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ABSTRACT

Several different research papers were presented in graph and fuzzy
graphs on the topic of domination. As it has been studied by researchers once
for the graph and another time for the fuzzy graph. The domination in the

fuzzy graph was found by the effective edge once and the strong edge again.

In this thesis, a set of new concepts in the graph and the fuzzy graph by
focusing on the domination by the effective edge. Two concepts are studied
in the graph. The first concept, the set D is called an odd neighbor in the
D¢dominating set as it focuses on the adjacent of each vertex in the
dominating set on an odd number of vertices in the D¢ of dominating set D.
The other concept, the set D is called the total odd neighbor in the D¢
dominating set, where this concept carries the properties of the first concept
in addition to the characteristic of the total dominating set, which was
defined by the researchers. As for the fuzzy graph, three concepts were
studied as follows first, the set D is the fuzzy odd neighbor in the D¢
dominating set, if every vertex in D is adjacent to the odd number of vertices
in the fuzzy complement set of fuzzy dominating set D. As for the second, it
is called the total odd neighbor in the D¢ dominating set as in the second
concept and then finding the least weight of the weights of the minimum
fuzzy odd neighbor in the D¢ dominating sets. In addition to the third and
final type called fuzzy hn-dominating set it includes finding the fuzzy
dominating set that fulfills the following condition that any two vertices in
the complementary set of the fuzzy dominating set dominate two adjacent

vertices in the complement of the fuzzy dominating set are also adjacent.

This modern method of finding fuzzy domination is complementary to
finding domination and has many applications in life, such as commercial
projects. These concepts have been studied on many types of graphs and

fuzzy graphs in addition to some characteristics of each.
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Introduction

Introduction

Graph theory is one of the best mathematical methods for solving
various complex problems and herein lies its importance. Where problems
and their relationships are represented by vertices and edges. In 1736, the
foundation stone for graph theory was laid when scientist Euler published
his paper on the well-known "Seven Bridges of Konigsberg" problem. It is
used in all fields of science and engineering, for example, electrical
networks, cryptography, wireless communications, image processing and
computer science, as well as scientific fields including chemistry, physics,
and life sciences (Balakrishnan and Ranganathan, 2012) [1] and

(Berge,1962) [2].

In some cases, there are uncertainties in the description of the objects, in their
relationships, or in both that must be modeled as a fuzzy graph. The fuzzy
concept is a recent concept that emerged as recently as (Zadeh ,1965) [3]
defined the fuzzy subgroup of a fragile group, as a generalization of the
classical subgroup. It was entered on the graph by giving each vertex a
specific value ranging from 0 to 1 in addition to giving values for the edges
provided that their values do not exceed the values of the vertices connected

to them.

In (Kaufmann, 1975) [4], the first definition of the fuzzy graph by was
based on Zadeh's ambiguous relationships. Then in (Rosenfeld, 1975) [5], it
developed. Fuzzy graph theory and its fuzzy analogues have been introduced
to many graphs theoretical concepts such as branch graphs, paths,
interconnections, bridges, vertices, forests and trees, etc. During the same

time, (Yeh and Bang, 1975) [6] also introduced independent blur charts.
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In (Bhutany, 1989) [7] discussed the instrumental forms of fuzzy graphs

and introduced the concept of eccentricity and centerless in fuzzy graphs. In
(Mordison, 1993) [8] introduced a fuzzy line graph. In (Mordison and Chang,
1994) [9] dealt with the processes and properties of fuzzy graphs. In
(Mordeson and Nair, 1996 and 2012) [10-11] studied cycles and joint cycles

and provided a definition of the fuzzy graph diagram.

In (Sunitha and Vijayakumar, 1999 and 2002) [12-13-14] introduced some
properties of fuzzy bridges, fuzzy severed head and misty tree and got many
results on metric spaces as they defined the complement of fuzzy graph in
another way that gives a better understanding of this concept. In (Bhutani

and Rosenfeld, 2003) [15] discussed strong arcs in fuzzy graphs.

Because of the great importance of both the graph and the fuzzy graph,
this framework was researched in more detail and many topics were found,
each of which has a specific application and benefit in our lives. What is the
minimum number of pieces (queens specifically) to control the chessboard?"
(Berge,1962) [2] identified the "Control number" in the graph in his book.
In (Ore, 1962) [16] first used the terms “dominanting set” and “domination
number” in his book. In (Cockayne and Hedetnemi, 1977) [17] published
some findings about the dominating set. In (Haynes, Hedetniemi and Slater,
1998) [18] published a book in which the basics of excellent domination are
presented in graphs. The definition of domination of vertices is the set of
vertices that dominates all the vertices of the graph, and it is worth noting
that each vertex dominates itself as well as all the vertices adjacent to it.
Researchers have continued to this day to present and develop new concepts

related to domination (Omran and Aljanaby, 2018) [19], (Al-harere and
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Breesam, 2017) [20], (Jabor and Omran, 2017) [21] and (Al-Harere, Omran

and Breesam, 2020) [22].

The concept of domination in fuzzy graphs was investigated by (A.
Somasundaram and Somasundaram, 1998) [23] by using effective edges.
While in (NagoorGani and Chandrasekaran,2006) [24] presented domination
in fuzzy graph using strong arc. In (NagoorGani and Vadivel, 2009) [25] and
(NagoorGani, and Devi, 2014) [26] were discussed some concepts of
domination in fuzzy graph. In (Omran, and Ibrahim, 2021) [27] introduced

Fuzzy co-even domination of strong fuzzy graphs.

The aim of this thesis is to find new parameters related to the subject of
domination and study them in graphs and fuzzy graphs and study the
relationship between them and selected parameters. In addition, to finding
properties of each of them in the fuzzy graph and graph. We will discuss
some of the contents of each chapter of the thesis, which consists of four

chapters as follows:

Chapter One: In this chapter, deals with a basic definitions and concepts
in graph and fuzzy graph that have been used in this work, which are
prerequisites in constructing the properties relating to the study of this

dissertation.

Chapter Two: In this chapter, new concepts such as odd neighbor in D¢
dominating set and total odd neighbor in D¢ dominating set, the relationships
between them, and some boundaries that pertain to each concept are
introduced.

Chapter Three: In this chapter, new domination fuzzy concept is

introduced called fuzzy odd neighbor in D¢ dominating set calculating their
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boundaries for different types of strong fuzzy graphs exclusively using

effective edge and their relationships.

Chapter Four: Finally, the new fuzzy concepts to domination are
introduced such as fuzzy Total odd neighbor in D¢ dominating set and fuzzy
Hn-dominating set to strong fuzzy graphs using the effective edge and
finding some limits for the same fuzzy graphs to check for differences

between the studied definitions.
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Basic Definitions and Concepts
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Chapter One

Basic Definitions and Concepts

1.1 Introduction

The first chapter includes the background, which is represented by some
basic definitions that are specific to this thesis in addition to some theories
and examples. It consists of three main sections as following the first section
explains something related to the graph. The second section presents the
concepts of the fuzzy graph. The last section deals with the concept of
domination and some of the different definitions of domination with some

properties.

1.2 Basic Definitions of graph theory

In this section, we introduce some of the graph concepts we rely on in the

thesis, including the types of graphs that have been worked on.
Definition 1.2.1. [28]

A graph is an ordered triple G (V(G), E(G)) where V(G) is a nonempty
set, E(G) is a set disjoint from V(G); each element of E(G) an unordered
pair of elements (same or distinct) of V(G). Elements of V(G) are called the
vertices (or nodes or points) of G; and elements of E(G) are called the edges
(or lines) of G. V(G) and E(G) are the vertex set and edge set of G,

respectively.
Definition 1.2.2. [28]

The order of G is n = [V(G)] and the size of G ism = |E(G)|.
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Example 1.2.3.

In Fig.1.1, a graph G has V(G) = {vy,v,, V3, v, v5} Such that |V(G)| =

5and |[E(G)| = 7.
(i y—()
o
) ()

Figure 1.1. A graph of order five
Definition 1.2.4 [1]
A graph G is trivial if G has only one vertex and has no edges.
Definition 1.2.5 [28]

undirected graph G is a graph has all edges (or line) of G have no

direction. Otherwise G is called directed graph or digraph.
Definition 1.2.6 [29]

An edge e has the same pair of end-vertices is called loop.
Definition 1.2.7 [29]

The two or more edges that have the same pair of end-vertices is called
Multiple edges.

Definition 1.2.8 [30]

A Simple graph is graph that has no loops and multiple edges.

Definition 1.2.9 [30]
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Any graph has V(G) and E(G) are finite, this graph be finite graph.

Otherwise, it is called infinite graph.
Note that a graph in Fig 1.1 is simple, finite and undirected graph.
Definition 1.2.10 [31]

For any graph, Adjacent vertices are vertices linked by an edge.
Definition 1.2.11 [32]

For any graph G, If k of edges;k > 2 are called adjacent edges if have
a common vertex. In addition, any vertex u joined to edge e, we said e is

incident to u.
Definition 1.2.12 [31]

A bridge is an edge in a graph G whose removal increase the number of

components.
Definition 1.2.13 [32]

The number of all edges that an incident to a vertex x is called the degree
of x ina graph G with symbol deg;(x) or deg (x). For example, in Fig. 1.1
deg(v,) = 4.

Definition 1.2.14 [16]

Any vertex has maximum value we called its degree by maximum
degree of G with symbol A(G). Similarly, any vertex has minimum value

we called its degree by minimum degree of G with symbol §(G).
Definition 1.2.15 [16]

An isolated vertex u of G is a vertex that not adjacent to all other vertices

in graph (that is u has degree 0), A pendant vertex (or end-vertex or leaf)
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of G is a vertex adjacent to only one vertex in G(that means has degree 1).

Its neighbor is called support vertex.
Definition 1.2.16. [18]

The set of all vertices adjacent to a vertex x is called open neighborhood
and denoted by N(x) of the vertex x is, N(x) = {y € V:xy € E(G)}. The
closed neighborhood of u is equal to N(u) U {u} with symbol N [u].

Definition 1.2.17 [32]

A graph H is called subgraph of agraph G = (V(G), E(G)) if the vertex
set of H is subset of V(G) and the edge set of H is subset of E(G).

Definition 1.2.18 [1]

A subgraph H of G is called an induced subgraph of G if every line of ¢
which has its ends in V(H) is also line of H and is denoted by G[H] also
denoted by (H).

Definition 1.2.19 [32]

A spanning subgraph is a subgraph containing all the vertices of G.

Example 1.2.20

In Fig.1.2 shown an induced subgraph and spanning subgraph.

a-A graph b- spanning graph c- An induced subgraph of G
Figure 1.2. A graph G with its subgraphs.

9
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Definition 1.2.21 [33]

A graph G has n vertices is called k-regular graph if all vertices in G
are adjacent to the same number of vertices, that is deg(v) = k for every

vertex v in G, such that k <n — 1.
Definition 1.2.22 [34]

For a graph G; u,v € V(G). Au — v walk W in G is a sequence of
vertices in G, such that beginning with u and ending with v such that

consecutive vertices in the sequence are adjacent.
Definition 1.2.23 [34]

Foragraph G; u,v € V(G). Au — v walk in a graph which no vertices

are repeated is called a path and denoted by P,,.
Definition 1.2.24 [31]

A graph is obtained by joining the two pendent vertices of a path is called
a cycle, such that the degree of all vertices in a cycle equal to two. A cycle

is denoted by C,.
Definition 1.2.25 [29]

A graph G is connected if V u, v there is a path from u to v. Otherwise,

G is disconnected.
Definition 1.2.26 [29]

The disjoint graphs G, and G,, the join G = G, + G, is a graph which has
avertexsetV(G) =V(G,) UV (G,) andedge set E(G) = E(G,;) UE(G,) U
{fuv:u € V(G,),v € V(G,)}. (see Fig.1.3).

10
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Figure 1.3. The join graph ¢ = C, + P;.
Definition 1.2.27 [34]
A wheel W,, with n vertices is the graph C,,_; + K.
Definition 1.2.28 [35]

A helm graph withn > 3 vertices, is the graph obtained from wheel 1/,
graph by creating a new vertex for each vertex of cycle C,,_, and denoted

by H,, such thatn = m — 1.

Definition 1.2.29 [36]
A tadpole graph is also called dragon graphT,,, that obtained by

adjacent C,,, to B, by single edge or we called bridge.

a- Helm graph Hg b- Tadpole graph T, 4

Figure 1.4. Helm and Tadpole graphs.
11
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Definition 1.2.30 [37]

A lollipop graph L,,,, isagraph obtained by adjacent K,,, to B, by single

edge or we called bridge.

Figure 1.5. lollipop graph Lg 4.
Definition 1.2.31 [38]

A Dutch windmill graph D}t is a graph obtained by taking m copies of
the cycle C,, with a vertex in common. Dutch windmill graph D]* contains
(n —1)m + 1 vertices and mn edges.

Definition 1.2.32 [39]

A daisies graph D( nq,n,, ..., n;) is k cycles have lengths n,,n,, ..., n;
we denote the daisy graph.

Further, ifn, = n, = --- = ni then, D(nqy, ny, ..., ng) is simply as Dy (n,)

and it is also known as, Dutch windmill graph.

a- Dutch windmill graph D? b- Daisies graph D (4,6,7)
Figure 1.6. Dutch windmill and Daisies graphs.
12
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Definition 1.2.33 [18]

For any graph G with vertex set V. The complement G of G the same
vertex set of G, where every two vertices are adjacent in G if and only if these

vertices are not adjacent in G.
Definition 1.2.34 [31]

If the edge set is empty in G = (V, E) then a graph G called a null graph

and denoted by N,, with n vertices.
Definition 1.2.35 [1]

A graph that no contains any cycle and connected, it is called a tree and
denoted by T.

Definition 1.2.36 [32]

A bipartite graph G is a graph with set V that split into only two subsets

I, and V, were every edge of G adjacent V; to V/,.
Definition 1.2.37 [31]

A bipartite graph G called complete bipartite if v v € V; is adjacent to

all vertices u € V, and it is denoted by K, ,.
Definition 1.2.38 [16]

A complete bipartite K,, ,, is called star if K; ,_; , n = 2 and denoted by
Sp.

Definition 1.2.39 [40]

Aset N € V(G) for agraph G is independent if all vertices in N are not
adjacent.

Definition 1.2.40 [34]

13
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A connected subgraph of G that is not a proper subgraph of any other

connected subgraph of G is a component of G.
Definition 1.2.41 [31]

LetG, = (Vi,E;)and G, = (V,, E,) be two graphs. the union of G; and
G,, denoted by G; U G5, is another graph ¢ = (V, E) whose vertex setV =
V; uV,andedgesetE = E | U E,.

Definition 1.2.42 [29]

A graph G is complete if every two distinct vertices of G are adjacent and
denoted by K,,.

Definition 1.2.43 [1]

Aqgraph G, = (V;, E;) is said to be isomorphic to the graph G, = (V,, E,)
if there is a one-to-one correspondence between the vertex sets V; and V, and
a one-to-one correspondence between the edge sets E; and E, in such a way
that if e, is an edge with end vertices u,and u, in G, then the corresponding
edge e,in G, has its end vertices v, and v, in G, which corresponds to u,
and u,, respectively. Such a pair of correspondence is called a graph

isomorphism and denoted by (G, = G,).
Definition 1.2.44 [29]

The corona product of two graphs G; and G, is defined as the graph
obtained by taking one copy of G, and |V (G,)| copies of G, and joining the
I-th vertex of G, to every vertex in the i-th copy of G,. And denoted by
G,0 G,.

Proposition 1.2.45 [35]

LetG = (V,E) beagraph and let R be super hereditary property. Then

aset D is a 1-minimal R-set iff D is a minimal R-set.

14
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1.3 Fuzzy Graph

In this section we present some of them that were worked on in the thesis.
Definition 1.3.1 [3]
Forset X + @, let 0 : X — [0,1] be mapping. Then o is called fuzzy

subset of a set X.

Definition 1.3.2 [3]

For any fuzzy subset o of X. A relation p on X define by p: X X X —
[0,1] is called fuzzy relation on fuzzy subset o if p(x,y) <
min{o(x),a(y)},Vx,y € X. A fuzzy relation p is a symmetric.

Definition 1.3.3 [15]

Let V # @. A fuzzy graph is represented by pair of the following
functions o6:V —>[0,1] and p:V XV —>][0,1] where p(x,y) <
min {o(x),c(y)} Vx,y € V and denoted by G = (g, p).

Definition 1.3.4 [15]

For any fuzzy graph Gf = (ag,p). Let 6" ={x € V:0(x) > 0} and
p* ={(x,y) € E(Gf) are functions and p*(x,y) =0c"(x) =0"(y) =1
Vx,y € V (that means all weights of vertices and all weights of edges in G*
are equal to 1), then G~ = (¢*,p") is called the crisp (or underlying)

graph that is a special case of a fuzzy graph G = (o, p). (see Fig, 1.7).

Figure 1.7. Fuzzy graph and crisp graph

15
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Definition 1.3.5 [41]
For any fuzzy graph H = (9, 7) is called a fuzzy subgraph of G, =

(o,p) If 9CS o and TS p, that is I(x) <o(x) Vx eV and 7(x,y) <
p(x,y) foralle = (x,y) € E.

Definition 1.3.6 [41]
For any fuzzy graph H = (9, 7) is called a fuzzy spanning subgraph

of Gr = (0,p) F9(x) =0o(x) Vx €V, and 7(x,y) < p(x,y) forall e =

(x,y) €EE.

Definition 1.3.7 [42]
The fuzzy cardinality of subset A of V(G¢) is Xxc4 (x), and denote the

cardinality and fuzzy cardinality of A € V(G;) by |Al, ||A]| respectively.

Definition 1.3.8 [43]
For any fuzzy graph G; = (o, p). The order (we will call fuzzy order)

of Gy is represented by P = Y,y (6 b o(v).
Definition 1.3.9 [43]

For any fuzzy graph G; = (o, p). The size ((we will call fuzzy size) of
Gy is represented by q = Y, p(u, v).

InFig. 1.7 P =3.2and g = 2.8.

Definition 1.3.10 [42]
A line e = (x,y) of a fuzzy graph G, is called an effective edge if

p(x,y) = min {o(x),o(y)}. In Fig.1.7 the edges v,v,, v,v; and v,vg are
effective edges

Definition 1.3.11 [46]

For any fuzzy graph Gf = (o,p) is called to be fuzzy null graph if
p(x,y) =0Vx,y €V

Definition 1.3.12 [44]
For any fuzzy graph G; = (o, p) is called to be strong fuzzy graph if

p(x,y) = min{o(x),a(y)} V(x,y) € E(Gp).
Definition 1.3.13 [45]
16
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The set open neighborhood of a node x in G = (o, p) is define as
N(x) ={y € V:(x,y) an effective edge}. The closed neighborhood
represents by N[x] = N(x)U {x}. For example, in Fig.1.7 N(vs) =

{173, U4}.

Definition 1.3.14 [46]
A fuzzy graph G; = (o,p) is called a fuzzy complete graph if

p(x,y) = min {o(x),a(y)} Vx,y € V(Gf) and denoted by K,,.

a- Complete fuzzy graph b- Strong fuzzy graph
Figure 1.8. The different of complete and strong fuzzy graph
Definition 1.3.15 [46]
The complement of a fuzzy graph G, = (o, p) is G_f = (o,p ), where

g =ocandp (x,y) = min{o(x),a(y)} — p(x,y) Vx,y €V.

0.4 0.8
——)
a- Fuzzy graph G b- complement fuzzy graph G_f

Figure 1.9. Fuzzy graph Gf and its complement G_f

Definition 1.3.16 [47]
A fuzzy path in a fuzzy graph G; = (o, p) is a sequence of distinct

nodes xg, Xy, ..., X, (n = 2), x; # x, such that p(x;_,,x;) >0, 1<i<n

and denoted by P, -

17
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Definition 1.3.17 [47]

A fuzzy graph G = (o, p) is said to be connected if any two vertices

are joined by a fuzzy path. Otherwise, it is disconnected.

Definition 1.3.18 [48]

A fuzzy graph G, = (o, p) is called a fuzzy cycle if G, = (o%,p") is
a cycle and denoted by Cy, ..
Definition 1.3.19 [48]

A fuzzy graph G = (o, p) is called tree if G;* = (¢”,p") isatree and
denoted by T.

Definition 1.3.20 [48]
A vertex x is said to be end or pendant vertex in G = (o, p) if it has

exactly one effective neighbor in G¢.

Definition 1.3.21 [49]

A vertex x of a fuzzy graph Gf = (o, p) is called an isolated vertex if

p(x,y) <min{o(x),a(y)} forall y € V — {x}, thatis N(x) = @.

Definition 1.3.22 [49]
A set I of vertices of a fuzzy graph is called an fuzzy independent

setif p(x,y) <min{o(x),0(y)},forallx,y € I.

Definition 1.3.23 [50]

An independent fuzzy set I of G, is said to be maximal fuzzy
independent set if for every vertex x € V — I, the set Ir U {x} is not

independent fuzzy set.

Definition 1.3.24 [51]
A fuzzy graph G = (o, p) is called bipartite if the node set V' can be

split into two nonempty sets V; and V, such that if v;, v, € V; orv,, v, €V,

18
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then p(vy,v,) =0. If p(vy,vy) = min{o(v,),a(v,)} for all v, €V
and v, € V5, then G = (o, p) is called fuzzy complete bipartite graph with

symbol K,, , ;-

Definition 1.3.25 [52]

A fuzzy graph G¢ = (o, p) is called a fuzzy star if consist of two vertex
sets X and Y with |X|=1 and |[Y|>1 such that p(x,y;) >0
and p(y;,¥:41) = 0,1 < i < n and denoted by Kl,nf.

Definition 1.3.26 [53]
A fuzzy wheel graph Wh, Is a fuzzy graph that is formed from Cn—lf by

adding one node and adjacent by single edge to every vertex of C,,_; -
Definition 1.3.27 [54]

A Helm graph is a fuzzy Helm graph an consists of two vertex sets

Uand V with U = {uq, ..., Uy, Upyq1, Unyo, - Usppand |V] =1 such that
o:V-1[01] and o:U - [0,1], p(v,u;) >0 , p(u;,uyy,) >0 and

p(uj,ujp1) =0 forl < i < n.

Definition 1.3.28 [54]
A fuzzy lollipop graph Lm,nf is a fuzzy graph obtained by adjacent Kmf

to By, by edge such that p(u;, v;) < min{o(u;),c(v{)}; u; €V (Kmf)

and v, € V(Pnf).

1.4 Domination in graph and fuzzy graph

In fuzzy graph, Somasundaram and Somasundaram [23] discussed about
domination in fuzzy graph. In this section, we introduce some of the

domination fuzzy graph with graph concepts as following.

19



Chapter One
Definition 1.4.1 [7]

Aset D CcVinagraph G = (V,E) is called a dominating set if every

vertex v € V is either an element of D or is adjacent to an element of D.
Definition 1.4.2 [18]

A dominating set D is called a minimal dominating set if there is no

subset S < D is dominating set.
Definition 1.4.3 [19]

The domination number y(G) of a graph G is the minimum cardinality

of a set of minimal dominating set of G. Such a set is called the y —set of G.

Definition 1.4.4 [23]
Let Gr = (o, p) be fuzzy graph, D € V(Gy) is called a fuzzy dominating
set (FDS) of G if Vv & D 3u € D such that p(u,v) = min {o(u),oc(v)}

and we say u is dominates v or v dominated by wu.

Definition 1.4.5 [56]

A fuzzy dominating set D of G = (o, p) is called a minimal fuzzy

dominating set if there is no subset of D is a fuzzy dominating set of G;.

Definition 1.4.6 [56]

A fuzzy dominating set of a fuzzy graph G, = (g, p) with minimum

number of vertices is called a minimum fuzzy dominating set (MFDS) of

G-

Definition 1.4.7 [56]
A fuzzy domination number of a fuzzy graph Gf = (a,p) is the
minimum sum of membership values of the vertices for all minimum fuzzy

dominating sets and denoted by y;(Gf) or simply ;.
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Definition 1.4.8 [57]

D € V(G) is called a total dominating set (TDS) of G if (D) has no

isolated vertices.
Definition 1.4.9 [57]

The total domination number of G equals the minimum cardinality of
a TDS of G with symbol y,(G).

Definition 1.4.10 [58]

For any graph G. The dominating set is called hn-dominating set if for
all adjacent for all two vertices u, v in D¢ there are two adjacent w,z € D

such that u is adjacent tow and v is adjacent to z (may be w = z).
Definition 1.4.11 [58]

For any graph G has hn-dominating set D. The set D is called minimal

hn-dominating set if it has no proper hn-dominating set.
Definition 1.4.12 [58]

The hn-domination number y;,,(G) of G is a minimum cardinality of a

minimal hn-dominating set.
Definition 1.4.13 [58]

Aset D is called y;,, —set in case it is hn-dominating set with cardinality
Yhan (G)

Proposition 1.4.14
Let G be a graph has k support vertices, then y(G) = k.

Proof.
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Let D be minimum dominating set of G. Suppose that |D| < k, then there

are at least one of support vertices is adjacent to vertex from D. that’s mean
it’s isolated vertex not adjacent to any vertex from D and this vertex is not
dominated by any vertex of dominating set, then D is not dominating set. But

that contradiction. So, we get y(G) = k.
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Chapter Two

Chapter Two
Odd Neighbor in D¢ Domination in Graphs

2.1 Introduction

Two new definitions of domination are presented as odd neighbor
in D¢ domination (OD*S) and total odd neighbor in D¢ domination (TOD*S)
and the relationships between them were found, in addition to

studying some of the parameters of each.

2.2. 0D°S — Dominating Set of Graph

This part of the chapter studies the new concept an odd neighbor in D€
domination and focus on some of its characteristics while studying a number

of selected diagrams.
Definition 2.2.1

Let G be a graph and D €V is a dominating set (briefly DS), if
IN(w)N (V—D)| =0o0roddVv € D, then D is called odd neighbor in
D¢ dominating set (briefly OD€S).

Definition 2.2.2

Foragraph G, D is OD€S. The set D is called minimal odd neighbor in
D¢ dominating set (MOD*S )if it has no proper MOD*S. (See Fig. 2.1).

Definition 2.2.3

The minimum cardinality of all D is called the odd neighbor in D€

domination and denoted by y,4.(G).

Definition 2.2.4
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A set D is called y,4. —Set in case it is MODS with cardinality
yodc(G)-

Figure 2.1. MOD*S of a graph of order 8.
Observation 2.2.5
let G be agraph and D be OD*S, then
1) If G that has an isolated vertex, then this vertex belonging to each OD*€S.
2) The induced subgraph (D) may have an isolated vertex.
Proposition 2.2.6

If every vertex of a graph G has even degree and D is an OD*S, then there

is no isolated vertex in an induced subgraph (D).
Proof.

Suppose that there is an isolated vertex say v in the induced subgraph (D),
then there are two cases one of them that deg(v) =0, and this a
contradiction. The other case that all neighborhoods of this vertex are in the
set V — D, again this is a contradiction with the fact that the set D is OD°S.
Thus, the result is obtained. (See Fig. 2.2).
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Figure 2.2. 4 — regular graph and an induced subgraph of OD*S.
Proposition 2.2.7

Let G be agraph and D is an OD*S such that the induced subgraph (D) is

independent, then the degree of all vertices of D is odd.
Proof.

Let the induced subgraph (D) be independent and v € D, then all
neighbors of the vertex v are in the set V — D, and deg(v) = |N(v)|. Now,
if IN(v)| is even, then we get a contradiction with Definition 2.2.1, thus

|N(v)| is odd and gets the result.
Remark 2.2.8

The converse of Proposition 2.2.7., not necessarily true. The
counterexample as in the following figure, which give the graph G has odd
dominating set D and the degree of all vertices is odd, but the induced

subgraph (D) is not independent, where D = {v, w, z}. (See Fig. 2.3)
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Figure 2.3. The graph with OD°S.
Proposition 2.2.9
Let G be a graph of order n hasan OD¢S and k = 0,1, ...,n — 2, then

1) Vv € D, if deg(v) = m such that m is odd, then v either adjacent to m or

m — 2k verticesinV — D.

2) Vv € D, if deg(v) = h, such that h is even, then either adjacent to h —

(2k + 1) vertices or h vertices in D.
Proof.

Case 1. Let Vv € D,deg(v) = m, such that m is odd, then D is ODS by

two subcases.

Subcasel. If a vertex v is adjacent to m vertices in V — D, the case above
holds.

Subcase 2. If a vertex v is adjacent to number of vertices less than m in V —
D, then if v is adjacenttom — 2k; k = 0,1, ...,n — 2 vertices in V — D and

since m — 2k is odd. Then we get the result.
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Case 2. Let Vv € D,deg(v) = h, such that h is even, then if a vertex v is
adjacent to odd vertices in the induced subgraph (D), then |[N(v) n (V — D)|
is odd, then the set D is OD€S, otherwise the set D is not OD*S.

By previous cases, the result is obtained.
Proposition 2.2.10 Let P, be a path graph with n vertices, S0 y,4.(B,) =
3
Proof.

Let {v,, v,, ..., 1, } be vertices of P,. So, three cases are discussed below.
Case 1. Ifn =1,2,s0the MOD®S is D = {v;}. Thus, y,4.(P,) = 1.
Case 2. If n = 3, then the MOD“S is D = {v;,v3}. Thus, y,4.(B,) = 2.

Case 3. If n > 3, then there are two subcases as follows.

n

Subcases 1. Suppose that D; = {vy 4, V344531 = 0, ..., lZJ — 1}. There are

two cases:
1) Ifn=0mod 4,s0let D =D;.

2) Ifn=1,2 mod 4,s0let D =D, U{v,}.

Subcases 2. If n =3 mod 4,50 D = {v,,4i, V344i31 =0, ..., E] —1}.

In each above three subcases mentioned earlier, it is obvious that the set D is
a DS and all vertices in the set D are adjacent to at most one vertex of the set
V — D. Therefore, D is an OD¢S. Now, to prove that the set D is MOD°®S, it
is enough to prove that the set D* = D — {v} isnot OD°S, since an OD°S is
super hereditary. To do these three cases that depend on the deletion of a

vertex are discussed below.
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) If v = v,, then D* is not OD*€S, since it not dominates the vertex v,,.

I Ifv=v,,4,i =0, .., E] — 1, then the vertex v;,4; in D* is join with

two vertices. Thus, D* is not OD€S.

D) If v =v3,4,i=0,..., E] — 1, then the vertex v,,,4; in D* is join with

two vertices. Thus, D* is not OD°S.

Therefore, depending on |, Il, and Il are mentioned earlier and by
proposition 1.2.44, D* is not ODS. Thus, the set D is MOD‘S and

n

Yoac(Pn) = [E] U

Proposition 2211 If C, is cycle graph, then y,4.(C,) =

[nTH , Ifn=123mod4

% , ifn=0mod4

Proof.

Two cases are discussed below.

n+1

Casel. If n = 1,2,3 mod 4, et D = {Vy, 45, V3ai3 i = 0, ..., [T —1). Itis

clear that the set D is DS and each vertex in the set D is adjacent to at most
one vertex of the set V. — D. Thus, the set D is an ODS. To prove that the
set D is MODES, it is enough to prove that the set D* = D — {v} isnot OD®S,
since an OD*S is super hereditary. Suppose that D* = D — {u}, then there is

at least one vertex adjacent to two vertices from VV — D, then D* is not OD*S.

n+1
> |

So, D iis the MODS With 4 (Co) = |

Case2. If n=0mod 4, let D = {v,,4;, V34450 =0, % — 1}, one can

easily conclude that D is OD*S. Since, every vertex in D is adjacent to at
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most one vertex in V — D, then D OD¢S. By the same manner in casel, then

n

D is MOD®S With Y5qc(Cp) = 2.

From the cases mentioned earlier, the required is getting.

Proposition 2.2.12 If W, is a wheel graph with n vertices, then y,4.(W,,) =

( 1 , Ifniseven
2, ifn=5
n

l—J—l , ifnisoddandn =79

2
4 , if nisoddandn > 11

Proof.
There are two cases as follows.

Casel. If nis even, let v; be a vertex of K;. Since D = {v,}is DS and v, is
adjacent to n — 1 vertices in V — D and since n — 1 is an odd number, then
D is OD€S and it is clear that D is MOD®S, s0, y,q.(W;,) = 1.

Case2. If n is odd, there are three subcases as follows.

Subcasel. If n = 5, then D = {v,,v<} is MOD®S. y, . (Ws) = 2.

Subcase2. f n=7o0r9, let D = {v,,,;i=0,..., EJ — 2}, it is obvious

that D € V(C,-,) and itis DS of the graph W,,. Now, Vi v; in D dominates
to two vertices in C,,_, plus vy, then every vertex in D dominates to an odd
number of vertices in V — D, thus, D is OD€S. To prove that the set D is
MODES, let D* = D — {v}, then there is at least one vertex not dominated by
any vertex in D*, then D* is not DS. And so, it not OD€S. Thus, by using

Proposition 1.1, D is MOD®S. Thus, y,4.(W,,) = BJ —1.

Subcase3. If n > 11, let D = {v,, v,, v3, v,} be DS. Since v, is adjacent to

n—4 in D¢ and v; and v,, are adjacent to only one vertex in V — D and
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N[v,] =D. So D is OD®S. For any subset D* = D — {v} is not OD*S

because any vertex in D* adjacent to even number. Then, y,4.(W,,) = 4.

Figure 2.4. MOD*S of wheel graphs w, and w, ;.

Proposition 2.2.13 Consider K,, be a complete graph, so y,4.(K,) =

{1 ,if niseven
2 , ifnisodd

Proof.
Three cases are discussed below.

Casel. let n be even, so every vertex has n— 1 degree (odd), then

Yodc (Kn) = 1.

Case2. Ifnis odd, then let D = {v,u}; u and v € K,,, itis clear that D is the
DS of the graph K,,. Every vertex in D is adjacent to n — 2 vertices and n —
2 isodd, then D is OD€S. Now, if there is a dominating set contains only one
vertex, then the cardinal of the neighborhood of it is even which mean this
DS isnot OD¢S. Thus, y,4.(K,) = 2.
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Proposition 2.2.14 Consider K,,,, be a complete bipartite graph, then

(1, ifn=1and mis odd
2, if n=1and mis evenor
n=2andmis odd or
n and m are even
3,ifeithornor misodd;n,m# 1
\ 4, if mandnareodd;nm # 1

Yodc (Km,n) = 3

Proof.

By definition of K, ,;n<m, V(Ky;,,) =V, UV, such that V,, =
{vy,v,, ..., v, } has m vertices and V,, = {uq, u,, ..., u, } has n vertices ; I, N

V, =0, (V,)and (V,) isomorphic to null graph.
Four cases are discussed below.

Case 1. Letn = 1 and m be odd, then D = {u, } is the DS of the graph K,,, ,,
moreover |N(u,) N (V — D)| is odd, then D is ODS and it is obvious that
D is MOD®S. Thus, Yoac(Km1) = 1.

Case 2. Two subcases are discussed below.

Subcase 1. let n =1 and m be even or n and m are even, then let D =
{u,,v,}, it is obvious that the set D is the DS, moreover |[N(z) N
(V —D);z = u, or v,| is odd, then the set D is OD€S and it is obvious that
D is MOD*S.

Subcase 2. Letn = 2 and m be odd, then let D = {u,, u,}, itis obvious that
D is the DS, moreover |[N(u;) N (V — D);i = 1,2| is odd, then the set D is
OD°S and it is obvious that D is MOD°®S.

From two subcases mentioned earlier, ¥,qc(Kmn) = 2.
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Case 3. If either m or nis odd, then assume that n is odd and let D =
{uy,uy,v,} , by the same technique in previous case, one can easily

concluded that y,qc (Kmn) = 3.

Case 4. If m and n are odd, then let D = {u,, u,, v4, v,}, again, by the same

technique in case 2, one can easily concluded that yodc(Km,l) = 4.

Therefore, depend on the results in above cases the required is obtained.

Figure 2.5. MOD*S of bipartite graphs K, , and K 4.

1, ifn=1
Proposition 2.2.15 If P, is path graph, then y,4.(P,) = {4, ifn=>5
2, otherwise

Proof.
To get the result, four cases are discussed as the following.
Casel. If n = 1, then it is trivial.
Case2. If n = 2,3, then the graph P, = N, or N; U K,, S0, Y,4c(P,) = 2.

Case3. If n =4, since P, = P,, then by proposition 2.2.7 y,4.(P,) =
Vodc(ﬁzl) = 2.

Case2. If n =35, then in P there is no vertex has (n — 1) degree, so
Yoac(Py) > 1. Again, if D contains two or three vertices, so there is a vertex
say v such that |[N(v) n (V — D)]| is even. Thus, there is no OD*S contains
less than four vertices. Now, let D contains four vertices from V(Ps ), then
IN(v;) n (V — D);v; € D| < 1. Therefore, y,4.(B,) = 4.
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Cased. If n > 6, then there are two subcases.

Subcasel. If n is even, then let D = {v,,v,}, in the graph P, , the vertex
v, (or v,) is adjacent to all other vertices except the vertex v, (or v,_;), SO
D isa DS. Moreover, the degree of the two vertices v, and v,, isn — 2 and
they adjacent, so |[N(v;) n (V — D);i = 1,2] is odd, then the set D is OD°S.

Subcase2. If n is odd, let D = {v,, vs}, Since d(v,,vs) = 3in B, then v,
Is dominated to all vertices that not dominated by v and vs is dominated to
all vertices that not dominated by v,, then D is DS. Since v, and vg have
degree n — 3 in P, and they adjacent, then every vertex in D is dominated to
n —4 verticesinV — D, so D is OD°S.

In two subcases above, there is no vertex adjacent to all other vertices in the
graph P, then D is MOD®S and y,4.(P,) = 2.

From the cases mentioned earlier, the required is getting.

Proposition 2.2.16 In the graph P, if n > 6 and odd and D is OD°S, then

each vertex in D has (n — 3) degree.
Proof.

1) If n is odd, let at least one vertex in D has degree n — 2 say v,. Since v,

is join with each vertex in V (B,) except v,, o two cases are discussed below.

Casel. Let D = {v,,v,}is ODS, then v, is adjacent to n — 3 vertices in the

set V — D and n — 3 is even, that contradiction so D is not 0D°€S.

Case2. Let D = {v,,v5} be ODS such thati = 3,...,n — 1, since every
vertex v; is not adjacent to vertices v;_, and v;,, then v, is not dominated

by any vertex in D, so D is not DS.
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Case3. Let D = {v,,v;} be ODS such thati =4,..,n—1, then v, is
adjacent to n — 2 vertices in V, so v, is dominated to n — 3 vertices in V —

D and since n — 3 is even, then it is a contradiction. So D is not OD€S.
Thus, each vertex in D has n — 3.
Observation 2.2.17 If K,, is complete graph, then y,4.(K,,) = n.

3, ifn=35

Theorem 2.2.18 If C,, is cycle graph, then y,4.(C,) = { 2 otherwise

Proof: Let {v,,v,, ..., v, } be in C,, four cases are discussed below.
Casel. Letn = 3,s0 C, = N,,, then the required is obtained.
Case2. If n = 4, then C,, = K, U K,, again, the required is obtained.

Case3. Letn = 5, then each vertex in C,, is join with only two vertices, thus,
Yoac(C) > 2. Now, let D = {v;, v3, v}, it is obvious that the set D is DS,
moreover, [IN(v;))n(V—-D);i=15/=1 and [N(v3)n(V —D)| =0.
Thus, the set D is 0D¢S and y,4.(Cs) = 3.

Case. If n > 6, two subcases are discussed below.

Subcasel. Let n be even, and D = {v;,v;;1}, i =1, ...,n — 1, since v; and
v;,, have n — 3 degree in C,, and since v; and v, are not adjacent, then v;
and v;,, are dominated ton — 3 verticesinV — D. Since n — 3 is odd. Then
D is OD°S, and there is no vertex in C,, has (n — 1) degree, so D is MOD®S
and yoq.(C,) = ID| = 2.

Subcase2. If n is odd, let D = {v;, v;} such that v; is adjacent to v; in the
graph C,,. Moreover, the vertex v; is dominated to all vertices that do not

dominate by the vertex v; in C,, and the vertex v; is dominated to all vertices
that do not dominate by the vertex v; in C,. Then v; and v; are dominated to

n — 4 vertices in V — D, since n — 4 is odd. Thus, D is OD¢S and by the
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same technique in previous subcase, we get that D is MODS and
yodc(c_n) =|D| = 2.

From the cases mentioned earlier, the required is getting.

Proposition 2.2.19 Assume that ¢ be a wheel graph of order n, then

— . (4, ifn=35
Yoac(Wn) = {3, otherwise
Proof.

Since Wn =Cp1 U K17 then yodc(Wn) - Vodc(cn—l) + yodc(Kl)- Thus,

by using Theorem 2.2.18 and observation 2.2.5, the result is obtained.

Proposition 2.2.20 If K., is a complete bipartite graph, then

2, if nand m are even
)/odc( Km,n) =<{3,if either nor mis even
4,  if nand mare odd

Proof.

The graph K,,, = K,, UK, so K, has two components such that
Yoac (Kmn) = Yoac(Km) + Yoac (Ky) by using the Proposition 2.2.13 to find
Yoac(Km) and y,4. (Ky,), the required is obtained.

Theorem 2.2.21 For any graph G with n vertices and maximum degree A :

I. If Aisodd, then [ﬁ] < Yoac S n—A.

I If Aseven, then [3| < yoqe Sn—A+1.

Proof.

Let D be ay,q. — set.
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Casel. If A is odd, then to proof the lower bound since every vertex can

dominate at most itself and A(G) other vertices such that every vertex in D

n

is adjacent to odd number of vertices in V — D. Hence, v 4. = [m :

Now, to proof the upper bound. Let u be vertex that has maximum degree
A(G).Then the vertex u dominates N[u] vertices. Suppose the other vertices
in V — N[u] are dominate themselves only such that achieve the definition
of ODS. Thenthe set V — N(u) is odd neighbor in D€ dominating set since
A is odd. Since |V| =n and |[N(u)| = A, then |[D| = |V — N(u)| = n — A.

So Yodc <n-A.

Case2. If A is even by the same way in casel every vertex can dominate at

most itself and A(G) — 1, then y, 4, = E]

To proof upper bound by the same hypothesis in caselu dominates N[u] —
{w} vertices for any vertex w € N[u]. So |[D| = |V — (N(w) —{w}| =n —
A+ 1. Hencey,qe <n—A+1.

Theorem 2.2.22 Let G be a graph of order n and Vv € V(G), deg(v) =

even = 2. Then y,4.(G) = %.

Proof.

Let D be y,4. — set of G and Vv € V(G), deg(v) = even. Then by
definition every vertex of D must adjacent to at least some odd number (say

m) such that m < A. Since all vertices in V is even, then every vertex in D

must adjacent to 2k + 1 vertices in V — D such that k = 1,2, g — 1. That

is, N(D) = V(G). Since every vertex v € D has at most A neighbors. Then
Ay,qc = |V| = n. So, by dividing this inequality by A we get y,4.(G) = %.
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Corollary 2.2.23 Let G be a graph of order n and Vv € V(G), deg(v) =

even = 2. If A< %for some positive integer k, then y,,4.(G) = k.
Proof.

By Theorem, y,4.(G) = % CIf A< % then substitution yields y,4.(G) =
k.

Theorem 2.2.24 For any connected graph of order n has at least three

vertices of degree n — 2, then y,;.(G) < 4.
Proof.

Suppose that G has three vertices say V(H) = {v;,i = 1,2,3} have degree
n — 2 such that H is subgraph of G. If one of those vertices independent to
others, then this vertex has n — 3 degree but that contradiction, so every
vertex in H is adjacent to at least one vertex of them. So, an induced subgraph
of H is connected subgraph and it is path of order three. In case the vertex
that not adjacent to v; € V(H) Vi lie in V(G) —V(H) then an induced
subgraph of H is complete of order three, so H = K5 or P; . Then there are

two cases depending on whether the order is even or odd.
Casel. If n is odd, then there are two subcases.
Subcasel. If ({v,,v,, 3} ) = K3, then we distinguish three cases as follows.

1) If these three vertices are not adjacent to the same vertex (say u) then there

are two cases as follows.

1) If u has odd or zero degree, then D = {u, v,} is MOD®S, SO ¥, 4.(G) = 2.
(See Fig 2.6 (a)).

I1) If u has even degree, then there are two cases as follows.
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A. If N(u) has a vertex of odd degree say u;, then D = {u,,v;,v,} is
MODE®S, 50 ¥,4.(G) = 3.

B. If all vertices belong to the set N(u) have even degree, then D =
{u,u,,v,,v,}, where u, € N(u). One can be concluded that the set D is
MODE®S,s0y,,;.(G) = 4. (See Fig 2.6 (b))

(a) (b)

Figure 2.6. MOD*S of order 2 and 4 of a graph of even order.

2) If two vertices say v,, and v, are not adjacent to the same vertex say u,
and the vertex v is not adjacent to the vertex u,, where u; and u, are

different, then there are four cases as follows.

A) If the vertex u, has odd degree and the vertex u, has even degree, then
theset D = {u;,v,}iS MOD®S, SO ¥4q.(G) = 2.

B) If the vertex u,; has even degree and the vertex u, has odd degree, then
the set D = {u,, v3} IS MOD*S, SO y,4.(G) = 2.

C) If two vertices u; and u, have odd degree, then the set D in case A or B
IS obtained the result. (See Fig. 2.7).
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Figure 2.7. MOD*S of order 3 of a graph G of odd order

D) If two vertices u, and u, have even degree, D = {v,,v,,v3} IS MOD®S.
So, Vodc(G) = 3.

3) If The vertex v, is not adjacent to the vertex say u, and the vertex v, is
not adjacent to the vertex say u, and the vertex v; is not adjacent to the
vertex say us where the verticesu,, u,, and us are different, then there are

cases as follows.

A. If at least one vertex from the set S = {u4, u,, u3} has odd degree say u,
,thenthe set D = {u,,v;}iS MOD*S, SO ¥,4.(G) = 2.

B. If all vertices in the set S have even degree, then there are two cases as

follows.

B;. If there are two vertices of the set S are adjacent say {u,,u,}, the if
N(u;) UN(uy) =V(G),thentheset D = {u,,u,}iSMODS, 30 y,4.(G) =
2.

B;. If there are no two vertices of the set S are adjacent, then the set D =
{v1,V,,V3} 1S MOD®S, S0 ¥,4q.(G) = 3.

Subcase2. If ({v,,v,,v3}) = P53, then the vertices v; and v; are not
adjacent. Then the set D = {v,,v3}iS MOD*S. SO, y,4.(G) = 2.

40



Chapter Two

Case 2. If nis even, then if G has at least one vertex v of degree n — 1, then

D = {v}andy,,.(G) = 1. Otherwise, there are two subcases:
Subcasel. If ({v,,v,, 13} ) = K3, then we distinguish three cases as follows.

1) If these three vertices are not adjacent to the same vertex (say u) then there

are two cases as follows.
1) If u has odd, then there are two cases as follows.
A) If 3v € N(u) such that v has even degree, then D = {v,v,} is MOD*S.

B) If all vertices in N (u) has odd degree, then D = {u, v4,v,}isthe MOD®S,
SO yodc(G) = 3.

I1) If u has even degree, then there are three cases as follows.

A. If N(u) has a vertex of even degree say u,, then D = {u,,v,} is MODF®S,
SO ¥,4c(G) = 2. (See Fig. 2.8 (a)).

B. If all vertices belong to the set N(u) have odd degree, then let D =
{u,u,, v}, where wu, € N(u). One can be concluded that the set D is
MOD®S,s0 y,4.(G) = 3.

2) If two vertices say v, and v, are not adjacent to the same vertex say u,
and the vertex v is not adjacent to the vertex u,, where u; and u, are

different, then there are two cases as follows.

A. If the vertex u, has even degree, then the set D = {u,,v3} isa MOD°®S,

SO Vodc(G) = 2.

B. If the vertex u, has even degree, then the set D = {u,,v;} isa MOD*S,

SO Vodc(G) = 2.

C. If the vertex u; and u, have odd degree, then the set D = {u,, v;,v,} IS
aMODCS, S0 Y,4.(G) = 3.
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3) If The vertex v is not adjacent to the vertex say u, and the vertex v, Is
not adjacent to the vertex say u, and the vertex v is not adjacent to the
vertex say u; Where the verticesu,, u,, and u; are different, then the set
D = {v,,v,}iISMOD*®S, 0 y,4.(G) = 2.

Subcase2. If ({vq,v,,v3}) = P3, by hypothesis v, are v; pendent vertices
of P;. Then D = {v;,v,}iISMOD*S. S0, ¥,4.(G) = 2. (See Fig. 2.8 (b)).

From all cases above, the result is obtained.

(@) (b)

Figure 2.8. MOD*S of order 2 of a graph G of even order.

Corollary 2.2.25. For any graph of order n has at least three vertices of

degree n — k — 2 and k isolated vertices, then y,;.(G) < 4 + k.
Proof.

Suppose that G has at least three vertices of order n — k — 2 and k isolated
vertices, then G has k + 1 component such that k isolated vertices and
subgraph H of orderm = n — k. Theny,;.(G — H) = k. Itis clear H has at
least three vertices of order m — 2 and by theorem 2.2.24 y,,;.(H) < 4. So,
Yoac(G) <4+ k.

Theorem 2.2.26 Let H,, be a helm graph, n > 3, then y,4.(H,) = n.
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Proof.

Let the wvertices of H, are represented in the set V(H,) =
{vo,v1, V5, ..., V2, } SUCh that v, is center vertex. By proposition 1.4.14 the
MODFS can not become less than n, we take sets of order n and proof it is
minimum. Then there are three cases as follows.

Casel. If n=0(mod3), then D= {v1+3i,v2+3i,i =0,.., EJ} U

{v3i+n;i =1,.., E]} Is dominating set. Since every vertex adjacent to one

or three vertices in V. — D, then D is OD¢S. Any vertex removing from D,
then it becomes no OD€S. So, D is MOD€S with order n and y,4.(H,,) = n.

Case2. If n=1(mod3), then D ={vy,5,v503,0=0,..., |3 - 1} U

{v3i+n;i =1,.., E]} U {v,,} is minimum dominating set such that |D| =

n. since every vertex is adjacent to one or three vertices fromV — D, so D is
MODES. Yoqc(Hy) = 1.

Case3. If n=2(mod3), then D = {v1+3i,v2+3i,i =0,.., EJ — 1} U

{vgim; i=1,.., E]} U {v,,,1, V25, } IS dominating set. By the same way in

above cases, it clear D is MOD®S .y, .(H,)) = n

Thus, we get the result. O

Figure 2.9. MOD*S of helm Hg
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Theorem 2.2.27 Let T,, ,, be tadpole graph, m = 3,n > 1, then

yodc( Tm,n)
_ = 0(mod 4)
f [?] + EJ ’ if {m =1,2 (rrTZ)d 4)6:;13 n= (Z)T:Z (mod 4)
~ [g] + [g] -1, if m=12(mod4) andn = 1,3 (mod 4)
ng + [g] , if m=3(mod4) and n = 0,2 (mod4)
m n
\ l?J + [E] -1 , if m=3(mod4)andn = 1,3 (mod4)

Proof.

The tadpole graph consists of cycle C,,, and path P, common by bridge.
Such that the vertex there exist one vertex in C,, has degree three and only
vertex in P, has degree one. Let the set of vertices in the path P, be
{v,,v,,...,v, } and the set of vertices of the cycle graph C,, is

{u,,u,, ..., u,, } . There is one vertex of degree one (say v,,) and one vertex

of degree three (say Uq). Let D; ={u} U

{u4+4i,u5+4i;i =0, % — 2} U{u,—2}, ifm=0(mod4);,m=+4
{u4+4i,u5+4i;i =0,.., EJ — 2} U{tm_o, Um_1},if m=1(mod 4);m #5
{u4+4i,u5+4i;i =0,.., EJ — 1} , if m= 2,3 (mod 4)

D,
( (V3440 Vagain 1 =0, ..., EJ -1}, ifn=0,1(mod4);n+1

! Wsai Varani =0, o, E] _1ju{v,),  ifn=3(mod4)
V3140 Vasair i = 0, ) EJ _1}u{w,), ifn=2(mod4)n 2

We obtained cases as follows.

Casel. If n = 1, there are four subcases as follows.

Subcasel. If m = 3, itis clear D = {u;} is MOD®S. Then youc(Trmn) = 1.
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Subcase2. If m = 4, then D = {uy, uy, u,} is MODCS. Then youc(Trmn) =
3.

Subcase3. If m = 5, then D = {uy, us, u,} is MODCS. Then yoac(Trmn) =
3.

Subcase4. If m > 6, itis obvious D = D; is MOD°®S.

Case2. If n = 2, there are three subcases as follows.

Subcasel. If m = 3, itis clear D = {uy,v,} is MOD®S. Then yoac(Trmn) =
2.

Subcase2. If m = 4, then D = {uy, u,, v,} is MODS. Then youc(Trnn) =
3.

Subcase3. If m =05, then D ={uy,u,usv;} IS MODS. Then

Yodc (Tm,n) = 4.

Subcase4. If m = 6, let D = {v,} U D, be dominating set and it is clear D is
OD°S.

Case3. Otherwise, if m = 3 and m # 5, let D = D; U D, be dominating set.
By the definition of 0D¢S, D is OD*S.

In each above cases if we removing any vertex, the sets become do not 0D€S
because at least one of vertices is adjacent to two vertices in V — D. So, D is
MODCS . Thus,we get the result. O

Proposition 2.2.28. Let L,, is lollipop graph, m>3,n>2

2+ [nT_l], if misevenandnis odd

then Yodc (Lm,n) = n—1]

1+ ==
2

otherwise
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Proof.

The lollipop graph consists of the complete graph K,,, and the path graph
P, , these graphs are common by a bridge. Such that one vertex in K, has
degree m and one vertex in P, has degree one. The set of vertices in P, is
{v,,v,, ..., v, } and the set of vertices in K, is {uq,u,, ..., u,,} such that u,

Is vertex has degree m and v,, has degree one.

Casel. If m is even, then by the proposition 2.2.10 we get D as

D
= {ulrvl}

( - n oo

{V4sairVs4ais 1 =0, ..., IZJ -1} ) if n=0(mod4)
n
U< {V44ai Vs4ais 1 =0, ..., lZJ -1} ifn=12(mod4)andn # 1,2
3 n .
k{v4+4irv5+4iil =0,.., lZJ - 1} U {v,-1} ) if n = 3 (mod 4)

If n=10r2, then it is clear D = {u,,v,} is MODS. Otherwise D is
dominating set, since every vertex is dominate to one vertex in V — D and
u; dominate m — 2 vertices from K,, and one vertex from P, then it
dominates m — 1 vertices in V — D. Since D is OD*S of P,and D — {u;} is
not 0D€S. Hence, D is MOD*S.
Case2. If m is odd, then

D,

= {u,}
( (V3440 Varas 1 =0, ...,

-1} ) if n=1(mod 4)

US (V3340 Vagais 1 =0, ., [ — 13U {v,}, if n =2,3(mod 4)

NEISEIYE

\{v3+4i’ Varain 1 =0, ..., o 1} ) if n =0 (mod 4)
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In case n =1or 2, then it is obvious D, = {u,} and D, = {u,,v,} are
MODFCS respectively. By the same way in casel we obtained that D is
MOD*S. So, we get the result.

Figure 2.10. 0D€S of lollipop graph Ly ,.

Proposition 2.2.29. Let H,, be a complement of helm graph, n > 3, then
yodc(H_n) = 3.

Proof.

Since H,, has at least three pendent vertices, then H,, has at least three
vertices of degree n—2 (say {vq,v,, v3}). SO, by theorem 2.2.24
Yoac(H,) < 4 and since ({v,,v,,v3}) =K; and Vv € V(H,), then v €
N(v;) UN(v,)UN(v3). So, D ={v,,v,v3} IS MODSS. Hence,
Yoac(Hy) = 3.

Theorem 2.2.30 Let D, ,, be daisies graph has order n; +n, —1

and ny,n, = 3 and ny,n, # 4 then yodc(Dnl,nz) =

([nlzﬂl + [n22+1] — 2, ifny =23 (mod 4) and n, = 1,2,3 (mod 4)

[n12+1] n [nzz"‘l] —1,ifn,andn, =1 (mod 4)

< %+%— , if n; and ny, = 0 (mod 4)
et
2

TL2+1
2

+[ ]—2 , if ny =0 (mod 4) and n, = 2,3 (mod 4)

k %+ [n22+1] —1 , if ny =0 (mod 4) and n, = 1 (mod 4)

Proof.
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Let the set of vertices in the cycle C, be {vy, v,, ..., v, } and the set of
vertices in the cycle C,,, is {uy, uy, ..., up,} such that v; = u;.Thus, we can
use the set D, to dominate all vertices in the cycle of order n, and D, to
dominate all vertices in the cycle of order n, as follows. Let D c V( Dnl‘nz)

and D = D, U D,. Therefore, there are six cases as follows.

Casel. If n; and n, =0 (mod 4) ,let D; = { V144i) Vo4uin 1 =0,...,— —

n»

1}and D, = {u4+4i, Ussaip 1l = 0,0, 75— }U {un,-2}

Case2. If n; and n, = 1 (mod 4); there are two cases as follows.

Subcasel. If ny =n, =5;thenD = {U1+4i; Vorair1 =0, .., [m:l] — 2} U

Vo, ot U{us,us}is ODCS.
{ nq 2} { 3 4-}

Subcase2.  Otherwise, letD; = {v1+4i' V2+air 1 =0, [m:l] B 2} v

{Vn,—2} and D, = {u4+4i, Usiai i =0, ..., [nfl] — 2} U

{ un2—3’ unz—Z}'

Case3. If nyand n, =23 (mod4) , letD, = {v1+4i, Voyairl =
0,.., [nl:ll - 2} U{Vn,—2 Vn,-3} and D, = {u4+4i, Usigipl =
0,..., 722 -1},

Cased. If ny,=0(mod4)and n, =23(mod4) , letD; =
{U1+4i» Vatair i =0, ...,% - } and D, = {u4+4i, Uspai, | =

0.5 -2}

Case 5. If n; =1 (mod 4) and n, = 2,3 (mod 4) ,then D, isequal to D,
in case 2 and D, is equal to D, in case 4.

Case 6. If n; =1 (mod 4) and n, = 0 (mod 4) ,then D, isequal to D, in

case 2and D, isequal to D, in case 1.
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Since D = D, U D, is dominating set for chosen in all cases above. Since
these vertices in all sets are adjacent to zero or one or three vertices in V —
D, then D is OD€S. To proof minimum, if we removing any vertex from D,
we lose the property of domination or OD€S. Hence, D is MOD*®S and we
get the proof.
Corollary 2.2.31 For daisies graph D, ., the following is hold.
1) If n; = n, = 1,2 (m0d 4) Yoac(Dnyn,) = M-
2) If ny =ny =0,3(mod 4) ¥Voac(Dn,n,) =11 — 1.
Proof.

By the proof of theorem 2.2.30, we get the result.

Theorem 2.2.32 The Dutch windmill graph, n = 3, then y,4.(D7") =
( 2m , if n=4

n

m(g)—m+1, ifn=0(mod4)andn + 4

< m[nTﬂ]—m+1 , ifn=1(mod4)
L m[nTH—Zm+2 , ifn=23(mod4)
Proof.

The set of vertices D" represent the set V(DI*) = {v,ul,i = 1,2,..,n —
1} vj =1,..,msuch that v is common vertex. Let D c V(D) and D =

D, U D,. Therefore, there are three cases as follows.

Casel. If n=0(mod4), in case n =4, it obvious D = {u],ul} is
0D¢S;Vj=1,..,m,s0 |D| =2m =y,3.(Di"). In case n # 4, the ODS
as follow D = D, U D, such that D; is OD€S of subgraph H of vertex set

V(H) = {v,u},u}, .., ul_,,uj u{l_l,j = 2,..,m}suchthat D; = {v,ui} U

{u1+4i,u§+4i,i =0,.., l”T_l — 1}. The other vertices in D/ are dominated
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n-—1

by D, = {u3+4l,ui+4i,i =0,.., IT — 1} {u,’;_?)}j =2,..,m. By

proposition 2.2.11 D is MOD*®S. S0, ¥,q.(DiY) = g + (m — 1)(% —1).

Case2. If n = 1 (mod 4), by the same proposition that used in casel we

have the OD*S as follow D = D; U D, as follows

n—1

Dy = {v,us}u {u}}+4i,u%+4i,i =0,.. TJ - 1} U {u£—3}

Dy ={u) o t)api=0,...|=H -1}, j=2..m

n+1

It is clear |D;| = [““] and |D,| = (m — 1)([ —1). So, Yyac.(DIY) =

n+1

[+ -1 -».

[n+1

Case3. If n = 2,3 (mod 4), the two subsets that obtained 0D°€S as follow

. 1
D, = {v,ui}u {u}}Hi,u_},Hi,l =0,.. nTJ — 1} and D, =
j j . n-1 .
{u3+4i’ u4+4_i;l - 01 ey l 4 - 1} ] = 2, e, m

The OD¢S D is minimum by the same away in two cases above. Then

n+1 n+1

Yoac(DR) = [—] + (m — 1)([—] — 2). Hence, we get the result.

Figure 2.11. 0D°S of Dutch windmill graph Dg .
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Corollary 2.2.33 For any tree graph T of order n and [ > 3 such that [ is the

number of pendent and s is the number of support vertices in T,

Vodc(Tj
( 3, ifnisevenand s =1 \
or nis odd and s > 1 and all support vertices in T
have even degree in T
2, ifnisevenand s > lornisoddands =1
or nis odd and s > 1 and there is a support vertex in T

. has odd degree in T J

Proof.

Suppose that {v,, v,, ..., v;} the set of pendent vertices and {u,, u,, ..., us}
is set of support vertices. It is clear that deg(v;) =n—2.1fl < 3,thenT
Is path and proof this case by proposition 2.2.10. If [ > 3, there are two

cases as follows.

Casel. If nis even, since deg(v;) isevenfori = 1, ...,1, then there are two

cases:

) If all pendant adjacent to one support vertex say u that mean G is
isomorphic to star graph, then D = {v,,v,,u} is MOD®S. Thus, y,4.(T) =
3.

IT) If the pendant vertices are adjacent to more than one support vertex, then
the set D = {v,, v,} where the vertices v,, v, are adjacent to different two

support vertices is MOD®S. Thus, y,4.(T) = 2.
Case2. If n is odd, then there are two cases:

) If all pendant adjacent to one support vertex say u that mean G is

isomorphic to star graph, then D = {v,,u} is MODS. Thus, y,4.(T) = 2.

I) If the pendant vertices are adjacent to more than one support vertex, then
there are two cases:
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A) If there is a support vertex say w; has odd degree, then D = {v;, w,},
where v; is a pendant vertex that adjacent to w; in the graph Tis MOD®S
in the graph T. Thus, y,4.(T) = 2.

B) If all support vertices have even degree, then the set D = {v;,v,, v3}

is MODCS in the graph T. Thus, ¥,4.(T) = 3.
Then, we get the result.

Observation 2.2.34 Let G be any graph of order n, then y,4.(G) = 1 if and

only ifnisevenand A=n — 1.
Proof.

If y,4.(G) = 1, then G has ODS say D contains one vertex say v such
that it dominates all other vertices in V(G), then degree of this vertex isn —
1,andsince A(G) <n—1,s0A=n—1.Since D isOD¢S,thendeg(v) =

n — 1 s odd, then n is even.

Conversely, let n be even and A=n — 1, then the vertex has degree A

dominates all other vertices in V() and since has degree odd since n is even.
So yodc(G) =1

Proposition 2.2.35 Let G be any graph of order n, then y,4.(G) = 1 if and

only if n is even and G has at least one isolated vertex.
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2.3 TOD‘S — Dominating Set of Graph

In this part, we represent to new definition of domination is called Total
odd neighbor in D¢ dominating set such that denoted by TOD*S and studies

some properties.
Definition 2.3.1

Let G be agraphand D € V is ODS , then if D is total dominating set,
then D is called total odd neighbor in D¢ dominating set (TOD®S).

Definition 2.3.2

If D is OD°S, Then D is called minimal total odd neighbor in D¢
dominating set (MTOD*S )if it has no proper MTOD*®S.

Definition 2.3.3

The minimum cardinality of all D is called the total neighbor in D¢

domination and denoted by y;0q4.(G).
Definition 2.3.4

A set D is called y;pqc —Set in case it is MTODCS with cardinality
ytodc(G)-

Figure 2.12. TOD*S of a graph G of order 8.
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Proposition 2.3.5 For any graph G:

1) If all vertices in V(G) have even degree, then y,,.(G) = Vioac (G).
2) If G has isolated vertices, then G has no TOD*S.

3) Ytoac(G) = 2.

Proof.

1) Suppose that every vertex has even degree and D is ODS .Since Vv € D
Is adjacent to odd number of vertices of V — D, then Vv € D is adjacent to
at least one vertex of D. So, the induced subgraph of D has no isolated
vertices. Thus, D iISTOD®S and y,4.(G) = Vtoac(G).

2) It is obvious.
3) It is obvious. m

Proposition 2.3.6 Consider P, be a path graph with n;n > 2 vertices, so

| . if n=013(mod 4)

Yeoac(B) = n+1

T] , If n=2(mod4%)

Proof.
Let {v,, v,, ..., 1, } be vertices of P,. So, three cases are discussed below.
Case l. Ifn=1,s0G hasno TOD*S.

Case2. If n = 2,3, then by proposition 2.1 (3) D = {v,,v,}iSTOD*S. Thus,
Ytoac(P) = 2.

Case 3. If n > 3, then there are four subcases as follows.

Subcases 1. If n = 0 (mod 4), Let Dy = {Vy14i, Va4ai; i = 0,..., % — 1} be

dominating set. since every vertex of D, is adjacent to only one vertex of
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V' — D; and an induced subgraph of D has no isolated vertex, then D, is
TODECS. To prove the minimum, suppose that F is TOD®S such that |F| <
|D;|. If |[F| = |D| —1or |D| — 2, then F is not total and not OD*S since F
has isolated vertex and at least one of vertices of D is adjacent to two vertices
of V.— D. So, D is MTOD*S.

Subcases 2. If n =1mod 4, let D, = {v2+4i,v3+4i;i =0,.., E] - 1} U

{v,,—1} is dominating set. Since every vertex of D is adjacent to at least one
vertex and an induced subgraph of D has no isolated vertex, So, D isTOD*S.
By the same technique of subcasel suppose that F is TODS such that |F| <
|D,|. If |F| = |D,| — 1 then there are two cases if F = D, — {v,,_,}, then F
is total dominating set but not OD¢S or|F| = |D,| — 2, then F is not
TODS,we get D is MTODE®S.

Subcases 3. If n =2 mod 4, let D; = {v2+4i,v3+4i;i =0,.., EJ — 1} V)

{v,,—1, vy} Is dominating set. Then by the same technique of subcasel D5 is
TODE®S.

Subcases 4. If n=3mod 4, et Dy = {V3,4i, V344531 =0, ..., E] — 1} is
dominating set, then by the same technique of above cases D, is MTOD*S.
Thus, we get the result. O

Corollary 2.3.7 If D is total dominating set of path graph, then D is OD¢S
of path graph.

Proof.

Let D be total dominating set, since every vertex of D adjacent to only
one vertex of V. — D. Then D is OD*S.

Observation 2.3.8 If C,, is cycle graph, then ¥;,4:(Cr) = Yoac(Cr).
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Proof.

Since every vertex in cycle has even degree, then by proposition 2.2.11

we get the result.

Proposition 2.3.9 If G is a wheel graph W,, = C,,_; + K1, then y;oq.(W,,) =

{3 , if niseven
4 , if n isodd
Proof.

Let v, be a center vertex and {v,, vs, ..., 1, } IS set of other vertices. Then

there are two cases.

Casel. Ifniseven, let D = {v,, v,, v3} be dominating set. Since v, hasn —
1 degree, then it dominates n — 3 vertices in V — D. Since the vertices v,
and v4 are adjacent, it is clear that these vertices are dominating only one
vertex inthe set V — D. So, D is total MOD®S and y;,q.(W,) = 3

Case2. If n is odd, the set D = {v;, v,, v3,v,} IS dominating set. Since v,
dominates n — 4 vertices in V — D. The vertex v, (or v,) dominates only
one vertex in V — D, the vertex v5 is adjacent to only vertices of D, then D
is TOD®S. To prove D is MTODECS, suppose that D; = D — {v;}, i = 2,3,4
are total OD*S, but v, in these sets dominates n — 2 vertices in V — D that
mean it dominates even vertices, then its contradiction, so D; ,i = 2,3,4 are
not total ODCS. So, D is minimum total OD‘S and y;,q.(W,) = 4.

|

Proposition 2.3.10 Consider K,,;; n > 2 be acomplete graph, so y;pqc (K,) =

{3 ,if niseven;n # 2
2 , ifnisoddorn=2

Proof.

Two cases are discussed below.
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Casel. If n is even, there are two subcases as follows.
Subcasel. If n = 2, it obvious y;,4.(K;) = 2.

Subcase2. If n > 2, then D = {v,u,w} is MTOD*S because if we dominate
by only two vertices, then every vertex from it dominates even number of
vertices of V' — D and this set total but not D¢S. So, ;o4 (K;,) = 3.

Case2. If n is odd, then by the same way in proposition 2.2.13 ¥;,4.(K,) =
2.

Thus, we get the result. O

Proposition 2.3.11 Consider K, ,, be a bipartite graph, then y;oqc(Kmn) =

2 , ifn=1landm=1
3,ifn=1landmisodd;m # 1
Yodec , otherwise

Proof.

By definition of K, ,;n<m, V(Kp,) =V, UV, such that V,, =
{v,,v,, ..., v} has mvertices and V,, = {uy, u,, ..., u, } has n vertices ; I, N
V, =0, (V,) and (V,) isomorphic to null graph. Let n = 1 and m is odd,

then two cases are discussed below.

Subcasel. If m = 1, then it obvious by proposition 2.3.5 (3) ywdc(kl,l) =
2.

Subcase2. If m > 1, let D = {u4, v, } be dominating set, it obvious D is total
dominating set but not OD€S because u, is adjacent to even number of
vertices of Vp,,. Then D, = {vy,v,,u;} is MTODCS. S0, ¥ioac(Kmn) = 3.
Otherwise, by proposition 2.2.13 all sets are hold MTOD®S. So,
Ytoac(Kmn) = Yoac (Kmn)- =
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Proposition 2.3.12 Let H,, be a helm graph withn > 3, then y,,,.(H,,) =

n+ 1.

Proof.

Let the vertices of H,, are as follows.

V(H,) = {vy, vy, Vs, ..., V5,} Such that v, is center vertex. Let D =

{vi, vy, ..., v} U {v,} be dominating set. since all vertices of D is adjacent

to at most one vertex of V — D, then D is TOD®S. If we remove v,, the set

obtained by removing is not 0D¢S and if remove any other vertex, then the

set obtained is not dominating set. so, y;pqc(Hy) = n + 1. O

Proposition 2.3.13 Let T, , is tadpole graph; m > 3,n > 1, then

Vtodc(Tm,n)
( m+ 3 )

[ > ] if m=1,23(mod4)
m 41 ifn=1mz=4
[T] , ifm=0(mod4)
n+6
[ > ] , ifm=3n=>1

m [m+1

?+[ > ], if n=20,1,3 (mod 4) and m = 0 (mod 4)

Proof.

\

m n
§+[§] , if n =2 (mod4) and m = 0 (mod 4)
m+1]+[n+1
2 2
m+1 ny .
[T]-I_[E] ,if n =2 (mod 4) and = 2,3 (mod 4)

,if n=20,1,3 (mod 4) and = 2,3 (mod 4)

m n+17 .
[?]4_[ > ] ,if n=0,1,3 (mod 4) and =1 (mod 4)

m n ]
2142 = 2t et =1 s
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The tadpole graph there consist of cycle C,, and path P, common by
bridge. Such that the vertex there exist one vertex in C,,, has degree three and
only vertex in P, has degree one. Let the set of vertices in the path P, be
{vy,v,,..,v, } and the set of vertices of the cycle graph C,, is
{u,,u,, ...,u,,, } . There is one vertex of degree one (say v,) and one vertex

of degree three (say u,). We obtained three cases as follows.
Casel. If n = 1, four cases are discussed below.

Subcasel. If m = 0 (mod 4), let D = {u5+4i,u6+4i;i =0,.., [%] - 1} V]

{uy,u,, vy} is dominating set, it obvious every vertex of D is adjacent to at
most one vertex and an induced subgraph of D has no isolated vertices. So,
D isTODECS. If we want to build a TOD*S of lower order, we cannot take a
single vertex because we will lose the total property, so we exclude any of
the vertices of set {u;, u,, v;}, but when any vertex is excluded from the set
{uy,u,, v1},, we lose the O0DS property. So, D is MTODCS.

Subcase2. If m =1 (mod 4),in case m =15, then it is clear D =
{uy, uy,us} iIs MTODCS. If m > 5, let D = {u5+4i,u6+4i;i =0,.., l%J -
1} U {u;,uy, u,} is dominating set, then by the same way in casel D is

MTODECS.

Subcase3. If m =2 (mod4), suppose that D = {u5+4i,u6+4i;i =

0,.., [%] — 1} U {uy, uy, v1} is dominating set.

Case2. If m = 3, two cases are discussed below.

Subcasel. If n=1,2, it is clear D = {u;,u,, v} is MTOD®S. So,
Ytodc (Tm,n) = 3.

59



Chapter Two

Subcase2. If n =3, let D = {u,,uz} U
{{v2+4i, V34ap i =0, ..., EJ -1}, ifn=0,1(mod4),n+1
J {U2+4i, U3+4_i,i = 0, L [%] - 1} ’ lf n=3 (mOd 4)

n

k {V244i, V3440, 1 =0, ..., IZJ — 13U {v,_1, v}, if n= 2 (mod 4)

Is dominating set, if we remove any vertex from D, then D is not TOD¢S

because one of vertices of D is adjacent to two vertices or D is not dominating

set. S0, D is MTOD®S, Yeoqe (T = |3] + 2.

Case3. Otherwise, let D = D; U D, be dominating set such that the set D, to

dominate C,, and D, to dominate P, as follows.

D,
( . m . _
{u2+4i,u3+4i;l =0, S 1} , if m=0(mod4)
3 m .
{u2+4i,u3+4i;l =0,.., IZJ — 1} U{un_1}, if m=1(mod4)
- < . m x
{u2+4i,u3+4i;l =0.., [ZJ — 1} Uf{tpm—1, Uy}, if m=2(mod4)
3 m .
\ {u2+4i,u3+4i;l =0,.., lZJ} ) if m=3(mod4);m+3
And
D,
n
((Vyrais Vasapn i =0, ., lZJ -1}, if n=0,1(mod 4),n # 1
. n .
=<  {V4siyV3445,1 =0, ..., [Z] -1} if n =3 (mod4)
» n I
L{vz+4i,v3+4i,1 =0,.., IZJ —1}u{v,_1, v}, if n=2 (mod4)

The separation dominating is minimum because if u, belongs to dominating
setsay D*, then we must take at least two neighbors of vertex u,, then |D*| >
|D|. By the same away in above cases, the set D is MTOD®S. We get the

result. O
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Figure 2.13. TOD®S of tadpole graph T 4.
In Fig.2.12 shown TOD*€S with take u, and without take u, .

Proposition 2.3.14 Let L,, be lollipop graph;m >3,n=> 2

-1
then ytodc(Lm,n) =1+ [nT]

[n+1
2

_ ] if n =0 (mod4)
[g] , ifn=12,3 (mod 4)

Proof.

By the same hypothesis of proposition 2. The set of vertices in P, is
{v,,v,, ..., v, } and the set of vertices in K, is {uq, u,, ..., u,, } such that u,
is vertex has degree m and v,, has degree one. There are the following two

cases.

Casel. If m is even, let
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D

( . n . _

{v4+4i; Ustais 1= 0,.. ’Z - 2} U {vl' Un-1,Vn ul} ’ lf n=0 (mOd 4)
3 n x

=< {VayaiVs4ai3 1 =0, ..., IZJ —1}u{v,u i}, ifn=1,2(mod4)

3 n x
k{174+4i,175+4i;l =0,.., IZJ — 1} U{vy, v Ugl}, if n =3 (mod 4)

Since the vertex u, is adjacent to m — 1 vertices and the other vertices of D

Is adjacent to one vertex from VV — D, then D isTOD*S.
Case2. If m is odd, then there are the following two subcases.
Subcasel. If m = 3, then it the same in proposition 2.3.13 case 2 in proof.
Subcase2. If m = 5, let D = D; U D, be dominating set such that
D,
( . n .
{Voiai V34431 =0, ..., IZJ -1}, if n=0,3 (mod4)andn # 3
n
=1 Wreavarasi=0 |7 - DU, ifn=10nod4)

L{1724,41-, V3ainl =0, ..., EJ - 1} U{vp—1, v} if n=2(mod 4)

And D, = {u,, us}. By the same way in casel we obtained that D is TOD*S.
In addition, by the same way of proposition 2.3.13 D in casel and case2 are
MTODE®S. 0

Theorem 2.3.15. For any connected graph of order n has at least three

vertices of degree n — 2, then y;,4.(G) < 5
Proof.

Let G has three vertices say V(H) = {v,, v,, v3} have degree n — 2 such
that H is subgraph of G. If one of them vertices independent to others, then
this vertex has n — 3 degree but that contradiction, so every vertex in H is

adjacent to at least one vertex of them. So, an induced subgraph of H is
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connected subgraph and it is path of order three. In case the vertex that not
adjacent to v; € V(H) Vi lie in V(G) — V(H) then an induced subgraph of
H is complete of order three, so H = K5 or P; . If there exist two adjacent
vertices w;,w, have even degree such N(w;) UN(w,) =V(G), then
Yioac(G) = 2. Otherwise, then we distinguish two cases depending on

whether order of graph is even or odd.
Casel. If n is odd, then there are two subcases.
Subcasel. If ({v,,v,,v3}) = Kj3, then we distinguish three cases as follows.

1) If these three vertices are not adjacent to the same vertex (say u), then

there are two cases as follows.

I. If N(u) has a vertex of odd degree say u, and u has even or odd degree,
then D = {uy,vy,v,} ISMTODECS since (D) = K3, SO Yt0qc(G) = 3.

I1. If all vertices belong to the set N(u) have even degree, then there are two

cases.

A) If u has even degree, then D = {u,u,, v, v,}, where u, € N(u). One
can be concluded that the set D is MTOD®S, SO ¥;04.(G) = 4.

B) if u has odd degree, then if 3u,,u, € N(u) and adjacent, then D; =
{ul, Uy, Vq, 172} and DZ = {ul, U,, vl,U} are MTODCS, SO ]/tOdC(G) =4, In
case Vu,,u, are not adjacent, then D; = {u,uy,u,, vy, v} and D, =

{ul, Uy, Vq, Uy, 173} are MTODCS SO, ]/tOdC(G) == 5

2) If two vertices say v,, and v, are not adjacent to the same vertex say u,
and the vertex vs is not adjacent to the vertex u,, where u; and u, are
different, then D = {v,,v,,v3} IS MTOD®S. SO, ¥;04.(G) = 3.

3) If The vertex v, is not adjacent to the vertex say u, and the vertex v, is

not adjacent to the vertex say u, and the vertex v; is not adjacent to the
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vertex say us; where the vertices u;, u, and u; are different, then D =
{v1,V,,V3} 1S MTOD®S, SO ¥;p4qc(G) = 3.

Subcase2. If ({v,,v,,v3}) = P53, then the vertices v; and v; are not
adjacent. Then the set D = {v,,v,,v3}iS MTOD*®S. SO, Y¢0a:(G) = 2.

Case 2. If n is even, then there are two subcases as follows.
Subcasel. If ({v;,v,,v3}) = K3, then we distinguish three cases as follows.

1) If these three vertices are not adjacent to the same vertex (say u) then there

are two cases as follows.

1) If u has odd, then two cases are discussed below.

A) If 3v € N(u) such that v has even degree, then D = {v,v,} is MTOD*S.
B) If all vertices in N (u) has odd degree, then two cases are discussed below.

B,. If there are two vertices u, and u, are not adjacent, then D =
{ul,uZ, V1, 172} |S the MTODCS, SO ytOdC(G) = 4,

B,. If all vertices in N(u) are adjacent, then D = {u, uy,u,, vy,v,} is the
MTODES, SO Y¢pq:(G) = 5.

I1) If u has even degree, then three cases are discussed below.

A. If N(u) has a vertex of even degree say u;, then D = {u;,v;} is
MTODECS, SO Yt0ac(G) = 2.

B. If all vertices belong to the set N(u) have odd degree, then let D =
{u,u,,v,}, where u, € N(u). One can be concluded that the set D is
MTODES, SO Y¢q:(G) = 3.
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2) If two vertices say v,, and v, are not adjacent to the same vertex say u,
and the vertex v; is not adjacent to the vertex u,, where u; and u, are

different, then there are two cases as follows.

A. If the vertex u, has even degree, then the set D = {u,,v3}isa MTOD®S,
SO ytodc(G) = 2.

B. If the vertex u, has even degree, then the set D = {u,,v,}isa MTOD*S,
SO ytodc(G) = 2.

C. If the vertex u; and u, have odd degree, then the set D = {u,, v,, v5, v3}
ISaMTODECS, SO Vpqc(G) = 4.

3) If v, is not adjacent to a vertex say u, and a vertex v, is not adjacent to a
vertex say u, and the vertex v is not adjacent to the vertex say u; where the

verticesuy, u,, and us are different, then the set D = {v;,v,} iIs MTOD®S,

SO Vtodc(G) = 2.

Subcase2. If ({vy,v,,v3}) = P3, by hypothesis v, are v; pendent vertices
of P;. Then D = {v,,v,}ISMTOD®S. SO, ¥p4.(G) = 2.

From all cases above, the result is obtained. ]
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Chapter Three

Fuzzy Odd Neighbor in D€ Domination in Graphs

3.1 Introduction

In this chapter, another concept of fuzzy domination is studied in the so-
called fuzzy odd neighbor of D¢ dominating set in the fuzzy graph, and many
of its properties and examples are found for different types of fuzzy graphs,

where many details of the fuzzy domination and domination are compared.
3.2 FOD‘S — In Fuzzy Graphs

In this section, we review the results of the concept fuzzy odd neighbor of

D¢ dominating set.

For the fuzzy graphs, we used in this work only the strong fuzzy graphs, so
the weight of the edges will not be mentioned because they are known by the

weights of the vertices.
Definition 3.2.1

Let G = (o, p) be a fuzzy graph. A subset D (or D) of V(Gy) is called a
fuzzy odd neighbor of D¢ dominating set (FODS) of G, if for every

vertex v € D, v is adjacent to odd number of vertices in D¢ (or V — D).

Definition 3.2.2

A fuzzy odd neighbor of D¢ dominating set D of G, = (o, p) is called
a minimal fuzzy odd neighbor of D¢ dominating set if there is no subset

of Disa FOD®S of Gy.

Definition 3.2.3
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A fuzzy odd neighbor of D¢ dominating set of a fuzzy graph G, =

(g, p) with minimum number of vertices is called a minimum fuzzy odd

neighbor of Ddominating set (MFOD®S) of G.

Definition 3.2.4
A fuzzy odd neighbor of D¢ domination number of a fuzzy graph
Gs = (o, p) is the minimum sum of membership values of the vertices for

all minimum fuzzy odd neighbor of D¢ dominating sets and denoted by

yfodc (Gf) or Slmply yfodc-

Figure 3.1. MFOD*S of fuzzy graph G¢.
In Fig 3.1, D, = {vg, v,, vg} and D, = {vs3, v,, vg} are MFODCS. It is
clear |D;| = |Dy| $0, ¥roac(Gs) = 0.9.
Observation 3.2.5 Let G; be strong fuzzy graph with n vertices, then the

following are hold:
l) 01< yfodc(Gf) < p.

2) If Gy has set of isolated vertices {v;,..., v} , then yroac(Gr) =
Vfodc(Gf —{vy, s Vk}) + X 0(wy).

Yodc(Gf)

3) Vv € D; a(v) = 0.5, then yroqc(Gr) = =5
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Proposition 3.2.6 If G, is a strong fuzzy Path has n vertices, then

Yfodc (Pnf) =

( o(vy), ifn=1
min {a(vl) o(vy)}, ifn=2

| {a(vl) +ou) + (0 (Wara) + 0 (Wssa0)
mmn

Z?:o (U(U2+4i) +0(V3441))

} if n=0(mod4)

(500 + S (0 ra) + 5 ps)), )
o) + 25 (0 (paae) + 0 (s1a),
o 02) + T (0 (vas0) + 0 (0ssa)),
0 (Vn_1) + zl I (6(z4a0) + 0(V3140)),
o (vy) + zm (0(W2sa) + 0(V3440)),

L o(v) + Zl J (U(V1+41) + U(v2+41)) J

min < yif n=1(mod 4);n #1

-

. {U(Un) + ZE JO (U(V2+41) + U(V3+41))
min

H ,if n=2(mod 4);n # 2 (
o(v) + 2,2, (0(Vagai) + 0(Vs4ai))

( )

[ ] (6(1140) + 0(WV314),

[ ] (0(V2ea)) + 0(V3440)),
o (v;) + 0 (v,) + zl = (6(V31a0) + 0 (WV4ra0),
min o(vy) +o(v,) + Zl J (0(V34ai) + 0(Varai)),
o(vy) + 0(Vpy) + zl J (0(Wara) + 0(Ws4a)),
5(01) + 0(0) + T (0(sra) + 0 (0s10),

0(Vp_p) + o(vp_q) + Zl J (0(172+41) + 0(U3+41))

L o(vy) +o(v3) + Zl J (0(U5+41) + 0(V6+4z))
L ifn= 3 (mod 4)

Proof.
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There are four cases as follows.

Casel. If n = 0 (mod 4), then there are only two MFOD*®S of as follows.

. n .
{V4+4u Vsyair L =0, .. 7 2} U{vy, v} and D, = {v2+4i, U3yaipl =
n
' 4

0,..,—— } because if we take any set by leaving one vertex or more from

these sets, then the set obtained is not dominating set or not FOD®S. Since
n . %—2

Dyl = 1D,1 =%, then yyoac (o)) = min {Ei_g (0(Vssai) + 0(Wsai) +

U(vl) + O_(Un)) Z (J(v2+4l) + O-(v3+4l))}

Note that it is clear that D, = D,

Case2. If n=1(mod4), in case n=1, D ={v,} is MFOD‘S and

Yfodc (Plf) = o(v,). Otherwise, there are six MFOD*S cases as follows.

D, = {v1+4i» Vo441 =0, .0, IEJ - 1} U {vn}

4
D, = {v2+4i:v3+4i»i =0,.., EJ - 1} U {v,-1}
n
2 , , 1 =0, ..., _—_ —
{V +40 V34aip 1 =0 2 1} U {v,.}
n
= 3440 ,1=0, ..., _—_ —
{v +4i Varair L =0 ) 1} U {v1}
= {U3+4u Vgrap 1 = 0,0, % 1} U {v,}
{174+4u175+4ul =0,.., g - 1} U {v,}

All these sets are minimum and has the same order equal to E] because all
vertices are adjacent to only one vertex in V — D and any set has number of

vertices less than E] then it is not FOD*CS. So, all above sets are MFOD®S
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and Yfodc (Pnf) min {O-(vn) + Zl J (0(v1+41) +

O-(v2+4l)) mln{a(vn 1) O-(vn)} + Zl J
[+ J—

(V244i) T+

U(V3+4z)) min{o(vy),0(v)} + X2, (0(V3441) + 0(Wayai) +),0(vy) +

I"J-

(0(Vatai) + 0(Vs441))}-

Case3. If n = 2 (mod 4), incase n = 2, then D, = {v,}and D, = {v,} are
MFOD®S, then yroqc (sz) = min{o(v,), o(v,)}. Otherwise, the sets D,

and Dy in case2 are unique MFODF*S in this case.

Cased. If n = 3 (mod 4), then are eight FOD®S as follows.
, n
D, = {v4+4i,v5+4i,l =0,.., IZJ - 1} U {vy, vn}
, n
D, = {v4+4i,v5+4i,l =0,.., IZJ - 1} U {vy, vp-1}
_ n
D; = {773+4i»174+4i»l =0,.., lZJ - 1} U {vy, vn}

Dy = {773+4i» Vgta 1 =0, EJ - 1} U {v,, v}
D¢ = {v1+4i»v2+4i»i =0,.., [_] - 1}
D; = {U2+4i» V34450 = 0, ..., EJ - 1} U {vn_2 Vn-1}

Dg = {V5+4i; Verairi =0, ..., EJ - 1} U {vy, v3}
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By the same procedures above these sets are MFOD®S. S0, Yfoqc (Pn f) =

min {2” (6144 + 0(V2440)), 2” (6(Wa1a0) + 0(V3440)), 0 (ve) +
min{o(v,),0(v,)} + Zl o (0(V3440) + 0(V4pai)) 0 (V1) +
min{o(vy_1), a(vn)}+2” (0(WVara) + 0(Ws4a0)) , 0 (vp2) +

o (V- 1)+2“ (0(Wz4ai) + 0(V3440)), 0 (v2) + 0 (v3) +

I"J-

(U(U5+41) + 0(776+41))} O

Figure 3.2. MFOD*CS of path graph Pg.

Proposition 3.2.7 If Gf is a strong fuzzy Cycle has n vertices, then

Yrodc (Cnf) =

((min (52 O@Wa) + 0(jsai01)i) = Lwesn= 13,if n = 0 (mod )}

{{O’(U] e k) + Zl J (0'(17]]+AE)1+ 0'7§v1+il+1) } k=1 3}
j+n—k(modn),if n=1(mod 4)
\ min{ J(VJH) + Z[ ] (U(vj+6i) + J(17j+6i+1)) i};

]—1,...,n—1
j+i,j+6i,j+6i+1(modn)
if n =2 (mod4)

mm{ 4 (o (p0a) + a(v,mﬂ))}, j=1.n-1,

\ j+4i,j+4i+1(modn); if n =3 (mod 4)

Proof.

There are four cases as follows.
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Casel. If n = 0 (mod 4), then there are only four dominating set

n

D; = {vj+6i,vj+6i+1,i =0,.., H — 2} U {vjﬂ-,i =0, ___,3};]' =1,..,n—
1 suchthat D; are unique dominating sets, the other sets are equal to one of

these sets. By proposition 2.2.11, it is obvious that all sets are MOD*S and
so it is MFODSS. Thus, ¥oac (Cn f) = min {z[i]_z (a(vj%i) +
O'(Uj+6i+1)) + Zigzo (O'(vi+j))} )

Case2. Ifn = 1 (mod 4), thenlet D; = {vj+4i,vj+4i+1,i =0,.., EJ - 1} U

{Vjsn-x}suchthatj=1,..,n—1 ans k=13 and j +n — k (mod n)

are fuzzy dominating sets such that every vertex of them is adjacent to one

vertex in V — D, then D; are FODS and have the same order equal to E]

and it is minimum because any other sets have order less than E] are not

2l-1
FOD°®S. So, Yfodc (Cnf) = min {J(vj+n_k) + leijo (O‘(vj+4i) +
O'(Vj+4i+1))}-

Case3. If n = 2 (mod 4), then there are only the following sets are FOD¢S

. n ' z
D, = {vj+4i:vj+4i+1:l =0,..., IZJ}'DZ B {”j+4i'”j+4i+1" =0,y _ZJ B
. n
1} v {vj+4[ﬂ—1'vj+4lﬂ}’ by = {”J’+4i'”j+4i+1" =0 lZ_ - 1} Y
. n
{vj+4[ﬂ‘1'vj+4[ﬂ‘2} and Da = {”f+4i'vj+4i+1'l =0, lZ_ B 1} v

{ijEJ_Z, vj*‘*lﬂ“} are all dominating sets such that j = 1, ..., n for all sets

above. All sets above are MFOD*S and has order ["T“] such that any other

sets have order less than ["T“] it be not FODCS. Thus,
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Yrodc (Cnf) = min { ZEJO (U(Vj+4i) + U(Vj+4i+1)) 'ZEJ_l(U(VjMi) +

LCIMELI ORI E C 0 o (vy0a) +

0(Vjsgiv1) + O (vf”lﬂ‘l) +0 (vj.HEJ — 2) ,ZEJ()_l(g(vai) +
0(Vjsgiv1) + O (vf”lﬂ‘z) +0 (vf”lﬂ“)}'

Cased. If n = 3 (mod 4), then

D, = {vj+4i,vj+4i+1,i =0,.., Ej}and D, = {vj+4i,vj+4i+1,i =

0,.., EJ — 1} U {v”“EJ‘l' v”‘*EJ} are dominating sets such thatj =

1,...,n — 1. By the same procedures we get the result. m

Figure 3.3. MFOD*S of cycle graph C;.

Proposition 3.2.8 If G, is a strong fuzzy complete has n vertices, then

Yfodc (Kn ) =

min{c(v;),i = 1,...,n} ,if nis even
min{o(v;) + a(vj),i andj=1,..,n},i #j, if nisodd

Proof.

For complete graph there are two cases as follows.
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Casel. If niseven, then D; = {v;}suchthati = 1, ..., n. In this case we have

nof FODCS and yyoqc(Ky) = min{o(v;)} suchthat i = 1,...,n.

Case2. If n is odd, then D; = {v;,v;,i = 1,...,n} are FOD*S such that j =
1,..,nandi # j. Itisclear all these setsare MFOD*®S. So, we get the result.

O

Figure 3.4. MFOD*S of complete graph K.
In Fig. 3.4, itisclear D = {v;} is MFOD*S.

Proposition 3.2.9 If G is a strong fuzzy complete bipartite has n +m

vertices, then Yfodc (Km,n f) =

( o(uy), if n=1andmis odd
{min{a(ul) + J(vj),j =1, ...,m}, ifn=1land mis even}
32, (w) ,ifn=2andmisodd;m # 1}
{min {G(ui) + J(vj)'i =1 ...,n} ,if nand m are even,n,n > 2}
andj=1,..,m
3 {min{a(ui) + J(vj) +o(v),i=1,..nandj,l =1, ...m};j +* l,}
if nisevenand misodd;n # 2and m # 1
{min{a(vj) +o(w) +o(uy),i,k=1,..nandj =1, ...m};i +* k,}
if misevenandnisodd,m # 2andn # 1
{min{a(ui) + o(uy) + a(vj) +o(v),i,k=1,..,nand j,l =1, ...,m};}
\ i+ kandj# lif nand mare odd;n,m # 1

Such that u; € V, and v; € Vy,; V (Km,nf) =1, UV,

Proof.

75



Chapter Three
Let V,, = {vy, vy, ..., v} has m vertices and V,, = {u,,u,, ...,u, } has n

vertices such that n < m. The cases we obtained as follows.
Casel. If n = 1 (if m = 1 is same), there are two subcases as follows.

Subcasel. If m is odd, in case m = 1 then it is clear that there is only one
MFODS as D;={w} and D,={v}, then ysq4. (Km,nf) =
min{o(u,), o (v,)}. Otherwise, if m # 150 D; = {u;} and yfoqc (Km,nf) =
o(uy).

Subcase2. If m is even, then D = {uy,v;} are MFODS such that j =

1,...,m. SO, ¥roac (Km,nf) = o(uy) + min{o(v))}.

Case2. Ifn = 2andmisodd; m # 1, thereisonlyone FODS D = {u4, u,}

and Yfodc (Km,nf) = o(uy) + o(uy).

Case3. If n and m are even, then there are FODS as D = {u;, v;}. It is
obvious these are minimum and has the same order. Thus, y¢,4 (Km,nf) =
min{o(u) +o(v;),i=1,..nandj =1,..,m.}.

Cased. If mis odd; m # 1 and n is even; n # 2, then D; = {u;, v;, v} are

MFOD¢S suchthati = 1,..,nandj,l =1, ..,m;j # L. The converse (n is

odd and n is even) is the same. Thus, we get the result.

CaseS. If mnandm are odd, then D = {u;u,v;,v}ik=
1L,..,nandj,l=1,..,m. Then ygyq (Km'nf) = min{o(w) + o(u) +

J(Uj) + (vl)};i + kandj # L

From all cases above, the result is obtained. O
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Proposition 3.2.10 If G is a strong fuzzy wheel has n vertices, then

Yfodc (an) =

( o(vy), if niseven

min {Zln x (a(v]”l)),j =2, ...,n}, ifn=>5
min {zln;] (a(v]+31)),j =2, n} ifn="79

({ZEJ(“(UJHJ)J:Z } { +5 J+2}\

o(vy) + o(v;_q) + o(v;) + O-(vl+1):l 3,..,n
\ ; ifi — 1 =1,thenv;_; = v, and
\ ifi+1=1(modn),thenv;,; =v, J

(5 otw0). =2, m]

min<{ g(v,) + o(v;_y) + o(v) + 6(v;44),i =3,..,n ¢, if n=13
; ifi — 1 =1,thenv;_; = v, and

7

\ ifi+1=1(modn),thenv;,; =v, J
o(vy) +o(w;_) +o(;) +0(;41),i=3,..,n
min ; ifi —1=1,thenv;,_; = v, and ,if n > 15 and odd

L ifi+1 =1 (modn),thenv;,; = v,

Proof.

LetV = {v;, v,, ..., v, } such that v, is center vertex of strong fuzzy wheel

graph. There are two cases as follows.

Casel. If n is even, then there are only one FOD‘S D = {v;}. So,
Yfodc (an) =

Case2. If n is odd, then there are five subcases as follows.

Subcasel. If n =5, D;; = {vj+2i,i =0,.., lnT_lJ and j + 2i (mod n)};

j=2,..,n isare FODS. By proposition 2.2.12 of wheel in O0D€S, these
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sets are MFOD‘S since it is MOD‘S. So, Vfodc(an)=

min{ l (0(v]+21))}

Subcase2. If n=79, then D;= {vj+3i,i =0,.., ["T_lj and j +

2i (mod n)};j = 2,..,nare FOD¢S. By the same proposition above we get

Dj, is MFODS and y;oq (wn f) = min{ l (a(v]+3l))}

Subcase3. If n =11, let Dj; = Dj, U{ +ln 1J+2'] +

lnT_lJ 2 (mod ”)}‘j =2,..nand Dy ={vy, V-1,V Viy1}  are  fuzzy

dominating sets; i = 2,...,nandifi —1 =1,thenv,_; = yyandifi+ 1 =
1 (mod n), then v;,; = v,. Since all vertices in these sets are adjacent to

Zero or one or n — 4 and, then these sets are MFOD€S because in case leave

any vertex it become do not FODS. Thus, Yreqc (an)=
min{ l (J(v]+3l))+v ln 1J+2,] 2,..,n,0w;) +o(v;_,) +
o) +o0(;q1);i =2, ...,n}.

Subcase4. If n =13, then it is clear D;, and D;, are MFOD‘S.
Ysodc (Wn,) = min {zllfl(amm)) = 2,,m,0w) + 0(viy) +

o(v;)) +o(v;yq);i =2, ...,n}

Subcase5. If n = 15, then it is clear D;, represent MFODS in this case.

Yfodc (an) =min{foc(vy) + o(v;_) +o(v;)) + o(v;41);i = 2,...,n} O
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Figure 3.5. MFOD*S of wheel graph W,.

Theorem 3.2.11 Let Hy . be a strong fuzzy helm graph that has n

vertices: n > 3, then Yroac (H"f ) -

{mln{ lnl (0(vjr1e30) + 0(Vjazes) + 0(Vjsiom) )57 = 1, }} \

if n=0 (mod 3)

{a(v,m) b 2B (000 sm050) + 0(0pszse) + (v,-+m+3i>)}

;j=1,..,n
if n=1(mod 3)

( n
min {0'(v]+n) +o(j+n+1)+ Zl J (U(U]+2+31) + a(v]+3+3l) + }

< J(vj+m+3l \
;j=1,..,n
\ if n =2 (mod 3)
1 (
min {Zf 0 (U(UJ+2+31) + J(vj+3+31) + a(vj+m+3l) + U(vj+1+m+3z } >
4
;j=1,.
\ ifn=0 (mod 4)
(Vj4n) + min {2@0—1 <a(vj+2+3i) +0(Vu3r3i) + 0(Vjamesi) +>}
- O'(vj+1+m+3i)
if n=1(mod 4)

l J (0'(v]+2+31) + 0'(17]+3+31)) +

l J (O-(v]+m+31) + O-(v]+1+m+31))
\ if n =2 (mod 4) J
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: B 3
z (O‘(Uj+2+3i) + O'(Uj+3+3i)) +
) 0(vj4n) + min < [%T—Ol ; }
\ ; (U(Vj+m+3i) + O-(vj+1+m+3i))J
\ if n =3 (mod4) J
Such thatm =nor0; if j+3i <n,thenm=nand if j +3i >

n,thenm=20

Proof.

Let V (Hn ) = {vy, V4, V5, ..., U2, } SUCh that v, iS center vertex; v, is

f
adjacentto {vy, vy, ..., v, }. The set {vy 1, Voin, ..., Vo } represent all pendent

vertices such that v; is adjacent to v;,,; j = 1, ...,n. We obtained two cases

as follows.

Casel. If take n is modulo three, then there three subcases as follows.
Subcasel. If n =0 (mod3), let Dj = {vj+1+3i,vj+2+3i,vj+m+3i,i =
0,...,[2]—1} m = 0 or nsuch that if j + 3i < n,thenm =
nandif j+ 3i >n,thenm = 0.

Subcase2. If n =1 (mod3), let D;, = {vj+1+3i,vj+2+3i,vj+m+3i,i =
0,..., EJ — 1} U {vj+n} such that m =0orn; if j+ 3i <n,thenm =
nand if j+ 3i >n,thenm = 0.

Subcase3. If n =2 (mod3), let Dj; = {vj+2+3i,vj+3+3i,vj+m+3i,i =

0., EJ - 1} U (Vjsn Vi 10m):
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It is clear that D;;, D;, and D;5 are dominating sets; j = 1,...,n. Since the

VErtiCes Vj, 143, Vj+2+3; and vj,343; in every one of sets above are adjacent
to only three vertices in V — D;, and the vertices v;,,, and v; 4 ,,, are adjacent
to only one vertex in V — D; and |Dj;| = |Dj,| = |Djs| = n, so by theorem

2.2.26 Dj;, Dj; and D;; are MFOD*S. Then we obtained the result.

Case2. If take n is modulo four, then there three subcases as follows.
Subcasel. If n =0 (mod 4), let Dj; =

. n
{vj+2+4irvj+3+4i'vj+m+4i; Vit1+m+air L = 0, S 1} such that m =
Oorn; if j+3i,j+1+3i<nthenm=nandif j+3i,j+1+3i>

n,thenm = 0.
Subcase2. If n =1 (mod 4), let Dj, =

. n
{vj+2+4ir Vjt3+air Vivm+air Vit1+mtai L = 0, ) IZJ - 1} U {vj+n} such that
m=0orn; if j+3i,j+1+3i<nthenm=nandif j+3i,j+1+
3i >n,thenm=0.

Subcase3. If n =2 (mod 4), let Djz = {vj12440, Vjuzeair i = 0., 5[} U

Vitm+air Visr4mean 1 = 0, ., EJ — 1} such that m=0orn; ifj+

3i,j+1+3i<nthenm=nandif j+3i,j+1+3i >n,thenm =
0.

SUbCaSG4 If n= 3 (mOd 4‘), D]4_ = {vj+2+4i, vj+3+4i+1,i = 0, . I%J} U

{vj+m+4l‘, vj+1+m+4l’,i ES O, ey I%J - 1} U {U]+n} SUCh that m =
OQorn; if j+3i,j+1+3i<nthenm=nandif j+3i,j+1+3i>

n,thenm = 0.

All cases above are dominating sets and since every vertex in Dj; k =
1,...,4 is adjacent to one or three vertices in V — Dy, and |Dj;| = |Dj,| =
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|Dj3| = n. So, by theorem 2.2.26 Dy, D;,, D;3 and D;, are MFODS.Thus,

we get the result. O

Proposition 3.2.12 Let Lm,nf be strong fuzzy lollipop graph, m > 3,n > 2

then if m is even, Yrodc(Lmn f) =

( - (o(uy) +a(vy),0(vy) + min{a(uj),j =2, ...,m} )
{mm{ ,0(uy) + min{o(w;),j = 2,...,m} }}
ifn=1
{min{a(ul) +o0(vy),0(v,) + min{a(uj),j = 2, ,m}}}
ifn=2

an (U(v1+41) + U(v2+41)) + mln{a(uj) Jj=2,. } 1)

l J (O-(v2+4l) + J(v3+4l)) + mm{a(u]) ] = 2 }

o(vy) +o(v,) +o(uy) + ZH_ (U(v3+41) + 0(U4+41))
min < {O‘(UZ) +o(v,) + mm{a(u]-),] =2, ...,m} +}

-~

-

(U(V3+4z) + 0(V4+41))

o(uy) +o(vy) +o(vy) + ZH (0(Varai) + 0(Vs44i))

\o(u;) + o(vy) + o(vy—q) + Zl J (J(V4+41) + 0'(175+4L))J
\ if n =3 (mod 4) J

( =

U(u1) +o() +o(v) + X, OJ (0(Vasra)) + 0'(775+4L)

< miny minf{o(w);j = 2, ...,m} + Zl |1 (0(W1440)) + 0(Vaia) [\

Lmin{a(uj);j =2,. m} + Zl J (0(172+41)) + 0(V344i) )
L\ lfn—O(mod4) J )
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((( ( 7)1

o(uy) +o(vy) + Z (0(V4+4i)) + 0 (Vs44:)
i=0

(O‘(Un) + min{a(uj);j =2, ...,m} +]

|7
i z (U(v1+4i)) + 0(V244¢) j
i=0

o o) i =2+
4
min < 4 Ej_l (

z (0(172+4i)) + 0(V34ai)
i=0

y,
(O‘(Un) + min{a(uj);j =2, ...,m} +]

)] |31
z (0(172+4i)) + 0(V34ai)
i=0

[3]-1
\ Z (0(v3+4i) + U(V4+4i)) +o(vy) + min{a(uj),j =2, ..,
\ - ifn=1(mod4)
[ []-1 1

o) + o) + ) (0(Wara) + 0 (V540
i=0

~"

min < o(v,) + minfo(w);j = 2,...,m} +

[3]-1
z (U(v1+4i)) +0(Vz14:)
\ i=0 ’
L L if n =2 (mod 4) J

If m is odd, then yfodc(Lm,nf) =
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(( o(uy)
{if n a 1}
{o(u)) +o(vy),if n=2}

( (-1 1)
z(a(vz+4i) + U(V3+4i))

Loquy) + ™ gz_ol g
Z (0(V3+4i) + U(U4+4i))
\i=0 J

\ if n =0 (mod4) J

(B \
J o)+ ) (00344 + 0 (Vhea) L
|
\

i=0
ifn=1(mod4);n+1 J
1 ¢ ( |21 1)

o) +0W) + ) (020 + 0(v514))
i=0
| -
1M 0(w) + ) (0Ws1ad) + 0@ra)) + minfo (1), 0 (v}
i=0
&

o) + o) + ) (0(srad) + 0(Ws1a0)
i=0

-~

\ n=2(mod4);n + 2 J
|71

o)+ ) (0Wsad) + 0(Wara)) + 0 ()
i=0

\ k if n =3 (mod4)

\
Proof.

Let the set of vertices in strong fuzzy path P, be {v,,v,, ..., v, } and the
set of vertices in strong fuzzy complete K,, is {u,,u,, ..., u,,} such that u,
is adjacent to m vertices represented by set {v,, u,, ..., u,, }. We obtained two

cases as follows.
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Casel. If m is even, then we get six subcases as follows.

Subcasel. If n=1, then D; = {u;,v1};j=2,...,m, D, ={u,w};j=
2,...,m and D; = {uy, v} are the uniqgue MFOD*S. So, yfodC(Lm,lf) =

min{o(uy) + 0(vy),0(v;) + min{o(w;),j = 2,..,m},o(uy) +
min{a(uj),j =2, ...,m}}.

Subcase2. If n = 2, then D; = {u;,v,};j = 2,..,m and D, = {uy, v,} are
the unique MFOD*S. So, Vfodc(Lm,zf) = min{a(ul) +0(vy),0(w,) +
min{a(uj),j =2, ...,m}}.

Subcase3. If n = 3 (mod 4), then there are six sets as follows.

Dy = {uy, U1, U} U {Vasais Vsaaii = 0, o, 5| = 1}, Dy = {3, 03, 01} U
{v4+4i, Verai=0, .., Ej - 1}, D; = {u;} U {v1+4i, Vysair i =
0., |3|}ii =2 om Dy = (v} U {vaap vanan 1 = 0, | -
1}, Ds = {uj, v, v} U {vssai Varai = 0, ., [5| = 1} and Dg = {u;} u
{V2ssi Vsrari =0, 5|} ;) = 2,...,m are the FOD®S . Because the order

of every set above is equal to 2 + ["7_1] then by proposition 2.2.28 all sets

above are FOD®S. So, yfodc(Lm,nf) = min {J(ul) + ZEO(O-(U1+4L') +

0(V244i)), ZEJO(U(VHM) + 0(V244i)) + min{a(uj),j =

2, ), 5 (000 + 0 (aea)) + min{o (). ) =

[3-1

2! ey m}), U(ul) + 0'(171) + G(Un) + Zi:O (J(v4+4i) +

0(Vs44i)),0(y) + o(vy) + 0(vp_q1) + Zl&:](,_l(a(vztﬂi) +

3y ylid? . .
0(Vs1ai)) ) 2ty (0(3140) + 0(V414))) + 0(v) + 0 (uy) +
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mm{a( ) Jj=2,. m},ZEJ()_l(G(v3+4i) + 0(V4+4i)) +o(v,) +

o(uy) + min{o(v;),j = 2, ...,m}}.

Subcase4. If n=1(mod4), then D; ={u;, v}V {v4+4i,v5+4i,i =
0,.. l J }! D, = {uj'vn} {v1+4u Vogail = l J - 1} D; =
u;, an} VysairVarap i =0, ..., EJ — 1}, D, ={v,u}u

V3440 Varair I = l J - 1} and D5 = {uj,vn} U {V2+4i»173+4i,i =
0,.. [ J — 1} such that j = 2, ..., m are dominating sets and MFOD*S since

u; is adjacent to m — 1 vertices in complement set of dominating set and

Vi44i» Vovair Vs+air Vasair Us4+a; @Nd v, are adjacent to only one vertex in

complement set of dominating set. So, yfodc(Lm,nf) = min {G(ul) +

o(vy) + zm (0(Vara))) + 0(Vs1a0) , 0 (v) + min{o(w;); ) =
o)+ T (0 (014)) + 0 s 5 + minfo(uy);) =
o)+ 2 (0 (20a)) + 0 (aea), 00) + min{o () =
o} zl b (0(V2440)) + 0 (V3440 zl . (0(v3140) + 0(Varad) +
o(vy) + minfo(w;);j = 2, ...,m}}_

Subcase5. If n =2 (mod4), then D; ={u;, v}V {v4+4i,v5+4i,i =

0, oy l%J - 1} and DZ == {u], Un} U {v1+4i, v2+4i,i == 0, . l%J - 1},] ==
2, ...,m are dominating set and by the same way above, we get MFOD*S.

i

S0, Vfodc(Lm,nf) min {0(u1) +o(v) + 2.5, (0'(174+41)) +
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(Vs sa), 50n) + min{o(w);] = 2, ey m} + T (0(vrea) +

U(V2+4i)}-

Subcaseb6. If n = 0 (mod 4), then there are three sets as follows.

n—1

D; = {uy,vq,v,} U {v4+4i,v5+4i,i =0,.., TJ — 1} D, = {uj} U
{U1+4_i, U2+4_i,i - 0, ,% - 1} and D3 - {u]} U {1724_41-, v3+4i,i == 0, ,% -
1} j=2,..,m are dominating sets and has order 1+ ["7_1] SO it is

MFODE®S. Thus, yfodC(Lm,nf) = min {a(ul) +o() +a(v,) +

lnl

Z J (O-(v4+4l)) + J(V5+41) mm{a(u]) ] ’m} +

I"J-

(U(U1+41)) +0(Va44i), mln{a(uj) j=2,. } +

l J (0'(772+41)) + U(V3+4z)}

Case2. If m is odd, then we obtained seven subcases as follows.

Subcasel. If n = 1, then D = {u,} is MFOD°®S. Vfoac(Lm,1f) = o(u,).
Subcase2. If n =2, then D = {u,,v,} is MFOD°®S. Vfodc(Lm,zf) =
o(uy) + a(vy).

Subcase3. If n =3, then D = {u,,v3} is MFOD°®S. yfodC(Lme) =
o(uy) + a(vy).

Subcased. If n = 0 (mod 4), then D; = {u,} U {v2+4i,v3+4i,i =0, ...,% -

1} and D, ={u }U {v3+4i, Vayail =0, % — 1} are the unique
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. 2_1
MFODES. Veoae(mn ) = 0ats) +min S, (0 (v2100) +

0W3140), Zisg (O Ws1a) + 0 (ara))}

Subcaseb. If n =1 (mod 4);n+# 1, then D ={u}u {v3+4i, Vapairl =
0,.., H — 1} Is the unique MFOD°S. Vfodc(Lm,nf) =o(uy) +

plil

(0(V344i) + 0(Vg44:)).

Subcase6. If n=2(mod4);n=+2, then D; = {uy, v} U
{v2+4irv3+4i;i =0,.., EJ - 1}, D; = {uy,vp_1} U {V3+4i,174+4i'i =
0. |5 =1} and Ds = {uy, v} U {vssa Vasarsi = 0, .., |5 = 1} and
D, ={u,,v3} U {v4+4i,v5+4i,i =0,.., EJ — 1} are dominating sets and
FODECS. Since order of all sets above is equal to [n—_l] So, itis MFOD*‘S

3

and Vyoae (bmn ) = 0(y) + min {a(vn) F R (O (vpas) +

0(V3441)),0(y) + Zl J (0(V344i) + 0(V444i)),0(Wp_q) +

l J‘ (0(V3440) + a(v4+4l))}

Subcase7. If n=3(mod4), then D = {u,,v,}U {v3+4i,v4+4i,i =
0,.., H - 1} is the unique MFOD°®S. Vfodc(Lm,nf) =o(uy) +a(v,) +

ylil-

) (0(V344i) + 0(Vayai)). O

Theorem 3.2.13 Let Gf be strong fuzzy graph has only three vertices are

adjacent to n — 2 vertices; n is number of vertices of G. If n is odd
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Then

(¢

b) -

-

a) «

Yfodc (Gf) =

if ({vy,v,,v3}) = K;,then Y )
( if uisnot adjacent to all vertices in {v,, v,, v3},then
a) { o(u) + min{o(v;); i = 1,2,3},if uisisolated }
1\ vertex or adjacent to odd number of vertices
( min{a(uk) +o(v;) + a(vj)}; k=1,..,n—4and
{ [,j =1,2,3;i #j,if uis adjacent to even number of}
az) : .
vertices and adjacent to vertex u;, and
uy is adjacent to odd number of vertices
( min{a(uk) +o(v;) + O'(Uj) + a(u)}; )
k=1,.. n—4and
az) \i,j = 1,2,3,if uis adjacent to even number of
vertices and adjacent to u;, and

~"

(

\

\ \ U is adjacent to even number of vertices ) )
( if uy € N(vy) = N(v,) and u, & N(vs3),then )
b) {J(ul) + min{o(v,),0(v,)},if u, is adjacent to}

1

odd number of vertices
b,) {a(uz) + (v3),if u, is adjacent to odd}
2 number of vertices
) { min{o(u,) + o(v3),0(wy) + a(v1),0(uy) + o (v;)}, }
37\if uy and u, is adjacent to odd number of vertices

> 0(v),if u; and u, is adjacent to even number}
J

2
\ +) of vertices J

if uy € N(vy),u, € N(vy) and u; € N(v3),then )
if {u;i = 1,2,3} are adjacent to even number of vertices, then
o(u) +o(w);i,j =123andi # j,
c1) {if N(u;) U N(uj) = V(G) and u; and u; are
adjacent

3
Z o(v;), otherwise}
J

i=1

~"

C2)

\{if ({vi,vy,v3}) = P;,theno(v,) + o(v3); v, and v; are not adjacent }J

If n is even, then
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VfodC(Gf)

( {o(v);if visadjacent ton — 1 vertices}
(((( ( min {o(u,) + o(v;);i =123 Y )))
and k =1,..,n—5},if u, € N(u)
and adjacent to even number of vertices
o) + min{o(v)) + (v;);i,j = 1,2,3 and i # j}
if Vu, € N(u)is adjacent to
odd number of vertices
\ if uis adjacent to odd number of vertices J
) 1 ((min{o(u,) +c(v));k=1,..,n—=5andi=1,2,3},)) ( ,

if u, € N(u) and adjacent to
even number of vertices
o(v;))+o(u,);i=123andk =1, ...
,M—>5 }
if Vu, € N(u)is adjacent to
) < odd number of vertices
= L\ if uis adjacent to even number of vertices JJ
\ if u¢ N(v;) UN(v,) UN(v3) J
(( o(uy) + (v3),if uy is adjacent to 1)
{ even number of vertices }
o(u,) + min{o(v,),o(v,)},if u, is adjacent to
{ even number of vertices } >
2

A
-~

A

o(u) + min{

o(uy) + z o(vy),if uy and u, are adjacent to
\ l 1even number of vertices J
\ if uy ¢ N(vy) = N(v,) and u, &€ N(v3) J
{ min {o(v;) + o(v;);i,j = 1,2,3 and i # j} }
if uy € N(vy),u; € N(vz) and uz € N(vs)
\ if ({v1,v2,v3}) = K3
min{o(v,) + a(v;),0(v;) + o (v3)}
if ({vy,v,,v3}) = Ps; vy and v
L are not adjacent

Such that v,,v,, v are vertices has property above and u is independent

vertex to vy, v,, V5.
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Proof.

Let G has three vertices say {v,, v,, v3} are adjacent to n — 2 vertices; n
Is number of vertices of fuzzy graph. If one of them vertices independent to
others, then this vertex adjacent to only n — 3 vertices but that contradiction,
so every vertex of {v,, v,, v3} is adjacent to at least one vertex of them. By
the same hypothesis in theorem 2.2.24 so ({v,,v,,v3}) = K5 or P; . Then
there are two cases depending on whether the number of vertices n of Gas

follows.
Casel. If n is odd, then there are two subcases.
Subcasel. If ({v,,v,,v3}) = K3, then we distinguish three cases as follows.

1) If these three vertices are not adjacent to the same vertex (say u) note that
this vertex is unique because hypothesis above. Then we obtained two

subcases as follows.

I. If wis isolated vertex or adjacent to odd number of vertices, then D =
{u,v;} ;i =1,2,3 are MFOD®S, SO Yfoq.(G) = min{o(u) + o(v;)};i =
1,2,3.

Il. If uis adjacent to even number of vertices, then there are two cases as

follows.

A. lftheset M = {uy; k = 1, ...,n — 4} is a set of vertices that adjacent to u

and adjacent to odd number of vertices. Then D = {w,v;v;};j#
iandi,j =123 are MFODS, SO V;oq.(G) = min{o(u,) + o(v;) +
ocW)}hk=1,...,n—5andi,j =1.23;i# .

B. If all vertices that adjacent to u are adjacent to even number of vertices

say H = {uy; k =1, ...,n — 5}, then D = {u, uy, v;, v;}. Then the set D is
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MFODSS, S0 ¥poac(G) = minfo(u) + o(v) + a(v)) + o)} k =

1,..,.n—=5and i,j =1,2,3;i #].

2) If two vertices say v,, and v, are not adjacent to the same vertex say u,
(that means N(v;) = N(v,)) and the vertex v is not adjacent to the vertex

u,, where u, and u, are different, then there are four cases as follows.

A) If the vertex u, is adjacent to odd number of vertices and the vertex u, is
adjacent to even number of vertices, then the set D, = {u,, v} and D, =

{u;,v;} are MFOD®S, SO ¥foqc(G) = min{o(u,) +o(vy),0(uy) +
o(v,)}

B) If the vertex u, is adjacent to even number of vertices and the vertex u,

is adjacent to odd number of vertices, then the set D = {u,, v3} is MOD*S,

SO ¥Yfoac(G) = a(uy) + a(v3).

C) If the vertices u, and u, are adjacent to odd number of vertices, then
Dl = {ul, Ul}, DZ = {ul, 172} and D3 = {uz, 173} are MFODCS, SO

Vfodc(G) = min{o(uy) + 0(v3),0(wy) + o(vy),0(uy) + o(vy)}.

D) If the vertices u; and u, are adjacent to even number of vertices, then

D = {vy,v,,v3}is MFODS. SO, Y04.(G) = X7 a(v;).

3) If The vertex v, is not adjacent to the vertex say u, and the vertex v, is
not adjacent to the vertex say u, and the vertex v; is not adjacent to the
vertex say u; where the verticesu,, u,, and us are different, then there are

cases as follows.

A. If at least one vertex from the set H = {u,, u,,u3} is adjacent to odd
number of vertices or all vertices in H is adjacent to odd number of vertices,
then D = {u;,v;} is MFOD®S such that i =123, SO Vfoqc(G) =
min{o(uw;) + o(v;);i = 1,2,3}.
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B. If all vertices in the set H have even degree, then there are two cases as

follows.

B;. If there are two vertices of the set H are adjacent say {ui, uj}; i,j =123
and i # j. If N(u;) UN(u;) = V(G), then the set D = {u;,u;} is MFOD*®S,
SO ¥foac(G) = min{o(u) + o(w;);i,j = 1,2,3 andi # j}

B;. If there are no two vertices of the set H are adjacent, then the set D =

{v1, 05,03} IS MFOD®S, S0 Yf04.(G) = Xi_, 0(v;).

Subcase2. If ({v,,v,,v3}) = P53, then the vertices v, and v; are not
adjacent. Then the set D = {v;,v3} is MFOD®S. S0, Yfpqc(G) = a(vy) +

o(v3).

Case 2. If n is even, then if G has at least one vertex v is adjacent to n — 1,

then D = {v} and y5,4.(G) = a(v). Otherwise, there are two subcases:

Subcasel. If ({v;,v,,v3}) = K3, then we distinguish three cases as follows.

1) If these three vertices are not adjacent to the same vertex (say u) then there

are two cases as follows.
1) If u has odd, then there are two cases as follows.

A If uy, e N(u);k =1,..,n—75 are adjacent to even degree, then D =
{up,vibk=1,.,n—5andi =123 is MFODS. Then y;pq.(G) =
min {o(u,) + o(v;),i = 1,2,3}.

B. If all vertices in N(u) are adjacent to odd number of vertices, then D =
{wv,v;};i,j =123 and i # j is the MFOD®S, s0 y0qc(G) = o(u) +

min{a(vi) + (vj); i,j=123andi # j}.

I1) If u has even degree, then there are three cases as follows.
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A.Ifu, € N(u); k = 1,...,n — 5such that u, is adjacent to even number of

vertices, then D = {u,,v;};k=1,..,n—5and i = 1,2,3 are MFOD*®S, s0
Yfoac(G) = min{o(uy) + o(v;);k =1,..,n—5and i = 1,2,3}.

B. If all vertices belong to the set N(u) are adjacent to odd number of
vertices, then let D = {u,uy,v;}, where u,€Nu);k=1,..,n—
5and i = 1,2,3. Itis obvious the set D is MFODS, SO Y¢oq.(G) = o(u) +
min{o(v;) + o(uy);i =1,2,3and k =1,..,n — 5}.

2) If two vertices say v,, and v, are not adjacent to the same vertex say u,
and the vertex v is not adjacent to the vertex u,, where u; and u, are

different, then there are two cases as follows.

A. If the vertex u, is adjacent to even number of vertices, then the set D =
{uy,v3} iIsa MFOD®S, SO ¥£04c(G) = a(uy) + a(v3).

B. If the vertex u, has even degree, then the set D = {u,, v;};i = 1,2 are a
MFOD*S, S0 ¥f04c(G) = 0 (uz) + min{o(vy),0(v,)}.

C. If the vertex u; and u, are adjacent to odd number of vertices, then the
set D = {uy,vy,v,} is unique MFODCS, SO ¥f0q.(G) = 0(uy) + o(vy) +
o(v,).

3) If The vertex v, is not adjacent to the vertex say u, and the vertex v, is
not adjacent to the vertex say u, and the vertex v; is not adjacent to the
vertex say u; where the vertices u,, u,, and u; are different, then the set
D={v,v}i,j=123andi#j are MFOD®S, SO ¥oq.(G) =

min {o(v;) + a(vj); ,j=123andi # j}.

Subcase2. If ({v,,v,,v3}) = P3, by hypothesis v, are v; pendent vertices
of P;. Then D; = {vy,v,} and Dy = {v,,v3} are MFODCS. S0, ¥foqc(G) =

min{oc(v,) + a(v,),a(v,) + o(v3)}.
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From all cases above, the result is obtained. O

Corollary 3.2.14 If G is strong fuzzy graph has three vertices are adjacent
to n — 2 vertices; n is number of vertices of G, then Vv € V(G),0.4 <
nydC(G) < 3.6.

Proof.

Let G, be strong fuzzy graph has n number of vertices and three vertices

adjacent to n — 2 vertices. Let D be MFOD*®S, then by the same hypothesis

in theorem 2.2.24, there are four cases as follows.
Casel. If [D| = 1, then 0.1 < y5,4.(Gf) < 0.9.
Case2. If [D| = 2, then 0.2 < y5,4.(Gf) < 0.18.
Case2. If [D| = 3, then 0.3 < y5,4.(Gf) < 2.7.
Case2. If [D| = 4, then 0.4 < y5,4.(Gf) < 3.6.

It is possible to be all vertices of D have weight 0.1, then this is minimum of
domination. And if all vertices of D have weight 0.9, then that is maximum.

Then all cases above is achieved. O

Corollary 3.2.14 If G is strong fuzzy graph and Gy is crisp strong fuzzy
graph has n vertices such that D is 0DS of G¢ and Dy is MFOD®S of G;

Vo(v)) EDfi=1,..,kand k<n; o(v;) =) =--=0(v). Then
yfodc(Gf) = G(v)yodc(G)-
Proof.

Let Gy be strong fuzzy graph and G is crisp strong fuzzy graph has n

vertices and |D| = y,4.(Gf). Since every vertex in D has the same weight,

then yfodc(Gf) =o()|D| = 0(V)Yoac(G). O
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Corollary 3.2.15 For any strong fuzzy tree graph T that has n vertices and

k = 3 such that k is the number of pendent and s is the number of support

vertices in T, then the FOD¢ domination number of complement of strong

fuzzy tree graph
Yroac(Tr)
(( o) + min{o(v;) + o(v;);i,j = 1, ...,k andi # j} \
if uis unique support vertex and v;, v; areadjacent to u in Ty

minfo(v;) + o(v;);i,j =1, ...,k and i # j}
if v;,vj are adjacent to dif ferent support vertices

in Ty
\ if nis even J
=< {a(u) + min{o(v;);i = 1, ...,k}} \
if uisunique support vertex
min{fo(v;) +o(w;);i=1,...kandj=1,..;| < k}
{{ Vi is a pendant vertex that adjacent to w; in the graph Ty ¢ &
and wj is support vertex
{min {a(vi) + a(vj) +o(,);i,j,r=1,...,kand i #j # r}}
AN if nisodd J

such that H = {v,, v,, ..., U; } IS the set of pendent vertices.
Proof.

Suppose that H = {v,, v,, ..., v} IS the set of pendent vertices and M =
{uy,u,, ..., ug} is set of support vertices. It is clear that Yv; € H is adjacent

to n — 2 vertices. If k < 3, then T is strong fuzzy path and proof this case

by proposition 3.2.6. If k > 3, we obtained two cases as follows.

Casel. If nis even, since Yv; € H is adjacent to even number of vertices for

i =1,..,k, then there are two cases:

I) If all pendant adjacent to one support vertex say u that mean Tr is

isomorphic to strong fuzzy star graph, then D = {v;, v;,u} such that i,j =
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1,..k and i #j are MFOD‘S. So, yfodc(’ff) = o(u) + min{o(v;) +

a(vj); i,j=1,...,kandi ¢j}.

I) If the pendant vertices are adjacent to more than one support vertex, then

the set D = {v;,v;} where i,j = 1, ..., k and the vertices v;, v; are adjacent
to different two support vertices are MFOD®S. Thus, Vroac(T;) =

min{a(vi) + a(vj); ,j=1,..,kandi # j}.
Case2. If n is odd, then there are two cases:

I) If all pendant adjacent to one support vertex say u that mean Ty is
isomorphic to strong fuzzy star graph, then D = {v;,u} suchthati =1, ..., k

are MFOD*S. So, yfodc(’l_"f) =o(u) + min{oc(v;);i =1, ..., k}.

I) If the pendant vertices are adjacent to more than one support vertex, then

there are two cases:

A) If there is a set of support vertex {w;; j = 1, ...,L and | < k} such that w;
is adjacent to odd number of vertices in Tf, then D = {v;, w;}, where v; is a
pendant vertex that adjacent to w; in the graph T; are MFOD*S of T. Thus,
Yoac(Ty) = minfo(w) + o(w;);i=1,..,kand j =1, ..l < k}.

B) If all support vertices are adjacent to even number of vertices, then the set
D = {v;,v;,v.} where i,j,r=1,..,k and i # j # r are MFODS in the
strong fuzzy graph Tr. Thus, vsoac(T;) = min{o(vy) +a(v;) +
o(w.);i,j,r=1,...,kand i #j #+ r}.

Then, we get the result. O

Proposition 3.2.15 Let G be any strong fuzzy graph has n vertices, then
Yroac(Gr) = o(v); v € V(Gy) if and only if n is even and 3v is adjacent to

n — 1 vertices.
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Proof.

If Vioac(Gr) = o(v); v € V(Gy), then D = {v} is MFOD*S such that v
dominates all other vertices in V(G¢), then by definition of MFOD®S v is

dominate to odd number of vertices in V — D , that means is adjacent to n —

1 vertices, so n IS even.

Conversely, let n be even and there exit a vertex say v is adjacentton — 1

vertices, then D = {v} is MFOD*S. SO, ¥fo4.(Gs) = a(v). O

Proposition 3.2.16 Let G¢ be any strong fuzzy graph has n vertices, then
Yroac(Gr) = a(v); v € V(Gy) if and only if n is even and v is isolated vertex

in Gy.
Proof.

Let ¥foac(Gr) = a(v); v € V(Gy), then v is adjacent to n — 1 vertices in
Gs , that means v is isolated vertex in G, and since D = {v} is MFOD°S,

then n Is even.

Conversely, if n is even and G; has at least one isolated vertex, then this
isolated vertex is adjacent to n — 1 vertices in G_f this means v is adjacent

to odd number of vertices in G;. Hence, D = {v} and y;o4.(Gf) = o (v).

Then we get the result. m
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Chapter Four

Fuzzy Total Odd Neighbor in D¢ and Hn-Domination in
Graphs

4.1 Introduction

In this chapter, the concepts of fuzzy domination is studied in the so-called
fuzzy total odd neighbor of D¢ dominating set and fuzzy hn-dominating set

in the fuzzy graph, and many of its properties and examples.
4.2 FTODCS — In Fuzzy Graphs

In this section, we review the results of the concept fuzzy total odd

neighbor of D¢ dominating set.
Definition 4.2.1

Let Gr = (o, p) be a fuzzy graph. A subset D FODS of G is fuzzy
total odd neighbor of D¢ dominating set if for every vertex x,y € Df, x

is dominate to odd number of vertices in D¢ by effective edge.

Definition 4.2.2

A fuzzy total odd neighbor of D¢ dominating set D of G = (g, p) is

called a minimal fuzzy total odd neighbor of D¢ dominating set if there is

no subset of D isa FTODE®S of Gy

Definition 4.2.3
A fuzzy total odd neighbor of D¢ dominating set of a fuzzy graph G; =

(o, p) with minimum number of vertices is called a minimum fuzzy total

odd neighbor of D°dominating set (MFOD*S) of G¢.
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Definition 4.2.4
A fuzzy total odd neighbor of D¢ domination number of a fuzzy
graph G¢ = (o, p) is the minimum sum of membership values of the vertices

for all minimum fuzzy total odd neighbor of D¢ dominating sets and denoted

BY Yrtoac(Gs) OF SIMPIY Yrtoqdc-

Figure 4.1. MFTOD*S of a fuzzy graph G,
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Proposition 4.2.5 Consider Pnf be a strong fuzzy path graph with n

vertices; n > 2, S0 Vrtode (pnf) _
( {o(w1) + a(vy),if n =2} )
50 (0aa) + 0ws1a0) if 1 = 0 (mod 4
( l J_ \
Jmin o(vy) + 2.5, l J{(U(V3+4L) + 0(V4rai))} ifn=1(mod 4) l
| o(vn-1) + 2.5, (0'(172+4L) + U(V3+41)) J
k andn # 1
[ (o +min{ D} 5 00 + 0000)|
min« o(v,_,) + min {a n 2)} an (0(U2+41) + 0(v3+4z)) '
A Y
0w+ min {74 S (000000 + 0005000)
\ ,if n=2(mod4)and n # 2 J
( ( l J (U(V1+41) + 0(1724_41)) 1)
) l J (U(Vz+4l) + U(V3+41))
< min { [ J > >
0(Vn-2) + (V1) + 2,5, (J(Vz+41) + 0'(773+4L))
\ o(v) +o(v3) + Zl J (U(V5+4z) + U(V6+41))
\ \ ,lfn_3(mod4) J J
Proof.

Let the set {v,, v,, ..., v, } be set of vertices of strong fuzzy path graph such

then v; and v,, are pendent vertices, then we obtained six cases as follows.

Casel. If n = 1, then Plf has no FTOD*S.

Case2. If n =2, then there is unique FTOD‘S as D = {v,,v,}, SO

Vreoac (P2y) = 0(vy) + 0(vs).
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Case3. If n =0 (mod 4), then D = {v2+4i,v3+4i,i =0, % — 1} is the

unique MFTODS because all other sets have order more than % So,
Vftodc( ) 24 0(0(V2+4L) + 0(V344i))-

Cased. If n=1(mod4), then D = {v2+4i,v3+4i,i =0,.., EJ — 1} U

{v,,_1} is the uniqgue MFTOD*S because all other sets have order more than

[31-1

g' S0, Yftodc (P”f) 0(Wn-1) + 2,5y (0(WVz4ai) + 0(V3140)).

Case5. If n =2 (mod 4), then D; = {v1+4i,v2+4i,i =0,.., EJ} D, =
{v1+4i, Votaipt =0, ..., EJ - 1} U {vp_2,Vn-1}, D; = {U2+4i» Vsgap b =

0,.., EJ - 1} U{v,_,,v,} and D, = {v2+4i,v3+4i,i =0,.., EJ — 1} U

{v,_1,v,_,} are MFTODCS because any vertex remove from any sets above,

this set become not FTOD®S. SO, ¥ftoac (Pnf) = min {ZH (0(V144i) +

i=0
0(V344i)),0(Wn_1) + 0(vy_3) + Zl J

[3-1

(0(V1440) +
0(V244i)),0(Wn_1) + 0 (vp) + 2,5, (0(Vo44i) + 0(V344i)),0(Vp—q) +

o0(Vp—3) + Zl J_ (0(Va44i) + U(V3+4z))}

Case6. If n =3 (mod 4), then D; = {v1+4l,v2+4l, = l J} D, =
{v2+4i,v3+4i,i =0,.., EJ} D; = {172+4u773+4u = l J - 1}

. n
{vn_z, Un_l} and D4 - {v5+4i, Ve+sairl = O, ey lZJ - 1} U {172, 173} are

MFTOD*S. SO’ yftodc (Pnf) = min{ l J (0(v1+41) +

0(V2441)) Zl J o(0(W214i) + 0(V3447)) ,0(Vn_q) + 0 (vy3) +
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ZEJO_l(U(VZHi) +0(V3449)), (V) + 0(v3) + ZEJO(G(VSHQ +

U(U6+4i))}-

Thus, we get the result. O
Observation 4.3.6 Consider Cnf be a strong fuzzy cycle graph with n
vertices; n = 2, SO ¥¢roac (Cnf) = Yfodc (Cnf).

Proposition 4.2.7 Consider an be a strong fuzzy complete graph with n
vertices; n > 2, 50 Vrtode (Kn ) —

{min{a(vi) +o(v)+ o)}, if niseven;i,jk=1,..,nand i # j # k}
min{a(vi) + J(vj)}, ifnisodd; ;i,j=1,..,nand i #j

Proof.

Let {v,, ..., v,,} be set of vertices of strong fuzzy complete graph, then we

obtained the following two cases as follows.

Casel. If n is even, then D = {v;, v;, v} such that v;, v;, vy € {vy, ..., v}
and i,j,k =1,..,nand i # j # k are MFTOD*S because if D, = {v;,v;},
then every vertex from D, is adjacent to n — 2 vertices and n — 2 is even,

but that contradiction and so D; is not FTODS. Then yfoac (Kn )=
min{a(vi) + a(vj) + a(vk)}.

Case2. If n is odd, then by the same away in case above we get D = {vl-, vj}

such that v;,v; € {vy,...,v,} and i,j =1,..,nand i # j are MFTOD"S.

Then ¥roac (an) = min{o(v;) + a(v;)}.
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Proposition 4.2.8 Consider an be a strong fuzzy wheel graph with n
vertices;n =4, SO Yftoac (an) =od(vy) + min{a(vi),a(vj); i,j =
2,.,nand i ¢j} such that v; is center vertex of W ¢ and v;,v; are

adjacent.
Proof.

Let {v,, v,, ..., v, } be set of vertices of W, f such that v, is center vertex.
Then D = {v;}u{v;,v;}, i,j = 1,..,n;i # j are FTOD®S such that v;, v;
are adjacent because if not adjacent, then v;, v; are adjacent to even number
of vertices of V — D. To proof D is MFTOD*S, let D has only two vertices.
There are three cases, one of them case, say D = {v,,v;} it is clear v; is
adjacent to two vertices from ¥V — D, then D is not FTOD®S. In case D =
{v;,v;} such that v;, v; are adjacent, then D is not FTOD®S because every
vertex in D is adjacent to even number of vertices and D is not DS. In
addition, if D = {v;, v;} such that v;, v; are not adjacent, then D is not total

dominating set. Thus, we get the result. m

Figure 4.2. MFTOD*S of wheel graph W.
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Proposition 4.2.9 Let Km,nf be a strong fuzzy complete bipartite graph with

n+m vertices, S0 Yftodc (Km,n f) =

( o(u)) +o(vy), ifn=1landm=1

Ia@q)+ﬂnhﬁaﬁq)o(m)jJ==1“"Jnandn1¢l},ifn:=1andniw
coddm # 1

Yfodc (Km,n f) ,otherwise
Proof.

By definition of K,,, , ,n < m,suppose that V (K, ,) = V;, UV}, such that
V., = {vy,v,, ..., v} has m vertices and V,, = {u,, u,, ..., u, } has n vertices.

The cases we obtained as follows.

Casel. If n =1 and m = 1, it is obvious D = {u,,v,} is MFTOD*S. So,

Yrtodc (Km,nf) = U(ul) + U(vl)-
Case2. If Ifn =1 and m is odd; m # 1, then D = {uy,v;};j = 1,...,m are

MFTOD®S, Veoac (K f) = o(w,) + min{o(v;)};j = 1,...,m.

Case3. Otherwise, by proposition 3.2.9 since every MFOD*S is no contains

isolated vertex in an induced subgraph, then it is MFTODS. So,

Yftodc (Km.nf) = Yrtodc (Km’nf)'

Figure 4.3. MFTOD*S of complete bipartite graph K4,3f.
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Theorem 4.2.10 For any strong fuzzy graph G with n vertices. If it has three

vertices v,,v,, v are adjacent to n — 2 vertices, then if n is odd, then

Vftodc(Gf) =

\

((

A

(( { min{a(v) + a(v;);i,j = 1,2,3} + } N
! min{o(uy) + o(u); k, 1l =1,..,n— 5} L
min
3 | min{o(v;);i = 1,2,3} + } ’
k min{o(u) + o(w); k,l=1,...,n =5} +o(u) J
\ if Vug,u; € N(u)are adjacent J
(( ( min{a(vi) + a(vj); i,j= 1,2,3} + Y\ [ y

L\ Yu,, u; € N(u) are not adjacent J )

\ if ({v1,v,,v3}) = P3f ),

min{v;;i = 1,2,3} + min{uy, u;; k,l =1, ...,mand k + [},
if ug N(vy);i=1,23and u,u; € N(u) are adjacent to
odd number of vertices J
o(u) + min{o(uy); u, € N(w)} + A
min{o(v;),0(v;);i,j = 1,2,3 and i # j}
if uis adjacent to even number of vertices

(( {mm{min{vi,vj; i,j =123andi#j}+min{ugk =1, ...,m},}\L

min{o(u,) + c(w); k,l =1,..,n—5}+ o(w),
<<min< { o(vy) +o(vy) + } >>>
k oo

. o(ug) +o(w);
o(v3) + min {k,l —1..n—5

if uis adjacent to odd number of vertices JJ
if ué¢ N(v;) and Yuy, u; € N(u) are adjacent to even
number of vertices
o(wy) +oa(vy) +a(vsy),if uy € N(v,) UN(vy) and
{uz & N(v;)orifu, € N(vy), u, € N(v,) and u, ¢ N(vg)}
if ({v1,v5,v3}) = K3f

o(vy) + o(v;) + min{fo(u,); k =1,...,m}, )
o(vy) + min{o(uy); k =1, ...,m} + min {k :(;Vk); m}

min

~"

o(wy) +o(w));k,l=1,...,mand
Wy, W are adjacent; k + 1 }

such that u, € N(v;);i = 1,2 and wy, w; € N(v3) and

Uy, Wi, Wy are adjacent to odd number of vertices

,o(v,) + min{
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If nis odd, then yeoqc(Gy) =

(( ({min{a(uk); k=1,..,mand m <n—5}+min{o(v;);i = 1,2,3}}\
if u, € N(u) are adjacent to odd number of vertices

r{min{a(vi) + J(vj); [ # j} + min {lf’,;,(lui)l_l,_i(?ri)c;l}}\
4 If ug,u; are not adjacent
{ (o) +min{fo(w) +0(v;);i,j =123,i#j}+) ¢
min{o(u,) +o(u); k,l=1,..,m}
< if ug,u; are adjacent

\ \ ifu,uy, ENw;kl=1.. mandm<n-5 ) ),
If uis adjacent to odd number of vertices
( ( min{fo(vy);i =123} +min{fo(u,);k=1,..,m} )
{uk € N(u) is adjacent to even number of vertices}
o(w)min{c(v;);i =1,2,3,} + min{fo(uy);k=1,...m}N;
{Vuk € N(u) are adjacent to odd number of vertices}
\ if uis adjacent to even number of vertices J
\ ifuég N(;);i =123
({o(v3) + a(uy),if u, is adjacent to even number of vertices})
{ min{o(vy),0(v2)} + o(uz) }
if u, is adjacent to even number of vertices
{ min{o(u,),o(u,)} + a(vy) + o(vy) + a(vs). }

u, and u, are adjacent to odd number of vertices
\o(v;) +o(vy) +0(v3),if uy € N(v;) UN(vy) and u, & N(v3) )
{min{a(vl) +0(,),0(v,) +a(v3),0(v;) + 0(173)}}

u, € N(vy),u, € N(v,) and us € N(v3)

\ if ({v1,v2,v3}) = K3f
min{o(v,) + o(v;),0(v;) + a(v3)}
{ if ({v1,v5,v3}) = P3f }

-
-

Proof.

Let Gy has three vertices say {v,, v, v3} are adjacent to n — 2 vertices.

By the same away in proof of theorem 3.2.12 then ({v,, v,, v3}) = K5 or P,

. Then we distinguish two cases as follows.

Casel. If n is odd, then there are two subcases.
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Subcasel. If ({v,,v,,v3}) = K3, then we distinguish three cases as follows.

1) If these three vertices are not adjacent to the same vertex (say u) and u

has even or odd degree then there are two cases as follows.

ILIfH = {uy; k =1,..,m};m < n — 5isset of vertices that adjacent to odd
number of vertices. Then D; = {u, v;, v;} such that i,j = 1,2,3;i # j and
D, = {uy,u;, v;} such that u,, u; are adjacent and k,l =1, ..., m; k # | are
MFTOD®S, SO  ¥fioac(Gr) = min{min{v;, v;;i,j = 1,2,3 and i # j} +
min{u,; k = 1, ...,m}, min{v;; i = 1,2,3} + min{u,, u;; k, 1 =

1,....,mand k # l},}.

I1. If all vertices belong to the set N(u) are adjacent to even number of

vertices, then there are two cases as follows.

A) If u is adjacent to even number of vertices, then D = {u, u,, v;, v,} and
u, € N(u) are MFTOD*®S, so yftodC(Gf) = min{o(u,); ur € N(w)} +

min{o(v;),0(v;);i,j = 1,23 and i # j} + o(u).

B) If u is adjacent to odd number of vertices, then if Yu,,u; € N(u) are
adjacent; k,l=1,...n—5k=1l then Dy ={w,w,v,v}ij=
1,23andi#j and D, = {u,,u;,v;,u};i =1,23 are MFTODCS, so
Yrtoac(Gr) = min{min{o(v)) + o (v;); i,j = 1,2,3} + min{o(u) +
o(w); k,l =1,..,n—5}, min{o(v;);i = 1,2,3} + min{o(uy) +
o)k l=1,..,n-5+o)}

In case Vuy,u, are not adjacent, then D; = {u, uy,u;, v;,v;} and D, =
{ug,u;, vy, v,v3} are MFTODCS. So, yftodC(Gf) = min{min{o(v;) +
a(vj); i,j = 1,2,3} + min{o(uy) + o(u); k,l=1,...,n—5} +

o(u),o(v,) + o(vy) + a(v3) + minf{o(w) + o(w); k,l =1,..,n — 5}}.
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2) If two vertices say v,, and v, are not adjacent to the same vertex say u,

and the vertex v; is not adjacent to the vertex u,, where u; and u, are
different, then D = {vy,v,,v3} is MFTOD®S. SO, ¥f0ac(Gr) = o(vy) +

o(v,) + o(v3).

3) If The vertex v, is not adjacent to the vertex say u, and the vertex v, is
not adjacent to the vertex say u, and the vertex v is not adjacent to the
vertex say u; where the vertices u,,u,,and u; are different, then D =

{v1, 5,03} is MFTODCS. SO, ¥ftoac(Gr) = 0(v1) + 0 (v,) + 0(v3).

Subcase2. If ({vy,vy,v3}) = Ps ., then the vertices v, and v; are not

adjacent and u is a vertex that not adjacent to v,.If {uy, k =1,..,m;m <
n—5} € N(v;);i = 1,2 is set of vertices that adjacent to odd number of
vertices and {wy,k =1,..,m;m <n—5} € N(v;) is the set of vertices
that adjacent to odd number of vertices, then D; = {v{,uy,v3}, D, =
(v, up, wi} and D3 = {vy, wy,w;} are MFTODCS. SO, Yioac(Gr) =
min{o(v;) + o(v3) + min{o(u,); k = 1,...,m},a(v,) +

min{o(u,);k = 1,...,m} + min{o(w,); k = 1, ..., m},c(v,) +

min{o(wy) + a(w)); k,l = 1, ..., mand wy, w; are adjacent; k + 1}}.
Case 2. If n is even, then there are two subcases as follows.

Subcasel. If ({vy,v,,v3}) = K3f, then we distinguish three cases as

follows.

1) If these three vertices are not adjacent to the same vertex (say u) then there

are two cases as follows.

I) If wis adjacent to odd number of vertices, then two cases are discussed

below.
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A If {u;k=1,..,mandm <n-—5}< N(u)is set of vertices that
adjacent to even number of vertices, then D = {u,, v;} are MFTOD*S. So,
yftodc(Gf) =min{o(u);k=1,...,mand m <n—5} + min{oc(v;);i =

1,2,3}.

B) If all vertices in N(u) are adjacent to odd number of vertices, then two

cases are discussed below.

By Ifup,u; € N(w); k, Ll =1,...,mand m < n — 5 are not adjacent, then
D = {uy,u, v;,vj}; k # Land ij are the MFTOD®S. Thus, Yreoac(Gr) =
min{a(vi) + a(vj); [ # j} + min{o(u,) + o(u); k,l=1,...,mand m <
n — 5}

B,. If all vertices in N(u) are adjacent, then D = {u,uy, u;, v;,v;};i #
jand k #1 are MFTODCS, Thus, ¥srac(Gr) = a(w) + min{o(v;) +
a(vj); i,j=123,i # j} + min{o(u,) + o(uy); k,l=1,...,mand m <
n — 5}

I1) If u is adjacent to even number of vertices, then three cases are discussed

below.

A If {u,;k=1,..,mand m <n—5} S N(u) is the set of vertices that
adjacent to even number of vertices, then D = {u,,v;}; k=1,....,mand i =
1,23 are MFTODS. Thus, ¥feac(Gr) = min{o(v;);i =123} +

min{o(u,);k =1,..,m}.

B. If all vertices belong to the set N(u) are adjacent to odd number of
vertices, then D = {u,uy, v;}, where wu;, € N(u) are MFTODS. Thus,

yftodc(Gf) =o(u) + min{o(v;);i = 1,2,3,} + min{o(uy);k =1,...,m}.
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2) If two vertices say v,, and v, are not adjacent to the same vertex say u,
and the vertex v; is not adjacent to the vertex u,, where u; and u, are

different, then there are two cases as follows.

A. If the vertex u, is adjacent to even number of vertices, then the set D =

{u,,v3} are MFTOD*S. Thus, yftodC(Gf) = og(v3) + a(uy).

B. If the vertex u, is adjacent to even number of vertices, then the set D; =
{uy,v;}3 and D, ={uy,v,} are MFTOD®S. Thus, Vspac(Gr) =

min{o(v,),0(v,)} + a(u,).

C. If the vertex u, and u, are adjacent to odd number of vertices, then the

set D; = {u,,vq,v,,v3} and D, = {u,,v,,v,,v3} are MFTOD®S. Thus,

Vftodc(Gf) = min{o(uy),o0(uz)} + o(vy) + o(vy) + a(vs).

3) If v, is not adjacent to a vertex say u, and a vertex v, is not adjacent to a
vertex say u, and the vertex v is not adjacent to the vertex say u; where the
verticesu,, u,, and u; are different, then the set D, = {v,,v,},D, =
{v3,v3} and D;={v, v} are MFTOD®S. Thus, Vspac(Gr) =

min{o(v1) + 0(vz),0(v1) + 0(v3),0(v;) + a(v3)}.

Subcase2. If ({vy,v,,v3}) = P3, by hypothesis v, are v; pendent vertices
of P;. Then D, ={v,,v,} and D, = {v,,v3} are MFTOD®S. Thus,

Vftodc(Gf) = min{o(v,) + 0(v;),0(v;) + o(v3)}
From all cases above, the result is obtained. O

Remark 4.2.11 Let G be strong fuzzy graph G, and n number of vertices of
Gr, 0.2 < ¥froac(G) < n(0.9).

Proposition 4.2.12 Let G be strong fuzzy graph has three vertices are
adjacent to n — 2 vertices; n is number of vertices of G, then Vv €

V(G), 05 < Vftodc(G) < 4.5.
112



Chapter Four

Proof.

Let G be strong fuzzy graph has n number of vertices and three vertices
adjacent to n — 2 vertices. Let D be MFTOD*S, then by the same hypothesis

in theorem 2.2.24, there are four cases as follows.

Casel. If [D| = 2,then 0.2 < Y5454 (Gf) < 1.8.
Case2. If [D| = 3, then 0.3 < Y5404 (G) < 2.7.
Case3. If [D| = 2, then 0.4 < yf454.(G) < 3.6.
Cased. If [D| = 1, then 0.1 < y5454.(G) < 0.9.

Then we get the result. O

Figure 4.4. Application of proposition 4.2.12.

In Fig. 4.4, |D| = 2, then ys,04c(G5) = 2 X (0.6) = 1.2. Then the above

proposition is confirmed.
4.3 Fuzzy Hn-Domination in Fuzzy Graph
Definition 4.3.1

Let G; = (o,p) be a fuzzy graph of a graph (V,E) , if there is a set
D cVand Vv €V — D there is a vertex u such that u is adjacent to v by

effective edge (u dominates v) and for all wvy,v,eV —
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D there are two adjacent u,, u,eD such that v,, v,are adjacent to u,, u,

respectively. Then D is called a fuzzy hn- dominating set on G.
Definition 4.3.2

A fuzzy dominating set D in a fuzzy graph G = (o,p) is called

minimum fuzzy hn-dominating if the number of vertices of all fuzzy hn-

dominating set greater than or equal the number of vertices in D.
Definition 4.3.3

Consider W(D;) = {3 0(v); Yv € D;; D; is a minimum fuzzy hn —
dominating set}, then the fuzzy hn-domination number of a fuzzy graph is

Yrnn(G) = min {W(Dy); D; is a minimum hn — dominating set}.
Remark 4.3.4
Every isolated vertex belongs to every fuzzy hn-dominating set.

Proposition 4.3.5 If G is a strong fuzzy Path graph has n vertices, then

ZEJ: 0(V2i12) if mnisodd
Yfan (Pn ) = n_y .
min {Zi2=0 U(v2i+j)} J=121if nis even}
Proof.

There are two cases.

Casel. If n is odd, then there are exactly two minimal fuzzy hn-dominating

sets which are D; = {vzm,i =0,1,.., E] — 1} and D, = {v2i+2,i =

0,1,.., EJ — 1}, since if the other dominating set is taken say Ds, this

dominating must conclude at least two adjacent vertices and these vertices

dominated by other non-adjacent two vertices, so this dominating set is not

hn-dominating. It is clear that |D,| = E]and |D,| = EJ Then the minimum
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fuzzy  hn-dominating set is D, and so thn(Pnf)=

21
min {Zlijo 0 (V2i12) }
Case2. If n is even, then there are only two minimal fuzzy dominating sets,
D, = {v2i+1,i =01,..,2- 1} and D, = {vzm,i =01,..,2- 1}. It is
clear that it have the same order such that |D,| = |D,| =§, then the

minimum  fuzzy hn-dominating sets two sets, SO Ysun (Pn ) =
3 2_1 .
min {Z§=o o(vairj) ,j =12 } O

Proposition 4.3.6 If G be strong fuzzy cycle graph has n > 4 vertices, then

Yfhn (Cn ) =

( min{ 15;01 J(v2i+]-) ,Jj =12 }, If nis even

< min{zl@o—l (a(vj) + a(vj+2i+1)) Jj=1,2,..,n;(+ 2i + Dtaken mod n},
\ if nis odd

Proof.

There are two cases as follows.

Casel. If n is even, then there are only two minimal fuzzy hn-dominating

set as in case 2 of proposition 4.3.5 and so, yf,m(cn )=

min{ ?;01 0(v2i+j)} Jj = 1,2}

Case2. If n is odd, then to build the hn-dominating set D the following steps
are followed. If we take a vertex and leave a vertex then there will be two
adjacent vertices left, and then the set D will be dominating, but it is not hn-
dominating. To remedy this problem, we will take two adjacent vertices in

the set D and obtain the remained vertices in the set D, from leaving the
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vertex that adjacent to the two adjacent vertices and take the next vertex and

continue at the same procedure leave a vertex and take the next vertex. Thus,
D; = {vj,vj+2i+1, i=01,.., EJ -1 };j = 1,2, ..., n, such that the number
j+2i+1 istaken modulo n. It is clear that all sets D; are hn-dominating.

One can be concluded that each of these sets has the minimum number of

vertices since if we leave a vertex from any one of these sets, the conditions

of hn-dominating set do not satisfy in this set. Thus, vy, (Cn )=
Bl-1
min{zllzzjo (0(vj) + 0(Vjs2is1))j = 1.2, e,  + 20 +

1) taken mod n} m

Proposition 4.3.7 If G is a strong fuzzy complete graph has n vertices, then
_ o(v), ifn=1 }

Vihn (K" ) N {min{a(vi),i =1,..,n}, if n=2)

Proof.

If n = 1, then the result is obvious. If n > 2 ,then it is clear that Ky - has
n minimal fuzzy hn-dominating set which are D; = {v;};i =1, ...,n and it

have order equal to one, SO y¢py, (an) =min{o(v;)}; i =1,..,n} m

Proposition 4.3.8 If G is a strong fuzzy wheel graph has n vertices and let
2] be vertex of K, then Yfhn (Wn ) =

1 .)’:1,..., ,' :4 1
{mm{a(vz) L n}, if n , where v, isthe vertex of K.

a(vy) , if n>5

Proof.

There are two cases as follows.
Case 1. If n =4, then Wyp =Kypo SO according to proposition 4.3.7
Yfhn (W4f) = min{o(v;),i =1, ...,4}.
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Case 2. If n > 4, then let D = {v,}, itis clear that the set D is hn-dominating
set and has the minimum number of vertices. Thus, y¢p, (an) = o(vy).

From two cases above, the proof is done. O

Proposition 4.3.9 If G is a fuzzy complete bipartite graph Kn,me n=m
contains two partite sets V; and V, suth that V; has n vertices {u,, u,, ..., u,}
and V, has m vertices {vy,v,,..,vy}, then yep, (Km,nf) =

( min{o(u,),c(v)}ifm=n=1 )
o(u),if n=1landm = 2
o(vy),if m=1andn =2

min{a(ul) + o(uy),0(vy) + a(vz),min{a(ui) + 0'(17]-); iI,j= 1,2} },

< ifm=n=2 (

min{min{a(ui) + a(vj);i =1,2;j=1, ...,n},a(ul) + J(uz)},
ifn=2andm =3

\min{o(u;)} + min{o(v;)}, if nm=3;i=1,..,nandj=1,..,mJ

Proof.
There are five cases as follows.

Casel. If m = n = 1, then there two hn-dominating set that are D; = {u,}
and D, = (v}, 50 ¥y (K11, ) = minfo(uy), o(v,)}.

Case2.Ifn = 1 and m = 2, then one can be concluded that the set D = {u,}
is hn-dominating set and has minimum number of vertices. Thus,
Yfhn (Km,lf) = o(uy), Moreover in same manner ysp, (Kl,nf) = o(v,)

when,m =1 andn > 2.

Case3. If m = n = 2, then it is clear that the set contains only one vertex
cannot be hn-dominating set. The hn-dominating set contains two vertices

are Dy ={uy,uy},, D, ={vy,v,}, D3 ={uy, v}, Dy = {uy,v,}, Ds =
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{u;,v;} and D¢ ={up,v,}. Thus, ¥y (Kz,zf) = min{a(ul) +
o(u,),o(vy) + a(vz),min{a(ui) + a(vj); I,j = 1,2} }

Case4. In the same manner in case 2 and case 3, it is clear that
Yfhn (Kz,mf) = min {min{a(ui) + a(vj);i =12;j=1, ...,n},a(ul) +
o(uy)}, where m >3 and ysp, (Kn,zf) = min {min{o(w;) + o(v;); i =
1,..,m;j = 1,2}, where > 3.

Caseb. If n,m > 3, then again, the hn-dominating set cannot contain only

one vertex. Let D;; = {u;,v; }; i =1,..,nandj = 1,...,m, all the sets D;;

are hn-dominating sets and have the minimum number of vertices. Thus,
Yihn (Kn,zf) = min{o(u;)} + min{o(v;)}.
From all cases above, the result is obtained. O

Corollary 4.3.10 If Snf Is a strong fuzzy star has n vertices such that Snf =
min{o(u;),c(v)}ifm=n=1
Kl,n—lf’ then yepn (Snf) = o(u),ifn=1land m = 2
o(vy),if m=1landn =2
Proof.
By the same way in proof above, min{o(u,),o(v,)}ifm =n = 1.
If n=1, then u,; is adjacent to all other vertices D = {u;}, then

Yfnn (Snf) = o(u,). The same way if m = 1, so we get the result. O

Remark 4.3.11 If G, and G, are disconnected fuzzy graphs which have fuzzy

hn-dominating set  y¢p, (G4 f) and  Yrnn (G2 f), respectively. Then
thn (Glf U GZf) = yfhn (Glf) + yfhn(GZf)'

Proof.
118



Chapter Four

Since the graph Glf V) sz Is disconnected fuzzy graph and has two
components, then every component has fuzzy hn-dominating set. So, ta

fuzzy hn-dominating set of Glf V) sz IS ¥fhn (Glf) + thn(sz)- O

Proposition 4.3.12 If G be a strong fuzzy path graph has n vertices, then

Yfhn (ﬁf) =

( i=10(v), if n=1.2

o(vy) + min{o(v;),i = 1,3}, if n =3,v, is isolated
< min{ l?:a(vzl.ﬂ)} = 1,2}, if n=4

L min {(J(vi) + J(vj);i =1,..n;j =3+ i}, ifn=5
Proof.

There are three cases as follows.

Casel. If n = 1,2, then ff is null, so by Remark 4.3.4 yy, (Kf) =

?=1 a(v;).

Case2. If n = 3, then ﬁf has two component one of them is an isolated

vertex v, and the other is P,, so by Remark 4.3.4 and Proposition 4.3.5,

Yfhn (Pnf) = o(v,) + min{o(v;)};i =1,3.

Case3. If n =4, since Kf = By then yepy (Elf) = Yfhn (Pn ) =

21
2

min{ 2 0(Vaiej)} J = 1,2}.
Cased. If n > 5, suppose that D = {v}, then v is adjacent to all other vertices
in P, and deg(v) = n — 1.But A(Ef) =n — 2, then D is not fuzzy hn-
dominating set. then |D| = 2
If |D| = 2, then D = {v;, v;}, so there are to cases as follows.
(i) Ifj<3+itheneitherj=1+iorj=2+iIfj=1+1, then
(D) is null, but there are at least two vertices is adjacent in V' — D

and dominating by different vertices in D, so D is not fuzzy hn-
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dominating set. Now, if j = 2+ i, then the vertex v;,; IS not
dominating by any vertex in D, so D is not fuzzy dominating set.
(i) Ifj =3+, then d(v;,v;) = 3, s0 v; is adjacent to v; in an and
all independent vertices with one of vertices in D is dominating by
the other vertex in D. Then D is fuzzy hn-dominating set. so
Vinn(Py) = min {(cw)+o(v);i=1,...,mj=3+i}. o

Proposition 4.3.13 If G be a strong fuzzy cycle graph has n vertices, then

Yfhn (C_nf) =
nLo(), if n=3
min{a(vi) + a(vj)}; v;and v are independent, if n=4
min{o(v;)) +o(v;)},i=1,..,n;j =3+, if n=5
Proof.

Let{v;,i = 1,...,n} be set of the vertices of which are incident clockwise

in C,,. There are to cases as follows.

Casel. If n =3, then C_3f is null and by remark 4.3.4, ysu, (C_3f) =

13=1 o(vy).
Case2. If n = 4, then there are only two hn-dominating set which are D, =

{v,,v,} and D, = {vs,v,}. Itis clear that (D;) and (D,) are null and |D;| =

ID;|. SO ¥shn (Cnf) =min {o(v;) + o(v;)} such that v; and v;are
independent.

Case3. If n = 5, By the same procedures in proof of Proposition 4.3.12 case
4, we get the result. m

Observation 4.3.14 If G is a fuzzy complete or null graph has n vertices,
then yepn (K_nf) = Yrmn(Np) = 2iz 0(vy).
Proof.

It is obvious by remark 4.3.4 O
120



Chapter Four

Proposition 4.3.15 If G be strong fuzzy wheel graph such that an =C, +

K;, then Yfhn (an) =o(v,) +
i=10(vy), if n=4

min{o(v;) + o(v;)}; v,and v; are idependent in Wy, if n=5
min{o(v)) +o(v;)},i=1,..,n;j =3 +1i, if n=>6

, such that v, is a vertex of Kj.
Proof.

The graph an has two components which are Ky, and C,,_, such that
an =K, UC,_;. Then by Remark 4.3.11 ypp, (W) = yenn(Ky) +

Yrnn(Cn—1) and by Remark 4.3.4 y;p,,, (K1) = a(v,) since v, is a vertex of

K; and by Proposition 4.3.13 we get the result. O

Proposition 4.3.16 If G is a strong fuzzy complete bipartite K, ,,, ; contains
two partite sets V; and V., such that V; has n vertices {u,, u,, ...,u,} and v,
has m vertices {vy,vy,...,Un}, then ygu, (mf) = min{o(v;),i =
1,..,m}+min{o(v;),i =1,..,n}h
Proof.

There are two components in mf such that every component is
complete. Then by Proposition 4.3.7 ygpy (mf) = min{o(v;),i =

1,..,m}+min{o(v;),i =1,..,n} O

Proposition 4.3.16 If S,, be strong fuzzy star graph, then ysp, (ﬂf) =

o(v,) + min {o(v;)} such that v, is a center of Snf and v; is a vertex that

independentin S,; i = 2, ..., n.
Proof.
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Since Snf has two component which are K, and K,,_, then by Proposition

4.3.7 and Remark 4.3.11, thus ¥, (5

nf) =o(v,) + min{o(v;)}. O

Proposition 4.3.17 If Cnf Is a strong fuzzy cycle graph and K; is a strong

fuzzy complete graph and CnfGKlf Is a corona of these graphs, then
yfhn (CnfGKlf)

( 3 )
min {(a(ui) +o(u) +o()it,j=123andi#j+ t)E a(u;) }
i=1
ifn=3
= min< ( I%J_l

n .
min Z 0(Vk+1425) + Z[Zl 1J(uk+2i) ,Zi=10(ui) Jif n>4

: i=0
j=0
\ k=1,..,n;(k+2imodn)and(k + 1+ 2j mod n) J

,such that u; eV (C,,) and v; is vertex of copies of Kj.

Proof.

To obtain the required two cases depend on the order of cycle as follows.
Casel. If n = 3, then four ways to choose the vertices of hn-dominating set.
Subcasel. If take one vertex from the cycle and two vertices from the copy
of K; which are not adjacent to this vertex to make a set D, then the other
two vertices in the cycle are adjacent and the vertices in the set D that
dominate these vertices are not adjacent. Thus, the set D is not hn-
dominating.

Subcase2. If the set D contains all vertices of copies of K;, then D is
dominating set but not hn-dominating set, since all vertices in V — D are
adjacent and the vertices in the set are independent.

Subcase3. If the set D contains two vertices from the cycle and one vertex

that not adjacent for them from vertices of copies of K;. In this case the set
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D is hn-dominating set and it is clear that it has minimum cardinality, since
all vertices in (V — D) are independent.

Subcase4. If the set D contains all vertices of the cycle, then it is clear that
D is hn-dominating set.

Case2. If n = 4, then two ways to choose the vertices of hn-dominating set.

Subcasel. let D= {uk+2i, i=01,.., E] —1 } U {vk+1+2j,j =

0,1,..., E] -1 }, k=1,..,n;(k+2imodn)and(k + 1+ 2j mod n). It

is clear that the set D is a dominating and the set (V — D) is independent and

it has minimum cardinality. Thus, the set D is a hn-dominating and

[3-1 31

thn(Cn®K1) = Zj=0 0(Vky1+42j) + Zi=0 0 (U2
Subcase2. let D = V(Cnf), again by using the same technique in the

case2(subcase 1), one can be obtained that yp, (Cn f(DKl) =Y o(w).

From all cases that mentioned above, the required is obtained. O

Proposition 4.3.18 If C, is a strong fuzzy cycle graph and mf is the

complement of the strong fuzzy complete graph and Cnme Is a corona of

these graphs, then y¢p,,, (CnfOEf) = Xie10(W), v €V(Cyp).
Proof.

Let V (Cnf) = {uy, Uy, ..., U, }, it is clear that the set D =

{uy,u,, ..., u, } is a minimal fuzzy hn-dominating set. Now, we must prove
that D is minimal fuzzy hn-dominating set that has less order among the other
minimal sets. To build fuzzy hn-dominating set if we take all vertices of

copies of mf, then this set is fuzzy dominating set but not fuzzy hn-

dominating set. Then every fuzzy hn-dominating set must contain vertices

from C, f Suppose that D, obtained by taking vertices from copies of K, f
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and vertices from Cnf by the same way in proof of Proposition 4.3.17, but if
taking vertices from copies of K,,, f (say v,), then we must take a vertex from
C, f (say u,) that adjacent to v, to dominate on the other vertices from copies
of mf which are adjacent to u;. Then |[D;| = n + EJ so |D| < |D4|. Then

D is the minimum fuzzy hn-dominating set, SO ¥guy, (CnOmf)=

io(w),v; € V(Cnf)- m

Figure 4.5. Fuzzy hn-domination of corona graph C,© K,

Proposition 4.3.19 If P, is a strong fuzzy path graph and K,, is a strong

fuzzy complete graph and P,OK; is a corona of these graphs, then

Vimn (PhOKon) = Sl i wieV (B)sm,m > 2,

Proof.

LetV(P,) = {uy,u,, ..., u,}, sincem = 2 itis obvious that D = V(B,) is
dominating set and has minimum cardinality of the graph Pnf(Dmf . Also,

the set D is hn-dominating set, since (D) is connected and (V — D) is

independent. Thus, ¥y, (Pnf(Dmf) =y u
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Proposition 4.3.20 If K,, is a strong fuzzy path graph and K, f is a strong

fuzzy complete graph and an(Dmf IS a corona of these graphs,
then, ¥snn (an(Dmf) =21 0(W), w; € V(Ky ).
Proof.

Since every vertex in V(an) Is adjacent to all other vertices, then if D is
the set of all vertices from copies of mf, so this set is fuzzy dominating set
but not fuzzy hn-dominating set. Also, if D is set of vertices from mf and
Ky ¢ is not fuzzy hn-dominating set. It is clear D = {u,, u,, ..., u, } is minimal

fuzzy hn-dominating set. So, y¢p, (an(Dmf) =YY", o).

Proposition 4.3.21 If N,, is a strong fuzzy null graph and K,, is a strong

fuzzy complete graph and an(Dmf iIs a corona of these graphs,
then, ¥¢nn (anOmf) =Y, o(w)y € V(an).
Proof.

Since every vertex in N, f is adjacent to all vertices of one of copies of
mf and Ny, . has no any edge, then anC)mf has m components which are
stars such that the center of every star in N, fG)m f is a vertex from N, f

Thus, by Corollary 4.3.10 and Remark 4.3.11 we get the result.

125



Conclusions
and
Future Work



Conclusions and Future work

CONCLUSIONS

In this dissertation, the focus is on the domination and fuzzy domination

of vertices in graphs and fuzzy graphs. The study comes out with the

following conclusions:

1.

We can still generate other concepts of domination, project them on
the blurry charts and compare them.

Odd neighbor D¢ domination and total odd neighbor D¢ domination
are available for all types of graphs.

For any graph G with order n and has at least three vertices of degree
n—2,then ¥,4.(G) < 4 and y;0q.(G) < 5.

A graph has even degree for all its vertices, then y,,.(G) = V¢oac(G).
For any fuzzy graph has fuzzy odd neighbor D¢ domination and fuzzy

total odd neighbor D¢ domination and fuzzy hn-domination.
In graph G and fuzzy graph G, ¥54c(G) < Ytoac(G) and ysoqc(Gr) <

yftodc(Gf)-
All parameters mentioned have been studied in detail so that all results

can be compared.
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Future work

We recommend having the following points for future work:

1- Studying fuzzy odd neighbor in D¢ domination, fuzzy total odd neighbor
in D€ domination and fuzzy hn-domination in fuzzy graph by strong arc.

2- Studying some new graphs with odd neighbor in D¢ domination and total
odd neighbor in D¢ domination.

3- Studying inverse odd neighbor in D¢ domination and inverse total odd
neighbor in D¢ domination.

4- Studying odd neighbor in D¢ domination, total odd neighbor in D¢
Domination and hn-dominatin in digraph.

5- Studying odd neighbor in D¢ domination, total odd neighbor in D¢

Domination and hn-dominatin on two operations in some graphs.
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