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Abstract. The objective of cur research paper & Lo introduce a3 well & 1 study muy
exentisl groperties of e concept of exiending semimodules A semimodule S
named exiendng (CS) if every subsemimodule of § o exsential in & direct summund
of §. Therefore, extending semimadule behaviour with respect 1o direct sums od
droct summands we examined. Moreover, studying some properties of these
semimodules concepts, ey, every dwect summand of & CS-semimodale = » CS.
semimodude. Wisle the direct mum of extending semimodales i nt secesanly

eviending

1. Introduction
The A 7-module S is called a3 exteading module (CS~medule) bazed on the
proparty as follows: for each submodule X of S, there exists a direct summand N of S,
1w euseatial extezsion of X It i known @t 3 complement ssbmodule 2sed 20t be 3
summand, ia the class of CS-modules ay cushmiumd 3 of €S-
modales was prosented by Voo Noumazs in 1930 [1]. In 1960, Usumi has this
ccadition (ideatifying it 2 C, condition) in his study on self-imjective and continuous ring [2].
In fct (' condstica 1s common and the sea: simple condition,
hmhmofmmmmmmofmmm»m
condition. it bas developed in mazy articles and ia at least [3)[4][5).
I3 recent 2 modules Bas come 0 wi role and
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btuukbnudqw waimodule over 3 seainag will be inoduced and investigated.
A semining can be 2 3%t 7, which i soz-empty together with openations
() and addition (%) ; as meationed that (7, ) namadb:gan
olezent 1 o 0; (7, %) 15 3 commutative monoid with identity elezseat 0 t0 =(e=0 forall r €l
q(a,‘a.)=q.a,¢a.a,ad(a,+a,)a,-a,a,*a.a, for all a,, 0, a, €7. The weanining T'is
m’vihwﬂ}h‘) %u(&ﬂunmmm
with additive ideatity 0. S is named 3 lo&t T-semimodule if there exists a scalar

iplication J'xS~+S defmed by (1, x) o ox, such that x*+))=ax*ny: (sh=oa) (v *
=ty 05=0,=0,frall x y€5andforallr s€7[7).
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Abstract

The main wim of this rescarch is to present and to study several basic
charactenistics of the idea of Fl-cxtending semimodules. The semimodule F is said
to be an Fl-extending semimodule if cach fully invariant subsemimodule of F is
essential in direct summand of F. The behavior of the Fl-extending semimodule
with respect to direct summands as well as the direct sum 1s considered. In addition,
the relationship between the singulanty and Fl-extending semimodule has been
studied and mvestigated. Finally extending propertywhich is stronger than FI
extending, that has some results related to Fl-extending and singulanty is also
mvestigated.

Keywords: Semimodules, Fully Invanant Subsemimodule, Fl-Extending
Semimodule, Extending  Semuimodule, Singular  Semimodule, Nonsingular
Semimodule.
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1. Introduction
The originality of CS-modules is given by Von Neumann in 1930 [1]. In [2], Utumi in
1960 had identified and studied modules with a Cl condition in his research on the
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Abstract

Previously, the concept of extending module over ring was studied
by some authors. This work will present and study extending
semimodule over semiring and investigate the conditions that would be
required to obtain properties and characteristicss similar to their
counterparts in module theory. Let R be a semiring with identity element
1#£0 and S a left unitary semimodule, so we say that the semimodule is
extending (CS) if every subsemimodule is essential in a direct summand.
The main objective of this thesis is to give a comprehensive description
and study the basic properties of the extending concept and to discuss the
relationship between this concept and the singularity property. In
addition to presenting and studying several basic characteristics of the
generalizations of extending semimodules"” Fl-extending semimodule, T-
extending semimodule, Cy;3-semimodule™ parallel to the cases in modules

and arriving at some new results for these types of semimodules.

A semimodule S is said to be an Fl-extending semimodule if each fully
invariant subsemimodule of S is essential in a summand of S, while a
semimodule S is said to be t-extending if every t-closed subsemimodule
of S is a summand. Howover, a semimoduleS is said to satisfy
Ciicondition if each subsemimodule of S has a complement that is a
summand of S.It is proved that the CS R—semimodule is FI-CS but the
converse is not true as well as the direct sum of two CS R—semimodules
(or FI-CS semimodules) is FI-CS. It is also proved, where S is a duo
semimodule then S is CS if and only if S is FI-CS. More results were
obtained like, every CS R—semimodule is t-extending; every summand of
t-extending semimodule is t-extending; and every direct sum of two t-

extending semimodules(orCS R-semimodule) is t-extending and

IX



everyCS R-semimodule is C;;. Furthermore, by adding the condition
subtractive or distributive, more results were obtained like, every
summand of distributive Cy1 semimodule is Cii; the direct sum of two
distributive CS R—semimodules (or distributive Ci;semimodules) is Cys;
if S is a subtractive R-semimodule with Ci; then S is FI-CS; if S is
distributive R—semimodule with C;3, then every subsemimodule of S is

CS and, any distributive C1; semimodule is CS.
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Introduction

Introduction

Golan [1]mentioned that: “The structure of earliest algebraic, in which
mankind calculates the semiring of natural numbers, whether or whether

not they include a zero”.

Semimodules over semirings have a long history of research. In
1966, Yusuf [2]pioneered the idea of an inverse semimodule over a
semiring and gained some analogues to module theory theorems, the
study of semirings invariably entails the study of semimodules over
them, just as the study of rings invariably entails the study of modules
over them. Because semirings (resp. semimodules) are simply "rings
(resp. modules) without subtraction,” extending the properties of factor
module and submodule from the modules category to the semimodules
category, which was prompted many writers to demonstrate most of the
result that found in the modules theory are validated for semimodules
(for example[3-10]. Semimodules are a natural generalization of
modules, having a wide range of applications in computer science's

mathematical foundations[11].

In the 1930s, the concept of an extending module dates back to
Von Neumann's work. He interests in quantum mechanics which leads
him to create "continuous geometry,” that is known as lower and upper
continuing complete modular lattice. According to the Von Neumann,
the regular rings to be continuous if the lattice of principal left ideals is
upper and lower continuous. The research was continued by Utumi[12-
14].He stated that if the left R-module is extending the regular ring R is
left continuous, if its lattice of principal left ideals is upper continuous a
regular ring R is left continuous. Utumi[15]investigated rings that do not
have to be regular but whose left R-module R is quasi-continuous or

continuous (that is m-injective), and then these principles to modules
1



Introduction

have Dbeen applied by Takeuchi[16], Mohamed-Bouhy[17]and
Jeremy[18].

Various authors investigated continuous and quasi-continuous
modules, and a theory was created. Excellent accounts of these
monographs have been presented by Wisbauer, Smith, Huynh and Dung
[19], Mohamed and Muller[20]. Harada and his students, particularly
Oshiro and Muller and his students, particularly Kamal and Rizvi have
made significant contributions (see, for example,[21-39]).0f course,
there are many more individuals and articles that could be mentioned

here.

In his work on quotient rings, Goldie[30][31]considered
complements, which encouraged Hajarnavis to consider left CS-rings,
I.e. rings R for which R as an R-module is extending, and to publish [32]
with Chatters. In [33], Khuri and Chatters collaborated on a study of
module endomorphism rings over left CS-rings. Complements, in fact,
play a crucial role in the theory. In two respects, our extended

explanations are founded on it.

Various authors have used different terms, due to the divergent
pattern of theory development. The word "extending module" has been
used by Harada[34][35] and his school as a term to "lifting module™,
which has utilized[19]. The abbreviation "CS" has been used Hajarnav
and Chatters for complements are summands, and this term is commonly
used. Due to that there is a common property of quasi-continuous and
continuous, which is of the submodules extending property, which
means that each submodule is essentialin a direct summand,;
equivalently, every closed submodule is a direct summand, throughout
the development of the theory, it has become increasingly clear that

more general modules required research (with its various origins). So,

2



Introduction

the examples of extending modules are quasi-injective, semisimple and
uniform modules. In addition, any finite-rank free abelian group is an

extending module.

There are numerous generalizations to be discovered. Some
instances of studies on property extension are as follows: Birkenmeier,
Miuller, and Rizvi (2002) investigated and defined the notion of FI-
CS[36], which is defined as the direct sum of FI-CS modules. While the
authors in [37] investigated some of the conditions that must be met in
order for the direct summand of the FI-CS module to be FI-CS module.
As a result, leads to the answers to the questions under discussion.
Y ucel developed the generalized FI-CS module in[38]as well,
demonstrating that the class of FI-CS modules is not closed under direct

summands but is closed under direct sums.

The concept of t-extending modules was introduced in [39], and it
was discovered that the homomaorphic image (thus a direct summand) as
well as the direct sum of a t-extending module receives the
properties.The concept of the Ci;-module was studied by Birkenmeier
and Tercan[40], if every submodule has complements, which is direct
summands and provided, because of C;;-modules class is closed under
direct sums but not under direct summands, by a certain condition, to

make the direct summand of the C;;-module be theC1i-module.

R will be a semiring with identity in this study, and the term
semimodule refers to a unitary left R-semimodule. The thesis is
organized as follows: it is divided into four chapters. The first chapter is
divided into twosections, the firstsectioncontains preliminaries on
semimodules, such as definitions, properties, specific classes of
semimodules, specific types of subsemimodules, and the majority of the
results needed for this project, which were obtained in semimodules

3
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literature, the second section includes some general applications of the
semimodules and semirings, and does not represent applications of the

concepts studied in this work.

The second chapter, devoted to the concept of extending
semimodules, is divided into four sections: one for introduction, and the
other two for introducing extending semimodules and investigating their
characterization with some properties. The following part went through
the ideas of extending semimodules with respect to direct sum and direct
summand, as well as various characterizations of extending semimodules
under specific conditions. In this section, further properties and
outcomes were demonstrated. The final section is devoted to extending
rational hull, which is an interesting generalization of extending

semimodules.

The third chapter is divided into three parts. The second portion
verified and studied various features of singular and nonsingular
semimodules in greater depth. More aspects of extending semimodules
were investigated in the third section studying the relationship between
extending semimodule and singularity, and intriguing results were

discovered when the idea of quasi-continuous was applied.

The generalization of extending semimodule was introduced and
investigated in the fourth Chapter, which comprises four sections. It is
divided into three sections, the second of which introduces and
investigates the concept of a Fl-extending semimodule and the features
of the FI-CS semimodule. There are also numerous properties of fully
invariant subsemimodules that are relevant. The relationship between the
singularity and the Fl-extending semimodule for direct summands and
the direct sum is also examined and investigated. The notion of a t-
extending semimodule and its features are introduced and investigated in

4
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the last section. Many properties of t-essential and t-closed
subsemimodules are also researched, as well as many properties of

nonsingular and Z,-torsion semimodules.

In the fourth section, the C;; semimodule was presented and
analyzed, with some of its features proved. The behavior of C;; in terms
of sub-semimodule, direct sum, and direct summand was also

investigated.

To take a deeper look at our work, we'll summarize all of our

findings in the table below.

Chapter Two: Extending Semimodule over Semiring

A (k-c) R-semimodule S is CSif and
only if every closed subsemimodule of |  Proposition2.2.8 Page22
S is a summand of S.

Any summand of a CS-semimodule

_ Proposition 2.2.22 Page 29
Is CS.

Let S= Si®S;, be acancellative and
semisubtractive (k-c) R-semimodule,
where S; and S, are relative injective | Froposition23.3 | Page33
semimodules then S is CS-semimodule
if and only if S; and S, are CS-

semimodule.

Chapter Three: Extending semimodule with Singularity

Let S be a(k-c) CSR-semimodule and
Z>(S) be a group over semiring, then

Proposition 3.3.1 Page48
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S=Z,(S)PK, where Z,(S) and Kare
CS and Z,(S) is K -injective.

Let S be a cancellative and
semisubtractive (k-c) R-semimodule
such that S= Z,(S) @K, where Z,(S)
and Kare CS and Z,(S) is K -injective,
then S is CS.

Proposition 3.3.2

Page49

If S is a cancellative and
semisubtractive (k-c) quasi-
continuous semimodule with injective
hull E(S), then

1. SisCS.
2. For any ;<®S and M n
N,=0then IV; + IV, <®S.

Proposition 3.3.11

Page54

Let She a
cancellativesemisubtractive (k-c)
quasi-continuous R—semimodule
with injective hull E(S), then

1. SisCS.
2. If S =5,8®S,, where S, is an R—

module, then S;is S; - injective.

Proposition 3.3.15

Page57

Chapter Four:Some Generalizations of Extending Semimodules

Let Sbe an R—semimoduleand " =S. If S
is FI-CS then NVis FI-CS.

Proposition 4.2.6

Page63
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Let S = S1® S, be an R-semimodule If
S:and S are FI-CS then S is FI-CS.

Proposition 4.2.7

Page63

A (k-c)R-semimodule S is FI-CS if and
only if the closure of any fully invariant

subsemimodule in S is a summand of S.

Proposition 4.2.15

Page66

Let S =S:® S, be FI-CS and S:=S then
both S; and Sy are FI-CS.

Proposition4.2.20

Page67

AsemimoduleS is FI-CS if and only if
S=Z(S)®K, where Z»(S) and K are Fl-
CS.

Proposition4.2.23

Page69

Let S be an R—semimodule. If S is t-
extending then S=Z»(S)®S', where S' is

nonsingular CS-semimodule.

Proposition 4.3.33

Page83

Every homomorphic image of t-
extendingsubtractive R-semimoduleis t-

extending.

Proposition 4.3.37

Page85

A direct sum of t-extending semimodules

is t-extending.

Proposition 4.3.39

Page85

Every fully invariant t-closed
subsemimodule of t-extending

semimodule is t-extending.

Proposition 4.3.43

Page86

Let S=S:i®S, be distributive R-
semimodule. If Siand S, are C11 then S is
Cu1.

Proposition 4.4.8

Page90
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Any summand of distributive Cu-

semimodule is Ciz.
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Chapter OnePreliminaries and Applications

1.1 Basic Definitions and Examples

We will introduce some of the definitions and remarks that will be
needed in the main results in the next chapters of this study. Let us start

with a definition of a semiring.

Definition 1.1.1[41]: A semiring is a nonempty set R on which
operations of addition and multiplication have been defined such that the

following conditions are satisfied:

1. (R,+)is a commutative monoid with identity elementO;

2. (R, ) is a monoid with identity element 1# 0 (1= 1g);

3. Multiplication distributes over addition,i.e. a(b+ c) = ab +ac
and (a+b)c =ac+ bc for all a, b, ceR;

4. The element 0 is an absorbing element of the multiplication,

i.e.r-0=0-r=0 for all reRr.

A semiring R is saild to be a commutative if its

multiplication is commutative.

Definition 1.1.2[42]:A non-empty subset | of a semiring R will be called

an ideal of R if @, bel and reR imply that a+ bel, ra, and arel .

Definition 1.1.3[41]: Let (S,+) be an additive commutative monoid with
additive identity Os, and R is a semiringwith identity then S is called a
left R—semimodule if there exists a scalar multiplication RXS—S
denoted by (r,s)—rs such that (rr')s=r(r's); r(s+s')=rs+ rs'; (r+

r')s=rs+r's; r0s=0rs=0s for all r, r'e R and all s,s'€S.

10



Chapter OnePreliminaries and Applications

Definition 1.1.4[41]: A subset ' of an R—semimodule S is called a left
subsemimodule of S if for any n, n'e V" and r €R, then n+ n'€e V' and
rn € Nand write (V' <S).

Remark 1.1.5: It is clear that if {S; | 1€Q} is a family of
subsemimodules of S then NieeS; is a subsemimodule of S and if S; and
S, are subsemimodules of S thenS;+S,={atbla€S;, beS,} is a

subsemimodule of S.

Definition 1.1.6[43]:A nonzero R-subsemimodule XK of S is
calledessential and denoted by (X <°S) if X n vV #0 for every 0+
N <S.Equivalently, for every 0 #x€S, there exists reR such that
0 #rxeX.

Definition 1.1.7[44]:A subsemimodule V' of a semimodule S is said to
be closed if v <¢S' <S implies '=S'(denoted by V' <©S).

Remark 1.1.8[44]: Every subsemimodule ¥ of a semimodule S is

essential in closed subsemimodule H of S.

Definition 1.1.9[44]: A subsemimodule V' of a semimodule S is called
complement of a subsemimodule Kof S if NNK =0 and NV is a

maximal with this property.

Remark 1.1.10:1etS be an R -semimodule then,

1. Every subsemimodules of S has a complement.
2. If W and K are subsemimodules of S with ' n K = 0, then there
exists V'complement of K contain V.

3. Every complement subsemimodules of S is closed.

11
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Proof:

1. Clear by Zorn's lemma.
2. Clear by Zorn's lemma.
3. Assume that A is complement of B in S. Suppose A <¢ A’ <S.
Let 0#xe A’ N B,ithen there exists reR such that O0#rxe A,
hence0#rxe AN B, a contradiction, so A'Nn B=0, which

impliesA’ = A, therefore A isclosed inS. o

Definition 1.1.11[44]: A subsemimodule V' of a semimodule S is said to
be closure of a subsemimodule % in S if Vis closed and X essential in
N'. Equivalently the closure of K is the smallest closed subsemimodule

containing K.

Definition 1.1.12[41]: An R-subsemimodule K of an R-semimodule S is
said to be subtractive if for each x, x'eS with x, x+ x' € K implies x' € K.
Thus, for example the subsemimodule {0} and S of a semimodule S are

always subtractive.

Thus, for example in a semimodule (N,+) over semiring (N,+,.),
asubsemimodule(k) = Nk, is a subtractive subsemimodule of N. But a
subsemimodule ¥ = {N\1} is not subtractive subsemimodule of S ,
since 10+1e K, 10e X but 1 ¢ K.

Definition 1.1.13[41]:An R-semimodule S is said to be subtractive if all

its subsemimodules are subtractive.

To reduce the subtractive condition on the semimodule, we will

add the following condition

12
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Definition 1.1.14:A semimodule S is said to be a k-closed If every
closed subsemimodule of S is a subtractive denoted by (k-c) R-

semimodule.

Remark 1.1.15: A subsemimodule of (k-c) R-semimodule S is contained

in a closure subsemimodule.

Proof:Assume thatV' <S. If " <°S, then S is a closure of V. If not,
then there exists 0# K <S, and N N K = 0, let K'be a complement of
Ncontaining X and N’ is a complement of X'containing NV (which
exists by Zorn’s lemma). Let xe N'\ V' then (X' + Rx) NN # 0, so
there exists 0= n = k' + rx’ where k' € X', reR and n € IV since n €
N <N, rxe N'and N is subtractive (since it is closed by Remark
(1.1.10)) so k'e N'NnXK'=0hence O0+#rxe Nthat isN <® N7,

therefore N'is aclosureof . O

Definition 1.1.16[41]: An R-semimodule S is said to be semisubtractive

if for all x, x'€S, there exists heS such that eitherx= x'+ h or x + h =x".

Thus, for exampleZ, N are semisubtractive semimodules over (N ,+,.).

Definition 1.1.17[41]:A semimodule S is additively cancellativeif for all

n,n'andn” €S, n+n' =n+n" impliesn’ =n".

Definition 1.1.18[45]:An R-semimodule S is called a direct sum of
subsemimodulesSs, Ss,..., Sk of S if each seS can be written uniquely as
S=s;+S; +...+Sk, Where s; € S;. It is denoted by S=S:BS,® ...@S«. In this
case each S; is called a direct summand of S(denoted bysummand or

<9).

13
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Remark 1.1.19: Let S be a semisubtractive R-semimodule, and K, H
are subtractive subsemimodule of S then S=X@H if and only if S= XK +
H and KX n H=0.

Proof:

(=)Clear.

(&)Assume that x;+x.=y1+y.€ K + H, then by semisubtractive either
X1=y1+h or y1=x;+h, since K and H are subtractive, hence he K n H=0,
therefore x;=y; and similarly, x,= y,, so the representation of x;+x, is
unique, hence S=K + H = KX@®H .o

Remark 1.1.20: If S is a cancellative and semisubtractivesemimodule

then every closed subsemimodules of S is a complement.

Proof:Let A is closed subsemimodule of S, then A is not essential in S
and there existeO+ B <S such that A N B=0. Let B’be a complement of
A containing B, and A’ be a complement of B’ containing A. If x€
A'\ A then (B’ + Rx) N A # 0. Sincs S is a semisubtractive hence by
Remark (1.1.19), B' + A'=B'®A’. now, there exists b’ € Band reR
such that 0= b'+rx=a € A < A', implies b'=0 and rx=a€ A,
hence A <® A’ but A is closed, then A =cA', that is A is a

complement of B'in S. O

In module every summand is closed but in semimodule we must
add (k-c) condition .

Remark 1.1.21: Let S be a (k-c) R-semimodule, then any summand of S

is closed.

14
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Proof: Assume that X is a summand of S, say S=X@Y for some Y<S. Let
B<°S such that X<®B, since Xn(BNY)=0, hence BNY=0. Let beB, then
b=x+y for some xeX and yeY, since beB, xeX<B and B is subtractive
(since S is (k-c)) hence yeYNB=0, that is b=xeX, so B <X, therefore

X=BisclosedinS. o

Remark 1.1.22: The converse of Remark (1.1.21) is not true. Thus for
example, let S=Zs @ Z,, R=7Z, Let Si<S, where (i =1, 2, ...,8) such that
$1=0@ Z,, S:=Zs® 0=((3,0) ) = ((5,0) ) = ((7,0) ), Ss=((2,0) ), Sa =
((4,0)), and Ss=((1,1)), S=((0,1),(2,0)) =5:0S; S;=
((0,1), (4,0))=S:®S; and Sg= ((2,1)), S1, S andSs are summand of S,
S, and Ssare complement of S, Sgis a closed subsemimodule of S, but not

a summand of S.

Definition 1.1.23[44]: A semimodule S is said to be indecomposable if it

Is non-zero and the direct summands ofSare only {0} and it self.

Definition 1.1.24[46]:LetAandBbe R-semimodules. A homomorphism
fromeAto Bis a map S: A — Bsuch that

a) fla +a’)=p@)+ pla)
b) p(ra) = rf(a)va, a'eAand re R.

A homomorphism of R-semimodules : A — Bis said to be:
a. monomorphism, ifitis 1-1.
b. epimorphism if it is onto.
c. isomorphism if it is monomorphism and epimorphism.

Note:
a. ker(p) = {ae A |p(a) = 0}.
b. The set of all R-homomorphisms from A to B is denoted by
Homg(cA, B). An R-homomorphism from an R-semimodule S to

15
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itself is called an R-endomorphism of Sdenoted by Endg(S), we
shall mean the set of all R-endomorphisms of S, it is clear that
Endg(S) is a semiring[46].

Remarks 1.1.25[47]:For a homomorphism of R-semimodules ¢:5— K
we define:

a) ¢ (S) ={ ¢(s)Is€S}.

b) Im (@) ={ke K |k+ ¢ (S) = ¢ (s') for some s, S'eS}.

It is obvious that ker(¢) is a subtractive subsemimodule of S,Im(¢) is a
subtractive subsemimodule of K and ¢(S) is a subsemimodule of K. In
module theory ¢@(S)=Im(¢p), in semimodule theory it is not true always.
It is clear that @(S)SIm(¢p), the equality hold if @(S)is subtractive
subsemimodule of K [47].

Definition 1.1.26[48]: An R-homomorphism ¢:A—Bis said to be i-
regular, ifp(A) = Im(yp).

Definition 1.1.27[49]:Let V'be an R—semimodule. An R—semimodule S
iIs said to be V'-injective, if for each subsemimodule T of V', any
homomorphism from T into S can be extended to an R-homomorphism
from V' into S. The R—semimodule S is injective if it is injective relative

to every R—semimodule.

J

2
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Remark 1.1.28[49]: A summand of an injective semimodule is injective.

Remark 1.1.29[49]:A semimodule S is injective if and only if it is a

summand of any extension of it.

Definition 1.1.30[50]:A semimodule S is quasi-injective if it is
S-injective. As the following diagram, i.e. there exist f such that

fa=p(with a is a monomorphism).

C )

p

L

S

Remark 1.1.31[46]: Every injective semimodule is quasi-injective but
the converse not true, for exampleZ/2Zisquasi-injectiveZ-semimodule

but not injective

Definition1.1.32[51]: A nonzero R—semimodule S is called simple if S

has no nonzero proper R—subsemimodule.

Note that Z and Z, are not simple Z-semimodule but Z, is a simple Z -

semimodule for any prime number p.

Definition 1.1.33[52]:A semimodule S is said to be semisimple if it is a

direct sum of its simple subsemimodules.

Thus for example:
17
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1. Every simple semimodule is semisimple.
2. Z and Z, are not semisimple Z-semimodule.

3. Zg is a semisimple Z-semimodule,but not simple.

Definition 1.1.34[44]: A nonzero semimodule S is said to be uniform if

any nonzero subsemimodule V' of S is essential.

Thus, for exampleZ is a uniform semimodule.

Definition 1.1.35[53]: If E is an injective R—semimodule, and it is a
minimal injective extension of the R—semimodule S, then E is said to be

an injective hull of S denoted by E(S).

It is commonly known, however, that if R is a ring, the injective hull
of R-semimodule always exists. But, Golan ([41],Proposition 17.21, p.
198) demonstrated that injective hulls of non-zero R- semimodules do
not need to exist for every semiring R. Every semimodule over an
additively idempotent semiring has an injective hull, as Wang[54]
shown. For further information on an injective hull of semimodules over

semirings See[53].

Note: For example asemimodule(N, +) over (N, +,.)without injective
hull [41].

Definition 1.1.36[55]:A subsemimodule ¥ of S is said to be fully
invariant if g(X) € Kfor each R-endomorphism gon S(denoted
byX =9).

Definition 1.1.37[56]: A semimodule S is said to be duo if each

subsemimodule of S is fully invariant.

18



Chapter OnePreliminaries and Applications

Definition 1.1.38[48]:If S is an R-semimodule and XcS, thenthe left
annihilator of S inX is anng(X)={re R:rx=0 for every xeX}.

Definition 1.1.39[48]: A subsemimodule Z(S) of S is defined by
Z(S)={feS]ann f<°®R}is said to be singular subsemimodule of S. If

Z(S)=S then S is called singular. If Z(S) = 0 then S is called nonsingular.

Thus for example Z, is singular (when p is prime) but Z is

nonsingular (as Z-semimodules).

Definition 1.1.40 [57]:The second singular subsemimodule Z,(S) of S is
that subsemimodule of S, containing Z(S) such that Z(S)/Z(S) is the

singular subsemimodule of S/Z(S).

Definition 1.1.41[46]: The socleof a semimoduleS is denoted by
Soc(S)and defined as Soc(S)= X{L:La simple R- semimodule of S}.

Remark 1.1.42:

1. Soc(Z)=0, since Zhas no simple semimodule.
2. If S=S5:8S,, then Soc(S)=Soc(S1)® Soc(S,).
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Chapter Two Extending Semimodules over Semiring

2.1 Introduction

In section two of this chapter. Extending semimodules will be
presented as well as investigating some properties of them. Initially for
this purpose, some properties of complement subsemimodules that are
useful in analyzing the structure of extending semimodule, will be given.
In section three of this chapter, the direct summand and direct sum of
extending semimodule will be studied as well as conditions that ensure a
subsemimodule of extending semimodule to be extending semimodule

and supply related properties of extending semimodule property.

2.2 Extending-Semimodules
According to[58], the concepts of extending modules will be

converted for semimodule in the following.

Detention 2.2.1: An R-semimodule S is said to be extending (CS) if

every subsemimodule of S is essential in a summand of S.

Example 2.2.2:

1. It is clear that any simple R-semimodule is CS. In fact any
semisimple or (uniform)R-semimodule is CS.
2. A semimodule S in Remark (1.1.22) is not CS, since Sg is closed in

S but not summand.

Now, the following lemmas are needed to prove our main results.

Lemma 2.2.3[49]:Let S be a subtractive R-semimodule, If V' is a

subsemimodule of S and C is a complement of V' in S then N@®C <€ S.

The condition S is subtractive in Lemma (2.2.3), is strong, in the
following the same result will be gotten with weaker conditions.
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Lemma 2.2.4: Let S be a cancellative and semisubtractiveR-semimodule

if Vand C are subtractive subsemimodules of S with V' N C=0then

N+ C=N@C.Moreover if C is a complement of N and N + Cis

subtractive then N+C<°©S.

Proof: Assume n;+ ci=np+ C2€ NV + C, then by semisubtractive either
C1=Cp+ h or ¢, =c1+ h, since VandC are subtractive by assumption, hence
the two above cases lead to he v n C=0, hence n;= n, and c;=Cy,
therefore the representation of ni+ c; is unique,hence V' + C = N@C.
Let x¢ V' +C, then x¢ Nand x¢C, and since C is a complement of V' in
S, then V" N(C+Rx) #0, let 0#n=c+rxe N N(C+RXx), it is clear rx+0 (if
not n=ce NV NC=0, a contradiction). Nowne V' < N+C,and ceC<
N +C by subtractive rxe N +C therefore ' + C<®S. 0O

Lemma 2.2.5[44]: If S=S:BS, with injective hull E(S), then
E(S)=E(S1)® E(Sy).

Lemma 2.2.6 [44]: Let S be an R—semimodule with injective hull E(S).
IfH <®Sthen E(K)=E(S).

Lemma 2.2.7: Every injective R-semimodule is CS.

Proof: Let S be injective semimodule and let & < S, then V' <¢ E(V) <
E(S)=S, but E(V) is a summand of S (since by Lemma(1.1.29)S is an
injective extension of E(V)), hence SisCS. o

Proposition2.2.8: An (k-c) R-semimodule S is CSif and only if every
closed subsemimodule of S is a summand of S.
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Proof:Assume S is a CS R-semimodule, let K <°S then K <°®S', where
S'<®s, then by definition of closed subsemimodule, K =S', that is K is a
summand of S. Conversely, let X <S, and let S' be closure of K, then

$'<®S and K <°S', hence S is CS.O
In the example of Remark (1.1.22)the subsemimoduleSsg is closed in S

but not summand.
Lemma 2.2.9: IfX <Sand L <¢SthenL N K <¢ XK.

Proof: Clear.

Lemma 2.2.10: Let L < K < XK' <S (where Land K are subtractive in
S). IfX/L <¢ KX'/L then KX <€ K'.

Proof: Let xe K'\ K, then 0+ x+L€ K'/L, so there exists re R such that,
0# r(x+ L)€ K /L, that is 0# rxe K. Therefore, X <¢ K'. ©

Lemma2.2.11: IfN <L <‘SSN and Lare subtractive in S, then
L/N <°SIN.

Proof: Assume that L/N <€ L'/N <S/N and (L # L"), then L <¢ L',

which contradicts the assumption L <€¢S, hence L/ <¢S/ V. O

Lemma2.2.12: If Kand MNaresubtractive subsemimodules of an R-
semimodule Swith K is closed in S, then® < N <¢S if and only

IfNV/K <°S/K.

Proof:By Lemma (2.2.10), it is enough to prove the necessity condition.
Suppose K < IV <°¢S and K <°S. Let L be subsemimodule of S such
that % <L and (W /X) n (L/X)=0, then K =N N L <€ L, based on
Lemma (2.2.9). Since X is closed, then L =% and L/ =0. So
N/K <¢SIK. 0o
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Lemma 2.2.13: If X <¢ NV, and IV <°€S, then K <°S.

Proof: Assume that K <¢ K’ <S, then KX <¢ K'n N < NV, therefore
K=K'nNnN(GinceX<N),and XK' NN <¢ K 'soN <¢ N + X' (if
n+k'e V' + K'and k'e XK', then there exists r €R such that 0#rk'e X' n
N, hence 0=r(n+k') € V), since IV <€S, then ¥ = NV + X', and K’ <
N, therefore K =K'nN =K', and K <°S. O

In a module there is a modular law, and to deduce its analogue in a

semimodule we need an additional condition.

Lemma 2.2.14(Modular Law for Semimodules):Let S be a left R-
semimodule .If N, N'and N are subsemimodules of S with NV is
subtractiveand N < NV, then N N (V' + N'") =N"+ (N nN").

Proof:Assume that x€e N’ n (V' + N''"), then x=n'+n", for some n'€ N’
and n"e N, since V" is subtractive and V' < V', then n"e  n V""and
n'+n"e N+ (W nNnN'"), therefore xeN'+ (N NnN"HandNV N
N +NDYEN + (N AN'). But N +NNN") S
N'"+N'")YNN, therefore VN (V' + N')=N"+ (N nN"). o

Remark?2.2.15:For example of semimidule does not satisfy Modular law,
in semimodule (N, +) over semiring (N, +,.)( N is not subtractive), let
N={0,5,6,7,...}, N'=3N and N""=5N, then 8€ N n (V' + N'")(since
8€ Nand 8=3+5€e N'+N"but 8¢ (N NN')+ (N NN")=(N n
N4+ N, since N NN'={0,69,12,...}, N"={0,5,10,...}, 8= n' +

n''wheren’ € ¥ n N'andn” € N

As a special case of Proposition (2.2.8), we obtain.
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Proposition 2.2.16: Let S = S;®S; be (k-c) R-semimodule then S is CS if
and only if every complement subsemimodule of S;, where (i = 1lor 2) is

CS and a summand of S.

Proof: Let K be a complement of S; in S, then K <°¢S, since S is CS-
semimodule and by Proposition (2.2.8),X <®S. Let L <® X, so by
Lemma (2.2.13), L <°S and L NS; = 0,since S is CS-semimodule, L <®§,
so S=L@L’, for someL’' <S and since K <®S, hence subtractive,
byLemma(2.2.14),KX=L® (L' n K) therefore L <® K, and K is CSR-
semimodule. Conversely, let N <°S then there exists aclosed
subsemimodule H of Nsuch thatv: NnS;<® H, clearly (H NnS;)=0. By
Zorn's Lemma,there exists a complement Q of S, in S with ' <Q. Also,
by Lemma (2.2.13) H <°S, hence H <°Q, since Q is a complement of S,
then by assumption, it is CS-semimodule, hence H <®S, therefore
S=H@H' for some H' <S, since N is subtractive in S then by Lemma
(2.2.14), N= HB(NNH'), since (M NnH') is closed in S, and (V' N
H"NS,=0, hence (V' N H") <®S and also inH', H'=(N n H"DH for
some K" <S,50S =N@H" therefore N <®S. o

Example 2.2.17:Assume S =Z,® Z,. Let IV; <S, where (i = 1, 2, 3, 4,5)
such that V=7, @0, N, = 0D Z,,N; ={((1,1))=((1,3)), N, =
((1,2) ), and Vg = ((0,2) ), V7, N, Nzand M,are summands of S, and

N is essential in 2V, then S is CS-semimodule.

The following Proposition gives an equivalent statement to CS-

semimodule under extra condition.

Proposition 2.2.18: Acancellative and semisubtractive (k-C)R-

semimodule S is CS if and only if for all subtractive subsemimodules
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PandLof S with P n L = 0, there exists H <®S such that L <  andP n
H=0, moreover if P + H is subtractive, then P + H <°©S

Proof: Assume that S is CS, let P and L be subsemimodules of S with
P nL =0, so by Zorn's lemma there exists a complement H of P such
that L < 7, since S is CS, then H <®S, and by Lemma (2.2.4) P +
H <°®S. Conversely, assume that S satisfies the stated condition and let
A be a complement in S, then there exists a subsemimodule P of S such
that A is a complement of P, by hypotheses there exists H <®Ssuch that
A <H, and P n H=0, since A is a complement of P, hence A =H

and therefore A <®S,s0SisCS. o

Recall that, let ¢:S— A be a homomorphism ofR-semimodule.

1. If @ is @ monomorphism, then ker(¢) = 0.

2. If ker(e )=0, Sis a semisubtractive and A is cancellative, then @is
a monomorphism[47].

In the next , we must add a condition that the semimodule had an

injective hull, whenever it is needed.

Lemma 2.2.19: Let S=S:@ S, be a cancellative andsemisubtractiveR-
semimodule (withinjective hullE(S)), @ € Hom(S1,E(S2))
andF={s1+¢(s1): S1€ @ ~1(S2)} then,

1. ¢71(S2) N K = kerg.

2. If m:S—S; is the natural projection then |4 is a monomorphism.

Proof:

(1)First we must prove that K NS, = 0, let x € K NS,, then x=s+¢(s),
s€E ¢ 1(Sz) < S1, x€ Sy and (s) €Szimplies s €S,(S; is subtractive
since $,<®5), so s €5:NS,, then s =0 and x = 0 + ¢(0) = 0. Now, let
X € @~ 1(S)N Kthen x € Sy and x € K, s0 x=x;+@(x1) and ¢(x1)=0,

26



Chapter Two Extending Semimodules over Semiring

therefore x=x; and x:;€ ker@, so ¢~ 1(S;)Nn K Skerg, butkergp <
@ 1(S2). On other hand, xekerp, thengp(x)=0 and x+¢(X)E
K ,thenp~1(S,)N K= kere.

(2) Since ker(m|4 )=kerm NK=S,NK=0,thereforer|4+isa monomorphism.

O

In the next lemma , we give a characterization of a complement

subsemimodule, in certain cases.

Lemma 2.2.20: Let S = S;® S, be a (k-c) R-semimodule (with
semisubtractive injective hull) and X is a subsemimodule of S, then K is
a complement of S, in S if and only if K={s;+ @(s1): s1 € ¢~1(S,)} for
some @ € Hom(S;, E(Sy)).

Proof: Let X be a complement of S; in S, and m;:S—S;, where (i =1, 2)
be the natural projections, since ker(rm, |5 ) = ker(m;) N K = S,n K=0,
then 1, | 4c1s @ monomorphism, consider the diagram as follow:

mq | K
x > S,

E(:;‘z)

Where iis the inclusion map, since E(S,) is injective, then there exists
@ €EHom(S1,E(S2)), such that ¢@(mq|4) =i(m,] ). Let x€ K, then
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=1 (X)+ 15 (X),sinceq(m 1 (X)=1(m 2(X))=m »(X), then x=1;(X)+¢(m1(X))
and X €{s1+¢(s1):s1€ @~ 1(S2)}, hence K S {si+ ¢(s1): s1€ ¢ 1(S2)}
and {si+ ¢(s1):s1 € @7 1(S2)}NS,=0 [note that S; is a summand of S,
hence subtractive], since K is a complement of S, by assumption then
K={s1+¢(s1): 51 € ¢~ (S2)}.

Conversely, suppose ¢ € Hom(S1,E(S2)), and K ={si+¢@(s1):s1 €
»~1(S2)}, then K <S and K NS, = 0. Now supposeL is a complement of
S;in S contain K'withL NS,=0, and K < L. Let ue L satisfy m,(u) #
(1 (v)), since E(S;) is semisubtractive then there exists x such that
either m,(U)+x= @(m,(U)) or m,(u)=x+@(m,(u)), it is clear that
0 #X€E(S,), hence there exists r €R such that0 #rxeS,(since S,<°E(S,))
then from case one (1, (ru) €Sy, hence
ru+rx= 1, (ru)+m, (ru)+rx=m, (ru)+ ¢(m, (ru) € K < L (since Lis
subtractive then rxe L NS, =0. In case two m,(ru)=rx+ ¢(m;(ru). hence
@ (1, (ru)eS,(since S, subtractive) then
ru= m; (ru)+m,(ru)=m, (ru)+ @(m, (ru)+rx, hence rxe L NS,=0, thus for
each ue L, m,(u)= @(m;(u)), so u=m,(u)+m,(u)=m,(u)+e(m,(ru)e X,

therefore K = L and X isacomplementofS;inS. o

By Lemma (2.2.20) and Proposition (2.2.16) we have the next result.

Proposition 2.2.21: Let S = $:@ S, be a cancellative and semisubtractive
(k-c) R-semimodule (with semisubtractiveinjective hull) then the
following statements are equivalent:

1. Sisa CS-semimodule.

2. For every @ € Hom(S1,E(S)), the subsemimodule {s:+ ¢(s1):S1€

¢@~1(S2)}is a CS-semimodule and summand.
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Proof:

(1=>2) Suppose ¢:S1—E(S2) and let F={s1+@(s1): 1€ ¢~ 1(S2)}<S, by
Lemma (2.2.20) K is a complement of S; in S, since S is CS-semimodule
and by Proposition (2.2.16) K is a CS-semimodule and summand.

(2=1) Let K <°S. IfK NS;= 0 then by Lemma (2.2.20), K={x+@(X):
X € @ 1(S1)} for some ¢ eHom(S2,E(Sy)) and by assumption X <®S. If
K NS:1#0, there exists a closed submodule N of K such that K NS;<€ V.
Clearly N NS,=0. Let m;:S—S;, where (i = 1, 2) be the natural
projections, then m, |, is @ monomorphism and there exists ¢ € Hom(S,,
E(S,)) such that ¢(m,(n)) =m,(n) foralln € V.

If P={s1+@(s1):51€ @ 1(52)}<S, thenby Lemma (2.2.20) P is a
complement of S, in S, and summand by assumption. Note that if n € V',
then n =m, (n)+m,(n) =m, (N)+ @(my(n)) € P, that is N < P. Since P is
CS-semimodule (by assumption) N <® P, hence N <®S, say
S=N @ N, and byLemma(2.2.14), we have X = N @(K nN"). Now,
K N N'<ES, clearly (KX n N')NS,=0 by an argument similar to the above
K n N <®S and hence also in V'It follows that K <®S. Thus S is CS-

semimodule. m
Now we give the following important result.

Proposition 2.2.22: Any summand of CSR-semimodule is CS.

Proof:Let S be a CS R-semimodule and C is asummand of S, then S =
C®D, for some D < S. Let vV <€, since C <°S then by Lemma
(2.2.13) N <°S, therefore NV <®S (since S is CS-semimodule), so
S=N@® N'for some N'<S, since C is a subtractive then by
Lemma(2.2.14),C = N®(C nN'), and IV is a summand of C therefore

C is a CSR-semimodule. O
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For the next result the following lemmas are required.

Lemma 2.2.23: If « eHom(S,S') is an isomorphism and N <€S, then
a(N)<eS".

Proof: Let X <S' such thata(NV) N K= 0, then a1 (a(N) N K)=0, thus
N na 1K) =0, therefore a7 1(K)=0,and X =0. O

Lemma 2.2.24: If S= S, then S is CS-semimodule if and only if S' is

CSR-semimodule.

Proof:Let X <S' and S is CS-semimodule, then a~1(X) <S, since S is
CS, then there exist N is a summand of S such that a™1(X)<®¢ NV
therefore a(a™1(K))<® a(N), thus K <€ a(N) with a(N)is a
summand of S'(by isomorphism), hence S' is CS. The proof of converse is

similar. O

Proposition 2.2.25: If S=S;@® S, is a cancellative and semisubtractive (k-
¢) CSR-—semimodule (withsemisubtractive injective hull), S; and S, are
relative injective semimodules and ¢ € Hom(Sy, E(S2)), then ¢ ~1(S,) is

CSR—semimodule.

Proof: Let N={x+¢(X): X€ ¢ "1(S2)}, by (Lemma 2.2.20) Nis a
complement of S,, also by Proposition (2.2.16) V' is CSR—semimodule,
let | » =a, thena: N—S: is a monomorphism. Let y €a(NV),then
y=m,(n), n€ Nhence y=m;(Xx+¢@(X))=x, but x€ ¢ ~1(S,), therefore
a(N) € @ ~1(Sy). If x € ¢ ~1(Sy), then x€S; and ¢ (x) €Sy, but x+¢(x) €
N, therefore a(x+@(X))=m;(X+@(x))=X, therefore x€a(N'), hence
a(NM)=¢ ~1(S,), hence a': N— ¢ ~1(S,) defined by a'(n)=a(n) is an
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isomorohism, Since V' is CSR-semimodule by Lemma (2.2.24), ¢ ~(S2)

iIs CS R—semimodule. O

2.3 More on Direct Sum and Summand of Extending

Semimodules
In this section, the behavior of extending (CS)R-

semimodulesaccording to direct sum and summand are studied.

Proposition 2.3.1: Let S=5:8 S, be a (k-c) R-semimodule, where S; and
S, are CS R-semimodule, then S is CSR-semimodule if and only if every
closed K <S with KX NnS; =0 or K NS, =0 ,K’is a summand of S.

Proof:

(=) Itis proved by Proposition (2.2.8).

(&) Let B <¢S, then eitherB n S; = 0, then by assumption B <®S. Or
B N S;#0, then there exists D such that B NS; <° D <¢ B[byRemark
(1.1.8)], thenD NS; = 0. Note that D <°S by Lemma (2.2.13), then by
assumption, D <®S, that is, S = D@ D' for some D'<S. Let beB, then
b=d;+ d, for some d:€ D and d.€ D' since B is a subtractive and D < B
then d,eBND' and so BSDH(BND') also DH(BND') < B
therefore B =D@®(BND’), but (BN D') is closed in S, with (BN
D") NS,= 0, so by assumptionB N D' <® D’ ,thenD’ = (B n D")®D"'for
someD"' < 'S, s0 S=DD(B N D")DD"'=BOD" therefore B <®Sand S is

CS semimodule. O

Lemma2.3.2: Let S = S;® S,, be a cancellative and semisubtractiveR-
semimodule then S; is S;-injective implies that for every subsemimodule
C of S with € nS;= 0, there exists a subsemimodule S' of S such that
S=S1@ S, C <S".
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Proof: Assume that S; is Sp-injective, let m;: S—S;, where (i = 1, 2) be the
natural projections, let € <S with C NS;=0, consider the diagram
where 1, | IS @ monomorphism. By assumption there existsf: S,—S;such

that f (12 (c) =4 |

Ty |
a . T
C > 52

T lc
f

LS]-

Define S'={f(a)+a:a€S,}, then S'<S.For ce C, c=m;(c)+m,(c)=
f(m,(c))+m,(c) €S', so C <S'. For ae€S, a=m,(a)+m,(a), if m,(a)
=f(r,(a)), then aeS'<S;+S'. If m,(a)#f(,(a)), then by semisubtractive
property either m, (a)+h =f(m,(a)) or m,(a)=f(mr,(a))+h for some heS (in
any case heS;, since S; is summand hence a subtractive). So, either
at+h=m, (a)+h+m,(a)=f(m,(a))+m,(a)eS'<S;+S" hence ae€S;+S'. Or
a=m,(a)+m,(a)=f(m,(a))+h+m,(a)=h+f(m,(a))+m,(a)eS:+S",  therefore
S=S;+S".

On other hand, let a;+ b;= ax+ bye S;+S' and bi=n;+f(n;) for n;eS,, so
a;+ ni+ f(ny)= ax+ n,+ f(nz).Now, by unique representation in S;@® Sy, it
follows ni= n,eS, and a;+f(n;)=a,+f(ny)€S;, also f(ny)=f(n,) implies
a;=a,. This completes the proof of unique representation in S;+S'.
Therefore S =S:® S'.o
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For the following result, we give a condition for the direct sum of
CSR-semimodules to be CSR-semimodule.
Proposition 2.3.3: Let S= S$;@S; be acancellative and semisubtractive
(k-c) R-semimodule, where S; and S; are relative injective semimodules

then S is CS-semimodule if and only if S; and S, are CS-semimodule.

Proof:

(=) Itis proved by Proposition (2.2.22).

(&) Assume that S; andS; are extendingR-semimoduleand S; is S;
injective for (i, j=1, 2 and i# j).LetK <¢S and K nS; = 0, by (Lemma
2.3.2) there exists S'<S such that S = S;@ S'and K <S', it is clear that
S'=S,and hence S' is extendingR-semimodule by Lemma (2.2.24). On the
other hand, X <¢S' [since K <¢S), hence K <®S', therefore K <®S,
similarly for any subsemimodule # of S with H nS,=0, H <®©S,
therefore by Proposition (2.3.1), S is CSR-semimodule. O

Proposition 2.3.4: Let S=S:@S; be a cancellative and semisubtractiveR-
semimodule, if S; is CSR-semimodule and S; is S; injective then every

closed subsemimodule K of S with KNS, = 0, is a summand of S.

Proof:Let & <¢S with K NS,=0, since S,is S; injective by (Lemma
2.3.2) there exists S'<S, such that X € S' and S =S' @ S,, therefore
S'=S; since S; is a CS-semimodule, then S' is a CS-semimodule and
K <®S' (say S'=KDK') hence S =(KDKDS:=K D (K'PS,), that is
K <%s. o

Corollary 2.35:Let S=S:@S, be a cancellativesemisubtractiveR-
semimodule, if S; and S; are CS-semimodules and relatively injective

then every closed subsemimodule K of S with KNS;=0or KNS, =0, is a

summand of S.
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Proof: Clear by Proposition (2.3.4).

In the following result, we examine a special case of CSR-

semimodule.

Corollary 2.3.6: Let S; be semisimple R-semimodule and S=S;® S,. If

S is (k-c) semisubtractive andcancellative and S; is CS then S is CS.

Proof: LetS=S;® S, and S; is CS, since S; is CS and S; is S;-injective,
hence by Proposition (2.3.4) and Proposition (2.3.1), SisCS. o

For determining under which condition a subsemimodule has a

unigue complement we have the following.

Lemma 2.3.7: Let S = S;®S, be acancellative and semisubtractiveR-
semimodule(with injective hullE(S)), and ¢ €Hom(S1,E(Sz)). If Hom(S,,
E(S1))=0, then S; is a unique complement of K={x+ ¢(x): X € ¢ ~1(S2)}.

Proof:Let Y<S, with YNXK = 0. Note that ker(p) € K. Let
YN ~1(S)=N, if N #0, then ¢|, is a monomorphism [since
ker(p|y)=kero NN € K NN € K nY =0]. Consider the diagram:

A @l .S,

E(S))
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Since E(S;) is injective, there exists 0 #+ a€ Hom (Sz,E(S1) but this
contradicts the assumption, then N'=0, therefore Yn ¢~1(S2)=0, but
@ 1(S;) <°S;, then YNS; = 0, hence m,|y is a monomorphism and

11 (Y)=0 therefore, YCS,, and Syis a unique complementof K. o

For a specific purpose, we derive a new lemma from Lemma (2.2.20)

that will be more generality as follows:

Lemma 2.3.8: Let S = S;® S, be acancellative and semisubtractiveR-
semimodule (with injective hullE(S)), and A < S with A NS, = 0, then
A <¢Sif and only if A={x+ @(x): x €EX} where X<¢ ¢ ~1(S,), for some
@ €Hom(Sy, E(Sy)).

Proof: Let m;:S—Si, where (i=1,2) be the natural projections, since
A NS;=0, then m;'=my|4:A —S1 IS a monomorphism. Consider the

diagram where m,'= m,| 4 and iis the inclusion mapping.

T,

CH » igI

L(S,)

Since E(Sy) is injective, then there exists ¢ € Hom(S:, E(S2)) such
that ¢(m,'(a))=m,’'(a) for all a€ A, theng(m,(a))=m,(a). Hence, for
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each a€ A, a=m;(a)+m,(@)=m(a)+¢@(m,(a)), S0 A={x+p(X): X€E
m,(A)}, note that m,(A)=¢@(m(A))SS,;, hence m(A)<
@ “Hma(A)) < 97H(S2), if 1y (A) <° Y < 97H(Sy), then A <*{y+p(y):
y € Y}<S (for y+¢(y)#0, then y+0 so there exists reR such that rye
mi(A) i.e ry=m(a), a€ A , then ¢@(ry) = ¢(m,(@))=mr,(a), thus
ra=rmy,(a) + rmy(a) =r(y + (y)) € A, since A <¢S, it follow that
A ={y+¢@(y): Y€ Y} then m,(A) =Y, and hence m;(A) < ¢~ 1(Sy).
Conversely, if A={x+@(x): x €X} and X< ¢~1(S,), it is clear that A <
K={x+@(X): X € ¢~1(S2)}, and that A has a proper essential extension in
K if and only if X has a proper essential extension in ¢ ~1(S,), since X is
closed in @ ~1(S,), it follows that A <€ K then A <°S. O

Lemma 2.3.9: Let S= S;®S; be acancellative and semisubtractiveR-
semimodule (with injective hullE(S)), where S; and S, are
subsemimodules of S. If S, is S;-injective then any closed
subsemimodule A in S with ANS,=0 must have the form
A={x+ @ (x): xeX}, where X is closed subsemimodule of S; and
@ €eHom(Sy, E(Sy)).

Proof: Let A be a closed subsemimodule in S with ANS,; = 0, then by
Lemma (2.3.8) A={x+@(x): x €X}, where X is a closed subsemimodule
of ¢ 71(S,), for some ¢ € Hom(Sy, E(S2)). But ¢~ 1(S,) <€ Sy, S0 X<°S;.

O

Lemma 2.3.10: Let S=S;®S, be an R-semimodule (with injective
hullE(S)), where S; and S, are subsemimodules of S. If ¢~1(S,)=S; for
each ¢ eHom(Sy, E(S,)),then Sais S;-injective.

Proof:Consider the diagram below, assume X is a subsemimodule of S;

in S where i, j are inclusion maps,f is any homomorphism.
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X > S

E(:;‘z)

Since E(Sy) is injective there exists 0 # ¢ eHom(S;, E(S)). such that
¢i=jf. Since @~1(S2)=S1, then ¢(S1)ES; and ¢ eHom(Sy, S,).Therefore

S,is Si-injective. O

In the following, the condition of Proposition (2.3.4) gives extra

results.

Proposition 2.3.11: Let S=S:S, be a cancellative and semisubtractive
(k-c)R-semimodule (with semisubtractive injective hullE(S)), and
Hom(S;,E(S1))=0, then S; is a CS-semimodule and S;is S;—injective if and
only if every closed subsemimodule X of S with HKNS,=0, is a

summand of S.

Proof:

(=) Itis proved by Proposition (2.3.4).

(&) Suppose K <€ S;, then K NS,=0andk <°¢ S by Lemma (2.2.13). By

assumption K <®S, say S=K@®X', hence by Lemma(2.2.14),
S1=K@®(K'NS,),therefore K <®S,;, and S; is a CS- semimodule.
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Now, let @ eHom(S;,E(S2)) be arbitrary, then by (Lemma (2.2.20)
L={x+ a(x): x€ a ~1(S2)}is closed in S and it is a complement of S, by
assumption L <®S. If m,is the natural projection of S= S;®S, onto Sy,
then ye L implies y= x+ a(x) for some x€ a ~1(S;) and m,(y) = m;(X)=x,
that is, m;(L)S a ~1(S,). If x€ a ~1(S,), then m;(X)=x and x+ a(X) € L
hence x=m,(X)=m,(x+ a(x)) € m;(L), that is, m;(L) = a ~1(S;). Since
my(L) is closed in S; and « ~1(S;) is essential in S, it follows

Si=a ~1(S,). Therefore, by (Lemma 2.3.10), S, is Si-injective. O

For Propositions (2.2.22),( 2.3.11) and(2.3.1) we have the following

corollary.

Corollary 2.3.12:Let S = ;6 S, be a cancellative andsemisubtractive (k-
c)R-semimodule (with injective hullE(S)), and Hom(S,,E(S;1)) = 0, then S

iIs CS if and only if S;and S; are CS-semimoduleand S; isS;—injective.

2.4 Extending of Rational Hull

The properties of the rational hull semimodule are introducing and
investigating in this section. It can be seen by analyzing the structure of
rational hull semimodule; there are many properties of dense

subsemimodules that are also useful.

Definition 2.4.1: Let S be an R-semimodule with injective hull E(S)the
rational hull of S denoted by E(S)is a subsemimodule of E(S)defined by:
E(S)={x€E(S)|n(S)=0 implies h(x)=0, for
allheEnd(E(S))}=N{kerh|heEnd(E(S)) and Sckerh}.

Note: It is clear that S< E(S).
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Definition 2.4.2: A subsemimodule N of S is said to be dense
subsemimodule if for all x and y in S with x # 0, there exists r €R, such

that rx # 0 and ry € V. In this case we write ' <;S.
Remark 2.4.3: Every dense subsemimodule is essential.

Proof:Clear.
Note: The converse is not true in general, for example< 2 >in Z, as

a Z-semimodule is essential but not dense since 3,2€ Z,, then there exist
2€R, such that 2.3=2€ Z,but 2.2=0.

In the next, there are some properties of dense subsemimodules.

Lemma 2.4.4: LetBand C are subsemimodules of S.

(i) 1B < Sand C <4Sthen BN € <,4S.
(i) B<C<SthenB <, Sifandonly if B <; Cand C <,4S.

Proof:

(i) Letx,y €S with x #0, then there exists r € R such that rx #0
andry € B. Also there exists r' €R such that r'rx+0, andr'rye C
butr'ry € B, hencer'rye BnC.

(i)  Assume that B <, Cand C <;S, let x,y €S, with x #0, then there
exists r €R such that rx+0 and ry € C, since C <€ S (by Remark(2.4.3)),
then there exists seER, such that srx=+0 and srye C now B <, C, implies
there exists teRsuch that t(srx) +0 and t(sry) € B. The other direction is
clear. O

Proposition 2.4.5:Let S be an R-semimodule with injective hull E(S),

then the following statements are equivalent:

() N <,S.
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(i)  Homg (S/NV,E(S)) = 0, where N'is a subtractive .
(ili) Forany subsemimodulePsuch thatVis a subtractive and N <
P <S,Homg(P/N',S)=0.

Proof:

()=(ii) Let feHom (S/V,E(S)), and assume that f(a+ )=y, y+0, since
S<®E(S) and by Remark(2.4.3) V" <°S, then V' <®E(S), so there exists
reR such that 0% ry €S, and there exists seR such that s(ry) #0, and
s(ry)e Ntherefore0=(sr)y=srf(a+N')=f(sra+N")=f(0)=0, that IS
contradiction, therefore f=0 hence Hom (S/V, E(S))=0.

(it)=(iii) Let g: /N — S be a homomorphism, such that g=0, and let
I:S—E(S) be the inclusion map, then 0#ig:P/N— E(S), can be
extended to f: S/N—E(S) by (ii), f=0 this a contradiction, hence
g=0.

(iii)=(i) Let 0+ x €S and yeS, assume for all r €R, 0=rx, ryg& Vv, then
defined f:(WV + Ry)/N—S, by (n+ry) + ¥ — rx (fis well defined ) by
(iii) =0, this a contradiction since f (n+y+ N')=x+0, therefore V' <; A.

O

Lemma 2.4.6: Let S be a subtractiveR-semimodule with injective hull
E(S) and S< B <E(S) then S<, B if and only if B < E(S).

Proof:Assume that S<,; B, and consider heEnd(E(S)) such that h(S)=0 if
h(B) +0, then 0+=Homg(B/S,E(S))=Homg(B/S,E(B)), this contradicting
by Lemma(2.4.5) therefore h(B)=0, which implies B < E(S). Conversely,

consider h: E(S) —E(E(S))=E(S), with h(S)=0, since h can be extended to
E(S), we can consider it as an endomorphism of E(S), then by definition
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of E(S), h(E(S))=0, thus Hom(E(S)/S,E(S))=0, and by Lemma(2.4.5)
S <4 E(S),then S<,4B. o

Corollary 2.4.7: Let S be a subtractive and S< B <E(S) if B < E(S),
then S<, E(S).

Proof:Immediately by definition and Lemma (2.4.6).

Lemma 2.4.8: Let S be an R- semimodulewith injective hull E(S).If
S=S1® S, thenE(S)= E(S1)® E(S>).

Proof: Let S = S:@® S, implies E(S)= E(S1) ®E(S,), so x€ E(S) implies
x=xX;+x2 with xi€ E(S;) (i=1,2) and h(x)=0, for all heEnd(E(S)), with
h(S)=0. Hence h(x)=0 (i=1,2). If geEnd(E(S;)), with g(S:)=0, then
grr, €End(E(S)) and (gm,)(S)=0(51)=0 (where m, is the natural projection
of E(S)onto E(S1), then g(x1)=0, then x;€ E(S:). Similarly x.€ E(S,),
thereforeE(S)= E(S1)® E(S;). ©

Theorem 2.4.9:1f S is a CS R-semimodule with injective hull E(S), then
E(S) is a CS R-semimodule.

Proof: Let X < E(S), then X = K NS<S, hence S = S$;® S, and X <°S;
(since Sis CS). Note that S;<® E(S;) implies X <€ E(S:). Let 0#keK, if
m,(K) #0 (where m,is the natural projection of E(S) onto E(S)), then
there exists reR such that 0+ rm,(k) €Sy(since S,<®E(S2)), so 0+
m,(rk) €S, but rke X <€S; a contradiction, hence m,(k)= 0 that is
keE(S)) and K<E(Si). Now let k=ki+k, where k€ E(S) but
m, EENd(E(S)), so m,(k)=0 implies k.=0, hence K< E(S;). On the other
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hand X <€S;<® E(S:) and X <K< E(Sy), implies K<® E(S1)<® E(S) by
Lemma( 2.4.8), therefore E(S)is CS. O
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3.1. Introduction
In this chapter, some properties of singular and second singular

subsemimodules of semimodule are studied. In addition discusses the
relationship between the above concepts, with CS-semimodules.
Furthermore the concept of quasi-continuous property which is stronger

than extendingproperty,has some results related to CS and singularity.

3.2 Singular and Second Singular Subsemimodules

In this section, some properties of singular and second singular

subsemimodules are proved.

Proposition 3.2.1: For any R-semimodule S, Z(S) is a subtractive

subsemimodule of S.

Proof: Clearly 0€Z(S) since RO = 0, where R<®R. Let a, beZ(S), then
there exist left idealsl, J<®R, such that la=Jb=0, since INJ<°R, hence
(InJ)(a+b)= (InJ)a+(InJ)b<la+Jb=0, hence a+beZ(S). Let aeZ(S) and
rer, then there exists leftiI<®R such that la=0 and r(la)=I(ra)=0, so
ra€Z(S), then Z(T) is a subsemimodule of T. Let (a+b)eZ(T) and
a€Z(T) then there exist leftllJ<®R such that I(a+bh)=Ja=0,
hence(InJ)(a+b)=0, so (InJ)a+(INJ)b=0 but (InJ)a=0 [sinceJa=0] then
(InJ)b=0, where (INJ)<°R, thus beZ(S) and Z(S) is a subtractive

subsemimodule of S. O

Note: If S; and S, areR—semimodules with f € Hom(S:, S2). If S;' is a
subtractive subsemimodule of S, then f (S)) is a subtractive
subsemimodule of S; see ([41],p.171).

Proposition 3.2.2: For any R-semimodule S, Z»(S) is a subtractive

subsemimodule of S.
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Proof: Z,(S) is a subsemimodule of S by definition. Let 7:S —S/Z(S) be
the natural epimorphism, then since Z(S/Z(S))=2,(S)/Z(S) it follows that
Z,(S)=m}(Z(S/Z(S)), but Z(S/Z(S)) is a subtractive subsemimodule of
S/Z(S), based on Proposition (3.2.1),S0 Z,(S) is subtractive in S. O

It is known in modules that singularity commutes with the direct sum,

in the following this property will be proved for semimodules.

Proposition 3.2.3: Let S=S5;®S, be an R-semimodule then
Z(S)=Z(S1)DZ(S2).

Proof: Let s€Z(S) such that s=s;+s,, where s;€S; and s,€S, then Is=0,
for some left ideall<®R, then Is=Is;+Is,=0, since 1s;<S; and 1s,<S,, by
unique representation of direct sum then Is;=Is,=0. Therefore s$;€Z(S,),
S2€Z(S;) and Z(S)=Z(S1)+Z(S2), by unique representation in S, then
Z(S)=Z(S1)®Z(S2). o

There are some properties of a singular submodules, those properties

will be converted for subsemimodules.

The next result was proved in [48].

Proposition 3.2.4: Let S be an R-semimodule and X <S, then
Z(K)=K nZ(S).

Proposition 3.2.5: Let S be an R-semimodule and X <S, then
Z(F)=K NnZy(S).

Proof: Let XEZ,(K)< K then xe K andx+Z(K)eZ(KI/Z(¥K)), hence
there exists leftI<®R such that I(x+Z(%))=0, therefore IX<Z(X), since
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Z(K)<Z(S), hence 1x<Z(S), and 1(x+Z(S))=0, therefore x€Z»(S) and
Z:(K)=K nZy(S). o

The next result was proved in[50].

Lemma 3.2.6: Let S be an R—semimodule. If S=S;®S, and K is fully
invariant in S then X'=(% NS;))®( K NS,).

Proposition 3.2.7: For any R-semimodule S, Z(S) is a fully invariant

subsemimodule of S.

Proof: Letfe End(S), and xeZ(S), then there exists left I<®R, such that
Ix=0, hence f(Ix)=0, therefore 1f(x)=0 and f(x)eZ(S), hence f (Z(S))<SZ(S),

and Z(S) is fully invariantin S. o
Proposition 3.2.8: For any R-semimodule S, Z,(S)is fully invariant in S.

Proof: Let fe€End(S) and xeZy(S), then x+Z(S) €Z(S/Z(S)), so there
exists left I<®R, such that I(x+Z(5))=0, andhence IX<Z(S) so
f(Ix) <f(Z(S)) <Z(S) by Proposition (3.2.7), therefore, 1(f(x)+Z(S))=0,
and so f(x) €Zx(S). Thus f (Z2(S))<Z»(S) and Z5(S) is fully invariant in S.

O

It is known in modules that second singular commutes with a direct

sum, in the following this property will be proved for semimodule.

Proposition 3.2.9: Let S be an R—semimodule. If S=S;BS, then Z,(S)
222(81)6922(82).

Proof: Clearly by Proposition (3.2.8), Z2(S) is fully invariant in S, hence
by Proposition (3.2.6), Z2(S)=(Z2(S)NS1)B(Z2(S)NS,), since $:<S and
S»<S, hence by Proposition (3.2.5) Z(S)=Z,(S1)®Z2(S2). o
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Note: Another proof can be given for Proposition (3.2.3), by using the
argument of the proof of Proposition (3.2.9).

Lemma 3.2.10:If B<°®S then for every a€s, there exists leftI<®R, such

thatla<B.

Proof: Assume a€s, and | = [B:a]= {reR: raeB}. Let J be any nonzero
left ideal of R. If JSI,thendnl=J=+0, let je\l, then 0+jaeS(for if ja=0,
then jel), since B <°®S, then there exists reR, such that 0 #rjae B, so
0 #rjelnd, thatis INJ # 0,s0 I<®R,and la<B. O

Proposition 3.2.11: For any semimodule S, Z,(S)<°S.

Proof: Assume that Z,(S)<®¢S'<S, let xeS', I=ann(x+Z(S)) and J be any
nonzero left ideal of R(not contained in I). Let 0= j€J, such that
0 # jxeS', then there exists reR, such thatO # r(jx)eZ(S)[ since
Z,(5)<°?S'] then (rjx+Z(S))€Z(S/Z(S)), so there exists leftK<®R, such
that K(rjx+Z(S))=0. Now since K<°R, there exists s€R such that 0 #
s(rj)eK, then s(rj)el, and s(rj)€ J, hence InJ+ 0O, therefore I<®R, and
XE Z,(S), which means Z,(S)=S', hence Z,(S) isclosed inS. o

Recall that to consider the quotient S/B, whereS is a semimodule,we

must have a subtractivesubsemimodule B of S(see[41] p.165).
Lemma 3.2.12:1f B <°S and subtractive then S/B is singular.
Proof: Let xS, and let f:R—S, defined by r—rx, then f 1(B)<*R, but

f-1(B)=anng (x+B),s0 x+ B €Z(S/ B), then Z(S/B) =S/B. «©

The following example shows that the converse of Lemma (3.2.12)

IS not true.
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Example 3.2.13: Let B= Z,, and A=0, then B/A is singular but A is not
essential in B.

Proposition3.2.14:1f B is a subtractive subsemimodule of an R-

semimoduleS andS/ B is nonsingular, then B <°S.

Proof: Assume that B <€ B’ <S, then by Lemma (3.2.12) B'/B is
singular, but B'/B <S/B, then B'/B=Z(B'/B) <Z(S/B), this is a
contradiction, therefore B has no proper essential extension, and it is

closed. O

Lemma 3.2.15: Let S be a nonsingular R-semimodule and B is a
subtractive subsemimodule of S, then B <¢S if and only if S/B is

nonsingular.

Proof:let B <¢S, and 0#x+B €S/B. If I(x+B)=0, where left I<*R,
hence B <°Rx+B <S, (Let 0#rx+b € Rx + B, if rx=0, then be B. If
rx+0, then r+0, hence there exists s€ R such that 0+ sre I, this
impliesO# srx € B, that is, 0+ s(rx+b) € B) this is a contradiction,
henceS/B is nonsingular. Conversely, assume that S/B is nonsingular
and B <°¢S'< S, then by Lemma (3.2.12), S'/B is singular, which

contradicts the assumption S/B is nonsingular. O

Lemma 3.2.16: Let S be an R-semimodule and B <S if S= Z,(S) &B

then B is nonsingular.

Proof: It is clear by Z,(S)=Z,(S)®Z,(B), hence Z,(B)=0 and B is

nonsingular.o

Corollary 3.2.17: If S is nonsingular semimodule, then S/Zy(S) is

nonsingular.
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Proof:By Proposition (3.2.11), Z»(S)<¢S then by Lemma (3.2.15),

SIZy(S) is nonsingular. O

3.3 Extending Semimodules with Singularity

In modules theory the following proposition proved by Kamal
and Muller [29]. But in semimodule theory we must add the following

condition.

Proposition 3.3.1: Let S be a(k-c)CSR-semimodule and Z,(S) be a group
over semiring, then S=Z,(S)®XK, where Z,(S) and Kare CS and Z,(S) is

F-injective.

Proof: Since by Proposition (3.2.11)Z,(S) is closed in S and S is
extending, then Z,(S) is a summand of S therefore, S=Z,(S)@K, for
some K <S, so by Lemma (3.2.16) X is nonsingular. Since S is
extending, hence by Proposition (2.2.22), Z,(S) and Kare CS. To show
that Z(S) is XK-injective, let X< Kandp:X—Zy(S) be any
homomorphism.Suppose X'={x-¢(x): x €X}, (note that ¢(x) has additive
inverse since by assumption Z,(S) is a group).Clearly X'<S, since S is
CS, hence there exists L<®S such that X'<°L, and S=L@Y, for some
Y<S. Since X'n Zy(S)= 0 ([if ye X'N Zy(S), then y = x- ¢(X) SO X =
y+ @(X), then xe K n Z,(S)=0, hence ¢(x)=y=0) then X'NZ,(S)NL=0, but
X'<®L, so Zy(S)NL=0.That is, by Proposition (3.2.5), Z,(L)=0 and L is
nonsingular. By Proposition (3.2.9), Z2(S)=Z»(Y) and Z,(S) is a summand
of Y, so Y=Z,(S) @Y', for some Y'<Y.Now S=L@Z,(S)®Y'. Let
m.:S—Z,(S) be the natural projection and xeX, such that x =+ z+ vy,
where £ €L, z€ Z,(S), and yeY', by adding (-¢(X)) to both side we get x-

p(X)=L+z+y- p(x). Since x-@p(X) EX'<L, by unique representation we
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have y=z-p(x)=0 so ¢@(X)=z=m(x), hencerr|x=¢, therefore Z,(S) is K —

injective. O
In the next, we will prove the partial converseto Proposition (3.3.1).

Proposition 3.3.2:Let S be a cancellative and semisubtractive(k-c) R-
semimodule such that S= Z,(S) @K, where Z,(S) and Kare CS and Z,(S)
IS K-injective, then S is CS.

Proof: Let A <°¢S, by Proposition (3.2.11) Zy(A)<® A, hence by
Lemma (2.2.13), Zx(A)<°S. Since Zy(A)<Z,(S) and Z,(S) is CS by
hypotheses, then Z,(A) is a summand of Z,(S), hence Z,(S)=Z,(A)BC,
for some C <Z,(S).So S=Z5(A)B Ch K, by Lemma
(2.2.14), A=Z,(A)D((CHK) N A)=Z,(A )DB, where B = (CHK) N
A, therefore Zy(A) is a summand of A, and B is nonsingular
subsemimodule of Aby Lemma(3.2.16), since B NZ,(A)=0, consider the
diagram:

m,| B
B - . X

| B

Zy(A)

Z5(S)

Where m:S—Z,(A), m,:S— K are natural projections, and i be an

inclusion map. Since m,|5 is one to one and Z,(S) is K —injective, then
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there exists 6:K—Zy(S) such that 8(m,|g)=i(m,|g)It is clear that
0(m,|5)( B) <Zy(A).Consider K'={x+6(x):xe K}, let be B, then
b=m,(b) + m, (b) = Om,(b) + m,(b) € K', therefore, B < K'. Since B
is a summand of A, so B <¢ K', define g: KX —X" by g(k) = k+6(k) then
g is a well-defined homomorphism and kerg=0 [since k+8(k)=0 such that
0€Z,(S) and A(k)eZ»(S) by subtractive ke K NZ,(S) = 0]. Hence g is one
to one and clearly ontoso g is an isomorphism and X = X', since X is
CS by hypotheses, then by Lemma (2.2.24), X' is CS andB is a
summand of XK'so K'=B@®D, for someD < K'.Therefore
S=Z5(A)D CABDBD =ADCHD, thus A is a summand of S and S is
CS. o

Remark 3.3.3: If S is a nonsingular R-semimodule, having an injective
hull E(S), then E(S) is nonsingular too.

Proof: By Proposition (3.2.4), Z(S)=SNZ(E(S)). If S is nonsingular, then
Z(S)= 0, but S<®E(S), so Z(E(S))=0, that is E(S) is nonsingular. o

The next proposition gives a useful property of
extendingsemimodulesand Socalwith nonsingular in terms of

homomorphisms.

Proposition 3.3.4: Let S; be a nonsingular R-semimodule with injective
hull E(S;) and S, be an R-semimodule with Soc(S;)=0, if S; is CS,
thenHom(S;, E(S1))=0.

Proof: Let feHom(S,, E(S:)), and kerf<®€S," where S,'< S,. Let
S2€Sy'then by Lemma (3.2.10)there exists leftI<®R, such that
Is,<kerf.Hence If(s2)=f(Is2)=0. Since E(S:) is nonsingular by Remark
(3.3.3) then f(s2)=0, therefore s,ekerf, hence kerf=S,", so kerf has no
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proper essential extension, hence kerf is closed in S,. Since S, is CS by
hypotheses then S;= kerf @S,", for some S,"< S,.Since Soc(S2)=0 then
S;"=0andf=0. o

For the next result the following lemmas are required.

Lemma 3.3.5: If S is a cancellativeR—semimodule and a is an

idempotent endomorphism of S, thena is i- regular.

Proof: Let ye Im «, then y+a(xX)=a(x) for some X, X'€S, so
a(y)ta(X)=a(x"), thusa(y+ x)=a(x'), thereforey+a(xX)=a(y+ x)=a(y)+a(X),
by cancellativey= a(y) € a (S), but a(S)SIm a, hence Im a=a(S)anda is

I-regular. o

Recall that a subtractive closur of a subsemimoduleL of an R-

semimodule S is defined by L={seS| s+a= a', for some a, a'eL}[59].

Lemma 3.3.6: Let a« be an idempotent endomorphism of a
cancellativeR—semimoduleS then

1. a(S)Nkera =0

2. a 1s i- regular, hence a(S) is subtractive .

3. a(S)+kera=a(S)Dkera .

4.S = a(S)@kera, if S is a semisubtractive.

Proof:

(1) Let xea(S) nkera then a (x)=0 and x=a(t) for some teS,
then,a(X)=a(a(t))=a(t) and hence x=0.
(2) By assumption and Remark(3.3.5), a is i-regular, hence a(S)=Ima,

but by [49]Im a is a subtractive, therefore, a(S) is a subtractive.
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(3) Let a(s1)+ki=a(sy)+k.€a(S)+kera, where a(si) €Ea(S) and kiekera
then  a(a(si))ta(ki)=a(a(s2))ta(k), so  a(si)=a(s2). By
cancellativek;=k,, hence the representation unique and the sum is
direct sum.

(4) Let x €S, and a(x)=y, by semisubtractive, there exists heS such that
x=y+h, then a(X)= a(X)+a(h) by cancellative a(h)=0 that is hekera,
hence x €a(S) @kera. Or x+h=y, then he kera < a(S) @kera and
ye a(S) <a(S) @kera, hence xe a(S)@kera, that is in any case xe

a(S)@kera, therefore S= a(S)Bkera. O

Note:Lemma (3.3.6) is true if ai-regular endomorphism on R-

semimoduleS.

Recall that a semimodule S is z-injective if whenever S;and S, are
subsemimodules of S with S;NS,=0, there exists a, SEEN(S) such that:
()a, p are idempotent. (ii) a+p=1s. (iii)S;< kera, S,< ker .Let S be an
R-semimodule with injective hull, S is quasi-continuous if for each
idempotenta €End(E(S)), a(S)=SS[44].

Theabove two concepts are equivalent in modules. In semimodules
the proof of the equivalence between the two concepts need strong

conditions, namely, cancellative, semisubtractive and subtractive.

Proposition3.3.7:Let S be semisubtractive, cancellativesemimodule. If S

is z-injective with injective hullE(S), then S is quasi-continuous.

Proof: Assume that e is anidempotentendomorphism of E(S), let
S;=Sne(S) and S;={meS|m+e(x)=x for some xe S}, then S; and S, are
subsemimodules of S and SiNS,=0(since me SiNS; implies m= e(m,)

and m+e(x)=x for some m;, xeS, then e(m)= e(m;)=0 and, hence e(m)=0,
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i.e, m=0). Since S is =&-injective, there exists a,f
idempotentendomorphism of S, such that « + g = I;,S:Sker a, and
S,Ckerf. Let X={ze E(S)[z+S(m)=e(m) for some meS}. It is clear that
X< E(S). Let ye SnX, then y+g(m)=e(m) for some meS, yeSand
B(m) €S, imply e(m) € S, hence e(m) € S;. Since S is semisubtractive,
there exists h €S, such that either e(m)+h=m or e(m)=m+ h. In any case
h ekere.On the other hand h € Sy(since h + e(h) = h) hence B(h)=0,
e(m) €Sis0  B(e(m)) =e(m) [for  e(m)=a(e(m))+p(e(m)) and
a(e(m))=0]. Hence either S(e(m))+S(h)=pL(m) so e(m))=L(m) or
B(e(m))=(m)+p(h) so e(m))=L(m). That is in two cases e(m))=£(m)
which implies y=0, then SNX=0, but S<®E(S), so X=0, therefore
e(m))=pF(m) e S for all meS, hence e(S) <S, therefore S is quasi-

continuous.o
Remark3.3.8:

1. Any uniform semimodule is z-injective.

2. N as an N-semimodule is z-injective since it is uniform, but it is
not quasi-continuou since it has no injective hull([41], p.198).

3. As an N-semimodule is cancellative and semisubtractive but not
subtractive.

4, 7 is m-injective and quasi-continuous since Z is a
cancellative,semisubtractive and subtractive.

5. The N-semimoduleS = Z,®Z, is nither z-injectivesee[44] nor
quasi-continuous, but in the case of Z-semimoduleS = Z,@Z, is

m-injective and quasi-continuous.
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The following result was proved in [44]a different way to the

definition of quasi-continuous (rz-injective) semimodule as it need in that

paper.

Proposition 3.3.9:Let S be an R-semimodule with injective hull
E(S)=E(S1)®E(S,). If S is quasi-continuous then S=(SNE(S1))+(SNE(Sy)).

Proof: Let ;:E(S)— E(S;) be the natural projections of E(S) onto E(S;)
(i= 1, 2), then m; is idempotentendomorphism of E(S) so by Definition
of quasi-continuouser; (S)=Sthen ; (S)€ SNE(Si)(i=1,2). But
S=m;(S)+1,(S)SSNE(S1)+SNE(S,) €S, therefore S=SNE(S1)+SNE(S,). O

In[44], it is shown that quasi-continuous is stronger than CS property,

I.e. CS is the generalization of quasi-continuous.

Lemma 3.3.10: If S is cancellative and semisubtractiveR—semimodule
and if NisﬂBS’ (i:]., 2)Wlth N1N N»=0 then N1+ N>= N;@® N,.

Proof: Assume ni+ n,=x1+ X2€ N1+ Ny, then either ny =x;+ h or x; =n+
h, since N;and N, are summand, hence subtractive the two above cases
lead to he Nin N»=0, hence ni=x; and n,=x,, therefore the representation

of n1+ ny is unique,hence N;+ No= N:@ N,. O

Proposition 3.3.11: If S is a cancellative and semisubtractive (k-c) quasi-

continuous semimodule with injective hull E(S), then

1- SisCS.

2-  Forany V; <®Sand V; n V,=0then IV + WV, <®S.

Proof:
(1) LetV <Sand Kis acomplement of V' in S, then N @K <°S,
which implies E(W)®E (K) =E(S)[by Lemma (2.2.6)]. Now by

54



C/Iapter Three Exfendthg Semimodule with .S’mguémg/

Proposition(3.3.9), S=(SN E(V')) &(SN E(XK)), but v’ <€ E(NV), it
follow that v <¢Sn E(NV') <®S, hence S is CS.

(2) Since N;+N.<S, then by Lemma(3.3.10) E(N:®N,) <E(S),
thereforeE(S)=E (N1)®E(N,)BE", hence by Proposition
(3.3.9),5S=SN(E(N1)®E(N2))®(SNE"). Now N <® E(};), then
N; <¢Sn E(V;)(i=1,2), but V; <®S, therefore V; =Sn E(V;), hence
S=Ni®N.D(SNE"), i.e. N;+N,<®S. o

For example theN-semimoduleS = Z,@®Z, is not quasi-continuous but

S is CS since every closed subsemimodule is a summand.

The following result is proved in[44], another proof will be given

now, according to definition of quasi-continuous.

Proposition 3.3.12: Any summand of quasi-continuous semimoduleis

quasi- continuous.

Proof:LetSbequasi-continuous ~ semimodule  andlet:A <®S  and
a EEnd(E(A))be an idempotent then o can Dbe extend to
o' EEnd(E(S))in this way S=A® A so by Lemma(2.2.5),
E(S)=E(A)BE(A'). Let m:E(S)—E(A) be natural projection and
j:E(A)—E(S) be inclusion map so o = j am, hene ’* = (jar)(jarr) =
jalgpam = ja*n = jar = o, hence o(S)SS that is (jam)(S)SS but
(jam)(S)SE(A)(since J(E(A)=E(A)), so (amr)(S)SSNE(A). Since
SNE(A)=(AD A" YNE(A)=AD(A'NE(A))(byLemma(2.2.14)). But
(A'NE(A))N A=0(since A N A=0) which implies A'NE(A)=0 since
A <®E(A), hence SNE(A)=A. Since m idempotentendomorphism of
E(S) implies w(S)<S. Also A SE(A)=n(E(S)) hence n(S)=A,

therefore (jam)(S)= a(A) S A, therefore A is quasi continuous. O
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Proposition 3.3.13: Let S be a subtractive R-semimodulewith injective

hull E(S), then the following statements are equivalent:

1. If E(S)=E(S1)®E(S.), thenS=(SNE(S1))B(SNE(Sy)).
2. If Ly, L,<S with L1NL,=0, then there exist S;<S(i=1, 2), Li<S; such
that S =S:@S;

Proof:
(1=2) Assume that Li<S (i=1, 2), let L' be a complement of L,
containing L,, then by Lemma (2.2.3)L:®L,'<®S, hence by Lemma
(2.2.6)E(L1®L2)=E(S), so E(Ly)®E(L.)=E(S). Now by (1)
S=SN(E(L1))BSN(E(L.")), with L1<SN(E(L1)) and L,<SN(E(L.")).
(2=>1) Assume that E(S) = E(S)®E(S2), let Li=SN(E(Sy)),
L,=SN(E(S)), then LynL, = 0 and by (2) S =S;'®S,', where L<Si'=
SN(E(S))(i=1,2). o
For a specific purpose, we derive a new lemma from Lemma (2.2.4) that

will be special case as follows:

Lemma 3.3.14: LetS =NV @N'be a cancellativeR-semimodule and V' is
an R—module. If C is a complement of ' in S and subtractive then
N+C=NPC<es.

Proof: Let X<S such that (V+C) NnX=0, then V' nX=0 and CnX=0.

Claim vV Nn(C+X)=0, which implies C+X=C, hence X=0. Let n=c+kx,
where ne IV, ¢ €C and x€ X, by assumption c=c;+c, and x=x;+x, where
C1, X1€ NVand ¢y, X.€ N hence n= ¢+ X;+ Co+ X2 by uniqueness n=c;+xy,
Co+ X2=0 since C is subtractive so x,€CNX=0, hencec, =0, thenc=
cieECNn NV=0and x;€ N NX=0, so n=0, that is the claim is true, so
N+C<ES. It remains proving N+C=N@C. Assume that n;+c;=n,+C,€

N+C, hence ci;=(nz-ny)+cy( since M is an R-module ) but C is a
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subtractive so n,-nieCNn N=0, that is n;=n, and C1=C, that
iISN+C=N®C. o

Proposition 3.3.15: Let S be a cancellativesemisubtractive (k-c) quasi-

continuous R—semimodule with injective hull E(S) then,

1. Sis CS.

2. I S =5,8S,, where S, is an R—module, then S;is S; - injective.

Proof:

(1) Isclear by Proposition (3.3.11)(1).

(2) LetS=S:BS,, where S; is R—semimodule and S; is an R—module,
to prove that S; is S;—injective (the other case is similar). Let X<S;,
and a:X—S; be any homomorphism. Let B={x- a(x)|xeX}, then B is a
subsemimodule of S ( note that —a(x) exists since S, isan R—module).
If y€ B NS,, then y= x- a(x), for some xeX<S;. But S; is subtractive,
so XxeS;NS; which implies x=0, hence y=0, therefore B NS,=0. Let B*
be a complement of Sycontaining B, then by Lemma(3.3.14)
B*® S,<°S, B* is a summand of S (since S is CS) hence it
subtractive, so B*@® S,is a summand of S, by Proposition (3.3.11)(2),
thereforeB*@® S,=S. Now xeX, implies x- a(x) € B < B*. If m: S=
B*® S,—S, be the natural projection, then 0= m(x- a(x))=m(x)-
m(a(X))=m(x)- a(x). Hence m(x)=a(x), for each xeX, that ism is an
extension of a to S, and m|g, is an extension of a to S, therefore S, is

Si—injective. O
The next results gives a special case condition for a relative injective,

Lemma 3.3.16: Let S; be a semisimple R—semimodule with injective
hullE(S;) and Hom(S,, E(S1))=0 then S; and S; are relative injective.
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Proof:Hom(S;, E(S1)) = 0 implies Hom(S;, S1)=0 which implies Hom(L,
S1)=0, for each L< Sythen, S; is S; injective.Since S; be semisimple, then

S, is Sp injective. Therefore, S; and S; are relative injective. o

Lemma 3.3.17: If S is a nonsingular R-semimodule, N <S and

subtractive, S/2V is singular, then v <€ S,

Proof: Let s+ €S/V, since S/V is singular then there exists leftI<®R
such that I(s+V)=0, that is Is< V. Since S is nonsingular then Is#0, so
0#Is< IV, therefore V¥ <¢S. O

Lemma 3.3.18: If S is a nonsingular R-semimodule, ' <S and K <°¢S,
then KX NV <° V.

Proof: Assume thatX N N <¢ D < V.

Claim K <¢ D+ X <S, let 0#d+k € (D + K)\XK, then d= 0, hence
there exists leftI<®R such that 0#Id< K n WV, then I(d+k) < K since S
is nonsingular then I(d+k) =0 hence K <® D + K <S but K <°S,
thenK =D+ XK and D<K so D <K NN <D, therefore D =K N
N andK NN <°N. 0O

In the following, certain condition will be assumed to a

subsemimodule of CS- semimodule that assured the CS property for it.

Definition 3.3.19: A subsemimodule X of a semimodule S is said to be
IDS subsemimodule, if its intersection with any summand of S is

summand of X.

Example 3.3.20: If S=R?as an R-semimodule(where R is the set of real

number), then S;=R X0 is IDS subsemimodule of S.
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Proposition 3.3.21: If S is extendingR-semimodule and X is IDS

subsemimodule of S, then X is a CS, too.

Proof: Let V' <X, so IV <S then there exists D is a summand of S such
that V' <® D sinceN NX <D nNX, then N <¢*DnX but DnX is a

summand of X (sinceX is IDS), therefore Xisa CS. o

Proposition 3.3.22: Let S be a nonsingular R-semimodule. If X is

extending subsemimodule of S, then X is ID.S.

Proof: LetXbe CS and Disa summand of S, say S=D@D'for someD’ <S,
sinceX is CS, then there exists a summand C of Xsuch that D NX<®C.
Claim: D nX=C, ifD nX+C, then D # D +C. Let x+ye(D +C)\D,
where Xe€D, 0+ye C, since D NX<®¢C, then by Lemma (3.2.10) there
exists leftl<®R, such that 0#ly< D n X. But Dis nonsingular since S is
nonsingular, S0 0#1(x+y)< D. Hence D <® D+C, which
implies (D+C)n D'=0. But D is a complement of D’in S. soD+C= D,
hence C< D NX<C, that is D NX=C, and D nX isasummand of X. O

Definition 3.3.23: A semimodule S has summand intersection property
(for short, SIP), if the intersection of any two summand of S is again a

summand of S.
Note: If S is SIP then any summand of it is IDS subsemimodule of S.
By Proposition (3.3.22), we have the following result.

Corollary 3.3.24:1f Sis nonsingularCSR-semimodule then S has SIP
property.
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Corollary 3.3.25: Let X be an R-semimodule with injective hull such
that XN D is a summand of X, for all injective subsemimodules D of
E(X), then X is CS.

Proof: Let D be an injective subsemimodule of E(X), hence D is a
summand of E(X), since X < E(X), and E(X) is injective so CS, so by
assumption X is IDS, hence by Proposition (3.3.21), Xis CS. o

By Proposition (3.3.22), and Corollary (3.3.25) we can prove the

necessary and sufficient condition for following corollary.

Corollary3.3.26: Let X be a nonsingularR-semimodule with injective
hull E(X). Then X is CS if and only if Xn Dis a summand of X, for all

injective subsemimodules D of E(X).
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1.1. Introduction

In this chapter some generalization of extending semimodule
including  FI-CSsemimodule, T-extending  semimodule and Cy;
semimodulewill be studied in three sections in addition to the
introduction section. In section two, the properties of the FI-
CSsemimodule are introduced and investigated. It can be seen by
analyzing the structure of FI-CSsemimodule; there are many properties of
fully invariant subsemimodules that are also useful, in addition to, the
relationship between singularity and FI-CSsemimodule for summand as
well as the direct sum are studying and investigating. Section three is

devoted to introducing the concept of T-extending semimodule.

The properties of t-extending semimoduleas well as t-essential and
t-closed subsemimodules are studied. It can be seen by analyzing the
structure of T-extending semimodules; there are many properties of
nonsingular and Z,-torsion semimodule that are also useful. In section
four, C;1 semimodulesis introduced and studied, some of its properties are
proved, in addition the behavior of C;; according to subsemimodule,

direct sum, and summand are studied.

4.2. Fl-ExtendingSemimodules and Singularity
In this section, we will introduce the concept of FI-Extending

semimodule, as a kind of generalization of the concept of CS-
semimodule. Now all of the following properties of a fully invariant were
introduced and prove for submodules. They will be converted for
subsemimodules. Recall that a subsemimodule ' of a semimodule S is
said to be fully invariant (denoted N =S) if f(WV)< N for every
feEnd(S).
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Lemma 4.2.1: Let S be an R—semimodule. If V' =Sand M © S, then

1. (N +M) S
2. (NNM) S

Proof: Clear.

Lemma 4.2.2: Let S be an R—semimodule. If.A < B, such that B> S
and A = B, then A = S.

Proof: Let he End(S), then g = h|g € End(B), since g(B) <
B.Nowh(A) = g(A) < A(sinceA o B), therefore A =S. O

The following remark relates the concept of IDS subsemimodule and

the concept of fully invariant subsemimodule.

Remark 4.2.3:
1. Itis clear that if XS, then it is IDS.
2. The converse of (1) is not true for example the subsemimodule in
Example (3.3.20) is IDS but not fully invariant.

The concept FI-CS on modules has been introduced and explained
by[37]and [36].We will introduce this concept for semimodules and give

some results related to this concept.

Definition 4.2.4: An R—semimodule S is called FI-Extending (FI-CS) if

each fully invariant subsemimodule of S is essential in a summand of S.

Remark 4.2.5:1t is clear any CS—semimodule is FI-CS but the converse
Is not trueingeneral. For example S=Zg @ Z,, R=Z, then S is not CS
(Remark(2.2.2)), but S is FI-CS since (Ss=((2,1))),the only closed
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subsemimodule which is not summand and not fully invariant of Ssince

T, (Sg) & Sg where m,:S— S;be a natural projection of S ontoS,.
The next results give useful properties of FI-CSsemimodules.

Proposition 4.2.6: Let S be an R—semimoduleand V" =S. If S is FI-CS
then Vis FI-CS.

Proof: Assume that S is FI-CS, and K =N, by Lemma (4.2.2), X ©S,
hence K <¢ D,, where D;is a summand of S, say S=D; @ D,, for
someD, <S, since N =S, hence by Lemma (3.2.6), NV =(Nn
D) ®(WV ND,), since K <¢ D,, then K <¢ (NND,), where (Nn
D;)is asummand of IV, therefore NV'is FI-CS. o

Proposition 4.2.7: Let S = S; @ S, be an R-semimodule If S;and S, are
FI-CS then S is FI-CS.

Proof: Assume that S;and Sy are FI-CS, and let V' =S. Let r;:S— Sibe the
natural projections of S onto Si(i=1, 2), then V' = ; (W) ®m, ('), where
(NS (i=1, 2), since S; is FI-CS, then there exist summand
subsemimodules D; of Sisuch that m; (V) <€ D;, then S=D; & D;’, and
T (N)B m,(N) <° D; @ Dy, SsON <¢ D, @ D,,where S=
D.:DD,'®D,DD,, and D, D D,a summand of S, therefore S is FI-CS.

O

Corollary 4.28: If S=S5,@S;, where S; and S; are CS R-

semimodulesthen S is FI-CS.
Proof:Clear.

The following result immediately by Remark(4.2.5)and
Corollary(4.2.8).
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Corollary 4.2.9: If S = S; @ S;where S; andS; are uniform or semisimple

subsemimodules of S, then S is FI-CS.

Proof:Clear.

Lemma 4.2.10: If e and 4 are idempotent endomorphismsof a
cancellative semimodule S, withe + 4 = I, then S= e(S) ®&4(S).

Proof: It is enough to prove the unique representation, let e(x) +
H(x) = e(t) + A(t), then e(e(x) + A(x)) =e(e(t) + A(t)), which
implies e(x)=e(t) (since e?>=e and eh=0). Similarly h(x)= h(t), hence
S=¢e(S) dA(S). ©

The next two results establish relation between an FI-CSsemimodule

and its injective hull.

Proposition 4.2.11: Let S be acancellativeR—semimodule with injective
hull, then S is FI-CS if and only if for each V' =S, there exist e, A4
idempotent endomorphisms of E(S), with e+ A=lgs), such that
N <€ e(E(S)), and e(S)<S.

Proof: Assume that S is FI-CS, and V' =S, then there exists D <®Ssuch
that V' <€ D, say S=D @D 'for some D’ < S, since S has injective hull,
then byLemma (2.2.5), E(S)=E (D) ®E(D"). Now, let e,Abe the natural
projections of E(S) onto E(D) and E(D") respectively, then e can be
considered as an idempotent endomorphism of E(S). On other hand,
N < DandD <° E(D), imply N <° E(D), since S=D @ D', hence
e(S)=e(D)®De(D"), butD' < E(D"),hence e(D")= 0, therefore e(S)=
e(D),butD < E(D),thene(D)= D,s0e(S)= D <S. On other
hand, V' <¢ D <€ E(D) = e(E(S)), henceV <€ ¢(E(S)). Conversely,
assume that V' =S,and V' <¢ e(E(S)), and e(S)<SS by assumption,where
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e is an idempotent endomorphism of E(S), then V' <¢Sn e(E(S)) <SS, and
N <® ¢(S) but by Lemma (4.2.10), e(S) is a summand of S, hence S is

FI-CSsemimodule. O

Proposition 4.2.12:Let S be an FI-CSsemimodule with injective
hullE(S),and B =Sn P where Pis fully invariant summand in E(S), then

Bis fully invariant summand in S.

Proof: Assume that # €End(S) since E(S) is injective, then there exists
#' €End(E(S)), such that 4' extends 4. Let 8 € B, since B CS, thens €S
and A(s8) € A(S) €S, therefore/i(s) €S. SinceB < P,hences’(8) =
#(8) ESNP = B, soB = P. While P is injective (since it is a summand
of E(S), and B < S, then E(B) < P. Since S is FI-CS, then there exists a
summand X of S such that B <® X, therefore by Lemma (2.2.6), E(B) =
E(X),s0 X <SSNE(X)=SNE(B) <SnNP = B,therefore B = X, since

X isasummand of S, then Bisasummand of S. o
The next results give a characterization of FI-CS semimodule.

Proposition4.2.13: Let S be a subtractive R—semimodule. Then S is FlI-
CS if and only if every fully invariant subsemimodule of S has a

complement which is a summand of S.

Proof: Assume thatS is FI-CS, let B = S, then there exists a summand
subsemimodule D of S such that B <® D, say S=D®D', for some
D' < S. Lete = my and A4 = mp, be the natural projections of S onto D
and D' respectively, it is clearthat e = e? A= A% and e + A = I, SO
B <°e S, since D' is a complement of D, so D' is the desired complement.
Conversely, assume that B =S and D' is a complement of Bin S, say
S=D @ D' for some D <S. Since B =S then B=(BND)D (BN
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DY=(B N D), therefore B < D. If Z < Dsuch thatBnNnZ= 0, so BN
[Z+ D']=0,(f x€B, andx =32+ u',wherez € Zandu' € D'so
' € DND'=0, therefore x =z € BNZ =0), s0Z +D'=D"andZ =

0,hence B<¢D. o

By Proposition (4.2.13) and the definition of complement, the proof

of the following corollary is clear.

Corollary 4.2.14:A subtractive R-semimodule S is FI-CS if and only if
for any B =>Sthere exists a summand subsemimoduleDof S such that B N
D=0,andB®D <°S. O

Proposition 4.2.15:A (k-c) R-semimodule S is FI-CS if and only if the

closure of any fully invariant subsemimodule in S is a summand of S.

Proof: Assume S is FI-CS, and NV =S, with " is closure of IV, by
definition V <D and D is a summand ofS, then V' < D, in fact
N’ <€ D, therefore N'' = D, which is a summand subsemimodule of S.
Conversely, assumethe closure of any fully invariant subsemimodule in S
Is a summand of S. Let ¥ =S and N is closure of IV, then V"' is a
summand of S, and V' <® V', hence SisFI-CS. o

Depending on the definition of fully invariant, closed and FI-CS, the

following result can be obtained

Corollary 4.2.16:1f S is a FI-CSsemimodule then any fully invariant

closed subsemimodule of S is a summand of S.

Proof:Clear.

The next corollary gives a useful characterization of duoCS
semimodules.
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Corollary 4.2.17: Assume that S is a duo semimodule then S is CS if and
only if Sis FI-CS.

Proof:Clear.
For proving Proposition (4.2.19), we need the following Lemma.

Lemma 4.2.18: Let S =S; @ S, be an R-semimodule. If Si;=S and P &>
S, then (516 P) oS.

Proof: Assume P ©S,, and 4 €End(S), then 4 (S:® P)=4(S1) & A(P),
where /A(S;)<Si(since S;=S), and A(P = m (A(P) + m,(A(P)) =
T, (A(P)) + m,(A(i(P)), and 4 is the inclusion map from S; into S.
Nowm, A4 € End(S,), andP =S;, hence m, Ai(P) < P), on other hand
;. (A(P)) <Si.Hence 4 (S1® P) <SP ,and (51 P)=S. O

Proposition 4.2.19: Let S =S; @ S, be a FI-CS semimodule. If S;>S and
P = S, then both S; and (S:6 P) are FI-CS.

Proof:It is clear by Lemma (4.2.18) and Proposition (4.2.6).

Proposition4.2.20: Let S = S; @ S, be a FI-CSsemimodule and S;=>S
then both S; and S; are FI-CS.

Proof: By Proposition (4.2.6) S1is FI-CS. Let P = S; by Lemma (4.2.18),
(S1® P)=S, since S is FI-CS, then there exists a summand
subsemimodule Dof S, such that S;® P <€ D, say S=D & D', for some
D' <S. By Lemma(2.2.14), D =S:®(D nS,) [since $;< S P < D].
NowP <SP <D, and P<S, implyP <DnS,  Further,
Si® P <¢D, implies (S:® P)NS,<®DNS, but (510 P)NS,=P, so
P <¢DnNS,. Now S=S:®(D NS,)® D', implies
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S:=(D NS)D(S:10 D')NSby Lemma (2.2.14). So P <€ D NS,, where

D NS, is a summand of S, thereforeS, is FI-CS. o

Proposition4.2.21: Let S = S, @S, be a cancellative and
semisubtractiveR—semimodule. If S; is FI-CS and S; is S;-injective then
for every fully invariant closed subsemimodule 7 ofS(T =¢S)with

T NS,=0 is a summand ofS.

Proof: Let T =°¢S with T NS,=0, since S; is S;injective then by Lemma
(2.3.2), there exists S'<S, such that 77 cS', and S =S'@® S,, therefore
S'=S;, since S; is FI-CS, then S' is FI-CS, and so T is a summand of S'
say S'=T7@S", for some, S"<S', so S=T@S"®S,, that is T is a

summand of S. O

The following result relates the oncept of semisimpleR-semimodule

and the concept of FI-CS.

Corollarrly 4.2.22: Let S; be a semisimple R-semimodule, then
S=S; @ S; is FI-CS for any FI-CS subsemimodule S,.

Proof: Assume S = S; @ S; and Szis FI-CS. Since S;is semisimple so S; is
CS, therefore by Remark (4.2.5) S; is FI-CS, hence by Proposition
(4.2.7)SisFI-CS. o

FI-CS with Singularity

In the next the relationship between FI-CS semimodule and
singularityfor summand as well as direct sum are studied some of results
are proven according to this relation. The next proposition establish
relation between FI-CSsemimodule and second singular subsemimodule
of FI-CS.
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Proposition4.2.23: AsemimoduleS is FI-CS if and only if S=Z,(S)®X,
where Z,(S) and X are FI-CS.

Proof: Since by Propositions (3.2.8) and (3.2.11),Z(S) is a fully invariant
closed in S and S is FI-CS, then by Corollary (4.2.16) Z,(S) is a summand
subsemimodule of S, that is S=Z,(S) @K, for some K <S, since S is FI-
CS, then by Proposition (4.2.20) both Z,(S) and X are FI-CS.o

Conversely, clear by Proposition (4.2.7).

Proposition 4.2.24: Let S;be a nonsingular semisimpleR—semimodule
with injective hull E(S;) and S, be an R—semimodule with Soc(S;)=0, if
S,is FI-CS and A4 eHom(S;, E(S1)) such that ker/ = S, then 4 = 0.

Proof: Assume that # eHom(S,, E(S1)), and ker£ <€S," where S, <S..
Let £,€S,' then by Lemma(3.2.10), there exists left7 <¢ R, such that
Jt, <ker#, hence 74(t,) = A(Jt,) = 0. Since E(S:) is nonsingular by
Remark(3.3.3), then A(%,) =0, therefore £, € ker#, hence ker£ =S,", so
ker/has no proper essential extension, hence ker#is closed in S, but by
hypotheses ker# = S;, hence ker4 is a fully invariant closed in S, since
S,is FI-CS then by Corollary (4.2.16), ker£ is a summand ofS,, say S,=
ker/ @ S,", for some S,"< S,. SinceSoc(S2)=0 then S," =0, and A4 = 0.

O

Corollary 4.2.25: Let S; be nonsingular semisimpleR—semimodule with
injective hull E(S;) and S;be an R—semimodule with Soc(S2)=0, if S,is Fl-
CS and 0 # A4 eHom(S;, E(S;1)) then ker4 is not fully invariant in S,.

Proof: Clear by Proposition (4.2.24).
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The following proposition gives the characterization of FI-CS and

indecomposable semimodule.

Proposition 4.2.26: If S is FI-CS and indecomposable then every fully

invariant subsemimodule is essential in S.

Proof: Assume that 0 # IV oS, since S is FI-CS, then there exists a
summandD of S, such that V <® D, since Sindecomposable by
hypotheses, then either D=0 or D =S, butNis nonzero,

therefore v <¢S. O

Remark (4.2.27): If S; is singular and S, nonsingular, then Hom(S;,
Sg):O.

Proof: Assume that £ eHom(S;, S;)and x €S;, since S; is singular then
there exists left7 <® R, such that 7x = 0, hence A(Jx) = JA(x) = 0, but
#(x) € Sy, and S,is nonsingular then A(x) = 0,504 =0. O

The next result give the properties of singular subsemimodule of FI-

CS semimodules.

Proposition(4.2.28): Let Sbe a FI-CSsemimodule, then S=Z(S)®P>, for

some nonsingular subsemimodule Pof S and P is Z(S)-injective.

Proof:If Z(S)=0 or Z(S)=S, it is trivial. Suppose that Z(S) <S, since Z(S)
is fully invariant by Proposition(3.2.7), and Sis FI-CS, hence there exists
a summandDof S, such that Z(S) <¢ D, and S=D @XP, for some P <S, so
Z(S)=Z(D)®Z(P), but by Proposition(3.2.4), Z(D)=D nZ(S)=Z(S)
therefore Z()=0, hence 2 is nonsingular), therefore by Remark (4.2.27),
Hom(V, P)=0, for any V' < Z(S), so P is Z(S)-injective. O
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4.3 T-ExtendingSemimodules

The concept T—extendingfor modules has been introduced and
explained by [39].We will introduce this concept for semimodules and

gives some results related to this concept.

4.3.1 T-essential and T-closed Subsemimodules

In the next, there are some properties of t-essential and t-closed

semimodules, those properties will be converted for subsemimodules.

Definition 4.3.1. A subsemimodule A of S is said to be t-essential and
write (A <'¢S) if for any C<S, A NC< Z,(S) implies C< Zy(S).

Definition 4.3.2. A subsemimodule C of S is said to be t-closed and write
(C<teS) if it has no proper t-essential subsemimodule, i.e if C<t®SC' <S

implies C=C".

The next lemma gives a useful note about second singular

subsemimodule of nonsingular sesmimodule.
Lemma 4.3.3. If S is a nonsingular R-semimodule then Z,(S) =0.

Proof: Assume S is nonsingular, then Z(S)=0, since
Z,(S)IZ(S)=Z(S/Z(S))=0, then Z,(S)=2Z(S)=0. ©

Note: If S is singular then Z,(S)=2(S) =S.

Remarks 4.3.4: Let S be an R-semimodule, then:

1. Every essential subsemimodule of S is t-essential.
2. If A is a complement of Z,(S) in S then A is t-essential.
3. Every t-closed subsemimodule of S is closed.
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IfA <€S, and S is nonsingular thencA <*S.

For each A <S,0 <t®Z,(A) (in particular 0 <'¢5Z,(S)).
S is nonsingular if and only if 0<'cS.

Z,(S)<te s,

S/Z,(S)is nonsingular.

© N o o &

Proof:

(1) Assume that A <°®S and A NC<Z,(S), let 0£x€C, so xeC+Z,(S).
Since A <°S, then there exists re R such that 0#rxe Ahence
0£rx€ A N C <Zy(S). This implies Z,(S)<®¢C+Z,(S), but Z,(S) is
closed in S, so Z(S)= C+Zx(S), that is, C< Z(S) and A <tesS,

Note: The converse of (1) is not true in general for example in

Zs,(2)and(3)are t-essential subsemimodules but not essential.

(2) Assume that Ais a complement of Z,(S) and A NC<Z,(S), let
0£xeC. If x¢& Z,(S), then x& Aand A+Rx is a proper extension of
A, hence there exists re R such that 0£nx€Zy(S)(since Ais a
complement of Z,(S)), that is Z,(S)<®C+Z,(S). Therefore C<Z(S)
and A <tesS,

(3) Assume A <*¢S and letA <€ B <S, then by (1),.A <** B, but
A <'S, then A = B, and hence A <°S.

Note: the converse of (3) is not true for example in Ze,(2) and (3)are

closed subsemimodules but not t-closed.

(4)Assume thatA <°¢S, and A < B <S, then for each C< B,
A NC<Z,(S)=0 (since S is nonsingular) and by Lemma (4.3.3)
implies C=0, that is, A <¢ B, but A <°S by assumption , so

A=Band A <'cS,
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(5) Clear.

(6) Since 0<°S (always true), by (4), 0<'“S. Conversely, assume that
0<®¢S, and S is not nonsingular then Z»(S)#0, and by(5)

0 <'®sZ,(S), a contradiction, hence S is nonsingular.

(7) Assume Z,(S)<'sS'<S, let B <S' and B £ Z,(S), then Zx(S)n B <
Z,(S), a contradiction, then Z,(S)=S".

(8) Since 0=(Zx(S)/Z(S))<!(SIZo(S)) then by (6), S/Zx(S)) is

nonsingular. O

The following corollary is immediate from Remarks (4.3.4(8)) and
Lemma (4.3.3).

Corollary 4.3.5: For any R-semimodule S, Z,(S5/Z5(S))=0.

As in modules the next definition will be given, it is needed to prove

analogues results to that in modules.

Definition 4.3.6: An R-semimodule S is said to be Z,—torsion if Z,(S)=S.

The next lemma gives the relation between singular and Z, —torsion.
Lemma 4.3.7: Every singular R-semimodule S is Z,—torsion.

Proof: Let S be a singular semimodule, since Z(S)<Z,(S) <S, and
Z(S)=S ,then Zy(S)=S. o

The following lemma connects between Z,-torsion and second

singular of the same semimodule.
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Lemma 4.3.8: A subsemimodule Aof S is Z,-torsion if and only if
A <Z,(S).

Proof: Suppose that A is Z,-torsion, then Zy(A)= A, but Zy(A) <Z,(S)
then A <Z,(S). Conversely, assume that A <Z,(S), since by Proposition
(3.2.5), Zy(A)=A NZy(S)= A, therefore A is Z,-torsion. O

In the following some results that appeared for modules, will be

converted to semimodules by adding suitable condition.

Lemma 4.3.9: Let A be a subtractive subsemimodule of S. If A and S/A

are Z,-torsion, then S is Z,-torsion.

Proof: Let xeS, then x+A €S/A, by assumption x+A €Z,(S/A), then
X+A+Z(SIA)eZ(SIAIZ(SIA)), so there exists leftI<®R, such that
|(x+A+Z(S/A))=0, therefore I(x+A) <Z(S/A), hence there exists left
J<fR such that (INJ)(x+A)=0, then (INJ)(X)< A=Z,(A)[by
assumption],since  Zy(A) <Zy(S)then  (INJ)x<Z,(S), this implies,
X+Z,(S)EZ,(S/Z,(S))but by Corollary (4.3.5), Z»(S/Z»(S))=0, hence
XEZ(S), but Z5(S) <S, then Z,(S)=S and S is Z,-torsion. O

As a special case of nonsingular semimodule.

Proposition 4.3.10: If A <S, and S is a nonsingular R-semimodule then
A <tesSif and only if A <°©S.

Proof: Assume that A <'*¢*S, and let A NB =0, where B <S. Since
A <'sS, then B <Z,(S) since S is nonsingular then by Lemma (4.3.3),
Z5(S)=0, therefore B=0, and so A <°S. The converseis clear by Remarks
(4.3.4(1). o
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Note: If S is a singular semimodule then any subsemimodule of S is t-

essential.

Proposition 4.3.11: For a subtractive subsemimodule A of S. If (A+
Z,(S))<®S then S/A is Z,-torsion.

Proof: Assume that (A+Z»(S))<®S,then byLemma(3.2.12), S/(A+Z(S))
singular, and hence by Lemma(4.3.7) S/(A+Zy(S)) is Z,-torsion.
ButA+Z,(S)/A =Z,(S)IA NZy(S))=Z,(S)/Z2(A)is singular, hence by
Lemma (4.3.7),A+Z,(S)/Ais Z,-torsion, and
(SIA)I((A+Z2AS) A) =SI(A+Z,(S)) is Zp-torsion, then by Lemma
(4.3.9), SIA is Zp-torsion. O

Proposition 4.3.12: If A is a subtractive subsemimodule of S and S/A is

Z,-torsion, then A <tess,

Proof: Assume that S/A is Z,-torsion, since (S/A)/Z(SIA)=
Z(SIA)Z(SIA)=Z((SIA)IZ(SIA)), then (SIA)Z(SIA)is singular, but
(SIA)Z(SIA)= SIA*, where A*IA =Z(SIA), so SIA* is singular. Now
let ANB < Zy(S), and be B <S, then beS, so b+A*eSIA*=Z(SIA*),
then there exists left I<®R, such that I(b+A*)=0. Therefore Ib< A*, for
every xel, xb+A € A*/A, since A*IA= Z(SIA), then there exists left
K<®R, such that K(xb+A)=0, so Kxb< A, but Kxb< B, so Kxb< A N
B <Z,(S), thus xb+Zy(S)€Z(S/Zx(S))=0 hence 1b<Z,(S), so
b+Z,(S) €Z(S/Z,(S))=0, hence beZ,(S) and hence B< Zy(S), so

A <SS
Proposition 4.3.13: For any R-semimodule S. If A <S, then the
following statements are equivalent:

1. A <'esS,
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2. A+Z,(S)<®€S
3. A+Zo(S)/Zx(S)<°S/Zo(S ).

Proof:

(1 = 2) Assume that (A+Z,(S))NB=0, where B<S. Then ANB=0 and
Z,(S)NB=0. Since A <'5S, and ANB=0<Z,(S), so B<Z,(S), but
Z,(S)NB=0 implies B=0. Therefore A+Z,(S) <°S.

(2 = 3)Assume that A+Z,(S)<®S (by Proposition (3.2.11), Z»(S) <°S
then by Lemma (2.2.12), A+Z,(S)/Z,(S)<S/Z,(S) .

(3 = 1) By Propositions (4.3.11) and (4.3.12) . O

The next Lemma gives the homomorphic image of Z,-torsion is Z,-

torsion too.

Lemma 4.3.14: Let S and S' be R-semimodules and f:S—S' be an

epimorphism. If S is Z,- torsion then S' is Z,- torsion.

Proof: Assume that f:S—S', is an epimorphism and S is Z,-torsion, since
S'=f(S)=f(Z2(S)) cZx(S"), therefore S'is Z,- torsion. O

Note: If S is Zp-torsion, then S/Z(S)=Z»(S)/Z(S)=Z(S/Z(S)), therefore
S/Z(S), is singular hence by Lemma (4.3.7), S/Z(S) is Z,-torsion.

Proposition 4.3.15: Let S be an R-semimodule. IfeAis a subtractive t-

closed subsemimodule of S, then Zy(S)< A.

Proof: Assume thatA <'€S, since Z,(S) is Zp-torsion, then by Lemma
(4.3.14), Z2(S)/Zy(A) IS Z,-torsion
butcA+Z,(S))/A =Z,(S)IA NZy(S)=Z,(S)IZ,(A), then A+Zy(S))/A is Z,-
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torsion, hence by Proposition (4.3.12), A <!¢S (A+Zy(S)), but A <S,
by assumption, thencA = (A+Z,(S)), hence Z,(S) < A. «©

Proposition 4.3.16: For an R-semimoduleS, if C< A <S and C is
subtractive, then A <'S if and only if A/C<**S/C.

Proof: Assume thatA <*Sand A/C is not t-closed in S/C, then there
exists S'/C<S/Csuch thatA/C <'$S'/C, then by Propositions (4.3.13)
A [C+Z,(S'IC)<eS'IC, since S'1A =(S'/C)I(A/C) then
byPropositions(4.3.11), S'/A is Z, torsion, hence by Proposition
(4.3.12)A <'*5S', a contradiction with the assumption thatA <®cS.
Conversely, suppose that A/C <tS/ C, and A is not t-closed in S, then
there existsS'<S, such thateA <*¢$S', then by Proposition (4.3.13),
(A+Z,(S))<®S'hence by Proposition (4.3.11) S'/A is Z, torsion, then
(S'/C)/(A/C) is Z, torsion. By Proposition (4.3.12), A/C <'sS'/C,

acontradiction, therefore A <!*S. o

Proposition 4.3.17: Let S be an R-semimoduleand.A <S. If there exists a
subsemimodule L such that 4 maximal with respect to property that LN

A is a Z, torsion, then A <tcS,

Proof: Suppose the property of A hold, and letA <*®$S'<S then
A N(S'NL) <Zy(S), implies (S'NL) <Zy(S), therefore byLemma (4.3.8)
S'nL is Z; torsion, but A is maximal with this property then A =S', and

hence A <%*S. 0o

Proposition 4.3.18: Let S be an R-semimodule andA <S. If A <!¢S,
then A contains Z(S), and A/Z,(S)<S/Z,(S).

Proof: Suppose that A <'S then by Proposition (4.3.15), Z»(S) < A,
now let (A/Zy(S))<®€S'1Z,(S) <S/Z,(S) then by Lemma(2.2.10), A <°S',
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but by Remarks (4.3.4)(3),A <°S a contradiction, hence
cﬂ/ZQ(S)SCS/Zz(S) . 0

Proposition 4.3.19: Let S be a subtractiveR-semimoduleand A <S. If
Z5(S)< A, and AIZ(S)<SIZy(S), then A <°S.

Proof: Suppose that A/Z,(S)<S/Z5(S), with Z,(S) < A, and let A <°¢S'<
S, then by Proposition(2.2.12), (A/Z(S))<®S'1Z,(S), a contradiction,
thencA=S'andA <°S. O

Proposition 4.3.20: Let S be an R-semimodule. If Zy(S)< A

andA NS'=0, where S'< S then S' is nonsingular.

Proof:By Proposition (3.2.5), Z,(5")=5'nZ,(S)=0, then S' is nonsingular.

O

Note: In Proposition (3.2.14), if we replace closed by t-closed

subsemimodule the condition become necessary and sufficient condition.

Proposition 4.3.21: Let S be an R-semimodule and.Aasubtractive

subsemimodule of S, then A <%*S, if and only if S/A is nonsingular.

Proof: It is clear by Proposition (4.3.16), Remarks (4.3.4)(6).

Recall that, a homomorphism of R-semimodules ¢::A—B is said to
be k- regular if ¢(a)=¢(a’) then a+k =a’tk' for some a, a'€ A and k,
k'eker(¢)[49].

A result, which appeared for modules, will be converted for

semimodules by adding suitable conditions.
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Corollary (4.3.22): For any semisubtractive, cancellativeR-
semimoduleS. If@ is a k- regular endomorphism of S and A is a t-closed

subtractive subsemimodule of S, then @~1(A) <*°S.

Proof: Letd:S/@~1(A) =S/Asuch that 8:m + @~ 1(A) — @(m) + A
[0 is well defined since if m; + @71(A) = m, + 6~ 1(A), then m; +
hy =m, + h,, for some hy,h, € 3~1(A), then @(m;)+ @(h,) =
@(m,) + 0(hy), where @(hy),0(h,) €A, henced(m;)+ A =
@(m,) + A. On other hand if @(m;) + A = @(m,) + A, then @(m,) +
a; = @(m,) + a,, where a,, a, € A. By semi subtractive there exists t
such that either m;+t=myor m;=m,+t. Case one: m;+t=myby
cancellative, a; = @(t) + a,, so by subtractive @(t) € A. Case two:
m;=my+t, by cancellative, @(t) +a, = a,, by subtractive@(t) € A,
hence t € @ 1(A). Therefore @(m,) + @(t)=0(m,) + @(t), so B(m, +
t) = @(m, + t). Since @ is k- regular, thenm; +t+ k =m, + t + k',
where kk'e ker@, sinceker@ < @~'(A), hencem; + @~1(A) =m, +
@~1(A), therefore 6 is a monomorphism hence S/ @ 1(A) =
subsemimodule of S/eA (which is nonsingular), then S/@71(A) is
nonsingular hence by Proposition (4.3.21), 31 (A) <%S. ©

Our next result gives a characterization of Z,-torsion property.

Corollary 4.3.23: Let S be an R-semimodule. If Ais asubtractive t-closed

subsemimodule of S, then A=2Z,(S) if and only if A is Z,-torsion.

Proof: Assume that A <%*S, then by Proposition (4.3.15) Z»(S) < A, but
A IS Zp-torsion impliescA=Z,(A)<Z,(S), then A=Z,(S). Conversely,
assume that A=Z,(S), implies Zy(A)=A NZy(S)=A, that is A is Z

torsion. O
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Corollary 4.3.24: Let S be an R-semimodule and.A a subtractive t-closed
subsemimodule of S, then A is Z,-torsion if and only if there
existsL <*sS for whicheA N L < Zy(S).

Proof: Assume that A <'*S and A is Z-torsion, then by Corollary
(4.3.23) A=2Z5(S) and A NS<Z,(S), where S is t-essential subsemimodule
of S. Conversely, assume thatL <SS and A NL< ZyS), then
A <Z5(S), but by Proposition (4.3.15) Z,(S) < A hence A =Z5(S),then
by Corollary(4.3,23)A is Z,-torsion. O

Proposition 4.3.25: Let S be an R-semimodule andA < N <S.
IfA <t¢S, thenA < V.

Proof: Assume that A <'S. LetA <'** B < IV, thencA <'S B <S(since
N <S),and so A = Basrequired. O

Proposition 4.3.26: Let S be an R-semimodule, A < NV <S, with A,
are subtractive. IfA <t N, and IV <t¢ S thencA <*cS.

Proof: Assume that A <' V', and V' <%*S, then by Proposition (4.3.15),
Zy(WV) <A, and Zy(S)< N, therefore Dby Proposition (4.3.18)
AIZ;(N) <€ NTZy(IN) and N/Zy(S) <€S/Z,(S), since by Proposition
(3.2.5), Zo(W)= IV NZy(S)=Z4(S), then AIZy(S)< N/Z,(S) and N'/Zy(S)
<€S/Z,(S), therefore by Lemma(2.2.13), A/Z,(S)<¢S/Zy(S), so by
Proposition (4.3.19), A <S. If A <'SS'<S, A N B=0, for some B <S',
then A N B <Z,(S), hence B <Z,(S) < A then B = A N B=0, soA <°S',

a contradiction, therefore A <'*S. 0o

Remark 4.3.27: For any R-semimoduleS. IfA <¢S andA’ <°S, this does
not lead to.A N A’ <°S.
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Note:In semimodule S=Zg @ Z,, R=Z, the subsemimodules ((1,0))and
((1,1))are  summand hence  closed, white ((1,0))n
((1,1))=((2,0)) <€ ((1,0)), hencethe intersection of two closed in S is

not necessarily closed in S.

But if we replace closed subsemimodule by t-closed subsemimodule in

Remark(4.3.27), we get the following result.

Proposition4.3.28: Let S be a subtractive R-semimodule, if A <S
andA’ <*S, thenA N A’ <€ A.

Proof: Assume thatA N A’ <*$ D < A, then by Propositions (4.3.11)
and (4.3.13) D/(A n A")is Z,-torsion, hence D/(D N A") is Z,-torsion
(sinceD/(D N A')is homomorphic image ofD/(A NA") ). But D/(Dn
A)=(D+A)/A therefore (D + A")/A is Z,-torsion, so by
Proposition (4.3.12), A'<*S (D + A"), thenA' =D+ A', and D < A'.
ButeANA < D, thenD=ANA,andsoANA <A o

In the next result we assume that a semimodule iscancellativeand

semisubtractive to get the same result as in modules.

Proposition 4.3.29: Let S be acancellativesemisubtractive R-semimodule.
An arbitrary intersection of t-closed subtractive subsemimodules is t-

closed.

Proof: Assume that C = Nep Cy, Where C; is a t-closed subsemimodule
of S, forany 4 in an index set A. Let 6:S/C — [],(S/C;), defined by m +
CHom+C). Ifm+C=m'+C, then m+ ¢, =m’' + ¢,, where cj,
c2€ C, hence ¢, c, € Cy, for each A, hence(m+ C;) = (m' +C)) €
[1,(S/Cy), therefore 6 is well defined . Now let (m + C;) = (m' + C3),
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thenm+ C; =m’'+ C;, for each A, and m+ ¢, =m’'+¢’y, where
¢y, ¢4 € C, for each 1 € A. By semi subtractive there exists t such that

either m+t=m"' or m=m"'+t.

Case one: m+ t=m',by cancellative, c; =t + ¢';, so by subtractive t €

C,, hence foreach A,t € C.

Case two: m=m'+ t, by cancellative, c; + t = ¢y, by subtractive t € C;,
hence for each A, t € C. Therefore m+ C=m'+C, hence 6 is a
monomorphism. Since S/C; is nonsingular [by Proposition (4.3.21)], then

[14(S/Cy) is nonsingular, and hence S/C is nonsingular. SoC <%*S. o

In the next t-extending semimoduleis introducing and investigating, as
well as some properties of t-extending semimodule are also studying a

characterization of this concept.

Definition 4.3.30: A semimodule S is said to be t-extending if every t-closed

subsemimodule of S is a summand.

The following Remark relates the concept of Z,- torsion and CS-

semimodules with the concept of t-extending.

Remark 4.3.31:

1. Every Z,- torsion semimodule is t-extending.

2. Every CS R-semimodule is t- extending.
Proof:
(1) Let S be Z,-torsion, then the only t-closed subsemimodule of S is S

which is a summand of S, then S is t-extending.

(2) Assume S is CS and let € <*¢S, then € <°S by Remark (4.3.4(3)), since

Sis CS, then Cis a summand of S, so S is t-extending. ©
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Note: For example to (2), Zs is CS and t-extending semimodule. But the
converse of (2) is not true for example where S=Zg @ Z,, then Sis singular,
hence each subsemimodule is t-essential, therefore S is t-extending , but by
Remark (2.2.2(2)), S is not CS.

The result in the following propositions gives the useful properties of t-

extending semimodules.

Proposition 4.3.32: Let S be an R—semimodule. If S is t-extending then for
any subtractive subsemimodule Aof S, A is a summand of S, where A,/A=
Z5(SIA).

Proof: Since S/A, =(S/IA)/(A,/A)=(SIA)/Z:(SIA), then by Proposition
(4.3.21) A,/A <'*S/A therefore by Proposition (4.3.16),.A4, <*S, since S

ist-extending then A,is asummand of S. O

Proposition 4.3.33: Let S be an R—semimodule. If S is t-extending then

S=Z,(S)®S', where S' is nonsingular CS-semimodule.

Proof: Since by Remark (4.3.4(7)),Z>(S)<*S and S is t-extending then Zx(S)
Is a summand of S, say S=Z,(S) @S, for some S'<S, hence by Lemma(3.2.16)
S' is nonsingular. Let C<‘S', since S' is nonsingular then by Remark
(4.3.4(4)), C<*S' so by Proposition (4.3.21), S'/C is nonsingular. Since C<
Z,(S) @Cthen S'/(Z»(S) ®C) is nonsingular, that is Z,(S)®C<*'*S , therefore
Z,(S)®C is a summand of S (since S is t-extending), say S=Z,(S)C®S", by
Lemma(2.2.14),S'=CB(Z,(S) &S")NS', so C is a summand of S', and S' is CS.

|

Proposition 4.3.34: Let S be an R—semimodule. If S is t-extending then every
subtractive subsemimodule of S containing Z,(S) is essential in a summand of
S.
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Proof: Let A <S such that Z,(S)< A, since S is t—extending then Z,(S) is a
summand of S, say S=Z,(S) @S' for some S'<S, then by Lemma(2.2.14)A =
Z5(S) ® (S'NA), since (S'NA) <S' and S' is CS by Proposition (4.3.33) then
there exists Da summand of S', such that S'=D@®S" for some S"<S' and
(S'NA) < D, therefore, A=Z,(S)B(S'NA) <°Z,(S)®D, where Z,(S)®D is
a summand of S (since S=Z,(S) ®DPS"). o

The next result is a general case of Proposition (4.3.34).

Proposition 4.3.35: Let S be an R—semimodule. If S is t-extending then

everysubtractive subsemimodule of S is t-essential in a summand of S.

Proof:Let A <S, then by Proposition (4.3.32), Z5(S/A)=D/A, where Dis a
summand of S, henceD/A is Z, torsion (since Zy(D/A) = (D/A)NZA(S/
A)= DIA), therefore by Proposition (4.3.12), A <'*sSD. 0o

Proposition 4.3.36: Let S be anR—semimodule. Then S is t-extending if and
only if for everysubtractive subsemimodule A of S there exists a
decomposition (S/A)= (DIA) &(D’/A) such that D is a summand of S, and
D' <tess,

Proof: LetA <S then by Proposition (4.3.35) there exists a decomposition
S=D®L, such thatA <'*$D, then S/A =D/AD((LBA)/A), since
S/(LBA) = (SIA)/(LBA)/A =DJA but by Propositions (4.3.11) and
(4.3.13), D/Ais Zp-torsion, so S/(L@A) is Zp-torsion, therefore by
Proposition (4.3.12) L®A <'sS, ifD' = LOA, thenD' <'¢SS. Conversely,
let A <'S, then by assumption there exists a decomposition S/A =
D/A®D'/A, since SID"=D/A, hence D/Ais singular, and therefore
A < D by Lemma(4.3.7)and Proposition(4.3.12), then A=D, and so A is

a summand of S, that is S is t-extending. O
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Proposition 4.3.37: Every homomorphic image of t-extendingsubtractive R-

semimoduleis t-extending.

Proof: Let S be a t-extending semimodule. It is enough to show that S/A is t-
extending for any subsemimodule A of S. Let L/A <*S/A, since S is t-
extending, then by Proposition (4.3.35) there exists D <®S such that
S=D @S', for some S'<S, and L <'*s D, then by Propositions (4.3.13) and
(4.3.11),D/L is Z,-torsion, but D/L=((D/A)/(L/A), then by
Proposition(4.3.12) L/A <'*s D/A,hencel/A = D/A, therefore S/Ais t-

extending. o

From the previous Proposition, we get the following result.
Corollary 4.3.38: Every summand of t-extending semimodule is t-extending.
Proof: It is clear by Proposition (4.3.37).

The class of t-extending semimodule is closed under the direct sum.

Proposition 4.3.39:A direct sum of two t-extending semimodules is t-

extending.

Proof: Assume that S=S;@® S, ,where S; and S, are t-extending, and let
A <'S. Let ;:S— S; be the natural projections from S onto S; (i =1, 2), then
A =1 (A)®r,(A), since S; and S, are t-extending, then there exists
summands D; and D, ofS; and S, respectively, such that A =
71 (A) @ m,(A) <'* D, DD,, but D;HD, is a summand of S (since
S;=D,®D," andS,=D,HD,’ therefore S=D,®D, ®D,PD," =
(D,®D,) & (D,'®D,")),then S is t-extending. O

As a particular case of Proposition (4.3.39), we get the following
corollary.
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Corollary 4.3.40: Let S; be a semisimple R- semimodule, then S = S;® S, is

t-extending for any t-extending subsemimodule S,.

Proof: Since S; and S; are t-extending subsemimodules then by Proposition
(4.3.39), Sist-extending. O

Proposition 4.3.41: Let S=S;:@S; be nonsingular (k-c) R-semimodule, then S
is t-extending if and only if for every X <®*Swith X NS;=00r X NS, =0

is a summand of S.

Proof:the necessity follow by definition. Conversely, Let B <%*S then
either B n S;=0, hence by assumption B is a summand of S. Or B NS;+0,
then there exists D such that B nS;<*¢s D < B(byRemark (1.1.8),and
Remark (4.3.4(1)and(4)), thenD NS, = 0 (since BN SiNn DNS,=0). Note
thatD <*¢S by Proposition (4.3.26), then by assumption, D is a summand of S,
that is, S=D@D’ for some D’ <S, by Lemma(2.2.14), B = DO(BN D), but
(BND") is t-closed in S, then (BN D) n S,=0, also by assumption(B N
D"is a summand of D'thenD’ = (BN D") @D'for someD"” < D', so
S=DB(BND)DD" = Bd D", therefore B is a summand of S and S is t-

extending. O

The following corollary is immediate from Remarks (4.3.31)(2) and
Proposition (4.3.39).

Corollary 4.3.42: Let S=S5; @ S,, if S; is a semisimple (uniform), then S is t-

extending for any S, is t-extending. O

Proposition 4.3.43: Every fully invariant t-closed subsemimodule of t-

extending semimodule is t-extending.

Proof: Let S Dbe t-extending and N is a fully invariant t-closed
subsemimodule of S, and let A <% V', then by Proposition(4.3.26) A <%S,
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since S is t-extending then there exists S'<®S, say S=S'@ S" such that,
A <'sS'| acontradiction, hence A=S', therefore S=A® S" since ' =S then
by Lemma (3.2.6), N= A (N NS") so IV is t-extending. O

Proposition 4.3.44: Every IDS subsemimodule of a subtractive t-extending

semimodule is t-extending.

Proof: Assume that S is t-extending and N be IDS subsemimodule of S, let
A <'¢ IV, then A <S, since S is t-extending then by Proposition(4.3.35)
there exists S' <®S, say S=S'@® S" such that, A <!sS', since N is IDS then
N NS is a summand of N. Clearly A <*S NV NS'< V', acontradiction,

hence A = V' NS', therefore V' is t-extending. O

4.4 Ciyi-Semimodules
The concept of Cyifor modules has been introduced and explained by
[40].We will introduce this concept for semimodule and give some results

related to this concept.

In order to get some interest results for Cy;-semimodule, the condition of

distributive or subtractive are needed.

Detention 4.4.1: An R-semimodule S is said to satisfy Ci; if every

subsemimodule of S has a complement which is a summand of S.

Definition 4.4.2: An R-semimodule S is said to be distributive if A, B and C
are subsemimodules of S, then AN (B+C) =ANB+ANC.

The next remark gives the relationship betweendistributive semimodule

and IDS subsemimodule.
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Remark 4.4.3: If S is a distributive R-semimodule, then any subsemimodule
of it is IDS.

Lemma 4.4.4: Let Sbe a distributive R-semimodule, A is a subsemimodule of
S and C is a closed subsemimodule of S witheA N C=0, then C is a

complement of A if and only if ABDC <°€S

Proof: Suppose that C is a complement of A andx & A®C, thenx & C, hence
C+Rx22 C, since C is a complement of A then A N(C+Rx)# 0, by
distributive condition (A N C)+(A NRX)#0, so (A NRx)#0, therefore
(ABC) NRx+ 0, hence ADC <°S. Conversely, assume that AN
C=0,APC <°S. If C= X and X NnA = 0, letx € X\C, then (ADC) NRx+
0, by distributive condition (A NRx)P(C NRX) #0, but ANRx =
0 (sinceANX =0), thenC NRx# 0 and henceC <°S, but this is a

contradiction, hence C = X, and therefore C is a complementof A inS. O

Note: The result of Lemma (4.4.4), will be obtained too, if the condition

(distributive) was replaced by the condition (subtractive) Lemma (2.2.3).

The following remark relates the concept CS-semimodule and the concept

C11-semimodule.

Remarks 4.4.5:

1. Every CSR-semimodule is Cy;.

2. Every uniform or semisimple R-semimodule is Cy;.
Proof:

(1) Assume that S is CS- semimodule, let C < S, and B a complement of
Cin S (a complement always exists by Zorn's Lemma), since S is CS,
then B <®S.
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(2) Assume that S is a uniform or semisimple R-semimodule, hence
byRemark (2.2.2), Sis CS, therefore by (1) Sis Cy;. O

Note: The converse of (1) is not true since for example S =Zg® Z,, R=7Z, by
Remark (2.2.2) is not CS, but S is Cy; semimodule since [Sg = ((2,1))],is
the only closed subsemimodule which is not summand has a complement
[S; = ((0,1))], which is a summand of S.

The following Proposition is analogous to one for modules. It is true for

modules without distributive condition.

Proposition 4.4.6:Let S be distributive R-semimodule, then the following

statements are equivalent:

1. Shas Cy.
2. Every complement in S has a complement in S which is a summand.
3. If B <Sthen B has a complement D <®Sand B@®D <°©S.
Proof:
(1 = 2) Clear by Zorn's lemma and definition.
(2=3) Let B<S, then by (2) there exists D <®S such thatD is a
complement of B in S by Lemma (4.4.4) B®D <°S.
(3 = 1) Clear by definition of C11. O

Proposition 4.4.7: Any indecomposable distributive (or subtractive) R-

semimodule S with Cy; is uniform.

Proof: Let A be nonzero subsemimodule of S, since S is Cji, then by
Proposition (4.4.6) there exists a subsemimodule D of S such that D <®S and
D is a complement of A, so by Lemma (4.4.4)(or Lemma (2.2.3)),
ADD <°S, since S is indecomposable, hence either D =0 so A <°S, or D= S

(not possible since A # 0), therefore A <®S. O
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In the next the behavior of C;; according to subsemimodule, direct sum,

and direct summand are studied.

Proposition (4.4.8): Let S=S:BS; be a distributive R-semimodule. If S;and S,

are Cq11 then Sis Cq1.

Proof: LetA <S, then by distributive A = (A NS1))B(A NSz). Now
A NSi<Si(i=1, 2) and S; is Cy;; so by Proposition (4.4.6) there exists
D;,D;' <S; such that Si=D,; ®@D;’, and D;is a complement of A NS
furthermore (A NS)OD; <°Si(i=1,2) [by Lemma (4.4.4)], then
(A NS;) BD,B(A NS,) BD, <°S1PS,=S, hence D, BD, is a complement of
(A NS)D(A NSy)= A, but D,®D, <®S (since S=S:®S,
=D, ®D,'®D, HD,’), therefore Sis Cy;. O

The following corollaries is immediate from Remark (4.4.5) and
Proposition (4.4.8).

Corollary 4.4.9: Let S=S,®S; be a distributive R-semimodule. If S;and S, are
CSithenSisCyu. O

Corollary 4.4.10: Let S=S:DS; be a distributive R-semimodule. If S;and S,

are uniform or semisimplethen S is Cy;.

Lemma 4.4.11: If S=S:@S; is a distributive R-semimodule,.A <S; and C is a

complement of A in S, then C NS;is a complement of A in S;.

Proof: It is clear that A N(C NS;)=0, if xe S; and x&(C NS;), then x& C,
hence A N(C+Rx)# 0, by distributive condition (A NC)+(A NRx)# 0,
therefore (A NRx)#= 0 and hence A N(C NS;+Rx)# 0, that is CNS; is
maximal with this property A N(C NS;)=0inS;. 0O

Proposition 4.4.12: Any summand of distributive C;3-semimodule is Cy;.
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Proof: Assume that S=S;®S, is Cy1 and let A <S;, since S is Cy; then by
Proposition (4.4.6) there exist D, D' such that S= D @D’, where D is a
complement of A in S, so according to Lemma (4.4.11) DNS; is a
complement of A in Sy, but by distributive condition, S; =(S:n D)@ (S:n D),
soSiND a complement of A in S; and SiN D <®S;, therefore Siis Cii.

Similarly S;is Cy;. O

Now, the following important Proposition which demonstrated for

modules will be converted for sesmimodules by adding a condition.

Proposition 4.4.13: If S is a distributive Cy;-semimodule, then S=Z,(S) @S’

for some nonsingular subsemimodule S' of S where both Z,(S) and S’ are Cy;.

Proof: Since Z,(S) <S, then by Proposition (4.4.6) and Lemma (4.4.4) there
exist S;. S,<S, such that S=5;@S, and S; is a complement of Z,(S) and
S1Z,(S)<®S, by distributive condition Z,(S)=Z,(S)NS,, hence Z,(S)<S,, so
Z5(S2)=2Z,(S), but Z(S)=2Z,(S1)BZ,(S>), hence Z,(S1)=0 and S; is nonsingular.
Now S:@DZ,(S)<¢S:@S,, therefore Z,(S)<€S,, so Zy(S)=S,, therefore
S=S1Z,(S) by Proposition (4.4.12) both S; and Z,(S) are C1;. O

Lemma 4.4.14: Let S be a distributive R-semimodule with Cy1, then S=S:8S,

where S; is a subsemimodule of S withSoc(S;)<®S; andSoc(S,)=0.

Proof: Since Soc(S)<S and S is Cy3, then there exist subsemimodules D and
D' such that D is a complement of Soc(S) and S=D@D’. Furthermore
Soc(S)YND=0 implies Soc(D)=0 and hence  Soc(S)=Soc(D"),
butSoc(S) @D <°€S,henceSoc(D") <¢ D'. O

Proposition 4.4.15: A distributive R-semimodule S is Cy; if and only if
S=S5:8@S;, where S; is Cy; subsemimodule of S with Soc(S;) <¢S;and S; is Cy;
subsemimodule of S with Soc(S;)=0.
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Proof:
(=)Clear by Lemma (4.4.14) and Proposition (4.4.12).

(&) Clear by Proposition (4.4.8). O

In the next, we need to defined the following subsemimodule C(P) for a
subsemimodule P of S by: C(P)={a€e S|la< P, for some | <¢R}

Proposition 4.4.16: If S is a distributive nonsingular R-semimodule with Cy,
then C(Soc(S)) is Cy;.

Proof: Assume S is Cy1, then by Proposition (4.4.15) S=S:®S,, where S; and
S, have the stated condition, henceSoc(S1)<®S;, so by Lemma(3.2.10), if aeS;
there exists leftlI<®R such that la<Soc(S), hence ae C(Soc(S)) so S;<
C(Soc(S)). Now let ae C(Soc(S))then there exists leftI<®R such that
la<Soc(S) <Si, hence S;= C(Soc(S)), and C(Soc(S)) is Ci1. O

Lemma 4.4.17: Suppose S is an R-semimodule and S=S:8®S,, let A <S, and
A NS;=0 then $;® A=S:®m,(A),where m;:S— S;is a natural projection (i=1,
2).

Proof: Since S;+ A=S;+(m;(A) + m,(A))=S1+m,(A)and m; (A) <Ss, since
m,(A)NS;=0 and by unique representation of S;@S,, then
S10D A=S:1@0m,(A). O

Lemma 4.4.18: Let D be a summand of cancellativeand semisubtractiveR-
semimodule S and A < S, A N D=0 with A is injective, then DPA is a

summand of S.

Proof: Let D <®S then there exists D’ such that S=D @D’, let m: S—D’ be

the natural projection, 7| _4: A — D’is a monomorphism (since Kerm N
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A=0), therefore m( A) <® D'(since m| 4 is split), say D' = n(A) ®D", for
some D" < D' so S=Ddn(A) ®D", hence by Lemma (4.4.17) DOn(A) =
D@D A, therefore DO A <®S. o

Proposition 4.4.19: Let S be a subtractive, cancellative and semisubtractive
R-semimodule with Cy3, and let D <®S such that S/D is injective, then D is
Ci1.

Proof: Suppose D <®S | then there exists D' such that S= D ®D’, so by
hypotheses D' is injective subsemimodule of S. Now let A <D, then
A @D’ <S, since S is Cy3, then there exists subsemimodule X such that X is
a complement of A @D, by Lemma(2.2.4), (A BD)DK <°¢S and
(A DD') N K=0, so by Proposition (4.4.18) D'@K <®S, but by Lemma
(4.4.17), D' ®K = D'®n(K), where m:S— Ddenoted natural projection,
hence m(K) <® D, since (A BD)DK <°S, then AD(K) <° D, and A N
w(K) = 0, therefore D isCy1. O

Corollary 4.4.20:Let S be a cancellative and semisubtractive distributive
direct sum of subsemimodules S; and injective subsemimodule S;, then S is

Cu if and onIy if Sq IS Cu1.

Proof: Suppose S is Cy; then by Proposition (4.4.12)S; is Cy;. Conversely,
assume that S; is Cyy, since S, is injective by assumption, then by Lemma
(2.2.7) and Remark (4.4.5) S, is Cy3, therefore by Proposition (4.4.8) S is Cy.

O

Proposition 4.4.21: Let S be a subtractive R-semimodule. If S is Cy; then S is
FI- CS.

Proof: Let S be Cy4, and A =S, then there exist subsemimodules D, D ' such
that S=D@®D', AND=0 and A DD <°S, since A>S then by
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Lemma(3.2.6),A = (ANDYBAND)=AND', therefore A<D’
(since A @D <¢ D @D'), therefore Sis FI-CS. O

In the next, we show special case of a subsemimodule of C1; semimodule.

Proposition 4.4.22: Let S be a Cy; distributive (or subtractive) R-semimodule
and K subsemimodule of S. If K is IDS, then K is Cis.

Proof: Let A < K <S, since S is a Cy1, then by Proposition (4.4.6) there exist
subsemimodules D and D' of S such that S=D @D, and D is a complement of
A, furthermore A @D <°S,[by Lemma(4.4.4) or Lemma (2.2.3)], hence K n
(ADD) = AD(D N K), ) AD(DNK) <t K [Kn
(ABD) < K NS=K)]and A N (D N K)=0, since D N K is summand of K
by hypotheses, then K is Cy;;. O

The following result gives me the sufficient condition for Remark(4.4.5)(2) to

be true, with an additional condition

Proposition 4.4.23: Let S be a C;;R-semimodule. If S is distributive, then
every subsemimodule of S is CS. In particular any distributive Ci;

semimodule is CS.

Proof: let A <S, and B <¢ A, since S is Cy; then there exist D and D' such
that S=DOD', BNnD =0, and B @D <°S, since B=BnNS, thenB < D',
since B @D <°¢S, thenB <® D', this is a contradiction, hence B=17/

therefore A is CS. O

Proposition 4.4.24: Let S=S:BS, be a distributive (or subtractive) R-
semimodule, S; is Cy; if and only if for every subsemimodule B of S;, there

exists a summand of S which is a complement of B in S and containing S,.
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Proof: Assume that S; is Cy; and let B < Sy, then by definition there exists
T <®S;, which is a complement of B in S;, that is S;=T@7”’, then
S=T®T’ ®S; so THS,<®S containing S,. Moreover, T is a complement of B
in S; implies T@®B <°¢S;, then TOABDS,<¢S:1PS,=S, that is TS, is a
complement of B in S. Conversely, Assume that B <S;, then by assumption
there exist subsemimodules D and D'of S such that S= D@D’, S, € D, and D
is a complement of B in S, hence D ®B <°¢S. Now S;=(S;n D)+ (S;n D")
hence SiND <®S; on other hand SN (D HB) <°S; implies (SiN
D) @B <°S; by definition S;is C11. O
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5.1. Conclusions
In fact, every module is a semimodule, but the converse is not true

Thus, we can say that most of the results achieved in module are not
achieved in semimodule since semimodule with out subtraction and
injective hull. To achieve these results, we need to add all or some of the
following conditions: subtractive, semisubtractive and cancellative.
Assuming the three conditions is strong, so, we sometimes use a weaker
condition like the (k-c)condition. In certain cases by using different
arguments we reached the same result as in modules without extra

conditions.

In addition, in some proposition, we need to assume the existence
of the injective hull because it is present only in the semimodule
overring or over an additively idempotent semiring.The two concepts, -
injective  and quasi-continuousare equivalent in modules. But in
semimodules the proof of these equivalence need strong conditions

(cancellative, semisubtractive and subtractive).

Finally, we study the generalizations of extending semimodule
such that every extending semimodule is Fl-extending or (t-
extending,Ci;-extending) but the converse is not true only with some
condition . In our work, we remark that all semimodules considered in

this work are unitary left semimodules oversemirings with identity 1.

5.2. Future Works
1. For future work, we plan to find a condition for achieving the

relationship between subtractive semimodule,
cancellativesemimodule, and semisubtractive that reduces the
presence of the part or all of these concepts in our work.

2. We also plan to prove another kind of extending semimodule can
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be proved in which every subsemimodule is dense in a summand.
3. Furthermore, our study can be developed by finding a condition
for dispensing injective hull.
4. In the other case, our study can be applied and approved in several

applications in future work.
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