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Abstract

In this study, the analysis of thick plates under transverse dynamic

load is performed using the incremental finite element method. The 8 —
noded isoparametric quadrilateral element is used for discretization the
plates with three degrees of freedom per node ,which are one displacement
and two rotations.
For thick plates, the effect of transverse shear stresses as well as transverse
direct stress on its behavior is of great importance. In this analysis the
effect of transverse shear stresses is included while the transverse direct
stress is ignored. Modified expressions for transverse shear strains which
permit a parabolic distribution for these strains across the plate thickness
are utilized in the present work.

The derivations of the stiffness, mass and damping matrices for plate
element is presented in this study. The consistent mass matrix is adopted.
Also, the damping effect is included by using Rayleigh type damping.

The dynamic analysis is performed by using Newmark method with y=0.5
and B=0.25, i.e., constant average acceleration method.

A computer program (EPDATP) is developed by using Fortran 77
language to deal with the considered problem (the original version of this
program was introduced by Alwash in 1989 for elasto-plastic analysis of
thick plates under static loads). This program is used to analyze several
examples presented by others. Consequently, it is found that the present
study has a good agreement with the previous studies, with maximum
difference in the dynamic analysis (as a percentage of the data which was
presented by others) is not more than (10%). The effect of several analysis
parameters is investigated and it is concluded that the effect of damping in

the present problem is significant and can not be neglected.
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Fig.(B.1): The consistent mass matrix for a plate element with 3 degree of freedom per node.
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Appendix B The Consistent Mass Matrix for a Plate Element

Appendix — B —

The Consistent Mass Matrix for a Plate Element

The consistent mass matrix for a plate element using 8-noded
iIsoparametric element with 3 degree of freedom per node is given in Fig.(B-1)
Where the values for the symbols in the Figure (B-1), ms1, miy, ....msgs,

are as below:-

m11=pj N1N1 d vol

vol

mlzzmzlzpj N;: N, d vol

vol

m13:m31:pj N1 N3 d vol

vol

m18=m81:p.|‘ N;: Ng d vol

vol

or in general form:

mij:mji=p.[ NiNj d vol

vol

Where:
N1, N2, N3, ...., Ng: shape function for the plane quadratic
iIsoparametric element[5].

p = the mass density .

B-1



Appendix A Numerical Integration

Appendix — A —

Numerical Integration

It may be noted that there are many formulas to carry out the numerical
integration, but one of the most formulas which are used for this purpose is

Gaussian-Quadrature formula.

X2

Let jf(x)dx an integral having arbitrary limits, this integral can be

x1

transformed so that it is limits are form -1 to +1 by substitution X = f(¢) where
-1<¢<1

Then, the integral becomes:-

[f)dx=[f()Ide=] gds=L (A
where:

& _y

dg

J is called a Jacobian. It can be regarded as a scale factor that describes the

physical length dx associated with a reference length di, that is, dx = J d¢.

Now, to approximate the integral in the simplest way, one can sample

(evaluate) ¢ at the midpoint ¢ =0 and multiply by the length of the interval

(Fig.(A.1)(@)).
Thus one approximates the shaded area by a rectangular area of height

¢1 and length 2, so that L ~ 2¢;. This result is exact if ¢=f (¢) happens to

describe a straight line of any finite slope.

A-1



Appendix A Numerical Integration
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Fig. (A.1) : Gauss quadrature to compute the shaded area under the curve
¢= 1({), using (a)one, (b)two, (c)three sampling points (also called
Gauss points). [17]

Generalization of the foregoing procedure leads to the quadrature formula
+1
L=[4dS =W, ¢ +W, ¢, +--+W, ¢, ..(A2)
-1

Thus, to approximate L, evaluate ¢=f (¢) at each of several locations ¢. To
obtain ordinates ¢n,, multiply each ¢, by an appropriate weight W, and add. For
example L = 2¢; where n =1 and W, = 2. Sampling points are located
symmetrically with respect to the center of the integration interval.
Symmetrically paired points have the same weight W.

The values of the weight factor W,, and the location ¢ of sampling

points for n =2.3,.....,15 points formulas are shown in table (A-1).

A-2



Appendix A

Numerical Integration

Table (A.1): sampling points and weights for Gauss Quadrature over the

interval ¢

=-1to ¢=+1[24].

+0.57735 02691 89626 1.00000 00000 00000

0.00000 00000 00000 0.88888 83888 88889
+0.77459 66692 41483 0.55555 55555 555556
+0.33998 10435 84856 0.65214 51548 62546
+0.86113 63115 94053 0.34785 48451 37454

0.00000 00000 00000 0.56888 83888 88889
+0.53846 93101 05683 0.47862 86704 99366
+0.90617 98459 38664 0.23692 68850 56189
+0.23861 91860 83197 0.46791 39345 72691
+ 0.66120 93864 66256 0.36076 15730 48139
1 0.93246 95142 03152 0.17132 44923 79170
+0.14887 43389 81631 0.29552 42247 14753
+0.43339 53941 29247 0.26926 67193 09996
+0.67940 95682 99024 0.21908 63625 15982
& 0.86506 33666 88935 0.14945 13491 50581
+ 0.97390 65285 17172 0.06667 13443 08688

0.00000 00000 00000 0.20257 82419 25561
+0.20119 40939 97435 0.19843 14853 27111
+0.39415 13470 77563 0.18616 10001 15562
+0.57097 21726 08539 0.16626 92058 16934
+0.72441 77313 60170 0.13957/06779 26154
+0.84820 65834 10427 0.1071592204 67172
4 0.93727 33924 00706 0.07036 60474 88108
+ 0.98799 25180 20485 0.03075 32419 96117
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Chapter One Introduction

CHAPTER ONE

INTRODUCTION

General

Structural components made of plate elements often find applications

in the construction of mechanical and nuclear structures dams, footings and
other structures. They are, in general, subjected to various types of dynamic
loads. So, the prediction of the dynamic analysis of plates is of interest and
importance in the design of such structures.

When the thickness of a plate increases with respect to the other
dimensions, the effects of transverse shear stresses and strains as well as
transverse direct stress and strain on elasto-plastic flexural behavior of the
plate become of much greater importance than in thin plates and should be
considered in the analysis unlike in thin plates in which they are neglected.
This is the main difference between "thick plate” and "thin plate™ analyses.

The finite element method which has been applied with great success
to the dynamic analysis of plates is presented in this research for predicting
the elasto-plastic behavior of thick plates under transverse dynamic loads.

Consistent with the purpose of this thesis, it is necessary to make
a basic reference to the two aspects namely: elasto-plastic analysis, and

dynamic analysis of plates.




Chapter One Introduction

Elasto-plastic analysis

A fundamental observation comparing elastic and inelastic analysis is
that; in elastic solution, the total stress can be evaluated from the total strain
alone whereas in an inelastic behavior, the calculation of the total stress at
any step depends on the stress and strain history.

Typical inelastic phenomena are elastoplasticity, creep, and
viscoplasticity.[9]

Because of the actual ductility of many engineering materials, such as
steel, which permits stresses redistribution and increases the capacity of the
plate to carry more loading, the elasto-plastic analysis becomes more
realistic in describing the full range of material behavior than the elastic
analysis.

Several methods of the elasto-plastic analysis were presented in chapter
two. Most of the found previous studies were in reality concern with the
analysis of plates subjected to static loading or study the dynamic behavior
of thin plates. There are some studies for the dynamic behavior for thick
plates but they neglected the elasto-plastic behavior. There is therefore, a
real need for a general method for predicting the elasto-plastic behavior of

thick plates subjected to transverse dynamic loading.

Dynamic analysis of plates

Certain civil engineering structures are designed to carry their own
dead load plus superimposed loads which are immovable and unvarying
with time, that is, superimposed static loads. In such cases, the stress

analysis involves only principles of statics. More often, the design of a civil
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engineering structure involves not only static loads but also superimposed
loads which are either moving or movable and may vary with time as in
superimposed dynamic loads. In such cases, the stress analysis properly
should involve principles of dynamics to determine the effect of dynamic
loading.

However, in many of these cases, experience has shown that the
dynamic effect makes a minor contribution to the total load which must be
provided for the design and therefore the dynamic effect need not be
evaluated precisely. In such cases, the dynamic effect may be handled by
the use of an equivalent static load, or by an impact factor or by a
modification of the factor of safety [19].

On the other hand, in specific situations it may be of real importance to
consider more precisely the response produced by dynamic loading and they
are classified as follows [29]:

1. When a structure must be designed to resist transient and /or
steady state vibrations produced by operating machinery.

2. When a structure must be designed to resist impact loads and
vibrations produced by traffic passing over the structure.

3. When a structure must be designed to resist impulsive loads
produced by blasts, wind gusts or water waves.

4. When a structure must be designed to resist vibration developed
by oscillating motions of its supports, produced by earthquake
shocks.

5. When a protective structure must be designed to resist the
impact of striking projectiles.

Since the plates components are widely used in engineering structures which
are subjected to dynamic loads as explained above. Then, it is of interest to
study the dynamic behavior of plates.
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Objectives of Study

The basic objectives of the present work are summarized as follows:

1. Studying the behavior of thick plates under different dynamic loads,
step load or impact load.

2. Studying the effect of the elasto-plastic behavior on the plates under
dynamic loads.

3. Studying the effect of some analysis parameters such as the boundary
condition, the dimensions aspect ratio on the dynamic response for the
plate.

Layout of the thesis

This thesis is organized in six chapters:

Chapter _one: introduces and explains briefly the problem within hand, the

aim of the study and the subjects included in other chapters.

Chapter two: a review of previous studies on analysis of plates is presented.

The review contains studies of nonlinear analysis of plates
under static loads and the analysis of plates under dynamic
loads.

Chapter three: contains a formulation of the stiffness, mass and damping

matrices in case of plate bending element. Also, it includes a
discussion of the solution techniques which are adapted to
solve the eignvalue problems as well as the dynamic

equilibrium equations.
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Chapter four: describes the elasto-plastic analysis of plates.

Chapter five: describes the flow chart of the computer program (EPDATP)

which has been developed in this study by using Fortran-77
language. It, also includes a parametric study that was done
on different variables which affect the dynamic response of

plates.

Chapter six: gives a summary of the conclusions which can be drawn from

this study and the suggestions for future related works.
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CHAPTER TWO

VIEW OF LITERA TURE

Nonlinear analysis of plates subjected to transverse
static loads

The nonlinear behaviour of plates subjected to transverse static
loading has been the subject of several studies; in this section some of these

studies are presented.

Reddy and Haung ©® in 1981 analyzed axisymmetric annular plates
with varying thickness using large deflection bending by annular finite-
element. The more general Reissner plate equations were used in the
formulation. Shear deformation, geometrical nonlinearity and material
orthotropy were included in that work. Both static and free vibration analysis

were preformed.

Owen and Figueiras @9 in 1983 employed a semiloof curved shell
element for the elastic-plastic analysis of plates and shells by means of the
finite element displacement method. In that work, the elasto-plastic analysis
was based on the Huber-Mises criterion, which was extended for anisotropic

materials. The yield function was generalized by introducing anisotropic
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parameters of plasticity, which were updated during the material strain
hardening history. The analysis was applicable to both perfectly plastic and
work hardening materials. The middle surface of the structure was assumed
to be a surface of material symmetry and linear geometrical behaviour was

assumed.

In their second paper, Owen and Figueiras GV in 1983 studied the
anisotropic elasto-plastic finite element analysis of thick and thin plates and
shells using a degenerate three-dimensional continuum element and a thick
shell formulation accounting for shear deformation. A layered approach was
used. Plastic yielding was based on the Huber-Mises yield surface. The
assumption of a constant transverse shear strain was made, and a correction

shear factor was used to approximate the real shear strain energy component.

Striz et al. in 1988 “9 presented a paper to study the behavior of
thin circular isotropic plates with immovable edges and undergoing large
deflections by using the numerical technique of differential quadrature.
Approximate results were determined with the aid of a symbolic
manipulation computer program and a Newton-Raphson technique to solve
the nonlinear systems of equations. Bending stresses, membrane stresses,
and deflections were calculated for clamped and simply supported flexural
edge conditions and for a uniform pressure load and a concentrated load at

the center.

In 1989 Bert et al. @ presented a study about the behavior of thin,
rectangular, orthotropic plates, with immovable edges and undergoing large

deflections. The numerical technique of differential quadrature was used.
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Approximate results were obtained, using the Newton-Raphson method and,
alternatively, a finite-difference-based method to solve the nonlinear systems
of equations. Bending stresses, membrane stresses, and deflections were
calculated for plates with fully clamped and simply supported flexural edge
conditions under uniform pressure loading. Results were compared with

existing analytical, numerical, and experimental ones.

In 1989 Alwash © presented two methods of evaluating the limit load
(Collapase load) for thick plates. The first method was an incremental finite
element method by which a complete elasto-plastic behavior of thick plates
of any shape with various boundary conditions can be studied. The effect of
transverse shear stress was included while the transverse direct stress was
ignored. The second method was a lower bond limit analysis , this method
includes all stress components. It was used for the analysis of thick annular
plates and thick rectangular plates with two type of boundary conditions;
simple support and clamped support. The stresses were expressed in terms of
an independent set of parameters and a non-linear programming method
called (SUMT) method was used to optimize these parameters to get the best
lower bound limit load. Among other conclusions it was found that the limit
load of very thick plates is drastically smaller than that estimated by thin

plate limit analyses which ignore shear and direct transverse stresses.

In 1994 an approach of the incompatible elements with additional
internal shear strain was suggested and applied to geometrically nonlinear
analysis of Mindlin plate bending problem by Zhao-ping et al “?. It
provided a quite convenient way to avoid the shear locking troubles. The

nonlinear element formulations and some numerical results were presented.
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In 1995 Chen and Austin ®? introduced a report described the
nonlinear finite element analysis of shell structures. The finite elements were
based on a three-dimensional continuum formulation, and were simplified
by assuming a flat element geometry. Numerical experiments were
presented for in-plane displacements of a flat plate, and out-of-plane bending
of a cantilever structure. In each case, material nonlinearities are modeled

with bi-linear and Ramberg-Osgood stress-strain curves.

In 2003 a C° finite element was introduced by Kocak and Hassis
for the analysis of thick plates with transverse shear and normal strain and
nonlinear in-plane displacement distribution with respect to the plate
thickness. Based on higher order shear deformation theory, an eight-node
finite element was introduced for thick plates and a computer program was
developed. The warping functions used in the formulations presented
simpler equations than the other higher order homogeneous models. Some
example problems were solved and the results were compared with the exact
and other mathematical solutions. For comparison, both stress and
displacement results were investigated. The results of the proposed element

were found to be in a good agreement with the literature.

Al-Saeg @ in 2005 introduced a research deals with the optimal
elastic-plastic design of plate and shell structures based on elastic-plastic
geometrically nonlinear incremental-iterative finite element analysis. The
nine-node degenerated curved shell element was used in which five degrees
of freedom are specified at each nodal point, which are three displacements
and two rotations of the normal at the node. In the case of the material
nonlinearity, an elastic-plastic analysis was employed using a generalization

of Huber-Mises law as the yield criterion. In his study a layered model was
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employed to determine the stress profile through the thickness direction. The
transverse shear deformation was permitted and taken into account. The
formulation of the geometrical nonlinearity problem was carried out using
the well-known total Lagrangian principle. For the structural optimization
problem, which was dealt with as a constrained nonlinear optimization, the
so-called Modified Hooke and Jeeves method was employed by considering
the volume of the structure as the objective function. The results show good
agreement especially with experimental works with maximum difference of
7%. Also the results show that the optimal design based on nonlinear
analysis gives optimal volume smaller than that based on linear analysis may
reach to 25 %.

Dynamic analysis of plates

The analysis of dynamically loaded structures has received a continuous
but varying level of attention over the past 50 years. Due to the infinite
number of permutations of structural parameters and due to the costs of
performing tests on such structures, there is difficult in find experimental
data. So, the theatrical data is used for comparing.

In this section a review of theoretical studies on the dynamic analysis

of plates is presented.

Raghavan and Rao ©% presented a paper in 1978 deals with a study
of the significance of elasto-plastic transition state in the dynamic response
of Euler beams and thin plates. The study was based on a comparative
evaluation of the response predicted by two independent approaches that

use: (1) stress-strain relation and basic plasticity theory and ( ii ) moment-

10
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curvature relation; assuming the shape factor to be unity. Responses were
evaluated by the way of finite-element idealization followed by numerical
integration. It was found that the simplified model, based on moment-
curvature relation, underestimates the response by a significant amount for

longer durations of the applied load.

Cheung and Chan @ developed two and three-dimensional finite
strips in 1981 for the static and dynamic analysis of thin and thick sectorial
plates. The plates can be isotropic or orthotropic, of constant or variable
thickness, and can have different combinations of boundary conditions. The
displacement functions for the finite strips were made up of polynomial
shape functions and beam eigenfunctions. The 2-D finite strips were derived
based on plate bending theory and have as nodal degrees of freedom, the
out-of-plane displacement and the slope. The 3-D finite strips were
formulated using three-dimensional elasticity constitutive equations, and the
three displacement components in a cylindrical co-ordinate system were
chosen as the nodal degrees of freedom. Numerical results involving various
boundary conditions, radii and subtended angles were presented.
Comparisons were made with existing solutions whenever available. Close

agreements were noted.

In 1994 Providakis et al ©3 was developed the direct boundary
element method for the dynamic analysis of thin inelastic flexural plates of
arbitrary plan form and boundary conditions. It employes the static
fundamental solution of the associated elastic problem and involves not only
boundary integrals but domain integrals as well. Thus, boundary as well as
interior elements are employed in the numerical solution. Time integration

was accomplished by the explicit algorithm of the central difference

11
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predictor method. A viscoplastic constitutive theory with state variables was
employed to model the material behavior. Numerical results were also

presented to illustrate quantitatively the proposed method of solution.

The effects of different types of variations in the thickness profile on
the dynamic displacements and the dynamic stresses of a square plate had
been investigated by Roy and Ganesan ©® in 1995. The plate was assumed
to be clamped or simply supported at the edges and excited by a point
harmonic load at resonance. For the analysis, a four-noded plate bending
element had been used. The response had been determined for the first three
modes of vibration. The results obtained for different thickness variations
were compared with those obtained for a uniform thickness plate. It was
observed that considerable reductions in dynamic displacements and/or

stresses can be achieved by proper selection of the thickness variation.

The spline finite strip method and the incremental time—space finite
element procedure were used by Cheung et al. @ in 1998 to analyze large
amplitude vibration of thin plates with initial stresses. Two improvements
for the procedure were presented. The free vibration and the internal
resonance of plates with initial stress as well as the forced vibration of plates

with damping and initial stress were computed.

In 2002 Argyris et al. () extended the implementation of the natural
mode method for finite element analysis to the dynamic analysis, linear and
nonlinear, of shell structures by formulating the kinematically consistent
mass matrix of a model three-node multilayered triangular element(TRIC).
Both translational and rotational inertia are included in the mass matrix

which is generated using kinematic and geometric arguments consistent with

12
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the assumed natural rigid-body and straining modes of the element.
Subsequently, numerical examples were performed to demonstrate the
efficiency of the formulation and the potential of the natural mode method to

deal efficiently with intricate time dependent phenomena of shell structures.

Also, in 2002 Zhou “® introduced a paper to study the stiffening
effect of dead loads on dynamic behaviors of plates analyzed using the
finite-element method. The element stiffness matrices that include the effect
of dead loads were derived. It was shown that the stiffness of plates
increases when the effect of dead loads is included in the calculation and that
the effect is more significant for plates with a smaller stiffness. The validity
of the proposed procedure is confirmed by numerical examples. The results
show that although the finite-element results obtained were in agreement
with the approximate closed-form solutions, the proposed method based on a
finite-element formulation was more easily applied to practical structures

under various support conditions and various types of dead loads.

In 2003 Sladek et al. ®® introduced a paper in which simply
supported and clamped thin elastic plates under dynamic loads were
analyzed. Both harmonic and impact load were considered, also the viscous
damping is taken into account. The governing partial differential equation
(PDE) of fourth order is decomposed into two coupled PDEs of second order
for the deflection and its Laplacian. Both equations contain time-dependent
variables. The Laplace transform was used to eliminate the time dependence
of the variables. Unknown Laplace transforms were computed from the local
boundary integral equations. The meshless approximation based on the
moving least square method is employed for the implementation. Time-

dependent values were obtained by the Durbin inversion technique.

13
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Chen et al. @ in 2004 studied the dynamic response behavior of the
delaminated composite plates considering progressive failure process. A
formula of element stiffness and mass matrices for the composite laminates
was deduced by using the first-order shear deformation theory combined
with the selecting numerical integration scheme. A damping model was
constituted by a generalized orthogonal damping model. A virtual interface
linear spring element was also employing for avoiding the overlap and
penetration phenomenon between the upper and lower sublaminates at the
delamination region. The failure analysis method for the delaminated plates
under dynamic loading was established by a modified Newmark direct
integral method in conjunction with Tsai’s failure criterion and
corresponding stiffness degradation scheme. By some numerical examples,
the effects of frequency of dynamic load, delamination length and location,
and reduction of structure stiffness during the progressive failure process
upon dynamic behavior of the delaminated composite thin plates were

discussed.

In 2004 Ali © present a research about the dynamic analysis for
laminated fiber—reinforced composite materials and sandwich constructions
by using the finite element method. This study was depended on the Higher
order shear deformation theory for two dimensional layered approach with 7
and 9 degrees of freedom per node. The 9-noded Lagrangian isoparanetric
quadrilateral element was used for discretrzation of layered plates.

In the dynamic analysis, Newmark method was used to solve the dynamic
equilibrium equation. The consistent mass matrix was considered; also the
damping effect was considered in the study by using Rayleigh type damping
matrix. Two method were presented to find the natural frequencies; there are

the inverse iteration method and matrix deflection method.

14
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The results showed that the best angle at which one gets minimum
deflection, minimum summation of normal stresses and minimum shear

stresses in plates is 45°.

In 2006, Albarwary @ introduced a study about the dynamic analysis
of plates. In this study, the lower and higher order finite layer method was
used for both free and forced vibration analysis of plates. Many plates were
used and having different material properties as homogeneous plates which
may be isotropic or orthotropic. In this study it was also used the plate
consists of layers, each layer has an independent material properties from the
others. These types of plate known as laminated plates. The effect of various
boundary conditions of plate on dynamic analysis results had been
considered.The study focuses on the dynamic analysis of plates in two
stages: the first stage included the free vibration analysis, which has been
performed by using the Jacobi's iterative method which can find all eigen
values of a plate. In the second stage, the forced vibration of the plates was
performed by investigating the dynamic response of plates by using
Newmark method which is an implicit time integration method.

The consistent mass matrix had been used in the general equation of plate
movement. The damping matrix was founded by using the form that given
by Rayleigh in which the damping matrix is depended on the stiffness and

mass matrix.

Summary

From the preceding review of literature, it is clear that there is a need

for study considers the elasto-plastic dynamic analysis of thick plates by

15
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taking into account the effect of damping. Also, there is a little literature that
takes into account the effect of the transverse shear deformation of the plate,
different boundary conditions and aspect ratio effect. Thus, the present study

will cover the above research fields.

16
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CHAPTER THREYE

FINITE

ELEMENT FORMULATION AND

NUMERICAL SOLUTION

Introduction

The finite element method can be defined as a general method of

structural analysis in which a continuum is replaced by finite number of
elements interconnected at finite number of nodal points. The shape, size
and the number of elements are related to the geometry of the body,

material properties and loading condition [26].

The finite element method is the most powerful numerical technique,
which offers approximate solution to realistic types of structures such as

plates. However, the term “finite elements” was first used by Clough in

1960 (mentioned by Reddy, 1984) [35].

In the present study, the 8 — noded isoparametric quadrilateral
element is used for discretization of plates. The derivations of the stiffness
matrix [K] of plates are presented. Also the formulation of the element

mass matrix [M] and damping matrix [C] of plates are introduced.

17
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Finally, the numerical solutions which are used to solve the basic

dynamic equilibrium equation and the eigenvalue problem are presented.

Formulation of the stiffness matrix

An 8 — nodded isoparametric element (serendipity element) which is
shown in Fig. (3.1.b) is used. This element contains four nodes at the

corners and four nodes at the mid — side of the element boundaries.

It is assumed, the degrees of freedom at any node are:- w, 0y, 6.

Mapping

a. element of general shape

An
4 7 3
(-1,1) ¢ ¢ ®a
6
8 .
o @ > g
(1-1) g . ?y (L-1)

b .Eight — noded quadrilateral isoparametric element.

Fig.(3.1) :Plane view showing isoparametric coordinates &-» and element of general form.
18
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The basic assumptions adopted in this analysis are based on Mindlin's
assumptions [17], which are:

a. Displacements are small compared with the plate thickness.

b. The stress normal to the midsurface of the plate ( o;) is negligible,

c. Normal to the midsurface before deformation remains straight (but not
necessarily normal to the midsurface) after deformation. However, this
assumption is modified so that cross-sectional warping is permitted
through the proposed expressions for the transverse shear strains, with

using a shear correction factor, as it will be seen later in this chapter.

The shape function, Ni( &, n), at the i- th node of this element are
given in table (3.1).

Table (3.1): shape function for the plane quadratic

iIsoparametric element[5].

-0.25(1-8)(1-n) (1+&+n)
-0.25(1+8 (1-n)(1-E+n)
-0.25(1+8 (1+n)(1-&n)
-0.25(1-8) (1+n) (1+&n)
05 (1-&)(1-n)
05(1-n?)(1+¢)
05(1-&)(@1+n)
05(1-n*)(1-¢)

Where & and n are the isoperimetric coordinates.
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3.2.1: The displacement field: -

The displacement field of the element which is described above could

be given as follows:-

8

w=> Ni Wi A
i=1
8
0x=ZNi G > ...(3.1)
i=1
8
Oy =D Ni Gi J
i=1
U= —z 6« }
ve—20, ...(3.2)
where:-

w transverse displacement.

u displacement in x-direction.

v displacement in y-direction.

Ox average rotation in x- direction.

0y average rotation in y-direction.

3.2.2: The stress-strain relationship:-

In the present analysis, the considered strains are the two direct
strains &x and g, and the in plane shear strain y,, and the transverse shear
strains vy, and vy, (the transverse direct stress o, and strain g, are
negligible) and this reflects the second assumption of Mindlin$ theory on
which the 8-noded finite element is used.

The stress-strain relationship within the elastic range; in matrix form
is:

{o}ss1=[Elsss {e}s» . (3.3)
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Where: {0} = {ox oy Ty Tyz T }

{e} ={ex & 1oy Vyz Yex }

A Av 0 0 0

Av A 0 0 0

[E]=l0 0 G 0 0

0 00G O

0 000 G
A=E/(1l-v?)

G = E/ 2(1+ v) = Shear modulus of elasticity.
E = Modulus of elasticity.

v = Poission ’s ratio.

3.2.3: The strain — displacement matrix [B]:-

The strain-displacement matrix [B] is derived in the following
steps:-
- Utilizing eq. (3.2)
e&x=0Ul0OX = -z 00/ 0X
ggy=0vloy = -z 06yl oy ...(3.4)
Yoy = 0u/ Oy + Ov / Ox=-z (3 0,/0y + 8 0,/ Ox )

Yyz = OW /Oy + 0v / 0z = (Ow / dy) — By ...(3.5)
Yox = OW / OXx + Ou / 0z = (Ow /0x) —Ox j)

In the present analysis egs. (3.5) given uniform transverse shear

strains across the thickness of the plate as a result from the assumed
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displacement field. However, these strains are modified to the following
from presented:-

V=56 *[(3/2)[(ow/dy)—0,]1[1- (22/(0.5h)?)]] ...(3.6)
V=56 * [ (3/2) [ (ow/dx)—0x1[1—-(Z221(0.5h)?)] ] }

Where:-

5/6 : is the shear correction factor to allow for cross-sectional warping .
These modified expressions for (yy;) and (yx) produce a parabolic
distribution for the shear strains and their corresponding stresses (ty, and
T,x) across the thickness of the plate such parabolic distribution seems to be

more accurate and realistic especially when the transverse shear stresses

are to be included in the yield criterion as in the present work.

The properties of this modified expression for (yy;) and (y.) are given
by Alwash (1989) [5].

- Then, rewriting egs. (3.4) and (3.6) in a matrix form:-

ou / ox

ouloy

&) [L 00O 0O0O0O0O 0] |oulaz

&| [0 0001000 0 |oviex

{es+1=4m}t=[0 101 0 0 0 0 0| <ov/dy ...(3.7)

»| [0 000 0b O b 0| |oviez

w| [0 0 b 0O ODbO O] |ow/éx

ow/ oy

ow/ oz

[H]s+9

Where:-

513 22
b=> 13 -
6 [2 ( (o.sh>2)]

22



Chapter Three Finite Element Formulation and Numerical Solution

Since the shape functions N; are functions of the natural
coordinates rather than Cartesian coordinates, a relationship needs to be
established between the derivatives in the two coordinates systems. By

using the chain rule, the partial differential relation can be expressed in
a matrix form as:

ou| [ox oy ol [au]
0¢ 0s o0& OX
W) _| XY M .(39)
on on on oy
au au
16z [0 0 1] [oaz]
N
[J]3%3

where [J] is the Jacobian matrix and the elements of this matrix can be

obtained by differentiating the following equations:

X(&,17) = ZNi(ﬁ,n) X;

5 ...(3.9)
Y& m) =2 N(&m) Y,
i=1
Hence, the Jacobian matrix can be expressed as:
%Xi 8 % i 0
i=1 8§ i=1 a§
8 . 8 .
D]oe| SN SN ..(3.10)
i On i on
0 0 1

Then, the derivatives of the shape functions with respect to
Cartesian coordinates can be given as:
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ou [ ou |
ox 0g
ou ou
— |=[I] s3] — ...(3.11
o o (3.11)
a a
| 0z | | 07 |

where [J]is the inverse of Jacobian matrix.

So, the transformation from(x-y) coordinates to isoparametric
coordinales (&-1) gives:-

ou a_u
X o0&
ou ou
T 000000‘2’7
ou 1 o
~ [J], 00000 0|5
ov 00000 O]|&v
x| |0 0o 00 0|0
Nl_lg 0 o0 [J], 0 00 N ..(312)
oy 3 on
a| 000 00 0y
| 000000 00 0]|Z
wl loooooo [J] ||ow
ox PR
0000GO00O
ow| - - | ow
oy on
ow ow
oz oz
“ ),
[T T Yoo

-Substituting form eq. (3.1) in eq. (3.2) and differentiating with respect
to (&, m, z) give (in matrix form):-
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a)
| | o - N
ou o
on 0 —z@ 0
ou on
2l o =N 0
ﬂ 0 0 —z%
o % |
ONi -

gﬂ =1 0 0 _ZE Xi =[N]9*24 {d}24*1 ...(3.13)
n _
v 0 0 —Ni .
0z ONi

— 0 0
ow | | o
N
ow| | on
on 0 0 0
ow
oz )

- Substitution from eq. (3.12) and eg. (3.13) in eq. (3.7) leads to:-

{e}s«1 = [Blswas  {d}24m ...(3.14)
or; in other form

L&) us=Ld o [B]Ges ...(3.15)
Where:[B]..,,=[H]so [[TT]4s [N] o2 ...(3.16)

then, the stiffness matrix at the element level could be derived from the

strain energy:

strain energy =U =1/2 J. \_ax Oy Txy Tyz Tax J {8X Ey Yy ¥y Vx }dV
\Y
:1/ZJLGJ1*5 {8}5*1 dv ...(3.17)
\

Substitute from eq. (3.3), eq. (3.14) and eq. (3.15) in eq. (3.17) to
get:-
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u =1/2Ldj“ [B] [E] [B] dv} {d}

\Y
But, in general, it is well-known that

Uu=1/2 [d| [k] {d}

Hence,
stiffness matrix at element level = |K|,,.,= J. [Bl3ws [Elss [Blows AV
\%
+1 +1 h/2 T
Klwoe = [ [ | [B] [E][B] 9] d& dnp dZ ...(3.18)
-1 -1 -h/2

where |J] is the determinant of the Jacobian matrix.

In finding [K] from eq. (3.18), the integration with respect to (§ and
n) is carried out numerically (by reduced integration, see ref. [17] )
using 2-by-2 Gauss rule. 6-point Gauss rule is applied to integrate
numerically in z-direction after transforming z-coordinate to

isoparametric coordinate ( (see Appendix(A)).

Dynamic Analysis

In this section, the dynamic equilibrium equation of motion is stated.

Then, the mass matrix for plate element is derived. Finally the damping
properties of structures and the formulation of damping matrix are
described.

3.3.1:Dynamic Equation of Motion

The equation of motion for a nonlinear system can be formulated by

expressing the equilibrium of the effective forces associated with each of
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it’s degrees of freedom. In general, four types of forces will be involved at
any point i, the externally applied load, Fi(t), and the forces resulting from
the motion that is, inertia, fii, damping, foi, and internal forces, fsi. Thus,

the dynamic equilibrium may be expressed as [16]:-

fii + foi + fsi= Fi(t) ...(3.19)

or in a matrix form :-

{fi} + {fo} + {fs} = {F(O} (320)
In which:-
{fi} = M1 {D} 621)
{fo} = [C] {D} 622)
{fs} = [K] {D} ...(3.23)

Where: [M], [C] and [K] = mass, damping and stiffness matrices

respectively, and: {D}, {D} and {D} = acceleration, velocity and
displacement vectors of the nodal points of the system, respectively
Substituting Egs. (3.21), (3.22) and (3.23) into Eq.(3.20) gives the

complete dynamic equilibrium of the system, i.e :-

[M] {D} + [C] {D} +[K] {D} = {F(t)} .(3.24)

3.3.2:Formulation of Mass Matrix
The mass proportion of an element can be defined in two ways, either

lumped or consistent.
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The consistent mass matrix (or the elemental mass matrix), which is
always symmetrical, is a matrix of equivalent nodal masses that
dynamically represent the actual distributed mass of the element [37].

An alternative approximation to the consistent mass matrix is the
lumped mass matrix.

The usual process adopted in deriving the latter is to distribute the
mass of the element evenly between its nodal points in the form of
concentrated of lumped masses [37].

In the present study only the consistent mass matrix is considered.

3.3.2.1:Derivation of the consistent mass matrix

For a plate element the inertia force per unit area due to acceleration

Inertia force = mass per unit area * acceleration
The acceleration may be expressed by the same function for the

displacement, so:

Wix,y) = WiN1+W2N2+W3sN3+WasN4+WsNs+WeNes+wW7N7

“ 8w ...(3.25)
+wsNs = Z Ni wi
i=1
. 8 .
Ox(x,y) =Y, Ni O ...(3.26)
i=1
. 8 oo
6 y(x,y)=> Nibyi ...(3.27)
i=1
Now, if \'/(/(x, y) is considered only:-
let a unit nodal acceleration is applied at node 1 then, wi=1 and,
\./\.Izz\.lclsz\.l\.lzl:\.l;ls:\./;lez\.lcl7:\.l;ls:0

S0:-
W(X, ) = N1*1+ (N2+ N3+ Na+ Ns+ Ns+ N7+ Na)*0 = N1 ...(3.28)
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To determine the mass matrix coefficients myy, My, Maa, ....., Mo4 24
the principle of virtual work is applied. For example the coefficient my;
may be found by applying a virtual displacement dw; at node 2 (6w, = 1),

therefore, the external work done by this virtual displacement is:-
External work =P éw, ...(3.29)

Where P is the real inertia force existed before the applying of the virtual

displacement. Then the external work becomes.

External Work = ma: W 1Ws = Mo *1%1 = mas ...(3.30)

and the internal virtual work

Internal work = Fint W(X,y) ...(3.31)
where:-
w(X,y) : the virtual displacement function and it is obtained by using the

displacement field:-

8
w(X, Y)=z Ni wi SO:-
i-1
W(X,y¥) = Niwi+ N2wz2+ Nsws+ Naswa+ Nsws+ Ne Ws+ N7 wr (3.32)
+ Nsws=N: -0
and Fin; : is the inertia force = jp d(vol) \}Q(x, y) ...(3.33)

vol

the substitution of equation (3.28), (3.32) and (3.33) in to equation (3.31)
leads to:

Internal work = Ip N1 N2 d(vol) ...(3.34)

vol

now: external work = internal work, leads to:

mzi= | p NiN2 d(vol) ...(3.35)

vol
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ed. (3.35) can be put in a general form to express any coefficient m;; in the
mass matrix:-

mij=p [ NiN; d(vol) ...(3.36)

vol

using eq. (3.36), the general equation for consistent mass matrix for a plate

element (with one degree of freedom) is:-

[mk-o=p [ [N] [N]d(oD

W hi2 ...(3.37)
=p [ JINJINJ[| dé dn dz

-1 -1 -h/2

where: |J] is the determinant of the Jacobian matrix.

The integration with respect to (§ and n) is carried out numerically
using 2*2 Gauss rule. 6-point Gauss rule is applied to integrate
numerically in z-direction after transforming z-coordinate to isoperimetric
coordinate & (see Appendix A).

Now, if the same steps (to find [m]g+s for w) are repotting with 0y, 0y
then, the total matrix for the plate element will be [m],,.,, .

To show the final form for the consistent mass matrix (see Appendix (B)).

3.3.3:Formulation of Damping Matrix

In the analysis of dynamic problems, it is noticed that the amplitude
of the free vibration remains constant with time, but in actual structures
such a vibration without decrease in amplitude is never realized. This is
occurred because of the presence of the damping forces. These forces
cause the dissipation of energy that progressively reduces the amplitude of
vibration and ultimately stops the motion when all energy initially stored in

the system has been dissipated [22].
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Damping in structures may be of several different forms. It is in part
due to the internal molecular friction of the material. It is also due to the
loss of energy associated with the slippage of structural connections either
between members or between the structure and the supports. In some cases
it may be due to the resistance to motion provided by air or other fluids
surrounding the structure. In any case, the effect is one of forces opposing
the motion, and hence the amplitude of the response is decreased [11].

Although research studies have proposed numerous ways of
mathematically describing damping, the exact nature of damping in
structure is usually impossible to determine. The most common analytical
model of damping employed in structural dynamics analyses is the linear

viscous dashpot model (viscous damping), [18].

3.3.3.1: Effect of Damping

All structural dynamic systems contain damping to some degree, but
the effect may not be significant if the load duration is short and only the
maximum dynamic response is of interest. On the other hand, if a
continuing state of vibration is being investigated, damping may be of
primary importance. In fact, if enough damping is present, vibration may
be completely eliminated [11].

Because the damping effect is usually not known in advance, it
should ordinarily be included in the vibrational analysis until its

importance is found out [1].

3.3.3.2:Damping Matrix

In practice it is difficult, if not impossible, to determine for general

finite element assemblages, the element damping parameters. In particular,
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this is because the damping properties are frequency dependent. For this
reason, the damping matrix is in general not assembled from elements
damping matrices but is constructed by using the mass matrix and stiffness
matrix of the complete element assemblage together with experimental
results on the amount of damping [9].

Viscous type damping can be used whatever the form of the
excitation is, the most common form of such damping is the so-called
Rayleigh- type damping ,[32], given by:

[C] =21 [M] + Z2[K] ...(3.38)

In which Z1 and Z2 are arbitrary proportionality factors.
Then, by making benefit of Mode Analysis, Eg. (3.38) can be

reduced to:

2Cror=2Z1+wr? Z2 ..(3.39)

Where Cr , or are the modal damping ratio and the natural frequency for

the mode r respectively (a typical variation of the damping ratio with the
natural frequency is illustrated in Fig.(3.2)).

The two factors Z1 and Z2 can be determined by specifying the damping
ratio for two modes, for example, 1 and 2, and substituting them into Eq.
(3.39):

201 01 =21+ wm? 22 } ...(3.40)

202 2 =21+ 22 Z2

The solution of these two equations gives:

Z1=2m102 (02L1 - m182) / (022 - m12) ...(3.41)

Z2=2 (@282 - ®181) [ (022 - 012) ...(3.42)
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C Stiffness Proportional
(Relative) Damping
Z:=0,G5=(Z2/2) o

Combined Damping

% IO S NG

. Mass Proportional
: (Relative) Damping
Z,=0, Cr: Zi/ (Z(Dr)

Fig .(3.2) : Relationship between damping ratio and frequency for

Rayleigh damping[32].

Now, by substituting the values of Z1and Z2 into Eq. (3.38) the damping

matrix is obtained.

Natural frequencies, m1 and 2 used in the above equations are obtained
from the solution of eigenvalue problem for undamped case (this will be
discussed later in this chapter). The corresponding damping ratios can be
obtained by finding the damping ratio {1 which is related to the first mode

of vibration using field testing of a structure or from the previous

experience or by assuming it within an acceptable range according to the
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type of the structure. With the value of C1on hand, any other value Cr can

be obtained using the approximate formula [1],

Cr~Ca(odo)®  ; (05<el<0.7) ...(3.43)

Structures generally have a value of the first mode damping ratio in the
range of 0.02 to 0.1, [20].

Numerical methods for the dynamic analysis

The dynamic equilibrium equation, equation (3.24), represents a
system of linear differential equations of second order and, in principle; the
solution of the equations can be obtained by standard procedures for the
solution of differential equations with constant coefficients. However, the
procedures proposed for the solution of general system of differential
equations become very expensive if the order of the matrices is large. In
practical finite element analysis, there are few effective methods. These are
mainly, direct time-integration and mode superposition. In the present
work, the direct integration method is used.

In direct integration methods the dynamic equilibrium equations are
integrated using a numerical step-by-step procedure. The term "direct”
meaning that prior to the numerical integration, no transformation of the
equation into different form is carried out.

In essence, direct numerical integration is based on two ideas. First,
instead of trying to satisfy the equation of motion at any time t, it is aimed
to satisfy this equation only at discrete time intervals At apart. The second

idea on which a direct integration method based is that the variation of
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displacements, velocities and accelerations within each time interval At is
assumed, [9].
Basically there are two general classes of algorithms for dynamics

problems, explicit and implicit. For explicit methods the solution at time

t+At is obtained by considering the equilibrium condition at time t. While
for implicit methods the solution at time t+At is obtained if the equilibrium
condition at time t+At is considered.

The implicit algorithms are more effective for structural dynamic
problems, in which the response is controlled by a relatively small number
of low frequency modes, while explicit algorithms are very efficient for
wave propagation problems, in which the contribution of intermediate and

high frequency structural modes to response is important [41].
Many explicit and implicit methods for direct integration are

available. However, in the present study, only the implicit Newmark

method is adopted.

3.4.1: The Newmark family methods

The most widely used family of implicit methods of direct time
integration for solving the dynamic equation of motion is the Newmark$
family of methods.

In 1959 Newmark [28], presented equations for approximating the
velocity and the displacement of a single degree of freedom system at

time t+At as follows:—
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Derac = DetAt [(1-y) Dt + v Derad] ...(3.44)

Deeac = De+ At De + (AD? [((1/2) —B) De + B Desa] ..(3.45)

where, v and 3 are parameters which determine the stability and accuracy
of the algorithm.

Assuming different values for v and (3, gives different formulas
within the Newmark family of methods. This method is unconditionally
stableif y2 1/2 and B2 (2y+1)2/16.

Unless vy is taken to be 0.5, the method introduces artificial damping

which can be negative when y < 0.5 [32]. Therefore, as remarked by
Newmark, all schemes for which

y 21/2,B21/4 ...(3.46)

are unconditionally stable and indeed show no artificial damping, [44].
In the present study, values of v and {3 are (0.5 and 0.25), respectively.
Newmark method with these values of v and {3 is called constant average

acceleration method. This method is generally used in structural dynamics

because it has been shown to have high degree of numerical stability, [20].

3.4.1.1:Basic Equations

Equations (3.44) and (3.45) can be rewritten for multi-degree of

freedom system in the following matrix form:
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{D} tHAL = {D} t+ At [ (2-y) {D} t+y {D} t+At | ...(3.47)
{D} trat ={D}+ + At {D} ¢ + (AD?[((1/2) — B) {D} ++ P {D} at] ...(3.48)

New, by considering the dynamic equilibrium at time t+At Eq.(3.24)

becomes:

[M] e+at {I.:).}t+At +[Cle+at {D} trat T[K ] iat {D} erae = {F(1)} e+ac  ...(3.49)

Where {D}eat ,{D}e+ac ,{D}erac and {F(t)}eac are acceleration, velocity,

displacement and dynamic applied load vectors at time t+At, respectively.

In order to solve Eq.(3.49) it is necessary first to write in terms of
one unknown, {D} «a¢. By solving Eq. (3.48) for {D}«at in terms of
{D} wac and then substituting for {D} «ac¢ into EQ.(3.47), the following

equations for {D} wac and {D} ¢ac in term of {D} «ac are obtained:

{.IZ;}Mt:(l/BAtZ) [{D}e+ac— {D}] — (1/BAt){ D.}t— ((1/2B) '1){D.}.t ...(3.50)
{D}erac =(y/BAY)[{D} e+ac — {D} tJ+(1- (v/B)){D}At((y/2B)-1){D} ...(3.51)
If equations (3.50) and (3.51) are substituted into Eq.(3.49) then:

[ (1/BA2) [M] eac +(Y/BAL) [C] e+ac + [K] e+ac ] {D} w+ac = {F(t) Ferac +
[M] weae [(1/BAE?) {D} ¢ + (1/BAY) {D} ¢+ + [(1/2B) - 1] {D} ¢ ] +
[C] erael(v/BAL) {D} ¢~ [1-(v/B)] {D} + At [(v/2B)-1] {D} ...(3.52)
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Let [K*]= (1/BAR)[M] wat +V/BAL) [C] erat +[K] esat ...(3.53)

And

{F° ()} = {F(O} e+ac t[M] eac [(1/BAD){D} ¢ +(1/BAt){D.} t +[(1/2B)-1]

{D}  +[C] eone [(/BAD {D} « ~[1-(y/B)] (D} ¢+ At [(1/28)-11{D}] ...(3.54)
Hence Eq. (3.52) becomes:

[K*] {D} t:ac = {F°(t) } ...(3.55)

The Eqg. (3.55) can be used for linear systems, where [K*®] will be
constant during the analysis at any time. And, since the present problem is
nonlinear due to the material nonlinearity, therefore, the incremental form

will be adopted in the analysis, where [K*] is changed with time.

The complete steps for putting Eq. (3.55) in an incremental form are
given by (Alwash, 2002) [6] as below:

If Eqg. (3.52) rewritten in an incremental form, then:
[(1/BAB)[M] erae +(v/BAY[C] trac + [K] e+at ] ({D} erac—{D} 1) =

{F()} t+at — [K] +ac {D} t + [M] e+ac [(1/BAL ){D} t+ [(1/2[3)-1]{.D.} t]

4 [C] eone [ [(7/B) 1] {D} ¢ + AU[(/2B)-1HD} { ...(3.56)
Now let [K®] = (1/BAE2) [M] trac + (y/BAL) [C] erac + [K] eeat ...(3.57)
{AD } = {D} tac—{D}+ ...(3.58)

{AF* (1)} = {F(1)} t+at — [K] e+ac {D} ¢ + [M] t+at [(I/BA‘[){D.} t+

[(1/2[3)-1]{I.3.} t]+ [Cleeae [ [ (y/B)-l]{D.} t+ At [(y/2B)-1]{[.)S}t] ...(3.59)
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At the beginning of the analysis, the matrices [K] ¢a¢, [M] e+ae, and
[C] t+a¢ are taken at time t as an approximation.
Since [M] will be constant at all time steps, then [M] «ac = [M].
Consequently Eq. (3.56) may be written as:

[K*]{AD} = {AF°*(1)} ...(3.60)
Where:
[K*] = (1/BAD)[M] + (y/BAL)[C] t+ac + [K] t+ac ...(3.61)

(AF*()} = {F(D} wac— {f} ¢+ [M] [(/BAt{D} ¢ +[(1/2B)-1}{D} «]

+ [C] teae[ [ (y/B)-l]{[S} t T At [(y/ZB)-l]{[.).} ] ...(3.62)

Where {f}: is the internal force vector at time t (for nonlinear solution).
Now by solving Eq.(3.60) for {AD}, approximate values for accelerations,

velocities and displacements may be given as follows:

{D}eenc = (1/BAR){AD} — (1/BAL) {D} ¢ — [(1/2B)-11{D} « ..(3.63)
{D} t+at = (Y/PA){AD} + [1-(7/B)]{D} t- At [(Y/ZB)-].]{D.}.' t ...(3.64)
{D} trac ={D} + + {AD} ...(3.65)

Calculation of natural frequencies

In the dynamic analysis, the natural frequency, o (radian/sec),of the

vibration is required to formulate the damping matrix as shown previously.
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Also, in order to determine the critical time step for direct integration the
smallest natural period T (sec) is required, which is related to the natural

frequency as follows:

T-2% ...(3.66)

®
Therefore, in order to perform the analysis, the evaluation of natural
frequencies is necessary to accomplish first.

The undamped free vibration is represented by Eq.(3.24) with no
damping (i.e., [C]=0) and no external force (i.e., {F(t)}=0). The result is an

equation of motion of the form, [18]:

[M{D} +[K]{D} = 0 (3.67)

Harmonic motion is given by:

{D}= {U} cos(wt - &) ...(3.68)
Where:

{U}: is the nodal amplitudes vector,

5 . is the phase angle,

It is may by substituted into Eq.(3.67) to give the n th-order algebraic
eigenvalue problem (K¢ = AM¢):

([K]-w?[M])Uj=0 ...(3.69)
For a nontrivial solution, Eq.(3.69) must be written in the following form:
| [K]-o* [M]|=0 ...(3.70)

This is called the characteristic equation. When the determinant of
Eq.(3.70) is expanded, the result is a polynomial equation of degree n in »?
whose roots are the eigenvalues, or squared natural frequencies, »’. These

can be ordered from the lowest to the highest:

0<w! <@’ <<’ << of ..(3.71)
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Corresponding to each eigenvalue o?, there will be an eigenvector, or

natural mode {J} where

{I}: U2 r=21,2,...,n ...(3.72)

Un
Texts are involved many techniques for solving the eigenvalue

problem. However in the present work only two methods are adopted,

inverse iteration method and Gram- Schmidt method.

3.5.1:Inverse Iteration Method

This technique is very effective in calculating the smallest eigenvalue
and the corresponding eigenvector which are the most important eigenpair
in structural dynamics.

The basic steps for solving the eigenvalue problem of the form
(Ko=AM¢)using the inverse iteration method are [8]:-

1- Assuming a starting iteration vector, {Xi}, almost with all terms
equal to one

2- Assuming that:-

Vi =[M]{X4} ...(3.73)
3- Evaluating, for each iteration step k=1,2,...... ,
W f= KT, ) ...(3.74)
{?kﬂ}: [M ] {qu} ...(3.75)
- K| i)
Xkst ()= — K ...(3.76
p((Xea) Xl Y ad) (3.76)
7!
Yoyf=— = . (3.77
{ } {X 1} {Y aPY? ( )

Where the superscript T denotes transpose.
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4- The value of ({X«.1}) in Eq.(3.76) represents an approximation to the
eigenvalue, 4, . Denoting the current approximation for 4, by 2%, i.e.,
2869= pltX «.a3), the convergence will occur when:-

‘ﬂiku)_/wk)‘

e <107 ...(3.78)
1

Where s is the number of significant digits of the desired accuracy.

5- If m is the last iteration cycle, then the smallest eigenvalue, A4, and the

corresponding eigenvector, {1}, will be respectively:-

Ay = p({Xn}) ...(3.79)
_ {Xead ...(3.80
) X maF LY ma )2 (3.80)

3.5.2:Gram-Schmidt Method

The other eigenpair can be obtained by the inverse iteration method

through choosing the trial vector form a space M-orthogonal to the
calculated eigenvector. A particular vector orthogonalization procedure
that is employed extensively is the Gram-Schmidt method.

In order to consider a general case [9], assume that the eigenvectors
{01}, {d2},..., {dm} are calculated by inverse iteration and that it is
wanting now to M-orthogonalize {X} (the trial vector) to these

eigenvectors. In Gram-Schmidt orthogonalization a vector {X |, which is

M-orthogonal to the eigenvectors {¢i}, 1= 1,...,m, is calculated by using:

m

{)’(’}:{x}—; 9i {pi} ...(3.81)

Where the coefficients 4 are obtained by using the conditions that
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B M]{X}=0 i=1,...m ...(3.82)
and {gi} [M]{gi}=05i ...(3.83)
where §; is Kronecker delta, 6;; =1 for i=j and 6;=0 for i=#]j.

Premultiplying both sides of Eq.(3.81) by {¢i}" [M], one may obtain:

19i={¢i}T[M]{X} i=1,...m ...(3.84)

Now the inverse iteration is started using the vector {)? } instead of {X}.
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CHAPTER rouvnr

ELASTO-PLASTIC ANALYSIS

Introduction

In this chapter, an elasto-plastic analysis of thick plates of arbitrary

shape and support condition subjected to dynamic transverse loading is
presented. Derivation is presented of the basic equations relating to the
incremental approach

The approach which is followed in this study for the analysis of
isotropic plates of elastic - perfectly plastic material with the assumed stress
—strain relationship is shown in Fig.(4.1). However, this approach is equally
applicable to plates of other inelastic solids. von Mises’yield criterion and

the associated flow rule (Prandtle —Reuss relation) are used here.

< , >

(-) compression

Fig.(4.1) : The assumed stress — strain relationship in uniaxial loading.

44



Chapter Four Elasto-Plastic Analysis

Flow Theory of Plasticity

A yield criterion is a hypothesis concerning the limit of elasticity under
any state of stresses [23]. The yield criterion employed in the present work
for an isotropic materials will be a generalization of von-Mises” plasticity
theory. According to this criterion, yielding begins under any state of stress

when the effective stress () exceeds the yield strength in uniaxial tension

or compression (o).

— 12
O =

g[(a ..(4.1)

2 2 2 2 2 2
X—O'y) +(ay—az) +(O‘Z—Gx) +6(rxy+ryz+rzx)]l

More refined tests certify that the circular cylinder of von-Mises” yield
criterion gives a more exact yield surface for most metals than hexagonal

prism considered in Tresca$ yield criterion [23].

Formulation of the basic elasto-plastic equations

Through neglecting the transverse direct stress (o) and squaring both
sides of Eq.(4.1), von-Mises” yield criterion can be written as follows
[17,23]:

G’ 2% [(GX —ay)z +oy+o, +6 () +1,, +2'22x)] ...(4.2)

Eq.(4.2) may be expressed in terms of principal stresses as follows:
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—2
(o2

:%[(0'1_(72)2"‘((72_(73)2"'(0'3_0-1)2] --(4.3)

According to von-Mises’theory, the effective plastic strain increment
d ¢, is defined as a combination of the separate plastic strain increments
(neglecting &) [17,23]

_ 2 3
d &, :? [(d Exp -d gyp)z +(d gyp)2 +(d ,s‘xp)2 +E(d7/Xyp)2 (4.4)
. , ...(4.
+E(d7/yzp)2 +E(d72xp)2 ]1/2
and in terms of principal plastic strain increments:-
2
de, = S [(de, —d 3p2)2 +(de,,—d 8p3)2 +(de,, —d 8p1)2 M2 ...(4.5)
by differentiating Eq.(4.2), one gets
do = {Q}I*s {d 0-}5*1 ...(4.6)
Where:-
Q=312 % ...(4.62)
cl|2 2 ¥ =
{do}= {d o, do, dr, dr, drzx}
o, +to
c,=0,-0, ,0,=0,-0, ,0,= 4
3
T>’<y =Ty 1 r;z = T;z y Ty = Ty
The mathematical form of flow rule (Pradtle-Reuss relation)[23] is:
A5 = bl = A = A = Ve =dA ...(4.7)
o, o, 2r, 2r, 271,

(d A : instantaneous non-negative constant of proportionality)
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and in the form of principal stress directions:

dey-de, de,-de,;, dey-de,;

di ...(4.8)
0, —0, O, — 0, 03— 0,

then:-

iy (0, —0,) +(0, —0, ) +(0y—0,) = ...(4.9)

\/(dgp1 —d5p2)2 +(d€p2 —dgps)2 + (dgp3 —dgpl)2

and from the principle terms for the stresses and strains in egs.(4.3),(4.5) and
(4.9):-

3
div2 6=—"—dz
J2 P

and in another form:

_3d<§p
2 &

da ...(4.10)

By substituting from Eq.(4.10) in Eqg.(4.7) and put the result in a matrix

form:-
dgxp O';
de o’
" 3 dEP y/
dyxyp = E? ZT):y
dyyzp 22'yz
dyZXp 2T;x
or, in other form:
{d gp}5q:{Q}5*1 dEp (411)

Where:-

de,f=lde, de, dyy, dry dl)

Form Fig. (4.2), one can get:-

{do}y =[Els {de.}s ...(4.12)

47



Chapter Four

or {d O'}:[E] ({d gep}_{d gp})

where: {d &c}: elastic strain increments.

{d &p}: plastic strain increments.

{d eep}: total strain increments.

Elasto-Plastic Analysis

...(4.13)

Multiply both sides of Eq.(4.13) by {Q}" and substituting from Eg.(4.6) and

Eqg.(4.11) in the resulting equation give:-

do

{Q}T [E] ({d gep}_ {Q} d Ep)

...(4.14)

Ox A

Oy |77~

[¢7: N miniahea 1 ET:dGA/d Exep

H[=doal/de

Sxp :f dep

v

Exp

(b)

Fig.(4.2) : General stress-strain relations in uniaxial tension. (E: elastic

modulus, Er: tangent modulus). The second plot is obtained from

the first by subtracting the elastic strains.[5]

but form Fig.(4.2):
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lds., | ...(4.16)

H'=0 (for elastic-perfectly plastic material [5])

__Q'[E]
Let |W = T ElQ ..(4.17)

Then, Eqg.(4.16) becomes:-

d, =|Wl, e}, ...(4.18)

Then, to find the elasto-plastic stress-strain matrix [Eep], the stress
increments {do} could be expressed in terms of total strain increments
{decp} as follows:-

{do}=|E,] e, ...(4.19)
But from Eq.(4.11) and Eq.(4.18), one can relate the plastic strain
increments {dep} with the total strain increments {deep} by the following

equation:

de,f={Q) W] {de,} ...(4.20)
Then, substituting Eq.(4.20) in Eq.(4.13) gives:

do}=([E]-[E]Q} W]) e} ...(4.21)
By comparing Eq.(4.19) with Eq.(4.21), one deduces that

E..L. =[E]-[E] @} [W] ...(4.22)
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CHAPTER FIVE

COMPUTER PROGRAM TESTING AND
DISCUSSION OF RESULTY

Introduction

An algorithm for the method which is used and the computer program
EPDATP (Elasto-Plastic Dynamic Analysis of Thick Plates) which is
developed in the present study will be described in this chapter.

Then, the results that obtained from the application of the proposed
analysis and the prepared computer program EPDATP to several theoretical
problems is presented.

A convergence study is carried out in order to select a suitable mesh
with minimum number of elements that indicates a convergence in results.

In order to verify the reliability of the computer program, some
examples reported in previous researches are considered.

Finally, the effect of some analysis parameters such as the boundary
conditions, the dimensions aspect ratio and the effect of damping are
studied.
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An algorithm for the present study

An algorithm for the elasto-plastic analysis of plate under transverse
dynamic load by the finite element method is presented in this section:-
For each time interval:-
1. Compute the mass matrix [M] = [mg].
2. For each time step (1):
a. If i1=1, 1. find the elastic stiffness matrix [Ke¢] = [ke].
2.compute the first and second natural frequency by
using the inverse iteration method and Gram-
Schmidt method respectively.
3.find the damping factors: Z; and Z,.
b. If i # 1 find [Eepi] using Eq.(4.22) at each Gauss point in each
element, corresponding to stress history {ci.1} of that point.
Then find the elastic-plastic total stiffness matrix of the plate
[Kepi]=2 [Kepi] where

[Keu]= [ [B] [E.i] [B] av for an element.

Such updated total stiffness matrix [Kepi] at the beginning of each
time step will be used in all iterations in that time step.
3. Compute the damping matrix from the equation: [C] = Z;[M] + Z;[K]
4. Atiteration (j);
a. if (j=1) apply the load step p; for {A R; } but,
b. if ( j=1) apply the residual forces from previous iteration to be
{A Rj}(see step 9 for the mathematical expression for the
residual forces ).
Then, find the [K*] and [F*] from equations :
[K*] = (1/BAt)[M] + (y/BAL)[C] trac + [K] tat
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(AF*()} = {FOF e {} ¢+ [M] [(/BAL{D} « +[(1/28)-1}{D} «]
+ [C] weae [ [ (¢/B)-LI{DY} 1 + At [(y/2B)-LI{D}

and compute the corresponding {AD;} from equilibrium:
[KT{AD; }={F(@®}
5. Update acceleration, velocity and displacement vectors from the

equations :

{[.).}t+At = (1/BAt2){AD} — (1/BAt) {D} t— [(1/2[3)-1]{[5}.» t
{D} 1121 = (Y/BAOIAD} + [1-(y/B)}{D} (- At [(1/28)-THD}

{D} t:ac ={D} + + {AD}

6. Extract the element’s {Ad; } form {AD; } and compute the resulting
strain increments {A eej} = [B] {Ad;} (at each Gauss point). After
that, find the effective elastic-plastic strain increment Az, from Eq.
(4.4) putting the subscript (ep) instead of (p) in all terms of that
equation. Then, subdivide such strain increments into subincrements,
where for each subincrement (m):

Weumi=10e,1 1 (AZ,100002) . The factor (0.0002) is suitable for

epj
ductile metals .[5]
7. In each subincrement (m); at a certain Gauss point in an element from

the plate, find the effective plastic strain increment Az, from Eq.
(4.18). Then, compute the plastic strain increments {Ae,,| from Eq.
(4.11). The stress increments {Ac,} are found from Eq.(4.13) to be

added to the total stress vector from previous subincrement(or

iteration) {o,,} to find {z,} at the end of subincrement (m). Then
compute the effective stress &, from Eq.(4.1). The subscript (m) is

put in each term in each one of the preceding indicated equations in
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this step. In the present elasto-plastic analysis, the normality condition
and incompressibility condition are satisfied through utilizing the
Prandtle-Reuss relation (flow rule of von Mises’ plasticity theory) in
deriving the preceding equations as introduced in the previous section.
Although, a finite sized stress increments, which result from each
subincrement within iteration within load time step, may depart the
final stress point, corresponding to such stress increments at the end of
that subincrement, from the yield surface as shown in Fig.(5.1). This
discrepancy can be particularly eliminated by insuring that the
subincrements in each iteration are sufficiently small. However, the
point of final stress can be reduced to the yield surface simply by

scaling the stress vector {z,} as given in Fig.(5.1) .
At the end of subincrement (m), the updated {Qm+} and |w, .| are
found using Eq.(4.6a) and (4.17) respectively utilizing the stress

history {on} for the considered Gauss point.

Fig.(5.1): Scaling the stress vector {on} at the end of each subincrement
(m) in order to satisfy the yield condition.[5]

8. If subincrements have completed go to the next Gauss point and
repeat the subincrement process (steps: 6,7) at the same iteration.
Otherwise, go to the next subincrement for the same Gauss point
repeating step (7) for subincrement (m+1) ...etc.

9. If the subincrement are completed for all Gauss points in the plate
within iteration ( j ), find the residual forces in the whole plate
{ARj+1} to be used in the next iteration (j+1):

{ARm }={R,—}—ZJ [B]' {‘71} dv

where the vector {R;} of equivalent nodal forces corresponds to the
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load increment (i), and { oj } is the total stresses vector, evaluated at

each Gauss point, which equals to total stresses vector {om } at the last

subincrement in the considered Gauss point within iteration ( j ).
10.Find the (norm) of residual forces at the end of iteration ( j ) as

follows:

(rorm), =| {3 (aR.F /T R, | * 100

where: R;j represented the load at the considered time step(p).
Then;

a. If (norm); < (norm)j; and (norm); < 0.1, print the total nodal
displacements {D;} = {Dj.1} + {A D;} which represent {D;} at the
end of the time step t . Then, go to step (2) with the next load
step(i+1) at time t+At.

b. If (norm); < (norm);.; and (norm); > 0.1, go to step (4) for the next
iteration (j+1).

c. Otherwise (i.e. norm); > (norm);.; , the analysis reach to the failure

stage, stop the analysis.

Computer program

This section presents a description of the computer program EPDATP

(elasto-plastic dynamic analysis of thick plates) developed in the present
study. The computer program which is coded in Fortran-77 language was
first introduced by Alwash in 1989 [5], and it was designed to deal with
elasto-plastic analysis of thick plates under static loads.

In the present study, the previous version of the computer program has been
modified to deal with the analysis of plates under dynamic loads. The

dynamic part of this program is designed to deal with the dynamic response
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using Newmark’s integration method. Also, the program is developed to find
the natural frequencies. In addition, the damping effect on the dynamic

behavior of plates is included in the program.

The properties and abilities of this program may be summarized as:

1. The program can be used for the analysis for thin as well as thick
plates with constant and varying thickness.

2. Also, it can be used for linear and nonlinear(elasto-plastic) analysis
with static and dynamic loads.

3. The program is capable of dealing with the eigenvalue problem, in
order that two eigenvalues are obtained. The first one represents the
lowest natural frequency of the system obtained by using the
inverse iteration method while the other represents the second
natural frequency and it is obtained using Gram-Sehmidt method.

4. Including damping properties using Rayleigh type damping.

5. In the dynamic analysis, the program can be used for any function

of loading such as step, triangle impact or impulse loading.

The structure of the flow chart of the present program is given in

figure (5.2).
=

A\ 4
Read data defining material properties,

geometry, boundary conditions, and loading

Set to zero arrays and vectors required for

accumulation of data

l
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Yes

No

If static

Calculate the element mass matrix and

assemble to find the plate mass matrix

»

>

A

y

Istep = 1, Nstep
Nstep:NO. OF time steps(if dynamic)

:no. of load increment(if static) +—3

Yes If linear

\ 4
Find the elastic element stiffness

matrices and assemble to find the
No

elastic stiffness matrix

() O ®

Fig.(5.2):flow chart for program of incremental F.E.M analysis for plates

Yes

A 4

T i

0

If istep =1

A 4

Find the elastic element stiffness
matrices and assemble to find the

elastic stiffness matrix

Update the element elasto-plastic stifness
matrices and assemble to find the updated

plate stifness matrix

5

6
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v
Set
j=i+l
load iteration loop
No l Yes

w

A 4 A 4

Apply the residual Apply the load for
load vector the time step

A 4

Yes

If static
analysis

If damping
included

No

Fig.(5.2): continued

If istep =1 No

Find the first natural frequency by
using the inverse iteration method

A 4
Find the second natural frequency
by using the Gram-Schmidt
method
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l

find the damping factors:
Ziand Zo.

<

<

A 4

Calculate the damping matrix

»

»

A 4

Calculate the effective stiffness
matrix

A 4

Calculate the effective load vector

»

A

y

>

A 4

Solve the simultaneous equations
system (equilibrium equations) by
Gauss  Elimination  (in-core
banded solution ) to find the
resulting nodal displacements for

the time step

Q

Fig(5.2): continued

No Yes

If static

Update acceleration, velocity
and displacement

yes

Print:
1.the total load
2. the nodal displacement
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Yes

A 4

Print:
1.the time step
2. the nodal displacement

If linear

4—
No

A 4

- ]

A\ 4

Set
e=e+l
elements loop

\4

Extract the element’s nodal displacements

\4

Set
g=g+1

Gauss points loop

v

Compute the resulting strain increments
vector and the corresponding effective

strain increment

i
©

Fig.(5.2): continued

Subdivided the strain increments into

subincrements

[

\4

Set
s=s+1

\ subincrements loop

l
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Compute the effective plastic strain
subincrements

\4

Computing plastic strain subicrements
vector

\4

Compute stress subincrements vector to be
added to the stress vector

\4

Compute new effective stress

A\ 4
Compute updated vector relating effective
plastic strain subincrement with strain
subincrements vector

A4

Compute updated vector relating plastic
strain subincrements vector with effective
plastic strain subincrement

|
®

Fig.(5.2): continued

If subincrements
completed

No

If all Gauss points
considered
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Yes l

No

If all elements
considered

Evaluate the resual forces vector for the
whole plate

(norm);

@ ¢

No If Yes
(divergence) (norm); <(norm)j-1

A 4

Yes

Yes No
\ 4 \ 4
Print: Print:
1.the total load 1.the time step
2. the nodal displacement 2. the nodal displacement

\4
Compute the norm of the residual forces: @

Fig.(5.2): continued

Numerical examples

In order to verify the reliability of the computer program, some

examples are considered. These examples are varied among static and

dynamic analysis : Print:

] 1.the time step
5.4.1: Static Analyg 2. the nodal displacement

5.4.1.1:Example No.1 : Clamped square plate subjected to
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transverse static uniformly distributed load

A clamped square plate (Fig.(5.3)) subjected to an increasing uniform
load is studied as example to validate the static part of the computer
program. The plate geometry and material properties are as follows:-

thickness (h) = 0.2m

length (a) = 6.0m

modulus of elasticity (E) = 30000.0MPa

Poisson’s ratio (v) = 0.3

the yield stress= 30.0MPa.

Oy =0

Fig .(5.3) : Clamped support square plate.

The problem was analyzed by Al-Saeg ® in 2005 by using elastic-
plastic geometrically nonlinear finite element analysis using the degenerated
shell element with 5 degree of freedom per node (u, v, w, 64 ,0). Due to
symmetry of loading, geometry and boundary condition, only one quarter of
the plate was analyzed using 9 elements. Number of load increment was 20
and 6 layers are used to represent the material through the thickness.

In the present analysis, also one quarter is used utilizing the symmetry,
and the number of load increments is 20.

The convergence of the results of the finite element method, for the
mesh size, was tested by Alwash® for square plate subjected to static load
and it was showed that the 9 elements mesh size was the suitable mesh. So 9

elements mesh size will be used in this example.
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The results of the deflection at the plate center vs. the uniformly
distributed load are plotted in Fig.(5.4). From this figure, and by comparing
the results of the present study with that results which are obtained by Al-
Saeq, it is clear that the difference between the two curves is vary small in
first loads (to about q = 0.15MPa), but after that (when the loads increase)
the difference increases (reach to about 7%), where the effect of the
nonlinearity appear. Also, the results explain that the load capacity for the
plate decreases when the geometrical nonlinearity included, and the
deflection for the plate under the same amount and type of load become
greater (by about 7%) when the geometrical nonlinearity considered.

The load versus central deflection curves are shown in Fig.(5.5) for
different values of span to thickness ratio Lo(Lo < 3 for thick plates [5])
using 9 elements (mesh(3) in Fig.(5.9)). As expected, the load capacity for
the plate is increasing when the plate become more thick, and the deflection
reduced for the plate which is subjected to same amount and type of loading

when the plate thickness increases because the plate become more stiff.

Fig.(5.4) : Load versus central deflection for a clamped square plate.

*
Fig.(5.5) : Load versus central deflection for a clamped square plate for
different values of L, (the symbol * represent the collapse point)
5.4.1.2:Example No.2 : Clamped circular plate subjected to

transverse static concgntrated load

A clamped circular plate (Fig.(5.6)) subjected to cencentrated load at
the center of the plate (p = 4lb = 17.8N) is analyzed in the present study as
another example for the static part of the computer program. ~ *

The plate geometry and material properties are as follows:

63



Chapter Five Computer program testing and Discussion of Results

the radius(R) =5in (0.127m)

the thickness(h) = 2 in (0.0508m)

modulus of elasticity(E) = 1.09*%10° psi (7521MPa)
Poisson’s ratio (v) = 0.3

the yield stress = 57971.0149 psi = 400MPa

Fig .(5.6) : Clamped support circular plate.

The following formula is used to generate the analytical resultg @
U(r) = PR? [1-(r/R)2-2(r/R)? In(R/r)-8D In(r/R)/(K G t R?)]/16nD
where:
U(r) = the displacement at distance r from the plate center
R = the radius of the plate

P = the force value

= E—tz , Where Ex and v are the modulus of elasticity and the
12*(1-0%)
Poisson's ratio of the plate and t is the thickness of the plate.
— EX
2% (1+0)

K =0.8333 (shear correction factor)

In the present analysis, one quarter is used utilizing the symmetry
using 16 elements mesh size (mesh(4) in Fig.(5.22)), [16 elements mesh size
is used here instead of 12 elements for comparing with the analytical study
which gave the deflection for five points along the radius as in table (5.1)] .
Table (5.1) shows the deflection for the plate with different distance from

the center and from this table ,one can show that the present study has a
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very good agreement with the analytical solution with difference not
exceeded (1.58 %).

The load versus central deflection curves are shown in Fig.(5.7) for
different values of radius to thickness ratio Ry (Ro < 2 for thick plates ©)
using 12 elements (mesh(3) in Fig.(5.22)),(the convergence of the results of
the finite element method, for the mesh size, was tested by Alwash® for
circular plate subjected to static load and it was shown that the 12 elements
mesh size was the suitable mesh). The figure explain that the load capacity
for the plate increases when the plate become more thick (R, decreases) and

that was expected as discussion in example no.1.

Table (5.1) : deflection for the circular plate in example no. 2

_ 6.407199%10%in |
(16.2743*10°8 m)
3.53748*10% in 3.489087*10% in | 1.36
(8.9852*10°°% m) (8.86427*10% m)
2.19719*10°% in 2.232036*10% in | 1.58
(5.58086*10%¢ m) | (5.66937*10°% m)
1.14364*10°% in 1.131385*10% in | 1.1
(2.90485*10%8 m) | (2.87372*10°% m)
3.88628*107 in 3.937136*107in | 1.31
(0.98712*10%8 m) | (1*10°% m)
0 0 0

Fig.(5.7) : load versus central deflection for a gklamped circular plate for
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different values of Ry (the symbol * represent the collapse point)

5.4.2: Dynamic Analysis:

5.4.2.1:ExampleNo.3 : Square plate subjected to suddenly applied
uniformly distributed load

A simply supported square plate (Fig.(5.8)) subjected to suddenly
applied load is selected to be solved in the present study as example for the
dynamic part of the computer program.

The intensity of the uniformly distributed load is equal 300 psi
(2.07*10°N/m?) (Fig.(5.8-b)).
The geometry and material properties are:

the length (a) = 10 in = 0.254m

the thickness (h) =0.5 in =0.0127m

modulus of elasticity (E) = 0.1 * 108 psi =69*10° MPa

the mass density (p) = 0.2589 Ib/in®* = 7.157*10° Kg/m?

Poisson’s ratio (v) = 0.3

the yield stress = 57971.0149 psi = 400MPa
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Fig. (5.8):Boundary condition for the plate and the dynamic characteristic.

5.4.2.1.a : Convergence study

A convergence study for the mesh size is presented in Fig.(5.10)
using the four meshes in Fig.(5.9) ,where one quarter of the plate is
considered with time step equal to (0.00001 sec). From Fig.(5.10) one can
show that the percentage difference for the 4 elements mesh size with
respect to the 9 elements mesh size is really small (less than 0.1%) ,so, 4
elements mesh can be adopted.

But, when the convergence study repeated for the same plate by using
clamped support instead of simply support as in Fig.(5.11) the percentage
difference(at the third peak value) for the 4 elements mesh size with respect
to the 9 elements mesh size was about 7%( amplitude difference ), while this
percentage was less than 1% when the 16 elements comparing with the 9
elements.

So, in the present study the 9 elements mesh size can be considered as
a suitable mesh which is indicated a convergence in results with minimum

number of elements .

5.4.2.1.b :Comparison with pervois studies

Sladek et al. ®¥ in 2003 solved this example by using the LBIE (local
boundary integral equations) method with a meshless approximation. They
analyzed the plate as a thin elastic plate with Kirchhoff theory.

Also , in 2006 Albarwary® solved this example using the lower and

higher order finite layer method with time step equal to (0.223*10sec).

In the present study, the time step is equal to (0.00001 sec) and one
quarter of the plate is used with 9 elements mesh. Also, the Mindlin plate

theory is used, where the plate is analyzed as a thick plate.
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Fig. (5.12) shows the dynamic response curves of the central
deflection for the present study comparing with the study of Sladek et al.
from this figure one can noticed that the linear behavior has an amplitude
difference by about 6.66% and a period difference by about 10% when the
meshless approach is used comparing with the finite element method .The
same figure shows that the central deflection for the present analysis using
the linear behavior increasing by about 3.3% when the nonlinear behavior
Is used. This is due to the relatively low load is applied and mainly the
whole plate is remain within elastic range throughout the analysis.

Fig.(5.13) shows that the result of the present study for the linear
behavior has a good agreement with the corresponding results reported by

Albarwary with maximum difference in the period 10%.

The time histories of the displacement at the center of the plate for
various levels of yield stress are depicted in Fig.(5.14). As expected, the
oscillations of displacement waves reduce further as the values of yield
stress increase.

From this figure it is clear that the difference between the linear and the

nonlinear behavior can be greater when the yield stress value reduced.

5.4.2.1.c: The damping effect

The effect of including the damping on the dynamic response is shown

in Fig. (5.15) using different damping ratios (C1).

It is clear that the increasing in the damping ratio leads to decreasing in the
vibration and this effect becomes greater with time increasing.
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Also, it should be noted that the effect of damping on the first peak of
response is not great. However, this effect becomes considerable at the

second positive peak, and becomes greater as time increases.

® ® ® ° ] ° ®

° ® ®

® ] ¢ ® » L ®

¢ » °

o ® ® [ ® ® ® ®
Mesh (1) : 1 element Mesh (2) : 4 elements

Mesh (3) : 9 elements Mesh (4) : 16 elements

Fig. (5.9): Finite element meshes for square plate due to symmetry only one

quadrant is discredited
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Fig.(5.10): Nonlinear transient response for a simply supported square plate
subjected to suddenly applied uniformly distributed load for
different mesh size.
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Fig.(5.11) : Nonlinear transient response for a clamped supported square
plate subjected to suddenly applied uniformly distributed load for
different mesh size.
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] - Sladek et al. (linear)
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Fig.(5.12) : Linear and nonlinear transient response of a simply supported

square plate subjected to suddenly applied uniformly distributed load.
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Fig.(5.13):Linear and nonlinear transient response of a simply supported
square plate subjected to suddenly applied uniformly distributed load.
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Fig.(5.14):Linear and nonlinear transient response of a simply supported
square plate subjected to suddenly applied uniformly distributed load
(using different values of the yield stress(y.s.))
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Fig.(5.15) : Effect of damping on the transient response of a simply
supported square plate subjected to suddenly applied uniformly
distributed load using different damping ratios ((1).
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5.4.2.2:ExampleNo.4 : Simply supported rectangular plate
subjected to suddenly applied uniformly

distributed load
A flat, simply supported, rectangular steel plate having the following

dimensions and parameters:-
length (a) =60 in = 1.524 m
width (b) =40in=1.016 m
thickness (h) =1 in =0.0254 m
modulus of elasticity (E) = 30 * 10° psi =20.685*10* MPa
Poisson’s ratio (v) = 0.25
mass density (p) = 0.00073 Ib-sec2 / in® = 20.18*10° Kg/m?
yield stress = 57971.0149 psi = 400MPa

Is chosen to be analyzed in the present study to assess the dynamic part of
the computer program. The plate is subjected to uniformly distributed blast
pressure. All the boundary conditions for the plate and the dynamic

characteristic are given in Fig. (5.16).

p a/2 |

'S5 w=6,=
A N q (MPa)

b/2 6x=0 — ; ; w=0,=0 4

l ___________________ L 0.276

S.S | 1 S.S
| 0,=0
: 0.05 t(sec)
S.S
a :The plate boundary condition b : pressure — time function

Fig. (5.16):Boundary condition for the plate and the dynamic characteristic.
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The problem has been solved by Biggs in 1964 D with exact solution
using the dynamic load factor (which defined as the ratio of the dynamic
deflection at any time to the deflection which would have resulted from the
static application of load, which is used in specifying the load time
vibration) to determine the maximum linear dynamic deflection at the center
of the plate.

In the present study, only one quarter of the plate is used with 9

elements mesh size, utilizing the symmetry. The time step is (0.001sec).

The results of the present study have a good agreement with the
corresponding result reported by Biggs, where the percentage difference for
the maximum linear deflection at the center of the plate was equal to 5% as
shown in table (5.2).

In order to show the effect of increasing the value of the load on
nonlinear behavior of the plate, the problem is reanalyzed by using load
(g = 0.483 MPa) . Fig.(5.17) shows the linear and nonlinear dynamic
response for the plate in this example with load equals (40psi = 0.276 MPa)
and (70 psi = 0.483 MPa). From this figure one can noticed that the
increasing of load by about 42.8% leads to increasing the difference between
the linear and nonlinear central deflection from 0% to 13% (as amplitude
difference )and this explains that the elasto-plastic behavior has a clear effect

on the response of plates when subjected to large loads.
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Table (5.2) : The maximum central deflection for linear analysis.

Linear analysis The maximum central deflection % difference
Biggs 0.575in (1.4605 cm) S
(0]
Present study 0.546 in (1.38684 cm)
3.50

Linear (g = 0.276 MPa)
o Nonlinear (q = 0.276 MPa)
---------------- Linear (q = 0.483 MPa)

""'.‘__\‘ -------- Nonlinear (g = 0.483 MPa)

Central Deflection (cm)

-1.50 ' | ' | ' | ' | ' |

0.00 0.01 0.02 0.03 0.04 0.05
Time (sec)

Fig.(5.17):Linear and nonlinear transient response for a simply supported
rectangular plate subjected to suddenly triangular pulse loading.
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5.4.2.3:ExampleNo.5 : Simply supported square plate subjected

to sinusoidal uniformly distributed load

A simply supported isotropic square plate (see Fig.(5.8.a)) with length
(a =200 mm) and thickness (h = 10 mm) is excited by a sinusoidal uniform
distributed load(see Fig.(5.18) ):-

g =530 sin (awot ) kPa, in which:-
o = 678 Hz (natural frequency in the first mode of plate)

o = 0.74 (specified constant).

g(kpa)

A

530 [~

e

A

t(sec)

Fig.(5.18): Sinusoidal load function.

The material properties for the plate are:-
modulus of elasticity (E) =210 GPa
Poisson’s ratio (v) = 0.30
tension strength = 160 MPa
mass density (p) =7800 Kg / m?

damping ratio (C1) = 0.02
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Chen et al. in 2004 @ solved this example considering progressive
failure process using the first-order shear deformation theory with 5 degrees
of freedom per node(u, v, w, 6y ,0y). The failure analysis method for the
delaminated plate under dynamic loading is established by a modified
Newmark direct integral method in conjunction with Tsai 's failure criterion
and corresponding stiffness degradation scheme. The damping effect was
considered by using a generalized orthogonal damping modle on basis of an

approximate strain energy method.

In the present study, the time step is equal to (0. 0001 sec ) and also one
quarter of the plate is used with 9 elements mesh.

Fig.(5.19) plots the normalized dynamic midpoint deflections (w/h)
versus the normalized time (t/T) within half of the first period, where T is
the time period of the plate (T=2m/wo). It can be noticed that the results
obtained in the present study using the nonlinear analysis is agree well with
the results reported by Chen et al. where the maximum percentage
difference between the two studies is about 10% in amplitude and 7% in the
time period. This difference occurred because the differences in the methods
which were used in the analysis and studying the nonlinearity as explained
above. Where, Tsia failure criterion used a degradation rules to evaluate the
reduced material properties. While, in the present study the reduced in the
material properties(modulus of elasticity, Shear modulus of elasticity) is
updated in each time step for all elements depending on von-Mises”’

plasticity theory. So, the present study is more accurate.

Fig.(5.20) shows the dynamic deflection of middle point for plate
using different values of Lo (Lo < 3 for thick plates ®). As expected the
deflection reduced when L, (a/h ratio) increases, where the plate becomes

more stiff.
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0.45 —| ---€--- Chenetal .
—@— Present Study s

0.40 —

0.35 —

0.30 —

w/h

0.25 —

0.20 —

0.15 —

0.10 —

0.05 —

0-00_?\?'\‘\‘\‘\‘\‘\‘\‘\‘\‘\

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55
t/T

Fig.(5.19): Dynamic deflection of middle point for a simply supported
square plate subjected to a sinusoidal uniform distributed load.
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0.06 —

LO=3
0.04 —

0.02 —
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Central deflection (cm)
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-0.08 ' I ' I ' I ' I ' I
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Time, /1000 (sec)

Fig.(5.20): Dynamic deflection of middle point for a simply supported
square plate subjected to a sinusoidal uniform distributed load for
different values of L,.
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5.4.2.4:Example No.6 : Clamped circular plate subjected to

suddenly applied concentrated load

A clamped circular plate (the same plate which is used in example
No.2(the mass density (p) = 0.2589 Ib/in® = 7.157*10° Kg/m?®)) subjected to

suddenly applied concentrated load at the center of the plate (p= 12001b
=5.34*103MN )(see Fig.(5.21))is presented in this example.

p(MN),

5.34*10°

"t (sec)

Fig.(5.21) : Suddenly applied load.

Only one quarter of the plate is used , utilizing the symmetry. The
time step is (0.00001sec).

The convergence with mesh refinement is indicated from the figures
(5.23.a) and (5.23.b) for Ro=2.5 using the different meshes shown in
Fig.(5.22). From this figure , it is clear that the 12 elements mesh size

(mesh(3)) is the suitable mesh.

Nonlinear transient response for the plate is shown in Fig.(5.24) for
different values of Ry (Ro < 2 for thick plates ®) using 12 elements
(mesh(3) in Fig.(5.22)). As expected, the deflection reduced when R, (R/h
ratio) decreases, where the plate becomes more stiff.
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[ ]

[ @ [ 4
Mesh (1): 1 element Mesh (2): 3 elements
Mesh (3): 12 elements Mesh (4): 16 elements

Fig. (5.22): Finite element meshes for circular plate due to symmetry only
one quadrant is discredited
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0.09

. Mesh Effect

0.08 — ---O--- 1elements

3 elements

0.07 —

0.06 —

0.05 —

0.04 —

Central Deflection (mm)

0.03 —

0.02 —

0.01 —

0.00

_|9 T | T | T | T | T | T
0.00 0.20 0.40 0.60 0.80 1.00 1.20
Time , /1000 (sec)

(a)For 1 element and 3 elements

0.09

0.08 —

0.07 —

0.06 —

0.05 —

0.04 —

Central Deflection (mm)

0.03 —

0.02 — §
- Mesh Effect

0.01 — 12 elements

.................. 16 elements

0.00 T I T | T | T | T | T [
0.00 0.20 0.40 0.60 0.80 1.00 1.20
Time, t/1000 (sec)
(b) For 12 elements and 16 elements

Fig.(5.23) : Nonlinear transient response for a clamped supported circular
plate subjected to suddenly applied concentrated load for
different mesh size (Ro=2.5).
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Central Deflection (mm)

0.04

0.02

0.00

0.00 0.20 0.40 0.60 0.80 1.00 1.20 1.40
Time , t/1000 (sec)

Fig.(5.24) : Nonlinear transient response for a clamped supported circular
plate subjected to suddenly applied concentrated load for
different values of Ry .

Parametric study

5.5.1:ExampleNo.7 : square plate subjected to suddenly applied

uniformly distributed load

A square plate subjected to a suddenly applied uniformly distributed
load of (300 psi = 2.07 Mpa) (see Fig.(5.8.b)) is analyzed using 9 elements
(mesh 3 in Fig.(5.9)) to model a symmetric quadrant of this plate.

The plate geometry, material properties are as follows:-
length (a) =18 in =0.4572m

modulus of elasticity (E) = 0.1 * 108 psi =69*10° MPa
the mass density (p) = 0.2589 Ib/in® = 7.157*10° Kg/m?
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Poisson’s ratio (v) = 0.3
the yield stress = 57971.0149 psi = 400MPa
The results obtained by using time step equals to 0.00001 sec.

5.5.1.a :The effect of length(a)/ thickness(h) ratio

The effect of (Lo = a/h) ratio on the nonlinear behavior for plates can

be shown in figures (5.25), (5.27) for simply supported plate and figures
(5.26), (5.28) for clamped supported plate. Where figures (5.25), (5.26) plot
the central deflection vs. time and show that the deflection for the central
point of the plate is greater for thin plates, while for thick plates the vibration
will be very small but with more cycles. While figures (5.27), (5.28) plot the
central normal stress (ox) vs. time and explain that when plate thickness
increases the normal stress decreases, where the increasing in the thickness
of plate make it more stiff.

Fig.(5.29) represents the central normal stress vs. time for the 6 Gauss points
through the thickness. It is clear from this figure that the stress distribution is
symmetrical above and under the middle surface and this was expected

because only the bending effect is included in the present work.

5.5.1.b :The effect of boundary condition on the damping

Figures (5.30) and (5.31) show the damping effect on the nonlinear
behavior for simply supported and clamped supported plate respectively
with Lo = 2 using damping ratio equal to 0.0, 0.01, 0.05and 0.09.

Figures (5.32) and (5.33) plots for the nonlinear behavior for simply
supported and clamped supported plate respectively with Lo = 2 using
damping ratio equals to 0.0 and 0.07.

From these figures one can conclude that the damping effect with fixed
supported plates leads to stop the vibration with less time comparing with

simply supported plates. This can be related to the stiffness of the structure.
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Since the clamped plate can be considered as stiffener structure in
comparison with simply supported plate, so the effect of the damping for
clamped plate will be greater comparing with the simply supported plate
because of the mutual effect between stiffness and damping.

Also, from figures(5.32) and (5.33) one can noted that the damping for
clamped plate can stop the vibration with time lesser by about 33.3% with
respect to the simply supported plates when the same plate dimension and

same load is used.

Central Deflection (mm)

1T 1T 1 1 " ]
0.00 0.20 0.40 0.60 0.80 1.00 1.20 1.40 1.60 1.80
Time, t/1000 (sec)
Fig.(5.25): Nonlinear transient response of a simply supported square plate
subjected to suddenly applied uniformly distributed load for different

values of L,.
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0.08
0.07 — LO=2
-] _.._+.._. LO=3
0.06 — —@— Lo=4

0.05

0.04

0.03
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Central Deflection (mm)

0.01

0.00

-0.01

0.00 0.10 0.20 0.30 0.40 050 060 0.70 0.80 0.90 1.00 1.10

Time, t/1000 (sec)

Fig.(5.26): Nonlinear transient response of a clamped supported square
plate subjected to suddenly applied uniformly distributed load
different values L.
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10.00

5.00

Central normal stress (MPa)

0.00

-5.00

0.00 0.20 0.40 060 080 100 1.20 140 160 1.80 2.00 2.20

Time, /1000 (sec)

Fig.(5.27): Central normal stress at distance 0.9324695 from the middle
surface of a simply supported square plate subjected to suddenly
applied uniformly distributed load for different values of L.
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Fig.(5.28): Central normal stress at distance 0.9324695 from the middle
surface of a clamped supported square plate subjected to suddenly
applied uniformly distributed load for different values of L,.
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Fig.(5.29): Central normal stress of a simply supported square plate
subjected to suddenly applied uniformly distributed load for
different Gausses points location.*(distances between Gauss
points explained in table (A.1))
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Fig.(5.30): Nonlinear transient response of a simply supported square plate
(Lo=2) subjected to suddenly applied uniformly distributed load
for different damping ratio ({1).
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Fig.(5.31):Nonlinear transient response of a clamped supported square
plate (Lo=2) subjected to suddenly applied uniformly
distributed load for different damping ratio ({1).
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Fig.(5.32): Nonlinear transient response of a simply supported square plate
(Lo=2) subjected to suddenly applied uniformly distributed load.
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Fig.(5.33):Nonlinear transient response of a clamped supported square
plate (Lo=2) subjected to suddenly applied uniformly
distributed load.

88



Chapter Five Computer program testing and Discussion of Results

5.5.2 ExampleNo.8 : square plate with varying thickness

subjected to transverse uniformly

distributed static load

A square plate subjected to an increasing uniform load is analyzed to
study the effect of the varying in the thickness of the plate using 16 elements
(mesh(4) in Fig.(5.9)),[16 elements used here instead of 9 elements to
represent the jump in the thickness due to the adding a cover plate], to

model a symmetric quadrant of this plate.

The plate geometry and material properties are as follows:-

length (a) =18 in=0.4572m

modulus of elasticity (E) = 0.1 * 108 psi =69*10° MPa

the mass density (p) = 0.2589 Ib/in®* = 7.157*10° Kg/m?

Poisson’s ratio (v) = 0.3

the yield stress = 57971.0149 psi = 400MPa
the thickness of the plates is assumed to be varying with five cases as shown
in figure (5.34) , where the thickness of the plates varying in one direction
(case 1,3) , two direction (case 4,5) and uniformly thickness (case 2).
where:

h=8in=0.2032 m

h(ave) = (h + h/2)/2=(8 + 4)/2 =6in=0.1524 m

The load versus central deflection curves are shown in figures (5.35)
and (5.36) for simply supported and clamped plates respectively
For the simply supported square plate (Fig. (5.35)), case (2 and 4) can be
considered as the best. It is clear that case -2- give the maximum value for
the collapse load about (200 Mpa for this example). But for the range (q =0

to g = 190Mpa ), one can see that the central deflection for case -4- (which
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gives the maximum volume) is smaller than that for cases -2- when the two
cases subjected to the same amount and type of loading, where the

difference may be reach to about 10%.

For the clamped plate, figure (5.36) explain that case -4- provides the best

load capacity and smaller deflection comparing with the other cases.

Figures (5.37) and (5.38) show the shape of the deflection along the line
C—— C (see Fig.(5.34)) for the five cases for the simply supported and

clamped plates respectively.

A
QO

v
A
QO
A 4

h(ave)

a. Case -1- b. Case -2-

Fig. (5.34): square plate with varying thickness
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c. Case -3- d . Case -4-
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Fig.(5.35) : Load versus central deflection for a simply supported square
Plate using different cases of varying in the thickness(the sample *
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Fig.(5.36) : Load versus central deflection for a clamped square plate
using different cases of varying in the thickness(the sample *
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Fig.(5.37) : Shape of the deflection along a line in the middle of simply
supported plate using different cases of varying in the thickness.
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Fig.(5.38) : Shape of the deflection along a line in the middle of clamped

plate using different cases of varying in the thickness.
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5.5.3:ExampleNo.9 : square plate with varying thickness

subjected to suddenly applied uniformly

distributed dynamic load

A square plate (the same plate in example no.8) subjected to a
suddenly applied uniformly distributed dynamic load of (300 psi = 2.07
Mpa) (see Fig.(5.8.b)) is analyzed using 16 elements,[16 elements used here
instead of 9 elements to represent the jump in the thickness due to the adding
a cover plate], to model a symmetric quadrant of this plate.

The plate geometry and material properties are as explained in example no.8.
The thickness of the plates is assumed to be varying with five cases as

shown in figure (5.34).

The results obtained using time step equal to 0.00001 sec.

The dynamic response can be seen in figures (5.39),(5.40)for a simply

supported plate and (5.41),(5.42) for clamped plate .

Figure (5.39),(the thickness varying in one direction),for simply supported
plate, shows that the deflection for case -1- was larger than that ones which
are obtained for case -2- and 3, and the difference between case -2- and -3-
in amplitude is small, where the all cases 1,2 and 3 give the same volume.
So, case -2- can be chosen as the best case , where it is of a uniform

thickness and it is easier in working.

Figure (5.40) show a comparing between case 2, 4 and 5, and it is explain
that the difference between case 2 and 4 was small in amplitude. Since the
volume of case 2 less than that for 4. So, case -2- represents the best

distribution for the thickness of the simply supported plates.
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When the fixed edges used instead of the simply support, the dynamic
response for the plate plots in figures (5.41) and (5.42).

Figure (5.41) shows that the difference between case -2- and -3- becomes
grater than that for simply supported plate and reach to 15% in the
amplitude. So, case -3- can be chosen as the best case. Now, when a
comparing is making between cases 3,4 and 5 in figure (5.42) , the results
show that case -5- gives the larger deflection, while the difference between
3 and 4 is less than 5% in the first peak value and after that the difference
becomes very small. Since case -4- provides a load capacity larger than case
-3- as shown before in Fig.(5.36). So, case -4- will be the best case for the

thickness distribution for the clamped square plates.
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Fig. (5.39): dynamic response for simply supported plate with varying
thickness in one direction subjected to suddenly applied load.

0.09

0.08

0.07

0.06

0.05

0.04

0.03

Central Deflection (mm)

0.02

0.01

0.00

-0.01

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 1.10 1.20

Time, t/1000 (sec)

Fig. (5.40): dynamic response for simply supported plate with varying
thickness in two direction subjected to suddenly applied load.
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Fig. (5.41): dynamic response for clamped plate with varying thickness in
one direction subjected to suddenly applied load.
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Fig. (5.42): dynamic response for clamped plate with varying thickness in
two direction subjected to suddenly applied load.
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5.5.4:ExampleNo.10 : square plate with opening subjected to

suddenly applied uniformly distributed

dynamic load

A square plate with opening (see Fig.(5.43.b)) subjected to a suddenly
applied uniformly distributed dynamic load of (300 psi = 2.07 Mpa) (see
Fig.(5.8.b)) is analyzed using 8 elements to model a symmetric quadrant of
this plate. The same plate but without opening(see Fig.(5.43.a)) is analyzed
using 9 elements mesh size, the plate(a) is loaded in two ways: the first, the
load (300 psi = 2.07 Mpa) is distributed on the whole plate. The second, the
load is assumed to be zero on the central area (1/3 a * 1/3 a).

The plate geometry, material properties are as follows:-

length (a) =18 in =0.4572m

the thickness (h) =6 in =0.1524 m

modulus of elasticity (E) = 0.1 * 108 psi =69*10° MPa

the mass density (p) = 0.2589 Ib/in® = 7.157*10% Kg/m?

Poisson’s ratio (v) = 0.3

the yield stress = 57971.0149 psi = 400MPa

The results obtained using time step equal to 0.00001 sec.
< a

A\ 4

A
QD
A 4

________________

A bemmememememmm o (1/3)3. ____________________ DR R
(1/3) a
a. square plate without opening b. square plate with opening

Fig. (5.43): square plate with and without opening.
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The dynamic response can be seen in figures (5.44) for a simply supported
plate and (5.45) for clamped plate .

From figure (5.44), its clear that the deflection for the plate without opening
Is lesser than that for the same plate with opening, where the opening
decreases the plate stiffness.

But, when a clamped supported plate is used in figure (5.45), the results
show that the deflection for the plate without opening is larger than that for
the plate with opening, due to the effect of lager total load applied on plate
without opening. But, when the load assumed to be zero on the central area
(1/3 a * 1/3 a) for the plate which is without opening, the effect of the
decreasing in the stiffness for the plate with opening appears where, the
deflection for the plate with opening become large comparing with the plate
without opening (the load on the central area is zero).

So, the effect of opening on the simply supported plate is of more important,
where the deflection may be increased by about (39%) when the plate
contains opening. But, the effect for the clamped plates is lesser in
comparison with the simply supported plate where the deflection increases
by about (19%).
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Fig.(5.44) : Deflection at point A for a simply supported square plate with
opening and without opening.
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Fig.(5.45) : Deflection at point A for a clamped supported square plate with
opening and without opening.
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CHAPTER SIX

CONCLUSIONS AND
RECOMMENDATIONS

Conclusions

Based on the results obtained from the present analysis procedure, the

following conclusions can be drawn:

1. The results of the present elasto-plastic analysis by finite element
method including the effect of transverse deformations shear show
that this method is suitable for the prediction of the static and dynamic
behavior of thin and thick plates. This is proved through a comparison

with previous studies with difference not more 10% in results.

2. The elasto-plastic behavior for the plates under dynamic loads is of
significant importance in the analysis and design. This is concluded
from the results obtained in this research in which, it is clear that the
displacements of the elasto-plastic system is greater than that of the
assumed purely elastic system for the same amount and type of
excitation force, and the difference becomes greater when the yield

stress reduced.
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3. The vibration for thick plates is really small but with more cycles in
comparison with the vibration of thin plates, so thick plates can be
used in places which are subjected to a high intensity impact load and

need to damp this wave in a shorter time duration.

4. The damping effect for clamped plate is greater than that of the same
plate but with simple supports, where in clamped plates, including the
damping effect leads to stop the vibration with lesser time in
comparison with the simply supported plate(the time reduce by about
33.3%).

5. From the point of view of economy with safety for square plates,
prismatic simply supported plate is the best. But, for clamped plates,
using stepped plates (through adding cover plate at the edges) may be

a good choice.

6. The effect of opening on the simply supported plate is of more
Important, where the deflection may be increased by about (39%)
when the plate contains opening. But, the effect for clamped plates is
lesser in comparison with the simply supported plate where the

deflection increases by about (19%).
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Recommendations

The following topics are suggested for future studies:

1.

This subject requires to be supplemented by experimental results to be

obtained from laboratory tests under dynamic loads.

The present study has been concerned mainly with the effect of
material nonlinearity. A good field for extending the present work is

to include the geometrical nonlinearity.

Studying the effect of elasto-plastic behavior on the laminated

composite plates.

Extension the present study to include the effect of the transverse

direct stress.

Study the thick plate with movable boundary conditions.
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