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Abstract 

In our thesis we focus on the applications of functional analysis and 

approximation in probability theory and statistics. 

As a contribution of   functional analysis and approximation on 

theorem we introduce a new formula of Ostrowski theorem for 

function in quasi normed spaces. 

We applied our version of Ostrowski theorem in random variable 

whose probability density function and cumulative distribution 

function in quasi normed spaces. Also we applied our Ostrowski 

version theorem in 𝑏eta and normal distributions. 

We generalize Pre-Gruss inequality for functionsin quasi normed 

spaces and applied it to estimate the expectation, variance and 

dispersion. 

We prove a generalization refinement of the Chebyshev inequality 

to quasi normed spaces. Then we applied it for expectation of 

cumulative distribution function of random variable with 

probability density function and its derivative in quasi normed 

spaces. 

In approximation theory we use Taylor formula to approximate 

expressions written in terms of expectation and variance 

simultaneously with probability density functions in quasi normed 

spaces. We prove a type of Ostrowski inequality and applied it to 

cumulative density function, 𝛽eta and Normal distribution 
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Introduction 

Our thesis is a contribution of approximation theory and functional 

analysis to probability theory. 

Many researchers prove many types of Ostrowski inequality for 

continuous functions whose derivative bounded on (a,b). 

 such as the researcher Ostrowski in 1938 introduced that in  

|𝑓(𝑥) −
1

𝑏 − 𝑎
∫ 𝑓(𝑡)𝑑𝑡

𝑏

𝑎

|

≤ [
1

4
+

(𝑥 −
𝑎 + 𝑏

2
)

2

(𝑏 − 𝑎)2
] (𝑏 − 𝑎)‖𝑓́‖

∞
.                      (1) 

For all 𝑥 ∈ [𝑎, 𝑏] and the constant 
1

4
 is the best possible.where 

 ‖𝑓́‖
∞

= 𝑠𝑢𝑝𝑡∈(𝑎,𝑏)|𝑓́| < ∞. 

The Fink,s result is also used to find another type of  Ostrowski 

inequality, which is as follows [1]. 

|𝑓(𝑥) −
1

𝑏 − 𝑎
∫ 𝑓(𝑡)𝑑𝑡

𝑏

𝑎

|

≤ [
(𝑥 − 𝑎)𝑞+1 + (𝑏 − 𝑥)𝑞+1

𝑞 + 1
]

1
𝑞

‖𝑓́‖
𝑝

                     (2) 
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when(𝑝 > 1,
1

𝑝
+

1

𝑞
= 1).Later on, some generalizations were found 

for  this inequality were proved. In 1995 G.A.Anastassiou studied 

Ostrowski inequalities [2].In 1997, the same researcher studied 

multivariate Ostrowski type inequalities [3]. In 1998 N.S.Barentt and 

others studied Ostrowski inequalitu for double integrals and 

applications for cubature formula [4].In the same year, S.S.Dagomir 

and others as stated in [5]which has applications in numerical 

integrals as well as having a special meaning  mentioned in [6].As 

for its applications on the derivative functions whose derivate  

belongs to the 𝐿𝑝 spaces, for 1 ≤ 𝑝 ≤ ∞ the researchers here used 

another type on Ostrowski inequality as mentioned in [4].In 1999, 

S.S.Dagomir and others also studied An n-dimensional version of 

Ostrowski inequality for mapping of the Holder type [7].In 2000, 

B.G.Pachpatte studied On multivariate Ostrowski Type inequality 

[8].In 2001 N.S.Barentt and others study On weighted Ostrowski 

Type inequalities for operators and vector –valued functions [9].In 

the same year N.S.Barentt and others studied inequality for double 

integrals and applications for cubature formula [10].In 2002, 

P.Gerone study A new Ostrowski type inequality involving integral 

Means over end intervals [11].In 2004, P.Gerone and others studied 

Ostrowski type inequalities for functions whose derivatives satisfy 

certain convexity assumptions [12].In 2006, B.G.Pachpatte studied A 

new  Ostrowski Type inequality for double integrals [13].In the 

same year Arif Rsfiq and others studied weighted Ostrowski Type 

inequality for differentiable mappings whose first derviatives 

belong to 𝐿𝑝(𝑎, 𝑏), 𝑝 > 1 [14].In 2008, Shiow-Ru Hwang and others 
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studied A note on multivariate Ostrowski Type inequality [15].In 

2010, M.Z.Sarikaya studied on the Ostrowski Type integral 

inequality [16].In 2011, ANA Maria and others studied The Mean 

value theorem and inequalities of Ostrowski type [17]. In the same 

year M.Emin ozdermir and others studied inequalities for convex 

and s-convex functions on ∆= [𝑎, 𝑏] × [𝑐, 𝑑] [18].In the same year 

M.Z.Sarikaya studied on the weigthed Ostrowski type integral 

inequalities for S-convex [19]. In 2012, Mevlut Tunc study Ostrowski 

type inequalities for (∝, 𝑚)-Geometrically convex functions via 

Riemann-Louville fractional integrals [20].In 2013, S.S.Dragomir 

studied Ostrowski type inequalities for functions whose derivatives 

are h-covex in absoulte value [21].In 2014, M..E.Ozdemir and others 

studied Ostrowski type inequalities for convex functions [16].In the 

same year A.Qayyum and others studied on new generalized 

Ostrowski type inequalities [22].In 2016, Samet and others studied 

An Ostrowski type inequalities for twice differentiable mappings 

and applications [24].In 2017, Silvestru Dragomir studied Ostrowski 

type inequalities for Lebesgue integral A survey of recent results 

[23].In 2019, Samet Erden and others studied some inequalities for 

double integrals and applications for cubature formula[30]. In 2020, 

year Huseyin and others studied weighted Ostrowski trapezoid and 

midpoint type inequalities for Riemann-Liouville fractional 

integrals[25].In same year Naila and others studied Ostrowski type 

inequalities via some exponentially convex functions with 

application [26].In 2021, Praveen and others studied new Ostrowski 

type inequalities for generalized S-convex functions with 
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applications to some special means of real numbers and to midpoint 

formula[27]. 

In Chapter One  we find a new formula for the Ostrowski inequality 

in the space 𝐿𝑝 for 0 < 𝑝 < 1. 

Many articles on Ostrowiski Inequality [41],[43] and [47] are choose 

β and Γ distribution (Γ is a special case of  β distribution ) because 

the p.d.f of these distributions in terms of p (the shape parameter ) 

and q (the distribution parameter). The sample space of the random 

variable of β and Γ belongs to (0,∞). The above properties make the 

applications of these distributions very easy. 

The first section in Chapter Two  includes the application of 

Ostrowski inequality in random variable whose probability density 

function and cumulative distribution function belong to 𝐿𝑝. While 

the second section of Chapter Two concerns with the application of 

Ostrowski's inequality in the Beta distribution and the normal 

distribution. The normal distribution don’t have the above 

properties. The p.d.f of the normal distribution in terms of µ and 𝜎. 

The sample space of the normal distribution subset of R. So that no 

one work on the Ostrowiski inequality appear for the expectation of 

normal distribution. 

In the last decade few authors introduced Pre-Gruss inequality for 

functions in 𝐿𝑝[𝑎, 𝑏] space, and used it to estimate the error bounds 

of the reminders of Taylor-Like formula and quadrature formula. 
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In [45],[46], the authors introduced the so called Pre-Gruss 

inequality at the form for function in 𝐿1[𝑎, 𝑏] normed space. 

|
1

𝑏 − 𝑎
∫ 𝑓(𝑡)𝑔(𝑡)𝑑𝑡 −

1

𝑏 − 𝑎
∫ 𝑓(𝑡)𝑑𝑡

1

𝑏 − 𝑎
∫ 𝑔(𝑡)𝑑𝑡

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

|                   

≤
1

2
(𝜑 − 𝛾)

[
1

𝑏 − 𝑎
∫ 𝑔2(𝑡)𝑑𝑡 − (

1

𝑏 − 𝑎
∫ 𝑔(𝑡)𝑑𝑡

𝑏

𝑎

)

2𝑏

𝑎

]

1
2

                (3) 

M.Maice and others in 1999, used (3) to estimate the bound of 

Taylor-Like formula.[9]. P.Gerone  and others in 2000, used the (3) 

for estimating the remainder in three point quadrature formula.In 

the same year Nenad study A Genralization of the Pre-Gruss 

inequality and applications to some Quadrature formula [49].In 

2009, A.Vukelic study estimation of the error for general simpson 

type formula via Pre-Gruss inequality [29]. In 2019, Samet Erdan 

and others studied Pre-Gruss inequality involving conformable 

fractional intgrals and applications for random variables [30].In 

2020, Silver Dragomir studied A refinement of Pre-Gruss inequality 

for the complex integral [31].  

In Chapter Three we extend and generalize the above results by 

introducing a type of pre-Gruss inequality for formula in 𝐿𝑝[𝑎, 𝑏] 

quasi- normed space for theorems related to expection, variance and 

Dispersion.Some authors proved a Chebyshev inequality for 

absolutely continuous functions.In 1867,  The Chebyshev inequality 

is famous result from probability theory and has been studied in the 
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most of sciences[32].In 1984, Saw and others studied Chebyshev 

inequality with estimated Mean and variance [33]. In 1995, Smith .T 

studied generalized Chebyshev inequalities in his book Theory and 

application in decision analysis [34] .In 1999, D.S, Mitrinovic and 

others proved classical inequalities in analysis such as Chebyshev 

inequality for absolutely continuous function[50]. In 2004, Hogg and 

others studied Chebyshev inequality in his book Introduction to 

mathematical statistics [35].In 2011, Chen ,X studied Anew 

generalization of Chebyshev inequality for random vector [36]. In 

2013, Navarro, J studied A very simple proof of the multivariate 

Chebyshev inequality [38]. The same  researcher in 2014, study a 

note on confidence Chebyshev inequality [39], also studied Can the 

bounds in the multivariate Chebyshev inequality be attained?[40] 

In Chapter Four a generalize and refinement of this Chebyshev 

inequality for functions in the spaces 𝐿𝑝,for 0 < 𝑝 < 1 are 

introduced. Then we apply it to estimate expectation of cumulative 

distribution function of random variable with probability density 

function, such that 𝑓, 𝑓́ ∈ 𝐿𝑝[𝑎, 𝑏], 0 < 𝑝 < 1.  

In Chapter Five we use the our inequalities in pervious Chapters to 

approximate (estimate) expectation and variance with measurable 

probability density functions, in the aid of Taylor formula. 

In Chapter Six we improve the results in Chapter One by 

introducing the best results  for function in 𝐿𝑝[𝑎, 𝑏] . Then we 

applied them to 𝑏𝑒𝑡𝑎 and normal distribution and cumulative 

density function. 



 

 

 

Chapter One 

An  𝐿𝑝, 𝑝 < 1 Ostrowski 

inequality 
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An  𝑳𝒑,𝒑 < 𝟏 Ostrowski inequality 

Many researchers  prove many types of  Ostrowski inequality for 

continues functions but in this chapter there is a new formula for the 

Ostrowski inequality in the 𝐿𝑝 space when it is 0 < 𝑝 < 1. 

1.1.Introduction 

We need to recall the definition of the spaces 𝐿𝑝. 

𝐿𝑝(𝐼)  𝐿𝑝(𝐼) = {𝑓: 𝐼 → 𝑅: ‖𝑓‖𝐿𝑝(𝐼) = ‖𝑓‖𝑝 = (∫ |𝑓|𝑝

𝐼

)

1
𝑝

< ∞} 

‖⦁‖𝑝 is a norm for 1 ≤ 𝑝 ≤ ∞. Characteristic for 𝐿𝑝 space, 𝑝 ≥ 1 are 

the inequalities of Holder and Minkowski, where 0 < 𝑝 < ∞. If ‖𝑓‖𝑝 

is in the interval ‖𝑓‖𝑝(𝐽). For the mean interval we shall write 

‖𝑓‖𝑝. The Ostrowski integral  inequality was first proved by the 

researcher Ostrowski in 1938 [41], by using the following Theorem. 

Theorem 1.1.1 

Let 𝑓: [𝑎, 𝑏] → ℝ be continuous on [a,b] and differentiable on (a,b) 

whose derivative 𝑓́: (𝑎, 𝑏) → 𝑅 is bounded on (a,b).  

Then, 

|𝑓(𝑥) −
1

𝑏 − 𝑎
∫𝑓(𝑡)𝑑𝑡

𝑏

𝑎

| ≤ [
1

4
+
(𝑥 −

𝑎 + 𝑏
2

)
2

(𝑏 − 𝑎)2
] (𝑏 − 𝑎)‖𝑓́‖

∞
 

For all 𝑥 ∈ [𝑎, 𝑏] and the constant 
1

4
 is the best possible.Where 
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 ‖𝑓́‖
∞
= 𝑠𝑢𝑝𝑡∈(𝑎,𝑏)|𝑓́| < ∞. 

Later on, some generalizations were found for  this inequality as 

stated in [44] Which has applications in numerical integrals as well 

as having a special meaning  mentioned in [5]. 

As for its applications on the derivative functions whose derivate  

belongs to the 𝐿𝑝spaces, for 1 ≤ 𝑝 ≤ ∞ the researchers here used 

another type on Ostrowski inequality as mentioned in [6]. 

The Fink,s result is also used to find another type of  Ostrowski 

inequality, which is as follows Theorem. 

Theorem1.1.2 

Let 𝑓: 𝐼 ⊆ ℝ → ℝ be differentiable mapping on 𝐼°and 𝑎, 𝑏 ∈ 𝐼° with 

𝑎 < 𝑏. If 𝑓́ ∈ 𝐿𝑝(𝑎, 𝑏), when(p > 1,
1

p
+
1

q
= 1), then we have the 

inequality 

|𝑓(𝑥) −
1

𝑏 − 𝑎
∫𝑓(𝑡)𝑑𝑡

𝑏

𝑎

| ≤ [
(𝑥 − 𝑎)𝑞+1 + (𝑏 − 𝑥)𝑞+1

𝑞 + 1
]

1
𝑞

‖𝑓́‖
𝑝
, 

for all 𝑥 ∈ [𝑎, 𝑏]. 

For instant Theorem(1) in  [1], where appropriate calculations are 

found when n = 1. 
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In addition , there are other types of Ostrowski inequalities reported 

in research [6], [45] and [44]. 

In our work we will find a new formula for the Ostrowski inequality 

in the 𝐿𝑝 space when it is 0 < 𝑝 < 1 . 
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1.2.Ostrowski inequality for functions in 𝑳𝒑, 𝟎 < 𝒑 < 𝟏 

 Here we introduce our main results 

Theorem 1.2.1 

Let 𝑎 = 𝑥° < 𝑥1 < 𝑥2 < 𝑥3 < ⋯ < 𝑥𝑛 = 𝑏 be a division of interval 

[a, b] with 𝑥𝑖 = 𝛼𝑖+1
𝑏−𝑎

𝑛
, such that  [𝑥𝑖 , 𝑥𝑖+1] < 1 with n > b − a and 

∝i (i = 0,1, . . , k + 1) has k + 2 of points so that ∝0= 𝑎, ∝𝑖∈ [𝑥𝑖−1, 𝑥𝑖], 

(i = 1,… , k)and ∝i+1= b, if 𝑓, 𝑓́ ∈ 𝐿𝑝[𝑎, 𝑏], when 𝑓: [𝑎, 𝑏] → ℝ, then 

|∫𝑓(𝑡)𝑑𝑡 −∑(𝛼𝑖+1 − 𝛼𝑖)𝑓(𝑥𝑖)

𝑛

𝑖=0

𝑏

𝑎

| 

≤ 𝐶(𝑝, 𝑞)∑[(𝛼𝑖+1 − 𝑥𝑖)
𝑞 + (𝑥𝑖+1 − 𝛼𝑖+1)

𝑞]
1
𝑞‖𝑓́‖

𝑝[𝑥𝑖,𝑥𝑖+1]

𝑛

𝑖=0

. 

Proof: 

Define the mapping g: [a, b] → ℝ giving by 

𝑔(𝑡) =

{
 

 
𝑡 − 𝛼1 , 𝑡 ∈ [𝑎, 𝑥1)
𝑡 − 𝛼2 , 𝑡 ∈ [𝑥1, 𝑥2)

⋮
𝑡 − 𝛼𝑘 , 𝑡 ∈ [𝛼𝑘−1, 𝑏].

 

Now, let us integral ∫ 𝑔(𝑡)
𝑏

𝑎
 𝑓́(𝑡)𝑑𝑡 by part. 

Let 𝑢 = 𝑔(𝑡) = (𝑡 −∝𝑖+1), then 
𝑑𝑢

𝑑𝑡
= 𝑑𝑡, and 𝑑𝑣 = 𝑓(𝑡)́ , then,𝑣 = 𝑓(𝑡). 

Then , 



𝐶ℎ𝑎𝑝𝑡𝑒𝑟 𝑂𝑛𝑒                                         𝐴𝑛  Lp ,p<1 𝑂𝑠𝑡𝑟𝑜𝑤𝑠𝑘𝑖 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 
 

12 

 

∫𝑔(𝑡)

𝑏

𝑎

 𝑓́(𝑡)𝑑𝑡 = ∑ ∫ 𝑔(𝑡)𝑓́(𝑡)𝑑𝑡

𝑥𝑖+1

𝑥𝑖

𝑛−1

𝑖=0

 

= ∑ [(𝑡 − 𝛼𝑖+1)𝑓(𝑡)|𝑥𝑖
𝑥𝑖+1 −∫ 𝑓(𝑡)𝑑𝑡

𝑥𝑖+1

𝑥𝑖

]

𝑛−1

𝑖=0

 

= ∑[(𝑥𝑖+1 −∝𝑖+1)𝑓(𝑥𝑖+1) − (𝑥𝑖 −∝𝑖+1)𝑓(𝑥𝑖) − ∫ 𝑓(𝑡)𝑑𝑡
𝑥𝑖+1

𝑥𝑖

]

𝑛−1

𝑖=0

 

= ∑(𝑥𝑖+1 −∝𝑖+1)𝑓(𝑥𝑖+1)

𝑛−1

𝑖=0

+∑(∝𝑖+1− 𝑥𝑖)𝑓(𝑥𝑖) −

𝑛−1

𝑖=0

∑∫ 𝑓(𝑡)𝑑𝑡
𝑥𝑖+1

𝑥𝑖

𝑛−1

𝑖=0

 

= ∑[(∝𝑖+1− 𝑥𝑖)𝑓(𝑥𝑖) + (𝑥𝑖+1 −∝𝑖+1)𝑓(𝑥𝑖+1)

𝑛−1

𝑖=0

−∫ 𝑓(𝑡)𝑑𝑡
𝑥𝑖+1

𝑥𝑖

]        

= ∑(𝑥𝑖+1 −∝𝑖+1)𝑓(𝑥𝑖+1)

𝑛−1

𝑖=0

+∑(∝𝑖+1− 𝑥𝑖)𝑓(𝑥𝑖) −

𝑛−1

𝑖=0

∑∫ 𝑓(𝑡)𝑑𝑡
𝑥𝑖+1

𝑥𝑖

𝑛−1

𝑖=0

            (1.1) 
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Since x° = a , then, 

∑(𝛼𝑖+1 − 𝑥𝑖)

𝑛−1

𝑖=0

𝑓(𝑥𝑖)

= (∝1− 𝑎)𝑓(𝑎) +∑(𝛼𝑖+1 − 𝑥𝑖)

𝑛−1

𝑖=1

𝑓(𝑥𝑖).     (1.2) 

Also, xn = b ,then, 

∑(𝑥𝑖+1 −∝𝑖)𝑓(𝑥𝑖+1) =

𝑛−1

𝑖=0

(𝑏−∝𝑛)𝑓(𝑏) +∑(𝑥𝑖+1 −∝𝑖+1)

𝑛−2

𝑖=0

𝑓(𝑥𝑖+1) .  (1.3) 

Also  

∑∫ 𝑓(𝑡)𝑑𝑡
𝑥𝑖+1

𝑥𝑖

𝑛−1

𝑖=0

= ∫ 𝑓(𝑡)𝑑𝑡
𝑏

𝑎

 

Now, 

Put (1.2) and (1.3) in (1.1), we get 

∫𝑔(𝑡)

𝑏

𝑎

 𝑓́(𝑡) 

= (∝1− 𝑎)𝑓(𝑎) +∑(𝛼𝑖+1 − 𝑥𝑖)

𝑛−1

𝑖=1

𝑓(𝑥𝑖) + (𝑏 − 𝛼𝑛)𝑓(𝑏)

+∑(𝑥𝑖+1 − 𝛼𝑖+1)

𝑛−2

𝑖=0

𝑓(𝑥𝑖+1) − ∫ 𝑓(𝑡)𝑑𝑡
𝑏

𝑎
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This implies,                                                                                                   

∫𝑔(𝑡)

𝑏

𝑎

 𝑓́(𝑡) = (∝1− 𝑎)𝑓(𝑎) +∑(𝛼𝑖+1 − 𝑥𝑖)

𝑛−1

𝑖=1

𝑓(𝑥𝑖) + (𝑏 − 𝛼𝑛)𝑓(𝑏)

+∑(𝑥𝑖 − 𝛼𝑖)

𝑛−1

𝑖=1

𝑓(𝑥𝑖) − ∫ 𝑓(𝑡)𝑑𝑡
𝑏

𝑎

.                                (1.4) 

Since,   

(∝1− 𝑎)𝑓(𝑎) +∑(𝛼𝑖+1 − 𝑥𝑖)

𝑛−1

𝑖=1

𝑓(𝑥𝑖) + (𝑏 − 𝛼𝑛)𝑓(𝑏)

+∑(𝑥𝑖 − 𝛼𝑖)

𝑛−1

𝑖=1

𝑓(𝑥𝑖) 

= (∝1− 𝑎)𝑓(𝑎) + (𝑏 − 𝛼𝑛)𝑓(𝑏) +∑(𝛼𝑖+1 − 𝛼𝑖)

𝑛−1

𝑖=1

𝑓(𝑥𝑖)

=∑(𝛼𝑖+1 − 𝛼𝑖)

𝑛

𝑖=0

𝑓(𝑥𝑖).                                      (1.5) 

 Put (1.5) in (1.4), we get, 

∫𝑔(𝑡)

𝑏

𝑎

 𝑓́(𝑡)𝑑𝑡 =∑(𝛼𝑖+1 − 𝛼𝑖)

𝑛

𝑖=0

𝑓(𝑥𝑖) − ∫ 𝑓(𝑡)𝑑𝑡
𝑏

𝑎

.           (1.6) 

So,  

∫ 𝑓(𝑡)𝑑𝑡
𝑏

𝑎

=∑(∝𝑖+1− 𝛼𝑖)𝑓(𝑥𝑖)

𝑛

𝑖=0

−∫ 𝑔(𝑡)𝑓́(𝑡)
𝑏

𝑎

𝑑𝑡.              (1.7) 



𝐶ℎ𝑎𝑝𝑡𝑒𝑟 𝑂𝑛𝑒                                         𝐴𝑛  Lp ,p<1 𝑂𝑠𝑡𝑟𝑜𝑤𝑠𝑘𝑖 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 
 

15 

 

But,  

|∫𝑔(𝑡)

𝑏

𝑎

 𝑓́(𝑡)𝑑𝑡| = |∑∫ 𝑔(𝑡)𝑓́(𝑡)𝑑𝑡
𝑥𝑖+1

𝑥𝑖

𝑛

𝑖=0

|   

≤∑∫ |𝑔(𝑡)||𝑓́(𝑡)|𝑑𝑡
𝑥𝑖+1

𝑥𝑖

𝑛

𝑖=0

 

=∑∫ |𝑡 − 𝛼𝑖+1|
𝑥𝑖+1

𝑥𝑖

𝑛

𝑖=0

|𝑓́(𝑡)|𝑑𝑡 .                              (1.8) 

By using Holder,s inequality we get, 

∑∫ |𝑡 − 𝛼𝑖+1|
𝑥𝑖+1

𝑥𝑖

𝑛

𝑖=0

|𝑓́(𝑡)|𝑑𝑡 

≤∑[(∫ |𝑡 − 𝛼𝑖+1|
𝑞́

𝑥𝑖+1

𝑥𝑖

𝑑𝑡)

1
𝑞́

(∫ |𝑓́(𝑡)|
𝑝́𝑥𝑖+1

𝑥𝑖

𝑑𝑡)

1
𝑝́

]

𝑛

𝑖=0

        (1.9) 

When    1 ≤ ṕ  ≤ q́ < ∞  and 
1

𝑝́
+
1

𝑞́
= 1.                                                                                                                                      

 

Since,  

|𝑡 − 𝛼𝑖+1| = {
(𝛼𝑖+1 − 𝑡)       𝑖𝑓 𝑡 ∈ (𝑥𝑖 , 𝛼𝑖+1)

∑(𝑡 − 𝛼𝑖+1) 𝑖𝑓 𝑡 ∈ (𝛼𝑖+1, 𝑥𝑖+1).
 

This implies, 
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∫ |𝑡 − 𝛼𝑖+1|
𝑞́

𝑥𝑖+1

𝑥𝑖

𝑑𝑡

= ∫ [|𝛼𝑖+1 − 𝑡|
𝑞́ + ∑(𝑡 − 𝛼𝑖+1)

𝑞́

𝑥𝑖+1

𝛼𝑖+1

]
𝑥𝑖+1

𝑥𝑖

𝑑𝑡.       

= ∫ |𝛼𝑖+1 − 𝑡|
𝑞́𝑑𝑡 +∫ |𝑡 − 𝛼𝑖+1|

𝑞́𝑑𝑡

𝑥𝑖+1

𝛼𝑖+1

𝛼𝑖+1

𝑥𝑖

.       (1.10) 

Then, 

∫ |𝑡 − 𝛼𝑖+1|
𝑞́ =

𝑥𝑖+1

𝑥𝑖

1

𝑞́ + 1
(𝛼𝑖+1 − 𝑡)

𝑞́+1|
𝑥𝑖

𝛼𝑖+1

+
1

𝑞́ + 1
(𝑡 − 𝛼𝑖+1)

𝑞́+1|
𝛼𝑖+1

𝑥𝑖+1

 

=
1

𝑞́ + 1
[(𝛼𝑖+1 − 𝛼𝑖+1) − (𝛼𝑖+1 − 𝑥𝑖)]

𝑞́+1

+
1

𝑞́ + 1
[(𝑥𝑖+1 − 𝛼𝑖+1) − (𝛼𝑖+1 − 𝛼𝑖+1)]

𝑞́+1 

 =   
1

𝑞́ + 1
[(𝑥𝑖 − 𝛼𝑖+1) + (𝑥𝑖+1 − 𝛼𝑖+1)]

𝑞́+1.                          (1.11) 

Put (1.11) in (1.9) we get, 

∑∫ |𝑡 − 𝛼𝑖+1|
𝑥𝑖+1

𝑥𝑖

𝑛

𝑖=0

|𝑓́(𝑡)| 

≤∑[(
1

𝑞́ + 1
[(𝑥𝑖 − 𝛼𝑖+1) + (𝑥𝑖+1 − 𝛼𝑖+1)]

𝑞́+1)

1
𝑞́
(∫ |𝑓́(𝑡)|

𝑝́
𝑥𝑖+1

𝑥𝑖

𝑑𝑡)

1
𝑝́

]

𝑛

𝑖=0
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Now, by using (1.8) we get, 

|∫𝑔(𝑡)

𝑏

𝑎

 𝑓́(𝑡)𝑑𝑡|  

≤∑[(
1

𝑞́ + 1
[(𝑥𝑖 − 𝛼𝑖+1) + (𝑥𝑖+1 − 𝛼𝑖+1)]

𝑞́+1)

1
𝑞́
(∫ |𝑓́(𝑡)|

𝑝́
𝑥𝑖+1

𝑥𝑖

𝑑𝑡)

1
𝑝́

]

𝑛

𝑖=0

 

Since  q́ < q́ + 1 ,  

then, 

∑[(
1

𝑞́ + 1
[(𝑥𝑖 − 𝛼𝑖+1) + (𝑥𝑖+1 − 𝛼𝑖+1)]

𝑞́+1)

1
𝑞́
(∫ |𝑓́(𝑡)|

𝑝́𝑥𝑖+1

𝑥𝑖

𝑑𝑡)

1
𝑝́

]

𝑛

𝑖=0

 

≤∑[(
1

𝑞́ + 1
[(𝑥𝑖 − 𝛼𝑖+1) + (𝑥𝑖+1 − 𝛼𝑖+1)]

𝑞́)

1
𝑞́
(∫ |𝑓́(𝑡)|

𝑝́𝑥𝑖+1

𝑥𝑖

𝑑𝑡)

1
𝑝́

]

𝑛

𝑖=0

. 

This implies,  

|∫𝑔(𝑡)

𝑏

𝑎

 𝑓́(𝑡)𝑑𝑡| 

≤∑[(
1

𝑞́ + 1
[(𝑥𝑖 − 𝛼𝑖+1) + (𝑥𝑖+1 − 𝛼𝑖+1)]

𝑞́)

1
𝑞́
(∫ |𝑓́(𝑡)|

𝑝́
𝑥𝑖+1

𝑥𝑖

𝑑𝑡)

1
𝑝́

] .

𝑛

𝑖=0

 

Let 0 < q < 1, then  for q < q́, this implies 

∑[(
1

𝑞́ + 1
[(𝑥𝑖 − 𝛼𝑖+1) + (𝑥𝑖+1 − 𝛼𝑖+1)]

𝑞́)

1
𝑞́
(∫ |𝑓́(𝑡)|

𝑝́
𝑥𝑖+1

𝑥𝑖

𝑑𝑡)

1
𝑝́

]

𝑛

𝑖=0
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≤ C(q)∑[[(xi − αi+1)
q + (xi+1 − αi+1)

q]
1
q (∫ |𝑓́(𝑡)|

ṕ
xi+1

xi

dt)

1
ṕ

]

n−1

i=0

. (1.12) 

Now, by using the result  

∫ 𝑓(𝑎)𝑑𝑎 =
𝑚−𝑛

𝑗

𝑚

𝑛
∑ 𝑓(𝑎𝑖)
𝑗
𝑖=0 , [50] 

when,   𝑎𝑖 =
𝑛 + (𝑚 − 𝑛)(2𝑖 − 1)

2𝑗⁄  .      

So that, 

∫ |𝑓́(𝑡)|
𝑝́
𝑑𝑡 =

1

𝑛

𝑥𝑖+1

𝑥𝑖

∑|𝑓́(𝑡𝑖)|
𝑝́
 , 1 < 𝑝́ ≤ ∞.

𝑛

𝑖=1

 

Let 0 < 𝑝 < 1 ,then 𝑝 < 𝑝́,this implies, 

∫ 𝑓́(𝑡)𝑝́𝑑𝑡 =
1

𝑛

𝑥𝑖+1

𝑥𝑖

∑|𝑓́(𝑡𝑖)|
𝑝́
 ≤

1

𝑛
∑|𝑓́(𝑡𝑖)|

𝑝
𝑛

𝑖=1

 , 0 < 𝑝 < 1

𝑛

𝑖=1

. 

So that,            

(∫ |𝑓́(𝑡)|
𝑝́
 𝑑𝑡

𝑥𝑖+1

𝑥𝑖

)

1
𝑝́

≤ (𝐶(𝑝)∫ |𝑓́(𝑡)|
𝑝
 𝑑𝑡

𝑥𝑖+1

𝑥𝑖

)

1
𝑝́

. 

 

Since, 

(𝐶(𝑝)∫ |𝑓́(𝑡)|
𝑝
 𝑑𝑡

𝑥𝑖+1

𝑥𝑖

)

1
𝑝́
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= (𝐶(𝑝)∫ |𝑓́(𝑡)|
𝑝
 𝑑𝑡

𝑥𝑖+1

𝑥𝑖

)

1
𝑝

(𝐶(𝑝)∫ |𝑓́(𝑡)|
𝑝
 𝑑𝑡

𝑥𝑖+1

𝑥𝑖

)

1
𝑝́
−
1
𝑝

. 

Also, Since, 𝑓́ ∈ 𝐿𝑝 , then   ∫ |𝑓́(𝑡)|
p
 dt

xi+1
xi

< ∞,so that 

 

(∫ |𝑓́(𝑡)|
𝑝
 𝑑𝑡

𝑥𝑖+1

𝑥𝑖

)

1
𝑝́

≤ (𝐶(𝑝)∫ |𝑓́(𝑡)|
𝑝
 𝑑𝑡

𝑥𝑖+1

𝑥𝑖

)

1
𝑝

 

                                             ≤ 𝐶(𝑝)‖𝑓́‖
𝑝[𝑥𝑖,𝑥𝑖+1]

 .                        (1.13) 

 𝐶(𝑝)is an absolute constant depending on  p and it not the same at 

each step it is different from one step to another, also 𝐶(𝑝1, 𝑝2, … , 𝑝𝑛) 

is a positive constant depending on (𝑝1, 𝑝2, … , 𝑝𝑛).We shall use this 

notation in all our work.  

Put (1.13) in  (1.12), we get 

|∫ 𝑔(𝑡)𝑓́(𝑡)𝑑𝑡
𝑏

𝑎

| 

≤ 𝐶(𝑝, 𝑞) (∑(𝛼𝑖+1 − 𝑥𝑖)
𝑞

𝑛−1

𝑖=𝑜

+ (𝑥𝑖+1 − 𝛼𝑖+1)
𝑞)

1
𝑞

 ‖𝑓́‖
𝑃[𝑥𝑖,𝑥𝑖+1]

.         (1.14) 

When 0 < p < 1 and    0 < q < 1.                          

Now , by using (1.8), we get, 
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|∫𝑓(𝑡)𝑑𝑡 −∑(𝛼𝑖+1 − 𝛼𝑖)𝑓(𝑥𝑖)

𝑛

𝑖=0

𝑏

𝑎

|  

  ≤ 𝐶(𝑝, 𝑞)∑[(𝛼𝑖+1 − 𝑥𝑖)
𝑞 + (𝑥𝑖+1 − 𝛼𝑖+1)

𝑞]
1
𝑞‖𝑓́‖

𝑝[𝑥𝑖,𝑥𝑖+1]
.   

𝑛−1

𝑖=0

∎ 

Corollary 1.2.2  

For 𝑓, 𝑓́ ∈ 𝐿𝑝[𝑎, 𝑏]𝑜 < 𝑝 < 1, and 

𝑎 = 𝑥° < 𝑥1 < 𝑥2 < 𝑥3 < ⋯ < 𝑥𝑘 = 𝑏, be a partition of  the  interval 

[a,b] with 𝐼𝑛 = [𝑥𝑛−1, 𝑥𝑛].Then,    

|∫ 𝑓(𝑥)𝑑𝑥 −∑(𝛼𝑖+1−𝛼𝑖)𝑓(𝑥𝑖)

𝑘

𝑖=0

𝑏

𝑎

|  ≤ 𝐶(𝑝)𝑚𝑎𝑥𝑖ℎ𝑖(𝑏 − 𝑎)‖𝑓́‖𝑝 

  Where, ℎ𝑖 = 𝑥𝑖+1 − 𝑥𝑖 , (𝑖 = 0,1, … , 𝑘 − 1)         

Proof:  

Since,  

[∑(𝛼𝑖+1 − 𝑥𝑖)
𝑞+1 + (𝑥𝑖+1 − 𝛼𝑖+1)

𝑞+1

𝑛−1

𝑖=0

]

1
𝑞

 ≤ (∑ℎ𝑖
𝑞+1

𝑘−1

𝑖=0

)

1
𝑞

, 

 where 0 < 𝑞 <1 

                          ≤ (∑ℎ𝑖
𝑞

𝑘−1

𝑖=0

 ℎ𝑖)

1
𝑞
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                                        ≤ (∑(𝑚𝑎𝑥ℎ𝑖)
𝑞

𝑘−1

𝑖=0

 ) ℎ
𝑖

1
𝑞
 

                                                            ≤ ℎ𝑖𝑖
𝑚𝑎𝑥   ∑ ℎ

𝑖

1

𝑞𝑘−1
𝑖=0  , 0 < 𝑞 < 1. 

Let C be a constant such that ℎ
𝑖

1

𝑞 < 𝑐ℎ𝑖 

  Then,  

[∑(𝛼𝑖+1 − 𝑥𝑖)
𝑞+1 + (𝑥𝑖+1 − 𝛼𝑖+1)

𝑞+1

𝑛−1

𝑖=0

]

1
𝑞

≤ 𝐶(𝑝) ℎ𝑖𝑖
𝑚𝑎𝑥 (𝑏 − 𝑎).                                               (1.15) 

By using Theorem 1.2.1 and (1.15), we get, 

|∫ 𝑓(𝑡)𝑑𝑡 −∑(𝛼𝑖+1−𝛼𝑖)𝑓(𝑥𝑖)

𝑘

𝑖=0

𝑏

𝑎

| ≤ 𝐶(𝑝)  ℎ𝑖𝑖
𝑚𝑎𝑥 (𝑏 − 𝑎)‖𝑓́‖

𝑝
 , 

                  0 < 𝑝 < 1.                                                                             ∎ 
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        Application Of the Ostrowski Inequality 

In this chapter we introduce two sections. The first section includes 

the application of Ostrowski inequality in random variable whose 

probability density function and cumulative distribution function 

belong to 𝐿𝑝.While the second section concerns with the application 

of Ostrowski's inequality in the beta distribution and the normal 

distribution. 

2.1 Application of the Ostrowski Inequality in Random 

Variable 

Here we begin our applications theorems for a random variable 

whose probability densityt function and cumulative distribution 

function belongs to 𝐿𝑝[𝑎, 𝑏], 0 < 𝑝 < 1. Let us  start our main results  

with Theorem 2.1.1. 

Theorem 2.1.1 

 Let X be a random variable with probability density function 

 𝑓: [𝑎, 𝑏] ⊂ ℝ → ℝ+ , and the cumulative distribution function  

𝐹(𝑥) = 𝑃(𝑋 ≤ 𝑥).If f and F belongs to 𝐿𝑝[𝑎, 𝑏] , 0 < 𝑝 < 1 then  

|𝑃𝑟(𝑋 ≤ 𝑥) −
𝑏 − 𝐸(𝑥)

ℎ
| 

≤
1

ℎ
𝐶(𝑝, 𝑞) ∑ (𝛼𝑖+1 − 𝑎)

1

𝑞
+1

+ (𝑏 − 𝛼𝑖+1)
1

𝑞
+1

 ‖𝑓‖𝑝[𝑎,𝑏]
𝑛−1
𝑖=1 , 
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where ℎ = 𝑏 − 𝑎, 0 < 𝑝 < 1 and 0 < 𝑞 < 1 and 𝐶(𝑝, 𝑞) is a constant 

depend upon p and q. 

Proof: 

Since |∫ 𝑓(𝑡)𝑑𝑡 − ∑ (𝛼𝑖+1−𝛼𝑖)𝑓(𝑥𝑖)𝑘
𝑖=0

𝑏

𝑎
| 

           = |∑(𝛼𝑖+1−𝛼𝑖)𝑓(𝑥𝑖)

𝑘

𝑖=0

− ∫ 𝑓(𝑡)𝑑𝑡
𝑏

𝑎

| 

Set 𝛼𝑖+1 = 𝑏, 𝛼𝑖 = 𝑎, then 

|∑(𝛼𝑖+1−𝛼𝑖)𝑓(𝑥𝑖)

𝑘

𝑖=0

− ∫ 𝑓(𝑡)𝑑𝑡
𝑏

𝑎

| = |(𝑏 − 𝑎)𝑓(𝑥) − ∫ 𝑓(𝑡)𝑑𝑡
𝑏

𝑎

| 

By using Theorem1.2.1 

|(𝑏 − 𝑎)𝑓(𝑥) − ∫ 𝑓(𝑡)𝑑𝑡
𝑏

𝑎

| 

≤ 𝐶(𝑝, 𝑞) ∑[(𝛼𝑖+1 − 𝑥𝑖)𝑞 + (𝑥𝑖+1 − 𝛼𝑖+1)𝑞]
1
𝑞‖𝑓́‖

𝑝[𝑥𝑖,𝑥𝑖+1]
 

𝑛−1

𝑖=0

(2.1) 

Put the cumulative distribution function 𝐹 instead of 𝑓 in (2.1), 

we get 

|(𝑏 − 𝑎)𝐹(𝑥) − ∫ 𝐹(𝑡)𝑑𝑡
𝑏

𝑎

| 

≤ 𝐶(𝑝, 𝑞) ∑[(𝛼𝑖+1 − 𝑥𝑖)𝑞 + (𝑥𝑖+1 − 𝛼𝑖+1)𝑞]
1
𝑞‖𝐹́‖

𝑝[𝑥𝑖,𝑥𝑖+1]
.             (2.2) 

𝑛−1

𝑖=0
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Now we need to find the expectation, since x ∈ [𝑎, 𝑏] then using the 

define of Expectation we get: 

𝐸(𝑥) = ∫ 𝑡𝑑𝐹(𝑡)
𝑏

𝑎
. 

Now using integration by part, we obtain                                                                                                                     

𝐸(𝑥) = 𝑏𝐹(𝑏) − 𝑎𝐹(𝑎) − ∫ 𝐹(𝑡)𝑑𝑡
𝑏

𝑎
. 

Since the cumulative function F(x) , x ∈ [a, b] always bounded by 0 

and 1, then we have F(a)=0 and F(b)=1. So that 

∫ 𝐹(𝑡)𝑑𝑡
𝑏

𝑎
= 𝑏 − 𝐸(𝑥).                                                                    (2.3) 

Since 𝐹́ = 𝑓 , ℎ = 𝑏 − 𝑎, 𝑝𝑟(𝑋 ≤ 𝑥) = 𝐹(𝑥).                                         (2.4) 

Put (2.3) and (2.4)in (2.1) we get 

|𝑃𝑟(𝑋 ≤ 𝑥) −
𝑏 − 𝐸(𝑥)

ℎ
| 

≤
1

ℎ
𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)

1
𝑞+1

+ (𝑏 − 𝛼𝑖+1)
1
𝑞+1

 ‖𝑓‖𝑝[𝑎,𝑏]

𝑛−1

𝑖=1

.               

when  0 < 𝑝 < 1 and 0 < 𝑞 < 1                                                                       ∎    

Before  we introduce Theorem 2.1.2 we need the concept equivalent: 

A equivalent to B iff ∃ two constants 𝑐1 and 𝑐2 such that 

 𝑐2𝐵 ≤ 𝐴 ≤ 𝑐1𝐵     
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Theorem 2.1.2  

The upper bound of |Pr(X ≤ x) −
b−E(x)

h
| and |𝑃𝑟(𝑋 ≥ 𝑥) −

𝑏−𝐸(𝑥)

ℎ
| 

are equivalent. 

Proof: 

By using Theorem 2.2.1  

|𝑃𝑟(𝑋 ≤ 𝑥) −
𝑏 − 𝐸(𝑥)

ℎ
| 

≤
1

ℎ
𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)

1
𝑞+1

+ (𝑏 − 𝛼𝑖+1)
1
𝑞+1

 ‖𝑓‖𝑝[𝑎,𝑏]

𝑛−1

𝑖=1

, 0 < 𝑝 < 1. 

Now, since 𝑃𝑟(𝑋 ≥ 𝑥) = 1 − 𝑃𝑟(𝑋 ≤ 𝑥).  

Then   𝑃𝑟(𝑋 ≤ 𝑥) = 1 − 𝑃𝑟(𝑋 ≥ 𝑥). 

So that, 

|𝑃𝑟(𝑋 ≤ 𝑥) −
𝑏 − 𝐸(𝑥)

ℎ
| = |1 − 𝑃𝑟(𝑋 ≥ 𝑥) −

𝑏 − 𝐸(𝑥)

ℎ
|. 

Since ℎ = 𝑏 − 𝑎, then 

|
−𝑎

ℎ
−𝑃𝑟(𝑋 ≥ 𝑥) +

𝐸(𝑥)

ℎ
| = |− (

𝑎

ℎ
+ 𝑃𝑟(𝑋 ≥ 𝑥) −

𝐸(𝑥)

ℎ
)|

= |𝑃𝑟(𝑋 ≥ 𝑥) −
𝐸(𝑥) − 𝑎

ℎ
| 

This implies 
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|𝑃𝑟(𝑋 ≥ 𝑥) −
𝐸(𝑥) − 𝑎

ℎ
| 

≤
1

ℎ
𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)

1
𝑞+1

+ (𝑏 − 𝛼𝑖+1)
1
𝑞+1

 ‖𝑓‖𝑝[𝑎,𝑏]

𝑛−1

𝑖=1

, 0 < 𝑝 < 1. 

Hence, the upper bound of|𝑃𝑟(𝑋 ≤ 𝑥) −
𝑏−𝐸(𝑥)

ℎ
| equivalent 

to|𝑃𝑟(𝑋 ≥ 𝑥) −
𝐸(𝑥)−𝑎

ℎ
|, for all 𝑥 ∈ [𝑎, 𝑏]                                                ∎  

   

Theorem 2.1.3 

Let X be a random variable with density function 𝑓: [𝑎, 𝑏] ⊂ ℝ → ℝ+ 

and  with cumulative distribution 𝐹(𝑋), then the expectation has the 

following form when 0 < 𝑝, 𝑞 < 1 

𝑏 − 𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)
1
𝑞+1

+ (𝑏 − 𝛼𝑖+1)
1
𝑞+1

 ‖𝑓‖𝑝[𝑎,𝑏]

𝑛−1

𝑖=1

≤ 𝐸(𝑋) ≤ 

𝑎 + 𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)
1
𝑞+1

+ (𝑏 − 𝛼𝑖+1)
1
𝑞+1

 ‖𝑓‖𝑝[𝑎,𝑏].

𝑛−1

𝑖=1
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Proof:  

By using Theorem 2.1.2 

|𝑃𝑟(𝑋 ≤ 𝑥) −
𝑏 − 𝐸(𝑥)

ℎ
| 

≤
1

ℎ
𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)

1
𝑞

+1
+ (𝑏 − 𝛼𝑖+1)

1
𝑞

+1
 ‖𝑓‖𝑝[𝑎,𝑏].

𝑛−1

𝑖=1

 

 When 0 < 𝑝, 𝑞 < 1.                                                                                       (2.5) 

Since 𝑥 ∈ [𝑎, 𝑏], then 𝑎 ≤ 𝐸(𝑥) ≤ 𝑏 

(i) if 𝑥 = 𝑎, then (2.5) become, 

|
𝑏 − 𝐸(𝑥)

ℎ
| ≤

1

ℎ
𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)

1
𝑞+1

+ (𝑏 − 𝛼𝑖+1)
1
𝑞+1

 ‖𝑓‖𝑝[𝑎,𝑏]

𝑛−1

𝑖=1

. 

This implies,  

𝑏 − 𝐸(𝑥) ≤ 𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)
1
𝑞+1

+ (𝑏 − 𝛼𝑖+1)
1
𝑞+1

 ‖𝑓‖𝑝[𝑎,𝑏].

𝑛−1

𝑖=1

 

Then we get, 

𝐸(𝑥) ≥ 𝑏 − 𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)
1
𝑞

+1
𝑛−1

𝑖=1

 + (𝑏 − 𝛼𝑖+1)
1
𝑞

+1
 ‖𝑓‖𝑝[𝑎,𝑏].    (2.6) 

(ii) if 𝑥 = 𝑏, then (2.5) become, 

|1 −
𝑏 − 𝐸(𝑥)

ℎ
| ≤

1

ℎ
𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)

1
𝑞+1

+ (𝑏 − 𝛼𝑖+1)
1
𝑞+1

 ‖𝑓‖𝑝[𝑎,𝑏]

𝑛−1

𝑖=1

. 
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So, 

|
ℎ − 𝑏 + 𝐸(𝑥)

ℎ
| ≤

1

ℎ
𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)

1
𝑞

+1
+ (𝑏 − 𝛼𝑖+1)

1
𝑞

+1
 ‖𝑓‖𝑝[𝑎,𝑏]

𝑛−1

𝑖=1

. 

Since ℎ = 𝑏 − 𝑎,then  

−𝑎 + 𝐸(𝑥) ≤ 𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)
1
𝑞+1

+ (𝑏 − 𝛼𝑖+1)
1
𝑞+1

 ‖𝑓‖𝑝[𝑎,𝑏]

𝑛−1

𝑖=1

. 

This implies, 

𝐸(𝑥) ≤ 𝑎 + 𝐶(𝑝, 𝑞) ∑ (𝛼𝑖+1 − 𝑎)
1

𝑞
+1

+ (𝑏 − 𝛼𝑖+1)
1

𝑞
+1

 ‖𝑓‖𝑝[𝑎,𝑏].
𝑛−1
𝑖=1      (2.7) 

From (2.6) and (2.7) we get  

𝑏 − 𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)
1
𝑞+1

+ (𝑏 − 𝛼𝑖+1)
1
𝑞+1

 ‖𝑓‖𝑝[𝑎,𝑏] ≤

𝑛−1

𝑖=1

𝐸(𝑥) ≤ 

𝑎 + 𝐶(𝑝, 𝑞) ∑ (𝛼𝑖+1 − 𝑎)
1

𝑞
+1

+ (𝑏 − 𝛼𝑖+1)
1

𝑞
+1

 ‖𝑓‖𝑝[𝑎,𝑏] 
𝑛−1
𝑖=1                       ∎ 

Theorem 2.1.4 

Let X be a random variable whose probability density function 𝑓(𝑋) 

and cumulative distribution function 𝐹(𝑋) belongs to 𝐿𝑝[𝑎, 𝑏], 0 <

𝑝 < 1, 0 < 𝑞 < 1we have  

|𝐸(𝑋) −
𝑎 + 𝑏

2
| 

≤ 𝐶(𝑝, 𝑞)‖𝑓‖𝑝 ∑(∝𝑖+1− 𝑎)
1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

−
𝑎 + 𝑏

2
. 
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Proof: 

By using Theorem 2.1.3we get, 

𝑏 − 𝐶(𝑝, 𝑞)‖𝑓‖𝑝 ∑(∝𝑖+1− 𝑎)
1
𝑞

+1
𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞

+1
≤ 𝐸(𝑥) ≤ 

𝑎 + 𝐶(𝑝, 𝑞)‖𝑓‖𝑝 ∑(∝𝑖+1− 𝑎)
1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

. 

Then, we have 

𝑏 −
𝑎 + 𝑏

2
− 𝐶(𝑝, 𝑞)‖𝑓‖𝑝 ∑(∝𝑖+1− 𝑎)

1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

  

≤ 𝐸(𝑥) −
𝑎 + 𝑏

2
≤ 

𝑎 −
𝑎 + 𝑏

2
+ 𝐶(𝑝, 𝑞)‖𝑓‖𝑝 ∑(∝𝑖+1− 𝑎)

1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

. 

This implies 

𝑏 − 𝑎

2
− 𝐶(𝑝, 𝑞)‖𝑓‖𝑝 ∑(∝𝑖+1− 𝑎)

1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

 

≤ 𝐸(𝑥) −
𝑎 + 𝑏

2
 

≤ (
𝑎 − 𝑏

2
) + 𝐶(𝑝, 𝑞)‖𝑓‖𝑝 ∑(∝𝑖+1− 𝑎)

1
𝑞

+1
𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞

+1
. 
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This implies 

− [(
𝑎 − 𝑏

2
) + 𝐶(𝑝, 𝑞)‖𝑓‖𝑝 ∑(∝𝑖+1− 𝑎)

1
𝑞

+1
𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞

+1
] 

≤ 𝐸(𝑥) −
𝑎 + 𝑏

2
≤ 

(
𝑎 − 𝑏

2
) + 𝐶(𝑝, 𝑞)‖𝑓‖𝑝 ∑(∝𝑖+1− 𝑎)

1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

. 

Then we obtain 

|𝐸(𝑥) −
𝑎 + 𝑏

2
| 

≤ 𝐶(𝑝, 𝑞) ∑(∝𝑖+1− 𝑎)
1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

‖𝑓‖𝑝 +
𝑎 − 𝑏

2
 ∎ 

Corollary 2.1.5 

Let 𝑋 be a random variable and 𝑓 be a density probability function 

belong to 𝐿𝑝[𝑎, 𝑏], 𝑜 < 𝑝 < 1  whose expectation 𝐸(𝑋) close to the 

midpoint of interval 
(𝑎 + 𝑏)

2⁄  . 
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If  

‖𝑓‖𝑝 ≤ [
𝑏 − 𝑎

2𝐶(𝑝, 𝑞) ∑ (∝𝑖+1− 𝑎)
1
𝑞

+1
+ (𝑏 −∝𝑖+1)

1
𝑞

+1𝑛−1
𝑖=1

+
∈

𝐶(𝑝, 𝑞) ∑ (∝𝑖+1− 𝑎)
1
𝑞

+1
+ (𝑏 −∝𝑖+1)

1
𝑞

+1𝑛−1
𝑖=1

]. 

For a given ∈> 0, then we have |𝐸(𝑋) −
𝑎+𝑏

2
| ≤∈. 

 Proof: 

By using Theorem 2.1.4,we have 

 

 

|𝐸(𝑥) −
𝑎 + 𝑏

2
| 

≤ 𝐶(𝑝, 𝑞)‖𝑓‖𝑝 ∑(∝𝑖+1− 𝑎)
1
𝑞

+1
𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞

+1
+

𝑎 − 𝑏

2
. 

Now from our assumption 

‖𝑓‖𝑝 ≤ [
𝑏 − 𝑎

2𝐶(𝑝, 𝑞) ∑ (∝𝑖+1− 𝑎)
1
𝑞+1

+ (𝑏 −∝𝑖+1)
1
𝑞+1𝑛−1

𝑖=1

+
∈

𝐶(𝑝, 𝑞) ∑ (∝𝑖+1− 𝑎)
1
𝑞+1

+ (𝑏 −∝𝑖+1)
1
𝑞+1𝑛−1

𝑖=1

]. 
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Then 

|𝐸(𝑥) −
𝑎 + 𝑏

2
| ≤ 𝐶(𝑝, 𝑞) ∑(∝𝑖+1− 𝑎)

1
𝑞

+1
+(𝑏 −∝𝑖+1)

1
𝑞

+1
𝑛−1

𝑖=1

 

[
𝑏 − 𝑎

2𝐶(𝑝, 𝑞) ∑ (∝𝑖+1− 𝑎)
1
𝑞

+1
+ (𝑏 −∝𝑖+1)

1
𝑞

+1𝑛−1
𝑖=1

+
∈

𝐶(𝑝, 𝑞) ∑ (∝𝑖+1− 𝑎)
1
𝑞

+1
+ (𝑏 −∝𝑖+1)

1
𝑞

+1𝑛−1
𝑖=1

] +
𝑎 − 𝑏

2
. 

Then  

|𝐸(𝑥) −
𝑎 + 𝑏

2
| ≤ (

𝑏 − 𝑎

2
+∈) +

𝑎 − 𝑏

2
, 

This completes the proof.                                                                 ∎                                    

Theorem 2.1.6 

Let X be a random variable whose probability density function 𝑓(𝑋) 

belongs to 𝐿𝑝[𝑎, 𝑏], 0 < 𝑝 < 1 if  𝑥 = 𝑎 + 𝑏
2⁄  ,then  

|𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) −

1

2
| 

≤
1

ℎ
[𝐶(𝑝, 𝑞)‖𝑓‖𝑝 ∑(∝𝑖+1− 𝑎)

1
𝑞

+1
𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞

+1
+ |𝐸(𝑥) −

𝑎 + 𝑏

2
|]. 

 where ℎ belongs to [𝑎, 𝑏]. 

Proof:  
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Put 𝑥 =
𝑎+𝑏

2
 in Theorem 2.1.1, we get 

|𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) −

𝑏 − 𝐸(𝑋)

ℎ
| 

≤
1

ℎ
𝐶(𝑝, 𝑞)‖𝑓‖𝑝 ∑(∝𝑖+1− 𝑎)

1
𝑞

+1
𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞

+1
. 

So, 

|𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) −

1

2
+

1

2
−

𝑏 − 𝐸(𝑋)

ℎ
| 

≤
1

ℎ
𝐶(𝑝, 𝑞)‖𝑓‖𝑝 ∑(∝𝑖+1− 𝑎)

1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

. 

Using triangle inequality|𝑥 − 𝑦| > |𝑥| − |𝑦|, we get  

|𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) −

1

2
| − |

1

2
−

𝑏 − 𝐸(𝑋)

ℎ
| < 

|𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) −

1

2
+

1

2
−

𝑏 − 𝐸(𝑋)

ℎ
| ≤ 

≤
1

ℎ
𝐶(𝑝, 𝑞)‖𝑓‖𝑝 ∑(∝𝑖+1− 𝑎)

1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

. 

Implies, 
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|𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) −

1

2
| 

≤
1

ℎ
𝐶(𝑝, 𝑞)‖𝑓‖𝑝 ∑(∝𝑖+1− 𝑎)

1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

+ |
1

2
−

𝑏 − 𝐸(𝑋)

ℎ
|. 

Then  

|𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) −

1

2
| 

≤
1

ℎ
𝐶(𝑝, 𝑞)‖𝑓‖𝑝 ∑(∝𝑖+1− 𝑎)

1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

+ |
2𝐸(𝑥) − (𝑎 + 𝑏)

2ℎ
|. 

Then 

|𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) −

1

2
| 

≤
1

ℎ
𝐶(𝑝, 𝑞)‖𝑓‖𝑝 ∑(∝𝑖+1− 𝑎)

1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

+
1

ℎ
|𝐸(𝑥) −

(𝑎 + 𝑏)

2
|.     

Now,  

|Pr (X ≤ (
a + b

2
)) −

1

2
| 

≤
1

h
[C(p, q)‖f‖p ∑(∝i+1− a)

1
q+1

n−1

i=1

+ (b −∝i+1)
1
q+1

+ |E(x) −
a + b

2
|]     ∎ 
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2.2 Applications of Ostrowski Inequality in Beta 

and Normal Distributions 

In our work in this section we estimate  the probability density 

function of the beta distributions, and normal distribution. We use 

the results in previous section for estimating the distance between 

the cumulative density function  and  the expectation of a random 

variable. Many articles on Ostrowiski inequality [41],[1] ,[44]and 

[43] are choose β and Γ distribution (Γ is a special case of  β 

distribution ) because the p.d.f of these distributions in terms of p 

(the shape parameter) and q (the distribution parameter). The 

sample space of the random variable of β and Γ belongs to (0,∞).The 

above properties make the applications of these distributions very 

easy. 

The normal distribution don’t have the above properties. The p.d.f 

of the normal distribution in terms of µ and 𝜎. The sample space of 

the normal distribution subset of R. So that no one work on the 

Ostrowiski inequality appear for the expectation of Normal 

distribution. 

Here we approximate the expectation of the normal and βeta 

distributions.  

Now we shall introduce our main results as we mentioned above.  

We mean by 𝑋~𝐷, as 𝑋 distributed as D distribution. Firstly we 

begin with the beta distribution.  
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Theorem 2.2.1 

Let 𝑋 be a random variable and 𝑋~𝐵𝛼,𝛽 whose the density function 

𝑓 belongs to the 𝐿𝑝  where 0 < 𝑝 < 1 ,then  

|𝑃𝑟(𝑋 ≤ 𝑥) −
𝛽

𝛼 + 𝛽
| ≤

1

ℎ
𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)

1
𝑞

+1
𝑛−1

𝑖=1

 

+(𝑏 − 𝛼𝑖+1)
1
𝑞+1 1

 𝐵(𝛼, 𝛽)
[𝐵(𝑃(𝛼 − 1) + 1, 𝑃(𝛽 − 1) + 1]

1
𝑃, 

where 𝐵(𝛼, 𝛽) = ∫ 𝑢𝛼−1(1 − 𝑢)𝛽−11

0
𝑑𝑢. 

Proof: 

Recall that 

𝑓(𝑋, 𝛼, 𝛽) =
𝑋(𝛼−1)(1 − 𝑋)(𝛽−1)

∫ 𝑢𝛼−1(1 − 𝑢)𝛽−11

0
𝑑𝑢

=
1

𝐵(𝛼, 𝛽)
𝑋(𝛼−1)(1 − 𝑋)(𝛽−1). 

The probability density function of beta distribution. 

Then‖𝑓(𝑋, 𝛼, 𝛽)‖𝑝 =
1

𝐵(𝛼,𝛽)
(∫ 𝑋𝑝(𝛼−1)(1 − 𝑋)𝑝(𝛽−1)𝑑𝑋)

1

0

1

𝑝
 

                        =
1

𝐵(𝛼, 𝛽)
(∫ 𝑋𝑝(𝛼−1)+1−1(1 − 𝑋)𝑝(𝛽−1)+1−1𝑑𝑋).

1

0

1
𝑝
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This implies, 

‖𝑓(𝑋, 𝛼, 𝛽)‖𝑝

=
1

𝐵(𝛼, 𝛽)
(𝐵(𝑃(𝛼 − 1) + 1, 𝑃(𝛽 − 1) + 1)

1
𝑝.   (2.8) 

Now  

𝑃(𝛼 − 1) + 1 > 0, then 𝛼 > 1 −
1

𝑝
, also 𝑃(𝛽 − 1) + 1 > 0, then 

𝛽 > 1 −
1

𝑝
. By using Theorem 2.1.1, we get for a  random variable 𝑋 

with parameter (𝛼, 𝛽) where 𝛼 > 1 −
1

𝑝
 , 𝛽 > 1 −

1

𝑝
 and 0 < 𝑝 < 1, 

|𝑃𝑟(𝑋 ≤ 𝑥) −
𝑏 − 𝐸(𝑥)

ℎ
| 

≤
1

ℎ
𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)

1
𝑞+1

+ (𝑏 − 𝛼𝑖+1)
1
𝑞+1

 ‖𝑓‖𝑝

𝑛−1

𝑖=1

. 

 For all 𝑋 ∈ [0,1] ,then 𝐸(𝑋) =
𝛼

𝛼+𝛽
. 

So, 

|𝑃𝑟(𝑋 ≤ 𝑥) −
𝑏 − 𝐸(𝑥)

ℎ
| = |𝑃𝑟(𝑋 ≤ 𝑥) −

1 −
𝛼

𝛼 + 𝛽

1
|

= |𝑃𝑟(𝑋 ≤ 𝑥) −
𝛼 + 𝛽 − 𝛼

𝛼 + 𝛽
| . 

This implies  
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|𝑃𝑟(𝑋 ≤ 𝑥) −
𝛽

𝛼 + 𝛽
| ≤

1

ℎ
𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)

1
𝑞

+1
𝑛−1

𝑖=1

 

+(𝑏 − 𝛼𝑖+1)
1
𝑞

+1 1

 𝐵(𝛼, 𝛽)
[𝐵(𝑃(𝛼 − 1) + 1, 𝑃(𝛽 − 1) + 1]

1
𝑃  ∎ 

Now let us turn the light to the normal distribution. 

Theorem 2.2.2 

Let X be a random variable with  parameters (𝜇, 𝛿2) ∈ 𝛺 , with the 

probability density function 𝑓(X, μ, δ2) =
1

δ√2π
e

−(X−μ)2

2δ2  , where 

Ω = {(𝜇, 𝛿2); −∞ < 𝜇 < ∞, 0 < 𝛿2 < ∞}, then  

|𝑃𝑟(𝑋 ≤ 𝑥) −
𝑏 − 𝜇

ℎ
| 

≤
1

ℎ
𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)

1
𝑞+1

+ (𝑏 − 𝛼𝑖+1)
1
𝑞+1

 [(
2

π
)

1
2p

(e
μ
δ)

1
p

]

𝑛−1

𝑖=1

 

Proof: 

Since 𝑋~𝑁(𝜇, 𝛿2) ,then 𝑓(𝑋, 𝜇, 𝛿2) =
1

δ√2π
e

−(X−μ)2

2δ2 . 

So, ‖𝑓‖𝑝(−∞,∞) = (
1

δ√2π
∫ e

−(X−μ)2𝑝

2δ2  𝑑𝑋
∞

−∞
)

1

𝑝

. 

Now , if 𝜇 > 0, we have 
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∫ e
−(X−μ)2𝑝

2δ2  𝑑𝑋

∞

−∞

 

= ∫ e
−(X−μ)2𝑝

2δ2  𝑑𝑋

−𝜇

−∞

+ ∫ e
−(X−μ)2𝑝

2δ2  𝑑𝑋

𝜇

−𝜇

+ ∫ e
−(X−μ)2𝑝

2δ2  𝑑𝑋.

∞

𝜇

 

Since in the normal distribution we have 

∫ e
−(X−μ)2𝑝

2δ2  𝑑𝑋
−𝜇

−∞
  and ∫ e

−(X−μ)2𝑝

2δ2  𝑑𝑋
∞

𝜇
 approaches to zero, then 

∫ e
−(X−μ)2𝑝

2δ2  𝑑𝑋

∞

−∞

≤ ∫ e
−1
2 (

𝑋−𝜇
𝛿

)
 𝑑𝑋

𝜇

−𝜇

≤ ∫ e
𝜇
𝛿𝑑𝑋

𝜇

−𝜇

=
𝛿

𝜇
 (2𝜇𝑒

𝜇
𝛿).  

Similarly if  𝜇 = 𝑚 < 0. 

This implies  

‖𝑓‖𝑝 ≤ (
1

𝛿√2𝜋
 2𝛿𝑒

𝜇
𝛿 )

1
𝑝

≤ (√
2

𝜋
𝑒

𝜇
𝛿)

1
𝑝

. 

Then 

‖𝑓‖𝑝 ≤ (
2

π
)

1

2p
(e

μ

δ)

1

p
.                                                                   (2.9) 

By using Theorem 2.1.1,we obtain 

|𝑝𝑟(𝑋 ≤ 𝑥) −
𝑏 − 𝐸(𝑥)

ℎ
| 
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≤
1

ℎ
𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)

1
𝑞

+1
+ (𝑏 − 𝛼𝑖+1)

1
𝑞

+1
 [(

2

π
)

1
2p

(e
μ
δ)

1
p

]

𝑛−1

𝑖=1

 

Since 𝑋~𝑁(𝜇, 𝛿2), then 𝐸(𝑥) = 𝜇. 

so that 

|𝑃𝑟(𝑋 ≤ 𝑥) −
𝑏 − 𝜇

ℎ
| 

≤
1

ℎ
𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)

1
𝑞+1

+ (𝑏 − 𝛼𝑖+1)
1
𝑞+1

 [(
2

π
)

1
2p

(e
μ
δ)

1
p

]                  ∎

𝑛−1

𝑖=1

 

Theorem 2.2.3 

Let X be a random variable with  parameters (𝜇, 𝛿2) ∈ 𝛺 , with the 

probability density function belong to 𝐿𝑝[𝑎, 𝑏], 𝑜 < 𝑝 < 1, where 

Ω = {(𝜇, 𝛿2); −∞ < 𝜇 < ∞, 0 < 𝛿2 < ∞}, if  x = a + b
2⁄  . 

Then we have 

|𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) −

1

2
| 

≤
1

ℎ
[𝐶(𝑝, 𝑞) (

2

𝜋
)

1
2𝑝

(𝑒
𝜇
𝛿 )

1
𝑝

∑(∝𝑖+1− 𝑎)
1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

+ |𝜇 −
𝑎 + 𝑏

2
|] 
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Proof:  

By using Theorem 2.1.6 and (2.9),we obtain 

|𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) −

1

2
| 

≤
1

ℎ
[𝐶(𝑝, 𝑞) (

2

𝜋
)

1
2𝑝

(𝑒
𝜇
𝛿)

1
𝑝

∑(∝𝑖+1− 𝑎)
1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

+ |𝐸(𝑥) −
𝑎 + 𝑏

2
|] 

Since 𝑋~𝑁(𝜇, 𝛿2), then 𝐸(𝑥) = 𝜇. This implies, 

|𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) −

1

2
| 

≤
1

ℎ
[𝐶(𝑝, 𝑞) (

2

𝜋
)

1
2𝑝

(𝑒
𝜇
𝛿)

1
𝑝

∑(∝𝑖+1− 𝑎)
1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

+ |𝜇 −
𝑎 + 𝑏

2
|]                                                                     ∎ 

Theorem 2.2.4 

Let X be a random variable with  parameters (𝜇, 𝛿2) ∈ 𝛺 , has the 

probability density function belong to 𝐿𝑝[𝑎, 𝑏], 𝑜 < 𝑝 < 1, if 

 −1 ≤ 𝜇 < 0 then variance bounded below. 
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𝜎2 ≥ (𝑏 + ℎ |𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) −

1

2
| − |

𝑎 + 𝑏

2
|) 

− 𝐶(𝑝, 𝑞) ((𝑒
𝜇
𝛿)

1
𝑝

+ ‖𝑓‖𝑝[𝑎,𝑏]) ∑(𝛼𝑖+1 − 𝑎)
1
𝑞+1

+ (𝑏 − 𝛼𝑖+1)
1
𝑞+1

 

𝑛−1

𝑖=1

. 

Proof : 

Since 

𝜎2 = 𝐸(𝑋2) − 𝜇2.                                                                            (2.10) 

Also 𝑋2 ≥ 𝑋, implies 𝐸(𝑋2) ≥ 𝐸(𝑋).                                           (2.11) 

By using Theorem 2.1.4 and using (2.11), we get 

𝑬(𝑿𝟐) ≥ 𝒃 − 𝑪(𝒑, 𝒒) ∑(𝜶𝒊+𝟏 − 𝒂)
𝟏
𝒒+𝟏

𝒏−𝟏

𝒊=𝟏

+ (𝒃 − 𝜶𝒊+𝟏)
𝟏
𝒒+𝟏

 ‖𝒇‖𝒑[𝒂,𝒃] .                                             (𝟐. 𝟏𝟐) 

Since |𝝁 −
𝒂+𝒃

𝟐
| ≤ |𝝁| + |

𝒂+𝒃

𝟐
|, where −∞ ≤ 𝝁 ≤ ∞. 

By using Theorem 2.1.6, we get 

|𝑷𝒓 (𝑿 ≤ (
𝒂 + 𝒃

𝟐
)) −

𝟏

𝟐
| 

≤
𝟏

𝒉
[𝑪(𝒑, 𝒒) (

𝟐

𝝅
)

𝟏
𝟐𝒑

(𝒆
𝝁
𝜹)

𝟏
𝒑

∑(∝𝒊+𝟏− 𝒂)
𝟏
𝒒+𝟏

𝒏−𝟏

𝒊=𝟏

+ (𝒃 −∝𝒊+𝟏)
𝟏
𝒒+𝟏

+ |𝝁 −
𝒂 + 𝒃

𝟐
|] 
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≤
1

ℎ
[𝐶(𝑝, 𝑞) (

2

𝜋
)

1
2𝑝

(𝑒
𝜇
𝛿)

1
𝑝

∑(∝𝑖+1− 𝑎)
1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

+ |𝜇|

+ |
𝑎 + 𝑏

2
|] 

We obtain,  

ℎ |𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) −

1

2
| − 𝐶(𝑝, 𝑞) (𝑒

𝜇
𝛿)

1
𝑝

∑(∝𝑖+1− 𝑎)
1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

− |
𝑎 + 𝑏

2
| ≤ |𝜇| = 𝜇.            (2.13) 

If −1 ≤ 𝜇 < 0,then we get 𝜇2 ≤ −𝜇 

Therefore −𝜇2 ≥ 𝜇                                                                        (2.14) 

By using (2.13) and (2.14), we get 

 

−𝜇2 ≥ ℎ |𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) −

1

2
|

− 𝐶(𝑝, 𝑞) (𝑒
𝜇
𝛿)

1
𝑝

∑(∝𝑖+1− 𝑎)
1
𝑞+1

𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞+1

− |
𝑎 + 𝑏

2
|                                                                     (2.15) 

Put (2.12) and (2.15) in (2.10) we get 



Chapter Two                           Application of the Ostrowski inequality 
 

45 
 

𝜎2 ≥ [𝑏 − 𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)
1
𝑞

+1
+ (𝑏 − 𝛼𝑖+1)

1
𝑞

+1
 ‖𝑓‖𝑝[𝑎,𝑏]

𝑛−1

𝑖=1

] 

+ [ℎ |𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) −

1

2
| − 𝐶(𝑝, 𝑞) (𝑒

𝜇
𝛿)

1
𝑝

∑(∝𝑖+1− 𝑎)
1
𝑞

+1
𝑛−1

𝑖=1

+ (𝑏 −∝𝑖+1)
1
𝑞

+1
− |

𝑎 + 𝑏

2
|]. 

This implies 

𝜎2 ≥ (𝑏 + ℎ |𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) −

1

2
| − |

𝑎 + 𝑏

2
|) 

− 𝐶(𝑝, 𝑞) ∑(𝛼𝑖+1 − 𝑎)
1
𝑞+1

+ (𝑏 − 𝛼𝑖+1)
1
𝑞+1

 ((𝑒
𝜇
𝛿)

1
𝑝

+ ‖𝑓‖𝑝[𝑎,𝑏])

𝑛−1

𝑖=1

        ∎ 
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Inequalities  for Expectation, Variance and 

Dispersion 

In the last decade few authors introduced Pre-Gruss Inequality 

for functions in 𝐿𝑝[𝑎, 𝑏] space, and used it to estimate the error 

bounds of the reminders of Taylor-Like formula and 

quadrature formula. In this work we generalize and make an 

extension of Pre-Gruss inequality for functions in Lp[a, b],quasi-

normed spaces and used it to estimate the expectation, variance 

and dispersion. 

3.1 Introduction 

In [41] and [1] the authors introduced the so called Pre-Gruss 

Inequality at the form for function in 𝐿1[𝑎, 𝑏] normed space. 

|
1

𝑏 − 𝑎
∫ 𝑓(𝑡)𝑔(𝑡)𝑑𝑡 −

1

𝑏 − 𝑎
∫ 𝑓(𝑡)𝑑𝑡

1

𝑏 − 𝑎
∫ 𝑔(𝑡)𝑑𝑡

𝑏

𝑎

𝑏

𝑎

𝑏

𝑎

|                   

≤
1

2
(𝜑 − 𝛾) [

1

𝑏 − 𝑎
∫ 𝑔2(𝑡)𝑑𝑡 − (

1

𝑏 − 𝑎
∫ 𝑔(𝑡)𝑑𝑡

𝑏

𝑎

)

2𝑏

𝑎

]

1
2

               (3.1) 

In [1],the authors used (3.1) to estimate the bounded Taylor –

Like formula. While in [5], the authors used the (3.1) for 

estimating the remainder in three point quadrature formula. 

Here we extend and generalize the results of [41],[1]and[5] by 

introducing a type of pre-Gruss inequality for formula in 

𝐿𝑝[𝑎, 𝑏] quasi- normed space in the following theorems. 
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Theorem 3.2.1 

Let 𝑓: [𝑎, 𝑏] → ℝ, 𝑓𝑝 be a differentiable mapping on (a, b) whose 

derivative is bounded on (a, b) and ‖𝑓‖𝑝 = (∫ |𝑓|𝑝𝑏

𝑎
)

1

𝑝
< ∞ and 

(𝑓𝑝) ́ ∈ 𝐿𝑝[𝑎, 𝑏], where 0 < 𝑝 < 1, further that 𝛼: [𝑎, 𝑏] → ℝ and 

𝛽: [𝑎, 𝑏] → ℝ are two polynomials functions, then for all 𝑥 ∈

[𝑎, 𝑏] we have the inequality 

|∫ 𝑔(𝑥, 𝑡)(𝑓𝑝(𝑡))
́

𝑑𝑡

𝑏

𝑎

| 

≤
1

2
[(𝛼(𝑥) − 𝑎)2 + (𝛼(𝑥) + 𝑥)2 + (𝛽(𝑥) − 𝑏)2

+ (𝛽(𝑥) + 𝑥)2] ‖(𝑓𝑝(𝑡))
́

‖
𝑝

. 

and a direct consequence of Theorem 3.2.1 we have 

Corollary 3.2.2 

|E(X)| ≤ [(𝑋 +
𝑎+𝑏

2
)

2
+ (

𝑎−𝑏

2
)

2
] ‖ℎ(𝑡)‖𝑝 ,where 𝑋 ∈ [𝑎, 𝑏]. 

 Theorem 3.2.3 

Let X be a random variable having the probability density 

function ℎ: [𝑎, 𝑏] → ℝ, then 
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|
1

𝑏 − 𝑎
∫ ℎ(𝑡)𝑔(𝑥, 𝑡)𝑑𝑡 − ∫ ℎ(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

|

≤
1

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝

+ |∫ ℎ(𝑡)𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

𝑏

𝑎

| 

Using Theorem 3.2.3 and Corollary 3.2.2 we introduce 

important Inequality in probability theory for estimating 

expectation and variance. As in the following theorems 

Theorem 3.2.4 

Let X be a random variable having the probability density 

function ℎ: [𝑎, 𝑏] → ℝ ,then 

|𝐸(𝑋) −
𝑎 + 𝑏

2
|

≤
1

2
[((𝑎 + 𝑋)2 + (𝑏 + 𝑋)2)‖ℎ(𝑡)‖𝑝 + (𝑎 + 𝑏)], 

where 𝐸(𝑋) is the expectation of the random variable X. 

Theorem 3.2.5 

If 𝐸𝑃(𝑋) is the p-moment of X and 𝑀𝑃 is p-logarithm mean, 

then, 

|𝐸𝑃(𝑋) − 𝑀𝑃
𝑃(𝑎, 𝑏)| 

≤
1

2
[(𝑎 + 𝑋)2 + (𝑏 + 𝑋)2]‖ℎ(𝑡)‖𝑝 + 𝑀𝑃

𝑃(𝑎, 𝑏). 
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Theorem 3.2.6 

Let X be a random variable having the probability density 

belong to 𝐿𝑝[𝑎, 𝑏] , then 

|
1

(𝑏 − 𝑎)
𝜎𝜇

2(𝑋) − (𝜇 −
𝑎 + 𝑏

2
)

2

−
(𝑏 − 𝑎)2

12
| 

≤ [𝑋2 + (𝑎 + 𝑏)𝑋 +
𝑎2 + 𝑏2

2
] ‖ℎ(𝑡)‖𝑝 − [(𝜇 −

𝑎 + 𝑏

2
)

2

−
(𝑏 − 𝑎)2

12
] 

Corollary 3.2.7 

Let X be a random variable and h(t) belong to 𝐿𝑃[𝑎, 𝑏], 0 < 𝑝 < 1 

is a probability density function,(𝜇 =
𝑎+𝑏

2
),then we obtain the 

best inequality of Theorem 3.2.1 

|
1

(𝑏 − 𝑎)
𝜎𝜇

2(𝑋) −
(𝑏 − 𝑎)2

12
| 

≤ [𝑋2 + (𝑎 + 𝑏)𝑋 +
𝑎2 + 𝑏2

2
] ‖ℎ(𝑡)‖𝑝 −

(𝑏 − 𝑎)2

12
. 

Theorem 3.2.8 

Let X be a random variable having the probability density 

belong to 𝐿𝑃[𝑎, 𝑏], if Aμ(t) = ∫ |𝑡 − 𝜇|ℎ(𝑡)𝑑𝑡
𝑏

𝑎
, 𝜇𝜖[𝑎, 𝑏] 

then we have the inequality 

|𝐴𝜇(𝑋) −
1

𝑏 − 𝑎
[
(𝑏 − 𝑎)2

4
+ (𝜇 −

𝑎 + 𝑏

2
)

2

]| 

≤
(𝑏−𝑎)

2
[(𝑎 + 𝑋)2 + (𝑏 + 𝑋)2]‖ℎ(𝑡)‖𝑝 + [

(𝑏−𝑎)2

4
+ (𝜇 −

𝑎+𝑏

2
)

2
].  
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Corollary 3.2.9 

The best inequality of the Theorem 3.2.8 as following 

|𝐴𝜇°
(𝑋) −

𝑏 − 𝑎

4
| 

  ≤
(𝑏 − 𝑎)

2
[(𝑎 + 𝑋)2 + (𝑏 + 𝑋)2]‖ℎ(𝑡)‖𝑝 +

(𝑏 − 𝑎)2

4
. 

 where 𝜇 = 𝜇° =
𝑎+𝑏

2
 

Theorem 3.2.10 

Let X be a random variable whose the probability density 

belong to 𝐿𝑝[𝑎, 𝑏] defined on the finite interval [𝑎, 𝑏]and 𝜎(𝑋) <

∞, then we get 

0 ≤ 𝜎𝜇
2(𝑋) − (𝐸(𝑋) − 𝜇)2 

≤ (4 + 2𝑀1)𝑏2 + 2𝑏 − 𝛼(𝑋) − 𝛽(𝑋) + (2𝑏 − 𝛼(𝑋) − 𝛽(𝑋))
2

   

∀ 𝜇 ∈ [𝑎, 𝑏] 

Theorem 3.2.11 

Let X be a random variable whose the probability density 

ℎ(𝑡) belong to 𝐿𝑝[𝑎, 𝑏] and 𝐸(𝑋) is expectation of 𝑋, then 

|𝐸(𝑋) + (𝑏 − 𝑎)𝐹(𝑋) − 𝑋 −
𝑏 − 𝑎

2
|                         

≤
(𝑏 − 𝑎)

2
[(𝑎 + 𝑋)2 + (𝑏 + 𝑋)2]‖ℎ(𝑡)‖𝑝 + (𝑏 − 𝑎)(𝑋 −

𝑎 + 𝑏

2
) 
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Theorem 3.2.14 

Let X be a random variable whose the probability density 

ℎ(𝑡) belong to 𝐿𝑝[𝑎, 𝑏] and 𝐻(𝑡) is a cumulative distribution, 

then 

|E(X) +
𝑏 − 𝑎

2
H(X) −

𝑏 + 𝑥

2
|   

≤
(𝑏 − 𝑎)

2
[((𝑎 + 𝑋)2 + (𝑏 + 𝑋)2)‖ℎ(𝑡)‖𝑝 − 𝐻(𝑡) + 1] 

 Corollary 3.2.16 

If 𝑋 = 𝑎 or 𝑋 = 𝑏 in |(𝑏 − 𝑎)𝐻(𝑋) + 𝐸(𝑋) − 𝑏| = |𝐸(𝑋) −
𝑎+𝑏

2
| 

We have the same upper bound. ∀𝑋 ∈ [𝑎, 𝑏] 

Corollary 3.2.17 

If 𝑋 =
𝑎+𝑏

2
 in Theorem 3.2.15, then we have the  best inequality 

|𝐸(𝑋) + (
𝑏 − 𝑎

2
) 𝑃𝑟 (𝑋 ≤

𝑎 + 𝑏

2
) −

𝑎 + 3𝑏

2
|  ≤                        

(𝑏 − 𝑎)

2
[((

3𝑎 + 𝑏

2
)

2

+ (
3𝑏 + 𝑎

2
)

2

) ‖ℎ(𝑡)‖𝑝 − 𝑃𝑟 (𝑋 ≤
𝑎 + 𝑏

2
) + 1]. 

Corollary 3.2.18 

If 𝑋 =
𝑎+𝑏

2
 in Theorem 3.2.15, then we have the  best inequality 

|𝐸(𝑋) + (
𝑏 − 𝑎

2
) 𝑃𝑟 (𝑋 ≤

𝑎 + 𝑏

2
) −

𝑎 + 3𝑏

2
|  ≤                        

(𝑏 − 𝑎)

2
[((

3𝑎 + 𝑏

2
)

2

+ (
3𝑏 + 𝑎

2
)

2

) ‖ℎ(𝑡)‖𝑝 − 𝑃𝑟 (𝑋 ≤
𝑎 + 𝑏

2
) + 1]. 
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3.2.Pre Gruss inequality for Expectation, 

Variance Dispersion 

Here we introduce our main results. 

Theorem 3.2.1 

Let 𝑓: [𝑎, 𝑏] → 𝑅, 𝑓𝑝 be a differentiable mapping on (𝑎, 𝑏) whose 

derivative is bounded on (a, b) and 𝑓, (𝑓𝑝(𝑡))
́

∈ 𝐿𝑝[𝑎, 𝑏], 

where 0 < 𝑝 < 1, further that 𝛼: [𝑎, 𝑏] → 𝑅 and 𝛽: [𝑎, 𝑏] → ℝ are 

two polynomials functions, then for all 𝑥 ∈ [𝑎, 𝑏] we have the 

inequality 

|∫ 𝑔(𝑥, 𝑡)(𝑓𝑝(𝑡))
́

𝑑𝑡

𝑏

𝑎

| 

≤
1

2
[(𝛼(𝑥) − 𝑎)2 + (𝛼(𝑥) + 𝑥)2 + (𝛽(𝑥) − 𝑏)2

+ (𝛽(𝑥) + 𝑥)2] ‖(𝑓𝑝(𝑡))
́

‖
𝑝

                         (3.2) 

Proof: 

Let 𝑔(𝑥, 𝑡) = {
𝑡−∝ (𝑥),   𝑡 ∈ [𝑎, 𝑥]

𝑡 − 𝛽(𝑥),    𝑡 ∈ [𝑥, 𝑏]
                                                                                       

and consider ∫ 𝑔(𝑥, 𝑡)(𝑓𝑝(𝑡))
́

𝑑𝑡
𝑏

𝑎
, this implies 

∫ 𝑔(𝑥, 𝑡)(𝑓𝑝(𝑡))
́

𝑑𝑡

𝑏

𝑎

 

= ∫(𝑡−∝ (𝑥))(𝑓𝑝(𝑡))
́

𝑑𝑡 + ∫(𝑡 − 𝛽(𝑥))(𝑓𝑝(𝑡))
́

𝑑𝑡

𝑏

𝑥

𝑥

𝑎

.               (3.3) 
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Now compute ∫ (𝑡−∝ (𝑥)(𝑓𝑝(𝑡))
́

𝑑𝑡
𝑥

𝑎
 by parts 

let 𝑢 = (𝑡−∝ (𝑥)) and 𝑑𝑣 = (𝑓𝑝(𝑡))
́

𝑑𝑡, then 

∫(𝑡−∝ (𝑥))(𝑓𝑝(𝑡))
́

𝑑𝑡 =

𝑥

𝑎

(𝑡−∝ (𝑥)(𝑓𝑝(𝑡))|
𝑎

𝑥

− ∫ 𝑓𝑝(𝑡)𝑑𝑡

𝑥

𝑎

 

= (𝑥 − 𝛼(𝑥))𝑓𝑝(𝑥) − (𝑎 − 𝛼(𝑥))𝑓𝑝(𝑎) − ∫ 𝑓𝑝(𝑡)𝑑𝑡.

𝑥

𝑎

                (3.4) 

Also ∫ (𝑡 − 𝛽(𝑥)(𝑓𝑝(𝑡))
́

𝑑𝑡
𝑏

𝑥
 

let 𝑢 = (𝑡 − 𝛽(𝑥)) and 𝑑𝑣 = (𝑓𝑝(𝑡))
́

𝑑𝑡, then 

∫(𝑡 − 𝛽(𝑥)(𝑓𝑝(𝑡))
́

𝑑𝑡 =

𝑏

𝑥

(𝑡 − 𝛽(𝑥))𝑓𝑝(𝑡)|𝑥
𝑏 − ∫ 𝑓𝑝(𝑡)𝑑𝑡

𝑏

𝑥

 

= (𝑏 − 𝛽(𝑥))𝑓𝑝(𝑏) − (𝑥 − 𝛽(𝑥))𝑓𝑝(𝑥) − ∫ 𝑓𝑝(𝑡)𝑑𝑡

𝑏

𝑥

.                (3.5) 

Put (3.4) and (3.5) in (3.3),we get 

∫ 𝑔(𝑥, 𝑡)(𝑓𝑝(𝑡))
́

𝑑𝑡

𝑏

𝑎

 

= (𝑥 − 𝛼(𝑥))𝑓𝑝(𝑥) − (𝑎 − 𝛼(𝑥))𝑓𝑝(𝑎) − ∫ 𝑓𝑝(𝑡)𝑑𝑡

𝑥

𝑎

 



Chapter Three                Inequalities  for Expectation, Variance and Dispersion 
 

55 

 

+(𝑏 − 𝛽(𝑥))𝑓𝑝(𝑏) − (𝑥 − 𝛽(𝑥))𝑓𝑝(𝑥) − ∫ 𝑓𝑝(𝑡)𝑑𝑡.

𝑏

𝑥

 

This implies, 

∫ 𝑔(𝑥, 𝑡)(𝑓𝑝(𝑡))
́

𝑑𝑡

𝑏

𝑎

 

= (𝛽(𝑥) − 𝛼(𝑥))𝑓𝑝(𝑥) + (𝛼(𝑥) − 𝑎)𝑓𝑝(𝑎)

+ (𝑏 − 𝛽(𝑥))𝑓𝑝(𝑏) − ∫ 𝑓𝑝(𝑡)𝑑𝑡

𝑏

𝑎

. 

So that 

|∫ 𝑔(𝑥, 𝑡)(𝑓𝑝(𝑡))
́

𝑑𝑡

𝑏

𝑎

| 

= |(𝛽(𝑥) − 𝛼(𝑥))𝑓𝑝(𝑥) + (𝛼(𝑥) − 𝑎)𝑓𝑝(𝑎)

+ (𝑏 − 𝛽(𝑥))𝑓𝑝(𝑏) − ∫ 𝑓𝑝(𝑡)𝑑𝑡

𝑏

𝑎

| 

Since  

|∫ 𝑔(𝑥, 𝑡)(𝑓𝑝(𝑡))
́

𝑑𝑡

𝑏

𝑎

| 

≤ 𝑆𝑢𝑝𝑡∈[𝑎,𝑏] |∫ 𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

| ‖(𝑓𝑝(𝑡))
́

‖
𝑝
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≤ ∫ |𝑔(𝑥, 𝑡)|𝑑𝑡
𝑏

𝑎

 ‖(𝑓𝑝(𝑡))
́

‖
𝑝

 .                                                  (3.6) 

Now, we  need to find ∫ |g(x, t)|
b

a
𝑑𝑡      

∫|𝑔(𝑥, 𝑡)|

𝑏

𝑎

𝑑𝑡 = |∫ 𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

| 

= − ∫ (𝑡 − 𝛼(𝑥))𝑑𝑡 + ∫ (𝑡 − 𝛼(𝑥))𝑑𝑡

𝑥

𝛼(𝑥)

𝛼(𝑥)

𝑎

 

− ∫ (𝑡 − 𝛽(𝑥))𝑑𝑡

𝛽(𝑥)

𝑥

+ ∫ (𝑡 − 𝛽(𝑥))𝑑𝑡

𝑏

𝛽(𝑥)

 

= − [
𝑡2

2
− 𝛼(𝑥)𝑡]

𝑎

𝛼(𝑥)

+ [
𝑡2

2
− 𝛼(𝑥)𝑡]

𝛼(𝑥)

𝑥

 

− [
𝑡2

2
− 𝛽(𝑥)𝑡]

𝑥

𝛽(𝑥)

+ [
𝑡2

2
− 𝛽(𝑥)𝑡]

𝛽(𝑥)

𝑏

 

= −
(𝛼(𝑥))

2

2
+ (𝛼(𝑥))

2
+

𝑎2

2
− 𝑎𝛼(𝑥) +

𝑥2

2
− 𝛼(𝑥)𝑥 

−
(𝛼(𝑥))

2

2
+ (𝛼(𝑥))

2
−

(𝛽(𝑥))
2

2
+ (𝛽(𝑥))

2
+

𝑥2

2
− 𝛽(𝑥)𝑥 

+
𝑏2

2
− 𝛽(𝑥)𝑏 −

(𝛽(𝑥))
2

2
+ (𝛽(𝑥))

2
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= −2 [
(𝛼(𝑥))

2

2
] + 2(𝛼(𝑥))

2
+

𝑎2

2
− 𝑎𝛼(𝑥) − 𝑥𝛼(𝑥) +

𝑥2

2
 

 −2 [
(𝛽(𝑥))

2

2
] + 2(𝛽(𝑥))

2
+

𝑏2

2
− 𝑏𝛽(𝑥) − 𝑥𝛽(𝑥) +

𝑥2

2
 

= (𝛼(𝑥))
2

+
𝑎2

2
− 𝑎𝛼(𝑥) + 𝑥𝛼(𝑥) +

𝑥2

2
+ (𝛽(𝑥))

2
+

𝑏2

2
 

    −𝑏𝛽(𝑥) + 𝑥𝛽(𝑥) +
𝑥2

2
 

=
1

2
[(2(𝛼(𝑥))

2
+ 𝑎2 − 2𝑎𝛼(𝑥) + 2𝑥𝛼(𝑥) + 𝑥2) + 

          (2(𝛽(𝑥))
2

+ 𝑏2 − 2𝑏𝛽(𝑥) + 2𝑥𝛽(𝑥) + 𝑥2)] 

=
1

2
[((𝛼(𝑥))

2
− 2𝑎𝛼(𝑥) + 𝑎2) + ((𝛼(𝑥))

2
+ 2𝑥𝛼(𝑥) + 𝑥2) + 

((𝛽(𝑥))
2

− 2𝑏𝛽(𝑥) + 𝑏2) + ((𝛽(𝑥))
2

+ 2𝑥𝛽(𝑥) + 𝑥2)] . 

By using (3.6), we get 

|∫ 𝑔(𝑥, 𝑡)(𝑓𝑝(𝑡))
́

𝑑𝑡

𝑏

𝑎

| 

≤
1

2
[(𝛼(𝑥) − 𝑎)2 + (𝛼(𝑥) + 𝑥)2 + (𝛽(𝑥) − 𝑏)2

+ (𝛽(𝑥) + 𝑥)2] ‖(𝑓𝑝(𝑡))
́

‖
𝑝

                                ∎ 
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Corollary 3.2.2 

|E(X)| ≤ (
𝑎+𝑏

2
− 𝑋)

2
+ (

𝑎−𝑏

2
)

2
‖ℎ(𝑡)‖𝑝 , where 𝑋 ∈ [𝑎, 𝑏] 

Proof: 

Setting ℎ(𝑡) = (𝑓𝑝(𝑡))
́

and 𝑔(𝑥, 𝑡) = 𝑡 in the Theorem 3.2.1 , 

and let 𝛼(𝑋) , 𝛽(𝑋) are two identity polynomials, such that 

𝛼(𝑥) = 𝑎 and 𝛽(𝑥) = 𝑏 , then we get 

|∫ 𝑡ℎ(𝑡)𝑑𝑡

𝑏

𝑎

|

≤
1

2
[(𝑎 + 𝑥)2 + +(𝑏 + 𝑥)2] ‖(𝑓𝑝(𝑡))

́
‖

𝑝
. (3.7) 

Since ∫ 𝑡ℎ(𝑡)𝑑𝑡
𝑏

𝑎
= 𝐸(𝑋), and we use the identity 

𝑋2 + 𝑌2

2
= (

𝑋 + 𝑌

2
)

2

+ (
𝑋 − 𝑌

2
)

2

.                                      (3.8) 

Then, we get 

|𝐸(𝑋)| ≤ (
(𝑥 + 𝑎) + (𝑥 + 𝑏

2
)

2

+ (
(𝑥 + 𝑎) − (𝑥 + 𝑏

2
)

2

‖ℎ(𝑡)‖𝑝. 

This implies, 

|𝐸(𝑋)| ≤ (
𝑎 + 𝑏

2
− 𝑋)

2

+ (
𝑎 − 𝑏

2
)

2

‖ℎ(𝑡)‖𝑝                          ∎ 
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Theorem 3.2.3 

Let X be a random variable having the probability density 

function ℎ: [𝑎, 𝑏] → 𝑅 ,then 

|
1

𝑏 − 𝑎
∫ ℎ(𝑡)𝑔(𝑥, 𝑡)𝑑𝑡 − ∫ ℎ(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

|

≤
1

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝

+ |∫ ℎ(𝑡)𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

𝑏

𝑎

| 

Proof: 

By using pre-Gruss inequality in (3.1), we put (𝑓𝑝(𝑡)) instead 

of (𝑓𝑝(𝑡))
́

, we get 

|
1

𝑏 − 𝑎
∫(𝑓

𝑝
(𝑡))

́

𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

−
1

𝑏 − 𝑎
∫(𝑓

𝑝
(𝑡))

́

𝑑𝑡
1

𝑏 − 𝑎

𝑏

𝑎

∫ 𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

| 

We denote (𝑓𝑝(𝑡))
́

= ℎ(𝑡), then 𝑓𝑝(𝑡) = ∫ ℎ(𝑡)𝑑𝑡
𝑏

𝑎
  

This implies, 

|
1

𝑏 − 𝑎
∫ ∫ ℎ(𝑡)

𝑏

𝑎

𝑔(𝑥, 𝑡)𝑑𝑡 −
1

𝑏 − 𝑎
∫ ∫ ℎ(𝑡

𝑏

𝑎

)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

| 
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= |
𝑏 − 𝑎

𝑏 − 𝑎
∫ ℎ(𝑡)𝑔(𝑥, 𝑡)𝑑𝑡 −

𝑏 − 𝑎

𝑏 − 𝑎
∫ ℎ(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

| 

by using the triangle  inequality and Theorem 3.2.1, we get 

|∫ ℎ(𝑡)𝑔(𝑥, 𝑡)𝑑𝑡 − ∫ ℎ(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

| 

≤
1

2
[(𝛼(𝑥) + 𝑥)2 + (𝛽(𝑥) + 𝑥)2]‖ℎ(𝑡)‖𝑝

+ |∫ ℎ(𝑡)𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

𝑏

𝑎

|. 

When 𝛼(𝑥) = 𝑎 and 𝛽(𝑥) = 𝑏 in Theorem 3.2.1, then we get 

|∫ ℎ(𝑡)𝑔(𝑥, 𝑡)𝑑𝑡 − ∫ ℎ(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

| 

≤
1

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝

+ |∫ ℎ(𝑡)𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

𝑏

𝑎

|                             ∎ 

 

Using Theorem 3.2.3 we estimate the expectation of the random 

variable 𝑋  

Theorem 3.2.4 

Let X be a random variable having the probability density 

function ℎ: [𝑎, 𝑏] → 𝑅 ,then 

|𝐸(𝑋) −
𝑎 + 𝑏

2
| ≤

1

2
[((𝑎 + 𝑥)2 + (𝑏 + 𝑥)2)‖ℎ(𝑡)‖𝑝 + (𝑎 + 𝑏)], 
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where E(X) is the expectation of the random variable X. 

Proof: 

If  we put 𝑔(𝑥, 𝑡) = 𝑡 in Theorem 3.2.3, we get 

|∫ 𝑡ℎ(𝑡)𝑑𝑡 − ∫ ℎ(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑡𝑑𝑡

𝑏

𝑎

| 

≤
1

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝  

+ |∫ ℎ(𝑡)𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑡𝑑𝑡

𝑏

𝑎

𝑏

𝑎

|.                                                                     (3.9) 

Since∫ 𝑡ℎ(𝑡)𝑑𝑡 = 𝐸(𝑋) , 𝑋 ∈ [𝑎, 𝑏]
𝑏

𝑎
, also 

∫ ℎ(𝑡)𝑑𝑡 = 1

𝑏

𝑎

,
1

𝑏 − 𝑎
∫ 𝑡𝑑𝑡

𝑏

𝑎

=
𝑎 + 𝑏

2
, 

by using (3.10), this implies 

|𝐸(𝑋) −
𝑎 + 𝑏

2
| 

≤
1

2
[((𝑎 + 𝑥)2 + (𝑏 + 𝑥)2)‖ℎ(𝑡)‖𝑝 + (𝑎 + 𝑏)]                   ∎ 

Now let us introduce estimation for variance 

Let 𝐸𝑃(𝑋) be the P-moment of 𝑋, defined as follows: 

𝐸𝑃(𝑋) = ∫ 𝑡𝑝ℎ(𝑡)𝑑𝑡

𝑏

𝑎

 

When P-moment of the random variable 𝑋,𝑃 ∈ ℝ/{−1,0}, then 

the P-logarithm mean, defined as follows, 
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𝜇𝑃(𝑎, 𝑏) = [
𝑏𝑝+1−𝑎𝑝+1

(𝑝+1)(𝑎−𝑏)
]

1

𝑝
, where 0 < 𝑎 < 𝑏. 

In the following Theorem we study the distance between the P-

moment of the random variable 𝑋 and the the P-logarithm 

mean. 

Theorem 3.2.5: 

 If 𝐸𝑃(𝑋) is the p-moment of X and 𝑀𝑃 is p-logarithm mean, 

then, 

|𝐸𝑃(𝑋) − 𝑀𝑃
𝑃(𝑎, 𝑏)| 

≤
1

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝 + 𝑀𝑃

𝑃(𝑎, 𝑏). 

Proof: 

If  we put 𝑔(x,t)= 𝑡p in Theorem 3.2.3, we get 

|∫ 𝑡𝑝ℎ(𝑡)𝑑𝑡 − ∫ ℎ(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑡𝑝𝑑𝑡

𝑏

𝑎

| 

≤
1

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝

+ |∫ ℎ(𝑡)𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑡𝑝𝑑𝑡

𝑏

𝑎

𝑏

𝑎

|.                                                            (3.10) 

Since  

∫ 𝑡𝑝ℎ(𝑡)𝑑𝑡 = 𝐸𝑝(𝑋) , 𝑋 ∈ [𝑎, 𝑏].

𝑏

𝑎
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Also, 

∫ ℎ(𝑡)𝑑𝑡 = 1

𝑏

𝑎

,
1

𝑏 − 𝑎
∫ 𝑡𝑝𝑑𝑡

𝑏

𝑎

=
𝑏𝑝+1 − 𝑎𝑝+1

(𝑝 + 1)(𝑏 − 𝑎)
= 𝜇𝑝

𝑝
(𝑎, 𝑏)   

by using (3.2.10), this implies, 

|𝐸𝑃(𝑋) − 𝑀𝑃
𝑃(𝑎, 𝑏)|                                                                                 

≤
1

2
[(𝑎 + 𝑋)2 + (𝑏 + 𝑋)2]‖ℎ(𝑡)‖𝑝 + 𝑀𝑃

𝑃(𝑎, 𝑏)                 ∎ 

In the following let us estimate the variance of the random 

variable 𝑋. 

Theorem 3.2.6 

Let X be a random variable and h(t) belong to 𝐿𝑝[𝑎, 𝑏], 0 < 𝑝 < 1 

is a probability density function, then 

|
1

(𝑏 − 𝑎)
𝜎𝜇

2(𝑋) − (𝜇 −
𝑎 + 𝑏

2
)

2

−
(𝑏 − 𝑎)2

12
| 

≤ [𝑋2 + (𝑎 + 𝑏)𝑋 +
𝑎2 + 𝑏2

2
] ‖ℎ(𝑡)‖𝑝 − [(𝜇 −

𝑎 + 𝑏

2
)

2

−
(𝑏 − 𝑎)2

12
] 

Proof: 

If  we put 𝑔(x,t)= (𝑡 − 𝜇)2 in Theorem 3.2.3, we get 
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|∫(𝑡 − 𝜇)2ℎ(𝑡)𝑑𝑡 − ∫ ℎ(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫(𝑡 − 𝜇)2𝑑𝑡

𝑏

𝑎

| 

≤
1

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝      

+ |∫ ℎ(𝑡)𝑑𝑡
1

𝑏 − 𝑎
∫(𝑡 − 𝜇)2𝑑𝑡

𝑏

𝑎

𝑏

𝑎

|.               (3.11)   

Since 

∫(t − μ)2ℎ(𝑡)𝑑𝑡 = 𝜎𝜇
2(𝑋) , 𝜇 ∈ [𝑎, 𝑏]

𝑏

𝑎

. 

Also, ∫ ℎ(𝑡)𝑑𝑡 = 1
𝑏

𝑎
, and 

    

1

𝑏 − 𝑎
∫(t − μ)2𝑑𝑡

𝑏

𝑎

=
(t − μ)3

3(𝑏 − 𝑎)
|

𝑎

𝑏

=
(𝑏 − 𝜇)3 − (𝑎 − 𝜇)3

3(𝑏 − 𝑎)  

=
(𝑏 − 𝑎)[(𝑏 − 𝜇)2 + (𝑎 − 𝜇)(𝑏 − 𝜇) + (𝑎 − 𝜇)2]

3(𝑏 − 𝑎)
 

=
1

3
[(𝑏2 − 2𝑏𝜇 + 𝜇2) + (𝑎𝑏 − 𝑎𝜇 − 𝑏𝜇 + 𝜇2 + (𝑎2 − 2𝑎𝜇 + 𝜇2))] 

=
1

3
(3𝜇2 − 3𝑎𝜇 + 3𝑏𝜇) +

1

3
(𝑎2 + 𝑎𝑏 + 𝑏2) 

= (𝜇2 − (𝑎 + 𝑏)𝜇 +
1

3
[
3

4
(𝑎2 + 2𝑎𝑏 + 𝑏2)] +

1

3
[
1

4
(𝑎2 − 2𝑎𝑏 + 𝑏2)] 

=(𝜇 − (
𝑎+𝑏

2
))

2

+
(𝑎−𝑏)2

12
. 
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Also  

(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2 = 2𝑋2 + 2(𝑎 + 𝑏)𝑋 + (𝑎2 + 𝑏2) 

This implies  

|
1

(𝑏 − 𝑎)
𝜎𝜇

2(𝑋) − (𝜇 −
𝑎 + 𝑏

2
)

2

−
(𝑏 − 𝑎)2

12
| 

≤ [𝑋2 + (𝑎 + 𝑏)𝑋 +
𝑎2 + 𝑏2

2
] ‖ℎ(𝑡)‖𝑝  

− [(𝜇 −
𝑎 + 𝑏

2
)

2

−
(𝑏 − 𝑎)2

12
]                                 ∎ 

 

Corollary 3.2.7 

Let X be a random variable and h(t) belong to 𝐿𝑝[𝑎, 𝑏], 0 < 𝑝 < 1 

is a probability density function, (𝜇 =
𝑎+𝑏

2
),then we obtain the 

best inequality of Theorem 3.2.6 

|
1

(𝑏 − 𝑎)
𝜎𝜇

2(𝑋) −
(𝑏 − 𝑎)2

12
| 

≤ [𝑋2 + (𝑎 + 𝑏)𝑋 +
𝑎2 + 𝑏2

2
] ‖ℎ(𝑡)‖𝑝 −

(𝑏 − 𝑎)2

12
. 

Proof: 

By using Theorem 3.2.6 
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|
1

(𝑏 − 𝑎)
𝜎𝜇

2(𝑋) − (𝜇 −
𝑎 + 𝑏

2
)

2

−
(𝑏 − 𝑎)2

12
| 

≤ [𝑋2 + (𝑎 + 𝑏)𝑋 +
𝑎2 + 𝑏2

2
] ‖ℎ(𝑡)‖𝑝

− [(𝜇 −
𝑎 + 𝑏

2
)

2

−
(𝑏 − 𝑎)2

12
].                       (3.12) 

If we put (𝜇 =
𝑎+𝑏

2
), in (3.12), we get  

|
1

(𝑏 − 𝑎)
𝜎𝜇

2(𝑋) −
(𝑏 − 𝑎)2

12
| 

≤ [𝑋2 + (𝑎 + 𝑏)𝑋 +
𝑎2 + 𝑏2

2
] ‖ℎ(𝑡)‖𝑝 −

(𝑏 − 𝑎)2

12
 

Is the best inequality of Theorem 3.2.6                                                ∎ 

Theorem 3.2.8 

Let X be a random variable having the probability density 

belong to 𝐿𝑃[𝑎, 𝑏], if Aμ(t) = ∫ |𝑡 − 𝜇|ℎ(𝑡)𝑑𝑡
𝑏

𝑎
, 𝜇𝜖[𝑎, 𝑏], 

then we have the inequality 

|𝐴𝜇(𝑋) −
1

𝑏 − 𝑎
[
(𝑏 − 𝑎)2

4
+ (𝜇 −

𝑎 + 𝑏

2
)

2

]| 

≤
(𝑏 − 𝑎)

2
[(𝑎 + 𝑋)2 + (𝑏 + 𝑋)2]‖ℎ(𝑡)‖𝑝

+ [
(𝑏 − 𝑎)2

4
+ (𝜇 −

𝑎 + 𝑏

2
)

2

] 
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Proof: 

If we put 𝑔(𝑋, 𝑡) = |𝑡 − 𝜇| in Theorem 3.2.3, we get 

|
1

𝑏 − 𝑎
∫ ℎ(𝑡)|𝑡 − 𝜇|𝑑𝑡 − ∫ ℎ(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫|𝑡 − 𝜇|𝑑𝑡

𝑏

𝑎

|

≤
1

2
[(𝑎 + 𝑋)2 + (𝑏 + 𝑋)2]‖ℎ(𝑡)‖𝑝

+ |∫ ℎ(𝑡)𝑑𝑡
1

𝑏 − 𝑎
∫|𝑡 − 𝜇|𝑑𝑡

𝑏

𝑎

𝑏

𝑎

|  .                 (3.13) 

For  
1

𝑏−𝑎
∫ |𝑡 − 𝜇|𝑑𝑡

𝑏

𝑎
,  

Since |𝑡 − 𝜇| = {
(𝑡 − 𝜇),     𝑖𝑓    𝑡 ≥ 𝜇

−(𝑡 − 𝜇),   𝑖𝑓 𝑡 ≤ 𝜇
,  

then ,we have 

1

𝑏 − 𝑎
∫|𝑡 − 𝜇|𝑑𝑡

𝑏

𝑎

= [
−1

𝑏 − 𝑎
∫|𝑡 − 𝜇|𝑑𝑡

𝜇

𝑎

+
1

𝑏 − 𝑎
∫|𝑡 − 𝜇|𝑑𝑡

𝑏

𝜇

] 

=
−1

𝑏−𝑎
[(

𝑡2

2
− 𝜇𝑡)|

𝑎

𝜇

+ (
𝑡2

2
− 𝜇𝑡)|

𝜇

𝑏

] 

=
1

𝑏 − 𝑎
[(𝜇2 −

𝜇2

2
− 𝑎𝜇 +

𝑎2

2
) + (

𝑏2

2
− 𝑏𝜇 −

𝜇2

2
+ 𝜇2)] 

=
1

𝑏 − 𝑎
[(

1

2
𝜇2 − 𝑎𝜇 +

𝑎2

2
) + (

1

2
𝜇2 − 𝑏𝜇 +

𝑏2

2
)] 

=
1

𝑏 − 𝑎
[
1

2
(𝜇2 − 2𝑎𝜇 + 𝑎2) +

1

2
(𝜇2 − 2𝑏𝜇 + 𝑏2)] 
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=
1

𝑏 − 𝑎
[
(𝜇 − 𝑎)2 + (𝑏 − 𝜇)2

2
] 

By using (3.8),we obtain 

1

𝑏 − 𝑎
∫|𝑡 − 𝜇|𝑑𝑡

𝑏

𝑎

=
1

𝑏 − 𝑎
[
(𝑏 − 𝑎)2

4
+ (𝜇 −

𝑎 + 𝑏

2
)

2

]. 

Since ∫ ℎ(𝑡)𝑑𝑡 = 1
𝑏

𝑎
, so that (3.13) become  

|
1

𝑏 − 𝑎
𝐴𝜇 −

1

𝑏 − 𝑎
[
(𝑏 − 𝑎)2

4
+ (𝜇 −

𝑎 + 𝑏

2
)

2

]|

≤
1

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2‖ℎ(𝑡)‖𝑝]

+
1

𝑏 − 𝑎
[
(𝑏 − 𝑎)2

4
+ (𝜇 −

𝑎 + 𝑏

2
)

2

]. 

This implies 

|𝐴𝜇(𝑋) −
1

𝑏 − 𝑎
[
(𝑏 − 𝑎)2

4
+ (𝜇 −

𝑎 + 𝑏

2
)

2

]| 

≤
(𝑏−𝑎)

2
[(𝑎 + 𝑋)2 + (𝑏 + 𝑋)2]‖ℎ(𝑡)‖𝑝 + [

(𝑏−𝑎)2

4
+ (𝜇 −

𝑎+𝑏

2
)

2
]     ∎  

                                                                                 

Corollary 3.2.9 

The best inequality of the Theorem 3.2.8 as following 

|𝐴𝜇°
(𝑋) −

𝑏 − 𝑎

4
| 

≤
(𝑏 − 𝑎)

2
[(𝑎 + 𝑋)2 + (𝑏 + 𝑋)2]‖ℎ(𝑡)‖𝑝 +

(𝑏 − 𝑎)2

4
, 

where 𝜇 = 𝜇° =
𝑎+𝑏

2
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Proof: 

By using Theorem 3.2.8 

|𝐴𝜇(𝑋) −
1

𝑏 − 𝑎
[
(𝑏 − 𝑎)2

4
+ (𝜇 −

𝑎 + 𝑏

2
)

2

]| 

≤
(𝑏−𝑎)

2
[(𝑎 + 𝑋)2 + (𝑏 + 𝑋)2]‖ℎ(𝑡)‖𝑝 + [

(𝑏−𝑎)2

4
+ (𝜇 −

𝑎+𝑏

2
)

2
]  

Since  

(𝑏 − 𝑎)

2
[(𝑎 + 𝑋)2 + (𝑏 + 𝑋)2]‖ℎ(𝑡)‖𝑝

+ [
(𝑏 − 𝑎)2

4
+ (𝜇 −

𝑎 + 𝑏

2
)

2

] 

≤
(𝑏 − 𝑎)

2
[(𝑎 + 𝑋)2 + (𝑏 + 𝑋)2]‖ℎ(𝑡)‖𝑝 +

(𝑏 − 𝑎)2

4

+
1

2
(𝜇 −

𝑎 + 𝑏

2
)

2

−
1

(𝑏 − 𝑎)2
(𝜇 −

𝑎 + 𝑏

2
)

4

. 

Let 

𝐾(𝜇) =
(𝑏 − 𝑎)

2
[(𝑎 + 𝑋)2 + (𝑏 + 𝑋)2]‖ℎ(𝑡)‖𝑝 +

(𝑏 − 𝑎)2

4

+
1

2
(𝜇 −

𝑎 + 𝑏

2
)

2

−
1

(𝑏 − 𝑎)2
(𝜇 −

𝑎 + 𝑏

2
)

4

. 

Then , we get 

𝑑𝐾(𝜇)

𝑑𝜇
= (𝜇 −

𝑎 + 𝑏

2
) −

4

(𝑏 − 𝑎)2
(𝜇 −

𝑎 + 𝑏

2
)

3

 

= (𝜇 −
𝑎 + 𝑏

2
) [1 −

4

(𝑏 − 𝑎)2
(𝜇 −

𝑎 + 𝑏

2
)

2

] . 

 



Chapter Three                Inequalities  for Expectation, Variance and Dispersion 
 

70 

 

(i) when 
𝑑𝐾(𝜇)

𝑑𝜇
= 0, this implies, 𝜇 = 𝑎 or 𝜇 =

(𝑎+𝑏)

2
 or 

𝜇 = 𝑏 

(ii) when 
𝑑𝐾(𝜇)

𝑑𝜇
< 0, then 𝜇 ∈ (𝑎,

𝑎+𝑏

2
) 

(iii) when 
𝑑𝐾(𝜇)

𝑑𝜇
> 0, then 𝜇 ∈ (

𝑎+𝑏

2
, 𝑏) 

we deduce that, if 𝜇 =
𝑎+𝑏

2
 then we get 

|𝐴𝜇°
(𝑋) −

𝑏 − 𝑎

4
| 

≤
(𝑏 − 𝑎)

2
[(𝑎 + 𝑋)2 + (𝑏 + 𝑋)2]‖ℎ(𝑡)‖𝑝 +

(𝑏 − 𝑎)2

4
 

is The best inequality of the Theorem 3.2.8                                   ∎ 

 

Lemma 3.2.10:[48] 

Let 𝑔, 𝑝: [𝑎, 𝑏] → ℝ be measurable functions such that  

𝛼 < 𝑔 < 𝛽 𝑎. 𝑒, 𝑝 ≥ 0 𝑎. 𝑒 𝑜𝑛 [𝑎, 𝑏]and ∫ 𝑝(𝑋)𝑑𝑋 > 0
𝑏

𝑎
 

0 <
∫ 𝑝(𝑋)𝑔2(𝑋)𝑑𝑋

𝑏

𝑎

∫ 𝑝(𝑋)
𝑏

𝑎
𝑑𝑋

− (
∫ 𝑝(𝑋)𝑔2(𝑋)𝑑𝑋

𝑏

𝑎

∫ 𝑝(𝑋)
𝑏

𝑎
𝑑𝑋

)

2

≤
1

4
(𝛽 − 𝛼)2 
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Theorem 3.2.11 

Let X be a random variable whose the probability density 

function belongs to 𝐿𝑝[𝑎, 𝑏] defined on the finite interval 

[𝑎, 𝑏]and 𝜎(𝑋) < ∞, then we get 

0 ≤ 𝜎𝜇
2(𝑋) − (𝐸(𝑋) − 𝜇)2

≤ (4 + 2𝑀1)𝑏2 + 2𝑏 − 𝛼(𝑋) − 𝛽(𝑋)

+ (2𝑏 − 𝛼(𝑋) − 𝛽(𝑋))
2

   .         ∀ 𝜇 ∈ [𝑎, 𝑏] 

Proof: 

By using Theorem 3.2.3 and Lemma 3.2.10 we get 

|
1

𝑏 − 𝑎
∫ ℎ(𝑡)𝑔(𝑥, 𝑡)𝑑𝑡 − ∫ ℎ(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

|

≤
1

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝

+ |∫ ℎ(𝑡)𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

𝑏

𝑎

| +
1

𝑏 − 𝑎
∫ 𝑔(𝑥, 𝑡)2𝑑𝑡.

𝑏

𝑎

 

Let 

𝐼1 + 𝐼2 + 𝐼3 =
1

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝

+ |∫ ℎ(𝑡)𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑔(𝑋, 𝑡) 𝑑𝑡

𝑏

𝑎

𝑏

𝑎

| +
1

𝑏 − 𝑎
∫ 𝑔(𝑋, t) 2𝑑𝑡

𝑏

𝑎

. 

Now 
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𝐼1 =
1

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝 ≤

1

2
((𝑎 + 𝑏)2 + (2𝑏)2𝜇1) 

                                      ≤ (𝑎 + 𝑏)2 + (2𝑏)2𝜇1 

                                                     ≤ 4𝑏2 + 2𝜇1𝑏2 = (4 + 2𝜇1)𝑏2, 

where 𝜇1 = ‖ℎ(𝑋)‖𝑝. 

Let  

𝐼2 = |∫ ℎ(𝑡)𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑔(𝑋, 𝑡) 𝑑𝑡

𝑏

𝑎

𝑏

𝑎

|. 

Since 

∫ ℎ(𝑋)𝑑𝑡
𝑏

𝑎
= 1,then 

 𝐼2 = |
1

𝑏 − 𝑎
∫ 𝑔(𝑋, 𝑡) 𝑑𝑡

𝑏

𝑎

| ≤
1

𝑏 − 𝑎
|∫ 𝑔(𝑋, 𝑡) 𝑑𝑡

𝑏

𝑎

|

≤
1

𝑏 − 𝑎
∫[(𝑏 − 𝛼(𝑋)) + (𝑏 − 𝛽(𝑋))]𝑑𝑡

𝑏

𝑎

= 2𝑏 − 𝛼(𝑋) − 𝛽(𝑋). 

Let  

𝐼3 =
1

𝑏 − 𝑎
∫ 𝑔(𝑋, 𝑡) 2𝑑𝑡

𝑏

𝑎

≤ [(𝑏 − 𝛼(𝑋)) + (𝑏 − 𝛽(𝑋))]
2
 

    = (2𝑏 − 𝛼(𝑋) − 𝛽(𝑋))
2

. 
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Thus 

𝐼1 + 𝐼2 + 𝐼3 = 4𝑏2 + 2𝜇1𝑏2

= (4 + 2𝜇1)𝑏2 + 2𝑏 − 𝛼(𝑋) − 𝛽(𝑋)

+ (2𝑏 − 𝛼(𝑋) − 𝛽(𝑋))
2

. 

This implies, 

|
1

𝑏 − 𝑎
∫ ℎ(𝑡)𝑔(𝑥, 𝑡)𝑑𝑡 − ∫ ℎ(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

|

≤ (4 + 2𝜇1)𝑏2 + 2𝑏 − 𝛼(𝑋) − 𝛽(𝑋)

+ (2𝑏 − 𝛼(𝑋) − 𝛽(𝑋))
2

.                                 (3.14) 

We put 𝑔(𝑋, 𝑡) = (𝑋 − 𝜇), ℎ(𝑡) = 𝑝(𝑋) in Lemma 3.2.10, and 

using (3.14) we get 

0 ≤ ∫(𝑋 − 𝜇)2 𝑝(𝑋)𝑑𝑋

𝑏

𝑎

− (∫(𝑋 − 𝜇)𝑝(𝑋)𝑑𝑋

𝑏

𝑎

)

2

    

≤ (4 + 2𝜇1)𝑏2 + 2𝑏 − 𝛼(𝑋) − 𝛽(𝑋) + (2𝑏 − 𝛼(𝑋) − 𝛽(𝑋))
2

 (3.15) 

Since  

∫ 𝑝(𝑡)(𝑋 − 𝜇)𝑑𝑡 = 𝜎𝜇
2(𝑋).

𝑏

𝑎

 

And 
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∫(𝑋 − 𝜇)𝑝(𝑋)𝑑𝑋

𝑏

𝑎

 

= ∫ 𝑋𝑝(𝑋)𝑑𝑋 − ∫ 𝜇 𝑝(𝑋)𝑑𝑋 = 𝐸(𝑋) − 𝜇

𝑏

𝑎

𝑏

𝑎

. 

By using (3.15) we get, 

0 ≤ 𝜎𝜇
2(𝑋) − (𝐸(𝑋) − 𝜇)2

≤ (4 + 2𝑀1)𝑏2 + 2𝑏 − 𝛼(𝑋) − 𝛽(𝑋)

+ (2𝑏 − 𝛼(𝑋) − 𝛽(𝑋))
2

            ∀ 𝜇 ∈ [𝑎, 𝑏]        ∎ 

We will relate connect the expectation 𝐸(𝑋) to cumulative 

distribution function 𝐻(𝑡) = ∫ ℎ(𝑡)𝑑𝑡
𝑏

𝑎
, where ℎ(𝑡)is the 

probability density function. 

Theorem 3.2.12 

Let X be a random variable whose the probability density h(t) 

belong to 𝐿𝑝[𝑎, 𝑏] and E(X) is expectation of 𝑋, then 

|𝐸(𝑋) + (𝑏 − 𝑎)𝐹(𝑋) − 𝑋 −
𝑏 − 𝑎

2
| 

≤
(𝑏 − 𝑎)

2
[(𝑎 + 𝑋)2 + (𝑏 + 𝑋)2]‖ℎ(𝑡)‖𝑝 + (𝑏 − 𝑎) (𝑋 −

𝑎 + 𝑏

2
). 

Proof: 

By using the inequality of Barnett and Dragomir in [52] 
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(𝑏 − 𝑎)𝐻(𝑋) + 𝐸(𝑋) − 𝑏

= ∫ 𝐾(𝑋, 𝑡)𝑑𝐻(𝑡) =

𝑏

𝑎

∫ 𝐾(𝑋, 𝑡)ℎ(𝑡)

𝑏

𝑎

            (3.16) 

Now put 𝑔(𝑋, 𝑡) = 𝐾(𝑋, 𝑡) in Theorem 3.2.3 

Where 𝐾(𝑋, 𝑡) = {
𝑡 − 𝑎     𝑖𝑓 𝑎 ≤ 𝑡 ≤ 𝑋 ≤ 𝑏,
𝑡 − 𝑏     𝑖𝑓 𝑎 ≤ 𝑋 ≤ 𝑡 ≤ 𝑏,

 

then, we get 

|
1

𝑏 − 𝑎
∫ ℎ(𝑡)𝐾(𝑋, 𝑡)𝑑𝑡 − ∫ ℎ(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫ 𝐾(𝑋, 𝑡)𝑑𝑡

𝑏

𝑎

| 

≤
1

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝

+ |∫ ℎ(𝑡)𝑑𝑡
1

𝑏 − 𝑎
∫ 𝐾(𝑋, 𝑡)𝑑𝑡

𝑏

𝑎

𝑏

𝑎

|                   (3.17) 

Now  

1

𝑏 − 𝑎
∫ 𝐾(𝑋, 𝑡)𝑑𝑡

𝑏

𝑎

=
1

𝑏 − 𝑎
[∫(𝑡 − 𝑎)𝑑𝑡 + ∫(𝑡 − 𝑏)𝑑𝑡

𝑏

𝑥

𝑥

𝑎

] 

                     =
1

𝑏 − 𝑎
[((

𝑡2

2
− 𝑎𝑡)|

𝑎

𝑥

) + ((
𝑡2

2
− 𝑏𝑡)|

𝑥

𝑏

)] 

      =
1

𝑏 − 𝑎
[(

𝑥2

2
− 𝑎𝑥 −

𝑎2

2
+ 𝑎2) + (

𝑏2

2
− 𝑏2 −

𝑥2

2
+ 𝑏𝑥)] 

                   =
1

𝑏 − 𝑎
[(𝑏 − 𝑎)𝑥 − (

𝑏2 − 𝑎2

2
)] 
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=
1

𝑏 − 𝑎
[(𝑏 − 𝑎)𝑥 −

(𝑏 − 𝑎)(𝑏 + 𝑎)

2
] 

                              = (𝑋 −
𝑎 + 𝑏

2
). 

This implies 

1

𝑏 − 𝑎
∫ 𝐾(𝑋, 𝑡)𝑑𝑡

𝑏

𝑎

= (𝑋 −
𝑎 + 𝑏

2
)  .                                 (3.18) 

then, by using (3.16) ,(3.17) and (3.18) , we get 

|
1

𝑏 − 𝑎
[𝐸(𝑋) + (𝑏 − 𝑎)𝐹(𝑋) − 𝑏 − (𝑋 −

𝑎 + 𝑏

2
)]| 

≤
1

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝 + (𝑋 −

𝑎 + 𝑏

2
) 

This implies, 

|
1

𝑏 − 𝑎
[𝐸(𝑋) + (𝑏 − 𝑎)𝐹(𝑋) − 𝑋 −

𝑏 − 𝑎

2
]| 

≤
1

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝 + (𝑋 −

𝑎 + 𝑏

2
) 

Where (𝑏 −
𝑎+𝑏

2
) =

𝑏−𝑎

2
.Then, the proof is completed                    ∎ 

Corollary 3.2.13 

If 𝑋 = 𝑎  or 𝑋 = 𝑏 in Theorem 3.2.12 

We have the same upper bound of |𝐸(𝑋) −
𝑎+𝑏

2
| . 

 

 

 



Chapter Three                Inequalities  for Expectation, Variance and Dispersion 
 

77 

 

Proof: 

(1) if 𝑋 = 𝑎 

By using Theorem 3.2.12, we get 

|𝐸(𝑋) + (𝑏 − 𝑎)𝐹(𝑎) − 𝑎 −
𝑏 − 𝑎

2
|            

≤
(𝑏 − 𝑎)

2
[(𝑎 + 𝑏)2 + (2𝑎)2]‖ℎ(𝑡)‖𝑝 + (𝑏 − 𝑎)

+ (𝑏 − 𝑎) (
𝑎 + 𝑏

2
)    

 Since 𝐹(𝑎) = 0 , when a is constant then, 

|𝐸(𝑋) + (𝑏 − 𝑎)𝐹(𝑋) − 𝑋 −
𝑏 − 𝑎

2
| = |𝐸(𝑋) −

𝑎 + 𝑏

2
| 

≤
(𝑏 − 𝑎)

2
[(𝑎 + 𝑏)2 + (2𝑏)2] ‖ℎ(𝑡)‖𝑝 + (

𝑏2 − 𝑎2

2
)                  (3.18) 

(2) if 𝑋 = 𝑏 

By using Theorem 3.2.11, we get 

|𝐸(𝑋) + (𝑏 − 𝑎)𝐹(𝑏) − 𝑏 −
𝑏 − 𝑎

2
|                         

≤
(𝑏 − 𝑎)

2
[(𝑎 + 𝑏)2 + (2𝑎)2]‖ℎ(𝑡)‖𝑝 + (𝑏 − 𝑎)

+ (𝑏 − 𝑎) (
𝑎 + 𝑏

2
) 

Since 𝐹(𝑏) = 1, when b is constant then 

|𝐸(𝑋) + (𝑏 − 𝑎)𝐹(𝑋) − 𝑋 −
𝑏 − 𝑎

2
| = |𝐸(𝑋) −

𝑎 + 𝑏

2
| 

≤
(𝑏 − 𝑎)

2
[(𝑎 + 𝑏)2 + (2𝑏)2]‖ℎ(𝑡)‖𝑝 + (

𝑏2 − 𝑎2

2
) (3.20)    
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From (3.19) and (3.20) we have the upper bound of |𝐸(𝑋) −
𝑎+𝑏

2
| 

are equivalent                                                                               ∎ 

Corollary 3.2.14 

If 𝑋 =
𝑎+𝑏

2
 in Theorem 3.2.12, then we have the best inequality 

|𝐸(𝑋) + (𝑏 − 𝑎)𝑃𝑟 (𝑋 ≤
𝑎 + 𝑏

2
)|                         

≤
(𝑏 − 𝑎)

2
[((

3𝑎 + 𝑏

2
)

2

+ (
3𝑏 + 𝑎

2
)

2

) ‖ℎ(𝑡)‖𝑝]. 

Proof: 

By using Theorem 3.2.12, we get 

|𝐸(𝑋) + (𝑏 − 𝑎)𝐻 (
𝑎 + 𝑏

2
) −

𝑎 + 𝑏

2
−

𝑏 − 𝑎

2
| 

≤
(𝑏 − 𝑎)

2
[(

𝑎 + 𝑏

2
+ 𝑎)

2

+ (
𝑎 + 𝑏

2
+ 𝑏)

2

] ‖ℎ(𝑡)‖𝑝 + 

           (𝑏 − 𝑎) (
𝑎 + 𝑏

2
−

𝑎 + 𝑏

2
)                                                 (3.21) 

Since 

 𝐻 (
𝑎+𝑏

2
) = 𝑃𝑟 (𝑋 ≤

𝑎+𝑏

2
) and 

𝑎+𝑏

2
−

𝑏−𝑎

2
= 0, also 

(
𝑎+𝑏

2
+ 𝑎)

2
= (

3𝑎+𝑏

2
)

2
 and  (

𝑎+𝑏

2
+ 𝑏)

2
= (

3𝑏+𝑎

2
)

2
. 

Then by using (3.21), we obtain 

|𝐸(𝑋) + (𝑏 − 𝑎)𝑃𝑟 (𝑋 ≤
𝑎 + 𝑏

2
)|         

≤
(𝑏 − 𝑎)

2
[((

3𝑎 + 𝑏

2
)

2

+ (
3𝑏 + 𝑎

2
)

2

) ‖ℎ(𝑡)‖𝑝]                   ∎ 
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Theorem 3.2.15 

Let X be a random variable whose the probability density h(t) 

belong to 𝐿𝑝[𝑎, 𝑏] and H(t) is a cumulative distribution ,then 

|𝐸(𝑋) +
𝑏 − 𝑎

2
𝐻(𝑋) −

𝑏 + 𝑥

2
| 

≤
(𝑏 − 𝑎)

2
[((𝑎 + 𝑋)2 + (𝑏 + 𝑋)2)‖ℎ(𝑡)‖𝑝 − 𝐻(𝑡) + 1]  

  ∀𝑋 ∈ [𝑎, 𝑏] 

Proof: 

Since  

(𝑏 − 𝑎)𝐻(𝑋) + 𝐸(𝑋) − 𝑏   

= ∫(𝑡 − 𝑎)𝑑𝐻(𝑡) +

𝑥

𝑎

∫(𝑡 − 𝑏)𝑑𝐻(𝑡)

𝑏

𝑥

 

=  ∫(𝑡 − 𝑎)ℎ(𝑡) +

𝑥

𝑎

∫(𝑡 − 𝑏)ℎ(𝑡)

𝑏

𝑥

 , ∀𝑋 ∈ [𝑎, 𝑏]  .          (3.22) 

By using Theorem 3.2.3, put 𝑔(𝑋, 𝑡) = (𝑡 − 𝑎),we get 

|
1

𝑥 − 𝑎
∫ ℎ(𝑡)(𝑡 − 𝑎)𝑑𝑡 −

1

𝑥 − 𝑎
∫ ℎ(𝑡)

𝑥

𝑎

𝑥

𝑎

𝑑𝑡
1

𝑥 − 𝑎
∫(𝑡 − 𝑎)𝑑𝑡

𝑥

𝑎

| 

≤
1

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝

+ |∫ ℎ(𝑡)𝑑𝑡
1

𝑥 − 𝑎
∫(𝑡 − 𝑎)𝑑𝑡

𝑥

𝑎

𝑥

𝑎

| .                                (3.23) 
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Now 

1

𝑥 − 𝑎
∫(𝑡 − 𝑎)𝑑𝑡

𝑥

𝑎

=
1

𝑥 − 𝑎
((

𝑡2

2
− 𝑎𝑡))|

𝑎

𝑥

 

=
1

𝑥 − 𝑎
[
𝑥2

2
− 𝑎𝑥 −

𝑎2

2
+ 𝑎2] 

=
1

2(𝑥 − 𝑎)
[𝑥2 − 2𝑎𝑥 + 𝑎2] 

=
1

2(𝑥 − 𝑎)
(𝑥 − 𝑎)2 =

(𝑥 − 𝑎)

2
, 

also, ∫ ℎ(𝑡)

𝑥

𝑎

𝑑𝑡 = 𝐻(𝑋) 

  So by above (3.22) become 

|∫ ℎ(𝑡)(𝑡 − 𝑎)𝑑𝑡 −

𝑥

𝑎

𝑥 − 𝑎

2
𝐻(𝑡)| 

≤
𝑥 − 𝑎

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝

+ |
𝑥 − 𝑎

2
𝐻(𝑥)|                                                 (3.24) 

and similarly, put 𝑔(𝑋, 𝑡) = (𝑡 − 𝑏)in Theorem 3.2.3, we get 

|
1

𝑏 − 𝑥
∫(𝑡 − 𝑏)ℎ(𝑡)𝑑𝑡 −

1

𝑏 − 𝑥
∫ ℎ(𝑡)

𝑏

𝑥

𝑏

𝑥

𝑑𝑡
1

𝑏 − 𝑥
∫(𝑡 − 𝑎)𝑑𝑡

𝑏

𝑥

|

≤
1

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝

+ |∫ ℎ(𝑡)𝑑𝑡
1

𝑏 − 𝑥
∫(𝑡 − 𝑎)𝑑𝑡

𝑏

𝑥

𝑏

𝑥

|                     (3.25) 
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Since 

1

𝑏 − 𝑥
∫(𝑡 − 𝑏)𝑑𝑡

𝑏

𝑥

=
1

𝑏 − 𝑥
((

𝑡2

2
− 𝑏𝑡))|

𝑥

𝑏

 

=
1

𝑏 − 𝑥
[
𝑏2

2
− 𝑏2 + 𝑏𝑥 −

𝑥2

2
] 

1

𝑏 − 𝑥
[− (

𝑥2

2
− 𝑏𝑥 +

𝑏

2
)] 

=
−1

2(𝑏 − 𝑥)
[𝑥2 − 2𝑏𝑥 + 𝑏2] 

=
−1

2(𝑏 − 𝑥)
(𝑏 − 𝑥)2 =

(𝑥 − 𝑏)

2
, 

𝑎𝑙𝑠𝑜, ∫ ℎ(𝑡)

𝑏

𝑥

𝑑𝑡 = (𝐻(𝑥))𝑐 = 1 − 𝐻(𝑥). 

So by above (3.25) become 

|
1

𝑏 − 𝑥
∫(𝑡 − 𝑏)ℎ(𝑡)𝑑𝑡 −

𝑏

𝑥

(𝑥 − 𝑏)

2

1

𝑏 − 𝑥
(1 − 𝐻(𝑥))|

≤
1

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝 + |

1

2
(1 − 𝐻(𝑡)| .         

This implies, 

|∫(𝑡 − 𝑏)ℎ(𝑡)𝑑𝑡 +

𝑏

𝑥

𝑏 − 𝑥

2
−

𝑏 − 𝑥

2
𝐻(𝑡)|

≤
𝑏 − 𝑥

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝

+ |
𝑏 − 𝑥

2
−

𝑏 − 𝑥

2
𝐻(𝑡)|                                            (3.26) 



Chapter Three                Inequalities  for Expectation, Variance and Dispersion 
 

82 

 

by summing (3.24) and(3.26) ,also using the triangle inequality , 

we get 

|∫(𝑡 − 𝑎)ℎ(𝑡)𝑑𝑡 −

𝑥

𝑎

𝑥 − 𝑎

2
𝐻(𝑥) + ∫(𝑡 − 𝑏)ℎ(𝑡)𝑑𝑡 +

𝑏

𝑥

𝑏 − 𝑥

2

−
𝑏 − 𝑥

2
𝐻(𝑥)| 

≤
(𝑥 − 𝑎)

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝 +

(𝑥 − 𝑎)

2
𝐻(𝑥)

+
(𝑏 − 𝑥)

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝

+ |
𝑏 − 𝑥

2
−

𝑏 − 𝑥

2
𝐻(𝑥)|. 

This implies 

|∫ ℎ(𝑡)(𝑡 − 𝑎)𝑑𝑡

𝑥

𝑎

+ ∫ ℎ(𝑡)(𝑡 − 𝑏)𝑑𝑡 −
𝑏 − 𝑎

2
𝐻(𝑥) +

𝑏

𝑥

𝑏 − 𝑥

2
| 

≤
(𝑏 − 𝑎)

2
[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝 +

(𝑏 − 𝑎)

2
−

(𝑏 − 𝑎)

2
𝐻(𝑥) 

≤
(𝑏 − 𝑎)

2
[[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝 − 𝐻(𝑥) + 1],           (3.27) 

by using (3.22) and (3.27), we get, 

|(𝑏 − 𝑎)𝐻(𝑋) + 𝐸(𝑋) − 𝑏 −
𝑏 − 𝑎

2
𝐻(𝑋) +

𝑏 − 𝑥

2
|

≤
(𝑏 − 𝑎)

2
[[(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2]‖ℎ(𝑡)‖𝑝 − 𝐻(𝑡) + 1]. 

This implies, 
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|𝐸(𝑋) +
𝑏 − 𝑎

2
𝐻(𝑋) −

𝑏 + 𝑥

2
| 

≤
(𝑏 − 𝑎)

2
[((𝑎 + 𝑥)2 + (𝑏 + 𝑥)2)‖ℎ(𝑡)‖𝑝 − 𝐻(𝑥) + 1]  ∎ 

Corollary 3.2.16 

If 𝑋 = 𝑎 or 𝑋 = 𝑏 in |(𝑏 − 𝑎)𝐻(𝑋) + 𝐸(𝑋) − 𝑏| = |𝐸(𝑋) −
𝑎+𝑏

2
| 

We have the same upper bound. 

Proof: 

(1) if 𝑋 = 𝑎 in Theorem 3.2.15, we get 

|
𝑏 − 𝑎

2
𝐻(𝑎) + 𝐸(𝑋) −

𝑏 + 𝑥

2
|

≤
(𝑏 − 𝑎)

2
[((2𝑎)2 + (𝑏 + 𝑎)2)‖ℎ(𝑡)‖𝑝 − 𝐻(𝑡) + 1] 

                          ≤
(𝑏−𝑎)

2
[((2𝑏)2 + (𝑏 + 𝑎)2)‖ℎ(𝑡)‖𝑝 − 𝐻(𝑡) + 1]Since 

𝐻(𝑎) = 0 , when a is constant then, 

(2) if 𝑋 = 𝑏  in Theorem 3.2.15, we get 

|(𝑏 − 𝑎)𝐻(𝑋) + 𝐸(𝑋) −
𝑏 + 𝑥

2
| 

≤
(𝑏 − 𝑎)

2
[((2𝑎)2 + (𝑏 + 𝑎)2)‖ℎ(𝑡)‖𝑝 − 𝐻(𝑡) + 1]                  (3.28) 

From (3.27) and (3.28), we get  

|𝐸(𝑋) −
𝑎+𝑏

2
|  has the same upper bound  

when 𝑋 = 𝑎 and 𝑋 = 𝑏                                                                      ∎ 
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Corollary 3.2.18 

If 𝑋 =
𝑎+𝑏

2
 in Theorem 3.2.15, then we have the  best inequality 

|𝐸(𝑋) + (
𝑏 − 𝑎

2
) 𝑃𝑟 (𝑋 ≤

𝑎 + 𝑏

2
) −

𝑎 + 3𝑏

2
|  ≤                        

(𝑏 − 𝑎)

2
[((

3𝑎 + 𝑏

2
)

2

+ (
3𝑏 + 𝑎

2
)

2

) ‖ℎ(𝑡)‖𝑝

− 𝑃𝑟 (𝑋 ≤
𝑎 + 𝑏

2
) + 1]. 

Proof: 

By using Theorem 3.2.15, when 𝑋 =
𝑎+𝑏

2
 we get 

|𝐸(𝑋) + (
𝑏 − 𝑎

2
) 𝐻(

𝑎 + 𝑏

2
) −

𝑏 + (
𝑎 + 𝑏

2
)

2
|                         

≤
(𝑏 − 𝑎)

2
[((𝑎 +

𝑎 + 𝑏

2
)

2

+ (𝑏 +
𝑏 + 𝑎

2
)

2

) ‖ℎ(𝑡)‖𝑝

− 𝐻 (
𝑎 + 𝑏

2
) + 1], 

Since, 

𝐻 (
𝑎 + 𝑏

2
) = 𝑃𝑟 (𝑋 ≤

𝑎 + 𝑏

2
). 

Then, 

|𝐸(𝑋) + (
𝑏 − 𝑎

2
) 𝑃𝑟 (𝑋 ≤

𝑎 + 𝑏

2
) −

𝑎 + 3𝑏

2
|  
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≤
(𝑏 − 𝑎)

2
[((

3𝑎 + 𝑏

2
)

2

+ (
3𝑏 + 𝑎

2
)

2

) ‖ℎ(𝑡)‖𝑝

− 𝑃𝑟 (𝑋 ≤
𝑎 + 𝑏

2
) + 1]                                           ∎ 
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An 𝑳𝒑, 𝒑 < 𝟏 Application of a Modified 

Chebyshev Inequality 

Some authors proved a Chebyshev inequality for absolutely 

continuous functions. We prove a generalization and 

refinement of this Chebyshev inequality for  functions in the 

spaces 𝐿𝑝, for 0 < 𝑝 < 1. Call it a version of pre- Chebyshev 

inequality. As an application of pre- Chebyshev inequality are 

prove fundamental inequalities for Expectation of Cumulative 

distribution function of random variable with probability 

density function 𝑓, such that 𝑓, 𝑓́ ∈ 𝐿𝑝[𝑎, 𝑏], 0 < 𝑝 < 1, 𝑎, 𝑏 ∈ ℝ. 

4.1.Introduction: 

In the following type of Chebyshev inequality is well known. 

Theorem 4.1.1[50] 

Let 𝑓, 𝑔: [𝑎, 𝑏] → ℝ be two absolutely continuous  mapping on  

[𝑎, 𝑏] whose derivatives 𝑓́, 𝑔́: [𝑎, 𝑏] → ℝ belong to the Lebesgue 

space 𝐿∞[𝑎, 𝑏], then 

|
1

𝑏 − 𝑎
∫ 𝑓(𝑥)𝑔(𝑥)𝑑𝑥 −

1

𝑏 − 𝑎
∫𝑓(𝑥)

𝑏

𝑎

𝑏

𝑎

𝑑𝑥
1

𝑏 − 𝑎
∫𝑔(𝑥)𝑑𝑥

𝑏

𝑎

| 

≤
1

12
 (𝑏 − 𝑎)2 ‖𝑓́‖

∞
 ‖𝑔́‖∞                                                   (4.1) 

Using the same lines step by step used in  [48]and [50] we can 

prove the following refinement and generalization of Theorem 

4.1.2, which is called pre- Chebyshev inequality. 
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Theorem 4.1.2[50] 

If 𝑓, 𝑔: [𝑎, 𝑏] → ℝ are in 𝐿𝑝[𝑎, 𝑏] , 𝑓́ ∈ 𝐿𝑝[𝑎, 𝑏] ,then 

|
1

𝑏 − 𝑎
∫ 𝑓(𝑥)𝑔(𝑥)𝑑𝑥 −

1

𝑏 − 𝑎
∫𝑓(𝑥)

𝑏

𝑎

𝑏

𝑎

𝑑𝑥
1

𝑏 − 𝑎
∫𝑔(𝑥)𝑑𝑥

𝑏

𝑎

| 

≤ (𝑏 − 𝑎) ‖𝑓́‖
𝑝
|

1

(𝑏 − 𝑎)
∫|𝑔(𝑥)|2𝑑𝑥 − (

1

(𝑏 − 𝑎)
∫|𝑔(𝑥)|

𝑏

𝑎

𝑑𝑥)

𝑝𝑏

𝑎

|

1
𝑝

 

In this chapter we use same approach, to obtain functional 

inequalities for expectation and cumulative distribution 

function of a random variable having probability density 

function , 𝑓: [𝑎, 𝑏] → ℝ, that is 𝑓, 𝑓́ ∈ 𝐿𝑝[𝑎, 𝑏] , 0 < 𝑝 < 1. 
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4.2. Application of a Modified Chebyshev Inequality 

Let us begin our main results with the following theorem. 

Theorem 4.2.1  

Let  X be a random variable having the probability density 

function 𝑓: [𝑎, 𝑏] → ℝ, if 𝑓, 𝑓́ ∈ 𝐿𝑝[𝑎, 𝑏], 0 < 𝑝 < 1 ,then  

|𝐸(𝑋) −
𝑎 + 𝑏

2
| 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
|
𝑎2 + 𝑎𝑏 + 𝑏2

3
− (

𝑎 + 𝑏

2
)
𝑝

|

1
𝑝

 

Proof: 

By using Theorem 4.1.2, put 𝑔(𝑥) = 𝑡,we get 

|
1

𝑏 − 𝑎
∫ 𝑡𝑓(𝑡)𝑑𝑡 −

1

𝑏 − 𝑎
∫𝑓(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫ 𝑡𝑑𝑡

𝑏

𝑎

| ≤ 

(𝑏 − 𝑎) ‖𝑓́‖
𝑝
|

1

(𝑏 − 𝑎)
∫|𝑡|2𝑑𝑡 − (

1

(𝑏 − 𝑎)
∫|𝑡|

𝑏

𝑎

𝑑𝑡)

𝑝𝑏

𝑎

| 
1
𝑝 ,          (4.2)  

since 

∫𝑡ℎ(𝑡)𝑑𝑡 = 𝐸(𝑋) , 𝑋 ∈ [𝑎, 𝑏]

𝑏

𝑎

, ∫ 𝑓(𝑡)𝑑𝑡 = 1

𝑏

𝑎

, 

also 
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1

𝑏 − 𝑎
∫𝑡𝑑𝑡

𝑏

𝑎

=
1

𝑏 − 𝑎

𝑏2 − 𝑎2

2
=

𝑎 + 𝑏

2
, 

and 

1

(𝑏 − 𝑎)
∫|𝑡|2𝑑𝑡 =

1

(𝑏 − 𝑎)

𝑏3 − 𝑎3

3

𝑏

𝑎

=
𝑎2 + 𝑎𝑏 + 𝑏2

3
, 

where|𝑡|𝑝 = {
    𝑡𝑝,    𝑡 ≥ 0
−𝑡𝑝,    𝑡 < 0

, 

by using (4.2),we get 

|
1

𝑏 − 𝑎
𝐸(𝑋) −

1

𝑏 − 𝑎
(
𝑎 + 𝑏

2
)|

≤ (𝑏 − 𝑎) ‖𝑓́‖
𝑝
|
𝑎2 + 𝑎𝑏 + 𝑏2

3
− (

𝑎 + 𝑏

2
)
𝑝

|

1
𝑝

. 

This implies 

|𝐸(𝑋) −
𝑎 + 𝑏

2
|

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
|
𝑎2 + 𝑎𝑏 + 𝑏2

3
− (

𝑎 + 𝑏

2
)
𝑝

|

1
𝑝

 ∎ 
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Theorem 4.2.2 

Let  X be a random variable having the probability density 

function 𝑓: [𝑎, 𝑏] → ℝ, If 𝑓, 𝑓́ ∈ 𝐿𝑝[𝑎, 𝑏], 0 < 𝑝 < 1. Then  

|𝜎𝜇
2(𝑋) − (𝜇 −

𝑎 + 𝑏

2
)
2

−
1

12
(𝑏 − 𝑎)2| 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
|(

𝑎 + 𝑏

2
− 𝜇)

− [(𝜇 −
𝑎 + 𝑏

2
) +

1

12
(𝑏 − 𝑎)]

𝑝

|

1
𝑝

 

Proof 

by using Theorem 4.1.2, put 𝑔(𝑥) = (𝑡 − 𝜇)2,we get 

|
1

𝑏 − 𝑎
∫(𝑡 − 𝜇)2𝑓(𝑡)𝑑𝑡 −

1

𝑏 − 𝑎
∫𝑓(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫(𝑡 − 𝜇)2𝑑𝑡

𝑏

𝑎

| ≤ 

(𝑏 − 𝑎) ‖𝑓́‖
𝑝
|

1

(𝑏 − 𝑎)
∫|(𝑡 − 𝜇)2|2𝑑𝑡

𝑏

𝑎

− (
1

(𝑏 − 𝑎)
∫|(𝑡 − 𝜇)2|

𝑏

𝑎

𝑑𝑡)

𝑝

| 
1
𝑝.                    (4.3) 
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Since, 

1

𝑏 − 𝑎
∫(𝑡 − 𝜇)2𝑑𝑡

𝑏

𝑎

= (𝜇 −
𝑎 + 𝑏

2
) +

1

12
(𝑏 − 𝑎)2, 

and, 

1

(𝑏 − 𝑎)
∫|(𝑡 − 𝜇)2|2𝑑𝑡

𝑏

𝑎

=
1

(𝑏 − 𝑎)
∫(𝑡 − 𝜇)𝑑𝑡

𝑏

𝑎

 

=
1

(𝑏 − 𝑎)
(
𝑏2 − 𝑎2

2
− 𝜇(𝑏 − 𝑎)) = (

𝑎 + 𝑏

2
− 𝜇), 

also 

∫(𝑡 − 𝜇)2𝑓(𝑡)𝑑𝑡

𝑏

𝑎

= 𝜎𝜇
2(𝑋), and ∫𝑓(𝑡)

𝑏

𝑎

𝑑𝑡 = 1 

by using(4.3), we get 

|
1

𝑏 − 𝑎
𝜎𝜇

2(𝑋) −
1

𝑏 − 𝑎
[(𝜇 −

𝑎 + 𝑏

2
)
2

+
1

12
(𝑏 − 𝑎)2]| ≤ 

  (𝑏 − 𝑎)‖𝑓́‖
𝑝
|(

𝑎 + 𝑏

2
− 𝜇) − [(𝜇 −

𝑎 + 𝑏

2
) +

1

12
(𝑏 − 𝑎)2]

𝑝

|

1
𝑝

. 

This implies 
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|𝜎𝜇
2(𝑋) − (𝜇 −

𝑎 + 𝑏

2
)
2

−
1

12
(𝑏 − 𝑎)2| 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
|(

𝑎+𝑏

2
− 𝜇) − [(𝜇 −

𝑎+𝑏

2
) +

1

12
(𝑏 − 𝑎)2]

𝑝
|

1

𝑝
         ∎ 

Collorary 4.2.3 

Let X be a random variable having the probability density 

function 𝑓: [𝑎, 𝑏] → ℝ , If 𝑓, 𝑓́ ∈ 𝐿𝑝[𝑎, 𝑏], 0 < 𝑝 < 1 , then 

|𝜎°
2(𝑋) −

1

12
(𝑏 − 𝑎)2| ≤ (𝑏 − 𝑎)2 ‖𝑓́‖

𝑝
|[

1

12
(𝑏 − 𝑎)2]

𝑝

|

1
𝑝

 

Proof:  

By using Theorem 4.2.2, put 𝜇 =
𝑎+𝑏

2
 ,   

where 𝜎𝜇
2(𝑋) = 𝜎𝑎+𝑏

2
 

2 (𝑋) = 𝜎° 
2(𝑋) , we get 

|𝜎𝑎+𝑏
2

2 (𝑋) − (
𝑎 + 𝑏

2
−

𝑎 + 𝑏

2
)
2

−
1

12
(𝑏 − 𝑎)2| 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
|(

𝑎 + 𝑏

2
−

𝑎 + 𝑏

2
)

− [(
𝑎 + 𝑏

2
−

𝑎 + 𝑏

2
) +

1

12
(𝑏 − 𝑎)2]

𝑝

|

1
𝑝

. 

 

 



Chapter Four        An Lp,p<1 application of a modified Chebyshev inequality 
 

94 

 

This implies 

|𝜎°
2(𝑋) −

1

12
(𝑏 − 𝑎)2| ≤ (𝑏 − 𝑎)2 ‖𝑓́‖

𝑝
|[

1

12
(𝑏 − 𝑎)2]

𝑝

|

1
𝑝

             ∎   

Now, we will connects the expectation E(X) with the 

cumulative distribution 𝐹(𝑥)of a random variable 𝑋, when  

𝑓, 𝑓́ ∈ 𝐿𝑝[𝑎, 𝑏], 0 < 𝑝 < 1. 

To prove our next result, we need the so called Branett and 

Dragomir inequality [10]. 

(𝑏 − 𝑎)𝐹(𝑥) + 𝐸(𝑋) − 𝑏 = ∫ 𝐾(𝑋, 𝑡) 𝑑𝐹(𝑡)

𝑏

𝑎

       

                                                = ∫𝐾(𝑋, 𝑡)𝑓(𝑡)

𝑏

𝑎

                      (4.4) 

Theorem 4.2.4 

 Let  𝑋 be a random variable whose probability density function 

𝑓: [𝑎, 𝑏] → ℝ. If 𝑓, 𝑓́ ∈ 𝐿𝑝[𝑎, 𝑏], 0 < 𝑝 < 1, and 𝐸(𝑋) is the 

expectation of 𝑋,then 

|𝐸(𝑋) + (𝑏 − 𝑎)𝐹(𝑥) − 𝑥 −
𝑏 − 𝑎

2
| 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
[|

(𝑥 − 𝑎)2 + (𝑏 − 𝑥)2

3
| + |𝑥 −

𝑎 + 𝑏

2
|
𝑝

]

1
𝑝
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Proof: 

Let 𝐾(𝑋, 𝑡) = {
𝑡 − 𝑎   𝑖𝑓 𝑎 ≤ 𝑡 ≤ 𝑋 ≤ 𝑏
𝑡 − 𝑏   𝑖𝑓 𝑎 ≤ 𝑋 ≤ 𝑡 ≤ 𝑏

, 

now by using Theorem 4.1.2, for 𝑔(𝑡) = 𝐾(𝑋, 𝑡), we get 

|
1

𝑏 − 𝑎
∫ 𝐾(𝑋, 𝑡)𝑓(𝑡)𝑑𝑡 −

1

𝑏 − 𝑎
∫ 𝑓(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫ 𝐾(𝑋, 𝑡)𝑑𝑡

𝑏

𝑎

| ≤ 

(𝑏 − 𝑎) ‖𝑓́‖
𝑝
|

1

(𝑏 − 𝑎)
∫|𝐾(𝑋, 𝑡)|2𝑑𝑡

𝑏

𝑎

− (
1

(𝑏 − 𝑎)
∫|𝐾(𝑋, 𝑡)|

𝑏

𝑎

𝑑𝑡)

𝑝

| 
1
𝑝,                       (4.5) 

since, 

1

𝑏 − 𝑎
∫𝐾(𝑋, 𝑡)𝑑𝑡

𝑏

𝑎

=
1

𝑏 − 𝑎
[∫(𝑡 − 𝑎)𝑑𝑡 + ∫(𝑡 − 𝑏)𝑑𝑡

𝑏

𝑥

𝑥

𝑎

] 

=
1

𝑏 − 𝑎
[(

𝑡2

2
− 𝑎𝑡)|

𝑎

𝑥

+ (
𝑡2

2
− 𝑏𝑡)|

𝑥

𝑏

] 

=
1

𝑏 − 𝑎
[(

𝑋2

2
− 𝑎𝑋) − (

𝑎2

2
− 𝑎2) + (

𝑏2

2
− 𝑏2) − (

𝑋2

2
− 𝑏𝑋)] 

=
1

𝑏 − 𝑎
[𝑎2 − 𝑎𝑥 −

𝑎2

2
− 𝑏2 + 𝑏𝑥 +

𝑏2

2
] 



Chapter Four        An Lp,p<1 application of a modified Chebyshev inequality 
 

96 

 

=
1

𝑏 − 𝑎
[(𝑏 − 𝑎)𝑥 −

𝑏2 − 𝑎2

2
], 

this implies, 

1

𝑏 − 𝑎
∫𝐾(𝑋, 𝑡)𝑑𝑡

𝑏

𝑎

= (𝑥 −
𝑎 + 𝑏

2
), 

also, 

1

(𝑏 − 𝑎)
∫|𝐾(𝑋, 𝑡)|2𝑑𝑡

𝑏

𝑎

 

=
1

𝑏 − 𝑎
[∫(𝑡 − 𝑎)2𝑑𝑡 + ∫(𝑡 − 𝑏)2𝑑𝑡

𝑏

𝑥

𝑥

𝑎

] 

=
1

𝑏 − 𝑎
[(

(𝑡 − 𝑎)3

3
)|

𝑎

𝑥

+ (
(𝑡 − 𝑏)3

3
)|

𝑥

𝑏

] 

=
1

𝑏 − 𝑎
[
(𝑥 − 𝑎)3

3
+

−(𝑥 − 𝑏)3

3
] 

=
1

𝑏 − 𝑎
[
(𝑥 − 𝑎)3

3
+

(𝑏 − 𝑥)3

3
], 

then 

1

(𝑏 − 𝑎)
∫|𝐾(𝑋, 𝑡)|2𝑑𝑡 =

𝑏

𝑎

(𝑥 − 𝑎)3 + (𝑏 − 𝑥)3

3(𝑏 − 𝑎)
, 
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∫𝑓(𝑡)

𝑏

𝑎

𝑑𝑡 = 1. 

By using (4.4) and(4.5), we get 

|𝐸(𝑋) + (𝑏 − 𝑎)𝐹(𝑥) − 𝑏 − (𝑥 −
𝑎 + 𝑏

2
)| 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
|
(𝑥 − 𝑎)3 + (𝑏 − 𝑥)3

3(𝑏 − 𝑎)
− (𝑥 −

𝑎 + 𝑏

2
)
𝑝

|

1
𝑝

, 

this implies 

|𝐸(𝑋) + (𝑏 − 𝑎)𝐹(𝑥) − 𝑥 −
𝑏 − 𝑎

2
| 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
|
(𝑥 − 𝑎)3 + (𝑏 − 𝑥)3

3(𝑏 − 𝑎)
− (𝑥 −

𝑎 + 𝑏

2
)
𝑝

|

1
𝑝

 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
[|

(𝑥−𝑎)2+(𝑏−𝑥)2

3
| + |𝑥 −

𝑎+𝑏

2
|
𝑝
]

1

𝑝
     ∎ 

 

Corollary 4.2.5 

If 𝑥 = 𝑎 or  𝑥 = 𝑏 in  |𝐸(𝑋) + (𝑏 − 𝑎)𝐹(𝑥) −
2𝑥

2
− (

𝑏−𝑎

2
)| 

= |𝐸(𝑋) −
𝑎 + 𝑏

2
|. 

Then |𝐸(𝑋) −
𝑎+𝑏

2
| have the same upper bound in Theorem 4.2.4 
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Proof:  

(1) If  𝑥 = 𝑎 

By using Theorem 4.2.4 , we get  

|𝐸(𝑋) + (𝑏 − 𝑎)𝐹(𝑎) − 𝑎 −
𝑏 − 𝑎

2
| 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
[|

(𝑏 − 𝑎)2

3
| + |𝑎 −

𝑎 + 𝑏

2
|
𝑝

]

1
𝑝

 

Since 𝐹(𝑎) = 0, when a is a constant, then  

|𝐸(𝑋) − 𝑎 − (
𝑏 − 𝑎

2
)|

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
[|

(𝑏 − 𝑎)2

3
| + |𝑎 −

𝑎 + 𝑏

2
|
𝑝

]

1
𝑝

, 

this implies 

|𝐸(𝑋) −
𝑎 + 𝑏

2
| 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
|
(𝑏 − 𝑎)2

3
− (

𝑎 − 𝑏

2
)
𝑝

|

1
𝑝

 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
2

1
𝑝−1

(
(𝑏 − 𝑎)

2
𝑝

3
1
𝑝

+
𝑏 − 𝑎

2
) , 𝑛 > 1 
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(2) 𝑥 = 𝑏 

By using Theorem 4.2.4, we get  

|𝐸(𝑋) + (𝑏 − 𝑎)𝐹(𝑏) − 𝑏 −
𝑏 − 𝑎

2
| 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
[|

(𝑏 − 𝑎)2

3
| + |𝑏 −

𝑎 + 𝑏

2
|
𝑝

]

1
𝑝

. 

Since 𝐹(𝑏) = 0, when b is a constant, this implies, 

|𝐸(𝑋) − 𝑏 −
𝑏 − 𝑎

2
|

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
[|

(𝑏 − 𝑎)2

3
| + |𝑏 −

𝑎 + 𝑏

2
|
𝑝

]

1
𝑝

, 

thus 

|𝐸(𝑋) −
𝑎 + 𝑏

2
| 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
|
(𝑏 − 𝑎)2

3
− (

𝑏 − 𝑎

2
)
𝑝

|

1
𝑝

 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
2

1
𝑝−1

(
(𝑏 − 𝑎)

2
𝑝

3
1
𝑝

+
𝑏 − 𝑎

2
) , 𝑛 > 1              ∎ 
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Corollary 4.2.6 

If 𝑥 =
𝑎+𝑏

2
  in Theorem 4.2.4 , then we have the best inequality 

|𝐸(𝑋) + (𝑏 − 𝑎)𝑃𝑟(𝑋 ≤
𝑎 + 𝑏

2
) − 𝑏| 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
[|

(𝑏 − 𝑎)

6
|]

1
𝑝

 

Proof:  

By using Theorem 4.2.4, we get 

|𝐸(𝑋) + (𝑏 − 𝑎)𝐹 (
𝑎 + 𝑏

2
) −

𝑎 + 𝑏

2
−

𝑏 − 𝑎

2
| 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
[|

(
𝑎 + 𝑏

2
− 𝑎)

2

+ (𝑏 −
𝑎 + 𝑏

2
)
2

3
|

+ |
𝑎 + 𝑏

2
−

𝑎 + 𝑏

2
|
𝑝

]

1
𝑝

 

Since 𝐹 (
𝑎+𝑏

2
) = 𝑃𝑟 (𝑋 ≤

𝑎+𝑏

2
), 

also (
𝑎+𝑏

2
− 𝑎) =

𝑏−𝑎

2
  then (

𝑎+𝑏

2
− 𝑎)

2
= (

𝑏−𝑎

2
)
2
 

and(𝑏 −
𝑎+𝑏

2
) =

𝑎−𝑏

2
= −(

𝑏−𝑎

2
),then (𝑏 −

𝑎+𝑏

2
)
2

= (
𝑏−𝑎

2
)
2
, 
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this implies, 

|𝐸(𝑋) + (𝑏 − 𝑎)𝑃𝑟 (𝑋 ≤
𝑎 + 𝑏

2
) −

𝑎 + 𝑏

2
−

𝑏 − 𝑎

2
| 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝

[
 
 
 
 

|
|
(
𝑏 − 𝑎

2
)
2

+ (− (
𝑏 − 𝑎

2
))

2

3 |
|
+ |

𝑎 + 𝑏

2
−

𝑎 + 𝑏

2
|

𝑝

]
 
 
 
 

1
𝑝

 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
[|

(𝑏 − 𝑎)2

6
|]

1
𝑝

  .                                                

Then, we get 

|𝐸(𝑋) + (𝑏 − 𝑎)𝑃𝑟(𝑋 ≤
𝑎 + 𝑏

2
) − 𝑏| 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
[|

(𝑏 − 𝑎)

6
|]

1
𝑝

                                                    ∎ 
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Theorem 4.2.7 

Let 𝑋 be a random variable with probability density function 

𝑓(𝑡)  and its derivative belong to 𝐿𝑝[𝑎, 𝑏], 0 < 𝑝 < 1 .Then, 

|𝐸(𝑋) +
(𝑏 − 𝑎)

2
𝐹(𝑥) −

𝑏 + 𝑥

2
| 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
[|

𝑥2 + 𝑎𝑥 + 𝑎2

3
− (

𝑥 − 𝑎

2
)
𝑝

|

1
𝑝

+ |
𝑥2 + 𝑏𝑥 + 𝑏2

3
− (

𝑥 − 𝑏

2
)
𝑝

|

1
𝑝

] 

Proof:  

By using (4.4), we get 

(𝑏 − 𝑎)𝐹(𝑥) + 𝐸(𝑋) − 𝑏 

= ∫ (𝑡 − 𝑎)𝑑𝐹(𝑡) +
𝑥

𝑎
 ∫ (𝑡 − 𝑎)𝑑𝐹(𝑡)

𝑏

𝑥
 

 = ∫ (𝑡 − 𝑎)𝑓(𝑡)𝑑𝑡 +
𝑥

𝑎
 ∫ (𝑡 − 𝑏)𝑓(𝑡)𝑑𝑡

𝑏

𝑥
                           (4.6) 

Now, by using Theorem 4.1.2, put 𝑔(𝑥) = 𝑡 − 𝑎, we get 
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|
1

𝑥 − 𝑎
∫(𝑡 − 𝑎)𝑓(𝑡)𝑑𝑡 −

1

𝑥 − 𝑎
∫𝑓(𝑡)

𝑥

𝑎

𝑥

𝑎

𝑑𝑡
1

𝑥 − 𝑎
∫(𝑡 − 𝑎)𝑑𝑡

𝑥

𝑎

| 

≤ (𝑏 − 𝑎) ‖𝑓́‖
𝑝
|

1

𝑥 − 𝑎
∫|(𝑡 − 𝑎)|2𝑑𝑡

𝑥

𝑎

− (
1

(𝑥 − 𝑎)
∫|(𝑡 − 𝑎)|

𝑥

𝑎

𝑑𝑥)

𝑝

|

1
𝑝

.                      (4.7) 

Since  

∫ 𝑓(𝑡)𝑑𝑡 = 𝐹(𝑥)
𝑥

𝑎
, and 

1

(𝑥 − 𝑎)
∫(𝑡 − 𝑎)𝑑𝑡 =

𝑥 − 𝑎

2

𝑥

𝑎

 , 

1

(𝑥 − 𝑎)
∫|(𝑡 − 𝑎)|2𝑑𝑡 =

𝑥2 + 𝑎𝑥 + 𝑎2

3

𝑡

𝑎

, 

 then (4.7) become, 

|
1

𝑥 − 𝑎
∫(𝑡 − 𝑎)𝑓(𝑡)𝑑𝑡 −

𝐹(𝑥)

2

𝑥

𝑎

| ≤ 

(𝑏 − 𝑎) ‖𝑓́‖
𝑝
|
𝑥2 + 𝑎𝑥 + 𝑎2

3
− (

𝑥 − 𝑎

2
)
𝑝

|

1
𝑝
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|∫(𝑡 − 𝑎)𝑓(𝑡)𝑑𝑡 −
𝑥 − 𝑎

2
𝐹(𝑥)

𝑥

𝑎

| ≤ 

(𝑏 − 𝑎)(𝑥 − 𝑎) ‖𝑓́‖
𝑝
|
𝑥2 + 𝑎𝑥 + 𝑎2

3
− (

𝑥 − 𝑎

2
)
𝑝

|

1
𝑝

        (4.8) 

Similarly, by using Theorem 4.1.2, put 𝑔(𝑥) = 𝑡 − 𝑏 , we get, 

|
1

𝑏 − 𝑥
∫(𝑡 − 𝑏)𝑓(𝑡)𝑑𝑡 −

1

𝑏 − 𝑥
∫ 𝑓(𝑡)

𝑏

𝑥

𝑏

𝑥

𝑑𝑡
1

𝑏 − 𝑥
∫(𝑡 − 𝑏)𝑑𝑡

𝑏

𝑥

| ≤ 

(𝑏 − 𝑎) ‖𝑓́‖
𝑝
|

1

𝑏 − 𝑥
∫|(𝑡 − 𝑏)|2𝑑𝑡

𝑏

𝑥

− (
1

(𝑏 − 𝑥)
∫|(𝑡 − 𝑏)|

𝑏

𝑥

𝑑𝑡)

𝑝

|

1
𝑝

                        (4.9) 

since ∫ 𝑓(𝑡)𝑑𝑡 = (𝐹(𝑥))𝑐 = 1 − 𝐹(𝑥)
𝑏

𝑥
, and 

1

(𝑏 − 𝑥)
∫(𝑡 − 𝑏)𝑑𝑡 =

𝑥 − 𝑏

2

𝑏

𝑥

     , 

1

(𝑏 − 𝑥)
∫|(𝑡 − 𝑏)|2𝑑𝑡 =

𝑥2 + 𝑏𝑥 + 𝑏2

3

𝑏

𝑥

, 

then (4.9) become, 
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|
1

𝑏 − 𝑥
∫(𝑡 − 𝑏)𝑓(𝑡)𝑑𝑡 −

𝑥 − 𝑏

2

𝑏

𝑥

1

𝑏 − 𝑥
(1 − 𝐹(𝑥))| ≤ 

(𝑏 − 𝑎) ‖𝑓́‖
𝑝
|
𝑥2 + 𝑏𝑥 + 𝑏2

3
− (

𝑥 − 𝑏

2
)
𝑝

|

1
𝑝

. 

we obtain, 

|
1

𝑏 − 𝑥
∫(𝑡 − 𝑏)𝑓(𝑡)𝑑𝑡 +

1

2

𝑏

𝑥

(1 − 𝐹(𝑥))| ≤ 

(𝑏 − 𝑎) ‖𝑓́‖
𝑝
|
𝑥2 + 𝑏𝑥 + 𝑏2

3
− (

𝑥 − 𝑏

2
)
𝑝

|

1
𝑝

        .            

This implies 

|∫(𝑡 − 𝑏)𝑓(𝑡)𝑑𝑡 +
𝑏 − 𝑥

2

𝑏

𝑥

−
𝑏 − 𝑥

2
𝐹(𝑥)| ≤ 

(𝑏 − 𝑎)(𝑏 − 𝑥)‖𝑓́‖
𝑝
|
𝑥2 + 𝑏𝑥 + 𝑏2

3
− (

𝑥 − 𝑏

2
)
𝑝

|

1
𝑝

       (4.10) 

From (4.8) and (4.10), we get 
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|∫(𝑡 − 𝑎)𝑓(𝑡)𝑑𝑡

𝑥

𝑎

+ ∫(𝑡 − 𝑏)𝑓(𝑡)𝑑𝑡 −
𝑥 − 𝑏

2
−

𝑥 − 𝑎

2
𝐹(𝑥)

𝑏

𝑥

+
𝑥 − 𝑏

2
𝐹(𝑥)| ≤ 

(𝑏 − 𝑎)(𝑥 − 𝑎) ‖𝑓́‖
𝑝
|
𝑥2 + 𝑎𝑥 + 𝑎2

3
− (

𝑥 − 𝑎

2
)
𝑝

|

1
𝑝

 

+(𝑏 − 𝑎)(𝑏 − 𝑥)‖𝑓́‖
𝑝
|
𝑥2 + 𝑏𝑥 + 𝑏2

3
− (

𝑥 − 𝑏

2
)
𝑝

|

1
𝑝

, 

 

this implies 

|𝐸(𝑋) +
(𝑏 − 𝑎)

2
𝐹(𝑥) −

𝑎 + 𝑏

2
| 

≤ (𝑏 − 𝑎) ‖𝑓́‖
𝑝
[(𝑥 − 𝑎) |

𝑥2 + 𝑎𝑥 + 𝑎2

3
− (

𝑥 − 𝑎

2
)
𝑝

|

1
𝑝

+ (𝑏 − 𝑥) |
𝑥2 + 𝑏𝑥 + 𝑏2

3
− (

𝑥 − 𝑏

2
)
𝑝

|

1
𝑝

]              ∎ 
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Approximation of Expectation and Variance on 

[𝒂, 𝒃]Interval, with Probability Density Function in 

𝑳𝒑[𝒂, 𝒃], 𝟎 < 𝒑 < 𝟏 

In this chapter we use Taylor,s formula to approximate expression 

in terms of expectation and variance simultaneously with 

probability density function in 𝐿𝑝, 0 < 𝑝 < 1. 

5.1.Introduction 

If X is a random variable,have probability density function 

𝑓: [𝑎, 𝑏] → ℝ. We know that the expectation of the random variable X 

is  

𝐸(𝑋) = ∫ 𝑡𝑓(𝑡)𝑑𝑡.
∞

 

Therefore, the variance of the random vaiable 𝑋 is 

𝜎2 = ∫(𝑡 − 𝐸(𝑋))
2
𝑓(𝑡)𝑑𝑡 = 𝐸(𝑋2)

𝑏

𝑎

− (𝐸(𝑋))2 

In the previous chapters we prove types pre-Gruss inequality and 

pre-chebychev inequality in terms of measurable probability density 

functions. In this chapter, we use these inequalities to approximate 

(estimate) expectation and variance with measurable probability 

density functions, in the aid of Taylor,s formula. 
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5.2. Expectation and Variance with probability density 

function in 𝑳𝒑, 𝟎 < 𝒑 < 𝟏 

To prove our main theorem we need the following auxiliary 

Lemmas 

Lemma 5.2.1:[51] 

∫ (𝑏 − 𝑡)
𝑏

𝑎

(𝑡 − 𝑎)𝑓(𝑡)𝑑𝑡 = |𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋), 𝑡 ∈ [𝑎, 𝑏] 

Lemma 5.2.2.[52] 

If 𝑝 < 𝑞, then for𝑥𝑖 ∈ 𝑅5 

(∑ |𝑥𝑖|
𝑞

∞

𝑖=1
)

1
𝑞
≤ (∑ |𝑥𝑖|

𝑝
∞

𝑖=1
)

1
𝑝
. 

Now let us introduce our main Theorem. 

Theorem 5.2.3 

Let X be a random variable defined on [𝑎, 𝑏] with the probability 

density function 𝑓: [𝑎, 𝑏] → ℝ belongs to 𝐿𝑝[𝑎, 𝑏], 𝑝 < 1.Then we 

have, 

|𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) ≤ 𝑐(𝑏 − 𝑎)
2+𝑝−

1
𝑝‖𝑓‖𝑝,  

0 < 𝑝 < 1,where c is a positive constant. 
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Proof   

Since  

∫ (𝑏 − 𝑡)
𝑏

𝑎

(𝑡 − 𝑎)𝑓(𝑡)𝑑𝑡 ≤ ∫ (𝑏 − 𝑎)2
𝑏

𝑎

|𝑓(𝑡)|𝑑𝑡 

= (𝑏 − 𝑎)2 ∫ |𝑓(𝑡)|𝑑𝑡,
𝑏

𝑎
                                                            (5.1) 

Now 

Let 𝑡1 < 𝑡2 < 𝑡3 < ⋯ < 𝑡𝑛 be a partition for [𝑎, 𝑏], 𝑎 = 𝑡° , ∆=
𝑏−𝑎

𝑛
 , 

𝑡1 = 𝑎 +
𝑏 − 𝑎

𝑛
, 𝑡2 = 𝑎 +

2(𝑏 − 𝑎)

𝑛
,… , 𝑡𝑛 = 𝑎 +

𝑖(𝑏 − 𝑎)

𝑛
. 

This implies, 

∫𝑓(𝑡)𝑑𝑡 ≅∑𝑓(𝑡𝑖)
𝑏 − 𝑎

𝑛

𝑛

𝑖=1

𝑏

𝑎

, [54]                                                (5.2) 

If 𝑝 < 1, then by using Lemma 5.2.2 and (5.2), we get 

∫𝑓(𝑡)𝑑𝑡 ≤ (∫|𝑓(𝑡)|
1
𝑝

𝑏

𝑎

)

𝑝𝑏

𝑎

≤ 𝑐 (∑|𝑓(𝑡𝑖)|
1
𝑝

𝑛

𝑖=1

𝑏 − 𝑎

𝑛
)

𝑝

 

By using Holder inequality when 𝑞 > 1, 𝑘 > 1 and 
1

𝑞
+
1

𝑘
= 1, we get 
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∫𝑓(𝑡)𝑑𝑡 ≤

𝑏

𝑎

𝑐(𝑏 − 𝑎)𝑝((∑|𝑓(𝑡𝑖)|
𝑞
𝑝

𝑛

𝑖=1

)

𝑝
𝑞

(∑|
1

𝑛
|
𝑘𝑛

𝑖=1

)

𝑝
𝑘

) 

≤ 𝑐(𝑏 − 𝑎)𝑝((∑|𝑓(𝑡𝑖)|
𝑞
𝑝

𝑛

𝑖=1

)

𝑝
𝑞

∑
1

𝑛𝑘

𝑛

𝑖=1

) , 𝑘 > 1 

≤ 𝑐(𝑏 − 𝑎)𝑝((∑|𝑓(𝑡𝑖)|
𝑝

𝑛

𝑖=1

)

1
𝑝 1

𝑛𝑘−1
) 

Assume  
1

𝑝
= 𝑘 − 1, then 

∫𝑓(𝑡)𝑑𝑡 ≤

𝑏

𝑎

𝑐(𝑏 − 𝑎)𝑝

(𝑏 − 𝑎)
1
𝑝

((∑|𝑓(𝑡𝑖)|
𝑝

𝑛

𝑖=1

(𝑏 − 𝑎)

𝑛
)

1
𝑝

) 

≤
𝑐(𝑏 − 𝑎)𝑝

(𝑏 − 𝑎)
1
𝑝

(

 
 
(∫|𝑓(𝑡𝑖)|

𝑝

𝑏

𝑎

)

1
𝑝

)

 
 

 

                            ≤
𝑐(𝑏 − 𝑎)𝑝

(𝑏 − 𝑎)
1
𝑝

‖𝑓‖𝑝 .                                          (5.3) 

Thus  

∫ (𝑏 − 𝑡)
𝑏

𝑎

(𝑡 − 𝑎)𝑓(𝑡)𝑑𝑡 ≤ 𝑐(𝑏 − 𝑎)
2+𝑝−

1
𝑝  ‖𝑓‖𝑝 
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Then by repeating of using of (5.2), we get, 

∫ (𝑏 − 𝑡)
𝑏

𝑎

(𝑡 − 𝑎)𝑓(𝑡)𝑑𝑡 ≤ (𝑏 − 𝑎)
2+𝑝−

1
𝑝‖𝑓‖𝑝. 

Then by using Lemma 5.2.1 , we get, 

|𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) ≤ (𝑏 − 𝑎)
2+𝑝−

1
𝑝   ‖𝑓‖𝑝, 

0 < 𝑝 < 1                                                                                       ∎ 

Theorem 5.2.4 

Let X be a random variable defined in [a, b] with the probability 

density function 𝑓: [𝑎, 𝑏] → ℝ belongs to 𝐿𝑝[𝑎, 𝑏], 𝑝 < 1.Then we 

have, 

||𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) −
(𝑏 − 𝑎)3

6
|

≤
(𝑏 − 𝑎)

2
((𝑎 + 𝑥)2 + (𝑏 + 𝑥)2‖𝑓(𝑡)‖𝑝) +

(𝑏 − 𝑎)3

6
 

Proof 

Recall pre-Gruss inequality when 0 < 𝑝 < 1 
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|
1

𝑏 − 𝑎
∫ℎ(𝑡)𝑔(𝑥, 𝑡)𝑑𝑡 − ∫ℎ(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

| 

≤
1

2
{(𝑎 + 𝑥)2 + (𝑏 + 𝑥)2‖ℎ(𝑡)‖𝑝} + |∫ℎ(𝑡)𝑑𝑡

1

𝑏 − 𝑎
∫𝑔(𝑥, 𝑡)𝑑𝑡

𝑏

𝑎

𝑏

𝑎

| (5.4) 

Put ℎ(𝑡) = 𝑓(𝑡), 𝑔(𝑥, 𝑡) = (𝑏 − 𝑡)(𝑡 − 𝑎), in (5.4), we get. 

|
1

𝑏 − 𝑎
∫𝑓(𝑡)(𝑏 − 𝑡)(𝑡 − 𝑎)𝑑𝑡 − ∫𝑓(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫(𝑏 − 𝑡)(𝑡 − 𝑎)𝑑𝑡

𝑏

𝑎

| 

≤
1

2
((𝑎 + 𝑥)2 + (𝑏 + 𝑥)2‖𝑓(𝑡)‖𝑝)

+ |∫𝑓(𝑡)𝑑𝑡
1

𝑏 − 𝑎
∫(𝑏 − 𝑡)(𝑡 − 𝑎)𝑑𝑡

𝑏

𝑎

𝑏

𝑎

|.               (5.5) 

Now let us compute ∫ (𝑏 − 𝑡)
𝑏

𝑎
(𝑡 − 𝑎)𝑑𝑡 

∫ (𝑏 − 𝑡)
𝑏

𝑎

(𝑡 − 𝑎)𝑑𝑡 

= ∫(𝑏𝑡 − 𝑎𝑏 − 𝑡2 + 𝑎𝑡)𝑑𝑡 =
𝑏𝑡2

2
−𝑎𝑏𝑡 −

𝑡3

3
+
𝑎𝑡2

2
|
𝑎

𝑏𝑏

𝑎

 

= (
𝑏3

2
− 𝑎𝑏2 −

𝑏3

3
+
𝑎𝑏2

2
) − (

𝑎2𝑏

2
− 𝑏𝑎2 −

𝑎3

3
+
𝑎3

2
) 
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= (
3𝑏3 − 6𝑎𝑏2 − 2𝑏3 + 3𝑎𝑏2

6
) − (

3𝑎2𝑏 − 6𝑏𝑎2 − 2𝑎3 + 3𝑎3

6
) 

=
(𝑏3−3𝑎𝑏2)−(𝑎3−3𝑏𝑎2)

6
=
𝑏3−3𝑎𝑏2+3𝑏𝑎2−𝑎3

6
=
(𝑏−𝑎)3

6
.                (5.6)  

Then using (5.6) to complete our estimate in (5.5). Also we have 

∫ 𝑓(𝑡)𝑑𝑡 = 1
𝑏

𝑎
, we obtain 

|
1

𝑏 − 𝑎
∫𝑓(𝑡)(𝑏 − 𝑡)(𝑡 − 𝑎)𝑑𝑡 −

(𝑏 − 𝑎)3

6
  

𝑏

𝑎

| 

≤
1

2
((𝑎 + 𝑥)2 + (𝑏 + 𝑥)2‖𝑓(𝑡)‖𝑝) +

(𝑏 − 𝑎)2

6
 .  

Then, 

|∫𝑓(𝑡)(𝑏 − 𝑡)(𝑡 − 𝑎)𝑑𝑡 −
(𝑏 − 𝑎)3

6
  

𝑏

𝑎

| 

≤
(𝑏 − 𝑎)

2
((𝑎 + 𝑥)2 + (𝑏 + 𝑥)2‖𝑓(𝑡)‖𝑝) +

(𝑏 − 𝑎)3

6
, 

now  by  using Lemma 5.2.1, we get, 
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||𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) −
(𝑏 − 𝑎)3

6
| ≤ 

(𝑏 − 𝑎)

2
[((𝑎 + 𝑥)2 + (𝑏 + 𝑥)2)‖𝑓(𝑡)‖𝑝]

+
(𝑏 − 𝑎)3

6
                                                                          ∎ 

Corollary 5.2.5 

||𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) −
(𝑏 − 𝑎)3

6
| 

≤ (𝑏 + 𝑎)3‖𝑓‖𝑝 + (𝑏 + 𝑎)
3 

≤ (𝑏 + 𝑎)3(1 + ‖𝑓‖𝑝) 

Proof: 

By using Theorem 5.2.4, we get 

||𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) −
(𝑏 − 𝑎)3

6
| 

≤
(𝑏 − 𝑎)

2
[((𝑎 + 𝑥)2 + (𝑏 + 𝑥)2)‖𝑓(𝑡)‖𝑝] +

(𝑏 − 𝑎)3

6

≤ (𝑏 + 𝑎)3(1 + ‖𝑓‖𝑝)                                              ∎ 
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Theorem 5.2.6 

Let X be a random variable defined in [a, b] with the probability 

density function 𝑓: [𝑎, 𝑏] → ℝ.If 𝑓, 𝑓́ ∈ 𝐿𝑝[𝑎, 𝑏], 𝑝 < 1,then we have, 

|𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) ≤ 2
1
𝑝+3𝑏

4
𝑝‖𝑓́‖

𝑝
, 0 < 𝑝 < 1 

Proof: 

Recall the Pre-Chebychev  inequality 

|
1

𝑏 − 𝑎
∫𝑓(𝑥)𝑔(𝑥)𝑑𝑥 −

1

𝑏 − 𝑎
∫𝑓(𝑥)

𝑏

𝑎

𝑏

𝑎

𝑑𝑥
1

𝑏 − 𝑎
∫𝑔(𝑥)𝑑𝑥

𝑏

𝑎

| ≤ 

(𝑏 − 𝑎) ‖𝑓́‖
𝑝
|

1

(𝑏 − 𝑎)
∫|𝑔(𝑥)|2𝑑𝑥 − (

1

(𝑏 − 𝑎)
∫|𝑔(𝑥)|

𝑏

𝑎

𝑑𝑥)

𝑝𝑏

𝑎

|

1
𝑝

.      (5.7) 

In (5.7) put 𝑔(𝑥) = (𝑡 − 𝑎)(𝑏 − 𝑡), we get 
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|
1

𝑏 − 𝑎
∫𝑓(𝑡)(𝑡 − 𝑎)(𝑏 − 𝑡)𝑑𝑡

𝑏

𝑎

−
1

𝑏 − 𝑎
∫𝑓(𝑡)

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫(𝑡 − 𝑎)(𝑏 − 𝑡)𝑑𝑡

𝑏

𝑎

| 

≤ (𝑏 − 𝑎) ‖𝑓́‖
𝑝
|

1

(𝑏 − 𝑎)
∫|(𝑡 − 𝑎)(𝑏 − 𝑡)|2𝑑𝑡

𝑏

𝑎

−(
1

(𝑏 − 𝑎)
∫|(𝑡 − 𝑎)(𝑏 − 𝑡)|

𝑏

𝑎

𝑑𝑡)

𝑝

|

1
𝑝

                  (5.8) 

Since  

∫|(𝑡 − 𝑎)(𝑏 − 𝑡)|

𝑏

𝑎

𝑑𝑡 =
(𝑏 − 𝑎)3

6
, ∫𝑓(𝑡)𝑑𝑡

𝑏

𝑎

= 1. 

And  

∫|(𝑡 − 𝑎)(𝑏 − 𝑡)|2𝑑𝑡 = ∫(𝑡 − 𝑎)2(𝑏 − 𝑡)2𝑑𝑡 =

𝑏

𝑎

(𝑏 − 𝑎)5

30

𝑏

𝑎

. 

Then (5.8) become, 
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|
1

𝑏 − 𝑎
∫𝑓(𝑡)(𝑡 − 𝑎)(𝑏 − 𝑡)𝑑𝑡 −

(𝑏 − 𝑎)

6

𝑏

𝑎

| ≤ 

(𝑏 − 𝑎) ‖𝑓́‖
𝑝
|

1

(𝑏 − 𝑎)
∫
(𝑏 − 𝑎)5

30
𝑑𝑡 − (

(𝑏 − 𝑎)2

6
)

𝑝𝑏

𝑎

|

1
𝑝

. 

Then, 

|∫𝑓(𝑡)(𝑡 − 𝑎)(𝑏 − 𝑡)𝑑𝑡 −
(𝑏 − 𝑎)2

6

𝑏

𝑎

| ≤ 

(𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
|[
(𝑏 − 𝑎)4

30
− (

(𝑏 − 𝑎)2

6
)

𝑝

]|

1
𝑝

. 

By using Lemma 5.2.1, we get 

||𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) −
(𝑏 − 𝑎)2

6
| ≤ 

(𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
|[
(𝑏 − 𝑎)4

30
− (

(𝑏 − 𝑎)2

6
)

𝑝

]|

1
𝑝

, 

this implies, 
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||𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) −
(𝑏 − 𝑎)2

6
| ≤ 

(𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
2
1
𝑝
−1
((
(𝑏 − 𝑎)4

30
)

1
𝑝

+
(𝑏 − 𝑎)2

6
) 

≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
2
1
𝑝−1

(

  
 
2
4
𝑝−1 (𝑏

4
𝑝 + 𝑎

4
𝑝)

30
1
𝑝

+
2

6
(𝑏4 + 𝑎4)

)

  
 

 

       ≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
2
1

𝑝
−1
(𝑏

4

𝑝 + 𝑎
4

𝑝 + 𝑏4 + 𝑎4) 

           ≤ (b − a)2 ‖f́‖
p
2
1
p−1 (b

4
p + a

4
p + b

4
p + a

4
p) 

           ≤ (𝑏 − 𝑎)2 ‖𝑓́‖
𝑝
2
1
𝑝 (𝑏

4
𝑝 + 𝑎

4
𝑝) 

         ≤ 2(𝑏2 + 𝑎2) ‖𝑓́‖
𝑝
2
1
𝑝 (𝑏

4
𝑝 + 𝑎

4
𝑝) 

        ≤  2
1
𝑝+2 (𝑏

4
𝑝 + 𝑎

4
𝑝)‖𝑓́‖

𝑝
 

       ≤  2
1
𝑝+3𝑏

4
𝑝‖𝑓́‖

𝑝
. 
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Then ,we get 

||𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) −
(𝑏 − 𝑎)2

6
| ≤ 2

1
𝑝+3𝑏

4
𝑝‖𝑓́‖

𝑝
    ∎ 

Lemma 5.2.7[52] 

If 𝑔, ℎ, ℎ́  ∈ 𝐿1[𝑎, 𝑏], then 

|
1

𝑏 − 𝑎
∫ℎ(𝑡)𝑔(𝑡)𝑑𝑡 −

1

𝑏 − 𝑎
∫ℎ(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫𝑔(𝑡)𝑑𝑡

𝑏

𝑎

|

2

≤ 

(
𝑏 − 𝑎

𝜋
)
2

∫|ℎ́|
2
[
1

𝑏 − 𝑎
∫𝑔(𝑡)2𝑑𝑡 − (

1

𝑏 − 𝑎
∫𝑔(𝑡)

𝑏

𝑎

𝑑𝑡)

2𝑏

𝑎

] .

𝑏

𝑎

 

Is Pre-Lupas inequality, when 𝑔, ℎ and  ℎ́ ∈ 𝐿2[𝑎, 𝑏].  

Now let us generalize Pre-Lupas  inequality for 𝐿𝑝[𝑎, 𝑏], 𝑝 < 1 

spaces. 
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Theorem 5.2.8 

If 𝑔, ℎ, ℎ́  ∈ 𝐿𝑝[𝑎, 𝑏], 0 < 𝑝 < 1, then  

|
1

𝑏 − 𝑎
∫ℎ(𝑡)𝑔(𝑡)𝑑𝑡 −

1

𝑏 − 𝑎
∫ℎ(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫𝑔(𝑡)𝑑𝑡

𝑏

𝑎

| ≤ 

𝑐(𝑏 − 𝑎)
𝑝−
1
𝑝

𝜋
‖ℎ́‖

𝑝
(

1

𝑏 − 𝑎
∫𝑔(𝑡)2𝑑𝑡 − ∫𝑔(𝑡)𝑑𝑡

𝑏

𝑎

𝑏

𝑎

) 

Where 𝑐 is a positive constant. 

Proof:  

By using Lemma 5.2.7 and (5.2) we get, 

|
1

𝑏 − 𝑎
∫ℎ(𝑡)𝑔(𝑡)𝑑𝑡 −

1

𝑏 − 𝑎
∫ℎ(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫𝑔(𝑡)𝑑𝑡

𝑏

𝑎

| ≤ 

𝑐(𝑏 − 𝑎)

𝜋
(∑

𝑏 − 𝑎

𝑛

𝑛

𝑖=1

|ℎ́(𝑡𝑖)|
2
)

1
2

(
1

𝑏 − 𝑎
∫𝑔2(𝑡)𝑑𝑡 − ∫𝑔(𝑡)𝑑𝑡

𝑏

𝑎

𝑏

𝑎

) 

Then using (5.3) secondly, we get 
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|
1

𝑏 − 𝑎
∫ℎ(𝑡)𝑔(𝑡)𝑑𝑡 −

1

𝑏 − 𝑎
∫ℎ(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫𝑔(𝑡)𝑑𝑡

𝑏

𝑎

| ≤ 

𝑐(𝑏 − 𝑎)
𝑝−
1
𝑝

𝜋
‖ℎ́‖

𝑝
(

1

𝑏 − 𝑎
∫𝑔(𝑡)2𝑑𝑡 − ∫𝑔(𝑡)𝑑𝑡

𝑏

𝑎

𝑏

𝑎

)                     ∎ 

Collorally 5.2.9 

||𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) −
(𝑏 − 𝑎)2

6
|

≤
𝑐(𝑏 − 𝑎)

4+𝑝−
1
𝑝

6𝜋
(
𝑏 − 𝑎

5
− 1) ‖𝑓́‖

𝑝
 , 

where 𝑐 is a positive constant. 
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Proof: 

Put ℎ(𝑡) = 𝑓(𝑡), 𝑔(𝑥) = (𝑡 − 𝑎)(𝑏 − 𝑡) in Theorem 5.2.8, we get 

|
1

𝑏 − 𝑎
∫𝑓(𝑡)(𝑡 − 𝑎)(𝑏 − 𝑡)𝑑𝑡

𝑏

𝑎

−
1

𝑏 − 𝑎
∫𝑓(𝑡)

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫(𝑡 − 𝑎)(𝑏 − 𝑡)𝑑𝑡

𝑏

𝑎

| ≤ 

𝑐(𝑏 − 𝑎)
𝑝−
1
𝑝

𝜋
‖𝑓́‖

𝑝
(

1

𝑏 − 𝑎
∫[(𝑡 − 𝑎)(𝑏 − 𝑡)]2𝑑𝑡

𝑏

𝑎

− ∫(𝑡 − 𝑎)(𝑏 − 𝑡)𝑑𝑡

𝑏

𝑎

)                                              

|∫(𝑡 − 𝑎)(𝑏 − 𝑡)𝑓(𝑡)𝑑𝑡 − ∫𝑓(𝑡)

𝑏

𝑎

𝑏

𝑎

𝑑𝑡
1

𝑏 − 𝑎
∫(𝑡 − 𝑎)(𝑏 − 𝑡)𝑑𝑡

𝑏

𝑎

| ≤ 

𝑐(𝑏 − 𝑎)
𝑝−
1
𝑝
+1

𝜋
‖𝑓́‖

𝑝
(

1

𝑏 − 𝑎
∫[(𝑡 − 𝑎)(𝑏 − 𝑡)]2𝑑𝑡

𝑏

𝑎

− ∫(𝑡 − 𝑎)(𝑏 − 𝑡)𝑑𝑡

𝑏

𝑎

)                                                            (5.9) 

By using Lemma 5.2.1, we get 

∫ (𝑏 − 𝑡)
𝑏

𝑎

(𝑡 − 𝑎)𝑓(𝑡)𝑑𝑡 = |𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋), 



Chapter Five                                                  Approximation of Expectation and Variance on [a,b]Interval        
with Probability Density Function in Lp [a,b],0<p<1. 

 

124 

 

Since   

∫ (𝑡 − 𝑎)2(𝑏 − 𝑡)2
𝑏

𝑎
𝑑𝑡 =

(𝑏−𝑎)5

30
 and ∫ 𝑓(𝑡)𝑑𝑡

𝑏

𝑎
= 1. 

Also, 

∫ (𝑏 − 𝑡)
𝑏

𝑎

(𝑡 − 𝑎)𝑑𝑡 =
(𝑏 − 𝑎)3

6
, 

So, (5.9) implies, 

||𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) −
(𝑏 − 𝑎)2

6
|

≤
𝑐(𝑏 − 𝑎)

𝑝−
1
𝑝+1

𝜋
‖𝑓́‖

𝑝
(
(𝑏 − 𝑎)4

30
−
(𝑏 − 𝑎)3

6
). 

Then, we get, 

||b − E(X)||E(X) − a| − σ2(X) −
(𝑏 − 𝑎)2

6
|

≤
𝑐(𝑏 − 𝑎)

4+𝑝−
1
𝑝

6𝜋
(
𝑏 − 𝑎

5
− 1) ‖𝑓́‖

𝑝
 ,                            

where 𝑐 is a positive constant                                                                ∎ 
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Theorem 5.2.10 

Let X be a random variable with the probability density function 

𝑓: [𝑎, 𝑏] → ℝ.If 𝑓 ∈ 𝐿𝑝𝑛 [𝑎, 𝑏] = {𝑓: [𝑎, 𝑏] → ℝ, 𝑓, 𝑓(𝑛) ∈ 𝐿𝑝𝑛[𝑎, 𝑏], 0 < 𝑝 < 1},then 

we have  

||𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) −∑
(𝑖 + 1)(𝑏 − 𝑎)𝑖+1𝑓(𝑖)(𝑎)

(𝑖 + 3)!

𝑛

𝑖=0

|

≤
𝑐

𝑛!
‖𝑓(𝑛+1)‖

𝑝

(𝑏 − 𝑎)(𝑛+1)𝑝+3

(𝑛𝑝 + 2)(𝑛𝑝 + 3)
, 

where 𝑐 is an absolute constant. 

Proof: 

The Taylor,s formula  with integral remainder [13] is 

𝑓(𝑡) =∑
(𝑡 − 𝑎)𝑛

𝑖!

𝑛

𝑖=0

𝑓(𝑖)(𝑎) +
1

𝑛!
∫(𝑡 − 𝑠)𝑛𝑓(𝑛+1)(𝑠)

𝑡

𝑎

𝑑𝑠  

𝑡 ∈ [𝑎, 𝑏]                                                                                                     (5.10) 

By using Lemma 5.2.1 and (5.10), we have 

|𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) 
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= ∫ (𝑏 − 𝑡)
𝑏

𝑎

(𝑡 − 𝑎) [∑
(𝑡 − 𝑎)𝑛

𝑖!

𝑛

𝑖=0

𝑓(𝑖)(𝑎)

+
1

𝑛!
∫(𝑡 − 𝑠)𝑛𝑓(𝑛+1)(𝑠)

𝑡

𝑎

𝑑𝑠] 𝑑𝑡, 

 

=∑
(𝑡 − 𝑎)𝑖

𝑖!

𝑛

𝑖=0

𝑓(𝑖)(𝑎)∫ (𝑏 − 𝑡)
𝑏

𝑎

(𝑡 − 𝑎)𝑑𝑡

+
1

𝑛!
[∫ (𝑏 − 𝑡)

𝑏

𝑎

(𝑡 − 𝑎) ∫(𝑡 − 𝑠)𝑛𝑓(𝑛+1)(𝑠)

𝑡

𝑎

𝑑𝑠] 𝑑𝑡      (5.11) 

Using the transformation 𝑡 = (1 − 𝑢)𝑎 + 𝑢𝑏, 𝑡 ∈ [𝑎, 𝑏] 

If 𝑡 = 𝑎, then 

𝑎 = (1 − 𝑢)𝑎 + 𝑢𝑏 

𝑎 = 𝑎 − 𝑎𝑢 + 𝑢𝑏 

0 = 𝑢(𝑏 − 𝑎). 

This implies, 𝑢 = 0 where 𝑡 = 𝑎. 

Similarly, 

If 𝑡 = 𝑏, we obtain 𝑢 = 1. Also, 𝑑𝑡 = (𝑏 − 𝑎)𝑑𝑢. 

Now  

∫ (𝑡 − 𝑎)𝑖+1
𝑏

𝑎

(𝑏 − 𝑡)𝑑𝑡 = (𝑏 − 𝑎)𝑖+3∫𝑢𝑖+1(1 − 𝑢)

1

0

𝑑𝑢

=
1

(𝑖 + 2)(𝑖 + 3)
                                                                                                  (5.12) 

By using (5.11), we deduce that, 
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|𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) 

=∑
1

(𝑖 + 2)(𝑖 + 3)

(𝑏 − 𝑎)𝑖+1𝑓(𝑖)(𝑎)

𝑖!

𝑛

𝑖=0

+
1

𝑛!
[∫ (𝑏 − 𝑡)

𝑏

𝑎

(𝑡 − 𝑎)∫(𝑡 − 𝑠)𝑛𝑓(𝑛+1)(𝑠)

𝑡

𝑎

𝑑𝑠] 𝑑𝑡    

This implies, 

||𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) −∑
(𝑖 + 1)(𝑏 − 𝑎)𝑖+1𝑓(𝑖)(𝑎)

(𝑖 + 3)!

𝑛

𝑖=0

| 

≤
1

𝑛!
∫ (𝑏 − 𝑡)
𝑏

𝑎

(𝑡 − 𝑎) |∫(𝑡 − 𝑠)𝑛𝑓(𝑛+1)(𝑠)

𝑡

𝑎

𝑑𝑠| 𝑑𝑡             (5.13) 

Since 

|∫(𝑡 − 𝑠)𝑛𝑓(𝑛+1)(𝑠)

𝑡

𝑎

𝑑𝑠| ≤ ∫|𝑡 − 𝑠|𝑛|𝑓(𝑛+1)(𝑠)|

𝑡

𝑎

𝑑𝑠. 

Then by using  (5.3),this implies, 
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|∫(𝑡 − 𝑠)𝑛𝑓(𝑛+1)(𝑠)

𝑡

𝑎

𝑑𝑠|

≤ 𝑐(𝑏 − 𝑎)
𝑝−
1
𝑝 (∫|𝑡 − 𝑠|𝑝𝑛|𝑓(𝑛+1)(𝑠)|

𝑝

𝑡

𝑎

𝑑𝑠)

1
𝑝

, 

Then , we get, 

|∫(𝑡 − 𝑠)𝑛𝑓(𝑛+1)(𝑠)

𝑡

𝑎

𝑑𝑠| ≤ 𝑐(𝑏− 𝑎)
𝑝−
1
𝑝|𝑡 − 𝑎|𝑝𝑛‖𝑓(𝑛+1)‖

𝑝
,  

0 < 𝑝 < 1.                                                                                                       (5.14) 

Put (5.14) in (5.13), we get 

||𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) −∑
(𝑖 + 1)(𝑏 − 𝑎)𝑖+1𝑓(𝑖)(𝑎)

(𝑖 + 3)!

𝑛

𝑖=0

| 

≤
𝑐(𝑏 − 𝑎)

𝑝−
1
𝑝

𝑛!
‖𝑓(𝑛+1)‖

𝑝
∫ (𝑏 − 𝑡)
𝑏

𝑎

(𝑡 − 𝑎)𝑝𝑛+1𝑑𝑡.         (5.15) 

And by using (5.12), we get 

||𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) −∑
(𝑖 + 1)(𝑏 − 𝑎)𝑖+1𝑓(𝑖)(𝑎)

(𝑖 + 3)!

𝑛

𝑖=0

| 
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≤
𝑐(𝑏 − 𝑎)

𝑝−
1
𝑝

𝑛!
‖𝑓(𝑛+1)‖

𝑃
(𝑏 − 𝑎)𝑛𝑝+3∫ 𝑢𝑛𝑝+1(1 − 𝑢)

1

0

𝑑𝑢 

          ≤
𝑐(𝑏−𝑎)

𝑝−
1
𝑝

𝑛!
‖𝑓(𝑛+1)‖

𝑝

(𝑏−𝑎)𝑛𝑝+3 

(𝑛𝑃+2)(𝑛𝑃+3)
 

  =
𝑐

𝑛!
‖𝑓(𝑛+1)‖

𝑝

(𝑏−𝑎)
(𝑛+1)𝑝+3−

1
𝑝 

(𝑛𝑃+2)(𝑛𝑃+3)
 

This implies, 

||𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) −∑
(𝑖 + 1)(𝑏 − 𝑎)𝑖+1𝑓(𝑖)(𝑎)

(𝑖 + 3)!

𝑛

𝑖=0

|

≤
𝑐

𝑛!
‖𝑓(𝑛+1)‖

𝑝

(𝑏 − 𝑎)
(𝑛+1)𝑝+3−

1
𝑝 

(𝑛𝑃 + 2)(𝑛𝑃 + 3)
  

≤
𝑐

𝑛!
‖𝑓(𝑛+1)‖

𝑝

(𝑏 − 𝑎)(𝑛+1)𝑝+3 

(𝑛𝑃 + 2)(𝑛𝑃 + 3)
 

where 𝑐 is absolute constant.                                                                            ∎ 
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A Modified Ostrowski Inequality with Random 

Variable Application on 𝑳𝒑[𝒂, 𝒃], 𝟎 < 𝒑 < 𝟏,Spaces 

Many outhers proved types of Ostrowski inequality. We improve 

their inequalities and then applied it to cumulative density 

function and 𝒃𝐞𝐭𝐚 and normal distribution: 

6.1. Introduction 

In 1938 Ostrowski  introduced his famous inequality in [41] 

|𝑓(𝑥) −
1

𝑏 − 𝑎
∫ 𝑓(𝑡)𝑑𝑡

𝑏

𝑎

|

≤ [
1

4
+ (

𝑥 −
(𝑎 + 𝑏)

2⁄

𝑏 − 𝑎
)

2

] (𝑏 − 𝑎)𝑀                 (6.1) 

For a differentiable function 𝑓 with bounded derivative on (𝑎, 𝑏). 

In [44] Drangomir and Wang proved the of Ostrowski,s inequality 

|𝑓(𝑥) −
1

𝑏 − 𝑎
∫ 𝑓(𝑡)𝑑𝑡 −

𝑓(𝑏) − 𝑓(𝑎)

𝑏 − 𝑎

𝑏

𝑎

|

≤
1

4
(𝑏 − 𝑎)(𝐶 − 𝐷)                                                  (6.2) 

For a function with bounded derivative, such that 𝐶 ≤ 𝑓́ ≤ 𝐷 on 

(𝑎, 𝑏). C, D are positive constants in ℝ. 
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In [48] Matid, Decarce and Ujevic proved (6.2) with 
1

4√3
 constant 

with twice diffentiable formula on (𝑎, 𝑏).Using Chebychev,s 

operator we improve the results in[11], by introducing a best result 

for functions in 𝐿𝑝[𝑎, 𝑏] for  0 < 𝑝 < 1. And we assume that 𝑓́ is 

also in 𝐿𝑝[𝑎, 𝑏]. Then we applied our inequality to 𝑏𝑒𝑡𝑎 and normal 

distribution and cumulative density function.  
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6.2. A Modified Ostrowski Inequality  

To prove our main theorem we need the following auxiliary result. 

Lemma 6.2.1[54] 

𝑓(𝑥) −
1

𝑏 − 𝑎
∫ 𝑓(𝑡)𝑑𝑡 −

𝑓(𝑏) − 𝑓(𝑎)

𝑏 − 𝑎

𝑏

𝑎

(𝑥 −
𝑎 + 𝑏

2
) 

=
1

2(𝑏 − 𝑎)2
∫ ∫(𝑃(𝑥, 𝑡) − 𝑃(𝑥, 𝑠))(𝑓́(𝑡) − 𝑓(𝑠)́ )𝑑𝑡𝑑𝑠

𝑏

𝑎

𝑏

𝑎

, 

      where  

𝑝(𝑥, 𝑡) = {
𝑡 − 𝑎  𝑖𝑓   𝑡 ∈ [𝑎, 𝑥)

𝑡 − 𝑏   𝑖𝑓    𝑡 ∈ (𝑥, 𝑏]
 

Theorem 6.2.2 

Let 𝑋 be a random variable 𝑓, 𝑓 ∈́ 𝐿𝑝[𝑎, 𝑏], 0 < 𝑝 < 1, then, 

|𝑓(𝑥) −
1

𝑏 − 𝑎
∫ 𝑓(𝑡)𝑑𝑡 −

𝑓(𝑏) − 𝑓(𝑎)

𝑏 − 𝑎
(𝑥 −

𝑎 + 𝑏

2
)

𝑏

𝑎

| 

≤ (
𝑐(𝑝)(𝑏 − 𝑎)𝑝−1

2(𝑝 + 1)
) [‖𝑓́‖

𝑝
+ ((

𝑓(𝑏) − 𝑓(𝑎)

𝑏 − 𝑎
)

𝑝

)

1
𝑝

] , 
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Proof: 

By using the Gaushy-Schwars inequality for double integrals, we 

get, 

1

2(𝑏 − 𝑎)2
∫ ∫(𝑝(𝑥, 𝑡) − 𝑝(𝑥, 𝑠))(𝑓́(𝑡) − 𝑓(𝑠)́ )𝑑𝑡𝑑𝑠

𝑏

𝑎

𝑏

𝑎

 

≤ (
1

2(𝑏 − 𝑎)2
∫ ∫(𝑝(𝑥, 𝑡) − 𝑝(𝑥, 𝑠))𝑑𝑡𝑑𝑠

𝑏

𝑎

𝑏

𝑎

)

1
2

° 

(∫ ∫(𝑓́(𝑡) − 𝑓(𝑠)́ )𝑑𝑡𝑑𝑠

𝑏

𝑎

𝑏

𝑎

)

1
2

, 

Since any two norms on a finite dimensional space are equivalent, 

then we get, 
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1

2(𝑏 − 𝑎)2
∫ ∫(𝑝(𝑥, 𝑡) − 𝑝(𝑥, 𝑠))(𝑓́(𝑡) − 𝑓(𝑠)́ )𝑑𝑡𝑑𝑠

𝑏

𝑎

𝑏

𝑎

  

≤ (
𝑐

2(𝑏 − 𝑎)2
∫ ∫|𝑝(𝑥, 𝑡) − 𝑝(𝑥, 𝑠)|𝑝

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠)

1
𝑝

° 

(
1

2(𝑏 − 𝑎)2
∫ ∫|𝑓́(𝑡) − 𝑓́(𝑠)|

2

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠)

1
2

,                                (6.3) 

where c is a positive constant. 

Now, using (5.3), we get 

1

2(𝑏 − 𝑎)2
∫ ∫(𝑝(𝑥, 𝑡) − 𝑝(𝑥, 𝑠))(𝑓́(𝑡) − 𝑓(𝑠)́ )𝑑𝑡𝑑𝑠

𝑏

𝑎

𝑏

𝑎

  

 

≤ (
𝑐(𝑝)

2(𝑏 − 𝑎)2 ∫ ∫|𝑝(𝑥, 𝑡) − 𝑝(𝑥, 𝑠)|𝑝

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠)

1
𝑝

° 

(
𝑐(𝑝)

2(𝑏 − 𝑎)2
∫ ∫|𝑓́(𝑡) − 𝑓́(𝑠)|

𝑝

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠)

1
𝑝

 

= I1 °  I2.                                                                                                      (6.4) 

Now,  



Chapter Six                              A modified Ostrowski Inequality with Random Variable   
Application On L_P [a,b],0<p<1,Spaces       

 

136 

 

𝐼1 = (
𝑐𝑐(𝑝)

2(𝑏 − 𝑎)2
∫ ∫|𝑝(𝑥, 𝑡) − 𝑝(𝑥, 𝑠)|𝑝

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠)

1
𝑝

≤ [
𝑐(𝑝)

2(𝑏 − 𝑎)2
∫ ∫|𝑝(𝑥, 𝑡)|𝑃 + |𝑝(𝑥, 𝑠)|𝑃

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠]

1
𝑝

. 

This implies, 

𝐼1 = (
𝑐(𝑝)

2(𝑏 − 𝑎)2
∫ ∫|𝑝(𝑥, 𝑡) − 𝑝(𝑥, 𝑠)|𝑝

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠)

1
𝑝

 

≤ [
𝑐(𝑝)

2(𝑏 − 𝑎)2 (∫ ∫|𝑝(𝑥, 𝑡)|𝑝

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠 + ∫ ∫|𝑝(𝑥, 𝑠)|𝑝

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠)]

1
𝑝

. 

Then, 

𝐼1 = (
𝑐(𝑝)

2(𝑏 − 𝑎)2
∫ ∫|𝑝(𝑥, 𝑡) − 𝑝(𝑥, 𝑠)|𝑝

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠)

1
𝑝

 

≤ [
𝑐(𝑝)

2(𝑏 − 𝑎)2 ((𝑏 − 𝑎) ∫ |𝑝(𝑥, 𝑡)|𝑝
𝑏

𝑎

𝑑𝑡 + (𝑏 − 𝑎) ∫ |𝑝(𝑥, 𝑠)|𝑝
𝑏

𝑎

𝑑𝑠)]

1
𝑝

. 

This implies, 
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𝐼1 = (
𝑐(𝑝)

2(𝑏 − 𝑎)2
∫ ∫|𝑝(𝑥, 𝑡) − 𝑝(𝑥, 𝑠)|𝑝

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠)

1
𝑝

 

≤ [
𝑐(𝑝)

2(𝑏 − 𝑎)
(∫ |𝑝(𝑥, 𝑡)|𝑝

𝑏

𝑎

𝑑𝑡 + ∫ |𝑝(𝑥, 𝑠)|𝑝
𝑏

𝑎

𝑑𝑠)]

1
𝑝

. 

By using assumption in Lemma 6.2.1, we get, 

𝐼1 = (
𝑐(𝑝)

2(𝑏 − 𝑎)2
∫ ∫|𝑝(𝑥, 𝑡) − 𝑝(𝑥, 𝑠)|𝑝

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠)

1
𝑝

≤ [
𝑐(𝑝)

2(𝑏 − 𝑎)
[(∫ (𝑡 − 𝑎)𝑝

𝑥

𝑎

𝑑𝑡 + ∫ (𝑡 − 𝑏)𝑝
𝑏

𝑥

𝑑𝑡)

+ (∫ (𝑠 − 𝑎)𝑝
𝑥

𝑎

𝑑𝑠 + ∫ (𝑠 − 𝑏)𝑝
𝑏

𝑥

𝑑𝑠)]]

1
𝑝

. 

Therefore,  

𝐼1 = (
𝑐(𝑝)

2(𝑏 − 𝑎)2
∫ ∫|𝑝(𝑥, 𝑡) − 𝑝(𝑥, 𝑠)|𝑝

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠)

1
𝑝

 

≤ [
𝑐(𝑝)

2(𝑏 − 𝑎)
(

1

𝑝 + 1
(𝑡 − 𝑎))

𝑝+1

|

𝑎

𝑥

+ (
1

𝑝 + 1
(𝑡 − 𝑏))

𝑝+1

|

𝑥

𝑏

]

1
𝑝

. 
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Then,  

𝐼1 = (
𝑐(𝑝)

2(𝑏 − 𝑎)2
∫ ∫|𝑝(𝑥, 𝑡) − 𝑝(𝑥, 𝑠)|𝑝

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠)

1
𝑝

 

≤ 𝑐(𝑝) [
𝑐(𝑝)

2(𝑏 − 𝑎)(𝑝 + 1)
((𝑥 − 𝑎))

𝑝+1
− ((𝑥 − 𝑏))

𝑝+1
]

1
𝑝
 

≤ (
2𝑐(𝑝)

2(𝑏 − 𝑎)(𝑝 + 1)
(𝑏 − 𝑎)𝑝+1)

1
𝑝

. 

This implies, 

𝐼1 = (
𝑐(𝑝)

2(𝑏 − 𝑎)2
∫ ∫|𝑝(𝑥, 𝑡) − 𝑝(𝑥, 𝑠)|𝑝

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠)

1
𝑝

≤ (
𝑐(𝑝)(𝑏 − 𝑎)𝑝

(𝑝 + 1)
)

1
𝑝

.                                                                                     (6.5) 

Also,  

𝐼2 = (
𝑐(𝑝)

2(𝑏 − 𝑎)2
∫ ∫|𝑓́(𝑡) − 𝑓́(𝑠)|

𝑝

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠)

1
𝑝

 

≤ [
𝑐(𝑝)

2(𝑏 − 𝑎)2 (∬|𝑓́(𝑡)|
𝑝

𝑏

𝑎

𝑑𝑡𝑑𝑠 + ∬|𝑓́(𝑠)|
𝑝

𝑏

𝑎

𝑑𝑡𝑑𝑠)]

1
𝑝

, 



Chapter Six                              A modified Ostrowski Inequality with Random Variable   
Application On L_P [a,b],0<p<1,Spaces       

 

139 

 

since ‖⦁‖𝑝 < ‖⦁‖1, we get, 

𝐼2 = (
𝑐(𝑝)

2(𝑏 − 𝑎)2
∫ ∫|𝑓́(𝑡) − 𝑓́(𝑠)|

𝑝

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠)

1
𝑝

 

≤ [𝑐(𝑝)
𝑐

2(𝑏 − 𝑎)2
((𝑏 − 𝑎) ∫ |𝑓́(𝑡)|

𝑝
𝑏

𝑎

𝑑𝑡 + (𝑏 − 𝑎) ∫ |𝑓́(𝑠)|
𝑝

𝑏

𝑎

𝑑𝑠)]

1
𝑝

 

≤
𝑐(𝑝)

2(𝑏 − 𝑎)2
(𝑏 − 𝑎) (‖𝑓́‖

𝑝
+ ∫ |𝑓́(𝑠)|

𝑝
𝑏

𝑎

𝑑𝑠) 

Therefore,  

𝐼2 = (
𝑐(𝑝)

2(𝑏 − 𝑎)2
∫ ∫|𝑓́(𝑡) − 𝑓́(𝑠)|

𝑝

𝑏

𝑎

𝑏

𝑎

𝑑𝑡𝑑𝑠)

1
𝑝

≤ (
𝑐(𝑝)

2(𝑏 − 𝑎)
)

1
𝑝

(‖𝑓́‖
𝑝

+
𝑓(𝑏) − 𝑓(𝑎)

𝑏 − 𝑎
).            (6.6) 

Put (6.5) and (6.6) in (6.4), we get, 

|
1

2(𝑏 − 𝑎)2
∫ ∫(𝑝(𝑥, 𝑡) − 𝑝(𝑥, 𝑠))(𝑓́(𝑡) − 𝑓(𝑠)́ )𝑑𝑡𝑑𝑠

𝑏

𝑎

𝑏

𝑎

|   

≤ (
𝑐(𝑝)(𝑏 − 𝑎)𝑝

(𝑝 + 1)
)

1
𝑝

(
𝑐(𝑝)

2(𝑏 − 𝑎)
)

1
𝑝

(‖𝑓́‖
𝑝

+
𝑓(𝑏) − 𝑓(𝑎)

𝑏 − 𝑎
).              (6.7)  
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By using Lemma 6.2.1 and (6.7), we get, 

|𝒇(𝒙) −
𝟏

𝒃 − 𝒂
∫ 𝒇(𝒕)𝒅𝒕 −

𝒇(𝒃) − 𝒇(𝒂)

𝒃 − 𝒂
(𝒙 −

𝒂 + 𝒃

𝟐
)

𝒃

𝒂

| 

≤ (
𝑐(𝑝)(𝑏 − 𝑎)𝑝−1

2(𝑝 + 1)
)

1
𝑃

[‖𝑓́‖
𝑝

+ (
𝑓(𝑏) − 𝑓(𝑎)

𝑏 − 𝑎
)

𝑝

],                      

where 𝒄(𝒑) is a positive constant depending on p only                   ∎  

Collorary 6.2.3 

Let 𝑿 be a random variable 𝒇, 𝒇 ∈́ 𝐋𝐩[𝐚, 𝐛], 𝟎 < 𝒑 < 𝟏, then 

|𝒇 (
𝒂 + 𝒃

𝟐
) −

𝟏

𝒃 − 𝒂
∫ 𝒇(𝒕)𝒅𝒕

𝒃

𝒂

|

≤ (
𝒄(𝒑)(𝒃 − 𝒂)𝒑−𝟏

𝟐(𝒑 + 𝟏)
)

𝟏
𝒑

[‖𝒇́‖
𝒑

+ (
𝒇(𝒃) − 𝒇(𝒂)

𝒃 − 𝒂
)

𝒑

] . 

Proof: 

Take 𝑋 =
a+b

2
 is the midpoint, 

By using Theorem 6.2.2, we get, 

|𝒇 (
𝒂 + 𝒃

𝟐
) −

𝟏

𝒃 − 𝒂
∫ 𝒇(𝒕)𝒅𝒕

𝒃

𝒂

|

≤ (
𝒄(𝒑)(𝒃 − 𝒂)𝒑−𝟏

𝟐(𝒑 + 𝟏)
)

𝟏
𝑷

[‖𝒇́‖
𝒑

+ (
𝒇(𝒃) − 𝒇(𝒂)

𝒃 − 𝒂
)

𝒑

] , 
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where c(p) is a positive constant depending upon p. 

6.3.Applications for Distribution Function and Random 

Variable. 

Theorem 6.3.1 

Let 𝑋 be a random variable with probability density function 

 𝑓: [𝑎, 𝑏] → 𝑅+  and having the cumulative density function 

 𝐹: [𝑎, 𝑏] → [0,1]and 𝑓, 𝐹 ∈ 𝐿𝑝[𝑎, 𝑏], 0 < 𝑝 < 1, then, 

|𝐹(𝑥) −
𝑏 − 𝐸(𝑋)

𝑏 − 𝑎
−

1

𝑏 − 𝑎
(𝑥 −

𝑎 + 𝑏

2
)|

≤ (
𝑐(𝑝)(𝑏 − 𝑎)𝑝−1

2(𝑝 + 1)
)

1
𝑃

[‖𝑓‖𝑝 + (
1

𝑏 − 𝑎
)

𝑝

] , 

where 𝒄(𝒑) is a positive constant depending on p only . 

Proof: 

Put  F(x) instead of 𝑓 in Theorem 6.2.2, we get, 

|𝑭(𝒙) −
𝟏

𝒃 − 𝒂
∫ 𝑭(𝒕)𝒅𝒕 −

𝑭(𝒃) − 𝑭(𝒂)

𝒃 − 𝒂
(𝒙 −

𝒂 + 𝒃

𝟐
)

𝒃

𝒂

| 

≤ (
𝒄(𝒑)(𝒃 − 𝒂)𝒑−𝟏

𝟐(𝒑 + 𝟏)
)

𝟏
𝑷

[‖𝑭́‖
𝒑

+ (
𝑭(𝒃) − 𝑭(𝒂)

𝒃 − 𝒂
)

𝒑

]              (𝟔. 𝟖) 
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Since 𝐹(𝑎) = 0 and 𝐹(𝑏) = 1.                                                                  (6.9) 

Also, since 𝐹(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡, 𝑋 ∈ [𝑎, 𝑏]
𝑋

𝑎
. 

So, 𝐹́ = 𝑓 and E(X) ∫ 𝑡𝑑𝐹(𝑡)𝑑𝑡.
𝑏

𝑎
 

Using (2.3) in Chapter Two. Its mean that, 

∫ 𝐹(𝑡)𝑑𝑡 = 𝑏 − E(X).

𝑏

𝑎

                                                             (6.10) 

Put (6.9) and (6.10) in (6.8), we get, 

|F(x) −
b − E(X)

b − a
−

1

𝑏 − 𝑎
(x −

a + b

2
)| 

≤ (
𝑐(p)(𝑏 − 𝑎)𝑝−1

2(𝑝 + 1)
)

1
𝑃

[‖𝑓‖𝑝 + (
1

𝑏 − 𝑎
)

𝑝

]                                    ∎ 

Colloraly 6.3.2 

Let 𝑋 be a random variable with probability density function 

 𝑓  and having the cumulative density function 𝐹 ,such that 

 𝑓, 𝐹 ∈ 𝐿𝑝[𝑎, 𝑏], 0 < 𝑝 < 1, then, 

|𝑃𝑟 (𝑋 ≤
𝑎 + 𝑏

2
) −

𝑏 − 𝐸(𝑋)

𝑏 − 𝑎
| 

≤ (
𝑐(𝑝)(𝑏 − 𝑎)𝑝−1

2(𝑝 + 1)
)

1
𝑃

[‖𝑓‖𝑝 + (
1

𝑏 − 𝑎
)

𝑝

] 
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Proof: 

Take X =
a+b

2
. Since 𝑃𝑟(X ≤ x) = 𝐹(𝑋), then by using Theorem 6.3.1, 

we get 

|𝑃𝑟 (X ≤
a + b

2
) −

b − E(X)

b − a
|

≤ (
𝑐(p)(𝑏 − 𝑎)𝑝−1

2(𝑝 + 1)
)

1
𝑃

[‖𝑓‖𝑝 + (
1

𝑏 − 𝑎
)

𝑝

]               ∎ 

The following theorem related to application for βeta distribution; 

Theorem 6.3.3 

Let 𝑋 be a random variable and 𝑋~𝐵𝛼,𝛽 whose the density function 

belongs to the 𝐿𝑝  where 0 < 𝑝 < 1 then  

|𝑃𝑟(X ≤ x) +
β

α + 𝛽
− 𝑋 +

1

2
| 

≤ (
𝑐(𝑝)

2(𝑝 + 1)
)

1
𝑝

[
1

𝐵(𝛼, 𝛽)
(𝐵(𝑃(𝛼 − 1)+, 𝑃(𝛽 − 1) + 1)

1
𝑝 + 1] 

Proof: 

Since 𝑋~𝛽𝛼,𝛽, then the probability density function as follows, 

𝑓(𝑋, 𝛼, 𝛽) =
𝑋𝛼−1(1 − 𝑋)𝛽−1

𝛽(𝛼, 𝛽)
          0 < 𝑋 < 1, 
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where, 𝐵(𝛼, 𝛽) = ∫ 𝑡𝛼−1(1 − 𝑡)𝛽−11

0
𝑑𝑡.Then by using (2.8) in 

Chapter Two, we get, 

‖𝑓(. , 𝛼, 𝛽)‖𝑝 =
1

𝐵(𝛼, 𝛽)
(𝐵(𝑃(𝛼 − 1)+, 𝑃(𝛽 − 1) + 1)

1
𝑝.   

 Also, 𝐸(𝑋) =
𝛼

𝛽+𝛼
  . 

Now, by using Theorem 6.3.1, we get, 

|𝐹(𝑥) −
𝑏 −

𝛼
𝛽 + 𝛼

𝑏 − 𝑎
−

1

𝑏 − 𝑎
(𝑥 −

𝑎 + 𝑏

2
)| 

≤ (
𝑐(𝑝)(𝑏 − 𝑎)𝑝−1

2(𝑝 + 1)
)

1
𝑝

[
1

𝐵(𝛼, 𝛽)
(𝐵(𝑃(𝛼 − 1)+, 𝑃(𝛽 − 1)

+ 1)
1
𝑃 + (

1

𝑏 − 𝑎
)

𝑝

] . 

Since 𝑃𝑟(X ≤ x) = 𝐹(𝑋), and b=1, then 

|𝑃𝑟(X ≤ 𝑥) +
β

α + 𝛽
− 𝑥 +

1

2
| 

≤ (
𝑐(𝑝)

2(𝑝 + 1)
)

1
𝑝

[
1

𝐵(𝛼, 𝛽)
(𝐵(𝑃(𝛼 − 1)+, 𝑃(𝛽 − 1) + 1)

1
𝑝 + 1]                ∎ 

The next theorem is an application for normal distribution. 
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Theorem 6.3.4 

Let X be a random variable with  parameters (𝜇, 𝛿2) ∈ 𝛺 , with the 

probability density function 

𝑓(X, μ, δ2) =
1

δ√2π
e

−(X−μ)2

2δ2  , 

where Ω = {(𝜇, 𝛿2); −∞ < 𝜇 < ∞, 0 < 𝛿2 < ∞}.  

Then  

|𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) + μ − X −

1

2
|

≤ (
𝑐(𝑃)

2(𝑝 + 1)
)

1
𝑃

[(
2

π
)

1
2p

(e
μ
δ)

1
p

+ 1] 

Proof: 

Since 𝑋~𝑁(𝜇, 𝛿2),in 𝐿𝑝  where 0 < 𝑝 < 1 then by using(2.9) in 

Chapter Two, we get,‖𝑓‖𝑝 ≤ (
2

𝜋
)

1

2𝑝
(𝑒

𝜇

𝛿)

1

𝑝
.Also, 𝐸(𝑋) = 𝜇, 

𝐹(𝑋) = 𝑃𝑟(X ≤ x), X ∈ [0,1]. By using Theorem 6.3.1 , we get  
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|𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) − (1 − 𝜇) − (𝑋 −

1

2
)|

≤ (
𝑐(𝑃)

2(𝑝 + 1)
)

1
𝑃

[(
2

𝜋
)

1
2𝑝

(𝑒
𝜇
𝛿 )

1
𝑝

+ 1]. 

This implies, 

|𝑃𝑟 (𝑋 ≤ (
𝑎 + 𝑏

2
)) + μ − X −

1

2
|

≤ (
𝑐(𝑝)

2(𝑝 + 1)
)

1
𝑝

[(
2

π
)

1
2p

(e
μ
δ)

1
p

+ 1]                             ∎ 
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Conclusions 

1. We can generalize Ostrowski theorem to quasi normed spaces. 

2. We can applied the theorem in 1 for random variable whose 

probability density function, and cumulative distribution in 

quasi normed spaces. 

3. We can apply our Ostrowski theorem for beta and normal 

distribution. 

4. There is a generalization for Pre-Gruss inequality to quasi 

normed spaces. 

5. There is an application of the generalization in estimation 

expectation variances and dispersion. 

6. We can generalize chebyshev inequality to quasi normed 

spaces. 

7. The theorem in 6 can be applied in expectation of cumulative 

distribution for quasi normed spaces. 

8. We can approximate the terms written in terms of expectation 

and variances with probability density function in quasi 

normed spaces. 
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Future Works 

1. In Chapter One , we proved type of Ostrowski inequality in 

terms of the quasi norm of the first derivative . We can 

generalize this inequality for norms in terms of fractional 

derivatives. 

2. We can generalize Hadmared inequality to the spaces of 

fractional 𝐿𝑝, 1 ≤ 𝑝 ≤ ∞ spaces. 
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 المستخلص                                                       
 

 لصستخالم

الية لاحتماان الهدف الاساسي من عملنا هو تطبيق للتحليل الدالي ونظرية التقريب في النظرية 

 والاحصاء.

 ل فيللدوا كمساهمة للتحليل الدالي ونظرية التقريب قدمنا صيغة جديدة لنظرية اوستروسكي

لها  لاحتمالافة االفضاءات المعيارية الكاذبة وطبقناها في المتغيرات العشوائية التي تكون دالة كث

بيتا  توزيعاترية لوالدالة التوزيعية دوال في الفضاءات المعيارية الكاذبة واضفنا تطبيقا لتلك النظ

 والتوزيع الطبيعي.

توقع لى الوقمنا بتطبيقها ع ت المعيارية الكاذبةعممنا متراجحة بري كروس للدوال في الفضاءا

 والتباين والانحراف.

وقع تعلى  برهنا تعميما لمتراجحة شبشف على الفضاءات المعيارية الكاذبة وطبقنا هذا التعميم

ة معياري ضاءاتفالدالة التوزيعية التي متغيرها العشوائي بدالة كثافة احتمالية هي ومشتقتها الى 

 كاذبة.

حتمال ثافة الاالة كية التقريب استخدمنا صيغة تايلر لتقريب مقادير بدلالة التوقع والتباين لدفي نظر

 ينتمي الى فضاءات معيارية كاذبة.

 التوزيعيتا وبرهنا نوع من متراجحة اوستروسكي وطبقناها في دالة الكثافة التوزيعية وتوزيعات ب

 الطبيعي.
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	≤,𝟏-𝒉.,𝑪,𝒑,𝒒.,,,𝟐-𝝅..-,𝟏-𝟐𝒑..,,,𝒆-,𝝁-𝜹...-,𝟏-𝒑..,𝒊=𝟏-𝒏−𝟏-,,,∝-𝒊+𝟏.−𝒂.-,𝟏-𝒒.+𝟏..+,,𝒃−,∝-𝒊+𝟏..-,𝟏-𝒒.+𝟏.+,𝝁−,𝒂+𝒃-𝟐...
	Approximation of Expectation and Variance on ,𝒂,𝒃.Interval, with Probability Density Function in ,𝑳-𝒑.,𝒂,𝒃.,𝟎<𝒑<𝟏
	In this chapter we use Taylor,s formula to approximate expression in terms of expectation and variance simultaneously with probability density function in ,𝐿-𝑝.,0<𝑝<1.
	5.1.Introduction
	If X is a random variable,have probability density function
	𝑓:,𝑎,𝑏.→ℝ. We know that the expectation of the random variable X is
	𝐸,𝑋.=,∞--𝑡𝑓,𝑡.𝑑𝑡..
	Therefore, the variance of the random vaiable 𝑋 is ,𝜎-2.=,𝑎-𝑏-,,𝑡−𝐸,𝑋..-2.𝑓,𝑡.𝑑𝑡=𝐸,,𝑋-2...−,,𝐸(𝑋).-2.
	In the previous chapters we prove types pre-Gruss inequality and pre-chebychev inequality in terms of measurable probability density functions. In this chapter, we use these inequalities to approximate (estimate) expectation and variance with measurab...
	5.2. Expectation and Variance with probability density function in ,𝑳-𝒑.,𝟎<𝒑<𝟏
	To prove our main theorem we need the following auxiliary Lemmas
	Lemma 5.2.1:[51]
	,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.𝑓,𝑡.𝑑𝑡=,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.,𝑡∈[𝑎,𝑏]
	Lemma 5.2.2.[52]
	If 𝑝<𝑞, then for,𝑥-𝑖.∈𝑅5
	,,,𝑖=1-∞-,,,𝑥-𝑖..-𝑞...-,1-𝑞..≤,,,𝑖=1-∞-,,,𝑥-𝑖..-𝑝...-,1-𝑝...
	Now let us introduce our main Theorem.
	Theorem 5.2.3
	Let X be a random variable defined on ,𝑎,𝑏. with the probability density function 𝑓:,𝑎,𝑏.→ℝ belongs to ,𝐿-𝑝.,𝑎,𝑏.,𝑝<1.Then we have,
	,𝑏−𝐸,𝑋..,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.≤,𝑐,𝑏−𝑎.-2+𝑝−,1-𝑝..,,𝑓.-𝑝.,
	0<𝑝<1,where c is a positive constant.
	Proof
	Since
	,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.𝑓,𝑡.𝑑𝑡≤,𝑎-𝑏-,,𝑏−𝑎.-2..,𝑓,𝑡..𝑑𝑡
	=,,𝑏−𝑎.-2.,𝑎-𝑏-,𝑓,𝑡..𝑑𝑡,.                                                            (5.1)
	Now
	Let ,𝑡-1.<,𝑡-2.<,𝑡-3.<…<,𝑡-𝑛. be a partition for ,𝑎,𝑏., 𝑎=,𝑡- . ,∆=,𝑏−𝑎-𝑛. ,
	,𝑡-1.=𝑎+,𝑏−𝑎-𝑛.,,𝑡-2.=𝑎+,2(𝑏−𝑎)-𝑛.,…,,𝑡-𝑛.=𝑎+,𝑖,𝑏−𝑎.-𝑛..
	This implies,
	,𝑎-𝑏-𝑓,𝑡.𝑑𝑡≅,𝑖=1-𝑛-𝑓,,𝑡-𝑖..,𝑏−𝑎-𝑛...,[54]                                                (5.2)
	If 𝑝<1, then by using Lemma 5.2.2 and (5.2), we get
	,𝑎-𝑏-𝑓,𝑡.𝑑𝑡≤,,,𝑎-𝑏-,,𝑓(𝑡).-,1-𝑝....-𝑝..≤𝑐,,,𝑖=1-𝑛-,,𝑓(,𝑡-𝑖.).-,1-𝑝...,𝑏−𝑎-𝑛..-𝑝.
	By using Holder inequality when 𝑞>1,𝑘>1 and ,1-𝑞.+,1-𝑘.=1, we get
	,𝑎-𝑏-𝑓,𝑡.𝑑𝑡≤.𝑐,,𝑏−𝑎.-𝑝.,,,,𝑖=1-𝑛-,,𝑓(,𝑡-𝑖.).-,𝑞-𝑝....-,𝑝-𝑞..,,,𝑖=1-𝑛-,,,1-𝑛..-𝑘...-,𝑝-𝑘...
	,≤𝑐,𝑏−𝑎.-𝑝.,,,,𝑖=1-𝑛-,,𝑓(,𝑡-𝑖.).-,𝑞-𝑝....-,𝑝-𝑞..,𝑖=1-𝑛-,1-,𝑛-𝑘....,𝑘>1
	,≤𝑐,𝑏−𝑎.-𝑝.,,,,𝑖=1-𝑛-,,𝑓(,𝑡-𝑖.).-𝑝...-,1-𝑝..,1-,𝑛-𝑘−1...
	Assume  ,1-𝑝.=𝑘−1, then
	,𝑎-𝑏-𝑓,𝑡.𝑑𝑡≤.,,𝑐,𝑏−𝑎.-𝑝.-,,𝑏−𝑎.-,1-𝑝...,,,,𝑖=1-𝑛-,,𝑓(,𝑡-𝑖.).-𝑝..,(𝑏−𝑎)-𝑛..-,1-𝑝...
	≤,,𝑐,𝑏−𝑎.-𝑝.-,,𝑏−𝑎.-,1-𝑝...,,,,𝑎-𝑏-,,𝑓(,𝑡-𝑖.).-𝑝...-,1-𝑝...
	≤,,𝑐,𝑏−𝑎.-𝑝.-,,𝑏−𝑎.-,1-𝑝...,,𝑓.-𝑝. .                                          (5.3)
	Thus
	,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.𝑓,𝑡.𝑑𝑡≤,𝑐,𝑏−𝑎.-2+𝑝−,1-𝑝..  ,,𝑓.-𝑝.
	Then by repeating of using of (5.2), we get,
	,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.𝑓,𝑡.𝑑𝑡≤,,𝑏−𝑎.-2+𝑝−,1-𝑝..,,𝑓.-𝑝..
	Then by using Lemma 5.2.1 , we get,
	,𝑏−𝐸,𝑋..,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.≤,,𝑏−𝑎.-2+𝑝−,1-𝑝 ..,  ,𝑓.-𝑝.,
	0<𝑝<1                                                                                       ∎
	Theorem 5.2.4
	Let X be a random variable defined in ,a,b. with the probability density function 𝑓:,𝑎,𝑏.→ℝ belongs to ,𝐿-𝑝.,𝑎,𝑏.,𝑝<1.Then we have,
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,(𝑏−𝑎)-3.-6..≤,,𝑏−𝑎.-2.,,,𝑎+𝑥.-2.+,,𝑏+𝑥.-2.,,𝑓,𝑡..-𝑝..+,,(𝑏−𝑎)-3.-6.
	Proof (1)
	Recall pre-Gruss inequality when 0<𝑝<1
	,,1-𝑏−𝑎.,𝑎-𝑏-ℎ(𝑡)𝑔,𝑥,𝑡.𝑑𝑡−,𝑎-𝑏-ℎ(𝑡)..𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-𝑔,𝑥,𝑡.𝑑𝑡..
	≤,1-2.,,,𝑎+𝑥.-2.+,,𝑏+𝑥.-2.,,ℎ,𝑡..-𝑝..+,,𝑎-𝑏-ℎ,𝑡.𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-𝑔,𝑥,𝑡.𝑑𝑡...(5.4)
	Put ℎ,𝑡.=𝑓,𝑡.,𝑔,𝑥,𝑡.=,𝑏−𝑡.,𝑡−𝑎., in (5.4), we get.
	,,1-𝑏−𝑎.,𝑎-𝑏-𝑓(𝑡),𝑏−𝑡.,𝑡−𝑎.𝑑𝑡−,𝑎-𝑏-𝑓(𝑡)..𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-,𝑏−𝑡.,𝑡−𝑎.𝑑𝑡..
	≤,1-2.,,,𝑎+𝑥.-2.+,,𝑏+𝑥.-2.,,𝑓,𝑡..-𝑝..+,,𝑎-𝑏-𝑓,𝑡.𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-,𝑏−𝑡.,𝑡−𝑎.𝑑𝑡....               (5.5)
	Now let us compute ,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.𝑑𝑡
	,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.𝑑𝑡
	=,𝑎-𝑏-,𝑏𝑡−𝑎𝑏−,𝑡-2.+𝑎𝑡.𝑑𝑡=,,𝑏𝑡-2.-2.,,−𝑎𝑏𝑡−,,𝑡-3.-3.+,𝑎,𝑡-2.-2..-𝑎-𝑏..
	=,,,𝑏-3.-2.−𝑎,𝑏-2.−,,𝑏-3.-3.+,𝑎,𝑏-2.-2..−,,,𝑎-2.𝑏-2.−𝑏,𝑎-2.−,,𝑎-3.-3.+,,𝑎-3.-2..
	=,,3,𝑏-3.−6𝑎,𝑏-2.−2,𝑏-3.+3𝑎,𝑏-2.-6..−,,3,𝑎-2.𝑏−6𝑏,𝑎-2.−2,𝑎-3.+3,𝑎-3.-6..
	=,,,𝑏-3.−3𝑎,𝑏-2..−,,𝑎-3.−3𝑏,𝑎-2..-6.=,,𝑏-3.−3𝑎,𝑏-2.+3𝑏,𝑎-2.−,𝑎-3.-6.=,,,𝑏−𝑎.-3.-6..                (5.6)
	Then using (5.6) to complete our estimate in (5.5). Also we have ,𝑎-𝑏-𝑓,𝑡.𝑑𝑡=1., we obtain
	,,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡.,𝑏−𝑡.,𝑡−𝑎.𝑑𝑡−,,,𝑏−𝑎.-3.-6.  ..
	≤,1-2.,,,𝑎+𝑥.-2.+,,𝑏+𝑥.-2.,,𝑓,𝑡..-𝑝..+,,,𝑏−𝑎.-2.-6. .
	Then,
	,,𝑎-𝑏-𝑓(𝑡),𝑏−𝑡.,𝑡−𝑎.𝑑𝑡−,,,𝑏−𝑎.-3.-6.  ..
	≤,,𝑏−𝑎.-2.,,,𝑎+𝑥.-2.+,,𝑏+𝑥.-2.,,𝑓,𝑡..-𝑝..+,,,𝑏−𝑎.-3.-6.,
	now  by  using Lemma 5.2.1, we get,
	,,𝑏−𝐸,𝑋..,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,,𝑏−𝑎.-3.-6..≤
	,,𝑏−𝑎.-2.,,,,𝑎+𝑥.-2.+,,𝑏+𝑥.-2..,,𝑓,𝑡..-𝑝..+,,,𝑏−𝑎.-3.-6.                                                                          ∎
	Corollary 5.2.5
	,,𝑏−𝐸,𝑋..,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,,𝑏−𝑎.-3.-6..
	≤,,𝑏+𝑎.-3.,,𝑓.-𝑝.+,,𝑏+𝑎.-3.
	≤,,𝑏+𝑎.-3.,1+,,𝑓.-𝑝..
	Proof:
	By using Theorem 5.2.4, we get
	,,𝑏−𝐸,𝑋..,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,,𝑏−𝑎.-3.-6.. (1)
	≤,,𝑏−𝑎.-2.,,,,𝑎+𝑥.-2.+,,𝑏+𝑥.-2..,,𝑓,𝑡..-𝑝..+,,,𝑏−𝑎.-3.-6.≤,,𝑏+𝑎.-3.,1+,,𝑓.-𝑝..                                              ∎
	Theorem 5.2.6
	Let X be a random variable defined in ,a,b. with the probability density function 𝑓:,𝑎,𝑏.→ℝ.If 𝑓,,𝑓.∈,𝐿-𝑝.,𝑎,𝑏.,𝑝<1,then we have,
	,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.≤,2-,1-𝑝.+3.,𝑏-,4-𝑝..,,,𝑓..-𝑝., 0<𝑝<1
	Proof: (1)
	Recall the Pre-Chebychev  inequality
	,,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑥.𝑔,𝑥.𝑑𝑥−,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑥...𝑑𝑥,1-𝑏−𝑎.,𝑎-𝑏-𝑔,𝑥.𝑑𝑥..≤
	,𝑏−𝑎. ,,,𝑓..-𝑝.,,,1-,𝑏−𝑎..,𝑎-𝑏-,,𝑔(𝑥).-2.𝑑𝑥−,,,1-,𝑏−𝑎..,𝑎-𝑏-,𝑔(𝑥)..𝑑𝑥.-𝑝...-,1-𝑝...      (5.7)
	In (5.7) put 𝑔,𝑥.=,𝑡−𝑎.,𝑏−𝑡., we get
	,,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡.,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡−,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡...𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡..
	≤,𝑏−𝑎. ,,,𝑓..-𝑝.,,,1-,𝑏−𝑎..,𝑎-𝑏-,,,𝑡−𝑎.,𝑏−𝑡..-2.𝑑𝑡−,,,1-,𝑏−𝑎..,𝑎-𝑏-,,𝑡−𝑎.,𝑏−𝑡...𝑑𝑡.-𝑝...-,1-𝑝..                  (5.8)
	Since (1)
	,𝑎-𝑏-,,𝑡−𝑎.,𝑏−𝑡...𝑑𝑡=,,,𝑏−𝑎.-3.-6.,,𝑎-𝑏-𝑓,𝑡.𝑑𝑡.=1.
	And
	,𝑎-𝑏-,,,𝑡−𝑎.,𝑏−𝑡..-2.𝑑𝑡=,𝑎-𝑏-,,𝑡−𝑎.-2.,,𝑏−𝑡.-2.𝑑𝑡=.,,,𝑏−𝑎.-5.-30...
	Then (5.8) become,
	,,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡.,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡−,,𝑏−𝑎.-6...≤
	,𝑏−𝑎. ,,,𝑓..-𝑝.,,,1-,𝑏−𝑎..,𝑎-𝑏-,,,𝑏−𝑎.-5.-30.𝑑𝑡−,,,,,𝑏−𝑎.-2.-6..-𝑝...-,1-𝑝...
	Then, (1)
	,,𝑎-𝑏-𝑓,𝑡.,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡−,,,𝑏−𝑎.-2.-6...≤
	,,𝑏−𝑎.-2. ,,,𝑓..-𝑝.,,,,,,𝑏−𝑎.-4.-30.−,,,,,𝑏−𝑎.-2.-6..-𝑝...-,1-𝑝...
	By using Lemma 5.2.1, we get
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,,𝑏−𝑎.-2.-6..≤
	,,𝑏−𝑎.-2. ,,,𝑓..-𝑝.,,,,,,𝑏−𝑎.-4.-30.−,,,,,𝑏−𝑎.-2.-6..-𝑝...-,1-𝑝..,
	this implies,
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,,𝑏−𝑎.-2.-6..≤ (1)
	,,𝑏−𝑎.-2. ,,,𝑓..-𝑝.,2-,1-𝑝.−1.,,,,,,𝑏−𝑎.-4.-30..-,1-𝑝..+,,,𝑏−𝑎.-2.-6..
	≤,,𝑏−𝑎.-2. ,,,𝑓..-𝑝.,2-,1-𝑝.−1.,,,2-,4-𝑝.−1.,,𝑏-,4-𝑝..+,𝑎-,4-𝑝...-,30-,1-𝑝...+,2-6.,,𝑏-4.+,𝑎-4...
	≤,,𝑏−𝑎.-2. ,,,𝑓..-𝑝.,2-,1-𝑝.−1.,,𝑏-,4-𝑝..+,𝑎-,4-𝑝..+,𝑏-4.+,𝑎-4..
	,           ≤,b−a.-2. ,,,f..-p.,2-,1-p.−1.,,b-,4-p..+,a-,4-p..+,b-,4-p..+,a-,4-p...
	,           ≤,𝑏−𝑎.-2. ,,,𝑓..-𝑝.,2-,1-𝑝..,,𝑏-,4-𝑝..+,𝑎-,4-𝑝...
	≤2,,𝑏-2.+,𝑎-2.. ,,,𝑓..-𝑝.,2-,1-𝑝..,,𝑏-,4-𝑝..+,𝑎-,4-𝑝...
	≤ ,2-,1-𝑝.+2.,,𝑏-,4-𝑝..+,𝑎-,4-𝑝...,,,𝑓..-𝑝.
	≤ ,2-,1-𝑝.+3.,𝑏-,4-𝑝..,,,𝑓..-𝑝..
	Then ,we get
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,,𝑏−𝑎.-2.-6..≤,2-,1-𝑝.+3.,𝑏-,4-𝑝..,,,𝑓..-𝑝.    ∎
	Lemma 5.2.7[52]
	If 𝑔,ℎ,,ℎ. ∈,𝐿-1.,𝑎,𝑏., then
	,,,1-𝑏−𝑎.,𝑎-𝑏-ℎ,𝑡.𝑔,𝑡.𝑑𝑡−,1-𝑏−𝑎.,𝑎-𝑏-ℎ,𝑡...𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-𝑔,𝑡.𝑑𝑡..-2.≤
	,,,𝑏−𝑎-𝜋..-2.,𝑎-𝑏-,,,ℎ..-2.,,1-𝑏−𝑎.,𝑎-𝑏-,𝑔,𝑡.-2.𝑑𝑡−,,,1-𝑏−𝑎.,𝑎-𝑏-𝑔,𝑡..𝑑𝑡.-2.....
	Is Pre-Lupas inequality, when 𝑔,ℎ and  ,ℎ.∈,𝐿-2.,𝑎,𝑏..
	Now let us generalize Pre-Lupas  inequality for ,𝐿-𝑝.,𝑎,𝑏.,𝑝<1 spaces.
	Theorem 5.2.8
	If 𝑔,ℎ,,ℎ. ∈,𝐿-𝑝.,𝑎,𝑏.,0<𝑝<1, then
	,,1-𝑏−𝑎.,𝑎-𝑏-ℎ,𝑡.𝑔,𝑡.𝑑𝑡−,1-𝑏−𝑎.,𝑎-𝑏-ℎ,𝑡...𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-𝑔,𝑡.𝑑𝑡..≤
	,𝑐,(𝑏−𝑎)-𝑝−,1-𝑝..-𝜋.,,,ℎ..-𝑝.,,1-𝑏−𝑎.,𝑎-𝑏-,𝑔,𝑡.-2.𝑑𝑡−,𝑎-𝑏-𝑔,𝑡.𝑑𝑡...
	Where 𝑐 is a positive constant.
	Proof: (2)
	By using Lemma 5.2.7 and (5.2) we get,
	,,1-𝑏−𝑎.,𝑎-𝑏-ℎ,𝑡.𝑔,𝑡.𝑑𝑡−,1-𝑏−𝑎.,𝑎-𝑏-ℎ,𝑡...𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-𝑔,𝑡.𝑑𝑡..≤ (1)
	,𝑐(𝑏−𝑎)-𝜋.,,,𝑖=1-𝑛-,𝑏−𝑎-𝑛..,,,ℎ.(,𝑡-𝑖.).-2..-,1-2..,,1-𝑏−𝑎.,𝑎-𝑏-,𝑔-2.,𝑡.𝑑𝑡−,𝑎-𝑏-𝑔,𝑡.𝑑𝑡...
	Then using (5.3) secondly, we get
	,,1-𝑏−𝑎.,𝑎-𝑏-ℎ,𝑡.𝑔,𝑡.𝑑𝑡−,1-𝑏−𝑎.,𝑎-𝑏-ℎ,𝑡...𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-𝑔,𝑡.𝑑𝑡..≤ (2)
	,𝑐,(𝑏−𝑎)-𝑝−,1-𝑝..-𝜋.,,,ℎ..-𝑝.,,1-𝑏−𝑎.,𝑎-𝑏-,𝑔,𝑡.-2.𝑑𝑡−,𝑎-𝑏-𝑔,𝑡.𝑑𝑡...                    ∎
	Collorally 5.2.9
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,,𝑏−𝑎.-2.-6..≤,𝑐,,𝑏−𝑎.-4+𝑝−,1-𝑝..-6𝜋.,,𝑏−𝑎-5.−1.,,,𝑓..-𝑝. ,
	where 𝑐 is a positive constant.
	Proof: (3)
	Put ℎ,𝑡.=𝑓,𝑡.,𝑔,𝑥.=,𝑡−𝑎.,𝑏−𝑡. in Theorem 5.2.8, we get
	,,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡.,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡−,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡...𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡..≤
	,𝑐,(𝑏−𝑎)-𝑝−,1-𝑝..-𝜋.,,,𝑓..-𝑝.,,1-𝑏−𝑎.,𝑎-𝑏-,,,𝑡−𝑎.,𝑏−𝑡..-2.𝑑𝑡−,𝑎-𝑏-,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡...
	,,𝑎-𝑏-,𝑡−𝑎.,𝑏−𝑡.𝑓,𝑡.𝑑𝑡−,𝑎-𝑏-𝑓,𝑡...𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡..≤
	,𝑐,(𝑏−𝑎)-𝑝−,1-𝑝.+1.-𝜋.,,,𝑓..-𝑝.,,1-𝑏−𝑎.,𝑎-𝑏-,,,𝑡−𝑎.,𝑏−𝑡..-2.𝑑𝑡−,𝑎-𝑏-,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡...                                                            (5.9)
	By using Lemma 5.2.1, we get (1)
	,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.𝑓,𝑡.𝑑𝑡=,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.,
	Since   ,𝑎-𝑏-,,𝑡−𝑎.-2.,,𝑏−𝑡.-2..𝑑𝑡=,,,𝑏−𝑎.-5.-30. and ,𝑎-𝑏-𝑓,𝑡.𝑑𝑡.=1.
	Also,
	,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.𝑑𝑡=,,,𝑏−𝑎.-3.-6.,
	So, (5.9) implies,
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,,𝑏−𝑎.-2.-6..≤,𝑐,,𝑏−𝑎.-𝑝−,1-𝑝.+1.-𝜋.,,,𝑓..-𝑝.,,,,𝑏−𝑎.-4.-30.−,,,𝑏−𝑎.-3.-6...
	Then, we get,
	,,b−E(X).,E,X.−a.−,σ-2.,X.−,,,𝑏−𝑎.-2.-6..≤,𝑐,,𝑏−𝑎.-4+𝑝−,1-𝑝..-6𝜋.,,𝑏−𝑎-5.−1.,,,𝑓..-𝑝. ,
	where 𝑐 is a positive constant                                                                ∎
	Theorem 5.2.10
	Let X be a random variable with the probability density function 𝑓:,𝑎,𝑏.→ℝ.If 𝑓∈,𝐿-𝑝-𝑛.,𝑎,𝑏.=,𝑓:,𝑎,𝑏.→ℝ,𝑓,,𝑓-(𝑛).∈,𝐿-𝑝-𝑛.,𝑎,𝑏.,0<𝑝<1.,then we have
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,𝑖=0-𝑛-,,𝑖+1.,,𝑏−𝑎.-𝑖+1.,𝑓-,𝑖..(𝑎)-,𝑖+3.!...≤,𝑐-𝑛!.,,,𝑓-,𝑛+1...-𝑝.,,,𝑏−𝑎.-,𝑛+1.𝑝+3.-,𝑛𝑝+2.,𝑛𝑝+3..,
	where 𝑐 is an absolute constant.
	Proof: (4)
	The Taylor,s formula  with integral remainder [13] is
	By using Lemma 5.2.1 and (5.10), we have
	,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.
	By using (5.11), we deduce that,
	=,𝑖=0-𝑛-,1-,𝑖+2.,𝑖+3..,,,𝑏−𝑎.-𝑖+1.,𝑓-,𝑖..,𝑎.-𝑖!..+,1-𝑛!.,,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.,𝑎-𝑡-,,𝑡−𝑠.-𝑛.,𝑓-,𝑛+1..,𝑠..𝑑𝑠.𝑑𝑡
	This implies, (1)
	Since (2)
	Then by using  (5.3),this implies,
	Then , we get,
	,,𝑎-𝑡-,,𝑡−𝑠.-𝑛.,𝑓-,𝑛+1..,𝑠..𝑑𝑠.≤𝑐,,,𝑏−𝑎.-𝑝−,1-𝑝..,𝑡−𝑎.-𝑝𝑛.,,,𝑓-,𝑛+1...-𝑝.,
	0<𝑝<1.                                                                                                       (5.14)
	Put (5.14) in (5.13), we get
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,𝑖=0-𝑛-,,𝑖+1.,,𝑏−𝑎.-𝑖+1.,𝑓-,𝑖..(𝑎)-,𝑖+3.!...
	≤,𝑐,,𝑏−𝑎.-𝑝−,1-𝑝..-𝑛!.,,,𝑓-,𝑛+1...-𝑝.,𝑎-𝑏-,𝑏−𝑡..,,𝑡−𝑎.-𝑝𝑛+1.𝑑𝑡.         ,5.15.
	And by using (5.12), we get
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,𝑖=0-𝑛-,,𝑖+1.,,𝑏−𝑎.-𝑖+1.,𝑓-,𝑖..(𝑎)-,𝑖+3.!... (1)
	≤,𝑐,,𝑏−𝑎.-𝑝−,1-𝑝..-𝑛!.,,,𝑓-,𝑛+1...-𝑃.,,𝑏−𝑎.-𝑛𝑝+3.,0-1-,𝑢-𝑛𝑝+1.(1−𝑢).𝑑𝑢
	≤,𝑐,,𝑏−𝑎.-𝑝−,1-𝑝..-𝑛!.,,,𝑓-,𝑛+1...-𝑝.,,,𝑏−𝑎.-𝑛𝑝+3. -,𝑛𝑃+2.,𝑛𝑃+3..
	=,𝑐-𝑛!.,,,𝑓-,𝑛+1...-𝑝.,,,𝑏−𝑎.-,𝑛+1.𝑝+3−,1-𝑝.. -,𝑛𝑃+2.,𝑛𝑃+3..
	This implies, (2)
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,𝑖=0-𝑛-,,𝑖+1.,,𝑏−𝑎.-𝑖+1.,𝑓-,𝑖..(𝑎)-,𝑖+3.!...≤,𝑐-𝑛!.,,,𝑓-,𝑛+1...-𝑝.,,,𝑏−𝑎.-,𝑛+1.𝑝+3−,1-𝑝.. -,𝑛𝑃+2.,𝑛𝑃+3..
	≤,𝑐-𝑛!.,,,𝑓-,𝑛+1...-𝑝.,,,𝑏−𝑎.-,𝑛+1.𝑝+3. -,𝑛𝑃+2.,𝑛𝑃+3..
	where 𝑐 is absolute constant.                                                                            ∎
	A Modified Ostrowski Inequality with Random Variable Application on ,𝐿-𝑝.,𝑎,𝑏.,0<𝑝<1,Spaces
	A Modified Ostrowski Inequality with Random Variable Application on ,𝑳-𝒑.,𝒂,𝒃.,𝟎<𝒑<𝟏,Spaces
	Many outhers proved types of Ostrowski inequality. We improve their inequalities and then applied it to cumulative density function and 𝒃𝐞𝐭𝐚 and normal distribution:
	6.1. Introduction
	In 1938 Ostrowski  introduced his famous inequality in [41]
	,𝑓,𝑥.−,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡.𝑑𝑡..≤,,1-4.+,,,𝑥−,,𝑎+𝑏.-2.-𝑏−𝑎..-2..,𝑏−𝑎.𝑀                 (6.1)
	For a differentiable function 𝑓 with bounded derivative on ,𝑎,𝑏..
	In [44] Drangomir and Wang proved the of Ostrowski,s inequality
	,𝑓,𝑥.−,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡.𝑑𝑡−,𝑓,𝑏.−𝑓(𝑎)-𝑏−𝑎...≤,1-4.,𝑏−𝑎.(𝐶−𝐷)                                                  (6.2)
	For a function with bounded derivative, such that 𝐶≤,𝑓.≤𝐷 on ,𝑎,𝑏.. C,D are positive constants in ℝ.
	In [48] Matid, Decarce and Ujevic proved (6.2) with ,1-4,3.. constant with twice diffentiable formula on ,𝑎,𝑏..Using Chebychev,s operator we improve the results in[11], by introducing a best result for functions in ,𝐿-𝑝.[𝑎,𝑏] for  0<𝑝<1. And we...
	6.2. A Modified Ostrowski Inequality
	To prove our main theorem we need the following auxiliary result.
	Lemma 6.2.1[54]
	𝑓,𝑥.−,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡.𝑑𝑡−,𝑓,𝑏.−𝑓,𝑎.-𝑏−𝑎..,𝑥−,𝑎+𝑏-2..
	=,1-2,,𝑏−𝑎.-2..,𝑎-𝑏-,𝑎-𝑏-,𝑃,𝑥,𝑡.−𝑃(𝑥,𝑠).,,𝑓.,𝑡.−,𝑓(𝑠)..𝑑𝑡𝑑𝑠..,
	where
	𝑝,𝑥,𝑡.=,,𝑡−𝑎  𝑖𝑓   𝑡∈[𝑎,𝑥)-𝑡−𝑏   𝑖𝑓    𝑡∈(𝑥,𝑏]..
	Theorem 6.2.2
	Let 𝑋 be a random variable 𝑓,,𝑓∈.,𝐿-𝑝.,𝑎,𝑏., 0<𝑝<1, then,
	,𝑓,𝑥.−,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡.𝑑𝑡−,𝑓,𝑏.−𝑓,𝑎.-𝑏−𝑎.,𝑥−,𝑎+𝑏-2....
	≤,,𝑐,,𝑝.,𝑏−𝑎.-𝑝−1.-2,𝑝+1...,,,,𝑓..-𝑝.+,,,,,𝑓,𝑏.−𝑓,𝑎.-𝑏−𝑎..-𝑝..-,1-𝑝...,
	Proof:
	By using the Gaushy-Schwars inequality for double integrals, we get,
	≤,,,1-2,,𝑏−𝑎.-2..,𝑎-𝑏-,𝑎-𝑏-,𝑝,𝑥,𝑡.−𝑝,𝑥,𝑠..𝑑𝑡𝑑𝑠...-,1-2..
	,,,𝑎-𝑏-,𝑎-𝑏-,,𝑓.,𝑡.−,𝑓(𝑠)..𝑑𝑡𝑑𝑠...-,1-2..,
	Since any two norms on a finite dimensional space are equivalent, then we get,
	where c is a positive constant.
	Now, using (5.3), we get
	Now,
	,𝒇,𝒙.−,𝟏-𝒃−𝒂.,𝒂-𝒃-𝒇,𝒕.𝒅𝒕−,𝒇,𝒃.−𝒇,𝒂.-𝒃−𝒂.,𝒙−,𝒂+𝒃-𝟐....
	where 𝒄(𝒑) is a positive constant depending on p only                   ∎
	Let 𝑿 be a random variable 𝒇,,𝒇∈.,𝐋-𝐩.,𝐚,𝐛., 𝟎<𝒑<𝟏, then
	,𝒇,,𝒂+𝒃-𝟐..−,𝟏-𝒃−𝒂.,𝒂-𝒃-𝒇,𝒕.𝒅𝒕..≤,,,𝒄,,𝒑.,𝒃−𝒂.-𝒑−𝟏.-𝟐,𝒑+𝟏...-,𝟏-𝒑..,,,,𝒇..-𝒑.+,,,𝒇,𝒃.−𝒇,𝒂.-𝒃−𝒂..-𝒑...
	,𝒇,,𝒂+𝒃-𝟐..−,𝟏-𝒃−𝒂.,𝒂-𝒃-𝒇,𝒕.𝒅𝒕..≤,,,𝒄,,𝒑.,𝒃−𝒂.-𝒑−𝟏.-𝟐,𝒑+𝟏...-,𝟏-𝑷..,,,,𝒇..-𝒑.+,,,𝒇,𝒃.−𝒇,𝒂.-𝒃−𝒂..-𝒑..,
	where 𝒄(𝒑) is a positive constant depending on p only .
	,𝑭,𝒙.−,𝟏-𝒃−𝒂.,𝒂-𝒃-𝑭,𝒕.𝒅𝒕−,𝑭,𝒃.−𝑭,𝒂.-𝒃−𝒂.,𝒙−,𝒂+𝒃-𝟐....
	≤,,,𝒄,(𝒑)(𝒃−𝒂)-𝒑−𝟏.-𝟐(𝒑+𝟏)..-,𝟏-𝑷..,,,,𝑭..-𝒑.+,,,𝑭,𝒃.−𝑭,𝒂.-𝒃−𝒂..-𝒑..              (𝟔.𝟖)
	,,𝑃-𝑟.,𝑋≤,𝑎+𝑏-2..−,𝑏−𝐸,𝑋.-𝑏−𝑎..
	≤,,,𝑐,(𝑝)(𝑏−𝑎)-𝑝−1.-2(𝑝+1)..-,1-𝑃..,,,𝑓.-𝑝.+,,,1-𝑏−𝑎..-𝑝..
	,,𝑃-𝑟.,X≤,a+b-2..−,b−E,X.-b−a..≤,,,𝑐,,p.,𝑏−𝑎.-𝑝−1.-2,𝑝+1...-,1-𝑃..,,,𝑓.-𝑝.+,,,1-𝑏−𝑎..-𝑝..              ∎
	,,𝑃-𝑟.,X≤x.+,β-α+𝛽.−𝑋+,1-2..
	≤,,,𝑐(𝑝)-2(𝑝+1)..-,1-𝑝..,,1-𝐵,𝛼,𝛽..,(𝐵(𝑃,𝛼−1.+,𝑃,𝛽−1.+1)-,1-𝑝..+1.
	Proof: (1)
	,,𝑃-𝑟.,X≤𝑥.+,β-α+𝛽.−𝑥+,1-2..
	≤,,,𝑐,𝑝.-2,𝑝+1...-,1-𝑝..,,1-𝐵,𝛼,𝛽..,(𝐵(𝑃,𝛼−1.+,𝑃,𝛽−1.+1)-,1-𝑝..+1.               ∎
	The next theorem is an application for normal distribution.
	Theorem 6.3.4

