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                                      Abstract   

 The aim of this work to generalized some chaotic properties for g- 

Non Autonomous discrete systems such that properties has been studied is  

transitivity : When *  +        be family of transitive sets Then     
    is  

transitive set . Also , we study other chaotic properties : Touhey property ,  

strongly blending , dense periodic point , locally eventually onto ((     ),  

equicontinuous and sensitive dependent on initial, we get : If    is strongly  

blending and has dense periodic point  points , then    is satisfy Touhey  

property . If        is  equicontinuous piecewise monotone map and  

     have dense homoclinic points with      are strongly blending then  

     is locally eventually onto. If        is locally eventually onto   

then      is sensitive dependent on initial condition , also we studied  

weakly mixing set by factor map such that if    is weakly mixing subset of  

  we obtained  ( ) is weakly mixing subset of   when   (   )   

 (   ) is  factor map and      are  two g- non autonomous discrete  

systems .  

                  In addition  generalized above properties by product  

multiplication , so we get : If Let (      ) and (      ) be two  -non  

autonomous discrete systems , then the set of periodic point of            

is dense of     if and only if  the sets of      and      have dense  

periodic points in   and   respectively . When   and   are  maps , then  
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   ,    are strongly blending if and only if       is strongly blending .  

   and    are satisfy Touhey property if and only if       is satisfy  

Touhey property .           is topological transitive then      and  

     are both topological transitive and the convers is not true .If     

 hasTouhey property and    is chaotic with topological mixing  then  

           is chaotic (Devaney) .   

           Moreover generalized minimality and topological mixing by :     

and    are minimal if and only if           is minimal .            is  

sensitive dependent on initial condition If and only if at least      or       

is  sensitive dependent on initial condition . If    and   are topological  

mixing ,then also            is topological mixing . 
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Introduction 

 

 Word "chaos" means  " a state of disorder " . And in the dynamical  

system  , Li and york  are first to  the  interdicted  of the  word  "chaos"  in  

1975 [27] . In 1989 Devaney  give  definition of  chaos  stronger  than   

Li-york chaos , chaos of Devaney implies three conditions  : transitivity ,  

dense of periodic point and sensitive on initial condition [11]  . In 1992 ,  

Banks .J and anther authors  [7] showed that the sensitivity on initial  

condition is not necessary condition to make maps are chaos with implies  

another two condition (transitivity and density periodic point ) . In 1994 the  

author prove that the transitivity maps of compact intervals implies  

Devaney chaos [28] .  . Devaney chaos implies Li-York chaos a according  

to Hung and Ye [13] , who established this in 2002 by demonstrating that  

anon-periodic transitive system with aperiodic point is Li-York chaotic .    

In the dynamical system (autonomous discrete systems)  , all the  

definition of the concept , chaotic  properties , metrical properties and  

definition of chaotic were dealing with a single map which implies certain  
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condition , In 1996 Kolyada , S, Snha [16] introduced system called non  

autonomous discrete systems , and they are denoted by (      )  when    

be compact topological space and               , such that      is  

the sequences of the continuous maps with      (  )   
   (i.e       

(              ))  , so when      convergent uniformly to  

continuous map   (i.e          )  , then we will obtained a  

dynamical system  [30] ; Non autonomous discrete systems are suitable for  

modeling some phenomena in applied sciences ,including biology [10] ,  

[29] , physics[15] and economy [31], they are also useful for solving  

mathematical puzzles (see[16]) . 

              In [18] Kolyada.S and Snoh.L discussed minimality of non  

autonomous discrete systems. Three interpretations of chaos according to  

(Devaney ) , (Wiggins) and a strong sense of Li-York [25], were presented  

by Shi and Chen in 2009 .  
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 In 2014 [20] , Lei Liu and Yuejuan introduced weakly mixing set  

and transitive set in case  sequences of maps and they give definition of this  

concept and some result by dealing with sequences of different maps in non  

autonomous discrete system instead of a single maps in autonomous  

discrete system  . 

 At our work , we study non autonomous discrete systems in general  

called general-non autonomous discrete systems or  -non autonomous  

discrete system , we can write it by (      )  

 The thesis consists of two chapters : in chapter one , we take  

two sections . In section one , we take some  definition of concept and  

chaotic property in dynamical system (autonomous discrete system ) . In  

section two , we give  some result and examples in this system  

 In chapter two , we take  -non autonomous discrete  systems by  

three sections : in section one , we define some definition of  concept in  

space more general than ( autonomous and non autonomous discrete   
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systems respectively)  .  

 In section two , we discussed and generalized some result by  

composite this maps in  for any             .  

 In section three , we generalize  some chaotic properties in  

maps and sets by product multiplication property in  -non autonomous  

discrete  systems, and we concluded that some chaotic properties  don't  

generalize by  product multiplication property like : transitivity , totally  

transitive in the direct direction  .     

        

 

   

 



 
 

  

Chapter One 

The Chaos in  Autonomous 

Discrete system 
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The Chaos in Autonomous Discrete System 

           In this  chapter , we will introduced definitions of some chaotic  

properties ( transitivity , topological mixing , weakly mixing , (strongly and  

weakly ) blending and locally eventually onto ) of  the maps , also  

introduced definitions for ( transitive set , weakly mixing set , non  

wandering set , recurrent set , eventually periodic set and periodic  

point set ) in space called autonomous discrete systems ( Discrete  

Dynamical system ) , this properties studied under effect single map  

      , where   topological space instead of sequences an infinite  

maps in non autonomous discrete systems  and we find  relationship  

between these properties . So for the orbit of any point in the domain is  

obtained by iterating such map . So in special case , when the non  

autonomous discrete systems      is constant sequences (            )  ,  

the pair (    ) called autonomous discrete systems .  
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1.1. Preliminaries of  the Autonomous Discrete System   

In this section ,  we introduce the concept which we need them in our work   

 

Definition 1.1.1 [12] 

      Let (   ) be topological dynamical system . Then the set of  

                    ( )  2    ( )  ( ( ))  . ( ( ))/   3  

                               = *    ( )   ( )   ( )  +  

is called orbit of the point     , and denoted by   (   )  

 

Definition 1.1.2 [2]  

      Let (   ) be topological dynamical system and y    . Then the set  

                              *         ( )                 + 

is called backward orbit  and denoted by   . 

 

Definition 1.1.3 [2] 

     Let(   ) be topological dynamical system and y    . Then the set  

                     *        ( )                     +  

is called forward orbit  and denoted by    .           

 

 



8 
 

Definition 1.1.4 [12] 

       Let (   ) be topological dynamical system . the point     is called  

fixed point where  

 ( )      . 

 

0 , 1 are two fixed points of   ( )     
  ,where ,         . 

On the other  hand ,there are maps has no fixed point for example  

  ( )         , where          . 

 

Definition 1.1.5 [2] 

        Let (   ) be topological dynamical system . Apoint       is called  

periodic Point with period   where there is       : 

  ( )    , and   ( )    

       and   called period of point   . Denoted to periodic points set by  

 ( ) . 

 

Example 1.1.6 [12] 

 Let T : [0,1]   [0,1]  be the tent map , with  

  ( )  { 
                                         
                                 

 

Then the point 
 

 
 is periodic point of period 3 .  
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So , the fixed points are periodic point of period 1[2] . 

 

Definition 1.1.7 [22] 

       Let (   ) be topological dynamical system and    be periodic point of  

period   . The point y     is called eventually periodic point  if  

                                (y) =    , for some         . 

and denoted by  ( )   

 

Example 1.1.8  

       Let        such that  ( )       , so when     we get : 

 ( )     

  ( )      

  ( )   . ( ( ))/     

So ,  ( )    ( )  

Then     is eventually periodic point .  

 

Remark 1.1.9 [22] 

      Let  (   ) be topological dynamical system , then  

                                      (   )     (   )                      (1.1)  
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Definition 1.1.10 [12] 

         Let (   ) be topological dynamical system . Apoint       called  

repelling fixed point of   if there is an interval (       ) containing y  

and     such that  

| ( )   |  |   | 

 

Definition 1.1.11 [6] 

          Let (   ) be topological dynamical system . Apoint         is said  

to be recurrent point  if there is *  +  increasing sequences of positive  

Integer   such that                 

                               
  ( )     where      . 

 So the set of all recurrent point  called recurrent set  and denoted by  

 ( ).  

 

Definition 1.1.12 [6] 

           Let (   ) be topological dynamical system . Then       is called  

non wandering point  if         

                                          ( )        

 where   is an open set that  containing    . So the set of all non- 

wandering points is called non-wandering set and denoted by   ( ) . 
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Note :  In [22],  Moothathu gave the following relation :  

                                 ( )    ( )     ( )                 (1.2)  

 and  by  [8], Block.L and Conven.E with another authors showed when the  

map is continuous of the circle and   ( ) non-empty closed set , then  

                                     ( )     ( )                  

          In [ 24] , Oproch and  Zhang  defined   (    ) ,where   and    are  

subsets     and       is a map  by :  

                           (   )    *     ;   ( )        +               (1.3)  

 

Definition 1.1.13 [ 24] 

           Let (   ) be topological dynamical system and the non-empty   

      , Then   is said to be  transitive set if for any   and   are open   

subsets of   with         and        

                                  (      )  is an infinite    

and denoted by     ( ) . 

 

Definition 1.1.14 [24] 

           Let (   )  be Topological dynamical system , a non-empty closed 

subset       is called weakly mixing set with at least two element if   
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for any open subsets    ,…,     of   and    ,…,     non-empty open 

subset of  , There is       such that                            

                                     (     )         

for         .  

 

Definition 1.1.15 [4] 

          Let (   ) be topological dynamical system. Then        is 

Said to be Topologically transitive if for any        open subset  

of   ,        , such that 

                                       ( )      . 

 We can take the tent map  example for the Topologically transitive  [2] . 

  

Definition 1.1.16 [2] 

           Let (   ) be topological dynamical system . Then        

Is said to be totally transitive if    is transitive ,        . 

 

 Remark 1.1.17 . 

Transitivity property not transmitted by composition , so  in case h is  

transitive , it is not necessary that    is transitive [ 17] . 

And  by definition . The totally transitive map is transitive . The opposite,  
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however , is not generally true . 

Example 1.1.18 [5] 

        Let   : [0,1]   [0,1] be continuous map defined by :  

                             
 

 
                                   

        ( ) =        
 

 
                                

                        
 

 
  

 

 
                                 

So that   [0,2/5]   [0,2/5] and   [2/5,1]   [2/5,1] . Then   is transitive but  

not totally transitive . 

 

Definition 1.1.19 [14] 

           Let (   ) be topological dynamical system .       is said  to  

be Topological mixing when there are    and    non-empty open subsets 

of   :  

   (M)        

       are positive integer     

               

               In general , the product of two transitive maps need not be  

transitive map but if one of them mixing then the rustle hold [2] . 
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Definition 1.1.20 [2] 

           Let (   ) be topological dynamical system .       is said to  

be weakly mixing when there are    and     non-empty open set :  

  (  )       , 

        ,     

 

Remarks 1.1.21  

1. On   , mixing , weakly mixing and totally transitive are equivalent [2] . 

But on the other spaces : weakly mixing maps are totally transitive . 

2. (    )  is weakly mixing if (      ) = (            ) is transitive , In  

general by Induction Law  (      )  is transitive       [23] . 

 

The Figure 1.1 show that the relation  between  mixing , weakly mixing , 

transitive and totally transitive that  Moothathu  introduced  in [22]  

 

 

 

 

 

 

Figure 1.1 : The relations between  mixing , weakly mixing , transitive and totally 

transitive  

mixing Weakly mixing Totally transitive 

transitive 
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Definition 1.1.22 [2] 

        Let (   ) be discrete dynamical system .       is called  

minimal when  every orbit is dense. 

 

 In [21] Li.J and Ye. X shows that        is minimal if it contain 

no proper subsystem  

  

Example 1.1.23 

      Let          such that  ( )             and      . Then  

                                (   )  *    ( )   ( )    +  

                              (   )  *           ( )          ( )        + 

for all       Hence  (   )     , then   is minimal map .  

 

Definition 1.1.24 [21] 

        Let (   ) be discrete dynamical system and       .   is called  

minimal set if the orbit of every point in   is dense , and denoted by  

   ( )   

 

         In [1], Akin .E and Kolyada showed that is if Trans( )     , then   

is minimal  
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Definition  1.1.25 [14] 

         Let (   ) be topological dynamical system .         is called  

weakly blending where  for any  open                    

  ( )     ( )    . 

 

Definition 1.1.26 [3] 

        Let (   ) be topological dynamical system .       is said to be  

  strongly blending when  any  open                 

                               ( )     ( ) Contain an open set . 

 

by above definition we get ,the Strongly blending implies weakly  

blending directly . 

 

Definition 1.1.27 [19] 

        Let (   ) be topological dynamical system .        is said to be  

locally eventually onto (     ) when any  open                 

  ( )     
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1.2. Some Theorems in the Autonomous Discrete System 

       In this section , we recall some results which need them in our work  

without proof :  

 

Proposition 1.2.1 [24] 

      Let (   ) be topological dynamical system ,when a non-empty set 

         , and      . Then 

1.      ( ) if and only if * + is transitive set . 

2.   is transitive if and only if   is transitive set . 

3. If    is subsystem of   , then   is transitive set with respect to   if and  

only if   is transitive set with respect to    . 

4. If   is transitive set , then       ( ) , when   ( ) is non-wandering 

set . 

5.   is transitive if and only if   ( ) is transitive . 

so by above proposition , we get the following result :  

 

Proposition 1.2.2 

         Let (   ) be topological dynamical system . If   ( ) is non-empty  

subset of    ( ) . Then * + is transitive . 

Proof :  

 By hypothesis    ( )     ( ) . That mean there is      ( )      ( )  
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, so      ( ) , then by proposition 1.2.1 , we get  * + is transitive set .   

 

Proposition 1.2.3         

            Let (   )  be topological dynamical system and   is non-empty       

open subset of   . If     
   ( ) is non-empty recurrent set , then   ( ) is  

transitive set . 

Proof : 

By assumption     
   ( )    , then        

   ( ) so    ( )     

      . By proposition 1.2.1(1) , * + is transitive set . If  * +      ,  

then by proposition 1.2.1(5) , then   ( ) is transitive set .  

 

           In the following proposition , we show that generalize  transitivity  

property in the set from family  to the union of this family  :   

 

Proposition 1.2.4  

         Let (    ) be topological dynamical system and {  +        be family  

of transitive sets . Then     
 *  + is transitive set . 

Proof : 

Let *  + be transitive sets for           . Then by Definition 1.1.13, there  

is two non-empty open subsets   and    such that  

                  (    
       )   {      (    

     )     }  
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 (    
       )   {    ,  ,(    )  (    )    (    )-  

                                                                                                                             }       

                             *     ,  (    )   
 (    )    

 (    )- 

                                                                                                            +  

                                *        (    )     
 (    )    …  

                                                                                             (    )      +   

Since *  + is transitive set for all           , then (      ) is an  

Infinite, so that  (    
       ) is infinite . Then     

 *  + is transitive  

set    

             The following result can be proved , because the union of transitive 

set is transitive .  

 

Proposition 1.2.5 

          Let the union of transitive sets is transitive . Then the  non-empty set   

 ( ) is transitive . 

Proof : 

 Let  ( )    , hence there is    ( ) then by Proposition 1.2.1(1) we  

get * + is transitive , so  ( )      ( ) * + ,  by hypothesis we obtained  

 ( ) is transitive   .    

Now , we prove the following proposition : 
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Proposition 1.2.6  

          Let (   ) be topological dynamical system . If    has periodic point  

Then  ( )    ( )    . 

Proof : 

 Let y    be periodic point with period  . then by  (1.1)  we get y   

   ( )and by (1.2) we get y     ( ) that mean      ( )     ( )    .  

Then  ( )     ( )         

 

Theorem 1.2.7 [2] 

           Let (   ) be topological dynamical system which        

surjective maps and    is dense for all y    . Then   is topological  

transitive . 

 

Proposition 1.2.8 [23] 

           Let (   ) be topological dynamical system . If    and    are non- 

empty subsets of   .  And both    and   are transitive sets with   (  )   

   (  )    and   (  )    (  )     . Then       is transitive set if  

and only if cl(  (    )) =cl(  (    ))     ( 
 (        ))   

            

  In the maps , the transitive  property not generalize  by product  
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multiplication but in the sets the result hold , the below proposition explain  

it :   

Proposition 1.2.9.  

         Let (   ) be topological dynamical system and              . If  

      are transitive set . Then      also transitive . 

Proof : 

Let        be open subsets of   and        be  open subset of   .  

Then       and     are  open subset of     ,  

so by definition , we get : 

 ((   )  (   )    )  *      (   )     )       

                                                                                                               + 

                                           *       ,(   )  (   )-       + 

                                                                 

                                     *       (   )    (   )       +  

 

                                *       (   )       (   )     +  

Since   is transitive set , then  (     ) is an infinite and   is transitive,  

 then  (     ) is an infinite . Hence  (            ) is an  

infinite . Then     is transitive    

         

  In particular   case , the product for two transitive set     is  
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transitive , so by Induction Law , we get the product for  more than two  

transitive set  also transitive set .                                                                                                                                                                                                       

 

Theorem 1.2.10 [9]  

          Let       be a continuous transitive map with a repelling fixed  

point    , and   is compact subset of   . Then   is weakly blending . 

     

            In [3] ,we get that (     ) is stronger than totally transitive ,  

mixing and (weakly and strongly ) blending . So the following theorem to  

show that the condition to make the transitive map is (     )   

 

Theorem 1.2.11. [26] 

           Let         be an equicontinuous piecewise monotone map .  

If   is transitive map , then   is locally eventually onto .  

 



 
 

Chapter Two 

The Chaos in  𝑔-Non Autonomous  

Discrete Systems 
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The Chaos in -Non Autonomous Discrete Systems 

             Kolyada, S,Snoha in 1996 [16] discussed  space called non  

autonomous discrete systems defined by        where   compact  

topological space ,     . So       denoted to sequences from 1 to an  

infinite such that  (          ) with   
 ( )               ( ) , and 

   
  is the identity map on   , the orbits are produced using iteration method  

by composition different maps in every time , so that the set  

*     ( )    
 ( )     

 ( )  +  called orbit of the point      and  

denoted by  (      ) . 

          In this chapter  , we speaks on  non autonomous discrete systems in  

General  , that is these sequences will be begin from any     to be an  

Infinite instead to begin from 1 , so (      ) denoted to  -non  

autonomous discrete systems , where   is compact space and 

      (               )  with   
 ( )                ( )  

       and   
  is the identity map , so that the sequences for maps  

affecting a single point or open set to study chaotic and topological  
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properties  instead  single map in the dynamical system .  

2.1. Fundamental Definitions for  -Non Autonomous  

Discrete Systems . 

         

          In this section , we will define some concept of dynamical system 

and chaotic properties in  - non autonomous discrete system . That mean , 

this concept and properties will be generalized from single map in 

dynamical system to sequences an infinite maps in   - non autonomous 

discrete system .   

 

Definition 2.1.1 

Let (      ) be  - non autonomous discrete system and y   .Then  

  (y) :  the first iterate of y for    . 

  
 ( )     (  ( ))    the second for    . 

In general , if       , then   
 (y) is  the m iterate of y for   . 

 

Definition 2.1.2 

 Let (      ) be  - non autonomous discrete systems . The set of all  

these iteration  of   :   
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                   *      ( )    (  ( )      (    (  ( )   +  

                   *      ( )     
 ( )      

 ( )   +  

is called orbit for     and denoted by  (      )  . 

 

Example 2.1.3 

Let          be a maps , for all      such that :  

   ( )       

  ( )   
   

  ( )    
    , then the orbit for   

 

 
 when     and      

we get :   .
 

 
/     

  
 ( )       .

 

 
/    ( )      

  
 .
 

 
/            .

 

 
/  

                    ( )  

                ( )   

                 

Then  .
 

 
        /  2 

 

 
         3  
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Definition 2.1.4. 

             Let (      ) be  -non autonomous discrete system and y    . the 

set  

                       *          
 ( )                   + 

 is called forward orbit . 

 

Definition 2.1.5 . 

              Let (      ) be  -non autonomous discrete system and     . 

the set  

                            {          
 ( )    . For some       +   

is called backward orbit  . 

 

Definition 2.1.6. 

Let (      ) be  -non autonomous discrete system . Apoint y      

is called fixed point  when :  

                          
 ( )                 
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Example 2.1.7 

          Let        be a maps ,      , where  

  ( )   
   

  ( )    
     

  ( )       

if     , Hence  

  
 ( )            ( )  

  
 ( )         ( )  

               ( )  

                

Then   is fixed point for      . 

Definition 2.1.8 

Let (      ) be  -non autonomous discrete system . Apoint y    

  is called eventually fixed point on  -non autonomous discrete system if 

        

   
 ( )    

Where   is fixed point . 
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So by using Example 2.1.7 , we can show that      is eventually fixed 

point by : 

  
 (  )          (  )  

                     ( ) 

                 ( ) 

                 

So   
 (  )    , that is fixed point . Then    is eventually fixed point . 

 

Definition 2.1.9. 

 Let (      ) be  -non autonomous discrete system . Apoint y      

is called periodic point  of    if          

  
 ( )      and   

 ( )                                     (2.1) 

 

Definition 2.1.10 

             Let (      ) be  -non autonomous discrete system and        

be periodic point of period   . Apoint      is called an eventually  

periodic point for    where  

                                              
   ( )              
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.Remark 2.1.11 .  

              Let (      ) be  -non autonomous discrete system with  (    )  

and   (    ) be the periodic point set and eventually periodic point set  

respectively , then we get :       

                                   (    )     (    )                     (2.2) 

Definition 2.1.12. 

           Let (      ) be   -non autonomous discrete system and  

       Then y is called  non-wandering point  if for any      open set  

containing     : 

                                     
 ( )      ,         .  

The set of all the non-wandering points is known as the  non-wandering  

set and denoted  by   (    )    

 

Definition 2.1.13. 

           Let (      )  be   -non autonomous discrete systems. Apoint  y    

is called recurrent point  where there is sequences *  +    
  there is 

      . such that  
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   ( )    . 

The set of all recurrent point called recurrent set and denoted by  (    )   

Remark 2.1.14  

Let (      ) be  -non autonomous discrete system . Then  

                                 (    )     (    )      (     )                           (2.3) 

 

 Definition 2.1.15 

   Let (       ) be  -non autonomous discrete systems and         

be open subset of  . A map         are called topological transitive 

where 

                                     
 ( )              

 

 In [24] , Oprocha and Zhang are defined  (   ) in discrete dynamical  

system , so we will generalize (   ) for in   -non autonomous discrete  

system by :     

                    (   ) = {          
 ( )      +  .              (2.4) 
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Definition 2.1.16.  

 Let (      ) be  -non autonomous discrete systems . Then a non- 

empty subset   of   is said to be  transitive set if for any       are  

open subset of   with        and         :  

        (      )   *         
 (   )     +             (2.5)  

is an infinite ,  

 

This is an intermediate situation between the topological mixing and  

topological transitive . If the map is topological mixing , then there is  

transitive set while if the map has transitive set , then it is transitive map  

but the converse is not true . That mean , there is transitive map but has no  

transitive set because (   ) an infinite is not hold . 

 

Definition 2.1.17 

          Let (      ) be   -non autonomous discrete systems and   subset  

of  .   is said to be weakly mixing set on   -non autonomous discrete  

system of   with contain at least two elements if for any non-empty open 

subset         of   and non-empty open subsets         of   with  
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       ,there is       , such that           

  
 (      )           

For             . 

  

Definition 2.1.18 

    Let (      ) be   -non autonomous discrete systems . The map 

        is called weakly blending on   -non autonomous discrete  

system  when  any open subsets                        

   
 ( )     

 ( )      

 

Definition 2.1.19  

        Let (      ) be   -non autonomous discrete systems . A map   

       is called strongly blending on   -non autonomous discrete  

system where for any open subsets                 

  
 ( )     

 ( ) contain an open set on   . 

 Note : By above definition , if        is strongly blending , then it is  

weakly blending . 
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Definition 2.1.20 

     Let (      ) be   -non autonomous discrete systems . A map  

       is called locally eventually onto (     )  on  -non autonomous  

discrete system when any non-empty open subset               

      

  
 ( )    . 

The Figure 2.1 show the relation between      property and some other 

chaotic properties for   -non autonomous discrete systems . 

 

 

 

 Totally transitive  

 

 

                                                           

Figure 2.1 : relation between (     )property and some other chaotic 

properties for   -non autonomous discrete systems  

 

Locally 

eventually  onto 

Strongly blending  Topological mixing   

Weakly blending  Transitive 
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Definition 2.1.21  

     Let (      ) be   -non autonomous discrete systems with 

        are continuous maps .    satisfy Touhey property on  -non  

autonomous discrete systems where for any two open subset  ,   of   ,  

there is periodic point                

  
 ( )    

Definition 2.1.22 

Let (      ) be    -non autonomous discrete systems with   is  

metric space with metric   .A map         are called equicontinuous  

maps on   -non autonomous discrete systems  where for any      

        

                                             (   
 ( )    

 ( ))     

whenever  (   )              and       . 

 

Definition 2.1.23 

 Let (      ) be   -non autonomous discrete systems and   be  

metrical space with metric           are called sensitive dependent on  
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initial conditions on   -non autonomous discrete systems  if  there exists  

    that for any     and   any neighborhood of y there is     and   

         

 (   
 ( )    

 ( ))     

Definition 2.1.24 

 Let (       ) be   -non autonomous discrete systems and       . 

Apoint    is called homoclinic to   on   -non autonomous discrete systems  

where   local unstable of   and there is          

  
 ( )    . 

Example 2.1.25 

 Let         be a maps , for all     . We take , 

   ( )      

  ( )   
   

  ( )       

Where             then  when      we obtained :  

  
 ( )            ( )        ( )    (  )      

Then   is homoclinic to 14 . 
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Definition 2.1.26 

 Let (       ) be   -non autonomous discrete system . Then  

       are called minimal  on  -non autonomous discrete system if  

for all     and       . 

  
  (y) is dense 

Example 2.1.27 

 Let      
     be  a maps such that :  

  ( )       

  ( )        

  ( )        

For all      and     .  we take   
 

 
     and          , then : 

  
 .
 

 
/              .

 

 
/  

  
 .
 

 
/          .

 

 
  /   

  
 .
 

 
/    (    )  

  
 .
 

 
/         

Then   
 .
 

 
/ is dense in    , then    are minimal  maps . 
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Remark 2.1.28 

  *  
 ( )+   

  is dense  if and only if  it is an infinite sets , so   is not  

periodic point , Hence if       are minimal . Then they are have no  

periodic points .    

 

Example 2.1.28  

 Let     
     be a maps such that   ( )     , where     .  

Then  ( )  *        ( )    
 ( )    

 ( )   + , 

 so   
 ( )     , so  (      )   

  .  

Then    is  not minimal .  

  Note :    (    )    . So Trans (    )  *        
 ( ) is  

dense } .  That mean :   

Trans (    )     (    )    . 
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2.2 . Some Result of Chaotic Properties in  -Non 

Autonomous Discrete System  

   In this section , we will prove  some result  of chaotic properties in  

the sets and the maps for space more general called  -non autonomous  

discrete systems .     

  

Theorem 2.2.1 

        Let (      ) be  -non autonomous discrete system with            

surjective maps and    is dense for every      . Then (     ) are   

topological transitive . 

Proof :  

Let    ,   be  open subsets of   and let       . By hypothesis ,  

backward orbit is dense , then                
  ( )    , so   

           then      and  . Since         and       then we get , 

  
 ( )   y so   

 ( )     , so   
 ( )        Then      is  

topological transitive .   

 

Proposition 2.2.2 

        Let (      ) be  -non autonomous discrete system and *  +        be  

family of transitive sets where          if       , Then     
 *  +  is  
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transitive set . 

proof :  

Let       . Then by (   ) , for any    and   are non-empty open subsets 

of   such that  

              (    
       ) = {        

 (    
     )      } 

                                                  {         
 ((    )  (    )  

                                                                                         (    ))     +   

                                            = {        
 (    )    

 (    )       

                                                                                  
 (    ))     }  

                                      ={        
 (    )      

 (    )   

                                                                        
 (    )     }  

Since    are transitive set, for all    ,...,  , then  (      ) is  an  

infinite . Then  (    
       ) is an infinite so     

 *  + is transitive  

set .   

 

proposition 2.2.3 

          Let (       ) be  -non autonomous discrete systems and   is  

transitive set of    . Then     also transitive set .  

proof : 

Let    ,   be open subset of   , then   and   are open subset of    

and   respectively . So by (2.5)   
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 (     )  *          
 (   )      +  

Since      , then          

 (     )   (     ) 

Since   is transitive set , then  (     ) is infinite , so  (     ) 

is an infinite . Then   is transitive set .  

 

In particular case , the intersection of finite family of transitive sets is 

transitive .  

 

Proposition 2.2.4. 

        Let (      ) be  -non autonomous discrete system , if   has periodic  

point . Then  (    )   (    )    . 

Proof : 

Let      be periodic point with period   , Then y   (    ) that mean  

by  (   ) , y    (    )    and by  (2.3) we obtained y   (    ) . Then 

 y    (    )    (    ) . Then  (    )    (    )    .  

 

Proposition 2.2.5. 

            Let (      ) and ( ,    ) be two  -non autonomous discrete  

systems with   (      )   (      )   be factor map and   be weakly  

mixing subset of   . Then  ( ) is weakly mixing subset of   . 
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Proof : 

 In this proof , we have two cases : 

Case I :  if   ( ) is singleton set . then the result hold and trivial . 

Case II :  Let   ( ) has contain at least two element and       is weakly  

mixing of   . Then              
     

  , … ,   
  are open subsets of  

  ( ) and   
     

     ,   
  are open subsets of   with   

     ( )    , 

               .Then        (  ) are open subset of   and    (  
 ) is  

subset of   with    (  
 )      , where             . Since   is  

weakly mixing of   then          

                            
 (    

  (  
 )    

  (  
 )    , 

     
  [     

  (  
 )]    [  

  (  
 )]   ( )    

  
     0    

  (  
 )  [ (  

 )]1    

  
 ( ( )    

 )    
    

Then   ( ) is weakly mixing set of   .   

 

Proposition 2.2.6 

       Let (      ) be  -non autonomous discrete system . If   ( ) is  

transitive set , then   is transitive set . 

 

 



43 
 

Proof : 

Assume that   ( ) is transitive set , then by Definition 2.1.15 , for any    

non-empty open subsets      of  with        and        such  

that  

            (     ( )  ) = {         
 (     ( ))     } 

is an infinite . Since       ( ) ,which impels that  

          (      ) = {         
 (    )     }  

is an infinite so  (      )    . Then   is transitive set .  

           

 Before starting with the proof of the following theorem , we will  

introduced a pricewise monotone map : let be the         The continuous  

maps        are called piecewise monotone if there are points 

                     , such that    are strictly monotone on 

neighborhood of         . 

 

Theorem 2.2.7 

         Let (      ) be  -non autonomous discrete systems ,where      

and       
     is an equicontinuous piecewise monotone maps where  

     , if    is transitive ,then    is locally eventually onto. 

Proof : The method used to prove this theorem is the same as that used to  

prove Theorem 3.3 (see[26])  
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Theorem 2.2.8  

        Let (      ) be  -non autonomous discrete systems with ,where 

     ,    and      
     be equicontinuous piecewise  

monotone maps and      have dense homoclinic points . If      isstrongly  

blending . Then      are locally eventually on to .  

Proof : 

We take non-empty open subsets      of   , since       is strongly  

blending , then           
 ( )    

 ( ) contain an open set say  

  . Let     
  ( )    and   homoclinic point and dense , then   

 ( )  

  and         
 ( )    

 ( )      , by Definition (2.1.23)    

  
 ( )    , so take three cases :  

       :      

  
 ( )    

   (  
 ( ))    

   ( ) so we obtained      
 ( )    , then  

  
 ( )      . 

Case II :     

  
 ( )    

   (  
   
.  
 ( )/    

   .  
   ( )/ , then   

   ( )    
 ( )  

so   
 ( )      .  

Case III :     

  
 ( )    

   
.  
 ( )/    

   ( )  , so   
   ( )    

 ( ) . Then  

  
 ( )      , so      is transitive . Then by Theorem (2.2.7) we get 

     is locally eventually onto .  
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Theorem 2.2.9 

          Let (      ) be -non autonomous discrete systems with      

  be continuous maps . If      is Locally eventually onto , then it is  

topologically mixing . 

Proof   

Let     be non-empty open subset of  . Since    is (  e.o) , then for any  

            
 ( )    , then   

 ( )      , so we choose  

N      
 ( )           . Then    is topological mixing .   

So by definition of topological mixing , we get    is topological transitive . 

 

Theorem 2.2.10 

        Let (      ) be  -non autonomous discrete systems with  

        be continuous maps . If    is  locally eventually onto , then it  

is totally transitive . 

Proof  

Let     be non-empty open subsets of   . Since    is (  e.o) , then  

            
 ( )    , let      then  

(  
 ) ( )    

 (  
 ( ))    

 ( )    

So (  
 ) ( )      . Then    is totally transitive    

So by Definition of totally transitive , we get     is topological transitive .  
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Theorem 2.2.11 

         Let (      ) be  -non autonomous discrete systems . with       

  continuous maps , if    is (  e.o) , then it is strongly blending . 

Proof  

Let     be any non-empty open subsets of   . Since    is (  e.o) , then  

            
 ( )    , so we can find       

 ( )   

   
 ( )    , then   

 ( )    
 ( )    , which is open set , so     is  

strongly blending .   

So by definition of strongly blending , we can get    is weakly blending . 

 

Theorem 2.2.12 

           Let    be a matric space with metric   and let (      ) be  -non  

autonomous discrete systems . If        is locally eventually onto .  

Then    is sensitive dependent on initial conditions . 

Proof : 

Let        such that  (    )     , where   positive integer number  

and let   ( ) be ball with radius   and center   and   ( ) ball with radius  

  and center   . Let     and   ( ) open neighborhood of   for some 

    . Since      is locally eventually onto , there is       such that  

  
  (  ( ))    , so there exists             

  (  ( )    ( )     
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and         
  (  ( ))      so there is         such that 

                         (  
  (  ( )    ( ))     

We take      *     + , then there exists         ( ) such that  

(  
 (  )    ( ) and (  

 (  )    ( ) . Then we have  

                        (  
 (  )    

 (  ))     

By triangular inequality , we get  

                   (   
 (  )    

 ( )      or  (  
 (  )   

 ( )     

Then      is sensitive dependent on initial conditions .    

 

Theorem 2.2.13 

        Let (      ) be  -non autonomous discrete systems with         

 Be continuous map . if    is strongly blending and has dense periodic  

points , then    is satisfy Touhey property . 

proof : 

 Let    ,   be open subsets of   ,there is       : 

  
 ( )    

 ( ) contain open set say   ,        
 ( )    

 ( ) . 

Now. Let      
  ( )   , since   open set and    continuous maps ,  

then   
  ( ) is open set , so    is open set . Since the periodic points are  

dense then there is periodic point   of period   such that   
 ( )    and  

    , so there is       
 ( )    

 ( ) , therefor  
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 ( )    

   .  
 ( )/    

   .  
 ( )/    

 ( )     

So     
 ( )    ,then     

 ( ) . Then we obtained      satisfy  

Touhey property .   

 

Theorem 2.2.14 

          Let (      ) be  -non autonomous discrete systems . If there is   

    has dense orbit , then      is  topological transitive . 

Proof :  

     Let     has dense orbit and      be two non-empty subset of   .  

Then   

                                          
 ( )     

Since   has dense orbit , then     
 ( )   (      )    also   

 ( ) has  

dense orbit , so by using density of   
 ( ) , then                         

               
 (  

 ( ))    

That mean   
 ( )    and     , so   

 ( )      . Then      is  

transitive .   
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2.3 .The Product Multiplication in  -Non Autonomous 

Discrete Systems .  

        In this section , we will generalized of some chaotic properties for 

maps through product multiplication  in more general space than dynamical 

system called  -non autonomous discrete systems and we will see that 

there are properties not generalized by product expect with some conditions 

on these maps . 

 

Proposition 2.3.1 

            Let (      ) and (      ) be two  -non autonomous discrete  

systems .the set periodic point of           is dense of     if  and  

only if the set periodic points of      and      are dense  in   and     

respectively .  

Proof : 

 )  Let    ,   be open subsets of   and    respectively   

Then     is open subset of    . Since the set of periodic point in  

          is dense in     . Then there exists   (   )      ,  

so(     )
 (   )  (  

 ( )   
 ( ))  (   ) , for any       .  

Then we obtained   
 ( )     for     and   

 ( )    , for     ,so  

     and      have dense periodic points . 

(    Assume that      and      have dense periodic point and let 

       be non-empty open set . Then there is non-empty open sets  
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    and     such that         by hypothesis there is      

such that   
  ( )          and there is     such that 

   
  ( )           . For   (   )     we let      , we  

obtained : 

(     )
 ( )  (     )

 (   )  (  
 ( )   

 ( ))  (   ) . Then  

  contain periodic point and the set of periodic point of       is dense  

in    .   

 

Theorem 2.3.2 

         Let (      ) and (      ) be two  -non autonomous discrete  

systems with        and        be a maps . Then    and    are  

strongly blending if and only if       is strongly blending . 

proof : 

 )   we take    and    are strongly blending ,and we went to show that  

      is strongly blending . 

Now; let     ,    be open subsets of     . Hence There are  

         open subsets in   and         open subsets of   such that  

         and          . Since    are strongly  

blending , then there is         such that   
  (  )    

  (  ) contain  

open set , then there is open set say      such that      
 (  )  

  
 (  ) ,Since    is strongly blending , then there is      such that 
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  (  )    

  (  ) contain open set say      . Then  

     
  (  )    

  (  ) . We let         , there we get :  

(     )
 (  )  (     )

 (  )    
 (  )    

 (  )    
 (  )   

  
 (  ) , that mean : 

(  
 (  )    

 (  ))    
 (  )    

 (  )        

Then       open set , then       are strongly blending  

(   Let       be strongly blending , we went to prove that both of  

them are strongly blending . We will prove that      are strongly blending  

and on the other is same . 

Now, let    and    is non-empty open subset in   , there is        

And        ,  there is     , such that 

(     )
 (    )  (     )

 (    )  (  
 (  )    

 (  ))   

(  
 ( )    

 ( )) contain open set . 

 Since   
 (  )    

 (  ) an open set and (  
 ( )    

 ( )) is non- 

empty set . Then      is strongly blending .   

 In the same a way , can be show      is strongly blending .  

       Note :  Since the condition for strongly blending is hold weakly  

blending , so   by above Theorem , we can get that the product for two  

weakly blending maps also weakly blending directly . 
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Theorem 2.3.3. 

        Let (      ) and (      ) be two -non autonomous discrete  

systems with        and         be continuous maps . Then     

and    is satisfy Touhey property if and only if       is satisfy Touhey  

property . 

proof : 

 )   let    ,   be open subsets of     , then there exists  

     ,    are open subsets in   and     ,   are open subsets in    

such that         and         . Since    satisfy Touhey  

property , then there is       periodic point of    with period    ,  

that is   
  (  )     and there is         

  (  )      Also there is  

      is periodic point of    for period    that is   
  (  )     and  

         
  (  )     . We note   

 (  )     , 

for all   multiple of    . Then (     )        is a periodic point of   

      with period   ,  

that is (     ) 
 (     )  (  

 (  )    
 (  )) , that mean  

(  
 (  )    

 (  ))  (     ) . Then         contain a periodic  

point of period   . Let         ,we get  

(     )
  (     )    

  (  )    
  (  ))  (  

   (  )    
   (  )) 

Belong to       . Then           satisfy Touhey property . 
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(    Let      ,   be  open subsets in   . Then there is         

and        are open subsets of     . By assumption  

          is satisfy Touhey property , then there is   (     )    a  

periodic point of period   such that (     )
  ( )    , then  

            (     )
 (     )  (  

 (  )    
 (  ))   (     )  

Then   
 (  )        and   

 (  )        . Then   is periodic  

point of    with period   and    is periodic point of     with period   ,  

So  (     )
 ( )   (     )

 (     )    , then   
 (  )     and  

  
 (  )    . Then      is satisfy Touhey property .    

 

Note : Transitivity is a chaotic property that is not generalized by product  

of maps. In the following proposition we will show that generalized this  

property between the sets chaotic by the product  

 

Proposition 2.3.4. 

           Let (      ) be   -non autonomous discrete system and     be  

two non-empty transitive sets . Then     also transitive set . 

Proof : 

Let       be open subsets of   and       be  open subsets of   .  

Then       ,     are  open subsets of    .Then by definition ,  



54 
 

we get : 

 (           )   {        
 (       )    

                                                                                                      }  

                                              {        
 (       )    

                                                                                                                           }  

                                             {        
 (   )    

 (   )  

                                                                                                                    }  

 (           )  {        
 (   )       

 (  

                                                                                                           )      +     

Since   is transitive set , then  (     ) is an infinite and since   is  

transitive set , then  (     ) is an infinite . So  

 (           ) is an infinite .Then     is transitive set .  

        

        In special case , if   is transitive set then     is transitive set . Then  

we can generalize this case by Induction  Law that            

(n-time) also transitive set. 

  

Proposition 2.3.5.          

              Let (      ) and (      ) be two  -non autonomous discrete  

systems with        and        are maps . If          is  

topological transitive . Then      and      are both topological transitive  

on   and   respectively .  



55 
 

Proof: 

    Let        be non-empty open subsets in   , so         and 

        be open subsets in     . Since           is transitive  

,then by Definition (2.1.15) ,  there is       and       

(         )
  ( )       

(         )
  ( )      

  (   )    
  ( )  (    ), that mean  

                                                   ,   
  (   )    -  ,  

  ( )   -.Then  

We obtained  :  ,   
  (   )    -  ,  

  ( )   -    . Then  

  
  (   )       , then      is topological transitive . We can show  

that      is also topological transitive in the same away .   

 

Theorem 2.3.6  

      Let (      ) and (      ) be two  -non autonomous discrete systems  

with         and        be topological mixing maps . Then also  

           is topological mixing . 

Proof : 

 Let           , so there exists open subsets         and  

        ,such that          and          . By assumption  

     is topological mixing , there are          

                            
 (  )       , for       
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and      is topological mixing , then  

                           
 (  )         for      

We take          *      +   then we get  

 [(     )
 (     )-  (     )  ,  

 (  )    
 (  )-   

                                                                                                       (     ) 

, which implies that 

                        [  
 (  )    -  ,   

 (  )     -     

Then            is topological mixing .   

 

Theorem 2.3.7. 

        Let (      ) and (      ) be  -non autonomous discrete systems  

with        and        are chaotic (Devaney) and topological  

mixing maps . Then               is chaotic . 

Proof : 

Since    and    are two topological mixing maps , then by Theorem  

(2.3.6) we get       is topological mixing so       is topological  

transitive . By assumption     and    have dense periodic points , then by  

Theorem (2.3.1)  we get       also have dense periodic points , by  

chaotic of ( Devaney) , the density of periodic points with transitivity are  

satisfy sensitive dependent on initial conditions, so        is hold  

conditions chaotic . Then       is chaotic .   
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Theorem 2.3.8        

           Let (      ) and (      ) be two  -non autonomous discrete 

systems . Then           is sensitive dependent on initial condition. 

If and only if at least      or      is  sensitive dependent on initial  

condition 

Proof : 

 (   Let us assume that      be  sensitive dependent on initial condition ,  

we show that           is so . let   (   )      and   be  

neighborhood of   , then there exists open neighborhood   of    and    

neighborhood of    in   such that       . Since    is sensitive  

dependent on initial condition , there is     such that      and 

                              (  
 ( )    

 (  ))     ,  

 any      , so   (     )    and  

  ((     )
 ( )  .     )

 (  )/   (  
 ( )    

 ( )    
 (  )  

                                                                                                                           
 (  ) ,  

which implies that  

 ((     )
 ( )  .     )

 (  )/      *  (  
 ( )    

 (  ) 

                                                                                                             (  
 ( )    

 (  ))  

, that mean  ((     )
 ( )  .     )

 (  )/    .  

Then           is  sensitive dependent on initial condition . 

 )  Let neither      nor      be sensitive dependent on initial condition . 
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Then for any 

                                         .  
 ( )    

 (  )/  
 

 
 

  when      and   open subsets containing   . Similarly for any  

                                          (  
 ( )    

 (  ))  
 

 
 

 when      and   open subsets containing   . Then  

  .(     )
 ( )   (     )

 (  )/    (  
 ( )    

 (  )   

                                                                            .  
 ( )    

 (  )/   
 

 
 
 

 
    

  for (     )       . Then           is not sensitive dependent on  

initial condition , which is contradiction . Then       or       is sensitive  

dependent on initial condition .   

 

Theorem 2.3.9 

            Let (      )and (      ) be  -non autonomous discrete systems  

with         have the Touhey property and let        be chaotic  

(Devaney) and topological mixing map . Then            is chaotic . 

Proof : 

  Since      is sensitive dependent on initial condition , then            

also sensitive dependent on initial condition , on the other hand the Touhey  

property implies density of  periodic points for      by assumption      
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also implies that the periodic points are dense , that mean            

have dense periodic points . Therefore ,the topological transitive is hold by  

the product of two topological mixing are topological mixing ,then  

           topological transitive . Then            is chaotic maps  

(Devaney) .    

 

Theorem 2.3.10.  

            Let (      ) and (      ) be  -non autonomous discrete systems .  

Then      and      are minimal if and only if           is minimal . 

Proof : 

 )   Let     and     , then   (   )      , there is   an open  

subset in   and   an open subset in   such that       an open  

subset in     . Since      is minimal , then                

such that   
  ( ) is dense ( i.e    

  ( )   ) , on the other hand      is  

minimal , then              such that   
  ( ) is dense in   ( i.e  

  
  ( )   ) , Then we get (  

  ( )    
  ( ))    , we choose 

           then  

(     )
 ( )  (  

 ( )    
 ( ))       

. Then (     )
 ( )        is dense . Then           is  

minimal . 
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(   Let     be open subset of    and      open subset of   then  

      open subset of      . Since           is  

minimal , then  

    (    )              (          )
 ( ) 

is dense ( i.e (         )
 ( )   )  , so   

 ( )    
 ( ) are dense  

( i.e   
 ( )    

 ( )   ) so we get   
 ( )    , then *  

 ( )+   
  are  

dense in   , it followed we obtained      are minimal . Also   
 ( )    ,  

We get *  
 ( )+   

  is dense in   , it followed we obtained       is  

minimal .   

Note : Since if     and    are transitive maps , then not necessary 

       is transitive ,  then so the totally transitive . The following 

proposition to show this fact :  

 

Proposition 2.3.11 

      Let (       ) and (       ) be two  -non autonomous discrete systems 

. If             is totally transitive ,then both of      and      are totally 

transitive . 

Proof :  

Let     ,   be open subsets of   , then        and  

       is open subsets of     . Since             is totally 

transitive , then (           )
  is transitive , so 
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 (           )
 ( )      , that mean 

  
 (  )    

 ( )          

Which implies          
 (  )        

 ( )       

Since   
 ( )     is non-empty . Then   

 (  )        . Then   
  is  

transitive , it followed    is totally transitive , By the same away  we can   

show that      is totally transitive .    

 

Theorem 2.3.12 

        Let (      ) and (      ) be two  -non autonomous discrete 

systems . Then      and      are  locally eventually onto if and only if  

          is locally eventually onto . 

Proof :  

 ) Let     be  subset of   and     be  subset of   , then 

         be subset of     . Since      is locally eventually  

onto , then  

                                              
  ( )    

Since       is locally eventually onto , then  

           
  ( )    

We take  and       *     + That hold    

                     (         )
 ( )(         )

 (   ) 

                                                       =    
 ( )    

 ( ) 
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                   (         )
 ( )          

Then             is locally eventually onto . 

(     Let           be a locally eventually onto , then for every 

       non-empty subset of     , then  

(         )
 ( )      

(         )
 (   )      

Which hold           

                                 
 ( )    

 ( )       

 So we obtained   
 ( )     . Then      is locally eventually onto , and  

  
 ( )    . Then      is locally eventually onto .    
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Conclusions and Future work 

3.1. Conclusions 

In this work , we prove the following results :  

1. Let (      ) be   -non autonomous discrete system and *  +        be  

family of transitive sets where        if i   j , Then     
    is transitive 

set . 

2 .    is  topological transitive when    is dense .  

3. if   has periodic point . Then R(    )   (    )    . 

4. Let (      ) and (Z,    ) be two   -non autonomous discrete systems  

with   (   )    (   ) be factor map and   be weakly mixing subset of  

  . Then  ( ) is weakly mixing subset of   . 

5 . when         be equicontinuous piecewise monotone map and  

     has dense homoclinic points . If      are strongly blending . Then  

     is locally eventually onto .  

6 . If        is locally eventually onto . Then      is sensitive  

dependent on initial conditions . 

7. If   
 ( ) is dense for all     , then      is transitive . 

8. Let (      ) and (      ) be two   -non autonomous discrete  

systems and the set of periodic point of           is dense of     if  

and only if both      and      the set of periodic points in   and   are  
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dense . 

9 . When        and        be a maps . Then    and    are  

strongly blending if and only if       is strongly blending . 

10.         and         are continuous maps . Then    and     

is satisfy Touhey property if and only if       is satisfy Touhey  

property . 

11 .     are two non-empty transitive set . Then     also transitive . 

12. if    is strongly blending and has dense periodic points , then     

is satisfy Touhey property 

13 .        and        are maps . Let           is  

topological transitive . Then the maps      and      are both topological  

transitive . 

14 .         and        are topological mixing maps . Then also  

           is topological mixing . 

15.         and        are chaotic(Devaney) and topological  

mixing maps . Then               is chaotic (Devaney) . 

16 .         have the Touhey property and let        is chaotic  

(Devaney) and topological mixing maps . Then            is chaotic  

17.           is sensitive dependent on initial condition. 

If and only if at least      or      is  sensitive dependent on initial  



66 
 

Condition . 

18 .      and      are minimal if and only if           is minimal . 

19 . If             is totally transitive ,then both of      and       

are totally transitive .  
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3.2. Future work 

     In the future work , we will study anther chaotic properties and metric  

properties : expensive , Laypanouv exponent ,ect … of maps and sets . And 

We will generalized of them in g-non autonomous discrete systems , also  

 1. We  find relationship between there maps .We try answer this question  

: Is the result in the maps are hold in the sets ?    

2. We will generalize  this chaotic properties by composition between the  

maps and the set in   non autonomous discrete systems . 

3. We will study the entropy in  non autonomous discrete systems . 
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َيخصاى  

 حص اىفىضىَح فٍ الاّظَح غُش ٍسرقياىهذف ٍِ هزا اىؼَو هى ذؼٌَُ تؼض اىخصائ   وٍِ هزٓ  

: اذحاد ػائيح ٍْرهُح ٍِ اىَجاٍُغ اىخصائص هٍ خاصُح اىرؼذٌ اىرثىىىجٍ حُث ذٌ تشهاُ       

قىٌ ومثافح : خاصُح ذىهاٌ و اىخيظ اى اخشي اىخصائصدسسْا اَضا . مَا اىَرؼذَح ذنىُ ٍرؼذَح     

 اىْقاط اىذوسَح وخاصُح (     )واىحساسُح اىَؼرَذج ػيً اىششوط الاترذائُح وخاصُح   

 equicontinuous      ار ماّد اىذاىح ذَريل خاصُح اىخيظ اىقىٌ: ػِ طشَق تشهاُ ٍا َأذٍ   

خاصُح اىخيظ اىقىٌ واىْقاط اىذوسَح مثُفح فأُ اىذاىح ذحقق خاصُح ذىهاٌ . ارا ماّد اىذاىح ذحقق     

 وٍجَىػح ّقاط   homoclinic فأُ اىذاىح ذحقق خاصُح   مثُفح  (     ). ارا ماّد اىذاىح ذحقق 

 خاصُح (     ) مَا دسسْا اّرقاه ٍجَىػح اىَزج  .فأّها ذنىُ حساسح ػْذ اىششوط الاترذائُح  

وتشهْا ارا ماّد ٍجَىػح اىَزج اىضؼُف فٍ اىَجاه فأُ صىسذها مزىل ذنىُ ٍجَىػح اىضؼُف   

 . factor map    ف فٍ اىَجاه اىَقاتو ػِ طشَقٍزج ضؼُ 

 تالإضافح اىً ذؼٌَُ جَُغ اىخصائص اػلآ تىاسطح اىضشب اىجذائٍ حُث ذٌ تشهاُ ٍا َأذٍ:  

ذَريناُ ّقاط دوسَح مثُفح ارا وفقظ ارا ماُ اىضشب اىجذائٍ ىهَا ََريل ّقاط دوسَح مثُفح راُداى  

فأُ اىضشب اىجذائٍ ىهَا ََريل خاصُح اىخيظ ذَريناُ خاصُح اىخيظ اىقىٌ  . ارا ماّد داىراُاَضا 

اىجذائٍاىضشب  داىراُ ذحققاُ خاصُح ذىهاٌ ارا وفقظ ارا ماّد  . اىقىٌ واىؼنس صحُح اَضا  

ارا ماُ اىضشب اىجذائٍ ىذاىرُِ َحقق اىرؼذٌ اىرثىىىجٍ فأُ ميرا .  اَضاخاصُح ذىهاٌ ىهَا َحقق  

  احذي اىذواه ذحقق اىذاىراُ ذحققاُ خاصُح اىرؼذٌ اىرثىىىجٍ واىؼنس غُش صحُح . ارا ماّد

  ٍ ىهَا اىضشب اىجذائ خاصُح ذىهاٌ والاخشي ذحقق فىضىَح دَفٍْ ٍغ اىَزج اىرثىىىجٍ فأُ

  هْاك داىراُ ذحققاُ خاصُح   . ارا ماّد فىضىَح دَفٍْ اَضا َحقق   minimality فأُ 
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ارا ماُ اىضشب اىجذائٍ    اىضشب اىجذائٍ َحقق خاصُح   minimality واىؼنس صحُح اَضا .  

  او فأُ ػيً الاقو اىذاىح الاوىً  اىششوط الاترذائُحاىَؼرَذج ػيً  اىحساسُح خاصُح َحقق ىذاىراُ 

ارا ماّد هْاك داىراُ  اسُح اىَؼرَذج ػيً اىششوط الاترذائُح واىؼنس صحُح .ساىحاىثاُّح ذَريل  

   . اىَزج اىرثىىىجٍ اَضا َحققاُ خاصُح اىَزج اىرثىىىجٍ فأُ اىضشب اىجذائٍ ىهَا َحقق 
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