, vn € N .

Remark 1.1.17 .
Transitivity property not transmitted by composition , so in case h is
transitive , it is not necessary that h™ is transitive [ 17] .

And by definition . The totally transitive map is transitive . The opposite,

12



however , is not generally true .

Example 1.1.18 [5]

Let h: [0,1] — [0,1] be continuous map defined by :

"3y +2 0<y <1/5
h(y) =4 =3y +7¢ 1/5<y<2/5
2 2

So that h?[0,2/5] c [0,2/5] and h?[2/5,1] < [2/5,1] . Then h is transitive but

not totally transitive .

Definition 1.1.19 [14]
Let (Y, h) be topological dynamical system . h: Y — Y issaid to

be Topological mixing when there are W and M non-empty open subsets
of Y :

hAR"(M)NW =@

VY n > m are positive integer

In general , the product of two transitive maps need not be

transitive map but if one of them mixing then the rustle hold [2] .

13



Definition 1.1.20 [2]
Let (Y, h) be topological dynamical system. h: Y — Y is said to
be weakly mixing when there are M; and W; non-empty open set :
h"(M)NW; @,

i=12 ,neN

Remarks 1.1.21

1.0On R, mixing , weakly mixing and totally transitive are equivalent [2] .
But on the other spaces : weakly mixing maps are totally transitive .

2. (Y ,h) isweakly mixing if (Y2,h?)=(Y X Y ,h X h) is transitive , In

general by Induction Law (Y™, h™) is transitive V n > 2 [23].

The Figure 1.1 show that the relation between mixing , weakly mixing ,

transitive and totally transitive that Moothathu introduced in [22]

( mixing ) —_—> C Weakly mixing ) _>Cl'otally transitive)

l

Figure 1.1 : The relations between mixing , weakly mixing , transitive and totally

transitive
14



Definition 1.1.22 [2]
Let (Y, h) be discrete dynamical system . h : Y — Y is called

minimal when every orbit is dense.

In [21] Li.J and Ye. X shows that h : Y — Y is minimal if it contain

no proper subsystem

Example 1.1.23
Leth: ST — S'suchthat h(9) =n6 + k,k € Q¢ and 9 € S* . Then
L9, h) ={9,h(®),h?(), ... }
L, h) ={9,n0 + k,n*(9) +2k,...n"(9) + 7k, ... }

forall > 1.Hence (9, h) = ST, then h is minimal map .

Definition 1.1.24 [21]

Let (Y, h) be discrete dynamical systemand B € Y . B is called
minimal set if the orbit of every point in B is dense , and denoted by

Min(h).

In [1], Akin .E and Kolyada showed that is if Trans(h) = Y , then h

is minimal

15



Definition 1.1.25 [14]
Let (Y, h) be topological dynamical system. h:Y — Y is called
weakly blending where forany open @ #W,M € Y3In>0>3

h"(W)n h"(M) # Q.

Definition 1.1.26 [3]

Let (Y, h) be topological dynamical system . h:Y — Y is said to be
strongly blending when any open ¢ #W,M CY3IneN>

h™(W) n h"(M) Contain an open set .

by above definition we get ,the Strongly blending implies weakly

blending directly .

Definition 1.1.27 [19]

Let (Y, h) be topological dynamical system. h:Y — Y is said to be
locally eventually onto (£.e.o) whenany open @ #W CcY3Ine N3

(W) =Y

16



1.2. Some Theorems in the Autonomous Discrete System

In this section , we recall some results which need them in our work

without proof :

Proposition 1.2.1 [24]

Let (Y, h) be topological dynamical system ,when a non-empty set
B CY,cY,andy €Y. Then

1.y € R(h)ifand only if {y} is transitive set .
2. his transitive if and only if Y is transitive set .
3. If Y, is subsystem of Y , then B is transitive set with respect to Y if and

only if B is transitive set with respectto Y, .

4. If B is transitive set , then B € 2 (h) , when 2 (h) is non-wandering

set .
5. B is transitive if and only if cl(B) is transitive .

so by above proposition , we get the following result :

Proposition 1.2.2

Let (Y, h) be topological dynamical system . If R(h) is non-empty
subset of Q (h) . Then {y} is transitive .
Proof :

By hypothesis @ # R(h) € 2 (h) . That mean thereisy € R(h) n 0 (h)

17



,S0y € R(h), then by proposition 1.2.1 , we get {y} is transitive set . m

Proposition 1.2.3

Let (Y, h) be topological dynamical system and B is non-empty
open subset of Y . If N}, R;(h) is non-empty recurrent set , then cl(B) is
transitive set .
Proof :
By assumption Ni-; R;(h) # @ ,then 3y eni, R;(h) soy € R(h) Vi =
1,...,n. By proposition 1.2.1(1) , {y} is transitive set. If {y} =B CY,

then by proposition 1.2.1(5) , then cl(B) is transitive set .m

In the following proposition , we show that generalize transitivity

property in the set from family to the union of this family :

Proposition 1.2.4

.....

of transitive sets . Then U7X, {Y;} is transitive set .

Proof :

Let {¥;} be transitive sets fori = 1,...,n. Then by Definition 1.1.13, there
Is two non-empty open subsets W and M such that

GUL Y, nMW)={mneNh (UL, ,nM)nW # @}
18



gL, ,nMW)y={neNa* [(;nM)U (Y,nM)U ..U Y, nM)]n
W + @}

={neN,[n"(Y;nM)Uh* (Y,nM)U..h"(Y,, N M)]
NWw + ¢}
={neN,A",NnM)NWUR*'(Y,NnM)nW U...U
(Y, nM)NW # @}
Since {Y;} is transitive set forall i = 1,...,n,thenG(Y; n M, W) is an
Infinite, so that G(UL, Y; N M, W) is infinite . Then Uj-, {Y;} is transitive
set.m

The following result can be proved , because the union of transitive

set is transitive .

Proposition 1.2.5

Let the union of transitive sets is transitive . Then the non-empty set
R(h) is transitive .
Proof :
Let R(h) + @, hence there is y € R(h) then by Proposition 1.2.1(1) we
get {y} is transitive , so R(h) =Uycza W/}, DY hypothesis we obtained
R(h) is transitive . m

Now , we prove the following proposition :

19



Proposition 1.2.6
Let (Y, h) be topological dynamical system . If h has periodic point
ThenR(h) N E(h) # 0.
Proof :
Lety € Y be periodic point with period n. then by (1.1) we gety €
E (h)and by (1.2) wegety € R (h)thatmeany € R(h) n E(h) # @ .

Then R(h) N E(R) # 0. m

Theorem 1.2.7 [2]
Let (Y, h) be topological dynamical system whichh: Y — Y
surjective maps and y~ is dense for all y € Y . Then h is topological

transitive .

Proposition 1.2.8 [23]

Let (Y, h) be topological dynamical system . If B; and B, are non-
empty subsets of Y . And both B, and B are transitive sets with cl(B;) —
cl(B,) # @ and cl(B,) — cl(By) # ©.Then B; U B, is transitive set if

and only if cl(B* (B4, h)) =cl(B*(B,,h)) = cl (B*(B; UB ,h)).

In the maps , the transitive property not generalize by product

20



multiplication but in the sets the result hold , the below proposition explain
it:
Proposition 1.2.9.

Let (Y, h) be topological dynamical systemand @ # A,B < Y .If
A, B are transitive set . Then A X B also transitive .
Proof :
Let @ += W , M be open subsets of B and @ ++ C, D be open subset of 4 .
Then @ = C x W and D X M are open subsetof A X B,
so by definition , we get :
G(AXB)YN([CXxW),MxD)={neN:h"(AXB)NCXW)NM xD

+ 0}

=meN: i"[ANC)X (BNW)]NM x D + @}

={neN: i"(ANC)xh"(BNW)NM X D # @}

={neN: i"ANnC)NMXh* (BNW)ND # @}
Since A is transitive set, then G(A N C, M) is an infinite and B is transitive,
then G(B N W, D) is an infinite . Hence G(AX BN C X W ,M X D) is an

infinite . Then A X B is transitive . m

In particular case , the product for two transitive set A X A is

21



transitive , so by Induction Law , we get the product for more than two

transitive set also transitive set .

Theorem 1.2.10 [9]

Let h : I — I be a continuous transitive map with a repelling fixed

point y, , and I is compact subset of R . Then h is weakly blending .

In [3] ,we get that (L. e. 0) is stronger than totally transitive ,
mixing and (weakly and strongly ) blending . So the following theorem to

show that the condition to make the transitive map is (L. e. o).

Theorem 1.2.11. [26]

Let h : R™ — RR"™ be an equicontinuous piecewise monotone map .

If h is transitive map , then h is locally eventually onto .

22
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The Chaos ing-Non Autonomous Discrete Systems

Kolyada, S,Snoha in 1996 [16] discussed space called non
autonomous discrete systems defined by h,,: Y — Y where Y compact
topological space , n € N. So h, ., denoted to sequences from 1 to an
infinite such that (hy, hy, ..., hy,) with h#(y) = h,,°h,,_1 °...°h;(y) , and
h? is the identity map on Y , the orbits are produced using iteration method
by composition different maps in every time , so that the set
{v,h,(y),h:(y), ..., K} (y), ...} called orbit of the point y € Y and
denoted by B(y, hy o) -

In this chapter , we speaks on non autonomous discrete systems in
General , that is these sequences will be begin from any n € N to be an
Infinite instead to begin from 1, so (Y, k., ) denoted to g-non
autonomous discrete systems , where Y is compact space and
Moo = (P Bty oons By ) With B2 (Y) = Ryp® By 1° ... % By (1)
vn < m € N and h? is the identity map , so that the sequences for maps

affecting a single point or open set to study chaotic and topological

24



properties instead single map in the dynamical system .
2.1. Fundamental Definitions for g-Non Autonomous

Discrete Systems .

In this section , we will define some concept of dynamical system
and chaotic properties in g- non autonomous discrete system . That mean ,
this concept and properties will be generalized from single map in
dynamical system to sequences an infinite maps in g- non autonomous

discrete system .

Definition 2.1.1

Let (Y, h, ) be g- non autonomous discrete system and y € Y. Then
h,(y) : the first iterate of y for h,, .
h2(y) : hy(h,(y)) : the second for h,, .

In general , if n < m € N, then h}*(y) is the m iterate of y for h,,.

Definition 2.1.2
Let (Y, h, «) be g- non autonomous discrete systems . The set of all

these iteration of y :

25



{y,ha(¥) by () s ooy R (R 1 (B (), .. .3

{(y, b)) ha (), R (), 03

is called orbit for y € Y and denoted by S(y, hj00) -

Example 2.1.3

Let h,,: R — R beamaps, foralln € R such that :
h(y) =2y
hy(y) =y
hs(y) = 2y? + 1, then the orbit for y = %When n=1andm =3
we get: hy G) =1
h2(y) = h,°h, G) = hy,(1) = 1
() = ho s ()
= h3° h,(1)
= h3(1)
=3

Thenﬁ(%,y,hn,oo) ={§ ,1,3,...}

26



Definition 2.1.4.

Let (Y, h, o) be g-non autonomous discrete systemand y € Y . the

set
yt={x € Y; h*(y) = x.For somen < m € N}

is called forward orbit .

Definition 2.1.5 .

Let (Y,h, ) be g-non autonomous discrete system and y €Y.

the set
y~-={x €Y; h"(x) =y.Forsomen < m € N}

is called backward orbit .

Definition 2.1.6.

Let (Y, h, ) be g-non autonomous discrete system . Apointy € Y

is called fixed point when :

h*(y)=y,vn<m €N.

27



Example 2.1.7

Leth, : R — Rbeamaps, vn € N, where

hy(y) =y
hs(y) =3y? -1
hy(y) =y -1
ify =1, Hence

h3(y) = hy° h3® hy (1)
h3(1) = hy° hs°(1)
= h4(2)
=1
Then 1 is fixed point for h; , .
Definition 2.1.8
Let (Y, h, ) be g-non autonomous discrete system . Apointy € Y

y is called eventually fixed point on g-non autonomous discrete system if

dIn<meN>

hxy(y) =p

Where p is fixed point .

28



So by using Example 2.1.7 , we can show that y = —1 is eventually fixed

point by :

h3(—1) = hy°h3°h,(—1)
= h,°h;(1)
= hy(2)
=1

So h3(—1) = 1, that is fixed point . Then —1 is eventually fixed point .

Definition 2.1.9.
Let (Y, h,, ) be g-non autonomous discrete system . Apointy € Y

is called periodic point of h,, if 3ImeN >

h(y) =y and hk(y) #y,Vk<m (2.1)

Definition 2.1.10
Let (Y, h,, ) be g-non autonomous discrete systemand y; € Y
be periodic point of period k . Apoint y € Y is called an eventually

periodic point for h,, where

3 k, € N:h,fl(y) =vy,,Vn> k,
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Remark 2.1.11 .

Let (Y, hy00) be g-non autonomous discrete system with P(hy, o)
and E (hn,oo) be the periodic point set and eventually periodic point set
respectively , then we get :

P (hnw) S E (hno) (2.2)
Definition 2.1.12.
Let (Y, hy, o) be g -non autonomous discrete system and
y €Y.Thenyis called non-wandering point if forany @ = W open set
containing y:
APW)NW =0, Vvn<me N.
The set of all the non-wandering points is known as the non-wandering

set and denoted by Q (Ape) -

Definition 2.1.13.
Let (Y, h,.) be g -nonautonomous discrete systems. Apoint y € Y

is called recurrent point where there is sequences {k;} 2, there is

n < m € N . such that
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lim,_, by () =y
The set of all recurrent point called recurrent set and denoted by R(hn,oo)
Remark 2.1.14
Let (Y, h, ) be g-non autonomous discrete system . Then

P (hno) SR (hnw) S 2 (hpw) (2.3)

Definition 2.1.15

Let (Y, h,) be g-non autonomous discrete systems and @ = W , M

be open subset of Y. A map h,:Y — Y are called topological transitive

where

hP(W)NM+Q,yn<mEeN

In [24] , Oprocha and Zhang are defined G(A, B) in discrete dynamical
system , so we will generalize (1.3) for in g -non autonomous discrete
system by :

GAB)={n<meN; (A NB+0} . (2.4)
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Definition 2.1.16.

Let (Y, h, ») be g-non autonomous discrete systems . Then a non-
empty subset B of Y is said to be transitive set if forany @ = W, M are
open subsetof Y withB NW = @andB NM + @

GBNM W)= {n<meN: ™(BnM)nNW # ¢} (2.5)

is an infinite ,

This is an intermediate situation between the topological mixing and
topological transitive . If the map is topological mixing , then there is
transitive set while if the map has transitive set , then it is transitive map
but the converse is not true . That mean , there is transitive map but has no

transitive set because (2.5) an infinite is not hold .

Definition 2.1.17

Let (Y, h,, ) be g -non autonomous discrete systems and B subset
of Y. B is said to be weakly mixing set on g -non autonomous discrete
system of Y with contain at least two elements if for any non-empty open

subset W;, ..., W, of B and non-empty open subsets M, ..., M,, of Y with
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BN M; # @ thereisn <m € N, such that
h*(W,nB) N M; 0,

Fori =1,..,n.

Definition 2.1.18
Let (Y, h, ») be g -non autonomous discrete systems . The map
h,:Y — Y is called weakly blending on g -non autonomous discrete

system when any opensubsets @ #W,M € YIn<meN 3

h7*(W) n h*(M) = Q.

Definition 2.1.19
Let (Y, h, ) be g -non autonomous discrete systems . A map
h,:Y — Y is called strongly blending on g -non autonomous discrete
system where for any open subsets @ # W,M I n<m €N 3
h*(W) n h7*(M) contain an open setonY .
Note : By above definition , if h,,: Y — Y is strongly blending , then it is

weakly blending .
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Definition 2.1.20
Let (Y, h,, ») be g -non autonomous discrete systems . A map
h,:Y — Y is called locally eventually onto (L. e.o0) on g-non autonomous

discrete system when any non-empty open subset WofY In<mEe€

N 3
(W) =Y.

The Figure 2.1 show the relation between L. e. oproperty and some other

chaotic properties for g -non autonomous discrete systems .

Locally
eventuallv onto

Strongly blending Totally transitive Topological mixing

N
Weakly blending Transitive

Figure 2.1 : relation between (L.e.o)property and some other chaotic

properties for g -non autonomous discrete systems
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Definition 2.1.21

Let (Y, h, ) be g -non autonomous discrete systems with
h,:Y — Y are continuous maps . h,, satisfy Touhey property ong -non
autonomous discrete systems where for any two open subset W, M of Y,
there is periodic pointy e W andn <m e N 3

ha2'(y) eM
Definition 2.1.22
Let (Y, h, ) be g -nonautonomous discrete systems with Y is
metric space with metricd .A map h,:Y — Y are called equicontinuous
maps on g -non autonomous discrete systems where for any € > 0
36 >0 3
d(hy'(x) , hy*(y)) <€

whenever d(x,y) < 6,Vx,yeYandn <m € N.

Definition 2.1.23

Let (Y, h, ) be g -non autonomous discrete systems and Y be

metrical space with metric d, h,,: Y — Y are called sensitive dependent on
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initial conditions on g -non autonomous discrete systems if there exists
6 > 0 that for any y € Y and W any neighborhood of y there is x € W and
n<m~eN >
d( h7*(y)  hi'(x)) > &

Definition 2.1.24

Let (Y, h, ) be g -non autonomous discrete systems and x ,y € Y.
Apoint y is called homoclinic to x on g -non autonomous discrete systems
where y local unstable of x and thereis n <m €N 3

hy(y) =x.

Example 2.1.25

Let h,,: R — R beamaps, forall n € N. We take

hy(y) =2y
h,(y) = y*
h;(y) =y —2

Wheren = 1,m = 3, then when y = 2 ,we obtained :
hf(Z) = h3° hy°hy(2) = h3® hy(4) = h3(16) = 14

Then 2 is homoclinic to 14 .
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Definition 2.1.26
Let (Y, h, ) be g -non autonomous discrete system . Then
h,:Y — Y are called minimal on g-non autonomous discrete system if
forallyeYandn <m €eN.
h7* (y) is dense
Example 2.1.27

Let h,: ST — S be amaps such that :

hy(9) = 20 + k

Forall9 e S*andk € Q. wetaked =~ € S* andn=1,/m = 3, then:
i (5) =t e )

2(5) = hs (4

h3 (%) = hy (1 + 2Kk)

h (3) = 3m + 2k

Then h3 (g) is dense in S, then h,, are minimal maps .
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Remark 2.1.28
{h7*(y)}n=q is dense if and only if it is an infinite sets , so y is not
periodic point , Hence if h,, ., are minimal . Then they are have no

periodic points .

Example 2.1.28

Let h,: ST — S be a maps such that h,,(9) = n9 , where 9 € St.
Then B9) = {9, h,(9),h7(®), A" (@), .3,
s0 R (9) # S, 50 B(hpeo ¥) #+ ST
Then h,, is not minimal .

Note : Min(hpe) =Y .So Trans (h,e) = {y €Y : R (y)is
dense } . That mean :

Trans (hye,) = Min(h, ) =Y .
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2.2 . Some Result of Chaotic Properties in g-Non

Autonomous Discrete System

In this section , we will prove some result of chaotic properties in
the sets and the maps for space more general called g-non autonomous

discrete systems .

Theorem 2.2.1

Let (Y, h,, ) be g-non autonomous discrete system with h,: Y — Y
surjective maps and y~ is dense forevery y € Y. Then ( h, ) are
topological transitive .

Proof :
Let @ += W, M be open subsets of Y and let y € M . By hypothesis,

backward orbit is dense , then VW eYaIn<m e N3 h,;*(y) e W , s0O
y"NW +#@,thenx € y"and .Sincex € y~ and x € W, then we get,

hy*(x) =ysohy*(x) € M ,soh;*(M)NW # @.Then h, o is

topological transitive . m

Proposition 2.2.2
Let (Y, h, ) be g-non autonomous discrete system and {Y;};—; ., be

family of transitive sets where ¥; € Y;,ifi < j, Then UL, {V;} is
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transitive set .
proof :

Let B<S Y. Thenby (2.4), forany W and M are non-empty open subsets
of Y such that

guL inMW)={n<meN: AU, ,NnM)NnW =0}

={fn<meN: B ((\,nM)u (Y, nM)U
~U YN M) NW = ¢}

={n<meN:h*Y,NM)Uh*(Y,NM)U ..U
(Y, n M) NW + @}
=fn<meNR'Y,NnM)NWUR(Y,NnM)nN
WuU..Uh(Y, nM)nW + ¢}
Since Y; are transitive set, forall i = 1,..., n, then G(Y; n M, W) is an
infinite . Then G(UX, Y; N M, W) is an infinite so UL, {Y;} is transitive

set. m

proposition 2.2.3
Let (Y, h, « ) be g-non autonomous discrete systems and B is
transitive set of Y . Then A € B also transitive set .
proof :
Let @ + W, M be open subset of B , then U and V' are open subset of W

and M respectively . So by (2.5)
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GANUV)={n<meN: "(AnNU)NM =0}
Since A € B, then
GANUV)SGBNW,M)
Since B is transitive set , then G(B N W, M) is infinite , so G(AN U, V)

is an infinite . Then A4 is transitive set .m

In particular case , the intersection of finite family of transitive sets is

transitive .

Proposition 2.2.4.

Let (Y, h, ) be g-non autonomous discrete system, if h has periodic
point. Then R(hp00) N E(hpo) # @ .
Proof :
Lety € Y be periodic point with period m , Theny € P(h,, ) that mean
by (2.2),y € E(h,), and by (2.3) we obtainedy € R(h, ) . Then

YE R(hpew) NE(hye) . Then R(hpo) N E(hy o) # 0 .0

Proposition 2.2.5.
Let (Y, h, ) and (Z,g,,) be two g-non autonomous discrete
systems with w : (Y, hy, o) — (Z,9gn ) be factor map and B be weakly

mixing subset of Y . Then (B) is weakly mixing subset of Z .
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Proof :
In this proof , we have two cases :
Case | : if T (B) is singleton set . then the result hold and trivial .
Case Il : Let m (B) has contain at least two elementand B € Y is weakly
mixingof Y . Then3i,k € N 3 M!, M}, ..., M\ are open subsets of
m (B) and Wy ,Wj, ..., Wy are open subsets of Z with W/ n m (B) # @,
j =1,2,..,k.Then B n w~*(M;) are open subset of B and ==*(W}') is
subset of Y with (W) N B = @ ,wherej = 1,...,k . Since B is
weakly mixingof Y thenan <m € N
> hP(Bnm " (M) nm* (W) =0,
m°h [B N ni‘l(M]-i)] N n[ni‘l(Wji)] + (@) =0
grem|Bany (M) n [ (W))]] =0
g (m(B) N M) N W} * ¢

Then m(B) is weakly mixing setof Y .m

Proposition 2.2.6
Let (Y, h, ) be g-non autonomous discrete system . If cI(B) is

transitive set , then B is transitive set .
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Proof :
Assume that cl(B) is transitive set , then by Definition 2.1.15 , for any
non-empty open subsets W, M of YwithW NnB # @and M N B # @ such
that
GM ncl(B),W)={n<m eN,h*(M ncl(B))nW # ¢}
Is an infinite . Since B € cl(B) ,which impels that
GM NnBW)={n<m €N,k (M nB)NW + ¢}

is an infiniteso G(M N B,W) # @ . Then B is transitive set .m

Before starting with the proof of the following theorem , we will
introduced a pricewise monotone map : let be the Y = R™ . The continuous

maps h,:Y — Y are called piecewise monotone if there are points
U=ayxXa X--Xa Xaq =v,suchthat h, are strictly monotone on

neighborhood of a;_4, a; .

Theorem 2.2.7

Let (Y, h, ) be g-non autonomous discrete systems ,where Y = R*
and h,: R¥ — R is an equicontinuous piecewise monotone maps where
k € N ,if h, is transitive ,then h,, is locally eventually onto.
Proof : The method used to prove this theorem is the same as that used to
prove Theorem 3.3 (see[26])
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Theorem 2.2.8

Let (Y, hy, o) be g-non autonomous discrete systems with ,where
Y=R" neNand h, : R" — R" be equicontinuous piecewise
monotone maps and h,, ., have dense homoclinic points . If h,, o, isstrongly
blending . Then h,, ., are locally eventually on to .
Proof :
We take non-empty open subsets W , M of Y, since h,, o, is strongly
blending , then 3 n <m € N 3 hj*(W) n h;*(M) contain an open set say

A . Let X = h,;"(A) n M and g homoclinic point and dense , then h},(q) €
A and 3y € W 3 h2(y) = h2(q) vb > r , by Definition (2.1.23) 3y 3

hY(q) = p, so take three cases :

Casel . y=r

h5(y) = hb~"(h%(q)) = h5™"(p) so we obtained p € h3 (W) n M , then
RW)YnM=0¢.

Casell:y<r

RE(y) = he" (R (hh(@)) = R~ (A" () . then b, ™Y (p) € RE(W)
sORP(W)NM =0

Caselll iy >r

hEG) = hy " (R(@)) = B () 50 b7 (p) € REW) . Then

RE(W)NM # @ , 0 h, , is transitive . Then by Theorem (2.2.7) we get

hy o« 1s locally eventually onto .
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Theorem 2.2.9

Let (Y, h, ) beg-non autonomous discrete systems with h,: Y —

Y be continuous maps . If h,, is Locally eventually onto , then it is
topologically mixing .

Proof

Let W, M be non-empty open subset of Y. Since h,, is (£.e.0) , then for any
WeYan<meN>3h*(W) =Y, then h*(W)N M # @, so we choose
N>03h*(W)NM # @Vm > N .Then h, is topological mixing . m

So by definition of topological mixing , we get h,, is topological transitive .

Theorem 2.2.10
Let (Y, h, ) be g-non autonomous discrete systems with

h,:Y — Y be continuous maps . If h,, is locally eventually onto , then it
is totally transitive .
Proof
Let W, M be non-empty open subsets of Y . Since h,, is (£.e.0) , then
WeYaIn<meN3 (W)=Y, letr > 0,then

(h)™ (W) = hy(Rr(W)) = hp(Y) =Y
So (k)™ (W)n M # @ . Then h,, is totally transitive . m

So by Definition of totally transitive , we get h,, is topological transitive .
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Theorem 2.2.11

Let (Y, h,, ) be g-non autonomous discrete systems . with h,,: Y —
Y continuous maps , if h,, is (£.e.0) , then it is strongly blending .
Proof
Let W, M be any non-empty open subsets of Y . Since h,, is (£.e.0) , then
WeYaIn<meN3 (W)=Y ,sowecanfindc> 03 hi(W) =
h& (M) =Y ,then h§ (W) n h§ (M) =Y , which is open set, so h,, is
strongly blending . m

So by definition of strongly blending , we can get h,, is weakly blending .

Theorem 2.2.12

Let Y be a matric space with metric d and let (Y, h,, .,) be g-non
autonomous discrete systems . If h,,: Y — Y is locally eventually onto .
Then h,, is sensitive dependent on initial conditions .
Proof :
LetP,q € Y suchthat d(P,q) > 3r, where r positive integer number
and let B,.(P) be ball with radius r and center P and B,.(q) ball with radius
r and center q . Let y € Y and B.(y) open neighborhood of y for some
e > 0. Since h,, ., is locally eventually onto , there is ¢; € N such that
hi'(Br(P)) = Y, so there exists b; < ¢; €N 3 h2'(B.(p) N B.(Y) # @
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and c, € N3 h2(B,(q)) =Y ,sothereis b, < ¢, € N such that
(R (B (@) N B:(3)) # @
We take b = max{b,, b,} , then there exists y;,y, € B.(y) such that
(h2(y,) € B, (P) and (h2(y,) € B,(q) . Then we have
d(hy (1), hn(¥2)) = 6
By triangular inequality , we get

d(ha(y1) k() 2 8 or d(hp(y2), ha(y) =6

Then h,, ., is sensitive dependent on initial conditions . m

Theorem 2.2.13

Let (Y, h,, ) be g-non autonomous discrete systems with h,:Y — Y
Be continuous map . if h,, is strongly blending and has dense periodic
points , then h,, is satisfy Touhey property .
proof :
Let @ + W, M be open subsets of Y ,thereisn < m € N :
hy*(W) n hf*(M) containopensetsay U ,U c Y:U c hj* (W) N h* (M) .
Now. Let M; = h;;”*(U) n M, since U open set and h,, continuous maps ,
then h,,”*(U) is open set, so M, is open set . Since the periodic points are
dense then there is periodic point y of period 7 such that h}*(y) € U and

y € M ,sothereisp € W : hk(y) = hk(p) , therefor
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h(p) = hp* (Rk®)) = ki (REG)) = h () = y
Soy € h*(W) n M ,theny € hy*(W) . Then we obtained h,, ., satisfy

Touhey property . m

Theorem 2.2.14
Let (Y, h,, ) be g-non autonomous discrete systems . If there is
y €Y has dense orbit , then h,, , is topological transitive .
Proof :
Let y € Y has dense orbit and W , M be two non-empty subset of Y .
Then
VWeYan<meN: h*(y) eW
Since y has dense orbit , then V h7*(y) € B(¥, hnw ), also R7*(y) has
dense orbit , so by using density of A]*(y) , then
VMeYan<meN> (kI (y)) e M
That mean h'(y) e Wandy € M ,so hj*(M) N W = @ . Then hy, o, is

transitive . m
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2.3 .The Product Multiplication in g-Non Autonomous

Discrete Systems .

In this section , we will generalized of some chaotic properties for
maps through product multiplication in more general space than dynamical
system called g-non autonomous discrete systems and we will see that
there are properties not generalized by product expect with some conditions

on these maps .

Proposition 2.3.1

Let (Y, Ry, o) and (X, g, ) b€ two g-non autonomous discrete
systems .the set periodic point of g,, ., X h;, o, is dense of X x Y if and
only if the set periodic points of g, . and h,, ., are dense in X and Y
respectively .
Proof :
=) Let @ + W, M be open subsets of X and Y respectively
Then W x M is open subset of X X Y. Since the set of periodic point in
Ineo X hy o isdensein X X Y . Then there exists p = (x,y) EW X M,
S0(gn X hn)™ (2, ¥) = (g (), h7*(¥)) = (x,y) , foranyn <m €N .
Then we obtained g/7*(x) = x,forx € W and h*(y) =y ,fory € Y ,s0
In. and hy, o, have dense periodic points .
(&= Assume that g,, ., and h,, o, have dense periodic point and let

U c X x Y be non-empty open set . Then there is non-empty open sets
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W cXand M c Y suchthat M x W c U . by hypothesis there isy € W
such that h*¥™(y) = y,n < m € N and there is x € M such that

hé(x) =x,n<m €N .Fors = (x,y) € U,weletm = kd , we
obtained :

(Gn X h)™ () = (gn X hp)"™ (%, ) = (g7 (), h7*(»)) = (x,¥) . Then
U contain periodic point and the set of periodic point of g,, X h,, is dense

iNXXY. m

Theorem 2.3.2

Let (Y, h, ) and (X, gn«) be two g-non autonomous discrete
systems with g,,: X - X and h,,;:Y = Y beamaps . Then h,, and g,, are
strongly blending if and only if g,, X h,, is strongly blending .
proof :
=) we take g,, and h,, are strongly blending ,and we went to show that
Jn X hy, is strongly blending .
Now; let @ #+ U,, U, be open subsets of X X Y . Hence There are
@ + W;, W, open subsets in X and @ # M;, M, open subsets of Y such that
U, =W; X M;and U, = W, X M, . Since g,, are strongly
blending , then there is m, > 0 such that g, *(W;) n g,"* (W,) contain

open set , then there is open set say B, € X such that B; c g/*(W;) N
gt (W,) ,Since h,, is strongly blending , then there is m, > 0 such that
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h.'2(M;) N hy, ?(M,) contain open set say B, Y . Then
B, c h)"2(M;) N hy,2(M;) . We let m = m, + m, , there we get :
(gn X h)™ (U1) 0 (gn X )™ (U2) = gn* (W1) X hy*(My) 0 gy (W7) X
h7* (M) , that mean :
(gn*W1) N g7*(W3)) X hy* (M) 0 hy*(Mz) 2 By X B,

Then B, X B, open set, then g,, X h,, are strongly blending
(& Let g, X h,, be strongly blending , we went to prove that both of
them are strongly blending . We will prove that g,, ., are strongly blending
and on the other is same .
Now, let W; and M, is non-empty open subset in X , thereisW =W, XY
And M = M, XY, thereism > 0, such that
(Gn X )" (W X Y) N (g X hy)™ (My X Y) = (g7 (W1) 0 gg* (My)) X
(h*(Y) n hj*(Y)) contain open set .
Since g/*(W;) n g7*(M,) an open set and (h*(Y) N h7*(Y)) is non-
empty set. Then g, . is strongly blending . m
In the same a way , can be show h,, , is strongly blending .

Note : Since the condition for strongly blending is hold weakly

blending , so by above Theorem , we can get that the product for two

weakly blending maps also weakly blending directly .
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Theorem 2.3.3.

Let (X, gn») and (Y, h,, o) be twog-non autonomous discrete
systems with g,,: X — X and h,,: Y — Y be continuous maps . Then g,
and h,, is satisfy Touhey property if and only if g,, X h,, is satisfy Touhey
property .
proof :
=) let® + W, M be open subsets of X x Y, then there exists
@ + W, , M, are open subsets in X and @ # W,,M, are open subsets in Y
suchthat W = W; x W, and M = M; X M, . Since g,, satisfy Touhey
property , then there is y; € W; periodic point of g,, with period m, ,
that is h,"*(y;) = y; and there is k; > 0 : gfll(yl) € M;. Also there is
y, € W, is periodic point of h,, for period m, that is h, 2 (y,) = y, and
3k, >0: hﬁz()’z) € M, . We note g5 (y1) = y1,
for all 72 multiple of m2, . Then (y,,y,) € W, X W, is a periodic point of
9. X h,, with period m ,
thatis (gn X hy) ™ (y1, ¥2) = (g (¥1) , hn* (v2)) , that mean
(97 (), h (72)) = (71, y2) - Then W = W, x W, contain a periodic
point of period m . Let k = k, - k, ,we get

(gn X B) ™ (v1,¥2) = g7 (1) W (v2)) = (g (1) , h ™ (7))

Belong to M; X M, . Then g,, . X h,, o, satisfy Touhey property .
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(&= Let® + W, ,M; be opensubsetsin X . ThenthereisW = W,; XY
and M = M, X Y are open subsets of X x Y . By assumption
In,e X hy o s satisfy Touhey property , then thereisy = (y;,y,) EW a
periodic point of period . such that (g,, X h,,)™*(y) € M , then

(Gn X )" (1, 2) = (g7 1) X hi*(72)) = (71, 72)
Then g7*(y,) =y, € W, and h}*(y,) = y, € M; . Then y,is periodic
point of g,, with period 7 and y, is periodic point of h,, with period m ,
SO (gn X M) (¥) = (gn X ha)*(y1,¥2) € M , then g5 (y;) € M, and

hX(y,) € Y . Then g, ., is satisfy Touhey property . m

Note : Transitivity is a chaotic property that is not generalized by product
of maps. In the following proposition we will show that generalized this

property between the sets chaotic by the product

Proposition 2.3.4.

Let (Y, h, o) be g -non autonomous discrete system and A, B be
two non-empty transitive sets . Then A X B also transitive set .
Proof :

Let @ = W, M be open subsets of B and @ # C, D be open subsets of A .

Then @ = C X W , D X M are open subsets of A X B.Then by definition,
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we get :
GAXBNCXW,MXD)={n<meN:hA*(AXBNCXW)nN
MXD+0¢}

={n<meN:RF(ANCXBNW)NM x
D+@}

={n<meN:hR*(ANC)Xh*(BNW)nN
MxD=+0}

GAXBNCXW, MxD)={n<meN:hAANC)NM X h]*(B N
W)YnD+0}.

Since A is transitive set , then G(A N C, M) is an infinite and since B is
transitive set , then G(B N W, D) is an infinite . So

GAXBNCXW,MxD)isan infinite .Then A X B is transitive set .m

In special case , if B is transitive set then B X B is transitive set . Then
we can generalize this case by Induction Lawthat B X B X ... X B

(n-time) also transitive set.

Proposition 2.3.5.

Let (X, 9no) and (Y, hy, o) be two g-non autonomous discrete
systems with g,,: X — X and h,: Y — Y are maps . If g,, oo X hy, 1S
topological transitive . Then g, o, and h,, ., are both topological transitive

on X and Y respectively .
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Proof:
Let W, , M, be non-empty open subsetsin X ,soW =W, XY and
M = M; XY be open subsets in X X Y . Since g, » X hy, o IS transitive
,then by Definition (2.1.15) , thereisn<m e Nandk >0 >
(Gnoo X M) ™ W) N M # @
(Gn,oo X hnoo)™ W) N M = g (Wy) X h*(Y) 0 (My X Y), that mean
= [ g7 (W) n M,] x [h*(Y) N Y].Then
We obtained : [ g7**(W,) n M;] X [A7*(Y) nY] #= @ . Then
grk(wy) n M, # @, then g, ., is topological transitive . We can show

that h,, , is also topological transitive in the same away . m

Theorem 2.3.6

Let (X, gn o) and (¥, h,, o) be two g-non autonomous discrete systems
with g,,: X — X and h,;: Y — Y be topological mixing maps . Then also
In,e X hy o 1S topological mixing .
Proof :
Let U;,U, € X XY, so there exists open subsets W,, W, c X and
M,;,M, c Y ,such that W, x M, c U; and W, X M, c U, . By assumption
In.« 1S topological mixing , there are m1, , m,:

agrr(Ww ) nw, =@, form = m,
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and h,, ., is topological mixing , then
(M) N M, + @, form = m,
We take m > m, = max {m,,m,}, then we get
[(gn X hp)™ (W1 X My)] 0 (Wp X My) = [g7"(Wh) X hy"(M;)] N

(W, x M3)
, Which implies that

[gn* (W) N W] X [hy*(My) N My] # @

Then g, o X hy, o is topological mixing . m

Theorem 2.3.7.

Let (X, gn) and (Y, hy, o) be g-non autonomous discrete systems
with g,,: X — X and h,;: Y — Y are chaotic (Devaney) and topological
mixing maps . Then g, X h,: X XY — X X Y is chaotic .

Proof :

Since g,, and h,, are two topological mixing maps , then by Theorem
(2.3.6) we get g,, X h,, is topological mixing so g,, X h,, is topological
transitive . By assumption g,, and h,, have dense periodic points , then by
Theorem (2.3.1) we get g,, X h,, also have dense periodic points , by
chaotic of ( Devaney) , the density of periodic points with transitivity are
satisfy sensitive dependent on initial conditions, so g,, X h,, is hold

conditions chaotic . Then g,, X h,, is chaotic . m
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Theorem 2.3.8

Let (X,9n0)and (Y,h,) be two g-non autonomous discrete

systems . Then g, » X h;, « IS sensitive dependent on initial condition.

If and only if at least h,, , Or g,, IS sensitive dependent on initial

condition

Proof :

(& Letus assume that g, ., be sensitive dependent on initial condition ,

we show that g, o X hy, o 1SS0 . let P = (x,y) € X X Y and U be

neighborhood of P , then there exists open neighborhood W of x and M

neighborhood of yinY suchthat W x M c U . Since g,, is sensitive

dependent on initial condition , there is e > 0 such that x € W and

n<meN,d(gix),gr(x)) > €,

anyy €M ,so? (x,y ) €U and

d((gn X k)™ (), (gn X )™ (P)) = d(g2 () X (), gi (x) X
h (),

which implies that

d((gn X h)™(P), (gn X ha)™(P") ) = max{d; (g7(x) , g(x),

dy (R ) by (v )

, that mean d ((g,, X h,)™(P), (gn X hn)m(?\)) > €.

Then g, X h, o IS sensitive dependent on initial condition .

=) Let neither h,, o, Nor g, ., be sensitive dependent on initial condition .
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Then for any
e>0,3x€X 3 d, (gil“(x) ,gﬂl”(x\)) <§
when x € W and W open subsets containing x . Similarly for any
e>0,3yeY 3 d,(h]*(y) ,h;l”(y\)) <§
when y € M and M open subsets containing y . Then
d ((gn X B)™(P) , (gn X hp)™(P)) = di (g2 () , g (x ) +
dy (R ) W (y)) <S+5<e
for (x,y) € W x M . Then g, . X h, « is not sensitive dependent on

initial condition , which is contradiction . Then g, o, or h, », iS sensitive

dependent on initial condition . m

Theorem 2.3.9
Let (X, gnoo)and (Y, hy, o, ) be g-non autonomous discrete systems
with g,,: X — X have the Touhey property and let h,,;: Y — Y be chaotic
(Devaney) and topological mixing map . Then g, o, X h;, o, is chaotic .
Proof :
Since h,, », is sensitive dependent on initial condition , then g, o, X hy
also sensitive dependent on initial condition , on the other hand the Touhey

property implies density of periodic points for g, o, by assumption h,,
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also implies that the periodic points are dense , that mean g,, o, X hy, o
have dense periodic points . Therefore ,the topological transitive is hold by
the product of two topological mixing are topological mixing ,then

In,e X hy o topological transitive . Then g, o X h;, o IS chaotic maps

(Devaney). m

Theorem 2.3.10.

Let (X, gn o) and (Y, h,, o) be g-non autonomous discrete systems .
Then g, « and h,, o, are minimal if and only if g,, o, X h;, o is minimal .
Proof :
=) LetxeXandy€eY , thenP = (x,y) € X XY, there is W an open
subset in X and M an open subset in Y such that U = W X M an open
subsetin X X Y . Since g,, , is minimal , then Vx € X ,3m; >n €N
such that g, ** (x) is dense (i.e g,"*(x) € W), on the other hand h,, , is
minimal , then V y € Y ,3m, > n such that h;2(y) is dense in Y (i.e
h,2(y) € M) , Then we get (g, (x) , h,,2(y)) € U, we choose
m = m,.m, ,then

(Gn X )™ (P) = (gn"* (%), hy*(y)) €W x M

. Then (g, X hy))™(P) e U =W x M isdense. Then g, o X hy IS

minimal .

59



(& Let @ = W be open subset of X and @ #= M open subset of Y then
U =W x M open subset of X XY . Since g, o X Ay o IS
minimal , then

VP=(x,y) EXXYIm>n€EN:(gpeo Xhyo)”(P)
isdense (1. (gnoo X Npoo)™(P) € U) , 50 g7t (x) X hy*(y) are dense
(1.e gt (x) X h*(y) € U) so we get g;/*(x) € W , then {g;/*(x)},; =, are
dense in X , it followed we obtained g,, ., are minimal . Also h};*(y) € M ,
We get {h)*(¥)}n=1 isdensein Y , it followed we obtained h,, o, is
minimal . =

Note : Since if h, and g,, are transitive maps , then not necessary
h, x g, is transitive , then so the totally transitive . The following

proposition to show this fact :

Proposition 2.3.11

Let (X, gn) and (Y, h, o) be two g-non autonomous discrete systems

N gno X hy o is totally transitive ,then both of g,, ., and h,, ., are totally
transitive .

Proof :

Let @ = W;,M; be open subsets of X ,then W = W, x Y and

M = M; XY is open subsets of X xY . Since gp. X h, is totally

transitive , then (g, X hy o) is transitive , so
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(now X hpo)™(W)NM + @, that mean
gl (W) XA (Y)N My XY # @
Which implies grW) NnM; xh*(Y)NY =0
Since h*(Y) n Y is non-empty . Then g /*(W;) N M; #= @ . Then g;* is
transitive , it followed g, is totally transitive , By the same away we can

show that h,, , is totally transitive . m

Theorem 2.3.12

Let (X,9ne) and (Y,h, ) be two g-non autonomous discrete

systems . Then g, , and h,, , are locally eventually onto if and only if
In,e X hy o 1S locally eventually onto .
Proof :
=) Let @ = W be subset of X and @ += M be subset of Y , then
@ +V =W X M be subset of X X Y . Since g, is locally eventually
onto , then

In<m; EN: g*(W)=X
Since h, o, is locally eventually onto , then

In<m, EN: h)?2(M) =Y
We take and m = max {m,m,} That hold

(Gno0 X o)™ (V) (Gn,c0 X hin,o)™ (W X M)

= ga (W) X g7*(M)
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(Gneo X hneo)™(V) =X XY
Then g, . X h,,  is locally eventually onto .
(= Letgne X h, e bealocally eventually onto , then for every
V =W x M non-empty subset of X X Y, then
(Gnw X )™ (V) =X XY
(now X hpo)™ W XM) =X XY

Which hold

gn W) X hy*(M) = X XY
So we obtained g;*(W) = X . Then g,  is locally eventually onto , and

hy*(M) =Y . Then h,, ., is locally eventually onto . m
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Chapter Three

Conclusion and Future work




Conclusions and Future work
3.1. Conclusions
In this work , we prove the following results :
1. Let (Y, hy, ) be g -non autonomous discrete system and {Y;};-, ., be

family of transitive sets where ¥; € V; if i <j, Then UL, Y; is transitive

set .

2 . h, is topological transitive when y~ is dense .

3. if h has periodic point . Then R(h,, ) N E(hp o) # @ .
4. Let (Y, hy, ) and (Z,9,..,) be two g -non autonomous discrete systems

with : (Y.h) = (Z, g) be factor map and B be weakly mixing subset of

Y . Then (B) is weakly mixing subset of Z .

5 .when h,:Y — Y be equicontinuous piecewise monotone map and
h, « has dense homoclinic points . If h,, ., are strongly blending . Then
h,,« is locally eventually onto .

6.1f h,:Y — Y is locally eventually onto . Then h,, ., is sensitive
dependent on initial conditions .

7. 1f h*(y) is dense for all y € Y, then h,, , is transitive .

8. Let (Y, h,, o) and (X, gn ) be two g -non autonomous discrete
systems and the set of periodic point of g,, ., X h;, o, is dense of X X Y if

and only if both g, ., and h,, ., the set of periodic points in X and Y are
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dense .

9.Wheng,:X » Xandh,:Y - Y beamaps . Then h, and g,, are
strongly blending if and only if g,, X h,, is strongly blending .

10. g,: X — X and h,,: Y — Y are continuous maps . Then g,, and h,,
is satisfy Touhey property if and only if g,, X h,, is satisfy Touhey
property .

11 . A, B are two non-empty transitive set . Then A x B also transitive .
12. if h,, is strongly blending and has dense periodic points , then h,,

Is satisfy Touhey property

13.9,:X — Xand h,:Y — Y aremaps . Let g, o X Ry oo IS
topological transitive . Then the maps g,, ., and h,, o, are both topological
transitive .

14 . g,:X — X and h,,:Y — Y are topological mixing maps . Then also
In,e X hy o 1S topological mixing .

15. g,,:X — X and h,,: Y — Y are chaotic(Devaney) and topological
mixing maps . Then g,, X h;: X XY — X X Y is chaotic (Devaney) .

16 . g,: X — X have the Touhey property and let h,,: Y — Y is chaotic
(Devaney) and topological mixing maps . Then g, X h;, o is chaotic
17. gno X hy o IS sensitive dependent on initial condition.

If and only if at least h,, o, Or g, « IS sensitive dependent on initial
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Condition .
18 . gn o and hy, o, are minimal if and only if g,, X hy, & IS minimal .

19 . If g0 X hy o IS totally transitive ,then both of g,, ., and h,, o,

are totally transitive .
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3.2. Future work

In the future work , we will study anther chaotic properties and metric
properties : expensive , Laypanouv exponent ,ect ... of maps and sets . And
We will generalized of them in g-non autonomous discrete systems , also

1. We find relationship between there maps .We try answer this question
- Is the result in the maps are hold in the sets ?

2. We will generalize this chaotic properties by composition between the
maps and the set in g —non autonomous discrete systems .

3. We will study the entropy in gnon autonomous discrete systems .
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