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Abstract

Many authors work on constrained approximation such as
monotonicity ,convexity and k -monotonicity ,but little work on
positive colinear approximation. The aim of this thesis is to introduced
types of positive and piecewise positive linear operators and study

their constrained approximation for f € L,[0,1], 0 <p < 1.

We introduce a Jackson type theorem for linearity preserving
approximation for linear and positive functions in L, spaces for

O0<p<l1.

Our results are in terms of the weighted modulus of smoothness of the
second order.
Bernstein polynomial is linear preserving approximation for functions in

Lpjo,1;- These results are strict .

For a function f € L,[0,1] ,0 <p <1, we can find a positive and linear

approximation if f is positive and linear.

Xl



Introduction

Introduction

For a function in L,[0,1] ,0 <p <1 space ,there exists an algebraic
polynomial as a best unconstrained approximation.

Sometimes we need that the approximation has the same geometric
properties of the target function such as linearity ,positivity,
monotonicity, convexity ,and k-monotonicity k > 2. This what we called
constrained approximation . The aim of our thesis is to study the degree
of positive and linear constrained. Approximation for functions in
Lp[0,1],space for 0 < p < 1. we mean by positive linear approximation
as if we given f which is positive and linear function on an interval I,
then the best approximation must be positive and linear on the interval
I. In our thesis use the L,[0,1] quasi normed spaces for 0 <p < 1 ,we
also use Second order Ditzain-Tot [1] modulus of smoothness defend
by:

w; (f,h),

0 sszps pllf (¢ =s@()) = 2f () + F(x +50(x) ) |lp(10,9)) 1)

Where ¢(x) = \/x(1 — x) , f € Le[1] We write w? (f,h)

The modulus (1) has been used to present estimates in approximation
theory. Let us recall some of them. For n > 1 and f € C[0,1] the

Bernstein operator B, is defined by

n

B,(f,x)= z (Z) xk(1—x)rkf (S) .x € [0,1]

k=0



Introduction

Note that B, (f) is a polynomial of degree at most n ,also it is easy to see

that

(B.(f))(0) = f(0) (B,(H)(D) = f(1)

In [2], Ditzian proved that for ¢ € [0, 1/2] and ¢(x) = (x(1 — x))¢ there
exists a constant C¢ , such that, for f € C([0,1]) and x € (0,1) where

C[0,1] is the space of continuous functions defend on [0,1]

m>

o) >

£ () = Bo(f, ) | < Cpuy (f

This result unifies the classical estimate for a = 0 (Strukov and Timan [3)
with the norm estimate for a=1/2 (Ditzian and Totik [1, p. 117]). In [4]
Felten proved (2) which holds if ¢ € (0, 1). On the other hand, in [5]

Gavrea et al. verified that

1
FG) = Bl < 308 (£, 5=)

For ¢(x) = /x(1 — x). This last estimate improved some others given in
[6,7 ,8]. In fact the main result of [5] provides an estimate for positive
linear operators that preserve linear functions. The result was improved

in [9]:if L: C[0,1] — C[0,1] is a positive linear operator, f € C[0,1]
O<h<1/2and x € (0,1), then

[f(x) = L(f, %)l
|L(e; —x,%)|

< GOl = Lleo, D) + ==~ s=={ (f, h)
3 L =0)% 1)\
+ (1 +5 (o (02 >w2 (f,h)



Introduction

In chapter 1 we introduce a direct theorem for positive linear
constrained approximation of function in L,[0,1],space 0 <p <1 . We
prove our theorem in terms of the weighted modulus of smoothness of

the second order.

Let P be the set of polynomials with real coefficients and P, be the space
of polynomials of degree n. The Bernstein -Durrmeyer polynomial are

defined by

n 1
(Dnf) ) =(n+1) Z Py (x) f P, (t)dt ,
k=0 0
where

Ppr(x) = (Z) x¥(1—-x)"* , n=01,...

The following polynomial approximation introduced by Cluj-Napoca in
a seminar on approximation -theory at 1994, and he asked "can we

find a positive linear approximation which has the from :

n

Unf)) = ) D)@, CneR

k=0

such that for a continuous function f on a closed interval L.

1£GO) = Laf)EOI < Coo (20720 1 1)

n n?
C being a positive constant which is independent from f,x and n .

A .Lupas in [13] gave an affirmative answer to this question .He

considered the following problem:

-3-



Introduction

"Does there exist linear positive operators of form

Bi)®) = ) My BN
k=0

k
B = f©) , Bif) =) Puif (1) k=1
i=0

which satisfy

If(x) = Bif)(0)| < Co(f, 8, (%)),

where

C>0, feC[01],A,(x)="¥C0 4+ 1 xe[0,1]?"

n n

A. Lupe's conjectured that this problem has a negative answer ,but he
did not prove this. In Chapter 2 we show that the operators B, are not
better than the Bernstein operators B, even in L, quasi norm spaces for
0 <p <1.We use Bernstein algebraic polynomial as a best linear
positive approximation of function in L,[0,1] space 0 <p <1 . Then we

strength our result by a negative theorem .

In [2] the authors proved the following direct estimate for Bernstein

operator:
£ = BapIE] < Cola (£ 00 )  xel=[01] ()

Where ¢(x) = /x(1 —x) x€[0,1].

in which ¢:[0,1] = R is an admissible step weight function for details

about ¢ see [20].



Introduction

If 2 =0 in (3) we get classical local estimate while if A=1 we get global
norm estimate developed by Ditzian and Totik . So (3) fill the gap
between the local and global approximation theorems for the Bernstein

operator. Such result for polynomial approximation for details see [18,19

and 25]

Inequality (3) shows that the error f(x) — (B,f)(x) is bounded by

1 a
C(n72p)') if w2a(f,8) = 0(6%) and a €[0,2].
In [17,27] the authors proved the converse result also true .

a)fo 2(f,6) = 0(6%) can be estimated in terms of the Bernstein operator

that is the equivalence

[f (%) = (Bof) ()| =

o((Fr2001) ) & wiu(r,6) = 069
holds whenever ae(0,2) and 4 € [0,1] .
We mean by g = O(f) that g < ¢f ,for some constant c.
In [21] (3) can be considered as a further estimate for the

general estimate

FG) ~ BP0 < Cada (F,72 22 (8)

x € [0,1] where ¢:[0,1] = R is a weight function for Ditzian _Totik
modulus [20] and @? is a concave function . (4) improve of (3) if @ is

replaced by ¢*, 1 € [0,1].



Introduction

In [21] the authors proved inverse result to (4) for x € (0,2) it means

a

f@ ~ BN <G (77 82) xe[01] n=123..

implies a);l(f, 8) < C,(6%) if ,in addition ¢?/@? is concave which is

satisfied for @ = go’1 , A € [0,1] in particular.

In chapter 3. We use a modification or improvement of Bernstein
algebraic polynomial for the constrained positive linear approximation
of function in L,[0,1] ,space 0 < p < 1. Our result in terms of Ditizian
Totik modulus of smoothness . We use K-function as an aid instrument

for the proof of the main result.

As a conclusion ,if we give a measurable positive linear function in
Lp[0,1] quasi normed space ,we can find a positive linear algebraic

polynomial as a constrained best approximation of f.
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Chapter One: Colinear Approximation In Terms of Generalized Weighted Modulus of
Smoothness in L, [0,1] Spaces

Many direct theorems introduced on the unconstrained approximation
from 1886 up to now ,but very little result introduced about the
linearity preserving approximation , here we introduce a Jackson type
theorem for linearity preserving approximation for linear and positive
functions in Lp spaces for 0 < p <1 .Our results are in terms of the

weighted. modulus of smoothness is of the second order

1.1. Introduction

Let Lppo,1) be the space of all real measurable functions on [0, 1] defined

) 1
by Lp[04]={f:[0,1] > R:[Ifll, < 0} , where|If [l, = (J7IfI?) and
Q(0,1) the class of nonnegative functions ¢ € L,[0,1] which are strictly

positive on (0, 1), and such that @?is concave

If p€ Q(0,1) and s > 0 defined then

1(p,s) ={x€(0,1):0<x—spx)<x+sp(x)<1}

I(p) ={s > 0:1(p,s) # ¢} and h, = 2p(1/2))™"

Forp €Q(0,1), f € L,[0,1]and h € (0, he ] the weighted second-order

modulus is defined by (Ditzian and Totik [1])

wy (f,h)p =
sup

0<s < pllf =500 =2f(x) + fx +50(x)) llLp(i1(p,9) (1.1)

f € Leojo1; we write w3 (f,h)

The modulus (1.1) has been used to present estimates in approximation

theory. Let us recall some of them. Forn >1 and

-8-



Chapter One: Colinear Approximation In Terms of Generalized Weighted Modulus of
Smoothness in L, [0,1] Spaces

f € C[0,1]the Bernstein operator B, is defined by

n

B,(f,x)= z(Z)xk(l—x)"‘kf<§>. x € [0,1]

k=0
Note that B, (f) is a polynomial of degree at most n, also it is easy to see

that

(Ba(H))(©0) =£(0) ,  (Bu(N)(D) = f(1)
In [2], Ditzian proved that for « € [0, 1/2] and ¢(x) = (x(1 — x))“ there
exists a constant C,, , such that, for f € € [0,1] and x € (0,1) where C[0,1]

is the space of continuous functions defend on [0,1].

(1.2)

|f (%) = Bo(f, )| < C(pwép(f;m

This result unifies the classical estimate for a = 0 (Strukov and Timan [3])
with the norm estimate for « =1/2 (Ditzian and Totik [1, p. 117]). In [4]
Felten proved (1.2) which holds if ¢ € (0, 1). On the other hand, in [5]
Gavrea et al. verified that

1
|f<x)—Bn<f)|33wf(f,ﬁ) ,

for ¢(x) = \/x(1 — x). This last estimate improved some others given in
[6,7 ,8]. In fact the main result of [5] provides an estimate for positive
linear operators that preserve linear functions. The result was improved

in [9]if L:C[0,1]] — C[0,1] is a positive linear operator, f € C[0,1],

0<h<1/2and x € (0, 1), then



Chapter One: Colinear Approximation In Terms of Generalized Weighted Modulus of
Smoothness in L, [0,1] Spaces

f(x) — L(£, )|
|L(e; —x,%)|
ho(x)

)w;%f, hy

< |f(x)|]1 — L(eq, x)| + oy (f h)

3 L((e; —x)%,%)
¥ (1 f2 T e®?

In this chapter we shall improve and generalize the main results in [ 6 ]

Or [5] for ¢ in
20,1)={¢:9(x)=0,x€(0,1),9 € L,[0,1]}

we used proof similar to thatin [7] and f € Lp[0,1] ,for 0 <p < oo.

Weuse A(p,h) ={x € (0,1]: ho(x) < x}, a, =inf(A(¢,h)
B(¢,h) ={x €[0,1):hp(x) <1—x}and b, =sup(B(p,h)),

Where ¢ € 2 (0,1)and h € (0, h(p).For each x € [0, by], the increasing

chain ({y,.}, {Z,,}) is associated with (x, h) which is defined as follows .

Let Zo=x,y; =x+ho(x),If y; =1 —he(1) the construction ends in
y1-Ify; <1—he(l),

and A(f, a,x,b) = 3=f (a) + ;=f (b) — f ()

-10 -



Chapter One: Colinear Approximation In Terms of Generalized Weighted Modulus of
Smoothness in L, [0,1] Spaces

1.2. Auxiliary Results

In this section we give the results that we need in our proofs
Lemma 1. 2.1 [8]

Let ¢ : [0,1] — R be a concave positive function

(1) If 0<a<1,thenthe function M, (a,o)decreases

on (a,1].

2)If0<c<1, then N, (c,0) increases on [0, c) moreover

for0<a<c<1. Max {p(a),p()}<2¢((a+c)/2)

(3) The limits lim,_,4 % and limx_,l%
exist (finite or infinite)

4)If c—a<2hp(a+c)/2)anda<u<v <c, then

v—u < 2hep(u+v)/2).

Lemma 1. 2.2[8]

(O Ifd < by, <y;,since p(x) <2¢(d) then t—d < 2he ((tzd))
(2)Ify; <bpand y, + ho(y;) <t

t—x
Yi—

> 2

Then ¢(x) < ¢ (y;) and

X

-11 -



Chapter One: Colinear Approximation In Terms of Generalized Weighted Modulus of
Smoothness in L, [0,1] Spaces

Lemma 1. 2.3[8]
If (t; — t;) >2he(c) ands <1

Then x — sheo(x) < b, — he(by)

Lemma 1. 2.4[2]

u

3 3

-3,_3 _ 2
x) (2 +2h2(p(x) L(e; — xey), x)

e1—Xeg
h

Lemma 1. 2.5 [2]

x(1-x) < 1
n 4n

Bn(el - er)er )=

Lemma 1. 2.6

__ (a+b)

Letp € 2(0,1) ,0<a <b <1, c and x € [a,b]

If f€ Ly[0,1],then

b—a
Iat.a,¢.b)ll, < of (g.—)
¢ (0)/,

Proof :-

Let g(x) == f(a) + = f(b) — f(x)

b—a a—a

g(a) = m f(a) + m f(b) —_ f(a) =0 (13)
b—b —a

gb) =+— f@+ g fb)—f(b) =0 (1.4)

-12 -



Chapter One: Colinear Approximation In Terms of Generalized Weighted Modulus of
Smoothness in L, [0,1] Spaces

Y (£,8),

= 0 < b e 5 Ifx=ho()) =2 ) + (x +h o )|

LP(I((p,s))
From (1.3) and (1.4) we get w; (g t)LP(,((p_S)) = wy (ft )LP(,((p_S))
From the definition of g, we can write
1
g(c) =- (g(a —2g(c) + g(b))
= 2@
Let N(p (C P Z)— E

Since N, is increasing for z € [0,1] we get c <u

@(c) OI0Y
_ 7 = < =
- N(p(b,c) < Np (b,u) —
lgll, = IIMll, = |l—g(b) + 2g(x) —g(2x —b) =M+ g (2x —b)|l,
(0] b-a
S (g, cp(a+b)/2) p
Lemma 1. 2.7

Ifo € 2(01), he (0, h(p), x € [ayp, by] is increasing chain that is
associated with (x, h) of lengthland y; <1 — he(1),
f € L,[0,1] such that

f(x — hgo(x)) =0=f (x + h(p(x)) then for t € [y, 1]
IOl < 25~ f (F,h)y

Similarly if y, exists and t € [y, y,]

-13 -



Chapter One: Colinear Approximation In Terms of Generalized Weighted Modulus of
Smoothness in L, [0,1] Spaces

Proof
| >
(jkfanpdx>
0
- :;:§<i_”f%)+ ;:ﬂﬂ—f@0>
NN
- 2
3 |(ytl_—xx e yl) Flx—t9(x)) — 2f () + f(x + t(Z)(x)”p
< | (i+ % i)f(x —tp(x)) = 2f (x) + f(x + t(p(x))”p
< |G )G - tot) - 21 @ + £ (x + o)
(357 ) w2,
Lemma 1.2.8

Letp €2(0,1) , he(0,h,) and x € [ay, by] be such that the
increasing chain associated with (x, h) which has length 1 and

y1=1-ho(l),
If f € L,[0,1] and f(x —ho(x))=0= f(x + heo(x)) then
fort € [x + ho(x),1]

7 t
Ifllp < 5 57 @2 (F by,

-14 -



Chapter One: Colinear Approximation In Terms of Generalized Weighted Modulus of
Smoothness in L, [0,1] Spaces

Proof
Let us denoted = (x + y;)/2
Case 1: Assume b, < d Notice that (y; —x) < 2(y; — by) and b, <

V1
by using (4) of Lemma 1.2.1 t — b, < 2 he (t + by)/2 then

t_bh t_yl yl_bh
Y1 — bp '(t—bh f(bn) + t — by f(t)_f(Y1))

t—»
b
reratil

(2 = by = 3£ 0 = 9 () = 2 () + £ + o G|

IF O, = |

1
Y1—bn

(12 25— o)~ 2700+ £ e+ 0|
< ”(1 + 2i flx—to(x) —2f(x)+ f(x+ t(p(x))”
V1 p

< (1 + 251) w? (f, 1),

= 01 +25) wf(f,h),

Case 2: Assume d< b, < y; by using(1) of Lemmal. 2.2 we have

t—d < 2hg0<(t+d)>
2
—d (t-» —d
Ir@ly < | s=5 (5 @+ 2= 1o - ron)
t—y
eriCl )
< @ d =) f - 00 =2/ () + G+ to ()|

t
s Zy_lw;p(f'h)p

-15 -



Chapter One: Colinear Approximation In Terms of Generalized Weighted Modulus of
Smoothness in L, [0,1] Spaces

Case 3: Assume that y; < by, and t< y, + ho(y;)
since y; + ho(y;) <1 then 1—-hep(1) <y, <1-he(y,) as in

Lemma 1.2.6 we has

IF©ly = || 5= (72 Fe0+ 25 F© - 1))

y_hf@m
< (4 2 2 -t - 2£G) + £+ e G|
Sy —x 0 2y
< (-4 3 5) - to) ~27G0 + fx + o)
SRy 2y P

3t

<(35.) @f(my

Case (4): Assume that y; < b, and y; + he(y;) <t as in Case (3)
we have

o(x) < ¢(y,) by using (3) of Lemma 1.2.1 and (2) of

Lemmal. 2.2
- 1+ -X 1h 1
IVGWpﬁug(i)(1+Z§%%%—+53f?j>f@-¢¢@D—2f&)
+(+ tp()

p

(2525 + 352 ) Fe = o) = 2£ GO + £ 0 |

ho(y1) 2 yi1—x

2t 3t
< (5435 )l Emy
Since we gety; <h

IF Ol < (242 ) wf (1.,



Chapter One: Colinear Approximation In Terms of Generalized Weighted Modulus of
Smoothness in L, [0,1] Spaces

<

NN

w3 (f, h),.

t
Y1

Lemma 1. 2.9

Let ® € 2(0,1) , he (0,hp) , x € [ay, by] and t € [0,1] such that
0 <t<x—hpx)orx+hp(x)<t<1l If f€ L,[0,1] satisfies

f(x — h(p(x)) =0= f(x + h(p(x)) ,then

7 t 0]

Proof

Let x + h¢o (x) < t. We shall prove this Lemma by induction on the
length of the chains

If n=1,let ({y,},{z,}) is increasing chain of (x, h) and of length
1 theny; >1—-hop(1)or y; <1-h®(1), b, < z; then using
Lemma 1. 2.7 We get

IFOIl, < w? (f, h),

<

3 ¢
53’1
7 t
2 y1

w;p(f, h), where y; <1 — h@(1)
and by Lemma1.28 y; >1—-he(1) ,we get
IF Ol < 2

7 t
w0 (f )y < 5 Toreay @2 (F )y fory= 1 —hp(1)

|~

<

Assume the statement is true for chain of length n and has chain of
lengthn + 1
If we eliminate from the chain the point z, and y; we obtain the

chain (z,, h) with length n, Let f € Lppq) andt > x + he(x)

-17 -
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Smoothness in L, [0,1] Spaces

If y; <t < z; we get the result directly by Lemma1.2.7 then
assume t > z; Let p be a polynomial of degree < 1 and interpolate
faty,and y, let g = f — p using Lemma 1.2.6 we obtain
A(f,y1,Y2,t) = A(g,y1,Y2 ,t) by our induction hypothesis we get

t
IEOll, < 35 0f(f h)y

and by Lemma 1.2.6 we get

b-a

1f 1P < 0F (8 sammy2p

<cp) 35 W3 (f.h)y

Where c(p) is a positive constant which depends on p.

1.3. The Main Results

In this section we introduce our main results in positive linear
weighted approximation for functions in L, quasi normed spaces
for0<p<1

Theorem 1.3.1

If f€L,[01] let S>>0, then for

w; (f,At), < Az%‘lwg’(f,t)p .
Proof
Let0<S< At, 4 >1
Letxy =0< x; <x, <x3<...<x,=1,n€N bea partition for

the interval [0,1] such that |x; —x;;4| < t
Wf (£,20) < (J1If (¢ = s0(x) = 20 () + F(x + 50 () Pdx) 7

< (S [ 1f (= 50(0) = 2 () + F(x + s0(0) )
- 18 -
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Smoothness in L, [0,1] Spaces

n Xi %
1
<22 )| [ 1F o= 5w = 270 + £Gx 50 Pd
=1 \x;_q
1 n
<207 Y Wf(f,0),
i=1
14
=n2P " wy (f,t),
1,
< A28 wf (f,t),
Theorem 1.3.2
Letop € 2(0,1) If f € Lp[O,l] and 0<t, <x<t, <1,then
okt e, <27t 222D oy
) )xl —_— - w )
vy 2\(r +5)(1 = ho(1))) * P

Proof

Define s,r and c by

HL -t
x —t; =shp(x) ,t,—x=rhe(x)and c= -
Ifs<1 andh< 2~ h
S an
2¢(c)

thenr > 1 Infactif r <1 then s+r<2
and [t; ,t;] € [x — rhe(x),x + rhe(x)]
by using (3) of Lemma 1.2.1

-t
<h<t

20(c) =~

t, —t; < 2he (c) implies

-19 -
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Case (1): If (t, —t;) < 2he (c) by Lemma 1. 2.6

—t
IACE 60,2, 82) iy = | g P+ T F() = ) |
2 1 Lp(tq ta]
t,—tq

®
2<p(c))LP[t1 t2] S W . h)LP[t1 t2]

< wy (f,

Case (2): If (t; —t;) > 2hp(c)andr=>s>1
we can assume f(x — ho(x)) = f(x + ho(x)) = 0.

By using Lemma 1. 2.9 we have

7 S
£ @l <5 -( T=ham) 4O Do

and

7 T
IF e, <5 (m) wy (f 1)y

r S
18F (tax, )l = [| 2 f (6 + ——f () = () ||p

<27 (Dl + = IF DI, + ||f(x)||p)

1

> L7 (T S wf
= 2° "2 (s+r 1—h<p(1) (f h)p

wf (f h)y)

T
s+r 1-he(1)

w;p(f, h), +

t
1-he(1)

rs rs 1

1
14
a 2 ( G-he®) | Gma-ne®) (1—h<p<1))> w2 (f )y

1_17< 2rs+ (s+71)
<20 ' =
(r+ s)(l — h(p(l))

)wé”(f,h)p

-20 -
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Smoothness in L, [0,1] Spaces

Case (3) ): If (t; —t;) > 2h¢(c) and s <1 by using Lemma 1.2.3
then x —sho < by, — ho(by)

since by, — ho(by) < 1—he(1)
There exists y such that t; =y — he(y) Itisclear that x <y < b,
Now we can assume f(y — hgo(y)) =f(y+ho(») =0

since s<1lthen r=>1

If t; <y+he(y) by using Lemmal.2.6

1Dy < w0l (f 1)y S 2. w?(f, B)
2/llp = %2 \U» p_2'1—hg0(1) 2 U )p
Ift, >y + hp(y) by lemmal.29 we get

7

17Dl < (5 Thory) @F 0o,

18f (e 2, )l = || £(52) —f(x)||p

<27 CAFEI, + IF@I,)

L —W?(f.h),
2°s+r (1-he(1)

e W?(f, 1))
(1—he@) =>"7F

17( S T
<272 ¥ ) wg(f 1),
2\s+r(1—he(l) A -hepQ)
1,7 sr+s+r
= 2Db

2T oG+ wy (f, 1y
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Remark
Denote ey(t) =1, e (t) =t , e,(t) = t?
Let L be a linear map which preserves linearity

L((e; — xep)?,x) = L(ey, x) — 2xL(eq, x) + x? = L(e,, x) — x?

Theorem 1. 3.3
Letpe 2(0,1) L:L,[0,1] - L,[0,1] be a positive linear operator
which preserves linear functions. If f € L,[0,1] then

3 3
If =LOllp = 5+ m@ (e2,%) — x*))w; (f, h)y

Proof

By using Lemma 1.2.5
3 3t?

Let Y(t) = 5 + 2070

Using Theorem 1. 3.2 we get

tz_x X—tl x_tl

||A(f, tl, x’ tZ)”p S <t2 - tl LIJ( h tz - tl

t, —x
WED) Wf (),
then by Lemma 1.2.4 we get

If =LAl < L (|Z=—2] x) 0L (),

3

3
=2+ gmaa L (61 = xe0)2x)of (f, h),

-22-
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Theorem 1. 3.4

Letpe 2(0,1)and n =1 If f € L,[0,1] then

If = Ba(Dl, < c(P)wy (fm
p

Where B,, is Bernstein polynomial

Proof

By using Lemma 1.2.5 we get
Bn((e; — xep)%,x) =x(1—x)/n

By Theorem 1.3.3 with h = \/x(1 —x) / (p(x)Vn)

If = BalPllp < Ba (b (|25 %) w0 (£, 1) < c0) 0F ()

-23 -
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Chapter Two Positive Linear L,[0,1] Approximation

This chapter consists of two sections in section one we shall prove a
linear preserving L,[0,1] approximation using Bernstein polynomial .In

the second section we shall strength our result by a negative result.
2.1.Linear Preserving Polynomials Approximation

If f is a linear function in L,[—1,1] and we want to approximation it by a
polynomial that preserves this linearity, we can use Bernstein
polynomial . That is the aim of this section . Recall that the Bernstein
polynomial is :

n

Bu(f,0 = ) () ¥k -0k (5) 110)

k=0

The K - functional for f € L,[—1,1] is defined as

Ka(F,t9) = 000 (Ilf = gl + 2[l0*g’]] ) (21)

where p, is the set of all polynomials of degree < n. If f € L,[—1,1] and
0 <p < 1then

CTK (1)) < ) (f, B)p < CK a(f, t?) [2] (2.2)

For our proof of the main theorem we need the following auxiliary

results:

Lemmas 2.1.1 [10]

n

1Bp(gn) = gul < z (:) (1 — )k

k=0

]:(xv)g"n(v)dv
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Chapter Two Positive Linear L,[0,1] Approximation

Now we are ready to prove our main theorem
Theorem 2.1.2

If f is positive linear function in L,[—1,1] then

If = Ba(Dllp < c@I0f (f,n7 p(1)11),,.

Proof

From (2.1)and (2.2) we can choose g, for fixed x and \ such that

If = gull, < Awf (Finz (1)), (23)

locoPen | n 00?72 < Bwf (07 (1)), (2.4)

If = BalH)llp = 1Ba(f) = gn(6) + gn() = f(x)  + Ba(gn) = Balgn)lly
= [[B(f = gn) = (f(0) = ga () + (Ba(gn) = g,

< 27 (|B.F = 90) — (F) = 9G], + 1Bulon) — g)ly)

From (2.3) we have

If = Ba(HIl < 277" (2408 (£,0% (1)), + | (Ba(gn) = gl

By using Lemma 2.1.1

n

”Bn(gn) - gn”p < (Ill) Xk(l _ X)n—k

k=0

jk g’ (Wdv

p
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Chapter Two Positive Linear L,[0,1] Approximation

n

1

——1 ny _x llx—kin|
< p — n p
< 2 kZO (k)X 1-x) R

ﬁ( o ()| gh ()| dv
n p

Now let us estimate [|B,(g,) — gnll,,

”Bn(gn) - gn”p
n
M g k| [ "
< Z (k)X 1-x) fk(xv)g ,(V)dv
k=0 n p
= ony (Y,
< Z (k) L vg (v)dv
k=0 n p
n
1_1 n 1 "
< 2p z (k) L vg (v)dv
k=0 n P
1, 4k ;
S 2p (p(l)T;A ||('02/1 g n”p

I = BulPllp < 227 (2408 (1P 901", + B (£17p(1)7) )

< c@wf (fin7 o))
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Chapter Two Positive Linear L,[0,1] Approximation

2.2.Negative Theorem for Linear Preserving Approximation

Let P be the set of polynomials with real coefficients and P, be the space

of polynomials of degree n .The Bernstein -Durrmeyer polynomial is

defined by

(PaPIG) = @+ 1)) Prse () [ Prsc@de
k=0 0
where

n
Ppi(x) = (k) xk(1—x)"k n=0,1,...

At the first German -Romanian Seminar on approximation theory (Cluj-

Napoca, September ,1994) the following problem is raised :
Does there exist linear positive operators of the from

(Lnf)(x) = Z:O Ckn (Dkf)(x); CknER

such that for a continuous function f on a closed interval L.

F00) = L@ < Caoo (3500 4 1)

C being a constant which is independent from f,x and n ?

A Lupe's in [13] gave an affirmative answer to this question .He

considered the following problem:

"Does there exist linear positive operators of form

-28 -



Chapter Two Positive Linear L,[0,1] Approximation

Baf)() = ) M (Bif)(0) , [13]
k=0

k
Bof)®) = F(0), (Bif) = ) Puif () k=1
i=0

which satisfy

f () = Baf)(0)] < Cw(f, A (X)),

where

C>0, feC[01],A,(x)="¥E0 4+ xe[0,1]?"

n n

A.Lupas conjectured that this problem has a negative answer ,but he
didn’t prove this. In this section we will show that the operators B, are
not better than the Bernstein operators B, even in L, quasi normed

space.
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Chapter Two Positive Linear L,[0,1] Approximation

Now let us introduce the results that we need in our proofs of

main results

Lemmas 2.2.1[14]

The operators (Bif)(x) = Zico Myen (Bif)() ,

are positive if and only if my,, 2 0 ,k =0, ... ... , M.

Lemma 2.2.2[14]

Let P, be the linear space of polynomial of degree n.
pn(x) = Yoo ar x* . we suppose that the polynomial P,
satisfies the following conditions:

Dp,(x) =0, x €[0,1]

2)f, pu(x) dx = 1

Bpp(x) =0 ,x €[0,1]

Lemma 2.2.3[11]

If f: 1> R withAZ(f) < o, then

(LH@ - F@I <[5+ 2 h2L((e — 0% %) |82().

Using the proof of Theorem 2 [11] step by step we get the following

lemma

-30 -



Chapter Two Positive Linear L,[0,1] Approximation

Lemma 2.2.4

If feL,(),0<p<1

L) = Fllp < @) 2+ 2 h72L((er = 0)2,%) | wf (F 1)y,
Lemma 2.2.5 [11]

Let H,:I - P, ,, sequences of linear operators

Ay

(Ha @) = ) = (L2 G0,
k=0

The following statements are true:

1) H, is a positive linear operator,

)
2) (Hneo)(x) =1,
3) (Hnel)(x) =X,
)

4) (Hye,)(x) = x? +x(1 —x) (1 - fol x? pn(x)dx) :
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Chapter Two Positive Linear L,[0,1] Approximation

Now let us introduce our main results

Theorem 2.2.6

Let A®P:[01] >R , A= 00  1

na nB’

If a,f > and f € L, [0,1]and then it does not exist a positive constant

, C > 0 such that
I G - BN, < o (£8P @)
p

proof
Suppose there exist the positive numbers my, such that for every

f €L,[0,1]and x € [0,1] we have

I () = BN @I, < Cof (f,45P00)

p

Let g:[01] - R ,g(t) =|t—1| t€[01]the function g is a convex

function and we can write:
1(B2n9)(x) — g()l, > ||(B§ng)(§)||p-

(B3ng)(2) =

=g(0) Xi—o Mpn(1 = 0)* + g (1) Xioo My + X1ty fRaqi(x) +
Yzsi<jsn—1 f(;—)hi,j(x)
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2n
1
= ) M (B Q) 2
k=0
2n
1
2 mk,Zn( Ban) (5)
k=0
Because
1 2n
Ban (E) = Z(Tni ’
we obtain
27? 1 1
% = (Zn_a+ n_[g)p

The latter inequality is impossible because

1

S(2n
lim mly) - 1
7N—00 22n+1 2\/5

and on the other hand ,for a, f >3 we have

lim,_, C nz A%a’ﬁ )(17) =0
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Theorem 2.2.7

For every function f € L,[0,1]the following estimate is true:

1
0

I(Hf) () = GOl < c(p) w3 | f,4/x(1—x). Jl —f X2Py (x)dx

p

Proof

p,(x) = fgc Q,_1(t)dt ,where Q,_, is a polynomial of degree<

n—1 P Qn—l >0
and fol(l —x) Qu_1(x)dx = 1 by Lemmas 2.2.2
we have

1— jlxzpn (x)dx = jl(l —x) Qp_q (x)dx — flxz <fon_1(t)dt> dx

= [ (1= 202(x +2) Qu_s (¥)dx

<[y (1=x)?Qu(x)dx.

By Lemma 2.2.4 and Lemma 2.2.5 we obtain

ICHL ) = FOlp < c(p) w7 | fo4/x(1 = ). \/1 —f x?py (x)dx
0
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Remark 2.2.8 [14]

. Let ], (@f) ,a, > —1 be Jacobi's polynomials of degree n on the interval
[01]

((Z'B)(X) — (a’ﬁ)(z ) —

with

2 Let x;,i=1,..,n0<x; <x, < <x, <1lbe the roots of the

polynomial ]1(11,0) and

759 (1) 1

(01),.\ 2
I
fol(l—X)< ;l_xnx_)> d

Pan-1(x) = Ay f ( ) dt, where 1, =

n

Theorem 2.2.9
If f €L,[0,1] and puy—q(x) = X720" ai x* then for the operator

Hyny1:Lp = Popga

2n-1

Hypirf = Z ey Lisz |

k=0

The following estimate is true :

|Honorf = Fllp < CPYF (Fox(@ =) T2z )
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proof

Let

1 n
fo 9O - dt = ;wk 9 + R(9)

R(g) is a remainder.

Be the Gauss quadrature formula relative to the roots of J, (10),
From calculus we obtain that
R(gn) =0if g, EPypp_y andwy, >0 ,k=1,......,1n

Because

(10) (10)
An( “)) and 1 (1—0)( “))

0—x

we have degrees < 2n—1 , we can write:

1= Lawn (JS (20))?

J&O @)
j (1-x)2 2 ( ) X = Lywn (1 = x) (S ().

Then since A,w, (J$" (x,))? = 1 so that

(10)
j(l— x)? 2 ( _x()) dx=1-x,
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1 (1 0) (t) 1 , (1 0) (t)
= ATL X An
0 X — X, o X — X,
(1 0)
t
j(l— x)? 1 ( ()> dx =1-x,

1
1-— j X2Pyp_q (X)dx <1 —x,
0

By Theorem 2.2.7we have

IHanerf = fll, < CPYOF (£/x(T=2) VT=) .
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Chapter Three: Saturation Problems for Positive Linear Approximation of
Function in Quasi Normed Spaces

Many authors work on constrained approximation such as monotonicity
,convexity and k—monotoni ,but little works introduced in positive
colinear approximation. The aim of our chapter is to investigate linear
and positive approximation for real functions in L,[0,1] . We use the
equivalence between K-—function and Ditizian Totik modulus of
smoothness to prove direct theorems in terms of Ditizian Totik modulus
of smoothness and weighted k—function and saturation problem
between degree of best positive and linear approximation, and find
colinear positive best approximation for measurable function in Lp[0,1]

Lebesgue quasi normed spaces

3.1 Introduction

In [20] the authors proved the following direct estimate for Bernstein

operator:
) - BH@I < Cols (fn29@ ) xer=[oa] @D
px)=4x(1-x) , x€[01].

in which ¢:[0,1] = R is an admissible step weight function for details

about ¢ see [21].

If 2=0 in (3.1) we get classical local estimate while when A=1 we get
global norm estimate developed by Ditzian and Totik . So (3.1) fill the
gap between the local and global approximation theorems for the
Bernstein operator. Such result for polynomial approximation for details

see [18,19 and 25].
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Inequality (3.1) shows that the error f(x) — (B, f)(x) is bounded by

1 a
C(nZp()'*) if w2i(f,6) = 0(6%) and a € [0,2]
In [17,27] the authors proved the converse result also true .

wfo 1(f,6) = 0(6%) can be estimated in terms of the Bernstein operator

that is the equivalence

[f (%) = (Bpf)(X)] =

o((Fr2001) ) = Wi, = 069
holds whenever ae(0,2) and A € [0,1] .
We mean by g = 0(f) that g < C(f) for some constant C.
In [21] (3.1 can be considered as a further estimate for the

general estimate

FG) — (BN < Colp (fn72 22 (32)

x € [0,1] where ¢:[0,1] - R is a weight function for Ditzian _Totik
modulus [20] and @? is a concave function . (3.2) improve of (3.1) if @ is

replaced by ¢*, 1 € [0,1].

In [21] the authors proved inverse result to (3.2) for x € (0,2) i.e.

1 a

F) = BH@I<C (72 22) xe[01] n=123,..

Implies a)fo 2(f,6) < C,(6%) if ,in addition ¢?/@? is concave which is

satisfied for @ = g0’1 , A € [0,1] in particular.
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3.2. Auxiliary Results

In this section we give the results that we need in our proofs.

Lemma 3. 2.1 [15]

For f € L, (I) ,0 <p < o we have

w3 (f, 8)p = K5(f,6%),

Lemma 3.2.2 [15]
Let fe€L,[01], |¢ pn'”p < cnwy (f,8),
Where p, isthe approximation of degree< nfor f,0 <p < 1. then

00 082, =) [ L2 auy

Lemma 3.2.3 [20]

B = [ [ f Gt s+ s de

We can modify a result in[27] to obtain the following Lemma.

Where in [27] ,the author used g, as a positive function with

integral equal to 1 and @ which is any weight function .
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Lemma 3.2.4 [27]

1 d2
_[0 Wgn(x,u)du

(9%(x))

n

2 (@2 (%))
+ 2 <®1l(x) fo [ (;C)) —(u—x)|(u—-x)3g,(, u)du))

<M

< c(p) (4 +

and M must be an absolute constant independent of n and x.

Lemma 3.2.5 [19]

L, as| < 1lo2a tlt — s| p
gy -sas| = ol |[ gy oo
. (E—5)?
_ |l¢p2
- ”@ g”p Qz(x)

Lemma 3.2.6 [23]

(B g) (@)
= (=1 ) Paar (Dns2 (9) = 2Anicsr (9)
k=0

+ nk(9))
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3.3. The Main Results

In this chapter we prove direct estimates for the approximation of
functionin Lp ,0 <p <1 space using positive linear operator , and for
pointwise linear operator . Also we estimate inverse result for positive

linear approximation.

Define

Wo (.8 p = 1 = g | F (¥ + 0GO% = fx = 0@

Lpp
I =1[0,1]

Where x4+ @)} ,x—@X)F€I
~ sup
Wy (f,6) p = Ih| < slf (x+o)h = fF)lL,

x, x+ex)hel

For the equivalence of w,, (f, §) ,and @, (f,8) , see [D.T] [9]

Now let us prove our first main result:

Theorem 3.3.1

Suppose @e2 and A :L,[0,1] = L,[0,1] is a bounded positive linear

operator preserving linear function ,then for any f € L,[0,1] one has

_i 2 (£ AG)
If = Afll, < C(p) K3 (£°F)

2
p
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Proof:
A=A+L

LO()—{ —(fx+ (AC+X) — () if x+A(+X) €1
D=1 et (ac+0) =100 if x+ACH0 €1

Assume A(.+x)(x) <3 and 4 is bounded operator

Let g be a differentiable function in Ly 1] S0 we can write
1 t ”
gt) =g+ g ()t —x) +J gs)(t—s)yds x€(0,1)
X

WA = fll;, =IAf —A(g) —g—f+Ag+gll;
< |Af — Aglly +1llg—fll; +11Ag —gll;

<IA(f =Dl +llg—fll; +1Ag—glly

y p
lAg - gl? = ‘A (j HOED ds>
X p
y L p
= A(J ®*g(s) F(y—S)dS>
X
1%
y 1%
< A(j <ng"(5)%d5>
X (p p

=f01 A(L?Z(ng”(s) %ds)rj dx for p>1

y r1
e p |y
SLLA(W g | %

p

p) ds dx

<[ lloe@] |3
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B oaup s lIP
= le?g®Il; e )

Now return to

IACH) = fII; < IIAf —Aglly +1lg —fll; +11Ag—glly

p

<IIf —glly +llg =I5 +lo?g®I]

Ay
Py

p

)
p

<2(lIf - glI5) +lle?g I}

Ay
(pZ

= 2K2 (f, A(,(,Z))p

Remark 3.3.2 [9]

Let ¢ =+4/x(1—x) ande:[0,1] > R be a step weight function of the
Ditzian -Totik modulus with ¢? concave . B, be

n

B NG = ) (1) % (= 0" 2 () (3:3)

k=0

Aok (f) € L,[0,1] be positive linear function with 4, (1) = 1

fork =0,1,....,n If

/1n,0 (f) = f(O) »An,n(f) = f(l) (3-4)
and
A ((—9?) SM(%)ZJ/ nEN ,k=0,....,n (3.5)

For constant M > 0 ,y > 1independentof n and k
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D @ = 12— (A=) (36)
k=0

Theorem 3.3.3

Let f € L,[0,1] 0<p<1 the estimate

G = BNl < @) (K;, (i) -+ (£ )
14 p

where c(p) is a positive constant depending p.

Proof:

From the Cauchy -Schwarz inequality and (3.5)

I (x =5 ) < \/An,k ((x - 5)2) AL (3.7)

1Bn(s =), =

z pn,k (x)/ln,k(s - x)
k=0

p

[y

< (foll Yk=0 Pk (XA (s —x) |de)5

WAL b
<[ [ (D loux @l e s =] ) ax
0 \k=o0

1
p

Using (3.7) we get
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1

1 n 7 p p
I1BaCs = DG < | (an,koc)i—:) dx
0 \k=o

1 5
_ ‘7/1—? (f 11— x™ — (1 = x)" |de)
0

B

1 p
< 1—x™P 4|1 —x|™
<3 ([a-wwrin-ama)

VM ([ z
Sn—y (j (Inx|P +|nx|p)dx>
0

VM [ (1
= n j xP dx
nYy 0

20VM  xp*1 O

ny-1 p+1 1
B 20\ M
S (p+1)
Since y = 1, then
20\ M

|Br(s =), < G

so B, is bounded positive linear operator ,then by Theorem 3.3.1 we

obtain

25/ M
If = B.(DIl, <cK; (f' o+ I/)_(pz )
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1 1
Py VA
p p
Theorem 3.3.4

€L,[0,1]]andd >0, O0<p<1 then
p p

oY (f,8), < c(p)5"

implies
IF GO = BaH) Oy < ) wf (f, %)
p

Proof:

Using Lemma 3.2.2 we obtain

c,.\?
0y 1,0 = cp) [ 22 ),

where ¢ > 0 is fixed constant .
In our hypothesis we have w; (f,8), = 0(5%).

then by Theorem 3.3.3

If @) = B @, < ) (K5 (f, %) + (f, %) )
p p

Using Lemma 3.2.1 we get
1
2PVM
< c(p) wy (ﬁm)
P
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Theorem 3.3.5
Let f € L,[0,1] and ©:[0,1] - R be step function let

Apn:Lppoa] = Lppos) M € N be bounded positive linear operators so that

n

[canfy Coll, < e@ Sz s (3.8)
forx € [0,1] ,f € L,[0,1] and
[024ng) ||, < cl0?g” |, : (3.9)

where 02, p? and ¢?/ @§? are concave functions on [0,1] and a € (0,2)

Then for f € L,[0,1] ,the pointwise approximation

IF = @N@ I < e@) (n752) n=12.  (310)
implies
wy (f,8), < c(p)s® 5> 0.
Proof:

Letx,h €[0,1] sothatx + h € [0,1] and let

BZ ) =flx+h) =2f(x)+ f(x—h).

and

[z A, = 1182 (F — 40 + 4@,

=[|(af ¢ - 4un) 0 + @ AN ||

<20 ([0} F - 4NV + 20 ([l AN ). @31
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(@i ¢ -a.n) @]
= I(f — A) (x + ) = 2(f = A) @) + (f — A)(x = W,

< 27 (I(F = 4D & + DI, + 211 (F = AD @)L, +
I(F = A = Dl,) -

Using (3.10) we obtain

|(@i ¢ -a.n) @]
L (e D\ e\ | (=T _a
=2 ((@(Hh)) +2((Z)(x)> * <(Z)(x—h)> )” :
< c(p)n_%((p(jz)) . (3.12)

Using Lemma 32.1 w; (f,8),and  KZ(f,6%), are equivalent we can

chooseg=gs ,6=0

c; K5(f,6%)p < wy (f,8), < c1 K3(f,6%),

Where c; and c, are absolute constants.

K3(£,6%)y = IIf = gll, + 82[0"|| | < cof (£,6),
If —gll, <Awf(f,8), ||®Zg"||p < B 5 ?wy (f,8), -
Using from (3.8) and (3.9) we obtain

I I, < 14n(f = D) + A D],

<2 ( | |A7:(f—g)(y)|p>p+ 2 (f |<A’:~")(”|p>p
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<) s If — gl + ) @2( 5 lleal,
—2 2 ”
=) 35 )Ilf gllp + @) G5 l2%g]],
2 2
=<0 (G * gy 140
=c(p) (<p;zy)+®2(y)52) : (f,8)p - (313)

Using Lemma 3.2.3 ,we obtain

h/2 +h/2
f f (A, f)(x + s+ t)dsdt
h/2/-n/2 .

Ik 4@l = |

Since 4, is bounded operators

-

1A% AN @|, < € (f |2 An"(f)(x)|p>p,
0

1

N
dx)

h/2 ;hj2
j j (A,f)(x + s+ t)dsdt
h/2J-h/2

then using (3.13) we obtain

2 2 (LM 1 ¢
|83 4.0, = @ (555 + 52g205) @O

Using (3.12) we get

o(x ))

|2 HE@I, < @) I (L RN TP
e

2200 | 5202(x)

This implies
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w? (f,8), < c(p) (5% + (5 + h—2)>
2 52

< c(p) 6%.

Notations and Definitions 3.3.6

Define the sequence of operators:

b
Q,(f(x)) = j In(u, x) f(W)du ,a,b €ER, n€N (3.14)

Such that

gn(u, x) is positive for any x € [a, b]
and

fab gn(u,x)du=1 foranyn €N

Also we need to define

d n
agn(%x) =Pgn(u,x) (U—X) ,NEN

where ¢ is a step weight function .
we use L3[0,1] = {f: [a,b] > R:f,f € L,[0,1] }which is called 2—fold

L, space.
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Proposition 3.3.7

Lf g € L3[0,1], then for every function @ : [0,1] — R there exists M > 0
|02 Gagl | < Mllo? gl meN
Where M is an absolute constant.

Proof:

By Taylor’s formula we have

(G

1 dZ . u ”
= f [— In (U, x) (g(x) +g@)u—-x) + J (u—s)g(x)ds > du
0 X

dx?

d? :
= gnt x)] (96 + g (- 2))du

:]:

1 dZ u 3
+J TxZ In(u, x) (j (u—s)g(x)ds)du
0 X
Because
T d? .
j [W gn(u, x)] (u—x)du=0 for i=0,1
0
we obtain
. 1 q2 u .,
Gog) = | [E gn(u,x)] | w-9¢ds du.
0 X
. 1 g2 u .,
|92 (Gng) ||p = Q)Z(x)J Wgn(u,x)J (u —s)g (x)dsdu
0 X P
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1 2 u
@2(x)j(-) %gn(u, x)jx (u—s)g(x)dsdu

< (jol<|¢2<x>| jo

By using Lemma3.2.5 we get

p

1/p

du>p i)

j C(u - 9)g(0)ds

d2
Wgn(ur x)

J0°(Gae |,

< (jol<|¢2<x>| jo
< (j:(lcmx)g”(x)l jo

2 1/p

(u—-s

02(x)

du)p i)

p 1/p
|(u — 5)? |du> dx)

‘ 9% (x)g (x)

d2
Wgn(u; x)

dZ
Wgn(uf x)

Using Lemma 3.2.4 and bounded -ness of g', we obtain

1/p

le*GagT I, < M (J; (|0° g ()] dx)

= M|je%g],
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Theorem 3.3.8

Let G, ,n € N ,be exponential type operator

1

(%ﬂ=jgﬂw@ﬂww neN

0

If @2, ¢?and (g—z are concave functions on [0,1] then for f € L,[0,1]
and 0 < a < 2 the statements
— _ ~1/2 2\*
1) If@) = G NNl = 0 ((n72/2 £2)7)
2) wy(f,8)p =0(8% ,8>0,

are equivalent .

Proof:

Using Theorem 3.3.5

n

IGHO |, = C(p)®2—(x) £l

By theorem 3.3.5 and proposition 3.3.7 we get

DImplies (2) and (2) implies (1)
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Notations and Definitions 3.3.9
Let @(x) = /x(1 —x) and
: n
BaH@ = D e (O (1) ¥ A=0m*  xe[01)
k=0

Ak (f) € L,y[0,1] positive linear functions with 4, (1) =1 ,for

k=01,...,n and , B,(ax+b)=ax+b.

Theorem 3.3.10

If g € L5[0,1] and

2 122
_— < —
Ank <(s n) ) _M(n> , n €N, s € [0,1],
k

ey (3.15)

I
o

For any constant M > 0 independent of n and k ,then
|02 B, g, < c@) 026, meN.

and @:[0,1] » R with @ concave.

Proof

Let  pup(@) = (}) x*(1 —x)"%, then

Baf) =) Ane(D (1) 5 (=IO =" 4 (1 = )" Kk )
k=0
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(B. f) = z A (f) (Z) (G* (=) — k= 1)1 - 2)"2
k=0

+k (n—k)(1—x)"k1xk"1)
+ e+ (1= 20" (e = D2 + k=t (k=) (1 — )"k 1)

Assumen = 2 we get

P ) =1 (Pucyies (6) = Pucyge (0))  [23]

Using Lemma 3.2.6 we obtain

n-2
(B gYG) == 1) D Page ()Anis2 (9) = 2Anera(9)
k=0

+nk(9)) (3.16)
The fact A, 42(f) = 25 141(f) + A (f) = 0 for f(x) =1

and f(x) = x by Taylors expansion

g(t)=g(¥)+g'("“)(t—k“)+[ (t - 9)g (5)ds

n n k+1)/n

(Bn g)(x)
n-2

= n(n - 1) z Pn—z,k (x) (An,k+2 - 2)Ln,k+1
k=0

i) ( j( (t - s)g”<s)ds)

k+1)/n

By using Lemma 3.2.5
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le2CBag) ], <

n—2

02 ()@ §)nn— 1 D Pazie () Chuerz = 2ness

Lot -]
+ k) jkj 5200 ds
n-2

- 9@ ,,
2 a3 @ DR =1 ) Puzie () Gnsere = ZAnees
k=0 k=0

p

k + 1\2
+LW)G— - ) . (3.17)
By using (3.15)
k + 1\2
(}Ln,k+2 + 2An,k,+1 + An,k) (t - n )
k+1\° k+1\°
= An,k+2 (t - T) + 2)Ln,k,+1 (t - n )
k+ 1\2
 Ank (t n )
k+2—1\* k + 1\° Ky
S R e RO
k+2 1\° k + 1\° k2
R G R REM G
k 4+ 2\2 1 k + 1\° k2
= 2}Ln,k+2 (t - n ) Zln k+2 + Zln k+1 (t - n ) + An,k (t - E)

By using (3.15) and the bounded ness of 4, ;;, we get ¢ > 0 such that

k + 1\2 M c M M
(An,k+2+2/1n,k+1+/1n,k)<t_ n ) SZF‘FZF-FZF‘FF
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- 2(M+c).

- (3.18)

92 (x)
o ()
@2 (x) _1-x
@%?(a) ~ 1—a

Let us estimate in (3.16) and leta € [0,1] ,we have

x € [0,a] (3.19)

B2 (x) <
?%(a) —

x € [a, 1] (3.20)

IS I

If x € [0, %] then using (3.19) and

02 (x) P () < 1—x P )
k1 Dy 2k 0 S =7 Puoage
T

n (n—2)! 1
N n—1—k k!'(n—2—k)! (L —agn

(n—-1)!

presrmrsTE A Gl

= 2P, 1x(x) for n=2. (3.21)
If x€e [k%l ,1] by using (3.20), to obtain

@% (x) x
(k + 1)> Pn—2,k(x) < k—HPn—Z,k(x)

@2( *

. n (n—2)!
Ck+1kl(n—2—k)!

n

xk+1 (1 _ x)n—z—k

(Tl—l)! +1 n—-2-
ok re suys LA Gkl

= 2Py x+1(x) for n=2 . (3.22)
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le2CBag) ], <

k= (2) f(gi) |(®29 )ln(n 1 22;5 Pp_ap () (Anksz — 2Anps1 +

n

Mo (=57

p

By using (3.18) we obtain

le2@)(Bag) (O,

- 2(M +¢) nz_f @2 (x)

T2 Y s (@b
k=00 ( n )
n-2
—1) ) Paak )
k=0 p

By using (3.21) and (3.22)

le2 @) Ba9) @,

2(M + ¢)
<S———nn
n

n-2
~D (122 9] D 2(Pasie @)+ Pasirs ()
k=0

p

<c) o,
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Future Works
Future Works

In this thesis we deal with discrete operators , as a future work idea we
can define a sequence of positive linear operators that is continuous and,
study the constrained approximation for a target function in a quasi-
normed space using this sequence of operators in terms of weighted

moduli of higher orders ,say wy, fork > 2.
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