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Abstract

In our thesis we focus on the applications of functional analysis and

approximation in probability theory and statistics.

As a contribution of functional analysis and approximation on
theorem we introduce a new formula of Ostrowski theorem for

function in quasi normed spaces.

We applied our version of Ostrowski theorem in random variable
whose probability density function and cumulative distribution
function in quasi normed spaces. Also we applied our Ostrowski

version theorem in beta and normal distributions.

We generalize Pre-Gruss inequality for functionsin quasi normed
spaces and applied it to estimate the expectation, variance and

dispersion.

We prove a generalization refinement of the Chebyshev inequality
to quasi normed spaces. Then we applied it for expectation of
cumulative distribution function of random variable with
probability density function and its derivative in quasi normed

spaces.

In approximation theory we use Taylor formula to approximate
expressions written in terms of expectation and variance
simultaneously with probability density functions in quasi normed
spaces. We prove a type of Ostrowski inequality and applied it to

cumulative density function, feta and Normal distribution
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Introduction
Introduction

Our thesis is a contribution of approximation theory and functional

analysis to probability theory.

Many researchers prove many types of Ostrowski inequality for

continuous functions whose derivative bounded on (a,b).

such as the researcher Ostrowski in 1938 introduced that in

1 b
F00 —5— | fde

1 (=)
< |+ | e - @l (1)

2

For all x € [a, b] and the constant i is the best possible.where

”f”oo = SuPte(a,b)lfl < o,

The Finks result is also used to find another type of Ostrowski

inequality, which is as follows [1].
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Introduction

when(p > 1,% + é = 1).Later on, some generalizations were found

for this inequality were proved. In 1995 G.A.Anastassiou studied
Ostrowski inequalities [2].In 1997, the same researcher studied
multivariate Ostrowski type inequalities [3]. In 1998 N.S.Barentt and
others studied Ostrowski inequalitu for double integrals and
applications for cubature formula [4].In the same year, S.5S.Dagomir
and others as stated in [5]which has applications in numerical
integrals as well as having a special meaning mentioned in [6].As
for its applications on the derivative functions whose derivate
belongs to the L, spaces, for 1 <p < oo the researchers here used
another type on Ostrowski_inequality as mentioned in [4].In 1999,
S.S.Dagomir and others also studied An n-dimensional version of
Ostrowski inequality for mapping of the Holder type [7].In 2000,
B.G.Pachpatte studied On multivariate Ostrowski Type inequality
[8].In 2001 N.S.Barentt and others study On weighted Ostrowski
Type inequalities for operators and vector -valued functions [9].In
the same year N.S.Barentt and others studied inequality for double
integrals and applications for cubature formula [10].In 2002,
P.Gerone study A new Ostrowski type inequality involving integral
Means over end intervals [11].In 2004, P.Gerone and others studied
Ostrowski type inequalities for functions whose derivatives satisfy
certain convexity assumptions [12].In 2006, B.G.Pachpatte studied A
new Ostrowski Type inequality for double integrals [13].In the
same year Arif Rsfiq and others studied weighted Ostrowski Type
inequality for differentiable mappings whose first derviatives
belong to L,(a,b),p > 1 [14].In 2008, Shiow-Ru Hwang and others

2



Introduction

studied A note on multivariate Ostrowski Type inequality [15].In
2010, M.Z.Sarikaya studied on the Ostrowski Type integral
inequality [16].In 2011, ANA Maria and others studied The Mean
value theorem and inequalities of Ostrowski type [17]. In the same
year M.Emin ozdermir and others studied inequalities for convex
and s-convex functions on A= [a,b] X [c,d] [18].In the same year
M.Z.Sarikaya studied on the weigthed Ostrowski type integral
inequalities for S-convex [19]. In 2012, Mevlut Tunc study Ostrowski
type inequalities for (o, m)-Geometrically convex functions via
Riemann-Louville fractional integrals [20].In 2013, S.S.Dragomir
studied Ostrowski type inequalities for functions whose derivatives
are h-covex in absoulte value [21].In 2014, M..E.Ozdemir and others
studied Ostrowski type inequalities for convex functions [16].In the
same year A.Qayyum and others studied on new generalized
Ostrowski type inequalities [22].In 2016, Samet and others studied
An Ostrowski type inequalities for twice differentiable mappings
and applications [24].In 2017, Silvestru Dragomir studied Ostrowski
type inequalities for Lebesgue integral A survey of recent results
[23].In 2019, Samet Erden and others studied some inequalities for
double integrals and applications for cubature formula[30]. In 2020,
year Huseyin and others studied weighted Ostrowski trapezoid and
midpoint type inequalities for Riemann-Liouville fractional
integrals[25].In same year Naila and others studied Ostrowski type
inequalities via some exponentially convex functions with
application [26].In 2021, Praveen and others studied new Ostrowski

type inequalities for generalized S-convex functions with

3



Introduction

applications to some special means of real numbers and to midpoint

formula[27].

In Chapter One we find a new formula for the Ostrowski inequality

in the space L, for 0 <p < 1.

Many articles on Ostrowiski Inequality [41],[43] and [47] are choose
B and I' distribution (I' is a special case of [ distribution ) because
the p.d.f of these distributions in terms of p (the shape parameter )
and q (the distribution parameter). The sample space of the random
variable of  and I' belongs to (0,0). The above properties make the

applications of these distributions very easy.

The first section in Chapter Two includes the application of
Ostrowski inequality in random variable whose probability density
function and cumulative distribution function belong to L,. While
the second section of Chapter Two concerns with the application of
Ostrowski's inequality in the Beta distribution and the normal
distribution. The normal distribution don’t have the above
properties. The p.d.f of the normal distribution in terms of p and o.
The sample space of the normal distribution subset of R. So that no
one work on the Ostrowiski inequality appear for the expectation of

normal distribution.

In the last decade few authors introduced Pre-Gruss inequality for
functions in L,[a, b] space, and used it to estimate the error bounds

of the reminders of Taylor-Like formula and quadrature formula.



Introduction

In [45],[46], the authors introduced the so called Pre-Gruss

inequality at the form for function in L;[a, b] normed space.

b b b
1 1 1
— f fOg®)dt - — j fdty— f JOLL

1
2
1 1 ; 1 ’ 2

M.Maice and others in 1999, used (3) to estimate the bound of
Taylor-Like formula.[9]. P.Gerone and others in 2000, used the (3)
for estimating the remainder in three point quadrature formula.In
the same year Nenad study A Genralization of the Pre-Gruss
inequality and applications to some Quadrature formula [49].In
2009, A.Vukelic study estimation of the error for general simpson
type formula via Pre-Gruss inequality [29]. In 2019, Samet Erdan
and others studied Pre-Gruss inequality involving conformable
fractional intgrals and applications for random variables [30].In
2020, Silver Dragomir studied A refinement of Pre-Gruss inequality

for the complex integral [31].

In Chapter Three we extend and generalize the above results by
introducing a type of pre-Gruss inequality for formula in Ly[a, b]
quasi- normed space for theorems related to expection, variance and
Dispersion.Some authors proved a Chebyshev inequality for
absolutely continuous functions.In 1867, The Chebyshev inequality

is famous result from probability theory and has been studied in the
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most of sciences[32].In 1984, Saw and others studied Chebyshev
inequality with estimated Mean and variance [33]. In 1995, Smith .T
studied generalized Chebyshev inequalities in his book Theory and
application in decision analysis [34] .In 1999, D.S, Mitrinovic and
others proved classical inequalities in analysis such as Chebyshev
inequality for absolutely continuous function[50]. In 2004, Hogg and
others studied Chebyshev inequality in his book Introduction to
mathematical statistics [35].In 2011, Chen ,X studied Anew
generalization of Chebyshev inequality for random vector [36]. In
2013, Navarro, ] studied A very simple proof of the multivariate
Chebyshev inequality [38]. The same researcher in 2014, study a
note on confidence Chebyshev inequality [39], also studied Can the

bounds in the multivariate Chebyshev inequality be attained?[40]

In Chapter Four a generalize and refinement of this Chebyshev
inequality for functions in the spaces L,for0<p<1 are
introduced. Then we apply it to estimate expectation of cumulative
distribution function of random variable with probability density

function, such that f,f €L, [a,b],0 <p < 1.

In Chapter Five we use the our inequalities in pervious Chapters to
approximate (estimate) expectation and variance with measurable

probability density functions, in the aid of Taylor formula.

In Chapter Six we improve the results in Chapter One by
introducing the best results for function in Ly[a,b] . Then we
applied them to beta and normal distribution and cumulative

density function.
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An L, p <1 Ostrowski

inequality



Chapter One An Lp,p<l1 Ostrowski inequality

An L,p < 1 Ostrowski inequality

Many researchers prove many types of Ostrowski inequality for
continues functions but in this chapter there is a new formula for the

Ostrowski inequality in the L,, space whenitis 0 <p < 1.
1.1.Introduction

We need to recall the definition of the spaces L,,.

1

p
Ly(D) Ly(I) = f:HR:nfnL,,(,)=||f||p=(j |f|”> < o
1

|l+]l, is @ norm for 1 < p < co. Characteristic for L, space, p = 1 are
the inequalities of Holder and Minkowski, where 0 < p < oo.If [|f][,,
is in the interval ||f]l,(J). For the mean interval we shall write
If1l,- The Ostrowski integral inequality was first proved by the

researcher Ostrowski in 1938 [41], by using the following Theorem.
Theorem 1.1.1

Let f:[a, b] = R be continuous on [a,b] and differentiable on (a,b)

whose derivative f: (a, b) = R is bounded on (a,b).

Then,

2

. b . (x—a;b)
f) -5 | f@e| < |3+ =2 | 6 - @ f,

For all x € [a, b] and the constant i is the best possible. Where

8



Chapter One An Lp,p<l1 Ostrowski inequality

171, = supcem|f] < .

Later on, some generalizations were found for this inequality as
stated in [44] Which has applications in numerical integrals as well

as having a special meaning mentioned in [5].

As for its applications on the derivative functions whose derivate
belongs to the L,spaces, for 1 < p < o the researchers here used

another type on Ostrowski_inequality as mentioned in [6].

The Finks result is also used to find another type of Ostrowski

inequality, which is as follows Theorem.
Theorem1.1.2

Let f:1 € R - R be differentiable mapping on ['and a,b € I’ with
a<b. If fe L,(a,b), When(p > 1,% + % = 1), then we have the
inequality

b 1
1 = @)T + -0
o0 - = [ roa <[22 2=

for all x € [a, b].

For instant Theorem(1) in [1], where appropriate calculations are

found when n = 1.



Chapter One An Lp,p<l1 Ostrowski inequality

In addition , there are other types of Ostrowski inequalities reported

in research [6], [45] and [44].

In our work we will find a new formula for the Ostrowski inequality

in the Lp space whenitis0 <p <1.

10



Chapter One An Lp,p<l1 Ostrowski inequality
1.2.0strowski inequality for functions in L,,0 <p < 1
Here we introduce our main results

Theorem 1.2.1

Let a=x<x; <x,<x3<:-<x,=>b be a division of interval
[a,b] with x; = ;4 b%a, such that [x;,x;,,] <1 with n > b —a and
«; (i=0,1,..,k+ 1) has k+ 2 of points so that xy= a, ;€ [x;_4, x;],
(i=1,..,K)and «;,,=b,if f,f € L,[a,b], when f:[a,b] — R, then

b n
| F@de = (@ - @df
2 i=0

xi;xi+1]'

n
1
<€, ) [y = )7+ Ceiar — @)
i=0

Proof:
Define the mapping g: [a,b] — R giving by

( t—a;,te€ [a,xl)

t—a,,t €|x,Xx
g(t)={ 2 : [1 2)

kt — Uy, t € [ak_l, b]
. b ’
Now, let us integral fa g(t) f(t)dt by part.
Letu = g(t) = (t —;1), then == = dt,and dv = f(t), then,v = £ (¢).

Then,

11



Chapter One An Lp,p<l1 Ostrowski inequality

n—-1 Xi+1

9 fOde = | gf@d

Q\c‘

- [(t—am)f(tn;‘:“— | iﬂf(t)dt]

Z, i
- Z(xm o) (i)
. Z(“iﬂ— X)fCr) Z: | jiﬂf(t)dt

(1= x)f () + (i =K f(Xi41)

_ L o f(t)dt]

i

n—1
i=0

n—-1
= Z(xiﬂ —C 1) f(Xi41)
i=0

: ni(ocm— X)FC) - Z [
i=0 i=0 "X

12

i

(rinr i) Geian) — (e~ ) f Ge) — j mf(t)dt]

(1.1)



Chapter One An Lp,p<l1 Ostrowski inequality

Since x. = a, then,
n—-1
Z (ajv1 — x) f(x;)
i=0

= (- Of @+ ) (@~ 2 f(). (12)
Also, x, = b ,then,

n—1 n—2
D G =x)f Geia) = B=0)f(B) + ) Ceirs =oi1) f (i) - (13)
i=0 i=0

Also

nol Xit+1 b

z f(t)dt=J f(t)dt
i=0 "Xi a

Now,
Put (1.2) and (1.3) in (1.1), we get

b

| 9 f©

a

n-—1
= (1= @f (@) + ) (@ =) F() + (b = a)f ()
i=1

n-2 b
# ) Grien = @) fOian) - | F(Ode
i=0 @

13



Chapter One An Lp,p<l1 Ostrowski inequality

This implies,

b n—1
[ 90 70 = - @@ + Y @i = 2 £ + B = @)f )
a i=1

n-1 b
£ G- a) foa) - [ F(Od. (1.4
i=1 a

Since,

(= F @+ ) (@1 = %) () + (b = a)f(B)

+ Z(xi —a;) f(x;)
i=1

n-1
= (= O (@) + (b= @) f (D) + ) (@is — @) f(x)
i=1

= D (@1 — @) fGx), (15)
i=0

Put (1.5) in (1.4), we get,

b

I b
| 9@ fde =Y (@ —adfe - [ f@ar. o)
a i=0 a
So,

b L b
| r0de = - adre - [ g@f@de @

14



Chapter One An Lp,p<l1 Ostrowski inequality

But,
: L Xit+1
[ 9@ foa| = JOF (Dt
a i=0 " Xi
<> ClgOIF©ae
i=0 ~Xi
= Z _mlt — aq| [f(D)]dt. (1.8)

Il
o

l

By using Holders inequality we get,

Xi+1 .
| e =l [F®lae

n
=0 " Xi

n 1 1
< |t — ;. |th> ( |f (@] dt” (1.9)

When 1<p S(’l<00and%+%=1.

~

=

Since,

(@jp1—t)  if t € (xpai4q)

|t — A | = .
i+1 E(t — Q1) if t € (X1, Xi01)-

This implies,

15



Chapter One An Lp,p<l1 Ostrowski inequality

Xi+1 )
f It — g |9 dt

Xi
Xitn Xi+1
= j |y — 7+ Z(t — ;)] dt.
i Ai+1
i1 ) Xi+1 i
= j la; . — t|dt +j |t —a;.1|%dt.  (1.10)
X Ait1
Then,
Xi+1 1 . Fit1
L |t — @14l _C’I 11 (ajpq — )"
i Xi
1 Xi+1
+—(t — ;)

q+ 1 Xit+1
— 1 qg+1
= m [(@ir1 — @iv1) — (@41 — x)]

1 g+1
+ m [(i41 — @ip1) — (@41 — Xi1)]
1 g+1

= q T 1 [(xi - “i+1) + (xi+1 - “i+1)] . (1.11)

Put (1.11) in (1.9) we get,

i | f”lu — aial |f(O)]

< N p - [(xl - 06i+1) + (Xi+1 - 0£i+1)]q+1 Xi+1|]6(1f)|z3 dt b
el +1 Xi

16
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Chapter One An Lp,p<l1 Ostrowski inequality
Now, by using (1.8) we get,

b

fmwfuwt

1

<.[ i+1|f(t)|z§ dt)p

n

<2

i=0

QR

[(x; — 1) + (41 — ai+1)]‘i+1)

Since 4 <q+1,

then,
- 1 7/ 5
, q +1 ﬁ
Z ( 1 [ — ajpq) + (g — ai+1)]q+1) (j |f(t)| dt)
= |1 i ]
n 1 ; %
\4 +1 ﬁ
z ( [Ce; — @) + (X1 — “i+1)]q) (j |f(t)| dt) :
i=0 Xi
This implies,

b

jﬂﬂf@ﬂt

a

<>

i=0

l Xi+1 .
[(; — 1) + (Xipq — ai+1)]q)q <f |f(t)|p dt)

Let 0 < q < 1, then for q < ¢, this implies

n

2|

i=0

Q| =
NI

[ = @) + G = @3)14)

(j i+1|f(t)|15 dt)p

17



Chapter One An Lp,p<l1 Ostrowski inequality

n-1 1 Xi+1 , l
< C@ Y {[64 = ) + (epgs = )T ( | ol dtﬂ (112)
i=0 Xi

Now, by using the result

Iy f(a)da ——Z{ of (a;), [50]

when, a; = n+ (m-—n)(2i - 1)/2..

So that,

[Mrora=; ZIf(t)I 1<ps<oe

Let 0 < p < 1 ,then p < P,this implies,

Xit+1 1 n . 1 n
z I3 Ve p z p
[ T r@rae= Y Il <2 Y Ifel 0 <p<1,
Xi i=1 i=1

So that,

1

([1rr a) < (cor [ Vor @)

J =

Since,

(C(p) f

1

F dt)

i

18



Chapter One An Lp,p<l1 Ostrowski inequality

1 11

=<C(p) [ ror dt)p (coa) [ ror dt)” g

Xi Xi

Also, Since, f € L, , then f;iﬂlf(t)lp dt < o0,s0 that
1

([1rora) <(co [ o )
<COI N,z - (1.13)

C(p)is an absolute constant depending on p and it not the same at
each step it is different from one step to another, also C(p4, P2, ..., Pn)
is a positive constant depending on (py, py, ..., pn).-We shall use this

notation in all our work.

Put (1.13) in (1.12), we get

b
f g(Of (©dt

1
n—1 a

q
<C@q (Z (@ip1 —x)T+ (xp31 — ai+1)q> ”f”P[xi,xm]- (1.14)

i=o
When0<p<land 0<qg<1.

Now , by using (1.8), we get,

19



Chapter One An Lp,p<l1 Ostrowski inequality

b n
| £ = (@ - af
a i=0
n-1 )
<C(pq) Z[(“iﬂ —x)T+ (X431 — ai+1)q]a”f||p[xi’xi+1]- u
i=0
Corollary 1.2.2

For f,f € Lyla,blo <p <1,and

a=x <x; <xp <x3<--<x,=D>b, be a partition of the interval

[a,b] with I, = [x,,_1, x,].Then,

k

jbf(x)dx - Z(ai+1—ai)f(xi)

=0

< C(pymax;hy(b — Q)| f]l,

Where, h; = x;.1 —x;, (i =0,1,....,k — 1)

Proof:
Since,
1 1
n—1 q k-1 q
+1
[Z (@i = x) T+ (i1 = “i+1)q+1] - (z h{ ) |
i=0 i=0
where 0 < g <1
1

k-1 q
< (Z h! hi>
=0

20



Chapter One An Lp,p<l1 Ostrowski inequality

k-1 1
< (Z (maxh;)? )hia

=0

1

<™M¥h Yo hl 0<g<1.

1
Let C be a constant such that h? < ch;

Then,

n—1 =
[z (@41 — xi)q+1 + (X411 — “i+1)qﬂ]
i=0
< C(p)"™*h;(b — a). (1.15)

By using Theorem 1.2.1 and (1.15), we get,

b k
| £t = @inadfoo| < o™ ho - |f],
@ i=0

0<p<l1 |
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Chapter Two Application of the Ostrowski inequality
Application Of the Ostrowski Inequality

In this chapter we introduce two sections. The first section includes
the application of Ostrowski inequality in random variable whose
probability density function and cumulative distribution function
belong to L,.While the second section concerns with the application
of Ostrowski's inequality in the beta distribution and the normal

distribution.

2.1 Application of the Ostrowski Inequality in Random
Variable

Here we begin our applications theorems for a random variable
whose probability densityt function and cumulative distribution
function belongs to L, [a,b], 0 < p < 1.Letus start our main results

with Theorem 2.1.1.

Theorem 2.1.1

Let X be a random variable with probability density function

f:[a,b] € R - R, , and the cumulative distribution function

F(x) = P(X < x).If fand F belongs to L,[a,b] ,0 < p < 1 then

b —E(x)
P(X<x)-— —
1 n—1 i1 141
< n Cp, ) Xzt (ajp1 —a) " + (b — a;41)7 “f”p[a,b]/
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Chapter Two Application of the Ostrowski inequality

whereh=b —a,0<p<land0< g < 1and C(p,q) is a constant

depend upon p and qg.

Proof:

Since |ff f(t)dt — ?:0(“i+1—ai)f(xi)

i(am_ai)f(xi) - [ roa
i=0 a

Set ;1 = b, a; = a, then

b
_ ‘(b - - [ @

k b
D (@raadf G~ | f@de
i=0 a

By using Theorem1.2.1

b
‘(b —)f () - ] FOde

2.1

XiXiy1]

n-1
1
<C(q) Z[(aHl —x)T+ (X1 — “i+1)q]q||f||p[
i=0

Put the cumulative distribution function F instead of f in (2.1),

we get

b
‘(b — F(x) — j F(t)dt

(2.2)

plxixip1]

n—1
1
< CO,0) ) (@1 = %7 + (rier — @) F]
i=0
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Chapter Two Application of the Ostrowski inequality

Now we need to find the expectation, since x € [a, b] then using the

define of Expectation we get:
E(x) = [ tdF (¢).

Now using integration by part, we obtain

E(x) = bF(b) — aF (a) — [, F(t)dt.

Since the cumulative function F(x) , x € [a, b] always bounded by 0

and 1, then we have F(a)=0 and F(b)=1. So that
b
J, F(®)dt = b — E(x). (2.3)

Since F=f,h=b—a, p,(X <x) =F(x). (2.4)
Put (2.3) and (2.4)in (2.1) we get

b —E(x)‘
h

P(X<x)-

n—1
1 L Lo
< CE ) @ =T + (b= )T flpgas
i=1

when 0<p<landO0<g<1 |
Before we introduce Theorem 2.1.2 we need the concept equivalent:

A equivalent to B iff 3 two constants ¢; and ¢, such that

c,B<A<cB
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Chapter Two Application of the Ostrowski inequality

Theorem 2.1.2

b- E(x) b—E(x)

The upper bound of |[P.(X < x) —

(X =x) —

are equivalent.
Proof:

By using Theorem 2.2.1

_b—E@“
h

1 L Lo
<ZCE ) (@ =T + (b= )T flpjapy 0 <p < 1.

Now, since B.(X = x) =1 — P.(X < x).

Then PB.(X <x)=1-P.(X = x).

So that,
b — E(x) b — E(x)
TF ‘1_PT(X2")_T"
Since h = b — a, then
S nce s B | (s nirzn 1)
—lpx=x0 —%

This implies
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Chapter Two Application of the Ostrowski inequality

E(x)—a

PX=x)-— n

n-1

1 L L
<2CE ) (@ =T + (b= )T flpjap) 0 <p < 1.
i=1

Pr(X < x) __b-EX)

Hence, the upper bound of equivalent

Pr(X > X) _EM®)-a

to ,for all x € [a, b] |

Theorem 2.1.3

Let X be a random variable with density function f:[a,b] € R - R,
and with cumulative distribution F(X), then the expectation has the

following form when 0 < p,q <1

n—1
1 1
=+1 —+1
b—C(p,q) Z(aiﬂ — )T+ (0= @i )T fllpfas]
i=1

<EX)<

n—1

1 1
=41 —+1
a+Cp,q) me — )T + (b= a7 f llpfas,

=1
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Chapter Two Application of the Ostrowski inequality
Proof:
By using Theorem 2.1.2

b — E(x)

P(X<x)- A

1 < 11 1
<5 C(p,q) Z(aiﬂ —a)? "+ (b—ai ) fllpan
i=1

When 0 < p,q < 1. (2.5)

Since x € [a,b], thena < E(x) < b

(i) if x = a, then (2.5) become,

b — E(x)
) q)E(alﬂ DT+ 6~ a0 I lyias
This implies,

n—1
b—E(x) < C(P»Q)Z(alﬂ DT + (b = )T 1 lyia)
Then we get,

n—1
HORVE c<p,q)2<al+1 DT+ B = )T Iflias. (26)

(ii) if x = b, then (2.5) become,

c<p,q)2(al+1—a>q + (b= @)™ Ifliasy

b — E(x)
<

28



Chapter Two Application of the Ostrowski inequality

So,

h—b+ E(x)
h

n-1
1 Lo L
<2CE ) (@ =T + (b= )T Iflpjas
i=1

Since h = b — a,then

n-1 1 1
—+1 —+1
~a+E@ < C0,0) ) (@n — T + (b= @)1 Iflpjap)
i=1
This implies,

EC) < a+Coq) B (@ — )7 + =) flpas. (27)
From (2.6) and (2.7) we get

n—1

1 1
~+1 ~41
b—Cp q) E @a1 — DT + (= )T fllppap SEQ) <

=1

1 1
a+C,q) Yy — )7+ (b =) fllpLas] n
Theorem 2.1.4

Let X be a random variable whose probability density function f(X)
and cumulative distribution function F(X) belongs to Ly[a, b], 0 <

p <1,0 < g < lwe have

a+b
‘E(X)_ 2 ‘

n-1
1+1 1 1 a—+ b
< C(p,q)||f||p Z(ociﬂ— a)q + (b —0<i+1)q+ _ .
i=1
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Chapter Two Application of the Ostrowski inequality
Proof:

By using Theorem 2.1.3we get,

n—1

1 1
b= CODIfll ) (ktya= @ + (b —x)T < E) <
=1

l

n—1
1 1
~+1 ~+1
a+CEONfllp ) (Keea= @7 + (b =0y )7
i=1

Then, we have

n—1
a+b 1iq 141
b= = CR.DIflly ) (ktyr= @™ + (b =i,
i=1
a+b
<E(x)-— <
2
n—1
a+b 111 11
a= "=+ CODIflly ) (Kpr= @7 + (b —ex;, 1)
i=1
This implies
n—1
b—a 111 11
== CODIfly ) (Kia= @) + (b —ox;, )T
i=1
a+b
<E(x)-— >

a—b N Ly 1
< (F5=) + CO DIl ) (ottyr= T+ (b —exiy )T
i=1
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Chapter Two Application of the Ostrowski inequality

This implies

n—1
a—b 1 1
(557) + CEDNfl Y (xea= 1™ + (b =gy}
i=1

a+b

<E(x)-—

n-1
a—b 1 =
(T) + C, DIIfNl, Z((le_ a)qﬂ + (b _°Ci+1)q+1-
i=1

Then we obtain

a+b‘

‘E(x) T2

a—>b
2

n-1
1 1
Z+1 ~+1
<CR0) ) (Ka= T+ (b —ex )T fl, +——
i=1

Corollary 2.1.5

Let X be a random variable and f be a density probability function
belong to Ly[a, b], 0 < p < 1 whose expectation E (X) close to the

midpoint of interval (a+ b)/ 2
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Chapter Two Application of the Ostrowski inequality
If
b—a

£, < 1 1
n—1 =41 =41
2C(p, @) X7 (i —a)? — + (b —o¢; 1)

€
1

+ — .
_ ~+1 ~+1
Cp, ) XMy 1—a)T 4+ (b —o;,1)d

b
For a given €> 0, then we have [E(X) — % <E.

Proof:

By using Theorem 2.1.4,we have

a+b
‘E(x)_ 2 ‘
n-l 1+1 l+1 a_b
Sc(p,q)”f”pZ(ocHl—a)q + (b —o¢;44)9  + >
i=1

Now from our assumption

b—a
Ifll, < 1

_ T I,
2C(p, @) XXy — @)@ 4 (b =0, 1)

€
+

- T |
C(p,q) Z?:ll(ociﬂ_ a)?  + (b —%;,4)9
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Chapter Two Application of the Ostrowski inequality

Then
n—1
a + b l+1 1+1
200 -2 <€) ) (exian— T (b —oxi,)1
i=1

l b—a
_ i I,
2C(p, @) Yo — @)+ (b —o¢;4,)d

€ a—b
* 11 1iq * 2
Cp, ) XM (oxp1— )T + (b —o¢;41)4
Then
‘E( ) a+b‘ <<b—a+e>+a—b
X)— — )
2 2 2
This completes the proof. n
Theorem 2.1.6

Let X be a random variable whose probability density function f(X)

belongs to Lyla,b],0 <p < 1if x =14 + b/z then
p X<<a+b) 1
r - 2 2
a+b

1 < 1i 14
<= |CEDIfl Y (i T+ B —ocy )0 4+ |EG) - 222
i=1

where h belongs to [a, b].
Proof:
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Chapter Two Application of the Ostrowski inequality

b
Putx = % in Theorem 2.1.1, we get

foste) g

1 N Ly Ly
<= CEDNfllp ) (Ker= @7 + (b —ociy )7
i=1

AINET) ERELY

n-1
1 14 1i1
<= CO DIl ) (K= T + (b —ox )7
i=1

Using triangle inequality [x — y| > |x| — |y|, we get

_‘l_b—E(X)

p X<<a+b) 1+1 b—E(X)<
"\ 2 2 2 h

n-—1
1 L Lo
<= CEDNfllp ) (Ker= @)™ + (b —ociy )7
i=1

Implies,
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Chapter Two Application of the Ostrowski inequality

1 b—EWX
< hC(P»CI)”f”pZ(“lH 07+ (b oy )7 4 [ - )

Then
a+b 1
P lX < ( 5 ) - E
n—
) 1 1 2E(x) — (a + b)
< EC(”’ q)||f||p Z(ociﬂ— a)q+1 + (b —oci+1)q+1 + ‘ A )
Then

w(r=(59) -3

.

1 1 1.4

< CODIly ) (Ktpa= )"+ (b =)
=1

1 (a +b)
+E‘E(x) _ |

a+b|

1
<= c<p,q)||f||p2<ocl+1 D90* 4 (b o0 4 [ECO -
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Chapter Two Application of the Ostrowski inequality

2.2 Applications of Ostrowski Inequality in Beta

and Normal Distributions

In our work in this section we estimate the probability density
function of the beta distributions, and normal distribution. We use
the results in previous section for estimating the distance between
the cumulative density function and the expectation of a random
variable. Many articles on Ostrowiski inequality [41],[1] ,[44]and
[43] are choose B and I distribution (I' is a special case of [
distribution ) because the p.d.f of these distributions in terms of p
(the shape parameter) and q (the distribution parameter). The
sample space of the random variable of  and I' belongs to (0,c).The
above properties make the applications of these distributions very

easy.

The normal distribution don’t have the above properties. The p.d.f
of the normal distribution in terms of u and o. The sample space of
the normal distribution subset of R. So that no one work on the
Ostrowiski inequality appear for the expectation of Normal

distribution.

Here we approximate the expectation of the normal and pPeta

distributions.
Now we shall introduce our main results as we mentioned above.
We mean by X~D, as X distributed as D distribution. Firstly we

begin with the beta distribution.
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Chapter Two Application of the Ostrowski inequality

Theorem 2.2.1

Let X be a random variable and X ~B, s whose the density function

f belongs to the L,, where 0 <p <1 ,then

R <0 -l <1 e anm i

1

+Hb— )T g

"Ulr—\

[B(P(a —1) +1,P(8 — 1) + 1]7,

where B(a, ) = fol u* 11 —-u)f'au
Proof:
Recall that

x (a- 1)(1 X)(B 1)
f u® 11 —u)f1du

f&X,a,pB) =

_ (@-1)(1 — x)(B-1
B(a,B)X 1-X) .

The probability density function of beta distribution.

(f xpla-1 (1 — x)pB- 1)dX)p

Then||f(X:“u3)”P B( B)

1
14
(f p(a 1)+1- 1(1 X)p(ﬁ 1)+1- 1dX)

B(Of B)
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Chapter Two Application of the Ostrowski inequality

This implies,

1f (X, a0, Bl

(B(P(a—1)+1,P(B—1)+ 1)%. (2.8)

1
~ B(a,p)

Now

Pla—1)+1>0,thena > 1—%,alsoP(B—1)+1>0,then

p>1-— % By using Theorem 2.1.1, we get for a random variable X

with parameter (o, f) wherea > 1 — %, B>1-— % and 0 <p <1,

P.(X <x)— b_—f(x)‘

n—1
1 1 1i1
< CE ) (@ =T + (b= a7 IIfll,
i=1

For all X € [0,1] ,then E(X) =ﬁ.
So,
1 a
b—E(x B
PT(XSx)—#‘= P(X<x)——3FF
h 1
a+pf—a
=P <) — 2
r(X < x) a+ B ‘

This implies
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Chapter Two Application of the Ostrowski inequality

P(X < X)—Lﬁ_—C(p,q)Z(aHl a)q+1

1

+Hb— ) s

el

[B(P(a—1)+1,P(—1)+1]P =

Now let us turn the light to the normal distribution.
Theorem 2.2.2

Let X be a random variable with parameters (u, %) € 2, with the

—(X-p?

probability density function f(X, u, §%) = V_e 282, where

Q={(ud6%);—0 < u<om0<§?< o} then

— U

h

T

n—1 1

1 1 1 1 1 2\2p ; K\Dp

<= CO.0) ) (@ -1+ b=y )0™ |(5)7 (o)
i=1

Proof:

~(X-1)?

Since X~N (i, §2) ,then f (X, u, §2) = e 262

1
6V2T
1

1 .0 —X-wp P
So, ”f”p(—oo,oo) = &/_Z_ﬁf—ooe 262 dX | .

Now , if u > 0, we have
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Chapter Two Application of the Ostrowski inequality

- —(X-w?p

fe 282 dX
| —(X—p)?p —(X-p)?p - —(X-w?p

= j e 282 dX+ je 282 dX+je 262 dX.
—00 —-u u

Since in the normal distribution we have

_y X-w?p o —X-w?2p
[ "e 282 dX and [ e 282 dX approaches to zero, then

oo u u
~(X-)?p —_1(X—u) U ) U
je 252 dX < je 205 ) dX < jeSdX = (21es).
—0 —u —u

Similarly if 4 =m <0.

This implies
1
1
7 < (26 < [ [2ek)
< |——== 20e <| [—e
P oV2m T
Then
1 " 1
2\on / K
Ifllp < (2)7 (e5)". 2.9)

By using Theorem 2.1.1,we obtain

b —E(x)

pr(X SX) - h
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Chapter Two Application of the Ostrowski inequality
1

n-1 1
1 1iq Lr1 [(2\2P / B\

< C@q) Z(am —a)? " + (b= ) (;) (‘38)
=

Since X~N (u, §%), then E(x) = p.
so that

b_
Pr(XSx)—TH

1 ) 1 1 g, wd

241 41 UNp

< EC(p, q) z(aiﬂ —a)q  +(b—a;q1)19 (—) (eS)
i=1

Tt

Theorem 2.2.3

Let X be a random variable with parameters (u, %) € 2, with the

probability density function belong to Ly[a, b],0 < p < 1, where
Q= {(1,62);—00 < p < 0,0 < §2 < o0}, if x=2TDb/.

Then we have

w(r=(59)-3
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Chapter Two Application of the Ostrowski inequality

Proof:

By using Theorem 2.1.6 and (2.9),we obtain

w(r=(59)-3

Since X~N(u, §2), then E(x) = p. This implies,

2(r=(59) 3

<—|cow. (2)2p (e%)

111 1 1
p 11 1
(41— a)?  + (b —o; 1)

3‘

~
I
=

a+b
#le =5 .
Theorem 2.2.4

Let X be a random variable with parameters (u,§%) € 2, has the

probability density function belong to Ly[a, b],0 <p < 1,if

—1 < u < 0 then variance bounded below.

42



Chapter Two Application of the Ostrowski inequality
by < (a + b) 1 ‘a + b‘
r o\ 2 2 2

1 n-1

ENp 14 1

- C(p.q) ((ea) +||f||p[a,b]>2(ai+1—a)q+ +(b— )T
i=1

022<b+h

Proof :

Since

o2 = E(X?) — u?. (2.10)
Also X? > X, implies E(X?) = E(X). (2.11)

By using Theorem 2.1.4 and using (2.11), we get

n—1
1
=+1
EX®) 2 b= Cp,@) ) (@1 — @)
i=1
L
+ (b= )T [fllplas (2.12)

a+b

Since |[,l —%b| < |ul +

, Where —oo < u < 0o,

By using Theorem 2.1.6, we get

m(r=(37) 3

1 2 lp n %n_l 1 1.,
<clcoa (5)7 () D =@ + (b~
i=1
N ‘Il _a+ b‘
2
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Chapter Two Application of the Ostrowski inequality

1n-
1 ﬁ U\D 1
E lc(p, q)< ) 6 ’ Z i+17 a)q T+ _‘xi+1)q+1 + |l
|a + b|
2
We obtain,
+hy) 1 g S
a =
h Pr<X < (5 ))—5 - o) (e9) ”z am @)t
+1 a+b
+ (b —¢;44)4 ‘ > ‘ < |ul=n (2.13)
If —1 < p < 0,then we get u? < —u
Therefore —u? = u (2.14)
By using (2.13) and (2.14), we get
—u*=nh Pr< ) —=
1n—
E 5
~C@.q)(e3 Z i T (b e )T
i=1
a+b
— ‘ > ‘ (2.15)

Put (2.12) and (2.15) in (2.10) we get
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n-1 1 1
=41 —+1
2 > [b ~C(0, ) Z(am )7 + (b — )T ||f||p[a,b]]
i=1

1 —_
a+b 1 E_
+ hPr<XS( > )>—§—C(P,CI) ‘SPZ(OCLH a)q
i=1
1 a+b
+ (b~ - [0
This implies
2> (b +nlp X<<a+b> 1 ‘a+b‘
- r N 2 2 2

= 1 1 N
— €0 ) (@~ @+ (b - )7 (( 5)" + ||f||p[ab]> .
i=1
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Chapter Three Inequalities for Expectation, Variance and Dispersion

Inequalities for Expectation, Variance and
Dispersion
In the last decade few authors introduced Pre-Gruss Inequality
for functions in L,[a, b] space, and used it to estimate the error
bounds of the reminders of Taylor-Like formula and
quadrature formula. In this work we generalize and make an
extension of Pre-Gruss inequality for functions in L [a, b],quasi-
normed spaces and used it to estimate the expectation, variance

and dispersion.

3.1 Introduction

In [41] and [1] the authors introduced the so called Pre-Gruss

Inequality at the form for function in L4 [a, b] normed space.

b b b
1 1 1
mjf(t)g(t)dt—mff(t)dtmjg(t)dt

1

b b 2]2
1 1 1
<5@-7 mjgz(t)dt - mfg(t)dt (3.1)

In [1],the authors used (3.1) to estimate the bounded Taylor -
Like formula. While in [5], the authors used the (3.1) for

estimating the remainder in three point quadrature formula.

Here we extend and generalize the results of [41],[1]and[5] by
introducing a type of pre-Gruss inequality for formula in

Ly[a, b] quasi- normed space in the following theorems.
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Theorem 3.2.1

Let f:[a, b] = R, f? be a differentiable mapping on (a, b) whose

1

derivative is bounded on (a,b) and ||f]l, = (f:lflp)g < o and

(fP) = Lyla, b], where 0 < p < 1, further that a:[a, b] -» R and
f:la,b] - R are two polynomials functions, then for all x €

[a, b] we have the inequality

b
[EEBIGIOR
1
< 5 [(a(x) —a)? + (a(x) + x)? + (B(x) — b)?

+ @+ [P |

and a direct consequence of Theorem 3.2.1 we have

Corollary 3.2.2
+b\2 —b\?2
IE(X)| < [(X + aT) + (aT) ] |h(t) I, ;where X € [a, b].

Theorem 3.2.3

Let X be a random variable having the probability density
function h: [a, b] = R, then
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b b b
1 1
mjh(t)g(x, t)dt—jh(t) dtmfg(x, t)dt

[(a+x)? + (b +x)?]Ih(©O]l,

l\JIb—\

b b
jh(t)dt—jg(x t)dt

Using Theorem 3.2.3 and Corollary 3.2.2 we introduce
important Inequality in probability theory for estimating

expectation and variance. As in the following theorems

Theorem 3.2.4

Let X be a random variable having the probability density
function h: [a, b] = R ,then

‘E(X)—a-l_b‘

2
1
<5[(@+X+ @+ 0DIROIl, + @+ b)),

where E(X) is the expectation of the random variable X.
Theorem 3.2.5

If Ep(X) is the p-moment of X and M is p-logarithm mean,
then,

|Ep(X) — Mg (a,b)|

Nlr—\

[(a +X)? + (b + X)?]IIR@®Il, + Mp (a, b).
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Chapter Three Inequalities for Expectation, Variance and Dispersion

Theorem 3.2.6

Let X be a random variable having the probability density
belong to L,[a, b] , then

1 a+b\ (b-a)?
2 _ _ —
‘(b —a) Ou X) ('u 2 ) 12
2 4 p2 a+b\’ (b—a)?
, (. _ _
<|[X?+ (a+b)X + 5 ] IRl [(“ 2 ) 12 ]
Corollary 3.2.7

Let X be a random variable and h(t) belong to Lp[a, b],0 <p < 1

is a probability density function, (,u = azﬁ),then we obtain the
best inequality of Theorem 3.2.1

1 (b — a)?
2
X)—— 7
‘(b — T
a’ + b? b — a)?
<|X*’+(@a+b)X +——— ||h(t)||p —g.
2 12
Theorem 3.2.8

Let X be a random variable having the probability density
belong to Lp[a, b], if A, (t) = f;|t — u|h(t)dt, uela, b]

then we have the inequality

1

(b-a)?
4

a+b>2
2

A/,L(X) - b

(-

< LD (a4 )2+ b+ 02D, + [+ (i 22)]
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Corollary 3.2.9

The best inequality of the Theorem 3.2.8 as following

b—a
4

b— b —a)?
OB (a4 02 + 0+ 02O, + 22

Ay (X) -

<

a+b
where U = Uo = 5

Theorem 3.2.10

Let X be a random variable whose the probability density
belong to L,[a, b] defined on the finite interval [a, b]land ¢(X) <

oo, then we get
0 < gZ(X) — (E(X) — p)?
< (4 + 2M;)b? + 2b — a(X) — B(X) + (2b — a(X) — (X))
YV u€la,b]
Theorem 3.2.11

Let X be a random variable whose the probability density
h(t) belong to L,[a, b] and E (X) is expectation of X, then

b—a
2

EX)+(b—-—a)FX)—X —

<(b—a)
= 2

b
[(a+ X% + b+ DO, + (b~ )X ~ )
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Theorem 3.2.14

Let X be a random variable whose the probability density

h(t) belong to L,[a,b] and H(t) is a cumulative distribution,

then
‘E(X) +b;—aH(X) _b er *
b —
_( [(( +X)2+ (b + X)H)|h®Il, — H®) + 1]
Corollary 3.2.16

IfX=aorX=bin|(b—a)HX) +EX) —b| = |E(X)_a_+b

We have the same upper bound. VX € [a, b]

Corollary 3.2.17

IfX = aTer in Theorem 3.2.15, then we have the best inequality

|E(X)+(b_a>P(X<a+b) a+3b‘<
2 T -2 2 -

(b ; a) [((3a; b>2 . (3b2+ a)2> Ih@1, — P (X <2 er b) + 1]-

Corollary 3.2.18

IfX = aTer in Theorem 3.2.15, then we have the best inequality

|E(X)+(b_a>P(X<a+b) a+3b‘<
2 r -2 2 -

(b ; a) K(Ba; b)z N (3b2+ a)2> IA©, - B (X < azﬂ> + 1].
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3.2.Pre Gruss inequality for Expectation,

Variance Dispersion

Here we introduce our main results.

Theorem 3.2.1

Let f:[a, b] = R, fP be a differentiable mapping on (a, b) whose

derivative is bounded on (a,b) and f, (fP(t)) € Lyla, b],

where 0 < p < 1, further that a: [a,b] - R and B:[a, b] - R are

two polynomials functions, then for all x € [a, b] we have the

inequality

b

j 9GP de

a

<

[(a(x) = a)? + (a(x) + )% + (B(x) — b)?
+ B+ [[gran ||

N =

Proof:

t—x (x), t € [a,x]

Let g(x, t) = {t — B(x), tE€lxb]

and consider f; glx, )(fP(t)) " dt, this implies

b

j 9GP dt

a

X b
- f (t—ox CO)(FP(D) de + j (¢~ )P d.
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Now compute f;(t—oc ) (fP (1)) dt by parts
letu = (t— (x)) and dv = (fP(t)) dt, then

x
[ P @) ae =-x @(FPO);
a

X

— jfp(t)dt

a

= (x—a()fP(x) — (a — ax))fP(a) — jfp(t)dt. (3.4)

Also [/ (6= BO(FP(8)) dt

letu = (t—B(x))and dv = (fP(t)) , dt, then

b b
f (t - BRFP@) de = (t — BCFPDIE — f FP@)de

b

= (b=B))fP(b) = (x — B))fP(x) - ffp(t)dt. (3.5)

X

Put (3.4) and (3.5) in (3.3),we get

b
j 9GP dt

= (x — a(0))fP (@) — (a — a(x))f? (a) - j FP(0)dt
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b
+(b— BOO)FP(b) — (x — BE))FP(x) — j (o)t

This implies,

b

j 9 D(P@) dt
a

= (B() — a@)f"(@) + (a(x) ~ a)f?(@)
b
+(b=@)FP®) - [ fr(©)de

a

So that

b

f 9GP de

a

) ‘(ﬁ(x) — GGO)P) + (@) - D@

b
£ (b—-BE)PD) - j FP@)dt

Since

b

f 9GP dt

a

b

fg(x, t)dt

a

< SuPtefa,b]

Jorren |,
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] ,
sfa 9 olde || (@) II,,-

Now, we need to find fab| g(x,t)| dt

b
j g, O] dt =

a(x)

b

jg(x, t)dt

j (t —a(x))dt + j (t —a(x))dt

B(x)

a(x)

b

f (t — B(x))dt + j (t — B(x))dt

B(x)

2

a(x) 2 X
= — [% — a(x)t] + [t— — a(x)t]
a a(x)

[tz B(x) tz b
- ——ﬁ’(x)t] + [——B(x)t]
2 x 2 B (x)

2 2 2
__ (“(")) + (@)’ +5 - aal) + 5 - a(ox
2
(“(x)) + (a@) - (ﬁ( )’ + () +5 - poox
b2
+7—l8(x)b—(ﬁ( 9) +(B)’
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e

2 x2

+2(a()’ + a7 —aa(x) — xa(x) + =

2

2 [@] +2(B))” +2 ~ b0 —xB() +%

2 2 2

. aa(x) + xa(x) + x7 + (,6’(x))2 +—=

= (a(x))2 + - >

2

_bB(x) + xB(x) + %
= %[(Z(Q(x))z + a2 — 2aa(x) + 2xa(x) + x2) +
(2(80))" + b2 — 2bB(x) + 2xB() + 22|
= %[((a(x))z — 2aa(x) + a?) + ((a(®)” + 2xa(x) + 2?) +

((B))* = 2bp() +b2) + ((B))” + 248 (x) + x2) .

By using (3.6), we get
b

] gD dt

a

DN =

<

[((x) = @)% + (a(x) + 2)% + (B(x) - b)?
SUORDR] (GION N .

57



Chapter Three Inequalities for Expectation, Variance and Dispersion

Corollary 3.2.2

a+b

2 _p\2
 where X € [a,b][EQ)| < (22 - X) "+ (Z2) 1@,
Proof:
Setting h(t) = (fP(t)) "and g(x,t) =t in the Theorem 3.2.1,

and let a(X) , B(X) are two identity polynomials, such that
a(x) = aand f(x) = b, then we get

b

j th(t)dt

a

< % [(@+x)2++G+ 02 |(FP@) || .G
b

Since f: th(t)dt = E(X), and we use the identity

X2+Y2_<X+Y)2 (X—Y)Z

> — — (3.8)

Then, we get
2
B < <(x + a);— (x + b)
2
N <(x + a)z— (x + b) 1@,
This implies,
b\ — b\’

Eo0l< (S52-x) +(52) @, -
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Theorem 3.2.3

Let X be a random variable having the probability density

function h: [a, b] = R ,then

b b b
1 1
mjh(t)g(x, t)dt—jh(t) dtmjg(x, t)dt

a

1
<sla+ x)%+ (b + x)*]IIh@®l,
b b
1
+ fh(t)dtm g(x,t)dt

Proof:

By using pre-Gruss inequality in (3.1), we put (fP(t)) instead
of (fP(t)) " we get

b i aj(fp(t)) | g(x, t)dt
_ biaJ(fp(t)) | dtﬁfg(%t)dt

We denote (fP(£)) = h(t), then fP(t) = [ h(t)dt

This implies,

. b b 1 b b 1 b
[ [ro g vdt - [ [ hydr— [ gt ra
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b b b
= _ajht (x, t)dt b_afhtdt 1 f(t)dt
p—a) MO p—a) MOt ] 9%
a a a

by using the triangle inequality and Theorem 3.2.1, we get

b b 1 b
fh(t)g(x, t)dt — fh(t) dthg(x,t)dt

l\JIr—\

[(a(x) +x)? + (B(x) + )*]IROIl,

b

b
+ fh(t)dtﬁjg(x, t)dt|.

a

When a(x) = a and f(x) = b in Theorem 3.2.1, then we get

b b

b
1
fh(t)g(x, t)dt—jh(t) dtmjg(x, t)dt

a a

l\JIb—\

[(a+x)%+ (b +0)?]|R(O]],

b b
1
+ ] h(t)dtm g(x, t)dt ]

a a

Using Theorem 3.2.3 we estimate the expectation of the random
variable X

Theorem 3.2.4

Let X be a random variable having the probability density
function h: [a, b] = R ,then

£~ 20| <3 [(@+ 0 + B+ 0DNROI, + (@ + b))
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where E(X) is the expectation of the random variable X.

Proof:

If we put g(x,t) =t in Theorem 3.2.3, we get

b b . b
jth(t)dt—jh(t) dtmftdt
a a a

1 2 2
<5 lla+x)+ b+ )7 h®ll,
b b
1
+ jh(t)dt—jtdt .
b—a
a a
Sinceff th(t)dt = E(X),X € [a,b], also
b b
fh(t)dt—l 1 tdt—a+b
~ 'b—a 2
a a
by using (3.10), this implies
a+b
‘E(X) 2 ‘
1
SE[((a+x)2 + (b + )[R, + (a + b)] m

Now let us introduce estimation for variance

Let Ep(X) be the P-moment of X, defined as follows:

b
Ep(X) = f tPh(t)dt

a

When P-moment of the random variable X,P € R/{—1,0}, then

the P-logarithm mean, defined as follows,
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1
. bp+1_ap+1 D
up(a, b) = ina )l where 0 < a < b.

In the following Theorem we study the distance between the P-
moment of the random variable X and the the P-logarithm

mean.

Theorem 3.2.5:

If Ep(X) is the p-moment of X and Mp is p-logarithm mean,
then,

|Ep(X) — Mp (a, D)

< -[(a+x)*+ b+ x)*]Ilh®Il, + M} (a, b).

l\JIr—\

Proof:

If we put g(x,t)= tP in Theorem 3.2.3, we get

b b b

jtph(t)dt—]h(t) dtbiajtpdt

a a a

Nlb—\

< =[(@a+x)*+ B+ x)*][h@OIl,

b b

+ jh(t)dtL tPdt|. (3.10)
b—a

Since

b
jtph(t)dt = E,(X),X € [a, b].

a
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Also,

bp+1 _ ap+1

h(Ddt=1,— bpd— = 1P (a,b
j(t)t L) = Gy~ e

a

by using (3.2.10), this implies,
|Ep(X) — M§ (a, b)|

[(a +X)% + (b + X)*1IIROIl, + ME (a, b) u

l\JIb—\

In the following let us estimate the variance of the random

variable X.

Theorem 3.2.6

Let X be a random variable and h(t) belong to L,[a,b],0 <p <1

is a probability density function, then

1 a+b\’> (b—a)?
2 — — _— 7
‘(b—a)g”(X) (“ 2 ) 12
2 2 2 N2
< |x? + (a+b)x += erb ]llh(t)llp—[(,u—a;b) G 12a)]
Proof:

If we put g(x,t)= (t — u)? in Theorem 3.2.3, we get

63



Chapter Three Inequalities for Expectation, Variance and Dispersion

b b

j(t — w?h(t)dt — fh(t) dtﬁj(t — w)?dt

a a

1
=3 [(a+x)*+ (b + )R,
b b
1
+ jh(t)dtmj(t — n)?dt]. (3.11)
Since
b

j(t — W2h(®)dt = g;(X) ,u € [a, b].

a

Also, f: h(t)dt = 1, and

b b
1 Ct-w?  -wP-(a-w?
b—aj(t_u)Zdt_3(b—a)a_ 3(b — a)

_b-a)[b-w?+(@—-wb—w+(a—p?
B 3(b—a)

[(b% — 2bu + u?) + (ab — ap — by + p? + (a® — 2au + u?))]

1
3
1 1, 2
§(3y —3au+3bu)+§(a + ab + b*)

13 11
= (u*— (a+b)u +§[Z(a2 + 2ab +b2)] +§[Z(a2 — 2ab +b2)]

(a-() + o
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Also
(a+x)>+ (b +x)2=2X?+2(a+b)X + (a? + b?)

This implies

o (0 - (u

a+ b)z (b — a)?
2 12

(b —a)

a’ + b?
> ] IO,

o :

Corollary 3.2.7

<|X*+(a+b)X+

Let X be a random variable and h(t) belong to L,[a,b],0 <p <1

is a probability density function, (,Ll = aTer),then we obtain the

best inequality of Theorem 3.2.6

1 (b — a)?
2
X L
‘(b -
a’ + b? b —a)?
<|[X?+(a+b)X + IR (Ol — !
2 12
Proof:
By using Theorem 3.2.6
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1 a+b\> (b—a)?
‘(b—a) - )‘

o (X) - (“ 2 12

a® + b?
> ] Ih(OIl,

S

<

X’ +(a+b)X +

a+b
2

If we put (,u = —), in (3.12), we get

1 , (b — a)?
‘(b e LAC

a’ + b?
2

(b —a)?
12

<|X*+(a+b)X+

] 1Al =

Is the best inequality of Theorem 3.2.6 _
Theorem 3.2.8

Let X be a random variable having the probability density

belong to Lp[a, b], if A, (t) = f;lt — u|h(t)dt, uela, b],

then we have the inequality

1 [(b=a)? b\?
A"‘(X)_b—a[( 4a) +('u_a-2|_ )]

(b—a)
2

< [(@a+X)*+ B+ X)2hM®Il,

[ -]
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Proof:

If we put g(X, t) = |t — | in Theorem 3.2.3, we get

b

b b
1 1
—b_ajh(t)lt—uldt—fh(t) dt—b_ajlt—,uldt
a a

a

l\JIr—\

[(a+X)?+ b+ XM,

b b
1
+ jh(t)dtmjlt—ﬂldt . (313)
a a

1 b
For Efa |t - ,llldt,

if t=u

: (t—w),
Smcelt—,u|={_(tliu) ift<u’

then ,we have

U

f|t— dt = _—jlt— |dt+—f|t— |dt

a

u £2 b
-2 E-w)| +E& -] |
a p
1 T U2 a2 b2 U2
— 2_= - - _-
_b—a_<“ 2 a’“‘+2>+(2 b=+t

I (P W £ S &
=p—a|\at T W)t e b

1 5 N 2
= E(,u —2a,u+a)+§(/,t —2b,u+b)]
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1 [(u=a)*+ (b—p)?
b—a 2

By using (3.8),we obtain

b
1 j|t dt = 1 (b—a)z_l_( a+b)2
b—a # “b—a 4 H 2 '
a

Since f: h(t)dt = 1, so that (3.13) become

‘ 1 1 [(b—a)2

+< a+b)2'
b—a * b—-a 4 H 2

1 i
<z [a+x)? + @ + D) Ih@D)l,]
1

e 5]

This implies

AM(X)—bia (b—4a)2+(’u_a;—b>2

< (b;a) [(a+X)%+ (b +X2IR®OI, + [(b;a)z + (“ - aTer)Z]
Corollary 3.2.9

The best inequality of the Theorem 3.2.8 as following
A0 22

e ; a) [(a+X)?+ b+ X)RMOIl, + @’
where yt = po = 22

2
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Proof:
By using Theorem 3.2.8

1 [(b—a)? a + b\*
A“(X)_b—a[ 4 +(“_ 2 ) ]

< (”;a) [(a+X)*+ b+ XR®Il, + [(b_f)z + (l‘ - aTw)Z]

Since

(b—a)
2

[(a+X)?+ b+ X)?]h®Ol,

(b — a)? a + b\*

+[ 4 +<”‘_ 2 )]
(b — a)?

[(a+X)?+ O+ X)r®Il, + —

+1< a+b>2 1 ( a+b)4
AU b—a2\*" "2 )

b — n
: 2 D@+ + (b + XD, + %

+1< a+b>2 1 ( a+b)4
AU b—a2\* "2 )

Then , we get

3
dl:z—,(f)z@_a;b)_(bja)Z(“_a;b)

(=)= |

(b—a)

<
2

K =
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(a+b) o
2

i) when dl;i” ) = 0, this implies, u = a or u = r
p=>n

(i) when &E®
d

<0,thenpu € (a, aTer)

dK(u) a_—l—b
(iii) when dﬁ > 0, then u E( . ,b)

: b
we deduce that, if u = % then we get

b—a
4

b— Lk
(b—a) [(a@+ XD+ (b + XA, + %

A (X) -

<
2

is The best inequality of the Theorem 3.2.8 _

Lemma 3.2.10:[48]

Let g, p: [a, b] = R be measurable functions such that

,p=0a.eon [a,b]andf:p(X)dX>0a <g<pPa.e

) e PGP 0AX ( 200 gZ(X)dX)Z
[ p(X) dx [ p(X) dx
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Theorem 3.2.11

Let X be a random variable whose the probability density
function belongs to L,[a, b] defined on the finite interval
[a, b]land o(X) < oo, then we get
0 < g2 (X) — (ECX) — )2

< (44 2M)b* +2b — a(X) — B(X)

+(2b—a(X) - X)) . Vuelab]

Proof:

By using Theorem 3.2.3 and Lemma 3.2.10 we get

b b b
1 1
mJh(t)g(x, t)dt—jh(t) dtm]g(x, t)dt

1
<zlla+ x)* 4+ (b + )]k,
b b b
+ jh(t)dt L ] (x, t)dt| + ! f (x,t)2dt
b—a gix b—a gix '
a a a
Let
1
L+L+13= > [(a+2x)*+ b+ )]r®l,
b 1 b 1 b
- - 2
+ Jh(t)dtb_afg(X,t) dt +b_afg(X,t) dt.
a a a
Now
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[(a+x)2 + (b + 2ROl < 5 (@ +b)? + (b))

N| -

11=

< (a+b)?+ (2b)%y,
< 4b% + 2u,b? = (4 + 2u,)b?,

where 1y = [[ACO) .

Let

b b
1
L, =[] h(t)dt —— X :
= |[ hodey— [ g0y e
a

a

Since

f; h(X)dt = 1,then

b b
1 1
12= mjg(X,t)dt Sm jg(X,t)dt
b
1
<— j [(b— Q) + (b — BCO))]de

= 2b — a(X) — B(X).

Let
b
1 9 2
=y f g%, 0 2dt < [(b— a(X)) + (b — CO)]

= (2b— a(X) — B(0))’.
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Thus

I, + I, + I3 = 4b% + 2u, b?
= (4 +2u))b?* +2b — a(X) — B(X)
+(2b — a(X) — BCO)".

This implies,

b b b
1 1
72 HOsG 0= [ hodrp— [ gtx 0

a

< (4+2u)b*+2b—a(X) - BX)

+(2b — a(X) — BCO)". (3.14)
Weput g(X,t) = (X — w), h(t) = p(X) in Lemma 3.2.10, and
using (3.14) we get

2

b b
0 < j X — 2 p(X)dX — j X — Wp(X)dX

< (4 + 2u)b? + 2b — a(X) — BX) + (2b — a(X) — B(X))” (3.15)

Since

b

[ po0x = e = o200

a

And
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b
f X — Wp(X)dx

b b
= [ xp00dx = [ upCodx = EGO -

By using (3.15) we get,
0 < g2 (X) — (ECX) — )2
< (4 + 2M;)b* + 2b — a(X) — B(X)
+(2b—a() - B(X))°  Vuelab] m
We will relate connect the expectation E (X) to cumulative

distribution function H(t) = f: h(t)dt, where h(t)is the

probability density function.

Theorem 3.2.12

Let X be a random variable whose the probability density h(t)
belong to Ly [a, b] and E(X) is expectation of X, then

b—a
EQO + (b - F () = X = ‘
L > D@+ + + )R, + (b — a) (X _e er b).
Proof:

By using the inequality of Barnett and Dragomir in [52]
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(b—a)HX)+EX)—b
b b

_ j K(X, )dH(t) = f K(X, Oh(t) (3.16)

a a
Now put g(X,t) = K(X, t) in Theorem 3.2.3

t—a ifa<t<X<bh,

Where K (X, t) Z{t—b ifa<X<t<bh,

then, we get

b b

- fh(t)K(X t)dt—jh(t) dt—jK(X t)dt
1
<z lla+x)*+ G+ 0k,
b 1 b
jh(t)dth K(X, t)dt (3.17)
Now
b b
r— K(X, t)dt-—l](t—a}dt+[(t—b)dt

(G -))) +(G-)

1 x2 a2+ 2\ 4 b? 2 x2+b
“h_al\2 T T TE 2 p T OX
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—m[< T X

(-3

(b—a)(b+a)
]

This implies
b

jK(X, Ddt = (X -

a

then, by using (3.16) ,(3.17) and (3.18) , we get

et b) | (3.18)

b—a 2

‘ﬁ[E(X) + (b= a)F(X)—b— (x—“;“b)”

< % [(a+ )2+ (b+ )OI, + (X -= -zl_ b)

This implies,

1 b—a
‘— [E(X) +(b—a)F(X) — X — —”
b—a 2

< %[(a +x)% 4+ (b + )R @Ol + (X -= ; b>

a+b

Where (b - T) = %.Then, the proof is completed n

Corollary 3.2.13

IfX =a orX = b in Theorem 3.2.12

We have the same upper bound of |E(X) — asz :

76



Chapter Three Inequalities for Expectation, Variance and Dispersion

Proof:
1)ifX =a

By using Theorem 3.2.12, we get

EX)+(b—a)F(a) —a—

b—a
a
(b—a)

<
2

[(a+b)* + 2a)?]Ih(Ol, + (b — a)
+ (b —a) (a ; b)

Since F(a) = 0,when a is constant then,

b—a a+b
E(X) + (b — a)F(X) —X—T‘ _ ‘E(X) -2 ‘
- 2 _ 42
< (b 5 %) [(a + b)? + (2b)?] ||h(t)||p + (b 5 ¢ > (3.18)
Q)ifX = b

By using Theorem 3.2.11, we get

EX) + (b— a)F(b) — b — bzl‘

(b—a)
<— [(a+Db)* + Qa)?llh(®)]l, + (b — a)
a+b
+@—am 2)
Since F(b) = 1, when b is constant then
b—a a+b
E(X) + (b — a)F(X) — X — T‘ _ ‘E(X) o ‘

2 2

@—a) a
[(a + b)* + (2b)?1IIR(OIl, + ( 5 ) (3.20)

2

<

77



Chapter Three Inequalities for Expectation, Variance and Dispersion
a+b

From (3.19) and (3.20) we have the upper bound of |E(X) — —

are equivalent u

Corollary 3.2.14
IfX = aTH) in Theorem 3.2.12, then we have the best inequality

ECX) + (b — a)P. (x < asz)‘

< (b ; a) [<<3a2+ b>2 N (3b2+ a)z) ”h(t)”p].

By using Theorem 3.2.12, we get

Proof:

a+b> a+b b—a

|E(X) + (b—a)H( . . -

2

< (b —a) [(a +b + a) n (a_;b+ b)zl |h(®)Il, +

2 2

a+b a+b)

(b_a)( 2 2

(3.21)

Since

H(aT-l-b) =P, (X S—) andT——= 0, also

(57 +a) = (57) ama (552 40) = ()

Then by using (3.21), we obtain

‘E(X) +(b-a)P, <X < “zﬂ)‘

< (b ; a) K(Ba;— b>2 . <3b2+ a>2> ||h(1;)||p] .
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Theorem 3.2.15

Let X be a random variable whose the probability density h(t)

belong to L,[a, b] and H(t) is a cumulative distribution ,then

|E(X) +b_TaH(X) — b;x
b —
<& D@+ X0 + G + 0D ROI, — HE + 1]
VX € [a,b]
Proof:

Since

(b—a)HX)+EMX)—-b

" b
_ f (t — a)dH(t) + j (¢ — b)dH(t)

X b
= f (t — a)h(t) + j (t—b)h(t) ,VX € [a,b] .  (3.22)

By using Theorem 3.2.3, put g(X,t) = (t — a),we get

1

X—a

jxh(t)(t — a)dt —;fh(t) dth(t — a)dt
X —a X—a

N| =

< =[(a+x)?+ B+ )OI,

+ . (3.23)

th(t)dtﬁf(t —a)dt
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Now

also, J h(t) dt = H(X)

So by above (3.22) become

X

f h(t)(t — a)dt —xz;aH(t)

a

xX—a
<
2

[(a+x)*+ (b+x)*]IIRDII,
X—a
+ |—2 H(x)|

(3.24)

and similarly, put g(X,t) = (t — b)in Theorem 3.2.3, we get

1
<zlla+ x)% + (b + )R,

+ fh(t)dt—](t —a)dt

80

b b b
1 1 1
mJ(t — b)h(t)dt — m-f h(t) dtmf(t — a)dt
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Chapter Three Inequalities for Expectation, Variance and Dispersion

Since

b

1 : 1 t?
be (¢ = bydt = m(<7— b“)

X

1 [b? x?
= ——b*+ bx — —

b—x|2 2

= m[xz — 2bx + bz]

B -1 _(x—b)
EETCET L

b
also,j h(t)dt = (H(x)) =1 — H(x).

So by above (3.25) become

(x—b) 1
T (1= HG)

1 b
— [ ¢~ -
1 1
<> [@+ 0+ (b + 0% AM I, + ‘5(1 - H(t)| |

This implies,

b
f(t—b)h(t)dt+ 2w

2 2

b—x
<

2

b—x b-—x

+| ———5—H(®) (3.26)

[(a + )%+ (b +)?]IR@l,
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by summing (3.24) and(3.26) ,also using the triangle inequality ,

we get

p b
f(t — a)h(t)dt —gH(x) + J(t _Dh@de+ 2 ;x

b—x
2

H(x)

<® Dl s 27 + 0+ 20O, + 52

b_
4 : D [+ % + (b + NI,
N ‘b;x—b;xH(x) |

H(x)

This implies

x b
jh(t)(t—a)dt+Jh(t)(t_b)dt_b;al_l(x)_l_b;x

<D iarxr+ 6+ 020, + 252 -2

(b —a)
2

H(x)

< |[(a+ 0%+ B+ 0ROl - HE) +1],  (3:27)

by using (3.22) and (3.27), we get,

b—a b—x
|- 0H00 +ECO - b -0 + 7]

(b —a)

<
2

|[(@+2)? + &+ 02RO, ~ HE + 1]

This implies,
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Chapter Three Inequalities for Expectation, Variance and Dispersion

b—a b+ x
QO +——HOO - — |

(b —a)
2

Corollary 3.2.16

<

[((a+x)?+ (b +0)REll, —HGx) +1] =

IfX=aorX=bin|(b—a)HX)+EX)—b| = |E(X) _aT”’
We have the same upper bound.
Proof:

(1)if X = a in Theorem 3.2.15, we get

b—a b+ x
= H(@ + E(0) - — |
bh—
< ( > i [(C)* + (b + )DL, — H®) + 1]
Since < &9 1(2b)2 + (b + DOl — H() +1]

2
H(a) = 0,when a is constant then,

(2)if X = b in Theorem 3.2.15, we get

b+ x
|(b — HO + () -
(b —a) 5 .
< [(Qa)% + (b + DRI, — H() + 1] (3.28)

From (3.27) and (3.28), we get

a+b

|E X) — T| has the same upper bound

when X =aand X =b ]

83



Chapter Three Inequalities for Expectation, Variance and Dispersion

Corollary 3.2.18

If X = aTer in Theorem 3.2.15, then we have the best inequality

s+ (5 (1575 ) -

(b ; a) K(Baz-l— b)2 . <3b2+ a>2> ol

a+b
(<22 4]

b—a a+b a+ 3b
)-— <

Proof:

By using Theorem 3.2.15, when X = 2 we get
2

a+b
b—a a+b b+( 5 )
) e

2 7 ) 2

E(X) + (

< (b ; a) K(a ;2 er b>2 + (b + szr—a>2> (Il

Hy (a + b> 41
2 )
Since,

H(a+b>_P(X<a+b>
2 ) T\~ 2 )

Then,

b—a a+b a+ 3b
E(X)+< )Pr<XS 2 >_ 2 ‘
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< (b ; a) K(Baz-l— b)z N (3b2+ a)z) o,

a+b
—Pr(XS > )+1] ||
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Chapter Four  An Lp,p<1 application of a modified Chebyshev inequality

An L, p < 1 Application of a Modified
Chebyshev Inequality

Some authors proved a Chebyshev inequality for absolutely
continuous functions. We prove a generalization and
refinement of this Chebyshev inequality for functions in the
spaces L, for 0 <p < 1. Call it a version of pre- Chebyshev
inequality. As an application of pre- Chebyshev inequality are
prove fundamental inequalities for Expectation of Cumulative
distribution function of random variable with probability

density function f, such that f,.fe Lyla,b],0<p <1,ab€R.
4.1.Introduction:
In the following type of Chebyshev inequality is well known.

Theorem 4.1.1[50]

Let f, g:[a,b] = R be two absolutely continuous mapping on

[a, b] whose derivatives f, g: [a, b] = R belong to the Lebesgue
space Ly[a, b], then

b b b
1 1 1
[ reogeodx - — [ f@ dry— [ gGodx
< -2 |l 191 (4.1)
=12 oo NG lleo '

Using the same lines step by step used in [48]and [50] we can
prove the following refinement and generalization of Theorem

4.1.2, which is called pre- Chebyshev inequality.
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Theorem 4.1.2[50]

If f,g:[a,b] » RareinLy,[a, b], fe L,la, b] ,then

b b b
1 1 1
— [ reog@dx - — [ f@ drs— [ gCodx
1
. b . b PIp
< - |fl, [g=7 [lsoPdx - | 5= [ 190l ax

In this chapter we use same approach, to obtain functional
inequalities for expectation and cumulative distribution
function of a random variable having probability density

function, f: [a, b] - R, thatis fif€ Lyla,b], 0<p <1
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Chapter Four  An Lp,p<1 application of a modified Chebyshev inequality
4.2. Application of a Modified Chebyshev Inequality
Let us begin our main results with the following theorem.

Theorem 4.2.1

Let X be a random variable having the probability density
function f:[a,b] » R, if f,f € Lyla,b],0 <p <1, then

a+b
E(X) —
00 -]
2 2 Pl
.y a“+ab+Db a + b\"|P
-0y -
-2 ], [ !
Proof:
By using Theorem 4.1.2, put g(x) = t,we get
b 1 b
P— ]tf(t)dt——jf(t)dt — tdt]| <
a a
. l
®-a|Ifl, (—jltl dt - | 5= f|t|dt b, (42
since

b

b
jth(t)dt =EX),X € [a b],ff(t)dt =1,

a

also
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b

1 1 b*—a® a+b
ftdt= =
a

b—a b—a 2 2’
and
b
1 , b3 —a® a®+ ab + b?
(b—a) (b—a) 3 3
a
tP, t>0
P — v b=
where|t| {—tp, t <0
by using (4.2),we get
1 1 a+b
‘b—a (X b—a( 2 )‘
1
< (b )”” a’® + ab + b? <a+b)p5
< a fp 3 5 .
This implies
a+b
E(X) —
Fo0 -
1
< (b -a? |f a’ + ab + b? (a+b>pp
- @ fp 3 2
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Chapter Four  An Lp,p<1 application of a modified Chebyshev inequality
Theorem 4.2.2

Let X be a random variable having the probability density
function f:[a,b] > R If f,f € Lyla,b],0 <p < 1.Then

op o0 = (1= b)z (b —a)?
<G =2 [fl, (3~ ~+)
1
=25 -of |
Proof

by using Theorem 4.1.2, put g(x) = (t — u)? we get

b b b
1 1 1
mj(t—ﬂ)zf(t)dt—m]f(t) dtmf(t—[l)zdt

<
1 b
b= [fll, |=5 [ 1= w212t
b p
1 1
- Gz J1c—w1ac | |7 (43)

a
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Chapter Four  An Lp,p<1 application of a modified Chebyshev inequality

Since,

b

1 20 a+b 1 .
o[- wrar=(u-257) + 0 - 2%
and,

1 1
(b_a)jl(t—u)zlzdt= (b_a)j(t—u)dt
1 b? — a? . _(a+b
_(b—a)< 7 K _a)>_< 2 _“)’
also

b b
f(t — w?f(t)dt = g7 (X),and jf(t) dt =1

by using(4.3), we get

1 1 a+h? 1
2 — _ T (h N2
‘b—ag"(X) b—a[('u 2 > tpt-a

IA

1
P

(5[5 + o -] |

- o/,

This implies
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Chapter Four  An Lp,p<1 application of a modified Chebyshev inequality

a + b\? 1
_ _ 2
2 ) b —a)

o0 — (-

< G- |f], (5= w) - [(e =) + o= T
Collorary 4.2.3

Let X be a random variable having the probability density
function f:[a,b] > R, If f,f € Lyla,b],0 <p <1, then

1
p

2 1 2 2 S 1 2 P
m(ﬂ—iiw—a)fS@—a)”thEw—a)]

Proof:

By using Theorem 4.2.2, put 4 = aT-l-b )

where Gﬂz (X) = 0'& (X) = d2(X) , we get
2

+b a+hb\? 1
020 (X) — (o — ——(b-a)?
atp (2 2 ) 12
, a+b a+b
< w-ar|Ifl, |5~ "5)
L
a+b a+b 1 p
— — _ 2
K 2 2 )+12w ‘U] '
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Chapter Four  An Lp,p<1 application of a modified Chebyshev inequality

This implies

k1

a?(X) — %(b —a)?

. 1 P
< - @2 |fl, |15 - o]

Now, we will connects the expectation E(X) with the
cumulative distribution F(x)of a random variable X, when

f.f € Lyla,b], 0 <p < 1.
To prove our next result, we need the so called Branett and
Dragomir inequality [10].

b

j K(X,t) dF (t)

a

(b—a)F(x)+EX)—0»b

b

= j KX, t)f(t) (4.4)

a

Theorem 4.2.4

Let X be a random variable whose probability density function
fila,b] > R.If f, f € Ly[a,b], 0 <p < 1, and E(X) is the

expectation of X,then

b—a‘

‘E(X) +(b—@)F() —x - —

|

(x —a)* + (b — x)?
3

< (b —a)?

f

1
‘ a+b‘pl’
T
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Proof:

t—a ifa<t<X<h

LetK(X,t)z{t_b ifa<X<t<b

now by using Theorem 4.1.2, for g(t) = K(X,t), we get

b b

g fK(X t)f(t)dt——jf(t) dt —— jK(X,t)dt <
b
b f ! K(X,t)|2dt
G- )l | = | IKCx0)
b p
1 1
- b_a)jIK(X, tlde | |7, (4.5)
since,
1 b
h—a K(X, t)dt——lj(t—a)dt+f(t—b)dt

ol
o)) () ()

[a —ax———b2+bx+—]

1
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1 b? — a?
— [(b—a)x— > ],
this implies,
b
1 jK(Xt)dt—( a+b)
b—a ’ —\* 2 )
a
also,
K(X,t)|~dt
= )f' *.0F
[ x b
1
= j(t —a)?dt + j(t— b)*dt
b—a
la X

1 [(e-a®\" (-3
-5 (5P
1 [(x—a)® —-(x-0»b)3
b—al| 3 *

1 [(x—a)® (b-x)3
b—al| 3 T

(x—a)*+ (b—x)3
3(b—a) ’

= f|1<(x t)[2dt =
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Chapter Four  An Lp,p<1 application of a modified Chebyshev inequality

b
f f(Odt = 1.

By using (4.4) and(4.5), we get

‘E(X)+(b—a)F(x)—b—(x—a;b>‘

S

— )3 — p
e e

3(b—a)

this implies

‘E(X)'l'(b—a)F(x)_x_b;a‘

oy ER (e
< - |If], [ 4 | - 22 i
Corollary 4.2.5

Ifx=aor x=bin |E(X)+(b—a)F(x)_2_x_(bz;a)

a+b
= |E(X) — ‘
005
Then |E(X) — a—+b| have the same upper bound in Theorem 4.2.4
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Proof:
OHIf x=a

By using Theorem 4.2.4 , we get

b—a
‘E(X)+(b—a)F(a)—a— _ ‘
1
.o [I(b —a)? a+ b|Plp
— 1)2 - 7 —
< -2 [fl, |25 +|a- 5
Since F(a) = 0, when a is a constant, then
b—a
‘E(X)_a_( 2 )‘
2 pl
, (b—a) a+ b|"|p
< (b—-a)? - - —
<@-a8 1, 5 +a- 57 |
this implies
a+b
E(X) —
po0 -7
1
.. |[(b=—a)?  ra—b\P|P
< (b—a)? —
< -2 Ifl, 25~ (43)
2
Ly 1 b—a)» b—a
S(b—a)2||f||p2191( 1) +——|n>1
3p
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2)x =b

By using Theorem 4.2.4, we get

E(X)+(b—a)F(b)—b—b;a‘
(b — a)? +bp%
. —a a
<w-ar Il |75 + - |
Since F(b) = 0, when b is a constant, this implies,
E(X)—b—b;a‘
, (b — a)? a+bp%
<@-0r I, [P35 + -5 |
thus
a+b
‘E(X)_ 2 ‘
b-a? (b—a\’|p
. —da —da
<6-ar |, |75 ()
2
< (b -a)? ||]é||pz%‘1 (b_la)p+b;a n>1 n
3p
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Corollary 4.2.6

b
Ifx = % in Theorem 4.2.4 , then we have the best inequality

‘E(X) +(b—a)P.(X < “TJ“b) _ b‘

1

. b — P
< -2l |[|*52

Proof:

By using Theorem 4.2.4, we get

E(X)+(b—a)F<a+b>—a+b b—a‘

2 2 2

2

(r-e) +(-*5")
3

2

< -a? |1,

1

a+b a+bf

i

a+b a+b

Since F (T) = P. (X < T)’

a+b
also (— — a)
2

and(b = 2) =50 = () hen (052" = (5.

2 2

— 2 N2
2 2
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this implies,

E(X)+(b—a)Pr(X§a+b)—a+b—b_a‘

2 2 2

VN
oy
N |
Q
N——"
N
+
|
VS
S
N |
Q
N—"
N——
N
S

a+b a+br

< G- a2 |l L

7|

(b—a)?
=

]%
‘E(X) + (b= a)P.(X < aTJ’b) _ b‘

[ -

< @-?|fl, |

Then, we get

(b—a)
6

< -2 |fl,
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Theorem 4.2.7

Let X be a random variable with probability density function

f(t) and its derivative belong to L,[a,b],0 < p < 1 .Then,

‘E(X) P Dy 222
1
< (- a) ”f”p x2+c;x+a2_(x;a)l? P
, , !
x +b3x+b _<x;b) z
Proof:
By using (4.4), we get
(b—a)F(x)+EX)—b
= [X(t - Q)dF(®) + [ (t — )dF (t)
= [J(t - a)f(B)dt + [, (t — b)f ()t w)

Now, by using Theorem 4.1.2, put g(x) =t — a, we get
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1 7 1 1
‘mj(t—a)f(t)dt—mff(t)dtmf(t—a)dt

I
< -0 |fll, |-— [ It - &)

5 Po
fl(t —a)|dx . (4.7)

a

1
(x —a)

Since

[ f()dt = F(x), and

1 ; X—a
(x_a)j(t—a)dt=T,
1 t x? + ax + a?
_ 2 —
(x—a)]Kt a)|“dt = 2
then (4.7) become,
1 F(x)
‘—x - aj(t - f @t ——-| <

x> +ax+a® ,x—a\P
3 _( )

b —a) |Ifl,
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X

f (t — @)f (Ddt ~ = F ()

a

<

x? + ax + a? B (x — a)P (4.8)

3

(b6 -a)||f]|,

Similarly, by using Theorem 4.1.2, put g(x) =t — b, we get,

! [ b d ! b d ! b b)dt| <
— [ -pr@de-— [ r@ de— [ - ar| <
b
b-a Ifl, [;— [ 1 - pyPat
( ¢ fpb—x
1
’ b PIp
- (b_x)j|(t—b)|dt (4.9)

X

since f:f(t)dt = (F(x))*=1-F(x),and

b
1 ](t pyae = > 2
(b —x) 2 ’
X
b
1 f(t b)zdt—x2+bx+b2
X

then (4.9) become,
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2 b

b
1 X 1
mj(t—b)f(t)dt— _x(l—F(x)) <

p

S

x% + bx + b? <x—b)
3 2

(b —a) |Ifl,

we obtain,

1 1 <
— |- br@de+ 50 - Fe)| <

1

b -a || x? + bx + b? (x—b>p5

¢ fp 3 2

This implies

b

- X - X

j(t—b)f(t)dt+ T F(x)| <

X
1
Plp

x>+ bx+b*> /x—b
T

3 2

(b—a)(b-2|f],

From (4.8) and (4.10), we get
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X b
f(t—a)f(t)dt+j(t—b)f(t)dt—x2 I %

2

xX—D>b
+TF(x) <

x% + ax + a? (x—a)l’

b~ -a) ], [

x% + bx + b? (x—b)p

+(b—a)(b—x)||f||p 2 >

this implies

EC) + ; )F(x)—a-zl_b‘
1
<G-a|f]|x-a x2+éx+a2—(x;a)p5
P
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Chapter Five Approximation of Expectation and Variance on [a,b]Interval
with Probability Density Function in Lp [a,b],0<p<1.

Approximation of Expectation and Variance on
la, b]Interval, with Probability Density Function in
Lyla,b],0<p<1

In this chapter we use Taylors formula to approximate expression
in terms of expectation and variance simultaneously with

probability density functionin L,,0 <p < 1.
5.1.Introduction

If X is a random variable,have probability density function

f:la, b] = R. We know that the expectation of the random variable X

E(X) =j tf (t)dt.

Therefore, the variance of the random vaiable X is

b
7% = [ (e = BCO) e = EX) - (B0

In the previous chapters we prove types pre-Gruss inequality and
pre-chebychev inequality in terms of measurable probability density
functions. In this chapter, we use these inequalities to approximate
(estimate) expectation and variance with measurable probability

density functions, in the aid of Taylors formula.
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with Probability Density Function in Lp [a,b],0<p<1.

5.2. Expectation and Variance with probability density

functionin L, 0 <p <1

To prove our main theorem we need the following auxiliary

Lemmas

Lemma 5.2.1:[51]
b
j (b—1t) (t—a)f(©)dt = |b— ECO|EX) — a| — 02(X), ¢ € [a, b]

Lemma 5.2.2.[52]

If p < g, then forx; € R5

Now let us introduce our main Theorem.
Theorem 5.2.3

Let X be a random variable defined on [a, b] with the probability
density function f:[a, b] - R belongs to L,[a, b],p < 1.Then we

have,

1
Ib— ECOIEX) —al —a%(X) < c(b— )" 2||f|l,,

0 < p < 1,where c is a positive constant.
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Proof

Since

b b
j (b—10) (t - Qf (Ddt < f (b — ) |f(©)]dt

= (b—a)? [[If (®)ldt, (5.1)

Now

.. b—
Lett; < t, <tz < --- < t, be a partition for [a, b],a = t-, A= Ta,

b—a 2(b—a i(b—a
th=a+—,t, = a+(—),..., n= a+¥.
n n n
This implies,
b n
b—a
jf(t)dt = Zf(ti)T, [54] (5.2)
a i=1

If p < 1, then by using Lemma 5.2.2 and (5.2), we get

p

b b 1 n 1p_ p
f FOdt < f O sC(Zlf(tiN? n“)
a a i=1

By using Holder inequality when g > 1,k > 1 and é + % =1, we get
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b

FE
ff(t)dt <c(b—a)? (ZV(UV’) (Z ‘g‘ >

a

14
q

n
zl
n"'

i=1

< c(b- )P ( |f(ti>|%>
i=1

1
P

<c(b—-a)? <z|f(ti)|p> k1
i=1

Assume % =k — 1, then

b (b - b— )’
[ rwae<==2% If(t & )

(b — a)p
1
c(b —a)P / p\
-4 ] FCEDIP /I
(b - a)P a
b — aq)?
SECRL T (5.3)
(b —a)P

Thus

b 1
f (b—10) (¢t - f(Odt < cb- > |Ifl,
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Then by repeating of using of (5.2), we get,

b 1
j (b -1 (¢t - Qf(Odt < b — )™ PIfIL,

Then by using Lemma 5.2.1 , we get,

2+p—

b—E@INEX) —al-c*X)<(b—a) " 7 lIfll,

O0<p<l1 |

Theorem 5.2.4

Let X be a random variable defined in [a, b] with the probability
density function f:[a, b] - R belongs to Ly[a, b],p < 1.Then we

have,

b — 3
b~ ECOIIEC) — al - o200) ~ T

(b - a)3

((a +2)2+ (b +22%fOll,) il

Proof

Recall pre-Gruss inequality when 0 <p <1
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b b b
1 1
72 M09 0= [ hodrp— [ gtx

1
<{a+x?+ B+ 2@} +

. (5:4)

jh(t)dt;fg(x t)dt

Puth(t) = f(t), g(x,t) = (b —t)(t — a), in (5.4), we get.

" b b 1 b
mj f()(b —t)(t —a)dt — jf(t) dtmj(b —t)(t — a)dt

1

< ((@+x2 + b+ 22l Ol,)

jf(t)dt j(b —t)(t — a)dt|. (5.5)

Now let us compute f;(b —t)(t—a)dt

b
j (b—t)(t—a)dt

= f(bt b —t?+ at)dt = bt? bt e + at?|’
= @ awat =—mmat T
B b3 2 b3 ab? 2p o2 a3 N a3
—\2 ¢ 377y 2 P T3y
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6

B 3b3 — 6ab? —
B 6

2b3 + 3ab2> <3a2b — 6ba® — 2a® + 3a3>

_(b®-3ab?)—(a®-3ba?) _ b3-3ab?+3ba’-a® _ (b-a)?
6 6 6

(5.6)

Then using (5.6) to complete our estimate in (5.5). Also we have

f;f(t)dt = 1, we obtain

b

1
— [ 100 -0 -ad-

a

(b-a)’
6

1 2
<7 (@+x)*+ B+ 2 ®Il,) + a)
Then,
‘ b - a)?
[ 16 -0 - aar -2
b _ 3
( ((a +2)% 4+ (b + )2 f (Oll,) + —a),

now by using Lemma 5.2.1, we get,
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b _ 3
Ib— ECOIEC) — al — 62(X) —% <
b —
( “) [((a+ 02 + B+ 0DIFOIl,]
(b —a)? .
6
Corollary 5.2.5
b — 3
b~ EGOIIER) - al - o2(0) —
<G +allfll, +®+a)?
<b+a®(+I1fIp)
Proof:
By using Theorem 5.2.4, we get
b — 3
b= EGOIIECD - al - a2() - 2

(b—a) (b — )3

[((a+x)? + (b + ))IfOllp] +——

<+ +Ifl,) n
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Theorem 5.2.6

Let X be a random variable defined in [a,b] with the probability
density function f: [a, b] = RIf f, fe Lyla, b],p < 1,then we have,

1 4
b= ECGONEX) —al —o?(X) < 20b7|f|| ,0<p <1

Proof:

Recall the Pre-Chebychev inequality

b

fg(x)dx <

a

1
b—a

1 ‘ 1 ‘
— [ r@ga—— [ reoax

b g

®-al7l, (5.7)

b b p
1 1
= | laCordx - <(b — |19 dx)

a a

In (5.7) put g(x) = (t —a)(b —t), we get
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b

1
— [ Foe- 0 -
1 b
— jf(t)dt—j(t—a)(b—t)dt
<®-a|fl, ~ o)t
1o
|\ o= )jl(t—a)(b—t)ldt (5.8)

Since

b B 3 b
fl(t—a)(b—t)ldt=(bTa),jf(t)dt= 1.

And

‘ ‘ (b—a)S
jl(t —a)(b - O)|2dt = f(t — @)%(b — t)%dt =3—Oa.
Then (5.8) become,
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b

1
— [ FOC- a0 -ode -

a

b
, 1 [((b-a)P b -a)?\’
G- Ifl, |5== [ 50 dt—(—6a )

Then,

(—a)<
— <

S

(b - a)*| _

b
j FOE ~ )b~ Dt~

-0, [C52- (52|

By using Lemma 5.2.1, we get

b — EO|EX) — al — a*(X) —@ <
%

)

a0 [[B=a)*  ((b—a)?\’
w2l |55 - (“ ) |

this implies,
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(b — a)?
6

R e A
© -0 Ifl, (( ) ¢ )

/ 25 (b%+a%) , \
| - +—(b*+a*) |
Rt
(b

ISPV S
< b -a)?|f]l,2v p+ap+b4+a4)

Ib—E@XIEX) —al —o*(X) -

<

1

1_
< (b - a)? |f], 2

S TR A S 4 4
< (b—a)? ||f||p2p (bp +aP +bP + ap)
L. L1/ 04 4
<G-o? |f] 27 (bP + aP>
P N 4
<2057 + ) ||f] 27 (bP + aP>
1 4 4
< 2% (v +a) ],

1 4
< 270 .
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Then ,we get

b —a)? 1., 4
|b—E<X)||E<x>—a|—aZ<x>—% <22pr|f], =

Lemma 5.2.7[52]

If g,h,h € Ly[a,b], then

b b b 2
1 f h(t)g(t)dt ! h(t) dt ! (H)dt| <
b—a g b—a b—a Y —
a a a
b 2 ¢ 17 1 2
—Qa 02
hl” |—— t)2dt — —f t) dt
(n )]H b—ajg() b—a g(t)
a a a

Is Pre-Lupas inequality, when g, h and h € L,[a,b].

Now let us generalize Pre-Lupas inequality for L, [a,b],p <1

spaces.
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Theorem 5.2.8

If g,hh € Ly[a,b],0 <p <1, then

b b
1
— [ rg@t - j no e [ gy <
a a
b-a) 1 :
Cc —a 5 _j
Ll (= [ 9@de— [ gyt
a a
Where c is a positive constant.
Proof:
By using Lemma 5.2.7 and (5.2) we get,
b
—— [ h©g@dr - j h(e) de —— f J(0dt| <
a
n % b b
c(b—a) b_a|flt 2 1 2\t e
T Z n (l)| b—afg() _jg()
=1 a .

Then using (5.3) secondly, we get
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b b
1
mjh(t)g(t)dt——fh(t) dt —— jg(t)dt <
(b - )P 1 24 b d
v A (g orae= [owa|
Collorally 5.2.9
(b — a)?

b= ECOIEC) = al = 02(X) - —

1
- cb—a)Po (b —a 1) ,
N 6m 5 ”f”p

where c is a positive constant.
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Proof:

Put h(t) = f(t),g(x) = (t — a)(b — t) in Theorem 5.2.8, we get
1 b
— [ Foe- 0 -

ff(t) dt —— j(t— a)(b — t)dt| <

1 b

p—=

RENTRE

b
— j(t —a)(b—t)dt

b

b
j(t —a)(b - DF (Ot — Jf(t) dt—f(t _a)(b - Ddt| <
(b -y " 3
C —a
—|If] < j[(t - a)(b-D]*d
) a
- j (t — a)(b t)dt) (5.9)

By using Lemma 5.2.1, we get

b
f (b— 1) (¢ — )f@©)dt = |b— EGOIEX) — al — 02(X),
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Since

[Pt - @2 - 0)2de =P and [ f(©)dt = 1.

Also,

(b —a)?
—

b

f (b—t)(t—a)dt=
a

So, (5.9) implies,

(b —a)?

b= ECOIE() — al = 02(X) ———

1
b-a)f " . ((b—a)* (b—a)
<, (P )

Then, we get,

(b —a)?

b~ ECOIER) —al = 62(X) — —

1

cb—a)"PP/b—a

. (5-1)
61

where c is a positive constant |
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Theorem 5.2.10

Let X be a random variable with the probability density function
fila,b] = RIf f € L%[a,b] = {f:[a,b] > R, f,f™ € L%[a,b],0 < p < 1}, then

we have

S i+ Db — )t fD(a)

b= ECOIECO) = al = 02(X) - —

i=0
. a) (n+1)p+3

||f(n+1)”p (np +2)(np + 3)’

where ¢ is an absolute constant.
Proof:

The Taylors formula with integral remainder [13] is

n t
(t — a)n i 1 nen+
F0=) 1@ + [ =95 ds
€ [a, b] (5.10)

By using Lemma 5.2.1 and (5.10), we have

Ib—E@MIEX) — al —o*(X)
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=jab<b—t)<t—a> Z( D" (g

i=0

t
1
+— j(t — s)"f " (s) ds| dt,
a

_ i b
_Z(t @) FD(q )j (b—1t) (t — a)dt

i=0

b t
+% L(b—t) (t—a)j(t—s)"f("“)(s)ds it (5.11)

Using the transformation t = (1 —u)a + ub, t € [a, b]
If t = a, then

a=(1—-u)a+ub

a=a—au-+ub

0=u(b—a).

This implies, u = 0 where t = a.

Similarly,

Ift = b, we obtain u = 1. Also, dt = (b — a)du.

Now
b 1
f (t — @)*1 (b — D)dt = (b — a)i*? f 41— ) du
a 0
_ 1
T (+2)(+3)

By using (5.11), we deduce that,
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b —ECOIEX) — al — o*(X)

N -~ )™ 0
Z (i+ 2)(1 + 3) i!

1
_|__
n!

) t
j b-t)(t—-—a) j(t — ) f () ds‘ dt

This implies,

DO
(i + 3)!

1
Ib— ECX)|EX) —a| — 02(X) — Z(l+ )(b -

) ¢
< %fa (b—t)(t—a) j(t — )+ (5) ds| dt (5.13)

Since

t

t
j(t—s)”f(”“)(s) ds| < flt—s|"|f("+1)(s)|ds.

a

Then by using (5.3),this implies,

127



Chapter Five Approximation of Expectation and Variance on [a,b]Interval
with Probability Density Function in Lp [a,b],0<p<1.

j (¢ — "D (s) ds

t
1
<cb—a) P jlt — Slp"|f("+1)(s)|p ds |,

Then, we get,

t
_1
J (t =™ (s)ds| < c(b — @) Ple—alP||f ™+ |
a

0<p<1. (5.14)

Put (5.14) in (5.13), we get

)i+1f(i)(a)
(i + 3)!

b= ECOIIEC) — al - 02(X) - z G0

c(b — a)

b
||f(”+1)|| f (b—1t)(t—a)P*idt.  (5.15)
And by using (5.12), we get

® (i D(h — i+1 £(i)
Ib—E(X)||E(X)—a|—az<X)_z<l+ ><(i +a3>)! fO@
i=0
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c(b—a)’™® 1
< ( — ) ||f(n+1)||P(b _ a)np+3 j unp+1(1 — u) du
: 0

< C(b—a)p_% ”f(n+1) ” (b—a)"P+3
= p (nP+2)(nP+3)

1
+1)p+3—=
(n+1)p D

_c (b—a)
E”f(nﬂ)”p (nP+2)(nP+3)

This implies,

e _ i+1 £(i)
Ib—E(X)IIE(X)—a|—UZ(X)_Z(H'DU’ Q)1 fO(a)
i=0

(i +3)!
(n+1)p+3—l
< Jpoeny L2
» (nP + 2)(nP + 3)
_a)(n+1)p+3

(n+1)
”f 1 ”p (nP + 2)(nP + 3)

where c is absolute constant. ]
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A Modified Ostrowski Inequality with Random
Variable Application on L,[a, b],0 < p < 1,Spaces

Many outhers proved types of Ostrowski inequality. We improve
their inequalities and then applied it to cumulative density

function and beta and normal distribution:
6.1. Introduction

In 1938 Ostrowski introduced his famous inequality in [41]

1 b
Fo) -5 | f@ae

2

_(a+Db)
+ i /2

1
<|-
4 b—a

(b—a)M 6.1)

For a differentiable function f with bounded derivative on (a, b).

In [44] Drangomir and Wang proved the of Ostrowski's inequality

1 (P f(b) —f(a)
F — g | FOd -5
< %(b —a)(C — D) (6.2)

For a function with bounded derivative, such that C < f <D on

(a,b). C,D are positive constants in R.
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In [48] Matid, Decarce and Ujevic proved (6.2) with % constant

with twice diffentiable formula on (a,b).Using Chebychev's
operator we improve the results in[11], by introducing a best result
for functions in Ly[a, b] for 0 <p < 1. And we assume that f is
also in Ly[a, b]. Then we applied our inequality to beta and normal

distribution and cumulative density function.
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6.2. A Modified Ostrowski Inequality

To prove our main theorem we need the following auxiliary result.

Lemma 6.2.1[54]

f(bz :Z(a} (x _a+t b)

! d
o0 - [ Fode- y

b b
— %‘l)zaf af(P(x, t) — P(x, S))(f(t) —f(s))dtds,

2(b
where
_(t—aif t€][ax)
p(x’t)_{t—b if te(xb]
Theorem 6.2.2

Let X be a random variable f, f € Lyla,b], 0 <p <1, then,

00— [ roae -2 i

f(b) — f(a)< a+b>‘

1
c(p)(b —a)Pt . f(b) — f(@\"\?
< (o), + (F5=22) )|
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Proof:

By using the Gaushy-Schwars inequality for double integrals, we

get,

b b
1 4 e
2(b - a)? f f (p(x,t) = p(x, ) (f(©) - f(s))dtds

N =

b b

1
< mjj(p(x,t)—p(x,s))dtds o

aa
1
2

jb jb (f@® — f(s))dtds |,

Since any two norms on a finite dimensional space are equivalent,

then we get,
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b

b
1 , ,
) j (P, 1) — G ) (F(0) — £(s))deds

a
1

b b
C
<| —— —_ 14 )
<\ 557 ] | a0 —pGoI deds
a a

1
2

b b
1 . .2
mj j|f(t) — f(S)l dtds | , (63)

where c is a positive constant.

Now, using (5.3), we get

b b
1 , ,
a5z | | ®G0 —pe (@) - r()deds

=

b b
c(p) o
= (m J J Ip(x, ) — p(x, $)IP dtds)

1
b b =
2(1;:(—2[)2ff|f(t)—f(5)|pdtds
. (6.4)

Now,
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( ) b b =
_ cc(\p _ p
b= gz | [ PG, = pCos)lP deds
1
® [
_ 4w P P
< 2(b_a)szlp(x,t)l + [p(x, s)|" dtds
This implies,
1
( ) b b %)
_ c\p _ p
11 - Z(b_a)zfjlp(xit) p(x,S)l dtds
1
) b b b b D
_\p) p p
< 20h — )2 jjlp(x,t)l dtds+jj|p(x,s)| dtds
Then,
1
c(p) C [
=| —— — p
L Z(b_a)zfjlp(x,t) p(x,s)|P dtds
1
b b P
< %((b—a)}a |p(x,t)|pdt+(b—a)fa lp(x,s)|P ds)] :
This implies,
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1

b b
_[j“?(?c, t) —p(x,s)|P dtds

a a

c(p)

h = 2(b — a)?

. 1
<[2(b(€) ( (o O dt + j e s>|pds)r.

By using assumption in Lemma 6.2.1, we get,

1
P
L = h[ j|P(x t) —p(x,s)|P dtds
X b
< [%K ) (t—a)Pdt+L (t—b)pdt)
1
X b p
+<j (S—a)pds+j (S—b)pd5>” .
Therefore,
1
c® [ "
I, = m] flp(x, t) —p(x,s)|P dtds
) 1
p+1|* p+1|P|P
c(p)
< 2(b—a)<p+1(t_a)> +<—(t—b)>
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Then,

1

b b p
L = <2(I:(—p)a)2 j jlp(x, t) —p(x,s)P dtds)

¢(p) p+1 p+1 %
<0 35 gpan (@0 = (-]

1

(b — a)P+1>p.

- ( 2¢(p)
“\2b-a)(p+1)

This implies,

b b
L = <2(I:(—p)a)2 j jlp(x, t) —p(x,s)|? dtds)

FECLE a)p>%
-\ e+ )

1
P

(6.5)

Also,

b b
c(p) : :
I, = <Z(b e f f|f(t) —f(s)|p dtds)
1

b b p
) L(; (—p)a)z (ﬂ fOf ads + [[ o) dtdsﬂ |

a a

1
P
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since [[]l, < [lll1, we get,

1

p
12=<2(C(p) j j F© - F&) dtds)

b b P
[c(p)z(b a)z(u)—a) [ ol a+o-o | |fo) ds>]

(») ; b
<52z 0= (7l + [ 1l as)

Therefore,

1

b b D
c(p) : :
= (] oo
1

c®@ NPz Lf®)—f(a)
“(zra) (M,+5=07) ©o

Put (6.5) and (6.6) in (6.4), we get,

b b
1 , ,
m] ](P(X, t) —p(x, S))(f(t) - f(S))dtdS

1

W) () Y SO/
S<C p(p+1)a ) (2(2;9 ) (”f” — > (6.7)

=
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By using Lemma 6.2.1 and (6.7), we get,

) - —— j foyde -2 y

f(b) — f(a)( a+b)|

@b - N[ L (fB) = F@)
< (o) s, + (P2 |

where ¢(p) is a positive constant depending on p only n

Collorary 6.2.3

Let X be a random variable f, f € Ly[a,b],0 <p <1, then

‘ (a;b)_biajabf(t)dt

1

c(p)(b—a)P 1\P[ . f(b) - f(a)
< (S22 i, + (KLY

Proof:
Take X = a:—b is the midpoint,

By using Theorem 6.2.2, we get,

1 b
| rou

(a+b
2

1
c(p)(b—a)P"1\P[ . f(b) — f(a)\"
(Do) [, (F5=22)
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where c(p) is a positive constant depending upon p.

6.3.Applications for Distribution Function and Random

Variable.

Theorem 6.3.1
Let X be a random variable with probability density function
f:la,b] = R, and having the cumulative density function

F:[a,b] — [0,1]and f,F € L,[a,b], 0 < p < 1, then,

b—E(X)_ 1 (x_a+b>‘

‘F(x)— b—a b—a 2

1
c(p)(b —a)P~M\P 1 \?
S( 20+ 1) ) ["fller(m) ]

where c(p) is a positive constant depending on p only .

Proof:

Put F(x) instead of f in Theorem 6.2.2, we get,

s F(b) - F b
‘F(x)—m] F(t)dt - (;_a(“)(x—” )‘

2
1
< <C(p)(b—a)”'1>”[ i
2(p+1) P
F(b) — F(a)\?
+( o ) ] 6.8)
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Since F(a) = 0 and F(b) = 1. (6.9)
Also, since F(x) = f;f(t)dt, X € [a, b].

So, F = f and E(X) ff tdF (t)dt.

Using (2.3) in Chapter Two. Its mean that,

b
jF(t)dt = b — EX). (6.10)

a

Put (6.9) and (6.10) in (6.8), we get,

b — E(X) 1 a+b
S R N _b—a<x_ 2 >|
1
c(p)(b —a)P™H\P 1 P
S( 2(p+1) > [l|f||p+(b—a>] "
Colloraly 6.3.2

Let X be a random variable with probability density function
f and having the cumulative density function F ,such that

f,F € Lp[a, b], 0 < p < 1, then,

a+b)_b—E(X)

PlX <
T(_ 2 b—a

C(p)(b—a)p_l% 14
S( 2(p+1) ) [llfl|p+<b—a)]
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Proof:
Take X = a;—b. Since B.(X < x) = F(X), then by using Theorem 6.3.1,

we get

a+b>_b—E(X)

P X<
r( - 2 b—a

c)(b — a)P~1\P 1y
S( 20+ D > ["f"PJr(m)] "

The following theorem related to application for Beta distribution;

Theorem 6.3.3

Let X be a random variable and X~B, s whose the density function

belongs to the L, where 0 < p < 1 then

rxsn e ]
< (5P) i 1 D+ 17 +1
_<2(p+1)> [B(a,ﬁ)(B(P(“_ )+ PE =D+ 1P + ]

Proof:

Since X~f, p, then the probability density function as follows,

(X ﬁ)—Xa_l(l_X)ﬁ_l 0<X<1
JEal)=—swn '
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where, B(a, ) = [, t*"(1 — t)P~! dt.Then by using (2.8) in

Chapter Two, we get,

IfC Bl = (B(P(a —1)+,P(B —1) + 1)P.

1
B(a,pB)

Also, E(X) = ﬁ :

Now, by using Theorem 6.3.1, we get,

p—-%
" B+a 1 ( _a+b)
F) b—a b—al’ 2

1

cp)®—-a)P\P[ 1
s( 2D > [B(a,[),) (B(P(a — 1)+,P(B—1)

+ 1)%+ (bia)p].

Since B.(X < x) = F(X), and b=1, then

ke s L ek
T a+ B 2
@ VP :
c(p p 1 1
< (2(p > 1)> [B(a,ﬁ) (B(P(a— 1)+ P(f—1) +1)P +1 .

The next theorem is an application for normal distribution.
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Theorem 6.3.4

Let X be a random variable with parameters (u, 6%) € 2, with the

probability density function

1 —X=w?

f(Xr K, 82) = (’S\/_Z_T[e 282 s

where Q = {(y, 62); —00 < u < 00,0 < §2 < 0},

Then
(r=es) rne-
Py \Pl2\zb ) s
S<2(p+1)> (E) (e5) +1
Proof:

Since X~N(u, 6%),in L, where 0 < p < 1 then by using(2.9) in
1 1

2\2p { E\pr
Chapter Two, we get, || f|[,, < (;) (86) Also, E(X) =,

F(X) = P,(X <x), X € [0,1]. By using Theorem 6.3.1 , we get
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o(r=(20) - -n-(c- 1
< <%)% (%)% (e%)% +1|.
This implies,

PX<(a+b>+ X —
X< u >

) NI, pna
< (a0 | (5 -
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Conclusion

Conclusions

1. We can generalize Ostrowski theorem to quasi normed spaces.

2. We can applied the theorem in 1 for random variable whose
probability density function, and cumulative distribution in
quasi normed spaces.

3. We can apply our Ostrowski theorem for beta and normal
distribution.

4. There is a generalization for Pre-Gruss inequality to quasi
normed spaces.

5. There is an application of the generalization in estimation
expectation variances and dispersion.

6. We can generalize chebyshev inequality to quasi normed
spaces.

7. The theorem in 6 can be applied in expectation of cumulative
distribution for quasi normed spaces.

8. We can approximate the terms written in terms of expectation
and variances with probability density function in quasi

normed spaces.
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Future Works

Future Works

1. In Chapter One , we proved type of Ostrowski inequality in
terms of the quasi norm of the first derivative . We can
generalize this inequality for norms in terms of fractional
derivatives.

2. We can generalize Hadmared inequality to the spaces of

fractional L,, 1 < p < oo spaces.
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	By using Theorem 2.1.4 and using (2.11), we get
	,𝑬(𝑿-𝟐.)≥𝒃−𝑪,𝒑,𝒒.,𝒊=𝟏-𝒏−𝟏-,,,𝜶-𝒊+𝟏.−𝒂.-,𝟏-𝒒.+𝟏.+,,𝒃−,𝜶-𝒊+𝟏..-,𝟏-𝒒.+𝟏. ,,𝒇.-𝒑,𝒂,𝒃....                                             (𝟐.𝟏𝟐)
	Since ,𝝁−,𝒂+𝒃-𝟐..≤,𝝁.+,,𝒂+𝒃-𝟐.., where −∞≤𝝁≤∞.
	By using Theorem 2.1.6, we get
	,,𝑷-𝒓.,𝑿≤,,𝒂+𝒃-𝟐...−,𝟏-𝟐..
	≤,𝟏-𝒉.,𝑪,𝒑,𝒒.,,,𝟐-𝝅..-,𝟏-𝟐𝒑..,,,𝒆-,𝝁-𝜹...-,𝟏-𝒑..,𝒊=𝟏-𝒏−𝟏-,,,∝-𝒊+𝟏.−𝒂.-,𝟏-𝒒.+𝟏..+,,𝒃−,∝-𝒊+𝟏..-,𝟏-𝒒.+𝟏.+,𝝁−,𝒂+𝒃-𝟐...
	Approximation of Expectation and Variance on ,𝒂,𝒃.Interval, with Probability Density Function in ,𝑳-𝒑.,𝒂,𝒃.,𝟎<𝒑<𝟏
	In this chapter we use Taylor,s formula to approximate expression in terms of expectation and variance simultaneously with probability density function in ,𝐿-𝑝.,0<𝑝<1.
	5.1.Introduction
	If X is a random variable,have probability density function
	𝑓:,𝑎,𝑏.→ℝ. We know that the expectation of the random variable X is
	𝐸,𝑋.=,∞--𝑡𝑓,𝑡.𝑑𝑡..
	Therefore, the variance of the random vaiable 𝑋 is ,𝜎-2.=,𝑎-𝑏-,,𝑡−𝐸,𝑋..-2.𝑓,𝑡.𝑑𝑡=𝐸,,𝑋-2...−,,𝐸(𝑋).-2.
	In the previous chapters we prove types pre-Gruss inequality and pre-chebychev inequality in terms of measurable probability density functions. In this chapter, we use these inequalities to approximate (estimate) expectation and variance with measurab...
	5.2. Expectation and Variance with probability density function in ,𝑳-𝒑.,𝟎<𝒑<𝟏
	To prove our main theorem we need the following auxiliary Lemmas
	Lemma 5.2.1:[51]
	,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.𝑓,𝑡.𝑑𝑡=,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.,𝑡∈[𝑎,𝑏]
	Lemma 5.2.2.[52]
	If 𝑝<𝑞, then for,𝑥-𝑖.∈𝑅5
	,,,𝑖=1-∞-,,,𝑥-𝑖..-𝑞...-,1-𝑞..≤,,,𝑖=1-∞-,,,𝑥-𝑖..-𝑝...-,1-𝑝...
	Now let us introduce our main Theorem.
	Theorem 5.2.3
	Let X be a random variable defined on ,𝑎,𝑏. with the probability density function 𝑓:,𝑎,𝑏.→ℝ belongs to ,𝐿-𝑝.,𝑎,𝑏.,𝑝<1.Then we have,
	,𝑏−𝐸,𝑋..,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.≤,𝑐,𝑏−𝑎.-2+𝑝−,1-𝑝..,,𝑓.-𝑝.,
	0<𝑝<1,where c is a positive constant.
	Proof
	Since
	,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.𝑓,𝑡.𝑑𝑡≤,𝑎-𝑏-,,𝑏−𝑎.-2..,𝑓,𝑡..𝑑𝑡
	=,,𝑏−𝑎.-2.,𝑎-𝑏-,𝑓,𝑡..𝑑𝑡,.                                                            (5.1)
	Now
	Let ,𝑡-1.<,𝑡-2.<,𝑡-3.<…<,𝑡-𝑛. be a partition for ,𝑎,𝑏., 𝑎=,𝑡- . ,∆=,𝑏−𝑎-𝑛. ,
	,𝑡-1.=𝑎+,𝑏−𝑎-𝑛.,,𝑡-2.=𝑎+,2(𝑏−𝑎)-𝑛.,…,,𝑡-𝑛.=𝑎+,𝑖,𝑏−𝑎.-𝑛..
	This implies,
	,𝑎-𝑏-𝑓,𝑡.𝑑𝑡≅,𝑖=1-𝑛-𝑓,,𝑡-𝑖..,𝑏−𝑎-𝑛...,[54]                                                (5.2)
	If 𝑝<1, then by using Lemma 5.2.2 and (5.2), we get
	,𝑎-𝑏-𝑓,𝑡.𝑑𝑡≤,,,𝑎-𝑏-,,𝑓(𝑡).-,1-𝑝....-𝑝..≤𝑐,,,𝑖=1-𝑛-,,𝑓(,𝑡-𝑖.).-,1-𝑝...,𝑏−𝑎-𝑛..-𝑝.
	By using Holder inequality when 𝑞>1,𝑘>1 and ,1-𝑞.+,1-𝑘.=1, we get
	,𝑎-𝑏-𝑓,𝑡.𝑑𝑡≤.𝑐,,𝑏−𝑎.-𝑝.,,,,𝑖=1-𝑛-,,𝑓(,𝑡-𝑖.).-,𝑞-𝑝....-,𝑝-𝑞..,,,𝑖=1-𝑛-,,,1-𝑛..-𝑘...-,𝑝-𝑘...
	,≤𝑐,𝑏−𝑎.-𝑝.,,,,𝑖=1-𝑛-,,𝑓(,𝑡-𝑖.).-,𝑞-𝑝....-,𝑝-𝑞..,𝑖=1-𝑛-,1-,𝑛-𝑘....,𝑘>1
	,≤𝑐,𝑏−𝑎.-𝑝.,,,,𝑖=1-𝑛-,,𝑓(,𝑡-𝑖.).-𝑝...-,1-𝑝..,1-,𝑛-𝑘−1...
	Assume  ,1-𝑝.=𝑘−1, then
	,𝑎-𝑏-𝑓,𝑡.𝑑𝑡≤.,,𝑐,𝑏−𝑎.-𝑝.-,,𝑏−𝑎.-,1-𝑝...,,,,𝑖=1-𝑛-,,𝑓(,𝑡-𝑖.).-𝑝..,(𝑏−𝑎)-𝑛..-,1-𝑝...
	≤,,𝑐,𝑏−𝑎.-𝑝.-,,𝑏−𝑎.-,1-𝑝...,,,,𝑎-𝑏-,,𝑓(,𝑡-𝑖.).-𝑝...-,1-𝑝...
	≤,,𝑐,𝑏−𝑎.-𝑝.-,,𝑏−𝑎.-,1-𝑝...,,𝑓.-𝑝. .                                          (5.3)
	Thus
	,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.𝑓,𝑡.𝑑𝑡≤,𝑐,𝑏−𝑎.-2+𝑝−,1-𝑝..  ,,𝑓.-𝑝.
	Then by repeating of using of (5.2), we get,
	,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.𝑓,𝑡.𝑑𝑡≤,,𝑏−𝑎.-2+𝑝−,1-𝑝..,,𝑓.-𝑝..
	Then by using Lemma 5.2.1 , we get,
	,𝑏−𝐸,𝑋..,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.≤,,𝑏−𝑎.-2+𝑝−,1-𝑝 ..,  ,𝑓.-𝑝.,
	0<𝑝<1                                                                                       ∎
	Theorem 5.2.4
	Let X be a random variable defined in ,a,b. with the probability density function 𝑓:,𝑎,𝑏.→ℝ belongs to ,𝐿-𝑝.,𝑎,𝑏.,𝑝<1.Then we have,
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,(𝑏−𝑎)-3.-6..≤,,𝑏−𝑎.-2.,,,𝑎+𝑥.-2.+,,𝑏+𝑥.-2.,,𝑓,𝑡..-𝑝..+,,(𝑏−𝑎)-3.-6.
	Proof (1)
	Recall pre-Gruss inequality when 0<𝑝<1
	,,1-𝑏−𝑎.,𝑎-𝑏-ℎ(𝑡)𝑔,𝑥,𝑡.𝑑𝑡−,𝑎-𝑏-ℎ(𝑡)..𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-𝑔,𝑥,𝑡.𝑑𝑡..
	≤,1-2.,,,𝑎+𝑥.-2.+,,𝑏+𝑥.-2.,,ℎ,𝑡..-𝑝..+,,𝑎-𝑏-ℎ,𝑡.𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-𝑔,𝑥,𝑡.𝑑𝑡...(5.4)
	Put ℎ,𝑡.=𝑓,𝑡.,𝑔,𝑥,𝑡.=,𝑏−𝑡.,𝑡−𝑎., in (5.4), we get.
	,,1-𝑏−𝑎.,𝑎-𝑏-𝑓(𝑡),𝑏−𝑡.,𝑡−𝑎.𝑑𝑡−,𝑎-𝑏-𝑓(𝑡)..𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-,𝑏−𝑡.,𝑡−𝑎.𝑑𝑡..
	≤,1-2.,,,𝑎+𝑥.-2.+,,𝑏+𝑥.-2.,,𝑓,𝑡..-𝑝..+,,𝑎-𝑏-𝑓,𝑡.𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-,𝑏−𝑡.,𝑡−𝑎.𝑑𝑡....               (5.5)
	Now let us compute ,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.𝑑𝑡
	,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.𝑑𝑡
	=,𝑎-𝑏-,𝑏𝑡−𝑎𝑏−,𝑡-2.+𝑎𝑡.𝑑𝑡=,,𝑏𝑡-2.-2.,,−𝑎𝑏𝑡−,,𝑡-3.-3.+,𝑎,𝑡-2.-2..-𝑎-𝑏..
	=,,,𝑏-3.-2.−𝑎,𝑏-2.−,,𝑏-3.-3.+,𝑎,𝑏-2.-2..−,,,𝑎-2.𝑏-2.−𝑏,𝑎-2.−,,𝑎-3.-3.+,,𝑎-3.-2..
	=,,3,𝑏-3.−6𝑎,𝑏-2.−2,𝑏-3.+3𝑎,𝑏-2.-6..−,,3,𝑎-2.𝑏−6𝑏,𝑎-2.−2,𝑎-3.+3,𝑎-3.-6..
	=,,,𝑏-3.−3𝑎,𝑏-2..−,,𝑎-3.−3𝑏,𝑎-2..-6.=,,𝑏-3.−3𝑎,𝑏-2.+3𝑏,𝑎-2.−,𝑎-3.-6.=,,,𝑏−𝑎.-3.-6..                (5.6)
	Then using (5.6) to complete our estimate in (5.5). Also we have ,𝑎-𝑏-𝑓,𝑡.𝑑𝑡=1., we obtain
	,,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡.,𝑏−𝑡.,𝑡−𝑎.𝑑𝑡−,,,𝑏−𝑎.-3.-6.  ..
	≤,1-2.,,,𝑎+𝑥.-2.+,,𝑏+𝑥.-2.,,𝑓,𝑡..-𝑝..+,,,𝑏−𝑎.-2.-6. .
	Then,
	,,𝑎-𝑏-𝑓(𝑡),𝑏−𝑡.,𝑡−𝑎.𝑑𝑡−,,,𝑏−𝑎.-3.-6.  ..
	≤,,𝑏−𝑎.-2.,,,𝑎+𝑥.-2.+,,𝑏+𝑥.-2.,,𝑓,𝑡..-𝑝..+,,,𝑏−𝑎.-3.-6.,
	now  by  using Lemma 5.2.1, we get,
	,,𝑏−𝐸,𝑋..,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,,𝑏−𝑎.-3.-6..≤
	,,𝑏−𝑎.-2.,,,,𝑎+𝑥.-2.+,,𝑏+𝑥.-2..,,𝑓,𝑡..-𝑝..+,,,𝑏−𝑎.-3.-6.                                                                          ∎
	Corollary 5.2.5
	,,𝑏−𝐸,𝑋..,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,,𝑏−𝑎.-3.-6..
	≤,,𝑏+𝑎.-3.,,𝑓.-𝑝.+,,𝑏+𝑎.-3.
	≤,,𝑏+𝑎.-3.,1+,,𝑓.-𝑝..
	Proof:
	By using Theorem 5.2.4, we get
	,,𝑏−𝐸,𝑋..,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,,𝑏−𝑎.-3.-6.. (1)
	≤,,𝑏−𝑎.-2.,,,,𝑎+𝑥.-2.+,,𝑏+𝑥.-2..,,𝑓,𝑡..-𝑝..+,,,𝑏−𝑎.-3.-6.≤,,𝑏+𝑎.-3.,1+,,𝑓.-𝑝..                                              ∎
	Theorem 5.2.6
	Let X be a random variable defined in ,a,b. with the probability density function 𝑓:,𝑎,𝑏.→ℝ.If 𝑓,,𝑓.∈,𝐿-𝑝.,𝑎,𝑏.,𝑝<1,then we have,
	,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.≤,2-,1-𝑝.+3.,𝑏-,4-𝑝..,,,𝑓..-𝑝., 0<𝑝<1
	Proof: (1)
	Recall the Pre-Chebychev  inequality
	,,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑥.𝑔,𝑥.𝑑𝑥−,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑥...𝑑𝑥,1-𝑏−𝑎.,𝑎-𝑏-𝑔,𝑥.𝑑𝑥..≤
	,𝑏−𝑎. ,,,𝑓..-𝑝.,,,1-,𝑏−𝑎..,𝑎-𝑏-,,𝑔(𝑥).-2.𝑑𝑥−,,,1-,𝑏−𝑎..,𝑎-𝑏-,𝑔(𝑥)..𝑑𝑥.-𝑝...-,1-𝑝...      (5.7)
	In (5.7) put 𝑔,𝑥.=,𝑡−𝑎.,𝑏−𝑡., we get
	,,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡.,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡−,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡...𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡..
	≤,𝑏−𝑎. ,,,𝑓..-𝑝.,,,1-,𝑏−𝑎..,𝑎-𝑏-,,,𝑡−𝑎.,𝑏−𝑡..-2.𝑑𝑡−,,,1-,𝑏−𝑎..,𝑎-𝑏-,,𝑡−𝑎.,𝑏−𝑡...𝑑𝑡.-𝑝...-,1-𝑝..                  (5.8)
	Since (1)
	,𝑎-𝑏-,,𝑡−𝑎.,𝑏−𝑡...𝑑𝑡=,,,𝑏−𝑎.-3.-6.,,𝑎-𝑏-𝑓,𝑡.𝑑𝑡.=1.
	And
	,𝑎-𝑏-,,,𝑡−𝑎.,𝑏−𝑡..-2.𝑑𝑡=,𝑎-𝑏-,,𝑡−𝑎.-2.,,𝑏−𝑡.-2.𝑑𝑡=.,,,𝑏−𝑎.-5.-30...
	Then (5.8) become,
	,,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡.,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡−,,𝑏−𝑎.-6...≤
	,𝑏−𝑎. ,,,𝑓..-𝑝.,,,1-,𝑏−𝑎..,𝑎-𝑏-,,,𝑏−𝑎.-5.-30.𝑑𝑡−,,,,,𝑏−𝑎.-2.-6..-𝑝...-,1-𝑝...
	Then, (1)
	,,𝑎-𝑏-𝑓,𝑡.,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡−,,,𝑏−𝑎.-2.-6...≤
	,,𝑏−𝑎.-2. ,,,𝑓..-𝑝.,,,,,,𝑏−𝑎.-4.-30.−,,,,,𝑏−𝑎.-2.-6..-𝑝...-,1-𝑝...
	By using Lemma 5.2.1, we get
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,,𝑏−𝑎.-2.-6..≤
	,,𝑏−𝑎.-2. ,,,𝑓..-𝑝.,,,,,,𝑏−𝑎.-4.-30.−,,,,,𝑏−𝑎.-2.-6..-𝑝...-,1-𝑝..,
	this implies,
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,,𝑏−𝑎.-2.-6..≤ (1)
	,,𝑏−𝑎.-2. ,,,𝑓..-𝑝.,2-,1-𝑝.−1.,,,,,,𝑏−𝑎.-4.-30..-,1-𝑝..+,,,𝑏−𝑎.-2.-6..
	≤,,𝑏−𝑎.-2. ,,,𝑓..-𝑝.,2-,1-𝑝.−1.,,,2-,4-𝑝.−1.,,𝑏-,4-𝑝..+,𝑎-,4-𝑝...-,30-,1-𝑝...+,2-6.,,𝑏-4.+,𝑎-4...
	≤,,𝑏−𝑎.-2. ,,,𝑓..-𝑝.,2-,1-𝑝.−1.,,𝑏-,4-𝑝..+,𝑎-,4-𝑝..+,𝑏-4.+,𝑎-4..
	,           ≤,b−a.-2. ,,,f..-p.,2-,1-p.−1.,,b-,4-p..+,a-,4-p..+,b-,4-p..+,a-,4-p...
	,           ≤,𝑏−𝑎.-2. ,,,𝑓..-𝑝.,2-,1-𝑝..,,𝑏-,4-𝑝..+,𝑎-,4-𝑝...
	≤2,,𝑏-2.+,𝑎-2.. ,,,𝑓..-𝑝.,2-,1-𝑝..,,𝑏-,4-𝑝..+,𝑎-,4-𝑝...
	≤ ,2-,1-𝑝.+2.,,𝑏-,4-𝑝..+,𝑎-,4-𝑝...,,,𝑓..-𝑝.
	≤ ,2-,1-𝑝.+3.,𝑏-,4-𝑝..,,,𝑓..-𝑝..
	Then ,we get
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,,𝑏−𝑎.-2.-6..≤,2-,1-𝑝.+3.,𝑏-,4-𝑝..,,,𝑓..-𝑝.    ∎
	Lemma 5.2.7[52]
	If 𝑔,ℎ,,ℎ. ∈,𝐿-1.,𝑎,𝑏., then
	,,,1-𝑏−𝑎.,𝑎-𝑏-ℎ,𝑡.𝑔,𝑡.𝑑𝑡−,1-𝑏−𝑎.,𝑎-𝑏-ℎ,𝑡...𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-𝑔,𝑡.𝑑𝑡..-2.≤
	,,,𝑏−𝑎-𝜋..-2.,𝑎-𝑏-,,,ℎ..-2.,,1-𝑏−𝑎.,𝑎-𝑏-,𝑔,𝑡.-2.𝑑𝑡−,,,1-𝑏−𝑎.,𝑎-𝑏-𝑔,𝑡..𝑑𝑡.-2.....
	Is Pre-Lupas inequality, when 𝑔,ℎ and  ,ℎ.∈,𝐿-2.,𝑎,𝑏..
	Now let us generalize Pre-Lupas  inequality for ,𝐿-𝑝.,𝑎,𝑏.,𝑝<1 spaces.
	Theorem 5.2.8
	If 𝑔,ℎ,,ℎ. ∈,𝐿-𝑝.,𝑎,𝑏.,0<𝑝<1, then
	,,1-𝑏−𝑎.,𝑎-𝑏-ℎ,𝑡.𝑔,𝑡.𝑑𝑡−,1-𝑏−𝑎.,𝑎-𝑏-ℎ,𝑡...𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-𝑔,𝑡.𝑑𝑡..≤
	,𝑐,(𝑏−𝑎)-𝑝−,1-𝑝..-𝜋.,,,ℎ..-𝑝.,,1-𝑏−𝑎.,𝑎-𝑏-,𝑔,𝑡.-2.𝑑𝑡−,𝑎-𝑏-𝑔,𝑡.𝑑𝑡...
	Where 𝑐 is a positive constant.
	Proof: (2)
	By using Lemma 5.2.7 and (5.2) we get,
	,,1-𝑏−𝑎.,𝑎-𝑏-ℎ,𝑡.𝑔,𝑡.𝑑𝑡−,1-𝑏−𝑎.,𝑎-𝑏-ℎ,𝑡...𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-𝑔,𝑡.𝑑𝑡..≤ (1)
	,𝑐(𝑏−𝑎)-𝜋.,,,𝑖=1-𝑛-,𝑏−𝑎-𝑛..,,,ℎ.(,𝑡-𝑖.).-2..-,1-2..,,1-𝑏−𝑎.,𝑎-𝑏-,𝑔-2.,𝑡.𝑑𝑡−,𝑎-𝑏-𝑔,𝑡.𝑑𝑡...
	Then using (5.3) secondly, we get
	,,1-𝑏−𝑎.,𝑎-𝑏-ℎ,𝑡.𝑔,𝑡.𝑑𝑡−,1-𝑏−𝑎.,𝑎-𝑏-ℎ,𝑡...𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-𝑔,𝑡.𝑑𝑡..≤ (2)
	,𝑐,(𝑏−𝑎)-𝑝−,1-𝑝..-𝜋.,,,ℎ..-𝑝.,,1-𝑏−𝑎.,𝑎-𝑏-,𝑔,𝑡.-2.𝑑𝑡−,𝑎-𝑏-𝑔,𝑡.𝑑𝑡...                    ∎
	Collorally 5.2.9
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,,𝑏−𝑎.-2.-6..≤,𝑐,,𝑏−𝑎.-4+𝑝−,1-𝑝..-6𝜋.,,𝑏−𝑎-5.−1.,,,𝑓..-𝑝. ,
	where 𝑐 is a positive constant.
	Proof: (3)
	Put ℎ,𝑡.=𝑓,𝑡.,𝑔,𝑥.=,𝑡−𝑎.,𝑏−𝑡. in Theorem 5.2.8, we get
	,,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡.,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡−,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡...𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡..≤
	,𝑐,(𝑏−𝑎)-𝑝−,1-𝑝..-𝜋.,,,𝑓..-𝑝.,,1-𝑏−𝑎.,𝑎-𝑏-,,,𝑡−𝑎.,𝑏−𝑡..-2.𝑑𝑡−,𝑎-𝑏-,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡...
	,,𝑎-𝑏-,𝑡−𝑎.,𝑏−𝑡.𝑓,𝑡.𝑑𝑡−,𝑎-𝑏-𝑓,𝑡...𝑑𝑡,1-𝑏−𝑎.,𝑎-𝑏-,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡..≤
	,𝑐,(𝑏−𝑎)-𝑝−,1-𝑝.+1.-𝜋.,,,𝑓..-𝑝.,,1-𝑏−𝑎.,𝑎-𝑏-,,,𝑡−𝑎.,𝑏−𝑡..-2.𝑑𝑡−,𝑎-𝑏-,𝑡−𝑎.,𝑏−𝑡.𝑑𝑡...                                                            (5.9)
	By using Lemma 5.2.1, we get (1)
	,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.𝑓,𝑡.𝑑𝑡=,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.,
	Since   ,𝑎-𝑏-,,𝑡−𝑎.-2.,,𝑏−𝑡.-2..𝑑𝑡=,,,𝑏−𝑎.-5.-30. and ,𝑎-𝑏-𝑓,𝑡.𝑑𝑡.=1.
	Also,
	,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.𝑑𝑡=,,,𝑏−𝑎.-3.-6.,
	So, (5.9) implies,
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,,,𝑏−𝑎.-2.-6..≤,𝑐,,𝑏−𝑎.-𝑝−,1-𝑝.+1.-𝜋.,,,𝑓..-𝑝.,,,,𝑏−𝑎.-4.-30.−,,,𝑏−𝑎.-3.-6...
	Then, we get,
	,,b−E(X).,E,X.−a.−,σ-2.,X.−,,,𝑏−𝑎.-2.-6..≤,𝑐,,𝑏−𝑎.-4+𝑝−,1-𝑝..-6𝜋.,,𝑏−𝑎-5.−1.,,,𝑓..-𝑝. ,
	where 𝑐 is a positive constant                                                                ∎
	Theorem 5.2.10
	Let X be a random variable with the probability density function 𝑓:,𝑎,𝑏.→ℝ.If 𝑓∈,𝐿-𝑝-𝑛.,𝑎,𝑏.=,𝑓:,𝑎,𝑏.→ℝ,𝑓,,𝑓-(𝑛).∈,𝐿-𝑝-𝑛.,𝑎,𝑏.,0<𝑝<1.,then we have
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,𝑖=0-𝑛-,,𝑖+1.,,𝑏−𝑎.-𝑖+1.,𝑓-,𝑖..(𝑎)-,𝑖+3.!...≤,𝑐-𝑛!.,,,𝑓-,𝑛+1...-𝑝.,,,𝑏−𝑎.-,𝑛+1.𝑝+3.-,𝑛𝑝+2.,𝑛𝑝+3..,
	where 𝑐 is an absolute constant.
	Proof: (4)
	The Taylor,s formula  with integral remainder [13] is
	By using Lemma 5.2.1 and (5.10), we have
	,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.
	By using (5.11), we deduce that,
	=,𝑖=0-𝑛-,1-,𝑖+2.,𝑖+3..,,,𝑏−𝑎.-𝑖+1.,𝑓-,𝑖..,𝑎.-𝑖!..+,1-𝑛!.,,𝑎-𝑏-,𝑏−𝑡..,𝑡−𝑎.,𝑎-𝑡-,,𝑡−𝑠.-𝑛.,𝑓-,𝑛+1..,𝑠..𝑑𝑠.𝑑𝑡
	This implies, (1)
	Since (2)
	Then by using  (5.3),this implies,
	Then , we get,
	,,𝑎-𝑡-,,𝑡−𝑠.-𝑛.,𝑓-,𝑛+1..,𝑠..𝑑𝑠.≤𝑐,,,𝑏−𝑎.-𝑝−,1-𝑝..,𝑡−𝑎.-𝑝𝑛.,,,𝑓-,𝑛+1...-𝑝.,
	0<𝑝<1.                                                                                                       (5.14)
	Put (5.14) in (5.13), we get
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,𝑖=0-𝑛-,,𝑖+1.,,𝑏−𝑎.-𝑖+1.,𝑓-,𝑖..(𝑎)-,𝑖+3.!...
	≤,𝑐,,𝑏−𝑎.-𝑝−,1-𝑝..-𝑛!.,,,𝑓-,𝑛+1...-𝑝.,𝑎-𝑏-,𝑏−𝑡..,,𝑡−𝑎.-𝑝𝑛+1.𝑑𝑡.         ,5.15.
	And by using (5.12), we get
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,𝑖=0-𝑛-,,𝑖+1.,,𝑏−𝑎.-𝑖+1.,𝑓-,𝑖..(𝑎)-,𝑖+3.!... (1)
	≤,𝑐,,𝑏−𝑎.-𝑝−,1-𝑝..-𝑛!.,,,𝑓-,𝑛+1...-𝑃.,,𝑏−𝑎.-𝑛𝑝+3.,0-1-,𝑢-𝑛𝑝+1.(1−𝑢).𝑑𝑢
	≤,𝑐,,𝑏−𝑎.-𝑝−,1-𝑝..-𝑛!.,,,𝑓-,𝑛+1...-𝑝.,,,𝑏−𝑎.-𝑛𝑝+3. -,𝑛𝑃+2.,𝑛𝑃+3..
	=,𝑐-𝑛!.,,,𝑓-,𝑛+1...-𝑝.,,,𝑏−𝑎.-,𝑛+1.𝑝+3−,1-𝑝.. -,𝑛𝑃+2.,𝑛𝑃+3..
	This implies, (2)
	,,𝑏−𝐸(𝑋).,𝐸,𝑋.−𝑎.−,𝜎-2.,𝑋.−,𝑖=0-𝑛-,,𝑖+1.,,𝑏−𝑎.-𝑖+1.,𝑓-,𝑖..(𝑎)-,𝑖+3.!...≤,𝑐-𝑛!.,,,𝑓-,𝑛+1...-𝑝.,,,𝑏−𝑎.-,𝑛+1.𝑝+3−,1-𝑝.. -,𝑛𝑃+2.,𝑛𝑃+3..
	≤,𝑐-𝑛!.,,,𝑓-,𝑛+1...-𝑝.,,,𝑏−𝑎.-,𝑛+1.𝑝+3. -,𝑛𝑃+2.,𝑛𝑃+3..
	where 𝑐 is absolute constant.                                                                            ∎
	A Modified Ostrowski Inequality with Random Variable Application on ,𝐿-𝑝.,𝑎,𝑏.,0<𝑝<1,Spaces
	A Modified Ostrowski Inequality with Random Variable Application on ,𝑳-𝒑.,𝒂,𝒃.,𝟎<𝒑<𝟏,Spaces
	Many outhers proved types of Ostrowski inequality. We improve their inequalities and then applied it to cumulative density function and 𝒃𝐞𝐭𝐚 and normal distribution:
	6.1. Introduction
	In 1938 Ostrowski  introduced his famous inequality in [41]
	,𝑓,𝑥.−,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡.𝑑𝑡..≤,,1-4.+,,,𝑥−,,𝑎+𝑏.-2.-𝑏−𝑎..-2..,𝑏−𝑎.𝑀                 (6.1)
	For a differentiable function 𝑓 with bounded derivative on ,𝑎,𝑏..
	In [44] Drangomir and Wang proved the of Ostrowski,s inequality
	,𝑓,𝑥.−,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡.𝑑𝑡−,𝑓,𝑏.−𝑓(𝑎)-𝑏−𝑎...≤,1-4.,𝑏−𝑎.(𝐶−𝐷)                                                  (6.2)
	For a function with bounded derivative, such that 𝐶≤,𝑓.≤𝐷 on ,𝑎,𝑏.. C,D are positive constants in ℝ.
	In [48] Matid, Decarce and Ujevic proved (6.2) with ,1-4,3.. constant with twice diffentiable formula on ,𝑎,𝑏..Using Chebychev,s operator we improve the results in[11], by introducing a best result for functions in ,𝐿-𝑝.[𝑎,𝑏] for  0<𝑝<1. And we...
	6.2. A Modified Ostrowski Inequality
	To prove our main theorem we need the following auxiliary result.
	Lemma 6.2.1[54]
	𝑓,𝑥.−,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡.𝑑𝑡−,𝑓,𝑏.−𝑓,𝑎.-𝑏−𝑎..,𝑥−,𝑎+𝑏-2..
	=,1-2,,𝑏−𝑎.-2..,𝑎-𝑏-,𝑎-𝑏-,𝑃,𝑥,𝑡.−𝑃(𝑥,𝑠).,,𝑓.,𝑡.−,𝑓(𝑠)..𝑑𝑡𝑑𝑠..,
	where
	𝑝,𝑥,𝑡.=,,𝑡−𝑎  𝑖𝑓   𝑡∈[𝑎,𝑥)-𝑡−𝑏   𝑖𝑓    𝑡∈(𝑥,𝑏]..
	Theorem 6.2.2
	Let 𝑋 be a random variable 𝑓,,𝑓∈.,𝐿-𝑝.,𝑎,𝑏., 0<𝑝<1, then,
	,𝑓,𝑥.−,1-𝑏−𝑎.,𝑎-𝑏-𝑓,𝑡.𝑑𝑡−,𝑓,𝑏.−𝑓,𝑎.-𝑏−𝑎.,𝑥−,𝑎+𝑏-2....
	≤,,𝑐,,𝑝.,𝑏−𝑎.-𝑝−1.-2,𝑝+1...,,,,𝑓..-𝑝.+,,,,,𝑓,𝑏.−𝑓,𝑎.-𝑏−𝑎..-𝑝..-,1-𝑝...,
	Proof:
	By using the Gaushy-Schwars inequality for double integrals, we get,
	≤,,,1-2,,𝑏−𝑎.-2..,𝑎-𝑏-,𝑎-𝑏-,𝑝,𝑥,𝑡.−𝑝,𝑥,𝑠..𝑑𝑡𝑑𝑠...-,1-2..
	,,,𝑎-𝑏-,𝑎-𝑏-,,𝑓.,𝑡.−,𝑓(𝑠)..𝑑𝑡𝑑𝑠...-,1-2..,
	Since any two norms on a finite dimensional space are equivalent, then we get,
	where c is a positive constant.
	Now, using (5.3), we get
	Now,
	,𝒇,𝒙.−,𝟏-𝒃−𝒂.,𝒂-𝒃-𝒇,𝒕.𝒅𝒕−,𝒇,𝒃.−𝒇,𝒂.-𝒃−𝒂.,𝒙−,𝒂+𝒃-𝟐....
	where 𝒄(𝒑) is a positive constant depending on p only                   ∎
	Let 𝑿 be a random variable 𝒇,,𝒇∈.,𝐋-𝐩.,𝐚,𝐛., 𝟎<𝒑<𝟏, then
	,𝒇,,𝒂+𝒃-𝟐..−,𝟏-𝒃−𝒂.,𝒂-𝒃-𝒇,𝒕.𝒅𝒕..≤,,,𝒄,,𝒑.,𝒃−𝒂.-𝒑−𝟏.-𝟐,𝒑+𝟏...-,𝟏-𝒑..,,,,𝒇..-𝒑.+,,,𝒇,𝒃.−𝒇,𝒂.-𝒃−𝒂..-𝒑...
	,𝒇,,𝒂+𝒃-𝟐..−,𝟏-𝒃−𝒂.,𝒂-𝒃-𝒇,𝒕.𝒅𝒕..≤,,,𝒄,,𝒑.,𝒃−𝒂.-𝒑−𝟏.-𝟐,𝒑+𝟏...-,𝟏-𝑷..,,,,𝒇..-𝒑.+,,,𝒇,𝒃.−𝒇,𝒂.-𝒃−𝒂..-𝒑..,
	where 𝒄(𝒑) is a positive constant depending on p only .
	,𝑭,𝒙.−,𝟏-𝒃−𝒂.,𝒂-𝒃-𝑭,𝒕.𝒅𝒕−,𝑭,𝒃.−𝑭,𝒂.-𝒃−𝒂.,𝒙−,𝒂+𝒃-𝟐....
	≤,,,𝒄,(𝒑)(𝒃−𝒂)-𝒑−𝟏.-𝟐(𝒑+𝟏)..-,𝟏-𝑷..,,,,𝑭..-𝒑.+,,,𝑭,𝒃.−𝑭,𝒂.-𝒃−𝒂..-𝒑..              (𝟔.𝟖)
	,,𝑃-𝑟.,𝑋≤,𝑎+𝑏-2..−,𝑏−𝐸,𝑋.-𝑏−𝑎..
	≤,,,𝑐,(𝑝)(𝑏−𝑎)-𝑝−1.-2(𝑝+1)..-,1-𝑃..,,,𝑓.-𝑝.+,,,1-𝑏−𝑎..-𝑝..
	,,𝑃-𝑟.,X≤,a+b-2..−,b−E,X.-b−a..≤,,,𝑐,,p.,𝑏−𝑎.-𝑝−1.-2,𝑝+1...-,1-𝑃..,,,𝑓.-𝑝.+,,,1-𝑏−𝑎..-𝑝..              ∎
	,,𝑃-𝑟.,X≤x.+,β-α+𝛽.−𝑋+,1-2..
	≤,,,𝑐(𝑝)-2(𝑝+1)..-,1-𝑝..,,1-𝐵,𝛼,𝛽..,(𝐵(𝑃,𝛼−1.+,𝑃,𝛽−1.+1)-,1-𝑝..+1.
	Proof: (1)
	,,𝑃-𝑟.,X≤𝑥.+,β-α+𝛽.−𝑥+,1-2..
	≤,,,𝑐,𝑝.-2,𝑝+1...-,1-𝑝..,,1-𝐵,𝛼,𝛽..,(𝐵(𝑃,𝛼−1.+,𝑃,𝛽−1.+1)-,1-𝑝..+1.               ∎
	The next theorem is an application for normal distribution.
	Theorem 6.3.4

